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FOREWORD 

This technical report is adapted from a thesis submitted in partial fulfillment of 
requirements for the degree of Master of Science in Optical Sciences at the University of 
Arizona. The thesis was completed and approved in January 1970. 

The work presented in this report represents a part of a series of investigations into 
the nature of modules and their possible application to optical design. This study is 
partially supported by Project THEMIS, administered by the Air Force Office of 
Scientific Research. 

Some of the material developed by Mr. Powell was based on research conducted by 
Fernando J. López -López and was transmitted in the form of a private communication 
that is not referenced in this report. Now that Mr. López- López' work is appearing in 
print as Optical Sciences Center Technical Report 57, "Normalization of the Delano 
Diagram," it is a pleasure to correct this omission and to acknowledge Mr. López- López' 
material on the y -y diagram. A more formal paper by F. J. López -López will appear in 
the November issue of Applied Optics. 

Orestes N. Stavroudis 



ABSTRACT 

A y,ÿ diagram analysis has been made of two -surface optical systems. The surfaces 
are spherical and are rotationally symmetric about the optical axis. When the systems are 
normalized and one of the conjugate planes is at infinity, unique relationships exist 
between the radii and separations of the optical systems and the y,ÿ diagram parameters. 

The aberration coefficients are obtained in terms of the first -order constraints of 
the y,ÿ diagram. The y,ÿ diagram parameters of two -surface systems having zero 
third -order spherical aberration are represented by a one -parameter family of solutions. 
The pupil position may be obtained by eliminating zero third -order astigmatism. When 
the two two -surface systems are placed back to back, each system having zero third -order 
spherical aberration, a free parameter defines the relationship between the two systems. 
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I. INTRODUCTION 

Background 

The y,ÿ diagram, which was presented by Delano (1963), is a useful first -order 
design of axially symmetric systems. First -order marginal and principal rays are known to 
provide simple representation for most first- and third -order properties. 

Pegis et al. (1967) presented prototypes of optical designs using the y,ÿ diagram 
parameters described by Delano. When analyzing the optical prototypes, they found that 
there is an advantage in using variables other than radii and separations. The height y of 
the marginal ray, the height y of the principal ray, the indices of refraction n, and the 
Lagrange invariant I completely define an axially symmetric system of spherical surfaces 
as shown by Delano. 

The y,ÿ diagram is a two -dimensional projection of a paraxial skew ray traversing 
the optical system in an increasing direction along the optic axis. The axes of the y,ÿ 
diagram represent the marginal y and principal heights at right angles to each other. As 
the skew ray traverses from surface to surface, its projection rotates about the origin in a 
clockwise direction if I is greater than zero and in a counterclockwise direction if I is less 
than zero. It is assumed that the observer of the y,ÿ diagram is looking in the positive 
direction of the optic axis. 

Stavroudis (1967, 1969a, 1969b) used conventional optical parameters (curvatures 
and separations) to analyze two -surface optical systems. The systems analyzed are free of 
third -order spherical aberration and have one of the conjugate planes at infinity. The 
focal lengths of the systems are fixed. He then defined a nonoptical parameter in order 
to obtain a one -parameter family of lenses meeting the required conditions. The surfaces 
of the systems are either refracting or reflecting. 

Optical system analysis 

It is the intention of this thesis to analyze the two -surface optical systems 
described by Stavroudis (1969b) using the first -order parameters of the yS diagram. 
Unique relationships are obtained from the y,ÿ diagram of a two -surface system when the 
object is at infinity and the system has a fixed focal length. Third -order aberrations may 
be expressed in terms of these relationships. 

The optical parameters are expressed in terms of the y,ÿ diagram parameters for a 

normalized two -surface system that has one of its conjugate planes at infinity. The pupil 
positions are also expressed for the systems. The third -order coefficients of spherical 
aberration, astigmatism, and coma are expressed in terms of the first -order y,ÿ diagram 
parameters. The parameters for two- surface optical systems where third -order spherical 
aberration is eliminated are then expressed as a one -parameter family of solutions. 

A functional relationship between the parameters of two two -surface systems is 

defined. The two systems are combined so that the front focus of one coincides with the 
back focus of the other. Both systems have zero third -order spherical aberration. 

The definitions and conventions used in this thesis are those given in the Military 
Standardization Handbook (1962) (see Appendix A). 
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Ray trace equations 

In tracing the paraxial, marginal, and principal rays through the system, the 
following ray trace equations are applied at each surface: 

Refraction equations 
n'u' = nu - (n' - n)cy for marginal ray (1) 
n't' = nü - (n' - n)c-S7 for principal ray (2) 

Transfer equations 
y' = y + (t /n)(nu) ' = y + (t /n)(nu) 

for marginal ray 
for principal ray 

(3) 
(4) 

By using Eqs. (1) and (2) and by eliminating the (n' - n)c term, the invariant on 
refraction is 

-, ynu-ÿnu=yn,u -ÿnu. 

Similarly, by using Eqs. (3) and (4) and by ,eliminating the term t /n, the invariant on 
transfer is given as 

ynú - ÿnu = y'nú - ÿ'nu. 

Therefore, 

I = ynú - ÿnu 

is the invariant for the entire system and is called the Lagrange invariant. It is invariant 
from surface to surface by transfer and from space to space by refraction. 
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II. THE Y, DIAGRAM 

The purpose of this chapter is to define the first -order properties of the 37,7 

diagram. A different set of independent parameters is used instead of radii, separations, 
and indices in order to simplify the first -order properties of an axially symmetric optical 
system. The set of parameters is then limited to a two -surface optical system with the 
object at infinity. 

First -order properties 

Given the Lagrange invariant I and the parameters y,7,x at every surface, then the 
radius r and the separation t may be derived as shown by Delano (1963). The related 
quantities are as follows: 

axial separation t = x' - x (5) 
equivalent air path T = t/n = (yÿ' - y'ÿ) /I (6) 
reduced marginal ray angle a = (y` - y) /T = nu (7) 
reduced principal ray angle & = (ÿ' - ÿ) /T = nú (8) 
power of surface K = (aá - a'cx) /I (9) 
radius of curvature r = (n' - n) /K (10) 
Lagrange invariant I = yá - ÿa 

yam' - ÿa'. (1 1) 

From analytic geometry, the area of a triangle with vertices at (7,y), (ÿ',y') and the 
origin (0,0) is given by 

A = 1/2(Y' - y'S7). 

Therefore, from Eq. (6) 

IT = 2A. 

In other words, the Lagrange invariant times the air distance between two surfaces equals 
twice the area of the triangle on the y,ÿ diagram. 

The Lagrange invariant I, as defined in Eq. (11), is known as the optical invariant 
throughout the system. If the Lagrange invariant is normalized, then 

1 = yß - 

where the reduced angles are 

ß= a /I =nu /I 

and 

ß= "WI =nú/I. 

(12) 

(13) 
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From Eqs. (7) and (8),(3 and 'IT are defined as 

ß = (Y1- Y)/IT 

and 

ß = (' -TOT. 

From the ray trace equations, Eqs. (1) and (2), then 

ß' = (3- (K /I)Y 

and 

where 

= ß - (K/o 

(7a) 

(8a) 

K/I = ßß' - ß'ß (14) 

from Eq. (9). Therefore, given the Lagrange invariant and the parameters ß and ß at each 
surface, then the system is defined by the following: 

power of the surface 
marginal ray height 
principal ray height 
reduced thickness 

K = (ßßr - 

Y = -(ß - ß)/(K/I) 
= -(ß - ß)/(K/I) 

T = (Y1 - Y')/I. 

(14a) 
(15) 
(16) 

(6) 

The optical system may now be defined in terms of the y,ÿ parameters or the ß,ß 
parameters rather than by radii and separations. 

ß and ß parameter locations 

The two -intercept form of the equation for a straight line is 

1 = Y/Y* + /* (17) 

where y* and ÿ* are the y and intercepts, respectively. From Eq. (12), the normalized 
Lagrange invariant is 

1 = Yß - Yß. (12) 

Therefore, Eq. (12) is the equation for a straight line on the y, 7 diagram where 

ß = 1 /Y* (18) 



and 
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ß = -1/ÿ*. (19) 

Thus, the ß parameter is the negative reciprocal of the y intercept and the IT parameter is 

the reciprocal of the y intercept (see Fig. 1). 

The slope -y- intercept form of the equation for a straight line is 

y=my+y* (20) 

where m is the slope of the line. Solving for y in Eq. (12), the slope -y- intercept form of 
the equation for a straight line on the y,ÿ diagram is obtained. The result is 

Y = (ßlß) + 1101 (20a) 

Therefore, slope m of the line on the y,37 diagram is 

m =ß /ß (21) 

Normalization 

If it is required that the object be at infinity, and if the y,y diagram is normalized, 
unique relationships between the y,y diagram parameters are obtained. The y,y diagram is 

normalized by requiring both the entrance pupil height yÑ and the image height ÿyto 
equal unity. Then, by definition, the normalized marginal ray heights are 

Y /YN = Y (22) 

and the normalized principal ray heights are 

Y /ÿÌ/ = ÿ (23) 

The results of the above requirements for the marginal and chief ray heights for the y,y 
diagram are shown schematically in Fig. 2. Henceforth, # and yff are the actual heights; 

and y are the normalized heights. The two -surface system is described by a 

three -parameter family of equations. In Table I the three parameters are vl , ÿ2 , and y2, 
and in Table II they are ßl , ß, , and 72. 

The paraxial skew ray that is incident on the first surface is called the object ray. 
When it emerges from the last surface, it is called the image ray. 

Focal length and power of system 

The back focal length is defined as the axial distance from the secondary principal 
plane to the back focal plane. Since there is unit magnification between the two principal 
planes of a system, both planes are located at the intersection of the extended image and 
object ray on the y,ÿ diagram at point P (Fig. 2). As shown in Eq. (6), the reduced 
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object point 370 = l /ßo 

entrance pupil point yN = yo = 1 /ßo exit pupil point 
stop point ys = 15, \ X(O,yX) 
exit pupil point yX = 1 /ß2 ...' 
image point y1 = 1 /ß2 entrance pupil point . 
intercept y = 1 /yß, N(O,yN) . ' \F principal planes point \ P(Yp,Yp) . - .. \ 

first surface point - - \ 
Agi ,Yi) \ 

object ray 

\ 
\ second surface point 

B672,3'2) 

, 

image ray 
. . . ( ÿ*,o . il 

k 
object point 
0(o ,0) 

A' 
(0,0) 

Fig. 1. Locations of the y,ÿ diagram parameters of a two -surface optical system 
with finite object and image points. 

object ray 
R 

A(37, ,1) 

y 
x\\ 

FF+1) \ 

Y 

\ 

\ 
\ 

B(Y2Y2) 

image ray 

% 
(0,0) I(1,0) 

Fig. 2. Normalized 3,37 diagram of a two -surface optical system 
with object at infinity. 

image point 
I(YI,O) 

Y 



Table I. Reduced measurements of a two -surface optical system 
in terms of the y and y parameters. (Object is at infinity.) 

Media /surface 

no 

First surface 

ni 

Second surface 

n2 

Y y 

1 Yi 

IT 

- - Y2-1 Y2-Yi - - Y2-Y2Y1 

Y2 Y2 

Image plane 0 1 

Y2-Y2Yi Y2-Y2Y- i 

1-ÿ2 
Y2 -1 

Y2 

K/I 

1-y2 

Y2-Y2Yi 

1 -1-Y2 
Y2 Y2-Y2Yi 

Table II. Reduced measurements of a two -surface optical system 
in terms of the ß and )7 parameters. (Object is at infinity.) 

Media/surface ß ß K/I y ÿ IT 

no 0 1 

First surface - - -ßl 1 

131 

n1 

Second surface 

n2 

Image plane 

- - ßl- +ßlßz 
1+01 

ßl +131132 

1 1+ß1 

ßl 1 01 +ßl ß2 

1+ß1 

01+0102 

7 
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back focal length is defined as 

F =( # #11- 
P I - P I 

Since y is 0 at the image plane, then 

F =ypy /I. 

Because of normalization, 

(24) 

(25) 

IF = 1. ' (26) 

The power of a thick lens is given by 

K = K1 + K2 - K1 K2 T1 (27) 

where K1 and K2 are the powers of the two surfaces and T1 is the reduced distance 
between the two surfaces. Since surface power is the reciprocal of reduced focal length, 
then 

K = 1 /F = -no /f = n2 /f' (28) 

where f is the front focal length and f' is the back focal length. The power of the thick 
lens normalized to the Lagrange invariant is then given as 

K/I = 1/IF = 1. (29) 

Hence, the two -surface system has a fixed power of unity. 
The power distribution between the surfaces may be obtained from Eqs. (26) and 

(29). Hence, 

K2F = (1 - K1 F)/(T2 /F) (30) 

where T2 /F = 1 - K1 Ti 
I on the preceding page, 

T2 /F = y2. 

Therefore, y2 represents the reduced back focal distance normalized to the reduced focal 
length of the system. Since I = 1/F, then 

is the reduced back focal distance. As can be seen in Table 

and 

IT. 
J 

= T.J /F 

K.J /I = K.J F. 

(31) 

(32) 
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It can now be concluded that the distances of the systems are normalized to the focal 
length of the system. 

Entrance and exit pupils 

In Fig. 2, point N(0,1) represents the entrance pupil of the system. The value yN = 

1 is the height of the entrance pupil. Point X represents the exit pupil where YX = 0 and 
yX is allowed to vary. The value of yX is the exit pupil height. Therefore, 

YX = Y2 

Hence from Eq. (18) 

YX = 1 /ß2 (33) 

Thus, the exit pupil height is the reciprocal of the marginal ray angle of the image ray. 
A line passing through the origin with the slope of the image ray will intersect the 

object ray at the point F(YF, l) (see Fig. 2). This intersection point is the front focal 
point of the two -surface optical system. The slope of the image ray is 

M2 = 132 /(32 = -1 /ß2 

Since the origin is located at the point (0,0), then 

yF = 0. 

Hence, 

YF = -(1 /132)17F. 

Also, since yF = 1, then 

(34) 

ÿF 1ß2. (35) 

Therefore, the principal ray height at the front focal plane is equal to the negative 
principal ray angle of the image ray. 

The exit pupil distance TX is the distance from the back focal point I(1,0) to the 
exit pupil point X(O,yX). Then, from Eqs. (6) and (33), 

ITX = -yX = -1 /ß2 (36) 

Therefore, the reduced exit pupil distance is equal to the negative of the exit pupil height 
and, in turn, is the negative reciprocal of the principal ray angle of the image ray. 

The entrance pupil distance TN is the distance from the front focal point F(yF, l ) 
to the entrance pupil point N(0,1). Hence, from Eq. (35), 
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ITN =- F =ß2 (37) 

From Eqs. (36) and (37) it is found that 

ITN = 1 /ITX, (38) 

which implies that the reduced entrance pupil distance is the reciprocal of the reduced 
exit pupil distance. The following relationships are also obtained: 

YX=-1rF= 1/ß2 (39) 

Cardinal points 

The reduced front focal length is defined as the distance from the primary 
principal plane to the front focal plane. Hence, 

IF = F - ÿp. 

Since IF = 1 and F = 32, then from Eq. (40), 

ÿp= 1 +ÿF= 

(40) 

(41) 

The reduced distance from the second surface to the secondary principal plane is 
defined as 

D' = d' /n2 = -K1 Ti /K. 

Since K = 1/F, then 

D'IF = -(K1 F)(T1 /F). 

This equation may also be written in terms of the y,ÿ diagram parameters as 

D' /F= Y2p-Y2 

by using Eq. (6) and remembering that yp = 1. From Table I 

132 = (1 - 372)/Y2, 

which implies that 

Y2 = i - Y2ß2 
= i + Y2F 

Thus, Eq. (44) becomes 

(42) 

(43) 

(44) 

(45) 



D'IF = Y2(1 + F) - (1 + Y2F) 
= Y2 - 

= (1 + ß1)/(131 + ß1ß2) - 1. 
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(46) 

The reduced distance from the first surface to the primary principal plane is 

defined as 

D = d /No = K2T1/K, (47) 

which implies that 

D/F = (K2 F)(T1 /F). (48) 

Written in terms of the y,ÿ diagram parameters, Eq. (48) becomes 

D/F =p-1 
= 1 + F -_ÿl 

-(ßl + ß1ß2) /ß1 + (1 +131)/01. (49) 

The distance from the front focal plane to the primary nodal plane is n2 F, and the 
distance from the back focal plane to the secondary nodal plane is -n0 F. 

The reduced front focal distance is defined as 

TF/F = -(1 - K2T1), (50) 

which is the distance from the first surface to the front focal plane. It is also defined by 
Eq. (6) as 

TF /F =F-1 
= 

(1/(31)[1 
- (ßl + 01ß2)1. (51) 

The reduced back focal distance is defined as 

T2 /F = 1 - K1 Ti, 

the distance from the second surface to the back focal plane. In terms of the y,ÿ diagram 
parameters, 

T2/F=Y2 
= (1 + 01 )/(ßl + ß1 ß2 (52) 
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III. THIRD -ORDER ABERRATIONS 

This chapter analyzes third -order aberrations in terms of the first -order y,ÿ diagram 
parameters. For a given position of the object, there are parameters that influence the 
aberrations of a system. These parameters are: 

power distribution between surfaces 
indices of refraction 
shapes and separations of surfaces 
stop and pupil positions. 

The position of the object is located at infinity and the indices of refraction no, 
nl , and n2 are assumed to be fixed. The distribution of power between the two surfaces, 
defined by Eq. (30), is a function of the y,ÿ diagram parameters. The shapes of the 
surfaces are fixed since only axially symmetric spherical surfaces are considered for the 
two -surface system. The separations are functions of the y,ÿ diagram parameters as are 
the pupil and stop positions that are described in Chapter II. Consequently, the 
third -order aberrations are functions of the first -order y,---y diagram parameters. The Seidel 
aberrations are more simply expressed in terms of (ß,ß) rather than (y,ÿ). 

The aberration coefficients that are used in calculating the third -order aberrations 
are the same as those used by Stavroudis (1969b). The sign conventions are changed to 
agree with those of the Military Standardization Handbook (1962). 

Auxiliary quantities 

To determine the coefficients of third -order aberrations, several auxiliary quantities 
must first be calculated. The paraxial angle of incidence for the marginal ray is 

i = cy + u, 

and for the principal ray it is 

i =cÿ +u 

at each surface. From Eq. (10), the curvature c of each surface is 

c= KO' -n) 

where 

K = (ßß' - ß'ß)I 

(53) 

(54) 

is the power of the surface. The marginal and principal ray angles, u and 1 respectively, 
are defined by Eq. (13). Hence, 

u = ßI /n and ú = ßI /n. 
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The marginal and principal ray heights at each surface are defined by Eqs. (15) and (16) 
as 

Y = -(ß - ß)l(ßß' - ß'ß) 

and 

Hence, 

= -(ß' - ß)l(ßß' - ß'ß) 

(ß - ß')I ß'I 
n -n n 

I 

n'(n' - n) 
(ßn' - ß'n). 

Likewise, 

(-ß)I (3'I 
T = + 

n - n n' 

(55) 

n,(n, (O- n - ßn) (56) 

Therefore, the paraxial angles of incidence are functions of the ß and ß parameters of the 
y,ÿ diagram. 

Another auxiliary quantity associated with the Seidel aberrations is defined as 

S = -n(n' - n)(u' + i)y/21n'. (57) 

This quantity is in terms of the marginal ray angles at each surface. A similar quantity S, 

which is in terms of the principal ray angles, may be obtained. After substituting the 
values of u' and i in Eq. (57), 

S = -1/2[(ßn'2 - ß'n2)/n'21Y 

Aberration coefficients 

The third -order aberration coefficients are given in the following equations: 

spherical B = E Sie 

coma F = E Sú 

astigmatism C = E s?. 

(58) 
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The equations given above are the coefficients for the complete system. since they are the 
algebraic sums of the corresponding coefficients at each surface. 

After substituting the values of i and S into the above equations, the coefficients 
become equations in terms of the first -order y,ÿ diagram parameters ß and IT These 
equations are 

where 

B = -11/2zI2 (ßn2 - ßin2 )(ßni - ß'n)2 

n'2 n2 (n' - n)2 Y 

(ßn'2 - ß/n2 )(ßnl - ß/n)(ßnl - ß/n) F=-1/zI2I y 
n'2 n2 (n' - n)2 

C = -1/zI2 L(ßn/2 - ß'n2 )(ßnl - ß'n)2 

n'2 n2 (n' - n)2 
Y 

Y = -(ß - 0)1(00' - 010) 

Using the ß,ß parameters of Table II, the aberration coefficients for the two -surface 
systems described in Chapter II are as follows: 

spherical aberration 

B 

_1/2I2 

n12nz2(n1 - n0)2(n2 nl )2 
E 

no2n22(n2 
- ni )2013 

+ (n1 - no)2(n1 2 + n22 01)(n1 + n2ß1 )2y2 ] 

astigmatism 

-1/2I2 
C - 

ni 2n22(ni - no)2(nz - n1 )2 
[ n2 (n2 - ni) 2(nl + n001)2131 

coma 

F= 

+ (n1 - no )2 (ni 2 
+ n2 2ßi )(n2ß1 - n1 ß2 )Y2 

-1/212 
r 

- 
2 2 2 2 Lnon22(n2 - ni )2(ni - noß1 )01 2 ni nz (n1 - no ) (n2 - 

n1)2 

+ (n1 - no)2(nl 2 + n2201 )(n1 + n2ß1 )(n2ß1 - nl02)Y2 l 

(63) 

(64) 

(65) 

Zero spherical aberration 

The class of lenses that is to be derived is to have zero third -order spherical 
aberration; therefore, Eq. (63) is equal to zero. Then 



O = -no2n22(n2 - n1 )2013 + (n1 - n0)2(n12 + n221)(n1 + n2ß1 )2Y2 
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(66) 

At this point, it is convenient to define a new parameter Q where 

Q = K1 F = 431. (67) 

Hence, from Eq. (66), 

no2n22(n2- n1)2Q3 + (n1 - no)2(n12 - n22Q)(n1 - n2Q)2Y2 = 0. (68) 

The value y2 is a function of ß1 , N1 , and F2 from the first -order calculations. To simplify 
the calculation, the value y2 is carried along. It will be seen later that y2 will become a 

function of a single nonoptical parameter. Solving for y2 in Eq. (66), 

Y2 - 
n02n22(n2 - n1 )2Q3 

(n1 - no)2(n12 - n22Q)(n1 - n2Q)2 (69) 

which is the value of y2 that results from the system having zero third -order spherical 
aberration. After the terms in Eq. (66) are expanded and rearranged, the equation becomes 

where 

aQ3 + bQ2 + cQ + d = 0 (70) 

a = [no2(n2 - n1)2 - n22(n1 - no)2Y21n22 
b = n1n22(n1 - no)2(n1 + 2n2)y2 
c = -n12n2(nl - no)2(2n1 + n2)Y2 
d = n14(n1 - no)2Y2 

(71) 

Equation (70), when solved, provides a value of Q that insures zero third -order 
spherical aberration. Stavroudis (1969b) solved this cubic and defined the nonoptical 
parameter k. The procedure he used was followed to solve the cubic in Eq. (70). The 
solution is as follows: 

Qr 
3n1 2 /n2 

2n1 + n2 + (n2 

(r = 0,1,2) 

) Rk-1) 
k+1 1 /3 

W 
r 

nl 
+ 

k-1 1/3 - 
k+1 (72) 

where w = exp(27ri /3), the complex cube root of unity. By substituting Eq. (72) into Eq. 
(69), 

27no 2 n12 (k2 - 1) 
Y2 = - 

(n1 - no )2 (n2 - n1) (73) 
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The values of k that will yield real values of Q and y2 are of interest. As shown by 
Stavroudis, when k is real, Q is real only when r = 0; then 

2n12 /n2 
Q = -ß1 = 

2n1 + n2 (n2 n 
k +1 1/3 

2 + (2 - ') k -1 k +1 (74) 

When k is imaginary, he defines another free parameter O where k = itan O. Then y2 and 
Qr become 

Y2 = 4n2(nt - n0)2 (n2 - nt) 
27n0 2 n1 2 sect O 

Q 
3n12 /n2 

r 2n1 + n2 - 2(n2 - ni )cos(2/3)(0 + vr) 

(75) 

(76) 

The primary interest of this thesis is the case in which k is real. There is a 

difference between the above equations and the ones derived by Stavroudis in that the 
indices of refraction have been reversed in the system. 

Coma and astigmatism 

The third -order aberration coefficient for astigmatism is given in Eq. (64), which, 
when set equal to zero, provides the condition on the y,ÿ parameters for astigmatism to 
be zero. Hence, 

0 = -n22(n2 -ni )2ß1 (ni -n0ß1)2 + (ni -no )2 (ni 2+n22ß1)(n2ß1'nlß2)2Y2 

Replacing 131 with -Q and solving the y2, then 

-n2 (n2 - n1)2 (n1 - n0731 )2 Q 
Y2 - 

(ri1 - no)2(n12 -n22Q)(n211 -n1ß2)2 

(77) 

(78) 

Equation (78) provides the value y2 when astigmatism is zero. Equating Eqs. (78) and 
(69), astigmatism becomes zero along with spherical aberration. Therefore, 

no2Q2(n2ß1 - n1ß2- )2 - (ni - n2Q)2(n1 - noß1 )2 = O. (79) 

The above equation is the difference of two squares and can be factored as follows: 

[noQ(ß1nl - 02- n1) - (n1 - n2Q)(n1 - no731)] 

' [no Q(ß1 n2 -ß2n1) +(ni -n2Q)(n1 -n01)] =0. 
Zero coma is obtained by equating Eq. (65) to zero. Hence, 

O = non2 2 (n2 - n1 )2 (nl - noß1 )ß1 2 

+ (ni - no )2 (nl 2 + n22ß1 )(ni + n200(112131 - nt 02)3'2 

(80) 

(81) 
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The value y2 for zero coma is 

-no n2 2 (n2 - n1)2 (n1 - noßi )Q2 
82 Y2 - 

(nl - no)2(n12 - n22Q)(ni - n2Q)(n2ßi - niß2) 
( ) 

By equating Eq. (82) with Eq. (69), both coma and spherical aberration become zero. 
Therefore, 

no Q(n2ß1 - n1ß2) - (n1 - n2 Q)(n1 - n0ß1) = 0. (83) 

Note that Eq. (83) is a factor in Eq. (80). Thus, if Eq. (83) is zero for zero coma, then 
astigmatism is also zero. 

Since ß1 = -Q, then 

Y2 = (1 + ßl )/(ßl + 13102 ) 

= (1 - Q) /(ßl - Q02), 

which implies that 

ßl = (1 - Q) /Y2 + Qß2 - (84) 

By expanding and rearranging terms in Eq. (83), and by replacing 731 with Eq. (84), we 
obtain 

ni = no(1 - Q)/y2 + n2Q. (85) 

However, Eq. (85) is true only for concentric surface systems (see Appendix B). 
Therefore, spherical aberration, astigmatism, and coma are zero only when the system is 

concentric. 
The second factor in Eq. (80) will eliminate astigmatism if 

n0Q(n2131 - n1ß2) + (n1 - n2Q)(n1 - n0131) = 0. (86) 

By expanding and replacing ßl with Eq. (84), 

ß2 
2n0Q(n1 - n2Q)y2 

no(1 - Q)(2n2Q - n1) + n1(n1 - n2Q)y2 
(87) 

Hence, by eliminating astigmatism, 132 was found to be a function of the free nonoptical 
parameter k. The position of the exit pupil was also located since ß2 = 1 /yx. 

One -parameter family of solutions 

Equations (74), (84), and (87) provide a one -parameter family of solutions when k 
is real. This family of solutions describes a class of two -surface systems that have the 
following properties: 
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one of the conjugate planes is at infinity 
the focal length is fixed 
the system is free of third -order spherical aberration. 

Interconnection of two systems 

Two two -surface systems, system A and system B, are combined in such a manner 
that the front focus of system B coincides with the back focus of system A. Both 
two -surface systems are free of spherical aberration. The image of system A is the object 
of system B; therefore, since the object of system B is at the front focal plane, its image 

is at infinity. 
Another one -parameter family of solutions may be obtained for system B to insure 

zero spherical aberration as was obtained for system A. The object space of B is the 
image space of A. Therefore, the index n2 is common for the two systems. Let h and k 

be the free parameters for systems B and A, respectively. A relationship between the 
parameters h and k for the two systems may be defined. The back focal distance for 
system A is IT2 = y2 where the front focal distance for system B is IT3 = y3. 

By letting 

Y3 = gy2, (88) 

a functional relationship is obtained between the parameters of the two systems A and B. 

For system A 

27no2n12(k2 - 1) 
Y2 = - 

(n1 
)2 (n2 - n1) 

and for system B 

27n3 2 n4 2 (h2 - 1) 
Y3 4n2 (n4 - n3 )2 (n3 - n2) 

Substituting Eqs. (73) and (89) into (88), 

n32n42(n1 - no)2(n2 - nl )(h2 - 1) 
g no2n12(n4 - n3)2(n3 - n2 )(k2 - 1) 

(73) 

(89) 

(90) 

The three parameters g, h, and k are now defined. Thus, given any two of the three 
parameters, the third may be obtained from Eq. (90). 

The reduced separation between the second surface of system A and the first 

surface of system B is 

IT23 -- Y2373 - Y3Y2 (91) 



The separation may also be defined as the sum of the back focal distance of A and the 
front focal distance of B. In other words, 

IT2 3 = IT2 + IT3 . 

Hence, 

IT23 = Y2 - Y3 = (1 - g)Y2 

It follows that 

Y2Y3 - Y3Y2 = Y2 - Y3 

and, after rearranging terms, 

(1 - Y2) /Y2 = (1 --73)/Y3. 

From Table I, 

172 = (1 -32) /Y2 

which implies that 

Y2 = I - Y2N2 

From Eq. (93) 

(1 - Y3) /Y3 =132, 

which implies that 

Y3ß2 

Since y3 = gy2, then 

Y3 = 1 - gY2ß2 

(92) 

(93) 

(94) 

(95) 

(96) 

(97) 
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The new parameter g may be used to optimize the design in the combination of 
the two systems. Given any two of the parameters g, h, and k, the remaining parameter 
becomes the single variable of the four -surface system. The system is free of third -order 
spherical aberration. If the exit pupil is located at the position specified by Eq. (87), 
then astigmatism becomes zero. The parameter g varies the separation between the two 
systems A and B as shown by Eq. (92). 
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IV. CONCLUSION 

It has been shown that the y,V and ß,ß representation is a convenient method for 
analyzing a two -surface optical system that has zero third -order spherical aberration. The 
reduced measurements of the optical system as defined in Tables I and II are functions of 
the y,V diagram parameters. 

Given the parameters ß,ß or y,V, the focal length 

F = yÑyr/I, 

and the indices of refraction no , n1, and n2, the axial separations and radii of curvature 
may be obtained as defined in Chapter II. The parameters ß and ß for the two- surface 
system are given as a one -parameter family of solutions defined by Eqs. (74), (84), and 
(87). The solutions obtained are used in analyzing those systems having zero third -order 
spherical aberration. 

By defining the single parameter k, the y,ÿ diagram parameters vary in harmony 
with each other in order to insure zero third -order spherical aberration. Once the y,y 
diagram values have been determined by the parameter k, the first -order properties may 
be analyzed by the use of the y,ÿ diagram. 

When two two -surface systems were combined, a parameter g was defined to 
provide a functional relationship between the parameters of the two systems. Each 
individual system is free of third -order spherical aberration. It is believed that the 
parameter g will be useful in optimizing the design of such a four -surface system. 
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APPENDIX A . DEFINITIONS AND CONVENTIONS 

The following definitions and conventions are adapted from the Military 
Standardization Handbook (1962). 

1. Light initially travels from left to right. 

2. An optical system is regarded as a series of surfaces starting with an object 
surface and ending with an image surface. The surfaces are numbered consecutively in the 
order in which light is incident on them, starting with zero for the object surface and 
ending with k for the image surface. A general surface is called the jth surface. 

3. All quantities between surfaces are given the number of the immediately 
preceding surface. 

4. A primed superscript is used to denote quantities after refraction only when 
necessary. 

5. The radius of the jth surface is r. The radius is considered positive when the 
center of curvature lies to the right of the surface. 

6. The curvature of the jth surface is ci = 1 /ri where ci has the same sign as 

7. The axial separation of the space between the jth and the j +l surface is ti and is 

positive if the j +l surface lies to the right of the jth surface. Otherwise, the separation is 

negative. 

8. The index of refraction of the material between the jth and the j +l surface is ni 

and is positive if the ray is traveling from left to right. Otherwise, the index is negative. 

9. The right- handed coordinate system is used to determine the optical system. The 
optic axis coincides with the x axis. The light travels initially toward larger vaules of x. 

10. The letters y and u are used for marginal ray height and angle quantities, and 
the letters y and ti are used for the principal ray height and angle quantities. 

11. The angles of the rays between the jth and j +l surface are uj and ti and are 
negative if the ray travels downward as it travels from left to right. Otherwise, the angles 
are positive. 

12. The ray heights at the jth surface are yj and j and are positive if the height is 

above the optic axis. Otherwise, the heights are negative. 
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APPENDIX B. CONCENTRIC SYSTEM 

A concentric surface system is defined as a system in which all surfaces are 
spherical and have a common center. The result of a two -surface concentric system is 
r2 = r1 - t1 where t1 is the axial separation between the two surfaces and r1 and r2 are 
the radii of the surfaces. Then, 1/c1 - 1/c2 = n1 T1 where T1 is the reduced thickness and 

cl = K1 /(nl - na) and c2 = K2 /(n2 - n1) 

Hence, 

K2(n1 - no) - K1(n2 - n1) = n1K1K2T1 

ni (Ki + K2 - K1 K2T1 ) = n2K1 + noK2. 

As shown in Chapter II, 

KF = K1 F + K2F - (K1 F)(K2 F)(T1 /F) = 1 

where F = 1/I. Therefore, 

n1 = no(K2F) + n2(K1 F). 

From Eqs. (67) and (30), then 

n1 = no(1 - Q) /Y2 + n2Q. 
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