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The Coconino National Forest, in autumn, is pictured on the right. The forest covers an area of 

1,800,000 acres in the immediate Flagstaff area. Within its boundaries are the San Francisco Mountains 

The highest, Humphrey's peak (12,680 feet) is shown here. 

The Peaks are volcanic in origin;before eruption there was only one 24,000 -foot mountain Agassiz 

Peak (12,340 feet) is the location of the Snow Bowl, where a ski -lift ride to the top of the mountain 

affords a view of five adjacent states. 

Above timberline, lichens and mosses cling to rocks amid Arctic -Alpine blizzards. In the top band 

of trees are Hudsonian foxtail pine and Engleman spruce. Next below is the Canadian zone of Douglas 

and white firs and quaking aspen. Nearer the foot of the mountains, ponderosa pine grows abundently. 

Nuvat- i- kyan -by, the original Hopi Indian name for the San Francisco Peaks, means High Place of 

the Snows. The Peaks were renamed more than three centuries ago by the Oraibi Franciscans in honor of 

their patron saint. 



INTRODUCTION 

"The Physics of Quantum Electronics," a two -week, noncredit course spon- 

sored by the Optical Sciences Center, was held from June 15 through June 27, 

1969, on the campus of Northern Arizona University in Flagstaff. The course 

was directed by Professors S.F. Jacobs (University of Arizona) and M.O. Scully 

(Massachusetts Institute of Technology) and was patterned after the tutorial 

symposiums sponsored in 1966 and 1967 by Colorado State University, and in 1968 

by the University of Arizona. Designed primarily for advanced students, re- 

search scientists, and technical administrators working in the general area of 

quantum electronics and coherence physics, the course attracted 90 participants 

from all over the world. A list of attendees appears at the end of this report. 
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The subject matter of the course centered around atomic coherence effects 

(light scattering, self- induced transparency, theory of the laser), nonlinear 

optical phenomena (picosecond pulses, parametric optics), statistical properties 

of radiation, and Josephson junction phenomena. Two new subjects were added 

this year: Josephson effect theory and applications, and photon counting statis- 

tics. Both stimulated a great deal of interest. In addition to S5 hours of 

lectures, considerable opportunity was provided for informal contact between 

students and faculty. One informal workshop and two seminars were spontaneously 

injected into the schedule to fill in important background and to answer ques- 

tions. The schedule on page 3 shows the sequence and duration of the sessions. 

The faculty and seminar participants provided lecture notes for the stu- 

dents in the course. Though these were intended to be of limited distribution, 

we again felt that they should be made more widely available, and thus have 

gathered them together as an Optical Sciences Center Technical Report. The 

lecture notes presented here are reproduced essentially in the form in which 

they were submitted. Minor editorial changes were made, particularly in regard 

to the graphic material,which was inserted into the text where applicable. 

Below is a listing of the ten faculty and seven seminar participants. The 

latter, some of whom presented papers, were resource people. 

Faculty 

R. Y. Chiao, Physics Department, University of California at Berkeley 

H. Z. Cummins, Physics Department, Johns Hopkins University 

J. A. Giordmaine, Bell Telephone Laboratories 

T. J. Greytak, Physics Department, Massachusetts Institute of Technology 

E. L. Hahn, Physics Department, University of California at Berkeley 

J. E. Mercereau, Physics Department, California Institute of Technology 

S. L. McCall, Bell Telephone Laboratories 

M. O. Scully, Physics Department, Massachusetts Institute of Technology 

A. Szöke, Physics Department, Massachusetts Institute of Technology 

E. B. Treacy, United Aircraft Research Laboratories 



Seminar Participants 

R. Bonifacio, Physics Department, Harvard University 

R. K. Bullough, University of Manchester 

C. S. Chang, University of Pittsburgh 

V. DeGiorgio, Physics Department, Massachusetts Institute of Technology 

B. W. Knight, Rockefeller University 

P. Lee, Physics Department, Massachusetts Institute of Technology 

G. A. Peterson, United Aircraft Research Laboratories 

Much of the credit for the smooth - running program belongs to the Physics 

Department of Northern Arizona University, especially to Professor William 

Willis, who made many things possible on short notice. Thanks are also due to 

William Hoyt of the Public Information Office at NAU for the photographic cov- 

erage of the summer school and to the Flagstaff Chamber of Commerce for their 

photographs and descriptions of the Flagstaff area; the fine results embellish 

these pages. 

Schedule 

8:30 
10:00 

10:15 
11:45 

LUNCH 

1:30 
3:00 

3:15 
5:00 

DINNER 

6:15 
7:45 

8 :00 
9:30 

M T W TH F M T W 1H F 

SCU1Y SZÖKE SZhKE SZ6KE S7ÄKE SCULLY SCULLY GREYTAK GREYTAK I;FIEYTAK 

TRFACY HAHN TREACY SCILLY SCULLY MERCEREAU MERCEP,EAU MERCEP.EAU MERCEREAU MERCEREAU 

WORKSHY' 
EMEPIMEM 

SFM MAR 

THEORY 
SEMINAR 

BULLOUGH CHI AO 

PICNIC 

HAHN HAHN MCCALL MCCALL CIJMMIIIS $IJLLOuf'#! CUMMINS CUMMINS 

GIOPDMAINE GIOPDIYI!NE C,IORDIIAINE BCMJI FAG IO CUMMINS CHIAO CH I AO 

3 
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Codikectau Stephen F. Jacab6 and Ma/ can O. Scatty 
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LAMB THEORY OF AN OPTICAL MASER: 

THREE LECTURES 

A6tcaham S zä Fze and Matean Scatty 

Mazzachc.z eltz Inzt,c.tute Technotog y 

Lecture I 

The philosophy of this theory is very clearly outlined in the follow- 

ing excerpt from the "Enrico Fermi" summer lectures given by Prof. Lamb. 

"We understand the mechanism of maser oscillation as follows: 
an assumed electromagnetic field E(r,t) polarizes the atoms 
of the medium creating electric dipole moments p(r,t) which 
add up to produce a macroscopic polarization density P(r,t). 
This polarization acts further as the source of a reaction 
field E(r,t) according to Maxwell's equations. The condi- 
tion for maser oscillation is then that the assumed field 
be just equal to the reaction field. This is represented 
schematically in Fig. 1. 

statistical Maxwell's E(r,t) mchanics P1 summation P (r, t> 
T equations 

E (r,It) 

Fig. 1. Schematic basis for calculation of the properties 
of a maser oscillator. 

According to this scheme, our calculation proceeds in three 
separate steps: a)E.M. field equations, b)quantum mechanical 
equation, c)statistical summation." 

From Maxwell's equations in mks units 

0 x E _ - áB D= eOE + P 

0 B = 0 V x H = J + 
aD 

B = 110H, J = 6E 

(1) 

we may write the wave equation in the presence of cavity loss represented 

by the Ohmic term GE and an active medium described by the polarization P. 
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-9x C E _ - ( c - oJ t,r p) - 
V(v E) - V zt C Q. E ^' D ¡ 

e - V E T. AtoC' E-r Gt Eo E 

Expounding E(z,t) in normal modes 

E(2t) _ Z A(t (nrrE) 
v't o 

e , 
E .o(6otP) 

(2) 

_ 

F 

4 

.Ldjusting the fictional conductivity to give the desired 

cavity Q 

c3- 

_ AcP 0 

(3) 

noting that the cavity frequency,..a , comes from the y 2E tern 

Q 2 E _ i E - - Z 4,(-6) ( `', ,,.t ATZ) 

and replacing P by - 2P (the polarization time dependence is 

predominantly e) we find 

, L 

A t ( /Q ) A., -c4 A1-,; 
é 

5Pzt 
(1277.-r C= 2 

p (4) 
o C)d,J 0 



7 

We note several facts about equation (4): 

1. It is the equation of a forced damped oscillator. 

2. The damping mechanism 7= er- E, is an artifice 
representing energy losses in the cavity. It 
is necessary to have such a mechanism in the theóry, 
but is in itself of little interest. 

3. The driving term, Pn, must now be calculated as 
indicated in Fig. 1, when this driving force is 
known, the laser field may be determined. 

We proceed by considering the amplitude and'phase of 

the nth normal mode to be slowly varying (in an optical 

period) 

A,1 (t> = Ekl(t) c-7-3 (-2),* -9 (t)) 

and resolve the projection of the driving polarization onto 

the nth mode, Pn(t), into a component in phase with the 

electric field and a component l0 out of phase (in 

quadrature) 

P,, ( t ) = S ( t ) 4-Z-v C h r T4.(t ) ) ;- C ( t ) C-0-1 ( 1)ti,f f 4) t¢ ) ) 

Now plugging (5) and (6) into (4) , we find 

` CDs, t cP ) +(1)4,) la I co-') 7., 

. 
(1),* 2 

E 
( , 'r Ì - _(-0/0)( . 42, 

} y` f cp., 

(5) 

l 
` K 74- C° .2) N "#4;:t ) O 

Cs 
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Equating the coefficients of the sine and cosine terms, 

we find (neglecting small quantities such as Z, fnF Ë ... etc. ) 

Cosine 

WWI 

Sine 

-(AK*.,)ZEK 0)/9 )FK tnE. x C 
6` 

-11.):) E". 

2i)ß (L _ ) 

and we have the phase determining equation 

phase equation (7) 

Likewise for the in quadrature (sine) equation 

. 2 2),, EK rt 

which is the amplitude determing equation 

E _. _ 
Z (IA) 

E :es S 
Co "4 

amp. equation (8) 



ht_nic polarization 

To determine these (Cn and Sn) driving terms, we must 

calculate the macroscopic 
. polarization of the medium. Let 

us begin by considering polarization induced by the laser 

field in a single atom. 

When an atom enters the cavity (is excited to the 

lasing level a or b) it is polarized by the laser field 

and proceeds from the upper quantum state, say 

ï' (r,O) _ 40a(r) 

to a linear superposition 

iw (r,t) = a(t)Ç"a(r) +b(t)Y (r) 

Consider the polarization of the atom in this linear 

combination of states. Defining the electron charge density 

cr = e",*(rt),(rt) 

Then the atomic dipole moment of the ith atom is 

< Pii = Jxvdr 
' _ 

eJ a*(t)f*a(r)+b*(t)fib(r)] 
= erabra*(t)b(t) 4- c.c.7 

9 

r[a(t)idia(r)+b(t)f/'b(r)} dr 

Physical insight is gained by looking at the charge 

distribution of a linear superposition of states 

(r) 
te( r) 

4'0. (') 

r 

r 

r 

(9) 
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Thus it is clear that the mixing of states a and b due to 

the laser field leads to an asymmetry in the charge cloud 

and produces an atomic dipole moment. 

The problem now is to calculate this induced dipole (a) 

by calculations a(t) and b *(t) or, more to the point, cal- 

culating the bilinear # ng product b(t)a (t) which is the Pba 

element of the atomic density matrix. 

r* 1).`) 6. it' 
P bet* ! 6 ! 

From Schrodinger's equation 

' )4 * vt îa(t) (E0.- 
4 ) 6 
z 

Lb(t) _ (Eb-`")6 +V(t)ï 

level scheme 

)(q 

(10) 

where we have added the Wigner -Weisskopf coefficients v 

and lib representing atomic decay to a far removed ground 

state. The interaction Hamiltonian is 

vco- -ert, Z E,itf) (2)Nt) (",-1 
N 

Writing (10) as a matrix equation 



dt bJ 
C 

4r c.t rl = L v , 

= 

s Y b 

11 

_ L 1, f íì:i z (12) 

a 
Then the density matrix Q = )g(a*b*) 

b obeys the equation 

of motion 

a , a 

(b 

= e' WNW 

i. "L' _ (N+r) ( FI - c. Z) ( 

- [re-rJ 

Super i reminds us that this is an equation 
for the ith atom. 

(13a) 

(13b) 

Eq. (13b) is the basic equation used in following the atomic 

evolution. 

Ensemble Lveraìing 

In general, we are interested in the macroscopic 

polarization 

p(4E7 C e t b ) t ab a 
L 
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where we have noted 56= ezab is real. We may write this 

in matrix form as a trace (sun of diagonal elements) 

P( t) = Z -b1416.4.4 

t 

.27, rus_e_k 

i 

ea (2 

O pt 
` b c 

7_ fo j(alf ea .& 

se G L eb4 

which written in operator forra is 

PCZt) _ Z (ço P`) 
L 

where b weans 
; 

c 
I 

and e is the density operator. 

We may write P as 

0 

_t-(ze`) -t1- e) (14) 

Where now e is the ensemble averaged density matrix. We pro- 

ceed to find an equation of 1uotion fore: 

(:)(t) 
L 

(L _ e (toz ,t) rf 
J XQ (tot)cdto (15) 

where to is the introduction time of the atoms and a is rate 

of excitation to the upper level. 



now 

t 
cP (" u 

P e c 6 to t to + dt 

macroscopic microscopic 

X A. 0.t. .c. t 

using single atom equation of motion for ?(tto) and noting 

e (toto) e (tt) we have 

13 

(16) 

ti)_ ÿ' - I l° c{ te ìaf c - Z T', 1 Qf _. e 
. 

f 4 6 ] (17) o i, J 

But in general, we will excite both Via, and t1b at to, then 
the excitation matrix becomes ). = "a 0 

0 A 

(t-) ` -; [t-I,e(t]-Z E f, P(t)} + A 
- + (18) 

which is the equation of motion for the macroscopic density 
matrix f(t). 
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Lecture II: Solving for the macroscopic polarization 

A. Linear approximation 

In lecture I we found the equation of motion for the 

macroscopic density matrix 
P(t) 

to be 

(3(t)= - Ho +vit) (3(t'J - [re 4. er] 
Th.-----0'1 

Writing out eq. (18) explicitly 

+ j 

L 

-v*" "'d 

-eet4-4°"". 

eba 

e EartL 4 

ebb v(t) 

v 

(t) 

Ebtt 
2 I 

(19) 



Carrying out the implied matrix multiplication we find 

the set of coupled equations 

°caq x 'éa eQa t aa +i ab -Pba 

= -)( . 
6 b b t`b - t V ( ea b - e ba ) 

o 

)ait, QQ \\ ea = -C weab -dóeab . LV- ̀bbJ 

ba- P * 

whore w C-Cb ila b = s/z ( Y,tb 

15 

(20a) 

(2Ob) 

(20e) 

(20) 

Now the linear approximation to laser behavior is to 

call (e4a - e,,b) as it appears in eq. (20c) a constant in time 

call it N(z); this quantity is clearly a measure of the 

population inversion. Proceeding.to solve for eQb, in this 

linear approximation, we rewrite eq. (20c) in the equivalent 

form ( recall V(t) = - S° ZA, (t) L4N )from eq. (11) ) 

(w 4-Y4b)t 
ea 

b 
e 

dt 

(21) 

C e4a(f) - eb Z 
LE+ 

co-, ,,t -r(t)) ,,,, ¡ e` w+)ç4)f 
b 
(t)) 

h 
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t 

Then doing j t 
G 

L 7 N ( ) i-1.vri 
h 

m [ > 

±/-2-6 

7 C (1),t 7 r / 

Ect) - e ] 
r 

Z A t áG b 

e 
Ora b t Lw)(t,- ) 

Now the macroscopic polarization 

L- (40t1),)-1- óc,b 

t= - 
(22) 

(e b(t) e,(*)) (23) 

may be written as 

k,j ' f N(è) u(E) c1t ¡Olt +Hj 
b + L 04) -1),4) 

+ C . C 

(consider single mode operation) 
projecting onto the nth mode, going into sin's and Cos's 

_ 2 ïv F_ d 

óG `'r o Z 

sto2 N EM a 

Hence we have the On and Sn called for in eq.'s (7 &8). 

(24) 

(1),t*4;0, ) 

(25) 



From (7) and (25) we have 

tM t 2(/Q)E 

thus for threshold (E > O) 

2 

° á4 
ti 

> 
E o 

n 
ñu -t Az 

1 

Qn 

E 

While the phase equation from (25) and (8) is 

z - 
N t( 1)14 -_(Z ) E S° N E 

0 N 

so that when p n = 0, the linear pulling is 

( 1)h i = °2a -- w -a,1 
Al, E 2 

+ (w ! -4,1) 

4 rL 

#Nh =JN(> Uh(í)aÒ &J uz,(1)d 
0 0 

the excitation onto the nth mode. 

is the projection of 

17 

(26) 

(27) 

(28) 

(29) 
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B. Nonlinear theory 

Now we go back to eq.'s (21) and (22) treating 

as slowly varying but not constant. This 

will allow us to pull it out of the integral . In- 

stead of Eq. (22) we now have 

-C/ 
2 cick(t) 

_Pb 
et)) E,(t) e 

( ,t ) h 

Fro:1 Eq . (30) we may write 

Z V!t) 
- 

Qb 

_ (p2 
(J --: 4D0 

( \r.cc. \ bb) C__. 
h / At = J 

E EA, u,(t) K,,,( z) 
LL 

v b t L (14)-7).i) (- 

(30) 

)t F C( JJ"J R 

C f 
(31) 



 

wavta " b b ) 

Thus we may replace the off diagonal elements in (20a) and 

19 

(32) 

(20b) by the expression (32) obtaining the aiagonal equation 

for the macroscopic population. 

PG4 = YCA,_ a t a R( -ebb) 

t a !? ()Act `ebb) 

Now for steady state operation 

° 
C4. 

+ 4 - ( eaa. - e b ) Z YQ 

o _ -)lb Qbb t 
b t / p a ób a ebb b \` 

Subtracting (36) fron (35) and solving for 

we have 

6 
( u , 

Ga 
T6 

J 
N(i.) 

( 33) 

(34) 

(35) 

(36) 

( ) (e4a`P ) (37) 
6 

R Z 
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Lab 
N( (38) 

Yb 

If we trace through the algebra we find that all we have 

to do to obtain the completely nonlinear theory is replace 

3n as it appears in (23) and (26) . 

Iv - N( Z) -- 
o 

/ f u,; Cn ci& 
0 

by the more correct expression 

/ 
4 

"Ñ _ 
J 

Ct1(42--de/faz(e)s _ 
_ 

" 
° 

Y 
b ` t /s '` ) s 

..r. 

For gas lasers R /Rs < 1 and to a good approx. 

, 

/V,, /V,, 
^- 

fÑ() (1- g/R U d i /j-cì 
Z 

3 c. óq ' J 

2 è'Q6 

Using Eq. (38) for Nn the amplitude equation, Eq. (23) 

becomes 

Dl itucle 

0 E 2()F = 
Z 

á 
Eo 

( 3 9 ) 

(40) 

(41) 

(42) 

( 43 ) 



Z- 
1)- Ñ ab ( 2E0 

2 

. 

H 3 E 

2 
)4 

b ;b td a 

( 2Q t )E,1 
or 

S. S. 

Phase 

GK. 
'+ linear pumping - damping 

nonlinear parameter 

Fro phase equation (25) and (42) we find 

E ( - -rz ) E. 
2. C-v 

Uo; b 
2 

-r CzJ 
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(44) 

(45) 

(46) 

(47) 

Z L 2 

Zà' Y J b lw 1 
z 

with a corresponding correction to the frequency pulling (26). 

Multimode operation 

What happens when two modes are both going, competing 

for the same atoms? To answer this question, we simply go 

back to Eq. (23), keeping the two -term summation which 

appears in (22) . If we do this, we find 
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r 
,_r - ° 1_ - E3 -0 

a t C 
r 

3 1 ° z z ` E z_ as E` E 

where e21 and 012 are node- coupling parameters whose form 

will be given later. These terms may be physically 

interpreted in much the same way as the ß s, which is even 

clearer if we write Eq. (48) as 

E = a, E, - (16, E0 -i- eel g-L 

:°iode competition as implied by (44) and (45) will be 

further investigated in lecture III. 

The present treatment of gaseous lasers has considered 

the atoms to be stationary - a very special gas. In real 

life one must worry about _ robl.:s like , does atomic 

notion in the laser simply Doppler- broaden the atomic 

line or does this notion lead to interesting effects? We 

shall see that the latter is the case, that the effect of 

inhomogenous broadening is an essential complication. 



Lecture III 

In this lecture we will essentially repeat the calculations of the pre- 

vious lecture - for a gas of moving atoms. The difference between us and 

the original publication of Lamb is that we use the equation of motion for the 

density matrix averaged over the times of creation of the atoms having a 

particular velocity component; this is essentially equivalent to doing the 

t0 integration first in Lamb' s theory. We repeat now the relevant points. 

We define an "iso- velocity" ensemble averaged density matrix 

0 Sc(-4ctr° Çt /qi* ÿof o' z (r)4)+; ro)vo, t; k) 
c -Q,Q2 - 

- 
-- 

T(r ro- d > 
e 

v0-1) 

Symbols: A is the rate of production in state p( "at" r44, 3 J l yy 1 { 
is the density matrix for the evolution of the atom originally created "at" 

23 

(1) 

a -} r ) yo, d ; this is the one which satisfies Schrödinger' s equation: 

v +') d) )+,3 °C) r=4- H (r re)) g6:;;:-C; 

_2 (rig-I-Er) 

\ 
Y'e;(a )±03 007 

(2) 

The derivative D signifies that it has to be taken along the path of the par - 
Dt' 

title (in the reference frame where the paricle is at rest). The function 

symbolizes the above kinematic constraint on the atom, and the <-> is an 

average over all the possible histories of the particle position and velocity - 

weighted with the proper statistical probabilities. We treat here the 

collisionless case, therefore it reduces trivially to v0 = v. We also assume 
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that the excitation rate is independent of space and time ) A rs,11, Jr 
aro o (Vojp() where Po is normalized: 1=12. C o po AV0 from steady 

state conditions w-A /rte Thus: 

pttlC }a A e g .' Vj f) ra V> l k)o (jd ) 6IC-rPo 1(-e 
OC 

(3) 

Performing the integration over tcuro in Eq. (2) and noting that neither H 

nor r depend on 
-- 

p we get the equation of motion for Crgt), using (2) 

i Li/1,r) _(i 
7 
iH)/ -7(!_ ,., )_. i _ T/ d) iy-jgg7)±1)- 

po is the equilibrium distribution without the field on. Now more about the 

Hamiltonian: 

(4) 

H - = -j `s , E (5) 
' ` -- ü 

We are interested here in steady -state solutions, therefore we will solve 

the equations of motion by Fourier transformation. It is proper to concen- 

trate on one travelling wave component of the field. The Hamiltonian has to 

be evaluated at r' , t' moving with the particle: 

r - , (L)- 

.IL- 

, i .Yn -`= 
474+(6,),. 

e. (6) 

+ i * At this point we could simply write ?J {' ° e V' rf, put = 
l P 

.= 
r . We get then a "hydrodynamic equation of motion for 

. 
(V'' t) a partial differential equation. This approach was used recently 

by Feklman and Feld, (to be published in Phys. Rev.) also by Rautian (see below). 



We assume that K is in the + z direction, Kz = E K, E = + 1 for the two di- - 

rections, v = vz, 

E s (r = (w0 i 6 < 
--C C , , 

(r3t C _ _1°-i --"knt' 
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-El//c)iitC.c. 

(7) 

Now we are ready to write the density matrix equations in detail, and solve 

them by perturbation theory. We will treat a slightly more general case 

than needed and specialize to the standing wave laser field later. 

Take two fields, both near resonant: 

(r) 
2 z 

4 ) Eï fis the parallel case, E = } E2- -( is the antiparallel case - the 

E _ () Ç z= -(9 Gc}r ":.(A).2--) I 
r I 

6fak r-gt 
p l 

standing wave laser is 

gam` 
a 

-- - - C6 -c 1$q 0. a 
. 

= 
j G k -i sag -' ` (&cgaa vaci- 

* a.- . 

(8) 

(9) 

The dot symbolizes the differentiation; all variables are suppressed. We 

do a perturbation solution; essentially ' is decomposed into Fourier com- 

ponents, and only the near -resonant part is retained. (Remark: the same 

thing can be done without using perturbations) Ç is decomposed into the 

proper Fourier components - 
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Result: 

); 
a i G - 

o 
? á8 - a a 

Ci) (r) .itl C+) r ieÿ#/ 
at, ¡ ab --0.1)e -f- aG 

gaC(r) (4w+ ̀  ) 
' 

+ 1t7t6 6 ç Eg:t 
similarly for Wy ; the components ika± have large denominators 

2, 
)4,4-.164 49) z reco '`(`-'421-) 

(10) 

(12) 

We like to remind the reader that this is the steady state solution; the tran- 
sients have died out. 

This is a solution of our problem - -r, t appears implicitly in E. All 

we have to do is to put t' = t; that will automatically give r' = r, and the 

proper space -time dependence follows from the initial condition. Second 

order solution: examination of Eq. (9) shows that the relevant frequency corn- 
( 

ponents are W r- and +(à, -WO. We do the same thing again and crank 

it through. One sample, the component with 60=0 
r-~ 

f O O fil 

9 

) = .0_0 a 
2. O } i N) th;4) . 

(13) 

Sign pasted on the entrance of a card -punching room: "M. I. T. IS A FOUR - 
YEAR DO LOOP." 
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Final answer we get by doing it for &kit and WI) , and subtracting. 
Here it is: 

` (t) 
6.;¡,0 

O , 
-- aa Ch,,- ' r$ L'- 

. 
-L--) -ft a.6 f 

+ 

Ei-12- 1 

Li_ r',`0) -k'i) v, r6 if- ttb- l4402 

- 
k61 * 4) 

' -` 
42, it i 1 

(14) it 0b-t ("3-60 4 w1 t Yft0`-t) 

. 

-- 
1/.442 Ei*l. e-` 

. 

°`'' 
' f' 

) 

b 
6,b44.) j a-04- ) 

+ 
Ygr 

" 

c- i W + c.(c., 

Let' s examine the terms. The first 3 terms have no space -time 

dependence. We can calculate them explicitly: 

Ya6 

b 2 
(14 

21- a i- (.0 
-L4Yí 

They have a resonance shape of half -width y-46 , and centered on 0-04 
O These are the usual, simple- minded population 

saturation holes. 

The last two terms - -their space -time dependence is given by Eq. (7): 

(u)('-621,)t' 
z E6,0 E6,,2) evr + k) ,-(4)j) t 

- (-E2ik2 

Cis) 
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These are population fluctuations, for a given velocity. Note: the space - 

time dependence is independent of v. For the parallel case there is a slow 

space dependence. In fact, combined with the first three terms in Eq. (14) 

or (15) they give trivial .14- effect. In the anti -parallel case, 
there is a fast space dependence 'l)2.kZ- In a medium whose natural width 

is smaller than the Doppler width, the total population fluctuates very little. 

Simplest way to see it is by noting that the rate Po(v) changes 

(Vl,t) G`, can be approxi- little over a width rt . Therefore 

mated by a contour integral- -which vanishes. Still this term has to be 

carried to the next approximation. 

We can look at our results using diagrams 

V7- 
3r21 f ̀  isj" 2"0l 

Tiv.w, 'en, etv, . ry-. 

Third (and last) order calculation. 

3=' 

To this order we have 4 terms having frequencies -WI) --(42- 

k)y 2Wi WZ Z;' . The whole expression follows: 
` - ( f Ì 

Z1(63)6'1/41/ v1= 4 (..1)47,--- .1616+ t t,-t,o 

i 

-.-- /qf ff ': 21i 64, _.- _ 
Z. W+ 69-w03) 1i4 a 2 w-..; 

lAtt1Zjz 1 1 

Yb4-4(4 -1600 (^60-(AQ ." (.601/_4421_ 
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-q-- 
1 

r6#( (w1,') (w¡-ai) -;(ofi-'&4))-1 - . 

29 

(16) 

Next step is to calculate P (r,t) the microscopic polarization of the medium. 

1)(1.-,t) _ r Lo..ilf))1?) 
t _t 

cl = ate (gat /a. 4- I go.A1gI 
(17) 

Calculate P to third order. We assume that we have a broad, Gaussian ex- 

citation function, Po (v). Finally the P has to be substituted into Equs. 

(22) "-'' the rest of the 2nd lecture. The third and fourth term gives Fourier 

components for P where we assumed there is none of E. These terms become 

important for multi -mode operation. 

All the velocity integrals are standard; they can be found e. g. in 

H. R. Schlossberg, A. Javan; Phys. Rev. 150, 267 (1966), Appendix C. 

For the standing -wave laser we find the projection of P (r, t) on the reso- 

nator mode. Interesting fact is that the integral of the second term in the 

curly brackets vanishes. Thus we are left with a result, valid only in the 

limit of Doppler broadening wider than v which would be correct in a 

very simple minded rate equation approach. 
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The integrals r - 

© D - e 
jA4J &P t -9') C tw 

4 -- kt41.41 1 -( -- I I21 °j2--Crat 
1 z 

2 (Yi e4 w`w ) at 7 2(` (W -=)Z ?r 

--- C , c. , 

(18) 

show a very interesting behavior in the standing wave laser =./ C- 
/ 2-_ 

-- J 

It can be seen by inspection of the 
11 

I 44/1 w, 

resonant denominators - 

= 0-v - k - w -wZ = w- 04 kv. 

The first two terms integrated do not depend on (J -\2. The third term is 

small as long as (,v -1,1 >S)ftii(t) because the integrands peak at different 

values of V . When , the second and third term are equal. This 

can be converted into gain and we get, using Eq. (8) of lecture I, 

Where 

CLo-v) I 

k Z(+1 Y 
rit) -aYe, 

= (19) 

Gp©(i4)-0 is the linear gain, L is the loss. It is a Gaussian 

L, \- ao(k)-9) 
, 7 r r- /vp AGJ ' . K 

We can solve this for the light intensity 

fag X-te 

Orit'+ 11444 

J 
1 

Integrals can be done by contour integration. 

ac)--'6)._0 

t 
(0-v)ß 

(20) 

(21) 



For intensities which are large enough, there is a tuning dip with an asso- 
ciated nonlinear dispersion. 

c 

Experiment - Szoke and Javan, Phys. Rev. 145, 137 (1966) also Cordover, 

Bonczyk, Javan, tobe published. 

Experiment fits to equation (it fits very well.) : 

1- 40 (-f ('+Af/)DtY 

r ri2t. 4) )17 

We brought this slightly more general theory to cover the experiments 
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where the gain profile of a laser amplifier is probed by a weak field in the 

presence of a strong field. See e. g. Shank, S. Schwartz 

Hánsch and Toschek, J. Quantum Electronics QE -4, 467 (1968); Kan 

Powell, and Wolga, Phys. Rev. Letters 21, 670 (1968). Also a similar for- 

malism can deal with the more general 3 -level case of Feld and Javan (see 

above) 

Pressure Broadening in Gas Lasers 

Simple minded theory - Ref: Szóke and Javan, Phys. Rev. 145, 37 (1966) - 

There are mistakes in that paper which were rectified partly by H. 

Haus and P. Hoff (to be published) . 

Sophisticated theories - Györffy, Bornstein, Lamb, Phys. Rev. 169, 340 

(1968); also Rautian - Soviet Phys. JETP 24, 788 (1967), Kolchenko and 

Rautian Soviet Phys. JETP 27, 511 (1968). 

We will discuss the simple minded theory. 

We calculate the power emitted by the laser into the two travelling wave 

components of the standing wave field using Eq. (18) 
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w- áa ( 
This is correct because the last term in the curly brackets in Eq. 

(16) - the parametric terms - integrate to zero in the limit of large Doppler 

broadening. 

Now we make an interpretation - 

K(v) = (y) _ Ig2 
1(142 a(2t 2 a+ 

6 (Y+f b ) 
Z) 

aY 

(V [i_tIi(v) 
, 2 . (4)-44) a` ` Ì 

-C.1262(Y) 

This is of course not true; but it looks very interesting because this can 

be interpreted simply: 

I l // 
2 

aV t4 f 4, 

C 
(w -c')1} a 6 

At 
_ 1Ì 2P (L,(v)tv) + =2,cs-2`Y) t()) ortrz.) 

where L is the loss. Now concentrate on the standing wave case, then I1 = 

I2 . 

Now let' s start at the other end 

d vt ( v) 
A(v" _ -- (Ds"- (y) +- T1( v) ) w 49 

) 

(23) 

(24) 

(25) 



where 6 )c2 are the stimulated emission cross -sections for the two 

travelling waves. Let' s solve it for steady state Il = I2 = 0, O = MO - 
Substituting and taking steady state again ¿bt(V)(dt , we get 
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¡¡ 

`` 
¡¡ l. -- o` 

Ìlta 11%1 I -TA t / l 1- ,6, (v) ̀ cf- 6 (O 2- i (26) -IZ Z() . 
This is Eq. (23). Now equation (24) is simply the stimulated emission rate 

into the two travelling waves, Q. E. D. 

Now what have we done wrong? (Remember we got the right answer). First 
and foremost we neglected the population fluctuations in Eq. 14! They could 

be included fairly simply, but there are problems with phases and resonant 

denominators. (Will do it anyway below). We gained something in this sim- 

plified treatment with the ease by which collisions can be included. All we 

have to do is: 

dw(V) -d ecA - 5 .rN iiort -k- coil ;SiohS 

The collision term can be written - 

ÁVIvj = ._ + (V) ri (y', V) 6(1 (1'' r (V, V `)4 yi 
C coiIsioks (27) 

We assumed that after a collision with change of velocity, the atom arrives 

without any appreciable dipole moment (off diagonal matrix element). 

Rate equation: 

dn(y) _ Cv) _h (`') r (v) - 1,4-(v)1 +tZJ l 

-Çrcvv))otv i t ri(v) v 1 h- 6v1)avi 
(28) 
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There are conditions on the above (vv)('» w) iflo(') 
from the principle of detailed balancing. We can again write the equili- 

brium equation and eliminate Po (v). 

L--F, (V) - ckv) r -Sr (v) v ( 00( V Pl(v,v)11.6(y'ikivi 

(28a) 
At this point there is a mistake in the paper of Szóke and Javan. We will 

follow Prof. Haus and Paul Hoff' s treatment. 

Assume now a "strong" collision model. The probability of finding 

an atom after a collision with velocity y' is independent of its velocity v 

=1ó = (v; v ) 
ß 

(,,d'=1 m 

ro is a basic collision rate, No = fvi.o(9)tAV . From the detailed 

balancing relation we obtain 

T, 
(V 

> 
v' )Y10 (0_ r(vv) ti (V) +:° hdo(v) tAo (V) 

The steady -state condition is satisfied from Eq. (28a) - the collision terms 

are zer0.Tf To (y)- eXp (_v/ and 

V1, c (V) +otrirr YID) (- Z/1" ) P 

r(v)= r vr 
as expected. 

(29) 

Now we make the approximation made already in Eq. (26). We could get the 

final form of that equation if we approximate ìt(1)) by knot n the term 

(y) (i -r, , (v)z -1255:2k Or) , so we do the same approximation 

again. We can subtract (28a) from (28), and for 

we get 

d.(v) ri(v) - r(d y' +- r()v'`v v 

AvL(0= 11,.°(v) - , 

vto CO ( co-sc) . 

In steady state, using Eq. (29) for r (y, v' ) 

(30) 



35 

o .6) ( rr w(y $cv) ̀NO) E6s 44-2 ) . 
(31) 

Call K = zmrity v 

grate equation over v 

is the total population depletion, inte- 

r) 

Substitute this into (31) 

AIM 

Wheke 

_vloc 1 (LL i 
I 

+ csY +6Z) 
1-7t ro 

r Inc) 

A9 Cross relaxation rate linewidth parameter 
"out" relaxation rate Doppler -width 

= ,° did IS,) 
(32) 

6-2._NE d 
k=-- , p(v)cr)(v)+a'v) 

= fw 0 ((l 44-z pÁ1i tG1t<1.z; 

From here we proceed like in Eq. (26) et sequel. 

(y) -vtleLvl + kaeL(v) lekekv) Q Cf. +CI( 4t-.5) 

In parallel to Eq. (24) we write: 

IL _ ol1, 2N1Y IC eqv)+62_ (v))n-04 

Ç4v vo(v (v)6v; r-L.((v)+(y) +s) 

(33) 

(34) 

(35) 
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This can be integrated and solved for I. 

`_ 
l ----1 ' C I, 
4 g- 

fok 

' P (V,.:7_ 

A ---- s á 
' _ 

1- 

I 

{ 
4 re 

-'24- Cw 

We also get immediately that in an experiment of the type of HNnsch and 

Toschek, a Gaussian background will be observed. 
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on this subject. 
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2UANTUM THEORY OF AN OPTICAL MASER.* GENERAL THEORY** 

Ma tan O. Scatot and GI,í. Liz E. Lamb, Jn.. 

V Fe Un.f:vetts.c y 

A quantum statistical analysis of an optical maser is presented in generalization of the recent semiclassical 
theory of Lamb. Equations of motion for the density matrix of the quantized electromagnetic field 
are derived. These equations describe the irreversible dynamics of the laser radiation in all regions of opera- 
tion (above, below, and at threshold). Nonlinearities play an essential role in this problem. The diagonal 
equations of motion for the radiation are found to have an apparent physical interpretation. At steady 
state, these equations may be solved via detailed -balance considerations to yield the photon statistical 
distribution p,,.,,. The resulting distribution has a variance which is significantly larger than that for co- 
herent light. The off -diagonal elements of the radiation density matrix describe the effects of phase diffusion 
in general and provide the spectral profile /:(w) 12 as a special case. A detailed discussion of the physics 
involved in this paper is given in the concluding sections. The theory of the laser adds another example 
to the short list of solved problems in irreversible quantum statistical mechanics. 

I. INTRODUCTION 

THE theory of an optical maser due to Lamb' 
treats the atoms quantum -mechanically while con- 

sidering the radiation as a classical electromagnetic 
field. This theory has provided a basis for understanding 
a wide range of observed laser phenomena and has 
been extensively tested by Javan and Szöke,2 Fork and 

This work was supported in part by the National Aeronautics 
and Space Administration and in part by the U.S. Air Force 
Office of Scientific Research. The main results of the paper were 
reported at the International Conference on the Physics of 
Quantum Electronics, Puerto Rico, July 1965. 

t This paper is based on a thesis submitted by M. Scully to 
Yale University in partial fulfillment of the requirements for 
the Ph.t degree. 

I W. E. Lamb, Jr., Phys. Rev. 134, A1429 (1964). 
' A. Szöke and A. Javan, Phys. Rev. Letters 10, 521 (1963). 
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Pollack,' and others. Extensions of the theory to allow 
for the presence of a magnetic field''6 or cavity anisot- 
ropy' have been made by several authors, and there 
is no doubt that remarkable fits are being obtained 
with experimental data. The ring laser has been 
analyzed by Aronowitz,' and by Gyorffy and Lamb,' 
again in good agreement with observations. Various 
forms of modulation can be discussed, as in the work 
of Harris .9 The buildup in time of oscillations from a 

3 R. L. Fork and M. A. Pollack, Phys. Rev. 139, A1408 (1965). 
4 R. L. Fork and M. Sargent, III, Phys. Rev. 139, A617 (1965) . 

6 M. Sargent, III, W. E. Lamb, Jr., and R. L. Fork (to be 
published). 

6 W. M. Doyle and M. B. White, Phys. Rev. 147, 359 (1966). 
F. Aronowitz, Phys. Rev. 139, A635 (1965). 

8 B. L. Gyorffy and W. E. Lamb, Jr. (to be published). 
° S. E. Harris and R. Targ, Appl. Phys. Letters 5, 202 (1964); 

S. E. Harris and O. P. McDuff, ibid. 5, 205 (1964). 

* *Reprinted from Titi: PHYSICAI. RFVir.w, Vol. 159, No. 2, 208 -226, 10 July 1967 
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very low level has been investigated by Pariser and 
Marsha11,10 and satisfactory accord with theory is 
obtained. 

In view of the successes of the semiclassical theory, 
it may be asked why there is need for a better treat- 
ment. One reason is that the foregoing theory implies 
that laser radiation in an ideal steady state is absolutely 
monochromatic. To be sure, an actual laser has me- 
chanical and statistical disturbances, and these give 
rise to a finite radiation band width. The intrinsic line 
width, expressing the effects of thermal noise, vacuum 
fluctuation fields, and spontaneous emission, is in any 
case far too small to detect with present techniques. 
Still, the proper calculation of such effects has pro- 
vided a challenging problem in nonequilibriwn sta- 
tistical mechanics. Another defect of the semiclassical 
theory is that oscillations will not grow spontaneously, 
but require an initial optical -frequency (o.f.) field 
from which to start. One would like to know how 
oscillations can develop from a state with no radiation 
initially present. Since spontaneous radiation must be 
involved, it is clear that this kind of question requires 
the quantum theory of radiation. 

Still another problem requiring a fully quantum - 
mechanical theory is to determine the statistical dis- 
tribution of the energy stored in the laser cavity, i.e., 
the "photon" statistics. This information is a pre- 
requisite for a proper discussion of the statistical dis- 
tribution of photoelectrons"-14 produced by a laser. 

A number of papers have appeared recently dealing 
with a quantum- mechanical laser. The earliest of these 
replaced the photon emission and annihilation opera- 
tors by c numbers,18 or prematurely factored1e the 
density matrix, and hence are a disguised form of the 
semiclassical theory. Extensions of the semiclassical 
theory to include an injected noise signal have been 
given.'? -'9 

We now turn to an enumeration of the fully quantum - 
mechanical treatments. One of these has been given 

'0B. Pariser and T. C. Marshall, Appl. Phys. Letters 6, 232 
(1965); B. Pariser, thesis, Columbia University, 1965 (un- 
published). 

l' A summary of experimental results is given in Proceedings of 
the Inkrnalional Conference on the Physics of Quantum Electronics, 
Puerto Rico 1965, edited by I'. Kelley, B. Lax, and P. Tannenwald 
(McGraw -Hill Book Company, Inc., New York, 1965). See 
especially: J. A. Armstrong and A. W. Smith, ibid., p. 701; F. 
Johnson, T. McLean and E. Pike, ibid., p. 706; C. Freed and H. A. 

Haus, ibid., p. 715. 
12C. Freed and H. A. Haus, Phys. Rev. Letters 15, 943 (1965). 
11 A. W. Smith and J. A. Armstrong, Phys. Rev. Letters 19, 

650 (1966) . 

14 F. T. Arecchi, A. Berne, and P. Bulamacchi, Phys. Rev. 
Letters 16, 32 (1966). 

16 H. Haken and H. Sauermann, Z. Physik 173, 261 (1963) ; 

176, 58 (1963) . 
1s C. R. Willis, J. Math. Phys. 5, 1241 (1964) ; Ref. 11, p. 769. 
12 W. E. Lamb, Jr., in Quantum Optics and Electronics; Lectures 

Delivered at Les Houches During the 196.1 Session of the Summer 
School of Theoretical Physics, University of Grenoble, edited by 
C. DeWitt, A. Blandin, and C. Cohen -Tannoudji (Gordon and 
Breach Science Publishers, Inc., New York, 1965). 

18 H. Risken, Z. Physik, 186, 85 (1965) . 

16 R. D. Hempstead and M. Lax, Bull. Am. I'hys. Soc. 11, 111 

(1966). 

by the authors" and extended in a recent publication." 
The present paper is a detailed account of that theory 
and is the first in a series on the quantum theory of 
the laser. The treatment will closely parallel that of the 
semiclassical theory. McCumber,22 Kemmeny,2i and 
Koremìian24 have applied a Green's- function technique 
to the problem. Lax2S has also given a treatment of the 
laser spectrum by postulating quantum noise sources 
determined from general considerations, and in col- 
laboration with Louisell,28 has subsequently calculated 
an equation of motion for the density matrix. Willis" 
has extended his earlier treatment, based on methods 
due to Bogoliubov. The approach of the Haken school 
has been generalized28 to include quantum noise sources. 
The recent results of Fleck29 are similar to those pre- 
sented in Ref. 20. 

Before developing the quantum theory, it is desirable 
to review briefly the semiclassical theory. We are in- 
terested in the electromagnetic field in a cavity reso- 
nator which for optical frequencies can consist of two 
plane -parallel mirrors. In the semiclassical theory,' it 
was assumed that a known electromagnetic field E(z, t) 

was present, which consisted of one or more superposed 
normal modes of oscillation of the cavity as given by 

E(z, t) =: E(t) cos[v 1 +bp (t)] sin(nTrz /L). (1) 

The spatial dependence of the normal modes was taken 
to be as simple as possible. Each mode of the electro- 
magnetic field was specified by an amplitude E(t) and 
a phase angle (t), which were regarded as slowly 
varying in an optical period. The frequency of each 
term was denoted by v . The wave equation for the 
electric field with a driving force term on the right -hand 
side involving the electric polarization of the medium 
P(t), and an Ohmic dissipation proportional to a 
fictitious conductivity o, was 

13ofoa2E /are +13ocraE /at +v x (V x E) = --1.4082P/012. (2) 

In the solution of the inhomogeneous wave equation 
the projection on the cavity modes P. of the electric 
polarization P(z, t), and their in -phase and out -of -phase 
amplitudes C (t) and S (1) played an important role. 

One had the relation 

P (1) =C(t) costy 1 +cp(t) 
1 

+S (t) sin {v 1 +v(t) f. (3) 

20 M. Scully, W. E. Lamb, Jr., and M. J. Stephen, Ref. 11, 
p. 759. 

21 b1. Scully and W. E. Lamb, Jr., Phys. Rev. Letters 16, 

853 (1966). 
22 D. E. McCumber, Phys. Rev. 130, 675 (1963). 
"G. Kemeny, Phys. Rev. 133, A69 (1964). 
24 V. Korenman, Phys. Rev. Letters 14, 293 (1965) ; Ref. 11, 

p. 748. 
26 M. Lax, Ref. 11, p. 735. 
26 M. Lax and W. H. Louisell (to be published). 
$7 C. R. Willis, Phys. Rev. 147, 406 (1966) . 

2 H. Haken, Z. Physik 190, 327 (1966) ; H. Sauermann, ibid. 
189, 312 (1966) ; H. Risken, C. Schmid, and W. Weidlich, Phvs. 
Letters 20, 489 (1966) . 

J. A. Fleck, Jr., Phys. Rev. 149, 322 (1966). 



FIG. 1. Maser action 
takes place between the two 
excited energy levels a and 
b separated by a frequency 
w>0. These levels are 
excited at rates ra and rb, 
while the atomic decay con- 
stants are given by ya and 
yb. 

The self -consistency approximation involves cal- 
culation of the polarization, i.e., Cn and S,,, of the 
active medium on the assumption that the electric field 
E is known, and then substituting that polarization 
in the right -hand side of the wave equation (2), re- 
quiring that the polarization should produce the field 
which was initially assumed. The result of this require- 
ment is a pair of equations, giving the amplitudes E(1) 
and the frequencies v or phases çp (l) of each mode of 
the radiation field: 

(vn +`p- S2n) En= -i(v /Eo)C, (4a) 

En +1(v /Q.)En= ito)Sn, (4b) 

where S2= ,rnc /L is the cavity resonance frequency and 
Q = veo /o gives the quality factor of the mode. 

The next task is to determine the macroscopic driving 
polarization which is a statistical summation over the 
microscopic atomic dipoles. The atoms of the active 
medium are taken to have two excited levels, a and b, 
separated by a transition frequency w between which 
the laser activity is taking place, as in Fig. 1. The 
levels decay to lower states by radiative decay at 
rates indicated by ya and yo. Atoms are excited to these 
levels by some process such as electron collision from 
the ground state. Let us imagine that at a time to 

an atom is brought into state I a) at some point z 
in the laser cavity. Initially its wave function is yka, but 
because of the presence of the assumed optical- frequency 
field, the atom's wave function becomes a linear com- 
bination of energy eigenstates, yGa and Ob. Instead of 
using wave functions, it is better to work with the ele- 
ments of a density matrix p, which is a more convenient 
procedure when one wishes to describe a variety of situ- 
ations in one formalism. The diagonal elements of the 
2X2 density matrix are the probabilities of finding the 
states a and b occupied while the off -diagonal elements 
are related to the (quantum- mechanically averaged) 
induced atomic electric -dipole moment at time I of 
the atom excited at time 4: 

P(1, to) =fp[p ,b(t, to) +Pb.a(t, to)], (5) 

where {Q = exab is the (real) matrix element of the 
electric -dipole operator connecting states I a) and I b). 

The density matrix obeys the differential equation 

p=- ¡CH , P]-1CrP+Pr], (6) 

where 
a*a b*a 

P= , 

a*b b*b 

Wa V(1) 
H= 

V(t) Wb 

ya 0 
r= , 

0 yo 

and for the case of stationary atoms 

hV(1) _ -(Q > E (1) sin (7) cos[vI+ço(t)]. (10) 
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We are interested in a solution p(1, 4) which satisfies 
a particular initial condition for 1 =4, such as 

1 0 

P(to) _ (11) 
0 0 

Because of the perturbation V(1), the atom injected 
at 4 acquires an electric -dipole moment which decays 
with a time constant 1 /yab =2 /(ya +yb). In order to 
calculate adequately the electric polarization, it is 
necessary to compute the off -diagonal elements of the 
density matrix to at least third order in the radiative 
interaction. Having solved for P(1, to), we perform a 
statistical sum over atoms by integration over entrance 
times to. 

The differential equation which determines the ampli- 
tude E as a function of time when only a single mode 
can oscillate was found to be 

Èn = anE -ßEn3, (12) 

where the coefficient a was given30 by 

an = -z (1, /Q.) +z (vó2 ̀ yab / rift) [(w-vn) 2 +yab2] -t (13) 

and is the sum of a negative loss term corresponding 
to the cavity Q and a positive term characterizing the 
linear pumping. The latter depends on the number 
density A' (z) of excited atoms only through the excita- 
tion N defined by 

(nrz\ Ñ = 
J 

LN (z) sine dz / I Lsin2 ( LE) dz. (14) 

The parameter ß is a measure of atomic saturation, 
which introduces nonlinearities into the problem, and 
is given30 by 

ßn= ($P ab3vÑ /Weera-,b)E(a) -v.)2 +yab23-2. (15) 

00 W. E. Lamb, Jr., in Proceedings of Me International School 
of Physics "Enrico Fermi, Course XXXI, edited by P. A. Miles 
(Academic Press Inc., New York, 1964), p. 92, Eqs. (85) and 
(86). 



42 

The steady -state solution of Eq. (12) is clearly 

a [(linear pumping) - (damping)] 
Eel= - _ . (16a) 

ßn (nonlinear parameter) 

Equations (12) and (16a) are basic results of the semi- 
classical analysis and must, by the correspondence prin- 
ciple, have counterparts in a quantum -mechanical 
theory of a laser operating in the usual region where 
huge quantum numbers are involved. 

Having set the goal as a quantum treatment parallel- 
ing the semiclassical theory, we outline electromagnetic - 
field quantization in Sec. II, present the model and 
obtain the equation of motion for the radiation density 
matrix in Sec. III. In Sec. IV we obtain the steady - 
state photon statistics pn,,,, while the linewidth analysis 
is included in Sec. V. Discussion of the physics involved 
in the paper and a summary will be found in Secs. VI 
and VII. 

II. QUANTIZATION OF THE ELECTROMAGNETIC 
FIELD 

A. Quantum Theory of Radiation 

In this section we quantize the radiation field cor- 
responding to a typical laser mode, i.e., a scalar field 
in a finite one -dimensional cavity. Although there are 
many textbooks which develop the quantum theory of 
radiation,at they treat the problem for an unbounded 
region and make use of the vector potential. We are 
here primarily interested in treating the interaction 
between the laser radiation and decaying atoms in the 
electric -dipole approximation. It is Unnecessary and 
risky32U to discuss such a problem using the vector 
potential, and therefore we prefer to develop the quan- 
tum theory of radiation in a form more appropriate 
for quantum electronics, emphasizing the electric and 
magnetic fields. Maxwell's equations for a classical free 
field are 

V xH=aD/ar, 

V x E _ -03/at, 

vB=O, 

vE=0, 
B =µ0H, D = eoE. 

(16h) 

(lot) 

(16d) 

(16e) 

(16f) 

We take the electric field to be in the x direction 
and expand in the normal modes of the cavity with an 

,1 See, for example, W. Heitler, The Quantum Theory of 
Radiation (Oxford University Press, New York, 1956), 3rd ed.; 
or W. Louisell, Radiation and Noise in Quantum Electronics 
(McGraw -Hill Book Company, Inc., New York, 1965). 

o W. E. Lamb, Jr., Phys. Rev. 85, 259 (1952), especially p. 
268. 

o E. A. Power and S. Zienau, Phil. Trans. Roy. Soc. 251, 427 
(1959). 

appropriate weighting factor 

E_= E q.[2SZ,2M, /(LAeo)] "2 sin (K.z), (17) 

where q, is the normal mode amplitude with the dimen- 
sions of a length, Ks= sa / L, with s =1, 2, 3, , and 
fi, = sac /L the cavity eigenfrequency. The effective 
transverse area of the optical resonator is denoted by A. 
The magnetic field in the cavity as implied by Eqs. (17) 
and (16b) is 

H °= E (4, /K,)[2c1,2M, /(LAe0)]112 cos (K,z). (18) 

As is well known, there is an analogy between the 
dynamical problem of a single mode of the electro- 
magnetic field and that of a mechanical simple harmonic 
oscillator. We have inserted a quantity M. into Eqs. 
(17) and (18) which has the dimensions of a mass in 
order to emphasize this analogy. The equivalent me- 
chanical oscillator will have a mass M, and a Cartesian 
coordinate q,. 

The Hamiltonian for the field 

H= 4 Jdr(oL+,soH2) 

expressed in terms of Eqs. (17) and (18) for E and 
H becomes 

(19) 

H= z E[M,g. 29 2+M,4,2], 

H = s L..[Msz,2q.2+P.2/M.], 

(20) 

(21) 

where p, =M,4, is the canonical momentum of the sth 
mode. Equation (21) expresses the Hamiltonian for the 
radiation field as a sum of independent oscillator 
energies. Each mode of the field is dynamically equiva- 
lent to a mechanical harmonic oscillator which is quan- 
tized by simply taking over the well -known quantization 
of the mechanical oscillator 

[p q,]= (hi i)ó...-, 

[q., q,'] =[p., p.] = O. 

(22a) 

(22b) 

The nth stationary -state energy of the sth mode of 
the field is given by 

E= M,(n +1), (23) 

and the corresponding wave function is 

(At(gs) 
= (a/71 /22 ̂ n 1)°2H(aq.) eXp(-ia2q2), (24) 

where a2= (M,S2, /h). It is sometimes convenient to 
make a canonical transformation to operators a, and ail : 

a, = [2M,h ,]-' °2(M,ì,q,+ip.), (25a) 

a,t = [2M,h 2.]- 1 "2(M. l.q. -ip.). (25b) 

L. I. Schiff, Quantum Mechanics (McGraw -Hill Book Com- 
pany, Inc., New York, 1955), p. 64. 
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implied Concentrating on a single mode of the free field in the 
q representation, 

0(9, t) = E an(1)40(9), (35) 

(9, 1) = E a (0) exp(- int21),p(q). (36) 

This wave packet, in general, has a nonzero average 
electric field 

(E(z, t))= sin(Kz) E[an *an+l(n+ 

H=hE(a,ta,+z)S2 (26) 
, 

[a 
[a a,] = [a,t, a.-t] = O. 

(27a) 

(27b) 

These operators a, and a,t are the usual annihilation 
and creation operators for the number states of the 
sth mode of the radiation field 

a, I n,) = n."2 ra, -1), 
a,t l n,)= (n,--+1)u21 n,+1). 

In terms of these operators, the electric field is 

E_= E f,(a,+a,') sinK,z, 

where the quantity 

S, = [h12,/ (LAeo) ]1/ 

(28a) 

(28b) 

(29) 

(30) 

has the dimension of an electric field. 
The states I n) are eigenstates of the number operator 

ata, 
ata l n) =n l n) (31) 

and describe a cavity mode containing exactly n 
photons. These states have zero average electric field 
and a mean -square average of 

([E:(z)]2)= (n I g,2(at-a)2 I n) sin2K,z (32) 

=25,2(n+1) sin2K,z. (33) 

It is the purpose of the next section to investigate 
more general states of the radiation field, and the 
electric field calculated from these states. We will be 
particularly interested in states corresponding to the 
classical limit of the quantized field. 

B. Wave Packets for the Radiation Field 

Since the radiation field for a single- cavity mode is 
dynamically equivalent to the problem of a simple 
harmonic oscillator, the wave function describing the 
radiation in the cavity is a linear combination of 
products of these pure photon eigenstates. For such a 
state, there would be no definite photon number, but 
only a distribution of probabilities for finding various 
numbers of photons if one made an observation of the 
energy in the cavity. This general state vector for the 
field is 

where 

10= E alnG) I I In(s)1), 
In(,)) 

{n(s)J=n,, n2, , n., 

(34) 

n 

1) 1/2e-iQl+cc], (37) 

which has the sinusoidal spatial dependence of a normal 
mode and a monochromatic time dependence with fre- 
quency R. 

The photon probability distribution is given by 
I an(0) 12, and the mean photon number is 

(at a)- E na *a. (38) 

The probability amplitudes a(0) may be determined 
from the initial form of the wave function #(q, 0) by 

an(0) = f dwon(9o) (qo, 0). (39) 

We may write the wave function at time t as 

#(q, 1) = f dgoG(9, 9o, 1)4'(9o, 0), (40) 

i.e., if at time t =0, yG =t'(q, 0), then the time evolution 
will be given by folding ,'(q, 0) with the Green's 
function G(q, qo, t) : 

G(q, 9o, t) _ E 5on(g0) *,Pn(9)e-i"1 

The physical interpretation of G(q, qo, t) is that it 
represents the time development of a wave function 
which is initially localized as a delta function of qo. 

Kennardn has given a very ingenious derivation of G, 
based on the observation that the Green's function is 
an eigenfunction of the Heisenberg operator q( -t) 
having the eigenvalue qo. He found that 

G(q, 9o, t) = [MS2 /(27rh 
I 

sinitt l)]u2 

X exp{ 

(41) 

iMS2[(q2-}-qo2) cosS2t-2ggo]/(2h sinnt) J (42) 

develops from a delta function at t =0 to a plane wave 
at Sgt =x /2 and back to a delta function at Sgt =x, etc. 
Thus even though the wave packet always returns to 
its initial state in one period of the oscillator, it has a 
spread which is a strong function of time. In contrast, 
however, a wave packet which maintains the same 
variance while undergoing simple harmonic motion 
evolves from the ground -state wave function displaced 
by a distance a: 

4'(q, 0) = (aus /xit4) exp[- 4a2(q -a)']. (43) 

s E. H. Kennard, Z. Physik 44, 326 (1927), 
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Then 

'(9, 1) = (a1/2 /A'a) exp { -#iStt- za2[(q -a cosi2t)2 

+i(aq sinS2t+02 sin2S21)1, (44) 

and the probability density is 

4'(q, t) 12= 
(a /71/2) exp[- a2(q -a cosl2t)2]. (45) 

It may be seen that this packet has the minimum un- 
certainty product Agop =h /2 allowed by quantum 
mechanics. 

From (17), the average electric field for this wave 
packet is 

(E)=V2ga sinKz f q 
i 
4/(q, I) 12 dq 

=1/7Ea sinKz cosftt. (46) 

These states provide the closest quantum -mechanical 
analog for a free classical single -mode field, and are 
in fact the coherent states I er)'a.A: 

14) =1 a)= E {[a exp(- i12t)]n /(n!)UU2) 
n 

X exp(-z l a I2) I n). (47) 

C. Statistical Properties of the Radiation Field 

Up to now we have been considering a field which 
could be represented by a single -state vector I ,') for 
which the quantum- mechanical average of an operator 
Q is 

(Q) = (>G I Q 10. (48) 

In general, however, we do not know the exact wave 
function of our system but rather only the probability 
Po, that our system might have this wave function.38 
The ensemble averaged expression for Q.fis then 

((Q))en.emble= E Pi(o 
I Q I W ), (49) i 

which may be written as 

((Q)).ns.mbl.= Tr(P(2), (50) 

where 
9= EP #I0)4&I (S1) 

is the weighted projection operator for the states I tb). 

This operator p represents our state of knowledge or 
ignorance about the system. In the n representation 

N Fora discussion of the coherent state formalism see R. J. 
Glauber, in Quantum Optics and Electronics; Lectures Delivered 
at Les Bouches During the 1964 Session of the Summer School of 
Theoretical Physics, University of Grenoble, edited by C. DeWitt, 
A. Blandin, and C. Cohen -Tannoudji (Gordon and Breach Science 
Publishers, Inc., New York, 1965). 

L. Mandel and E. Wolf, Rev. Mod. Phys. 37, 231 (1965), 
give an extensive review of the coherence properties of optical 
fields. See the bibliography of this paper for references to earlier 
work. 

*See for example, U. Fano, Rev. Mod. Phys. 29, 74 (1957) ; 

or D. ter Haar, Rept. Progr. Phys. 24, 305 (1961). 

Fro. 2. The photon sta- 
tistical distribution for 
single -mode black -body 
light, Eq. (57), is compared 
to that for coherent radia- 
tion, Eq. (54). The wavy 
line indicates that two 
separate curves are shown 
in the figure. 

this operator becomes a matrix pn,n with an infinite 
number of rows and columns labeled by the integers 
1, 2, 3, .... 

A few pertinent examples of the density matrix for 
single -mode light are now given. (1) The field might 
be in a pure number state 

or (2) a pure coherent state 

p,,= (n a)(a I n'), 

(52) 

(53) 

which by (47) is 

Pn.n,= ana #n / eXp( -1 a 12) /[n!nul]1I2, (54) 

or (3) a phase- diffused coherent state 

Pn.n= [(aaa)n/n!] eXp( -I a 12)ön.n, (55) 

which has no off -diagonal elements. Neither the pure 
number state nor the phase -diffused coherent ensemble 
(nor any p diagonal in the n representation) has an 
average electric field, since the ensemble average field 
involves 

(E)cc E[Pn.n +1(n +1)'/2 +cc]. (56) 
n 

It should be noted that for distributions (3) and (4) 
the probability for finding n photons Pn =Pn,n is given 
by a Poisson distribution characterized by an average 
n given by (n)= I al'. Another example (4) often met 
is that of single -mode thermal or black -body radiation 
of temperature 6: 

pn.n = exp( -nhS1/12B0)[1-exp( - h42 /kaO)]8n,n., (57) 

which is diagonal in the n representation and therefore 
contains no phase information, i.e., has zero- ensemble- 
average electric field. 

It will be noted that the probability of finding n 
photons in the member of the ensemble under considera- 
tion, often called the photon statistics, is radically 
different for black body and for coherent light. Plots 
of pn,n versus n for coherent radiation, Eq. (54), and 
for incoherent black -body light, Eq. (57) are given 
in Fig. 2. 

III. MODEL AND ANALYSIS 

Having developed the quantum theory of radiation 
in a form suitable for our purposes, we now turn to 



FIG. 3. Atomic -level 
scheme for atoms. Maser 
action takes place between 
levels a and b which are de- 
caying to levels c and d, 
with decay constants given 
by ya and yb, respectively. 
The corresponding excita- 

c tions to levels a and b are 
given by ra and rb, re- 
spectively. d 

the fully quantum- mechanical theory of a laser. Both 
the radiation field and the atomic medium are to be 
treated according to the laws of quantum mechanics. 
For simplicity, we consider a gas laser with a single - 
cavity mode. We neglect the motion of the atoms and 
spatial variation of the cavity mode. These are non- 
essential simplifications. The basic idea is the same as 
in the semiclassical theory. In the earlier work the 
radiation was described using amplitudes, phases, and 
frequencies, but now the radiation field has to be 
characterized in proper quantum -mechanical termi- 
nology, i.e., by a density matrix. 

To describe laser oscillation, the theory must include 
a nonlinear active medium and a damping mechanism. 
To obtain laser pumping action we introduce two -level 
atoms in their upper state I a) at random times to. 

The more general case of excitation of both the I a) and 
b) levels will be dealt with in a later publication. The 

details of the dissipation mechanism are not very im- 
portant for the theory of a laser. In the semiclassical 
theory the damping was represented by Ohmic currents, 
but it is more convenient for our present purposes to 
include the dissipation by coupling the electromagnetic 
field to rapidly decaying, and therefore nonresonant, 
atoms injected into the cavity in the lower I (3) of 
two states I a) and I ß). 

One way of looking at the semiclassical theory is 
that each atom contributes its mite to the field inde- 
pendently, except insofar as the other atoms have 
prepared an electromagnetic field with which it in- 
teracts. Similarly, in the quantum theory we consider 
the change in the density matrix for the radiation 
field due to the injection at time to of a single pumping 
atom in the upper of the two states I a) and I b) in- 
volved in the laser interaction. Working in the n 
representation, this change is given by 

âp .n'= Pn,n'(to +T)- Pn.n'(t0), (58) 

where T is a time which is long compared with the 
atomic lifetime, but short compared to the time charac- 
terizing the growth or decay of the laser radiation. 

The states I a) and I b) of the atom are assumed to 
decay as in the Wigner -Weisskopf theory of radiation 
damping. For the state I a), we introduce a state I c) 
to which the atom decays with the emission of (non - 
laser) radiation of type s with a decay constant rya. 

Similarly I b) decays to state I d) with a decay con- 
stant ryb (see Fig. 3). 

To obtain pn,w'(LO +T), we must follow the time 
development of the combined atom -laser field system 
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to time to+ T and then form the trace of its density 
matrix over the atomic states 

Pn.n'(10 +T) = E Pan.an'(to +T), (59) 
a 

where a takes on the values of a, b, c, and d. 
Proceeding to calculate pn,n, we write the Hamil- 

tonian hH, for the interaction of the active atom with 
the single -mode laser field as 

H= vat a +Waata +Wbaat +g(ata +aat) (60) 

= Hrad +Hatom+ V (61) 

= H0+ V, (62) 

where v is the laser frequency to be determined from 
the theory39 and hW, and hWb are the atomic energies; 
the raising and lowering operators 

at = 
0 0 

and 

operate on the atomic states 

a)=(1) and 
0 

a= 
0 0 

1 0 

0 
b)= . 

1 

(63) 

(64) 

The coupling constant is g= exab8 /(J2h) which has the 
dimensions of a frequency, as S is the electric field (30). 

As shown in Appendix I, the Wigner -Weisskopf ap- 
proximation for our four -level atom interacting with 
the radiation field yields the following set of equations 
for the density matrix of the composite system: 

Pa,n:a,n'= -i[(Ho+V), P]a,n:a,n'-7aPa,n ;a.n', (65a) 

Pb.n+1,b.n' +1= -i[(Ho +V), P] b,n +1;b,n' 1'bPb,,r}1 ;b,n' +1, 

(65b) 

Pa.n:b,n' +1= - iC (H0 +V), Pl.n;b,n' +1- 'YabPa,w;b,w' +1, 

(65c) 

Pb,n+l ;a ,n' = - iC (H0+ V), P]b.n +1;a.n'- 'YabPb,n +l :a,w', 

(65d) 

(65e) 

(65f) 

(65e) and 

Pc,n;c,n' = 7aPa.n;o.n', 

Pd.n +1; d, n' +1= 7bPb, n +1; b,n' +1, 

where 'Yab = 1(7a +7b) . We see that Eqs. 
(65f) may be integrated directly to yield 

`o-I-T Pc.n;e,n'(to+T) =7a 1 dt'P(t')a,n;a.n', 
ll to 

¡ ta}T 

Pd.n+1.:d.n'+1(4)+T) = 
1 

dt'P(t')b.n+ ,n1;b'+1. 

to 

(66a) 

(66b) 

The frequency v is the frequency of the laser radiation and is 
determined by the theory. In this paper we are most interested 
in the case w *v; then the laser frequency will be the same as that 
of the free field. The more general problem of w =v will be given 
in a future' publication. 
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Concentrating now on the lasing levels [Eqs. (65a)- 
(65d)], our equations in expanded form are 

Pa.w;s,w' = -i[(n-n')v- i?a]Pa,w;a.n' 

Pa.w ;b,n' +1 Vb,w'+l,o ,no ], (67a) 

pa,w:b,w'+1= -i[(n -n') v-1-(0.)-P) -i ?ab]Pa,n ;b,w' +1 

- i[ Va, w; b, w+ IPb, n+ l ;b.w'+1- Po, ems' Va,n' ;b,n' +1], (67b) 

i[(n -n') v- (CO -v) -i?ab]Pb,n+1;a,n' 

Vb, w+ 1; a, wpa, w; a ,w' -Pit ,w +1;b,n' +1Vb,w' +1;a,w'], (67c) 

pb.w +l;6,w'+1= -1 (n -n i )v -iye ,w+1;6,n'+1 

- i[ Vb,s+ 1; a0wPa. w; b ,w' +1- Pb.w +1;0.91'Vo.w':b.11' +11 (67d) 

The term involving -i(n -n')v in these equations 
will now be transformed away by replacing p, .w' by 
Pw,w' exp[- i(n- n')143. It should be kept in mind 
that subsequently pww- will be in an interaction picture. 

We may write Eqs. (67a) -(67d) as a 2X2 matrix 
equation 

p= -i[CP-PC1], 
where 

Pa,w:s.n' Pool; b,w'+1 

P= 
01+1;a.w' Pb.w+1;b0w'+1 

C= 
a+nv- 3i7o 

Vb,w+l;a,n 

Va.n;6.w+1 

Wb+(n+1)v-Pyb 

(68) 

(69) 

(70) 

and the matrix C' is obtained from C by replacing n 
by n' and taking the Hermitian conjugate. 

The solution of (68) is clearly 

p(1) = exp[- iC(t -to) )p (to) exp[iC'(1 -4) 

(to) 0 
= exp[-iC(t- to)] exp[iC'(I -r4)]. 

0 0 
(71) 

Next we could solve for the eigenvalues and eigen- 
vectors of C and C' which would facilitate evaluation of 

pa,w ;a,n' (t) and Pb,n:b,w' (t) 

and by using (66a) and (66b) could calculate 

Pe,n ;e,n' (4+T) and Pd,n;d,w' (tO +T ) 
Then pn,n' (4+T) is obtained by contraction with 
respect to the atomic variables as indicated in Eq. (59) : 

Pn,n'(4 +T) = Pa,w ;a,w'(4O +T) +Pb,n ;b,w'(to +T) 

+Pe,, ;e,w(ty +T) +Pa,n;d.w'(to +T) (72) 

Instead of following this approach for obtaining the 
elements of the density matrix, we adopt another 
method which has the advantage of side -stepping a 
considerable portion of the algebraic tedium of the first 
approach and leads to the same result. 

We introduce the notation 

¡ tp+T 

POP (Ode =o9d'(to+T), 
to 

ß=1, 2 and )3' =1, 2, 

01;1=0a,w;a as' , 

0142=0a,11;b,w'+1, 

02;1= ab .10-1-1; a,n', 

02;2= 06, w+1; 6,w'+1 (73) 

From Eqs. (66a) and (66b) it is then dear that in 
the present notation the c- and d -state matrix ele- 
ments are 

Pe .w; e.n' ( tO+T ) = yo01;1 , 

Pd.n+l:d.w'+1(to+T) =7b02;2 

(74a) 

(74b) 

The essence of the simpler approach is the conversion 
of the differential equations (67) into algebraic equa- 
tions for u by integrating both sides from 4 to to +T. 
We find 

Pa,w;a,w'(tO+T) -Pa,w;a,n'(to) _ -?nail -i[Va.w;b.w+1021-012Vb,w'+l;a.n'], (75a) 

Pa,w;b.w'+1(to-}'T) -pa.n;6,w'+1(10) _ -[i(w-11)+700012-i[Va,w;D,n+1022-01 Va,w';b,n'+1], (75b) 

Pb.n-1;a,n'(10+T) -pb,n+l;o.n'(t0) _ -[-i (CO -Y)+?ob]021-i[Vb,w+1;a.n011-022V6,n'+1;a,n'], (75c) 

Pb.n+1;b,n'+1(10+T) -06,n+1;b.w+1(10) = -?b022-i[V6n+l;a.a012-021Va.n';A.a'+1] (75d) 

As we are interested in times T»1 /7ao, the first term on the left -hand side of each of Eqs. (75a) -(75d) vanishes. 
Also we note that 

Pa,n:a,w'(to) = Pn,w'(to), (76) 

while the other elements of the density matrix with argument to vanish as the initial excitation is to state I a). 



In matrix form, Eqs. (75a) -(75d) are now 

-lÌa - Vb,n'+1;a,n' Va,n;b.n+1 0 7111 (to) 

- Va os, ;b,n'+1 + (CO -v) -i7ab 0 Va,n;b,n+1 712 0 
(77) 

Vb,n+l;a,n o -(w -v) -i7ab - Vb.n'+1;a,n' 721 0 

0 Vb,n +1; a,n - Va,n';n' +1 -2Ìy8 , 1722, 0 

The prob em has thus been reduced to solving four simultaneous algebraic equations with four unknowns, 
which is easily accomplished by matrix techniques. Solving for an and an we find, with relatively little effort, 

where 

Ì'a71;1=Pnn' (to) -C(n1) ,n' (n'+1) 6tn',n*]Pnn'(to), 

Ì'b72;2-[ótn.n'+6;n',n*][(n+1) (n'+1)]i/2Pa,n'(4), 

6;n,n'=g2 
7b(7ab+i0)+g2(n-n') 

Ì'ab(7ab2+02)+21'ab2g2 n'+1)+g2(n'-n)Cg2(n'-n)+i0 era -Ì'b)] 

with .7 =w -v. 
We are now in a position to calculate p ,n'(10 +T) 

as given by Eq. (72) . For reasons already mentioned, 
the first two terms of (72) vanish. Using (74a), and 
(74b) with n-m -1 and n'- on' -1, we have 

(to +T) = Ìa71;1 +Ì'D72 ;2 

(with n --n -1 and n'- m' -1). (80) 

Thus we have all the ingredients needed to obtain the 
change in the radiation- field -density matrix Sp , ' as given 
by Eq. (58). From Eqs. (78a), (78b) and (80) we find 

oPn,n' =Pam' (to +T) Pa .n. (to) 

-[(n+1)61.,.4 (n +1)114 n'.n ]Pn.n' 

+Catn- 1.n'- 1 +cn'- 1.n -1 *] (nn') 1 /2Pn- 1.n' -1. (81) 

(78a) 

(78b) 

(79) 

Just as in the classical theory where we have taken 
the phase and amplitude of the field to be slowly 
varying, in the quantum theory the density matrix 
for the field will not change much due to one atom. 
Hence we note that for the time interval to <t <to +T, 
we have p ,' (to) tiP,n' (1) . To obtain a macroscopic 
change in the density matrix, we now multiply (81) 
by the number of atoms entering the cavity in a time 
Al which is long compared to an atomic lifetime but 
short compared to times characterizing the growth or 
decay of the radiation field. The number of atoms in- 
jected in the upper level in a time At is Na =rait, i.e., 
the rate ra of injection multiplied by the time At. 
Then the macroscopic change in p ,, due to many 
atoms acting on the field is 

OPn,' = ra.pn.n' 

= - At[ ( n+ 1) Rn, n'+ (re + 1) Rn', *]Pn,n'(t) +Ot[Rn- 1n' -1 +Rn l,n- 1 *](nn')1 /2P,r1.' -1(t), (82) 

where R, =ta6t , '. The coarse -grained time derivative due to many atoms interacting with the field is then 

dPn,n' /dl (stimulated and epontaneousc mission) = - (n +1)Rn,n' +(n +1)Rn',n* n,n'(1) 

+[Rn- l,n'- 1 +Rn'- 1.n- 1 *](nn') 11213.-1.. -1(t) (83) 

A similar analysis follows for the dissipative inter- 
action, but as mentioned earlier, the details are of 
secondary interest and we relegate the calculation to 
Appendix II. We find (to second order in the coupling) 
from Eq. (II.5) 

CdPn,n' /dt]dissipation= -4C(n +n')p,n' 
+C[(n +1) (n' +1) ]1/2 

Pn +1,n' +1, (84) 

where the quantity C =v /Q is the cavity band width. 
Finally, we write the complete equations of motion 

for the radiation- density matrix (in the interaction 
picture) as 

dP.n' /d1=- [(n +1)Rn.n' +(n +1) Rs, .n Pn,n' 

-¡C(n +n')PR,, +C[(n +1) (n' +1)]1/21).+1.,e+1. (85) 

Equations (85) are the basic results of this section 
and provide the quantum equivalent of the classical 
amplitude and phase equations, with C and S deter- 
mined by a self- consistent -field analysis. 

IV. DISCUSSION OF EQUATIONS OF MOTION 
AND PHOTON STATISTICS 

It will be noticed that the equations of motion (85) 
couple only elements of the density matrix having equal 
degree of off -diagonality n -n', i.e., the coupling is 
along lines parallel to the main diagonal. Taking ad- 
vantage of this decoupling, we now investigate the 
diagonal equations n =n' obtained from (85). For 
simplicity, in the remainder of this paper we will 
consider the laser to be tuned to atomic resonance. 
Detuning and other complications will be discussed 
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in a later paper of this series. These diagonal equations 
are 

pn.n= -A(n -f 1)[1+(n+1) (B 

+A n[1 -}-n (B /A) r'on -1,n -1 

- Cnpn,n +C(n +1)Pn +1.n +1, (86) 
where 

A =2ra(g2/7a7a6), 

B = 8ra ( g2/7a7ae) ( g2/7a7n) , 

C=Y/Q. 

(87) 

(88) 

(89) 

Equation (86) describe the flow of probability for 
finding n photons in the laser cavity. The separate 
terms representing the time rates of change of proba- 
bility have been grouped to make the physical inter- 
pretation obvious as depicted in Fig. 4. 

These equations for pn,n(t) have transient solutions 
which would describe, for example, the buildup from 
vacuum to a steady state. We will limit the discussion 
here to the steady -state solution. By inspection of 
Fig. 4 it is clear that detailed balance implies that 
these second -order difference equations reduce to the 
two equivalent systems of first -order difference equa- 
tions 

A n[1 + (B /A) n]- 'p._1,,,i -Cnpa,n = 0, 

A(n +1) [1 +(B /A) (n +l)] -'P.,. 
-C(n- 1)pn +1.n +1 =0 

The solution of these equations is clearly 

Pn.n =Oi (A /C)[1 +(B/A)k] -', 
k-o 

where 91 is a normalization constant. 
Let us consider this distribution in three regions of 

laser operation: 

A> C (above threshold) . The quantity p,,,, is the prod- 
uct of n-1-1 factors of the form (A /C)[1+(B /A)k] -1 . 

For k<(A /C)(A- C)B -1 =n these factors are each 
greater than unity, while for k> n, the factors 
(A /C)[1+(B /A)k]-1 are less than unity; hence pn,n 

increases for n up to n, and goes monotonically to 
zero for n >np. Thus the distribution is peaked at np. 

A =C (threshold) . The distribution p, has a maxi- 
mum at n =0 and decreases in a roughly Gaussian 
fashion as n increases. 

n.1 

w 

n-I 

C(411 In.1,n.I A (n.11 
In'n I.Á(n.1) 

An 

I.Á n 
en-1 n-1 

Fra. 4. Flow of probability for finding n photons in the laser 
cavity due to stimulated emission and damping. 

Fro. 5. The laser distri- 
bution, Eq. (96), illustra- 
ting the three operating 
regions: (1) 20% below 
threshold, (2) threshold, 
and (3) 20% above thres- 
hold. Using Eq. (99) the 
nonlinear parameter B has 
been chosen to give (n ) = 50 
at 20% above threshold. 
The laser distribution (3) 
should be compared to that 
for coherent light in Fig. 
3. 

A <C (below threshold) . Now the distribution falls 
more rapidly to zero. In this region the nonlinear terms 
may be ignored and we write 

pn.n =[1- (A /C)](A /C)n. (93) 

Hence, below threshold the steady -state solution is 
essentially that of a black -body cavity 

pn,a= [1 -exp(- by /kBO)] exp(- nhv /k,9), (94) 

where the effective temperature O is defined by 

exp(- by /keO) =A /C. (95) 

The photon distribution in these three regions is dis- 
played in Fig. 5. The steady -state distribution (92) 
with (n) =106 is compared with a coherent distribution 
of the same mean value in Fig. 6. 

We may write Eq. (92) in a more convenient form as 

pnn= Z 1(A2 /BC)n +(AIB) /[n +(A /B)]! , (96) 

where the normalization constant Z -1 may be expressed 
in terms of confluent hypergeometric functions 

(A2 /BC) n +(A/B) 
Z= n [n +(A /B)]! 

[( 
2 B 

(1; 
/B) 

AI 

! L1F1 ; B +1; BC 
) 

] 
. (97) 

Calculating the average value of n, we find 

cn (.42 /BC) n +(A /B) 

(n) =Z -' E n 
[n +(A /B)]! 

= 

= Z-1 

(n+ 
A A\ (A2/ BC)n+AiB 

B BJ (n+A/B) ! 

((A2/BC)n+cA1B>-1] A2 A 

nl L (n-A/B-1)! BC B 
(1 -po,o) 

[° A2 A 
_ [ pn.n] - (1 -po.o) BC B 

= (A /C) (A -C) B -1+ (A /B) po.o (98) 

For a laser appreciably above threshold, the (A /B) p0,0 

term in (98) is clearly insignificant because p0,o«1, 
and we have 

(n)= (A/C) (A-C)B-1. (99) 
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Ftc. 6. This figure compares the photon statistics for coherent 
and laser radiation. The laser is here taken to be 20% above 
threshold, with the parameter B chosen to give (n) =106. 

A similar approximation for the variance of the dis- 
tribution yields 

o2= [A /(A- C)](n). (100) 

For a gas laser not too far above threshold, Eqs. (86) 
may be adequately approximated by retaining only 
the lowest -order terms in B/A and one finds 

Pn.n= -[A -B(n-}-1) ](n +1)pn.n +[A 

-CnPn,n +C(n +1)Pn +t.,, +1 (101) 

The steady -state solution for (101) is 

n A -Bk 
Pn,n =9t.' , (102) 

where 91' is the normalization constant. This distribu- 
tion has a peak at 

n,= (A -C)/B. (103) 

For a sufficiently peaked distribution the average value 
(n) obtained from (103) is 

I \,-.. - (linear pumping) - (damping) 
(nonlinear parameter) 

We see that the average energy contained in the laser 
(Ohm corresponding to this (n) has a direct counter- 
part in Eq. (16a) which expresses the energy },OE2AL 
of the semiclassical theory. 

It will be noted that a consequence of the expansion 
in (B /A) is that for very large values of n, i.e., n> A /B, 
the distribution pn,n goes negative; however, this is well 
beyond the range of interest, n= (n)±0((n)'i2), and 
should cause no alarm. Furthermore the difficulty can 
be avoided by merely letting A/B have an integral 
value, as this will insure pn,,, =0 for n> A /B. 

To investigate the electric field of the laser, we must 
turn to the off -diagonal elements of the density matrix. 

V. OFF -DIAGONAL ELEMENTS, CORRELATION 
TIMES AND SPECTRAL PROFILE 

Equations (85) have an infinite number of exponen- 
tial decaying solutions corresponding to different decay 
eigenvalues A.(0. These are of the form 

P,6.n+k'= çP(n, k) eRP( -ihs (k)t). (104) 
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For the diagonal elements, k = 0, the lowest eigenvalue 
po(o) =0 and the corresponding eigenfunction is the 
steady -state solution (96) . For the off - diagonal ele- 
ments all of the eigenvalues p.(k) are positive. Conse- 
quently, the only steady -state solution is 

p., =0, . (105) 

It is planned to give a full discussion of these transient 
solutions (104) in a later paper, but here we will con- 
fine our attention to the slowest decay modes for non'. 
Consequently, for many purposes we may write 

Pn,n +k= SPo(n, k) exp(- po(k)t). (106) 

In Appendix III it is shown that the desired eigen- 
function for a laser sufficiently above threshold is 

{fi (n k 
rA -Bm l 

} 

o 
vo(n, k) _ o I (107) 

and, to a good approximation, the corresponding eigen- 
value is 

PO 
(k) _ 1k2D, 

where 
(108) 

D= z (v /Q) (n) -t. (109) 

From (106) and (108) we may then write 

pn.n +k(t) = pn,n +k(0) exp(- Ik2Dl). (110) 

The expectation value of the electric field for this 
density matrix is given by 

E(z, t) 

=8 sin(sirz /L) E(Pn.n +s(t) (n +1)112 +c.c.) 
n 

= Fi sin (s7z /L) L: (pn,n+l (0) (n+ 1)112e-"i +c.c. )e -D612 

= Eo exp[ -2 Dt] cosy!. (111) 

To obtain the line shape we take the Fourier trans- 
form (in the rotating wave approximation) of the 
average E field. 

E(w) = f ne -''Eo exp[ -IDt] cosvtdt (112) 

= Eo[i (w -y) -HD]-1, (113) 

and the spectral profile is 

E(w) 
12= E02[(w- 

02+(1D)2] -1. (114) 

Thus the spectral profile for the laser oscillator is 

Lorentzian with a width 

D= s (P IQ) (n)`i2, (115) 

which is the full -width at half- height, in circular fre- 
quency units; see Fig. 7. The physical interpretation 
of this linewidth and the associated decaying electric 
field will be found in Sec. VI. 

A comparison of the present expression for the 
spectral width D and that derived previously by modify- 
ing the semiclassical theory to include noises' indicates 
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that we now have twice as much width. From the 
structure of the calculation, it is apparent that the 
doubling comes because the present treatment includes 
the noise due to spontaneous emission of the active 
atoms as well as thermal and zero -point fluctuations 
in the cavity walls. The present linewidth is in agree- 
ment with the independent results of Korenman40 and 
Lax.41 

VI. DISCIISSION 

A. Nature of the Problem 

Theoretical physics is most fully developed for treat- 
ment of the behavior of isolated conservative dynamical 
systems. The addition of a given conservative external 
force field does not present much difficulty, at least in 
principle. As one attempts to make the discussion of a 
problem more realistic, the system of interest may be 
allowed to interact with a thermal reservoir, thereby 
developing a thermodynamic or statistical mechanical 
approach. After passage of a sufficiently long time, 
the system of interest settles down into a state of equi- 
librium. In cooperative phenomena, the equilibrium 
state may be one with a sigh degree of long -range spatial 
order. Such theories predict that statistical fluctuations 
should occur about the thermodynamic equilibrium 
state. 

An oscillating laser, on the other hand, is clearly 
not in a state of random fluctuations about thermo- 
dynamic equilibrium. It represents an "open" system 
with a highly organized temporal behavior. The system 
of interest is in contact with a steady but nonthernlal 
reservoir capable of supplying energy at at a low fre- 
quency which is somehow converted into a nearly 
monochromatic oscillatory behavior at an optical fre- 
quency. Such problems push somewhat beyond the 
range of present -day theoretical physics, and one can 
make progress only by exploiting some special simplify- 
ing feature of the problem. Only much later can one 
expect to succeed with problems in which the openness 
permits exchange of both energy and matter, as would 
be necessary for a basic discussion of a biophysical 
problem. 

B. Model 

There are two special features simplifying our 
model. The first is that the electromagnetic field of 
a high -Q optical resonator is dynamically equivalent 
to a system with a single degree of freedom, in this 
case, a simple harmonic oscillator. The second feature 
is that under circumstances of interest in laser physics, 
the density matrix describing the radiation does not 
change very much during the lifetime of one atom. 

Our model for the pumping mechanism is quite 
realistic for a gaseous optical maser. The excitation of 
atoms to the laser states I a) or I b) is, as far as the 
system of interest is concerned, essentially an act of 

44 V. Korenman, Ref. 11, p. 748. 
41 M. Lax, Ref. 11, p. 735. 
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Flo. 7. Spectral prufile for a laser oscillator in units of the 
full -width at half- height D, all frequencies are measured in 
circular -frequency units. 

creation as asswned in the model. In order to simplify 
the following discussion the case of a excitation will 
be considered. Assuming that the density matrix de- 
scribing the radiation field just before the atom is 
injected is pn,n(t°), we have calculated the time de- 
velopment of the density matrix for the combined 
system of atom and field. After several atomic life- 
times, the atom is surely in one of the lower states, 
c or d, and the only nonvanishing elements of the 
density matrix are of the form pd.n +l:d.n' +1 or Pe.n :e.n' 
If one then asks for the statistical density matrix 
describing the radiation field alone, irrespective of 
whether the atom has ended up in state I d) or I c), 
i.e., whether the atom did or did not emit a net laser 
quantum before it decayed, the result is 

Pn.n' (t°+T) = Pe.n :e,n' (4+ T) +Pd.n:d.n' (to +T) 
This process of contraction is an essential feature of 
the model. A consequence is that even if the radiation 
field were initially described by a "pure" case density 
matrix Pn,n'(t°), after the injection and decay of one 
reservoir atom, the density matrix pn.n(to +T) would 
in general be "mixed." One could, of course, in principle, 
learn more about the combined system by observing 
whether the atom ended in state I c) or in state I d), 
but our object is to make a theory describing the 
system of interest, which is the laser and not the pump- 
ing reservoir. 

In our theory of a laser, it is not necessary to postu- 
late any noise sources either of a quantum or a classical 
nature. The noise is automatically produced as a con- 
sequence of the contraction process which is basic to 
the physical problem and follows from the principles of 
quantum mechanics applied to an open system. There 
are, however, fluctuations of a shot -effect nature which 
arise from the injection of pumping and damping 
atoms. These will be treated in a subsequent paper. 

After the change öpn,n of the density matrix is cal- 
culated for one atom, we pass over to a coarse -grained 
time derivative due to many atoms. It is thereby 
implied that pnn' (t) does not change much during the 



life of any one atom. This may or may not be the case 
for any given laser. At a steady state, the changes 
bpn.n represent fluctuations which would typically be 
small fractions of p *, *. Our assumption might be less 
valid in a transient problem. Thus, if initially we had 
the vacuum radiation field (po,0=1, p *, * =0 for n0), 
the first atom would change po.o and piI by small but 
finite amounts. 

The change in p *, * due to other atoms during the 
life of the atom considered in the calculation of p *,* 
would involve an approximation in the derivation of 
Sec. III. A corresponding simplification was made in 
the semiclassical theory. Thus, in Eq. (37) of Ref. 1, 

the amplitude E(l') in an integral 

fdt'E.. . (t') 

is replaced by E([). This assumes that E(I) is slowly 
varying during an effective atomic lifetime. Except for 
the earliest stages of buildup from the vacuum state, 
the validity of our treatment depends on the smallness 
of the quantity { A -(/Q) { /yb, which is 0.01 for the 
numerical values A=1.1 MHz, (v /Q =1.0 MHz and 
'Yob =10 MHz). 

C. Approach to Thermal Equilibrium 

If we neglect all nonlinear terms involving satura- 
tion of the atomic transitions [set B =0 in Eq. (91)], 
our model describes a harmonic- oscillator system of 
interest in contact with two reservoirs. One of these 
contains a large number of pumping atoms in the upper 
laser state I a), and the other contains many damping 
atoms in the lower state 1 (3). One can assign tempera- 
tures to each reservoir in the conventional manner. The 
first reservoir is at T= -0 °K (very hot) and the 
second is at T =0 °K (very cold). Both pumping and 
damping atoms are separately injected in the optical 
cavity, and it is assumed that the density matrix for 
the radiation field is not changed very much by any 
one atom. In a steady state, the density matrix is 

p *.*cc (A /C) *. 

If A <C= v /Q, this can be normalized and is a thermo- 
dynamic distribution 

p *,*= (A /C) *[1-(A /C)], 
corresponding to a temperature O given by 

exp[- (hv /kB0) ] = A /C< 1. 

The situation is somewhat different from that usually 
considered, in that the effects of two reservoirs, one 
hot and one cold, are combined in order to keep the 
system of interest at an intermediate temperature O 

which depends on the strengths A and C of the coupling 
between the radiation oscillator and the two reservoirs. 
For the system of interest, the steady -state thermo- 
dynamic equilibrium at temperature O is the same 

whether one conventional reservoir is involved or the 
two reservoirs of our model. If the system of interest 
is not initially in thermal equilibrium, its approach to 
this state can be determined by solving the equations 
of motion (91) . 

This calculation adds another example to a short 
list of solvable problems where approach to thermal 
equilibrium is considered in a basic manner. It is 
similar to the Rayleigh42 problem of a massive particle 
sent into a gas of light atoms. Even closer to the laser 
problem is the generalization of Uhlenbeck and Chang,48 
where a forced simple harmonic oscillator is brought 
to steady state through collisions with such a gas. 

D. The Case of Nonthermal Equilibrium A>C 
It is perfectly possible for a two -level system to have 

a negative temperature if p.,Q> pb,b, but it is meaning- 
less for a system, such as a harmonic oscillator, whose 
energy spectrum has no upper limit to have a negative 
temperature. Formally, one may try to make O negative 
in Eq. (91) with B =0 by setting A >C, but p *,* 
would then be a steeply increasing function of n, and 
the photon statistical distribution could not be norma- 
lized. To avoid this difficulty, it is necessary to retain 
the nonlinear B terms in the steady -state solution for 
p *, *. Above threshold, the laser photon distribution 
does rise with increasing n to a peak at n =n, beyond 
which saturation effects play an essential role, and 
bring the distribution down again. 

E. Measurement 

Quantum electrodynamics is based on a generaliza- 
tion of nonrelativistic quantum mechanics. Despite the 
analysis given by Bohr and Rosenfeld, it is probably 
safe to say that the theory of measurement is even less 
well developed for quantum electrodynamics than for 
nonrelativistic quantum mechanics*' Some of the dif- 
ficulty, no doubt, arises from the infinite number of 
degrees of freedom of quantum electrodynamics. In 
the particular case of a single high -Q cavity mode, how- 
ever, it seems possible to regard the analogy between 
a radiation oscillator and a mechanical oscillator as so 
close that the measurement problems become equiv- 
alent. The following discussion is based on this as- 
sumption. 

The most that can possibly be known about the 
radiation oscillator at 1 =0 is its wave function, say 
#(E, 0) in the electric field E "coordinate" representa- 
tion. We assume that this state has been "prepared" 
somehow. Under the guidance of a definite Hamiltonian, 
this wave function will evolve into '(E, t) at time 1. 

Any Hermitian operator F(E, - iha /aE) can, or so 
the theory contends, be "measured." Each measure- 
ment gives as a result one of the eigenvalues F. of 

44 Lord Rayleigh, Phil. Mag. 32, 424 (1891). 
41 G. E. Uhlenbeck and C. S. W. Chang, in Proceedings of the 

International Synposiun on Transport Processes in Statistical Me- 
chanics, edited by I. Prigogine (Interscience Publishers, Inc., New 
York, 1958), pp. 161 -168. 
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the operator F. The probability of finding a particular 
value F when a series of measurements is made on an 
ensemble of similarly prepared systems is 

lvn= fdEcn(E)*#(E, t; 
I 

where 4 (E) is the eigenfunction belonging to the 
eigenvalue F of the operator F. The measurements 
under discussion here are the hest permitted. If carried 
out well, a measurement so disturbs the system of 
interest that it is pointless to even think of any subse- 
quent measurement of any other operator. The pure 
case will become a hopeless mixture, even if the system 
is not physically destroyed. In most physical research, 
one is not concerned with measurement in this extreme 
form. Certain scattering experiments are sometimes 
called measurements, but they do not represent meas- 
urement of a Hermitian operator in the strict sense, 
so we would prefer to call them observations or "bad" 
measurements. Sometimes, especially when a nearly 
classical system is under study, one attempts to follow 
the time development between t -0 and t 



Since these properties must be satisfied initially, they 
will continue to be satisfied as the ensemble evolves 
in time. 

I. Symmetry Breaking 

In the statistical mechanics of a magnetic substance, 
the average magnetization at temperature O is given 
by an expression like 

(M.)= Tr[M.p(0) ], 

where p(0) is the density matrix at equilibrium for the 
magnetic system. 

In the absence of an external magnetic field, the 
above magnetization is zero on grounds of inversion 
symmetry. This would seem to rule out the possibility 
of permanent magnets with a nonzero value of (M.). 
The resolution of this paradox is well known. The 
spontaneously magnetized sample is not really in 
thermodynamic equilibrium, and has to be described 
by a nonthermodynamic ensemble. Left in contact with 
a thermal reservoir for a sufficiently long time, the 
average magnetism of the ensemble would decay to 
zero, although with a very slow decay rate. 

Similar considerations apply to the ensemble average 
for the quantum laser. General symmetry arguments 
would lead one falsely to the conclusion that (E(1)) 
should always be zero, but a properly biased ensemble 
could easily have (E(t) ) nonzero. The decay time 1/D 
for a typical gas laser is of the order 10' sec. which is 

enormous compared to the period of oscillation 10-14 sec. 

VII. SUMMARY 

This paper develops the quantum theory of a laser 
oscillator. The radiation field in the cavity resonator 
is described by a density matrix p., (l) in the n 
representation. A system of differential -difference equa- 
tions (85) determines the time development of pn,n(t) 
due to the combined effects of pumping and damping. 
These are the quantum analog of the amplitude and 
phase equations (4) in the semiclassical theory, with 
S3(t) and Cn(t) determined by a self- consistent field 
approximation. A steady -state solution for pn,n(00) is 
given by Eq. (96), while the off -diagonal elements 
pn,n(oo) =0 for nn'. 

In the case of a laser oscillator operating well above 
threshold, the steady -state photon probability distri- 
bution pn,n() is a sharply peaked distribution some- 
what broader than a corresponding Poisson distribu- 
tion. It should be emphasized that the peaked nature 
of the photon statistical distribution, which is a mani- 
festation of laser coherence, is a result of the nonlinear 
aspects of the problem. In this case, the off -diagonal 
elements pnn' n ?n' decay to their steady state in 
approximately exponential manner exp(- 2k2Dt) where 
the decay rate D is given by Eq. (109) and k is the 
degree of offdiagonality. 

The temporal development of the photon statistical 
distribution pn,n has not been discussed in this paper, 
but has been analyzed by a numerical calculation and 
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the results have been presented in the form of a moving 
picture 47 A fuller account of the temporal behavior of 
Pn.n'(t) predicted from Eqs. (85) will be presented in 
a future publication. 

APPENDIX I: WIGNER -WEISSKOPF THEORY 
FOR A FOUR -LEVEL INTERACTING 

WITH THE LASER FIELD 

In the analysis of Sec. III we represented the effect 
of certain nonlaser modes of the field on our atoms by 
introducing the radiative damping coefficients ya and yo. 
In this appendix we will derive the working relations 
Eqs. (65) in the Wigner -Weisskopf approximation. 
We are really interested in the two atomic levels a 
and b, but in order to consider their radiative decay 
it is necessary to introduce two more levels c and d. 
State I a) may decay to I c) with the emission of 
radiation of frequency v., while I b) goes to I d) with 
the emission of a photon of frequency v as shown in 
Fig. 8. The concept of an unobserved coordinate or 
reservoir is nicely illustrated by this example." That 
the decay radiation is unobserved is clear when we 
recall that we are looking for pnn'(t), which is the 
trace over all indices except those referring to the laser 
radiation, i.e., 

Pn.n'(t) =Tr. Trl.e{Pa. (soy l.n;a,(s..{,n', (I.1) 

where a =a, b, c, d is the atomic index and {s, o} de- 
notes the decay radiation. 

Let us consider the interaction of a four -level atom 
with the laser mode of frequency v and the continuum 
of decay modes of frequencies v, and v.. The Hamil- 
tonian for this system is 

H = vat a+ Ev,a.t a.+ Ev,a, t a,+ : eaAatA., 
a 

+ g[atAbtAa +aAatAb] 

+ Eg[atActAa-1-aAatAcj 

+ Ego[aot-Y dtAb+a,AbtA dj 

=Ho+IIo+II0°+EIIoa+V+EV'+EV°, (I.2) 
a . 

where at, a; a,t, a,; a,t, a, are the emission and ab- 

c,15 

Flo. 8. Level scheme indicating the decay of state 
Ia, 100.I)toIc, ICI- 1.1) and state Ib, l0.0,J) 
to I d, 10.1,1). 

47 M. Scully, W. E. Lamb, Jr., and M. Sargent III, in Proceed- 
ings of the Fourth International Conference on Quantum Elec- 
tronics, Phoenix, Arizona, 1966 (unpublished). See also Ref. 45. 

48 M. Lax has given a nice discussion of this point in Appendix 
A of Phys. Rev. 145, 110 (1966). Our equations (1.141 correspond 
to Eqs. (A.10) of that paper. 
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sorption operators for the laser radiation and those of 
type s and a, respectively, while the atomic operators 
Aat, A,,; Abe, Ab; Ast, A°; Ade, Ad create and annihilate 
the atom in states a, b, c; and d. The coupling strengths 
between the fields and the atom are represented by 
g, g., and 

The equation of motion in the interaction picture 
for the density matrix of the atom -field system is 

We then 

Y.a' = -i J ' [ t (r) ,. P(t')a,u'- P(l')Y,Y'V (e) .."]de 
to 

e 

Pa,e'=-i j [Va.d°PA,A'-Pa.a'Va'.e'']dt', 
to 

¡r 
p]-i[EV'(t)-I-EV°(t), P]. (I.3) Paa'=-iJ [Va.O'Pe.a'-Pa.Y'VY'a'']dt', 

. , t, 

Let us introduce the notation 

(a, n, O.) =a, (b, n+1, O.) =ß, 

(c, n, 1.) =y, (d, n+1, 1.) =8, (I.4) 

with the conventions that a prime on a, ß, or ö means 
that n should be replaced by n' in the definitions of 
(I.4) . We are primarily interested in the quantities 
PN,a', Pu.e', Pe,a', PY.Y', Pa.a', which according to (I.3) 
obey the differential equations 

ha foe _ - iC lh P]a.a' -s E[Va7 P7 .00 -Pa.Y' V Y' ,a''], 

(I.5a) 

Pt.e'= -iCV, p] 9.0'- iECVß.a'Pa.á'- Pß,aVs.,A'], (I.5b) 

Ate = -i[V, Plow -i[EV0,a'pa.a'- EA,. 

(I.5c) 

(I.5d) 

pa.a' = -i[V1,a °Pß.a' -pa,$.Vß',a s]. (I.5e) 

We next calculate the effects of the decay modes on 
our four -level atom by solving for P ,a', Paß', Pam', Pß,Y', 
etc. For example, p .«, obeys the differential equation 

PY,a= -iCV (t')Y.a'P(t')a.a'- P(t')Y.Y'V (t')Y',a''] 

PY,Y' _ -i[VY.a' 

(I.5f) 

P -if [Ve.a'Pa.Y'- Pe,a'Va,Y'' t'. er' - - 
to 

Since the coupling between the { s, a} reservoir and 
the atom is weak, we assume that for the evaluation of 
Eqs. (I.6) we may factor the decay radiation density 
matrix from that of the atom laser, e.g., in Eqs. (I.6), 

Pa,a'(t') = Pano ,an'o(t')Pan,an'(t')PO AV) , (I.7) 

PY,Y'(t') = P. nl .en'1(t')^e Poems, (t')p1,1(e). (I.8) 

Further, if the number of decay modes is large, then 
to a good approximation 

Po.o(t')tipo,e(to) =1, (I.9a) 

P1.1(t')r-v41,1(to) =0. (I.9b) 

Then Eqs. (I.6) become 

(I.6a) 

(I.6b) 

(I.6c) 

(I.6d) 

PY.a'(t)=-1 f dt' VY.a' (t')Pan.aw'(t') 
to 

P&P (t)=-if dt'Va,e'(t')Pbn+l.bn'+1(t'), 

e 

Pa,a'(1)=-i f dt'Va,e'°(t')pbn+l.an' (if ), 
to 

(I.10a) 

(I.10b) 

Pe,Y'(t)=-i f dt'Va''(t')pbn+l,an'(t'). (I.10d) 
to 

Substituting Eqs. (I.10) into Eqs. (I.5) and tracing 
over {s} and {u) we find 

Pn.an'=-i[V(t), -r [ Va,Y'() f t V (Ode +etc. , 

to 

t 

Pbn+1,bn'+1a-z[V(t), P]bn+1,bn'+1- Tr( .,el E f dt'Va,e'(t')Pbn+l.bn'+1(l')+etc. , 

e to 

Pbn+l,an' = -Z[V (t), P]bn+l,an' 
L 

EVe,a° (t) f rdt'Va,a°(t')Pb,t+1,an' (t') -}' EVY',a''(t) f adt' Vo' .Y''Pbw+l,aw'(t') J, 

s to . W 

Pen,on'= Tri. ,.) 
LV.y,a'(t) 

f tdt'Va',Y (t') Pon ,an'(t')-}-etc.J, 
to 

(I.11c) 

(I.iid) 

¡e 

Va /(t)J dt'VA'.á'(t)pbn +1.bn' +1 +etc. , (I.11e) 
to 

where etc. means replace n by n' and take the complex conjugate of the first term. Now we consider the density 
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of modes W(v) to be so large that we may replace sums by integrals 

m 

E..--> dvW(v), 
o 

m E..-- dvW(v).. 
o 

Making the usual approximation of the Wigner -Weisskopf theory in which the matrix elements and the density- 
of- states factor are evaluated at resonance, thereby neglecting level shifts, Eq. (I.11) become 

Pan,an = -i[V(t), P]an,an'-I VQ,, iZIV(w(ac)) f dt' f dv (exp(i[w(ac)-v](t-t')}-Fc.c.)pan.an'(t'), 
o o 

(I.12a) 

AbnFl,Dn'+1= -i[Y(t%, +,- V ¡=lr(w(bd)) dtdv (exp{i[w(bd)-v](f-t')}+C.C.)pbn+l,n+1(t') 
to 

, 

Pbntl,on'=-i[V(t), P]Dn+l,an'-I Vp,á 12IV (CO (bd)) f de 
J 

mdv exp{-i[w(bd)-v](t-t') }Pbn+1,an'(t') 
to 0 

-I ,, I"-W(w(ac)) f" dt'f mdv ex ¡¡i w ac v t-l' ' Pl [ ( ) - ]( }Pbn+l,an'(t ), 
to O 

h,,, =1 VQ,, I2W(w(ae)f tdf dv (exp{-i[w(ae)-](t-t')}-c.cp(l') , 

o O 

Pdn+1,dn'+1=I Vè.9 I2W(w(bd) )I1dt'I mdv (exp{ -i[w(bd) -v](t-t') } -{-c.c.)pbn+l.bn'+1(t'). 
10 o 

In the usual way, we may extend the range of integra- 
tion to -00 and use the delta function defined by 

L:dY 
éxp[fi(-v) (t-t')]=2rö(t-l'). (I.13) 

We may then write Eqs. (I.12) as 

Pan ti[HO+V, P]an,an'-'aPan ,an ', 

Pbn+1,bn'+1= -Z[HO+V, P]bn+1,bn'+1-7bPbn+1,b,.'+1, 

(I.14a) 

(I.14b) 

Pbn+1,an' = -i[HO+V, P]bn+1,an-'ÏabPbn+1,an', (I.14c) 

Penen' = 7'aPon,an', 

Pdn l,dn' }1= 7bPbn+1,bn'+1 , 

(I.14d) 

(I.14e) 

where we have transformed back into the Schrödinger 

(I.12b) 

picture as it is best suited for the analysis of Sec. III. 
The decay constants are given by 

70=27rI1 (w(ac)) I Vao,cl I2, (I.15) 

7b=27rW(w(bd) ) I Vbo,a1 12, (I.16) 

7'ab = 2 (7'a+7'b) (I.17) 

Equations (I.14) describe the interaction of the laser 
field with the a and b atomic states which are decaying 
to states c and d with the usual spontaneous radiative 
decay constants ya and yb. 

APPENDIX II: DAMPING OF THE FIELD 

To provide our cavity with a finite Q, we here con- 
sider a dissipative interaction, equivalent to the Ohmic 
losses of the semiclassical theory. One can envision 
several satisfactory dissipation mechanisms: Interaction 
with random currents, photon- phonon interaction, in- 
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teraction with a two -level atomic system, etc. As we 
have developed a machinery for dealing with the latter 
type of interaction, we will consider the dissipative sub- 
system to consist of nonresonant two -level atoms, 

7a0.11= 

784722- 
7a70(7aß2+A2)+2g27a02(n+l+n'+1)+g2(n'-n)[g2(n' 

injected at random times to in the lower of the two 
states a) and I (3). The calculation will then follow 
along the lines of Sec. III. 

For an atom injected in the ß state 

óPnn' =7aQ11+yßcr22[n-;n- 1, n'-*n'- 1]-pnn' (to), 

27a7aag2((n--1) (n'-}-1) )U2pn+1,n'+1(10) 

7a7ß(7aß2+4,2) +2g2'y02(n+1+n'+1) +g2(n'-n) [g2(n' -n)+iA(7a-7ß)J 

17aß) JPn+1.n'+1(to) 

-n)+fA(ya-7ß)J 
-i7ß[i7a(A2-Ì-7aß2)+g2(n'-f-1) (A+i7aß) -g2(n+1) (A- 

From Eq. (III.1) and (II1.2), we find 

aPnn' _ 
7ß7ß(7ay2+2) +27aß2g2(n+n') +g2(n' -n) [g2(n'-n) +iiA(ya-7ß) ] 

g2C7a7aß(n+n') +i7aA(n'- n) +g2( n'-n)2]Pn.n'(to) 

+ 7a7ß(7aß2+A2)+27aß2g2(n+1+n'+1)+g2(n'-n)Cg2(n'-n)+fA(Ya-7ß)J 
2g2 {7ß7ß8[(n +1) (n' +1)]1 /2 }Pn +l.n' +1(to) 

Now we replace N., (1) and multiply bpnn' by 
Tß to obtain the coarse -grained time derivative repre- 
senting the effects of damping (cavity Q). 

Since dissipation, unlike the laser -atom interaction, 
is a linear process, we will keep only the lowest -order 
damping terms. We find that the decay of the laser 
radiation is described by the expression 

[denn' /dijdampin` 

- {g2(rß/7ß)yay(n-} n')C7ßß2+A2]'}Pn.n'(t) 

+{2g2(rß/7ß)7aß[(n+l) (n'+1)]"2 

X [7aß +A ]-' } Pn+1. n'+1( t ) 

(II.2a) 

(II.2b) 

(II.3) 

We define C= v /Q= 2sß(g2 /1,0)yaß[ yßß2 {-4,2r' and write 
the damping equation in the form appearing in Sec. III. 

dPn,n' /dt = - ;C(n +n') Pn.n' 

+C[(n +1) (n' -f-1) ]'r2p,,4.1,, +1. (II.5) 

APPENDIX III: SOLUTION OF THE 
OFF -DIAGONAL EQUATIONS 

If the laser is far enough above threshold, we expect 
that the lowest eigenvalue will be small and that the 
eigenfunction will be similar to that found for the 
steady -state diagonal equation (102) . Guided by these 
physical considerations we propose to look for solu- 

(I1.4) tions of the off -diagonal equations in the form 

¡ ABl Bm l 

Pn.n+k(t) =Nk 
^ - n+k 

E 

A- 
} 

lr! 
exp(- µo'kt), 

where Nk is a constant determined by the initial conditions. We will use for R,,,. not the complicated expression 
corresponding to (79) , but an expression to second order in g', 

Rn ,n' = ra (g2 /7ß-ßb) [ 1 - (g2 /yayb) (7a (n'- -+ 1 +n'+ 1) +7b (n+ 1 +n'+ 1)) /yobJ. 

The use of this approximate form for R,,n' is the analog of the third -order perturbation expansion of the semi- 
classical theory. Inserting (III.1) and (III.2) into (85) we find, after some algebra, 

n(k, t) =- }k2(7ß /7ab)Bfin(k, t)- [A- B(n +1 +1k)](n +1 +4k)4n(k, 1) 

+[A- B(n +tk)J[n(n +k)]'124ß -1(k, t) -C(n +ik)4n(k, I) +C[(n+ 1) (n +1 +k)31"24)n +1(k, t). (III.3) 

From Eqs. (III.1) we may write 

4',,+1(k, t) = { [A- B(n+1)] "2[A- B(n+1- +k)]1JY /C} 1,(k, t) , (IIL4a) 

(III.4b) (1),1(k, t) = {[A -BnJ '2[A 
-'12[A f k)r'12}C 'In(k, t) . 
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Since n »k, we may write (III.4) to a very good approximation as 

(1) +1(k, t) =[{ (A- B(n +1) ) /C} -i(Bk /C)]1,(k, t), (III.5a) 

_1(k, t) = [ {C /(A -Bn) } +z {BkC /(A- Bn)2 }}1> (k, t) ; (III.5b) 

likewise the radicals [n (n +k) ]1 J2, etc. appearing in Eq. (III.3) may be approximated by 

[n (n +k)]ii2tin+ k -k (k2 /n), (III.6a) 

[(n+1) (n +1 +k)]0,z.n +1 +4k- 1{k2 /(n +1) }. (III.6b) 

Making use of (III.5) and (III.6), (II1.3) becomes 

cn(k, t) =- ák2(tia /yab)Bcpn(k, t)- [8Ck24,n +1 /(n +1) +g[A -B(n+ k)]k24' _,/n] 

- EA -B(n +1 +zk)](n +1+ k) n +C[(A- B(n +1)) /C- ZBk /C](n+1-1- k)(1. 

+ {[A- B(n +Zk)](n +zk)[C /(A -Bn) +?BkC /(A- Bn)2] }fi - C(n +ik)(13. (III.7) 

Neglecting terms involving (n) -2, Eqs. (III.7) become 

4n(k, t) = - Mock) ' n=-{ áCk2/( n)-+- 1( A- B( n)) k2/( n)+ 1k2[(A- C) /C]B-+ik2(7a /7ab)B }$ . (III.8) 

Noting that (A -B(n)) is C and that 

Bk2yB/yab =;k2B- ik2ybB /yab, (III.9) 
we may write po(k) as 

AO) = :(Ck2 /(n))+ k2B[(1- 1(yb /7ab)+(A- C) /C)]. (III.10) 

The leading term corresponds to 

D=1-(P/Q) fin) -', (III.11) 
as given in Sec. V. 
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DESCRIPTION OF A MANY ATOM SYSTEM IN TERMS 

OF COHERENT BOSON STATES: ON SUPERRADTANCE 

R. Bon-Uac.í.G,* Dae M. Ktire and Maluean O. Scu,Ptyfi 

Hanvand Untivelus.c,ty and Mawachuoa.t's InAtc,tu.te o Techna.2ogy 

Abstract 

The correlated motion of an N -spin system has been described 

in terms of the coherent states of a harmonic oscillator. We have 

shown that this description of the system provides us with the 

closest analog to the classical limit. The macroscopic dipole op- 

erator in the coherent state representation is shown to obey the 

Block equation in which each of the three components is simultane- 

ously well defined. 

*Supported in part by the Air Force Office of Scientific Research. 

tSupported in part by the Advanced Research Projects Agency Con- 

tract SD -90, and in part by the National Aeronautics and Space 

Administration. 
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I. Introduction 

Many interesting aspects of atomic physics are associated with 

atomic coherence for example, Dicke's superradiance1 , optical pumping2, 

photon ccho3, self induced transparency, etc. The coherence properties 

of a quantized radiation field have been recently described in terms of 

the so- called coherent states5 of a harmonic oscillator. These states 

have provided a natural basis for description of coherence phenomenon 

in the theory of laser6 and Josephson7 oscillators as well as certain 

aspects of superfluidity8. In this paper we would like to demonstrate how 

the correlated or superradiant states of a N -atom orN -spin system can 

be described in a convenient and (hopefully) pedagogical fashion in terms 

of coherent states of a boson field. After briefly outlining the arguments 

leading to correlations in an atomic system and reviewing the coherent 

states of a boson field we show in section II how these states may be used 

in describing a N -atom system and apply the formalism to a specific 

problem in section III. 

A single atom having two relevant levels, I + ) and I- ) is said 

to be in a coherent superposition of states when its wave function is repres- 

ented by 

1(t) = a+(t) exp - i (E+/ fi) t + a (t) exp - i (E- / h)t 

where a +(t) and a_(t) are the probability amplitudes and E and E are 

the energy of the two states repsectively. The atom then has an oscill- 

ating dipole moment given by 

(1) 

iuut 
((13(t) (t) = e (+ I r ) (a+ a_e+c. c. 1; w= (F+-E (2) 



and serves as a source term in Maxwell' s equation. The field goner- 

ated by the atom when viewed at a. distant point R. is given by 

I (R IL , t) _ (1 / eZ) . -Zn x n x(Pft -(R/ e)1 ) 

where n=n/ It is the unit vector from the source point and c is the 

velocity of light. 

Next consider two atoms botti in the I -I- ) state contained in a 

resonant traveling wave cavity. When we shine light on this system, 

the atom -field coupling is described by the interaction Hamiltonian V, 

which expressed in terms of Pauli spin flip operators for the i -th 

atom i+ and photon creation and annihilation operators a +, a is 

V = 

2 
g(2:, 

i=1 
6 

1 

+ 
) a +g,:: 

2 -i- 

(2, ß ) a 
i=-1 

where g is a e - number coupling constant. 

One conveniently describes the temporal. dependence of the atomic state 

(t) ) by an iteration in the interaction picture. 

(t) (-i/)nSdtlJticlt... \tn-1 1'P dtnVl(t1) VI( 

o o o 

bl 

(3) 

(4) 

VI (tn) F1 FZ ) (5) 

When we confine our attention to the resonant case in which the atomic 

frequency is equal to the radiation frequency, the interaction Hamil- 

tonian VIM becomes independent of time. Thus if one turns off the 

light after some time (t»up to the second order in g, is 
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(t)) =(1 -g T ) 
1 +1 +) 

+12 gT {(1 /Z)( 141-2)+ -1 +) 

+1.2g 
2 

T 
2 

where we have taken the initial photon number to be zero. From Eq. (6) 

we note that the interaction term V couples the initial state 1+1 +2) to 

the two other symmetric stationary states 
1 r 

ï2 L I +1 -2) + H+Z) 

1 

and 

(6) 

(6a) 

(6b) 

However, in order to have a complete set of states for a two atom system 

we clearly need four eigenstates, three of which are already seen to be 

connected by V. The remaining one is the antisymmetric combination 

[1+1-2)-!-1+2)1 

which does not radiate. This antisymmctric state is not coupled to the 

other states by the interaction Hamiltoniar (4):hence, the two atom 

system may be locked into the state (7)(if it ever gets there in the first 

place). As an example of how the state (7) could be prepared, consider 

two atoms placed in the cavity, the first in the I+) state and the second 

in 1-). This state may be resolved in terms of (6a) and (7) as 

/Z I 1 

1+1-2)-= Z VZ ( 1 Z) +1-1+2) 

(7) 

.F 

Z 
( I+1-) -1 -1+Z) )1 (8) 

,l 

As time envolves the symmetric part of the wave function decays to 

I-1-2) leaving the system in the antisymmetric state, which means that 

even after a long time there is still a chance of finding an excited atom! 
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Interesting results such as this provide a stimulus for considering the 

cooperative aspects of a many atom system. 

Next consider a system of N atoms, n+ in the upper level 

and n- in the lower level. For simplicity let us take the initial 

state vector of this system in a symmetric combination, 

In+n_)=(n+!n!/N!)1/22; (+ 
P 

11-2 ... +n 

where E denotes the sum over all possible permutatioms among the N 
p 

atoms. The interaction Hamiltonian for the atoms and field is identical 

to Eq. (4) except that the subscript i extends from 1 to N. The matrix 

element associated with spontaneous radiation resulting in a transition 

from state In4 n_) to In -1 , n_ +1) is then equal to g[(n_ +1)n / 2. 

Thus, if n =n -= 2N, the emis: T.on rate is proportional to N2 rather than 

the usual population factor N. l.)ickel first investigated these collective 

aspects of the spontaneous radiation problem and called these states 

superradiant. 

In his orginal paper Dicke made use of the close analogy existing 

b etw een N two level atoms and a system of N spin Z particles and 

introduced two quantum numbers r, m in specifying the 2N eigenstates 

of the atomic system. In this notation the state (9) would be 

where 

In n - ) = I r, m ) 

r= Z(n++ n_) and m = Z(n+-n_). 

(9) 

The states of the two atom system considered earlier expressed in terms 

of I r, m) are 
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i-1+2> = I 1,1) 

,%2 
+1-2) 1-1+2)1= 

l 
1,0) 

1-1-2> = 

711 1+1-2) - ,-1+2) 1 
= 

10,0) 

In concluding this introduction let us briefly review the coherent 

states' of a quantized radiation field. In terms of the photon number 

states tri) these classical limit states are. 

la) = E(an /1n!)e- 2la12 n) (10) 

and have the property of being an cigenstate of the photon annihilation 

operator a with the complex number a as an eigenvalue 

a la) = a la) . (11) 

Furthermore states are complete in the Sense that 

1 = (1 /n) $dZaI a) (al , (12) 

and we may therefore expand an arbitrary state of the field IND ) as 

l ) = (1 /Tr) Sd2a1 ) ( a I . (13) 

These la) states constitute a convenient basis for investigating the 

prpocrties of ari almost classical field. In the next section we dem- 

onstrate how these coherent states may be used in describing the 

state of a many atom. 

II. NAtom- System and the I a) States 

Denoting the upper state of the i -th atom by l-+i) and the lower 
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state by I -i ), an arbitrary state of the N -atom system can be expressed 

in terms of basis vectors such as 

1+2-3 +N) (14) 

or in terms of the basis vectors 'r, m ). In general 

m = Z(n +--n -) (15) 

is the difference in population in two levels and is formally analogous 

to the magnetic quantum number m; r was termed by Dicke as the - 

cooperation number and is given by 

1m (n +n-) N (1 6) 

As a specific example, let us consider the case where all the 

spins are initially pointing up, i. e. all atoms are excited into their 

upper level. Then the state would evolve in time via the spontaneous 

emission of radiation into a linear combination of I n +n- ), 

) a 
n 

n+- In 
-I n- ) 

+ - 

(17) 

where the symmetric basis vectors n +n -) are given in Eq. (9) and 

a 
n +'n- 

is the corresponding probability amplitude. When we consider a 

dipole interaction of this system with the radiation field, the state In +n- ) 

is coupled to other states by the operator 

N 
E_2.; (6+oi) 

i=1 

as discussed in section I. Tie explicit matrix elements of interest are 

easily found to be 

(1£3) 
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(n+ 4: 1 , n_ + 
rn+(n-+1) 1/ 2 

ll / 
2 

(19) 

In the r, m notation 9 this reads 

1IElr,m) = r(r±m)(n:,-- m +1)_I 
1/2 (20) 

One read u y observes that the matrix elements of Eqs. (19) and 

(20) have formally the same connotation as those which connect the number 

states of two boson field operators a a_ in the presence of interaction 

of the type a++a_ or a_ +a+, i. e. 

{ rn +(n - +1)] 1/ 
2 i 1 a +a +a + a+ I n n -) = 1/ 2 rn_(n +1)J (21) 

where In +n ̂ ) is defined by 

(a+ )n+ (a _ 
+)n_ 

In +n_) = 1 0) (22) 
Jn +!n_! 

In fact, it has been shown by Schwingcr10 that a general angular momen- 

turn can be profitably described in terms of the second quantized boson 

operators a a_ obeying the commutation relations 

ra'a+ A'' 
= 

(23) 

The total number of spins and the angular momentum J are given by 

N = a a = n + n 
_ (24) 

J = 2: a+ ( zo I ')a, 

i. e. 

(25) 



J+=J1 -I iJL 
= a+ a_ 

J=J1 - iJL- a+a + 

J3= (a+a+ - a - a_) 
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(L6a) 

(26b) 

(26e) 

We may now transcribe InEn ) or fir, m) in terms of these operators as 

(a++)n. 
-I-)n 

n n ) = -- -- 0 ) (27) i 
+ - 

m 

+)r+m +)r-m 
E - 

,l(r+m)! 1(r-ir:)! 
I0) (28) 

A couple of comments are perhaps in order at this point. The states with 

a given r value are always coupled to the other states of the same r value 
11 

(as well as the same permutation group) when subject to the dipole inter- 

action with an external field. In order to simplify the discussion let us 

consider a specific example of three atoms as in Fig. 1. It is clear from 

Fig. 1 that any state with a given r and m is uniquely specified by an index 

P that indicates which of the two degenerate columns having the same r, 
the state actually belongs to. Once having specified uniquely a set of 

states corresponding to one column we may introduce a pair of boson 

field operators for these states. Tn general one should note n+ and n_ 

are not to be thought of as the number of atoms in the upper and lower 

states except in the first column from the left having the maximum r 

value. 
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We now proceed to expand I r, rn) in terms of coherent states 

Ia , a_ ), using the completeness relation (12) we find 

I r, m ) -_ (1 /Tr2) 
L (a 1I) 

m (a+) r-m 
Sea +J ct a- e a+ I-I,.I_I __ I 0) Ca- (,!(r-m) ! 

1 exp - ( la-h I2+ la- 12) la_i_t;1'_ ) 

0) 

)r1 m( 
) 2 2. 

a_ 
1 L 2, 

= (1/n ) d a+d a- ~ exp-Z(Ia+I +la_ I ;1a1_a_) 

For an arbitrary state I ' ) given by 

) =I, a Ir, m r,m r 

we may write 

) = (1 /n2) Sd2a }5 eaf(a4,a) Iaa_) 
where 

r-1 ni r-n 
f(a a_) - a (-I-)- 

(a 
) 

--m 
- exp - 1 ( 1 a 2+ la 12) 

r,m 
12) +) r,m !(r-, ni) !f(r)! L + 

As an interesting case consider the state corresponding to the 

classical limit of an N spin system that is 
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(29) 

(30) 

(31) 

f(a+,a_) = 6(a+-c+) 8(a_'c_) (31a) 

the state (30) is then given by 

= la+a_) 

Now let us recall that the state I r, m ) provides us with the full 

information concerning the measurement of J and J3, while the phase 

information is lost completely, i. e. J1 and J2 are indeterminate. But 

in the classical limit state (30e) it can be shown that not only J and .T3 

(30e) 
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but also J1 and J2 are known exactly in the limit of large spin number 

N. 'ro see this we evaluate the expectation values of J3 and J in the 

la +a) state. By using Eqs. (11) and (26) we obtain 

!P J3) Z )_ (a+a_ !(33) Z _ (1 /4){!a +I2+la 2 
3 

After performing similar calculations for ((N J1)2 ) and(( J2)2) we 

find that the results are exactly the same as Eq. (32). Hence, the 

relative uncertainty in the three components of J are given in the limit 

of large N by 

((AJi)2)/J [Ia+I Z+ia_IZ -1«N-1/L: i=1,2,3. 

It is clear from Eq. (33) that as we increase the number of spins or 

atoms considered, the three components of J are simultaneously deter- 

mined almost exactly. We are thus led to the conclusion that la +a_ ) 

is the classical limit state. We elaborate on this aspect further in the 

following section. 

III. Moment Equations and the Classical Limit. 

We consider in this section a system of N spins coupled to a 

classical field by a dipole interaction. The Hamiltonian of the system 

reads 

H = Z #.cu (a+ a -a ±a_) + e(t) (a+ a_ +a +a+) 

Here we have taken the external field in the x- direction, and the 

quantity e(t) is given in terms of the atomic dipole matrix element 

between two levels, the field frequency v and the field amplitude E as 



l iv t -ivt e(t) _. igh 2 [e -e J; g=e(+irl-) 1?./t, 

It is convenient to go into an interaction picture. The density operator 

p(t) of this system obeys then the equation 

p(t) _ - (V(t) , p(t) 

where in the rotating wave approximation 

V(t) i 1 gei(cu-v)ta +a -;1gc-i(c-v)ta 
+a 

+ - Z - + 

We consider the resonant case, viz. w= v and obtain a set of mean 

equations of motion for the following combination of operators a a_. 

(d/ cít) (a+ a+ + a +a_ ) =0 

(d/ dt) (a+ta+ - a +a )= g ( a- a+ + 

(d/ dt) (a+a+ - a+ a_ ) =0 

+ a+a) 
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(35) 

(36) 

(37) 

(38a) 

(38b) 

(38c) 

(d/dt)( a±a+ + a+ a_) =-g( a+a+ - a +a_) (38d) 

In the coherent state representation this set of operator equations 

(38) leads to the c- number equations in the form 

(d/ dt) (Ia+ 12+ 
l a I ) =0 (39a) 

(d/ dt) (I a I2- la_ I2) =g(a_a+. + a +a_) (39b) 

(39c) 

(d/ dt) (a_a+ + a +a_) = -ge la+ 12 - Ia_ 12) (39d) 

(d/ dt) (a_a+ - a+a_ )=0 

Let us introduce a vector A such that 



72 

- ,, , : ,, 2- 2 
A - x !a- a+ 

_ 
a+a- ) + y ( a- a+ 4- a+a- ) + z C I a+ a 

I - I ) 

In this case Eq. (39b), (39e), and (39d) can be compactly written as 

=- grXxX1 

This equation is well known as the Bloch equation which describes 

the precession of a macroscopic dipole in the presence of a classical 

field. By solving Eq. (41) we can determine with the additional con- 

dition of Eq. (39a) the time dependence of the four complex quantities 

a +(t), a+ (t), a_ (t), a_ (t) uniquely. Let us next consider the Heisenberg 

equation of motion for operators +. Using the Hamiltonian 

given in Eq. (34) we note that the time rate of change of a ( or +) 

is functional only of ar,' or aC+), i. e. 

(40) 

(41) 

t) (42) 

For this case we see easily that if a Schrödinger state is initially a 

coherent state it remains a coherent state at all times, while its amplit- 

ude a(t) evolves in time according to either Eq. (41) or Eq. (42). Hence 

we conclude that the change in time of the N spin system, I r, m) can 

be investigated almost classically by expanding the state vector in terms 

of a +(t) a (t) ), the occupation probability of which is given by a product 

of two Poisson distributions, viz. 

(a+ +m 
^ (t)a(t)lr-m (r, m Ia(t )a-(t) ) I - f(r+rn) m) 

exp -(la+12-FI - 
I 

2) (43) 
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In conclusion, we have considered in this paper the correlated 

motion of an N- -spin or N -atom system in the presence of a classical 

driving force, in which case the spins are seen to move together as a 

macroscopic dipole. Using the fact that angular mon- entum operators 

can be represented by boson field operators, and the fact that the 

boson field can in turn be represented by the coherent states, we have 

introduced coherent states for N -s .pin system. We have shown that 

the dynamics of the system can be conveniently described in terms of 

coherent states in a way which gives the classical limit immediately. 

The macroscipic dipole operator of the "system was shown to be adeq- 

ately represented by the ordinary vector whose three components are 

simultaneously well defined in the limit where N becomes large. Fin- 

ally we have shown that the equation of motion of this vector has the 

same form as a classical Bloch equation. 
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Abstract 

In this paper we review the B.C.S. theory of superconductivity, 

as well as the dc and ac Josephson effects. A more elaborate the- 

ory of the Josephson junction is presented, which includes the in- 

teraction of the junction with the radiation field contained in a 

resonance cavity and the effect of the external current- carrying 

circuit. We discuss a frequency pulling effect and the linewidth 

of the emitted radiation as derived by density matrix techniques. 
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I. Introduction 

A superconductor1 below its transition temperature has long been 

known to possess many fascinating properties, é, g. the ability to maintain 

current flow with zero resistance. The theory of Bardeen, Cooper, and 

thri .ffer L clearly demonstrates that these properties are the result of 

coherence between the electron pairs in the superconductor. A most 
3 interesting implication of this coherence was demonstrated by Josephson. 

In essence Josephson considered the following problem: If we take two pieces 

of superconducting material and start bringing them closer and closer together, 

when do they become aware of each other? That is, when will they behave like 

a single superconductor, carry a supercurrent and so on? For example, 

consider the junction consisting of two pieces of metal separated by a thin 

oxide layer. Josephson was able to show, by purely theoretical considerations, 

that indeed when the two pieces of metal become superconducting a situation 

developes which is intermediate between a normal metal and a superconductor. 

The junction was predicted to carry a DC supercurrent, whose .mnxim um 

magnitude depends on the thickness of the oxide layer among other things. 

However, if we try to push too much current through the junction, a voltage 

will be set up between the superconductors, and one obtains an AC current 

which oscillates with a frequency LTV, where V is the voltage, e is the 

electric charge and At is Planck' s constant. This current will then emit 

radiation at that frequency. In his thesis Josephson4 reported a suggestion 

of Pippard that measuring the frequency of the emitted radiation W and the 

voltage V would provide an excellent measurement of the ratio of the electronic 

charge to Planck' s constant, since co 2e . In fact, Parker, Taylor, 
V h 

and Langerberg5 found e = 483. 5912 f 0. 0030 MIIz/ AV which is sufficiently 
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accurate to challenge the earlier results of atomic physics. 6, 7 Many 
other fascinating experiments have been and no doubt will continue to be 
reported. 

In the present paper we.briefly review the B. C. S. theory in 
section II. The D. C. and A. C. Josephson effects are discussed in III. 
and the results of a more detailed theory of the radiation emitted from a 
superconducting tunnel junction is outlined in section IV. 

II. Discussion of the B. C. S. Ground State 

A break -through in the understanding of superconductivity came 
8 

about with Cooper, s observation that when a pair of electrons having an 

attractive interaction between them was added to a full Fermi sea, something 

totally unexpected happens. It was found that the extra pair actually adds less 

energy than 2FF. In some sense, the pair condenses below the Fermi surface. 

One might argue that by the Pauli exclusion principle the pair cannot intrude 

underneath the Fermi surface. One might further argue(incorrectly) that 

the electron interaction does not matter, since presumably such interaction 

has been taken into account when we calculate the effective potential in which 

the electrons obediently fill up the Fermi sea. This is done with the Hartree- 

Fock approximation, for instance. What Cooper is telling us is that the 

Hartree -Fock theory is inadequate, and that the picture of a Fermi sea filled 

up by independent particles is not an adequate description.of a superconductor. 

A many -body analysis of the problem that goes beyond Hartree -Fock theory is 

called for; it remained for Bardeen, Cooper and Schrieffer to provide such a 

theory a year later. 

Before we proceed any further, let us consider how it is that the 

electrons attract each other. The first thing to note is that Coulomb inter- 
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action is by and large screened by the background of positive ions. The 

attractive interaction comes about as a result of electron - phonon interactions. 

Electrons with energy eF, f C , where (lb is the Debye energy, scatter off 

each other via the exchange of a virtual phonon. (93 comes in because that 

is the frequency of the average phonon, and at such energy, the energy 

denominator of the interaction will be large). Physically this describes an 

electron moving through the lattice and pulling the positively charged ions to- 

wards itself, thus setting up a region of positive charge in its trail. 
I f we look at the electrons, this would appear as an effective attraction 

between them. Now, if in the light of the Cooper problem, we restrict 

ourselves to a pairwise interaction in which only pairs of electrons occur, 

then the state of the superconductor would be given by 

- Tk I pair%te (2. 1) 

where pair% is the state of the pair having momentum k. For example 

the state of a full Fermi sea in the pair notation would correspond to 

where c+ 

III pair( 
'c± c 0 = ¡full ) 

k -k 
( 0 ' empty> (2. 2) 

is the creation operator for a single electron having momentum k 

and spin up, and an c 
+-- 

k 
is the creation operator for an electron of momentum 

-k and spin down. In the case of the superconductor the effective attractive 

interaction leads to a lowest energy state in which each pair is described by a 

coherent superposition of occupied and unoccupied electron states, i. e. 

I pairk = I emptyk full k (2. 3) 

This is illustrated in Fig. 1. Using the pseudo-spin notation of Anderson9 
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Pair empty Pair full 

pair 
k 

- ilk I e 
k 

+ riZ T full , 

Fig. 1. Figure depicting an electron pair in coherent superposition of un- 
occupied and occupied states, uk and vk are the corresponding probability 
amplitudes. Upper two illustrations represent a pair missing and present 
in an otherwise full Fermi sea. Middle figure shows the probability ampli- 
tude of pair being occupied as a function of it for superconductor; dotted 
line indicates same IT for normal metal at absolute zero. On the lower 
portion of the figure, the state ITem ty%c1 corresponds to the upper left - 
hand diagram while the I'`full>k corresponds to the figure in upper right. 
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let us call 

and 

empty)... = 10 k = 

full) = c± c+ . 10). = (1)- 
k k -k k k 

(2. 4) 

where ( Q) and ) correspond to pseudo-spins in the g and -z directions 

respectively. The composite state for all pairs will then be 

Ixlf 
% -Tfk pair k 

=Ïii f u-. ( ó ) +v-.(°) 
k k k k (2. 5) 

this is the famous B. C. S. state in pseudo -spin notation. 

In view of the fact that the people present at this conference are 

more familiar with atomic and electromagnetic physics then superconductivity 

it is perhaps appropriate b point out the following analogue. If we consider an 

N atom system in which each atom is in a coherent superposition of its upper 

state and lower state, then the state of thé would be 

h = 
u.(1 oj 0i + vi C 1 i (2. 6) 

where vi (ui) is the probability amplitude for the lower (upper) state being 

occupied and 

I upper)i = 1 

0/i , !lower )i= ( 1°)i 

the state of an N atom system is then 

N 

IW = l i=f 
`)l+Vl `ól (2. 7) 
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The rate of spontaneous radiation emitted from this atomic system goes as 

N2, hence such a state was called `'superradiant'" by Dicke. Of course the 

analogue between supperradiance and superconductivity should not be pushed 

too far; however it is well to point out that the most unusual phenomena inherent 

in both physical systems (i.el.anomslous radiation rate on the one hand and the 

Meissner effect on the other) are consequences of quantum mechanical coherence. 

Continuing the discussion of superconductivity we will have need 

of the following pseudo -spin formalism in which all operators can be 

described in terms of Pauli spin, .matrices 

¡¡O1 
k - \ 00 )k 

/00i 

( 
0 

Cr \0l/V 

k (7- are the 'spin flip" operators, as is evident frcrn the following 

properties,. 

and 

k(k = 

10 

In terms of the c , c operators, 
k -k 

cri = c c = pair annihilation operator 
k -k k 

(2. 8a) 

(2. 8b) 

(2. 8c) 

(2. 9) 
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a± = e c±, = pair creation operator 
k k -k 

Q = `(c± c_, + -1) (2. 10) 
s,k k k -k -k 

a,-r( is like a number operator, apart from an additive constant, and tells 

us how many electron pairs are in the k subspace. 

Concluding this discussion of the superconducting ground state 

we note that the ground state ) is degenerate in the sense that we 

can rotate the whole spin configuration about the z -axis through an angle cP,. 

(See Fig. 2) This is accomplished by rotating each spin through an angle (P, 

i. e. by applying the following matrix to our_ground state 

U = exp { - icn SQL 
, k} 

W k (2. 11) 

The effect of U on Eq. (2. 5) is to attach an e -t whenever 

v occurs, that is 
k 

-P> 

cP 

= U 

={uK\1` 
k+vke-1cP( 0 

III. The DC and AC Josephson Effects 

(2. 12) 

Turning now to the discussion of pair tunneling from one super- 

conductor to another we write the tunneling Hamiltonian as 

H = TE (Q+ o'q + c. c. i T , 
Here k refers to pairs in the superconductor on the left and q refers to 

pairs on the right, and T is the e- number coupling strength between 
- 

the two superconductors, and is assumed to be independent of k, q. 

It will be convenient to define the following set of operators 

(3. 1) 
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(a) (b) 

Fig. 2. Each arrow in this figure represents a pseudo -spin of momentum k, 
with iki = kF located at z = O. The angle each arrow makes with the z -axis 
indicates how fully that k state is occupied; an arrow pointing in the +2 
direction indicates a state which is completely unoccupied, while one 
pointing down in -z direction means it is completely occupied. At the 
Fermi surface the spin is horizontal (for a superconductor),indicating 
that the state there is half occupied. In 2b the whole configuration has 
been rotated through an angle cp about the z axis, and corresponds to 10 
as described by Eq. (2.12) in the text. 
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SL=(1/c)?a, 
k (3.2a) 

SL = (1/ c) ? r* .4" (3. 2b). 
k k 

Sz, L- z, k (3. 2c) 

where the sum over k is restricted to the electron states involved in the 

interaction, and e denotes the total number of such states. A similar 

set SR, SR, Sz, is defined by summing over the right hand operators. 

These operators obey the following commutation relations. 
+ + 

[Sz,a Sa = Sa 

[Sz,cr , Sa _ -Sa 

feTz) [Sa+a , S1= 2 Sz,a where a = L, R 

It 
Now it is straight -forward to calculate the tunneling current. Noting 

that 

where 

J = -eN 

= - 7-1- H,NLI 

ie 
- [ Heff + HT, NLl 

_ E [ ( T R Cr + C. C. ) , NL1 
k,9 k 9 

_ - te E ( T Q ± R -Ta ± a_, 9 k q 9 k 

NL= z E (c c + c± c) 
k k -k -k 

= crz, 17(c/2) 

(3. 3a) 

, (3. 3b) 

(3. 3c) 

(3.4) 

NL then represents the number of electron pairs in the left hand superconductor, 
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To calculate the current to first order in T, we simply calculate the mean 

value of J as given in Eg. (3. 4) with the initial wave function N e ). Thus . 

if we take the wave function N O) to represent a piece of superconductor 

with phase cp on the left, and one with phase cP on the right, 

e ) - "L" I 
cPR) 

Then the average current is 

N 0)_ -( ie/0 q(cp L `k+ Icp L) (cp R1Q-,1(PR, 

where 

- C.C. 

i(cf) L- cp R) 
= - ( ie/fi) Tu 11_, e - c. c. 

q q q 

= Jo sin (4' - 4? 
) 

Jel = (Ze/ T (u, u, V)) 
k,q k k q q 

(3. 5) 

(3. 6) 

(3. 7) 

Thus we see that the current is non -zero as long as a relative phase 

is maintained between the superconductors, and this current has a maximal 

magnitude of Jo as given by Eq. (3. 7). This is the famous DC Josephson 

effect. 

Next suppose a potential is set up between the superconductors. 

N ow the junction area behaves like a capacitor, and charges pile up on 

each side of the oxide layer. Let Vadenote the resulting voltage, and the 

Hamiltonian associated with this voltage will be 

HV = eV0( E azk - F 
ozq ) 

(3. 8) 

k q 

where E "Tz, t; and 1 rr 9 
have, as mentioned earlier, the interpretation 

Cc q 
of being the number of excess pairs on each side. HV then denotes the 

voltage times the number of excess charges on the capacitor. 
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We can take 1I into account simply by going into an interaction 

picture such that lIV becomes the unperturbed Hamiltonian. All that 

happens is that the initial state 14, o) becomes 

exp (iIIVt /tL) I, ) = 1 exp (ieVot /h) Crz kJ Icn IJ(0) ) 
k 

® exp (- ic\ot; /) E az, q I R(0) ) 
q 

The effect of the operator exp{( i eVot /h ) E n simply to introduce jis 
i( eVot/1I) whenever v occurs. We have come across such operations 

k 
when we onsidered rotation of the pseudo -spins threugh an angle earlier 

(see Fig. 2). The result is that we should replace cp L(0) and cp R(0) by 

(3. 9) 

cP L(t) and cp R(t) respectively, where 

cp L(t) = cp L(0) - (eVo/h) t 

(t) = cD R(0) + (eVa' fi) t 

cp L(t) - cp R(t) = cp L(0) - cp R(0) - (ZeVp! h) t 

Now recall that (J(t) ) is proportional to sin ( (p L(t) - m R(1) ) 

(3.10a) 

(3. 10b) 

(3. 11) 

By Eq. (3. 11) 

we have an AC current going at frequency ao=(2e- ' t). This is the AC 

Josephson effect. Once we have an alternating current in the junction, it will 

produce radiation of the same frequency (1.s This is illustrated in Fig. 3. 

Photon 
emission 

Fig. 3. Schematic representation 
of the ac Josephson effect.A bat- 
tery drives current through the 
circuit and sets up a voltage V 
across the junction. The super- 
conductors on the L.H.S. and the 
R.H.S. have phases (4,= eVt /A and 

cpR=- eVt /t1 respectively. Photons 
are emitted as pairs tunnel from 

the higher to lower potential. 
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IV. Characteristics of the Radiation Emitted by Superconducting 
Tunnel Junctions 

Frequency pulling from L o at constant current. 

Recently M. Stephen L and the authors 3 have discussed 

the possibility of a shift in the frequency of the emitted radiation from 
L due to cavity pulling effects. In those calculations the voltageVo 

was taken as that resulting from the charge difference existing across 

the barrier, i. e. an electrostatic potential as would be measured by 

a vibrating reed electrometer for example. D. McCumber1.1 has 

proposed that the null sensing potentiometer used in the most measure- 

ments measures the electrochemical potential V (which is in general not 

the same as Vo) and that no frequency pulling is expected from 2eV 

However, since the frequency pulling from the electrostatic potential 

Vo may be measurable, and the distinction between the electrostatic and 

chemical potentials can be made much clearer after the calculation has 

been presented, we will present the calculation, and return to McCumber4 s 

point later. 

In the previous sections we have considered the tunneling between 

two isolated superconductors. Of course, this is not the complete picture 

and a more detailed analysis should include the effects of the normal wires 

connecting the superconductors as well as the Q of themicj wave cavity into 
which radiation is emitted. As mentioned earlier, the junction area forms 

a good resonance cavity, with Q 1 to 100, and under most circumstances, 

only one mode will be excited. Let 0 denote the cavity eigenfrequency, 

a+ and a the creation and annihilation operators of the photon field in that 

particular mode. We will write the coupling between the superconductors 

and the radiation as 

V = g(S+a + Sa+) (4. 1) 
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where S = SLSR and g is a c - number coupling constant. This describes 

the tunneling of a coherent superposition of pairs across the junction with 

the emission of a single photon. The effect of the finite cavity Q and the 
12,13 

normal metal wires has been discussed elsewhere -n will riot be repeated 

in detail here. The result is that this gives an extra contribution to the 

time evolution of the density matrix, 

Wt)cavity Q 
= - 1 (V/ (4) (a+a P + Pa+a - 2a c'-a+) 

_ - A(SS+p+ p SS+ - 2S+PS) 
dt /wire 

where A is a constant later to be related to the externdl current. 

The equation for the density operator is then 

[ V, a fi 
- =- 1 ì.+ p 

1 + 

P ) 
cavity t pump 

(4. 2) 

(4. 3) 

(4. 4) 

Ha here refers to the coupled superconductors described in 

section I1I, toge'.her with the free field Ilarniltonian c2 a 
+a for the radiation 

field. The contribution of each term in Eq. (4. 4) is illustrated in Fig. 4. 

We can now write down the men equation of motion for !S), (Sz) 

and (a) = a , S here means ?- ( S - S ) 
z aL, aR 

(S) = -i(2eV/0 !S) + (i//fi) g [40)-2(SL)3 a - r (S) (4. 5) 

(52= -(i/ PI) g (a(S+) - a*(S)) + JllC (4. 6) 

= iS2a - ( i / h) g ( S ) - (v/ Q) a (4. 7 ) 



+v 
,P 

+ aP + 
a t )cavity 

(a) 

DP át 
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pump 

(b) (c) 

Fig. 4. Illustration of the density matrix equation of motion. (a) Illus- 

trates two superconductors separated by the barrier and maintained at dif- 

ferent chemical potentials. An electron pair drops from the higher poten- 

tial on the left to the lower potential on the right, and emits a single 

photon. (b) Depicts an imperfect resonance cavity having a finite quality 

factor "Q ". (c) Illustrates the role of the battery as electron pump, 
bringing the electrons from the right hand superconductor back to the left 

via wires of normal metal. 

Thus we see that the effect of the normal wire is to introduce a lifetime t to 

the time dependence of the dipole 1S.. and an external current 
JDC 

to the 

equation for (Sr), while the cavity Q term gives rise to a damping of the 

radiation field as expected. 

Let us proceed to investigate the implications of Eqs. (4. 5),(4.7) 

at steady state. In order to achieve oscillation, a(t) and (S(t) \ must go at the 

same frequency 

(S(t)d = e-ivt 
(S(t)) (4.8) 

a (t) = 
e-ivt a '(t) (4;9) 



92 

Using this time dependence and considering the steady state in which 

'(t) _ (S (th ' = 0 

we can solve for a I in terms of (S) ' as follows 

at _-(i/i)g(S)' 
- i ( S-2-1)) + 2(v/ Q) 

(4. 10) 

(4. 11) 

Putting Eq. (4. 11) into Eq. (4. 5) and equating the real and imaginary part 

of the resulting equation we obtain 

r = 

)Z Z)-Z 
(v/ Q) (4. 12) 

( s2 - v) 6, i-? 
i (`- 1/) _ 

{jgI h) (c/ (c/ Z)-Z > i (v-0) (4. 1 3) 

(S2-v) + . (vi Q) 
2 

where wu = ZeVo/ 

From Eq. (4. 1 2) and Eq. (4.13), we obtain the frequency pulling equation 

(co-v) _ (v/ Q) (v -s2) 

Eq. (4. 14) may be written as 

v (v/ ZQ) + 17t 

(vi ¿Q) + I' 

(4. 14) 

(4. 15) 

In the present case (v/ Q) greatly exceeds r , and Jq. (4.15) becomes 

r (w-SZ) 
(V!Q) (4. 16) 

We can get a better feeling for the quantity r by calculating the 

tunneling current JDC caused by the interaction with the radiation field. 

This is accomplished by looking at the steady state situation, when the 



tunneling current exactly balances the external current JDC , such that 

there is no net change in the number of charges at the junction. 

Setting fS) = 0, and plugging Eq. (4. 11) into Eq. (4. 6) , we obtain an 

expression for JDC. 

_ l o z 
( 7./ ) JDC 

(v - S-2)2 Q)2 
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(4.1;) 

In the spirit of the present calculation, it is more accurate to look upon 

this an an equation that determines the steady state charge number, or 

electrostatic voltage in terms of the pre -determined JDC. It is perhaps 

more transparent to use Eq. (4. 12) to write Eq. (4.17) in terms of was 

follows. 

e(g/#,)2 
r2 

(v/ (4) 
JDC + r2 

(4. 13) 

This could be inverted to obtain co!, and therefore the electrostatic voltage,asa 

function of the external current JDC The present calculation corresponds 
15 to the experimental situation in which the external current is fixed , and 

the voltage allowed to reach a steady state value. 

With (4. 17), we can write (4. 12) as follows 

F = (e)-1JDC 2(c/ 2)-2 (SZ) (4. 19) 

with this expression for F, we can estimate the magnitude of the frequency 

pulling from Eq. (4. 1 6). For a current of 10-2A, JDC / e is of the order 

of 10-16 - 10-17. The difference in the number of pairs (S7 may be estim- 

ated by knowing the capacitance of the junction (K 1µF) and the voltage 

V 10 -5V), to be of the order of 1018 pairs. The magnitude of c for 

volume 10 -6 cm3 is the order of 1012. From these numbers we find 
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fi - _ (1 -10 ) x (c,' - SZ ) (v / 2Q) 
-1 

so that if (0' -S2) is around v/ ZQ, the pulling would be between 1 and 10 IIz. 

As Eq. (4. 19) seems to be very sensitive to the number of pairs on the right 

and left hand sides, it would be interesting to measure the deviation of the 

frequency v from ZeV 

D. McCumber suggests that the null sensing potentiometer used 

in most measurements is sensitive to the total energy required to move 

charges from one side of the barrier to another (i. e. the electrostatic 

energy plus the interaction energy with the radiation field). In other words, 

it measures the time dependence of SLSR +, which goes at the same freq- 

uency v as the radiation field, as given in Eq. (4. 8). Given this interpre- 
tation of the voltage, the relation y _ i-- remains exact. 15 

A detailed 

discussion on this point will be given in a later publication. 

1b 
B. Linewidth 

It is of interest to note that Utz ile 03 has been measured to such 
V 

great accuracy to give 7, , the line -width of the Josephson radiation is about 

1 part in 107. Compared with the laser line -width of 1 part in 1015, the 

Josephson line -width is rather broad. The physical explanation behind this 

is that when electron pairs tunnel across the junction via interagtion with the 

radiation field, the charge number, and therefore the voltage, fluctuates 

about the steady state mean value calculated earlier. This gives rise to a 

frequency modulation of the radiation, and is the main contribution to the 

line- width. We will now outline a calculation of the line- width of the 

radiation from Josephson junction. As mentioned earlier, the super- 



conductor -oxide sandwich behaves like a capacitor of capacitance K 111F 

The voltage Vois then a function of the number of excess charges on the 

superconductor, 

Vo= K (SZL-SZR) 

Hence the voltage term becomes 

HV - K (SZL - SZR) 
2 
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(4. 20) 

(4. 21) 

This gives rise to a frequency modulation of the oscillator. Suppose we 

write out the equation of motion for the density matrix of the radiation super- 

conductor' system. We will be in a n - representation for the radiation 

field, and in a k- representation for the coupled superconductor, where k 

refers to the difference of charge on the two sides, i. e. 

(SL - SzR) (k) = k ik) 

we have 

(4. 22) 

Pk, n;k'n' - -( 1/ 
fi) g(n pk+1,n-1;k',;1' - +1 Pk, n;k' -1,n'+1) 

- -( i/ it) g ( n 1 pk-1 
, n+1; k' n' fm it 

ri; k' +1, n' -1) 

+i(e/ fiK) (k-k' )(k+k' ) Pk, n; k' , n' 

The i(e/ AK) (k -k' ) (k +k' ) o k, n; k' , n' 
of the frequency modulation effect. 

To get a line -width then, we would like to have the voltage corr- 
elatidn function YVVt) V40)) which is simply related to the number correlation 
fSZ(t) SZ(0) by Eq. (4. 20). To get this correlation function, we should look 

+ (p )wire + ( 
p) cavity Q 

(4. 23) 

term in this equation is the expression 
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at the equation of motion for ok, k - n pk, n; k, n 

This is obtained by adiabatically eliminating the photon co- ordinates, and 

we find 

lçk- 
gL 

Le i[S2-( K) k + 

+ g 
i[S2 4K (k+l)1 +i (v/ Q) 

L 

-.A (okk- ak-1 , k-1) 

+ C.C. R 
k,k 

c. c. Rk+l 
, k+l 

(4. 24) 

We will expand the k dependences about k by Taylor series where 

k = i k(ork k) , PA pressing the constants in terms of Ji)C, we 
k steady state 

obtain the following equation 

6 = -2e [JDC+ 
J (k-k) l Qk, k ?e fJDc+ k((k+1)-k)1 

k' k a k 

-A(ak, k - ak-1, k-1) 

n 
k+1, k+1 

(4. 25) 

This equation can be interpreted as a flow of probability as is shown in 

Fig. (5). Furthermore using detailed balanced we obtain a steady state 

solution for Rk, k. 

'fo calculate (Sz(t) SZ(0) ), we need the time dependent solution for 

(SZ(t)) as well as the steady state value of CSZL(0) ). We find 

and 
(S(t) ) = (SZ(0) ) {+2ë (3JI3C t} 

(SZ(0) ) 
J DC 

ak 

(4. L 6) 

(4. 27) 
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ACrk-1,k-1 
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Crk+1,k+1 

EJDc+ 

aJ DC k_k ) 

Fig. 5. Flow of probability for finding k excess electron pairs on the 
L.H.S. The pumping term proportional to A is due to the battery and drives 
the system toward higher values of k, while the terms resulting from tun- 
neling are tending to lower the number of excess pairs, as indicated by the 
arrows pointing down. 

Now under the assumption that the density matrix at time t =0 may be factorized, 
i. e. 

pn, k; n' , k' (0) - k, kt (0) yfnn (0) 

it can be shown that 

(4. 28) 

i(jr)c", 
(Sz(t) Sz(0)) = (Sz2(0) ) 2e' 1k t 

(4. 29) 

Standard FM theory then gives us the expression for the line -width A v, 

16e3 JDC 
6 v - 

R 
,Z 

(4. 30) 

This line -width is estimated to be of order 103H z, 

A more detailed discussion of the results of this section will be 
published elsewhere. 
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I. INTRODUCTION 

A. Macroscopic Wave Function 

Superconductivity is a macroscopic quantum phenomena. This con- 

cept was first suggested by Fritz London many years ago (1). However, 

only recently have experiments revealed, in a detailed way, the unique 

implications of his idea. His suggestion has had such outstanding suc- 

cess that it is now accepted virtually without question. The theme of 

this chapter will be to examine his idea and describe some of the experi- 

ments establishing its validity. No attempt will be made to seek a mi- 

croscopic justification for the model, since many diverse treatments of 

this point are available (2); to include them here would detract from the 

apparent simplicity. We will be concerned with the general properties 

of the macroscopic state and not the details determining how the state 

came about. In fact, the simplicity of the model and its complete con- 

firmation by experiment are compelling reasons to believe that the macro - 

state itself may be considered fundamental- -and to a great measure inde- 

pendent of the complex contortions of any single electron. Once a 

material becomes superconducting, the phenomena described here are 

largely independent of the type, form, or structure of matter. The re- 

sults will be found to depend only on ratios of physical constants. 

The central idea of the macroscopic quantum state is represented 

by assigning a macroscopic number of electrons to a single wave function 

(4'). These electrons are assumed to somehow have condensed into a single 

state. This condensation results in a macroscopic density of particles 

(p) sharing the same quantum phase (y). The resulting wave function is 

then T = exp (iy). In this form (Y *4') is not the usual probability of 

finding a particle but due to the macroscopic number of particles in- 

volved is actually the effective particle density (p). Both p and y may 

be functions of space and time and their variation will therefore deter- 

mine the motion of the quantum fluid. Since, by definition, the parti- 

cles are in precisely the same state and must therefore behave in an 

identical fashion, the equations of motion for the macrostate must also 

be identical to the equations of motion for any single particle in this 

state. 
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It is at this point that the importance of the phase (y) arises. 

Because the phase is common to so many particles, its effects do not 

average out on a macroscopic scale but remain to fundamentally determine 

the behavior of this system and provide the experimenter the opportunity 

of grappling with quantum mechanics first hand. Consequently, we will 

adopt the point of view here that the quantum phase in these systems be 

considered as a real physical variable. 

B. Electrodynamic Consequences -- London Equations 

Changes in the wave function are of course determined by the 

Schrödinger equation. In particular, the center of mass motion (V) can 

be calculated for this wave function from the velocity operator (y) com- 

mon to all the particles (and thus to the macrostate), 

v = - (1 ¡nl*)(i1IV ± c *A) ) 

where e* and m* are, respectively, the effective charge and mass of the 

particles and A is the vector potential. This center of mass velocity is 

just 

giving a current 

i{iYviiYr 
+'pu'p}/'pt'l' 

J = PV = (p/i)i*)(11V7 - e*A). 

Because of the interpretation of p as particle density for this wave 

function, J also determines an actual particle current. The electric 

current density associated with this particle flow is then 

j = c'°J - (pe*/m*) (li - e*A) 

Such a wave function therefore has a peculiar electrodynamic behavior 

that relates current and field by 

Vx().2j) = - II W %2 = in* lpe*2/i0 

(1) 

This is of course one of London's celebrated equations representing the 

electrical behavior of a superconductor and was in fact first deduced by 

him from experimental behavior. It can easily be shown that this London 

equation satisfies experimental facts by forbidding currents or magnetic 
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fields internal to the superconductor except within a layer roughly a 

thick at the surface (the Meissner effect). 

The effect of more sophisticated treatments is only to enable the 

calculation of X or p from single -particle parameters. It was London's 

realization that such electrodynamic behavior was a natural consequence 

of quantum condensation that led him to propose superconductivity as 

being fundamentally a macroscopic quantum phenomenon. However this could 

only be a speculation at the time, since the fundamental quantum behavior 

(the phase information) was not uniquely determinable from the available 

experimental data. It will be shown that new experimental techniques 

have recently exposed the detailed validity of his unique suggestion, 

which now in fact provides a mechanism for the development of new and 

novel quantum devices. 

II. QUANTIZED BEHAVIOR OF SUPERCONDUCTORS 

A. Magnetic Flux 

Unusual effects can arise naturally from the topology of the mac- 

roscopic quantum state. Since the wave function can now extend to mac- 

roscopic distances, its complex nature can lead to a variety of physical 

consequences. From Eq. (1) the phase gradient is related to electrical 

quantities by 

pY = ( e*/A) (p0)2.1 + A) 
(2) 

Integrating any gradient completely around a closed contour must give 

zero for a singly connected path. However, in a multiply connected re- 

gion this requirement must be relaxed to allow shifts of modulus (27). 

Several physical consequences of this mathematical feature of the macro- 

scopic wave function have been predicted and have been detected in super- 

conductors. These experiments now serve as the first unique justification 

of the macroscopic quantum concept of superconductivity. 

The simplest multiply connected topology to consider is the hol- 

low superconducting cylinder. The first experiments to show the conse- 

quences of a macroscopic quantum state were done with such a topology. 

If Eq. (2) is summed around the cylinder, then 
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N (h/e*) = poilZj dx + Qi 
(3) 

where cp is the magnetic flux, ¡Adr., enclosed by the integration path and 

N is an integer. The current integral may be neglected for a path deep 

within a cylinder wall since currents and fields are confined to a thin 

(X) surface layer. A thick cylinder, relative to X, would then tend to 

quantize the magnetic flux enclosed by it, in units of (po = h /e *. This 

remarkable consequence of the macroscopic quantum state was first pre- 

dicted by London (1,3), who spoke of Eq. (3) as the quantization of the 

fluxoid. This equation represents the quantization of the total angular 

momentum for the macroscopic system. On this macroscopic scale, however, 

the dominant contribution is the flux term, contrary to the quantization 

of mechanical momentum in the microstate. 

The first experimental realization of this phenomenon was reported 

(4) simultaneously by B. S. Deaver and W. M. Fairbank, and R. Doll and M. 

NUbauer. These experiments both measured the magnetic flux enclosed by a 

small superconducting cylinder with sufficient precision to detect the 

discrete behavior impressed on it by the macroscopic quantum state (see 

Fig. 1). When a cylinder becomes superconducting in a magnetic field it 

a.Q 
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Fig. 1. Data ob DeaveJc and Fa.vcbanFz (4) )showing ttc.apped magnetic ¡tux az 

a bunct,í.on ob magnetic b.íe.ed in which the cytí.nden became zupetcconduc.t,í.ng. 

Such ddzctc.ete behavion ob ttapped baux waz the biAzt exper.ímenta.2 obísetc.- 

vat.í,on ob macno4copic quantum ebbec,tz. 
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traps the flux enclosed by it. The remarkable fact exposed by these ex- 

periments was that the flux trapped exists only in discrete units of h /e* 

and is not continuously variable, as would be expected classically. When 

the ambient field is insufficient to satisfy the quantization condition 

the superconducting transition is made to a current -carrying state which 

generates the flux required to bring the cylinder to the nearest quantum 

state. Both research groups found that e* should be twice the free elec- 

tron charge -- probably a consequence of electron pairing. The magnitude 

of the flux quantum is therefore cpo = h /2e = 2.07 x 10 -7 G -cm2. For a 

sufficiently thin wall cylinder the mechanical angular momentum of the 

electrons can no longer be avoided. The presence of this term (the cur- 

rent integral), has been detected (S) in experiments on the thermal in- 

variance of the fluxoid. 

B. Thermodynamic Effects 

Another consequence of the macroscopic quantum state is observ- 

able in the thermodynamic behavior of a multiply connected system. Since 

Eq. (3) quantizes the angular momentum, the free energy of the system is 

also influenced by which quantized momentum state it is in. Thermal be- 

havior may therefore also be expected to show a quantized periodicity. 

In fact, variations in the superconducting transition temperature of a 

thin superconducting cylinder have been observed, by Little and Parks 

(6), to be periodic in magnetic flux with a period of h /2e. For a suf- 

ficiently small thin -wall cylinder the magnetic flux is determined en- 

tirely by the applied external field 
(cp ext). 

From Eq. (1) the kinetic 

energy density associated with the quantized angular momentum in this 

situation is 

1 1 _ 

KE = 'P (V>2 = [.%(h!2c) - 4a,] 

This kinetic energy can be large for a sufficiently small radius (r) cyl- 

inder and, unless the ambient flux is precisely the proper amount, a 

transition to multiply connected superconductivity implies the increase 

of kinetic energy given above. A superconducting transition must then be 

delayed to a lower temperature to gain this additional kinetic energy 

from the condensation process. From the measured variation in transition 
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temperature it is apparent that N always takes a value to minimize this 

kinetic energy leading to the observed periodicity in flux of h /2e. 
Experiments such as those described here have shown the existence 

of the macroscopic quantum state through the quantization of some parame- 

ter of the system. This experimental justification of some of the conse- 

quences of the macroscopic quantum state then suggests experiments de- 

signed to examine the nature of the quantum state itself. 

III. JOSEPHSON QUANTUM -PHASE DETECTOR 

Further examination of the quantum state itself had to await some 

form of quantum -phase- sensitive detector to probe the wave nature of the 

system. This has turned out to be the celebrated Josephson junction (7). 

Although the development of the Josephson junction is expertly treated in 

a separate chapter, to be consistent, a description (8) based on macro- 

scopic quantization will be given here. 

The equation of motion for a wave function is Schrödinger's equa- 

tion relating the time rate of change to the energy operator. However, 

since the macroscopic wave function describes a large number of particles 

(density p), all doing precisely the same thing, the time rate of change 

of this macroscopic wave function must be exactly the same as the rate 

for any single particle. Thus the Schrödinger equation for this macro- 

scopic state is 

(' ! = (- i/h) ir,p 
(4) 

where u is the energy of the single particle. Josephson's equation re- 

sults when two such macrostates are weakly coupled together; for example, 

two pieces of superconductor separate but close enough that particles can 

leak from one to the other by some tunneling process. (Tunneling is not 

essential but weak coupling is.) Then the wave function can change in 

time not only in proportion to the energy of the system itself but also 

by leaking particles to the other system. 

The standard way of indicating such a weak -coupling situation is 

to write 

= - (i/h) íft, `y, + E`112) (4a) 
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where E is a small coupling between the systems. A similar equation 

exists for the rate of change of the wave function of system 2. The two 

systems are of course connected in that the particles that disappear 

from one appear in the other. Performing the indicated operations 

[Eq. (4a)] on the functions 

= /p1 exP(i71) and = P2 exP (i 72) 

and simply collecting real and imaginary parts for systems of equal den- 

sity results in two equations: 

151 = (2/h) c/o' sin (72 - ""/i) = - Pz (Sa) 

72 - 7, _ - (I!i')(P2 - Pi) . 
(5b) 

The apparent density change involves the transfer of particles from one 

system to the other. If these particles are supplied from a current 

source, density can be maintained and pie* represents a current from 2 

to 1. 

The current density (j) represented by Eq. (Sa) in these circum- 

stances is 

i = ,'h:4) din (72 - 

where V is the volume of superconductor and A the contact area. Defin- 

ing e as coupling energy per unit area of contact, this becomes 

J = [cis (%h,'2c)] sin (72 - 7i) = i0 sin (72 - Ii) 
(Sa') 

Equation (Sa') determines the current in terms of phase and represents 

our quantum- phase- sensitive element. However, as it stands Eq. (Sa') is 

not gauge- invariant and therefore cannot accurately represent the physi- 

cal situation. That it is not gauge- invariant is not surprising, since 

the original wave function was not gauge- invariant either: phase, of 

course, is not an absolute quantity. 

Gauge invariance is usually assured if changing the vector po- 

tential A to A' + V and scalar potential 4 to 4,' - ax /dt leaves the ob- 

servables unaltered. However, in this transformation process it can be 

easily shown [using Eq. (1)] that the phase must also transform as 

Y = Y' + (e * /h)x Thus Eq. (5a') can easily be modified to a 
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gauge- invariant form simply by replacing y2 -y1 by its gauge- invariant 

counterpart, 2 p Y2- Y1- (e * /i)f1A dx. Equation (Sb) represents the relative 

rate of phase change and is determined by the energy difference between 

system 1 and 2. The particles are electron pairs at the Fermi surface 

and therefore if only electromagnetic energies are considered here, 

u1 2 
= 2eV /n, where V is the potential difference between Fermi levels. 

Finally, the relevant equations are 

// 7c 
1=Jo sin { 

\\\\ 

7,-'/, - J 
Adx 

- 1 2e - %I - A dx = ---(p2-rt,)- 
a j, / /1 1: 

(6a) 

(6b) 

These are Josephson's equations; they explicitly display the 

fundamental connection between phase and current for the situation of 

two weakly coupled superconductors. This is in contrast to the current 

in a single superconductor, where the current is related only to a phase 

gradient and the importance of the phase becomes obscured. It is this 

explicit connection between current and phase that will be useful in 

designing an instrument to examine the quantum -wave properties of the 

superconducting state. 

Such structures of two superconductors nearly in contact (weakly 

connected) are now called Josephson junctions. Many experiments have 

been done with these devices, only a very few of which can be included 

here. The device provides a unique opportunity to study the coupling of 

electromagnetic and quantum waves. In this chapter, however, we will 

discuss only those experiments immediately relevant to the concept of 

the Josephson junction as a quantum -phase detector for the purpose of 

experimentally examining the macroscopic quantum state. 

The very simplest application of Eq. (6) is adequate for our 

purposes. To get measurable quantities, the current density, Eq. (6a), 

must be integrated over some contact area. We assume the contact area 

is small enough that the self -field effects (9) may be neglected and 

that any voltages that appear are at such low frequency that the voltage 

may be considered constant over the contact. Equation (6a) relates cur- 

rent density to phase difference across a boundary. However, the phase 
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changes within a single superconductor in a way given by Eq. (2), 

VI = (2e /h)(110a2j + A). Consequently, in any integration over a finite 

area, phase variations due to surface current and fields within the con- 

tact must be properly accounted for. It is easily shown (10) that the 

result of the integration under these circumstances gives for the total 

current (IJ), 

sin (e /h) ¢., = lo- -- sin = I(¢J) sin 
(e /h) ¢., 

(7) 

Since phase is a relative quantity, the integration must be done against 

some reference point in each superconductor. The angle a represents the 

phase difference between these symmetric reference points and henceforth 

will be called relative phase. It is no longer an arbitrary phase vari- 

able but must adjust to the experimental conditions. 

The amplitude I(cpJ) shows diffraction -like behavior with flux 

due to phase variation within the junction enforced by the potential A. 

The flux (cpJ) is the total magnetic flux enclosed in the junction in- 

cluding the appropriate magnetic field penetration effects. It should 

again be emphasized that the only contribution a microscopic treatment 

can provide is a mechanism to calculate p or j0 from single -particle 

parameters. The functional dependence on phase is independent of the 

details of any microscopic theory. 

If a current source is attached to a Josephson junction, the 

relative phase (a) adjusts to accommodate both the magnitude and sign of 

the current, and, in the steady state, a zero -voltage current flows. As 

the current is changed, an instantaneous voltage V appears to readjust 

the phase, 6(a) = (2e /h)VS(t) to a new equilibrium value. Once equilib- 

rium is reached, the current continues to flow and the voltage vanishes. 

The largest zero -voltage current which can flow, Imax' is reached when 

a = ±7T/2 or Imax 
= 

1I(4))1. Currents exceeding this magnitude must flow 

by some other process, involving a finite voltage (for example, Giaever 

tunneling). 

Figure 2 shows a current -voltage plot for a typical junction. 

When the zero voltage current is exceeded a voltage appears across the 

junction corresponding to that appropriate for Giaever tunneling in the 

junction. For this particular circuit, when the current is then reduced, 
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Fig. 2. Ncí.2,2obcope ttc.ace o aA.í..ngte Sn-Sn0 -Sn junction dhowing the 
isingte-panticte (Giaeven) tunne.P.í..ng chcvcac,tetúItí..c (V 0) and the dc 
Jodeph6on upekcwvicent at V=0. Cutvicewt and vottage zcate/s ane 0.5 
mA/div and 1 mV/d.í.v, neoectí.vety. The cuvr.owis indicate the Awitch,í.ng 
path atong the cí.ncu,ít toad tane taken when the apptied cwvicen,t exceeds 

Imax' 

the voltage- induced Giaever tunneling persists all the way down to zero 

current. Josephson has shown the maximum amplitude of zero -voltage cur- 

rent to be expected from a junction to be IO = 7A /2R, where A is the 

energy gap and R is the resistance of the junction to normal tunneling. 

Measuring these parameters from Fig. 2 it is evident that the maximum 

supercurrent is about 70% of the theoretical maximum. In general, Jo- 

sephson's currents tend to follow the behavior expected from energy gap 

and resistance, with values as large as several hundred milliamperes 

having been observed (11). 

The Josephson tunnel junction is actually a rather fragile thing. 

From Eq. (5a') the coupling energy between superconductors is Io(h /2e), 

and for the junction in Fig. 2 this turns out to be about 1 eV. This is 

not 1 eV per electron but 1 eV of coupling for the entire macroscopic 

circuit. Consequently, noise and thermal fluctuations can have a pro- 

found effect on high- resistance junctions and probably explains why the 

maximum observed current is usually less than the theoretical maximum. 

For well -shielded, low- resistance junctions it is common to find the ex- 

perimental maximum current within a few per cent of the theoretical max- 

imum, giving great confidence to the adequacy of the microscopic theory. 

The expected diffraction -like behavior of Imax with flux was 

first shown by Anderson and Rowell (12). Data similar to theirs from R. 

C. Jaklevic are shown in Fig. 3, which displays diffraction effects out 

to the fifth side -lobe. This junction is about 4 mm wide, and from the 
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assumed penetration depth and observed field periodicity a value of 

2 x 10 -7 G -cm2 is obtained for h /2e. Considering the experimental un- 

certainties, this is good confirmation of the expected theoretical re- 

sults. The amplitude dependence is not precisely as expected for a 

parallel junction and probably reflects nonuniformities in the barrier 

thickness. Nevertheless, data of this type are taken as strong experi- 

mental confirmation for the theoretical description of I. 

0.5r 

Z, I 

, 0.2 

0.1 

T=190K 
Sn - Sno - Sn 

-4.0 -3.0 -2.0 -..0 0 1.0 2.0 

FIZLO ( GAUSS) 

3.0 4.0 

Fig. 3. Jozeplvson cwvr.evLt aís al¡unc.tí.on ob magnetic 6ie2d how.í.ng -the 

dinac.tí.on e{y 6 ects anticipated in Eq. ( 7 ) . 

The variation of current with phase has also been examined 

utilizing the time dependence implicit in Eq. (5b). When voltages are 

applied to the junction, the phase difference precesses in the manner 

described by Eq. (6b). In fact, the application of a dc voltage is ex- 

pected to give rise to an alternating current of frequency of about 

484 MHz /uV. If in addition to the dc voltage (V0) an ac voltage 

(y cos wt) is simultaneously applied, the form of the equation leads us 

to expect frequency -modulation effects with the attendant side bands. 

The mathematical formula is: 
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2e I = I ((/),) sin f V ch + a) 

h w 
= I (0,) (Vot sin + in an + a 

) 

= 1(0J) 
{J° (trw ) sin [(nco + 

2e 
°) t + aJ } 

In particular, there may be side bands at zero frequencies. 

These will occur whenever V0 = nhw /2e. These zero - frequency currents 

correspond to the appearance of the Josephson dc current at a finite 

voltage. The result of impressing an alternating voltage on a Josephson 

junction would then be to alter the structure of the current -voltage 

characteristic from that given in Fig. 2. Current steps would appear at 

voltages related precisely to the impressed frequency as above. Experi- 

mental confirmation of this behavior was first obtained by Shapiro (13), 

who found the expected structure and confirmed the expected voltage -fre- 

quency relationship. His experiments were done at a high frequency, 

where our simple model does not directly apply. At the higher frequen- 

cies the spatial variation of both the quantum phase and the electric 

field must be taken into account to determine the proper coupling. Ex- 

cept for this point the physical consequences are the same, especially 

the expectation of current steps at voltages of exactly nehw /2e). 

The most precise test to which Josephson's equations have been 

submitted involve the verification of Eq. (6b). The oscillating currents 

induced at a finite voltage have a quite definite frequency. Radiation 

induced by these oscillating currents has been detected (14). Precise 

measurements of the applied voltage and the frequency of the induced Jo- 

sephson radiation have been made. These measurements have been made with 

such precision by Parker et al. (15) that it is probable that macroscopic 

quantum devices utilizing Josephson's junctions will be used in the fu- 

ture as standards and to establish the value of fundamental physical 

constants. 

In general, the experimental confirmation of Josephson's ideas 

is nearly complete. There have been many experiments. Some of them 

probing at the innermost detail of the theory and the theory seems to 

successfully withstand these examinations. Consequently we can accept 
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the physical correctness of Josephson's prediction, in particular Eq. 

(6a), and utilize the Josephson junction as a device to examine the 

quantum phase in superconductors. 

IV. SUPERCONDUCTING INTERFEROMETERS 

The interferometer is an instrument for comparing phase at two 

points in a wave train. Implicit to the operation of the interferometer 

is the assumption that the wave is coherent over the interval of compar- 

ison. We have been assuming that superconductivity is represented by 

such a coherent quantum wave. With the Josephson quantum -phase detec- 

tors, therefore, it should be possible to examine the correctness of 

this assumption and perhaps fabricate superconducting de Broglie wave 

interferometers. This in fact has been done (16). The superconducting 

interferometer to be described here is basically two Josephson junctions 

connected in parallel by superconducting links. Many modifications of 

this arrangement are, of course, possible. In fact, in our laboratories, 

interferometers have been constructed containing from one to six junc- 

tions(17). The behavior of these interferometers is adequately explained 

by an obvious extension of the arguments to be given here. The super- 

conducting links act as de Broglie wave guides which constrain the phase 

difference between the junctions (or across a single junction) to some 

unique value depending upon the de Broglie wave path difference between 

the junctions. 

1210,) 

is2 

1101) 

OUPLING ENERGY )12 .4,11 COUMING ENERGY X2. /11 

la) 

11 + 12) 

110 

Fig. 4. Vec.ton model Jozeplvson junction. (a) Stingte junction: vec- 

tot tength. 1(4)/j) de.tenmí.ned by app.P.í.ed 4e/d and te6etcence ang.2e ( a) 

de,tetcmí,ned by app.e,í.ed cutvicewt. (b) Double junction: I6 junctions ate 

connected by óupenconduc,ti.ng .?.í.nfz,s, the telatí,ve angte (a2-al) -c.d de.tetc- 

mí.ned by the encloz ed guxoid. 
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A vector model of the Josephson junction may be useful to under- 

stand the operation of the interferometer (see Fig. 4a). The length of 

vector I(4) is determined by the coupling energy between superconduc- 

tors and can be modulated by the flux in the junction, as given by Eq. 

(7). The angle a is the relative phase between symmetric reference 

points in the separate superconductors. Projecting I(4') on the ordinate 

represents the Josephson current and the projection on the abcissa is 

the normalized phase- dependent binding energy. The relative phase angle 

is normally zero in the absence of other constraints to maximize the 

binding energy. However, impressing a current on the junctions speci- 

fies an additional condition on the relative phase angle (a) necessary 

to pass this current. Changing the current, of course, changes the rel- 

ative phase (a) required. To readjust the relative phase, an instanta- 

neous voltage V appears at the junction to give an "impulse" to the rela- 

tive phase to adjust it to the proper value. At equilibrium a is a 

constant and a steady current flows at zero voltage. Of course, the 

maximum zero -voltage current that can flow is represented by the maximum 

projection of /((pd.) on the ordinate which occurs when a = ±7/2. When 

this maximum Josephson current is exceeded, a relatively large voltage 

must appear across the junction to accommodate the current flow by other 

processes (see Fig. 2). 

Current through two junctions connected in parallel can be de- 

termined easily from the same model. The total current, of course, is 

the vector sum of the current through the individual junctions, I1(y 
and I2(4j) (see Fig. 4b). Angles al and a2 are, respectively, the phase 

angle between the reference points in the two junctions and are in gen- 

eral uncorrelated. However, if the junctions are connected by supercon- 

ducting links the phase angles al and a2 are no longer independent quan- 

tities. In fact a2 is uniquely related to al by the quantum -phase shift 

along the superconducting links. The total current, being a vector sum, 

depends in a periodic fashion on the relative phase angle a2 -al. The 

vector sum of these two currents is just 

IT = [I¡ + IZ + 21,12 cos (a2 - 
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which explicitly displays this periodicity of the total current in the 

phase difference (a2 -a1). 

If the two currents are equal, this periodicity becomes particu- 

larly pronounced and the total current reduces to 

IT = 2/l (4)J) cos 
(C2 - 

2 . 

The Josephson current is ITsin (a2 +al) /2J and, as in the case of the 

single junction, IT represents the maximum zero -voltage current through 

the device. A circulating current can also flow in the interferometer. 

The circulating current is represented by half the vector difference of 

the two currents or 

= /, sin 
C2 

a(/ 
cos(a) 

a2/ . 

Circulating current and total current are out of phase. For equal junc- 

tions, at the point where the total current is maximum, the circulating 

current has become zero. 

From Eq. (1) we know how the quantum phase varies inside the 

superconductor. With this expression then we can relate the phase al to 

the phase a2 as shown below (see Fig. 5): 

a2=x)+J oydx -J Dydx=ai+ 
o b 

oy dx 

al a2 

s= Yi(o)-Y, (b) 

a2=Y2(o)-Y21b) 

a2-ai, r2(a)-r 1a1111bl-r2(b) 
2 

I Vv(old.I Vrlbld. 
2 

(.2-1)=`VYdv 

Fig. 5. Supetconduc,tí.ng inn.ten4elwme.tet, indicating the conbtr..aint 
p.2aced on the ne,ta.tí.ve ang.2ez al, a2 by the connecting zupehconductou. 
The junctí..on4, 4hown aa capací.tonzt, ate connected in pana.Z2e2 by aupet- 

conductotus (a and b) . 

or 

- 1) _ (1/h) N 1 1 (!x = (ÌIh)(\ } 111* V (ix (/1T) 

J 

(8) 
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The line integration actually should avoid going across the junctions 

themselves. However as long as this distance (-.10 R) is small relative 

to the other dimensions (about 1 cm), this contribution to the phase may 

be neglected, as it is already accounted for in the diffraction. In 

this approximation Eq. (8) is formally similar to Eq. (3). However, 

contrary to Eq. (3), in the present situation the phase difference 

(a2 -al) is not quantized. The integration path covers two separate su- 

perconductors, thereby avoiding the requirements of quantization. The 

phase difference (a2 -a1) is thus a smoothly continuous variable except 

for possible "feedback" effects due to self- induced flux. This phase 

difference contains two terms: first, the mechanical angular momentum of 

the electron, and, second, the electromagnetic angular momentum or the 

total magnetic flux (4T) enclosed in the interferometer. It is this 

total canonical angular momentum that modulates the supercurrent through 

the interferometer. Since the mechanical angular momentum term is 

always small and can in principle be made zero in a perfectly symmetric 

interferometer, we will neglect its influence in this part of the dis- 

cussion. In this symmetric limit the expression for maximum zero volt- 

age, electron pair current thru the interferometer becomes 

, 

i/ =2.' cos ,,-r 
(c»),») i: , (9) 

The response of the interferometer to a magnetic flux then is a 

diffraction -modulated interference, an effect common to all types of 

wave phenomena. Here the de Broglie waves in the individual arms of the 

interferometer interfere with each other, while the diffraction occurs 

in the currents crossing the separate junctions. The flux periodicity 

of this modulation is seen to be h /2e. The implication is that it is 

possible to fabricate devices of macroscopic size whose operation is 

fundamentally determined by the ratio of physical constants rather than 

some material characteristic or process. Devices of this type have been 

fabricated in many diverse ways utilizing weak coupling of several forms: 

oxide barriers (16), point contacts (18), and film bridges (19). All 

the techniques yield similar results. The first experiments (16) uti- 

lized thin films and oxide barriers. Since this type device is still 

best understood, this discussion will be limited to a description of 
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these circuits. The fact that all types of device behave in a similar 

way, however, emphasizes the underlying unity of principle determining 

their behavior. As long as the superconductor represents the macroscopic 

quantum state as defined previously, such periodic response is forced on 

it by the requirements of phase coherence. 

Fig. 6. Schematic oS a coupL.ed junction pain.. A uniSon.m magnetic Sie.ed 

is app.P.í.ed panaP2eL to the Long dimension os the .aubh-tAa.te e. The FOAM- 

vat inzuLa.ton c is appL.í.ed aver. .the base tin 5ti?m ato mask out the 
1unc,tLon4 S and sepata-te a Sn.om the second tin S.c,em b. 

A 

UWVl'' 

._ =7OÓ -400 -7óÓ - -ZOO 450 Ó 100 zoo 700 .00 SOD 

MAGNETIC FIELD (MILLIGAUSS) 

F.cg . 7. Expeh,í men aL /.ace o6 I vs. magnetic AieLd s how.Lng ehb e.- 
ence and diWtac tí.on es s ec s . The Sieed peh í.od,Lc í ty ií,6 39.5 and 16 mG 

Son A and 8, n.espectiveLy. Appnowímate maximum cwcnentò ate 1 mA(A) and 

0.5 mA (B) . The junction s epan.a ti.on L6 W= 3mm and junction width w= 0.5mm 

Son both cas e6 . The magnetic o S bs et is due to an LncompLetety compen- 

sated baclzgnound Sieed. 

A typical thin -film device is shown in Fig. 6. Two T- sections 

of thin superconducting film (a and b) are separated from each other by 

an organic layer c except at the two small regions (f). In these two 

regions contact between the films is made through a thin oxide layer. 

The two oxide contacts form the junctions connected around the organic 
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layer by the superconducting films. Current is introduced at a and b 

and the maximum zero -voltage current through the device is measured as a 

function of the applied magnetic field (B). 

Figure 7 shows experimental results (10) from two tin thin -film 

interferometers. The maximum current for these interferometers was of 

the order of 1 mA; field periodicity in curve A is 39.5 mG. This curve 

clearly shows the expected diffraction modulated interference. Curve A 

shows only the central diffraction peak, while in curve B indications of 

the first side lobes are also evident. Interferometer B had a somewhat 

larger area, thereby giving it the smaller 16 mG periodicity shown. The 

amplitude of the Josephson current is temperature- dependent. However, 

the periodicity illustrated here is largely temperature- independent, as 

expected. The devices should be accurately periodic in the magnetic 

flux. And to the extent that the geometry is accurately defined, they 

should therefore also be periodic in magnetic field. To the accuracy of 

our area determination (at best one -tenth of 1%) the flux periodicity of 

all the devices so far tested has been h /2e. Interferometers have been 

fabricated from tin, indium, lead, aluminum, niobium, vanadium, and tan - 

talium, and several alloys --some in the form of thin films, others as 

bulk material. The results from all these interferometers has been a 

periodic behavior somewhat similar to that shown in Fig. 7. The largest 

area so far examined has been about 3 cm2 and the longest path examined 

for coherence has been 1 1/3 m (23). In all these circumstances the 

simple concepts of a macroscopic quantum state as previously described 

seem entirely adequate to explain the periodicity observed in the exper- 

imental results. 

The detailed shape of interference patterns, such as curves A or 

B in Fig. 7, depends so intimately on unknown geometric parameters that 

no attempt has been made to make a detailed analysis of the curve shape. 

However, some general conclusions are possible. As the interferometers 

get larger, the self- inductance (L) increases and shielding effects due 

to induced circulating currents (Ic) become important. This will be 

particularly troublesome when LIc gets to be larger than h /2e. Curve A 

represents nearly the ideal effect expected from Eq. (9). In this case 

LIc is less than about 1 /6(h /2e). In curve B, however, shielding effects 
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are already becoming evident in the decreased depth of modulation pro- 

duced by an external field. In this case LIc is approximately equal to 

h /2e. In fact, owing to these shielding and flux feedback effects, it 

is possible to show that the maximum current modulation possible, pro- 

duced by an external field, is always less than or equal to (h /2e) /L. 

This clear experimental confirmation of the flux periodicity 

naturally leads to a closer examination of quantum -phase effects. The 

full expression for the behavior of the interferometer includes effects 

of the electron center of mass motion. Consequently, experiments (20) 

were designed to examine this possibility. Electron center -of -mass mo- 

tion implies a current. Rewriting Eq. (8) replacing center -of -mass 

velocity in favor of penetration depth (a) and current gives 

. 

Ir = I, ((,5,) cos(c/h) [( uoi. j (!x) ± OA 

This more complete expression representing the interference modulation 

was examined using an experimental device illustrated in Fig. 8. Here 

two junctions 1 and 2 are connected by superconducting links in such a 
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o d 2 
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Fig. 8. UppeA dtaw.Lng .us a cito 4 a ectLo n o6 a Jo4 eph,s o n junction pa.ín 
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wad eata.btí.ahed by an act.uae meaísutement os the magnetic .Ln the 
junction negiíon. 
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way that a "drift" current may be used to modulate the phase. The lower 

part of the drawing illustrates an idealization in which the field pro- 

duced by the drift current is entirely confined to the coaxial cable. 

The junctions, lying outside the current path, see only the electron mo- 

tion and none of the magnetic field. To the extent that the drift cur- 

rent flows only in the coaxial cable and the phase shifts due to the 

measuring currents may be neglected, the drift current period to be ex- 

pected from the experiment would be Dj = h /2e(a2D) -1, where D is the dis- 

tance between the junctions. 

The actual experiment was done with a device such as that illus- 

trated in the top of Fig. 8. This is a cross section of a thin -film 

structure. In this case magnetic field from the drift current is con- 

fined entirely to the space between films b and b'. And again the junc- 

tions 1 and 2 see only phase modulation due to electron velocity. The 

interferometer enclosed no magnetic flux due to the drift current. Ex- 

periments were done by measuring the maximum zero voltage current that 

could flow through the interferometer (for example, between points a and 

b) as a function of the drift current amplitude. Experimental results 

from such a current -modulated interferometer are shown in Fig. 9. Again 

the expected interference effect is clearly evident. Of course, a dif- 

fraction modulation also exists, arising from the velocity- induced phase 

shifts within the individual junctions. Secondary diffraction peaks 

could also be seen but are not illustrated here. 

Fig. 9. Expen,í.menta,e fitace o6 IT vs. the dni6t cwvc.ent showing inte1c- 

6eh.ence and dispLac,ti.on eec,ts. The zeta ok6set is due to a static 

app.P.í.ed ¡ie2d. Maximum curvicen.t is 1.5 mA. 



122 

m 0 SAMPLE A 

0 A SAMPLE B 

o\ 

e\ 

o\ 

O\ 

A% 
\ 

O, 

1 

o, 

a 

t 

2 3 
TEMP ( °K) 

4 5 

Fig. 10. Vattia,tí.on os obsewed dtr.í.st-cutvten,t pec,í.od oIdd wc,th. -tempeta.- 

twte Sot two junction pa,itvs os iden.t.í.cat dimensions (w=0.5 mm and 
(U=8 mm) . The cutwe is the th.eon.ex,í.ca.e pnedic.t.í.on Snom the text. The 
cttosó-bec,tc:onat dimensions os the base Sitm atte 3 mm by 1100±50 X. 

Contrary to the relative temperature independence of the flux 

modulation, current modulation will be strongly temperature- dependent 

through the temperature variation of the penetration depth. Figure 10 

shows the drift current period as a function of temperature for two in- 

terferometers. To compare this with the theoretical expectation re- 

quires some assumption as to the distribution of the current in the 

superconducting film. The curve drawn orf the figure comes from assuming 

a surface density (21) 

jo = (1 /Í).) [slnh(6/2)]-' 

where S is the thickness and i the width of the base film. In this 

assumption the drift current periodicity will be 

d'a _ 
ö 

sinh 
CJ 

j 
2e D6 \ \ \2/ 

The curve plotted on Fig. 10 is this expression with a value a(0) =720 R 

and a temperature dependence of a = 40) 1- (T /Tc)`` . The experimental 

results seem to follow reasonably close to this assumption and are self - 

consistent among themselves. 
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This temperature dependence of the periodicity is strong evi- 

dence for the proposed velocity modulation. However, to check that this 

modulation was not due to a magnetic field induced by the drift current, 

the fringing magnetic field was measured by another interferometer used 

as a magnetometer and placed Su above the base film. The measured leak- 

age field would limit any possible leakage field effect to less than 

1 /10 of a single period shown on Fig. 9. Consequently, these measure- 

ments are taken as separate experimental evidence of the macroscopic 

quantum state in which a phase shift is produced by center -of -mass mo- 

tion. In this analysis no estimate of the superconducting electron mass 

needed to be made since a zero -temperature, thickness - corrected penetra- 

tion depth of 720 R was assumed for the tin films. If the mass were the 

free electron mass, the change in drift velocity required to produce a 

shift of one period for these devices is about 41/2 cm /sec, corresponding 

to a de Broglie wavelength of about 1 cm. 

Experiments such as those described here strongly confirm the 

concept of superconductivity as a macroscopic quantum state and probe in 

detail the spatial variation of the quantum phase. In fact, persistence 

of these types of interference effects in the face of all manner of ex- 

perimental manipulations is itself probably the strongest possible sup- 

port for the concept of a macroscopic quantum state. Interference 

effects such as those described here always occur between properly 

weakly connected superconductors independent of material parameters and 

depending only on the ratio of physical constants. This seems to be one 

of the few macroscopic examples where nature has provided such a clean 

system, unencumbered by statistical effects, for the experimenter to in- 

vestigate. 

Thermal fluctuations, however, can set a limit on the observ- 

ability of these macroscopic quantum effects. Circulating currents in 

the interferometer represent different energy levels because of the in- 

duced flux (LI 
c 
). This self- induced flux (LI 

c 
) "feeds back" into the 

expression for circulating current as 

1e = I, (4k) sin (e /h) (LI, + 40 
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The circulating current (I ,c) thus becomes multiply valued, giving a 

spacing between allowed flux levels of h /2e. This spacing, however, is 

not the result of quantizing ip da around the circuit. The various 

allowed values of I determine a set of allowed values for the phase 

angle (a2 -al) spaced h /2e in flux, but whose magnitude depends on the 

applied flux 4)0. The total current will therefore be influenced by 

which of the many possible circulating current states the interferometer 

choses. Normally the interferometer will attempt to minimize the total 

energy. However, energy spacing between these flux levels is roughly 

(h /2e)2 /L. When this spacing gets to be small compared to the thermal 

energy (kT), the interferometer can no longer uniquely determine a par- 

ticular current state against fluctuations. Figure 11 shows the 

Fig. 11. Repne4 entcit,í.on expen.ímenta.2P.y o bm e/wed muttí.p2e- va2u.ed max- 

imum Jo.a eph4 o n cuttent indicating the o ne e.t o6 th errma.2 gu.ctuati.o n4 . 

The cutr.enx at V=0 can attain any o¡ thrcee posß.íb-te maximum va2ue4 
bebone aw.c.tching a.2ong the cítcu,ít .toad tine (dadhed .2.í.ne4 ) to the non- 
mat tunneling chanac.ten.i.at.í.ca . 

current -voltage characteristic for an interferometer large enough that 

these thermal effects begin to appear. The curve is a composite of many 

tracings of the characteristic and shows the maximum total current to be 

a multiply valued function, as anticipated above. This whole pattern is 

a function of flux, being periodic in h /2e. From the best estimates of 

self- inductance for this device, LAI -h /2e, as expected. As the induc- 

tance gets larger, further thermal smearing occurs among the available 

states and the quantum effects disappear. At 4 °K this critical induc- 

tance, Lc-(h /2e)2 /kT, is .10 -7H. In practice severe thermal smearing 

begins to occur for inductances somewhat greater than 10 -8H. Until this 

limit is reached, however, it is possible to construct devices whose op- 

eration is fundamentally determined by quantum effects on a macroscopic 

scale and whose behavior is determined solely by the ratio of physical 

constants. 
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So far this discussion has emphasized the zero voltage current. 

However, many experiments have been done examining the interferometer at 

finite voltages (19,22,23). The application of a voltage implies cur- 

rents at frequencies given by Eq. (6b). In these circuits the phase and 

amplitude of the currents will be determined not only by the electromag- 

netic field but also by quantum interference effects. The response of 

the interferometer to these alternating currents can be entirely des- 

cribed utilizing Maxwell theory and the simple concept of a macroscopic 

quantum state. Because of the unusual voltage- dependent frequency the 

analysis of these effects is somewhat more complex than for the zero 

voltage current. However, at low frequencies it is usually adequate to 

describe the response simply as a complicated time modulation of the 

zero -voltage current we have already described. 

V. EXPERIMENTS UTILIZING SUPERCONDUCTING INTERFEROMETERS 

These superconducting devices, utilizing spatial coher- 

ence of the de Broglie wave in interferometry, have been used as scien- 

tific instruments in several experiments. In Section IV it has been 

shown that such devices respond to magnetic flux and electric current in 

a periodic fashion. Thus they can be used as a sensitive sensor of 

these parameters. Their first such use as a magnetic sensor was prob- 

ably in the experiment (20) already described on interference modulation 

by a drift current. In this section several additional experiments will 

be reviewed in which the superconductive interferometer was fundamen- 

tally used as the essential detecting element. 

A. Influence of the Vector Potential 

The first of these experiments to be discussed involves the phys- 

ical reality of the vector potential. In the fundamental description of 

the quantum -phase variation Eq. (1) , Ay = (1 /h)(m *V +e *A), it is the 

vector potential, A, and not the magnetic field that enters in an ele- 

mental way. All the experiments described so far however have involved 

the magnetic field. In 1949 Ehrenberg and Siday (24) pointed out that 

interference patterns observed in an electron microscope should depend 

on the magnetic flux enclosed by the accessible paths even when there is 

no magnetic field at the electron. This concept was later discussed 
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extensively by Aharonov and Bohm (25), who showed in detailed arguments 

how this behavior should occur and pointed out that the effect is non- 

classical in origin and arises naturally from a single -valued wave func- 

tion. Their conclusions have opened discussions concerning the physical 

significance of the vector potential as being more than a mathematical 

convenience. Experiments designed to show these flux effects have been 

carried out by a number of experimenters utilizing electron beam tech- 

niques (26). Onsager (27) pointed out that an analogous situation occurs 

in multiply connected superconductors and that macroscopic quantization 

in superconductors is another example whereby the behavior of a charged 

particle depends on the flux and not on the field directly applied to 

the particle. 

Consequently, the superconducting interferometer has been used 

to explore the properties of the vector potential (28). In these exper- 

iments a comparison was made between the response of the superconducting 

interferometer to a uniform magnetic field and the response of the same 

interferometer to a magnetic flux confined in such a way that only a 

vector potential touches the device. This flux was generated by a long, 

closely wound solenoid placed within the interferometer (see Fig. 12). 

Fig. 12. Cnoó.a óec.ti.on ob a Jo4eph4on junction paduc var uum-depoa.c,ted on 
a quan.tz s ubs tnate (d) . A thin oxide .eayen le.) b epana,te4 thin (-1000 R ) 
tin 6.c.Qm4 (a and b) . The junc.tí.ona (1 and 2) ate connected in panatte,t 
by bupetconductí,ng thin-6.c.Qm ,P.i.nh4 enctoóing the 4o.2eno.í.d (A) embedded 
in Fonmvat (e). Cunnen-t gow .c,e meaduned between Wm4 a and b. 

No magnetic field exists external to such a solenoid, only an irrota- 

tional vector potential. The response of the interferometer to a uni- 

form field will be the usual diffraction -modulated interference such as 
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we have seen in Fig. 7. However, if the solenoid is perfect, there will 

be no leakage flux and no flux from the solenoid will link the junctions 

themselves. Therefore, the response of the interferometer to the 

solenoid will be only an interference modulation, and in fact any mea- 

sured diffraction effect can be used to estimate the fringing fields. 

The fundamental description of the interferometer implies re- 

sponse to the instantaneous value of magnetic flux. It is this charac- 

teristic we would like to test in the absence of any electric or magnet- 

ic field effects. However, since changing a magnetic flux generates an 

electric field, great care must be taken to eliminate these electric - 

field effects. Data were taken at fixed values of flux, the flux being 

changed to a new value only while the interferometer was warmed into the 

normal state. In this technique the superconducting interferometer was 

used to measure a static flux in the absence of any electric or magnetic 

fields at the interferometer. Periodic modulation of the maximum super - 

current, with flux period h /2e, was observed under these circumstances, 

evidently caused directly by the integrated static vector potential 

field. 

Quasi- continuous data were also taken by switching the junctions 

normal with a rapidly oscillating current (much larger than the Joseph- 

son current) while measuring the zero -voltage current as a function of 

the slowly varying flux. These data are shown in Fig. 13. The diffrac- 

tion- modulated interference produced by a uniform field is shown on the 

curve labeled p(B). As expected, the interference produced by the sole- 

noid labeled 4)(A) has no associated diffraction. These data also show 

the integrated effects of a static vector potential and further demon- 

strate the absence of any magnetic fringing fields. The flux period de- 

termined from all these measurements, within the experimental accuracy 

of 5%, is found to be h /2e, as expected. This technique has been suc- 

cessfully utilized (29) at phase angles, ((e /h)0A dx,), up to about 109. 
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Fig. 13. Expetímenta.e ttc.a.ce o6 IT v4. app.P.i.ed gux son a junction pa,ik 
'showing modca.Pa,tí.on due to an app2,í,ed 6ie,ed (1)(A). The Aie,ed peh,í,od .c,a 

AB = 1.2mG and the zo.eenoid cwvicent peh,í.od a 16.2pA. The 4.Zí.gh,t "beat" 
pení.odic.í.ty in both cunvez -us a owú.oub e¡Oct due to a necondek de6ec.t 
No di66nac,tí.on e66ec,t on cp (A) waß obbenved, even 6on many tí,me4 the b.eux 

'span indicated hete. 

B. Mass of the Superconducting Electron 

The response of the interferometer to electron velocity has been 

used as the basis for an experiment (30) to measure the mass of the 

superconducting electron. If the interferometer is put into uniform ro- 

tation, the velocity of the electrons is uniquely defined. From Eq. (8) 

the phase angle due to electron velocity is (m * /ti* dx. Relating this 

to a circular interferometer, of radius r, in uniform rotation (a), the 

periodicity in rotation rate is 

AQ = h /m *r2 

An experiment to measure this rotation - induced modulation has been done 

with a vanadium interferometer at rotation rates up to about 10 rad /sec. 

In these measurements the maximum zero voltage current was measured as a 

function of rotation rate while the magnetic field was held fixed. From 

the measured periodicity and geometry a value can be determined for h /m *. 

Additionally the magnetic field necessary to offset the rotation effect 

was determined. From these measurements a value for m* of 1.8±0.1x10 -30 

kg was obtained. This means that in these experiments the effective 

mass m* is that of a pair of free electrons. Thus the quantum of 
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circulation (h /m *) in the superconductor involves electron pairs in the 

same manner (and for the same reason) as the flux quantum. In experi- 

ments such as these, it is the inertial mass of the electron which is 

important, since the electron is effectively at rest relative to the 

lattice. Josephson has predicted that the actual mass in such a measure- 

ment should be relativistically corrected by the ratio of the Fermi energy 

to the rest mass energy of the free electron. This prediction still 

lies somewhat beyond our present experimental sensitivity. 

C. Magnitude of Pinned Flux Singularities 

London's original model for superconductivity as a single -valued 

macroscopic wave function produced a natural explanation for the Meiss- 

ner effect (expulsion of magnetic field). However, if line singulari- 

ties are allowed, the superconducting wave function can become multiply 

valued, but the phase can change only by modulus 27 around the singular- 

ity to preserve continuity. The physical result is the same as for a 

multiply connected superconductor. That is, flux is allowed internal to 

the superconductor but only localized at the singularity and must be in- 

tegral multiples of h /2e. Abrikosov (31) showed that this type of 

superconductivity is possible when the decrease in the magnetic energy 

more than offsets the increase in kinetic energy associated with the 

current vortex at the singularity. He also showed that the minimum - 

energy state occurs for flux bundles of only one (h /2e). This is the 

so- called type II superconductivity. The superconducting interferometers 

have been used to measure (32) the flux pinned in a type II superconduct- 

or and have confirmed this aspect of Abrikosov's theory. 

In these experiments the flux was pinned longitudinally in a 

niobium wire passing through the interferometer. Flux was pinned in a 

short section of the wire by cooling the wire in an applied longitudinal 

magnetic field. The flux thus frozen into the wire was measured by pas- 

sing the wire slowly through the interferometer. Flux is constant along 

the length of the wire, changing only when a flux line emerges from the 

surface. As the wire is drawn through, the interferometer responds to 

such flux leakage, yielding both the sign and magnitude of the flux 
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change. The essential property of the interferometer is that the maxi- 

mum zero voltage current is a periodic function of the flux through the 

interferometer with a measured periodicity h /2e. Typical results are 

shown in Fig. 14. The output signal was proportioned to the maximum 

zero -voltage current, and as the wire was scanned this signal either 

remained nearly constant or else shifted quickly by one complete cycle, 

indicating an increase or decrease of flux in the wire of h /2e. By 

treating the wire in sufficiently low applied fields the pinned flux was 

entirely eliminated, as expected. As the applied field was increased 

the superconductor successively accepted one, then two, then three, etc., 

quanta depending on the field amplitude. In these experiments the mag- 

netic flux pinned in superconducting niobium wire was always found to be 

localized in units of h /2e and the number of such flux bundles was 

always determined by the original magnetic field, the number being 

roughly (applied flux) x 2e /h. 
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VI. DYNAMICS OF THE MACROSCOPIC QUANTUM SYSTEM 

For the macroscopic wave function that we have considered, 

y = exp(iy), we have found certain kinematic relationships between 

the phase y and physical properties of the system. In Eq. (1) we have 

seen that the phase gradient is related to the momentum, p, and from 

Eq. (4) we can easily see that the variation of phase with time is 

related to the chemical potential u. These equations have been experi- 

mentally verified, utilizing the Josephson junctions as described in 

Sections III, IV, and V and are reproduced below: 

Vy = (1 /h) (iii * V + e *A) = p/h = 1 /.1, 

ay /at = - (1 10 p . 

From these equations it is mathematically evident that the gra- 

dient of the chemical potential is equal to the time derivative of the 

gradient of the phase. 

(10) 

This relationship is nothing more than Newton's law that says a force 

will cause an acceleration. For a system with a constant chemical po- 

tential (force equals zero), Eq. (10) gives nothing new and says only 

that the phase gradient (momentum) is constant in time, leading to the 

London equation we have seen previously (Section I). However a nonhomo- 

geneous chemical potential causes the phase gradient to change in time. 

As the system accelerates the velocity increases, the phase changes, and 

the de Broglie wavelength (a) gets shorter and shorter. However, because 

of Abrikosov singularities, the phase may change in yet another way 

without necessarily changing the center -of -mass velocity. 

A. Motion of Flux Singularities 

As a singularity crosses between two points within the system, 

by definition, the relative phase between the two points changes by 27r. 

Integrating Eq. (10) between two points says that the difference in 

chemical potential between these two points is equal to t times the time 

rate of phase change between the two points. This expression can be re- 

stated, emphasizing the flow of Abrikosov singularities, by relating the 

difference in chemical potential Du between the two points to the 
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average frequency 0 at which Abrikosov singularities pass between the 

two points: 

<Q> = 
(11) 

These equations, relating to the motion of flux inside a super- 

conductor, have been experimentally confirmed in various ways. One im- 

plication of this dynamic behavior is that a potential in a superconduc- 

tor can be induced in an entirely nonclassical manner. Flux singulari- 

ties in a current - carrying superconductor are subject to a Lorenz force. 

When this force exceeds the pinning forces on the flux lines, the flux 

will move through the superconductor. As we have seen, associated with 

this flux motion will be a phase change and a relative chemical poten- 

tial. Therefore, the appearance of a voltage across a current - carrying 

superconductor does not necessarily signify the destruction of supercon- 

ductivity but may imply flux motion in the superconducting state (33), 

the potential in the superconductor being exactly equal to the inductive 

voltage generated in the measuring circuit (34). 

Giaever (35) has constructed a dc superconducting transformer 

based on these concepts. He arranged two superconducting films such 

that the flux threading one also penetrated the other. Flux motion in- 

duced by a current in one film is therefore magnetically coupled to the 

second. The potential difference induced by this flux motion should 

therefore occur simultaneously in both films even though there is no 

direct electrical connection between them. This behavior has in fact 

been observed by Giaever and can be explained only by some form of in- 

duced flux motion across the films. His ingenious experiments vividly 

illustrate this unique form of voltage generation but neither the fre- 

quency nor the magnitude of the flux in motion could be determined. 

Additional confirmation of the details of this flux flow process 

in a superconductor has been obtained in other experiments. Anderson 

and Dayem (36) synchronized the motion of the vortices with an applied 

electromagnetic field, thereby constraining the frequency 0 to be a 

particular value determined by the frequency of the applied radiation. 

By Eq. (11) this constraint on 52 also implies a constraint on the volt- 

age across. the superconductor. Certain values of voltage are thereby 

preferred, giving rise to a step structure in the I -V characteristic 



133 

reminiscent of that first observed by Shapiro in the Josephson junction. 

Here, however, voltage stability occurs both at harmonics and subhar- 

monics of the applied frequency. Synchronizing Q to the radiation 

frequency implies the passage of one quanta per cycle, but harmonic syn- 

chronization can also occur, since it is possible to synchronize to one 

quanta every two cycles, two quanta per cycle, etc. 

Nisenoff (37) has measured the magnitude of the flux bundle in 

motion. He has done experiments pumping flux through a thin -film super- 

conducting ring at high frequencies. The result of this behavior is a 

quantized Faraday law whose analysis directly yields the magnitude of 

flux in motion. In his experiments the magnitude of the dynamic flux 

quantum is commonly h /2e, although often he sees multiples of this fun - 

dametal value. 

B. Fluctuations and Noise 

So far we have managed to avoid the problem of how the macro- 

scopic quantum state is formed. If there are fluctuations in this for- 

mation process,of course noise will arise. However, even within the 

macroscopic quantum state itself fluctuations are possible due to the 

irregular motion of singularities. The position of a singularity is 

usually largely undetermined except for some inhomogeneity or pinning 

center. Fluctuations from equilibrium are related to the force equation 

[Eq. (10)] we have just introduced. This equation specifies a time de- 

pendence for the system. Without some time variation the concept of 

noise itself becomes obscure. In fact, a time - independent state of 

superconductivity is most common. The persistence of circulating cur- 

rents in a superconducting ring, even though highly metastable, has been 

observed for years without noticeable decay. This has been one of the 

classic experiments to demonstrate the dramatic stability of the super- 

conducting state. A more recent experiment emphasizing the unusual 

quiescence of superconductivity has been measurement (38) of magnetic 

Johnson noise in superconductors. In these experiments a superconduct- 

ing interferometer was used as a magnetometer to measure magnetic flux 
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fluctuations cp produced by the thermal agitation of the conduction 

electrons in a metal (Johnson noise). In the normal state these ther- 

mally activated flux fluctuations, summed over all frequencies, can 

easily be shown to be 

<cb)` = LkT 

where L is the inductance of the circuit carrying the fluctuation noise 

currents. For a specimen of average dimension 1 cm, these fluctuations 

at four degrees amount to about a flux quantum. Vant -Hull et al. (38) 

measured these noise fluctuations and showed experimentally that they 

vanished as the material became superconducting. 

The existence of singularities within the macroscopic quantum 

state, however, can lead to noise. Unless these singularities move with 

precision, a noise will be developed associated with the random phase 

motion. All that Eq. (11) can tell us is the average rate of motion for 

a singularity; unless the conditions are precisely homogeneous, the 

actual rate will be slightly different at each location, giving rise to 

a randomness and noise. As yet only relatively few experiments have 

been done to examine this phenomenon. Van Ooijen (39) has done noise 

measurements on current - carrying thin tin films and on vanadium foils 

from which he can extract the magnitude of flux in motion and its fre- 

quency distribution. These quantities seem to depend in great detail on 

the material properties of the superconductor. However, his data tend 

to confirm the concept of flux in motion and give an independent deter- 

mination for the value of the dynamic flux quantum. As we have seen 

before (23,36,37), under some circumstances it is nevertheless possible 

to stabilize this erratic motion by an applied electromagnetic field, 

and in these circumstances the random behavior can be synchronized into 

coherence. 
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SUPERCONDUCTING MAGNETOMETERS 

J. E. Mencec.eau 

CaZí.4onn,í.a Inzt,ctccte os Techn.o.2ogy 

Introduction 

Zero electrical resistance has been the principal hallmark of 

the phenomenon of superconductivity. It was, in fact, this effect that 

alerted Kamerlingh Onnes that he had uncovered a new physical phenomenon. 

This electrical aspect of superconductivity, the ability to carry finite 

current at zero voltage, has received major attention from experimentalists 

for some time. This is primarily because there is at least an adequate 

phenomenological description of this aspect of superconductivity and also, 

in a practical sense, because of the vast economic implications of low 

cost power transmission and very high field superconducting magnets. 

However, there is another facet of superconductivity which in the 

past seems to have received somewhat less attention. Despite the apparent 

contradiction in terms, this kind of superconductivity can probably best 

be characterized as the resistive superconducting state - -that is to say, 

superconductivity at finite voltages. In contrast to zero voltage super- 

conductivity there seems to be little theory to guide the experimenter 

into this intrinsically time -dependent problem. The purpose of this paper 

is to indicate our use of superconductivity at finite voltages for instru- 

mentation purposes and, in the absence of a more complete theory, to at- 

tempt to describe our results in physical terms. 

In order to sustain a voltage supporting superconducting state 

it is usually necessary that the super- electron density be inhomogeneous. 

Kim' and Gieaver2 have studied this state in situations where the inhomo- 

geneities are vortex lines produced by an external field. I want to concen- 

trate here on the "field free" case where theinhomogeneity is determined 

by the material itself. The extreme of this inhomogeneityis the Josephson3 

tunnel junction, with an insulating barrier. However, this structure has 

already had extensive treatment and since it is relatively delicate it is 

not uniquely suitable for instrumentation. In what is to follow I would 

like to specifically exclude this particular inhomogenity and consider 

only electron density variations resulting from current through the Dayem4 

bridge or a nonhomogeneous metal.5 
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Fig. 1. Voltage developed across a Dayem bridge driven from a current source. 
Curve A shows a critical current, 'Cl' of about .2 milliamperes. 
Curve B is the same structure irradiated with microwaves at about 
35GHz. 
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VOLTAGE - SUPPORTING SUPERCONDUCTIVITY 

In Fig. 1, Curve A shows a typical current -voltage characteristic 

across such a superconducting structure driven by a current source. For 

currents less than some temperature- dependent critical current, 
'Cl' 

current can flow without developing any voltage; while above this critical 

current, voltage (V) exists. Voltage induced above, IC1' indicates that 

power is being delivered to the superconductor from the current source. 

However, as I shall indicate, because of the peculiar process of voltage 

generation in a superconductor only part of this power is transformed into 

heat while the remainder can escape as high frequency radiation, principally 

at frequencies V = N (2e /h) V = N 0 
o 
-1V. V. 

These structures are deliberately fabricated in such a way that 

there is a definite, localized region of high current density. Within this 

region the electron drift velocity is considerably higher than in the 

surrounding superconductor. This usually means that the dimensions are 

small enough, relative to the penetration depth, that in the high density re- 

gion the current can be assumed to be uniform. Consequently, in what 

follows we will use the concept of current and current density interchangea- 

bly. Current less than the critical value can, by definition, be accomodated 

without developing a voltage. However if the current supplied to the super- 

conductor is greater than critical some other current transfer mechanism 

is required. What I shall do is to assume a two -fluid description for 

superconductivity and construct a model which gives rise to a possible 

mechanism. 

On a two -fluid model we presume that for currents greater than 

critical, part of the current flows as supercurrent and part as normal - 

current. The normal current requires voltage which is related to the normal 

current by the resistance, V = IR. Because of the geometry, R is 
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predominantly the resistance of the high current density region. If, 

above the critical current level, the superfluid component of the total 

current always remains at its maximum value 
c 

, the current -voltage 

characteristic would be as shown in Fig. 2, Curve A; where we presume the 

voltage is developed only by the normal component of the current, V = 

(I -Ic)R. 

However, in the superconductor the relationship6 between current 

density j and electron drift velocity, v, is joty (1 - v2 /vc2). As a canse- 

quence, the maximum current density j 
c 

does not occur at the maximum 

electron velocity, vc. At low velocities, as long as current increases 

with increasing electron velocity, a flux change will induce current to 

offset the change and the resultant Faraday induction will help to keep 

the magnetic field from collapsing and penetrating into the superconductor. 

On the other hand at high velocities v > vc/ 
. 

current decreases with 

increasing electron velocity and an inverse Faraday induction7 will occur, 

spontaneously driving the supercurrent and superelectron density to zero 

in a second -order phase transition as the superelectron velocity reaches 

v . 

c 

Therefore the previously described situation of the simultaneous 

flow of super and normal currents (Fig. 2, Curve A) must not be a stable 

situation. The electric field, E, required to drive the normal current 

must also accelerate the superelectrons. On a free electron model, 

v = 
m 

E. Thus the supercurrent cannot remain at Ic in the presence of 
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this electric field. The field will accelerate the superelectrons and 

drive the supercurrent to zero at a second order phase transition. In 

the process the voltage will have to increase in order to sustain the same 

total current. 

If this sequence of events occurs, the current -voltage character- 

istic of the superconductor would be as shown on Fig. 2, Curve C. As 

the current is slowly increased from zero it eventually exceeds I 
c 

and 

a spontaneous transition will occur, driving the supercurrent component 

to zero, leaving the voltage to become V = IR. This voltage must be due 

to charge at the interfaces of the region of high current density. Since 

the region of high current density is bounded by equipotential surfaces 

(superconductor) these voltages must arise from an electrostatic potential 

across the bridge, creating a "linear capacitor ". 

However this situation is not stable either. If the system can 

maintain thermal equilibrium it will now recondense at zero velocity, since 

the electric field itself is not sufficient to quench superconductivity. 

The acceleration process will then repeat, part of the current becoming 

supercurrent, "discharging" the electric field until the electron drift 

velocity again reaches vc, etc. If we assume that the inverse Faraday 

induction process occurs very rapidly we can characterize the period (T) 

at which the process repeats as the time for the velocity to reach 

critical. 

On a free electron model E = e 
v, and thus: 
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T 

my 
c 

(E >e 

However, the definition of coherence length t is such that, 

h 
mv . - 

The coherence length by definition is the shortest distance over which 

the superelectron density can change and thus the smallest distance over 

which the field can exist. Thus if the geometry of the situation is such 

that the electric field exists only across a dimension equivalent to the 

coherence length the product KO t must equal the voltage V, or T... P /2eV. 

Actually this approximation must be exact since it is equivalent to the 

Josephson voltage- frequency relationship which must hold for superconductors 

in general. In this model T 
-1 

is the oscillation frequency of the super- 

current. Since the superconductor is driven from a current source, total 

current must be kept constant. Therefore the normal current component 

may also oscillate. And to the extent that Is and In are not exactly of 

opposite time phase, there may also be displacement currents induced 

which represent possible radiative processes. As a result of these current 

"relaxation oscillations ", voltage is generated due to the growth and 

decay of charge across the region of highest current density. Thus, this 

voltage also oscillates at frequency w = T -1, but has an average value 

equal to V = few /2e. 

This average voltage thus depends on the time average of the 

supercurrent - ranging from Curve A (Fig. 2) when Is = Ic to Curve C 

when Is = O. Experimentally a superconductor of this structure often 
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shows a current -voltage characteristic such as that illustrated in Fig. 2, 

Curve B. On the basis of this model the interpretation of Curve B is that 

above Ic voltage appears,both to represent a decrease in Is and also the 

appearance of radiated power. As the frequency of the supercurrent oscil- 

lation is increased the time average of the supercurrent component of the 

total current eventually decreases, probably because of some intrinsic 

relaxation time for super- current decay and recondensation. When finally 

the period of the relaxation oscillation is shorter than the intrinsic 

relaxation time, the supercurrent remains zero and we are back to Curve C. 

Curve B in Fig. 1 gives some additional experimental justification 

for this model. In this circumstance the superconductor is being radiated 

by microwaves at frequency' 35 GHz. The zero -voltage current is depressed 

since the threshold current level must now accomodate not only the bias 

current but also the high frequency current induced by the radiation. 

Above the threshold level any coupling whatever between the supercurrents 

and the microwaves would tend to make the supercurrent move at the micro- 

wave frequency. Thus the superconductor would tend to have certain pre- 

ferred oscillation frequencies or voltages. These data show oscillation 

at the driving frequency and also, because of the non - linearity in this 

system, oscillation at frequencies up to the 5th harmonic. The nth 

harmonic corresponds to n relaxation oscillations per cycle of microwave 

frequency. Data such as this have been observed up to voltages of a few 

millivolts which corresponds to oscillation frequencies on the order 1012 

cycles per second. 
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Structure such as this has also been observed in I -V characteristics 

for tiny contacts between normal and superconducting metals8,which thus 

cannot be interpreted in terms of the relative behavior of two supercon- 

ductors, as in the usual Josephson effect. However this concept of super - 

current oscillation near the boundry can be used to explain these effects 

at a normal super interface. 

In summary then: in structures such as these, above some lower 

critical current Icl' the supercurrent begins to undergo relaxation 

oscillations. The rate of supercurrent oscillation is determined by the 

average voltage and the average voltage in turn is determined by the 

relative time spent, during each cycle, in the superconducting or normal 

states. As the current is increased, the voltage or frequency increases, 

decreasing the amount of time spent in the superconducting state and the 

average voltage gradually increases with increasing current. This process 

appears to persist to frequencies at least as high as the energy gap in 

superconductor with no apparent degradation in the quantum relationship 

few = 2eV. Thus the two -fluid model seems entirely adequate; the normal 

and supercurrents seem to enter only in an additive way with no interfer- 

ence effects. 

There must exist an upper critical current Ic2 
at which these 

dynamic superconducting processes cease. This may occur because of 

heating by the normal current or, more fundamentally, because of some 

frequency limitation such as the energy gap or other relaxation process. 

However in what follows we will concentrate only on the low frequency 
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behavior and discuss devices incorporating this kind of superconductivity 

into a superconducting circuit. 

SUPERCONDUCTING CIRCUITS 

It had been noticed sometime ago that under the right conditions 

a thin film superconducting ring is effectively transparent to magnetic 

flux9. If such a superconducting ring is placed in an axial field it will 

shield flux changes from its interior, but only up to some critical current 

ICl in the ring. For flux changes larger than this, current in the ring 

remains essentially constant while flux passes thru. Under these conditions 

the ring is in the previously described voltage- supporting superconducting 

state. In order to control this voltage, which is the basis for the 

instrumentation I will discuss, the ring itself is usually made non- 

homogeneous by means of a Dayem4 bridge or a microscopic material inhomo- 

genity5. These configurations localize the flux flow region and allow us 

to experimentally control the flux motion. 

Driving these rings inductively is equivalent to providing a 

voltage source rather than a current source, as in the previous discussion. 

When the induced current reaches critical in the bridge,it must neverthe- 

less spontaneously decay, as before, and in the process create displacement 

current, B, in the bridge. After the spontaneous decay the bridge can 

again condense but now in a finite electric field produced by the displace- 

ment current - this field then "discharges" and accelerates the current 

again to nearly the critical value. By arguments similar to those used 

before this process can be related to flux loss by the ring. 
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Since S = 
m 

E = 
m 

A in the proper gauge, then: 

6v = mSA. 

Thus the spontaneous decay of current, which changes the velocity by 
my 

roughly vc /2 must be accomplished by a change in potential 6A- 
2é 

Again substituting for mvc- , we get t6A 
- 

h /2e. And if the super- 

conductor actually manages to limit the current decay to the smallest 

possible distance t, the flux change, 60 = t6A produced in the ring will 

be one quantum, 0 = h /2e. This model thus envisages a situation in 

which individual flux quanta escape from the ring in a process which 

interchanges real and displacement currents. The final current, in in 

the ring after the transition must be sufficient to sustain the original 

flux, minus 0o. Thus If = le - 0o /L, where L is the inductance of the 

ring. 

The amplitude of the voltage pulse, 6V, accompanying this 

transition depends on the relaxation time T for the spontaneous decay, 

6V = 0 T -1. As an estimate for this time we draw upon Kim's results for 
0 1 

current driven flux motion in superconductors1. He finds that flux moves 

perpendicular to the current at a rate v1 = j 0o . If we assume that 

this viscosity10 (Ti) limited velocity can be related to a maximum rate of 

change for the order parameter then: 

T 
1 
- E/171. 

At the critical current this reduces to: 

T (µ OA2) = fi/A 
1 0 
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where 6 and X are respectively the normal state conductivity and the 

superconducting penetration depth and 0 is the energy gap. For most 

of our circuits T < 10 -11 sec. 

This type of operation will occur only for bridge widths small 

enough that a flux vortex cannot be formed within the bridge - i.e. width 

less than a coherence distance. For larger bridges,current density is not 

uniform and is free to adjust internally and permit the formation of flux 

vortices within the bridge. If these flux quanta are subsequently removed 

by the current, via the Lorentz force, a quasi- continuous flux transfer 
4 

can still occur giving rise to voltage by induction. Operation of the 

wider bridges has been observed but in general is much more erratic that 

for small bridges, w < §(T). 

The magnetic flux enclosed by one of these superconducting rings 

is shown in Fig. 3A. This figure shows the magnetic flux enclosed by a 

superconducting ring as a function of the applied flux. This is the flux 

in the ring, presuming that the applied flux has started from zero and 

has been slowly increased. Up to some critical level, determined by the 

critical current of the bridge, the flux enclosed by the ring is held 

constant. Once this critical level is exceeded, flux begins to enter 

the ring as quanta. When a quantum enters a ring the flux shielded by 

the ring must also decrease by a quantum and the persistent current around 

the ring decreases by 00L -1, where L is the inductance of the ring. Thus 

the external flux must again be increased by an amount 00 to once more 

reach the critical condition at which the process repeats. Since the 

relaxation time is much shorter than any other characteristic time of 
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our circuit, the emf produced by this flux change is shown in Fig. 3B. 

The time average of this emf is the voltage to which I referred in the 

previous discussion of the voltage supporting superconducting state. In 

the previous discussion the total current was held fixed and above some 

critical level the supercurrent sustained relaxation oscillations at a 

rate determined by. the voltage. In the case of the inductively driven 

superconducting ring however the current is not fixed and is free to 

adjust to flux changes within the ring. The flux change in this case is 

not continuous since it is triggered only when the current reaches its 

critical value. As a consequence, this inductively driven ring acts as 

a "flux valve" producing an emf composed of a series of pulses of amplitude 

0 T -1 spaced by increments, , in external flux. 
o 3. o 

In the experiments which I will describe, this emf is examined 

by observing the response of a tuned circuit driven by the superconducting 

ring. To illustrate this response we can Fourier analyze the pulse train 

using flux as the expansion variable and for the time being ignore the 

starting transients. To account for a possible finite relaxation time 

in the flux change we assume the emf to be a series of square pulses. 

However for convenience we convert this presumed shape dependence to time 

intervals where T is the flux transit time and T is the time between 
1 

pulses. Then: 

Emf .. 

0-° 

(-1) 

n 
sin(2n7 Tl)cos(2nn -). 

T n T 0o 
h 



In this approximation the superconducting ring generates an emf whose 

amplitude is fixed by the relaxation time but whose frequency depends 

periodically on the applied flux. In the limit T « T the emf becomes 
i 

independent of T and equals: 
i 

0 __-, 

Emf ,,, T 2cos (2nn 
' o 
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depending only on the time between pulses. If the applied flux oscillates 

in time, 0 = 0rf 
sin wt, T is no longer a constant but can be approximated 

by T- 
W 0o/0rf. The only other change in the analysis is to introduce 

a phase factor to take account of possible variations in response to 

positive or negative fluxes. This variation corresponds to the possibility 

of persistent current from some steady ambient field. The resultant emf 

from a superconducting ring, driven into flux flow by an oscillating 

field, of amplitude 
0rf 

and frequency w, in a steady field 
0dc 

can be 

characterized by :11 

Emf, ,., OrfwJl(211 cos (2n T- ) sin wt, 
o o 

where we display only a component at the fundamental frequency. Thus 

the amplitude of this voltage depends periodically on the amplitude of 

both the steady and alternating components of magnetic flux. This voltage 

has the same functional dependence as though the ring were actually 

interrupted by a Josephson tunnel barrier. However it is important to 

realize that the only physical requirement here is flux quantization - 

not the Josephson tunneling phenomena. These structures are not'aeakly 
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coupled" in the sense of the Josephson tunnel junction but are dynamically 

uncoupled by the critical current. 

Experimental results by Nisenoff on this induced voltage are 

shown in Fig. 4. These data show the amplitude of an rf signal induced 

in a tank circuit inductively coupled to a superconducting thin film ring. 

Usually, because of interactions with the resonant tank circuit, feedback 

effects also connect the superconducting emf with 
0rf 

and act to limit the 

signal amplitude. If this feedback is phased properly the system can be 

made to oscillate. In these data the experimental variable is the applied 

magnetic flux, however the scale of the abscissa differs for Curve A and B. 

Fig. 4A illustrates the variation of the signal amplitude at constant 
Orf 

( "pump amplitude ") corresponding to changes in the steady flux 
Odc' 

where the elementary derivation also leads us to expect a sinusoidal varia' 

tion. And, Fig. 4B shows the signal amplitude as a function of pump 

amplitude when 
0dc 

is held fixed. In this case as long as T « T the 
i 

elementary derivation would lead us to expect a Bessel function type 

of oscillation. As the drive amplitude is increased the time between 

pulses decreases as T- 
0o(w0 rf) -1' 

Ultimately the signal cuts off when 

there is no time between pulses to extract the quantum from the circuit 

or when wT ... o/0rf' 
These data were taken at a frequency of 30 MHz on a thin film 

superconducting tin ring 300A thick. This ring was formed by evaporation 

on a quartz rod 1 mm in diameter, the resulting ring being about a milli- 

meter long. Into this ring was photo- etched a Dayem bridge about a micron 
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wide. Data similar to this have been obtained from a number of super- 

conducting configurations. The materials we have examined so far have 

been tin, lead, aluminum, niobium and various alloys of tin -lead and 

indium -tin. The width and thickness of the Dayem bridge largely determines 

the temperature of operation of the device. For a 300A tin film and a 

bridge width of about a micron the device will operate from the transition 

temperature (r., 3.8°K) down to at least 1.2°K. Over this temperature 

range the critical current and thus the bias level increases with decreas- 

ing temperature. However at the lowest temperatures the device still 

operates even though the necessary bias level may be several thousand 

times greater than the signal. As the bridge width increases the tempera- 

ture range of operation decreases, probably because of the requirement 

that w < §(T). For a 300A tin film the operating range is reduced to 

about 15 millidegrees for a 200 micron bridge. 

This degree of experimental confirmation of the concepts of 

the operation of these superconducting devices is about all we can expect 

due to the highly simplified model and the neglect of higher harmonics. 

The periodicity of the signal must be accurately represented by this 

approximation, however the amplitude dependence surely is not. The 

periodicity in steady flux has been examined to a fraction of a percent, 

but the periodicity in alternating flux has been confirmed to only a few 
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percent. To this accuracy the period is h /2e. The absolute amplitude of 

the signal depends on feedback effects arising from the coupling of classical 

and quantum circuits, and has also been confirmed experimentally. As it 

stands these superconducting elements form a reliable basis for the develop- 

ment of a unique kind of instrumentation. 

If the superconducting circuit contains two Dayem type bridges 

it becomes meaningful to consider current through the device,as well as 

the circulating current. This structure (see Fig. 5) has many characteris- 

tics similar to the dc superconducting interferometer.12 When the device 

is driven from a direct current source, above some critical current,voltage 

is produced roughly proportional to the excess current above critical: 

V = a1(I1- ICl(1) ) = a2(I2- ICl(2) ) 

In addition, the sum of I1 and I2 is determined by the current source, 

I1 + I2 = I and the average flux in the device is quantized: 

L(I1-I2) 
+ ext = NOo, 

where L is the inductance and 0 
ext 

is flux from some external source. 

Making the indicated substitutions the voltage becomes: 

V = a [(I /2 - Ic) + (NO o2Lext) 
). 

The quantum number N will always adjust to keep INS 
o 
-0 

ext 
I as small as 

possible, leading to a voltage which is periodic in flux, with period 00. 

The apparent discontinuous behavior at 
0ext (N + l/2)0o will always 

be thermally smeared 8 in practice, leading to a dc voltage whose ampli- 

tude is roughly sinusoidal in dc magnetic flux. Most of the "point contact" 

devices13 probably also operate on principles similar to those discussed 

here. 
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Fig. 5. Schematic of a two bridge circuit where 
Dayem bridges at i and 2 are connected by super- 
conducting links. This device is driven by a 

current source from A to B. 
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NOISE 

In this mode of operation the superconducting ring carries only 

supercurrent, except for the time interval of the transition, T . However, 
i 

during this time, voltage appears and normal current with its attendant 

resistance must be developed. This appearance of resistance leads to an 

effective noise in the operation of the device. 

During the transition we assume the superconducting circuit con- 

tains resistance R(t). At constant resistance for this circuit, composed of 

an inductor and a resistor, the current noise is, 

2 2 RkTdw 
n ( 

w ) - 
TT R2 w2L2 

This noise is spread over a frequency band -width roughly from zero to R/L 

and has a total magnitude of 
CO 

2 2 RkTdw = kT 

n 
n 

R2 + w2L2 
L 

0 

The total flux noise (0n)2 from this current in a single turn is 0n 
2 

= 

L2I2 = LkT and is independent of R. Thus, as the resistance drops and 

the ring tends toward complete superconductivity after the transition, 

this entire noise is confined to a decreasing bandwidth (R /L), until as 

R--4 0, LkT represents the uncertainty in the flux "trapped" by the ring 

at R = O. And LkT also represents the spread expected in the magnitude 

of trapped flux in the ring if the trapping process is repeated many 

times. 
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Actually, since the flux trapped in a superconducting ring 

(inductance Ls) is quantized, the trapped flux itself will always be 

quantized. This trapped flux is usually as close to the ambient value as 

can be achieved within the quantum rules. Adjacent values differing by 

N 0 
0 

are possible but are unlikely because of the extra energy involved. 

The result8is that the trapped flux is a periodic function of the ambient 

flux with period 00. 

However in the presence of this noise the ambient value itself 

is uncertain by (LskT)1 /2. Thus the average trapped flux must be 

determined by averaging the ideal periodic behavior over a flux width of 

LkT. Clearly when LkT > 
X02 

the periodicity disappears and quantum 

effects vanish. 

The importance of this to the operation of these superconducting 

devices is to put a limit on the inductance of any device expected to 

show quantum behavior at L < ° or L < 10 -7h at 4 °K. For a cylindrical 
s^' kT s 

ring, area A and length L, inductance is given by L = . Thus for 

k,., 10 -3m, A < 10 -4 m2, or a maximum diameter of one cm. 

As magnetometers, the important parameter is equivalent field 

noise, 5B2 = 
0n2/A2. 

Thus maximum sensitivity will be achieved at the 

largest size for which operation is possible. At this size the noise, 

2, will be O 2 so that in the above circuit ôBnin- 10 -7g spread over 
n o 

the current band -width. If this signal is examined with a time constant 

TI there will be an effective decrease in noise by a factor (T'Û /Q) 
1/2 

where Q is the resonance frequency. For most of our circuits Q /Q _ 10s, 



thus a one second time constant implies a field noise of about SB_ 

3 x 10_10 g. Actually this can be improved somewhat by proper design 

of the circuit to increase its area while holding the inductance down. 

Our best sensitivity so far, with a one second time constant, is 

7 x 10-11 

Another source of flux noise at the superconducting circuit 

is the input circuit itself. The equivalent input circuit for our 

amplifier is, 

frequency 

R(T') 

Current noise in this circuit is centered at the resonance 

S1 = (LC)_l/2 and is limited by the Q of the circuit to a 
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frequency width roughly QQ -1 . Most of the noise is generated in the room 

temperature resistor R and is coupled to the superconducting circuit 

through mutual inductance M. The superconducting circuit will to 

all of the noise in the bandwidth of the input: circuit or 
0n2 

= M2J In2dw. 

o 

These noise signals are amplified and sunned in a detector to give an 

equivalent input flux noise at the superconducting circuit of: 

n2 
_ (L skT1 ) (L L) (QZ 

F. 

r 

) 
s 
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Here T' is the temperature of the resistance R. For most of our 

circuits the coupling QÇ) is a few percent and (Q2 R) is about one. 
s 

Thus this flux noise in a circuit 1 mm in diameter (Ls 10 -9) is about 

1 /10 quantum. 

It turns out that as long as this noise is relatively small 

(< 0o), the response of the superconductor to the noise depends strongly 

on the drive amplitude. Since the signal is quasi harmonic in 0rf there 

are many signal maxima as a function of Orf (see Fig. 4b). And, when the 

superconductor is biased at such a maximum, to first order the signal 

is insensitive to fluctuations in 0rf Thus, biased to a point of 

maximum signal, the effect of noise is minimized. Conversely, by the 

same reasoning, at minimum signal the noise is greatest. 

Figure 6 shows these effects. The variation of the supercon- 

ducting emf with 
Odc 

is shown with 
Orf 

as a parameter. Note that at 

2 Orf,.. (2n -1) Ai /2e the signal is positive maximum, at 20rf, 2n t /2e 

the signal is negative maximum, and in both cases the noise is small. 

While at 2 0rf... 
22+1 

fi /2e the signal is zero and the noise is greatest. 

Note also the periodicity of both the signal and noise with Odc. Actually 

it has been possible by proper choice of coupling and feedback to quiet 

the noise of the tank circuit. At the proper bias and coupling it is 

possible to achieve an induced signal from the tank circuit with 

considerably lg,s noise than that generated by the tank itself. 
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Fig. 6. Amplitude of the superconducting emf as a function of steady 
magnetic field, 4dc, with pump amplitude as a parameter. 
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INSTRUMENTATION 

In our laboratory we have utilized these superconducting devices 

to produce highly sensitive ac and dc magnetometers, voltmeters and radia- 

tion detectors. I will concentrate here on the dc magnetometer applica- 

tions. For this purpose the superconducting circuit is biased to some 

appropriate level such that the response to a change in dc field is as 

shown in Fig. 4A. Two types of magnetometer have been developed, an 

"analogue" and a "digital" instrument. 

The "analogue" instrument14 employs a feedback circuit which 

controls current to a solenoid surrounding (or through) the superconducting 

device. The magnetically controlled signal from the device is held con- 

stant (usually zero) by sensing any impending change in the signal and 

compensating for it by an appropriate current in the feedback solenoid. A 

determination of the field change is then made by measuring the control 

current for the feedback loop.. The sensitivity of this instrument is 

determined by the field periodicity of the superconducting element and 

noise in the feedback loop. Devices with periodicity as low as 10 -7 

gauss have been used in feedback circuits able to control... 10 -3 of a 

period. The lowest noise device so far has produced an instrument whose 

sensitivity is about 7 x 10 -11 gauss with a one second time constant. 

The practical bandwidth for these feedback circuits is about 100 cycle 

sec -1. This simple technique gives us a relatively sensitive magnetometer 

whose ultimate limit has not yet been achieved; the present limit is 

apparently set by noise in the feedback circuit. 

One drawback of this previous technique is that the intrinsic 

periodicity of the signal (its quantum properties) are not utilized. And 
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also that large field changes may go unobserved if they cause the instru- 

ment to "break lock" by exceeding the capabilities of the feedback loop 

and skip many periods. As described, the instrument cannot tell one signal 

zero from another. To overcome these difficulties a second type of 

instrument has been built to count flux periods. 
15 

By differentiating 

the signal (Fig.4a) twice and using these derivative signals to gate a 

counting circuit, both the sense and number of flux periods can be 

determined. This technique has been refined16 so that now we have an 

instrument which will count in units of 1/4 0o at a rate of 104 per sec. 

Both of these magnetometers have been made into absolute instruments by 

the simple expedient of inverting the superconducting element17 - the 

difference in readings being twice the absolute field. 

These magnetometers can be converted to dc voltmeters by convert- 

ing voltage to a known flux. This can be done by impressing the dc 

voltage on a R -L series circuit containing N turns. If R is much larger 

than the impedence of the voltage source, the the current I though this 

circuit is V /R. This current in turn generates a flux 0 = LIN -1 = R N 

The present magnetometer noise limit is about 10 -3 00 giving an apparent 

voltage sensitivity of V - N L 10 
-18 

volts. However this circuit will 

develop a Johnson noise of its own where (0n2) = L kTN -2. This circuit 

noise will usually limit the flux sensitivity so that: 

2 

N2 

(R)2 ,, LkTN-2, 

Vn ,.. 

L 
(LkT)1/ 

2 

Thus a micro -henry and a micro -ohm at 4.2 °K will give a sensitivity of 

about 10 -14 volt and a time constant of one second. 
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CONCLUSION 

By the techniques which I have discussed in this paper we have 

made operating instruments which we are using in further laboratory experi- 

ments. The present sensitivity and response time of these instruments 

make them appropriate research tools for a diversity of experiments. Our 

use has ranged from determination of magnetic susceptability 
18 

and measure- 

ments of fundamental constants19 to a search for magnetic monopoles 

There seems no doubt that devices of this type can make further useful 

contributions to many other technical and scientific problems. 

Our present "state of the art" in this cryogenic instrumentation 

is represented in Fig. 7. This package contains all the electronics 

required to drive and detect the superconducting thin film circuit I 

have discussed. Of course here the tank circuit and superconducting film 

at the end of the coaxial cable is the only element actually cooled to low 

temperatures. Despite repeated cooling to helium temperature these super- 

conducting circuits nevertheless form reliable structures - some of our 

circuits have been successfully cooled hundreds of times over what is now 

a three year period. 
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Fig. 7. Complete instrument package. Superconducting circuit is contained 
within the tank coil at the end of the coaxial cable. 
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MAGNETIC RESONANCE AND ADIABATIC PASSAGE 

B. B. Tteacy 

United A-ítcctcakt Res eatcch Labotatotia 

Outline 

The resonant excitation of a pair of energy levels can be treated 

quite accurately by neglecting all other levels than the two being coupled 

by the perturbation, i.e. by applying the quantum mechanical theory of a 

two -level system. The quantum theory for electric dipole excitation is 

the same as that for magnetic dipole excitation of a spin -1 system. The 

expectation values of the three spin components calculated quantum mech- 

anically are the same as one obtains classically by computing the preces- 

sion of the magnetic moment about the resultant effective magnetic field. 

Many of the simple results pertaining to the electric dipole excitation of 

a pair of levels can therefore be derived by application of a geometrical 

representation of the Schrodinger equation due to Feynman et al. in which 

a vector I representing the q.m. state precesses about another vector rep- 

resenting the Hamiltonian. 

We therefore treat some simple problems in the classical motion of a 

magnetic spin in a time -dependent magnetic field. Then we show the rela- 

tion between these solutions and those obtained quantum mechanically. Next, 

the precessing vector model for electric dipole excitation is developed. 

The main application here will be to the theory of the adiabatic inversion 

of energy levels by chirped optical pulses. 





171 

Any vector V changing at the rate (dV /dt)sp, relative to space -fixed 
axes will appear to have a different rate of change (dV /dt)rot. as seen from 
the rotating frame where 

Space -fixed: 

Rotating: 

(12-t) = (dt) (ñ x v ) 
sp. rot. 

(dM/dt)sp. = Y(M x H) 

(dMAlt)rot. = Y(M x Heff) 

d M dM 

/rll 

) 
(dtot. (dt/sp. 

-nxM=Y(MxH) xM 

yM x (H + 2 /Y ) 

Heff = H + O /y (Special case of Larmor's theorem). 

Solution as seen in rotating frame. 

O stays constant. 

(2) 

(3) 

Fig. 3 

Precession frequency in rotating plane = -YHeff 
Angle between precession cone axis and Ho is tan-1 (û /YHo). 

The angle between M and Ho oscillates between O + tan-1 (û /YH0). 

For InI « IYHoI, M appears to follow Ho by precessing arount it with 
an almost constant cone angle. This is the Adiabatic Theorem. 

C. Tir. (H1 cos wt, H1 sin wt, Ho) 
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Ho +a, /y 

Rotating Perturbation. 

Ho 
RESULTANT FIELD 

ROTATING AXIS 

x 

Fig. 

The interesting case is with uPO for y<0 because for w-wo the vector M is 
perturbed strongly. 

Transform to the rotating frame (x', y', z) where H = (H1, 0, H0). 

Using Larmor's theorem the effective field is 

w/y 

Heff = (H1, 0, Ho + wiY ) 

INITIAL VALUE H.+ w /y / OFM 

CONE OF PRECESSION 

OFTI ABOUTrff 

31-AXIS 

Hi 
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At w = wo, Heff = (H1, 0, 0) because wo = -YH0. The general solution is 

illustrated in Fig. 5a. 

Suppose that for t < 0, H1 = 0 and W. (0, 0, M) and that H1 = constant 
for t > O. 

Then M precesses around.Heff in the rotating frame at the rate 

where Iw' 

i.e. (dM /dt)rot. 

Calculate Mz as a function of t. 

= 
- YHeff 

= lY I [H12 

= w' x M 

Mz=M.z 

+ (H0 + w/Y)2]1/2 

Use the (x ", y ", z ") coordinates shown. (See Fig. 5b) 

v. ( -M sin P cos w't, - M sin 9 sin w't, M cos 0) 

z = (- sin A, 0, cos 9 ) 

.'. M2 = M( cos2 O, + sin2 O cos et) 

= M(1-2 sin2 9 sin2 w't) 
2 

H1 ( 

= M{1-2 2 
H1 

sin2 w't) 
+ Ho + 

w/.02 

D. Oscillating Perturbation. 

H = (2H cos wt, 0, H0). 

= (H1 cos wt, H1 sin wt, H0) + (H1 cos wt, - H1 sin wt, Ho) 

(5) 

(6) 

= Superposition of two circular polarizations. Approximate solutions 
can still be found. The approximations are good when Ho » H1. 

First Approximation. 

Suppose y < 0 
The positive rotating component couples strongly to M whereas the 

negative rotating component couples weakly. Hence, neglect the second (the 

counter -rotation) component and keep the other component. This is called 
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the "rotating wave approximation ". This case reduces to case C, so that the 

results of part C constitute the first approximation. 

Second Approximation. 

Transform to the coordinate frame rotating at frequency - w. According 

to Larmor's theorem, we have to add - w/y (y is still negative) to Ho, thus 

getting a large 
Heff. 

The rotating component is now going around Ho at 

frequency 2w and it can be resolved into components parallel and perpendicular 

to Heff. 

CIRCLE PROJECTS ON TO 
ELLIPSE WITH AXES 
2H AND 2H tes 8 

HI(STATIONARY) 

CIRCLE PERP. TO Ho 

Comp. along H ff: Ampl. H1 sin A. 

Comps. perp. To Heff: Positive rot 

Negative rot 

Resonance Conditions: - Heff 

i.e. Y2 [H12 + - 

2o 
H1 

PLANE PERP. TO Heff 

Freq. 2w 

. circle Amp (1 /2)H1 (1 + cos 6) 

Freq. 2w 

. circle Amp (1/2)H1 (1 - cos 8) 

Freq. -2w 

_+ 2w 

/y)2] 
_ 

4w2 

or 3w2 + 2yHó - Y2(H02 + H1)2 = o 

1 2 _ 3 Y( 
Ho + H1 /Ho) and w YHo w= - 

Fig. 6 

(7) 



The first represents a correction to w = - YH and is called the Bloch - 
Siegert effect. The second solution w ti (1/35 YHo represents excitation 

of resonance by 3rd subharmonic. This latter effect is small because the 
amplitude of the exciting component is small: 

1 
H1(1 - cos 8) = H1 sing 8/2 

E. Adiabatic Passage. An extension of Case B to rotating frame. 

Strong external field: (0, 0, Ho(t)) 

Perturbation: (H1 cos wt, H1 sin wt, 0) 

Ho(t) changes slowly from - YHo > w 
to - yHo <w; 

or alternatively from - YHo < w 
to -YHo > w. 

INITIAL VALUE - 
OFH0 +c, /y 

H 
U 

(t) + ca/y 

FINAL VALUE 

OF Ho + n, /y 

NITIAL Hoff 

Hoff 

x' AXIS 

FINAL Hoff 
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(8) 

Fig. 7 
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As Ho decreases through resonance Heff turns over and ends up pointing 
down. It is possible for M to end up pointing opposite to Ho if we start and 

stop far from resonance (ß = + 7/2-0 = - rr /2) and if Heff is always turning 
slowly compared to IYHeffl 

i.e. Ho/H1 « IYHlI 

The same thing can be accomplished by using a chirped pulse: 

(A(t) cos (wot + (12)µt2), A(t) sin wot + (l /2)4t2), 0) 

INITIAL VALUE 

OF Ho +,, /y 

Ho + 4) (t) /y 

Fig. 8 

The axis of the moving cone on which M is precessing is found by same method 
as in Case B. 

If M is initially opposite to the the final 1g is along Ho. 
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The quantum mechanical approach to the study of a spin 1/2 (2 level) system 

may be made through either the Heisenberg or Schrodinger pictures. The vector 

operator S, has the three components Sx, Sy, and SZ which in matrix form are usually 

written: 

sX 
¡O 1/21 

`1/2 

sy 
{0 -i/2 

i/2 0 ) 

0 1 
Sz 

0 -1/2/ 

The Hamiltonian governing the time development of the system is given by 

( 9) 

(10) 

since the magnetic moment operator is Yrr where 11T is the angular momentum J . 

Equation (líß) obviously represents a 2 x 2 matrix since it involves HxSx + HySy 

+ HzSz where Hx, Hy, Hz are c- numbers and Sx, Sy, SZ are 2 x 2 matrices. 

In the Heisenberg picture, the equations of motion are 

= -l'' sx 

i11Sy = ,sy] 

iTigz = -kr, Sz] 

Using the commutation relations Sx, Sy = iSZ etc., Eq. (.11) reduce immediately to 

s = YSxH ( 

For an ensemble of spins we simply take the average values in Eq. (1.2) to obtain 

<S> = Y<S>x Ñ ( t31 
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where 

Equations (15) and (16) are identical to those we obtained classically 

which proves that the classical equations that we have used are still true in 

quantum mechanics. 

In the Schrodinger picture we are interested in the time behavior of the 

wave function 4,:(:+) which we represent as a column vector involving the 

amplitudes a+ and a_ of the states with spin along Ho and opposite Ho respectively. 

The Schrodinger equation is 

ih =.7(l4/ (15 ) 

and after we solve it to find a+(t) and a_(t), we use the solutions to compute 

such quantities as Sx etc. which become, for example: 

Similarly 

and 

<Sx> _ < * l Sx itii> 

_ a* )( 1 2 f0 )\a:/ 

= 2(a,' +a*a-) 

<Sy> _ i(a, a! - a* a_) 

<SZ > _ (a,* a. - a * a _) 

(i6 ) 

(17 ) 

(18 ) 

If a = 1 /f2 and a+ = (1/(2)e-iw0t, Sx = (1/2) cos wot, Sy = (l /2)sin coot, 
Sz = O. 

Using the matrix representations of Sx, Sy, ans S 
z 
given by Eq. (9), and 

expanding out Eq. (10) into 

C = - yh (HxSx + HySy + HZSZ ) 



we obtain the 3'- matrix: 

_ 
/-(I/2)Y15HZ -(I/2,frn(Hx- iHy) 

\-(I/4)(1i(HX + iHy) (I/4Y1iHZ 

/Jr., Jor+- 

(19) 

Using this expression we can obtain the expectation value of the energy which is 

<40V,> _ - 
2Y1) 

Hz(a.*a.-a*a-) 
(2o ) 

- 2 Hx (a, a21+ o; o) - 7 Hy i (a, a.* - 
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In the *absence of perturbations, where H = (0,0,H), the energy is proportional 

to a +a.* - a_a_, which we call r3 in Eq. ( 21). Since the Schrodinger picture gives 
the same results as the Heisenberg picture, we know that Eq. (13) must still hold 

in the representation of Eq. (16),(17.),(18). Therefore, defining the vector r with 
components given by 

and 

r, = a, o * + a *a_ 

rz = i ( a,o * - a.*a_) 

r3 = a *a, - a*a_ 

we deduce that the Schrodinger equation is completely equivalent to: 

where the three components of ware 

and 

cfr 

dt = 
W xr 

WI _ -YHX = h '(Jr,_ + ar_+ ) 

CO2 = -YHy = ir_'or.- - Jr_ 

.y 

,) 

W3 = -YHZ = n'(. - Je-_) 

2 

r has unit length, since [r I = a +a + +a *a -= 1 through normalization. 

(2t) 

(22) 

(23) 
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For a spin 1/2 particle in a magnetic field, with y negative we can compute 
the energies of the upper and lower states by putting first a- = 0 in Eq. (19) 

then a+ = O. Calling these energies W+ and W_ respectively, we obtain 

so that in Eq. (24) we have 

IyIHZ - 
W W 

CO3 = 
W W- 

(21+) 

(25 ) 

We have discussed adiabatic inversion for magnetic dipole transitions before 

considering the same phenomenon for electric dipole interactions because of the 

complete agreement between the exact quantum mechanical treatment and the very 
simple classical picture of a gyromagnet following a changing magnetic field. 
Feynman, Vernon and Hellwarth have shown that the same simple geometrical 

picture can also be used in considering electric dipole effects. 

For the case of electric dipole transitions, the physics is a little different 

but the algebra is the same. Right and left circularly polarized electric fields are 

equally effective in inducing electric dipole transitions and the 0 mj= 1 transition 
usually has the same energy difference as the r my-I . The n mj = 0 transition is 

excited more strongly by linearly than by circularly polarized fields. The algebra 

describing the transition is all contained in the Schrodinger equation (15) and the 

Hamiltonian operator still has the form of Eq. (19) where we now change the notation 

to , 

laa 'ab 

Vba «bb 

where a and b denote the upper and lower energy states. 

The wave function is now i(t) = a(t )1jì0 + b(t)Ph where 0, and iN are eigen- 

functions belonging to the upper and lower states having energies W and W b 

respectively. The Schrodinger equation is 



ire* (t) = í1i d 
where - =:`o + V (t) 

(26) 

o is the unperturbed Hamiltonian which gives rise to the states tfia and tfrb 
and energies Wa and 1d13.0#0 is diagonal: 

ato 
lea a 0 Wa Co 

0 irbb 0 Wb (27) 

We use the column vector (b) 
a 

to represent O(t). The perturbing part of the 
Hamiltonian is V(t) which is given by 

v(t) _ -pÉ (28 ) 

where E is the oscillating electric field (associated with the light wave) and p 
is the electric dipole moment of the riolecule. The matrix representing V(t) 
usually has only off -diagonal matrix elements 

V(t) = 
0 .7Cab 

`ba 0 

corresponding to the off -diagonal nature of the matrix representing p : 

Px 
(P 

0 ( Px )ob 

x)bo 

The Schrodinger equation can still be written in the form 
Eq. (22) where r and (lare given by Eqs . (21) and (23) where we now use the 
a,b notation: 

r, = ab* + a* b 

r2 = i ( ab* - a*b ) 

r3 = a*a -b* b 

(29 ) 

(30) 

( 31) 
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and 

w, = 1-'(Jrab+aí.°ba) 
w2 = Milt/rob - Jrba) 
(03=11-1 WO - Wb ) 

( 32) 

There are two ways of representing the off -diagonal elements, ab and hba, 
the first being more suitable for Am J = 0 transitions and the second for 
dmJ = + 1. In the first case we write V(t) = p. = ExPx + EyPy which, using 
Eq. (33T becomes 

V = 
0 

-(Px)baEx - (Py)ba EY 

-(Px)ab Ex - (PY)ab Ey 

0 
(33) 

where the oscillating electric 
we therefore have 

co, _ -n 

W2 = - MCI 

field is 

[(Px)ob + (Px )ba] 

[(Px)ab - (P x)ba] 

confined 

Ex -h -' 

Ex - ih-1 

to the x -y plane. 

[(Py)ab + (Py)bo]Ey 

[(Py)ab - (Py)ba]Ey 

From Eq. 

( 

(2 

31.) 

W3 = f1 ( Wa - Wb ) 

Eq. ( 34) can be simplified for the dm = 0 case by choosing the x -axis in the 
direction of the linearly polarized field and putting y for the electric dipole 
moment matrix element in this direction. may be chosen real by proper choice 
of the phases of the wave functions, so that Eq. (34) becomes 

w , _ - 2íi -'9E x 

W2 = O 

W3 = 11 -I (Wa - Wb) 

The oscillating electric dipole moment is given by 

_ 
o 

)(:) 

_ 9(ab*+ a*b) 

_ r, 

(35 ) 

(36 ) 



For dm = + 1 it is more convenient to write p.E in the form: 

V = -P'E _ - 2 (Px + iPy)(Ex - íEy)- 
2 (Px- ipy)(Ex+ iEy) 

-(1/2)(P+ )a b E ) = ( 0 

-0/2) P _) ba E+ 0 

_ - 2 (P +E- + P -E +) 
since (P +)ba - 0 = (P_)ab. If we choose phases correctly we can make 

(- +)ab 
real and equal to 
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(37 

and 

(P_)ba and call this quantity y. Thus we have 

w, _ - YT-' E x 

w2 = -Y f1-' E y 

a = h(Wa-Wb) 

The motion c in the 1 -2 plane follows the motion of E in the x -y plane. 

(38 ) 

In summary, the Schrodinger equation for a two level system reduces to 
Eq. (22) for an electric dipole transition where r and w are readily written 
down by referring to Eqs. (21), (24), (35), and (38). For the simpler pertur- 
bations (such as Ex cos wt) the natural approach to the problem is to resolve 
the perturbation into two counter -rotating circularly polarized fields and use 
either Eq. (35) or Eq. (38) depending on whether the transition has d mj = 0 

or d mj = + 1. These two relations for the transverse 41 component will only 
differ in the matrix element, which is (Px)ab in one case (d mj = 0) and (P +)ab 
in the other (d mj = + 1). Since w3 is always positive, we always transform 
to the coordinate frame rotating in the positive sense about the 3 -axis at the 
perturbation frequency co so that m will substract from w3. The theory is identical 
for right or left circular polarization with electric dipole transitions since 
the (1,2,3) space is abstract and the orientation of axes can always be so chosen 
that the motion of / in the (1,2) plane is in the positive sense. The selection 
rule is obviously d mj = + 1 for absorption With right circular polarization, etc. 
The important difference between electric and magnetic dipole transitions is that 
for the latter, the (1,2,3) space is the same as the physical space (x,y,z) and 
only the right or the left circularly polarized component will be effective in 
causing transitions. (For Ho along i, positive rotation in the x -y plane 
corresponds to negative y.) 

We now discuss adiabatic inversion induced by electric dipole transitions. 
Consider the perturbation due to a light pulse with electric field components 

and 

Ex = A (t ) cos 95(t) 

Ey = A(t) sin ck(t) 

(39) 



184 

where 

A(t) is the pulse envelope and 

wot + 
2 

µt2 

( Wo - Wb) 

(4o) 

The light pulse is circularly polarized and is chirped with a frequency sweep 
rate /1. The motion of the state vector r is best visualized by referring 
to a new frame of axes (l', 2', 3') that is turned through an angle 0(t) about 
the 3 -axis of the old (1,2,3) frame. (Axes 3 and 3' coincide). The new components 
of the state vector obey the transformed equation 

where 

dr 
dt 

w'X r 

w,' _ -h"' YA(t) 

w2 = 0 

w3 = -µt =11' (Wo -Wb)-(wo +/lt) 

According to Eq. (41) r' precesses at a rate Iw 'labout the instantaneous E' 
vector as shown in Fig. 9. 

( 42) 

If the system is initially in its upper state (b =0) and the perturbation 
starts from below resonance (p positive), both r' and w' are initially pointing 
up (along the 3'- axis). Owing to the positive /1, ar tips over as A(t) builds 
up from zero and r' precesses about w ' as 'w' sweeps along the curve with shape 
A(t). Finally both r' and w''are pointing downwards, so that a is approximately 
zero, and thus a transition has been made to the lower state. Figure 9a illus- 
trates this case. The condition for adiabatic inversion is that the angle between 
'w' and 'r' remain small, and this requires a precession ratelw'llarge compared 
to the rate at which w' tips owing to the frequency sweep and the time variation 
of A(t) . 

Figure 9b illustrates adiabaticassage from the lower to the upper state. 
Here "Cis initially pointing up and r' down because a is zero and b is unity 
initially. Again r' precesses around but the cone angle is close to 180° 

so that r' stays close to the vector- T..7% At the end of the pulse -5;'is pointing 
down as before, but r' is now up, so that b is nearly zero and a is approximately 
unity. When the chirped pulse is passed through an ensemble of molecules having 
populations in both upper and lower states, the adiabatic processes illustrated 
by Figs. 9a and 9b occur simultaneously, so that the population simply inverts. 



V
E

C
T

O
R

 
D

IA
G

R
A

M
S

 
IL

LU
S

T
R

A
T

IN
G

 
A

D
IA

B
A

T
IC

 
IN

V
E

R
S

IO
N

 
IN

 
T

H
E

 
R

O
T

A
T

IN
G

 
F

R
A

M
E

 

(a
) 

F
R

E
Q

U
E

N
C

Y
 S

W
E

E
P

 P
O

S
IT

IV
E

 
M

O
LE

C
U

LE
 I

N
IT

IA
LL

Y
 I

N
 

U
P

P
E

R
 S

T
A

T
E

 

F
IG

. 
9 

(b
) 

F
R

E
Q

U
E

N
C

Y
 

S
W

E
E

P
 P

O
S

IT
IV

E
 

M
O

LE
C

U
LE

 I
N

IT
IA

LL
Y

 I
N

 
LO

W
E

R
 S

T
A

T
E

 



186 

The adiabatic conditions are derived in a way similar to that used in the 

magnetic case. If ß is the angle between w' and the l' -axis, we want the 

angle 2 tan-1 [(dß /dt) /w1'] to be always small since this will be of the order 

of the angle between r' and w'. Differentiating tan ß = ? t hA we obtain 

dÌ3 _ h µ A- t (dAidt) ( 43) 
d t Y A2+ h2-µ2 t 2 

y2 

This quantity will generally be greatest around the peak of the pulse (t ^' 0), 

or near the beginning of the pulse if the risetime is very short. In these two 
cases we have 

and 
d d t t=o YA 

where 0 w is the total carrier frequency sweep. 

A= 

(44 ) 

(45) 

Both of these expressions have to be small compared to co/which has the magnitude 
1/2 ¿ w at the beginning and h -IYA near the peak of the pulse. Thus the adiabatic 

condition takes the two forms: 

2 2µ 
A max y2 

(46) 

dA «(Aw)2 
dt (A=o Y 4 

Figure 10 illustrates the simultaneous inversion 
of two molecules, i and j, 

that have different resonant splittings due to inhomogeneous 
broadening. wl' 

and wj; the respective w' vectors in the rotating frame, remain coplanar. It 

is clear that only those molecules within a frequency 
range somewhat less than 

the frequency sweep of the pulse will be inverted, therefore 
the sweep should 

be larger than the Doppler width. 

The induced electric polarization is of interest, and can be calculated 

readily. We shall calculate it for the pm = + 1 case. (The pm = 0 case 

gives essentially the same results). Using the matrix representation 



we obtain 

and 

p+ = px + IP = 0 r11 
t y (0 0/:(1)-) 

<'IP I* >=<*l0/2)(p; P-)IV/> 

=(a rb al )¡0 
I/ 

¡( l 

1( 

)Y0 /\bl 
=(I/2)Yr, 

<*iPyl*>= <411kI(P+-P-)10 

=(ób`) 0 p 

0 b) 
= (1/2) Y r2 
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(47) 

Fig. 10 

(48 

(49 
1 

Therefore, for circularly polarized light, in the rotating frame depicted in 
Fig. 4, the component r1' (in the 4,1'-direction) is proportional to the in -phase 
polarization and r'2 (component of r' along 4,2') is proportional to the out -of- 
phase polarization. 
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Some idea of the way that the pulse stability is affected is found by 
computing the nonl oscillatory component of the in -phase polarization during the 
pulse. Let the density of molecules in the upper and lower states per cubic 
centimeter at the onset of adiabatic passage be Na and Nb. Then in the absence 
of relaxations the polarization is as found from Eqs. (I8; and (1i9 . 

1).712. yr ¡ (Nb -No) 

= AN(o) 

which has the maximum value of approximately (1/2) )041N(°) at resonance neglecting 
the oscillatory component, since the vector r' has unit length as a result of 
normalization of the wavefunction. Referring to Fig. 9 it is seen that for 

positive /1 

(5o) 

P= 2 y ; N(o) = I y2A(t)WN(o) 
w( 

The refractive index is given in terms of the in -phase polarization by 

n2=1+ 4- 2L 
E 

(51 ) 

(52) 

where 
Plot 

includes contributions from non -resonant interactions as well as the 

resonant one considered here, i.e. 

P101' PE P 

where P is given by Eq. 61) and PE is the sum of all the other polarizations. 
We have 

Therefore 

E 

47rP _n2-no 

(53 

( 54) 

Combining Eqs. (51) and (54) where the field amplitude E is now A(t), the correction 

to the refractive index is 

n2-no2 2 rr y A N(o)/ñ w¡ 

= 2 7 y LSN(0)(A2 (t)+712y-2(w-wo)ZJ 
- I/2 

(55) 
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The considerations of Fig. 10 modify this formula slightly. Let 

us introduce the normalized line -shape function g(w o ), which refers to the 

relative numbers of molecules having different w o values. The normalization 
is simply f g (w°) dwo = 1 . Eq. (55) now becomes 

n2 (t) - nó = 27r y2 A 
N(o)Ti-i r g (c.o) dco 

J [y2_2A2(t)+(w(w)2}I/2 
(56) 

Another result of the finite spread of the function g(w o ) is that the oscillations 

in the r ' vectors will be at different frequencies for different molecules, so 

they will tend to cancel in their effects on the polarization and population 

oscillations: an oscillation that goes as exp (i w l't) will damp out like the 

function 

I/2 
f(fl= exp Ii[(w(t)-w0) 

2 
+ 

2 
T 2A2 (t), t}g(w°)dw° (57) 

Some consequences of Eq. (57) are obvious immediately, such as focussing, 

defocussing, spectral broadening and phase modulation, pulse envelope distortion 

and shock formation. A gaussian profile beam will have maximum field strengtp 

A(t) on the axis, and therefore n will have a minimum on axis for positive pN("° 

and µ . This leads to defocussing in the axial region. Likewise, the edge of 

the beam will be too weak to produce adiabatic passage and n will be smaller here 

too. Interesting beam profile distortions will result. Similarly, if and ,L N(°) 

have different signs, focussing towards the axis will occur. Changes in phase 

modulation and envelope distortion occur as a result of the time dependence of n 

in Eq. (56). The nature of the distortions and modulations will depend upon 

whether or not Y h -I times the peak field strength exceeds the maximum offset 
between the pulse carrier frequency and the molecular transition frequency. For 

both µ and LS N( °) positive, the middle of the pulse will have a larger phase 
velocity than at the beginning and end if the peak field is very strong. For 

weaker fields, the phase velop.ty will be minimum in the middle of the pulse. 
n2 Changing the sign of /1 or ANA will reverse the situation. The cases where n 

becomes less than unity will be particularly interesting, because here the phase 

velocity exceeds the velocity of light in vacuum. To investigate any of these 

beam and pulse instabilities the wave equations will have to be set up and the 

reaction of the polarization on the field taken into account. Relaxation effects 

also have to be considered. The main effect will be a damping of the induced 

polarizations by homogeneous broadening processes, which in some cases will be 

characterized by a relaxation time T2. 

Generation of Chirped Pulses for Adiabatic Inversion Experiments 

CO2 laser at 10.6 microns wavelength for experiments with SF6, NH3, etc 
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AMPLITUDE 

FREQUENCY TIM E 

1 -100 MHz- -1 

TIME 

Fig. 11 

Laser cavity has spherical mirror 4 meters radius, and rotating (30 rpm) 
flat mirror 1.3 cm off axis. Rotation of mirror sends successive modes 

(TEM - 0 0 n, 0 0 n+1, 0 0 n + 2, etc) across laser gain profile. Q of cavity 

's much greater than Q of laser line, therefore oscillation frequency is swept 
during each pulse. Pulse duration is approximately 10-6 sec. Pulses are 
2 x 10-6 sec apart -time for mirror to move X /2. Peak intensity is 50 to 100 

watts /cm2. 

Disadvantages of method shown in Fig. 11 are (a) successive pulses are 

in slightly different directions, (b) only 4 or 5 pulses in a sequence. 

Proof of frequency sweep of pulse carrier: use Michelson interferometer 
with 35 meter path length difference and look at beat note. (See Fig. 12.) 



DETECTOR 
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Fig. 12 

Improved oscillator has dispersive element to select a particular rotational 
line of the CO2 band at 10.6 microns. (See Fig. 13 ) 

Fig. 13 
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The rotation axis of the mirror is in the same plane as the rays. Adjustment 
of direction of axis selects different lines of the CO2 spectrum. 

SF6 has continuous vibration band at 10.6 microns. 
y 6 x 10 -19 esu 

476 watts /cm linearly polarized is equivalent to 
1 esu rotating electric field. 

60 MHz sweep in 10 -6 sec gives frequency sweep rate 

µ equal to 3.8 x 1014 sec -2 

Adiabatic condition: 4 « (h-1 y A)2 
A » (Ti 4/y)1/2 

This gives about 1 watt /cm2 as the threshold peak power required for 

adiabatic inversion. 

Experiments at SF6 pressure in range 10-3 torr to 10-2 torr show alternating 

loss and gain of successive chirped pulses transmitted through the gas. First 

pulse inverts the gas and suffers absorption. Second pulse inverts again to 

bring populations back to normal; therefore experiences gain. Third and fourth 

pulses show loss and gain respectively. Figure 14 shows results. Lower trace 

is input pulse train. (Double exposure.) Horizontal scale is 10 -6 sec per 

division. Upper trace is difference between input and output detectors. 

LOSS GAIN LOSS GAIN 

MIN 
MUM 
Rink 
=Ed 

u.. 
111111 DIFFERENCE '- INPUT 



193 

OPTICAL PULSE COMPRESSION WITH DIFFRACTION GRATINGS *t 

F. B. Tfr.eacy 

United Aducuca¡z Res eanch Labonaton,í.a 

Abstract 

The theory of the diffraction grating pair is developed by ex- 

panding the frequency dependence of the phase shift as far as the 

quadratic frequency term. The analogy between pulse compression 

and Fresnel diffraction is treated. The effect of the cubic phase 

term is discussed for ultrashort pulses having appreciable frac - ra- 

tional bandwidth. 

*The research reported in this paper was sponsored by Air Force 
Cambridge Research Laboratories, Office of Aerospace Research, 
under Contract F19628 -67 -C -0075. 

tPreprint. 



194 

INTRODUCTION 

A pair of plane ruled gratings arranged in tandem with their faces and 

rulings parallel has the property of producing a time delay that is an 

increasing function of the wavelength. An alternative statement of the 

property is to say that the phase shift through the system as a function of 

frequency contains a quadratic frequency term. The grating pair can thus be 

used to compress optical chirped pulses (Ref. 1) or to generate chirped pulses 

out of short unchirped pulses. 

The spectral content of a pulse is distributed between its amplitude (or 

envelope) and phase functions. The grating pair redistributes the spectral 

content between these two functions, leaving the total power spectrum unchanged. 

The net result is that the output pulse envelope shape is determined by both 

the envelope and the phase structure of the input pulse to the gratings, so 

that one can deduce something about the phase modulation of the input pulse 

by studying the output p,ilse envelope. This is the essence of the compression 

technique. 

Compression type measurements using a grating pair have revealed the 

chirped character (Ref. 2) and the shape asymmetry (Ref. 3) of ultrashort 

pulses generated by a mode- locked Nd -glass laser (Ref. 4+) thus illustrating 

the usefulness of this new technique. This paper develops the theory of the 

grating pair in terms of the frequency dependence of the phase shift whereby 

pulse compression can be described by a simple Fresnel diffraction analog. 

This same analog can be used to discuss other pulse compression schemes, such 

as dispersive media (Ref. 5) and multilayer film interferometers(Refs.6 and 7). 

A less general form of the analogy between diffraction and pulse compression 

has been noted by Tournois (Ref. 8) in his treatment of the compression of a 

rectangular pulse with linear frequency modulation by a dispersive line. 

The theory derives first the relationship between time delay T and 

wavelength X (or angular frequency w) and then the output response of the 

system to an arbitrary input. The derivation of the phase shift 1) as a 

function of w is the crux of the theory. 
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GROUP DELAY 

The importance of group delay is best understood by reference to a 
chirped pulse (Ref. 9), which is a pulse whose phase function g(t) can be 
expanded as a series: 

g(t) = wt + ßt2 + 0(t3). (1) 

If terms of order t3 can be neglected, the chirp is linear g(t) = w + $t and 

$ is identified as the frequency sweep rate. If a chirped pulse has a time - 

bandwidth product N equal to TQv where T is the pulse width and AV the 
bandwidth, we can in principle build a set of IN tuned filters each of 
bandwidth Av //N (and hence response time of TI,(N) and observe the sequential 
response of the filters to the pulse, thus verifying the existence of the 

frequency sweep. The time difference between the responses of identical 

filters at the input and output of a system defines the group delay at the 

chosen filter frequency. It is clear that in discussions of pulse compression, 

etc., one is interested in such group delays and not phase velocities, for 

the compression of a chirped pulse by a system corresponds to an input 

signal that would excite sequential responses of the filters and an output 

that excites simultaneous responses. 

The variation of group delay with wavelength is easily understood by 

reference to Fig. 1. The path length PABQ for wavelength components near X 

is less than the similar path PACK for the longer wavelength components near 

X'. The group delay 'r is readily shown to be al)/6w. Let us choose the x -axis 

in the direction of incident and output beams, and select the plane x = 0 

between the two gratings where it will intersect both of these beams. For 

light of frequency w, consider two monochromatic components with frequencies 

w and w + ôw. The input field goes as 

cos -(x - ct) + cos {w+ôw(x -ct)) = 2 cos {w+ów /2(x -c01 cos 2w(x -ct). 

The phase shifts are denoted by 1) and + ô, at the frequencies w and 

w + ôw respectively, so that the output field goes as 
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X-0 

X 0 

Fig. ]_ - Geometrical arrangement of diffraction gratings used for pulse 

compression, etc. The angle of incidence is y, and 9 is the acute angle 

between the incident and diffracted rays. The ray paths are shown for two 

wavelength components with X' >X. Since the path length for X' is greater 

than that for X, longer wavelength components experience a greater group 

delay. 



cos{.7(x -ct) + /} + cosfw +cSw(x -ct) + + 80} 

= 2 cost w +c8w /2(x -ct) + 642] } cos {2(x -t) + w21. 

Thus the input and output pulse envelopes are proportional 
and cos{ (x -ct) + 601/2} respectively. If we observe both 

in the same plane x = 0, the phase of the input is zero at 

of the output is zero at t = T = 6115W where T is the time 

have the formula 

T = dl(u) 

òw 
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to cos {844(x-ct)) 

input and output 

t = 0 whereas that 
delay. Hence we 

(2) 

which has the same limits of validity as the corresponding formula for group 
velocity. 

VARIATION OF DELAY TIME WITH FREQUENCY 

Let 0 be the acute angle between incident and diffracted rays, and y 

the angle of incidence as shown in Fig. 1. The relation between these angles 

for first order diffraction is 

sin (y - 0) = x/d - sin y (3) 

where d is the grating constant. The slant distance AB between the gratings 

is b which equals G sec (y - 0) where G is the perpendicular distance between 

the gratings. The ray path length PABQ for the quasi -monochromatic wave is 

given by 

p = b(l + cos 0) = CT 

where T is the group delay. 
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It is not immediately obvious that the group delay is really p /c, or 

that this value is consistent with Eq.(2) Figure 2 shows the wave vectors 

k and k + 6k for frequency components w and w + 6w. The wave groups travel 

in the direction of the vector 6k, but the energy flow do,.:s not take a short 

cut as can be seen immediately by considering a beam of limited aperture where 

the groups form on one side of the beam and move across it. The energy flow 

is governed by that component of 6k that lies along k i.e. 1k + 6kl - Iki 

which equals 6w /c. The group delay is therefore the same as one would 

observe if k and k + 6k were collinear, which is the case usually treated in 

the derivation of the well known formula for the group velocity (Ref. l0). 

Our expression for the group delay is therefore correct. 

Fig. 2 - Neighboring k vectors in the space between the gratings. The group 

delay is determined by the component of 6k along k and not by 6k. 
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The value p/c is also in agreement with Eq(2), as is seen by differentiating 

the phase function 

gw) = wp/c + R(w) 

where p/c is the phase shift along the path PABQ of Fig. 1 and R(w) is a 

correction term needed for the consistent definition of phase for the waves 

in the grating system. The necessity of the term R(w) is illustrated by 

Fig. 3. DD' and EE' represent wave fronts, and therefore surfaces of 

constant phase, before and after diffraction by the second grating. The phase 

Fig. 3 - Illustrating the difficulty in using path length to calculate phase 
shift for the grating pair. DD' and EE' are both wavefronts, but ob.riously 
the path DBE is greater than D'B'E'. 
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shift between the wave fronts appears to be different according to whether we 
compute the phase path along DBE or along D'B'E'. The origin of this apparent 

discrepancy is in the nature of the phase matching between the two waves along 
the grating surface BB'. Grating diffraction may be characterized in terms 
of phase matching by a 2rr phase jump at each ruling in first order diffraction, 
Orr in second order, etc. For the first order diffraction considered here, one 

has to add 27 times the number of grating lines in the segment BB' to the phase 
shift along D'B'E' to make it equal the phase shift along DBE. Similar 
considerations apply to the computation of the phase variation 8 between the 
initial path PABQ and the varied path PACR depicted in Fig. 1 where we must 

now take into account the rulings in the segment BC. This can be done 

consistently by adding to the phase path (wp /c) a phase correction R(w) which 
equals -2rr times the number of rulings between the point B and the foot of 

the perpendicular from A to the second grating: 

.(w) = wp /c - 2rrG d -1 tan (y - e). (4) 

Differentiation of this equation yields 

a.1)/6w = p/c + (w/c) 60w - 27G d-1 a/aw [tan (y - e )] 

in which the second term is readily shown to be equal to 

-27G d -1 sect (y - e) ae /aw so that it cancels the third term, again proving 

that p/c is the desired expression for group delay. 

The variation of group delay with wavelength or frequency is now found 

by differentiating p/c with respect to X or w (remembering that both b and 6 

are wavelength dependent), and using Eq. (3) to give: 

or, in terms of w 

b(X /d) ox 
6XT 

cd[l - (x /d - sin y)2] 

-4rr2cbdw 

w3d2, [1 - (27c w - 
d. 

sin y)2] 

(5a) 

(5b) 
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As an example, consider gratings with d'1 = 1200 lines /mm, X = 1.06 p 
and 'y = 60°. Application of Eq. 5 indicates that for two wavelength components 
differing by 100 Á, the relative time delay between the two is 0.58 picosecond 
per centimeter slant separation (b). A pulse with a linearly increasing 
frequency sweep over a 100 A band, with pulse width 5.8 picoseconds would be 
compressed to its minimum length if the slant separation b were set at 10 cm. 

The linear relation between delay and frequency can be expressed as 

T = To - (W - Wo)/4 + 0(w - W0) 
2 (6) 

where To and 4 -1 are the values of T and -8T /6w respectively, evaluated at 
w = wo: 

T0 = be -1 
(i + cos 0 ) 

-1 +rr 2 cb 
µ = 

w3d2 [1 - ( 

wd 
sin Y)2] 

(7) 

(8) 

The effect of the third term in Eq.(6)is considered in the last section of 

this paper. 

PHASE SHIFT VERSUS FREQUENCY 

Consider an in ut wave that can be described in the plane x = 0 by the 

expression A(t)e14(t) e -LUb t where A and $ are amplitude and phase modulation 

terms. To find the output, we take the Fourier transform, multiply by eZ »(w) 

where w) is the phase shift through the system, and then take the inverse 
transform: 

B(t') = J 
e-LWt' el4(w) fat eLWt A(t) eit{t) e-ZU°t 

The importance of knowing the phase function 1)(w) is therefore obvious. 

(9) 
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The method that we use for finding w) is to regard Eq.(2)as a 
fundamental relation and thus obtain to second order in (w - (110) by 

integrating Eq. 6 with respect to w. The result is 

or 

= To(w - wo) - (w - wo)2/2µ (10) 

bX03 (w - w0)2 w) = (10 + be -1(1 + cos 0)(w - wo) - 4rrc2d2 [1 - (x/d - sin Y)2] 
(11) 

Substitution of Eq. (10)into Eq. (9)yields: 

d.w e-twt"et§0 etTO(w-wo)e-t(w-wo)2/2 µ Sat eLwtA(t)ets(t)eLwot 
27.1. 

(12) 

The integration over w can be performed and the result is 

B(t") = (4/217)1/2 
et(cD 0-17/4 wot") jAetS 

et4(t-t" + T0)2dt 

or, in terms of t' = t" - To 

B(t' + To) = (11/2n01/2eLDo-7/4-wo(t'+TO)] fAeL*e4(t-t' )2dt 

(13) 

(14) 

This is the complete expression (Ref. 11) for the output pulse, including 
the carrier wave exp [- two(t' + To)]. The main approximation that has been 
made is the linear relation between T and w (Eq.(6)), which leads to the 
expansion in Eq.(10)as far as quadratic terms. The above theory is adequate 
for small fractional bandwidths, i.e. for a pulse length T we require that 
pT be small compared to wo. The next higher order approximation to be used 
for larger bandwidth pulses interacting with the gratings is treated below. 

The derivation of Eq.(14)has neglected consideration of the resolving 
power of the diffraction gratings. The various wavelength components of 
the plane parallel input beam are dispersed by the first grating over an 
angular range of about 2 x 10 

-2 
radian per 100 R. whereas a purely monochromatic 
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wave would be spread into a beam of width 10 -4 radian which is smaller by a 

factor of 200 than the dispersion. Therefore, the neglect of resolving power 

considerations is not serious. (The use of beam expanding optics to take full 

advantage of the resolving power available on the gratings is recommended.) 

PULSE COMPRESSION 

The expression B(t' + To) in Eq. (14) gives the complete waveform of the 

pulse. To recover the amplitude and phase modulation we rewrite the equation 

as 

B(t'+Tp) = 

(u /2n)1 /2eL(§o-7/) ¡'A(t)et$(t)e « /3Xt -t' )2dt 

=Cetg 

(15) 

If C and are both real, they give the amplitude and phase modulation 

of the output of the gratings. 

It is instructive to examine the grating output for a couple of special 

input waveforms. 

Case 1. Impulse input at time t = t ". 

Here Ae4il = ô(t" - t) and the integral in Eq. (15) gives e74 ( t" t 
2 

) 

which is pure phase modulation and corresponds to a chirped pulse with 
a 

negative frequency sweep (because of our sign convention e -te). The 

frequency sweep rate is -µ. A time reversal operation shows that if the 

input is a chirped pulse with constant amplitude and constant positive 

frequency sweep rate µ the output is a delta function and the grating pair 

constitutes a matched filter for the pulse. This ideal situation will of 

course be modified by the finite resolving power, etc. 

Case 2. 111(t) = -1/2 4t2. 

2 

The input pulse is now A(t)e 
-L'ot + 1/2 µt ) which represents a chirped 

pulse with ;inegr frequency sweep at a rate µ. The integral in Eq. (15) 

becomes e4µ /2t' SA(t)eLµt'tdt. The output pulse envelope is a Fourier 
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transform of the input pulse envelope. The factor et 4/2 t'2 indicates 

that the frequency sweep can be reversed if the phase of the integral is 

sufficiently small. This describes pulse compression in the case where the 

envelope A(t) is sufficiently smooth and long. If the time -bandwidth product 

of the input is greater than unity, that of the output will be about unity. 

This and other cases may be understood better by reference to the geometrical 

representation of Eq. (15). 

ANALOGY WITH DIFFRACTION 

According to Eq. (15) the pulse modulation at time (t'+ to) is 

determined by the Fresnel transform integral fAetwet4(t 
-t') /2 This is 

the same integral (Ref. 12) that gives the amplitude and phase of the 

diffracted wave in the field plane for an amplitude and phase given by A(t) 

and ijr(t) in the source plane. The diffraction analog is sketched out in 

Fig. 4 and Table I, which result from consideration of the Fresnel 

diffraction in two dimensions of the illumination function A(x)et*(x) on 

to the field plane located a distance z away from the source (reference) 

plane. For wavelength A the diffracted field is given by 

B(x', z) = (Az)-1/2eZ(4a -rr/1+) fA(x)e4(x)eirr(x - x' )2/Azdx 
(16) 

The spacing b between the gratings is proportional to 11-1 from Eq. (8) and 
this is proportional to the distance z in the diffraction analog. This analog 
is useful because it allows one to estimate in a qualitative way the output 
pulse forms for various simplified input wave forms. For example, it is 

obvious why the phase structure of the input pulse can influence strongly the 
shape of the output pulse. If one observed a very short pulse with a duration 
of the order of the reciprocal bandwidth coming out of the system, it would 
be clear that the spectral content of the input pulse was principally due to 
a linear positive frequency modulation. Furthermore, slight variations of 
either the envelope shape or phase modulation of the input pulse will result 
in larger variations in peak intensity of the compressed pulse. This correspond 
to the formation of focal regions in slightly different locations in the 
diffraction case resulting in large intensity variations on the observation 
screen located in the focal region. Pulse to pulse variations down the mode - 
locked pulse train of a Nd -glass laser have been detected in second harmonic 
generation experiments (Ref. 3) using compression techniques, where the second 
harmonic pulse energies reflect the widths of the compressed pulses. 
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Fig. It - Diffraction analog of optical pulse compression. The amplitude 

and phase functions are subjected to the same integral transform in 

diffraction and in pulse compression. The diagram illustrates the compression 

case where the output envelope is narrower than the input envelope. If 

the curvature of the phase characteristic were reversed the output would 

increase monotonically in width with °ncreasing separation b. 

There exists the possibility of using the grating pair as a phase 

spectrometer. Referring to Fig. 4 one can consider the problem of measuring 

the phase function Itr(t) by studying the amplitude of the Fresnel transform 

integral as a function of grating separation. Experimental techniques for 

measurement of pulse shapes are insufficiently developed to warrant detailed 

theoretical considerations at this point. 

LARGE BANDWIDTH CONSIDERATIONS 

The next term o(w - w0)3 to be added to the expression for w) in 
Eq. (10) is readily calculated by differentiating Eq. (5b) once more. We find 

that the coefficient c is positive and is given by 

X 
(17) Q= (2woµ,)_1 (1+ d sin 

+ sin2¡) 
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The additional phase factor exp io.(w - wo)3 will appear in the integral in 
Eq. (12), so that the Fresnel diffraction analogy will be inaccurate when 
this term is important. 

Using a 6- function input and performing the integral over w in Eq. (12) 

by stationary phase approximation we find an input which differs from the 
previous exp (tµt2 /2) by the factor exp (iQµ 3t3) so trat the output is no 

longer a linear frequency chirp as previously assumed. An estimate of the 
importance of this additional phase is readily obtained. For a chirped pulse 
of duration T the bandwidth (for large time bandwidth product) is approximately 

A w = µT and the maximum contribution of the quadratic phase term will be 
approximately (12)µT2 = (1 /2)AujT. On the other hand the cubic phase term will 

contribute a maximum phase of 3T3 wo- 1T(pw)2. The maximum ratio of the 

cubic to the quadratic phase is thus of the order of 2/W0, or twice the 
fractional bandwidth of the pulse. 

Similarly the use phase characteristic that is best compressed is now 

ir(t) = -1/2 µt - ap t , for which the so- called "instantaneous frequency" is 

w(t) = wo + µt + 301.13t2. (i8) 

This makes the recently proposed scheme of Fisher, Kelley and Gustafson 

(Ref. 13) for the generation of subpicosecond pulses using the optical Kerr 

effect appear even more attractive because there the ratio of the cubic to 

the quadratic phase term may be of the order of the fractional bandwidth and 

the two terms have the same sign as is required by the above analysis. 

SUMMARY AND ACKNOWLEDGEMENTS 

The use of a diffraction grating pair permits measurements sensitive to 

the phase structure of ultrashort optical pulses to be made as well as 

providing a simple method of compressing pulses with the appropriate phase 

characteristics. 

The author is pleased to acknowledge stimulating discussions with 

M. J. Brienza and A. J. Dentaria, and thanks them for their interest and 

encouragement in this work. 
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APPENDIX 

Effect of dispersive medium on a short pulse. 

The propagation of a short pulse through a linear dispersive medium causes 
a change in pulse envelope and phase structure. The theory of the distortion 
is the same as for a pair of diffraction gratings and can be written down 
immediately by changing the notation. Again the input pulse at some plane 
x = 0 is described by A(t)e 4 (t)e -Lwot. We wish to write down the amplitude 
and phase C(t)eZYt) describing the wave as it passes through the plane x = L 
where the medium in the region x = 0 to x = L has a wavelength dependent 
refractive index n(X) . 

The phase shift '(w) at frequency w is n(w)wL /C. This can be expanded 
in a Taylor's series about w = wo as far as quadratic terms, and the result 
is given by Eq. (9) where now 

and 

(1)(wp) = woLc-lno 

To = woLc-1(an/awo + noiwo) 

_ - 2 woLc-1(a2n/aw0 
2 

+ 2wo 
-1 
an/w0) 

where no is n(w0), T 0 
is the time delay at frequency wo i.e. L divided by the 

group velocity, and l /(2u,) describes the dispersion of the group velocity. 

The coefficients in the above relations are readily obtained from n(X) data 

by using the expressions: 

and 

n/awo + no/wo = (2rrc)-1 (noko - X02 an/a).o) 

2n/òwo2 + (2/w0) 6n/w0 = a04(47 2c2)-la2n/aXo2 

The pulse at x = L is given by the Fresnel transform integral Eq. (13). Thus 

the diffraction analog can be used here too. 

Consider a pulse with simple envelope shape having a constant carrier 

frequency. (The spectral content of the pulse is all due to the envelope.) 

After propagation the pulse will have a frequency chirp rate of 
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2n 

-µ = 2rrc2/(ao3L a 2 ) . 
0 

If L is sufficiently large, so that the product of the pulse duration and 

bandwidth is large (> 10), the bandwidth will be due mainly to the chirp and 

the pulse duration will be approximately 

T = A cu/ 
I µ( 

2 
= IX3La n Av/c21. 

ax2 

The pulse shape (in time) will be approximately given by the Fourier transform 

of the input pulse in this special case. 
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COMPRESSION OF PICOSECOND LIGHT PULSES * 

E. B. TREACY 
United Aircraft Research Laboratories, East Hartford, Conn. 06108, USA 

Received 26 August 1968 

The ultrashort pulses generated by a Nd:glass laser have frequency swept carriers and can therefore be 
compressed by a pair of gratings to a length much closer to the reciprocal of the bandwidth. 

The ultrashort optical pulses generated by a 
neodymium glass laser at 1.06 microns wave- 
length are typically 4 to 10 x 10-12 sec long [1 -3] 
and have a measured spectral width of the order 
of 100 44. With such a bandwidth, one might ex- 
pect the pulse length to be an order of magnitude 
smaller. This suggests that part of the observed 
spectral width is due to a phase modulation of the 
carrier wave. An instrument for studying the 
phase structure of picosecond pulses has been 
constructed and the measurements will be des- 
cribed in detail elsewhere. We report here the 
detection of a quadratic term in the phase 6(t), 
i.e., - cb(t) = wt + },3t2 (corresponding to a linear 
sweep of the carrier frequency b), and the re- 
sultant compression of the i :ulse by the instru- 
ment on account of i3 being positive in a mode - 
locked Nd:glass laser. 

Fig. 1 shows the essential elements of the ap- 
paratus. A pair of plane blazed gratings with 
1200 lines per millimeter are arranged with their 
faces and rulings parallel so that light of any wave- 
length, after diffracting twice, will exit in a beam 
parallel to the input beam. However, different 
wavelength components of a beam are diffracted 
through different angles, so that the transit time 
r is approximately a linearly increasing function 
of wavelength A : 6r = Tbba;cd. Here T is a func- 
tion of the angle of incidence, h is the distance 
along the ray between the gratings and d the grat- 
ing constant. An input pulse with positive carrier 
frequency sweep will be compressed by such a 
grating pair. For an input light pulse of the form 
A(t) exp (ity(t)) exp (- iwt), the output pulse at a 

t. The research reported in 1h i., paper was sponsored 
by the Air Force Cambridge Research Laboratories. 
Office of Aerospace Research. under Contract F19628- 
67-C-0075, but the report flocs not necessarily re- 
flect endorsement by the sponsor. 

BEAM 
SPLITTER MIRROR 

LASER 
OUTPUT 

GRATINGS 

Fig. 1. Experimental arrangement for detection of qua- 
dratic phase term showing gratings and pulse width 

measuring apparatus. 

later time t' is described by the relation 

B(t') = f 2n exp (- iwt') exp (- '-tin) x 

k ,jA(t) exp (ity) exp (4ip.(t- t')2)dt 

where p. = 27 c2d(a2bT)-1. The above integral is 
identical to the formula for calculating the Fres- 
nel diffraction pattern of a slit with aperture il- 
lumination A exp icy. and the field plane at a dis- 
tance determined by 4-1 which is proportional 
to b. If equal -1,i3t2 and b is adjusted to make 
p equal to i3, the Fresnel diffraction analog is the 
formation of a focus by a curved wavefront and 
the grating system is compressing the optical 
pulse to its shortest len th, corresponding to a 
pulse envelope function j A(t) exp(- igtt') dt. 
Determination of the phase function t,(t) by meas- 
uring the output pulse width as a function of grat- 
ing spacing is similar to the problem of deducing 
the curvature of the wavefront within a slit by 
measuring the Fresnel diffraction pattern at var- 
ious distances behind the slit. 

We have measured the input and output pulse 
lengths of a Nd:glass laser (6 inch glass rod 
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mode - locked with Eastman 9740 saturable ab- 
sorber) by photographing the fluorescence in the 
dye Rhodamine 6G following two -photon absorp- 
tion as shown in fig. 1. The enhanced fluores- 
cence due to the overlap of the pulse with itself 
gives an indication of pulse width [3]. It should be 
noted that the pulse widths are recorded simul- 
taneously from a whole train of pulses. The pulse 
widths change throughout the length of the train 
[5] and the grating spacing will not be set for max- 
imum compression of all of them. Nevertheless, 
we observe compression into the sub - picosecond 
domain, and have recorded pulses with a full 
width of about 4 x 10-13 sec, which is close to the 
theoretically expected lower limit. 

We conclude from the experiments that the 
pulses normally generated by mode -locked Nd: 
glass lasers have a positive carrier frequency 
sweep, and that this sweep can account for a large 

part of the discrepancy between the measured and 
expected pulse widths. 

The author acknowledges stimulating discus- 
sions with M. J. Brienza and A. J. DeMaria, and 
the technical assistance of R. Bodurtha. 
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MEASUREMENT OF PICOSECOND PULSE SUBSTRUCTURE USING COMPRESSION 
TECHNIQUES* 

E. B. Treacy 
United Aircraft Research Laboratories 
East Hartford, Connecticut 06108 
(Received 2 October 1968; in final form 18 December 1968). 

A grating pair, which is capable of detecting the quadratic phase term (linear frequency sweep) and 
compressing the ultrashort pulses from a mode- locked Nd -glass laser has been used in conjunc- 
tion with second harmonic generation techniques to reveal a periodic wobble of the consecutive 
pulse envelopes. An asymmetry in the picosecond pulse envelope has been detected by scanning the 
pulses with their compressed counterparts in a fluorescing dye cell excited by two - photon absorption. 

The existence of substructure in picosecond light 
pulses generated by mode- locked Nd -glass lasers' 
may be inferred from the discrepancy between the 
measured and expected pulse widths. Time resolved 
spectral of individual pulses in the mode - locked 
train indicate bandwidths in excess of 100 cm-', 
which is sufficient to produce pulses with full width 
of about 3 or 4 x 10 -" sec. The intensity correla- 
tion methods of pulse -width measurement involving 
second harmonic generations's and two - photon ab- 
sorptions'e give pulse widths in the range 4 to 10 
X 10 -12 sec. Although these methods are direct, they 
give only information on the pulse envelope function 
A(t) through the integral expression 

f A2(t)A2(t - t')dt , 

and no information on the phase structure. A meth- 
od of measuring either the envelope A(t)[or its 
square A2(t)] or the phase structure is therefore 
needed to explain the discrepancy. 

We have measured the quadratic term ß in the 
pulse carrier phase O defined by cp (t) _ cot + 1,0'2 
and find that the major source of spectral width of 
mode- locked Nd -glass laser pulses at 1.06 -p 
wavelength is indeed due to a frequency sweep of 
the carrier. The measuring apparatus compensates 
for a positive ß and causes pulse compression.7'ei9 
Intensity correlations of the compressed with the 
uncompressed pulses through the two - photon flu- 
orescence technique permits measurement of the 
function A2(t), while comparison of second harmonic 
generation (SHG) of the compressed and uncom- 
pressed pulses gives information on the growth and 
periodic oscillations of the pulse width throughout 
the mode - locked train. 

The measurement techniques are illustrated in 
Fig. 1. The diffraction gratings G, and G2 compress 
the pulses as previously described.9 

In the first type of measurement, prisms P,, P2, 

*This research was supported partly by Project 
DEFENDER under the joint sponsorship of the Ad- 
vanced Research Projects Agency, the Office of 
Naval Research, and the Department of Defense, 
and partly by the Air Force Cambridge Research 
Laboratories, Office of Aerospace Research. 

M, 

Fig. 1. Apparatus for using pulse compres- 
sion techniques in the measurement of pulse 
envelope shape and detection of pulse width 
variations. The cylindrical lens (CYL) is ne- 
cessary for reducing the depth of field re- 
quiretl of the camera in photographing the 
fine disks of fluorescence. 

and P3 are absent. Both the laser output and the 
grating output pulses (hereafter called the "uncom- 
pressed" and the "compressed" pulses respec- 
tively) are passed through the beam splitter BS and 
directed via mirrors M, and M2 into a cell of the 
dye Rhodamine 6G dissolved in ethyl alcohol where 
a photograph of the fluorescence following two - 
photon absorption gives an indication of the respec- 
tive pulse widths.s's Figure 2 shows such a photo- 
graph obtained with a pulse train of 150 -nsec dura- 
tion with the gratings set for 4.5 -psec relative 
time delay per 100 -A wavelength difference. The 
compression of the pulses to the subpicosecond 
domain is clear proof of the existence of the posi- 
tive quadratic phase coefficient S. Some output 
pulse full widths measured by this technique have 
been as small as 4.4 x 10 -13 sec, which is close to 
the theoretical limit for a bandwidth of 100 cm '. 
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LASER 
OUTPUT 

OUTPUT FROM GRATINGS - 
Fig. 2. Photograph taken on Polaroid 47 
film of fluorescence produced by compressed 
(lower) and uncompressed (upper) pulses. 
The horizontal shadow in lower track is from 
a pin of diameter 0.020 in. The compressed 
pulse width is about 0.7 psec in this picture. 

Usually the photographs showing such small pulse 
widths also show a haze on each side of the narrow 
central portion indicating that not all of the pulses 
of the train have been compressed to their mini- 
mum widths. This is consistent with an earlier ob- 
servation' that the pulse widths tend to increase 
throughout the mode - locked pulse train. 

Further information on the variation of widths 
from pulse to pulse was obtained in the second 
type of measurements,10 also illustrated in Fig. 1. 
Here the mirror M, as well as the three prisms 
are absent and both the uncompressed and com- 
pressed pulses are passed through a 12 -mm cube 

',1'11t' if 111's1, 
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Fig. 3. Oscillograms made with Tektronix 
519 oscilloscope of photodiode pulses pro- 
duced by SHG of compressed and uncom- 
pressed pulse trains. Upper and lower pic- 
tures were made with different grating spac- 
ings. Compressed pulses show large SHG 
amplitude variations while envelope of SHG 
pulses is smooth. Horizontal scale: 50 nsec/ 

cm. 

T 
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Fig. 4. Microdensitometer trace for the 
pulse envelope measurement. The trailing 
edge of the pulse is steeper than the leading 
edge. The noise is due totally to the film 

grain. 

of IC)P which gives SHG at 5300 A. The filter F re- 
flects nearly 100% of the 1.06 -µ light and allows 
the green light to impinge on the photodiode PD 
from which the output is fed into a Tektronix 519 
oscilloscope. Figure 3 shows the oscillograms for 
two different grating spacings. In each oscillogram 
the lower envelope resulting from the SHG of the 
uncompressed pulses is smooth while the other en- 
velope, due to SHG of the compressed pulses, shows 
large variations. The ratio of the SHG photodiode 
responses is inversely proportional to the ratio of 
the respective pulse widths. In the upper oscillo- 
gram, which was made with the grating separation 
equal to about 0.85 of the optimum separation for 
maximum compression, the compression ratio is 
larger in the beginning of the pulse train where the 
laser pulses tend to be shorter. With the gratings 
further than the optimum spacing apart, maximum 
compression is obtained toward the end of the 
pulse train as illustrated in the lower oscillogram. 
An oscillation of the compression ratio across the 
pulse train appears in every measurement of this 
type. It appears as a series of large variations in 
height of the compressed SHG envelope as shown 
in Fig. 3. When pulses are compressed to within a 
factor of two or so of their theoretical minimum 
widths the compressed pulse width is very sensi- 
tive to minor variations of input pulse widths, and 
it seems natural to explain the oscillations in Fig. 
3 as being due to such variations. The results 
shown in the figure were produced with Eastman 
9740 dye as the saturable absorber in the mode - 
locked laser. With Eastman 9860 dye the variations 
in pulse width are apparently much greater, as the 
SHG envelope of the uncompressed pulses shows 
oscillations of about 10% around the mean. 

The third type of measurement is that of the pi- 
cosecond pulse envelope itself. The experiment is 
performed with the beam splitter BS raised and the 
prisms Pi, P2, and P3 in place. By tilting the mir- 
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rors M3 and M4, and adjusting the uncompressed 
pulse delay by moving P3, it is possible to direct 
most of the beam of the uncompressed pulse and part 
of the compressed pulse beam below the beam 
splitter and have these pulses scan across each 
other inside the dye cell, thereby obtaining a meas- 
ure of the squared envelope function A2(1). Actually, 
the fluorescence intensity is proportional to 
1112( 0132(/ - t')dt , which approximates A2(ti) when 
the function B2(t - 1') is sufficiently narrow. At the 
same time, that part of the compressed pulse that 
is intersected by the beam splitter produces a flu- 
orescence intensity proportional to JB2(1)B2(t -/')(//, 
which usually appears as a sharp line in the photo- 
graph, and one can estimate readily the degree of 
resolution in the envelope measurement from the 
sharpness of this line. [If this latter fluorescence 
intensity display produces a sharp line, we have 
some confidence that we are measuring an average 
A2(1) that is heavily weighted in favor of a small 
number of identical pulses.] 

Although an accurate measure of A2(1) will re- 
quire more sophisticated photographic techniques 
than we are using at present, two interesting re- 
sults have been obtained. First, the width of the 
display for the scan of the uncompressed pulse with 
itself [02( /)A2( - 1')d/] is considerably narrower 
than for the simultaneously measured scan of the 
compressed with the uncompressed pulse 
[ JA2(1)B 2(t - t')dl ], as would be expected. The ratio 
of the widths appears to be about 1.4. (It would ap- 
proach 2 for Gaussian pulses with large compres- 
sion ratio.) The second result is that the pulse en- 
velope is unsymmetrical," and in all cases ob- 
served so far the rise time of the pulse is larger 
than the fall time. Figure 4 shows a microdensi- 
tometer trace of a (squared) pulse envelope made 
in this way. The asymmetry is greater in this par- 
ticular pulse than in any of the other pulses meas- 
ured so far. The ratio of rise time to fall time is 

about three on the microdensitometer trace, al- 
though the cut -off may be actually sharper, the 
trace being limited by the resolution of the micro - 
densitometer. Pulse shape measurements made 
with single pulses will probably be more meaning- 
ful than those averaged over the pulse train. 

It is a pleasure to acknowledge the technical as- 
sistance of R. Bodurtha and R. Michaud as well as 
the many fruitful discussions with W. H. Glenn and 
A. J. DeMaria. 

Note added in proof. The width ratio referred to 
above would be expected to be the other way around. 
Our result is probably due to the low amplitude 
part of the pulse that is not readily visible in the 
ordinary display. The author is indebted to Robert 
A. Fisher for pointing out this error. 
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Above a critical power threshold for a given pulse width a short 
pulse of coherent traveling wave optical radiation is observed to propa- 
gate with anomalously low energy loss while at resonance with a two quan- 
tum level system of absorbers. The line shape of the resonant system is 
determined by inhomogeneous broadening, and the pulse width is short com- 
pared to dissipative relaxation times. A new mechanism of self- induced 
transparency, which accounts for the low energy loss, is analyzed in the 
ideal limit of a plane wave which excites a resonant medium with no damp- 
ing present. The stable condition of transparency results after the 
transversal of the pulse through a few classical absorption lengths into 
the medium. This is signified after the initial pulse evolves into a 

symmetric hyperbolic secant pulse function of time and distance, and has 
a specific area as a "2î pulse." Ideal transparency then persists when 
coherent induced absorption of pulse energy during the first half of the 
pulse is followed by coherent induced emission of the same amount of 
energy back into the beam direction during the second half of the pulse. 
The effects of dissipative relaxation times upon pulse energy, pulse area, 
and pulse delay time are analyzed to first order in the ratio of short 
pulse width to long damping time. Analysis shows that the 27 pulse con- 
dition can be maintained if losses caused by damping are compensated by 
beam focusing. In an amplifying inhomogeneously broadened medium an an- 
alytic "Tr pulse area" solution is presented in the limit of a sharp ris- 
ing pulse leading edge. The dynamics of self- induced transparency are 
studied for the particular effects of Doppler velocities upon a resonant 
gas. The analysis of transparency for random orientations of dipole mo- 
ments associated with degenerate rotational states yields modified forms 
of self- induced transparency behavior which indicates finite pulse energy 
loss in some cases as a function of distance. The effect of self- induced 
transparency on the photon echo is considered. Experimental observations 
of self- induced transparency are made in a ruby sample at resonance with 
a pulsed ruby laser beam. Single and multiple 27 pulse outputs are ob- 
served, and pulse areas are measured in the range of 27. The experimen- 
tal results are compared with the predictions of the ideal plane wave 
theory. Deviations from the ideal plane wave theory are discussed. An 

analysis is made of the effect of a transverse mode of the propagating 
beam upon the transparency properties of the pulse. 

*Supported by the National Science Foundation. 
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I. INThODUCTION 

The development of sources of pulsed coherent radiation has 

initiated investigations of the behaviour of coherent traveling; waves 

as they interact with media which have absorption bands near or at the 

frequency of the applied pulse. Of particular interest are resonant 

absorbing media characterized by localized two level transitions which 

are excited by optical' and phonon2 radiation. The absorption of low 

intensity coherent-or incoherent radiation can u s.ially be iuterpreted 

in terms of linear dispersion theory, particularly if the ground state 

energy levels of the absorbing medium (or excited states in the case of 

e prepumped active amplifying medium) are only slightly depopulated by 

the radiation. As the -eson.3nt traveling wave radiation intensity is 

increased, the linear peoblem3 can be perturbed to account for the on- 

set of weak nonlineariV es4. If damping is not toe severe, transient 

oscillations in state populations can exist during and after the appli- 

cation of pulsed radiatioo5. The transient behaviour of two level 

system:. interacting with standing waves6 in cavities is closely related 

to fundamental aspects of pulsed traveling wave resonance phenomena. 

For very large intensities of pulsed coherent radiation encompassed by 

optical, phonon, and microwave radiation, the pulse width times have a 

critical effect if they are comparable to or shorter than the dissipative 

damping times of the resonant medium. The state population changes be- 

come markedly nonlinear and time dependent: the resonance susceptibility 

of the medium then a strong function of the driving field. 

Usual perturbation treatments of strongly driven resonance phenomena 

cannot tractably reveal many rather surprising nonlinear propagation 
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effects. The mere application of simple rate equations to describe 

the population of quantum states is= invalid, and the use of standard ab- 

sorption and emission coefficients to examine the pulsed response of 

systems at resonance in the usual manner can be inadequate or incorrect. 

The time dependence of the off -diagonal elements that represent the 

induced polarization plays a principle role in the description of coherent 

superpositionsof quantum levels. The simplest two level system is one 

where each level is non -degenerate, and it is this case which will be the 

main one to be discussed here. We will speak in terms of optical states 

and electric dipole moments, but our analysis will also apply to cases 

where magnetic or quadrupole moments are involved in the resonance process. 

The pulsed radiation can involve magnetic, electric, magnon, phonon, or 

other classically describable fields. 

A striking manifestation of the nonlinear resonance response to pulses 

of coherent light is the photon echo effect7. This phenomenon, the optical 

analogue of the spin echo effect8, illustrates the collective superradiant 

state described by Dicke6, which radiates energy coherently into the 

electromagnetic field. In the case of spin systems, the same effect is 

spoken of in terms of free precession coherence, where spin ensembles 

radiate coherently into a resonant cavity. In this work we consider the 

interaction of a light pulse with a medium which has dimensions large 

compared to a wave length, and is not contained in a cavity. The medium 

dimensions may or may not be large in comparison with the linear ab- 

sorption length. The optical resonators are assumed to be distributed 

over a spectrum of frequencies determined by an internal spread of 

fixed two level splittings. This spread defines the line shape as in- 

homogeneously broadened. If a weak pulse enters the medium, a fraction 
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of the pulse energy is absorbed and retained as excitation energy of the 

two level system in the beginning length of the sample, and after a few 

absorption lengths the pulse intensity has disappeared according to the 

usual Beer's law9 of absorption. Although the dipoles are left excited 

after the pulse has gone by, they cannot reradiate power because they 

quickly dephase among themselves, owing to the broad pulse spectrum over 

which they have been excited. While a given group of dipoles is excited 

coherently by the pulse, absorption is induced because of the familiar 

resonance property that the driving electric field is opposed by an electric 

field radiated by the dipoles. However, if the initial pulse power is suf- 

ficient to excite resonant dipoles into a predominately inverted or "pumped" 

state before the pulse has subsided, some energy of induced emission radia- 

tion will be returned coherently into the remaining portion of the pulse. 

The electric field radiated by the induced polarization will then add to 

the driving field. Once this emission process takes hold to the slightest 

degree, it becomes favored more and more as the pulse propagates into the med- 

ium until the following equilibrium condition is reached.The energy of induced 

emission, transferred to the light beam during the last half of the pulse, 

becomes equal to the energy of induced absorption transferred from the 

light beam, during the first half of the light pulse. This constitutes 

the dynamic condition of self- induced transparency10, and the final 

pulse is characterized as a "2n pulse" in the same way a gyromagnetic 

spin system can be excited to upper states and returned to the ground 

state by a pulse of radiofrequency power. Attenuation caused by damping 

of the resonant dipoles or by background scattering losses is assumed 

to be absent or small, but the transparency effect retains its essential 
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description in the presence of real damping if the initially applied pulse 

has a width short compared to, or even comparable with the dapping time. 

In the simple case of a plena wave the injected pulse evolves to a 

final symmetric shape which is a 2n hyperbolic secant function (here- 

after denoted as 2g h.s.) of time and distance. The pulse velocity 

becomes less than that, of non -resonant light in the medium because of 

the continual absorption of energy from the pulse leading edge and 

emission of energy into the pulse trailing edge. When the pulse velocity 

is considerably less than the light velocity, the pulse energy is des- 

cribed ns belonging predoainantly to the resonant medium rather than to 

the electromagnetic field. 

The transparency effect is not necessarily restricted to the special 

case of single pulse transmission. For example, in an extended medium 

the effect is an aid in predicting some properties of the photon echo 

which evolves as a third pulse following the application of two previous 

pulses. In another situation a light wave of sufficient intensity which 

is turned on and left on will sharpen in its leading edge as it travels 

through the medium. Field oscillations will finally develop following 

the leading edge which will decay in a damping time determined by losses 

in the medium. ?.There the damping is small, a single pulse of large area 

may split up into two or more self propagating individual 2n h.s. pulses 

which have widths less than the damping time of the medium. Generally, 

the final pulse may be characterized as a. superposition of 2n h.s. pulses 

of various widths, phases, delay times, and center frequencies. 

Initial computer calculationsll indicated specific rules for the 

propagating pulso area as a function of distance. These rules implied 

the existence of small pulse energy loss during pulse propagation,; hic.: 
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led to an analytic investigation of the resultant pulse shape. Ac- 

cording to the assumptions of the ideal plane wave model, the pulse 

shape evolves to a 21t h.s. form for which the losses are not merely 

small, but precisely zero. T'ne transparency effect was demonstrated10 

experimentally in the case of ruby laser pulsed light acting on a passive 

ruby sample tuned to the driving pulsa. Subsequently the transparency 

effect was demonstreted in a gas12 by Slusher and Patel in the case of 

10.6 micron radiation pulses from a CO 
2 

laser passing through a gaseous 

medium of resonant S. 6. 

In view of the Sapid development of "Ç- switch 1 and mode- lock13 
pulse techniques which produce laser pulses in the range of 10-8 to 

10 -12 second.., such lllses should propagate over anomalously large dis- 

tances through real .,rstems with electron dipole damping times 

in this range. The caset of attenuation effects are themselves of 

critical interest In :he measurement of ahoy, lifetimes in resonant atomic 

states, electron 'nand states in solids, and collision damping times and 

cross sections in ;;aces. The shape and area of the self propagating 

pulses are themse_lvee a measure of transition dipole moments, relaxation 

times, and a number c:f other properties ultimately connected with the 

nature of the medium line shape and resonance structure. The analysis 

in this paper applies js well to many situations where the medium is 

prepared initially in pumped excited states. This is a condition common 

to all lasers and amplifying media, and the transparency effect appears 

to be an import_nt cen.ideration for analyzing the nonlinear character 

of laser pulse eteepenin, amplification, and final cutiut pulse character. 

The analysis of the simple case of a two level sys em interacting 

with circu].erly polarized light is initially p.eesentcd in this paper. 

This case is chos_n because of the close physical correLpondence of its 
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vector model to macroscopic physical quantities, so that we may utilize 

easily the concepts of nuclear m_gactic resonance. Some of the resultant 

restrictions are subsequently removed in order to discuss other related 

cases. 

II. A rAIYSIS OF SELF -INDUCED TRANSPZ RLIICY 

Assumptions 

The several analytic results which describe the optical self- induced 

transp,rency effect can be derived on the basis of a semi- classical 

descrj.dtion which involves e nunbcr of assumptions. For simplicity con- 

sider a circularly polarized traveling plane wave light pulse of optical 

frequency w, ;riven by 

E(z,t) = L(z,t)[icos(wt-kz - Az)) + jsin(w;,-kz - Az))], 

which enters and traverses a medium in the direction k of increasing 
A A 

distance z, where the orthogonal unit vectors i and j are transverse to 

the prop ation direction. The strength of the electric field modulus 

C i. sufficiently lare that the electromagnetic field may be regarded 

as classical; nd yen, it is :mall enough so that rd<< hw, where p is 

the interacting dipole moment. We may consistently assume that 

« anc. 
1::< 

w 

where k = w = 2xß, 1. is the free space wave length, î is the host 

refractive index, c the speed of light in vacuum, and 31 is on arbitrary 

phase angle not dependent on the time t. Eqs. (1) and (2) imply the 

neglect of coherent back scattering. Only coherent forward scattering 

(1) 

(2) 
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applies in the regime a -1 > X, where a -1 is the optical absorption 
length attributed to the absorbing dipoles which respond at frequency 

w of weak monochromatic light. The refractive index ri is assumed to 

be unaffected by the light pulse intensity, and we therefore neglect 

effects which may arise from nonlinear generation of light with fre- 

quencies not close to w. Frequency modulation and pulling effects are 

not considered by assuming that there is no time dependence of /S. This 

restriction is consistent with all of the assumptions made here. 

The medium contains N particles per cm3 initially in the ground state 

of two energy eigenstates between which electric dipole transitions can 

occur. The induced electric dipole polarization can be accurately repre- 

sented as a continuum (see Appendix A); and the resultant optical resonance 

line is inhomogeneously broadened. In solids such a broadening could 

be caused by a distribution of static crystalline electric and magnetic 

fields, and in optically rescnant gases the distribution of Doppler 

frequencies serves as the inhomogeneous broadening mechanism. The effect 

of other linewidth contributions is neglected, such as lifetime or 

collision broadening caused by phonon interactions or by any other 

homogeneous contribution to the linewidth. The resultant distribution 

of natural frequencies wo of a given ion, atom, or molecule (hereafter 

designated as a "dipole ") is described by the 

density function g(), where J g(6.w)d( w) = 

applied frequency w is tuned to the center of 

symmetrical spectral 

1 and Co) = wo - w. The 

the spectral function 

g(Akw). The dipoles are coupled only by their interaction with the 

plane wave electromagnetic field, and the direct dipole- dipole coupling 

is assumed to be negligibly small. 
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Resonance Dynamics of a Two Level System 

At the entry face z = 0 of the medium, let A(0) = 0, and define 

&O,t) in Eq. (1) as an arbitrary input pulse envelope shape, perhaps 

generated by a laser source. In the medium the interaction Hamiltonian 

of the two level system with no dampingterms included is expressed as 

14 =140 - po E(z,t), (3) 

where :H 
o 

is the main interaction, internal to the two level system, which 

determines the splitting two. The electric dipole moment operator is 

defined as 

A ^ 
Po = P(iQX + Qy), 

where p = pX = py are magnitudes of the respective components of electric 

dipole moments. The Pauli operator a has transformation properties 

identical to the spin operator I which occurs in magnetic resonance prob- 

lems, where 1 3 a a is the identity matrix. With the definitions that 
.%. 

--p _ P(aX + iQy), 

E(z,t) =6z,t)e+i[cut-kz-S(z)] 

Eq. (3) becomes 

14 .:M0 - 2(P+E_(z,t) + P_E+(z,t))- 

(5) 

(6) 
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The two quantum level solutions for the expectation value of the 

source electric dipole moment per en? have been shown15 to be of the 

same form as those obtained for the magnetic moment in nuclear induction16 

We review briefly a popular density matrix method which provides a concise 

method to obtain macroscopic equations of motion of the dipole system, 

needed in our analysis. The reader informed on this point may skip this 

review and proceed with the analysis immediately following Eq. (17). The 

density matrix method may ultimately embrace treatment of relaxation 

damping, or of cases where an arbitrary mixture of Q and n optical 

polarizations may occur, which indicate respectively polarizations 

transverse and parallel to a defined axis in the medium. 

Considering only its time dependence, let the dipole two -level wave 

function be given by 

* = a1(t)V1 + a2(t)* 2, (7) 

with population coefficients al(t), a2(t) and stata functions 4/1,12 

assigned respectively to excited (1) and ground (2) states. The dependence 

of l upon z and the phase of traveling wave excitation must eventually be 

included. In our particular experiment the ground state is completely 

populated before dipole transitions are induced, and therefore 

,a2(0)12 = 1, +aí(0)12 = 0 at time t = -. The initial density matrix 

is given by 

P(0) 
(c52; l 

The operators in Eqs. (5) and (6) are expressed in matrix form as 

(8) 



2p 
(C! 

l 
p+ _ + = 0 ' 

p_ = PQ = 2p l g),and 

two 
1 0 

o 2 CO -1)' 

The time dependent equation 

= RI,p(t)) 

for the density matrix is conveniently examined in a representation in 

which 11 and p(t) transform as follows: 

= TNT-1 - 
2 w oz = 11613 

- ax 
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(9) 

(10) 

p*(t) = Tp(t)T-1; (12) 

where T = ei(a 
/2)f(wt -kz - 

94(z)]ß K = , and 64.0 = wo - w. 

In developing the time dependent behaviour of p it is understood that 

p E p(t,nw,z), although the notation is restricted to writing p = p(t). 

In the case of the simple :/.40 matrix given in Eq. (9), the T trans- 

formation allows one to view )o as the interaction Hamiltonian in a 

-frame of reference rotating about the laboratory z axis at 

frequency w. Eq. (10) therefore transforms to 

ifiP*(t) = P*,p*(t) ] (13) 
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In this representation the time derivative of the expectation value of any 

* 
operator F is 

d(Fdt)) 
)[ 

TrF*(tH*,F*)] 

* 
The operators F of interest here are given by arz,aX, and a , where 

the spectral energy density is defined as 

NNW 

W = 2 
0 

(QZ), 

and the transverse electric polarization density is 

u +iv = x +iay). 
The terms u and v can be identified as the electric dipole dispersion 

(1A) 

(15) 

(16) 

and absorption components respectively, in accord with the undamped Bloch 

equation notation 
16 

. These components combine with a pseudo polarization 

- w , which plays the role of transverse magnetization Mz in the original 
Bloch notation, to define a vector polarization P. A real electric 

polarization Pz may in fact exist, but would not be involved in 

our treatment here. The three components together define a fictitious 

vector polarization 

A A N WK 

P=uu+v -w- 
4%, 

in the frame of reference rotating at frequency w about 

unit vector wo, defined in this case along the laboratory z 

axis parallel to the direction of light propagation. The unit vectors 

(17) 



uo,vo,wo form a. mutually orthogonal set. From Eqs. (14), (15), and 

(16) the time dependence of P above is obtained in a forni of the 

familiar torque equation 

dP 

d= Px[ uoC( z, t) + w6w]. 
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(18) 

Coupling to Maxwell's Equations 

The final step before presenting an analysis of the pulse 

propagation is to couple Eq. (18) to Maxwell's equations for propaga- 

tion of a circularly polarized plane wave. From Eq. (5) let the traveling 

wave 

114.(z, t) = (z , t)ei[wt-kz + Az) ] 

with parameters defined in Eq. (1), be the complex solution of the 

wave equation 

ó2E +(z,t) 2 a2E(z,t) kn ó2P +(z,t) 

óz2 c2 at2 c2 ót2 

The r t complex polarization P(z,t) is given by 

(19) 

(20) 

-(z)] 
P+(Z,t) f g() [u(6w,z,t) + iv(,Z,t) ]e i(wt-kz dow) . (21) 

Any symmetric distribution function g(Aw) centered about the applied 

frequency w is acceptable; and in the particular case where g(6w) is a 

bell shaped function, (1 /T2)sec -1 is proportional to g(0) -1, and is an 

approximate measure of the 
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line width. The assumed relf:tions of Eq. (2), which state that 

¿(z,t) is slowly varying, also assures a sirsil :r beh ;aviour for P +(z,t) 

After substituting Eqs. (19) and (21) into Eq. (20), the relati:.rs of 

Eq. (2) permit slowly varying terms to be dropped, and the following 

equations result: 

(22) -(lc) gc v(,z,t)g()d(-'); - 

j 2 ¡ 
/ 

K Gl 
Zz) 

1 = 
21'2 

1 u(,Z,t)g()dl ) (3) 
C -m 

To complete the array of required scalar equations, Eq. (18) is re- 

written as follows, but with the addition of phenc:nenological damping 

terms accordin6 to the Bloch notation16: 

du 
dt = 

vCw -u/T, 

át 
K 
2 

= 
v/T, 

dw (w-Wo) 

at=vew T1 

(24) 

(25) 

(26) 

Any incoherent damping effects, such as spontaneous emission or life- 

time broadening mechanisrsassociated with collisions, are included in 

the relaxation time T2. The time T1 defines the energy damping time 

constant associated with relaxation which restores the energy of the 

optical system to the ground state value Wo = - I1\4J. The total optical 

linewidth is defined approximately as 
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(27) 

In turn, T, 
T 

+ T, where T2' pertains to any lifetime broadening 
2 1 2 

mechanism which does not significantly alter the population distribution 

between the two levels of the system connected with the resonance. In- 

stead T2' accounts for the broadening of either or both levels by relaxa- 

tion processes that do not cause transitions between the two levels. Such 

broadening is produced, for example, by electric Stark or magnetic Zeeman 

frequency modulation of the level eigenvalues because of incoherent local 

field fluctuations, or because of very rapid relaxation from one or both 

of the two levels to a third level which is not directly involved in 

the externally excited resonance. A rigorous treatment of damping is 

of course not intended in specifying the above relaxation times; 

the phenomenologically represent the kind of damping which may occur. 

For the limit of ideal self- induced transparency of electric field pulses of 

width T, the inequalities T << T2 and T » W -1 are to apply in the 
analysis to follow. 

The Area Theorem and Its Properties 

For those oscillators exactly at resonance in the absence of 

relaxation, let t3=0, and define T1 = T2 = co in Eqs. (24), (25) and (26) 

for all 643. Therefore 

v(0,z,t) = Npsincp(z,t), 

W(0,z,t) = Wocosp(z,t), 

t 

where «(z,t) = K" (z,t')dt' 

(28) 

(29) 

(30) 
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expresses the :angle through which the fictitious polarization vector P N 

at exact, resonance (l`w.> -0) is turned at'time t by the ¿field pulse. The 

angle cp therefore expresses the area of the pulse developed up to time t. 

Let the area A of the entire pulse be defined when the upper limit t -400 

applies in Eq. (30). Therefore, P. = c¡ áz,t' )dt' . The total tipping angle 

of P 0 7 r, is e- 1271 -1 
Iwv(0, ?L) which m^ N( , , ) 

-1 / ) y not be numerically equal to A 
l > > 

in other physical situations. 

We now can show how the behaviour of the component v(0, z, t) at exact 

resonance is connected with the motion of components u(['w,z,t) and v(Gw,z,t) 

off resonance (0) through their mutual interactions with the 6-field. 
Integration of both sides of Eq. (22) from t = - gc to t = + 00 E. T, gives 

d O ( z ) _ 
2 n K . ° ° ° = T 

-dz n g()v(,z,t)dt:(), (31) 
_ro 

where the case 0(z) = A(z) will apply. The long time T signifies that the 

pulse L(z,t) has died away. This does not necessarily mean that the individual 

polarization components u(tw,z,t) and v(L`w,z,t) have died away, but only that 

they destructively interfere to make the net polarization, given by Eq. (21), 

vanish because of the range of spectral frequencies 6w. Let T = To + t', 

and choose To as an arbitrary time origin having properties assigned to T 

above, with time t'>0 measubed with respect to it. At t = T, Eqs. (24) and 

(25) (with T2 = 00) combine to give 

u(L1w,z,t) = u(544,z,To)cosVAt' ) + v(c%o,z,To)sin(/_`ut' ) . (32) 

After substituting v = (au /t) /Cw from Eq. (21l) into Eq. (31), integrating 

Eq. (31) with respect to t, and applying Eq. (32), Eq. (31) becomes 



233 

¡ 

[E.OLO][u(,z;T0)cosct') 
+ v(l,z,To)sin(Lwt) Jd(l). (33) 

For arbitrarily large t' -- co the contributions from the integrals in 

Eq. (33) occur only at L`c,!=O, since the integrands are oscillatory. 

Formally, the first integral in Eq. (33) appears to be undefined, and, 

therefore it is evaluated as the principle part of the integration in Eq. 
c0 

Jr 

cos(Ltiut' ) 

(31). The complex integration of u(O,z,T0) d(Cw) is then zero. 

Alternotively, one can argue that the first integral averages to zero for 

large T since u(A ,z) is an odd function, proportional to NI) near 6wr =O. 

The functions g014w), v, and W are even functions of w. The second 

integral results in a delta function which allows v to contribute only 

at da0-O as follows: 

oc g(Mv(Cio,z,TO)sin(Cs.e)d 
g( ) = n- O v O z T 1 ( ) ( , , ) . 

J w 

At t = To according to Eq. (28), 

v(O,z,T0) = Np sin8(z) . 

Therefore, from Eqs. (34) and (35), Eq. (33) yields 

dá(z) _ 
a 

si/10(z), 
z 

where a 8i2Np w 2 (0). 

nhc 

At frequency w the constant coefficient a in Eq. (36) is defined as 

the reciprocal absorption Beer's length for weak light pulses of narrow 

bandwidth, from coherent or incoherent sources, which do not 

( 34 ) 

(35) 

(36) 
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significantly alter the ground state population of the absorbing dipoles. 

This is signified by letting 0(z) « 1 in Eq. (36). For this case the 

expression of Beer's law for an absorbing medium follows from Eq. (30) 

applied to (36), as 

¿(z) 2 = 6( 0 ) 2e 
-a_, 

(37) 

The general solution of Eq. (36) is 

0(z) = 2tan-1((tan(100)jexp(-2{xz)), (38) 

which defines e0 as the rotation angle of the fictitious vector P(0,0,t) 

for those dipoles with 6w =0 and z =0 at the entry face plane of the medium. 

The branch solutions of e versus z from Eq. (38) are plotted in Fig. (1 -a). 

The solution for 0(z) is analytic, but we know of no analytical solutions 

for ¿(z,t) except particular ones which will be presented in the limit 

de 
= 0. Examples of computer plots for ¿versus z and t are shown in áZ 

Fig.(1 -b) for cases 90 = 0.9n and 00 = l.ln. The initial shapes ¿(0,t') 

are arbitrarily chosen to be Gaussian such that 

Kico 

&Opt')dt' = eo 
-co 

(39) 

In Fig. (1) it is seen that the pulse area 0(z) diminishes toward 

e(z) = 0 for initially applied pulse areas e0 < n if a is positive in 

Eq. (36), where Beer's law holds for 0(z) « 1. If the sample is 

populated initially in the excited date, a is negative in Eq. (36), and 

0(z) evolves by reading z as increasing from right to left in Fig.(la),In this 

situation the amplifying medium will transform a small pulse of initial 
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Fig. 1. Pulse area plots of self- induced transparency area theorem. 
(a) Branch solutions to Eq. (36) are plotted. The entry face of the me- 
dium may be at any value of z. For an absorbing (amplifying) medium with 
a > 0 (a < 0), the pulse area evolves in the direction of increasing (de- 

creasing) distance z toward the nearest even (odd) multiple of Tr. Even 

and odd multiples of n area solutions are respectively stable and unstable. 
The distance z is marked off in units of n a-1 cm for Figs. (la) and (lb). 

(b) Computer plots of evolution of input 00 =0.9Tr and _g0= 1.1Tr pulses with 
distance and time. The time scale may be fixed through an arbitrary 
choice of electric units and the assignment of Bo. 
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area 
e0 

<< n into a 8(z) =n pulse area independent of z for z » a l (this 
case, to be discussed later, is depicted in Fig. (8)). This property will 

hold if we maintain the ideal infinite plane wave condition with no vari- 

ation of beam intensity in the x,y plane normal to the z direction. For 

T > Tx, and the area remaining at the value KcaxT n, the area theorem 

would therefore demand that the amplified peak pulse T continues to shorten. 

Losses would occur in a real case to limit the growth of power and the 

further shortening of T. Also any real beam profile is non -uniform in 

intensity. A uniquely defined field ¿(z,t) which is selected by a small 

aperture in the output will in general have a character which is influenced 

by neighboring portions of the beam, diffraction losses, initial beam 

focusing, beam self- focusing, off -resonance excitation etc. (which, for 

the present introductory discussion, are complications that cannot be 

predicted from Eq. (36) as it stands, whether or not damping is considered). 

The deviations from linear pulse energy absorption rate are conveniently 

found from a computer evaluation of an empirical rate equation for the pulse 

energy T: 

dT 
a T'(A,T, "pulse shape "), 

where T = J 6(z,t)2dt. 
-00 

(4o) 

(41) 

The function F is defined as a factor which is respon,ible for devia- 

tions from Beer's law. It is identified from the combination of Eqs. 

(22), (25), and (26) (with T1, T2 = co). The pulse shape can be defined 
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as an arbitrary smooth function, such as a Lorentzian or a Gaussian function. 

F will have minima near A = 6 = 2n,' i+n etc., and maxima near Sic, 5n etc. 

because of the oscillaLory behaviour (W ti - cose) of dipoles near or at 

exact resonance. A pulse of small energyT and large width T loses the sane f actinrwf 

amount of energy as does a more intense pulse of the same area but with a 

shorter width and a larger energy. This is a result of the relationship 

T.. 1/T for fixed pulse area; i.e. the bandwidth of absorption by the pulse 

is proportional to its energy. Formally if the spectrum g(t) is constant 

throughout the pulse spectrum, F does not depend upon 7-if the pulse area 

and shape Ere held constant. However, if the g(t ) spectrum is bell shaped 

and not flat, F then depends upon T and F will monotonically decrease with 

increasing T. For 7-so large that the pulse width approaches or is less 

than T *, a pulse may or may not become modulated with increasing distance 

z. If T » T¿ however, the induced polcrization will last for a time 

comparable to T, and the pulse will retain a width comparable to its initial 

value and remain unmodulated by oscillations. This argument fails for 

ß > 3n because oscillations in the absorbed and emitted energy begin to 

split up the large area pulse into separate 2n pulses10,17. 

For a flat g(tw) spectrum the pulse shape and area dependence of 

F in Eq. (40) is plotted from computer calculations in Fig. (2) with 

the exception of the case of a square pulse shape. The factor F is 

precisely zero at O = 2n for a 2n h.s. solution. This case is not 

plotted, but is almost undistinguishable from the Gaussian case except 

in the region of e = 2n. The square pulse result is analytic, given by 
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F 0.5 

Square pulse 
--- - --L pulse 

Gaussian pulse 

,`. -- --'''' - - ---- 
0 7r 27r 37r 

o 

4ir 

Fig. 2. Computer plot of function F (Eq. 40) versus area 8. A flat spectrum 
g(Aw) = constant is assumed with the condition T » T. The trend of oscilla- 
tions toward F = 0 appears as shapes chosen approach that of a smooth symmet- 
ric pulse. Incoherent damping because of finite T¢ will tend to average out 
the oscillations and increase the over -all value of F for T i 7. A flat spec- 
trum g(Aw) = constant is assumed. 
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( A 
F(A, (i /A) j cìxJo(x), which is obtained by solving Eq. (OU) 

U 
beginning with Eq. (2'. ). in the usual way, and performing the required 

integra ti on over 

The ilyrt rbo]ic :Scant oJut_ion 

We continue an outline of further predictions of Eqs. (36) and (38), 

and reLLin assumptions upon which they are based. For the system initially 

in the ground state (a positive) the dynamics of the pulse prop- gation 

presents a final stable situation which is not inherent in the amplifying 

case (a negc,t.ive). Fig. (lb) shows how the 00 _ l.ln pulse, above the 

critical area po - n, increases in area [0(z) kdt) toward the limit 

0(z) _ 2r,, when z >'> a -1 and 
de 

= O. While this increase in pulse area 
2 

takes place the pulse loses some energy (#,k dt) over a number of absorption 

lengths cl -1, and appears to be reshaped into a stable form, which is pre- 

scnted aG a hyperbolic secant traveling wave solution 

&7.,t) - KT 
sech[ T (t-z/V)1, (42) 

00 

where 1. 1 6i7, t') dt' = 2g. 
o0 

The solution Eq. (112) will be derived, and it will be seen that it is 

a unique analytical result10 for a traveling wave pulse in the absence of 

dissipation (T1 =T¿ =c) for a sharp line (T2 =) at exact resonance. It serves 

as a solution in the case of arbitrary g(A w), but its uniqueness in this case 

has not been confirmed. Constant pulse velocity V and 

pulse width T result, when the depletion of energy from the first half of the 

pulse (-00 `: t - .. /V) by the absorbing two level system iss ex ictl y balanced by 
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e:iissior (.3,' the some ainouint of energy by the system into the second half of 

the pule (z /V st S w ).. During its second half the pulse is amplified by that 

port.iot, of the two level systec: which the pulse had previously pumped 

into the excited state during its first half. This has the effect of 

produc ia;; a pulse delay, making V < c /q. 

Sharp Line Case 

In view of the indications of our initial computer calculation 
11, 

we are led to believe that a traveling wave pulse exists which is at 

resonance with the two level system and has a. pulse crea of 2n. Such a 

pulse solution must therefore setisfy the equations 

1 l( 21r(,) f g()v(,z,t)d() 
- 5 i ` (43) V t -"c c t 

one of which is Eq. (22). Our task is to find the proper pulse shape 

which satisfies the Eqs. (18) end (43). Let g(6w) - S(6w) be a delta 

function in Eq. (4+3), and substitute into Eq. (4+3) the polarization 

Liven by v(0,z,t) from Eq. (28). Therefore 

`,d}?sinc; 
ót 

2r 
i)c )/Cl V c 

- 
)' 

The expression 

K 

from Eq. (30) is applied to Eq. (44), giving the relations 

e=-2- KT 

(44) 

(45) 

sind /2 (46) 
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end 

2 

(2)si - 
at' T 

2 n K Wrlpr 
where 1/V - 

Tic 

+ TIJc. Eq. (47) is recognized es the equation 

which governs the motion of a pendulum initially oriented in the non- 

2 

(47) 

equilibrium position To = n. From a number of possible solutions to 

Eq. (47), only one of them is of particular importance to the trans- 

parency effect. It is obtained by writing Eq. (46) in terms of 

q = Kfr /2, and combining Eq. (46) vrith Eq. (44) to give q = (q/T)J1 -q¿ 

d4 
or dt /T = - d(sech-1 q) . This leads to the 2nc h. s. solution, 

cN -q 
expressed by Eq. (42), which must be of finite pulse energy. The 

equivalent of Eq. (42), expressed as the solution of the pendulum 

equation (Eq. (47)), is 

T (t ) 
cp = 4tan -1 je }, (48) 

which corresponds to the pendulum oscillation of infinite period. 

The other pendulum solutions, corresponding to period swings or osciila 

tions which have J ()`dt = co (see Fig. 3), are rejected as corresponding 
ot _oo 

to light pulses of infinite energy. A number of pendulum solutions have 

been discussed by Jaynes6 and Cummings relative to a maser cavity problem 

in which a two level system is at resonance with a microwave field. 

Bloembergen and Pound6 and Blocan6 discuss the standing wave radiation 

damping problem for the loss of magnetization of a processing macroscopic 

magnetic moment while it is coupled to a resonance LCR tuned circuit. 

Bloom shows in some detail the nature of the hyperbolic secant radiation 

dumping of nuclear magnetism as a function of cavity losses. Dicke6 

obtain: a similor solution for the transient behaviour of a radiating 

macroscopic electric dipole moment in a standing microwave cavity problem. 
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z 

(a) (b) (c) 

Fig. 3. Sketch of rigid pendulum solutions of Eq. (47) closely related 
to the 27 h.s. case. (a) The tipping angle oscillates about the equili- 
brium position 0 = 7 for the rigid pendulum, which is given an initial 
potential plus kinetic energy slightly less than the critical energy 
(the potential energy in the upright position). The electric fielded 
is shown whith its corresponding oscillations. (b) For the initial energy 

precisely equal to the critical potential energy, the period of oscilla- 
tions is infinite, and the pendulum yields one oscillation with 0 propor- 
tional to a single 27 h.s. field pulse. (c) The tipping angle 4 increases 
indefinitely for the initial total energy slightly exceeding the critical 
potential energy of the upright position. 
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Case of Inhomogencous Broadening 

If we assert that a symmetric 2n h.s. pulse is supported by an in- 

homogeneously broadened medium, then each off- resonant component v(6w,z,t) 

in Eq. (43) is expected to respond symmetrically in time with respect 

to the h.s. pulse. It will be shown that it is consistent to define 

v(Gw,z,t) = v(0,z,t)f(66w), (49) 

where f(6w) is some even function of L independent of t, with f(0) =1. 

If Eq. (49) is valid, then the spectral integration of f(60, in Eq. (4.3) 

will lead to Eq. (44), apart from a constant factor, and Eq. (44) in turn 

leads to the 2n h.s. solution as shown. The form of f(114) is obtained by 

solving Eqs. (25) end (26) for u(Cw,t) and W(aw,t), with T1 = T2 = c, 

and using Eqs. (28) and (49). Eq. (24) then yields 

1-f(6w) 1 r t 
1 sin9(t')dt = T2, 

66o2f(w) -oo 
(50) 

where T2 for a given z is independent of t and 6o, because f0 w) and 9 

are respectively independent of t and ¿'. The second of Eqs. (50) yields 

f(t ) - 1 2 2 
(51) 

1+64) T 

and the first equation, using Eq. (45), gives the pendulum equation Eq. 

(47). The parameter T must be a constant independent of z if the traveling 

wave solution Eq. (48) to the pendulum equation, together with Eq. (45), 

is to satisfy Maxwell's Eq. (43). 

Hyperbolic Secant Pulse Properties 

During the evolution of the pulse toward the hyperbolic secant form the 

pulse shape changes while net energy is being absorbed by the two level 
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0 27r 

Pulse area O 

Fig. 4. Computed absorbed energy by a thin sample from a gaussian pulse 

of fixed pulse width as a function of pulse area 6. A flat spectrum 

g(Aw) = constant is assumed. 

37r 47r 

system. Computer plots in Fig. (4) shou examples of pulse energy ab- 

sorption as a functions of pulse area A =0 for fixed positions z. Pulses 

which are not hyperbolic secant in shape will leave the undamped inhomo- 

geneously broadened system excited to some extent and therefore lose energy 
OD 

by an amount AW = - = N3iw /2 + f w(z,l,t = )g(tt)d(L\w), which follows 
l -03 

upon combining Eqs. (22), (26) and (41). At 0 _ 2n the hyperbolic secant 

pulse gives &' = 0 regardless of the spectral shape of g(tw). This implies 

that u, v, and W in the limit of no damping start from their ground state 

values of 0, 0, - 
N2w 

respectively and return precisely to these came 

values after the 2n pulse subsides, independently of the off -resonance 

parameter Cw to which the vector P (Eq. (17)) is assigned. Fig. (5) shows 

the trajectory of the end point of vector P for various values of Gc rr . 
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Fig. 5. Trajectories of the pseudo- vector k(twT), driven by a 2iî h.s. field 

pulse, for various values of ¿WT. The radius of the sphere is lk(ewT)1 = Np. 

Units of W are K /W. 

From the analysis relatints to Eqs. (49) and (51) the components of P are 

found to be 

and 

u(aw,z,t} = 21ap cwr 
sin(cpl2) 

v(L1w,z,t) 

W(LYa,z,t) 

)2 

Npsincp , 

1+ ( l),,r ) 
2 

= Nfiw 
C2sin2(cp/2) 

2 1+ (1,xr) 2 

(52) 

(53) 

(54) 
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where (1) is given by Eqs. (30) or (48), so that 

sin(cp/2) = sechLT(1 - V)J. (55) 

From Eqs. (22), (43), and (53) the general expres ion for the reciprocal 

pulse velocity is 

V-1 = 4/c + ar2 o E(')d( '\6) Lnglj 
-03 

which re.luces to the time delay per cm of V -1 _ Cri- /2 in the limits 

(56) 

T* « T Cri- » r/c, where g0 w) is assumed constant over a spectral 

region defined about T. These conditions indicate that the pulse is 

retarded in time about a pulse width T per absorption length Cr -1. 

If a 2n hyperbolic secant pulse is injected into the tart,ct sample 

at z -0, the spectral function g(t' ) can be of any non -symmetrical shape, 

and ideal self - induced transparency will operate immediately. Therefore 

the special results for the 2n pulse above apply upon substituting Eq. 

(52) into Eq. (23), to give a phase shift linear with distance and in- 

dependent of time, exprcssed by 

0(?) 
k' - 

072 jr- tulg(dA)d 

(2 ) d 2-03 1+(6or ) 
(57) 

Consequently the resonance process alters the wave vector in the resonant 

medium from the value k as seen from Eq. (1), to the value (k +k'). For 

T » TL, Eq. (57) reduces to the ordinary result for linear dispersion. 
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in the narrow line case (g(tu) = t(A03)) 
The uniqueness of the 2g h.s. solution /is now argued as follows. 

Out of a general class of traveling wave solutions S of the form S(t - Z), 

we note first that the 2n h.s. solution is one in a class of pendulum solutions 

which is a solution also to the cavity problem, where all of these solutions 
namely the pendulum solutions of Eq. (47) with k' given by Eq. (57). 

to the cavity problem are known,/ By the cavity problem it is,meant that S 

is a solution to the second of the two equations in Eq. (13), where only 

the time dependence is involved. As a cavity solution, the 2n h.s. function 

is a solution of the undamped two level system (as in an DIMR experiment), 

as shown by Eqs. (52), (53) and (54), which applies to both on and off - 

resonance behaviour. The 2g h.s. solution contains all the parameters 

necessary to describe any set of initial conditions in the cavity problem. 

The 2n b. function is unique out of all the cavity problem solutions 

in that it is the on?y pulse solution of finite energy; required by self - 

induced transparency, which satisfies simultaneously both the traveling 

wave (first) and cavity (second) equations of Eq. (43). 

Actual experiment. l results indicate that nearly symmetrical hyper- 

bolic secant -like pulse shapes grow even if g(No) is not excited 

symmetrically. The tendency to produce spectrally clean and nearly 

symmetric output transparency pulses is associated with the excitation 

of g(6w) at any 6to if g(nw) presents abroad line width with a slowly 

varying derivative d[g(Í )) /d(6w). If the pulse width r is sufficiently 

large, g(6w) will appear to be nearly a flat distribution in first order, 

because it is excited over a very narrow spectrum. A second order cor- 

rection will arise as a small change in the effective host medium re- 

fractive index because of the dispersion contributed by a small imbalance 

of off- resonance dipoles which give g(t) a slight asymmetry about ¿w=0. 
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III. CHANGES IN SELF- INDUCED TRANSPARENCY PULSE CHARACTERISTICS 
WITH DISTANCE 

There are a number of factors always present in the experiment 

which actually cause the pulse to change shape and broaden, attenuate, 

self -focus or defocus, or perhaps even to sharpen, depending upon a 

variety of actual experimental conditions. It is instructive first to 

discuss some qualitative features of the pulse before it becomes de- 

layed and shaped into a stable hyperbolic secant form. 

At a given position z, let t(z) define a time point during the 

pulse which corresponds approximately to the same point on the pulse 

at other positions z, chosen to define a certain pulse characteristic 

such as maximum amplitude or slope of ¿(t(z),z). Then t(z) is some 

function of z, and if it is applied as a limit in the integration of 

Eq. (22), one must take this into account in carrying out the dif- 

ferentiation process with respect to z. Therefore 

ft(z)(t,z)dtt 
- ( J t(z)(t',z)dt' \ -oo 

Define 

at(z) 
n/c + 

V t z 
; and 

( ( )) 

77 ¡'t(Z) (' 
V(t(z)) =[l(t(z),z1ncw 

J J g(ta)v(Lw,t',z)d(da)dt'+K aqp tzz) l 
ao -oo 

(6o) 

(59) 

where y?(t(z)) is expressed by Eq. (30), with t replaced by t(z), and 

a*) is the reciprocal of the instantaneous pulse velocity at t(z). 
az 
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The re on nce process contributes 1 /V(t(z)) as a component of the 

reciprocal pulse velocity. The pulse shape changes in distance and time.i 

and the velocity V(t(z)) is altered over several absorption Beer's 

lengths a -1. 

Varyi n; Pulse Delay 

In the case of 
00 

= l.ln, as seen from Fig. (lb), the pulse 

delay increases with increasing z in the z,t plane, and acquires 

a constant pulse velocity V, or constant delay time T = aT /2 per unit 

length relative to the retarded time t -rz /c, where T is the final stable 

pulse width. For the two level system initially in the ground state, Eq. 

(60) displays the foJ_louing pulse area properties shown in Fig (lb), where 
t(z) is defined at the pulse maximum. 

For 2n >0 o >v: 

As 0 -)2n, V(t(z) ) > V and > 0. When 0 = 2v, V(t(z) ) = V = 

t(z) = t + z/V, and6q)=0 for z»cx1. 

For 0 o 
< n : 

As 0 -) 0, 1 /V(t(z)) « i/c and < O. 

As seen in Fig. (lb), for the initial pulse conditions 00 = 0.9it, 

the absorbed pulse exhibits little or no delay V(t(z)) -1 per unit length, 

because as a negative quantity in Eq. (60) , cancels out the double 

integral term to a large extent. In the limit of low pulse power ab- 

sorption, where p is small, v . 6, and Ke-T «l, whereupon V(t(z)) -1sD. 

The leading edge of the pulse is absorbed linearly and its rise time 

is altered very little. However, for larger ç, corresponding to large 

t(z) for the same z, the lagging edge of the pulse is in fact stretched 

out because it is amplified briefly by the contribution of off -resonance 
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dipole radition. By multiplying numerator and denominator of the 
s2 

double i,lte-ral term in Eq. (60) by C , setting V(t(z)j1= 0, and 

defining dcp = Kcat, thclfore, 

This describes the limit of classical low power absorption where 

2 

(fmg(&,)),i6,) CX = ano)/(al 
-co 

(61) 

r 

expresses the ratio of the integrated power loss 
dt 

(Eq. (26)) with 
2 

T1= co) to the average energy flux ric /4n of the circularly polarized pulse. 

For the two level system initially in the excited state, the double 

integral in Eq. (60) becomes a negative term, because g(LYa) is inverted. 

The term remains positive, as dictated by the area theorem of Eq. oz 

(36), and a small pulse with initial 
eo 

< n is amplified toward e = 

for z > a , where a is negative. Now the leading edge of the pulse 

is sharpened by the initial gain.After the effective gain factorial, 0) ) 

sharply decreases in magnitude the lagging edge of the puise falls and 

stretches out. While the pulse is being formed and amplified at any z, 

we cannot formulate a general analytic shape for ¿which compares to 

the 2n h.s. case for transparency. However, one must deduce, as the it 

pulse continues to be amplified, that the double integral term in Eq. 

(6o) is negative, -l0, and V(t(z)) < 0. 

This expression for the pulse velocity gives the appearance that 
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the actual pulse velocity exceeds c /T). 

But the pulse velocity as defined here is only an arbitrary definition 

of the backward displacement in time versus distance (hence V(t(z)) is 

negative) of some pulse shape characteristic, and not of the speed of 

light itself. The pulse velocity increase implies e sharpening of the 

leading edge of the pulse because of the amplification process. There- 

fore, the peak of the pulse rises rapidly with increasing z and appears 

earlier in time t, as süown in a special case relating to Fig. (4+), to 

be discussed later. Actually a noise impulse will signify the first 

appearance of sand the leading edge of the amplified pulse can never recede 

to a time earlier than to + zn/c, which is the earliest permissible time 

that information can be conveyed to an observer at position z by the first 

noise impulse generated earlier at time to. 

Although the hyperbolic secant function (Eq. (42)) for has been 

introduced as on analytic pulse solution to the self- induced transparency 

pulse field, this function at t = - co behaves in contradiction to the re- 

quirement of causality. This lack of causality is introduced because of the 

assumptions used in deriving Eq. (42). However Eq. (4+2) is physically 

acceptable as a basis of analysis since it accurately represents the shape 

of (, for finite times t. 

Multiple Pulse Formation 

The area theorem expressed by Eq. (36) implies that any initial 

pulse area 0o, which obeys the condition (n +1)n > 
o 
> nn, will increase 

in area toward (n +l)n if n is odd, or it will decrease in area toward nn 

if n is even, and the pulse sharpens to give an increase in pulse power. 

Figs. (lb) and (6) respectively show the results of computer plots of 

pulse shape changes for the cases 2n > 
o 
> it and 3n > 80 > 2n. If the 
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Absorbed energy 
9o= 2." 

z 

z z 

Fig. 6. Computer plots of absorbed energy and &field pulse shape, versus 
distance and time, for a 00 a2.97 input pulse as it evolves toward a 27 
pulse. The area theorem Eq. (36) requires a pulse width narrowing and peak 
power amplification by almost a factor of two. The absorbed energy repre- 
sents energy stored in the two level system. The units are the same as in 
Fig. 1. 

initial Feu] ,. is to evolve into an area which is ¶r, integer multiple- 

of 2n, it may in .General split up into n separate 2n pulses which do not 

overlap one another at sufficiently large z. Fig. (7) gives computer plots 

which show how two separate 2n pulses emerge in e distance z > (z from 

input pulses ©o near 4n. Each 2n pulse has its owii particular Filth and 

correspcuiding delay time Proportional to the pulse width. Therefore, the 

narrower pulse always occurs earlier at the output. Fig. (16 -c), to be dis- 

cussed later, shows the observed output of what could possibly be a pulse 

splitting effect of this type in a ruby excited self - induced transparency 

experirnr lit. G. L. Lamb has analyzed a special case of this pulse "split- 

ting effect" phenomenon under the assumption that a narrow line (T¿ =T¿ = m) 

two level system remains stable, but it is not known that this splitting 

effect applies to the case of inhomogeneous broadening. The manner in which 
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z z 
(a) (b) 

z 
(c) 

z 
(d) 

Fig. 7. Computer plots of pulse shapes versus z and t for initial input 
pulse areas 80 near 47. Final individual pulse areas, which split away 
from the initial pulse, evolve toward 0(z) = 27 for z » a -1. The energy 
absorbed in the case of 80 = 4Tr is plotted in Fig. 7a. Pulse separations 
at a given z, and final 2Tr h.s. pulse widths T, depend upon the input 
pulse areas 80 and shapes chosen. Units of e, z, and t are as in Fig. 1. 

the computed pulse splitting occurs depends upon the initial pulse shapes. 

Here a flat two level inhomoeneous spectrum with T2 = co is excited with 

pulses of Gaussian shape. As the pulses separate completely they evolve 

into individual hyperbolic secant pulses with separate areas of 2n. 

Pulse Stripping, Superposition, and Self -Focusing 

In the actual experimental situation the pulse entering into the 

resonant medium is not uniform in intensity across its profile. For any 

position z in the sample we visualize for convenience that the pulse 

intensity falls off symmetrically as some function of the radius r, 

measured normal to z and outward from an axis in the rod. 

If we assume that the plane wave analysis of the transparency effect is 

applicable to small patches of the light wave front anywhere on the pro- 
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file, a modification of the pulse intensity output across the beam pro- 

file can be described along the rod. At a particular radius r > re, where 

the pulse arca falls below n, the light will be absorbed for all r > re 

within e few Beer's lengths a 
-1 

Consequently, the outer periphery of 

the original pencil of light should.be stripped away. A 

core remains which contains a distribution of pulse areas with each 

pulse area approaching 2r. These have their own pulse widths and delay 

times corresponding to the intensity assigned to each region at r < re. 

The more intense beam centered about r = 0 will reach the exit end of the 

rod in a certain time before the arrival time of the portion of the beam 

distributed at r - rc, so that a form of "do -nut" shaped intensity pro- 

file remaining near the entry end of the rod would be expected on this 

basis. The strong variation of delay with input intensity near r = re 

would prevent the formation of sharp outer edges in the intensity profile. 

Also, diffraction will couple energy from the beam at a given radius r1 

to a different radius r2 at a distance further down the rod. The 

transparency effect must be analyzed in more detail to take these effects 

into account. Our initial investigation of the effects of these additional 

complications by analytic methods have been unfruitful. 

If effects caused by diffraction and stripping can be_ ignored, 

particularly if the beam intensity falls off very slowly from r = 0, 
2 

the pulse intensity output ¿ versustime t, as displayed from a photo- 

diode, can be visualized as a superposition of squares of individual 

hyperbolic secant curves, where each curve is delayed by an amount pro- 

portional to its own pulse width T. The total superposition of hyperbolic 

secant functions would tend to display a skewed asymmetric pulse when the 

beam is detected over a large aperture at the target output. Use of a 

sufficiently small aperture would give a uniform bell shaped function 

approaching the h.s. shape. 



Suppose the output electric field profile is given as 

¿(r,t) = KT2 y sechlTl(:(t - to(r)4, 

where T(r) is the 2u h.s. pulse width at radius r as defiled by T in 

Eq. (42), and to(r) is the time of the output pulse peak at radius r 
2 

and distance z. The observed electric field intensity 4 from an 

aperture with radius re at the end of the rod of length. z = L is pro- 

portional to 

,2 ( t ) N 
r-rC- 

se ch2j Ttr -aLZ rdr. . 
T(r) 

The experimental measurements of pulse arcas, to be discussed later, 
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(62) 

could show deviations from the ideal 2n h.s. case, party because of 

the sup:!rposition effect indicated by Eq. (62). Depending upon the exact 

form of T(r), to(r), and the aperture size rc, the measured pulse areas 

could be either greater or less than 2n because of the above effect. 

An additional transverse effect is indicated by the dependence of 

d, g iven by Eq. (57), upon the pulse width T. A self -focusing property 

can be assigned to the light beam according to Huygens principle if 

ál increases with increasing peak field 6o(r) = 2 /KT(r), which is equiva- 

lent to an increasing pulse energy or decreasing T(r) for a 2n h.s. pulse. 

This will occur if the applied frequency w is on the high frequency side 

of the resonance line (L negative), and the phase velocity u/(k +k'(r)) of 

the periphery of the beam exceeds that of the center of the beam. This 

focusing effect will produce an instability which modifies the plane 

wave 2n h.s. expression for- 
- 

given by Eq. (57) to an unknown form. 
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Conversely, if the applied frequency w is on the low frequency side of t.ne 

resonhnce peak (nw positive), a different type of defocusing process 

will occur. The simultaneous existence of self- focusing, pulse strippiug, 

and diffraction mckes it questionable to consider these effects as inde- 

pendent of one another. The detailed nature of transverse beam behaviour 

here remains to be worked out. 

Effect of a Transverse Mode on Self- Induced Transparency 

If the electromagnetic field is forced to propagate in a single 

mode, as in the transmission of a pulse down a wave guide, or by the 

maintenance of a transverse Gaussian profile of laser light do'.rn a 

cylinder, the area theorem (Eq. (36)) must be modified to take this 

property into account. Consider a dispersionless wave guide which contains 

a uniformly inverted two level amplifying median, which restricts,pulse trans- 

mission to a. single mode expressed by a complex orthogonal mode described by 

the function (x,y). The electric field expressed by Eq. (19) is then 

written as 

wt-( E(x,y,z,t) _ (x,y)(z,t)e i[ -kz z)) 
+ c.c. 

Therefore in place of Eq. (22) the formal methodi8 for introducing 

single mode behaviour in Maxwell's equations results in the expression 

(63) 

-, , , 
(2i)jdy[*(Xy) ]P+(x,Y,,t)e_It_1 

-n 1+ -- 
z C 2 

jì(x) 12dxdy (64) 

rn 

where a loss term 0e/2 is introduced I = C e 1$(z), P +(x,y,z,t) is 

by the form of Eq. (21), and 1 now takes into account the presence of the 

wave guide. 



The mode function s(x,y) is n,,r:aalized so that p t(0,0) = 1 at the N N 
A ( Y2lpoi ßi1) 

center of the beam, where p In Eq. (64) the phase factor 

inherent in t(x,y) is cancelled by its ccmpl.ex conjugate which occurs in 
1,1 

A 
p. For the vmplifyik mediut the modified area theorem equation for the 

pulse arca A(z) at the bcam center (x = y = 0) becomes 

dAz)_{ 
dz 

( r^ i'dxdyr; [ ,, (x,Y)isinl+(z)Lr ,(x,y) 

2 

£fdXdYLP Y ), 
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- ß(z), (65) 

where a is the linear resonant gain constant for this particular mode. 

The tipping angle of vector P is given by A(z) = 0(z) only at the center 

of the beam. In effect the electric field at x = y = 0 is determined by 

its functional variation imposed by the mode function t(x,y); and the 
ti 

dipoles at a particular transverse x,y position obey the torque type equation 

(Eq. (18)) when driven by the electric field t(x,y)&z,t) at that position. 

The net area derivative at x = y = o in Eq. (65) is therefore determined by 

the functional variation of t(x,y) over all x,y. By this procedure the con- 

straint imposed by the "wave guide mode" bypasses the problem of dif- 

fraction, but at the expense of assuming that the t(x,y) function holds 

throughout the evolution of the pulse area A with distance z. Nevertheless, 

consideration of the relation Eq. (65) is much more realistic with regard 

to questions posed in the l.iterature19 regarding; the production of "n pulses" 

by laser amplifiers. In these experiments there are large transverse varia- 

tions in field intensity, and the pseudo vector tipping angle has a strong 

dependence on transverse x,y position in the beam. 

Let Eq. (65) carry over to the case of a single transverse mode 

traveling wave laser. Acsurae a specific Gaussian transverse function 
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k II 2 2 21 
á *1-(x + Y Vro 

Eq. (65) rduce:, to 

where r is some mean transverse distance. Then 

d = (1-co;.1) - ßA/2. 
z 

The equilibrium area A = cos-1(1 - 2A/a) 
2 

shows that in the limit of 

(66) 

small losses (ß ->o), A -= 2n in the laser amplification process. In the 

plane wave case it is popularly expected that A -,n but the existence 

of the chosen transverse mode and definition of pulse area here happens 

to yield A = 2n. If losses expressed by the parameter ß or PA-1 in- 

crease in Eq. (66), the corresponding pulse area becomes less than 2n. 

Thus far the pulse area referred to is the exact resonance tipping angle 

9(z) at the exact center of the beam profile, where a small aperture is 

presum ::-d to monitor it. If the entire beam profile is measured, the 

apparent pulse area is modified considerably from its value at the center 

of the be ̂m to an apparent value which may be different from 2n, depending 

upon the means of averaging. Of course this analysis is to be taken only 

in a qu-;litative sense, because the equati-m which should apply is 

sensitive to the mole function t(x,y) which is actually present. 

For example if we choose ,.p 
2 2 2 

the area theorem would 

l +(x +y )ro 

be given by 

dA,_Crr Asin,cì,yl ßA 
dz G , y 2 

(6î) 

where the integral function above is the sine integral function Si(y). 

Here the equilibrium area A for finite ß is entirely different from the 

previous case, and for no loss (ß =o) the equilibrium area A is indefinitely 

large. 



Orient. icy â and. Degeneracy Effects 

So far the analysis of self - induced transparency has assumed that 

all dipole matrix eleuk2nts are sin ular]y defined for e simple two 

level system, and that the dipoles are oriented in a common direction 

throughout the sampl'i. In a gas the direction of light polarization of a 

plane wave will specify a corresponding dipole moment polarization direction 

at any time if the induced dipole moment is obtained from the excitation 

of ground symmetric states. There are cases?,Ohowever, in which the 

induced dipole moment will not occur in a unique direction specified 

by the applied field; instead, there may exist projections of dipole moment 

matrix elements upon the incident optical field polarization direction 

which are nearly random in value. 

An instructive way Lo look at the above problem is to say that the 

dipole momerts are apparently different for different molecular orienta- 

tions. This can be illustrated by a simple example in which two in- 

dependent dipole species with dipole matrix elements pl and p2 interact 

independently with a light pulse. Here pl and p2 are not randomly 

oriented but are each polarized in the same direction. Only one mode 

of electric field polarization will result, and the previous area 

theorem analysis can be applied to give 

P a 

dz - - (a1/2inF. - 2P 2sinp2p1F.) 
2 

The pulse area is defined as A = 91, so that 92 
= (p2/p1)A, 

and al end 

a2 are the absorption coefficients for each type of dipole. Eq. (68) 

must reduce to 
dA 

- - - (a1 +a2)A for A small. For 
d 

= 0, the pulse 
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(68) 
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area will no longer be at 2n. For (pla2) /p2 << al, the species pl will 

dominate, and to first order in plat /(p2a) a stable pulse area 

l A = 2n pa2sin2 2r. J 
2 1 1 

will result. 

Now consider gas molecules in which the dipole moment p is 

induced only along a particular molecular axis. For linearly polarized 

light let f2 denote the angle between e and p, so that the effective field 

acting on the dipole is Ecosn. An equivalent of this projection pro- 

cedure is to specify that the effective dipole moment 
Peff = pcosn 

inter- 

acts with (t. Hence the area theorem is derived for such a system by 

summing over all possible values of Peff which interact with the uniquely 

determined field which is a consequence of the sum of all the dipole 

interactions. Let the pulse area A be defined as the tipping angle at 

resonance for all dipoles with n = O. The area derivative with respect 

effA)p 

to distance, as expressed by Eq. (36), becomes the sum of all si 

contributions over a unit sphere, expressed as 

dA 
tt 

dz - - () sinncosnsin(AcosS2)dn = - Og 2)(sinA-AcosA). 
RA 

The separate cosn factor in the integral expresses the reprojection of 

the field radiated by Peff back onto the applied field ¿ Eq. (69) in- 

dicates that no stable pulse condition exists in which complete trans- 

parency occurs. If circularly polarized light is applied instead of 

linearly polarized light, then with f2 = cos- 1(Peff 
/P) 

defined as the 

angle between the polarization direction and the propagation direction, 



dA 3u 
d. - a- 

n 'l 
sin S2s' i n( n,sir,SZ)d52 

CO 

3a 
-- á J1(A) i 701-3(a) i- 

7n-1-)CJ 2n+1(A) (1n:3 
n=2 

where Jn(A) is the Les:_. J. function21 of order n, finite at A =O. In the 

limit of small A, J qs . (69) and (70) reduce to the linear limit which 

requires that 
dA 

For a rigorous quantum description of orientation effects as they 

affect transr%_:roncy in a gcÿ the problem must, be expressed in terms of 

an`;ular momentum states. Suppose the ground and excited states are 

characterized respectively by a multiplicity -of 2J + 1 and 2J' + 1, with 

angular moment J and J'. The dipole matrix elements involving trans- 

itions between such states have been cataloged22. Generally, the con- 

tribution to the pulse area derivative dA /dz (assuming equal initial 

ground state populations) from allowed transitions the states 

1 

IJ,mJ) and IJ',mj,) is proportional to ( p(mj,mj,)Isinjlp(mj,mj,)IA /Po 
}' 

for the same reasons leading to Eq. (36), where Ip(mJ,mj,)I is defined 

as the dipole matrix element for the transitions mJ t -;mJ,. The matrix 

elements arc assumed to refer to either n optical transitions, or Q+ 

optical transitions. The dipole factor po is formally arbitrary, but to 

be specific it is chosen to be the largest of the Ip(mJ,mJ,)I involved. 

Generally the pulse area derivative may be written as 

dA pó 
dz 2 

IP(mJ,mJ1)I2 
, 

which is derived in the same way as Eq. (36). The summation is over 
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(70) 

(71) 

m and restricted either to all a+ transitions or to all r transitions, 
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where each of m end r» can appear only once in the summation. The 

factor Cx from Eq. (36) is defined here with p2 replaced by ),Ip(mj,mj,)12, 

2 
and A - -° Jázt')dt'. 

_ao 

Referring to the tabulated matrix. elements 
22 

, the numbers I p(mJ'mJ' 
) 

are either zero, or equal to po, for ,t and a transitions if J -O, J' =1; J -J' =1; 

J =1, J' =0; or J=J' =2. For these transitions the above formula reduces to 

-¿asjnA for which 2n h.s. pulses should be formed and display the trans- 

parency effect. The same remarks apply to o transitions for J=2, J' =3/2 or 

vice versa. But for J -2, J' =3/2, the matrix elements for a transitions 

are in the ratio of 1:13, resulting in Eq. (68) with p2 /p1 =,î3. The 

familias form of - 2siri is not reproduced fer larger J and J'. It is 

curious that for J or J' =2 or 3/2 the analysis holds for n transitions, 

but not for a transitions. If e circularly polarized light pulse enters 

such e medium the result may be that the system will be unstable against 

the formation of linearly polarized 2n h.s. pulses. 

For large J, J', the results degenerate into the classically derived 

formalee. Specifically for large J=J' ±1 in the presence of n transitions, 

or for large J =J' and in the presence of a transitions, Eq. (69) results; 

and for large J=J' +l in the presence of a transitions, or for J =J' in 

the presence of n transitions, Eq. (70) results. It must be emphasized that 

along with J must also be included the effect of hyperfine interactions, 

unless the resultant hyperfine splitting is characterized by an energy 

« x/ T. If a magnetic or electric field is applied to remove the degeneracies 

in the above problem, the results are unchanged providing that the frequency 

splitting of the degeneracies is small compared to the inverse pulse width 

T 
-1 

both and the inverse Doppler linewidth ., T2 -1. 
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IV . EFFI1CTS OF Itì:UXATION TIMES O14 PULSE TRANSMISSION SMISSION 

The effects of weak damping upon the plane wave 2g h.s. pulse 

are now assessed for the condition T /T2 << 1. It will be shown that 

the pulse energy decays linearly with distance, the pulse area deviates 

to e value slightly below 2g, and the pulse delay time can deviate 

considerably from the previously derived value. 

Pulse Enerj,y Dsmping 

With the pulse energy per cm2 defined by Eq. (41), integration of 

Eq. (22), and use of Eqs. (24), (25), and (26), leads to the resulting 

expression of energy conservation: 

- f [Ww,z,t() - Wo(Cw) Jg() 

- J (`t J 
(+. wnw,Z,t) - 

o 
(.14)] 

dt g(Cw)d(, w) . 

-00 03 
T 
1 

The time to is defined after the light pulse has decayed to zero. The 

first term represents the residual energy stored in the two level system; 

whereas the second term represents the energy that was taken from the light 

pulse and temporarily stored in the system, but which he.s decayed by a T1 

relaxation process (e.g. spontaneous emission). 

To assess the pulse energy decay behaviour with T1 and finite, 

2 2 

it is convenient to consider the modified form of u2 +v2 + Lj2 = Wó, a conse- 
w 

quence of Eq.(18 ;when relaxation processes are introduced. Upon multiplying 

Eqs. (24), (25), and (26) by u, v, and W, respectively, adding and 

performing a time integration, then 
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2 
K y?¡,i,z,t) + u2(C,w,z,t) + v2(w,z,t) 

= WZo rtdt'2) + v2,z,t')1 
- 

T' 2 

_ / 
K2 tdttt(No,z,t' )[W(L),z,t' ) - W0]. 

2 w f T1 

(73) 

At t __ a, u, v, and i1 will have relaxed by damping to their 

equilibrai u:: values u =v =Q and W=W respectively, which they had at t = - . 
Therefore, Eq. (f3) implies that 

('« 2(G,z,t')+v2(Lw,z,t') 2 w(Lw,z,t')[61(w,z,t') - W 
K2 o 

0.(74) 
dt' 

T2 w T1 

In Eq. (72), we may choose to anytime after the pulse has subsided at a 

given position z. The dominant contribution in Eq. (72) is then the 

integra]. for to » Tl. However, since w(to) - wo - exp(- t /T1), the sum 

of the two integrals must be independent of to. Having chosen to » T1, 
only the second integral need be considered. Using Eq. (74), Eq. (72) 

reduces to 

dT 
+°° 

dz - Nìiw 
fdt[g 

(6w 
_oo 00 

(w( &',z,t)_wo)2 

T 1 

2 
2 

/ 
+ v(w,z,t)1f 

+ 
' 

K 2 

This formula is independent of the approximations r << Tl,T, and is true 

for pulses which are not necessarily 2g h.s. pulses. Upon traveling 

through the slightly lossy medium, an electric field pulse which deviates 

(75) 



from the ideal 2n h.s. form, only because T1 and T2 are finite, will 

induce a polarization for which the.above formula can be evaluated to 

first order in T /T2 . We may for example write u = u(s) sin(cp /2) + Liu, 

where u(s) is the coefficient of sin(e /2) in Eq. (52), and Gu is a 

small correction of order T /T2. The integration over u2 in Eq. (75) 

will yield terms at least of the order (T /T2)2 from the integrE.nd 

terms (t\u)u(s)sin(ç /2) /n and (al)2. Since only the first order cor- 

rection is desired these may be dropped and we may replace u in Eq. 

(15) by u(s)sinç /2. Similarly v and W may be replaced by the zero 

order solutions given by Eqs. (53) and (54). Then after performing the 

time integrations in Eq. (75) we obtain 

dT ('cog Aa)d C.w) 

dz =- 4r:hwT[ 
2 z 

1+ac.) T 
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l 1 / 1 g 
L)d 

) 
(76) (TT, 1 2 00 (1+61,) 2T2 ) 

2 ] 

For the extremely narrow line case, the spectral distribution may be 

defined as a delta function ( = co, no inhomogeneous broadening) 
d 

g(6w) = 50.14), and Eq. (76) becomes 

since 

d T 4Nbcyr 1 2 81tSwnc (3. 2 1 
' + - - 2 T' 1- ) 7- ' d z V- 3 T. T] c 2 l 1 3n 

Tft 2ric /(m2T ) 

by letting ,(t) = KTccch() in Eq. (41). For the inhomogeneous broad 

line case, g(Li)) is constant over th.. regicn of excitation and 

(77) 

(78) 
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dT 

\4n C-17 - (D) + \T 
3 
/ 

2 (79) 

The pulse energy loss rate expressed by Eq. (79) is plausibly expressed as the 

product of the number of qúanta NhÛ5T /T absorbed from the pulse and given back 

to it, the damping rate 1 /T1 + 2 /T2, and the time T. We must keep in mind that 

Eqs. (77) and (79) are valid only for T « T2, T1. 

If several 2n h.s. pulses are propagating through a slightly damped medium, 

the above formulae apply to each of the individual pulses. Situations may arise 

in which the number of 2n h.s. pulses is so large, that the additive effect of 

preceeding pulses cannot be ignored. Imagine a train of n2n h.s. pulses, and 

suppose that T1 is much longer than the total time required for the train of 

pulses to pass a point z. T2, however, still is required to be much longer 

than an individual pulse width, but no restrictions need necessarily be 

placed upon the time span of the total train as compared with T. 

Under such conditions, the first several of the train of 2n h.s. pulses lose 

energy as dictated by Eq. (76), whereas another 2n h.s. pulse loses energy as 

dictated by an equation similar to Eq. (76), but with g(A(u) appropriately 

modified to take into account the change in spectral population due to the 

action of all preceeding pulses. The first pulses in the train each therefore 

lose more energy than the trailing pulses. Since the velocity of a 2n h.s. pulse 

increases with its energy, and also increases as g(tw) decreases (Eq. (56)), the 

trailing pulses will tend to overtake the first pulses in the train. How 

pulse splitting effects, illustrated in Fig. (7), counteracts this tendency for 

pulses of similar initial time widths to converge is not yet known. 

Effect of Relaxation Upon Pulse Delay 

The effect of damping upon the pulse delay time can be calculated on 

the basis of assumptions used for pulse energy damping. Define the delay time 
z 

dz 
as td = 

o VV( z)' 
replacing in Eq. (42), where we assume V = V(z) is a slowly 

dt 
varying function of z; and let T-j - 2z) - 

dzd 
for a 2n h.s. pulse. Therefore,. 
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using T expressed by Eq. (78), and dz dt V77 together with Eq. (79) and the 
d 

definition of a (Eq. (36)), we obtain 

dT 1 
l 

, 

dtd Te' 
(8o) 

wll °re Te = ( 3 ) 
Cl2 

+ 2T1) 
and T(z) « Te . The form of Eq. (80) implies that it is 

the result of a first order correction perturbation evaluation. For a given delay 

time td, Eq. (8O) states that T(td) = T(td= 0)e 
-td 

Te, where the 2a h.s. output pulse 

energy is evaluated at different distances z, corresponding to a given delay time td. 

Ii' we define tà - T whenz = L, the length of the medium, and if we assume td =0 at 

z =0, then 

T 

L = 
aJ ( T t )dtd. (81) 

0 d 

td 

/ 

Te Since TT is constant from Eq. (78), then from Eq. (80), T(td) = Toe, where 
To 

is the input pulse width. Finally, Eq. (81) expresses 

T= - TelogÇl - 2T 

as the total delay time. From Eq. (81), the final pulse width (z =L) becomes 

T(L) = 
To 

/(1 - aLTo /2Te). The net delay may be therefore written as 

T = Telog(T/ 0). 

From the limitation that T < T 
e 

, the maximum expected delay time for parallel 

beam conditions may be estimated to be about Telog(Te% ó). 

Stable Pulse Propagation Solution with Damping 

Loss of pulse energy in a passive homogeneously broadened medium caused by 

T2 and T1 damping can be compensated by focusing the light beam down the rod. 

Formally this is accomplished by adding a term (AI to the right side of Eq. (43), 

which will then cancel out an expected loss term from the integral over 

v(Acu,z,t). The constant a is ideally determined by parameters consistent with 

the pulse solutions to the optical Bloch equations. In practice deviations 

of the focusing parameter from 

(82) 

(83) 
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a wil] occur over sufficiently long distances z, so that the balance 

provided by o is actually unstable, and the pulse will eventually 

decreE.se or increase because of the instability. Assuming the ideal 

balance condition reasonably applicable to a short sample rod, 

we consider a soluble case where the 

sample is purely horogcneously broadened by 1 /T2 (kith 1 /T2 = 0 and 

1 /T1 -= 0), and optical excitation is at exact resonance. 

Solutions which satisfy Eq. (43) (with of added to it) and Eqs. 

(24), (25), and (26) are found on the basis that the stable pulse with 

area e = 2n is expressed by 

) = KTSinL4(Z,t)) = KTCe:chT( t- z/Vd), 

and _ - (1 /Vd). 

The inverse pulse velocity is now 

RwcNp T Td 

1f11 - + 

where Td is given in terms of the actual pulse width T by: 

(.1 

2 Td=T+3Tt+ T2 , 

2 3T2 

and the focusing parameter is given by a = (l /1/ 11/c) /3T2. The Bloch 

equation solutions on resonance are 

(84) 

(85) 

(86) 

(87) 



u = 0 

v = [Npsin + 3T Npsin(q/2))(Tdi7), 
2 

2 
and W = - 

- 
[cosT + 3T cos 2 + , ] (T IT), 

3T d 

where p(t,z) is given by Eq. (30).': 

These solutions apply as well to the dyncnics of the polarization in a 

cavity, as given by J. Bïoom6 relative to a radiation damping problem 

in nuclear induction. We have not solved the above case when Lhe line 

is also inhemogeneously broadened (T¿ finite). 

Effect of Relaxation Upon Pulse Area 

In the limit that T' and T1 are very short compared to pulse width 

T, ordinary rate equations would apply to give a "hole burning" or non- 

269 

(88) 

(89) 

linear saturation solution to the pulse propagation problem. The inter- 

mediate case of T T' 
2 

has so far been analytically intrac ;;able, but an 

explicit small correction to the quasi - steady state hyperbolic secant 

solution can be made in the case of T < T2, T 
1 
by a slight alteration of the 

21t condition. The "211" area condition for the h.s. pulse is altered to 

first order and is diminished slightly to the value (see Appendix B) 

A Ps 211(1 - T/T2) . (90) 

Appendix B presents a generalized form of the area theorem which includes 

damping. It is not valid simply to replace g(0) by T2 /x in a, which occurs 

in the area theorem expressed by Eq. (36), if homogeneous broadening is 

the sole cause of the line width. 
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V. EFFECT OF DOPPLER VELOCITY SHTF'PS IN GASES 

For gaseous particles, which at rest would be at exact electric 

dipole re- onance with the applied optical frequency w, a Doppler fre- 

quency shift 

Cw=wo -w=kvz (91) 

is present for those dipoles moving with velocity vz along the propagation 

direction z of the light pulse. In this section it is shown that most of 

the properties of self- induced transparency which have been discussed will 

apply to resonant gases, except that the pulse velocity and area unlerbo 

a transformation when the spectral line is excited off -resonance. This 

transformation constitutes the principle difference between the resonance 

response of dipoles fixed in a solid (e.g. ruby10 ) and dipoles moving in 

a gas (e.g. sulfur hexafluoride12). In the gas the dipoles can move in the 

z direction through a slowly moving pulse envelope ¿(z,t) (of low pulse 

velocity V) in a time comparable to the pulse width T. 

Consider an atom which is originally at position zo at t =0, which 

interacts with the electric field E(zo+ vat, t) -L(zo +vzt,t)exp[i(w- kvz)t -kzo], 

where z = zo + vat and the phase term /(z) in Eq. (19) is absorbed into 

the modulus 6 making it a potentially complex quantity. Relaxation by 

collision is neglected by assuming that T is short compared to the time 

between collisions. We first show that the motion of the dipoles has negli- 

gible effect in the evaluation of `when the spectral line is excited at 

the peak of its resonance. For an inhomogeneously broadened Doppler 

spectral frequency width greater then the inverse pulse width 1AT, only 

those atoms are excited which have a range of Doppler velocities extending 

from vz: =0 to v + . Therefore, the dipoles can move at most through a 

distance vzTr . during a pulse width time T. Since the spatial extension along 



the z dire ti on of a transp;,.rency type pulse is appro_:imntely a -1, end 

because the condition a -1 >> X holds in order to avoid strong coherent 

beckscattt rind, the srn.il displacement of atoms through a distLncc ). will 

not impose eny si;nificant variation upon the field modulus C (zo +Vzt,t). 

The Hamiltonian for a particle dipole of the gaseous system should 

be written as 

11 - p 
o ,.o 
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(92) 

where the kinetic energy operator of the particle of mass m is added to 

the static Hamiltonian, Eq. (3); and we define z = zo + vat, r the center 

of particle mass n, r v = hkm, and y the particle vector velocity. Negligible 

particle recoil effects may be ignored, and the dipole two level wave 

function y is therefore separable from the particle wave function. The 
2 

latter is assigned a kinetic phase factor expie- r hk 
-), but this i cm 

factor has no effect upon the optical pulse resonance behaviour of the two 

level system. 

Now define an observer at rest with respect to the dipole in a 

Galilean frame of reference moving with velocity V, and write z= 
1 - 

zg +Vgt, 

where 
z 

and z are respectively laboratory and Galilean coordinates, 

and V vz for the single particle. The laboratory Hamiltonian Eq. (92) 

will satisfy the time dependent Schroedinger equation when the respective 

laboratory and Galilean frame wave function * and erg are related by the 

transformation 

(z,t) aV(?gt) avi g(zg,t) 

t Vg ózg (93) 
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The density matrices p2(z,t) and pg(zg,t) are related to one another in 

the sac way. To evaluate the spatial derivative in Eq. (93), let us 

inspect the electric fields E(zg,t) and E(z +ba,t) which interact 

respectively with two dipoles having the same Doppler frequency shift bw 

or velocity Vg, but arc separated by a small distance L1z. It was pointed 

out earlier that the greatest distance an excited dipole would travel 

during the pulse time T is of the order of X, so that the separation Az 

under consideration is governed by the relation X P., Az « a -1. One sees 

therefore that any variation with Az of the field modulus ¿(zg,t) experi- 

enced by dipoles, moving toward or away from position zg at which the 

pulse is defined, may be neglected. The only difference in the value of 

the electric field at the positions separated by bz is imposed by the 

phase difference of the light taking place over a wave length. Therefore, 

with the condition that a\ << 1, the relationshp E(zg +Az,t) = E(zg,t -Azle) 

holds, which signifies that the two dipoles have experienced the same 

history of excitation by the field exec-:_)`; for a time delay Az /c. Therefore 

the relation 

* g(zg + Az,t) = Wg(zg,t - ) 
will apply, and a Taylor expansion of both sides of Eq. (94+) yields 

óWg(zg,t) 
i 

atirg(zg,t) 

--az c at 
g 

(94) 

(95) 

to order a% « 1. Use of Eq. (95) in Eq. (93) allows the time dependent 

Schrocdinger equation to be written as 



. 

itíli(:,,t)- 111(].-tV/(:)ti'L,(i`.,i:)-i(r,t)ti'(..,t)=(l+V¡.)11(z,t)b(=,t) 

where ',( (zt i^ given ty Eq. (3)with ó = w. . witn viz,t) _ (z,t), 
t. 

, g 

tinererore 

iiíçk(z,t) - 142(,;,L) >G2(z,t 

273 

(96) 

where )1i,(', L) =:_ (1 ì. V /(_)il1,(zi,,t) . The :mall term in V Ac « 1 may be dropped 

us .a fael :,, of the ,z,- E t rii in the G'ílilean H .níilton.ian )i(z ,t) so that 

)11 z,t) is Oven by Eq. (1) with aroma 1 +V /c). Subsequent steps in the analysis 

2>11n-.ir: _ Eg .( 3) will therefore i .1: l uílc in a natur il way the i n'zemoi:;enc: uu" broaden- 

in eoc, Lril utFci by the Tt,,ier frcqua?cy shift 10 - 1:V , which follows 
'1 

by vi.rture c,f the term -171,-9- introduced in Eq. (9 ú). 

The .p t.ral inte;_. t,iiz in Eq. (21) applies with 6(60) now to be 

defined r:z Lhe normalized .1Mxweli -Bolt man velocity distribution function, 

and vZ - V pet tains to any one of the velocities in the Doppler spectrum. 

The elec;.i.ic field E acts at position 7. upon dipoles with a range of 

velocities vz which started from different positions z at t = O. If the 

phone factor cxpi.[(w- lcv7)t -kz) is chosen in Eq. (21), integration over 

a distribution of positions z would be cancelled by integration over 

velocities vz contained in this phase factor. This property of cancella- 

tion is expressed by retaining the equivalent phase factor expi(wt -kz), 

where z is a constant of the integration. However, the polarization 

u + iv still_ remains as a function of 61.1.1 = kvz, to be integrated over 

g(), now defined as the i,í.,xwell- Boltzmen distribution of velocities. 

The area theorem given by Eq. (36) remains unaffected by Doppler frequency 

shifts, or by ar), effects these may have on the pulse shapes themselves. 

The area theorem derives from those dipoles having zero velocity (6w-0) 

in the Bo1-L:zman distribution, and it is only these dipoles which con- 

tribute Lo the polarization v(0,z,t). 
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Aithouh the analysis above is not gene.rc'1:y a,,;,licblc to thc 

case where -',(C'1:)) is t,syi,_aetrically excited off-rE::>:irian'e, it can be 

applied to the a i ; si s .f the 2n h. s. pulse : c? !ticn er}.<res:;rA earlier 

by Eq. (4'') In this c:: e the conditions gi.1:cn by Eq. (.;f) (95) are 

again valid if the prr,b) is analyzed in a reference frame rovir.6 with 

a velocity V chosen to , oincide with the velocity cf dipoles t exact 

resonance with the applied pulse. Rcl.tive to this moving fr; :r,e the pulse 

may b considered to excite a sufficiently :mall bDn3 of Do pi r bru :Aened 

frequencies so th :t IVg - V IT << 071, which is a copse .. ;zenc of ci-1 .>> . 
Let the p.. a1: of the distribution g(i) be excited off-resonance by t.0 

amount P. The resonant dipoles move with an average laboratory velocity. 

V = cS2%w 

The analysis of the off- re_,onan_ce 

excitation of an inhcrdogrncous Doppler broadened system, which leads to 

a 2n h.s. solution of the form of Eq. (42), now requires that v2 be re- 

placed by vz + V in Eq. (91). 

The pulse velocity Vpi in the laboratory frame is now defined as 

VpZ = Vpg + Vg, 

where V is the pulse velocity in the Galilean frame. The 2n h.s. 
PS 

field plc in the Galilean frame is expressed as 

yy 
5. I C.(Zg,t) = (tiG (t - zg/Vc;) J, 

(97) 

(98) 

(99) 



with T th. G -1 i.le ,n frame puise w_ Clf., and V = Our ) . 

Pty g 

The olé:. red pulse in tie laboratory frame is obtained from Eq. (99) 

t; sub: t i tuLin;, zg = z- Vg t so that 

} 2V 

(z,t) ' CT V`' )eci1[(t - 
z 

- , ) 
tc 

E p 2 B 
Vp.E 
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(loo) 

T == T V V is the laboratory pulse width, end V 2 /(ar ) . 

A curious proi)ery arises if we imagine that the pulse giver by Eq. 

(100) excites the gaz. 1ít the gas be given a. real flow velocity Vg in 

the negative z direction so that Vpi _ Vpo - IVg passes through zero 

and Vpi becomes negative, as seen from Eq. (98). At VpI =O the pulse will 

motuentari ly stop, suspended in space, and acquire an "infinite width ". 

As V 
P/ 

becomes ne ative the pulse moves backwards toward the entrance 

window from which it came. 

At t = cb the laboratory frame pulse area is A 
i 
(m) = 2n(VU /V ), which 

r pi 

s not equal to A() = 2g for the pulse in the Galilean frame. However, 

the tippin;; angles y for the polarization P(0,z,t) are the same in both 

frames. The tipping angle is given by the pulse area in the frame moving 

at the velocity of exactly resonant atoms 

+°° 

É -' = K I C,(i t) dt = 2y 
J 

Equally well we may find 6 in the laboratory frame by calculating 

the time integral of the electric field modulus at the site of a moving 

atom: 
+°° +°° 

2V V t 

E = x C.(z +V t, t )dt = 
PR sech 1 (t z - --) dt - 

Vp.B 

. 

Vp.2 ..co L g _°o T,QVp Q 
T 
i 

This L) 1 °O in view of Eq. (98), quantity is equal to (1 - VgVp A), which, , 
reduces to 0 = 2n. The addition k' = a$ /az to the propagation vector is 

unchanged by the transformation. 
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VI. A6'L1:1. : 
i? a'iJL`. }, Clrt.1`I ,:1 4112t Iisr hi+T'1PlG 

A nuerl.er of authors 
23 

have investigated the prc,'.:1( m of a prop:.igetiil`; 

amplified light pulse. r pf and Scully24, in particular, have treated the 

problem for an inho.noL;ei,t.: ue::ly broadened line. Ari analytic description of a 

contir ual]y ar,ipii fi.ed pule_ is difficult to obtain, but we can _,nt one 

on the 1'ß,,.i e that the I :ail ee leading edge is nearly infinitely steep, end 

that it L.ravcis esaeutiLily et velocity c /ti. As previously noted the urea 

theorem (Eq. (38)) states Lhat a pulse in on amplifying two 1,:-eel system evolves 

toward a it pulse. Althot.gh the area is fixed at r the pulse vidth T shortens 

with incrcasi n distance long as T » T-L, where T2 is t: e inverse inhorao- 
with 

¿eneous line width. The pulse energy therefore must increase,,z at a rate which 

would slacken as the pulse shortens to the point where T ti T2. The pulse shape 

would correspondingly unde r_;o a radical change. We present a solution for the 

pulse shape in the range where T >> T'2 -- a pulse function which is essentially 

invariant for all z and satisfies the combined Maxwell. andopticc1 Blocheçuations. 

If the leading edge of the pulse is defined analytically it would be im- 

possible to obtain an overall pulse function which would describe both the 

linearly amplified leading edge, governed by the power gain factor ti cxp(a), 

end the main profile of the pulse of width T which follows at a lesser gain. 

The smaller gain for the lagging portion of the pulse is expressed by the 

factor F in Eq. (t+o), which is less than unity. The sharp front of the pulse 

will be given a finite rise time short compared to T, but ccinparable to or 

long compared to 72. These restrictions on the rise time will allow the pulse 

edge -to be described as almost infinitely sharp. The pulse peak at the leading 

edge will be given an amplification v exp(caz /2), while the it area of the de- 

clining pulse envelope which follows is maintained by requiring that its pulse 

width decrease as exp(- a :'./2). The resulting pulse will have an energy gain 
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ti exp(o;'. /0. The F,harp cd6e on the pulse will be formed and will per- 

sist by the action of suLurable filters paced within the amplifying 

rr_ed :kwi in order to stabilize it. 

A pulse which "etisfi.es the above limiting behaviour is the "half- 

hyperbolic secant solution ", where the leading edge travels along the line 

t= 

Ço for t - IVAA. < O 

( 
2 

r.c:ca, 3-- .( 
t- - ) Kf(t\ f('L) 

C 

and the inverse pulse wi.clLh is given by 

T-].(z) -1/ 
7-1 

,NN 

for t > 0, (101) 

The corresponding solutions to 3qs. (24), (25), and (26) are now 

for t Tjz /c respectively 

(102) 

u = Pp f2 [-2LNrcos()-4(C,car)2sinOw(;)tanr(0)+ 2(Ger)3cos(!'1st) 

(1 wr )3K6 + nhe,), (103) 

v = Npf2 [ 1- C >.r2T2) sinT - 1l,s2 T2tanh(t /T )cost 

- 2tt1.43T3 inL L + 24Amercospsin at), (104) 

Npf2 [- 0N,(1 -eai12) - (1 -Ater )cos zeao2 4cosLclt (105) 

+ 26ayr sin ,,wt sincp] 

if t above is replaced by t- llz /c, f = f(6w) is given by Eq. (51), and 

T = 4 tan -1(eb1 T) . For a Lorentz ian line shape, 

( T?/r ) 
_ _...._. , 

].+C2'l'2 
r and therefore 
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rg(IAL))v(_' 
,;): - 4i`-: .;. 

2/ 2 
4 terms of order TA /T . 

211p To 
X. 

- 
T 

tr,.rih =) t _ __ _.= t./p (- trn- t 
(106) 

It can now be verified that Eq. (22) is satisfied, excepL for the negli- 

gible :, o st two terms in Eq. (106) above. Fig. (8) shows a 'alp!. of the 

change with distance of ¿ pulse shape injected at 2. _ O. Tt 

is asaulacd th.at a satursble filter immediately absorbs enough of the lead- 

ing edc;e of the puise to form a sharp .leading edge which begins to grow; 

therefore, the pulse evolves into a half -hyperbolic .-scant it ;e) re shape. 

The beginning oscillation of the pulse ere drüam in qualitetiv J . Only 

after the pulse 1e' in` sharp edge develops and the oscillations subside 

does the amplified half 2x h.s. pulse conform to the analysis given above. 

VII . FvFECT OF TRANSPARENCY ON PHOTON ECHOES 

The area theor,2.n g,-1V:r, by Eq. (33) specifies that a given input area 

0o evolves into a final area 0(z) at position z, but it cannot predict 

a photon echo7 since the theorem does not give any information about pulse 

shape. Nevertheless, in an extended medium some important properties of 

the photon echo can be deduced from the theorem; namely, it can describe 

some sspects cf the echo pulse area and support the justification that 

the echo peak will not necessarily occur at times 2T5 at the output position 

z, where Ts is the separation time between input pulses at z = O. Suppose 

a sc /2 - x pulse sequence, corresponding to input pulses 01(0) and 02(0), 

is injected at z = 0, where Ts is sufficiently large so that the two pulses 

do not overlap. The area theorem requires that the n/2 pulse will decay 

to zero for z c . This condition applied in the gaseous SF6 photon 
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t 

Fig. 8. Plot of Tr pulse solution of Eq. (99) for the case of an amplifying 
medium, valid for z z 4.16a-1. For z < 4.16a -1 the pulses are sketched in 
qualitatively in order to show trailing oscillations which finally disappear 
before the "half hyperbolic secant" solutions are reached.Between the labeled 
distance points the peak pulse amplitude approximately doubles. 
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echo experiment of Patel and Slusher25. Since the total injected area 

is 81(0) + 02(0) = 3a/2, the final area in the output becomes 2n= 02(z)+9e(z), 

where 0e(z) is the sum of areas of possible multiple echoes following the 

02(z) pulse. The most important first echo following the 02(z) pulse will 

tend to be delayed and will occur at a time > 21 because the aggregate of 

all pulses will broaden as the sum of pulse areas increase together toward 

2n. Of course in the output the predominant echo following the 02(z) pulse 

may have an amplitude greater than the first 91(z) pulse since the latter 

tends to diminish toward zero amplitude. 

For any sample thickness, the dependence of the echo area 0e is ob- 

tained from Eq. (38) as 

ge(z) = 2tan-1 [tan(Oi(0) + e2(0)axp(- 511)1 - 91(z) - 02(z) (107) 

where 

61(z) = 2tan-1-t [tanei(o)]exP(_ 2Z)} 

de1(z) 
is the solution of 

dz 
- (0/2)sin01(z); and 

r z 

0 
2 
(z) -2tan-lj {tan2(0)]ex[ (- 2cos91(z)dz J , 

111 

(z) 

is the solution of ds- - - a^ The effective "" [cose1(z)jsine2(z). 

for the second 02 pulse is given as acos01(z), which is proportional to 

the number of on- resonance dipoles that remain in the ground state after 

the 01 pulse has subsided. Therefore Eq. (108) gives 

(1081 
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(sing 1( ,) /0,(0) 
- L-n; ¿ ) ,For small .,, the small echo area is given 

n0 0 

by 0e(7,) = . :sin01(0)(1 -c: r.02(0)]z, I:hich is a maximzm for 01(0) = 
900 

and 

e ¿(0) =- 180 
o 

, the same opt tmwn condition which applies for obtai n.i_n, a 

máxiniwa =pin echo8 sign -jl. 

VIII. XPE1P`F Ni.'AL RI, ;U% l'S 

The p:ecedir+L; 1n. 1y :is is based upon two important as:ui r,t on,: 

(1) the prc>>sg ting lic'.it pulse contains no frequency modulation, and 

(2) the pulse is dc_scrib d in terms of a p`. -r.e wave. Computer. 1.culations 

contain these a:._.,-ipions and reveal that a 21c h.:.. pulse continues to 

prop3E at: Yet the bse i c character of such a pulse shows up in ac.;,uo1 

experiment :;here the pulse input is undoubtedly fre ency modulated, and 

the pul,e is not in the form of a plane wave. The observed self- induced 

transparency pulse appears to stabilize against frequency modulation, and 

the pulse persists in spite of non -pl=ane wave conditions. In the previous 

analysis small deviations from ideal assumptions do introduce small 

losses, but the deviation which is most serious is any departure from the 

plane wave condition. Transverse mode effects (as introduced by Eqs. (64) 

and (65)) or diffraction effects cause strong deviations which are not 

completely understood. Transverse deviations in beam behaviour will grow 

seriously with path distances exceeding; a few Beer absorption lengths. 

The purpose of our experiments with ruby is to check how far the 

experimental results conform to the phenomenological predictions of the 

plane wave transparency model, and to set forth those observed pulse 

characteristics which are in disagreement with the predictions. Fig. (9) 

indicates a particular experimental arrangement for measuring; pulse de- 

lays, but applies as well to a number of other measurements. A Q- switched 

liquid nitrogen -cooled leseroscillator is followed by a ruby laser 
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PHOTO DIODE 
DETECTOR 

MIRROR 

CRT 

MONITOR LASER 
BEAM SPLITTER SOURCE 

Fig. 9. Experimental arrangement for monitoring self- induced transparency 
pulse delay and transmission intensity. 

amplifier which selects and amplifies the plane polarized E(2E) F-- 4AL( +3/2) 

output laser line, as indicated i n the energy level diagram of of Fig. 

(l0a). The laser amplifier scheme is shown in Fig. (11). By thermal 

tuning, the passive target ruby sample cooled at liquid helium tempera- 

ture to reduce phonon relaxation presents the 14A2( +2) (- )E(2E) trans- 

ition which is tuned to the driving laser pulse. The target sample 

(0.0% Cr 
+3 

in A1203) is 0 
0 

c axis oriented, of 2 in. diameter, and 2 and 3/4 

in. length along the z axis. The input pulse to the amplifier was of 

multimode character longitudinally, but was of a selected single trans- 

verse mode. Defocusing of the transverse beam profile by abberations 

in the amplifier ruby rod was compensated by converging the amplifier 

input so that when the amplifier output was recollimated (N f - 25 system) 

an image of the amplifier rod was formed near the sample. Peak outputs 

between 1 and 10 megawatts were available. 
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RUBY LASER SOURCE 
AT LIQUID NITROGEN 
TEMPERATURE : 

(a) 

0.34cm 

29 c rri 

E ( 2A) 

4A2(q) 

4A2( ±2) 

PASSIVE RUBY 
SAMPLE AT LIQUID 
HELIUM TEMPERATURE: 

PHONON 
RELAXATION 

4 A2 (f 2 ) 

4A2(±-1) 

(b) 

0 

T 
W 

ow 

T2«zp«T2 
Fig. 10. (a) Energy level diagram of ruby laser pulse source and the target 

ruby sample. The 4A2( ±1/2) level is represented as broadened to account for 

the inhomogeneous g(Aw) spectrum. Phonon relaxation between the 2A(2E) and 

É(2A) level is suppressed at 4.2 °K to avoid T2 « Tp, where Tp is the input 

pulse width. The ruby laser E(2N- 4A2( ±2))._output is suppressed. (b) Sketch 

of ruby two -level system inhomogeneous spectrum g(&w). The relative magni- 

tudes of homogeneous (1 /T2) and inhomogeneous broadening (4,2) are schemat- 

ically shown. 
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RM 

_A 0 

FL 

F 

/,, //i i// /Ii i// /i/ i/ SD 
FM 

------- ï -/---- ----- , - --._--.o,-- ---- '_, 
FM ,K' _--,- 

__- % 

FL 

_--17/ 

L 

FL 

L 

Fig. 11. Ruby laser amplifier system. The oscillator cavity was formed by 
the curved mirror CM and the flat feedback mirror FBM. The oscillator beam 
path, indicated by the single dashed line, went through the laser rod LR, 

the Brewster angle calcite polarizing prism CPP, the Brewster angle Kerr cell 
KC and the polarizing Rochon prism RP. Two stops S force single transverse 
mode operation. Due to the high gains available ( -105 with double pass), an 

8S% reflective mirror RM was used inside the cavity to couple out energy. The 

Kerr cell was operated at a voltage so that the net feedback was about 1 %, 

thus suppressing the unwanted 4A2( ±2)- ,E(2A) transition. The output was fo- 

cused with a lens L through a very dense saturable dye solution SD, and the 

beam was expanded in diameter by lenses L to fill the laser amplifier rod LA. 
The amplifier output was recollimated to form the final output. Mirrors FM 

served to fold the beam back onto the bench used to support the system. 
Flashlamps are designated by FL. 

For non- ]inear transmission measurements of deviations from Beer's 

law, the simplest possible arrangement of source, sample, and detector 

was used. Corning glass filters, checked for linearity, were put behind 

and in front of the sample. The output light was photographed with Polaroid 

Type 47 film at the image plane of the exit end of the sample replacin( the 

mirror in Fig. (9). 
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Fig. 12. Transmitted output intensity photographs of pulses indicating nonlinear 
transmission with indicated input and output attenuation factors. Outs are with- 

out (12a) and with (12b) transverse mode selection. 

The simplest demonstration of non- linear transraiszior, 

is to move attenuators from behind the sample to in front of 'the sample, 

while keeping the total filter attenuation constant. If the sample re- 

sponds linearly, then the placement of attenuators would make no differ- 

ence in the total transmission. If the sample transmits non -linearly, then 

-more energy should be transmitted with attenuators behind the sample. Figs. 

(12a) and (12b) show reproductions of the photographed transmitted output, 
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wi th LTA t..tenuation:: indicated. 
( J ? a) resuIv..cd 

from u:-e e mulL-f.i.:.u:;verse mode laser, and Fi ( .ì.;. h) involved the 

1.1Q or ..,!:,11L with tnansverse mode CCflt!'3 Fi. (13) 

is a graph of re:II:Its oh .1-ined by observng the amount of atteLlation 

bchind the 3amplc :ry for the film to be unexposed. Er.(.. error 

bar inc3:ude four or f z,uch measurements. The finite steps of aLtenua- 

torn ;'td the transmission r..snitcd in about n x, resolution. 

The vertical axis is mar .. pra-perly called the peak energy/cm 
2 

. 

Tne non-linear ta-,h::7!if:sion results are in nl:cement wit. the JLt.P Of 

low loss self-induced tr-reney propau:.iing pulses, bat could also be 

explained hy other Nr!Ci.'7,:qs 
4 

such as "hole burning". With increned 

Elccars or Lheolv and eNp,eriment, such measurement:.., can perhaps be more 

indicaLive of what la h:4.Naing; but in .t.e experiments here, there are 

other more strin3ent and rnclusive tests available to reveal the real. 

nature of non-linear t-,-nnrmission. The self-induced transparency effect 

is uaiquel4 distinguishrA by the observation of large pile time delay and 

pulse reshnpinL; effects. By a"Lime delay!'it is not meant that the pulse 

peak merely shifts, but rrrtead that if I. (t) and I 
out 

(t) are input and 

rL ontputintensitics) is observed 
out, e in 

to be the case for som time t, which would not be exhibited in the case 

cf "hole burning". Here L is the sample lenLj.h. This inequailLy implies 

that enercy has been Stored temporarily in the dipole system, and then 

returned to the field pulse. The large delay time L/V which occurs for 

on-reson.)nce transparency signifies that the geometric length of the pulse 

in the 17,.'dium is of order of VT a 
-1 

for c » V, and the medium 

steres mo:.t of the orlL:inul pulse energy. 
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1 

10 -1 

10 

".. 
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0.1 0.2 
Energy in 

0.5 1.0 

Fig. 13. Energy output versus input ruby -light transmission through 
sample (arbitrary units). The magnified (X14) output is attenuated un- 
til Polaroid Type -47, 3000 speed film is exposed, thus determining peak 
transmitted energy /cm2. Error bars represent output fluctuations pre- 
sumably caused by several uncontrolled characteristics of the ruby -laser 
source and the finite steps in the output calibrated attenuation. The 
dashed line represents a linear transmission law. 
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The initial delay observations used a more primitive form of the 

laser than an improved version to be described later. There was no trans- 

verse mode control, and the output pulse went directly through the Kerr 

Cell into the sample as shown in Fig. (9). Detectors used were an S -20ITT 

phototube and a Philco semiconductor photodiode. The output from the 

sample was given an extra time delay by passage through thirty feet before 

striking the phototube. The monitor beam excited the phototube first in 

time. With the use of a semiconductor detector, the sequence was reversed. 

The semiconductor detector was placed in a plane which coincided with the 

image of the output surface of the sample formed by a positive lens 

(magnification X14). 

The nonlinear transmission measurements indicated a transmission 

loss of about 75%. The largest pulse delay should occur when the pulse 

width T(z) is large, comparable to T2 and if it is held approximately 

constant in distance. Slight convergence of the incident light beam 

allows a nearly constant T(z) by increasing the beam energy per cm2 in 

order to compensate for beam losses. Therefore the net delay time would 

be given by aL T /2, which is greater than the longest delay time, 

^0T 
e 
log(T 

e 
/T 

o 
), given by Eq. (83), for a collimated beam. This situation 

was arranged so that the beam diameter converged by a factor of about 22 

through the length of the sample. Delay observations under these converg- 

ing beam conditions are described in Ref. 10. Figs. (14a) and (14b) illus- 

trate examples of the first observations10 under parallel beam conditions 

of pulse delay and reshaping with the simplest arrangement in Fig. (9) of 

source, sample, and detector. A semiconductor detector was used in the 

earlier converging beam investigations which detected a maximum delay of 



Fig. 14. Pulse delay observations with a coll- 
imated input. (a) Input and output laser pulses 
with sample at room temperature. An optical de- 
lay served to separate the two pulses. The sec- 

ond pulse has traveled through the sample. Sweep 

speed is 20 nsec per division with signal from FW 
114 Model ITT vacuum photodiode. (b) This is 

same as (a) except that the sample is thermally 
tuned by cooling to liquid helium and aX20 at- 
tenuator in output beam path is removed. Pic- 

tures (a) and (b) use the system shown in Fig.9. 
(c) In pictures (c) -(f) the laser amplifier sys- 

tem of Fig. 11 was used. Different detectors 
were used for observing sample input and output, 
with cables and a "tee" used to separate the re- 
spective signals. Sample detuned at room temp- 

erature with output magnified X5.05 and stop 
diameter 12mm (2.4 mm at the sample output face) 
attenuated x11,2000. Time scale: 5 nsec /div. 
(d), (e), (f), and (g) Sample tuned at temper- 
ature _ 4.2.1( with stop diameter 0.85 mm (0.17 

mm at the sample output face) and no attenua- 
tion. The first pulse is the monitor output. 
The second pulse is the detector output. Cable 
and distance delays amounted to 13 nsec. Cable 
reflections occur at the far right. Time scale: 
5 nsec /div. 
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AbOUt (.,, lif ._. Lpl:er Ct:)tly olìLCrv£.1.t.1cK1: wer:! ... blAttl £ new ruby 1C:'-r- 

amp.l.ifjer r::t.c!n which r:o¡Iueca shorter input. ppal::cc. (.. lt nscc::). With 

pzral].c:l becs conai t5.on::, dc1 riy t of about. 10 nsec wc: re c;caerved. 

a. 

b. 

C . 

d. 

f. 

2A rUlre t..( surcnents 

i'ne delay r. :c :. urcc.ctItr, refexrin;. to Fie: :. (lt;a - g) a_ii :., t:igx£nlc, 

were x.^.::.dc with a new a 'v.necment showh ir, Fie. (15) . The detector measured 

the light intensity which went through a mach in the image plane of the 

output end of the sample, of which a 59 micron circle was brc1<41t. into 
focus by an f-2 lens. 

With the new arrangement, the laser- amp_cine:r output was directed 

into the sample, and a filter which transmitted. only one sense of circf8r 

polarization was put between the aperture stop above and a ITT S -20 photo- 
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Rochon 
prism 

Lens 
2 

Lens 
1 

Photodiode 
detector 

Oscilloscope 

'// X Stop 
plate 

laser input 

4111/1111111 

Fig. 15. Apparatus used for pulse area measurements. The sample output 

passed through lens l,which formed an image of the sample output end E in 

the plane of the stop. The output through the stop aperture was collima- 

ted and passed through a circular wave polarizing system with the mask M 
blocking the unwanted component. The f- number of the system was limited 
by the output dewar windows to a value of about f = 2. 

tube. Two ground ,lass surfaces in front of the hhototube, con-bind with 

careful positioning of the detector, rerAove3 the possibility of serious 

dependence of sensitivity upon the orientation end position of the 6eLector. 

Measurements of the pul:;e height and ha3f -width were made of sample output 

pulses. Prior to these measurements the l oLoLube was calibrated by ob- 

serving the output current produced by a weak incident incoherent light 

beam which was spcctral]y filtered (6940A - 200A wide band puss filter). 

The input intensity was measured with a calibrated Epply thermopile. The 

calibration was checked by measuring output currents produced by the photo - 

tube when irradiated by a Q- switched laser pulse. The measurements were 

compared with ballistic calorimeter measurements with agreement within 20%. 

The measurements of the Epply thermopile were chosen. The final calibra- 

tion was estimated to be accurate to within 10% and was represented in 

terms of the vertical displacement of a 519 Oscilloscope trace, measuring 



Fig. 16. Typical oscillographs of 
transmitted light pulses. Oscillo- 
graph (a) was not acceptable for 
pulse area measurements, while os- 
cillographs (b) and (c) were ac- 
ceptable. Oscillograph (c) was 
considered to be two separate 
pulses. When two separate pulses 
were observed, the trailing pulse 
always had a smaller measured 
pulse area. Occasionally an os- 
cillograph similar to (d) was re- 
corded; (d) agreed well with the 
idea that the output was two 2n 
h.s. pulses of different frequen- 
cies. Time scale: 5 nsec /div. 

(a) 

(c) 
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(d) 

( b) 

71.5 watts /cm. The tin- resolution of the ITT photodetector was judged 

to be adequate for these measurements by virtue of the observed 0.5 nsec 

half -width pulse response of the detector to a mode locked Nd laser pulse. 

Transmic:'ion through the various optical elements was calculated to be 

59.5;;. The effect of the sample end reflection was taken to be a trans- 

mission loss of 7.5%. 

With the sample temperature near 4.2° K a number of sample output 

pulses were recorded. Fig. (3.6) illustrates typical output signals which 

provide data for the graph in Fig. (li). The graph plots pulse height vs. 

pulse width for pulses selected by the following criteria: the pulse 

had to have precisely two points of inflection, one on the leading edge, 

one on the lag,gint; edge. For example, the pulse in Fig. (16b) was accepted 

but a pulse shown in Fig. (16a) was not accepted. The value of p 
2 
/T1 for Cr 

+3 

in ruby was computed from the integral absorption cross -section data by Nelson 

and Sture26 (their Table I) to be 13.34 x 10 
-42 

cgs units. The effective 

dipole n'ornent p in the measured quantity p2 /1 is not the isolated dipole 

moment of 4A2(+2) 4--- ;E(2E) transition in Cr +3, but is instead its shielded 
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Fig. 17. Logarithmic plot of peak power versus pulse 
width. The circles represent points obtained from 
measured pulse widths and areas. The experimental er- 
ror, apart from averaging over the 59 micron circle, 
is small in comparison with the data scatter. 
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value. Use of this value is the equivalent of expressing the interacting 

field E as the local field at the site of the dipole in the host medium 

A1203. With this value of 
2 

p /n the relation between peak power SP in mega- 

watts and the pulse width THW (full width at half - maximum intensity) of a 

circularly polarized output 27 h.s. pulse is Sp = 
612 6 

h.s. where THW 

THW 
is the number of nanoseconds which defines the full width of the observed 

pulse at half- maximum intensity. The pulses have a measured area always 

less than the ideal 27 value) roughly between Tr and 27. The theoretical 

logarithmic plot of Sp versus THW is shown in Fig. (17). It is also sig- 

nificant that no unique relationship is measured between the peak pulse 

energy and pulse width, as shown in Fig. (17), although the product of 

peak pulse heights over a broad range of values, with their corresponding 

pulse widths, still yieldsa restricted range of areas. 

Within the plane wave model a number of causes can be invoked to 

account for deviations from the ideal 2Tî area value. In ruby, both the 

right and left circularly polarized traveling waves interact with Cr +3 

ions. Consider, for example, the circularly polarized input pulse of a 

given sense of rotation (a +),which is above the Tr threshold condition. It 

will partially convert to the opposite sense of rotation (a -) because of 

birefringence (the c axis of the ruby crystal deviates from the cylindrical 

axis throughout its length, by several degrees). The small pulse area associ- 

ated with the a component will be below the Tr area threshold for self -in- 

duced transparency and be absorbed. This constitutesa loss mechanism which 

drains energy away from the a+ component which initially exhibits the trans- 

parency. In ruby, additional complications result from the dynamic mixing of 
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magnetically degenerate states of the Cr +3 optical levels, where mixing is 

caused by the local magnetic fields of neighboring Al27 nuclear moments. An- 

other contribution to nonideal 2rr area behavior is the fact that the plane wave 

conditions did not persist in view of the properties of pulse stripping and 

diffraction effects discussed previously. The lack of uniform pulse intensity 

profile, even for plane wave behavior, is also a contributing factor, as 

mentioned previously in regard to Eq. (62). 

The major cause of the consistent deviation of measured output pulses 

from the 27 area in Fig. (17) is the fact that the output pulses exist in the 

form of small filaments, smaller than indicated in Fig. (12). The aperture 

stop areas used to calibrate the response of the detecting system were not,in 

general, completely covered by the output pulse cross -sectional profile areas. 

The filament areas were less than the stop area, and sometimes a fraction of 

the filament area would fall outside of the stop area boundary. An inspection 

of the situation would account for measured pulse -area angles less than 2Tr 

and for the deviation of the average slope of measured points in Fig. (17) 

away from the line slope in the case of e = 2îr. 

Mention should be made of some of the uncontrolled experimental aspects 

of the ruby laser source and sample system. It was noticed that strain in- 

duced birefringence of the ruby sample at liquid helium temperatures was con- 

siderable in its influence upon the transparency effect. When the strains 

were reduced by mechanically clamping the sample less tightly at the 

exit end, the transparency threshold condition was increased. With 

strains minimized as much as possible, the sample output beam appeared to 

be quite uncollimated and the beam came out in a cone of about 5 to 10 °. 

At a minimum sample strain a high resolution photograph of the transverse 

variation of the output is shown in Fig. (18). The input contained fila- 
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(a) (b) 

59/z 

(c) (d) 

Fig. 18. Photographs of the sample output in- 
tensity. The photograph in the upper left corner 
is the result of a resolution test. The other 
three photographs are output intensity photo- 
graphs. The scale represents 59 microns at the 
photographic magnification of X90. 
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ment diameters typically about 10 to 30 microns. It is clearly seen that 

the plane wave conditions in the experiment are violated to some decree. 

In the presence of high sample mechanical strain, it is suspected that the 

primary interaction region at resonance between Cr +3ions and the light took 

place near the output end of the sample where the end clamp produced a 

predominant m -ehanical strain. Mechanical compressive strain on ruby shifts 

the absorption line toward lower frequencies. This probably allowed the 

sample resonance at the rod exit end region to be more easily tuned to the 

laser source, because the laser source frequency always tends to be on the 

low side of exact resonance because of flash lamp heating. When the strain 

is relieved, the light interacts with essentially the entire sample length, 

and because the beans forms small diameter filaments, diffraction effects 

then become more important. The diffraction effect reduces the power along 

the filaments, and therefore demands a higher driving power in the input 

to achieve the transparency threshold condition. 

The question as to why small filaments persist in these preliminary 

transparency effects over long distances may possibly be answered in terms 

of pulse stripping, focusing, and diffraction effects which are present 

simultaneously. The power levels in a. filament in these experiments are small 

co- pared witll that required for self -trapping in sapphire. Nevertheles.,, 

although -the conditions for plane wdve propagation in the experiment are 

violated, yet the gros; e perin:ental results are predicted by the plane 

wave theory of self -induced transparency. 
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IX COì;CLUSJO 3 An DISCUSSION 
The self- induced transparency effect has been experimentally confirmed, 

and has been analyzed mainly on the basis of ideal assumptions. An un- 

damped ensemble of dipole oscillators is chosen as representative of en 

inhornogeneousJy broadened two level quantum mechanical system which is 

at or near resonance with a pulse of plane wave radiation. The effect of 

phenomenological relaxation damping times is accounted for to first order 

in the ratio of short pulse width times to long damping times. Experi- 

ments with ruby indicate that the plane wave condition is violated, and 

that transverse instabilities exist in the beanie variations 

across the profile of the pulsed laser input beam are possibly associated 

with these instabilities and impose further deviations from the predicted 

2n h.s. area and shape of output pulses. These complications arise from a 

number of simultaneous effects such as bears diffraction, frequency and 

phase modulation, end erratic laser pulse outputs. Future investigations of 

of the transparency effect must cope with deviations from plane wave con- 

ditions, particularly with regard to the influence of transverse properties 

of the beam as discussed, for example, concerning a single transverse mode 

relating to Eq. (65). Of course the plane wave condition is more easily 

satisfied in transparency experiments with systems where the dipole moment 

p is large, and promises to be a reasonably obeyed condition in experi- 

ments where the power required for a 2n h.s. pulse is not too large, as 

in the work of Patel and Slusher12. 
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In spite of a number of uncontrolled aspects mentioned above, the experi- 

mental results indicate that propagating transparency type pulses do exist as 

strikingly symmetric output shapes which are remarkably stable against non- 

linear disturbances caused by frequency modulation, phase shift, and amplitude 

modulation. A rigorous mathematical proof of the stability of the 27 h.s. 

pulse with these perturbations taken into account is, however, presently lacking. 

There are indications that there may be breakup of input pulses of area 

A > 37r into separate 2Tr pulses. The nature of the frequency mode distribution 

of the injected pulses may also give rise to separate 27 pulses, where each 

pulse has a different center frequency (e.g. the output illustrated by Fig. 

(16d)). Single output pulse areas are measured to be in a range between 7 and 

27, but this range may be attributed to the difficulty of averaging the pulse 

intensities over a sufficiently small region. The final pulse outputs are con - 

sistant with the notion that they are made up of a superposition of several 

27 h.s. pulses if the plane wave condition is obeyed, whether or not the input 

is frequency modulated. The nature of the transverse output variations is not 

yet understood. 

The Faraday rotation effect has been discussed27 in its relation to 

transparency in ruby. This effect results from the dependence of the wave 

vector k, given by Eq. (57), upon the shift of the spectrum g( &w) with an 

externally applied magnetic field, if the optical levels are made up of Zee- 

man degenerate states. In ruby, each participating level is doubly degenerate. 

If the degeneracies are slightly lifted by a magnetic field, and the center 

of the g(Aw) line is tuned previously in zero field to the applied opticalfre- 

quency w, a plane polarized input pulse should transform into a plane polarized 

output pulse with, however, the plane of polarization rotated through an 
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anon_ +loo ±; Aarae It is instructive ana realistic to point out 

what the actual experimenLal conditions would impose upon this effect. 

Exact tuning at the center of spectral distribution was not the case 

in our ruby experiments. If the li,ht frequency drives the resonance on 

one side of the peak of g(t)w), the plane wave model predicts that right 

and lefL circularly polarized 2a h.s. pulses will experience different 

wave vectors, leading to a Faraday rotation, and will also travel at 

different pulse velocities. Consequently, the ri¿;ht and left ' ir.cularly 

polarized 2sc h.s. pulser will possibly overlap at the output s that the 

tail of one pulse overlaps with rice of the other pulse. The output 

would then first appear as a function of time be circularly polarized 

in one sense, become elliptically polarized as, the two pulses begin to 

overlap, Lecce linearly polarized when the two pulse intensities are 

simultaneously equal, again become elliptically polarized, and finally 

become circularly polarized. The two pulses would become well separated 

when about a radian of rotation is achieved. If the field intensity is 

not uniform across its profile an added complication is introduced be- 

cause of pulse self- focusinL; which the above argument ignores. 

A number of special cases of asymptotic pulse behaviour in an in- 

verted two level amplifying system have been examined by others?3, and 

the one case by us in this paper. The transparency mechanism plays a 

role in the pulse shaping and steepening process before asymptotic limits 

are reached, and should serve to predict as well certain asymptotic 

limits within the scope of its assumptions. 

We conclude by posing the question: jure there any unknown long term 

transient effects conc(' .ling the interaction of coherent radiation with 

matter which may reveal. themselves only after very careful. experiment? 
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It is not inconceivable, for example, that some aspect of self- induced 

transparency might exist in interstellar space, where particle densities 

are very low (see Appendix A), and relaxation times are very long. 

Questions of this nature must follow if care is taken not to accept the 

predictions of rate equations under conditions where transient coherence 

effects ra be important. 
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APPENDIX A 

For the induced electric polarization to be represented by a 

continuum, the relevant volume to be used for averaging must con- 

tain a large number of radiating dipoles so that the fractional 

statistical variation of this numiber is then small. A simple argu- 

ment shows that a volume ti 2 should be chosen. Consider a small 

region in the plane wave where a coherent source of dipoles is spread 

over a circle of diameter d which radiates into a diffraction cone of 

apex angle ßi X /d. The electric field envelope e changes appreciably 

in a length a -1. The pertinent averaging volume is therefore determined 

by the distance a 
-1 

over which diffraction occurs, and the condition 

that the beam spread in diameter, given by /a -1, is approximately equal 

to d itself. Thus d X /a, which determines an effective radiating 
volume :; %a-2. The effective number /V of radiating dipoles in this 

volume is not N%a -2, but must be given by 

/IÌ _ Nix -2T;/1 » 1, (1 -A) 

which is to be,large. The extra factor T¿ /T arises because the band- 

width 1/T of the driving pulse excites the fraction T2 /T of all dipoles 

in the spectrum. One can define T = 3-hc3 to be the inverse of the 
lse 8p2w3 

Einstein spontaneous emission rate. Upon applying the definition of a 

in Eq. (36) to Eq. (1 -A), the inequality becomes 

, 

3t - T E 
1-G0: 

» l. (2 -A) 
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It is already assu:,A tha;, 

ax < 1 (3 -A) 

because of small backscattcring, and furthermore 

T << Tl, (4-A) 

so thvt certainly it is true that T << Tice, because of the condition 
inequality 

TG < T1.Se. 
Thereforc/ (2 -A) is a consequel_ce of these assufiptions. The 

inequalities (3 -A) and (4 -A) limit the maximum value that one can 

choose for N, 'which, surprisingly, makes the inequality (1 -A) lees 

strong as N increases because a is proportional to N. Conversely, 

(1 -A) 
the inequPl.ity/bccomes greater as N decreases and the relevant radiating 

volume becomes larder. The approximation that the light is a piane wave, 

howerer, bre:.tks down if II becomes too small. 

An alternative to the expression Eq.(2 -A) is to note that we can 

write Eq. (l -A) as N = (NA3T2 /T) 
( 

» 1. From Eq. (3 -A) the factor 

0a)2 represents approximately the very small fraction of the total 

propagating energy which is backscattered, although NA3T2 /T may represent 

as little as one or a fraction of a radiating dipole, on the average, 

within a wave length. In the experiments of Patel and Slusher,12 ' 5 

the continuum description possibly applied to as few as one radiating 

SF6 molecule per A3 volumn. 
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APPENDIX B 

The effect of T¿ and T1 upon the pulse area is now considered. In 

Eqs. (22), (24), and (25) replace v by v exp(t /T2), u by u exp(t /`q ), 

and ¿ by &xp(t /T2). Thus, Eqs. (24+) and (25) are unchanged but Eq. 

(26) is not. With no damping the area theorem proof used Eqs. (26) 

only to evaluate v(^: O, t ->co). A similar derivation before this 

final evaluation now yields 

o, tt/T t /rj,e 

dz C(t'z)e 
Zdt _ 

- 
(2á,1 lam z,t)e ¿), (1-B) \ / 

where t in this appendix is the retarded time t -T7 z /c. 

If the left hand side of Eq. (1 -B) converges, which requires 

-t /I'' 
that c must decrease faster than e 2, then this result may be regarded 

as an exact generalization of the area theorem to account for homogeneous 

broadening. Eq. (1 -B) can be expanded in po'.rers of 1 /T2, where only the 

first order correction will be considered. Let a delay time tc(z) be defined 

such that 

co 

(t;z;)[t'-to(z)]dt' = 0, 
_oo 

(2-B ) 

where tc( z) is proportier. ,:: to .±he first moment of t relative to t = 0. 

Then to first order in T2 -1 

f 
./ ,+ dt 

dA A 
dz 

J 

cc 

12dí` _ (1 + tc/T2) d } T' dzc. - 2 

Furthermore, it may be verified that the following is the solution, at 

exact resonance Cw =O, to the optical Bloch Eqs. (25) and (26) to first 

order in 1 /T ¿, i /r1 

(3-B ) 
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t 
)t`r.-,in2rp 

l+f 
[Yr"(t') 

-T (t') 
` - G 1 

+ L(t' )t'sin, (t' ) 
i1 

t; 
+ co(t){ in[K(t')Ç& 

1 ; 

dL' r c ninrl(t) 
J 

- T )ticos2Mt1) 
G 1 

t/T' 

+ T 
(t')t'coCti,(t')jdt'?e 2; (4 -B) 

1 

41 
[K(t'<t 

} 
+ 

e-t Tl 
-cos4(t)1 + ft 

2 

} I 1 
-t/T 

1 

+ {, KC.(j,' )t'sirir(t' )Jut'Ìe 
1 

/b.: 
' + sinc, t)ll t ); - T1 )tcos21(t*) i; 

4 

+ K(t') T t'cos;.(t')dt'e 
1 

-t /Tl 

Combin.n Eqs. (1+ -B), (3 -B), and (1-B) leads to the result 

(.tc 1 T) dz + T' azc - - 2sinAj 1 T /tr.sin 2dt 
2 2 l 2 1 

'sin2ç(t') 

+ 
J 

(KtsiìlC{?)dtJ - cos:"{J K T¡ - 
T 
1 
/ 
cOs2r + KTtcosCÿ dt 

1 \ 2 1 

(5-B) 

Eq. (5 -B) is a generalization of the arca theorem to first order in T /T' 

and T /T1. We now restrict our discussion to a pulse which has evolved 

to nearly a 2n h.s. pulse form. A deviation from this form will occur 

only because T1 and TZ are not infinite. The pulse area A will differ 

from 2,i ty a neLat :ive incriacnt to first order in 1 /T. The pulse 

it elf differs from the ideal hyperbolic secant shape to order l /T2 . 



ln the various integrals on the right hand side of Eq. (5-B) V and cp 

may be taken to zero order. The above Eq. (5 -B) then reduces to 

( 
tc d. A -- dtc a har 2cxr 

1 T, ) dz i T; dz -' 2sixxA 31,sir.A 
+ 3T 

2 G 2 1 
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- sinA. (6-B) 

For the nearly h. s. pulse, let A= 21t+CAA, where Ark is an er: a i_ncre- 

r.:ent. To zero order, dt /dz = ar /2, for T >> Tf, as scan from 
(transforming co the retarded time drops the Tf/C term). 

Eq. (56)/ Since M is of order 1102, keeping only terms of first order 
in 1 /T2 in Eq. (6 -B) leads to 

rar a. T 2; ' 

so that after a few absorption lengths 

-a ¡ z _, 
4A(z) _ - T 1 d?te 2( )T(z 

), T2,0 

which slates that AA relaxes toward the value _2nr /T¿. The fractional 

(7 -B) 

(8-B) 

change cf AA tpfirst order in T in an absorption length a71 is of order 

T2 -1. Therefore, to first order, 

A 2n(l - T/TZ), (9-B) 

which is indepcndenL of T1, in contrast with the pulse energy loss result 

of Eq. 09) which depends upon both Ti find T2. 
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PULSE AREA: PULSE ENERGY DESCRIPTION OF SELF - INDUCED TRANSPARENCY* 

S. L. McCa2 

Be,22 Te,eephone Labonatonie4 

Introduction 

The sample under consideration has an infinite homogenous 
T' = , a short inhomogenous relaxation time T2 « T (T is the 
width), two levels, no degeneracy, and there are no scattering 
put light pulse is a plane wave, without phase shifts, and the 
that the light pulse retains these two properties. The system 
the equations in Ref. 1. 

The area theorem states that 

where 

d6 a 
sin 6, 

dz = - 2 

(+. 
6 = KJ- t(t,z)dt, 

311 

relaxation time 
light pulse 
losses. The in- 
sample is such 
is described by 

(1) 

(2) 

and K= 2p /h, p is the dipole moment of the two -level nondegenerate system. The 
electric field is given by 

E(z,t) = E(z,t) [isc cos (wt -kz) + 9 sin (wt -kz), . (3) 

The dipole transition corresponds to the sense of circular polarization spec- 
ified by Eq. (3) . 

If one did not know about the area theorem, one might proceed as follows: 
A light pulse can be approximately described through specifying the pulse area 
and pulse energy given by 

2(t,z)dt, (z) _ (4) 

where 77 is the sample host refractive index, and c the value of light velocity 
in vacuum. Notice that the light pulse is pictured as varying with time at a 

given distance z. This is what we would see on the screen of a special oscil- 
losope. 

If 6(z) cceimax T andV(z) « ¡axT (sa is the peak electric field) can be 
evaluated, then the pulse width T(z)6(z)' /ry(z) may also be found. Knowledge 
of 6(z) andtz) therefore results in an approximate description of the propa- 
gating light pulse. An implicit assumption is that the pulse envelope (t,z) 

is a smooth function of time and is not severely modulated. This implicit as- 
sumption fails for 6 > 37 because the input pulse breaks up into separate 27 
hyperbolic secant pulses) 

* The notations and definitions used here will be the same as in E. L. Hahn's 
notes which immediately precede these notes. (See also Ref. 1.) 
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Formally, the two functions F and S are defined by 

d0(z) 
=-2S(e,j) (5) 

dj(z) _ - a a F( e,7) (6) dz 

Useful results are obtained if approximate forms for S and F 

can be found. Of course, S and F should be expected to depend 

on the pulse shape, but such dependence is not considered because 

the dependence is fairly small for 9 < 3rr. 

In the limit T »» 4, the dependence of S and F on 

pulse energy J must disappear, because a change in I, for 

given e,only results in a larger bandwidth of excitation, the 

effect of which is included in the factor 5(z) in Eq. (6). 

To be precise, let C(t,z) and P(Ow,t,z) solve the equations 
ti 

in Ref. 1. The 2 e. term may be forgotton since a simple trans- 

formation removes it from the equations. Then Xlc(t /X,z) and 

P(XAw,t /X,z) are also solutions, as long as both x T and T are 

long compared to T2. Both solutions determine the same pulse 

area, while the pulse energy is changed by a factor X. But 

the absorbed energy is also changed by a factor X, so F and S 

are functions only of 6. 

The function F(e) is illustrated for particular pulse 

shapes in Ref. 1. The "square" result is not a typical result. 

The Gaussian pulse result for F(9) is almost indistinguishable 

from the hyperbolic secant shape result. For pulses of shape 

2 sech t < t 
KT O 
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it follows that F(3) = 2(1- cos0) /02 when r »» T2. 

The absorbed energy follows Beer's Law d3 /dz = - 

in the limit e « 1. Consequently F(e =0) = 1. For finite e, 

the absorbed energy is equal to the product of some average 

excitation and a bandwidth of excitation. Since the bandwidth 

of excitation is proportional to 1/i « 3(z) /0(z)2 the bandwidth 

dependence of d3(z) /dz is contained in the factor J of Eq. (6), 

and therefore F(0) is proportional to some average excitation. 

The exact resonance excitation (Aw=0) is proportional to 1 -cose, 

so that F(0) 2 (1 -cos 0 )/02 as O -, O. The factor 2/02 is required 

for F(0=0) = 1. 

Two objections to this argument naturally arise. Firstly, 

power broadening effects, which change the excitation bandwidth 

from 1/T to a larger quantity, have been overlooked. Numerically 

2(1- cos0) /02 is an excellent fit up to 27, and is smaller than 

F(0) calculated for pulses of Gaussian shape by only about 35% at 

e = 3w. The kind of accuracy involved may be characterized by 

the known results for two special it pulses, which are truncated 

27 hyperbolic secant pulses. For a sharp leading edge 7. pulse 

F(7) = 2, while for a sharp trailing edge Tr pulse F(7) = 4/72. 

The pulse with a sharp leading edge is given by 

t) _ 
0 ; t < 0 

2 

k 
sech (t/T); t > 0 

and a similar formula applies for the sharp trailing edge pulse. 

The results differ by only about 20%. The formula 

2(1- cos0)4+102/02 with A .01 might be a better estimate 

of F(e), but let's overlook 10% corrections. 
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A second objection is that, since secretly we are 

aware that 0 -027 with increasing distance, and therefore the 

value of F(27r), though perhaps small, is quite important. 

But, secretly we know that F(2r) = 0 exactly for the 2Tr h. e . 

pulse, so that an approximate formula which reduces to F(2T) = 0 

is reasonable. 

Now let the knowledge that de /dz = -2 asine be 

switched on. Then 

and so 

where 

a e 

e(z) = 2tan -1(e2 tan 2 ) 

3(z)=3.oe 

(7) 

z 

- ar dz/ F( 6( z,)) 
o (8) 

1 

F(0) = 2(l- cose) /02, (9) 

and eo and jo refer to values of 0 and 3 at z = O. 

It is sometimes convenient to think of 3 as depending 

on e. From Eqs. (6) and (7) 

de = 2 tan 2 3. 
6 

Let the pulse width T be defined as 

(seat)2 
T = ß 

r dt 

where ß is chosen so that T measures the time between half 

maximum intensity times. Then 

dT 
dz = aT(F( 

e) 
siene ), 

(i0) 

(12) 



and 

dT 
= T( 2 4 tan e ) . de 9 82 2 

Define the peak power II = 3 /T. Then 

and 

dll 

dz = a 
(sine 2F(e)) 

an 
d8 = 

8 tan 2 ) . 

e 

(13) 

(15) 
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Solutions to the Eq. de /dz = - 
2 
sine and d3 /dz = - a 32(1- cose) /e2 

are illustrated in Fig. 1. An approximate solution for r < eo < 3r, 

is given by 

------- a Z =oo - ---- at Z = 4 -- acZ= 3 - --- alZ= 2 
cx Z = 1 

T1 1.0 
D 

ZCI- . `.` - 
/% `\. . ,/ 

FIG. 1 

Tek - \ i 
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.t' i á Ih I 

D , 
O /h' i 

1-b0.5 
is 41 

, / 1 

I; I / 
, , I 

. l; ; / 1 

_ ' / / i 

o 

-- I - -------. 
ir 

9 (INPUT) 
27r 37r 
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- ------ a! Z =oo - ---- cz Z = 4 -- at Z = 3 ----- cx Z = 2 
a Z = 1 

FIG.2 

3 
0 7r 

j(z) = j(0) 
cos(e(z)/2) 

8 (INPUT) 

cos( eo /2 ) 

27r 

8 

e2 o 

3ir 

(16) 

The result F(3r) 2(1 -cos(37r)) /(3nr)2 is wrong, because a 3rr 

pulse divides into a 27 pulse and a rr pulse, and the it pulse 

looses energy, while the 2rr pulse does not. Therefore F(3r) 

in reality, varies from about .08 to zero. 

Figures 2 and 3 illustrate solutions to Eqs. (12) and 

(i4+), and similar remarks near e = 3r apply. 
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To make such a process efficient, one would send a 

pulse of area 8 2.9r, into a sample, let the pulse evolve 

to a 2Tr pulse, with a shortening of 'r and increase of Tr, as 

illustrated in Ref. 1. After the pulse leaves the medium, the 

pulse energy /cm may be increased by lenses (at a sacrifice 

of beam diameter) to the point that 8 p- 2.9Tr. The pulse may 

then be directed into a second sample with a further shortening 

of ti, and so forth. 

So as to avoid setting up the array of lenses and 

samples, instead one may focus the input pulse so that it has 

the property of being an incoming spherical wave. The pulse 

area and pulse energy equations then take the form: 

a 

de 
= - 2 sine + 2F 6 - 2 e 

dz = - cz7 F ( e ) + 
QF - a2 , 

dud(z) - au F(e) - a2 U , 

where aF describes the linear "gain" due to the beam convergence, 

a2 is a background loss coefficient, and the total pulse energy 

U(z) is given by U(z) = Tr zb(z) J(z), where rb is the beam 

radius. There are edge effects, but let's ignore them for the 

present. 

Shortly it will be clear that aF should be such that 

8 -2Tr « 1 in cases of most interest. Let AA +2Tr = 8, then dAA/dz 

- 2 MA +Tr(aF- a2 ), so that in steady state AA = 2Tr(aF- e2) /a . The 

energy loss /cm is then given by 

dU(z) _ - a2 U(z) - aU(z) (4!) 
2 

(20) 



in the approximation Eq. (9). Let us find the maximum 

obtainable pulse compression i(0) /T(z), for given U(z)/Ú(0) 

If this is done, then the peak power gain II(z)/II(0) « 

U(z)T(0)/U(0)T(z) is also maximized. The rules are that aF and z 

may be varied, but not a and a2' 
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< 1. 

and 

According to Eqs. (19) and (18) 

_ (a2 +ax2 ) z 
U(z) = U(0) e , 

_( a2-aF + ax2)z 

j(z) = j(0) e 

where x = AA /2r. It follows that 

(°2-°F ax2 ) 

T(z) = i(0) e 

z 

since j(z) i(z) is independent of z in order to maintain 

8 2r. Since U(z)/U(0) is specified, so is 

c = (a2 + a x2) 

and the quantity to be maximized is 

z 

b = (°F - a2 - a x2) z, 

which is maximized when 

x- x2 
c 

d+ x2 

(21) 

(22) 

(23) 

is maximed . Here d = c12/1 a. The maximum occurs at 

x = 2 (ß/d2 +d -d), or x = \AT/2 in the limit of small d. In 

this limit, the maximum value of b/c = 1 /(g/d), the output pulse 

width is given by 
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T(z) = T(0) 
2 Va/ 02 

The output peak power is given by 

r(z) = Tr(0) Uz03 

2 Va/Q2 -1 

and the corresponding distance z is given by 

4 U(0 _ 
Z 5ad °g ' 

as a consequence of Eq. (21) and x = ó,/a . 

o2/a 

.01 

. 01 

.11 

. 11 

Particular optimum values are listed in Table 1. 

Table 1 

U(z)/Ú(0) T(z) /T(0) 

.01 1010 

.1 105 

.01 103 

.1 30 

r(z)/r(0) az 

108 368 

104 184 

10 24 

3 12 

(24) 

(25) 

This looks, at first glance, very nice. But, other 

things can happen. The pulse may become amplitude modulated, 

although this seems unlikely as long as T » T2; otherwise 
transparency experiments wouldn't work. The pulse may become 

frequency modulated. If the pulse became chirped, then the 

pulse could be compressed, ala Tracy3 or Duguay or Hansen.4 

Transverse effects will be damaging; at best one might hope 

for an experimental configuration which forces single transverse 

mode operation with acceptable losses. The prediction here is 

that big compression effects might occur in the laboratory, but 

under conditions not yet reasonably specified. 
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PULSE AREA: PULSE ENERGY 

DESCRIPTION OF A TRAVELING WAVE LASER 

S. L. McCate 

Be22 Te.2ephone Labonaioní.eb 

and 

E. L. Hahn 

Univeui.ty o.6 Ca.2-í.pnnia, Beh.Fze2ey 

Abstract 

The effects of a transverse mode, overlapping transitions, 

background losses, and transverse population variations are in- 

cluded in a description of light pulse amplification in a system 

with an inhomogeneously broadened gain profile. In the limit of 

small nonlinearities, the steady state pulse energy should vary 

as the inverse cube of the pulse width as the background loss or 

resonant gain changes, in accord with the observations of Frova 

et al. 
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In previous papers,1'2 which introduce the phenomenon 

of self -induced transparency, the authors presented a result 

which describes the evolution of the "area" A of a light pulse 

traveling through a resonant two -level medium. In the case of 

a plane wave, non - degenerate inhomogenously broadened amplifying 

system at resonance, the area theorem states that 

dz- 2 sin A, (1) 

where a > 0 is the linear "Beer's" gain of the resonant 

amplifying medium, and A is equal to the final Bloch tipping 

angle e of the fictitious electric polarization vector 

at exact resonance with the frequency w of the light pulse; 

+c° 
e(Z) - I 

P' J(zt) dt 
-Do 

where p is the value of the dipole moment matrix element, 
ti 

and C. is the pulse envelope parallel to p. When properly 
ti 

generalized and related to energy gain estimates the area 

theorem leads to a qualitative and quantitative description 

of light pulse amplification in a traveling -wave laser 

whose spectral resonant gain profile is inhomogenouslÿ: 

broadened. Basic ideas concerning Eq. (1) are formulated 

in Ref. 2; our purpose here is to expand and elaborate on 

that description as it applies to light pulse amplification, 

we will use the notation and some of the results of our 
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previous papers. The picture developed here partially des- 

cribes absorbing media and relevant equations are easily 

obtained by changing the sign of a in the following. Mixed 

systems, in which some, but not all, state populations are 

inverted, may be considered in a similar way-, although 

particular examples used here to illustrate amplifying 

systems are not typical of mixed systems. A number of 

workers have investigated related problems and extensive 

bibliographies have been compiled.3 

A light pulse may be described in a useful 

approximation in terms of two quantities, the pulse energy 

and pulse width. A nearly equivalent description, in the 

case of bell- shaped, unmodulated pulses without frequency 

shifts, may be obtained in terms of the pulse energy and 

pulse area A, proportional to the time integral of the 

electric field envelope e of the light pulse. Such a 

description is incomplete, since the shape of a traveling 

wave pulse is not calculated. Indeed, the procedure out- 

lined here is by itself incapable of yielding complete and 

exact results. However, the simplicity of this approach 

allows one to easily include effects due to finite tranverse 

mode diameters, background losses, and also the effect of 

degenerate or overlapping two -level transitions. 

A linear analysis leads to the conclusion that an 

unmodulated weak light pulse will often become modulated if. 
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the pulse width T is shorter than, or even comparable to the 

inverse resonant amplifying bandwidth T2. The same result 

is true in the nonlinear case,4 at least for pulses of some 

shapes and widths shorter than about T. In the nonlinear 

regime, g for e > Tr and i >> T2, pulse break -up is expected1,2, 

in the amplifier plane -wave case. This would occur because 

of time modulation of the absorbed energy, in a manner not 

unlike that which would occur in the optical nutation effects 

displayed by the electric polarization vector. Such break- 

up effects will be seen to be considerably less effective 

when transverse mode and quantum level degeneracy effects are 

taken into account. In the region of interest here, for i 

greater than and nearly equal to T2, and e < r, but not 

small, the question of whether pulse frequency or amplitude 

modulation effects occur is quite important. At present, 

we have no complete answer to this question. The following 

analysis has a formal meaning, but of diminished relevance to 

theory and experiment if the light pulses are highly modulated. 

The discussion is therefore restricted to cases for which 

modulation effects are not important; we suspect, without 

real proof, that insignificant modulation occurs for pulses 

with temporal widths longer than some time of order T2. 

That pulses can be shorter than T2 without developing severe 

modulation is supported by the work of Hopf and Scully4 if 
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one merely requires the qualitative prediction of pulse shorten- 

ing. Interest has been focused on the pulse shape6 formed by a 

long amplifying medium; without a general means of obtaining a 

knowledge of a limiting pulse shape the importance of modulation 

effects are not easily estimated. 

Single Transverse Mode Light Propagation 

The electric field of a light pulse traveling in the 

positive z direction may be expressed7 as a sum over transverse 

modes: 

Ze.m(z,t) (x 
3 
y E(X,Y,z,t) mz) e+i(wt-kz) + c.c., (2) ti 

m 

where m is the pulse envelope for the mth mode described by the 

generally complex mode vector function(x,y,z); w and k denote 
ti 

respectively the central light frequency and wave vector, and 

c.c. is the complex conjugate term. 

In many situations the light pulse can be forced to 

exist in essentially only one mode. For example, in the microwave 

region a suitable choice of waveguide dimensions can result in a 

broad frequency range over which all transverse modes but one are 

highly attenuated. Selective diffraction losses can restrict 

otherwise free space light propagation to single transverse mode 

propagation. It can be assumed that structure is present which 

forces the electromagnetic field to exist in only one mode. When 

a laser, by itself, operates in a particular transverse mode, 
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then imagined external structure is chosen so that the 

forced transverse mode is identical with the mode in which 

the laser chooses to operate. The light scattered into 

other transverse modes is attenuated in a short distance 

because of large distance loss coefficients, or because 

the frequency w is below the higher mode cut -off frequencies, 

and only the single operating mode remains. 

The electric field may then be accurately expressed 

by 

E(x,y,z,t) = C(z,t)e(x,y,z)e+i(wt-kz) + C.C. ti ti (3) 

where . and f refer to the selected mode, and 
E, 

varies only 

slightly for a change of z equal to a light wavelength T. 

The operating mode function f is orthogonal to other mode 

functions 7 

i' dxdy f ( x, y, z ) fm ( x, y, z ) = 0, 

and satisfies the transverse equation 

(2 
(62 

2 (x,y,z ) = 0 

so that k2 = n2w2 /c2 - y2, where E is the host dielectric 

constant, n = +\/T, c the vacuum value of light velocity and 

y the eigenvalue. Boundary conditions and the value of E 

are chosen so that is identical with the actual mode of 
ti 

operation. There may be tranverse or nonlinear effects which 
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modify the above statements, but the fundamental assumption, 

upon which the following is based, is that Eq. (3) is accurate. 

Therefore, it may be, due to unprescribed transverse effects, 

that does not have precisely some preconceived form (e.g., 

Gaussian). We assume that Eq. (3) is accurate, but insist 

that is to be that determined by experimental conditions, 

and regard the above as a mathematical device for properly 

choosing orthogonal transverse mode functions. 

With the following assumptions: a dispersionless 

background refractive index; a -1 » T; Maxwell's equations, 

constrained by Eq. (3), prescribe an equation for the forward 

traveling wave: 

2 + n 2 = i L-1 dx dy ( x, y, z)', ( x, y, z) 
kc 

- 2 + L-1 Jdxf dy *(x,y,z)' 
a (x,y,z) 

dz ti 

(4) 

* 
where 71 = ck /w, L = dxdy e (x,y,z) 2, and a C/2 is a loss 

ti 

term, introduced to include the effect of background broad 

band linear loss exemplified by diffraction or conductivity 

losses. The polarization P in the laboratory reference 
ti 

frame is given by 

P(x,y,z,t) = 63(x,y,z,t)e 
+i(uat -kz ) + c.c. 

Use of the assumption a-1» T, and that the pulse spectrum 

width is small compared to cu, allows the neglect of terms 

involving higher derivatives of C and P. 
ti 

(5) 
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The imaginary part of the term involving a/ z only 
ti 

contributes a time - independent phase shift, which shall be 

included in the phase kz. The remaining real contribution 

permits the consideration of a changing mode diameter or 

shape; this contribution will be grouped with the loss 

parameter a to form a distance z dependent effective loss 

parameter also denoted by a. 

With Bloch's equations describing the polarization 

p the description of the system is formally complete. 
ti 

Derivations and results recorded in our earlier work will be 

recorded as needed. 

A complete analysis of light pulse amplification 

would include the consideration of instabilities, particularly 

the growth of noise pulses separated in time from the main 

pulse. We will assume such instabilities are damped by the 

inclusion in the system of appropriate saturable filters 

which strongly absorb low intensity light, but "bleach" at a 

light intensity quite small compared with that in the main 

pulse. Furthermore, the saturable filters will form a sharp pulse 

leading edge, and allow us to avoid preoccupation with the analysis 

of the pulse leading edge. Since the bleaching occurs at very low, 

intensities, the presence of the saturable filters need not be 

further mentioned. 

Generalized Area Theorems 

Results for a non - degenerate two -level system will 

be developed and the effects of degeneracy or overlapping 

transitions later included. The gain profile`is assumed to be 

symmetrical about w, in order that the assumption,that the 
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light pulse is not frequency modulated, is consistent. All 

homogeneous relaxation effects are neglected. 

At a particular point x,y,z in the light pulse beam, 

the irradiating electric field t(x,y,z) C(z,t) causes the 
ti 

macroscopic Bloch vector of dipoles at exact resonance to tip 

to a final position at an angle 

Px,y z)-fi 1 

) 9(x y,z = A * 
1 t(o,o,z ) P 1 

(6) 

away from their original direction.8 The pulse area A = A(o,o,z), 

the tipping angle in the beam center and p is a unit vector 

parallel to the dipole moment matrix element of the transition 

involved. 

That the time integral of the envelope of the 

induced polarization at a point x,y,z is proportional to 

the sine of the tipping angle 8, is contained in the proof2 

of Eq. (1), so that the contribution to the pulse area 

derivative dA /dz from the region around x,y,z is proportional 

to sin 9(x,y,z). This term must be further multiplied by the 

local inversion density N(x,y,z) at frequency w, and by a 

factor *(x,y,z) p , which describes the projection of 
ti 

radiation from a point (x,y,z) back onto the operating 

transverse mode. These comments follow directly from the 

application of Eq. (6) and (5) to the Maxwell equation (4). 

A generalization of Eq. (1) thus follows for 

the case of a non -degenerate two level single transverse 

mode amplifier: 
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dA á JdxJdyNp(xY) I(x,Y,z)'Plsin{I(x,y,z)'PIA) Q 
2 A. 

dz 2 rdxrdy I (x,y,z)'P ( Np(x,Y) 
2 

ti 

where a is a complicated factor involving 4, Np, etc. In 

the limit of small pulse areas, Eq. (7) reduces to 

dA 
dz = 

6 2 ( a- Q)A 

(7) 

(8) 

and a is therefore the resonant "Beers" gain constant, which 

will everywhere in this paper be defined as the experimentally 

obtained resonant small signal gain /cm in the operating mode at 

frequency w: 

dU 
= aU - cU, 

where U is the total pulse energy of a weak pulse of frequency 
* -1 

w and bandwidth « T2 . 

In the case of a linearly polarized mode of constant 

transverse Gaussian shape I t(x,y) 2 = exp [- (x2 +y 2 )/r02 

(ro is a radial distance), with Np constant and E parallel to 

the electric field vector, Eq. (8) reduces to 

dA 1 - cos A Q 
dz a A 2 A' (9 ) 

If each or either level of a two -level system is 

degenerate, a suitable representation of the degenerate states 

can be chosen so that transitions occur only within pairs of 

states, each pair consisting of one ground and one excited 

state. A two -level system may additionally have overlapping 

transitions due to the presence of various species of amplifying 



333 

atoms. It is assumed that the light pulse has a specified 

time - independent polarization. If the spectral gain profiles 

for the various transitions are symmetrical and centered about 

w, then it is consistent to ignore frequency modulation,2 and 

an area theorem for such systems will be shortly derived. 

In systems in which the spectral gain profiles are 

not all symmetrical about w, if the pulse width T is long 

compared with the inverse bandwidth of the most narrow spectral 

gain curve not symmetrical about w, the wings of the resonance 

only respond dispersively, there is no resultant frequency 

modulation, and the area theorem to follow may be applied to 

such systems. 

There are systems, e.g. free atoms with substantial 

hyperfine interactions, in which a number of transitions not 

independent of one another may occur. If the hyperfine 

splitting energy is « h/T, then the hyperfine levels may 
be considered degenerate. If the hyperfine splitting energy 

is »» h/T , then, for a given atom, only two of the hyperfine 

levels will be resonant, and the system may be regarded as 

composed of overlapping transitions. If the hyperfine splitting 

energy is comparable to h /T, however, there may be a nonlinear 

polarization developed which frequency modulates the pulse, 

the pulse area is not defined, and there is no area theorem. 

It will therefore be assumed that any near degeneracies 

are characterized by an energy splitting either »» or « h/T 
(or ti h/T , but the transitions are not coupled together, and 

may be considered independent of each other), and that the light 

polarization is not time- dependent, either through constraints 
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(e.g., Brewster windows) or because the medium does not 

tend to change the light polarization. Then a quantum 

representation can be chosen so that transitions 

occur only between separate pairs of states, and the 

resonant amplifying system may be regarded as consisting 

of a number of independent amplifying systems, isolated 

from one another, except for their interactions with the 

light pulse. 

Defining dipole moment matrix elements 
Pop °' piP1' 

etc...., where pips is the dipole moment matrix element of 

the ith transition, pi = pi(x,y,z) is a unit vector, an area 

theorem including the effects of degeneracy can be formulated,9,2 

J dxJ dy Ni(x,y,z)Bipo 
sin (BiA/po) 

dA_ á i 
dz 2 

- A 
z ' 

)] Çdxjbdy Ni(x,y,z)Bi2 (10) 

where Bi = pi I pi(x,y,z)t(x,y,z)1 . The presence of the 

denominator insures that a remains the total resonant linear 

Beer's gain constant. The quantities Ni(x,y,z) are proportional 

to the local inversion of the ith transition at frequency cu. 

In the case of free particles in a gas, the prescribed 

representation results in each unit vector pi being parallel 

to the electric field polarization vector parallel to For 
ti 

a J = 1 to J' = 2 transition, (e.g. the 6328 A transition in 

Ne) with the initial state populations Ni equal and independent 

of transverse position, 

dA 2 [1cosA 1-cosA/2) 
dz 5 a A + 2 QA, (lo) 
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in the linearly polarized Gaussian mode case. The pre- 

scribed representation in this case is that described through 

a quantization axis parallel to so that the transitions obey 
ti 

the selection rule Lm =0, and two dipole moment matrix elements 

are /372 times the other finite dipole moment matrix element,10 

The first term represents the MJ, = 0 to MJ = 0 transition 

the second term the M ± 1 to M = ± i transitions and 

the factor 2/5 assures that a remains the total resonant 

gain constant. 

Results for a given case are in this way not 

difficult to write down; because an area theorem always is 

derived from a superposition of terms sin 9, an area theorem 

always takes the form 

dA 
dz 

= 
2 S(A) 

- 2 A 
(11) 

where S(A) = A - B3A3 + B5A5 - ... The coefficients B3, B5, 

etc. are all positive in unmixed systems, and dependent on 

distance z if the form of the transverse mode function varies. 

An alternative recipe for finding S(A) for a given 

system is the following. Calculate the total charge of energy 

w of all resonant atoms when they are irradiated by a pulse of 

area A, under the pretense that all atoms have resonant frequencies 

w. The quantity w is a sum over transitions and transverse 

positions of terms8 1 - cos 9, where O depends on transverse 

position and transition. Upon differentiating the w sum with 

respect to A, and multiplying by a factor so that S(A) /A - 1 

in the limit A 0, the result S(A) is obtained. That 

this recipe correctly gives the relevant area theorem may be 
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verified by a comparison of the resultant formulae with those 

preceeding. 

The pulse area evolves as Eq. (11) demands eventually 

approaching the value Ao determined by the smallest non -zero 

solution of the equation S(A) = a A /a, as illustrated in 

Fig. 1. If the mode function form or diameter varies with 

distance, then the pulse area may be imagined as tracking 

the intercept Ao(z), as Ao(z) changes due to the change of 

S(A) or the effective loss parameter a. 

Energy Gains in Inhomogeneously Broadened Systems 

The second parameter of interest here is the pulse 

energy /cm2 J at the mode center defined by 

2 
j(z) = 

2 j , 

ibIC(z,t) 1 

2 
1 ,t ( O , O , z ) 1 

2 at (12) 

which is equivalent for finite transverse mode diameters to 

the total pulse energy 

1 Vx,Y,z ) 12 
U(z) = dx dy (z) 

( (O,o,z) 12 

Pulses with small bandwidth and area are uniformly and linearly 

amplified. If the pulse area or pulse bandwidth is not small, 

a functional F is introduced, defined by: 

dz = a3F(A,I, "pulse shape", "mode profile") - Q 7. 

(14+) 

The factor F, which is unity in the limit of small pulse area 

and bandwidth, is dependent on every parameter involved in the 

system, and can be calculated from Bloch's and Maxwell's 
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equations. The "pulse shape" variable describes the time shape 

aspects of the pulse at x =y =0 apart from pulse area and energy. 

A pulse might have, for example, a Gaussian "shape ". The 

factor F can be in terms of the plane wave non - degenerate 

functional Fp(A,T, "pulse shape "), illustrated in Ref. 2, 

by summing the absorbed energy over transverse positions 

and transitions. Since the interacting pulse energy varies 

as Bi = pi ( x, y, z) pi (x, y, z) 12 it follows that 

f 
dx 

f 
dy Bi2Ni(x,Y,z)Fp(BiA /po,Bi2/ T pot) 

F = , (15) 

)7 JdxJdY Bi2Ni(x,Y,z) 
i 

where F is evaluated according to the indicated functional 

dependence, and the denominator insures that F=1 in the limit 

of small pulse area and pulse bandwidth. For T »» T2, there 

is no dependence of F on j, because a change in J for constant 

pulse area A only results in a larger excitation bandwidth, 

which is reflected in the factor 3 in Eq. (14+). As T becomes 

comparable with T2, for constant A, the larger bandwidth of 

excitation begins to include the wings of the resonance, and 

F decreases with increasing 3. If the resonant gain profiles 

for various positions and transitions vary in a way not simply 

proportional to Ni(x,y,z), this fact may be taken into account 

through a variation in the dependence of the various Fp on the 

effective interacting pulse energy Bi /po. 



338 

For T » T2, and a bell- shaped amplifying transition, 

F is an even function of A, never exceeds unity, and approaches 

the value 1 as A -4 0 (excepting pulse shapes with 180° phase 

reversals and zero net area). For T » T2, F(A) decreases 

towards zero for increasing A, eventually as 1 /A, and possibly 

with some oscillations. 

In the plane wave non -degenerate case, the energy 

content change of exactly resonant atoms is proportional to 

1 -cose = 1 -cosA. In the limit of small A, and small T2 /T, 

Fp(A,T) reduces to 1, and we may therefore expect Fp(A,co) 

2(1- cosA) /A2. This expression does not, however, include 

the effects of power broadening, important for A > 2r, and 

consequently does not behave as 1 /A, for large A. For small 

A, the effects of bandwidth can be formulated through a linear 

calculation, and a Gaussian pulse interacting with a system 

with a Gaussian spectral gain profile, is associated with 

Fp(0,T) = T/(T2 +2T2)1/2, where T is the time between half 

maximum intensity times, and T2 = (2n2) /TAv, where Av is 

the frequency width (Hz) between half maximum gain frequencies. 

An approximate formula for Fp(A,J), useful for 

estimates in the region 0 - 2'r, is 

1/2 

F = 2(1 - cos A) T2 (16) 
2 

A2 T + 2T 
*2 
2 

where the dependence of Fp on 3 is introduced through the 

appropriately defined pulse width T. Near 22r, with T » 
T2, this formula yields a value of F about 35% smaller than 
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the value numerically calculated2 for a pulse of Gaussian 

shape. In the region 0 to 2r, this formula is an excellent 

fit to values calculated for a pulse of Gaussian shape of 

width T » T2. The bandwidth factor has the proper limits 

for T » T2 and T « T2, and should describe bandwidth effects 

to a reasonable accuracy. 

The 2'r hyperbolic secant "self- induced transparency" 

pulse,1'2 has the plane wave values Fp(2ir) = 0, S(2r) = 0, 

a = 0, and applies stably for a > O. A it pulse solution2 

has the plane wave values Fp(rr) = 1/2, S(r) = 0, a = 0, and 

applies in the region a > 0, T » T2. 

The posed analysis can be usefully performed 

graphically. A trajectory is drawn on a graph of curves of 

F(A,J) plotted against A for various energies a. The pro- 

pagating pulse, for a given input pulse area, is determined 

as a function of distance z only, through Eq. (11). The 

solution to the equation for the pulse energy, Eq. (14) is 

then specified through the knowledge of A(z). The final 

pulse area stabilizes at the value Ao where S(A0) = a /a. 

Finally, with pulse area so stabilized, the pulse energy con- 

tinues to change until the gain function saturates due to 

T T2, so that F(A0,30) = a /a. 

It is convenient to introduce the pulse energy 

dependence parametrically through the defined pulse width T, 

where 

C 

+ -2 
I e( t, z )dt- 

T(z) = ß foo 
j 

, 

[( t, z )2dt 
-03 

( 17 ) 
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where ß is of order unity, but otherwise chosen for con- 

venience, perhaps so T is the time between half maximum 

intensity times. The non - linear gain function F(A,1) may 

now be regarded as a function of A and T instead. The 

numerator and denominator are respectively proportional to 

the pulse area squared and the pulse energy, so that, from 

Eqs. (11) and (14+), dT /dz = aT[S(A) /A- F(A,T)]. Two possible 

trajectories are shown; I) the input pulse is such that 

T ti T2 before A is essentially Ao, while in II) A is 

essentially Ao before T approaches T2. A more complicated 

case would result in a similar sketch, with somewhat similar 

curves. The curves may be imagined to change slightly with 

distance z if the mode function Mx,y,z) changes, and the 

actual operating pulse area and width appropriately tracking 

the operating point that would exist were the mode function 

f constant. For T < T2, the situation depicted may be un- 

realistic due to pulse amplitude modulation.4 The more general 

case considering possible pulse frequency modulation is not 

here considered. 

Small Signal Theory 

If the pulse area 0 < r and T > T2, but non- 

linear effects are operative in both Eqs. (11) and (14+) 

and the finite bandwidth of the amplifying transition is 

felt, we may expand the functions S(A) and F(A,T) in a 

Taylor series, keeping Eq. (16) in mind, and retain only the 

first terms beyond the linear terms. To this approximation 



dA (A - B A3) - A dz 
_ 

2 3 2 

// T*2 \ 

dz 
_ ca ( 1 - 5A2 - 22 

J 
a7 

\\\\\\ T 
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(18) 

(19) 

where 5 is a number denoting the decrease of F with increasing 

pulse area, and will be shortly discussed. The value2 of B3 

in the case of no degeneracy has been determined for the plane 

wave case to be 1/6, for the Gaussian mode case to be 1/12. 

The parameter T2, about equal to the inverse amplifying 

bandwidth, is now defined by Eq. (19) and (17), through an 

identification of the linear gain saturation for T » T2 , in 

the limit A - O. The value of 5 varies with both the mode 

profile shape and pulse shape. According to Eqs. (10) and 

(15), the ratio 5/$3 is independent of transverse mode and 

population effects and degeneracy effects, and therefore 

may be generally evaluated in the plane wave non -degenerate 

case. The functional F must be an even function of A, so 

that there can be no terms linear in A In the expansion 

Eq. (19) of F. No linear term T2 
* 
/T will be present if the 

spectral distribution function derivative has no discontinuity. 

The bandwidth reduction term T22 /T2 is equivalent to (tvp/Mv)2, 

where Avp is the light pulse bandwidth, and Av the amplifying 

bandwidth. The square pulse case2 prescribes the analytical 

value 5/B3 = 1/2, while numerical calculations2 for the 

Gaussian pulse shape specify a slightly greater value of 5/$3. 
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The solution of Eq. (18) is given through the 

exponential decay of the square reciprocal pulse area. 

[A(-2 
áB A(0)-2 áB e, (20) 
a-Q a-Q 

where A(0) is the input pulse area at z = O. It is assumed 

that a and a do not depend on distance z. The final stable 

operating area at large z is 

Ao 
=la-cf 

o aB3 

After a substitution from Eq. (17), Eq. (19) leads to an 

equation for the changing pulse width 

IT2 

*2 

dz = aT 2 (B3-5)A 2 

T 

which displays the resonant effects of linear pulse width 

lengthening and nonlinear pulse width shortening. If a 

short weak pulse of width T(0) is injected at z = 0, the 

non - linear term may be neglected, and T behaves for small 

z as 

* 
T(z) =/T(0)2 + 2aT22z, 

but if the medium is predominantly non - linear for small z, 

the band width term 
/T2 

may be neglected, and for some 

distance z z' 

(21) 

(22 ) 
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(23) 

where A(z) is given by Eq. (20). If A(z) « 1, T(z) = T(0) 

as expected. If we assume that A(z') = Ao to good accuracy, 

then for z > z', T(z) is given by 

T*2 
T2(z) = 2 

j 1 -65/183) ( 1 - 

T2 ( z ' ) 

T*2 2 

C1 
a) 

\1 - 5/B3) 

x e-2( 
5-a)(1-5/B3)(z-z' ), (24) 

and approaches the final operating pulse width, given as well 

by Eq. (21) and (22), 

To 
T2 

- a l - 5/B3 

Independently of the values of a and a, 

T o A o = 
T2 

and, according to the defining Eq. (17), therefore 

T3 

ßen2h T22 

2 0 0 2pó (B3- 5 ) 

(25) 

(26) 

(27) 
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which is also independent of a and a. Frova et al11 pointed 

out that their observations of the output of a He -Ne laser 

mode- locked12 by a Ne absorption cell are in good agreement 

with Eq. (27); quantative agreement is reached if one 

averages over the discharge length as well as transversly 

in the evaluation B3. The data of Fox and Smith13 are also 

in accord with the form of Eq. (27). If such mode - locked 

laser outputs obey the Eq. (27), or an analogous one taking 

into account possible frequency modulation, then non -trivial 

but direct measurements yield a value for the dipole moment 

of the transition. 

The region of applicability of the small signal 

calculation may be assessed through the alternating power 

series expansion following Eq. (11). Keeping one term 

B5A5 more than in the small signal calculation, if the 

extra term B5A5 is small, a corrected solution Ao to the 

equation a(A -B3A3 +B5A5) = aA is given by 

A2 a" 2 = a B -6 2 

o + 
a) 

3Ca 
3 B3 

and the fractional error in calculating Ao by Eq. (21) is 

therefore about B5 A02 /2B3. In the non -degenerate plane 

wave, Gaussian, and Lorentzian mode cases, with A equal 

to the beam center tipping angle, respectively2: B3 = 1/6, 

1/12, 1/18; B5 = 1/120, 1/36^, 1/600; B3/B5 = 20, 30, 33 1/3. 
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If B5A2 /2B3 is required to be less than 10% then A < .64r, r, . 78rr, 

.81-rr, respectively. The important parameter B3Áó, which 

indicates the amount of non -linearity is, for 10% error, 

< 2/3, 1/2, .370, respectively. As the transverse mode 

becomes less "square ", the importance of higher nonlinearities 

increases; degeneracy effects will further increase the 

importance of higher nonlinearities. But, for B 
3 
A 2 
o 

< .4+ 

(corresponding to a/a > .6 and T > 2.3 T2) the small signal 

calculation should be quite accurate, and small signal theory 

applies over a large range of pulse areas. 

CONCLUSIONS 

The pulse area -pulse energy approach to light pulse 

propagation problems allows a quick and quantitative estimate 

of the changing pulse energy and pulse width. The small 

signal calculations are reasonably accurate over a sizeable 

range of pulse areas and pulse widths, and result in a steady - 

state o T3 law, which agrees with measurements,11 in spite 
o 

of the fact that the pulses are frequency nodulated.14 

The point at which a pulse breaks up2,4,5, 5 into 
two smaller pulses may be taken as an upper limit for the 

region of relevance of the pulse energy -pulse area calculations. 

However, it is not presently clear that such break -up effects 

necessarily occur in systems for which transverse mode and 

degeneracy effects are large. Indeed, for the subject system 

of Figs. 1 and 2, S(A) > 0 for all A (in contrast to the 

plane -wave non -degenerate case for which S(A) = sin A), and 

we may conclude that the net emmitted energy by atoms with 
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Fig. 1. S(A) for a J =1 to J =2 transition with a linearly 
polarized gaussian transverse mode profile and 
density Ni varying radially as i - 1/2I(r) /I(r =0), 
where I(r) is the mode intensity at a radical 
distance r from the mode center r = O. The final 
operating pulse area, Ao,in the case illustrated 
is here = 

41/2. 

IO 

resonant frequency w is a monotically increasing function 

of time, for a given pulse of any area. In any event, 

break -up of a pulse in such systems, if it happens, will 

require a much larger distance for completion than might 

be estimated from plane -wave non - degenerate results. 

The region of applicability of this formalism was 

12 

purposely limited to the region i > T2, because of severe 

amplitude modulation effects4 for shorter io. Investigations15 
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2. Sketched trajectories in the F -A plane of evolving 
pulse areas and energies, the pulse energy being 
defined parametrically through the pulse area and 
pulse width T through Eq. (17) and to agree with 

Eq. (19). The unlabeled curves represent, from 

top to bottom respectively, F(A,T) for T = 00, 

2.82 T2, 1.42 T1, .707 T2, .354 T. The system 
is described in the caption for Fig. I, and the 

approximate formula for Fp given by Eq. (14) was 

used to obtain numerical values. The final opera- 
ting pulse width for this case is _ .7 T. If 

S(A) /A > F, then dT /dz > 0, and conversely. 

IO 

of the homogenously broadened amplifier indicate that the 

pulse formed by a sufficiently long amplifying medium may be 

free of severe modulation, even for i « T2, in which case 

the estimates here will be accurate. At this time we must 

regard this question of short T incompletely settled. 
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APPLICATION OF PULSE ENERGY: 

PULSE AREA FORMALISM TO MOVE- LOCKED GAS LASERS 

S. L. McCatt 

Be,P.2 Te,eephone Labona,ton.í.es 

Introduction 

Some gas lasers can operate in a mode - locked fashion; the out- 

put then consists of a train of pulses temporally separated by the 

round trip travel time between the cavity mirrors. In the self - 

locked case, this phenomenon occurs without a modulation element in 

the cavity. A modulation of some cavity parameter, particularly 

the cavity loss, can lead to a mode - locked output. The results of 

Ref. 1 will be extended to a picture of mode -locked gas lasers. A 

wealth of observational data is available2,3,4 and a number of in- 

terpretations have been proposed.2,3,4,5 The work of Ref. 4 is 

quite directive, in that experimentally the dependence of pulse en- 

ergy on pulse width was found to be in accord with Eq. (27) of Ref. 

1. The small signal results to follow could be argued from the re- 

sults of Lamb.6 
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The gas laser is envisioned as constructed and 

operating such that when a pulse leaves the plasma tube and 

is reflected from a mirror, the leading and trailing edges 

of the pulse overlap spacially in the plasma tube to a negligible 

extent. Further, it is assumed that T2 »> i, but is short 

compared to the time between successive interactions of a 

portion of the plasma with the mode - locked pulse. No restriction 

is placed on population recovery times, except that they not be 

shorter than T2. 

These assumptions result in an equivalence between the 

above system, and "ring" gas laser, in which the pulse circulates, 

for which light is constrained to go in only one of the two 

possible directions. 

In view of the previous resultsl'4 concerned with small 

signal theory, the small signal theory will be used to calculate 

the parameters of the pulse. Some caution is necessary. Mode- 

locked laser pulses have frequency changes,7 and therefore the 

small signal results are formally not applicable. Fortunately, 

the physics is approximately independent of this statement and 

the small signal theory is consequently used to both supply a 

language to discuss the behavior of mode - locked lasers, and 

to evaluate approximately the parameters needed. 

The equation describing the propagating mode - locked 

pulse is, according to Eq. (4) of Ref. 1, 



n2w 2rrw 
fP P cse 

kc 2 Tc L NL 2 

(1) 

where pi, is the linear part of the radiating polarization, and 

PNL is the rest of the radiating polarization. If the pulse 

changes only slightly during a round -trip passage between 

the mirrors, then the average gain and loss a may be used in 

Eq. (1). Picking some point on the laser axis to define the 

pulse area, then it follows from Ref. 1 that the pulse has an 

area 

and width 

A =I( 1- Q/a )/B3 

T 
2 

T = 
[(1-07a)(1-3/133)]2 

(2) 

(3) 
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where a is the gain of the plasma just in front of the mode - 

locked pulse. The parameter B3 is that found by averaging 

over the plasma length as well as transversely. It is recalled' 

that s = 1133. 

Important to the stability question to follow is an 

estimate of the pulse velocity. Let tc(z) be defined by 

+co 

e(t,z) [t-tc(z)] dt = 0 

-03 
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So that 
+ ao 

2r dt 
dtc(z) 

dz 

[t-tc(z)] 

+ _ 92(t,z)dt (5) 

There are, according to Eq. (5), three contributions to the 

delay /cm,dtc(z) /dz: (1) the retardation due to the finite 

velocity of light, which is identified with the term 

n2r/kc2 in Eq. (1). (2) the delay due to PL, which can 

be anticipated to be equivalent to the resonant contribution 

to the linear group velocity. (3) the (negative) delay due 

to the non - linear part of the induced polarization. 

Considering first item (2), the linear polarization 

may be written 

t 
2Ç P 

L 
= 2 S(t-T) C(T)dT 

-co 

(6) 

where S(t) is the resonance response function, given by the 

Fourier transform of the frequency dependent gain profile and 
t 

normalized so that f S(t -T)dT = 1. Writing e(T) _ c(t) - e(t) 

(t -T) + 2 (t -T)2 e (t), 

2ncu 

Tic L 
(e(t) - rT2t(t) + rT2 2e.(t)) 

to order 
T22/T2. Here r = 

T2 
f S(t)( -t)dt, and r' 

are both of order unity. Substituting Eqs. (i) and 

Eq. (5), +oo 

(7) 

a 
*2 

S ( t ) t2dt, 
(7) 
2T 

Into 

dt arT* 2.1b dt(t-tc(z))e(z,t) 
211c PNL 

c 1 2 
dz c 2 

r (z,t)2dt 
(8) 



under the approximation that E. is symmetrical about tc(z). 

For pulses to which the medium responds linearly, 6NL = 0, 

and Eq. (8) reduces to the inverse linear group velocity 

expression. 

The last term of Eq. (8) is to be evaluated in the 

approximation T2 = 0, so that F(A,'r) = F(A) = l -SA2. The time 

derivative of the change in stored energy Aw is given by 

Aw « (PL + PNL ) 

but also 

(9) 
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Ow( t ) « [st 2( t, z )dt 1 - ä A2 (. r t E( t, z )dt )2/(1( t, z )dt )2 

(10) 

since Aw(t) is the change in stored energy due to a pulse with 

an envelope which is identical with C. up to time t, but vanishes 

thereafter. A comparison of Eqs. (9) and (10) leads to 

2'1ic (PL + PNL) 2 

t 
2 - 6 A2 

c2 ( 
dt )2 

( f edt)2 

- 2 6 A2 

( tc2 
at (' td t 

wed t)2 

and the separate parts P 
'L 

and 0NL can be separated 
by in- 

spection. The last term of Eq. (8) may then be written down, 

and Eq. (8) reduces to 

dt arT 

dzc C + 
22 

) + a5eA2i 

where dimensionless e is dependent on pulse shape, but of 

(12) 
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order unity. Substituting from Eqs. (2) and (3), we find 

finally 

dtc(z) arT2 
( 

T2 

dz 
c 

2 \1 X T ) (13) 

where x = 2e /r(B3 /6 -1). For a pulse of Gaussian shape being 

amplified by a medium with a Gaussian gain profile, if T be 

defined as the time between half maximum intensity time, r = .91 

and c = .42. Numerically ö 2 B3, so x .92. 
3 ' 

We're now in a position to ask questions concerning 

the stability of the mode - locked state of operation. The 

mode - locked state may become unstable because of 1) growth of 

noise not near the mode - locked pulse 2) the mode - locked pulse 

itself splits into two or more separate pulses, 3) overlap in 

the plasma of the leading and trailing edges of the pulse upon 

reflection from a mirror can cause a failure of the model dis- 

cussed here. Let 1) be first considered. 

In the self - locked case, the background loss a is 

constant. After the pulse passes a point, a is changed from a 

value exceeding a to a value less than a. The unsaturated gain 

a of the medium than recovers to a value a = a at a time t' 

before the pulse again passes the point under consideration. It 

will turn out that the value of t' does not enter into the 

results. 

Noise may be thought of as a sum of light pulses. 

Let a noise pulse be a time t" in front of the mode - locked 

pulse. If a(t ") > a, the noise pulse will grow, but will 

travel at a velocity given by 
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dtc(noise) a(noise)rT2 

dz Cc + 2 ) (14) 

because we may regard the noise to be such that the medium 

responds linearly. The noise velocity given by Eq. (14) is 

different, in general, than the mode - locked pulse velocity 

given by Eq. (12). If 

dtc(noise) dtc(mode- locked pulse) 

dz < dz (15) 

then the mode - locked pulse will overtake the noise pulse, and 

this problem of stability reduces to the question of stability 

of the mode -locked pulse itself. If Inequality (15) is false, 

but a(noise) < a then noise does not grow. If a(noise) > a, 

and dtc(noise) /dz < dtc (mode- locked pulse) /dz, then noise 

pulses will grow and the system will become unstable. 

Since dtc(noise) /dz « - a(noise), the maximum velocity of 

noise pulse with gain occurs at the time t; when a(noise) = a. For 

stability, therefore it is required that (see Eqs. (14) and (13)) 

1 2 1 arT2 T2 

-C + 2 -c- 2 Cl - X T / 

where a refers to the mode - locked pulse. Using Eq. (3), 

Inequality (16) reduces to 

T 

T X(1-S 
3 

2 .4 T2 

For Doppler broadened 400 °K Ne, 2.4 T2 = .49 nsec, which 

(16) 

(17) 

is quite close to the minimum pulse widths (,,,.35ns) observed.3 

The case of the laser mode - locked by a modulation element may 

be treated in an identical fashion, except that a in (16) is 
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to be the loss at the time when a(t') = a(t'), while a in 

Eqs. (2),(3) and (13) is that at the time of the mode - locked 

pulse. According to the above, noise growth instabilities 

would then set in at a shorter T. 

A case for stability of the mode - locked pulse itself 

may be argued in a related way. Suppose the mode - locked pulse 

split up into two pulses. Suppose the leading pulse is the 

smaller. Then the leading pulse will experience more delay 

than the trailing pulse, as would a noise pulse. Suppose the 

leading pulse were the larger. Then it would grow until Eq. (2) 

and (3) were satisfied. But then a, right after the leading 

pulse, would be less than a, and the second pulse would decay. 

We may therefore conclude that as long as the small signal 

theory1 is applicable, then pulse splitting does not occur. 

However, the small signal theory is known to be applicable 

only for i greater than about T2. 

The point of instability for long i is not here 

estimated. Since it is believed that such an instability 

would be due to overlap in the plasma tube of the pulse, or 

coherence effects due to T2 not being short enough, the long 

z limit is expected to be more or less proportional to the 

cavity length. 

Finally it should be emphasized that lasers are 

vastly more complex than has been pretended to be the case 

here. 
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