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FOREWORD 

This volume is intended to be used as a text for two courses at the Optical Sciences 
Center. A major part of the volume consists of lecture notes on the theory of laser 
operation, written by M. O. Scully and M. Sargent III. These notes, developed under NSF 
sponsorship for a new quantum optics curriculum at the University of Arizona, were the 
basis of a new course "Quantum Optics," which was first offered during the 1969 -70 
academic year. After considerable editing they were again used during "The Physics of 
Quantum Electronics" summer course in Prescott, June 22 - July 3, 1970. The remain- 
der of the volume consists of unpublished work presented at Prescott, most of which will 
be utilized in a new course on nonlinear optics. References are given to material pre- 
sented that has already appeared in print. 



INTRODUCTION 

"The Physics of Quantum Electronics," a two -week, noncredit course sponsored 
by the Optical Sciences Center of the University of Arizona, was held from June 22 
through July 3, 1970, on the campus of Prescott College at Prescott, Arizona. The course 
was directed by Professors S. F. Jacobs and M. O. Scully and was patterned after the 
tutorial symposiums sponsored in 1966 and 1967 by Colorado State University and in 
1968 and 1969 by the University of Arizona. Designed primarily for advanced students, 
research scientists, and technical administrators working in the general area of quantum 
electronics and coherence physics, the course attracted 67 participants from all over the 
world. 

The subject matter of the course centered on atomic coherence effects (light 
scattering, self- induced transparency, theory of the laser), nonlinear optical phenomena 
(picosecond pulses, parametric optics), statistical properties of radiation, and supercon- 
ductivity (including Josephson junction phenomena). The main emphasis this year was on 
picosecond light pulses and coherence effects in superconductivity. The large number of 
still unanswered questions in these areas resulted in especially stimulating discussions. In 
addition to 55 hours of lectures, considerable opportunity was provided for informal 
contact between students and faculty. Several specialized seminars were included in the 
schedule to touch on recent advances in research. 
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The faculty and seminar participants provided lecture notes for the students in the 
course. Although these were intended to be of limited distribution, we felt that they 
should be made more widely available. Thus, we are presenting as the main body of this 
Technical Report several of the papers that comprised new material, not published 
elsewhere. 



Much of the credit for the smooth- running program belongs to Kathleen Jacobs and 
to the staff at Prescott College, who took our program so easily in their stride. We are 
especially grateful to Frank Mertz for inviting us to Prescott College, to Joe van den Acre 
for making possible all kinds of culinary things, and to George Zabriskie and Carl Gilmore 
for so flexibly accommodating our comings and goings. We acknowledge, too, the help of 
the Prescott Chamber of Commerce in furnishing photographs and descriptions of the 
Prescott area. 
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THEORY OF LASER OPERATION* 

M. Sargent III and M. O. Scully 

1. INTRODUCTION 2 

Nature of paper- emphasis on conceptual. Philosopy of laser theory. Atoms always treated quantum 
mechanically. Semiclassical approximation (self- consistent electric field) excellent for most 
configurations. Questions of photon statistics, linewidth, and buildup from quantum noise require fully 
quantal treatments. 

2. STIMULATED EMISSION 7 

Phase, frequency, and direction. Failure of linear classical model (charge on spring) for laser theory. 
Einstein coefficients and Planck radiation law. Induced oscillating dipole; response by sheet of atomic 
dipoles. 

3. SEMICLASSICAL LASER THEORY -21 

1. Single -mode electromagnetic field equations. Physical interpretation in terms of energy conservation 
and dispersion. 

2. Polarization of medium. Homogeneous and inhomogeneous line broadening. Density matrix. 
Schrödinger equation. Single -mode rate equation. Complex polarization. 

3. Single -mode operation. Threshold. Intensity vs cavity detuning. 
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Breakdown of rate equation approximation. Necessity for perturbation theory or time domain 
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2 1. Introduction 

1. INTRODUCTION 

This paper presents the theory of the laser as developed principally 

by Lamb and co- workers. The emphasis is on the conceptual rather than on 

the computational details of the theory. The principal result of the theory 

is the prediction of the electromagnetic field for the laser radiation. 

This is determined in a number of approximations, whose validity and range 

of application are discussed. 

The simplest possible theory is one for which the laser intensity is 

determined by energy conservation; that is, the energy given up by the mole- 

cules (gain) is equated to the losses in the maser cavity. Although attrac- 

tive in its simplicity, this method provides no clue to the time dependence 

of the intensity, nor to mode pulling (index of refraction), and it cannot 

be used for treating multimode operation. One can avoid these and other 

limitations by describing maser action by a classical electromagnetic field 

governed by Maxwell's equations and by demanding that the field be self - 

consistent, that is, that the field É inducing polarization of the active 

medium be equal to the resulting field t' as depicted in Fig. 1. 

E(r,t) quantum 
mechanics 

A 

<PP 
statistical > Maxwell's E'(r t) summation equations ' 

self- consistency 

Fig. 1. Electric field É assumed in cavity induces microscopic dipole 9. 

moments <p.) in the active medium according to the laws of quantum mechan- 
ics. These moments are then summed to yield the macroscopic polarization of 
the medium (r,t) which acts as a source in Maxwell's equationg.. The condi- 
tion of self -consistency then requires that the assumed field equals the 
reaction field E'. 
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Here the field induces electric dipole moments in the medium according to 

the laws of quantum mechanics, and the density matrix is used to facilitate 

the statistical summations involved in obtaining the macroscopic polariza- 

tion of the medium produced by the individual dipole moments. This semi- 

classical approach to laser theory is due to Lamb (1964, 1965) and is 

remarkably good for many problems of interest. (A similar approach was 

made by Haken and Sauermann (1963a,b) subsequent to Lamb's original dis- 

closure (Lamb, 1963.) The work of Haken and Sauermann parallels some of 

the theory given here.) However, questions of laser linewidth, buildup 

from vacuum (no field), and photon statistics require a fully quantum 

mechanical treatment in which both field and atoms are quantized. 

One might ask naively whether treating even the atoms quantum me- 

chanically is not an unnecessary complication for typical laser problems. 

Why not postulate a simple classical model for an atom consisting of an 

electron bound to oscillate simple -harmonically as in elementary treat- 

ments of the index of refraction? Or at least assume some plausible 

equations derived from quantum mechanics, in either case avoiding the 

necessity of learning the quantum discipline? The former possibility is 

suspect, for, as discussed in Section 2, it would be hard to obtain a 

population inversion with a set of linear oscillators, and the model fails 

to provide for saturation. A remarkable amount can be understood on the 

basis of assumed models and equations. However, when a new problem arises, 

one is seriously hampered in, if not rendered incapable of, telling how the 

assumed models and equations are modified, unless he understands the 

underlying quantum mechanical principles. 
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In this paper we develop laser theory in varying degrees of approxi- 

mation and use the more thorough treatments to determine the range of validity 

of the simpler approaches. We start in Section 2 with a discussion of stim- 

ulated emission, placing emphasis on the phase, frequency, and directionality 

of the emitted radiation relative to the applied (stimulating) field. It is 

well known that these properties are the same for both the incident and emit- 

ted fields, but the reasons for this relationship are not clearly presented 

in the literature known to the authors. The discussion includes consideration 

of Einstein coefficients, the classical model of a charge on a spring, the 

quantum mechanical induced oscillating dipole, and the response by a sheet of 

such dipoles. 

In Section 3 we carry out the semiclassical program outlined above 

for a medium consisting of two level, homogeneously broadened atoms excited 

by a scaler, e.g., plane polarized, electric field. Specifically, we outline 

a derivation from Maxwell's equations of self- consistency equations for a 

Fourier component of the electric field. A physical interpretation of these 

equations is given that shows that they imply energy conservation and dis- 

persion. We then calculate the atomic polarization induced in the medium by 

a single mode of the field. Here we use the rate equation approximation 

which requires the population difference to vary slowly during the lifetime 

of the atoms. The value for the polarization is finally substituted into 

the self - consistency equations for the field to yield first -order differential 

equations of motion for the mode amplitude and frequency. In the present 

treatment we ignore complications due to transverse variations in the electric 

field intensity. 
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In Section 4, modifications for multimode operation are outlined 

involving, notably, the use of time - dependent perturbation theory in the 

calculation of the polarization of the atomic medium. The simpler rate 

equation method of Section 3 is inadequate because the multimode field 

can change appreciably in the lifetimes of the atoms. Two -mode operation 

is considered with particular emphasis on stable stationary solutions to 

the coupled differential equations for the electric field modes. Three - 

mode operation is then treated and shown to exhibit "beat frequency" 

locking, often called mode locking. The section closes with some discus- 

sion of free - running and mode - locked multimode operation. 

Section 5 gives the modifications for treating moving atoms. The 

Lamb dip in the intensity versus cavity tuning curve is derived in the 

rate equation approximation and discussed in terms of hole burning. 

Multimode phenomena are considered along the lines of Section 4. The 

section closes with an outline of an exact single -mode theory which 

enables one to evaluate the rate equation and perturbation series approxi- 

mations for moving atoms. 

In Section 6, application of the semiclassical theory to the ring 

laser is given, including modifications resulting from cavity rotation and 

the use of oppositely- directed running waves in place of the standing waves 

ordinarily assumed for the laser. The locking of these running waves in 

regions where their frequencies are nearly equal is discussed. Then general- 

izations for analyzing the Zeeman laser (vector electric field and many level 

atoms in the presence of a dc magnetic field) are indicated. The predicted 

field polarization and intensity are given for various atomic angular momenta 

and magnetic field strengths. The effects of cavity anisotropy are also 
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considered, particularly the locking between orthogonal circular polar- 

izations caused by an x -y Q anisotropy. An analogy between the ring and 

Zeeman lasers is presented. The multilevel theory is used to evaluate 

the two -level model usually encountered in laser problems. 

In Sections 7, 8 and 9, both the electric field and the atoms are 

quantized, yielding a fully quantum mechanical theory of the laser. 

Section 7 outlines the dynamics of the quantum theory of the laser. The 

density matrix approach is emphasized and presented in both the number 

and coherent state representations. In Section 8 the photon statistics 

and linewidth are obtained, and in Section 9, the close analogy between 

the laser threshold behavior and a second -order phase transition is dis- 

cussed. Results of these last three sections include the steady -state 

solution for the laser photon number probabilities, the laser photon 

statistics and comparison with blackbody and coherent statistics, tran- 

sient solutions including buildup from vacuum, the linewidth, and finally 

the predicted photon- counting statistics for the laser. 
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2. STIMULATED EMISSION 

The phenomena which are most often associated with the interaction of 

radiation with matter in every day life are stimulated absorption and 

spontaneous emission. Light impinges on matter stimulating it to absorb 

after which it spontaneously emits radiation with a frequency spread 

inversely proportional to the decay time. At low frequencies, this decay 

time is very long and radiation is incident on excited atoms a non - 

negligible fraction of time. This situation results in stimulated emis- 

sion, that is if n photons are incident on an excited atom, n +l photons 

leave the atom when the latter makes a transition to the lower state. The 

emitted radiation due to this stimulated process is often said to have the 

same frequency, phase and direction as the incident radiation. 

In this chapter, we review first the Planck radiation law derived 

according to the Einstein A and B theory. This approach demonstrates the 

need for including stimulated emission in the theory of interaction between 

radiation and matter. We then discuss the classical model of a charge on a 

spring subject to an incoming oscillating electric field. This model contains 

analogs of both stimulated absorntion and emission, but not of "negative 

temperature" or population inversion required for laser action. We consider 

next the dipole moment induced in a sheet of quantum mechanical two -level 

atoms by a classical electromagnetic field plane wave. This sheet amplifies 

the incident wave if more atoms are in the upper level than in the lower and 

attenuates if the populations are reversed. In case of stimulated emission, 

the emitted radiation is shown to have the same frequency, phase and 

directionality as the incident radiation. 
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2 -1. The Einstein Theory of Blackbody Radiation 

Consider for simplicity a two -level medium (see Fig. 2) in a 

cavity. Define Ba +bp(w) to be the probability per unit time that radiation 

is absorbed, where p(w) is the . energy density at frequency w, and define 

A to be the probability per unit time that an excited atom emits spontaneously. 

Let us consider the results of equating the number of absorptions per second 

to the number of spontaneous emissions per second, that is, 

nbBaFbp (w) = Ana, (1) 

where na and nb are the numbers of atoms in the upper and lower levels 

respectively and where we have neglected stimulated emission. The ratio of 

the populations is given by the Maxwell- Boltzmann relation 

a/nb = exp [-'hw/ (kBT) 
] 

, (2) 

where fiw is the energy difference between the levels, kB is the Boltzmann 

constant and T is the absolute temperature. Combining (1) and (2), one 

has the energy distribution 

p(w) = (A /Ba +b) exp[ -hw/ (k BT) ] (3) 

This is the Wien law for the blackbody spectrum provided the ratio 

(A /Ba)dw is given by the density of modes between w and w + dw 

dn(w) = [vw2/(11-2c3)]dw 
(4) 



a 
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co 
a 

cab 

Fig. 2. Diagram depicting two energy levels a and b 

of the unperturbed Hamiltonian 110. The energies are 

given by tiwa and fiiwb respectively. Maser (laser) action 

takes place between two such levels in much of our 

discussion. 

9 
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multiplied by the energy per photon 11w. Here V is the volume of the cavity. 

Thus 

(A /Ba {b)dw = [Vietw3 /(Tr2c3)]dw (5) 

which is one of Einstein's relations for blackbody radiation. The energy 

distribution given by (3) (neglecting stimulated emission) is then 

p(w) = [Viiw3/ (Tr2c3) ] exp [-hw/ (kBT] (6) 

which is graphed in Fig. 3. This distribution agrees well with experiment 

at high frequencies, but gives incorrect results at low values. To obtain 

the correct (experimentally observed) Planck distribution, one must include 

in (1) the probability per unit time that the atom decays by stimulated 

emission Bbfap(w). The rate equation becomes 

nbBa+bp (w) 
= na[A + B bE,ap (w) ] 

Solving this for the density, one has 

p(w) = (A /BaEb) {exp[hw /(kBT)] - Bb,a /Ba +b} 1 

(7) 

(8) 
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N 
Q.4 

0.0 
0 2 4 6 

flw/(kßl) 
8 

Fig. 3. Planck (Eq. 9) (solid line) and Wien (Eq. 6) (dashed Zine) 

Radiation laws. 

11 
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This yields, using relation (S), the Planck radiation law 

P (w) .0w3/(720) exp [ßiw/ (kBT) ] - 1 

provided the probabilities per unit time per unit intensity 

B 
a b 

BbE-a' 

(9) 

(10) 

This relation and (2) are Einstein's relations applied to a two level atom. 

The Planck distribution is graphed in Fig. 3. and is quite close in value 

to the Wein distribution even at low frequencies. It is interesting to note, 

however, that the higher order moments of the field, e.g., (n2> are very dif- 

ferent for the two cases (i.e., when we keep or neglect stimulated emission). 

The intensity of radiation is proportional to the average number of photons 

<n> E P (w) 

2 -2. A Classical Model - Charge on a Spring 

The fact that stimulated emission is required in the derivation of the 

experimentally observed Planck radiation law corroborates the physical reality 

of the process. The Einstein theory, however, does not provide a clear pic- 

ture of the phase, frequency or directionality of the emitted radiation. One 

may understand the directionality of the emitted radiation by considering a 

classical charge on a spring (see Fig. 4) . This model contains the classical 

counterparts to stimulated absorption and emission, for the system amplifies 

or attenuates the incident radiation depending on whether the incident field 

is out of phase or in phase with the oscillating charge. 

* One of us (40S) would like to thank Professor A. G. Hill for several 
stimulating and illuminating discussions on this point. 



2. Stimulated Emission 

The radiation emitted by such an accelerating charge has an 

antenna -like angular distribution as depicted in Fig. 4. We argue that a 

sheet of such dipoles would radiate in the same direction as the incident 

radiation. It would be very difficult, however, to choose the phases of these 

classical dipoles just right for amplification (stimulated emission). 

The phases would more probably be random and yield equal probabilities for 

absorption and emission. In short, this classical model does not permit 

the establishment of a "negative temperature" in (2) or, equivalently a 

population inversion which makes emission more likely than absorption. 

As we will see later, such an inversion is required for laser operation. 

One could introduce a sheet of nonlinear springs with charges and 

cause them to oscillate in the nonlinear region. For this medium, the 

call be 
probability of absorption is less than that for emission even with randomly 

phased dipoles. This approach to stimulated emission leads to a generaliza- 

tion of the simple, forced harmonic oscillator known as the Duffing problem 

and has been investigated by Lamb (1965, pp 331 -381) in the context of 

laser theory. Nevertheless, neither model gives the correct frequency 

and phase of the emitted radiation. For these one must consider the 

semi -classical or fully quantum mechanical treatments of stimulated 

emission. We turn to the first of these now. 

13 

2 -3 Induced Dipole Moment 

In the two previous sections we have been concerned with transitions be- 

tween levels a and b induced by an applied electric field. In this section we 
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Fig. 4. Oscillating dipole p snits radiation in "butterfly" 

pattern given by Eq. (16) . 
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consider how the atomic "charge cloud" given by Wit, develops oscillations 

and thus an oscillating dipole moment. 

Suppose that at time t = 0, the wave function is given by the upper 

state 

ty(r,0) = Ua(r) 

Then under the influence of the electric field, the wave function at time t 

later develops into the superposition of eigenfunctions 

ip (r, t) = a exp ( -iwat) Ua(;) + b exp ( -iwbt) Ub (r) , (12) 

where fiwa is the energy of the upper level and hwb that of the lower level. 

Inasmuch as the wave function is indeterminate up to a phase factor (a 

measurement involves It,(r,t)J2 or something similar, not 'P(r,t)), we can, 

without loss of generality, write this as 

ti)(r,t) = a exp[-i(wa-wb)t]Ua + b Ub. (13) 

For purposes of illustration, suppose Ua 
= U210 

and Ub 
U100 

(hydrogen 

energy eigenfunctions) which have the (unnormalized) z dependences shown in 

Fig. 5a. At time t = 2n7/w, the exponential is unity and the wave function 

tp(r,2nTr /w) = a Ua + b Ub (14) 

as is depicted in Fig. 5b. At a time Tr /w later, the exponential is -1 and 

gr, (2n+1)Tr/w] =-a Ua + b Ub (15) 
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(a ) 

2. Stimulated Emission 

V210 (Z 0) 

() aV210 

Fig. 6. (a) z dependences for hydrogen eigenfunctions U and 
210 

U100. (b) Resulting z dependence of i (r,t) for time = 2n7/w. 

(c) Dependence of ry(r,t1) where t1 = (2n +1)7r /w = t +Tr /w. 
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as is shown in Fig. Sc. Hence the probability amplitude density for 

the electron oscillates back and forth in time. One can envisage a charge 

cloud oscillating about the nucleus generating an electric dipole. 

Classically one would expect radiation to occur from such a system. 

In fact the electric field at a point R due to an oscillating electric 

dipole p is given by 

E (,t) =-[e/ (4Treo R) ]nx[nxp (t-R/c) ]s (16) 

where the unit vector n = R /R. An electric dipole does, in fact, exist for 

such a wave function and is given by the expectation value 

P = jd3rip*(r,t) er tp(r,t) 

=0pah* exp(--iwt) + c. c. , (17) 

where the matrix element = (,pad erk,b) , p = p/ 1p 1 and the frequency 

difference w =w wb. Hence if one can determine the coefficients a and b 

or the product ab *, one can find the polarization of the atom. 

To do this, we integrate Schrtfdinger's equations of motion for a 

and b subject to the interaction energy 

V(t) = -6Eócos(vt). 

The Schrödinger equation 

= (Ho + V)11), 

where Via and Ipb are eigenfunctioris of the unperturbed Hamiltonian Ho, 

(18) 

(19) 



18 2. Stimulated Emission 

yields through appropriate projections onto and the e equations 

= zi (. Eo/h) { exp[i(w-v)t] + exp[i (w+v)t] }b, (20) 

b =-1/2ybb + 1/2iG,E0/11) { exp[-i(w-v)t] + exp[-i(w+v)t]}a, (21) 

where we have included the phenomenological decay rate yb to account for 

a finite lifetime of the lower level. If r Eot /. is a small quantity, 

the values of a and b will not be affected by the field very much. This 

fact lends itself to an approximation method for solving (20) and (21). 

In particular, suppose a(0) = 1 and b(0) = 0, i.e., the system is in the 

upper state at time t = 0. Then one can neglect the term with b in (20) 

and set a = 1 in (21) and find 

á _ 0 (22) 

b _ zybb + ;i (fEo/fi) { exp [-i (w-v) t] + exp [-i (w+v) t] } . (23) 

An integral of the first equation gives 

a(t) _ 1. 

The second equation can be written 

d(be1/2y bt )/dt _ ; i (,. Eo/lt) ezybt [e-i (w-v)t e-i (w+v)t 

which has the integral 

] 

(24) 
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b(t) _ ii ( _ Eo/fii) exp (-iybt) 

exp [2Ybt'-i(w-v)t'] 

zyb-i 
(w-v) 

exp [iYbt'-i(w+v)ti] t 

?Yb-i 
(w+v) 

0 

t 

o 

(25) 

For optical frequencies, the denominator with w +v is very large, and the 

second term in (25) can be neglected with respect to the first. This is 

called the rotating wave approximation, for only the term in which the 

atomic and field "waves" (phasors exp(-iwt) and exp ( -ivt) *) rotate together 

is kept. One finds 

b(t) _ zi (r;.Eo/K) { exp[-i (w-v)t] - exp[-1/2y1} ['zyb-i (w-v) ]-l. (26) 

Inserting values of a and b* from (23) and (26) into (17) for the 

dipole moment, one has 

exp (-ivt) - exp (--'zybt-iwt) 

p - - ái (, 2Eo/-h) 
?íY 

b 
+ i (4)-v) 

+ c. c. 

-2(t2E0/h) 
[yb2+4(w-v)2] 

1 [Ybsin(vt) + 2(w-v)cos(vt)] 

+ terms decaying in time. (27) 

We see that the induced dipole is proportional to the magnitude 

Eo of the applied field and has both "in phase" (coefficients of cosvt) 

and "in quadrature" (coefficient of sinvt) components. As will be shown 

later, the in phase term leads to an index of refraction when many dipoles 

are present and the in quadrature term results in field amplification due 

to stimulated emission. After some initial transients, the dipole oscillates 

at the frequency of the applied field, not at its resonant frequency. This 

is characteristic of forced oscillation in general. 

19 
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The on resonance emitted radiation appears to be 90° out of phase with 

the applied field (compare (27) and (16) with the field in (18) in contradic- 

tion with our earlier statement that stimulated emission is in phase with 

the applied field). In a laser, one is concerned not with a single dipole, 

but instead with a large sheet of dipoles which start in the upper level 

and are stimulated to emit radiation. Adding up their cumulative contribu- 

tion at any point, one can determine the relative phase between applied 

field and that for stimulated emission. To gain some insight, consider 

two possible dipoles as depicted in Fig. 6. The first of these is on axis 

and contributes in quadrature. The light from the second travels a greater 

distance and contributes in general with a different phase shift. When one 

adds the contributions from all possible dipoles, one finds the net contri- 

bution is, in fact, in phase with the applied field. Rather than perform 

the somewhat complicated integrals, we refer the reader to Feynman et al., 

1963, Vol. 1, Sec. 30 -7. 

z 

dipoles 

point of observation 

Fig. 6. Diagram showing how two dipoles in infinite sheet of dipoles contribute to field at 
point on z axis. Dipole at x =0, contributes in quadrature with the applied field, dipole for 
finite x (or combination of x and y) contributes, in general, with some other phase because the 
light has traveled farther. The total contribution from all dipoles contributes in phase with the 
applied field. 
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3. SEMICLASSICAL LASER THEORY 

We now carry out the semiclassical program outlined in the introduction 

(see Fig. 1) for the simple case of a plane polarized (or scalar) electric 

field and two -level, homogeneously broadened active atoms. More general 

configurations are discussed later in Sections 5 and 6. In Section 3 -1, 

we outline a derivation from Maxwell's equations of self- consistency equations 

for a single Fourier component of the electric field. A physical interpreta- 

tion of these equations is given which shows that they imply energy conserva- 

tion and dispersion. In 3 -2, characteristics of laser media are discussed 

and then formulated in terms of density and population matrices. In 3 -3 the 

atomic equations of motion are integrated for a single mode electric field 

using the rate equation approximation. Finally in 3 -4 the resulting atomic 

polarization is combined with the self- consistency equations of 3 -1 to give 

amplitude and frequency determining equations. 

3 -1. Electromagnetic Field Equations 

We describe the electromagnetic radiation in the laser cavity (Fig. 7) 

by Maxwell's equations in mks units: 

where 

div6= 0 curl t = -aB /at (1) 

div = 0 curl H = + a6/at, 

6 = cot + , = uo, S = ßt. (2) 
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reflectors 

1 

/ z 
active medium 

z =o z =L 

Fig. 7. Diagram of laser showing reflectors in plane perpendicular to laser (z) axis and 
active medium between reflectors. Brewster windows are sketched on the ends of the 
active medium to help enforce conditions that only one polarization component of the 
electric field exists as is assumed in Sections 3 through 5. 

In order to avoid a complicated boundary value problem, we assume the presence 

of a lossy medium with conductivity a. This conductivity will lead to damping 

of the field and is intended to take into account losses due to diffraction 

and reflector transmission. Combining the curl equations, taking appropriate 

time derivatives, and using (2), one has the wave equation 

curl curl É + poa9 /at + poeoa2É /at2 = -ua2P /ate. (3) 

Fox and Li (1961) (see also Kogelnik and Li (1966)), have shown that 

variations in the field intensity transverse to the laser axis are slowly 

varying compared to optical wavelengths, and hence we will neglect x and 

y derivatives in Eq. (3). Further using the first Maxwell equation and 

assuming a dilute medium, one finds 

curl curl P a2É /az2. (4) 
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The time dependence of the wave equation can be separated from the 

spatial dependence by expanding the electric field in normal modes of the 

cavity. Inasmuch as the passive cavity is a Fabry -Perot interferometer 

without side walls, there is a continuum of these modes. Nevertheless, 

only certain discrete modes achieve appreciable magnitude within the 

cavity, namely those with circular frequencies 

O 
n 

= n,rc /L = Knc, (5) 

where L is the length of the cavity, c is the velocity of light, n is a 

large integer typically on the order of 106 and Kn is the corresponding 

wave number. In our present discussion we consider a single mode with 

sinusoidal z dependence 

U(z) = sinKz. (6) 

We further take the time dependence of this mode to be 

%E(t) exp[ -i(vt + 4 (t))] + c.c., (7) 

where E(t) and q(t) are real, slowly -varying amplitude and phase coef- 

ficients and v is the optical frequency (o.f.) of the mode, not neces- 

sarily equal to'the passive cavity frequency O since the active medium 

introduces some dispersion. We consider a laser medium which can be 
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approximated by two level atoms. As a related simplification, we take the 

electric field to be scalar. This second assumption is valid, for example, 

when the use of Brewster windows causes the field to be linearly polarized. 

Both assumptions are relaxed in Section 6.2. Our expansion for the electric 

field then becomes 

E(z,t) = 11E(t) exp[- i(vt +4)]U(z) + c.c. (8) 

Using this form for the field, we will find that the induced polarization 

of the medium has the form 

P(z,t) = 11P(t) exp[- i(vt +4)]U(z) + c.c., (9) 

where p(t) is a complex, slowly- varying component of the polarization. 

The real part of P is in phase with the electric field and, as we shall 

see shortly, results in dispersion due to the medium. The imaginary part 

is in quadrature with the electric field and results in gain or loss. 

Substituting the positive frequency parts of (8) and (9) (i.e., 

without complex conjugates) into the wave equation (3), using (4), pro- 

jecting onto U(z), multiplying through by exp[i(vt +4)] and neglecting 

.. .. .. .. .. . 

small terms containing E, c, P, E., QE, o , 4P, and P, we obtain (EEE(t)) 

52 2E - i(Q/EO)v E- 2iv E- (v 4)2 E= v 2e0 -1p. 

Here we have used S2 = Kc and divided through by c2. Adjusting the fic- 

tional conductivity o to yield the desired Q of the mode, we set 

CJ = (10) 
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Further noting that Ste -(v +;)2 _ 2v (St -v - ;) , dividing by 2v and equating 

real and imaginary parts, one has the self- consistency equations 

E(t) + i(v /Q) E(t) = -2(v /eo) Im(P) (11) 

v + = 
St 2(v /e0) E(t) -1 Re(P) . (12) 

which are two of our basic working equations. 

We close this section by considering the physical meaning of these 

equations. In the absence of active medium, P=0, and the equations imply 

that the field E(t) descrease exponentially in time with constant %(v /Q) 

and that the mode oscillation frequency is just that of the passive cavity. 

More generally, there exists a polarization defined by the Fourier component 

of the susceptibility x, 

P = QXE(t) =tip' +ix")E(t) (13) 

in terms of which, Eqs. (11) and (12) become 

É = -%(v /Q)E - % vX "E (14) 

v+cf)=SZ- Zvxt, (15) 

25 
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The energy per unit volume for a given mode is proportional to the intensity 

I = E2 (16) 

which has the equation of motion (from (14)) 

I = -(v/Q) I - v7 "I . (17) 

This states that the time rate of change of the intensity (energy) equals 

the difference between the cavity losses and the gain from the medium. In 

steady- state, I = 0, and we recover the oscillation condition that the gain 

equals the loss which one would expect from energy conservation. 

The frequency relation (15) implies that the oscillation frequency v 

is shifted from the passive cavity frequency by the amount -% v X ". One 

can relate these variables to an index of refraction n(v) by combining (15) 

with the definition 

n(v) = K c/v = S2 /v = Q/[0-12- vx' ] . (18) 

Since we are treating a dilute active medium, 

n(v) _ 1 + %i x' . (19) 
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3 -2. Polarization of the Medium 

We assume the laser medium consists of two -level atoms having a 

resonance transition frequency w as in Section 2. In the treatment 

there, we were not especially concerned with the effects of finite 

atomic lifetimes.. These effects are negligible for the ammonia maser 

because the lifetimes of the ammonia molecules are long compared to 

the reciprocal of the Rabi flopping frequency and hence the cavity 

transit time. In typical laser media, however, spontaneous emission, 

z/ 

collisions and other mechanisms cause excited atoms to decay much 

more rapidly and modify the atomic response to radiation in important 

ways. In fact, many lasers depend on decay from the lower laser level 

to prevent atoms having emitted laser radiation from subsequently re- 

absorbing it. The lifetime effects can be incorporated into the theory 

by adding phenomenological decay terms to the equations of motion for 

the probability amplitudes. In the Schrbdinger picture, one then has 

a= - i + Zya) a - i1 i- lV 
abb , 

b = - (iwb + ZYb)b - ifi-lubaa, 

(20) 

(21) 

where ya and yb are the decay rates of the probabilities Ial2 and 11312 

(see Fig. 8) . 

*Actually this transit time is the lifetime of either leve].. 
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V Q 

Fig. 8. Energy level diagram for two -level atom showing 

decay rates 
ya 

and 1b for the probabilities Ial2 and lb12. 
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In our derivation of the dipole moment for an atom, the bilinear 

quantities ab* and a *b were required. We will find it convenient to 

work with these quantities and the probabilities ial2 and 11312 directly, 

rather than deal with a and b separately. Specifically, we define the 

matrix 

p = 

aa* 

\ba* bb 
(22) 

which is called a density matrix. The component equations of motion for 

the matrix elements in (22) can be determined using (20) and (21): 

paa = aa* + c. c. = -Yaaa* - th -1Vabba* + c. c. 

th 
V-1 

+ c. c. 
-Yapaa abpba 

Similarly one finds 

where 

pbb 
= 

- 
Ybp 

bb 
+ -1V 

ab 
p 
b a 

+ c. c. 

-1 
pab = -(iw,+ 

Yab)pab + iiiVab(paa - pbb) 

Yab = i(Ya + b) . 

(23) 

(24) 

(25) 

(26) 

*Here we are using the Schrödinger picture for which If(r,t)= a(t)& +b(t) b, 

instead of the interaction picture used in Eq.(2.12). 
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Elastic atomic collisions in a gas or phonon atom interactions in a 

solid can cause pab to decay more rapidly than the diagonal elements. The 

total decay rate for the off -diagonal element pab is then given by 

pab = - (Y ab phase pab - -Y pab - T pab ' (27) 

2 

where yphase is the decay rate of the off - diagonal element pab due to 

phase interrupting collisions.* The phase diffusion time Y -1 is often 

called T2. One now has the modified equation of motion for 
Pab(t) 

-1 

pab 
- - (iw+Y) pab + ilï Vab 

-pbb] 
. 

(28) 

We will use this expression in place of (25) in our calculations. 

In addition to the (homogeneous)decay rates 
Yab 

and Yphase there 

is yet another mechanism for the decay of the macroscopic polarization 

in a solid. This other mechanism arises from the fact that in general, 

each atom in a solid may have a different atomic frequency wi due to local 

crystalline inhomogeneities. The atomic medium as a whole thus contains to 

a range of frequencies considerably larger than that for a single atom as 

suggested in Fig. 9. This kind of response is called inhomogeneous broadened 

(and is associated with a dephasing time T2 *) as contrasted to homogeneous 

broadened (associated with a phase diffusion time T2) for which every active 

atom has essentially the same resonance frequency and linewidth. The two 

kinds of broadening overlap to some degree in a real medium, but one kind is 

often responsible for most of the linewidth. An intermediate situation is 

*More sophisticated treatments of pressure effects have been given, for 
example, by Gyorffy et al.(1968), Berman and Lamb (1969). 



1.00 

0.75 

gain 0.50 

0.25 

0.00 
-625 -312 0 312 625 

wo 

3. Semiclassical Laser Theory 

Fig. 9. Graph showing individual atomic response curves super- 

imposed on inhomogeneously broadened line for possible laser medium. 

The homogeneous contribution to the medium linewidth is 150 MHz, the 

inhomogeneous contribution 1000 MHz. As such the medium is primarily 

inhomogeneously broadened. 

31 
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met when the temperature of ruby is somewhere between liquid He and room 

temperatures and the linewidth is due to approximately equal homogeneous 

and inhomogeneous broadening. A similar situation is found in gaseous 

media. Although gas atoms such as Ne generally have the same resonance 

frequencies in their rest frames, they see Doppler shifted electric fields 

and hence respond as a group to a.range of frequencies, that is, are in- 

homogeneously broadened. At low pressures, the linewidth of a single atom 

is almost completely due to spontaneous emission and is usually small com- 

pared to average Doppler shifts. As the pressure is increased, however, 

collisions broaden the atomic response homogeneously and ultimately mask 

out the Doppler effect altogether. We will see in Sec. S and how one can 

determine experimentally the degree to which atomic response is inhomoge- 

neously broadened by measuring, for example, the Lamb dip. 

We will assume initially that the laser medium consists of two -level 

atoms described by density matrices which are functions of the state a = 

a or b to which the atoms were excited at the time to, functions of posi- 

tion z along the laser axis and functions of time t. Taking the electric - 

dipole perturbation energy 

Vab (z,t) = - exp[-i (vt + 0 ] U (z) , (29) 

one could solve for the induced dipole by integrating the equations of 

motion Eqs. (23), (24), and (28) and then add up contributions from atoms 

excited to different states and at different times to obtain the macro- 

scopic polarization. The calculation is simpler, however, if we integrate 

equations of motion for a matrix which already includes these summations. 



3. Semiclassical Laser Theory 

Specifically we define the population matrix 

c 
t 

p(z,t) = L f dto aa(z,to)p(a,z,t,to). (30) 

33 

a -.0 

Taking time derivatives of the matrix elements and using (23) , 

one finds 

pab 
= - (iw +Y) pab ifi 1Vab (z,t) (paa -pbb) , 

A 
Y 

1 .. 
paa a apaa 

+ cc Vabpba 
' 

= pbb b Ybpbb Vabpba + 
c. c. 

(24) and (28) , 

(31) 

(32) 

(33) 

Here pba = pab* 
and the excitation rate A (z,to) is the number of atoms 

per unit time per unit volume excited to the state la> at position z and 

time to. The diagonal elements paa and pbb are the populations of the 

upper and lower laser levels respectively. Furthermore, the macroscopic 

polarization (9) of the medium 

P(z,t) = 
1ypab 

(z,t) + c. c. 

and the complex polarization component 

L 

P(t) = 2 exp[i(vt+4)) L f dz U(z)pab(z,t). 
0 

(34) 

(35) 
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Hence by determining pab(z,t), one can obtain amplitude and frequency 

determining equations by combining (35) with the self- consistency 

equations (11) and (12). We now proceed to do this using the rate 

equation approximation. 

3 -3. Integration of the Equations of Motion 

The off -diagonal element 
pab 

is given by the formal integral of (31) 

t 

pab(z,t) 
= 1 f dt' exp[-(iw+y) (t-t')] 

x Vab(z,t')[paa(z,t')-pbb(z,t')]. (36) 

The integral (36) can be simply performed provided the amplitude E, phase 

and population difference 
paa -pbb 

do not change appreciably in the 

time 1 /y, for then these terms can be factored outside the integral. 

These conditions comprise the rate equation approximation for 

as we will see shortly, they lead to rate equations for the atomic 

populations. These approximations are exact in steady -state (É = 0). 

The value of pab so obtained can then be substituted into the equations 

of motion (24) and (25) which, in steady state, determine the population 

difference. This difference can be substituted, in turn, back into the 

equation for pab, thus determining the complex polarization. 
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Carrying out this procedure, one has 

- 

-i (vt+0 Paa Pbb 
Pab(z't) 

= 
2i E e U(z) 

[i(w_)+ï (37) 

35 

Substituting this into the equations of motion for paa and for pbb, one has 

the rate equations 

Paa Xa YaPaa R(Paa Pbb)' 

Pbb Xb YbPbb + R(Paa - Pbb)' 

where the rate constant 

R=!(101)2 E2 u2 y[ (w-v)2 + y2] 1. 

The population flow is diagrammed in Fig. 10. In steady- state, 

Paa Pbb = 
0 and (38), (39) yield 

where 

Paa Pbb i + R/Rs' 
N(z) 

N(z) = Xaya 1 _ Xbyb 1 

(38) 

(39) 

(40) 

(41) 

(42) 
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a 

YQPaa 

R ( PQ 
Pbb 

b 

Fig. M. Energy level diagram for two -level atoms comprising 

laser's active medium. The frequency of transition is w, the 

number of atoms per unit volume per unit time excited to the 

a and b levels are Aa and Ab, the number decaying by spontaneous 

emission or collisions are Y p and 
a as Ybpbb 

respectively, and the 

number making a transition from a to b is R(paá 
pbb). 
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(43) 

In (41), we see that the population difference is given by that in the 

absence of the field, N(z) divided by the factor 1 + R /Rs which increases 

as the intensity of the electric field increases. In particular, if 

R = Rs, the population difference is one -half its zero -field value. 

Inasmuch as the rate constant R has a U2(z) = sin2Kz dependence, the 

population difference 
paa 

31 

Pbb 
has this dependence as well. Specifically, 

the sinusoidally varying electric field intensity "burns" holes into the 

population difference in the vicinity of its maxima. The holes are spaced 

one -half wavelength apart. At the nodes of the field, the population dif- 

ference has the zero -field value. 

Combining (41) and (37) with (34), one has the complex polarization 

P(t) = -b02h 1 E 
(w-v) + iy 

(w-v)2+y2 

2 
L 

U2(z) N(z) Ó dz 1 + R(z)/Rs (44) 

The integral over z can be evaluated exactly provided N(z) varies slowly in 

an optical wavelength. One can gain greater insight by supposing E and 

hence R are small enough to allow the denominator 1 + R/Rs to be expanded 

in a geometric series and integrated term by term. 
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To first -order in E (linear in E), the complex polarization is given by 

(44) with the rate constant R set equal to zero, that is, 

P(t) r P(1)(t) = 2-1EN [(w-v) + iYi/[(w-v)2+Y2] , 

where the average excitation 

L L 

N= L f dz U2(z)Nfz) = 
L f 

dzN(z). 
0 0 

(45) 

(46) 

In the second expression for Ñ, we have assumed the population inversion 

density N(z) varies slowly in an optical wavelength. This linear approxi- 

mation contains no saturation terms and hence is valid only for threshold, 

that is, the minimum excitation for which oscillation can occur. Expanding 

the denominator to third -order in E (E3), and performing the integral over 

z using standard trigonometric identities, one has 

P (t) P (l) (t) + P (3) (t) 

_ 42íi -1E N 

(w -v) +iy 

(w-v)&1y2 
3 f 2 E 2 Y ab Y 
4 ,tqw_v)2 + 

YlyaYb 
(47) 

Considering the second bracket as the first two terms of a geometric series, 

one can "resum" to obtain the polarization 

P (t) = -1132t-lE Ñ 

(w-v) + iy 

(w-v)-2 +Y 
2 

[1+41'2 (Yab/Y) MaYb) 1E2] (48) 
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Here we see that the gain Im(P) at resonance is decreased from the first - 

order result by the factor 
C1 

+ 
4 
12 

(Yab /Y) e,ayb) 1 
E2] , a saturation 

effect, and that the response is power broadened from the half -width y 
(' z 

to Y Ll + á2 (Yab /Y) (11 aYb) 1 

Eli 

3 -4. Single -Mode Operation 

Combining the complex polarization (48) with the self- consistency 

equations (11) and (12), one has the amplitude and frequency determining 

equations 

=aE - ßE3 (49) 

v + = 0 + a - pE2, (50) 
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where the coefficients a, ß, a and p are given in Table 1. The third -order 

theory given here is reasonably accurate for excitations as high as 20% 

above threshold although noticeable deviation from the exact calculation 

does appear. 

Setting the linear net -gain coefficient a = 0, one determines the 

threshold condition 

$R 2ÑT/ (EÓ ) Q-1. (51) 

This can be used to express the coefficients in terms of the relative 

excitation 
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N _ Ñ/ÑT, 

3. Semiclassical Laser Theory 

(52) 

a parameter more easily measured than the excitation Ñ. 

Setting É = 0 in the amplitude determining equation (49), one has 

the steady state solution 

NL(w-v) - 1 

I = E2 = a/ß - 

N4//1) 2 (Yab/Y) L2 (w-v) 

where the dimensionless Lorentzian L(w -v) = Y2 /[y2 +(w -v)2]. 

(53) 

(53a) 

This intensity versus cavity detuning w -v is plotted in Fig. 11. One might 

ask how it is possible to know what oscillation frequency v is to be used 

for calculating the intensity, for y itself depends on the intensity accord- 

ing to Eq. (50). A good approximation results from taking v = in the cal- 

culation of the coefficients. Improved values for the coefficients can be 

obtained by calculating v from Eq. (5) using approximate values for the 

coefficients and then recalculating the coefficients using this v. This 

procedure can be iterated, and one finds typically that the first calculation 

gives an answer within 1% of the exact answer and the second step gives an 

answer within 0.1 %. 

The field equations for single mode operation, Eqs. (49) and (50), do 

not depend on the location of the active medium along the laser (z) axis, for 

only Ñ, the average population difference, appears. In two- and higher -mode 

operation this is no longer the case. 



0.20 

3. Semiclassical Laser Theory 

IMO 

0.05 

0.00 
-50 -25 0 25 

S2 
50 

Fig, 12, Graph of single -mode intensity (53) versus detuning 

(v -w)for homogeneously broadened (y = 100 MHz), stationary atoms. 

The relative excitation N of Eq. (52) are (in order of increasing 

maxima) 1.05, 1.10, 1.15 and 1.2. 
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The frequency determining equation (50) predicts a pulling of the 

oscillation frequency y from the passive cavity frequency 2 toward line 

center. Specifically, 

S2 + Sw 
v - 1 + S 

where the "stabilization factor" 

S =1/2t2 v (uo ) -1ÑL (w-v) [1 - 
4 

.502 

E2 

L 

t2YaYb 

'Val) 
L (w-v)J . 

Y 

(54) 

(55) 

Eq. (54) can be interpreted as a center of mass equation in which the 

oscillation frequency y assumes the average value of S2 and w with weights 

1 and S respectively. For low excitations, S « 1 and y = E2; for higher 

excitations, y is pulled closer to the atomic frequency w. The index of 

refraction determined by (5) , (13) , (19) and (50) is 

n(v) _ 1 + S(1 - w/S2) (56) 

which is drawn in Fig. 12. Note that the curve is inverted with respect 

to the more familiar curve for the index of refraction near resonance, for 

here the medium emits (Ñ >0). The curve for an absorbing medium is recovered 

by letting the population inversion density be negative (Ñ<O). 
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Fig. 12. Index of refraction n(v) versus frequency y for a gain 

medium (Ñ >0). An inverted curve results for an absorptive medium 

(Ñ<O). Curve is evaluated in linear approximation (valid near 

threshold) for y = 100 MHz. 

TABLE I 

Coefficient Physical Context 

a = L(w-v)F1 - 12v/(1 

= . L2 (w-v) F3 

6 = [(w-v)/y] L(w-v)Fl 

; 

P = [ (w-v) /Y] L2 (w-v) F3 

L(w-v) = Y2 [Y2 + (w-v) 
2 

] 
1 

F1 = zv r2(EOftY) 1N, 

F3 = i( i f/h)2 (Ya 1+Yb 1)Y 1F1 

linear net gain 

saturation 

linear mode pulling 

mode pushing 

dimensionless Lorentzian 

first order Factor 

third order Factor 

Coefficients in amplitude and frequency determining equations 

(49) and (50). 
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4. MULTIMODE OPERATION 

When two or more modes oscillate in a laser, beat frequencies develop 

due to non - linearities in the medium. Specifically, the population difference 

paa pbb 
contains pulsations at multiples of the intermode frequency. These 

variations are in general as large or larger than the atomic decay rate y, 

and hence the rate equation approximation of the previous section can lead 

to incorrect results. In fact, the rate equation approximation breaks down 

whenever the total electric field has a time varying envelope which changes 

more rapidly than the atoms decay. For this reason multimode and particularly 

pulsed operation are often incompletely described by rate equations. 

In general a rapidly (time) varying field can be represented by a 

superposition of modes* 

E(z,t) = 2lEn(t) expl-i(vnt+q)n(t))JUn(z) + c.c. (1) 

n 

Equations of motion for the amplitudes En and phases (1)11 contain gain and 

saturation terms encountered in the single mode case and, in addition, coupling 

terms resulting from the non - linearities in the polarization. The derivation 

of these equations can be carried out in a straightforward fashion provided 

the field is not too intense and the mode amplitudes and frequencies are 

slowly-varying in atomic times. This latter condition is akin to the rate 

equation approximation, but is considerably less restrictive since the total 

* It is also possible to use a time domain representation along the lines 
given by Hopf and Scully (1969) for the laser amplifier. 
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field can vary rapidly even for constant En and Qin. The details of the 

derivation are summarized in Appendix A; the resulting amplitude and 

frequency determining equations are 

En - anEn Hy EuEpEQIm {z9 nppße nppa} (2) 

v +3 =SI +a-IEEEE 1 Re {z9 expiy ). (3) 
n n n n u p a n nppa nupa 

The parameters appearing in these equations are given in Table 2 and are 
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discussed further in Appendix A. We have neglected first -order components 

with phase angles like (v2 -v1)t + (1)2 -4)1, for these vary rapidly compared 

to En and 0n for typical laser parameters and average to zero in time. 

Specifically, such phase angles involve frequencies like 150MHz (1 meter 

cavity) and the amplitudes can follow variations no more rapid than (v /Q) 

1MHz. We have used this fact in taking n = p -p +a in the evaluation of the 

1 
9 
nppa' 

for other terms contain phase angles which vary at intermode 

frequencies, such as that encountered in first -order above. 

In Section 4 -1, we consider two -mode operation in some detail. Specific 

numerical results are postponed to Section 5 in which gas laser media are 

treated. In Section 4 -2, three -mode operation is discussed with particular 

emphasis on the locking phenomenon. Finally in 4 -3, general multimode opera- 

tion is considered in both free - running and mode locked conditions. It is 
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TABLE 2 

Coefficient Physical Context 

an = L(w-vn)Fl - iv/Q 

n 
= L2(w-vn)F3 

a 
n 

= [(w-vn)/Y]L(w-vn)Fl 

pn = [(w-vn)/Y] L2(w-vn)F3 

8nm 
= L (w-vn) L (w-vm) 0+ N2/N) F3 

"nupß = ái ( i Wr1) 2Y[ 1+ (N2 (p-e) + N2 (p-U) ) 
/N] 

X 0(w-vu+vp-v6) [Da(vp-v6) + Db(vp-vß) 

linear net gain 

self saturation 

linear mode pulling 

self pushing 

cross saturation 

x [D(w -va) + V(vp -w)]F1 general saturation term 

14, 

nupó 
= (vn-vu+vp-vQ)t+çb n-(1) 

p 
+(1) p-4) 

L(w-vn) = Y21Y2 + (w-vn)2]-1 

DX(Aw) = [YX + iAw] 1 

F1 = zv W/(HcoY)] N 

F3 = 3(14/W2(Ya 1+Yb 1)Y 1F1 

relative phase angle 

dimensionless Lorentzian 

complex frequency denomination 

first order factor 

third order factor 

Coefficients in amplitude and frequency determining equations (4.2), 

(4.3) , (4.4) and (4.5). 
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interesting to note that both the general coefficients 
-19 

and the 

amplitude and frequency determining equations (2) and (3) are easily 

programmed for digital computer. 

4 -1. Two -Mode Operation 

When two modes are above threshold, the amplitude equations (8) 

reduce to 

E1 
E1(al - ß1E1 

2 

- 612E2 
2) 

2 2 

E2 
= E2(a2 - ß2E2 - 021E1 ), 

(4) 

(5) 
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where the self- saturation coefficients 61 and 6 and cross -saturation coef- 

ficients 612, 
021 

are given in Table 2. The cross -saturation coefficient 6 
12 

resembles a self- saturation coefficient 6 with the Lorentzian squared 

replaced by the product of two Lorentzians and the factor 3/4 replaced by 

z + 4N2 /Ñ. To the extent that the Lorentzians are all equal and that 

N2 = Ñ, the third -order coefficients have the same value. 

In this connection, Fig. 13 helps one to visualize the integral 

(5) which defines N2. There it is shown that when the active medium is 

located in the middle of the cavity, N2 is negative, and when in the ends, 

N2 is positive. Hence the coupling between modes is greater for the latter 

location. If the medium is uniformly distributed throughout the cavity, N2 

vanishes, for the cosine averages to zero over one cycle. Here the coupling 
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(Q) 

(b) 
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act i v rrled:a.rn 

11/2 > o 

Fig. 13. (a) Active medium located in ends of cavity yields a positive 

value for N2 = L 1fOLdz N(z) cos (27z /L), for cosine is positive over non- 

zero values of N(z). (b) Active medium located in middle of cavity yields 

N2 < 0, for cosine is negative over non -zero values of N(z). Here we have 

assumed N(z) is itself positive (inverted medium) which is not, however, an 

assumption of the theory. As the medium is located closer to the mirrors, 

N2 approaches N = L 1fOLdz N(z) in value. 
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is intermediate in strength between the cases above. The terms with non- 

zero phase angles neglected above are all proportional to N2 and hence 

vanish identically for a uniformly distributed medium. 

Some simplification would result in the following discussion if we 

used the fact that the 0's are equal for this problem. Useful generality 

is obtained, however, by keeping them separate, for in the gas laser 

problem and particularly in the Zeeman laser problem, two mode operation 

occurs with different 0's. 

Multiplying (4) and (5) by 2E1 and 2E2 respectively, one finds the 

intensity equations 

1 
1 

= 2I1(a1 - 
1 

Il - 012I2) 

12 = 2I2(a2 - 82I2 - 021I1). 

Stationary states are the solutions to these equations for which 

I1 = I2 = O. 

(6) 

(7) 

(8) 
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There are four possibilities: I1 can he zero or non -zero, and independently, 

I2 can be zero or non -zero. In determining laser operation, one wants the 

solutions which are -both physical, that is, non- negative, and stable. If 

both net -gain coefficients a are negative, it is clear no oscillation can 

occur. If one a is negative, the other positive, the mode with positive a 

will oscillate with the single -mode solution a /ß. If both a's are positive, 
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it is not so obvious what the stable solutions will be and one must resort 

to a more systematic approach. 

A method which deals correctly with any possible oscillation is the 

small vibrations analysis. The results of this analysis are summarized in 

Table 3. There the coupling parameter 

C= A1 21ß12) (9) 

conveniently expresses the degree of coupling between the modes. Specifically 

we define three regions for coupling strengths: 1) C <1 - weak coupling, 

2) C =1 - neutral coupling, and 3) C >1 - strong coupling. 

It is interesting to note that for the homogeneously broadened stationary 

atoms specifically discussed in this chapter, C = 
3 

(1 + 2N 
2 

/Ñ)J which is 

independent of tuning and less than unity for all media of non -zero length, 

that is, weak coupling. This might be surprising, for with a homogeneously 

broadened line, one might expect both modes to obtain gain from the same 

atoms and thus to compete strongly (C > 1). In fact, the modes do not share 

all atoms because they burn different standing wave holes in the population 

inversion (see remarks following (3.43)) due to their different oscilla- 

tion frequencies. As we will see in Section 5, two modes within a 

homogeneous line width in a predominately Doppler broadened medium do com- 

pete strongly, for the atomic motion effectively "washes out" the standing 

wave holes. 
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TABLE 3. Conditions for Which Stationary Solutions of the Two -Mode 

Equations, (6) and (7), Are Stable. 

We have assumed the cross -saturation coefficients 012,021 
are positive and that the intensities I1,I2 > 0 (negative 

intensity solutions are nonphysical). Here, for example, 

al' = al -012(x2/62) is the "linear" net gain coefficient 
for I1 when I2 is oscillating alone. The coupling constant 

C = (012021)/(6162) 

I 1 I2 Conditions for stability 

al/61 

0 

a1'/61 

1 -C 

x2/62 

a2'/ß2 
1 -C 

al < 0, a2 < 0 

al > 0, a2' < 0 

or al',a2' > 0 and C > i 

a1' < 0, a2 > 0 

or a1',a2' > 0 and C > 1 

C < 1 

51 
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4 -2. Locking of Beat Frequencies Between Three Modes 

When three modes are oscillating, there are terms in the amplitude 

and frequency determining equations with non -zero phase angles varying at 

intermode frequencies like v3 - vl, v2 - vl, etc., which average to zero in 

time as discussed above for two -mode operation. There are also terms which 

contain slowly varying phase angles such as 

- 2123 = (2v2 - vl - v3)t + 42 - cpl - cp3. (10) 

In fact, the v's are close to the Ws for which 2522 
- Qi - 03 = 

0. These 

terms result from non - linear heating between modes in the medium to produce 

"combination tones" very nearly equal in frequency to one of the modes. For 

example, mode two beats with itself forming a tone with sum frequency 2v2 

and then this tone, in turn, heats with v3 forming the difference tone 

2v2 - v3 which is very nearly equal to vi in frequency (see Fig. 14). 

This second tone yields the slowly varying phase angle lb 

= -4 
when pro- 

jected on mode one. Physically the tone acts very much like an injected 

signal tempting mode one to oscillate at the tone frequency, that is 

v1 = 2v2 - v3, 

much as a forced oscillator oscillates at the forcing frequency. The condi- 

tion (11) can be written y2 - vl = v3 _ 
v2, 
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Fig. 14. Diagram of three -mode operation showing the intensities I, I2 

and 
13 

and the corresponding oscillation frequencies vl, v2 and v3. As the 

cavity is tuned so that S22 approaches line center, mode 2 sees less and less 

dispersion (v2 
02" 

(0) and the side modes see oppositely directed disper- 

sion. Hence the beat note AI between mode 2 and mode 1 and that A2 between 

mode 3 and mode 2 approach one another. In mode - locked operation Al = A2. 

The small lines drawn next to the mode intensities represent combination 

tones. 
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i.e., the beat notes between adjacent modes are equal. This is usually 

called mode locking and lasers oscillating in this fashion are said to be 

mode locked.* It differs from other kinds of mode locking such as that for 

oppositely directed running wave modes in the ring laser in that it is the 

beat frequencies between adjacent modes which lock to the same frequency 

rather than the frequencies of the modes themselves. In this section we 

discuss the three -mode locking problem analytically and indicate conditions 

under which locking takes place. As we will see in Section 6, much of 

the analysis presented here can be applied to other simple mode - locking 

problems. More involved problems require techniques discussed in the next 

section (4 -3) or an approach in the time rather than frequency domain. 

Specializing the frequency determining equations to the three -mode 

case and forming therefrom an equation for i (see (10)), one finds 

= a + b sins, + c cosp, (12) 

which can be written in the simpler form 

= a + b' sin(p -iL0) , (13) 

where 

b' = b(l + c2/b2)11 (14) 

o = -tan-1(c/b). (15) 

* This phenomenon was first predicted by Lamb (1964). An extensive summary 
and bibliography of more recent work has been given by Smith (1970). 

A review paper on picosecond pulse operation has been given by DeMaria 
et al. (1969). Note that mode locking is not equivalent to pulsing; FM oper- 
ation is mode locked. Furthermore, pulsed operation could involve nonconstant 
amplitudes. 
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The equations (2) and (13) determine the electric field in three - 

mode operation. The solutions depend markedly on la /b'l. For ja /b'l >l, 

i changes monotonically in time producing the low frequency beat note 

Av 
= (v2-v1) - (v3-v2) (16) 

with value 

Av = (27)-1a(1 - 
1372/a2)1/2. 

If la /b'l<1, there can exist stationary solutions to (13) 

tpo 
- 

sin 1(a /b') 

`p2 
= 

o 
+ n + sin 1 (a /b' ) 

(17) 

(18) 
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provided the "constants" a and b' are also stationary, that is, provided the 

field amplitudes have corresponding stationary values. This condition that 

= 0 implies that the beat frequencies 

°1 
= v2 - vl 

(19) 

Q2=v3- 

become equal. Furthermore over the range for which la /b'1 <1, they remain 

locked together. This is the simplest case of (beat frequency) mode locking 
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in the multimode laser. The locking requires the stationary condition 

E 
n 

= 
n = 

0, and hence the oscillation is periodic. This is discussed 

further in the next section. The stability of the solutions can be deter- 

mined using a small vibrations analysis. One finds the solution i,(s) is 

stable provided the coefficient 

b' cos (4) (s) -* 0) < O. (20) 

As the second mode is tuned towards line center it sees less and 

less dispersion (see Fig. 14) and those for modes one and three become 

equal and opposite. Consequently for nearly central tuning of mode two, 

the a term (which is a difference of these dispersions) in the equation 

of motion for i (13) approaches zero. Furthermore, one finds in this 

limit that c = 0 and that b _ +(1 +2N2 /Ñ). We see from (14) that b' = b, 

= 0 and that the possible stationary states are 

q)l 

2 

= -sin 1 (a /b) 

= Tr + sin-1(a/b). 

(21) 

For central tuning of mode 2, a = 0 and Ili = 0 or Tr for b < 0 or b > 0 re- 

spectively. Note that proper placement of the medium in the cavity can 

change the sign of the factor (1 + N2 /Ñ) and therefore that of b. The 

value 1p = 0 requires (1)2 - (1)1 
= 

cP3 
- 

(P2' 
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Choosing the time origin so that (p2 = (1)1, we have 
= 42 = 

(1)3, that is, at 

points periodic in time spaced by the interval 27/A, the field phasors 

En exp[ -i(vnt + 
n 
)] add constructively to yield a large resultant value. 

At other times, they tend to cancel one another. This is three -mode pulsing. 

The time width of the pulses are inversely proportional to the mode spacing A 

(as is the interval between pulses), but the degree to which there is de- 

structive interference between pulses is limited by the small number of modes. 

The second value = 7 leads to the phase relation (1)1 = (1)2 = 7 + c3, which is 

the phase relationship for FM signals (En 
. 
0). In general there are always 

some variations in the total intensity (squared sum of phasors) even for FM 

phases unless the amplitudes are given by absolute values of appropriate 

Bessel functions, but the "best," i.e., sharpest pulses occur for equal phases. 

We close this subsection by noting that a rigorous steady state solution 

to the amplitude and phase equations requires finding the zeros to these 

equations. This can be accomplished numerically using the Newton -Raphson 

method. 

4 -3. General Multimode Operation 

In this section, we consider first solutions to the amplitude and 

frequency determining equations (2) and (3) in the decoupled approximation 

(terms with nonzero phase angles are neglected), and then multimode locked 

operation. The Newton - Raphson method mentioned in the discussion can be 

used for a variety of complicated mode locking problems. 
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Equations similar to those for the two -mode case can be obtained 

for the multi -mode case provided all terms in the amplitude determining 

equation (8) with nonzero phase angles 1pnupa are neglected. In this 

"decoupled approximation," we neglect phase angles for which the relation 

n = u - p + Q (22) 

is not true, for they vary at intermode frequencies, e.g., 
1211 = (v1 -v2)t, 

and average to zero in time. In addition, we neglect slowly - varying phase 

angles such as ip (10) which is responsible for three -mode beat frequency 

locking. In spite of the fact that the latter terms can be important, it 

is useful to consider the decoupled approximation, for it yields average 

value solutions in free - running operation (modes "dance" around the solutions 

in time), and is a useful first approximation in attacking mode - locked solu- 

tions. Furthermore the problem arises in its own right in other contexts 

such as in the two -mode Zeeman laser calculation (see Section 6 -2). 

The condition that the phase angles are zero implies v - v = v - v 
n u p Q 

which can be true only if vn = vu and vp = vQ, or vn = vp and vu = v6. Hence 

the only third -order terms which appear have products of the form EnEm2. 

Multiplying (2) by 2En and keeping only these terms, one has the intensity 

equations of motion 

Ìn = 2In(an Yenmlm)' 
m 

where the saturation coefficients 0nm are given in Table 2. 

(23) 
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For N -mode operation, the stationary solutions (171=0 for all n) are 

2N in number, for any one of the N modes can be zero or nonzero independently 

of the others. The physical (In > 0 for all n), stable stationary solutions 

can be determined by a generalization of the small vibrations analysis pre- 

sented for two -mode operation (see Sargent et al., to be published). The 

results of this analysis are (1) that modes with zero intensity for stable 

solutions have negative effective gains 

(s) 
a' an - 6nmIm 

m 
(24) 

and (2) the eigenvalues of the (truncated) matrix with elements -2In(s)8 
nm 

are negative. These conditions can be programmed for computer to yield sol- 

utions for any desired set of laser parameters. Some results are given later 

for useful cases (Sec. 6 -2). 

In the three -mode locking problem, we saw that locking occurs when 

. . 

En ')nupQ = 
(25) 

for which the four relative phase angles . nvpc could be written in terms of 

` 2123. 
In the N -mode problem, there are many more than four 

.nupa 
and they 

are not all equal to 
2123 

In fact, it can be shown that there are N - 2 

linearly independent relative phase angles which we take to have the form 

. _ (2v3. -v. -v. +2)t + 2.+1 - . - 
3+2 

. (26) 
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This might be surprising, for there are N O's. However, in general as in 

the three -mode problem,one phase angle is arbitrary and another is 

determined by choice of time origin. Mode locking determines only N -2 O's, 

e.g., one 0 for N =3. 

The condition for locking can thus be written 

Én = 11)j = 0, for n = 1, ... ,N; j = 1,...N-2. (27) 

The equations of motion for the 0j can be determined from appropriate 

combinations of the frequency determining equations (9). The condition 

Oj = 0 implies periodic oscillation, that is, 

v 
n 

= v 
q 

+ (n-g)o, for n,q = 1,...,N, (28) 

where Az (1 /2)c /L is the beat frequency between adjacent modes. In particular 

0j = 0 for all j implies 0n = 0q for all n,q = 1,...,N, that is at points in 

time spaced 27r /A apart, the phasors Enexp [ -i (vnt +On) ] add constructively and 

at other times destructively thus yielding a train of pulses. The case for 

which 4's opposite one another with respect to a center mode are alternately 

in and out of phase can be called FM locking. 

The problem of finding locked solutions reduces to that of determining 

the stable stationary solutions satisfying (27). This can be done for any 

desired set of laser parameters by using a Newton - Raphson numerical method. 

The locking of beat frequencies discussed so far resulted from "self - 

injected signals" generated by nonlinearities in the medium. It is also 
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possible to inject signals through the use of a polarization external to 
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the medium such as a device which varies the length or loss of the cavity 

at roughly the intermode frequency. These modulators cause each laser mode 

En to generate sidebands directly rather than by beating with other modes. 

The effects can be made substantially larger than those induced ordinarily 

in the medium and can control laser oscillation quite remarkably even forcing 

FM oscillation with amplitudes En very different from free - running values. 
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5. GAS LASER THEORY 

In the last two sections we considered a laser medium consisting 

of homogeneously broadened, stationary atoms. When the lasing atoms 

move as in a gas, they see an electric field with a Doppler shifted 

frequency. One might argue (incorrectly) that it is merely necessary to 

average the complex polarization Pn or the susceptibility Xn over the 

frequency range corresponding to the velocity distribution, that is, 

calculate a new Pn, for which 

00 

Pn(t) = f dw W(w)Pn(w,t) (1) 

and the frequency w = wo +Kv, where wo is the frequency at atomic line 

center, v is the component of velocity along the laser (z) axis and the 

frequency distribution is determined by a Maxwell- Boltzmann velocity 

distribution: 

W(w) = (iTTKu) 1exp[-(w-wo)2/(Ku)2] 

4-r (u) 1 exp[-(v/u)2], (2) 

with most probable speed u. The simple recipe (1) is, in fact, valid 

for an inhomogeneously broadened medium (different atoms have different 

line centers) consisting of stationary atoms such as ruby at low tem- 

peratures. However in the standing -wave laser, the atoms not only see 

Doppler shifted frequencies, but also move through the standing -wave 

electric field effectively seeing an amplitude modulated field. Equiv- 

alently, each atom sees two frequencies, for the standing wave field is 

the sum of oppositely directed running waves one of which appears 
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Doppler upshifted, one down -shifted. Hence one must consider both the 

frequency shift and the time z dependence when calculating the 

polarization of a gaseous medium. 

In Section 5 -1, we calculate the polarization of a gaseous laser 

medium subject to a single -mode electric field using the rate equation 

approximation along the lines followed for the stationary case 

(Section 3). The polarization is then inserted into the field self - 

consistency equations (3.11) and (3.12) to yield single -mode amplitude 

and frequency determining equations. It is shown that for suitable 

laser parameters, the steady -state solution to the amplitude equation 

exhibits a Lamb dip (intensity dips as cavity is tuned through atomic 

line center!). The notion of hole burning promoted by Bennett 

(1962) is used to provide a physical interpretation of the equations. 

In Section 5 -2, multimode phenomena predicted by perturbation theory 

are discussed in which the strong interaction between modes symmetrically 

placed with respect to line center play an important role. In Section 

5 -3, an outline of the single -mode strong signal theory due to Stenhold 

and Lamb (1969) is given and used to evaluate the validity of the rate 

equation and perturbation expansion approximations. 

5 -1 Polarization of a Doppler Broadened Medium 

The macroscopic polarization P(z,t) induced in a medium consisting 

of moving atoms is contributed to by all atoms regardless of their 

velocity or their places of excitation. Hence in forming P(z,t) 
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from the density matrix for a single atom, one must include integrals 

over the velocity distribution and excitation positions in addition to 

integration over states and times of excitation. Assuming collisions 

do not take place within the lifetime of an atom, the atom moves from its 

excitation position zo to a place z' where it interacts at time t' with 

the electric field. The two positions are related by 

z' = ZO + v(t' - t 
o 
), (3) 

where v is the z component of velocity. In adding up contributions 

from atoms excited at places zo, we require that at time t the atoms 

have moved to position z. This can be accomplished by integrating over 

a Dirac delta function d(z -zo -v t +vto). Specifically the macroscopic 

polarization is given by 

t L 

P(z,t) = f dv f dto f z0 aa(z0,t0,v) 
- cD a O0 O 

X pab(a,z0,t0,vt)d(z-zo-v t+vto) + c.c., (4) 

where Xa(z0,t0,v) is the number of atoms excited to the eigenstate la> 

at time to, position zo and with z component of velocity v. 

This can also be written more conveniently as 

00 

P(z,t) = f dv p (z,v,t) + c. c. , (5) 

-CO 
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where the population matrix 

C 
t L 

p(z,v,t) = G f dto f dzoaa(zo,to,v)p(a,zo,to,v,t) 
a co o 

X 6(z- zo- vt +vto). (6) 

The time dependence of this matrix occurs both explicitly in t and 

implicitly in z, for the atoms are moving. [fence the total derivative 

d/dt = a/at + va/@z (7) 
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must be used in the equation of motion for p(z,v,t). Taking this derivative 

of (6), one finds that the elements of this new population matrix have the 

same equations of motion as those ((3.31) - (3.33)) for the stationary 

ensemble (30) . 

The interaction Hamiltonian 

Vab(t') 
= 

-%'> E(t') expli(vt' + 0)1 U(z'), (8) 

where the intermediate position z' given by (3) is more conveniently 

referred to z: 

z' = z - v(t - t') . (9) 

Comparing (5) for P(z,t) with that (9) involving the complex polariza- 

tion component P(t), one finds 

L 

P(t) = 2rexp(ivt+i0 f dv 1.7 f dz U(z)p(z,v,t) 
-co 0 

(10) 
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We now solve the population matrix equations of motion (3.31) - (3.33) 

using the rate equation approximation. This approach is a first approxi- 

mation for the strong signal theory presented in Section 5 -3 and reveals 

much of the qualitative, if not quantitative, aspects of single -mode 

operation of a gas laser. 

The formal time integrals of (3.3)) for a single -mode field are 

Pab(z,v,t) = -ii (tp/t)E Cexp -i (vt+(pd f dt'U(z' ) 

x exp{- [iwV+Y] (t-t' ) ) (Paa-Pbb) 

in which we have assumed E(t) and cp(t) vary slowly in the time interval 

7 /y. The normal mode factor can be written 

U(z') = sin[Kz- Kv(t -t' )] 

= sinKz cos [Kv(t_t')] - cosKz sin [Kv(t_tt)]. 

Assuming the velocity distribution population difference 

Paa Pbb 
are even in v, the term with [sin Kv(t -t') ] averages to zero 

in the velocity integration and can be neglected. Further making the 

rate equation approximation that is, assuming the population difference 

is slowly varying in a time ii /y, we factor the difference outside the 

time integral to obtain 

Pab(z,v,t) = -1/4i(w)/11)E expLi(vt+4))1 U(z)(Paa-Pbb) 

x [V(w-v+Kv) + D(w-v-Kv)1. (12) 



5. Gas Laser Theory 

Substituting pab and its complex conjugate into the equation of 

motion given by (3.31) for the population paa, one obtains the rate 

equation 

paa = -Yapaa + X R(paa pbb)' 

where the rate constant 

R(v) = (sp E/6)2 y-2 [L(wvKv) + L(w- v +Kv)1 . 

(13) 

(14) 
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Here we have replaced U2(z) by its average value h that corresponds more 

closely to the field that rapidly moving atoms experience. One might hope 

to obtain a steady state solution for the population difference. Unlike 

the stationary atom case, such a solution is at best approximate here, for 

the atoms see two frequencies vn ±Kv that beat together causing population 

pulsations much like those for two -mode operation. These pulsations do not 

appear in the macroscopic polarization because of the velocity integral, but 

their presence modifies the final result. We will see precisely how the 

pulsations can be treated in the strong signal theory (Sec. 5 -3). In spite 

of their presence, it is instructive to solve for a steady state: 

N(z,v,t) 
paa PIA) b 1+R(v)/Rs' 

(15) 

where the population difference in the absence of field oscillation 

N(z,v,t) = Xa(z,v,t)Ya 1 - yz,v,t)Yb 1. (16) 
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We will assume an excitation mechanism described by 

N(z,v,t) = W(v)N(z,t) = W(v)[Aa(z,t)ya -1 - Ab(z,t)yb -1] (17) 

where W(v) is given by Eq. (2). 

For appreciable values of R(v), the population difference, Eq. (15), 

is reduced below the zero -field value N(z,v,t). As we noted in Sec. 3 -3, 

static atoms at the modes of the field do not interact with the field while 

atoms at the antimodes interact strongly. This leads to spatial holes. 

In the present case (moving atoms) these spatial holes should washout for 

atoms with non -zero z components of velocity as the z dependence of R be- 

comes less marked. In addition to the spatial holes we also find holes 

burned in the plot of 
paa pbb vs 

v, i.e., in the Doppler line. To under- 

stand these holes, note that one of the Lorentzians in Eq. (14) becomes 

large when the detuning w -v = ±Kv. Furthermore we see that for a single 

laser mode with frequency y, two holes are burned, one centered about atoms 

with velocity v and one about -v as depicted in Fig. 1Sa. Physically, an 

atom interacts strongly with an electric field which appears resonant in 

the atom's rest frame. The standing wave electric field 

-1-2-E exp [_i(vnt+n)1 sinKnz + c. c. 

= -iáE {exp [i(vt+ Kz) ] - exp [i(vt+ +Kz 
1 

} + c. c. (18) 

that is, the sum of two oppositely directed running waves. For v >w, 

an atom moving along the z axis sees the first of the running waves in 
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"stretched out" or Doppler downshifted as shown in Fig. 15b. If the 

resonant frequency in its rest frame is given by 

w = y(1-Ivi/c), (19) 

i! 

the atom interacts strongly. Similarly an atom moving with velocity -v 

sees the second traveling wave downshifted and interacts strongly if 

the atom with velocity v did. Hence for a standing wave (18), two holes 

are burned centered about atoms whose speeds Ivi satisfy (19). The 

holes, i.e., lack of population difference, represent atoms which have 

made induced transitions to the lower state. Hence the area of the 

holes gives a measure of the power in the laser. As we will discuss 

further below, for central tuning (v = w), the laser intensity is driven 

by a single hole because the two holes for v and -v coincide (v = 0 = -v). 

The area of this single hole can be less than that for the two holes 

contributing to detuned oscillation provided the Doppler width and 

excitation are sufficiently large. This results in a dip in the laser 

intensity as the cavity is tuned through line center. This tuning dip 

is called the Lamb dip after W. E. Lamb, Jr. who predicted its occur- 

rence on purely theoretical grounds (see Lamb (1964)). 

One can solve for the intensity (see Appendix B) by combining the 

population difference of (15) and the polarization of (12) and (10) with 

the self - consistency equation (3.11). One finds in the "Doppler limit" 

for which y «Ku, 
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Fig. 15. (a) Gráph of saturated population difference paa -pbb vs z component of velocity for a 
zero field Maxwellian velocity distribution. The formula used is Eq. (15). Drawing depicts holes 
burned into population difference by the electric field intensity. 

(b) Drawing showing how a traveling wave with oscillation frequency v appears Doppler 
downshifted to an atom moving the same direction as the running wave and upshifted to one 
moving the opposite direction. 
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1 -N-1 exp[(w-v)2/(Ku)2) 

[(v YaYb'ff2)1 [l+Lv)] (20) 

N = Ñ/ÑT. (21) 

Here we see that if the ratio of the decay rate y to the Doppler width Ku 

and the relative excitation N are large enough (often N = 1.1 is suf- 

ficient) the tuning dependence of the numerator is less marked than 

that of the Lorentzian in the denominator and a dip in intensity occurs 

as the cavity is tuned through line center. A number of intensity 

tuning profiles are drawn in Fig. 16 in the Doppler limit approximations 

used in obtaining(20). More quantitatively, a dip is observed provided 

N > 1 + 2[y/ (Ku)12 , (22) 

a relation one can verify by setting [82I /dv2] < 0. 
v =w 

n 

As explained earlier, the dip is due to the merging of the two velocity 

ensembles which contribute to the laser gain. The merging has mathematical 

representation in the Lorentzian in (20). In fact if we had used a single 

running wave 

E(z,t) = IlE(t) exp [_i(t+ -Kz)1 + c.c. (23) 

in our analysis (as found sometimes in a ring laser operation, see 

Section 6 -1) we would have obtained (20) without the Lorentzian. The 
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Fig. 16. Single -mode intensity 

half -width at 1/e point of Ku = 

excitations N = 1.2, 1.15, 1.10 

the Doppler limit y/(Ku)«1 has 

(arbitrary units) vs detuning for Doppler 

1010MHz, decay rate y = 80MHz, and relative 

, 1.05, 1.01. Eq. (20) was used and hence 

been assumed. (From Royce and Sargent, 1970) 



5. Gas Laser Theory 73 

intensity (20) is the same as that derived originally by Lamb using third - 

order perturbation theory. 

The intensity can be calculated without the Doppler limit. However, 

only for y/ (Ku) ti 1 does one notice appreciable deviation from the 

Doppler limit. This result is particularly felicitous, for it justifies 

using the relatively inexpensive Doppler limit in most numerical calcu- 

lations involving, for example, the He -Ne laser. One must remember, 

however, that the third -order expansion we have used departs badly from 

the exact results for relative excitations much larger than 1.2. A 

remarkably good alternative to this theory is the evaluation of the 

velocity integral for the complex polarization (or its imaginary part 

if only the amplitude is of interest) in (10) numerically. We will 

come back to this in Section 5 -3, and turn now to a discussion of 

multimode operation predicted by perturbation theory. 

5 -2 Multimode Phenomena 

Carrying out a perturbation theory calculation similar to that 

outlined for'stationary homogeneously broadened atoms in Section 4, one 

finds the same amplitude and frequency determining equations (4.1) and 

(4.3) with new coéfficients given in Table 4. There the Doppler limit 

has been used, although the general case has been calculated (Sargent 

et al., to be published) and programmed for computer. In the remainder of 

this section, we give some results for two, three and ten -mode operation. 
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TABLE 4 

Coefficient Physical Context 

an = exp [- (w-vn) L/ (Ku) L] F1-iv/Qn 

ßn = [1 + L(w-vn)]F3 

E 

an = -2exp(-2) fo dx exp(x2)F1, E = 

= [(w-vn)/Y] L(w-vn)F3 

e12= e21= [1 + L (za)]F3 

-w 

Ku 

+ %(1/22P/h)21[(YaY) 2La(0)L(zo) 

x (YaY-1/2A2)12 (N2/N+1)]F1 + 

nuPß = ái (?/i) 2 [/) a(vp-vQ) + Db (vp-v6)] 

x[N D(w 
Zvu 

lzvp-vQ)11 
D(vu zvó+vp)]F1 

Lx (Ow) = Yx2/ [Yx2+ (Aw) 2] 

Dx(Aw) = [y + 

F1 = 12vn [f2/ (ftcoKu) ] Ñ 

F3 = 140-WW2 (Ya 1 
+ Yb 1)Y 1F1 

linear net gain 

self saturation 

linear mode pulling 

self -pushing 

cross -saturation (A= v2 -v1) 

general saturation term 

dimensionless Lorentzian 

complex frequency denominator 

first order Factor 

third order Factor 

Coefficients appearing in amplitude and frequency determining equations (4.2) and 

(4.3) for medium with rapidly moving atoms (Doppler width Ku » decay rate y). 
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The solutions to the two -mode intensity equations (4.6 ) and (4.9 ) 

have been discussed in Section 4 -1 for arbitrary coefficients and hence 

that analysis applies here. Fig. 17 gives a graph of two -mode intensi- 

ties versus tuning. There it is apparent that when the two modes are 

placed symmetrically with respect to line center they interact quite 

strongly. A small displacement about this symmetric tuning results in 

one mode quenching the other. The interaction results from the fact 

that each mode is amplified by a pair of velocity groups v = ±(w -vn) /K 

(see discussion in Section 5 -1), and for symmetric tuning, the pair 

for one mode coincides with that for the other. One can understand 

this quantitatively by evaluating the cross -saturation coefficients 

for two modes differing by A in frequency and placed symmetrically 

with respect to line center as given in Table 4. 

We see that the first line for 612 

the degree of coupling is determined by 

is equal to ßl and 52. Hence 

and Ili ró of 9f2. 
the second, ines n ablcf This 

second line is usually negative, for ordinarily the squared beat 

frequency A2 > 2yay and the excitation Ñ > -N2. Provided these condi- 

tions are satisfied, the coupling constant C = 812621(ßlß2) 1 < 1 and 

the coupling is weak (see Section 3 -2). However, for long cavities the 

intermode spacing can become small enough so that A2 < 2yay. Alter- 

natively, N2 can be made less than -Ñ by choosing N(z) > 0 in the 

middle of the cavity and N(z) < 0 in the ends, (see Fig. 13). In either 

case, the coupling constant C becomes greater than unity, that is, 
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Fig. 17. Graphs of two mode intensities vs detuning of the lower 

frequency mode (solid Zine). Corresponding detuning for the higher 

frequency mode is given by Av + 450.0MHz. The Doppler width constant 

Ku= 1010MHz, the decay rates y = 100MHz, y 20MHz and yb= 40MHz, the mode 

spacing is 450MHz and the relative excitation N =1.2. 
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strong coupling occurs. As discussed in Section 4 -1, this can lead to 

bistable operation. It is interesting to note that this strong inter- 

action does not occur in a ring laser supporting two running wave modes 

traveling in the same direction and symmetrically tuned, for these modes 

are amplified principally by different atomic velocity classes. 

In Section 4 -2, a discussion of the locking between beat frequen- 

cies for three -mode operation was given. Following a general formula- 

tion of the problem, we obtained the result that for stationary atoms 

the two beat frequencies did in fact lock together for symmetric tuning, 

that is, when the second mode was tuned close to line center. The same 

situation occurs here for the gas medium although there are quantita- 

tive differences (see Sargent (1969)). 

In Fig. 18 the three -mode intensities are graphed as the cavity 

tuning is varied. Because of mode coupling particularly between El and 

E3, only two modes oscillate over the major portion of the frequency 

scan. In the region for which mode two is within 13MHz of line center, 

all three modes oscillate and the outer modes cross over much as they 

did for two -mode operation. In a region for which mode two is within 

6MHz from line center, mode locking takes place and the difference 

between beat frequencies vanishes. It is interesting to note that the 

outer intensities differ by more than a multiplicative factor of three 

at the edge of the locking region, and it is not surprising that our 

assumption that the a term vanish becomes invalid. Experimental 
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Fig. 18. Graph of three mode intensities vs. cavity tuning. The abcissa 

values are the detuning values for the center mode (dashed Zine). Those 

for the first (solid line) and third (dashed- dotted) modes are given by 

subtracting and adding the mode spacing 214 MHz respectively. Laser 

parameters used are Ku = 1010MHz, 
1a 

= 15.5MHz, 
yb 

= 41.0MHz, y = 128MHz, 

N = 1.2, NN2 = 0.78, NN4 = -0.042. 
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studies by W. J. Tomlinson III (unpublished) of three -mode operation indicate 

that the locking region is often considerably displaced from that given 

here presumably due to pressure effects which we have ignored in our 

analysis or to frequency dependence of the cavity Q. Because of the 

intricate interaction of modes, three -mode operation might be very 

sensitive to such omissions. A similar situation occurs in the Zeeman 

laser problem, where a small pressure effect is responsible for chang- 

ing slightly weak coupled competition into strong coupled and hence for 

creating a dramatic change in the laser output (see Wang and Tomlinson 

(1969)). 

The general multimode problem can be treated as discussed in 

Section 4 -3. One result from such analysis is that in free - running 

operation, the mode pattern can be asymmetric with respect to line 

center and bistable, that is, more modes oscillate on one side of line 

center than on the other. It is tempting to attribute this asymmetry 

to the strong interaction between modes symmetrically placed with 

respect to line center as discussed above for two -mode operation. The 

fact that the asymmetry disappears when only one running wave oscillates 

(as in a ring laser so constrained) confirms this conclusion. 
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5 -3. Strong Signal Theory 

The perturbational approach described in previous sections has much 

to commend it. Explicit expressions for the mode amplitude and frequencies 

are obtained and operation near threshold is quite accurate provided effects 

neglected in the analysis, such as atomic collisions, do not become too 

important. Nevertheless, lasers are often operated far above threshold in 

regions where the third -order (and higher- order) theory fails not only 

quantitatively, but qualitatively as well. At high intensities, the atomic 

line may become sufficiently power broadened to mask out the Doppler broad- 

ening. Collisions, too, broaden the line and reduce the influence of 

Doppler effects. In either case, the atoms may become essentially homo- 

geneously broadened and thereby describable (for single mode operation) by 

the rate equation treatment of Sec. 3. In general, Doppler broadening is 

important in gas lasers and consequently it is worth investigating a more 

exact treatment even at the expense of transcendental solutions which can 

offer understanding only through numerical analysis. Such an approach is 

quite feasible for the single -mode gas laser and amounts to an expansion 

about steady state operation as distinguished from the perturbational ex- 

pansion about threshold. In this section, we examine such a theory first 

proposed by Lax (1968) and subsequently carried out by Stenholm and Lamb 

(1969) and by Feld and Feldman (1969). The lowest order approximation of this 

theory is just the rate equation approximation given earlier. In our discus- 

sion, we evaluate both the series (e.g., third -order) and rate equation 

approximations. 

The germ of the strong signal calculation is the expansions of the popula- 

tion difference and the in quadrature contribution to the polarization in Fourier 
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series with terms exp(niKz). The coefficients of the expansions can then 

be determined in terms of the continued fraction (Russian "f" for 

"fraction "). The primary result of the theory is the equation 

00 

N 1 = 2Ku[YabZi (Y) ] 1 f dv W(v) t (v,w-v,I) 
O 

x [1 + I cp(v,w-v,I)] 1 
(24) 

where Z.(y) is the imaginary part of the plasma dispersion function. 

Equation (114) determines the electric field intensity I only 

implicitly as contrasted with the third -order treatment which resulted 

in the explicit equation (20). Nevertheless, it is quite amenable to 

numerical analysis to which we turn now. 

It is possible to determine the intensity I predicted by (24) given 

values of the relative excitation N and detuning w -v by using the Newton - 

Raphson numerical method. Provided one wants several curves of intensity 

vs detuning as in Fig. 16, it is more efficient of computing time to 

calculate the relative excitation from (24) for various values of the 

intensity and detuning and then to construct the tuning curves using 

linear interpolation. In this fashion, the curves in Fig, 19 were determined, 

The Lamb dip is present in each curve. 

In Fig. 20, the rate equation and third -order series expansions are 

compared to the continued fraction theory. One sees that the third -order 

theory acquires appreciable error for relative excitation as low as 1.1, 

whereas the rate equation theory remains reasonably accurate. In Fig. 21, 
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Fig. 19. Intensity vs detuning curves for several values of relative excitation. 
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Fig.20. Graph of laser output intensity for central tuning (i.(..0) as a function of relative 
excitation N . Solid line gives exact calculation using continued fraction; dashed line gives 
third -order result, and crosses give values for the rate equation approximation (one term in 

continued fraction). The rate equation values are seen to be in good agreement with the exact 
valves, while the third -order results differ appreciably for relative excitations as low as 1.1. 

(From Stenholm and Lamb (1969) with permission.) 
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the rate equation theory is compared for considerably larger relative 

excitation, for which it continues to be remarkably accurate. 

The exact theory is useful for predicting the velocity dependence 

of the population difference D(z,v,t). For zero v, spatial holes are 

burned in accordance with the theory presented in Section 3C (see text 

paragraph following (3.43)). For non -zero v, the z dependence grad- 

ually washes out, for the atoms move through more and more standing 

waves of the field, a fact which helps to justify the replacement of 

U (z) by its average value z in the rate constant of (14)). 
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Fig. 21. Laser output intensity I at resonance W= v and for IW- PI =' %Ku, as a function of 
relative excitation A/ for large values of N . The results of the rate equation approximation are 
shown (broken line), and for the tuned laser W = v they deviate appreciably from the exact 
results only for intensities larger than I =10 (with N larger than 3.5), whereas for the detuned 
laser the rate equation approximation gives a good approximation even for the largest intensities 
considered. The result of the third -order theory would have an asymptote at I =2.0 when N goes 
to infinity. (From Stenholm and Lamb (1969) with permission.) 
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6. EXTENSIONS OF SEMICLASSICAL THEORY 

In this section we consider the ring and Zeeman lasers. The ring 

laser requires an extension of the previous theory *in which both sines 

and cosines can be normal modes of the cavity, for although the electric 

field must be periodic, the mirrors do not cause the field to be zero. 

As shown in Section 6 -1, it is convenient to use an alternative mode 

form consisting of oppositely directed running waves. In the standing 

wave laser considered up to now, there were for each mode two such 

running waves having equal amplitudes, frequencies and phases and 

opposite direction (see Eq. (5 -18)). In the ring laser, the amplitudes, 

frequencies and phases can be different due to, for example, rotation 

of the cavity or anisotropic losses. In this section, the locking of 

the frequencies of the two running waves is considered in addition to 

the general formulation of the ring laser. Both the two mode analysis 

of Section 4 -1 and the locking theory of Section 4 -2 are used in this 

study. 

In the ring laser and earlier treatments we have continued to assume 

two level atoms and a scalar electric field. In Section 6-2 we consider 

a more realistic model in which the atoms have many levels and the field 

is vectorial with two transverse degrees of freedom. It is shown that 

cavity anisotropy and the atomic angular momenta of the laser levels 

play important roles in determining the polarization of the electric 

field. Operation in the presence of an axial magnetic field is also 

*Much of the published theory to date has been completed by Aronowitz (see 

Aronowitz (1969)). We include here results from an independent calculation 
which differs from his work and emphasizes the relationship between the ring 
and Zeeman lasers. See also Zeigler and Fradkin (1966). 
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considered. In a fashion parallel to the use of running waves in place 

of standing waves in the ring laser problem, it is found that an 

orthogonal circular polarization decomposition of the electric field 

is more satisfactory than a Cartesian coordinate. The analogy between 

ring and Zeeman laser treatments carries further, for standing wave 

cavity anisotropies cause the oppositely directed running waves to 

lock, and an x -y Q anistropy causes the orthogonal circular polariza- 

tions to lock. The Zeeman theory is used finally to evaluate the two 

level atom, scalar field model which is found to be excellent for 

Brewster window lasers with J =1 *--- J =2 transitions (characteristic 

of most Ile -Ne lasers) but less satisfactory or inadequate for more 

isotropic cavities and J =1 H J =0 or J =2 media. 

6 -1. The Ring Laser 

A ring laser has a cavity with three or more reflectors such as 

that shown in Fig. 22 arranged so that a running wave can travel in 

one direction about an axis normal to the plane of the reflectors. 

With such a configuration, the electric field must be spatially 

periodic in the round trip length L' of the ring, but the reflectors 

do not require that the field vanish at their surfaces as they do 

approximately in the two mirror, standing wave cavity. Hence the 

electric field can consist of a superposition of sines and cosines: 

E (z, t) = [Ecn (t) cos (vcnt + (I) cn) cos (Kcnz) 

n 

+ Esn (t) cos (vsnt 
+ 

cl) 

sn) 
sin (Ksnz) ] , (1) 



d 6. Extensions of Semiclassical Theory 

where the amplitudes Ecn and Esn and the phases () 

cn 
and 

ssn 
are slowly 

varying functions of time and the wave numbers are related to passive 

cavity frequencies according to Kcn= 2n7r /L= S2cn /c and Ksn= 2nrr /L= S2sn /c. 

Given anisotropic losses or phase shifts, these simple relationships 

may be replaced by more complicated formulas. 

In many problems of interest such as a rotating ring laser, a more 

convenient representation of the field is the superposition of oppositely 

directed running waves 

E(z,t) = zY {E +n(t) exp[-i(v +nt +4)+n- K +nz)] 
n 

+ E -n (t) 
exp 

[_i (v- nt 
+4) -n 

+K -nz) ] } + c. c. (2) 

The amplitudes and phases are again assumed to be slowly varying. The 

wave numbers for oppositely directed waves and identical n can differ 

notably for a rotating cavity, for the round trip length of one direc- 

tion differs from that for the opposite direction. Accordingly the 

passive cavity eigenfrequencies S2 +n #0 -n' 

For simplicity, we consider "single" mode operation for which the 

electric field 

E(z,t) = % {E+ exp [ -i (v +t +4+ 
-K +z) ] + E_ exp [ -i (v_t +4)_ +K_ z) ] } + c.c., 

(3) 

and the induced polarization 

P(z,t) = ?{y°+ (t) exp [-i (v+t+cp+-K+z) ] + y° exp [-i (v_t+q) _+K-z) ] }+ c. c. 

(4) 
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4/ reflectors 

Fig . 22. Diagram of possible ring laser cavity with three mirrors. 

The round trip length is given by L. 
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Fig. 23. Intensities vs (average) detuning for oppositely directed 

running waves in a ring Zaser. The parameters Ku= 101OMI -Iz, y= 128MHz, 

ya= 15.5MIiz, yb= 41.0MIiz and the frequency splitting due to cavity 

rotation is 15MHz. 
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In a fashion similar to that in Section 3 -1, here allowing for a rotating 

frame, one finds the self - consistency equations 

+ 1/2(v/(+) E = -Z(v/co) Im(n ) (5) 

v+ + (1)+ = SZ+ - i (v/co) E+-1 Re (i°+) (6) 

and similar equations in which the + is replaced by - for the oppositely 

directed running wave. 

In general for moving atoms, the polarization is again given by 

(5.5), but the complex polarization involves different mode projections 

(compare with (5.10)) 

L 

y°+ = 2 go exp [i (v+t++) ] 1 
f dz exp (-iK+z) f dv pab (z ,v ,t) (7) 

o - 
and a similar expression for r in which exp (iK z) appears. Completing 

the calculation using perturbation theory as outlined in Section 4, one 

finds the amplitude and frequency determining equations 

3 2 E+ = a+E+ - ß+E+ -e 

2 v+ + + =0 +o+ -p+E+ -T+-E- , 

and similar equations for E and y in which the + and - of (8) and 

(9) are interchanged. The coefficients are given in Table 5. 

The amplitude equation (8) and its companion for E are just those 

for two mode operation described in Section 4 -1. The values of the 
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TABLE 5 

Coefficient Physical Context 

a+ = exp [- (w-v+) 2/ (Ku) 2 ] F1- Zv/Q+ 

ß+ 
= ß _ 

= 1,2 (10/h)2 
(Ya 1+Yb 1)Y 1F1 

= e+_ = s+ L (w-vo) 

x2 

Q+ _ -2e jodxe F1, =(v+-(.0)/(Ku) 

p+ = p = 0 

T = T = ß+ [(w-vo)/Y] L(w-vo) 

L (w-vo) = Y2/ [Y2 (w-vo) 2] 

vo = i(v+ + v-) 

F1 = 2 (fiKueo) 1 

linear net gain 

self- saturation 

cross -saturation 

mode pulling 

mode (self) pushing 

cross pushing 

dimensionless Lorentzian 

average frequency 

first -order factor 

Ring laser coefficients (for gas laser) in amplitude and frequency determining equations 

(8) and (9). The Doppler limit y « Ku has been assumed. Corresponding coefficients foi 

the homogeneously broadened laser are easily derived. 



6. Extensions of Semiclassical Theory !3 

steady -state intensities I -E +2 depend critically on the coupling para- 

meter C =e +_e_+ /(ß +ß-) given by (see Table 5) 

C = 1.2(w-v0). (10) 

This is less than unity except for central tuning of both modes 

(v =v_ =w), and falls off sharply for detuned operation. This indicates 

that except in the region near central tuning, the coupling is weak and 

the two running waves oscillate nearly independent of one another. This 

behavior is illustrated in Fig. 23 for typical gas laser parameters. 

As we have solved the problem, there is no locking of the running 

wave frequencies, for no coupling terms with the relative phase angle 

V)= (v+- v_)t+4)+-4)_ (11) 

appear. Such a phase angle was responsible for the locking of beat fre- 

quencies in the three -mode standing wave laser. We have neglected, however 

the coupling introduced by back scattering from the mirrors and by the 

local mirror losses (see Aronowitz and Collins (1966) and Aronowitz (1970)). 

The back scattering reflects part of a running wave into the direction 

of the oppositely directed running wave and contributes to the latter 

with the phase factor exp ( ±iiy) . The mirror losses are probably even 

more effective in coupling the running waves. For simplicity, suppose 

the mirror losses occur at a given point. A standing wave with mode 

at that point experiences less loss and consequently has higher net 
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gain than a mode with appreciable amplitude at the point. Inasmuch as 

a standing wave is a sum of the two running waves with equal frequencies, 

the point loss tends to lock the running waves frequencies. 

Mathematically, the coupling due to either mechanism enters the self - 

consistency equations as follows: 

E + z(v/Q+) + Im[ig+-expildE= -Z(v/eo)Im(jp+) (12) 

+ 3+ + Re[ig+_expiti](E-/E+) = 0+ - ?(v/eo)Re(y+)/E+ (13) 

with similar equations for E and v , where the (real) conductivity 

g+- - g-+ (14) 

represents the loss coupling. If phase shifts are incurred as well, a 

complex g can be used. Considering (13) and the counterpart for y_, 

one can derive with polarization given in (9) and the counterpart for 

y the equation of motion for the relative phase angle tp (11) 

= v + - v- -- = a + bsinty, (15) 

where the "constants" (they depend on the amplitudes which may vary in 

time) 

a = + -S2_ + a+ -Q_ -(p+ -T _+)E+2 - (T -p_)E_2 (16) 

b = g+_I(E_/E+) + (E+/E_)] (17) 
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For small frequency splitting (c2 +. Q -) and near central tuning, the 

constant a approaches zero much as the corresponding constant for the 

three -mode standing wave laser approaches zero as the central mode is 

tuned close to line center. When the magnitude of a becomes smaller 

than that of b, the frequencies lock as discussed in the three -mode 

problem. Here, the frequencies of oppositely directed running waves 

lock to the same value, while in the three -mode problem, the beat 

frequency between the first and second mode locks with that between the 

second and third modes. As we will see in Section 6 -2, the right and 

left circularly polarized components of a vector electric field lock to 

the same frequency because of an x -y Q anisotropy in a fashion entirely 

analogous to that considered here. It is this locking phenomenon which 

prevents the ring laser from being a useful gyroscope for as soon as 

rotation rates approaching the limits of detection by mechanical gyro- 

scopes are encountered, the running waves lock and their beat frequency, 

roughly proportional to the rotation rate, vanishes. 
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6 -2. The Zeeman Laser 

Up to this point we have assumed the electric field is scalar, that 

is, polarized invariably in some particular direction, and that the 

medium responds along this direction. This is often a good approximation, 

but in general a more realistic assumption is that the field is vectorial 

with two transverse degrees of freedom. A particularly convenient choice 

of representation is that with circularly polarized components: 

É(z,t) = Zjc E +(t) eXP[- i(v +t +cp+)l + ê_E_(t) exp[- i(v_t +q)_)l U(z) }+ c.c., 

(18) 

where the complex circularly polarized unit vectors e+ = 2 2(i + ij). 

A related generalization of the previous theory is the inclusion of cavity 

anisotropy, e.g., different losses for different polarizations. A strong 

anisotropy favoring one linear polarization over another consists of the 

Brewster window. Similarly, different polarizations may see different 

cavity lengths. 

Proceeding in a fashion quite similar to that in Section 3 -1, one 

obtains the same self- consistency equations (5) and (6) for the circularly 

polarized amplitudes, phases and frequencies as obtained earlier for the 

ring laser running wave components. Physically, of course, the equations 

are quite different, for in one set scalar running waves are involved while 

in the other, polarizations of a single standing wave. 
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We have further assumed that the amplifying medium consists of two - 

level systems, with no field polarization preference. Real atoms have states 

with angular momenta and magnetic sublevels that contribute to transitions 

with quite definite polarization properties. A better atomic model consists 

of a system with 2Ja +1 upper states InaJaa') , where Ja is the angular mo- 

mentum of the upper state, a' is the magnetic quantum number labeling a 

given sublevel, and na represents other quantum numbers. Similarly the 

system contains 2Jb + 1 lower states InbJbb') (see Fig. 28). Hence the 

calculation for the polarization of the medium involves matrices with rank 

2(Ja + Jb +1) instead of 2. In the development, it is easy to include 

Zeeman splitting of the magnetic sublevels by defining, for example, wa, _ 

wa + uBHgaa' /K, where alwa is the zero -field energy of the upper states, uB 

is the Bohr magneton, H is the applied magnetic strength and ga is the 

Landé g factor for the upper states. Because the calculation is fairly 

complicated, we refer the reader to the works by Sargent et al. (1967a,b) 

for details* and turn now to a discussion of some results. 

For the interesting special case of an axial magnetic field, one ob- 

tains the same amplitude and frequency determining equations, Eqs. (8) and 

(9), encountered with the ring laser, here with sample coefficients defined 

in Table 6. The simple form results from electric dipole selection rules 

which require that E+ cause transitions for which a' -b' = +1 and E cause 

those for a'-b'=-1. The two -mode analysis of Section 4 -1 applies as for 

the ring laser, and yields some surprising results. Specifically, the 

*These references contain a discussion of other work, notably that by Fork 

and Sargent (196S), Heer and Graft (1965), D'Yakonov and Perel (1966), 

D'Yakonov and Fridrikov (1966) , Culshaw and Kannelaud (1966, 1967) , 

Durand (1966) , Van fiaeringen (1967) and Doyle and White (1966) . 
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Ja= 
I 

.00 
.00 

wat b' 

a'= I 

V= 2 

Jb= 2 

Fig. 24. Possible ZeveZ diagram showing how levels a and b might 

be split into 2Ja +1 =3 and 2Jb +1 =5 sub Zeve Zs respective Zy by an 

applied dc magnetic field. Here Ja and Jb are the total angular 

momenta of the levels a and b; a' and b' are corresponding magnetic 

quantum numbers; wab is the zero field optical frequency between 

levels a and b and wa'b' is a representative optical frequency in 

the presence of a magnetic field. 
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TABLE 6 

99 

COEFFICIENT PHYSICAL CONTEXT 

a+ = exp [- (w+b v+) 2/ (Ku) 2 ] Fl - 'zv/Q+ 

= (Ya l+Yb 1)[1+L(w+b-v+)]F3 

linear net gain 

self- saturation 

e +_ = Yb 1 [L (6) +L (wo -vo) ] F3 

+ Ya 1 L(26) [L(6) [1- 262(YaY) 1] 

+ L(w +b-v +) [1 -26 (w -v+) (Yay) 
1]]F3 

cross saturation 

2 

v+ = -2 exp(- 2) f0 dx exp (x2) F1 linear pulling 

p+ = (Ya 1 +Yb 1)[(1.4+b- 
v+) /Y]L(1.+b -v +)F3 self pushing 

T+- = { (YbY) 161" (6)+(w0-v0)L (w0-v0) 

+Y 1L (2d ) [L ( d) d (2Ya l+Y 1) 

+ L(w+b-v+) [26/Ya+(w+b-v+)/Y] }F3 

146,0 = Yx 2/ [ 2+ ( 4 52) 2] 

F1 = ivlW ?, 2Ñ(fiKu co) - 
1 

F3 = á(i !l/N) 2Y- 1F1 

cross pushing 

dimensionless Lorentzian 

first order factor 

third order factor 

Coefficients for a gas laser in Doppler 
limit (Ku » y) with a J =1-<-+J =0 

transition according to Zeeman laser 
theory of Section 6 -2. More general J 

values involve summations over sublevels. 
See Sargent et al. (1967b). 

Additional definitions are: 

w is the atomic resonance frequency for the E+ transition; 

vo = %(v +v_); wo = i(w +b +w -b); 6 = UBHg /11- 1/2(v +-v_),uBHg /h, 
i.e., the 

Zeeman shift. 
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coupling parameter C= e 
+- 

e- 
+ 
/(v-) depends markedly on both the angular 

momenta of the medium and on the magnetic field strength as is depicted in 

Fig. 25. Thus for zero magnetic field, the J = J = 2 medium is strong 

coupled (Cil) and only one circular polarization oscillates at a given time 

in bistable fashion. The J = 1 J = 0 transition is neutral coupled 

(C =1) leading to a variety of possible amplitudes, and the J = 14-4- J = 2 

transition (characteristic of the 6328X line in Ne) is weak coupled 

(C <1), allowing both circular polarizations to oscillate simultaneously. 

In all cases, the coupling decreases as the magnetic field strength is 

increased, for two running waves of opposite polarization travelling in the 

same direction cease to interact with atoms in the same velocity range. 

In Fig. 26 intensity vs detuning curves are given for J = 14-4- J = O 

and J = 1 J = 2 transitions *. Due to the small coupling, the J = 1 J = 2 

transition results in intensities which oscillate almost independently each 

with its own Lamb dip structure. The J = 1 4-4- J = O transition, however, 

has relatively stronger coupling and features tuning regions for which 

one polarization inhibits the oscillation of the other. Note this is not 

strong coupling, for it is not bistable operation; regardless of the way 

in which a given tuning is reached, there is one and only one possible set 

of intensities. 

*These curves and others to follow agree quite well with corresponding experi- 
mental curves for the He -Ne laser given by Tomlinson and Fork (1967). One 
difference occurs for the J =1 H J =0 transition for zero magnetic field; here 
the theory predicts the borderline case of neutral coupling (C =1) , whereas 
experimentally strong coupling is observed due to pressure effects neglected 
in our analysis (see Wang et al. (1969)). 
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-20 -10 o 
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Fig. 25. The coupling parameter C =e +B_ +l(ß+ß_) is plotted vs axial magnetic field in gauss 
under central tuning for (in order of decreasing coupling) J= 2 -kiJ =2, 0-,+1, 1H2. The other laser 
parameters are 7a =18 MHz, 7b =40 MHz, 7=29 MHz, Ku =1010 MHz,± =1.20, ga= gb= 1.295, 
S?+ =12 and Q + =Q_ . The dashed line for C =1 represents neutral coupling and divides the graph 
into a strong- coupling region (C>1) and a weak- coupling region (C<1). (From Sargent et al., 
1967b.) 
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Fig.26. Intensities I+ (dashed line), L (solid line) vs cavity detuning in MHz for 

(a) OH1 transition, 

(b) a 1 *2 transition, and axial field of 1 G and other parameters the same as in Fig. 25 the 
intensities are given in arbitrary units. (From Sargent et al., 1967b.) 
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In contrast, the intensity - detuning dependence for the J =2 <--> J =2 

transition is given by a simple single -mode Lamb dip curve for the 

polarization which happens to oscillate. This is due to the fact that 

polarizations are strong coupled (either may go depending on past 

history). 

The intensity dependence on magnetic field also features dip 

behavior which for central tuning is somewhat deeper than the Lamb 

dip. The intensities for this case are equal and given by 

= (a/ß)/ [1+iff] . (19) 

The "magnetic tuning" dip results both from the quasi - Lorentzian depen- 

103 

dence of V (see Fig. 25) and from a "Lamb dip" in the factor a/ß. This 

second contribution differs from the ordinary Lamb dip in that the atomic 

gain is shifted by the magnetic field relative to a fixed cavity frequency 

rather than that frequency being shifted by changing cavity length rela- 

tive to fixed gain curves. 

The beat frequency (v -v -) dependence on magnetic field exhibits 

an initial (".zero field) variation opposite to the Zeeman splitting 

w -w -, and an ultimate slope several orders of magnitude less than that 

for v -v . The initial variation is due to nonlinearities in the medium 

and the small slope results from the success of the cavity in controlling 

the oscillation frequency (the cavity line width is much sharper than 

that of the medium). Of course, for sufficiently high fields, different 
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longitudinal modes of the cavity oscillate in place of those for zero 

field. 

In general the cavity exhibits some anisotropy, often in the form 

of different losses for x and y polarizations. The Brewster window is 

an extreme example of this "x -y Q" anisotropy. This tends to lock the 

two circular polarizations to the same frequency (resulting in linear 

polarization) in a fashion analogous to the way in which the point 

losses lock the two oppositely directed running waves in the ring laser. 

In fact the x -y Q anisotropy favors a linear polarization (two circular 

polarizations with same frequency) just as the point losses favor a 

standing wave (two running waves with equal frequency). The mathematics 

of the locking is just that described for the ring laser (Section 6 -1). 

The reader is referred to Sargent et al., 1967b for further discussion. 

We close this section by noting that for zero magnetic field the 

primary failing of the two -level system model used earlier is its ina- 

bility to predict the electric field polarization. The model does 

predict the correct tuning dependence of the total intensity apart 

from a multiplicative constant. The more exact theory discussed in this 

section reveals that the two -level model applied quite well to the 

J =1 F--0- J =2 (in general of = ±1, Ja'Jb i0) transition, for the orthogonal 

circular polarizations are weakly coupled and permit linear polariza- 

tion. The use of Brewster windows even determines the plane of this 

polarization. For the J =1 -4-- J =0 transition however, the polarization 

of the laser light is not predicted by the two -level model, and the 

AJ =O, Ja' Jb >1 transitions run circularly polarized in zero magnetic 

field with the result that Brewster windows greatly reduce their gain. 

The dependence of electric field polarization on the atomic J values 

offers an easy method for determining the J values of laser transitions. 
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7. FULLY QUANTUM MECHANICAL TREATMENT 

As we see from the previous sections of this paper, the semiclassical 

theory gives a good account of laser behavior. However, in order to deter- 

mine characteristics such as the coherence and linewidth of laser radiation, 

we must quantize the laser field as well as the atomic medium. That is, we 

must seek a "photon" description of the laser. We approach the quantum 

theory of the laser radiation density matrix as it develops under the in- 

fluence of a nonthermal reservoir representing the effects of cavity losses. 

The theory will be developed along the lines of the semiclassical theory 

of the previous sections following the treatment of Scully and Lamb (1967, 

1968, 1969).* 

In the present section we obtain the equation of motion for the laser 

radiation density matrix. In the next section we proceed to solve this 

equation of motion for the steady -state photon statistics for a laser oper- 

ating above, below, and at threshold. The time evolution to this steady 

state is discussed. The photoelectron statistics implied by the theory 

of a fully quantized laser are presented. We demonstrate how the knowledge 

of the density matrix can be used to interpret measurements, for example, 

of the field spectral profile. In the concluding section we discuss an 

interesting analogy between a second -order phase transition and laser 

threshold behavior. 

*In addition to the work by Scully and Lamb, quantum theories of the laser 
have been given by Lax (1967, 1968), Haken (1966), Sauermann (1966), 
Risken et al. (1966), and Gordon (1967). 
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Before approaching the fully quantized laser theory let us briefly 

review the quantum theory of radiation for a single mode of the field 

as it interacts with an atomic system. The energy in the field is 

given by the usual sum of the electric and magnetic energies 

= ifdV (s0E2 + uoH2). 

In the present discussion the field is given (with a convenient 

normalization) by 

EX = [2522m /Vco] z q (t) sin kz, 

Hy = [2c 2m /Vco] z co q(t) cos kz, 

k 

(1) 

(2a) 

(2b) 

where M is a normalization factor representing a fictitious mass for 

the field oscillator, q(t) is the normal mode amplitude with the 

dimensions of a length, k = srr /L, where s is the number of half wave- 

lengths fitting into the cavity, and S2 = sTrc /L is the cavity eigen- 

frequency. The effective volume of the optical resonator is denoted 

by V. After (2a) and (2b) are inserted into Eq. (1) the field energy 

may be written as 

,!Z = 
iz[m02g2 

+ p2/m] (3) 
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which is the usual expression for a system in simple harmonic oscilla- 

tion, quantized by stating that [q,p] = ih and [q,q] = [p,p] = O. We 

now make a canonical transformation to variables a and a+ defined by 

a = [2mt10] 2 (m0q+ip) 

a+ = [2mhS2] 
? 

(mQq-ip). (4) 

Inserting (4) into (3) leads to the familiar expression 

3 = hQ (a +a + z) (5) 

with a and a+ obeying the commutation relations 

[a,a +] = 1, [a,a] _ [a +,a +] = 0. (6) 

These operators are the raising and lowering (creation and annihilation) 

operators, which acting on the n photon states give 

a = n 1 In +l), (7a) 

amn? = In-1)_ (7b) 

Expressed in terms of a and a +, the electric field operator (2) may be 
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written 

E = j(a +a +) sin kz, (8) 

where E. (hc /VEo)1 is a factor expressing the electric field "per photon!' 
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We now proceed to obtain an equation of motion for the laser radia- 

tion density matrix p(a,a +,t) considering first the change due to one 

atom and then that due to many atoms. The former is given by 

dp(a,a+,t) = p(a,a+,to+T) - p(a,a+,to), (9) 

where to is the injection time for the atom into the laser and to +T the 

removal time for the atom in question. In order to obtain p(a,a +,t 
0 
+T) 

we must calculate the combined atom -laser field density matrix at time 

t 
o 
+T and then trace over the atomic states 

p(a,a 
+ 
,t +T) = X p (a,a 

+ 
,t +T), 

o aa o 
(10) 

where a is a or b. According to second -order perturbation theory (see 

Scully, 1969), dp(a ,a) due to an atom initially in its upper state has 

the form 

dp = iA'[aa +p(to) + p(to)aa +] + A'a+p(to)a, (11) 

where A' is the spontaneous emission coefficient per atom. We note 

that one atom will affect the massive laser oscillator very little, so 

that during the lifetime of any given atom we may write 

p (to) - p (t) (12) 

Proceeding to obtain the coarse grained change in p due to many atoms 

acting on the field during the time interval At » T, we write 
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Ap(a,a+,t) = (ra0t)dP(a,a+,t), (13) 
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where ra is the number of atoms injected per second. From Eqs. (12) and (13) 

we then obtain the coarse -grained equation of motion 

(dP/at)gain 
= 

(4".t) 
= radp 

= -%,ACaa+p (t) + p (t)aa+7 + Aa+p (t)a (14) 

with the linear gain parameter A given by A =raA'. 

In a similar fashion if we inject nonresonant, damping atoms in their 

lower state we obtain 

(dP /at)damping 
= -CCa +ap(t) + P(t)a +aJ + Cap(t)a +, (15) 

where C =v/Q is associated with a cavity damping or loss mechanism. In this 

way the atom injected in its lower state acts as the loss mechanism of sec- 

tion 3 (the quantity A -C corresponds to 2a). 

Adding Eqs. (13) and (15) we find the total time rate of change 

dp p 

ct- af 
ap 

loss + at gain 

-1/2A (aa+p + paa+ - 2a+pa) - 2C (a+ap + pa+a - 2apa+) . (16) 
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In the coherent state representation Eq. (16) implies 

P(a,t) = -1(A -C)Ca -aa (aP(a,t)) + c.c.] + Aa2aaa,t)' 

drift = gain - loss diffusion 

where P(a) is defined by the relation 

p(a,a+,t) = J d2aP(a,t) 10<al . 

(17) 

(18) 

Expressions similar to Eq. (16) are discussed by Lax and Louisell (1969). 

In this representation the diffusion of the electric field probability den- 

sity P(a) associated with the second term on the R.H.S. of Eq. (17) leads 

to the laser linewidth, while net gain is associated with the drift term. 

In the n representation Eq. (16) becomes 

pmn (t) = -11A(n +1 + m +1)pnm(t) 
+ 

Aliiii 
pn-1,m-1(t) 

- 1/2C (n +m)pnin(t) + CV(n + 1) (m + 1) pn+l,m+1(t) . (19) 

The diagonal elements implied by Eq. (19) are 

pnn(t) = -A(n +1)pnn(t) + Anpn-1,n-1 (t) - Cnpnn(t) 

+ C(n +1)pn+1,n+1(t) (20) 
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The physical message of this equation is clear. It connects the time 

rate of change of the probability of having a state with n photons to 

the probability of having the state with n +l photons and the state with 

n -1 photons. The terms proportional to Anpnn result from stimulated 

emission, while those proportional to Apnn correspond to spontaneous 

emission of radiation. The terms proportional to C represent the loss 

of energy from the field. 

Equations (16) , (17) or (19) describe the small signal gain of the 

laser amplifier but is not adequate for a description of laser oscilla- 

tion. In order to obtain the steady -state operating conditions we must 

include effects of atomic saturation just as we did in the semiclassical 

theory. We can do this by calculating (Sp to the next higher order 

(fourth order): 

dp (a,a+,t) = dp (2) (a,a+,t) + 6p (4) (a,a+,t) (21) 

When this is carried out we obtain the new photon rate equation 

pnn (t) = -CA -B(n +1)J(n +1)pnn(t) + [A -Bn]npn-1,n-1(t) 

nonlinear gain 

- Cnpnn(t) + C(n + 1) pn+1 (t) (22) 

loss 
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in which the terms have been grouped to make the physical interpreta- 

tion evident. Here B is a saturation parameter similar to that seen 

in the semiclassical theory (B ÷÷ 8 hv(coV) 1ß). The corresponding 

equation of motion for P(a) is 

aP a 
a2p 

at - - aa 
N (A-C) aP - 11Baa*aP] + c. c.1 + A aaaa* 

(23) 

As in the linear theory of (17) the first two terms on the R.H.S. of this 

equation represent the drift or net amplification of the field, whereas 

the third term describes the diffusion of the electric field. As 

mentioned earlier this diffusion is responsible for the laser linewidth 

above threshold as will be discussed in the next section. 
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8. LASER PHOTON STATISTICS AND LINEWIDTH 

In the previous section we saw that the probability of having n photons 

in the laser field was changing in time due to two things. They were (a) 

gain due to stimulated and spontaneous emission, and (b) losses. These were 

represented by Eq. (7.22). In this section, we consider steady state and 

the time varying solutions of Eq. (7.22), the photoelectron statistics im- 

plied by the steady state solution, and the linewidth of radiation result- 

ing from the nonzero off -diagonal moments of the density matrix. 

The diagram in Fig. 27 aids in the understanding of Eq. (7.22). 

n+1 

n 

w- 1 
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C(n + 1)p n+1,n+1 A( n + 1)p n, n 

A 

V 

w 
Cnpn,n 

A 

Anp n-1,n-i 

A 

V 

B(n + 1)2p n,n 

Bn2p 

Fig. 27. Flow of probability in photon rate equation (Eq. (7.22)). 
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Probability is "flowing" into and from the In} state from and to the 

neighboring In +1> and In -l> states. The Cnpn,n term, for example, 

represents the "flow" from the In) state to the In -1} state due to 

the absorption of a photon by a loss atom and is the rate C times the 

number of photons n and the probability of having n photons The 

term [A - Bn]npnn represents the "flow" of probabilty from the In> 

state to the 1n +1> state due to the emission of a photon by a lasing 

atom initially in its upper state. 

The steady -state condition pnn = 0 requires that the flow of 

probability between, for example the In +1) and the In> state be 

exactly zero. This means that 

C(n+l) pn+l,n+1(t) - [A - B(n+l)] (n+l) pn,n(t) = O. (1) 

An equivalent equation for the flow of probability between the In> and 

the In -1'> states can also be written. The solution of either yields 

the recursion relation 

1 
= [A-B(n+l pn+l,n+l )]pnn 

which determines pnn for any n in terms of p00. Specifically, the 

probability of having one photon 

1 pll = ZIA-B]p00; 

that for two 

P22 = 1[A-B(2)] P 
[A-B(2) TA-B(1)1 

P 00 ' 22 C 11 C y C 

(2) 

(3a) 

(3b) 
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and thus, by induction, that for n 

n r 
pnn P00 L 

A- 

C 

Bk 

Now by conservation of probability, 

L pnn = 
1. 

n=0 

Hence 

or 

1 = P00 G Pnn 
n=1 

co nn 

= PU0 + P00n1 
h=! 

h A- Bk } P00 = 
[.1 

+n_1 

P= 

-1 

(4) 

(5) 

(6) 

Thus p00 is just some number which serves as a normalization constant, 

calling it lq, one has 

n 

nn 
= n T r [ABk} 

=1 
(7) 
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Let us now consider the form of pnn as a function of n. Above threshold 

(A/c') >1. (8) 
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At steady state, the gain equals the losses, so that A- Bñss =C, i.e., 

the average photon number at steady state 

ñss = (A-C)/B. (9) 

For n «ñss, Bn «A and pnn ti (A /C)n, an increasing function of n. For 

larger n, the fraction (A -Bk) /C in (7) approaches unity as k approaches 

ñss and then becomes smaller as k increases beyond ñss. We see that 

for nti ñss, the curve for pnn vs n "tops out ", and that for large n 

pnn 
falls to zero. This behavior is shown by the third graph in Fig. 28. 

Note that pnn is peaked at approximately ñss. This is quite different 

from a thermal distribution which has a most probable photon number of 

zero like that for graph 1 in Fig. 28. 

At threshold (A =C), the fraction (A- Bk) /C= 1- (B /A)k is less than 

unity for all k >0. Hence the largest photon number probability is 

pu0 
and others decrease monotonically as shown in the second graph of 

Fig. 28. Finally for operation below threshold (A <C), the fraction 

[(A- Bk) /C](A /C) and pnn takes on a rapidly decreasing dependence on 

photon number (pnn ti(A /C)n) as is shown in the first graph of Fig. 28. 

There is a difficulty with the expression (7) for pnn when k is 

sufficiently large. Specifically A -kB becomes negative and thus for 

n» 
nss' pnn 

is alternately positive and negative. The problem stems 
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Fig. 2 $. Graphs of photon number probabilities vs photon number for a laser. (1) 20% below 
threshold (solid line), (2) at threshold (dot- dashed line) and (3) 20% above threshold (dashed 
line.) The parameters C and B are given by C =1.0 and B= 0.00075 which for case three (A =1.2) 
yields an average photon number (n)A -C) /B =267. (From Sargent et al., 1970.) 
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from the fact that we deduced our equations using third order perturba- 

tion theory, which we know is not valid for very intense lasers. Thus, 

we see here the breakdown of . third order perturbation theory. 

To get a more precise theory, we must go back and solve the problem 

exactly, that is, to all orders in perturbation theory. When we do 

this, Eq. (7) is replaced by 

A2 \n +B 1 

p = Z -1 CBC J 
nn 

\n+A 
i 

Bi 

where Z -1 is a normalization 

Calculating the average 

- A (A-C 

n s s C B 

factor. 

photon number, we obtain 

(10) 

If we now compare laser and coherent light for the same ñss, we have 

the plot in Fig. 29. We see that for a laser near threshold, the field 

is more broadly distributed in photon number than the coherent state. 

However, for very high excitation (A» C), 

2 

- n -0- 

BC 
and for the region of interest n »(A /C> 

so that Eq. (10) becomes 

1 'iÿ 
(--',n 
n -ñ 

pnn Z 
n! 

= 
ni 

e . 

(12) 

(13) 
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Fig. 29. Comparison between statistics for coherent state ICh and a laser 20% above threshold 
(A =1.2, B= 0.00075, C =1.0). (From Sargent et al., 1970.) 
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We further note that Eq. (7.22) can be used to describe the time 

evolution of pnn(t) from the vacuum to its steady state value. The 

integration of this equation has been carried out numerically (see 

Scully et al., 1966; Sargent et al., 1970), and the results are sum- 

marized in Fig. 30. There is qualitative agreement with the experi- 

mental work of Arecchi et al. (1967). 

In concluding this discussion we note that the photoelectron 

statistical distribution implied by a light beam (having a photon 

statistical distribution pnn) shining on a photodetector having a 

quantum efficiency n is given 

Pm 
r n' 

n m 1-n n-m 
, 

m m;° ( ) n,n 

where Pm is the probability of finding m photoelectrons ejected. 

Equation (14) is just Bernoulli's distribution for m successful 

events (electrons ejected) and n -m failures, each event having a 

probability n. If we substitute the following expression 

= f dea P(a) (a *a)n /n! 

into Eq. (14) , we find 

(14) 

exp-{a*a} (15) 

Pm = f d2a P (a) (na*a)m 
e-na * a 

m! 

(16) 
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Fig. 30. Graph of photon number probabilities pn obtained at times 

5, 10, 15, 20, 25, 30, 35. 40, 45, 50 and 55 usec (in order of 

increasing <n >) starting with an initial vacuum. Laser parameters 

used in integration of Eq. (7.22) are A =1.2, B= 0.00075, C =1.0 

yielding, by Eq. (8.9), an average steady -state photon number 

ñss= (A -C) /B =267. (From Sargent et al., 1970). 
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If we insert pnn as given by Eq. (10) into Eq. (14) we find 

- m (A/ BC) (m+A/ B ) A2 
Pm = Z- 

On ! 

1F1 
( 
m + l,m + 

B 
+ 
"(1 - 1) ' 

(17) 

where 1F1 is the confluent hypergeometric function. 

Having considered the diagonal elements of the density matrix of 

the radiation field, let us now consider the off -diagonal elements in 

order to obtain the laser linewidth. The spectral profile implied by 

pn,n 
+1(t) may be obtained in several ways, e.g.: 

a. from the decay of the ensemble average electric field: 

b. by considering the theory of a simple spectrum- analyser; 

c. from the correlation function G(1)(t). 

In general pnn has a solution of the form 

pnn, = pn,n+k = 
s 
(n,k) exp[-us (k)t] . 

s 

The reader is referred to work by Scully (1969b) for discussion of 

this approach. Alternately we may return to the equation of motion 

(23) in the coherent state (la)) representation. In this case one 

introduces the notation 

a = p e, 

assumes a separable form 

(18) 

(19) 

P(a) = R(p) (1)(0, (20) 
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and to a good approximation obtains the diffusion equation 

(.1) = - [(v/)/ p212_21 
açb . 

(21) 

Hence we have an explicit expression for the phase diffusion and the 

diffusion coefficient 

D = (v /4)/ P2 = (v /4) /n. (22) 

This result tells us that the ensemble averaged electric field decays 

according to 

E(t)ti e -Dt (23) 
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with resultant laser linewidth (v /4) /171. This approach is further discussed 

by Lax and Louisell (1969). 
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9. PHASE TRANSITION ANALOGY 

The laser threshold behavior as obtained from fully quantized laser theory 

and discussed in the previous section has many points in common with a second 

order phase transition. The basis for the similarity with a phase transition 

may be seen by recalling that the usual treatments of laser behavior are self - 

consistent field theories. Hence the physics of the laser problem is 

similar to that of a ferromagnet treated in a mean field theory. The 

formal similarity between the macroscopic equations for the laser field 

and those describing the ferromagnet is striking. The identification 

of the laser electric field as the variable analogous to the ferro- 

magnetic order parameter and the atomic population inversion as the 

variable analogous to the temperature is clearly suggested. 

Following this point of view, we argue that the laser can be profitably 

discussed using the language of second order phase transitions. Furthermore, 

to emphasize the analogy between a ferromagnetic phase transition (in the 

molecular field approximation) and the laser threshold region, we extend 

the laser theory to include the effects of a classical injected signal. 

This injected signal corresponds to an externally applied magnetic field 

in the ferromagnetic problem. To motivate this association, let us 

*The material in this section follows the work of DeGiorgio and Scully (1969 and 

1970) and may be found in more detail in their papers; Graham and Haken (1970) 

have independently arrived at many of the same conclusions. 
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recall that the ensemble average magnetization of an isotropic ferro- 

magnet vanishes when calculated in the absence of an external field Ho. 

However, when a small external field is injected, the symmetry is broken. 

It is clear that, if the external field is "turned off," the ensemble 

average magnetization will again diffuse over all possible directions 

with a very large time constant. 

In a similar fashion, the electric field of the laser has a steady 

state ensemble average equal to zero. When an external signal with a 

well - defined phase is introduced, however, the ensemble average of the 

electric field no longer vanishes. 

In the next few paragraphs let us briefly review those aspects of 

a magnetic phase transition which make contact with laser threshold 

behavior. If one considers a system containing N magnetic atoms per 

unit volume, and assumes that each atom has a magnetic moment u, one 

can define an average magnetization M', which will be a function of 

the absolute temperature T of the system and of the external magnetic 

field H. We find 

H = c(T-Tc) M + dT M 3, (1) 

where c = (k /NU2) , Tc = (ÀN02 /k) , d = (k/30114), and k is Boltzmann's 

constant. From Eq. (1) , one obtains the following well -known properties 

of the critical region as tabulated in the first six colums of Table 7. 

Let us now turn to a discussion of the corresponding laser threshold 

behavior. The equation of motion for the expectation value (E) of the 

dimensionless electric field operator E = ,(a -a +) as derived from a 

nonlinear extension of Eq. (7.19) is given by 

\E% = z(A-C) E, -ZBE3. (2) 
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If the laser is sufficiently above threshold, one can replace ÇE3> by 

4)3, and (2) becomes, apart from dimensional factors, the well -known 

result of the semiclassical theory (3.49). The steady -state properties 

of the laser oscillator, in the semiclassical limit, are therefore 

described by the following equation of state: 

(A-C) CE? - 13.E>3 = O. (3) 

Defining A E ac, B E be and C = ac 
t 

, where at is the threshold population 

inversion, we have 

(a-Qt)<E%- cr(E¡ 3=0. (4) 

Finally, when an external signal is injected into the laser cavity, 

the equation of state (4) now becomes 

a(a- ct)<E) - 
2 

: E,2 + S = 0, 

in direct analogy with the ferromagnetic expression, Eq. (1). 

(5) 

The laser properties implied by Eq. (5) are compared with the 

magnetic system in Table 7. We note that the electric field E corresponds 

to the static magnetization M which is the order parameter in the ferro- 

magnetic transition. The population inversion a and the temperature T 

are the variables describing the interaction of the system with a reservoir 

(the pump for the laser or the thermostat for the ferromagnet). 

Let us next turn to the consideration of fluctuations. When we 

solve for the steady -state solution to Eq. (7.23) we obtain 

P(a,a*) = N exp 
IA4C Iae - 

8 
la1411 , (6) 

where N is a normalization constant. The quantity P(a,a *) represents the 

probability density for finding an electric field corresponding to a. 

We now perform a similar calculation for the case in which an injected 

signal is present with the phase of the injected signal S chosen so that 
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Fig. 31, Plot of average photon number vs the atomic inversion. Solid curve is result of the 
quantum theory of a laser and includes fluctuations. Dashed line is semiclassical result, i.e., 
ignores spontaneous emission and implies zero energy if below threshold. (From DeGiorgio and 
Scully, 1970.) 
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Fig. 32, Plot of electric field vs population inversion obtained from semiclassical analysis. 
(From Degiorgio and Scully, 1970.) 
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it lies on the x axis where x = 1/2 [a +a *] and y = 
Zi 

[a -a *]. We find 

the new P(a), in terms of x and y, to be 

P(x,y) = N' exp 
G(x,y) 

Ka 

where N' is a normalization constant. 

(7) 

We note that this quasi probability density can be written as 

P(x,y) = N' exp }Á [A4C (x2+y2) - 
8 

(x2+y2)2 + sx]}, (8) 

where K = A/4 is one fourth of the gain for one atom and G(x,y) is 

given by 

G(x,y) = - 1/4a (o-at) (x2+y2) + 
8 
bo(x2+y2)2 - Sx + Go. (9) 
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Here we have used the relations A -C = a(o -at) and B = bo, see (Fig. 33). 

Note that P(x,y) is a function of G and of a, as one can see from 

Eq. (7), From this and other arguments, we conclude that G behaves 

essentially in the same way as the free energy of a thermodynamic system. 

In order to emphasize this point, let us recall briefly the thermodynamic 

approach used by Landau to describe second order phase transitions. 

Landau assumed that the free energy F of the system near the critical 

point is an analytic function and wrote down a power series expansion of 

F in even powers of the order parameter. The restriction to even powers 

is simply due to symmetry considerations; the only exception is a term 
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Fig.33 Plot of G(x) for zero injected signal (dashed line) and G(x) including injected signal 
(solid line); both are for a laser approximately 7% above threshold. (From DeGiorgio and 
Scully, 1970.) 
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proportional to the product of the order parameter with its conjugate 

variable (we have already observed that a nonzero conjugate variable, 

such as an external field, provides a symmetry breaking mechanism). 

The explicit expression of F for a ferromagnet, with the expansion 

truncated at the fourth power of M (since M is small near Tc) is 

F(M) = c (T-Tc) M2 + 4-dTM4-H-HM + Fo 
, 
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(10) 

where c and d are constants, and Fo is dependent only on T and H. The 

equilibrium values of M can be found by looking for the minimum points 

of F. One easily verifies that the condition g= 0 is equivalent to 

the equation of state (1). By using for F the expression given in 

Eq.(10) one can also write down (see Landau and Lifshitz, 1958) 

the probability density for the fluctuations of M as 

P (M) = N" exp [ 

F (M) 

' 

where N" is a normalization constant. The similariy between the 

fluctuation probability density (11) for P(M) and the expression(7) 

for P(x,y) is apparent, and suggests the interpretation of G(x,y) as a 

type of thermodynamic energy function. 

The main points of this section are summarized in Table 7. It is 

perhaps worthwhile to note that the analogy, as presented, is for a 

spatially homogeneous system. That is the single mode laser theory is 

analogous to a single domain of a ferromagnetic crystal. The more 
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Order Reservoir 
parameter variable 

M 

E 

T 
(Temperature) 

a 
(Population 
inversion) 
at 
(Threshold 
inversion) 

Coexistence curve 

M = 

[i - )1 

CO3 T>Tc 
jc TT 

d T 

0, 
E = 

T<Tc 

a < at 

a > at 

Symmetry Critical isotherm 
breaking (value of order param- 
mechanism eter at critical point) 

Ho 

External 
field 

S 

Injected 
classical 
signal 

M = [ 
dTcHTc]'!3 

E _ [1'/3 ó 
U 

Zero field susceptibility 

[c (T-Tc)1-1, T > Tc 
X - aH H=0 [2c(Tc-T)1-1, T<Tc 

_a 
- as s=o 

[Y=a(at-a))', a < at 

[a(a-ot)-'1, a > at 

Thermodynamic potential Statistical distribution 

F(M)= % c(T-Tc)M2 +'/° dTM° - HM + Fo 

G(xy) = -'/aa(a-at)(x2+y=) 

+ 1,8 ba(x2+y2) - Sx tGo 

P(M) = N" exp [ FkT) ) 

P(E) = N' exp [ C4E) 1 

Table 7. Summary of parameters for laser and second -order phase transition. 
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general analysis of a multimode laser theory, corresponding to a spatially 

inhomogeneous magnetic system, will be published elsewhere. The fact that 

the probability distribution Eq.(6) for the laser intensity, obtained by 

direct calculation and the corresponding thermodynamical result, Eqs.(7) 

(8) and (9) are in such close correspondence is a strong argument in 

support of the analogy between the laser threshold region and a second -order 

phase transition. Furthermore, this analogy has lead to a new approach to 

time dependent phenomena in magnetism. This work will appear in print 

shortly.* 

*J. Goldstein and M. Scully (to be published) . 
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APPENDIX A. MULTIMODE FIELD DETERMINING EQUATIONS 

In this appendix we outline the derivation of the amplitude and 

frequency determining equations, Eqs. (4.2) and (4.3). 

According to perturbation theory, one obtains a zeroth -order ap- 

proximation to the time integrals by neglecting the electric -field inter- 

action in the equations of motion, Eqs. (3.31), (3.32), and (3.33). Taking 

the atoms to be excited to one of the energy eigenstates, the off -diagonal 

elements have zero contribution in this order and the diagonal elements 

have values 

(0) 
pau = aa /Y 

a 
. (Al) 

One then substitutes the zeroth -order values (Al) back into the 

equations of motion to obtain a first -order contribution. Inasmuch as 

the zeroth -order values for the off -diagonal elements were zero, no first - 

order terms result for the diagonal elements. The off -diagonal elements 

do acquire first -order contributions, namely that given by (3.35) with the 

zeroth -order population difference 

(0) (0) X /Y - X aa paa pbb bYb' (A2) 

Iterating this process, one develops a perturbation series for the diagonal 

elements with even order entries 

paa(t) - paa(0) + paa(2) + ... (a= a or b) 

and an odd -order series for the off -diagonal elements 

Pab(t) 
= 

pab (1) (t) 
+ pab (3) (t) + . . . 

(A3) 

(A4) 
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To obtain the complex polarization (3.34) which appears in the self - 

consistency equations, one iterates to the desired order in the electric - 

field interaction energy. Note first that if only first -order is considered, 

there is no saturation and consequently the theory can only predict the 

threshold excitation (minimum excitation for which oscillation can occur). 

On the other hand, if the laser electric -field intensity is too large, the 

corresponding perturbation series fails to converge. This occurs when the 

laser is operating roughly 100% above threshold. As discussed in Section 

5 -4, even for operation 10% above threshold, fifth -order contributions 

become appreciable. The electric -field predicted by third -order theory 

levels off as the relative excitation (fraction above threshold) is in- 

creased beyond 2. 

Integrating to third -order, one finds the complex polarization 

pn(t) = pn(1) (t) + pn(3) (t) 

_ -`f002.¡1 1 EnÑ[(w-vn) + iy]I[(w-vn)2 + y2] 

e4 - ccCC 

+ 16 1 
3 

N LGy EuEpEQexp (1tpnupQ) 
PPG 

x [1 + 
N 

1(N2(Q-p) + N2(u-p))1 
D(w-vu+vp-v6) 

x [Da(vo-vG) + Db (vp-v6)1 [V(w-v0) + D(vp-w)] . (A5) 



136 Appendix A 

Here we have neglected rapidly varying terms containing phase angles like 

exp[i(v2 -vl)t] in anticipation of their averaging to zero in the amplitude 

and frequency equations below. The slowly varying phase angles 

iinuPó - (vn-vp+vp-vó)t + n-$u+$p-0 ó, (A6) 

the spatial Fourier components 

L 

N = L Jr dz N(z) cos (2L)z, (A7) 

0 

the average excitation 

L 

ÑENO=LfdzN(z), (A8) 

0 

and the complex denominators 

Dx (Aw) = Eyx + (A9) 

Combining (AS) with multimode extensions of the self- consistency equations 

(3.11) and (3.12) (variables have subscript n), one has the amplitude and 

frequency- determining equations 

É =aE - III EEEIm {Zc expi } 

n n n 
upó p P ó nuPó nup6 

(A10) 

v + = +ó-EEEE 1 Re {Z° exp }, (All) 
n n n n 

upó 
p p ó n nppó nppó 

where the linear "net- gain" coefficient an is just that (see Table 1) 

determined using rate equations: 

an = 1/2v1)2(eó y) 1 ÑL(w- vn) - zv/Qn, (Al2) 
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the linear pulling term is given by (Table 1) 

an = 1/2\112(66h)-1 N [ (w- vn) ' ' L (w- vn) 

and the complex saturation coefficients 

?nUPa 32 1V.4(6,0)-1 1 Ñ [l+(N2(PG) 
+ N2 (P-u) )NJ 
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(A13) 

x D(w- vp 
+vP 

-va) 
CDa(vP 

a) + Db 
(vP 

-va)1 

x [V(wv) + D(vp -w)l (A14) 

These coefficients are summarized in Table 2. 
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APPENDIX B. GAS LASER INTENSITY FORMULA 

Substituting the steady -state solution for the population difference 

Eq. (5.15) into Eq. (5.12) for pab, using Eq. (5.10) for the complex 

polarization P(t) and performing the z integration (see Eq. 3.46), one finds 

00 

P(t) = -i eri -1 EÑ f dv W(v) D(w-v+Kv) [1 + R(v)/Rs] -1, (B1) 
-CO 

where we have assumed that W(v) is even in v so that D(w- vn -Kv) 

could be replaced by D(w- vn +Kv) under the velocity integral yielding 

a multiplicative factor of 2. Eq. (B1) can be solved in closed form 

for some values of detuning and in general numerically. We will only 

expand the denominator in the truncated geometric series 1 + R, that 

is, to third -order in the electric field amplitude. 

To first -order in E, R = 0 and (B1) becomes 

P(l) =-t 2(Kuli) 1 E Ñ Z [y + i (w-v)] 

where the plasma dispersion function 

(B2) 

Z(u) = iKir 
z f dv exp [-(v/u)21 (u+iKv)-1 . (B3) 

-CO 

Another common definition of this important function is 

CO 

Z(u) = iKu f dT' exp [-uT' - 1/4(Ku)2T'2] (B4) 

0 

which results from performing the velocity integration in (10) before 

the time integration in (11). Although in general the plasma dispersion 
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function must be evaluated numerically, it simplifies for small 
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velocities (u40) 

Z (u)u_40 = iKuu 1 (BS) 

and the Doppler limit (Ku»y) 

Z(iAw) = ir Z 
(Ku»y) 

exp [()2/ (Ku)2]. (B6) 

The third -order contribution to the polarization (term linear in R) 

00 

P(3) = 
8 
``(h3KuY) 1 E3 Ñ {iKu f dv W(v)L(w-v+Kv) 

x [V(w_v+Kv) + D(w-v-Kv)] } Rs (B7) 

The velocity integral can be reduced to a sum of plasma dispersion 

functions by separating the denominators into partial fractions and 

using the definition (22). One finds in the Doppler limit of (B6) 

P(3) 
8 

[(y 
rff 

Ñ jp``Yab)/ (h3KuYYaYb)] E3exp [(wv)2/(Ku)2] 

{ [(wv)/Yj L0.0-v) + i [1 + 1.(w-v) i }. (B8) 

Combining the self- consistency relation (3.11) with the first (B2) 

and third -order (B7) contributions and using (B6) for Z, we find the 

steady -state (É = 0) intensity 
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I= E2 =a /ß, 

for which the linear net -gain coefficient 

a = -i (v /Q) + zvÑ [2/(cKu)] vexp [- (w -v) 2/ (Ku) 2 ] , 

and saturation coefficient 

(B9) 

(B10) 

ß = 16 [(v i404)/ (EOKuYaYb 113)] (Yab/Y)N 

x Cl + L (w-v)] exp (w-v) 2/ (Ku) 2] (B11) 

At threshold, a = 0 which determines the threshold excitation 

ÑT = eó Ku [c2Qz(l)]1 (B12) 

Thus in terms of the relative excitation 

N = Ñ /ÑT, (B13) 

the intensity of (B9) is found to be 

1 -N 
-1 

exp[(w-v)2/ (Ku)2] 

I = 16 (B14) . 

(T7 r2Yab)/ (YYaYbh2)1 
[l+L(wv)] 
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FIRST QUANTIZATION DESCRIPTION OF 

ELECTROMAGNETIC FIELD 

C. S. Chang 

The University of Arizona 

A. Energy, momentum and angular momentum of the photon 

We give a supplemental treatment of electromagnetic fields in 

terms of elementary laws of quantum mechanics. Our attention will be 

concentrated on the construction of the photon wave function in the 

usual sense. Within this framework, we shall treat the problem of 

polarization and angular momentum of photon in great detail. 

The electromagnetic field is described by the electric field 

vector É and the magnetic field vector B, which in the absence of charges 

satisfy Maxwell's equation for a vacuum: 

SIX E c dt. 
© r t lx -`- - 

_ o 

(1) 

We shall interpret the vectors É and É as quantities describing the quantum 

mechanical photon state. In order to give such a "corpuscular" interpreta- 

tion to the system of Eq. (1) we compare this system with the Schrödinger 
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equation in ordinary quantum mechanics. This can be done by making a 

Fourier transform of Eq. (1) to the momentum space, i.e., we write 

f 
_.. kr 

tik.f 
y tt e 

(Ç) 
where 

ti 
` 

It is easily seen that the Fourier component 

the following system of equations: 

... > 

v ! K V; 

(2) 

and 15 satisfy 
V 

Since the fields are real, we have 

(3) 

(4) 
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Instead of the two vectors - and 1E54. , we can use the 

vectors E K and k by eliminating B.A. with the aid of (3) , 

(5) 

On account of (4), we may introduce the complex vector T 
K 

such that 

N fi; ck ) 

¡( (fix, + ` 
(6) 

where N (t<1 is a certain normalization factor which, as we shall see 

later, will be chosen to be 

r(<) = z zW A 

Note that, from (6), the expressions (2) become 

-s 
E.* 

fN(') f1, 

(7) 

a i 
ivk 

. 

' 
ti r 3 N(u) ¡ e 

We now obtain the equation satisfied by 

from (3) , we get 

. By eliminating 

ú 
(9) 



We transform this second order differential equation into a first 

order equation for 47> . To do this, we multiply the first equation 

by -i1C and add to the second equation of (6), 

($L) E 
k - -2-; WO k 

Thus, we get, from (9) 

{ 

From (5) , (6) and (3) , we have 

r 

k 
. 

k 

(10) 
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Eqs. (10) and (11) can he combined into one equation by multiplying (11) 

by ti/j; and adding it to (10) , 

where ,.. 
.,s 

v\iL k f3 u a 
k Ck d - 

s, 14 

v413 11 

(12) 

(13) 
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From (12) , and the definitions (13) , we have 

. 

Thus (11) will always hold if it holds at same initial time. Eq. (12) 

together with the initial condition (11) are equivalent to the system 

of Maxwell's equations. 

Eq. (12) has the form of a Schrt5dinger equation in which tiJ is 

the Hamiltonian operator. The eigenvalues of this operator are equal 

to k . This would amount to nothing other than the quantum relation 

between the energy and the frequency of the photon originally suggested 

by Planck, if we could identify the Hamiltonian operator formally 

introduced in the foregoing with the physical operator for the photon 

energy. We shall show later that an identification can be justified, 

and that the function 
('i. 

= l L ) can be interpreted as the 

photon wave function in (4 - space in the usual quantum mechanical 

sense of this word. We shall also be able to define in k - space 

operators for other physical quantities referring to the photon, for 

example, the operators for the momentum and the angular momentum. 

We now show that the operator W which we have just introduced 

can indeed be interpreted as the operator for the photon energy. In order 

to show this, we introduce the expression for the energy 60 of the 

electromagnetic field corresponding to a given photon as 

ON> _ i 4- $Z) Y 
(14) 



Quantum mechanically, we must show that (14) can be written in the form 

<w) 

where VI is determined from (12) and (13). 

3 
t< 

(15) 
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In order to do this, we substitute (2) into (14) , 

,. i(krk')C 
<w> = ! ( E - t -' , + K ' s- ,,} e 3 k u d3 r 

We can carry out the integration over f' by using 

fc 
; 4- 

From (5), we get 

<W> - 4nß f C h 
We express J. and in terms of 

I, k 

<w) 

If we choose for 

3 -' 

(2ii') c '4 

( 

y 
a 

+ 1 +k 

6 ß13 flA2-(14) 
` 

63 

in accordance with (6), 

K 

NCO the value (7) , we obtain 

k ` tic _ . <w> d ka z(2 

C fk 3k 
« 

(16) 
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where the summation over a is implied. We thus obtain relation (15). 

Furthermore, if we consider a monochromatic solution of Eq. (12), 

r 
A - 2 tt1t, 

14k ) (u ) e 
0 

where u; 

(17) 

is the eigenvalue of the photon energy operator W . t 
is obvious that /76) differs from zero only when k C = 0- , and 

the expression for the energy (15) assumes the form 

<vq) 
ra 

L 

- J 1' / ' 3 
k a k 

We demand that this equation be identical with the quantum relation 

and then obtain the condition for the normalization 

of the photon wave function 

I f 
* 

... . s 3k --- i k (18) 

Thus, if the condition for the normalization of the wave function (18) 

is satisfied, the energy of the electromagnetic field becomes identical 

with the photon energy. 

Next, let us consider the photon momentum operator. As is well 

known, the momentum of the electromagnetic field 4? is given by 

(19) 
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We shall show that when the normalization condition for the photon wave 

function (18) is satisfied, the vector -f; p can be interpreted as the 

expectation value of the photon momentum. ,. 

In order to do this, we express { p in terms of 

From (2) , (5) and (19) , we have 

r (, 
(3r < 

c 
x e K i 31K 1 

k 

C a / l _. - x , cf 1-. s 

C C ' k -K 

..y. 

On expressing E k and E. in terms of , in accordance with 
k k 

(6) , we obtain 

(i; 
f. (fA 

# 3 
- 21t" lk) . } - .- . , 

C k - -k -k k K K 

On replacing t( by -k in the integrand, we can easily see that 

the integral of the last two terms vanishes, while the integrals of the 

first two terms are identical. By using (7) we get 

4.- ? , 
r.c 4 = c1 tiC 

kot d 
(20) 

It follows from (20) that we are justified in identifying operator indicating multiplication by the propagation vector V) 
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with the photon momentum operator, and ñ space with momentum 

space. The quantity may may be interpreted as the proba- 

bility density of the photon having momentum IV , while relation 

(20) may be interpreted as the usual quantum mechanical expression for 

the expectation value. Thus, the normalization condition (18) acquires 

a simple and natural meaning. 

Finally, we consider the angular momentum operator for the 

photon. The angular momentum of the field is determined from the 

relation, 

a 

<M) = f(it 
(21) 

We proceed in the same way as in the case for momentum. Written in 

terms of the Fourier component for the fields, (21) becomes 

. a 

<10 t - i(t,4k1) r 3 3 c fr-L 
r x (t K " 8K)1 e d 1 4 el 3r 

We first carry out the integration over 

. .. 
I i 

¡v i ; i) ' 1U t K) r CC 3 r,. 
d3 r 

_QK e c r 
3 (v<') 31 )g 

where Ç,, corresponds to differentiation with respect to the variables 

We next carry out the integration over 1(` . 

I ¡¡ 
. 

fi 

. 
')1 

.s 

u' lv k1 

d Lv, K (-1 ,j ) x 



On replacing 

with 

Thus, 

44. 

u' 
in the above expression by (5) connecting 

- , we obtain, after some simple rearrangements, 

...I* Cs' > 
k / k ,,. 

< A ) 

ß-1- 

X ( Kl K' 

) _ fk Eú +) ' 
k k 

t r 

i.+ 
X `^ a Y 

_ - l k, 
` k 

After carrying out the integration over k' , and on noting that the 

last term vanishes in the course of this integration since t<. EA- 

we obtain 

Ñ;'t Ilk. 
I t (tl 

< )( ï n 
c 

L. 

where Y denotes differentiation with respect to 1 the superscript 

( e) on E. indicates that in carrying out the differentiation this 

quantity should be regarded as constant. Finally, we get 

t (() 4 (`) 

< foIN f 

f -- . X 
\ K rC 
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(C)^ 
. 

<<) 

u _k 

-k 
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The terms that contain different arguments, i.e., f and ._k vanish on 

integration. E.g., the integral 

fk' K 

on replacing 1( by _ ts(, becomes 

s 

-' ) `1 
3k 

u K 

i.e., becomes an expression of opposite sign. The integral 
te) 

3- 1- c1,3 i( -k 

on changing I' by . -K , becomes 

('c) 
s 3 I A. c 

but integration by parts leads to the same expression with opposite sign. 

Also, on noting that the integrals of terms which depend on the argument 

..V do not change when K is replaced by -k , and, on integrating by 

parts, , (c) .r ' I ,}1 ; -_K- ' .)_ i k 
/ 43k K . Je 

we finally obtain 

1 " - 3 ( -- K k (1; ( ) k k 

or in terms of its components, 
<IA)... 

ito< kx .. L(v) , apx . 
, ti d k 

ot ( f) (22) 

where e is the unit antisymmetric tensor of the third rank. 
ocp f 



We introduce the vector operator 5 defined by the result of 

the operation of its components on the components of some arbitrary 

vector f according to the formula, 

fl 1 / .! .. 7j 

vC (23) x 
! 

On noting that the vector product of two vectors 

expressed in terms of 
. 

as 

T ' S x1 _ 
t ts 

we write (22) as 

tjf:: Li(c/x7) 

G and I is 

(24) 

vo( (25) 

153 

We see that the expression for the expectation value of the 

angular momentum of the photon (25) has the structure of quantum mechanical 

expectation values, and that for the angular momentum operator for the 

photon we must take the operator 

Kib tS 
One can easily verify the following commutation relations: 

f ì 
y - f\11 

fl)tX ct L = e 

(26) 
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From these relations it follows, as is well known, that the 

eigenvalues of the operator JZ are equal to 
1 . 

J 14') 

where 2_,) 4-1 is a positive integer; later, we shall see that for 

a photon 
J 

is also an integer. 

The eignevalues of the operator ¡AIL are equal to 

The operator ph commutes with the energy. Therefore, photon states 

s 1 
with definite values of tai, f1 , and f are possible (quantum number 

. 

6,.! 

a N1 ) . 
) , 

b. Photon spin 

Formula (26) shows that the angular momentum operator for the 

photon consists of two terms. The first term is identical with the usual 

quantum mechanical operator L for the orbital angular momentum in the 

momentum representation: 

(27) 

The second term .S may be called the operator for the spin angular 

momentum. However, the separation of the angular momentum of the photon 

into an orbital and a spin part has restricted physical meaning. First, 
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the usual definition of spin as the angular momentum of a particle at 

rest is inapplicable to the photon since the rest mass of the photon is 

equal to zero. Second, one can show that states with definite values of 

orbital and spin angular momenta do not in general case satisfy the 

condition of transversality. Therefore, only certain superpositions of 

such states have physical meaning. Nevertheless, from the formal point 

of view, the representation of angular momentum in the form of a sum of 

two terms is very useful. 

As is well known, the eigenfunctions and eigenvalues of the 

orbital angular momentum (27) can he written in the form -. 
" r 

LL , = :C(+t) 
A1h 

v 4. l bv1 ,t v, 

where 
\j, 

represent spherical harmonics. They are normalized by 

the condition f V GUI cf u. . t 
' 

c b,,,., 
Z a w 

where Al is the differential element of the solid angle. 

(28) 

We now obtain the eigenfunctions of the spin operator. We 

s 
denote by )Ç 5' the eigenfunction of the operators and S , 

which corresponds to the eigenvalues S _ S (51 0 and S = L( of 

these operators. 
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Let the argument of the function I be the spin variable 

p( This function can be represented in the form of the vector (µ 
If we write ( in the form of the column vector, 

then by using (23) , we can obtain an explicit representation for the 

operators and .S in the form of the following matrices: 

0 

e _z 

C 0 -1 0 0 

(29) 

2 LI o 
Z 

0 2-CI 

0 0 2 

It follows from (29) that the quantity 4 can assume only the single 

value á-j , which means that the photon spin is equal to unity. 

Therefore, we may omit the subscript $ on the function 

/4 
and 

write it simply by ) . 

The magnitude AÀ. of the spin component may have the three values 

1` " > fi 
i 



The functions iNi44 satisfy the following equations: 

2 ci 

'S -NA, /it ,44. 

We can easily obtain ( from (29) : 

fo 
c 

f 
-x (30) 

The functions (30) are orthogonal to one another since they are eigen- 

functions of the Hermitian operator 3L corresponding to different 

eigenvalues. Their normalization has been chosen so that 

oC 

or, in vector form 

which 

, (1 

The unit vectors 

any arbitrary vector 

A 

Ç#t 

(31) 
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provide three basic unit vectors along 

may be decomposed: 

(32) 
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We shall call as the contravariant components of the vector 

i 
along these basic unit vectors. By using (30) for 7( , we can 

ìlt 

establish the relationship between i)4 and the cartesian components 

of the vector I: 

1° fz 
_ . r 

(33) 

We can also introduce the covariant components of the vector by 
,.s 

using the definition of the scalar product of two vectors and 

1 
as follows 

- + - . +i --i 
f x x 2 x i 9y g x r 

, 

Thus one writes 2- ` X fl)(/)( 31) 

f'4 g ifrt 

This will hold if 

i.e. 

14} 
' A---1 

(34) 
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... 
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We begin with the photon wave function in momentum space 

[6;11- 

Eq. (10) defines its time dependence 

ra 

17 A fK t) - 
î e 

The time - independent function T 0.0 is restricted only by the 

transverality condition (11). We now consider the photon state with 

definite momentum, which means that 1-00 0 differs from zero only at 

Ar 
point 1-) . The wave function corresponding to it will be an eigen- 

function of the momentum operator p . We write the eigenfunction of 

the momentum operator in the form 

r LA- 

(kJ) C7 (35) 

where 4L is the normalization volume in momentum space, Gti2 kc- (pi 

e is the unit vector which is perpendicular to 
P 

: let = I e , 

P 
- e 

The phase factor ) is introduced for convenience. 

--S. 

For a given p two linearly independent vectors e are possible. 
1 

We take the - axis directed along p . Then for these two vectors we 

can choose the unit vectors ' and '\ 
corresponding to the X and 

i 
L 

axis: 

x1,1 : N } o 

/ zy = E Zx %2 7 C! 

(36) 
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If e C, `( ( 2> , then the photon is linearly polarized. 

We can also choose the following two mutually perpendicular 

unit vectors A and A . 
4 Z 

4)C. 
, 2X 

12- ) 

-_- .- - (rX = c., (37) 
y 

a)( (7(\ . 
In this case if e ï ¡;Ci1 , the photons will be circularly polarized. 

Thus, states of definite momentum are two -fold degenerate. 

In order to specify a state uniquely we have to specify its type of 

polarization. Therefore, the function (1,( t) should be provided 

with two subscripts (quantum number) P and p (VIz). The quantityec 

P, p , r and form a complete set of quantum numbers for the 

% t/ : 

photon. Note that the energy is also determined, since G1,1 Pc 

.r... The system of functions . (k L) is a complete or honormal system fii, 
in terms of which an arbitrary transverse function 11,.1.) can be 

expanded: 
irak 

tû,t) T, k 
Pµ Pµ 

e G 
1- tµ r (38) 

+, ize.t 
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By using (35), we can represent the electric and magnetic field 

corresponding to a photon state of definite momentum and and polarization 

At in the following form, 

vt_ ; (fp. --to-1)A 
e Zl f1 t)3 V'T C 

twt % 
P 

t .. --s l 
Y . 

4 z T x e 
PA` 

P /4 

where )7 is the normalization volume in coordinate space, 

The expansion (38) corresponds to the expansion of an arbitrary 

electric field satisfying Maxwell's equation (1) into plane polarized 

(39) 

waves 

where the coefficients (\ .. are determined in accordance with (38), 

while e- have the form (39). Similar expansions hold also for the 
fµ 

magnetic field. 

We note that in the discussion of photon spin, we can make some 

connection between the spin component given earlier and e defined 

in (35). Since the spin operator commutes with the momentum operator, 

it is possible to speak of states of definite momentum 
P 

and spin 

component . The components of the polarization vector in (35) may be 

chosen in /such a way that 

e 
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The two possible polarizations correspond to only two values of the 

component of the spin angular momentum /t . The third value is 

excluded by the condition of transversality. If the 2 axis is 

1 
directed along p , then the state xe must be excluded. The two 

r 1 A 

vectors )(I and X corresponding to circular polarization (37) , are 

equivalent, respectively, to 7( and 7K in (30). Thus the value 

of the spin component ilArl may correspond to right circular polariza- 

tion if itA.__, corresponds to left circular polarization. 

Now let's investigate the problem of polarization for the 

photon in greater detail. From (35), we see that the photon state for 

a given momentum is characterized by the unit polarization vector G 

On expanding e in terms of the unit vectors (36) or (37), 

r 
ex Q 2:7( I (40) 

we can say that the state of polarization is determined by the pair of 

1,, 
complex numbers e and e . The quantities (eiI and (ej represent 

1 L 

probabilities of a definite (linear or circular) polarization of the 

photon, determined by the unit vectors (I and ( . Since e and 

e are normalized, i 
4- 1C-Ll 

1 
= I (40 ) 

.s. 

and since the common phase factor of e is arbitrary, the polarization 

is determined by two real parameters, (40) can be put in the form 



 -' -s 7 e r f C (, 4 '( - ' iv, O1/4 

(41) 
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If are and bare defined in accordance with (36), them% C , we 

have linear polarization at an angle p( to the X- axis; for 

and 
A 

41T , we have circular polarization; for arbitrary at and 

, we have elliptical polarization. 

A more general case is that of an incomplete quantum mechanical 

description, when a definite wave function can not be ascribed to the 

photon. For example, if the photon has been previously scattered by 

an electron, then there exists only the wave function for the combined 

photon - electron system whose expansion can not be determined from the 

photon wave functions alone. We shall confine ourselves to the case 

when the photon has a definite momentum, i.e., when there exists a wave 

function (35), but the polarization state cannot be specified definitely, 

since the coefficients e and e in (40) depend on the parameters 

characterizing the other system. 

Such a photon state is referred to as a state of partial 

polarization. It can be described by a density matrix 

< E e % ( L 

y 
= ) ,qv J ) N > 

where 4H - , denotes average over appropriate parameters. 

(42) 
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From (42), it follows that 

f2 

is a Hermitian matrix, 

and from (40 ) , 

r),Akv - rvit 

P;.C1, 1 

Thus the density matrix 

r 
depends on three real parameters. We may 

write 

where 

1r 

C 

) 

C 
-f- 

t 3 

(SI, and (S3 are the Pauli matrices. 

From (43), we have 

(p 

(43) 

(44) 
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The quantities 5 called the Stokes parameters, can be directly 

determined experimentally. For example, let the unit vectors X and 

A in (40) correspond to the linear polarization (36). Then will 
3 

be determined by the value of the probability of polarization along the 

axis: 

¡ 
t ti " 3 

) 

In order to determine .5 , it is necessary to obtain the probability of 

polarization along an axis making an angle 45° with the X'- axis. Indeed, 

the transformation to such an axis corresponds to the unit vector 

transformation 

By writing (40) in the form 

r 
e ( 

,` 4 e L' Z` 

and by defining 

t 
in accordance with (42), 

¡ e ̀ 

) 
(Ay 

w' '^ / ) %t z 

we obtain for the probability of linear polarization corresponding to 

the following expression: 

. 
c 

L 4 ) 
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Finally, in order to obtain , it is necessary to consider circular 
A- 

4 
polarization. Let 'Â and -A"be the unit vectors corresponding to the 

b. 7- 
circular polarization (37); i.e. 

r¡ ( ()( 
q i ) / l , 

,...1 

( `- g 2 I 

We get the probability of polarization of a beam of photons requires 

the measurement of two linear polarizations (at an angle of 45° to each 

other)-and of one circular polarization. If we have taken the initial 

matrix (42) as determined by (37) , then 
Pit 

_ .10 + 3) would 

/ 

have given us the probability of circular polarization, while 171, 

2 and 

fi 

linear polarizations. 

would have given us the probabilities of the 

Since the probabilities must be positive and smaller than unity, 
It 

it follows from the expressions for and f) that 
i II ¡.4 

t 
G I On noting that 

J 

it may be concluded that 

ts 
- = 4 

7- 3 

As an example we can consider some limiting cases. When S = O 

i 
. In this case the probability of any arbitrary polarization is 

equal to 1/2. Such a state is said to be completely unpolarized. 

) 
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When _ ( , we can write in the following form 

S,% 7-a p s. Zoc Ccs )3 _ =17oz 

We see that is identical with the matrix obtained on the basis of 

(41). Therefore, it describes a state of complete polarization. 

In the case of partial polarization the density matrix can be 

regarded as a linear combination of two density matrices corresponding 

to a completely unpolarized and a completely polarized state. Indeed, 

let 

where 

T (1.3 

tel 

Then (43) can be written in the form 

i 

4 ' ' ) 1 2 J 

The coefficient is referred to as the degree of polarization of the 

photon. 

In conclusion, we may mention one important point about the,.,., 

present description of electromagnetic field. We have shown that 'C K t 
in momentum space can be interpreted as the wave function for the photon. 

However, in the inverse transform of ,r(1:1-0 

F. 0-'11) (-21-01 f kt, e 

, 
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with the normalization 

IF 
the quantity V: V will not have the meaning of the probability density 

of finding the photon at a given point of space. Indeed, the presence of 

a photon can only be established asa result of itsinteraction with charges. 

This interaction is determined by the values of the electromagnetic field 

vectors t and I at the given point, but the latter are not determined by 

the value of the wave function r at that point but by its values over all 

space. As a result, the localization of a photon in a region smaller in 

order of magnitude than a wavelength has no meaning, and the concept of 

probability density for the localization of a photon does not exist. Thus 

only in momentum space can one talk about the wave function for a photon 

in the quantum mechanical sense. This situation is essentially due to the 

fact that photon has zero rest -mass. For an electron, one can talk about 

the wave functions both in coordinate and in momentum spaces. 
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SELECTED TOPICS IN NONLINEAR OPTICS 

R. M. Herman 

The Pennsylvania State University 

I Introduction 

In this series of lectures, we shall devote our attention to processes 

which we call nonlinear two-photon scattering, where the scattering can be 

characterized in terms of the following diagram: 

i 1'e - .4144C. ed 

t t4i.r,oti 
WL 

-- -- ------ i 

Since the excitations have time- dependent characteristics, they act as 

oscillating components in electronic parametr :c oscillator circuits, In time, 

the amplitude of the oscillations increases- s.Lnce the oscillations are, 

themselves, governed by the optical fiends which they generate in the first 

place, For this reason, we could call these types of scattering self -induced 

parametric optical generation 

method for dealing with two -photon scattering, originally developed by 

Shen and Bloembergen is what I would call the stationary optical field method. 

In this method, one regards the laser field as a monochromatic plane wave 

(having wave vector kL, and angular frequency WI) and a secondary (scattered) 

wave as a plane wave (ks,ws) propagating at some angle with respect to the 

input beam, its frequency wS being shifted by an amount w = 
L 

- wS from the 

laser frequency.. We write the optical fields as 
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ES-1 , = i e + L . C . 

__// 

-; k f h +,' uJ- 
Esh,T) - i +c,L. 

(I) 

where ELI and 1E 
S 

1 represent the field amplitudes. While EL will be regarded 

as constant in space and time (within the focal volume, say) Es will ultimately 

be viewed as a slowly varying function of position. In fact, the fractional 

increase in IEsI` with distance along the direction of the propagation vector 

ks will be called the cpti,:a1 gain, the prediction of which will be central 

to our calculations here 

Finally, let us examine the typical magnitude cf the optical amplification 

over the typical path lengths encountered in experiments Consider a laser 

beam of diameter D focussed with a ens having focal length f into a scattering 

cell. The beam divergence of the laser is e. The focal volume looks as follows: 

2f The length of focus is such that (k /2) (D /f) _ f8,; or Q _ 
D o The 

of light 
fractional extinction /associated with backscattering into the incoming angle 

is - ai x (nD` 4f`: x 1 /4n , a being the natural (spontaneous) attenuation 

coefficient.. In situations where there is optical gain, the energy scattered per 

unit length is aeGx rather than a, G being the optical gain coefficient for 

the scattered wave. Hence 



 GX f e, x = 
o 

111 

(Z) 

replaces ak in the above expression. Typically, 0.1 of the incident light gets 

scattered at high intensities, hence 

1 ¡ e (z D - 
6-e 

Q D9 0' 1 y 
Cr ) s 

04 

For D 1 cm e - S x 10- rad, and 'a = 10 
-5 

cm -1 (typical value for spontaneous 

processes), this leads to a value for the total gain coefficient over length 

k, Gk _ 20. 

II. Stimulated Raman Scatters 

Let us consider nonlinear Raman scattering in gases as an example.. 

Consider a molecule for which the overwhelming probability exists for finding 

it in the ground state, 4)0(t). The Raman effect is generally identified as a 

phenomenon in which the incoming photon, having energyiiWL, is absorbed very 

far out of the wings of distant electronic resonances, and a lower energy 

photon, having energy -fiwS (stokes -shifted) is immediately emitted, leaving 

the molecule in some excited vibrational state, 0k(t), [For simplicity, we 

shall ignore rotational degrees of freedom for the moment.] 

d, 

4 LS 

For energy conservation to hold, 'i(WL-wS) 
Ek E0 '5wko" 

54".6.-t de. <-f,,i 
e ltcfrow:e s 

Ek and E0 being 

the eigenenergies associated with the molecular states (1)k and 00. 
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A. The Interaction between a Molecule and Optical Fields 

We consider electronic degrees of freedom and a single normal coordinate 

for nuclear vibrations --R, say. In the Born- Oppenheimer approximation, we 

solve for all electronic degrees of freedom under all influences, keeping R 

fixed. Then we let k vary, regarding the total electronic energy plus inter - 

nuclear Coulomb repulsions as a potential energy function which is used in the 

nuclear equation of motion involving R. If the optical fields are absent, the 

latter potential energy function, U(R), has the following appearance: 

(The low lying states will behave approximately like simple harmonic oscillator 

states, since U will vary approximately quadratically with separation (R -Re), 

Re being the "equilibrium" value of R,] 

When the optical fields are added to the problem, U(R) must be 

supplemented by the additional energy of polarization, 

- ¡.0e(R) E4,,t)2 

(Actually the polarizability a(R) is frequency dependent, increasing as 

frequency increases. This increase gives rise to optical dispersion in 

ordinary optically transparent substances. In the present case, WL and ws 

are closely enough spaced that the polarizability considered is that 

characteristic of frequency WL, say.] 

(3) 
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Our calculaticr. new proceeds along two lines: first, we wish to calculate 

the state of the molecular system under the combined influence of U(R'' and 

AU(R).. From this, we deduce the actual electronic polarization for the 

medium, in the presence cf the optical fields; next we solve Maxwell's wave 

equation for the optical electr :c fields to find the amplification (or 

attenuation) of the scattered wave with distance, 

B. Calculation of Nonlinear Polarization at Frequency to 

equation 
The time- dependent Schrödinger /for each molecule is 

-i`n;A,F) ) 

the total Hamiltonian operator tor nu_iear motion being 

with 

Qt-ii(R; h,1) _ 4- 5'(R,,, 

c).-1/0 rs4r -0- U(e) gy N 

au(?,.4),f) 

(4e) 

(S) 

(6) 

r being the position of any given molecule in relation to the optical fields. 

Let us- expand II) in terms of eigenstates of Ho, thus: 

(h ,t) Sp l R.f-) 

where the (I), represent stationary states of the unperturbed Schrödinger 

equatíón 

( 7) 
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[Note that 

E, being the eigenenergy of the time - independent equation 

Upon substituting Eq. «7) into Eq. (L7/ we obtain 

k +5 ) 

( ?) 

(g) 

(Io) 

l 9 - d o + ( R ; ) 0 ) + 

The second term on the left and the first on the right are identically equair 

thereby cancelling; moreover, if we assume that only state 3 = 0 ,ground 

state:) is appreciably populated, then after multiplying by k and integrating, 

we find a growth equation for ak in lowest order, 

. . 
2Ck = - 2 nf ) <Pk (R,i) I °U R) 7' (R,t) (13-) 

The above equation implies that if there were a non -zero value for ak, 

and the optical fields were turned off, ak would remain unchanged in time. 

This we know to be incorrect, for thermal relaxation will cause ak to decrease 

at a fractional rate y /2, 
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. 

_ 03) 

such that the probability for finding the molecule in stare k, lakli would 

suffer a fractional loss per second equal to y, the inve.rse lifetime_ Thus 

the entire equation for ak, under both influences, shouid be 

Qá - - fair - h' f) 2 <6 oeitd (Ay) 

The only portions of the latter term which can sjr-Pive the tyme nt_graticn 

are those which oscillate slowly. Since the matrix element: itzeif . 

oscillates with frequency wko, we wish to in :lude in Eq l4. these parts of 

E2 which oscillate with frequencies neatly egrial !and oppcsrte- in the .c.mplex 

field representation) to 
wko` 

Since wL and 0,, 

5 
> 

wkc 

interest are 

the o.'.iy terms :.f. 

iiz,,-h)h ;wf 
E14,4-) 2 E S e 

the first being important for w _ wko, the latter for w 
ko` 

Stokes Case: w _ wko. In this case., we have the equation 

C a " 

k 
t Yi Q 

/ 
l _ * < U k(R ) (RLl,(R% k,-ks ). ; o- w)f 

e, (16) 4 it 

To solve this let 

- sL 
C1k =Cke (I7) 
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Then (d4.1 <t.t,t*kia)I U.> ) 

"" 

k - '- Cs ko 4; 
results < Integrate to obtain 

* 
e 

. ° - kg). n + { (w,to - t + %Í 
C S 

(14--hs).6. +:("ka-w) E + %I-6 
e 

c.) -17i 

directly, and therefore 

)."I: ± 1.0.440 - '-))e 

4(1-1-, 4) Cf e- 

flA(c,4o-ca -Z %Z ) 

Now the total electric polarization pez un_: vci.me i 

?fr t, _ /vcd.o.,i) 

where N = number density of moleculeswh.iie ka,?rfti is the actual molecular 

polarrzability, given by 

-OE 

°I(h,t) = T'CR1) °0R)I V/(RA-'i.) 

<Id()I4> }(k<Fó l011cIqf > +C.C. J 

+ Ovd eil- LC v'11 , 

using Eq< (rf) The first term, here, leads to the ordinary linear polari- 

zation tand hence index of refraction) and will not be considered further at 

this time The next terms represent a field- dependent polarizability, 

represented by 



(a,e/d k o 01 t °á 
f 

P0/211- ok i 1 e 
',it (c)fro-c.)--i. ) +.c. 
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(ay) 

Hence, the component of nonlinear polarization which oscillates at frequency 

+ wS is obtained through multiplication of a(r,t) by the EL portion of E(r,t), 

as follows: 

_ í%P ' h test 
1 ÑL (oS)e + C . C . 

k,h17- - ; kr ? 
gt ( 4. - c,) -; %) e. 

NC,, 1 1 I°2ok It 4 1 . 4 ) . 5 7 4 les 7 // 640- e + LC Tw-t7) 

4. c. c. 
CZy) 

The quantity in the first bracket, multiplied by 4Tr, is the nonlinear 

partially 
susceptibility It is complex, which indicates a polarization wave /out of 

phase with the field to which it is proportional, ES(r,t). It is precisely 

this phase difference which allows the polarization wave to exchange energy 

with the scattered wave, as we shall see below. 

C, Solution of the Wave Equation 

The wave equation for the optical electric field is 

( v- - i E--(!Lm = c 
where n is the index of refraction, and c the speed of light in vacuum The 

terms which vary as a are (regarding ES as a slowly varying spatial function) 
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1 2- (_kk s )E-s - 14 - 
orc.hl 

C 
N 1E111-ah 12 l 

J o ) 

2 w 
xNLWr) 

Cu) 

The real part of the non.Linear susceptibility, 
XNL(wS)' 

leads to a further 

change in the index of refraction for ESn which is not importante here. Hence,, 

we ignore it, and write 

together with 

ks = 
nca` 

., Z /CS .7 Gs =L= LJf ) 
S 

Hence, the fractional increase in ES in the direction of its propagation is 

= 
Kr_ 

zirks X (L.,$).? 

the gain per unit length for the scattered intensity GS (w) having the 

following frequency- dependent form: 

Irks Nkiok 
I 

z 

_t ihC`-dko-w)z }C7iI/ 

(2 7) 

(21) 

(2q) 



Antistokes cast, w _ -wo. The time development equation, corresponding 

to Eq. (N ; , is 

Q 
s 

c4v 
_z (h--4s)n. + í(wko+w)f 

yk e_ 

whose solution is 

* (14., +4.)).- 

15; 04. 

/4 040 4c`) 2-/ 

Hence 

iJ * ) /? +-r 

o1Ch,tJ - ,. : 1 ok 1 e 
zik(440f4) -4/2-) 
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(1/ ) 

+CL, (33) 

holds The term in the nonlinear polarization which now oscillates with 

frequency wS is obtained by multiplying the c.c. term in the above equation 

with the EL term of E(r,t ;, with the result 

p iWr) _ A/ Ii.I (ok )i 
" ( 4 4 -4 . ) (N) 

This time, the nonlinear susceptibility, which is large in the region w = - wko 

(antistokes) has a negative imaginary part, indicating induced absorption of 

a wave ES which might be present at that frequency, as opposed to a positive 

gains If we plot the gain vs. frequency over its entire range, we obtain a 

figure which looks like this: 

- k 
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The fact that aositive gain is found only for w > 0 agrees with the 

second law of thermodynamics, in that the system cf photons tends toward a 

more thermal distribution of energies, characteristic of room temperature. The 

antisymmetry of the gain curve follows from the fact that in our derivatives, 

no fundamental distinction is made between the two light waves EL(r,t) and 

ES(r,t). Hence, if the wave at lower frequency is to gain energy, the higher 

frequency wave must necessarily lose it, (The energy exchange per unit length 

is, of course, proportional to IEL N ES1` 
Equation (13, does not show an explicit direction dependence. In 

ordinary experiments, the longest path lengths lie parallel to the laser beam 

direction so that forward --or backscattering are predominant,. Forward 

scattering Is further favored- since In this case, doppler line widths,, 

which influence the effective value of y, are small (- !v 'c)((i -w !) thermal L S 

while they are quite large - (v 
thermal, ;si L`w 

for backscattering: 

In our treatment above we have Ignored the orientational dependence of 

a. This dependence can lead to stimulated rotational Raman scattering, as 

well as the pure vibrational discussed above. A certain limiting case of 

this phenomenon -- Rayleigh wing scattering --will be treated in detail below. 

Finally, it should be noted that the polarization depends directly on the 

value of EL local to the molecules themselves -- rather than the average value 

of the optical electric field averaged over all space. The local field is 

somewhat larger than E, due to the secondary fields produced by the induced 

dipoles surrounding the molecule in question Consistent with the Clausius- 

Mosotti relation 

K C Q, - (3s) 
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This is again true computing the power transferred by the molecular dipole 

moments to the optical fields. Accordingly, the gains associated with non- 

linear Raman scattering, Eqs, (30) and (3/0, should be multiplied by the 

factor (n2 +21/3) 4. 

Dr Experimental Aspects 

These aspects of nonlinear Raman scattering are covered in some detail 

elsewhere in the course. 

III, RAYLEIGH WING SCATTERING 

Nonlinear Rayleigh -wing scattering was first discovered by Mash, 

Mozorov, Starunov, and Fabelìnskii, but was most fully illuminated in the 

work of Rank, Wiggins, and their colleagues. It is attributable to orientational 

scattering which also produces a depolarized broad Rayleigh wing in low 

intensity (spontaneous. light scattering from liquids. Rayleigh wing 

scattering is actually rotational Raman scattering from overdamped rotators 

(rotational motions are very quickly damped through viscous influences). As 

such, the rotational motion is described through classical diffusion theory 

rather than through a quantum mechanical description of essentially free 

rotatorsr 

The initial theory for nonlinear Rayleigh wing scattering was proposed 

by Bloembergen and Lallemand. The electromagnetic portion of the problem 

was approached in the above manner --for example, consider two plane waves 

with the same direction of linear polarization, such that E(r,t) = EL(r,t) + ES(r,t),I 

as before. The molecular physics is decidedly different, and will be 

described below. 
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A. Orientational Interaction Ener 

Consider a cigar- shaped molecule such that in the frame of the molecule 

the polarizability tensor is diagonal, with the component associated with the 

direction of the symmetry axis of the molecule (= aid exceeding the other two 

components (= a ) associated with directions orthagonal to the molecular 

axis. [More generally, we would have to work with three different principle 

components of the polarizability tensor, a1z 
> a22 

> a33. In the present 

case we are considering only those situations for which all > «2z = a33, for 

simplicity.] The optical electric field can be analyzed into components 

parallel and perpendicular to the molecular symmetry axis 

thus: 

=Cz,- CoSB '=-s,:,e X/ 

In the latter system, the polarization components are simply 

= ; 

while the energy of polarization is 

(3(2) 

(77) 

Alit(9)--- °IA. l = - i el 04 CA7StB f- °1i.t/#1®) (?) 
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We can rewrite this az an angle- independent term and a term varying in cos 8 

as the second order Legendre polynomial [P2(cos 0) = 1/2 (3 cos20 -1)2 as 

follows: 

Alt(9) _ -i .t E 2 ( I + 2 ?I Ì? ( c4s 9 )) (m) 

3 - 4,>"-d1,47 4. /.. 
hd 

-. 0.4 
(1./o) 

304 
Technically speaking, of course, a and y are functions of the normal 

vibrational coordinates (R's), but this is unimportant in the present problem. 

B. The Angular Distribution Function 

The diffusion equation for the angular distribution function f(04;rt) 

is the following: 

d a 

where Da is the angular diffusion constant and Da the angular gradient 

operator, Va = ê aé + 
0 sin 0 80 ° 

Letting f be represented by a large iso- 

tropic part, fo = 4 plus a small part, f2, which varies as P2(cos 0), we 

can write 

C 2 : d(o) Da a t1 ` tT 



lM 

j 

2 

Since V2 
a sin 8 ab 

sin e aé 
+ sin a2 and Oaf 2= - 6 f2, we find 

¡' 
rt 

z L 1'z - -- 0 - oLG 
/'i (c-s ß)1 kT J 

with T = (6 D 
a 
)-1. [It is interesting to note that the relaxation time for 

orientation is equal to one third that for alignment, which would result from 

our considering a diffusion equation for aligned molecules, in which f = fo + f , 

where f 
1 

is proportional to P. (cos 8)o The later case is typical of 

dielectric relaxation phenomena.] 

By considering only the anisotropic interaction components which vary 

as ELES or its complex conjugate, we can now solve the differential equation, 

Eq. ( ) for f2. Letting 

¡ 4,(k- k). -t 
*z(e,,) z a(e) 

(/iLal , S iL.q TZS7 *5 utí-d 4,4ave cS 02.L.e4h[l vicuAfey dfcrt ti.d44,1-Os.. h, k) 
we now obtain 

or 

(iwf +t)(s) __ o1Y : 1yr kT 

(e) = - °1 ó E*E! 79: c ..,s s) 
orleT (I- r) 

R ( s 6,)) (451 

C. Solution of the Wave Equation for the Scattered Electric Field 

As in the stimulated Raman effect, the nonlinear polarization is now 

found by first computing the average effective field- dependent contribution 

to the polarizability, 

(V6) 



-..E - 
ol (.t) 1 f ta- j(,t)(J +z)-P0,.e)) 

-el)' " FCs i(k,.-k,)h _ 
Sler --c Ldz) e 

using Eq. ('k) for f2, Using arguments similar to those employed above to 

obtain 
PNL(wS) 

and, from this. the nonlinear susceptibility, we now find 

xivipAir) 

Sk7-(r-1wL) 

Accordingly, the gain per unit length for the scattered intensity is 

( = yr k Y oc 1 l E: I L 4.) r 
( 

h 2 t 6s ) skr 4-(4.1r)7" 

and the gain function appears as follows: 

r-' 

/ LL, 

çot.,á- LorvtT7o- 

W 

The gain curve for scattering from non -resonant excitations is thus seen to 

be an anomalous dispersion- shaped profile centered about zero frequency 

displacement with maximum value at w = -Y, 

185 

(4',) 

0/9) 
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D. Experimental Considerations 

Rank, Wiggins, and colleagues showed that T can be identified with the 

inverse angular frequency shift in the scattered radiation. According to 

hydrodynamic theory, for geometrically spherical (but rough) molecules, 

T 43kT3 
(50) 

n and a being the viscosity and molecular radius. One should, therefore, 

find that T varies linearly as n /T, which, in turn, can be varied óver wide 

limits through changing temperature. (The viscosity is often very sensitive 

to changes in T.) The experimental observations have, in fact, led to sub- 

stantial confirmation of this fact. 

The theory outlined above has been shown inadequate, however, for it has 

been discovered experimentally that the scattering is impossible to achieve 

for perfectly linearly polarized laser light. By the reverse token, the 

scattering is easiest to achieve when the input laser light is circularly 

polarized, while the scattered radiation is also circularly polarized, but in 

the opposite sense. [These observations hold in both forward and backward 

Rayleigh wing scattering, incidentally.] The reason for this appears to be 

that in strong laser fields, the molecules become strongly aligned, so that 

1 /47 does not form a good first approximation to f. As a result, the fluctu- 

ations in f caused by coupling to the ELES -type terms of the radiation field 

become relatively very small. To the contrary, when circularly polarized 

incident light is used, molecules become oriented only within a plane (not 

along a line) such that the interference signal in ELES can, indeed, still 

influence the angular distribution function, thereby causing the scattering 

of (oppositely) circularly polarized light. This is described in detail in 

the first reprint included with these notes. 
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IV,, HYDRODYNAMIC TYPES OF SCATTERING 

In the previous discussions the nonlinear polarization PNL was obtained 

through the effects of the optical fields on molecular motions, which in turn 

affected the polarizability of individual molecules. To obtain PNL' we 

multiplied the field dependent part of the polarizability with the number 

density and the laser electric field, 

L 
067' 

/d -dyd.-L 
Ch (,ri) 

In the present discussion we shall, by the reverse token, consider the field - 

independent (static) part of the molecular polarizability ao, while employing 

field dependent contributions to N to achieve the nonlinear polarization: 

,'e 1.1 - d r,-, 
Nt N 

In this treatment, we often replace ao by its optical counterpart 

1 

C'- ) , 
N 

1 -- 
according to the Clausius Mosotti relation, where N is equal to the average 

number density, while n is the index of refraction. 

A. Stimulated Brillouin Scattering (SBS) 

In nonlinear Brillouin scattering, the optical fields EL and ES create 

sound waves such that the following momentum conservation equations are 

fulfilled: 

L RS / en- = k - I%f 

(s?) 
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where k, kL and ks ate the wavevectors for the sound waves (phonons), incident 

light wave and scattered light wave in the scattering fluid. Since the sound 

wave oscillates with angular frequency w = vs k, the scattering takes place 

from an optical parametric oscillation such that sideband frequencies 

ws = wL w are allowed in the scattered light. A typical situation is 

pictured below, for backscattering. 

-.-. y , 

-sj 

Since the sound wave appears as a set of mirrors (the density variations give 

rise to index variations spaced such as to satisfy the Bragg condition for 

backscattering) moving away from the laser source, a Doppler red shift, equal 

to 

6,) = c` - s (c,,J s ) c = (k, +01r = %^17 (3"S1 

results. To analyze the process in detail, we first solve hydrodynamic 

equations to find number density (or proportional mass density) fluctuations, 

as they are caused by the optical fields. 

According to classical electrostatics, a pressure gradient associated 

with the presence of electric fields exists, equal to 

VU N d N 
g(4)) i ?ir T 

E(= n2) being the dielectric constant. This is known as the electrostrictive 

pressure gradient, and is responsible for drawing dielectric liquids between 

(S6) 



the charged plates o a capacitor- Using the Clausius Mosotti relation, this 

gradient can be shown equal to 

ao 0 ((E;E(2) 
2 3 / 3 

which is essentially equal to the molecular number density multiplied by the 

E +21 polarization energy per molecule. (The factors are local field 
3 

corrections) Finally the derivatives of 1-321 are of minor importance, so 

that 

t.-I ht,f) P n ( 3 

holds. 

Let us now assume for simplicity, that the thermal coefficient of 

expansion is zero. so that the ratio of specific heats, y(= CP /CV) is equal 

to unity and temperature fluctuations do not influence density gradients, or 

visa versa. Then the hydrodynamic equation which governs momentum transport 

(Navier- Stokes equation) is 
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(51) 
á 2 v-7 1 

1 v K i n{í 2 
o A _Q 

l electyosl,-fhve _Cp ? 7 F(,t) 

where p represents the density fluctuation p, 
u 

the ambient density and n the 

effective viscosity at sound frequency w The first two terms on the left 

taken alone lead to undamped sound having velocity vs, the third term 

representing the damping of the sound waves through viscosity. The right 

hand term is the divergence of the electrostrictive pressure gradient 

which drives the sound waves. 
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Now we are primarily interested in causing density changes through the 

time varying parts of E2. At the same time, we confine our attention only to 

low frequencies in order to couple to hydrodynamic oscillations. Consequently, 

we retain only the ELES (and complex conjugate) terms of E2 in Eq. (4). 

Letting 

we obtain, upon substitution into Eq. (/), 

+CC. 

1 t 1 (- 1- k 2) - w V = k h)Ch s 
o /° 

whose solution is 

Fir 
(z t)K1--- E,! 

(6 ) 

(G/) 

(6 24 

Here WB(= vs k) is the Brillouin frequency in low intensity (spontaneous) light 

scattering while w is treated as a variable frequency, equal t ows. The 

Brillouin linewidth in spontaneous scattering is 

Noting that the expression for large only for w ±wB, we find 

^' ih'- 1)0=11 ) K + z 1 * s /órrNf r 
()ßJ - YaA. 

Ls 

(cß+I 



Since the number denL::__y fluctuation is equal to p /M, M being the molecular 

masst the nonlinear polarization is 

P _'{?S.h 

NL f,- = Z Nws)_ - +C..C. 

i?.ft- ate 

2M 

` 
n` 

After replacing, by 1 
(n 

I2 
4 rr N 3 

finally obtain 

and identifying components, we 

_ 
(:_)1( (-T-) I (y P<ws. 

(Culr + + 4/2 
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c,) - (46 ) 

From this expression, the nonlinear susceptibility and the optical gain 

function for the scattered wave can be deduced, with the result 

C(A_ '( - 
KlPO4n 

} ksk k+Z ll 
32n rt' , ( 3) ( z 

° C(4`)13 w) } (Y/0) 
CO) 

1/4".1 ± 

The Brillouin gain curve shows properties similar to those for nonlinear 

Raman scattering: 
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B. Stimulated Thermal Rayleigh Scattering (STRS or STS) 

Consider the addition to the liquid of some laser -light absorbing 

material such that the incident light is attenuated in intensity with 

extinction coefficient a. The absorbed photons' energy immediately becomes 

converted into temperature fluctuations and, consequently, into density 

variations according to the rule 

being the thermal coefficient of expansion. The energy transport equation 

is, approximately, 

(6e) 

(o G el 1r 11" 

- twt 
(CO et &f e + c c... 

through the usual selection of frequencies in the last equality. Letting 

_i4,3 
rM= 

4 c.c. (%) 



we obtain, following substitution into Eq, (69), 

hLoL *.n""' NGeC Nir S . /JnCP 
>t - 174 Cr eSA - 4.) 

where yR, the linewidth associated with spontaneous Rayleigh scattering, is 

given by the inverse thermal relaxation time, 

ahi 
ß . Cr 

Hence, according to Eq. (é ), 

,,c 
'R/2) _ 

Consequently the thermal gain becomes 

1 /hC L %P 

G 
h + : // (.4 - (" )( 

( po c, w L + (rR/1)1 

The ( -) sign, which comes from Eq. (6a), is important since the gain curve 

now peaks on the antistokes side, 

The complete theory, in which inertial effects in the response of the 

density variations to temperature fluctuations is presented in a 

second reprint appearing with these notes. The treatment reveals still a 
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further thermal scatil ring in which the temperature variations can drive 

sound waves at their natural frequency, ± w giving rise to a nonlinear 

"thermal Brillouin (STBS)" or "spectrophonic" scattering of light. 

With regard to the antistokes shift in STRS: (lí The reason that it 

exists can be traced to the fact that thermal scattering is not associated 

with a "true" self -induced parametric oscillation: While the absorption of 

light leads to the fluctuation, it is not this coupling which gives rise to 

the scattering; rather, it is the density fluctuationswhich do this. In the 

situations discussed previously, the interaction responsible for the scattering 

is the same as that governing the fluctuation. (2) It is compatible with 

the second law of thermodynamics while giving blue- shifted photons because 

of the simultaneous reduction in total number of photons; hence, entropy still 

increases. A favorite observation of students: "A reason that blue shifts 

in two photon nonlinear scattering had not previously been observed is that 

people had concerned themselves only with clean liquids 

C. Experimental Aspects 

Typically, SBS has been most useful in the determination of "hypersonic 

hound "velocities for liquids. By and large, these sound speeds have agreed 

closely both with sound speed determinations through spontaneous Brillouin 

scattering, and sound speeds as obtained through extrapolation from the 

ultrasonic regime. In gases, the situation is somewhat different, however, 

with measured sound speeds often falling below those predicted through 

extrapolations from ultrasonic experiments. Recently, Mash et al. have 

shown that the ultransonic sound velocity is lowered by the presence of 

electric fields, while Wang has provided a theoretical relationship between 

the velocity and threshold electric field strength. The predicted velocity 

shifts are sizeable for gases, but remain small for liquids The present 



theory does not expi.-.: the agreement between hypersound velocity measurements 

in gaseous CO2 and CH in both SBS and spontaneous Brillouin scattering, how- 

ever. 

I have reproduced, for its experimental aspects, a paper by Rank, Cho, 

Foltz, and Wiggins which measures the antistokes frequency shifts in STRS, 

and compares thresholds for obtaining SBS and SIRS. [Since for liquids 1R 

is smaller than the laser linewidth, the effects of a finite distribution of 

laser frequencies has been accounted for by convolution, thus leading to a 

replacement of yR by 
y R 

Y; where YL is the laser linewidth,throughout 

the results of the theory of STRS.) Theoretically, STRS predominates when 

a exceeds a critical value 

z .vB a Z )C 
K 

3 
t Cr C + ) ( ) 

` n + ß C 
ì ó` Ys 

These and further studies have shown that observed values of aCr agree 

reasonably with theory In only about half the liquid -dye combinations 

considered; in the others, aCr is found to be substantially less --for no 

easily understood reason. 
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Finally, it is of interest that Pohl Reinhold, and Kaiser have observed 

STBS through an oscillator -amplifier experiment, confirming the gain curve 

(see the attached paper by Herman and Gray) predicted for this type of 

scattering. Since experiments of this type will probably be discussed at 

length elsewhere in these lectures,, I will not outline this technique at the 

present time. 
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V. TRANSIENT PHENOMENA 

Recently, investigators have concerned themselves with transient --as 

opposed to steady state -- solutions associated with the phenomena of two photon 

scattering. A reason for this is that the techniques associated with pico- 

second pulse generation and detection have permitted the development of a 

scattered wave train in such short times that a steady state condition could 

not be approached, Typical among these studies is one reported recently by 

Mack, Carman, Reintjes and Bloembergen. and analyzed by Carman, Shimizu, 

Wang, and Bloembergen on the transient response in stimulated Raman scattering, 

Similar studies are by no means this recent, however: In 1965 Kroll analyzed 

transient responses in SBS while Brewer verified his results experimentally, 

and more recently Bespalov, Kubarev and Paamanik have done the same for STRS. 

We shall analyze the latter case in detain although in many ways the results 

of all of the treatments bear a striking resembian.:e- 

Af Theoretical Considerations 

We let the electric fields and LEmperature fluctuations vary with r,t 

in the usual way where now. howevel ;we shall take into account the explicit 

form for the amplitudes in space and time, as follows: 

Ei:(-4i 

_ 1 

= CL it t) G 

(a-,4) ro) 11 

_ h + ì c ,f 

°r(!L, t) = Z I C%, ) ` k ) d 4 C.c. 
where now script letters are used to denote the entire field, and EL(r,t), etc., 

are used to denote the amplitudes. Note that in this case alone, the exponents 

in time are the same for both 
EL 

and ES, differences in time dependent behaviour 

being placed into EL and ES. 



The equations describing STRS are (for T): 

(2 i- Av2) Tcn,f) _ --ç P P / 
using Eq. (72), and (for ES): 

using Eq. (6Y), or 

h Z 17t /V d, 
C-L 

s S - - 
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-2, es V E:(1, ) - ; es a 7/1., v = r- 

z 
-' 

n) 

ks 
z 

Ï 7rLit) E:63. C79) 

Since inertial effects associated with the density fluctuations are being 

disregarded, we are dealing only with phenomena which occur in times long 

compared with wBl This is the case for light scattering with an ordinary 

Q switched laser as the source (puise duration _ 10 nsec) but decidedly not 

for pulses lasting for only a few picoseconds> In this light, the length 

of the incident light wave train is much longer than the length of the 

scattering cell (or focal volume). Hence, the effect of the time derivative 

in Eq. (7q) is small compared with that of the spatial derivative, and we 

shall neglect the time derivative, henceforth. [The results are not too 

difficult to generalize to include the influence of this derivative, however.] 

Let us now rewrite the equations, defining a new variable, 

o cP r'- C d. 

as 

(ro) 
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(:4 4 Vr" = 

A s 

E:(S .p = 
64s(E) a)% 

, 

with 

SS (K ? , , 
c= /6n, Cr (?7) 

GRS being the maximum value of the steady state gain function, obtained;, 

above for STRS (Eq. (74/)), According to Bespalov et al., the solution to 

this set of equations is (with 
EL 

propagating in the Z and Es in the - Z 

directions) 

z 

3 Jdil 0 ) 3,70-t R 1 tsi) 

independent of the specific form of EL(r,t). [We also note, here, that T' 

has the form 

óf 
= I c , a ) e 2 ((-; zÓd1f:: (er) 

0 
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Since the Bessel function has the asymptotic form 

.. -% +;.) /i 5 e 

we may write, for Es, 
S 1t +,%f +(óRf kail SS ' 

e Cs 

Snce c 1 GoH6,4,4,on-f rG 7s ócr:se 24). -6,1.e 

%< <w..Lf 1c.,944. L. ) s a ,..c, . ,, 645, e, 
pwAh6d d-d 0 itc. ),(..Til6 . 

The effective válue for the frequency shift is that obtained through 

differentiation of the exponential having the imaginary exponent at that time 

when most of the radiation is being scattered -- assuming that at that time 

EL(z,t) posesses a constant phase -- namely, at the end of the incident wave 

train. This leads to an effective frequency shift given by 

c.) ss 
î. 

Z - ` R P ( 88) 

l.p le' t rwIfe d when-_, 

This shift can, presumably -, lie outside the intrinsic halfwidths in question 

(Y RA or v2), but not by much. For just about as soon as this begins to 

occur, the total optical gain would be large enough that there would be 

significant depletion of the incident light, thereby destroying the validity 

of the present treatment. The exact way in which this occurs is not clear, 

but presumably the situation is then better described through the steady 

state theory described previously. 

B. Experimental Considerations 

Bespalov et al. have described experiments in which the antistokes 

frequency'shifts were "surely less than 0.005 cm 1 ", where they were predicted 

as being of the order of 0.001 to 0.002 cm -1. Meanwhile, the shifts 
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measured by Rank, Cho, Foltz, and Wiggins were larger - -of the order of 

0.008 cm-1, as opposed to 0.014 predicted by Eq. (fl), and 0.011 predicted 

through the steady state theory. Their experiments were performed in the 

depletion regime, however, and are therefore not surprising. 

Of interest is the fact that it is not GSS itself which gives the 

propensity for scattering, but rather the total areas under the gain curves, 

YSS 
Mack, Carman, Reintjes and Bloembergen have used this fact to observe 

several Raman lines simultaneously when, under longer duration, only those 

lines having the highest values of GSS could have been seen. (These observations 

were made on rotational Raman lines in CO2 9 
OL G4vJfYOi gaS wt /f *s V;irariok- 
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THE INTERACTION OF RADIATION AND SUPERCONDUCTING WEAK- LINKS: 
SOME QUANTUM CONSIDERATIONS 

Raymond Y. Chiao 

University of California at Berkeley 

Superconductivity is perhaps nature's most striking display of 

quantum mechanical effects on a large macroscopic scale. Because 

pairs of electrons can become bound due to an attractive interaction 

between electrons, what used to be a Fermi liquid consisting of single 

electrons rigidly obeying Pauli exclusion in a metal, suddenly decides that 

part of it would like to become a Boson liquid, with an associated conden- 

sation into a single quantum state. This results in resistanceless flow of 

current; the Meissner effect, in which a bulk superconductor expels any 

ambient magnetic field; the quantization of flux in a superconducting ring 

in units of he /2eSand the Josephson effect, in which oscillating supercurrents 

are set up in a "weak link" between two bulk superconductors biased at a 

finite D. C. voltage, to name but a few of the consequences of this macro- 

scopic quantum condensation. 

In this lecture I should like to confine my attention to the Josephson 

effect and ask the question: how does a "weak link" interact with the radia- 

tion field on a quantum level? In other words, how does it emit and absorb 

photons? This question is important when we wish to use these devices as 

generators and detectors of radiation. In particular when one considers 

them for use in radio astronomy as receivers, an important question arises: 
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how does this quantum -mechanical receiver compare with another well - 

known quantum -mechanical receiver, the maser? 

Before going any further, let us first state what we mean by a 

"weak link ". A weak link is any effective barrier between two superconductors, 

so that bound electron pairs cannot pass through it without breaking up or 

tunneling across. This, of course, can be done in a number of ways. The 

most obvious way is to interpose a vacuum between the two superconductors. 

However, the problem is then the tunneling amplitude drops off exponentially 

with distance, so that for practical separations, the tunneling current very 

nearly drops to zero and our "weak link" becomes a virtually nonexistent 

link. However, if one uses a very thin insulating barrier (e. g. an oxide 

layer of a few Angstroms), or a normal metal barrier (of a few thousand 

Angstroms), or a narrow bridge or neck of superconductor somewhat smaller 

than a "coherence length" (the Dayem bridge), one obtains the desired effect. 

In the first and second cases, tunneling of pairs across the barrier causes 

the formation of a weak link. In the third case what happens, roughly 

speaking, is as follows: bound pairs of electrons form an association over 

a distance ( "the coherence length ") g -- where vF is the Fermi 

velocity, and A is the gap energy, or half the binding energy of the pair. 

This can be immediately understood if we invoke the uncertainty principle 

and the fact that the electrons which are able to form pairs must lie at the 

Fermi surface. If we have a narrow bridge connecting two superconductors 

whose dimensions is small compared with , the electron pairs can no 

longer "squeeze" through the bridge as pairs so that again we have a weak 

link. (Still another picture of what happens is that the bridge is smaller 
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than can sustain a single supercurrent vortex associated with a single line 

of flux, so that only single lines of flux can pass through the bridge. Since 

a vortex has P. size , both pictures yield the same result, i. e. a 

bridge smaller than g will be a weak link. ) 

To analyze the response of the weak link to external perturbations, 

i. e. , d. c. and a. c. fields, we shall adopt a modified version of Feymnan's 

approach (see Feynman's Lectures on Physics, Volume III, Chapter 21). 

Fig. i (a) 

Fig. i (b) 

weak link 

1 11 2 

superconductor 

1 2 

A 
2 eV 
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Consider the weak link described in Fig. 1 (a). We have drawn a Dayem 

bridge for our weak link, but the ensuing argument applies also to oxide 

barriers, normal metal barriers, etc. Lei: us define the uncoupled wave- 

function where all the electron pairs are completely on the left or completely 

right of the barrier as 01or 02 respectively. (See Fig. i (b). ) These 

(Boson) wavefunctions will serve as our basis states. We shall neglect any 

single-particle excitations and this will correspond to not irradiating with 

radiation with frequency higher than the gap frequency A / h (2 A is the 

binding energy of the pairs). Irradiation with higher frequency radiation 

will break up the pairs, and we expect the weak link to fail to respond to 

such high frequencies, since the superconducting properties on which we 

rely will then disappear. A proper treatment of this frequency limit re- 
quires a detailed microscopic theory which we shall skip over for the pre- 

sent. Suffice it to say that we shall deal with microwave and millimeter - 

wave frequencies of radiation, where for suitable superconductors (e. g. 

Pb, Nb, etc.) we are comfortably below the A / h limit, so that the macro- 

scopic approach is very good. We shall also ignore excitations due to the 

ambient thermal bath, which we can do if the temperature of the weak link 

is much lower than the transition temperature Tc. In addition, we shall, 

for the moment, set the magnetic field around the weak link equal to zero. 

With these assumptions, we can write the Schroedinger equation for 

0 = a101 + a202 as : 

dal 
e V a 1+ K a 

{ da2 i = -eV a2 + Ka1 
(1) 
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where we have biased the two sides with a battery V; so that the 

difference in energy between the two sides is 2 eV. Note that V can be 

time- dependent. K is a phenomenologically introduced tunneling trans- 

mission coefficient which "mixes" the wavefunctions on the two sides 

symmetrically. The fact that a weak link is truly weak enables us to 

neglect spatial variations in 01 and 02. al and a2 have the usual inter- 

pretation of being probability amplitudes of being in state 01 (i. e. all 

pairs on the left) or in state 
02 

(i. e. all pairs on the right). Now let us 

write al and a2 in polar form: 

{ 
e io 

e io 
(2) 

Then p1 and p2 are proportional to the charge density of pairs and of 

and 02 are the phases of the two sides. Since the physical picture of what 

goes on across a weak link is that the charge associated with the supercon- 

ductivity "sloshes" or oscillates back and forth between the two sides, this 

polar form is especially useful to describe the amplitude and phase of this 

"sloshing ". Substituting (2) into (1) we get: 

i n - (p1 eio 1 
( A 

e181 e'1 ) _ 

1 

2 eiol ei02 
in (3a) 



dt 
( e162 ) = i fi ( 

2 P A e 2 +1%p2 iÒ2 e 10 2 ) 

2 

2 f 
eí62 

Ynl ei61 

Multiplying (3a) and (3b) by p1 e -161 and p2 e -i62 respectively, we get 

its ( 
2 151 

+ pl iÒ1 ) = eV pl + K15-2-)31 el(62 -61) 

1 i " ( ß2 + p2 i62 ) = -e V p2 + K ypl p2 e'°2°1 ) 
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(3b) 

(4) 

Taking the real and imaginary parts of (4) and defining 6 = 02 - 01 , we get: 

b l = K-Irr) 2 p1 sin 6 

2 = - K A `1. p 
2 

sin 6 

O = - ,1 cos b - pl 

O = -fil l cos 6+ 
2 p2 

eV 

eV 
fi 

(5a) 

(5b) 

(5c) 

(5d) 

Equations (5a) and (5b) imply that b = -152 , which simply states con- 

servation of charge. They also say that a supercurrent flows of magnitude: 

I = Io sin 6 (6) 

where Io is proportional to 2 K pl p2 / 11 . It is to be emphasized that (6) 

describes only the superconducting portion of the current and not the 

Ohmic portion. Since the maximum value of sin ô is unity, (6) states that 

the maximum supercurrent which can ever flow through the weak link is 

Io. Hence Io has the phy ica1 meaning of being the critical current, i. e. 

the current below which no voltnne appears across the weak link, but above 
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which voltage (i. e. resistance) first appears. 

Fig. 2 

I 

Io 

So = 
- V 

Note that the phase 6 is uniquely determined at the critical point and is 

óo = + . Thus in the d. c. I - V characteristic of the weak link a vertical 

step appears at zero voltage of size +10 (see Fig. 2). This is the "d. c. 

Josephson effect ". 

Next let us subtract equations (5c) and (5d), with the approximation 

pl = 02 , which is justified since battery leads connect the two sides and 

therefore the total charge never deviates very much from overall neutrality. 

Then: 

('t 
$ - 2eV or 6 (t) = ôo + e Jo V(t) dt (7) 

To see what these equations mean, let us consider some special 

cases. First, let us consider the case of a time -independent voltage, i. e. 

a simple battery with a voltage Vo : 

v=V o 
S= S+ e V ot 

(8) 

I = Io sin (öo + 
2t,e 

Vo t) 



Note that a d. c. voltage produces a. c. currents, much like an electronic 

oscillator. If these a. c. currents are coupled to an appropriate antenna, 

they should radiate electromagnetic waves at a frequency 2 e Vo / h . In 

other words, biasing a weak link at a d. c. voltage Vo causes a "sloshing" 

of the wavefunction and hence of the superconducting component of charge 

between the left and right sides of the weak link. 

Second, let us consider the special case of a purely sinusoidal 

time -dependence of the voltage, but without a d. c. component ( i. e. 

radiation without any battery) : 

V = V1 cos wt 

2eV1 
ô = öo + 

'No 
sin wt 

2eV1 2eV1 
I = Io sin (6o + 

,w 
sin wt ) = Io .f sin ôo cos ( 

flu) 
wt ) 

2eV1 
+ cos So sin ( 

-fiw 

For small values of V1, 

sin wt ) 

eV1 2 
2 

eV1 
I=Io{ sin ôo(1 -2 ( 

w 
) sin wt ) + cos 6 

ñW 
sin wt 

} 

} 
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(9a) 

(9b) 

(9c) 

(10) 

To find the maximum d. c. supercurrent, i. e. the critical current: we set 

= ir/ 2 and time average (10) : bo 

eV 2 

Io' -' Io (1 fiw ) ) 
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For arbitrary values of V1 : 

2eV1 
I' = Io Jo ( 

TN.) 
) (Jo is zero -order Bessel function) 

We see that one of the effects of radiation on the weak -link is to depress 

the critical current fractionally by an amount (eVi)2 / ( iw)2 for weak 

radiation. Note this implies that the weak link is a rectifier of radiatively 

driven currents and hence can be used as a (square -law) detector. The 

effect of radiation on the I -V characteristic of the weak link is sketched in 

Fig. 3. 

Fig. 3 

I 

Io 

Io' o 

- without radiation 
/ 

with radiation 

-I' Io' 

-I 0 

V 

Third, let us consider the case of a combination of a d. c. and an 

a. c. voltage (i. e. a battery plus radiation). We expect that since a d. c. 

voltage by itself produces oscillating currents, a resonance between these 

currents and the incident radiation will produce some unusual effects: 

V = Vo + V1 cos wt 

2eV 2eV 
ô=óo+ ° 1+ fiwl sinwt 

(12) 



2eVo 2eV 
1 I = Io sin (bo + t + sin wt ) 

fl 

Now (13c) implies that there is a d. c. supercurrent not only at Vo = 0, 

- ntiw but also at Vo 2e For n = 1 this is most easily seen if we choose 

V1 small: 

2eV 2eV 
1 I = Io cos (6o + ° t ) sin wt 

If we choose 6o 
fi 

. o - we find a d, c. critical current when Vo 2e 

I(1) = 
eV1 

o o tito 
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(13c) 

(14) 

(15) 

Note, however, that this "supercurrent" occurs not with zero voltage across 

the weak link, but at a finite voltage, and hence one might describe this 

as "finite-resistance superconductivity ". This only occurs, however, 

when monochromatic radiation is incident upon the weak link. The general 

expression for the finite -voltage critical supercurrents is, when V1 is not 

small: 

(n) 
2eV1 

Io = Io Jn( 
tiw 

) 

occuring at Vo = 2e . Hence we expect the I - V characteristic of the 

weak link as described by Fig. 4, the vertical steps occuring at multiples 

of the voltage taw / 2e and having a size described roughly by (16). Note 

(16) 
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Fig. 4 
-NJ 
2e 

that the vertical steps should have a differential resistance of zero. This 

is the "a. c. Josephson effect ". 

When a magnetic field exists in the vicinity of the weak link the 

phase difference (7) between the two sides is generalized to: 

2 

ô= óo +,e V d t - -2-2 ` A di 
o J1 

(17) 

where A is the vector potential arising from the electromagnetic fields. 

That the vector potential contributes to the phase can be deduced from the 

fact that the phase must be a Lorentz invariant or a scalar quantity. After 

all, the phase can be physically measured as the number of fringes in an 

interference experiment and obviously a fringe count for observers in 

different inertial frames must be the same. Then (17) is the only "man- 

ifestly covariant" way to generalize (7) to an expression involving an 

integral of the four -potential (A , ) formed into a scalar product with the 

four -vector of differential displacement. Also (17) is gauge invariant as 

can be seen by substituting A A + V X and cß + 
8X 
at , where X 

is any arbitrary function, into (17). Another argument is that the effects 



of an electromagnetic field can be described quantum mechanically by 

substitution p -> p - c A . Since exp (i p r / 1) is the displacement 

operator, this means the wavefunction is multiplied by the extra phase 
2 

factor exp ( --1 _c J d 1 ) when we turn on the vector potential. 
1 

Somehow the vector potential warps the phase fronts of the wavefunction 

of charged particles. 

An interesting situation where we can isolate the effect of the 

vector potential by itself involves two weak links in parallel (the "Mer- 

cereau interferometer "), sketched in Fig. 5. 

Fig. 5 

P 

b 
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The supercurrent flowing in at point P breaks up and flows through weak 

links a and b in order to exit through point Q. A solenoid inserted into 

the loop between the weak links will produce a circulating vector potential 

field on its outside. This vector potential will intersect a and b in opposite 

directions, and produce a phase shift between the wavefunctions of the 

electron pairs going through the two alternate paths. The current at point 

Q will vary periodically as the flux inside the solenoid is increased, 

much as in the case of a two -slit single electron interference 



214 

experiment. (As Bohm and Aharanov pointed out some time ago, this 

demonstrates the physical reality of the vector potential, since no 

electric or magnetic fields exist outside the solenoid.) To make these 

arguments quantitative, we must first realize that the wavefunction must 

be single -valued after a complete circuit around the loop represented by 

a dashed line in Fig. 5. Thus starting at point P and going counterclockwise 

around back to point P, the total phase change is: 

2rn= Sb -ôa - 5A. dl n= 0, +1, +2, . 
where 6a and 6 b are the phase change upon going across weak link a 

and b respectively. The total supercurrent flowing through points P and 

Q, assuming identical critical currents for the two weak links, is: 

ó I= Io (sin ba + sin bb) = 2Io sin cos c A d l 

(18) 

(19) 

Assuming that the weak links are very small and identical, we see from 

(17) (setting V = 0) that the vector -potential contribution to Sa + 6b will 

cancel and so we shall define (6a + 6b) / 2 as a constant So. We shall 
hc also define the quantity (Do 2é . This is identical to the fundamental 

flux quantum, integral amounts of which can be trapped inside a solid super- 

conducting ring. Then (19) becomes, using the fact that ÇX cif = 

is the flux in the solenoid: 

I = 2 Io sin So cos 
o 

(20) 



The maximum or critical supercurrent flows when bo = + 2 : 

I'o = 2 Io I 

o 
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(21) 

This says that the critical current is sinusoidally modulated by the flux in 

the inserted solenoid. 

We are now prepared to analyze the problem of the interaction of 

weak links with photons. Let us put a weak link into a microwave resonator. 

One can do this in two ways: the weak link can be placed either at a high 

impedance point (where it feels the maximum voltage), or at a low impedance 

point (where it feels the maximum current). If we represent the microwave 

resonator by an equivalent L-C circuit, these two configurations are 

sketched in Fig. 6 a and b : 

L 

y Io _. 

" Fig. 6 a: 
photon-voltage I; 
detection 

L 

L 

C 

Fig. 6 c: photon-flux detection 

Fig. 6 b : photon -current 
detection 
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We represent the weak links by the X marks. . There is yet a third 

way to couple weak links to a resonator, which involves the Mercereau 

interferometer flux -coupled to the inductor L, as sketched in Fig. 6c, 

but this will turn out to be equivalent to that shown in Fig. 6a. We shall 

call these ways of coupling photon -voltage detection, photon -current detec- 

tion and photon-flux detection, respectively. 

Let us give some concrete examples of these various types of 

couplings : B 

super - 
conductor super- 

conductor 

weak 
li le 

dielectric 

dielectric 

Fig. 7 (b) Fig. 7 (c) 

córiiRúctór 

Fig. 7 (a) represents a reentrant cavity in which the weak link is placed 

at the top of the central post, where the electric field is a maximum. This 

is the way Richards and Sterling (APL 14 , 394 (1969)) coupled to a point- 

contact weak link. Fig. 7 (b) represents a strip-line resonator with the 

weak link placed at a current maximum in the middle of the strip. This 

is the configuration we are presently utilizing ír: our present experiments. 

Fig. 7 (c) represents a dielectric resonator in the center of which there 

is á. maximum of magnetic field. The Mercereau interferometer is 

placed so as to surround this field. 



Let us now inject a single photon into each of these resonators 

and see what happens. Considering the photon- voltage detector (Fig. 6a) 

first, let us energize the circuit with a single quantum h v : 

1 2 
C Vhv = hv = tu.,) = fi (LC)-1/2 

211 

(22) 

Thus we shall get, roughly speaking, an oscillating voltage of amplitude 

Vhv across the weak link whenever a photon happens to reside in the 

resonator. This voltage is rectified and causes a depression in the critical 

current. Substituting (22) into (11), we get: 

2 2 2 
I = I (1 - e2 hv) = Io - (L /C)1/2) o o 

T-12 

o fi 

or a fractional depression of : 

2 
AIo/Io = (Io - IoI)/Io 2e (L /c)1/2 = 87ra (ZIZo) 

2 

where a = 
-hc 

is the fine structure constant, Z = (C ) 
1/2 is the 

characteristic impedance of the resonator, and Zo = 
4Ç is the im- 

pedance of free space in Gaussian units (or 3770 in MKS units). Usually 

Z = Zo so that (24) says that a photon informs us of its presence by de- 

pressing the critical current of the weak link roughly 18.3 % (= 8 .Tra). Of 

course how long this depression lasts is determined by how long the 

photon stays in the resonator. This is dependent on the resistance R in 

the circuit (see Fig. 6a); the lifetime of the photon in the resonator is 

(23) 

(24) 



218 

given by T = RC, since classically this is the decay time for the energy 

stored in the circuit. 

How do we detect this depression of the critical current? The 

experimental procedure is to hook up the weak link to a constant current 

source (i. e. a battery in series with a large resistance) and send exactly 

the critical current Io through it, so that it is biased at the top of the zero - 

voltage step in the I -V characteristic (see Fig. 3). Any depression in the 

critical current will then cause a voltage to develop across the weak link. 

Therefore the photon will manifest itself as a voltage pulse. There is a 

very interesting feature to this detection process, namely that there is 

power amplification associated with it. The photon delivers an average 

power into the resonator: 

Phv - Tv' 27)-111/6,v = hvRC) (25) 

where T = RC is its decay time. We have assumed that the dominant 

dissipation occurs in the weak link, which has a resistance R when driven 

normal by the photon. (This also implies the average slope of the I -V 

characteristic (fig. 3) for I > Io is R -1.) But then the battery also delivers 

power to the weak link, when it goes normal: 

2 
Pbattery - Io R 

Therefore whí.n the photon triggers the weal_ link to go normal and put 

out a voltage pulse, there is a gain: 

2 R2 G=P = batt e ry Ph v ° 
fl w2Z 

(26) 

(27) 



in the power delivered by the photon to the voltage detection circuit. 

For oxide barriers and Dayem bridges, there is a relationship 

between Io and R given by Io eR where A / e is the gap voltage. 

Substituting this into (27) we get 

G 
1 

4 Ir 
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(28) 
Z 

o 

for R 1 St and T-16.) -n- and Z Zo = 377 SZ we get G 1.1 x 103. 

(Also it should be remarked that further power amplification is possible 

using SLUG's or SQUID's (see for example J. Clarke, Phil. Mag. 13, 115 

1966)). 

It is very illuminating to compare one important type of noise, 

Johnson noise, with the signal we expect from photons. To calculate 

Johnson noise, we simply replace h v by kT in (22): 

1 2 kT 
CvkT 

Clearly then 

S hv hv 
Ñ 

v2 
k l 

kT 

(29) 

(30) 

is the signal -to -noise if Johnson noise is dominant. If the helium bath 

temperature T < h we then expect to be able to detect individual photons. 

This is not surprising since Johnson noise in the resonator is actually 

nothing more than blackbody photons being emitted and absorbed by the 
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resistance R in thermal equilibrium with the helium bath. These 

blackbody photons are indistinguishable with signal photons and so con- 

tribute to the noise background. We should remark that equations (29) 

and (30)hold for the case kT > hi/ (the Rayleigh-Jeans limit), but for 

kT < h v we must use the Planck law: 

2 h 7 C VkT eh vTkT 

2 
vh v eh v/ kT --2-- 
VkT 

(31) 

In fact, Johnson noise in helium -temperature resistances 

not coupled to resonators has already been seen by a number of workers 

(they used SQUID and SLUG amplifiers to do it). This strongly argues in 

favor of the detectability of individual photons. 

We can also in this context compare these weak link detectors with 

a maser. Because the maser involves an inverted population, there must 

always exist some spontaneously emitted photons which can be confused 

with signal photons and hence contribute to the noise background. The 

question now arises whether such a noise exists for the weak links. A 

detailed discussion of this appears in the Appendix, but the essential result 

is that since the weak link is in thermal equilibrium with the helium bath 

when biased at the zero voltage step, there can be no inverted population 

and therefore no spontaneous emission and no maser -type noise. Of 

course one obtains this noise -free property at a price: the maser is 

able to measure the phase of the signal, but because the weak link is es- 

sentially a rectifier it loses all phase information. However the finite- 



voltage steps, if used for radiation detection, probably does have this 

maser -type noise. The fact that coherent radiation is emitted by weak 

links biased at a finite d. c. voltage must imply such noise. Also, since 

power is constantly flowing into the system from the battery whether signal 

photons are present or not, this indicates thermal disequilibrium. In 

practice maser -type noise is not very important at microwave frequencies, 

since the thermal background usually dominates. 

We turn next to the photon- current detector described in Fig. 6b. 

Again let us excite the resonator with a single photon: 

1 _ 
1 L Ihv= hv = (L C) 2 

This implies a photon drives an oscillating current of peak amplitude Ihv 

through the weak link given by: 

Ihv = w (2-h/Z)1/2 = ew (27ra)-1/2 (Zo/Z)1/2 
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(32) 

(33) 

Since the oscillating photon current must coexist with the d. c. bias current 

/de ' the presence of the photon will depress the critical current roughly 

by an amount Ihv . Thus when Idc = Io, the photon again triggers the 

weak link to go normal and produce a voltage. Arguments similar to 

those used to arrive at equation (27) show that in this case the power gain 

is given by 

2 2 

G= Pbattery LIo ZIo 
= 2(I / I )2 

P 
hv hv o hv 

(34) 

The reason that this expression differs from (27) is that the photon decay time 

is T = L/R whereas previously T = RC. 
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Let us put in some numbers. For a frequency of 1010 Hz (X -band) and 

Z Zo' Ihv= 10 
-BA and iflo= 10 -4 A, G= 2x108. 

Finally, let us turn to the photon -flux detector described in 

Fig. 6c. Once again let us energize the resonator with a single photon: 

cl) 
1 hv 
y Lc 

1 

hv = (L C) 

Here we assume the flux in the inductance completely couples into the 

Mercereau ring. Then: 

clohv = (L/C)1/4 (2h)1/2 c = 2 (hc)1/2(Z/Zo)1/2 

is the peak amplitude of the flux oscillations due to the presence of the 

photon. Note that this photon flux is about N = 12 
of the fundamental 

quantum of flux (Do , which is an interestingly sizeable fraction. Sub- 

stitution (36) into (21) and expanding the cosine, we get 

I0 = 2Io (1 - ,1ac(L/C)1/2) 

or a fractional depression of: 

AI /21 = 2raZ/Z 

This is identical (24) except for a factor of four. We see that in essence 
then the photon -flux detector is the same as the photon- voltage detector, 

which is not surprising since V = 
1 d 

(35) 

(36) 

(37) 

(38) 
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APPLICATION OF GAS LASERS TO PRECISION SPECTROSCOPY 

Richard G. Brewer 

IBM Research Laboratory, San Jose 

ABSTRACT: The saturation response of a Doppler- broadened transition to in- 
tense monochromatic radiation exhibits several unique nonlinear resonance 
effects. These are currently of considerable interest in atomic and molec- 
ular spectroscopy as the optical resolution is no longer limited by Doppler 
width, but instead, the natural response which may be many orders of magni- 
tude narrower can be resolved. A perturbation theory, which utilizes a den- 
sity matrix formalism, is described here in relating these effects to recent 
ultra high resolution experiments at IBM -San Jose. 

I. INTRODUCTION 

The nonlinear coupling of an atom or molecule with intense monochromatic 

fields offers a new way for studying these systems in the infrared or optical 

regions and with a spectral resolution far in excess of earlier techniques. 

I will show here that the saturation response of Doppler- broadened transitions 

is characterized by unique resonances whose line widths are lifetime limited 

and are typically orders of magnitude narrower than the Doppler width. The 

utility of these effects in ultra precise atomic and molecular spectroscopy 

will become evident. 

The present stage of development of this subject is partly an outgrowth 

of Lamb's theoryI of a gas laser in which a saturation dip in laser output 

was predicted and subsequently verified by experiment.2'3 Similar theoretical 

studies of nonlinear optical processes in three -level resonances have been ad- 

vanced recently by M. Feld and A. Javan4 and will be reviewed here along with 

current spectroscopic applications which illustrate these nonlinear effects. 

II. QUALITATIVE DISCUSSION 

A. Lamb -Dip 

Before discussing a formal theory, it might be useful to first con- 

sider some qualitative arguments which reveal the nature of the problem. 

Thus, in the Lamb-dip p we are concerned with the saturation properties 
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of a Doppler- broadened atomic or molecular transition which is excited 

by an intense monochromatic standing wave radiation field, as below. 

SAMPLE GAS MIRROR DETECTOR 

LASER 
OSCILLATION 

frequency--> 

w 

First note that when the radiation frequency S2 and the level 

splitting w are not equal, the normal atomic velocity distribution 

will be modified by two narrow saturation dips symmetrically located 

about the peak. This symmetry is a consequence of the standing wave 

nature of the radiation field while the sharpness reflects the atom's 

natural response. One of the velocity bands (+ v) Doppler shifts 

one traveling wave into resonance while the second band (- v) 

Doppler shifts the other wave, the shift in each case being the same 

where w = SZ (l- IvI/c) for Q> w. Clearly, a population depletion 

of these velocity bands due to saturation will lower the transition 

probability and thus will produce a symmetrical pair of dips in the 

Doppler- broadened absorption lineshape. 

It will be seen, however, that the experimental arrangement above 

is unable to detect these narrow spectral features for S2 w. If 

instead, tuning of the laser or the atom permits S2 = w at the 

Doppler peak, then the two velocity bands will fuse into one which 
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can now interact simultaneously with both traveling waves. The nonlinear 

interaction is thereby enhanced and will be easily observed as an 

absorption dip (transmission increases) in either traveling wave as 

the frequency Q is varied over the Doppler peak. This nonlinear 

resonance effect, the Lamb -dip, has important spectroscopic implications 

since its width is limited by the atom- radiation interaction time, 

i.e., by the natural atomic response which can be orders of magnitude 

narrower than the inhomogeneous Doppler broadening. The application 

of this effect to ultraprecise spectroscopic measurements will be 

dealt with later. 

Our discussion presupposes, of course, that the optical source has 

a narrower linewidth than the saturation dip itself, a condition which 

is easily satisfied with cw gas lasers. 

It should be further clarified that if the atomic system is in an 

emitting rather than an absorbing phase as in a laser, the emission gain 

curve will similarly dip at the Doppler peak as originally discussed by 

Lamb. Still a third variation is the inverted Lamb -dip which appears 

as a spike instead of a dip in the output of laser when an absorbing 

medium is inserted in the laser cavity; this aspect of the subject and 

its application as an optical wave length or frequency standard will 

be treated here by J. Hall. 

B. Three -Level Resonances 

The Lamb -dip is but one of a class of related nonlinear resonance 

effects which we will consider. The underlying theme in each case is 

that a nonlinear resonance occurs whenever two traveling wave fields, 

with at least one saturating, can interact with the same narrow 
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velocity band of atoms. To take another example, consider the following 

case where two transitions are coupled by virtue of their sharing a 

common level. 

S2.I12 i) / DETECTOR 

TWO MODE SAMPLE GAS WITHIN Strong 
LASER SOURCE TUNABLE SOLENOID Field 

Transition Weak 
w2 

1 

Fiela 
Transition 2 

Sti n21= w21-> 

41 frequency -* W2 

2 

ENERGY LEVELS 

Assume that the S22 wave is intense and saturates the 0 -2 transition 

while the weak wave 01 as it is tuned probes the 0 -1 transition 

lineshape. It is reasonable that saturation of the 0 -2 transition 

will influence the 0 -1 transition in two ways. First, the 0 -1 single 

photon transition probability is reduced by enhancement of the popula- 

tion in level 0, and second, two photon or resonant Raman transitions 

will add to the radiation field of frequency 521. However, notice 

that the 0 -2 transition will only couple to the 0 -1 transition when 

the same velocity atoms are involved. For transitions to occur, the 

two waves must be Doppler shifted according to 

w1 = S21 (1 -v /c) and w2 = 02 (1 -v' /c) , 

where we have assumed 01,2 > w1,2. For a nonlinear resonance to 

occur, v = v' which leads to the difference frequency condition 
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(w1 - w2) (01 - 02), 

and is accurate to within v/c (c1 - Q2) or til /10. 

Since only a particular velocity group will satisfy this difference 

frequency resonance, Doppler broadening will no longer set a limit on the 

linewidth, but again the natural response will. Consequently, as S21 

is tuned through the Doppler absorption profile, a sharp absorption 

dip will result when (w1 - w2) = (f21 - Q2). 

III. DENSITY -MATRIX FORMULATION 

Now we will introduce the more formal approach of Feld and Javan 4 

which explains in one theory the following related nonlinear resonance 

effects: 

1. Lamb -dip 

2. Sum or difference frequency crossing 

3. Level crossing 

4. Spontaneous emission line narrowing 

Model: Consider an atomic or molecular level structure with two closely 

spaced levels coupled to a third by two optical fields, one intense and one 

weak, propagating in the same or opposite directions. Our aim will be to 

obtain the tuning response of the weak wave transition as influenced by the 

strong wave transition. 

The physical arrangement of the earlier example applies here if we 

allow the waves R2 and 01 to propagate in the same or opposite 

directions. Ultimately the solutions will be generalized to any level 

configuration. 

In rough outline, we shall first obtain the ensemble áveraged density 

matrix equations of motion for atoms of axial velocity v. A perturbation 
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solution valid to first order in the weak field is then derived from the 

closed form solution of the strong wave transition alone. From this, the 

weak field induced dipole moment can be determined and when averaged over 

the entire velocity distribution yields the absorption lineshape. 

We begin with the equation of motion 

= - 1 r,P - (ifii) [H,P] (1) 

2 

where an element of the density matrix pii(t;to,k) is the value of pij 

at time t for an atom (or molecule) produced in level k at an earlier 

time t 
o 

. The first term on rhs involves anticommutator brackets and 

the second commutator brackets. The relaxation matrix 
r.. 

= 
y.ó.. 

is 
13 3 13 

assumed to be due to radiative decay and thus, collisional processes are 

neglected. The complete Hamiltonian is given by 

H=Ho+ V(t) 

V(t) = - u.E(z,t). 

where Ho is the contribution in the absence of any fields, V(t) is the 

dipole interaction with the applied field E, and p is the electric 

dipole operator. In the present two field case, 

(2) 



E = E1 + E2 

E1(z,t) = E1cos(S21t-k1z+.1) = p1(z)eiStlt + C.C. 

E2(z,t) = E2cos(S22t-ck2z+402) = 
A2(z,e)eiSt2t + c.c. 
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(3) 

The quantity e = ± 1 allows for the possibility that the waves propagate 

in the same or opposite directions along the z axis. 

Since the atoms are assumed to move in straight line trajectories, 

each axial velocity component can be treated independently. Furthermore, 

those having velocity v were produced in some level k at various 

positions and times (zo,to). Equation (1) must, therefore, be averaged 

over this ensemble. It is convenient for this purpose to transform from 

the laboratory to a moving frame in which the atom is at rest 4s now H 

becomes independent of initial conditions. 

Under such a transformation with 

2 

z = z' - vt' and t = t' - (v/c) z', 

E1 2(z,t) and E'1 2(z',t') are still of the same form, but because of 

the Doppler effect 

S21 Q11 = S21 - k 1 v 

02 -> 02' = 02 - k2v 

kj - kj' = g/' ./c (4) 
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Hereafter, the primes on z and t will be dropped. 

The ensemble- averaged density matrix is 

pij (r,t) =2:n kyk ftpi. (t;to,k)dto 
k - 

where nk-k is the rate at which atoms of velocity component v are 

produced in level k and 

p °i.(r,t) _ niai., 

n. being the steady state population. 

Upon differentiation, (5) becomes 

d 

dt(Pij) k nkYkpij(to'to'k) + dt(Pij) 

which has the boundary condition 

pij(to;to,k) = 6ikôkj. 

(5) 

(6) 

(7) 

(8) 

Thus, the ensemble average of (1), the use of (6), (7) and (8) and 

the fact that the Hamiltonian is independent of initial conditions in the 

moving frame leads to the convenient result 

(P) = 2{ (po -P),r} - (9) 



In what follows, p without the bar will signify the ensemble- averaged 

density matrix. For this three -level problem, Eq. (9) leads to the 

following set of equations for the steady regime where pii = 0: 

r10 = r10° + (iE'/K) /(1/Y1 + 1/Y0) ulOP01 - u02P20/ Y01 - c.c. 

r20 = r20° -(iE'/°tS) I(1/Y2 + 1/Y0) u02p20 - u1OP01/ YOJ - c.c. 

Y1(P1 - n1) + Y2 (P22 - n2) + YO (P00 - n0) = 0 

21P21 = - (E715) (1120P01 - u01P20) 

1),20P20 = + (EVII) (u20r20 + 1110P21) 

ct01P01 = - (EVti) (u01r10 + u02P21) 
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(10) 

Here we define 
r.. (p.. 

p..), the average relaxation rate is given by 
JJ 

and the operator 

Yij = (Y1 + Yj)/2 

oij = i 
) 

- (Wi - Wj )/h + y.13 



232 

can change sign depending on how the levels are labeled. In a solution 

which allows for different level configurations (such as the "V ", inverted 

"V ", and cascade cases; see below) this term would appear as a(W. - W.) /h 

where a = ±1. 

form 

To satisfy the resonant behavior of (10), we pick solutions of the 

P01 = Aexp (-i SZlt) 

p20 = aexp ( i 522t) 

P21 = D exp[i(s22 - Q1)t] 

with /1,a, and D constants, remembering that 

(12) 

= E1 + E2 = A1 (z) exp (i stlt) + A2*(z) exp (-i s22t) + c.c. (13) 

Substitution of (12) and (13) into (10) results in the set of equations, 

given below, which are to be solved by a perturbation technique. 

-i(r10 - r10) = A(1/Y1 + 1/Y0)a - aß/YO - c.c. (14a) 

1(r20 - r20) = -Aa YO + a3(1/Y2 + 1/Y0)- c.c. (14b) 

L2a = ß*r20 + aD (14c) 

R*D = -ß*A + a*a (14d) 

Llll = - (r10a* + ßD) (14e) 



The dipole interaction terms for weak and strong fields are respectively 

a = (u10A1 /6) and R = (1102A2/'6). 

We see that the single photon Lorentzian lineshapes appear in (14) for 

each transition 

where 

L2 = - A2 + iY20 and L1 = /1 + lY 10 

A. = Q. - w. 
1 1 1 

and S2i is given by (4). However, the term 

R = Al - A2 - iY21 
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(15) 

(16) 

is suggestive of a nonlinear or two photon resonance of the type discussed 

here initially. 

The perturbation solution consists of letting a = 0 and solving 

exactly the uncoupled or two level problem for the strong wave transition. 

Utilizing (14a) (14c), we obtain for the uncoupled case 

where 

au = r20° ß*L2/A 

2 u 
r10 = r10 - 21(20 r20IßI /Y0A 

2 

r20 = 1'2;0-21 /A 

A = [IL2I2 + 4Y201aI21, 

Y0Y2 

(17) 
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and Poi = P21 = 0 since A = D = 0. 

We now apply a perturbation E1 and note that the uncoupled solution 

is unaffected to first order in a while the first order coefficients A' 

and D', using (14d) and (14e) are given by 

LIA' = -(r1101 a* + ßD') 

R *D' = -ß *A' + a *au. (18) 

The solution of (18) yields directly 

2 

A* = (nl-n0) u10RA1(z) + (n2-n0) u10lßl Al(z) [L2-2 (Y20/Yo) R] (19) 

SB iSAB 

2 

with B = [ -R *L1 + lßl 1. 

Hence? p10 = A* exp (iOlt) is now determined as well as the weak field 

polarization 

P = 2Re (1.101p10) = Re ( x(v,e) 2A1 (z) exp (iStlt) } . 

In terms of the susceptibility, 

(20) 

2 2 2 

x(v,c) = u01A*/A1(z) = (nl-n0)u10) R + (n2-no) 111101 181 [L2-2(Y20/Y0)RJ, 

ii B 

(21) 
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IV. DOPPLER AVERAGED RESPONSE 

For the weak wave, the average power absorbed in unit length and cross 

sectional area by atoms of velocity v is 

2 

Iv(Q1,E) = 
2 

D1I2AlI Im[X(v,E)] (22) 

Here, the velocity dependence has been recovered by transforming back from 

the moving to the laboratory frame using (4). To obtain the contributions 

from all velocities, we integrate (22) over the velocity distribution 

G(v) to obtain 

where 

I(S21,0 = 2NiS21IaI2 Im f D(v,E) dv (23) 

CO 

-CO 

2 

D(v,c)dv = (n1-n0) R/B + (n2-no)IßI [L2-2(Y20/Y0)R]/AB 

(24) 

Notice that Ddv = fi x z , and the velocity distribution 

k' 10 I 

(ni-n.j ) = [NiGi (v) - N.J G.J (v) ] dv = M..dv. 

The integrand of (23) will contain terms involving a single Lorentzian 

denominator or a product of two Lorentzians 

1 

H.±(v)=¡[(w + ia') + kv] [(w' + iY')±k'v]} (25) 
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The integration of (23) is greatly simplified if we make use of the fact 

that the natural width will be much narrower than the Doppler width, 

y<<ku, u being the average atomic velocity. In this limit, G(v) is 

slowly varying and the integrals are of the form: 

kG. (v)dv G. G.(v)dv 
P 

(w/k+v) 
G) (w/k) = Z 

_CO 

JrHT (v) dv - 

fH4-.(v)dv = 0 

(2iri /(') G . (w /k) 

(w + iy) + (k/k') (w' + iy') 

(26) 

(27) 

(28) 

Here, P denotes the principal value while y >0 and y' >0. Integrals 

(27) and (28) follow from (26) since the Re(Z) is odd and the Im(z) is 

even in w. The only contribution to (27) arises in the immediate vicinity 

w± (k /k') w' = 0, and thus, we can evaluate the slowly varying G.(v) at 

the point (w /k). 

The velocity dependence of (24) appears explicitly in the terms 

R, L1, L2, and Mid, and are defined below along with other quantities. 



2 

A = IL2(a)I2 + (4Y20/Y0Y2)I8I2 

* 2 

B = -R(a) L1 + IßI 

R(a) = r - Kv 

K = k1 - aek2 

r = (Al - 002) - 1Y21 

L1 = Al + iY10 -11v 

L2 (a) = -aA2 + 1-120 + GE k2v 

M.. = (N.-N.) (17/u) exp (-A1/ku) 
2 
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These definitions are slightly generalized to allow for different level 

configurations and different directions of propagation in the two waves: 

a = +1 for "V" and inverted "V" 

a = -1 for cascade 

e = +1 (() 

e = -1 (-4;) 
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2 SZ 

"Inverted V" "Cascade" 

The direct evaluation of (23) is tedious, but can be greatly simplified 

2 

by allowing Ißl2 «y . We will see that this procedure gives the desired 

result, apart from power broadening effects. 

With the above approximation, the first term rhs of (24) leads to 

the usual linear absorption contribution. 

2 

I(S21,e, linear) = 26 Qllal Im f M10(R/B)dv 

CO 

-CO 

where R/B = R/(-R1,1 + Is'2) _ -1 /L1. 

Using (26), we obtain 

(29) 

2 

I (S21,c = -1, linear) = 27r iclal Mp101 /k1) (30) 
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For the case where the two waves are oppositely directed (e = -1) and 

a = 1, the second term of (24) yields the nonlinear absorption contribution 

2 2 

I 0-21,6 = -1, nonlinear) = 2iS21ia1 1(31 f M20[L2-2(Y-2-1)R] dv (31) 
-CO 

AB 

The integrand can be expressed as 

L2 - 2(Y20/Y0) ti 1 
2120 1 

+ 
AB 

RL*L* 1012 
L L*L* 

2 1 2 2 1 

and further decomposition can be obtained utilizing the partial fraction 

*1* f ( 
L21,1 

A2 i120 )-1 (-Al 1110 
+ + v + + v 

N2 k2 \k2 k 

(-Al iY10 A2 iY20 yi 
k2 

k2 
k2 

* * 

Note that the integral involving 1 /(RL2L1) vanishes according to 

* * 

(28) whereas the one involving 1 /(L2L2L1) is of the form (27) and produces 

the result 

I 011,e = -1, nonlinear)=- 4'rrficlal2Iß I2 M02 (L2 /k2) 

k2 -1 

x Im + A2 - i kl 110 + 120) (32) 
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The generalization of (30) and (32) to the cases where a = ±1, 

2 

e = ±1, and where IBI is not neglected in the resonance denominators 

leads to the following, which includes both linear and nonlinear terms, 

I (SZl,e) = 2rfiC(aI2 MO1 (Al/kl) - 2(wl/w2) (ßI2 /YOQ 

wl 1 

x Im [[ni - c(--) A2] -i [110 + (wl /w2) Y20 Q - 2 YO (1 + °CQ)]] 
2 

(33) 

The more general expression (33) differs from (30) and (32) principally 

in the power broadening factor 

Q = [1 + 0(2 /Y0Y2] 1/2 

arising in the (0-2) transition. Slight rearrangement of (33) gives 

N2 - NO 
(02 

I (01,E) = 9 (el) 1 - 2 
N1 - NO YOQ 

Im [Al - eA2] -i [Y10 + 120 Q 

-1 

- 
2 

Y0 (1 + QeQ)] I 1 (34) 

Here, g (plc) is the linear gain contribution (30) and we have set 

6 

wl /w2 = 1, which is accurate in many applications to 1 /10 . 

V. APPLICATIONS 

We will now show how (34) can be reduced to a number of physically 

distinct cases, all having a common origin. Their usefulness in obtaining 

ultra high resolution spectra will be illustrated. 



A. Difference Frequency Crossing (E = +1) 

This is the case considered in section III; the experimental 

arrangement is shown on page 4. Here the waves travel in the same 

direction (e = +1) and (o = +1) , so that (34) becomes 

I(21) = g (S21) 1- 2 
N2 No 

I I2 
1 0 YOQ 

Im {(Êi_L2) - 2 1 (Y1+Y2Q) 

(35) 

We remind you that (34) is the power absorbed in the weak wave E1 

as its frequency S21 is tuned through the wl Doppler profile, or 

as w12 is tuned. Notice that the lineshape of (35) exhibits a 

nonlinear resonance for the difference frequency condition 

Q1 - Q2 = w1 - w2 

and has a Lorentzian linewidth, full width at half- maximum 

F N = (Y1 + Y2Q) 

(36) 

(37) 
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The significance of (37) is that in dilute gases the linewidth 
FN 

can be several orders of magnitude narrower than the Doppler width (ku). 

Of course, in ordinary spectra where even the Doppler width is 

difficult to resolve such narrow features would be completely masked 

One feature of (36) is that the absolute frequency need not be 

fixed, it can vary over the Doppler lineshape as long as the laser 
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mode spacing (0 - Q2) remains fixed. Thus, the laser need not have 

absolute frequency stability. 

B. Sum Frequency Crossing (e = -1) 

This case is the same as the previous one with the exception that 

the Qi and 02 waves now travel in opposite directions (7.7%.-..) 

through the sample. 

The weak wave response becomes 

2 

I (Q1,0 = g ( 1) 1 - 2 

N2 

NO 
Iß1 

Im [,1 - c,2) N1 - NO YOQ 

- i [Y10 + Y20Q -010/9(1 + acQ) ] 

and exhibits the nonlinear resonance condition 

with linewidth 

Q1 = w1 + W2 

rB = Y1 + Y2Q + 2Y0Q 

(38) 

(39) 

(40) 

We see that (39) and (40) differ considerably from the preceding 

example. Notice that rB = 2 rN for weak saturation (Q ti 1) 

and all Y's equal. In this case, the absolute frequency stability 

of the laser source becomes important because of (39) where the sum 

rather than the difference frequency condition appears. 
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It will be evident that when an absorbing medium is in an optical 

resonator configuration with fields of frequency St1 and Ste present, 

both 
rB 

and F 
N 

resonances will appear as 01 is tuned, as shown 

below 

S22 

(Al w2 

frequency --> 

RESONANT CONDITION 

C. Lamb -Dip 

The Lamb -dip can be derived also from (34) for the case of a 

weak wave propagating in one direction and a strong wave in the other. 

In reducing the problem to a two -level system excited by a single 

frequency light wave, we allow 

21 = 22 = SZ 

w1 = w2 = w 

Y1 = Y2 

(Of course, levels 1 and 2 remain degenerate causing the transition 

probability to be twice that of the nondegenerate case.) This yields 

for the tuning behavior 

2 

ILL I (0,e = -1) = g (Q) 1 - 2 Im [20 - iY1o(l+Q)-1 (42) 

The nonlinear resonance occurs at the Doppler peak 

S2-w=0 (43) 
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and exhibits a Lorentzian lineshape of full width 

(Y1 + Yo)(1 + Q)/2 (44) 

which reduces to the usual Lamb -dip expression r = (Y1 + Yo) 

for weak saturation (Q ti 1). 

D. Zero -Field Level Crossing 

As a final example, we treat the case of'zero -field level 

crossing as detected by nonlinear absorption. This is actually 

a degenerate case of difference frequency crossing where the 

three -level structure and the experimental arrangement are 

essentially the same as before. The difference now is that the 

radiation is of a single fixed frequency 

21 = Q2 = S2 

falling anywhere within the Doppler profile. Assume that this 

wave propagates in a single direction, (e = +1), and that the 

transmitted light is monitored as the splitting (w2 - w1) is 

tuned by an external electric or magnetic field. It is clear 

that a nonlinear difference frequency signal will occur just 

at zero field because there the difference frequency 

w2 - w1 = 0 (45) 

Equation (34) supports this claim where 
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2 

I (Q,e = -1) = g U2) 
1 - YOQ 

Im [(w2 - wl) - (1/2)i(11 + Y2Q)]-1 

(46) 

and yields the same linewidth 

(11 + Y2Q) (47) 

as in difference frequency crossing. A unique feature of (46) is 

that crossing signals can be observed in absorption rather than 

in emission as in the usual Hanle effect, and the measurements are 

no longer limited to systems with fast radiative decay. 

The extension of (34) to the spontaneous emission line 

narrowing effect is covered in great detail in reference (4) and 

will not be considered here as the results are the same as in sum 

or difference frequency crossing. 

ACKNOWLEDGMENT 

Illuminating discussions with M. Feld and A. Javan concerning various aspects 

of their theory are appreciated. 

REFERENCES 

1. W. E. Lamb, Jr., Phys. Rev. 134, A1429 (1964). 

2. A. Szoke and A. Javan, Phys. Rev. Letters 10, 521 (1963). 

3. R. A. McFarlane, W. R. Bennett, and W. E. Lamb, Appl. Phys. Letters 2, 189 (1963). 

4. M. S. Feld and A. Javan, Phys. Rev. 177, 540 (1969). 





241 

QUANTUM THEORY OF LINEAR AND NONLINEAR REFRACTIVE INDEX 

R. K. Bullough 
University of Manchester Institute of Science and Technology 

1. Introduction 

In these three lectures I want to start from first principles and set up a 

semirigorous theory of nonlinear optics at a frequency close to a resonance fre- 

quency of a single atom or molecule. A complete theory of the nonlinear optics 

of a dielectric made up of many atoms is very complicated and only a simplified 

theory currently has much hope of success. In these lectures I shall take a 

nontrivial model of a nonlinear dielectric interacting with a strong radiation 

field and show how a complete solution of this particular model problem can be 

obtained. The model and its solution whould be very relevant to the problem of 

'self- induced transparency' discussed by E. L. Hahn during 'Physics of Quantum 

Electronics 1969' and to other problems in nonlinear optics.t 

The model we adopt is onw of a number of two -level atoms uniformly distrib- 

uted within a dielectric: each atom has the two energy levels Es and E0 and 

excitation energy -ttws =Es -E0 >0. It seems physically sensible to consider atoms 

with only two levels when the frequency of the incident light (which we call 0 

is close to ws, while a uniform distribution of atoms is known to be a good first 

approximation to a dielectric in linear refractive index theory. This is clear 

from the author's article in Vol. II of P.Q.E. 1969; while we actually show 

later in these lectures that the model yields the Lorentz - Lorenz refractive index 

relation within linear theory. 

However we are outside linear theory in these lectures: the atoms are 

coupled to an incident semiclassical radiation field gext of arbitrary 

strength. A priori the frequency spectrum of 
text 

is also arbitrary; 

but we shall find that the nonlinear dielectric demands a very specific 

'Hahn's paper appears in Vol I of P.Q.E. 1969 (see ref.) and is published 
as Hahn and McCall (1969). 
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frequency spectrum in the optical modes it is able to transmit. This 

spectrum is labelled by a single frequency It in the way we shall eventu- 

ally describe. Before this we shall consider single atom problems in 

which V' is a single frequency of a strictly monochromatic spectrum: 

E-Qxt (E) = E cos (vF t) ,. 

in which (i is a vector amplitude independent of t and the phase â 

depends on position e.g. a co- ordinate Z . 

If the atoms of a dielectric are only coupled to an external field 

EQxt the problem reduces to solving the problem of coupling a single 

atom to this field. However, the many atoms must also be coupled to each 

other because as each atom is excited it radiates and is capable of excit- 

ing other atoms. This coupling is fundamental even in limar optical 

theory; because it is this coupling, and this alone, which enables us to 

explain the phenomenon, certainly T familiar since Snell (1621), of the 

refractive index itself. 

We :gust expect that in non -linear theory there is still a refractive 

index; but now the theory is non -linear and the refractive index we must 

expect to get will surely depend on the strength of the applied field 

G e or its intensity. We shall show how precisely this comes about 

for our dielectric of 2 -level atoms. 

Before we can set up the theory of the non -linear dielectric we need 

to study the theory of a single 2 -level atom in a strong optical field. 

This is the subject matter of this first lecture. Much has been said on 

this topic in P.Q.E. 1968 and again in P.Q.E. 1969. I shall not take it 

for granted that all this work is familiar to you however and I shall start 

right at the beginning. 

T Ray tracing is attributed to Hero of Alexandria (2nd or 1st 

century B.C.). 
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2. Single atom theory 

Consider a spinless one -electron atom coupled semi -classical 

radiation field Eft.): at the moment E(() is EQXt(e) for the 

single atom. The energy of a classical electric dipole of moment /4(F M 
in the field E is (e). E (e). In semi- classical quantum 

mechanics 

(t) = er(t) (2,.1) 

where e is the electronic charge and r is an operator which describes 

the position of the single atomic electron. The precise form of r It) 
depends on the representation: in Schrödinger representation r et) is 
just r independent of t . 

If the single atom has Hamiltonian Ho in the absence of the field 

Ei it becomes 

where 

H = rio + N i t 
= - er . E((-) .,.. 

(2.2a) 

(2.2b) 

in the presence of the field. N ìE depends on t in the Schröainger 

representation (even) since E (t) depends on t . 

The free atom has eigen states /'s (say) independent of time t 

(by definition). Then H0 = ES 2is with real eigen energies ES . 

The 1pg must constitute a complete set of states if Ho is a proper 

dynamical variable so that any wave function % 
( 
0 is representable in 

the form 
00 

'k( &) - Ccs(t) 2s 
s =1 

It may be necessary to interpret the summation partly or wholly as an 

(2.3) 

integral over a continuum of states lks : indeed this is certainly so 

in this problem, since there is a continuum of unbound (free particle) 



250 

states at .nergies beyond the one- electron ionisation level. 

Since lk(f) is a wave function it satisfies the Sohrodinger equation 

Then 

it -LY(E) l' L lF) F. (H0 t N;nt(t)) lr/ at 
00 co w 

i 2;6s(t-) = Ers(t)2pS t-ZN;ht(E) as(t) vs 
s=o 

The /trs can be chosen normal and orthogonal ( Si s t 
P 

- SSC ) 

so that p, 

cis(E) = Esa.s(t) + <s I H,ht(E)I$.> ai.(F) 

In this we define the 'matrix element' of Ñ ¡f as any of the equivalent 

symbols finally defined by the last expression 

(it)scj = <S/ H; ,,t(t) Ì i = ç7Is /I ih . () lk1 d r 
1' 

-- 

The operator part of Pint is f this has odd parity. We can 

assume for the spinless one -electron atom that the eigen states YS have 

definite parity. Hence <S I 
1.1 lh f `t) > Q unless the states 

4s and (or the abstract Dirac states I S> and 10 ) 

have opposite parity. It follows in particular that if Yp (or the 

Dirac state 1 0> ) denotes the atomic ground state and 74/S in future 

(2.4a) 

(2.4b) 

(2.5a) 

(2.5b) 

is always an excited state excluding 

<oi Nint(t) I0> = <S I flint (t) Is> = o (2.6) 

for both 1.I1 
0 

and every excited state lkS 

If the eigen energies E S are discrete the equations (2.5) are a 

set of first order simultaneous ordinary linear differential equations 

for the coefficients COO . (Where the Es are not discrete we can 

expect the equations to continue to contain at least a formal significance). 

When the ask) are known 14/(0 is determined by (2.3) . Nothing 

prevents an immediate exact solution except sheer complexity: most of 

this arises because the matrix elements (1-l1nE)sci, of 14;0(0 depend 

on time. 



The sort of question we can ask is: What is the average dipole 

moment induced in the atom by the applied field Eli-) . This amounts 

to finding the expectation value of the dipole operator e r . 

This expectation value is 

e<(01 14(t )i = e S11*(e) 
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(2.7) 

We can evaluate this average dipole moment for an arbitrary number of 

states VS providing we can look for a 'short time' solution. 

The atom will initially be in a particular state, say the ground 

state '4io . If the field E((-) is weak it must act for a long time 

before this ground state is significantly depleted. This amounts to 

saying that 0.0(&) _ 1 , Cis (&) = 0 for all S # Q at, and 

before, some initial time to ; and, further, that a0(t) remains close 

to 1 for a long time after t'o . By a 'long time' we mean a long time 

compared with the lifetime of any excited state: for weak fields anyway 

this is determined by the rate of spontaneous emission from any excited 

state. Excited states decay by spontaneous emission in about 1 nano- 

second (10 -9 
secs.) and revert eventually to the ground state. The 

ground state is a special state: it is stable against photon emission 

and has an infinite lifetime. Thus excited state occupation times are 

long compared with 1 nano- second or are short compared to this time. 

If Qp Ñ I for the ground state ÿ'o and Qs ÿ Q for all the 

excited states over a time long compared with 1 nano -second, the 

excited state can decay spontaneously and then (-10":3 1 and as v Q 

for all times. In this sense the solution for all time is then a 

'short time' solution since at all times the initial state is virtually 

unchanged. If C4.0 Q for all times then we can ignore for all times 

all products OSQt where both Sr i . Since <014;1- ¡o> Qo k) 

is of order as and <S /14;4 ¿ç,'> aift) is of order QiQ we 

shall have for weak enough fields the 'short time' solution which is the 

solution of 
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Zfi C ti s ti Esas t <*S 1 Hint l of ao S U 

tdo Eo c(o t 41 H;f io> cto 

And because of (2.6), that is the parity of 14 h. we have immediately 

that 

aott) c<p(to) e 
(2 Vi )-'E:00--tp) - -1E0 t -fo 

(since Qo(to) _ I ). 

It is convenient to write 

as(t) _ cs (0 e 

(2.8) 

(2.9) 

(2.10) 

This is the so- called 'interaction representation'. We have from (2.10) 

that 

and 

ca(k) = c0(0) - 2 to 

ì cS = co(ta) -<s I Nht 1oi e ìG)4 t 

where n W S = Es- E0 . Thus since CS (t) - O, 

(for all time) (2.11a) 

to) 

(2.11b) 

ctt) _--k co(to) 
<S 

Nht(t-):o> e Zwsr'dt' . (2.12) 
JEo 

The problem is now solved up to the neglected terms of order Ces as. 

(or Cs Cc ) . For example if 

E (t-) - cos trt (2.13) 

CS(F) = 2 r 
Q 

[ co(t0) 1(w+ws)t _ e_1(4)-cas)C- Ms 
Ws U-L.JS 

(2.14) 

providing we can simply ignore contributions from the lower limit t0 in 

(2.12). We look at the contribution of this lower limit shortly. The 



matrix element rSO is 
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(2.15) 

If the states vs and 
' 0 

are chosen real, as they can be for a single 

spinless electron, rSO r. rús 
w ( s ) 

The quantity 

(2.16) 

defines an important frequency (s) associated with each state . 

This frequency (then called W1 simply) plays a fundamental role in the 

theory of the two -state atom which follows in §3. 

If we define a classical dipole moment I (f) by 

PO' ) = e- <40Ir 1-4(6). 
we find that 4 

1'(E) = Z ó Co ( - e s(E) 2_ tEros 

f Ó Ca (t ) Cs *(t) Q. 
f k)41' 

SO 

(2.17) 

(2.18) 

to the approximation neglecting terms of order Cs Cct. . 

The Cs (f) are given by (2.12) but if the field (2.13) is applied 

(2.14) follows and then because 
MS 

for real states W S, 2 we 

find 

This we can write as 

s#0 cos cso cos lTt (2.19) 
[ s S j 

P(F) _ á(v-) . E(E) 
..,. 

where the tensor 04(0.) is a polarisability tensor defined by 

4 Note that the absolute phase of Co(t) is immaterial in (2.18) 

since by (2.11) and (2.12) Co (E o) appears only in Co (Ep) 4` Co (Fo) . 

(2.20) 
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06 ( 0 e 2 ros rSo Ros 
^r s#0 w12 - v z 

(2.30 

This polarisability is a famous first result of modern quantum theory 

due to Kramers & Heisenberg (1925). It is derived in a number of different 

ways in the author's lectures at P.Q.E. 1969. 

The polarisability tensor 0, (0 refers to many levels and indeed 

the calculation goes through in a formal way for all the discrete bound 

states lks together with the additional continuum of free particle states 

providing ¿ is interpreted as the part sum part integral sometimes 

SO 
written 

A0 
Recall that this result for I (E) is valid only to first order in 

terms as (s7&0). Since these are proportional to 4 S ! 1 1 i ) 0 > ) the 

result is to 2nd order (as it proves) in time dependent perturbation theory 

for TO (At first order - 0 = iro Esr but roo 0 ). 

It is linear in the coupling constant e j and in the field E 
M N. 

Evidently at next order there is no contribution: the parity is odd. 

Thus the next term is 4th order in perturbation theory, is quadratic in Q.Z, 

and is cubic in E = I E I This term is the first non -linear 

correction. The whole theory can be developed to all orders in perturba- 

tion theory and so solves the non -linear one atom problem. We shall not 

discuss this rather cumbersome method further: instead we invoke other 

metnods which are especially applicable when the atom is restricted to two 

accessible levels / and one S . 

If we include the contribution of the initial time to to the 

integrals (2.12) we find that (2.19) becomes extended to 

"P ez 
E//(S/ 

cos ut - cos (ws+tr tb - wst) 
M~S0 

"" ` S#o s+ u- 

+ cos trE - cos (W to- WSF 

" - ' s - - 
( 2.22) 



Thus 1 (0 is excited to oscillate at both the incident frequency tT 

and the 'natural' atomic frequencies WS. Although we have chosen a 

'short time' solution we were really concerned that the excited states 

14's were never more than negligibly occupied; and this will be so if 

they become negligibly occupied in the spontaneous emission time of 

10 -9 secs. as we explained. Once this is so we can envisage long times 

t- f0 such that spontaneous emission has eliminated the history of 

the excitation exhibited as 'transients' of frequency Ws in (2.22). 

These transients are shocked into the system at t"... to by the step in 

E(F) at f= L0. 

E } ' E Cos U r t> to 

= O , E<F0 

E(E) 

E--,-- - - ------ ----- 
, 

, 
1 , 

cosltt: 1 

i , 

, , 
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(2.23) 

A special case occurs when the incident frequency V" is one of the 

natural frequencies Ws. In this case O! (v) resonates and a single 
M 

term dominates (2.21) namely 

2 
c4(u) N e r r,so 

ws - 
At j = ¿Js this actually diverges which is troublesome. However the 

limit of (2.22) as J * Ws is 

(2.24) 



256 

Pa) = 22 
r°4 

ro. F cos cas r- cos(w+w-dote) s to -t . W+ cos 

e 11 r r E cos c,)s t- - Cos CWc,- Ws to- Wit / , s 
Wet. - (,) s 

+ e 6n (0--ws 
--._ ósso ... 2 E-to )sih W$-lrho-Wsttrt 

ws - 2 

and the limit of the last term is 

e2 (r (t.-- to) Sin Wst . (ros (t.-- 

(2.25a) 

(2.25b) 

This grows linearly with time (t- fo) and shows how the resonance 

builds up in time from to . The rate of growth is controlled by the 

frequency h/f°) defined in (2.16) and is small when this is small: this 

frequency is small when E is small. 

Even so, at resonance, as long as (t -to) is large enough (2.25b) 

dominates (2.25a). Evidently 'large enough' here means 

ta w- W0-t 
for all 

9 
$ S and does not depend on E. These considerations suggest 

that when lT is close to any natural frequency Ws) that is close to 

the problem is a strictly two state problem with energies tFS 

and Eo and a single excitation Ws. 

There is a problem of degeneracy. A typical situation is 
To 

the 

true non -degenerate ground state and 1ps a linear combination of three 

linearly independent degenerate states 
S 

(%) iS (tip, 
It s(7) 

If E is parallel to the X -axis 



f so = X,,0 

Xso = 
,,5(x) x '40 d. 

We can write in Dirac notation 

r 1xsolS>t><01 +xoslOi.<SxIi 

+ So I S J><° I t yos I »<SS 

Zso 
I 
$z><0 Ì } 2os 1 <St.I 

where IS), > corresponds to Z,pS (x) etc. Then 

111r = - e. koix><OI + xOS la>`Sxq G 
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(2.26) 

(2.27) 

(2.28) 

and depends solely on )(so and )' 
S 

. (We suppose real states so 

XSp ' X,10.5 ). 
The Dirac operator excites p> to Sx> and de- 

excites ISs> to 1();> and nothing else. Thus only the two states 

ISs > and Iû> matter and in co- ordinate representation only 7S 
(x) 

an do matter. The problem is then precisely a two-state problem 

because E is along a single direction i.e. is plane polarised. In 

terms of Hilbert space theory 1i'o and lb (x) S constitute a complete 

basis if E is plane polarised. We now examine the two -state problem 

for plane polarised light. 

3. The two -state problem 

By restricting the problem to a 2 -state problem we can obtain without 

difficulty what is an almost exact solution for arbitrary field amplitudes 

Eproviding (T is close to resonance. 
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For this problem 

lk ((- ) = a0(0 14/0 f C?S CC- 

= Cott-) - ) Q 
- ì - Fat 

Q - + ,S( ) s 
In interaction representation the equations of motion are 

Ca(f) = e`o E(E) Csif) e.-104t 

Zit; c(t) = - exso E(r) co(F)Q. itwst 

We suppose the initial conditions 

< t0 

to; cc) =Ca , 

The quantities 
`'1 

and Ca are not independent. 

For since ?Tit) is normalised we have 

(3.1) 

(3.2) 

Go(0G.o*(F) i Gs(F)US'(t-} = w*(E-) 4-(E-)dAr. - 1 (3.3) 

for all time. This implies 

lc, 1e + Ic, ie = 1 

From (3.2) we have 

13 Cl(e) _ - e?(so (t) Co(( ) e 
a;st 

' exSoE(E) Co(t-)Q.iiWst 

- eXso E (E)Ca(t-)(i cos) e+2ose 

and so 

j E(F)/dt 

cs(f) 

E()80 ca(t) 

There is a similar equation for C0(E) in terms of &(t) and 

(3.4) 

(3.5a) 

(3.5b) 

Thus we have two ordinary second order differential equations and can 
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expect rather simple solutions. However the coefficients depend on LE W 
and Pt) and may indeed be periodic. The equations are of the type 

of Hill's equation (e.g. Goursat, 1916) but we do not pursue this. 

Let us observe simply that if Ea-) is given by (2.23) the equations 

are, for example, 

c5(t7) _-CS(O [tam v E- Lws' - QexoszEa [1 t Goz 20-t] rs() at 
(3.6) 

which is still complicated. But that, further, the equations (3.2) which 

reduce to this are 

coa ) _ -ex°, E cSiE) 
V 

(Ws- t+ -`0Ws+01 
2 

t CS (t) z - ex os E- Co (( )[e+ ì (tS-int en: (wstU) t] 

a J 
(3.7) 

f 2 (1A-t1) 
If we trace back to the 'linear' theory $ we can see that 12_- 

gives resonance for (J Ñ WS . Thus we can expect that we can drop the 

t 2 (Ws+ t 
terms Q.- This is the sc- called 'rotating wave approxima- 

tion' discussed again below. 

e now have 

ì o(E) - -e)eo,, E cst )e -ìdw 
a 

ì CS (t ) _ - Q x0 E (fr 
+ ì Ave. 

2 

where 

A U 

(3.8) 

(3.9) 

it The theory is still a linear theory since the equations are linear in Co 

and CS . But it is not linear in E any more. 
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and is zero at resonance. Then we find à) t ì á v co CE) + 4 
wt' 

(.0 (0 Ç o 

cis (E) - 1 Liu- C5 (t-) + Wt es (E) a O 

where we have introduced the important frequency W1 defined by 

W - excs E 
-1 

which depends on the field amplitude (compare (2.10)). 

Values of this important frequency are: 

(3.10) 

w .N 5"x lo-lax 10'$ x E )(1027:: 5x l09xE 
uii;ts . 

For example in a monochromatic light beam of 
1 

watt intensity 

c E2/4-7r 

E 

wt 

es,i 

ti 

= 106 c.g.s. units 

10 -2 c.g.s. units 

5 x 107 secs -1 

But if the power is giga watts, E N 103 and L4 x 5 x 1012 secs -1 . 

This is about 10 -3 of an optical frequency like GJS but will rise to 

CJs for power of order 1000 terawatts (1015 watts). No such power is 

yet available, 

lasers are N 

1 gigawatt (10 

but theoretical peak powers from pulsed Neodymium glass 

jn 
10 2 gigawatts with/10 

-13 
secs. and actual peak powers of 

h 

9 
watts) within 1012 secs. have been achieved. 

Equations (3.10) are easily solved: we find 

ccA) - e 
_llid'("°/ i214wt-ry 

CS( ) _ 1 ì aL(F-4°) 
) C ei fDe 

with 

Q in/ _ Iia4 6/12 = N ( ws- v-) e + Wz 

(3.11) 

Note that it is not sufficient to drop terms of frequency all" in 

(3.6) to get equations (3.10). 



and with a condition on A , 13, C and .t/ 
so that (3.8) is satisfied. 

The arbitrary initial conditions co(fo) =C1 , CS (a) =CR yield a 

result tedious to write down: we therefore consider the case in which the 

atom starts in the ground state so that we can choose CQ(to) = Ct = 
1 

CS(Eo) = Ce Q . (The absolute phase of Co(F0) does not matter). 

We find 

coa-) 7-7 e LIC b--to Z lSv- sin 4i1/1--bo 
2 

CS(& )= 2 w1 et if 4.u- t-Eo sn QWt-Ev 
aw 

We can check that 

Since 

Co(e )Ca* (c ) Cs (&) cs*(c ) = 1 

Pa-) e xcis Q-- "JStcó cs t exso Q+:fC,Co 

(3.12) 
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we have 

we) - ea Xos e -z ir t ï sin L1 w t-o {cos AAA/I.-To- Z1lU-s,nLWt-) 
L1W 2 A 

_ eQ X e Etv-t sn 4t-to LC0S dttF, + ìàv- s;nátr-ro á z a -- 
(3.13a) 

This is perhaps more illuminating in the form 

T(E) _ QI,t-to sìn crt + dcr (1-cos dUt-to cosvr 
4, àw a 

(3.13b) We discuss this as a physical result in 
, 

5 shortly. 

At exact resonance LÌ = 0 and a W = k1 so (3.11) is 

cv (t) - A eitiw+t 

cs(t) = Ac - I3e''w+t 



2`1 

so that 

and 

- 2- Q. (C fC -2 611 L-0 t 

B = Cc, ce z 1`° 

Co(t ) ' 2 (C +C )Q t ì 4/1(t -to) e 
(C'-CdQ-t zN1(t-1-0) 

= CI cos 

Cs (t ) = 

3 ìCeSìni-w4t-to 

Ce (:os w1 t--Eo t ì Ct St n t-Eo . 

In this case 

Ph-) = exoseCfCsìne r- -60 

fC2Cl*cos 2 I wi r-to 

+Qx os e+:wsr 

-Z 2 (ce C2 - Sr) w1 Ft; 

C1Ca*Cose E 
Si n 2 W f-to 

1C1 --CfCp4)sìn wt É 
1 

These results coincide with (3.12) and (3.13) for Ci = i and 

Cf = C) and indeed 

?to - e Si xt, s. t S.111 Wi É Si /1 Wg t 
W t 

= QXo tost 

then. Observe that (3.15) is in any case 

= QXos ( C z C, + (1 C2 39 Cos ws E 

t e xosì, ( C1 Cf* --Ce Cell') COS w1 (t -Fo) S ìh cai f 

-QXos (Ca Ca* - C1 Sì') (f -to)Sìn Wst' 

(3.14) 

(3.15) 

(3.16) 

(3.17) 
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Thus if either or both of C c2 * -f C C* í Q , and I (C1 C21 -CC C 
*) 3 0 

"P(E) # o even when f = to : there is a dipole oscillating at the 

frequency A)S . We discuss physical results like this in 5. 

There is actually a number of different ways of reaching these results: 

one of these we mention now. We no longer work in the interaction repre- 

sentation but use the as (t) and 
Cce 

(f) 

does not matter we can take 

Then 

1P( 6) = 2 12 (EStCo)t 

Since the absolute phase 

aö CO + 
(3.18) 

i QS = WSC`S 
f `S I I4 ¡nt (t)10> Qp 

-1 f t7 t 1-1;t (t) i s fcts (3.19) 

If we represent QS, a0 as a state vector we can introduce a new state 

vector 

or 

o 

. 

12.(t) 
Q-2Qrt- a 1 

^ where (r is the Pauli spin matrix 
L 

1 o] 
We readily find 

Since 

(3.20a) 

(3.20b) 

1-fr dv 6S + <s IN;t(F) loi' et Ut 
bo(f) 

a bo -`1 -k dU bo t<o) Nhht(r)Ìs> e.-:'utbs(t-) 
(3.21) 

Cnrt /as - -F w ( U`t -itl ._ (I4; (3.22) 

we can now readily make the rotating wave approximation by dropping terms 

explicitly in e_ 
t 

2i17`r Then introduce the matrix 
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Then 

-* h/, 4 1 VI' 
a (3.23) 

t 6(t) = ` Av b(t) + T,,t T-1b(t) (3.24) 

where I is the unitary (time dependent) operator 

z ettó'itrt T (3.25) 

This is the essence of the procedure described by Hahn and McCall in 

P.Q.E. 1969 (see also Hahn and McCall (1969)). 

The state vector 6 is that in a reference frame rotating at angular 

velocity U relative to the frame in which Ci (E) was defined (conveni- 

ently called the laboratory frame) : the operator tint in the labora- 

tory frame becomes T Niht T in the rotating frame. The important 

point is that T H ¡, is now independent of t . Indeed it is 

plain without more ado that (3.21) is 

* aU bS - tovi 
- 

ì* 6'0 bo - b$ 

At exact resonance (for simplicity) 40'= Q and 

0265 
Then 

4 42W2s 

(3.26) 

(3.27) 

bs + 4 W2 6s = 0 (3.28) 

and if as. Q at : to , óS = 0 also and 

6S = ì 60(Fo) s ìn (1- w, t-11,) 

b0 ' ho (to) Cos ( 4 t -ic) (3.29a) 
SQ ois) 

= t e 
C -sf- 

bo(b0(6) s;,, ( (-b./it -to) 
c0 e-i (E,*Et e-ìE44 INA) COS (i wt-to) 

(3.29b) 
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Since 
I b0 0.01 _ i and we can ignore absolute phase (we easily find 

that Ca = 0 and C1 = 1 in the argument for (3.12) is identical with 

b (f 0) = 0 , 60 0.0) :11 new) these results agree with those from 

(3.11) when q 1 and Ce _ O. 

Before we examine these results as physical results we might noto the 

very special role played by combinations 01 1/40 , (46* Cis ) 
asets* 

-0000+ 

etc. Equation (2.18) shows that only products of this kind are needed to 

determine P(-) ; equation (3.1 ?) shows that certain linear combinations 

of these products are more important than others. This suggests we look 

at the matrix with elements 00 Qp *, G S aS* ' Q o Qs* and as Q . 

This is the density matrix for the 2 -state atom. From the equation of 

motion for the density matrix we can take particular linear combinations of 

the matrix elements and get a 'Bloch equation' for the 2 -state atom. 

Bloch equations are well -known in nuclear magnetic resonance (Bloch, 

(1946)). They were introduced by Feynman,Vernon and Hellwarth (195 ?) into 

2 -state optical theory and are now much used (see e.g. Bonifacio, Kim and 

Scully in P.Q.E. 1969 (Vol. 1) and Treacy and Hahn and McCall in the same 

volume; see e.g. G. L. Lamb in P.R.E. 1968 (Vol. II). 

4. The density matrix 

Define the Hermitian matrix ? (.3 )ij by 

3 = 
[Qoo» a° a,* 

Qs Q0* a s q?* 
(4.1) 

This is the density matrix. From the equations of motion (2.5) for the 

a's reduced now to ao and as alone we find a pair of equations 

analogous to (3.2). Then we find immediately that 

ì d 

for t ,j _ 0, S This is usually written 

t 
I 

S 
Ci-it ` N ` ti. 

(4.2) 
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i-k _ [11,x] (4.3) 

and in this form is independent of the representation: thus it applies 

to an abstract Dirac density operator y . Furthermore this equation 

of motion for Q is the same irrespective of the number of states re- 

quired to span the Hilbert space in which it operates. Thus (4.3) is 

the equation of motion for any Dirac density operator. In the case of 

a 2 -state system (4.3) has the matrix representation (4.2) and p has 

the representation (4.1) J 

In the interaction representation instead of (4.1) we have 

In this case 

or 

J Ico co* c° Cs* 

cs Co* Cs cS# 

ìA d - { (i)JS- -Jtc1fH;rt ott 

nrnF ) ( 

(4.4) 

(4.5) 

(4.6) 

Thus in the interaction representation )iiot replaces H 14o+ tirht 
Evidently if Q' is in interaction representation and Q is in 

Schrödinger representation J 

- e. ì No t/ 
e 

_; Hot/4 

From the equations of motion (4.2) or (4.3) in Schrödinger repre- 

sentation we can deduce the following. (This also follows of course 

from the equations of motion for Cis and Qo ). Define 

ri(E) _ (E)ao*(0 t aoCE)aS*(E) 
`atE) = Z (S(&)Q*() -Go((')L4s*(t)) 
rS(h ) = C<s(e )Gsi`(t) - Go(F)Go*(t) 

(4.7) 

(4.8) 



and observe that 

r,(i) = yso + Sas re(E > = t (5so -yo) 

r3(E) - Sss(t-) - te.) 

Define also for any E (e-) 

(C ) _ - e (Xso+ xos) E(r) 
L.?2 ) _ - ì e (Xso- x) E(c) 
l,) ; ( t ) - Es_ E. -- 
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(4.9) 

(4.1o) 

Note here that because Xos = xs0 (real wave functions 14 ) 

for all time, whilst 433 1=04 and is independent of the time. 

We exploit both features shortly. 

The result we find is that 

or 

r 
1 

- ? (`3 - L33 ri 

¡.33r -..?('3 
f 3 = ca., re - r 

(4.11a) 

(4.11b) 

in an obvious notation. Equations (4.11) are a 'Bloch equation' for 

electric dipoles. Note that the component along the 3-axis in (4.10) is 

not a physical magnetic field as in Bloch's case: it is the energy ii/JS 

('the Hamiltonian'). The equations are Bloch equations only by mathematical 

analogy. 

Quite generally k 14 E ) ( H ),,o + ( k )0s and t ¿d2 6-) _ 

2 504 
/ 

( 
I' 

)os 
. This reduces to 141(6) _ ( Pipit )Sp 

+ ( and -/..)e(1-) il oS 
1 1 

2 ìht so - il,MF 
)os 1 

and (4.10) follows for rjn( = - 2>( ECE- ), 
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A first integral of (4.11b) is obtained from 

r. t - r (?,) ' O Consta»t. 

We can easily check from (4.8) or (4.9) that 

Irlz= r12+rZ 2 
4 r3 = ss ) 2 

by (3.3). Thus a condition on (4.11) is 

r12 f rae + r32 = 1 
(4.12) 

at all times. 

We can integrate these equations within the rotating wave approxima- 

tion. Here the terminology makes complete sense since one way to proceed 

is to solve 

((the 

equations for r C.) in a frame rotating at angular 

velocity L = (0)0,11) about the 3 -axis. 

Suppose 

f = ((I,rr3) M 

in a fixed (laboratory) frame. Then 

r=(ricos,crt- tre Slvlo-t rzcas vt- r sin at, (3) (4.13a) 

in the rotating frame. Ecploiting the facts We = Q , 0,1= WS in the 

lab -frame we have 

W = 01c os t)-e- - s.in U f) w ) (4.13b) 

in the rotating frame. 

However, because the basis vectors in the rotating frame rotate 

relative to the lab -frame 

Thus in the rotating frame 

r = ça A (4.14) 



269 

The components of the vector quantities 6J, -CL and r can be referred 

to either frame: however since we finally need components in the rotating 

frame we start immediately with these. 

We suppose 

r (r 
1 ) a ) 

' r ' r3' 

in the rotating frame. Because the rotation is about the 3 -axis 12.--: (0A10 

in both lab. and rotating frames. It is convenient to express GO in 

the rotating fr'i're as ( W1') Loa , (73' ) in terma of (W1 ) 43e )4°3) 

Since Wz = O and GJ3 = GJS we have 
- 

I-WI' 

- 

CO5 It Sn UE 0 LJi 
Wx' -s trf cos t O 

- O. O 1 G 

or 

0 

/0 1' 6.1 C os ` f ) GJ2 V I 433 = 

Thus the equation of motion (4.14) is 

r' 

. 

3 

_ - Si n U t l'J1 r3 '- t7, re' + W re 

- Gos ri' - Go l cos U t' (31- c 
= ca, cos r2 ' + w S ì h tl t r,' (4.16) 

It is at this point we must (still) make the rotating wave approximation. 

Suppose that (2.13) holds so that 

Then 

- x E cos Ut -2 w1 cos u- t- (4.l7) 

1,J 4WiCoS = - IN/1 (1 t cos 2iTt 
w2 = -!..) SintTr = twt sin 2tI-t 

(4.18a) 
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If we drop terms in cos 20-t and sin 2 tit (rotating wave approximation) 

we have 

which is independent of time. 

and 

In this case 

r 2 = L1 tr ri' f w, r3 
r3 _ ' 

= (du ri' + wi 

Q lJ f3 = f,/,, i 

The second equation has integral 

If 

dU r3 =+ tif Constaht 

ri (to)= 0 f ra(to) = O 

whilst I3(I0) = r3 (t a) * 0 . 

then r :'(fo) = r2'0-o) = 0 
Then from (4.12) r3(0) 

whilst the constant in (4.21) is 4 Qtl r3 (to) . Thus 

and 

r, = - (atr)2rf' w, r1'- r3(t0)) 

; + 002 r 1' _ - 4 u' r3 ( fo ) 

with solution 

i 
A 

.. .. 
-to f Sih QC'-Na 
-w1QU r3C) 

(aw) 
Since P () = 0 , 

A _ + w d v e3 et-0) ___----_ 

Caw) 2 

1i 

(4.18b) 

(4.19) 

(4.20) 

(4.21) 

(4.22) 

(4.23) 

(4.24) 



Then we find from r2' = - (Qtr) -1r' and re'(( ) = O that 2. 0. 

Thus 

= - , Q tr r3 ( ( o ) 
1 L 1 - coS aW Zo 

(QW) e 

r2 - w1 r300) sir) -Fo 
at.,/ 

Finally 

fr'i 
r3 

Thus 

Cos Ut -Sìn (Tt d fi',' 
Sih u-E cos u-C 0 re' 

Q 0 1 r3' 

171 

(4.25) 

r, ri cos crt - rz'sih trt 
Au- ri (Fo) - cos QW t- to l cos u-t 
r," A W 2 

+ 1W Sih L'tiF-Eo S,nUt., a (4.26) 

Now observe that (compare (3.13)) 

1)(k) _ < 1E,( &) I e r I 1T4o> = ex os gso t QXso po S 

exos r1 (f) . (4.27) 

Thus we regain (3.13b) in the case when i (to) _ - 9. This corresponds 

to the case of the single atom in its ground state at N to . 

r, (to) _ + , is the case of the atom completely excited (inverted) at 

E 0 

We have now found Ph) for a 2 -level atom by three different 

methods: firstly by direct solution of the equations of motion for c (6) 

(or CS t t) ) and Q0((-) (or C0 (t) ) ; secondly by solving for these 

after a canonical transformation which is equivalent to solving for the 

as and 
(0 in a rotating reference frame; thirdly by introducing 

the density matrix (4.1) with elements Clo (dolt , ao QS* etc., deriving 

from this the Bloch equation (4.11) and solving this by explicitly moving 
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into a rotating frame. Of course the rotating frame is not in physical 

rotation because the vectors C and 47 defined by (4.8) and (4.10) 

are not physical vectors: the rotating frame is simply a device which 

removes any time dependence in ':_ne coefficients of any consequent second 

order differential equations. 

In all cases we have been obliged to make the approximation we call 

the 'rotating wave approximation'. This drops all harmonic terms. 

When these are dropped the rotating vector 6)1 for example (see (4.18b) 

is time independent. We can believe that corrections to the rotating 

wave approximation are of order Vi Os -2 n 10 
-6 

by analogy with 

Bloch -Siegert corrections to the nuclear resonance theory 4'1. thus we 

should be on safe ground. 

We are now in a posit_ ̂n to extract some physics from our results 

for single atoms. The Bloch equation is well suited to this since the 

components of the vector r defined by (4.8) have actual physical 

significance. 

Since 

5. Physics of the 2 -level atom 

r3(o-. 1- y--r22 
_ 1i9 - r'2- 

) N 
2 (to 

) 
sìnRt,/rE.ta-Cosowt2 

Lw 

(5.1) 

This is particularly simple at exact resonance ( Q tr (9 where Q IV' h/1 

In this case 

r3Ct-) r320-0 ) sir) a4 ó 
= 1 cos 4Wt -F, = r3(Fo)Cos I E.-to (5.2) 

t See Treacey P.Q.E. 1969 (Vol. I) pp. 174 - 175. 
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(since raft()) = 
t 

i ). Also from (4.26) and (4.27) (or from (3.13b)) 

-ph) _ -eXos rs(to) s ;n 6/1F -Ea Sin gas . 

(5.3) 

Perhaps the most important rc.sult is that both f3(t) and P169 

are modulated by trigonometrical functions of frequency Ws . Thus (5.2) 

shows that the density matrix is driven up and down by the applied field 

= - 
I 

is the atom in its groundstate at time t, r3(6)=f1 

is the atom in its upper state. In both such states NO is zero since 

it is in quadrature with r3(t) . If the field E is weak 

sin W, f to ^J Wi t -L0 and we regain the short time solution (2.25b) 

from (5.3). This short time solution is controlled by the spontaneous 

emission if the field is weak that is if V/f < 109 secs. -1 as we have 

said. On the other hand if t Ñ 5 x 1012 secs. -1 and the peak power 

is gigawatts both r(t) and íú ) are modulated by the field by as much 

as 103 cycles in 1 nano -second. This modulation is a semi -classical 

description of stimulated emission. The interesting possibility emerges 

that spontaneous emission becomes irrelevant to short (pico- second) optical 

pulses. 

Suppose instead of (2.23) we switch E lt) on at t = to and switch 

it off at time t' > Co : 

CCE) = CCOS -t t > > o 
= 0 otherwise (5.4) 

This argument assumes that the natural width remains the total width 

in the presence of a strong field. This is not so necessarily. Indeed 

one can show that a photon occupation number h 
k 
changes the natural 

T 0 

width from 1 p due to spontaneous emission alone to (Plko* 1 1) ro 

Photon occupation numbers /'loo ti 1016 are currently possible. 

Fortunately it does not follow that this is the correct effective width 

in the present context. Laser widths, for example, are much less than T. 
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This constitutes a square pulse of duration t - fo : 

E(e) _ 2 CN ) cos 0- f 

where E CE) = E for Et > >E and is zero otherwise. 

The pulse area 

less area is 

5ti 
to 

exo 5L(&) d: 
o 

Suppose Wj(t1 -E0) = 20r ( y = positive integer). This is a 

7Z pulse' : it has the important properties that P(t-) is zero 

before and after the pulse and, since r3 (E) is the same before and after, 

the atom remains unchanged by the pulse. Since the pulse is supposed short 

( N pico- seconds) the spontaneous omission rate is irrelev nt (up to the 

remark of the previous footnote $) and there is no energy loss. Indeed 

dt E (F,-to) 

(5.5) 

and a dimension- 

(5.6) 

there will be no energy loss if all relaxation times are 7> 10 
-12 

secs. 

since this is the time of occupation of the only excited state. This is a 

single atom model of self- induced transparency (cf. Hahn and McCall, 1969). 

If W1 (h1 - L o) _ (a 9t i ) 7[ the atomic populations is inverted 

by the puise. For example after a Æ -pulse 

r30-1) = - r.3 (to) 

and I(E) remains zero. The essentials of these considerations still 

apply if the atom is in an arbitrary initial state. Such a state may be 

created by a previous pulse of area (in the sense of (5.6)) less than 7r , 

for example. 

Thus if W1 (ti- to) (2y4 1)f 

rr( ) =0 

T)(1) = 2 Xoa r10) sin W, e (5.7) 

The atom is left with equal occupation of ground and excited states and 
rQ$oric E 

with an oscillating dipole moment at the/frequency Ws . The atom continues 
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to oscillate at this frequency for t >E4 as (3.17) for example shows: 

but it must now radiate and reverts to its ground state in about 10 -9 sens. 

It is instructive to investit- ate the application of a second pulse 

after a first 
! 

-pulse when the atom was initially in its ground state. 

This means solving the 2 -level atom with the initial condition r3 (to) % Q 

(created by the -pulse from the earlier T3 (Fo') _ -1 ) and f1((gyp) 

and r (ta) # O The changed initial conditions change the solution. 

In order to show the effect of off -resonant fields we return to the 

rotating frame equations of (4.19). The solution of these equations now 

is the solution of 

with 

-Qtr(As/`1'+ 

6v- r3' = ' - ri'(60 

instead of (4.21). This pair of equations has solution 

So that 

r,'(f ) _ A cos At t + 13 sh ti/t-to 
; w r,(fo) 

Then re /=. - (LW ) -1 r and 1`e: (to) #Q means that 

r2'tF) = 4kA sìhLáW Q tr200)cos 4'f -Fo 

13 = - ñ v re '16 ) o 
whilst 

Finally 

(5.8a) 

(5.8b) 

(5.9) 

(5.10) 

(5.11) 

f3cF) = f3 (Eo) t `+ /`1 Lcos dt,/ t fo -17-f'(to)wt sìn QIt-(5.12) 
dW ,JJ dW 

with r3Lto) = 0 
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The case of a 7C-pulse Q tA/ t i - to Ñ w = ] is 

important. For this 

r, /(t-1) = -A w,2 

2 
riicfo) 

re:(ki) ri ) 

r3/161) _ -- 2y, A 
¿Ow 

At exact resonance 

r1te 1 

re:01) ' 
r3' ( t, ) = 0 = r3 (to ) 

(5.13) 

(5.14) 

Thus to O (4 )a /6d49 a jr-pulse with the initial 
to 

condition ('3 t (-a) = 0 reflects rz' through the 1-axis(- re ' but 

leaves other components unchnr:ni. /` 

Now consider the case of 2 atoms one resonating at (.j and the other 

at 0.0 ¿e4 . If the incident frequency (J- is 435 one atom is on 

resonance the other slightly off. To O 1&/J J e a jt -pulse 

reflects both components r2' to -r' leaving rig and r3 = 0 
unchanged 

It is plain from the diagram that if ri is separating from r2 before 

the 7e -pulse they will be approaching each other after the 7-pulse. 
The vector r , for which 4O- = 0, is fixed in the rotating frame : 

the vector ri advances with time as de = Q,osa-C ) before the 
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pulse if and Z are in phase (i.e. the same direction when t= C. ). 

After the pulse at time t the two vectors phase up at time 

O = t -t ) precisely. It follows that the two 

vectors are in phase at times t' C. and a time 2 (t--1,:) later. 

This is the phenomenon of photon echoes first observed by Abella, 

Kurnit and Hartmann ( 1966). Consider the sequence: many atoms in their 

ground states are subjected to a i -pulse. For every atom this sets 

r3ho) _ - 9 to t3 (E,) = p up to 0 (a t)2 /(4tv'J : 

also r4 iEq) _ - Stn wsti 71-0 and ra iF' r -.COS IA till' Q. 
Apply no field in the period tE >t-,> 61 . Every atom maintains 

yto= 0 to the same good approximation. But because of local 

atomic fields which vary from atom to atom some atoms are on resonance and 

some are off. Atomic vector .121, re, ... r ' of N particular 
atoms dephase as each atomic ,: :tor precesses about the 3-axis with 

different angular velocities b4.. 
J 

At time to apply a x -pulse until time t3 : all atomic 

vectors were in phase at tr. ti after the 2r pulse (to the same 

good approximation). They are out of phase at ti , will be out of 

phase to the same extent at t3 , and will phase up by 
t4 

where 

= Ee - ti* 

If the N atoms lie inside a region of dielectric small compared 

with a wavelength but such that N is very large the macroscopic dipole 

in this small region is 

N N 

P I Pi (F) eXos E ri(ì)a) 

Regions of this type, 'physically infinitesimal volume elements' are 

important in optical physics (Rosenfeld, 1951 ). At time t = ¿1 after 

the : -pulse At) is large: it becomes smaller as the atoms dephase 

and is negligible long before fz . At t3 it is small but by t4 

the atoms are in phase again. P(f) is now large and this large 
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macroscopic dipole can radiate. It is then observed as an echo pulse 

emitted at time (te -ti) after the T -pulse where (Et -& ) is the 

separation between the 7C and T pulses. 

In the next lecture we look rather more completely at the problem of 

coupling many 2 -level atoms togethe r in a strong semi- classical field 

Ctxt ( t ) 
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Lecture 2 

6. Heuristic arguments for many atoms 

In the previous lecture we discovered that the equation of motion for 

a single two -level atom in a semi -classical radiation field of arbitrary 

strength could be written in the pseudo -Bloch form 

r a GO, (` 

The components were 

ye) = YSO(t) i90s(F) ; (: ) ' 2 (3s0(0-10(0 -1o(f) 

(3(0 3ss(0 - Qao(k) 

Hso t Ns ; W2(E) = Z l Fiso ` Hos 

119 

(6.1) 

(6.2a) 

(6.2b) 

in which 
I 
-10 

S 
= Hso depends on t . The dipole moment is 

NE) = e-Xas ri (F) (6.3) 

We could also take 

1 
(t) _ - e- (xos t xso) E(r) (6.4) 

for any E (f) ; w( t) = Q for all t and 03 = W S does not depend 

on t . 

The many -atom dielectric problem is complicated because every atom of 

moment I (F) radiates a field on to every other atom and the total field 

seen by an atom is the sum of the external field and all such radiated 

atomic fields. In this lecture we argue heuristically and justify our 

arguments only in the following Lecture 3. 

According to Maxwell's dielectric theory the field in a dielectric 

at point X and time t is related linearly to the dipole 
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density at the same point. Suppose h atoms lie in each unit of volume 

and each dipole has moment tir . Suppose C (x)ra) and ) (x,v 

are the Fourier transforms on the time variable. Then Maxwell tells us 

(E(w) - 1) E(x,ra) = q-Tco r(x)w) (6.5) 

where e(1.0) is the dielectric constant. According to Maxwell 

(w) = rY) (w) (6.6) 

where 1114.1) is the refractive index. Any Fourier component with frequency 

W propagates with speed C,Irn(W) in the dielctric. All this applies 

to transverse fields: these satisfy 

div E(X,co) = )' 0(ìv P(x, - O (6.7) 

and the whole argument of this Lecture 2 is restricted to such transverse 

fields. 

According to Lorentz the field polarising an atom at X is not 

E ()t) but is 

E(2 i(,to) _ m2() t C (x c) (6.8) 
3 

As long as the medium is isotropic E ¿ x ) and p t are in the same 

direction. If E is plane polarised 1 is also. If Gt i V [(x, 04 
d 1 V ?(X, la) _ o also as (6.7) requires. 

We now see that both F(t) and r 
1 
(h) in (6.3) must be replaced 

by 1)6(,1-.) and r ()( ,(') and 

P(ti, W ) e xos r1 (1:)10 

Further E (r) in (6.4) is Er0r(x )e) and has Fourier transform 

(6.9) 

L 
tot 

(a! , W) where the ' rot ' emphasizes the fact that we are dealing 

with a total field due to an external field and the other atoms. 

From (6.5), (6.6) and (6.8) we have 

Etor('") = 
4!Z n me(w)t 2(, W) _.R n ex r(s)W) (6.10) 

malo) - 1 3 14(w ) -- 1 



With these interpretations the Bloch equations (6.1) and (6.2) are no longer 

linear in the field or in the vector Í' . 

The exact solution of these dielectric equations has not been obtained 

in the most general case. But there is one very important special case. 

This case is that of a 'stable' dipole field propagating without change of 

form t through the dielectric. In both this and the following lecture 

we look for solutions of this type. 

An arbitrary dipole field can be expressed in terms of its Fourier 

components 14 kW by Y , 

1) 
_ -4 p(k -z(wr- . (x, r) (2r ^,w) e dk dc,) 

(6.11) 

Every Fourier component travels in direction k of the wave vector k 

with velocity tom) k - 1 ( k = k ) . Consider a plane wave system propaga- 

ting through an infinite dielectric. This can be taken in the form 

P(,F) _ (E R p(k -i (we-- k,1!)dk 
dw 2 

(we shall drop the subscript 2 ). We suppose r transverse with 

definite plane polarisation. Then 

7(1,0 ( 1'(I,w)e-z(wt- k)adw 
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(6.12a) 

(6.12b) 

We shall look for 'stable' modes -13(2,(7) propagating without change 

of form. A condition for this is that all Fourier components propagate 

in the same direction. All such propagate u the 9 -axis if 

k>0 when and only when ca !c > 0 and < O when and only when 644). O. 

The field is then stable when and only when the velocity of every component 

is the same. This velocity is quite generally (r c W JCand when a dispersion 

relation applies j _ k)-(0) ^.nd each component is conveniently labelled by W. 

This is our definition of 'stable'. It does not follow that the field 

is stable against small perturbations. 
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In this case we set V - On(0)and m (w) is the refractive index. 

Since V is to be the same for every Fourier component for stability 

v1(0) is actually to be a constant independent of W . Thus T)(Z)E) 

is 'stable', i.e. propagates without change of form, if and only if 

00 

1)6)t)1.-- )- () a 
) e- i w(F - w(w c-1) d w ( T'(rWk,W ) 

the condition demanded by a dispersion relation, and in addition 

111(w) = Constant = hi (saj) 

so 

If (6.13) holds (6.10) is 

Erot(t,ca) , n ex.* Cm ) r ( W) 
w, ' 

Erot (v, t ) = 
3 

N e xos 
( 

m t r, (7, ) s l hi 2- 

Further we can evidently introduce the quantity (a proper time) 

t = t C-1 

and 

E tot (z) _ nexos h1Eìe ri (r) 
h12- 1 

If Z replaces t in (6. 4) we have 

w1(r) _ ,.Re20x04 Etot (z) Icheex:¡,-1(rvieiz) r, (z) 

- ñr1(r) (say) 

The parameter 31 is independent of ¿ . 

We do not know E (1)C all we know is that it is a field which 

like I (r) is a stable field. However the Bloch equation is 

(6.12c) 

(6.13) 

(6.14a) 

(6.14b) 

(6.15) 

(6.16) 

(6.17) 
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r,(z _ - Ws rz (r) 
rM (t) = Ws ri(r) - wi(r ) r3 (T) 

1;s1 3(T) = 1.01(T) re (n 
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(6.18) 

CJi (r) - r (r) (6.19) 

Quite generally equations (6.18) are 

- w1 (c) r1 (<r) 

if(z) _ -wsra(r) _ -cos' rf(z)f 1J sr"91(.r)r3(r) 

Because of (6.17), (6.20a) is 

Ws (VT-) = t 1 rift) (r) 

Sp 

(6.20a) 

(6.20b) 

(6.21a) 

WS r3 (t) _ 
+ I :\ ^ L r1 (Z) 

2 
+ constant. (6.21b) 

If r3 (r) _ r3 (7-0) 
at r - o and r1(r) = d, then the constant is 

WS f3 (To) We recall that 

riz+ rae +r3 _ 1 

for all time. Thus 

r2(co) _ 1 - (13(7-0))2 

and is zero if and only if r3 (T) = 1 1 . We explain in § 9 why 

r, (To) y f I for the particular stable solutions propagating without 

change of form in fact we show there that ( (7-0) # O and deduce from 

this that 13 (70) ± 1. 

From (6.20a) 

ì1(t) _ -13,s2 r1(t) r L r1 (T >]2 t ras r3 (ro) c.1 (r) 

JSr3(T'0) r1(T) - z12Er1(T)] 
3 

(6.22) 
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Since 1)(17) is given by (6.3) 

11)(T) t 7(z) -U 5 r(7-)?' 

where 

¡, JS2 t &r(r) /\ 
/ 

= GJs` t ñ T c CJS r3(To)Y! e 2)(0,2 -1¡2 2t 

13 
- g Ge_2 "2 os 2eeXos 

snneeXos t-t (012-1 
j 

2\ 
L rn2-11 

a 

(6.23) 

(6.24) 

(6.25) 

The pazameter 1j is always positive: the parameter A is positive if 

VI 
2 > but may be negative otherwise. 

To understand what we have got consider the case of a vanishingly weak 

field E (7) In this case Etct > t) 1 weak, ' ( t % is 

weak and (6.23) is approximately linear and is 

0(z) + A Nr) = O 

The unique non -trivial solution satisfying CT)) Q is 

if, and only if, 

By (6.24) this is 

p(r) `- C Sn lY Z` To 

(6.26) 

(6.27) 

-U-2+ = 0 (6.28) 

ws -U a - to, r3 ( To ) xosc: 

and this is precisely 

_ 
_ nr3(r 

3 
e Xos' a aS 

h (032-0) 
provided J} 774ijs. 

Equation (6.29) is a dispersion relation for mi in terms of the 

frequency U' of the propagating field. Observe indeed that 

(6.29) 
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(6.30) 
is exactly the weak field ('short time') polarisability of a single 2 -level 

ato.a as it was obtained in § 2 of Lecture 1. Indeed for all atoms in 

their ground states at to , ('3 ( 0 _ -1, and 

m2-1 
(6.31) 

This is the familiar Lorentz -Lorenz relation for the dielectric. 

Note that ty fixes ni but that the amplitude C is arbitrary : 

this would have to be fixed by boundary conditions at the surface of the 

(no longer infinite) dielectric. Note that if the atoms are in excited 

states initially 1-1 i 70) = i i and 

r --1 = ' 7 =c Y13(4,--) 
1111- t 3 (6.32) 

Thus at low frequencies ( V* . t ) 
iti12- 1 C/ . For m N 1.5 in 

(6.31) r1 o(, (L0 N 1/16 and so in (6.32) h 
2 

'N)2/5 , hi v 0.6 . This 

means that the phase velocity C.ry 
1 

is greater than C . Note that 

nn 010 and y4' -060 are equally good roots. If ry = - ino (r 0 > Q) 

the solution 

= e sìn V- E -FV -Po "a- 20 c 

propagates along -1 instead of ? . 

If we want to solve the non -linear problem we must now solve (6.23). 

7. Solution for the non -linear dielectric 

The equation (6.23) is certainly non -linear, but it happens to be one 

which has been exhaustively investigated. It has solutions in terms of 

Jacobian elliptic functions. 

We need to say something about these functions. The simplest Jacobian 

elliptic function (or certainly the most familiar) is the hyperbolic secant: 

#It proves convenient to include -r3(To) in the definition of a(o) later. 

See e.g., (7.15). 
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?CT) = C seci, irz (7.1) 

This function plays an important role in the work of Hahn and McCall (1969) 

and appears elsewhere in non -linear optical theory (e.g. Buley and 

Cummings, 1964). Elliptic functions appeared in Bonifacio's seminar at 

P.Q.E. 1969; but the nearest approach to (6.23) is the example of Duffing's 

equation* 

1 

Wo(X _L _ t- 
C t X ) r sip) V C (7.2a) 

given by Lamb (1964). This is an example of a driven arharmonic atomic 

oscillator and contains the first anharmonic terms of a driven atomic 

'pendulum' : 

r G.702 sin X = F s1n vt (7.2b) 

We shall find connections with the pendulum equation shortly but the driving 

term is the external field and the situation is much more subtle than (7.2b) 

as we show in Lecture 3. 

Because jj > 0 it is convenient to refer (6.23) to a particular 

standard form. The differential equation for (x) 

(1 -2k2)ó _ -2k2 
dxz 

( k is a real parameter) has unique solutionI 

(7.3) 

= C n be, 1,0 . (7.4) 

This is the Jacobian elliptic function Cr). It is periodic and rather 

like a cosine in the variable X ; but it also depends on the parameter 

k. The parameter k determines a second real number K by 

k(k) 
101i 

(7.5) 

+But see the additional references quoted at the end of Lecture 3--especially 
the article by Eberly (1969). 

ISee below for discussion of uniqueness from (6.23) itself. The solution is 
unique for given initial conditions at an ordinary point but not necessarily 
at a singular point. 



This number is 'a complete elliptic integral of the first kind'. 

The elliptic integral of the first kind is 

i (=(k,(g) d4 
i° V1 " % Slh2(g/ 

and it is easy to see that K (k) F(k, ). When ¡ = Q K= ; 

zn 

when k 00 . All of these results are discussed by Bowman 

(1961), for example. 

The number K determines the period of the elliptic function 

ch(x,k) . 

1 

1 sn(x,k) i- -.1 \ 1 

X, K\ 21 /3K /Iq_K Fig. 1 

ch(x)k) I 

1 

Evidently the period is 4 f \ . Then when k- O , K = and the 

period is exactly 27E . In this case Ch (X) k) is exactly the cosine 

function : Cvv (x) 0) cos x, . When k = 1 , K = Go and the 

period is infinite : that is CV t (X)1) m S e C k X , a single pulse of 

infinite 'period'. 

Fig. 2 

In Fig. 1 we have drawn a second function Svt(x)k) this 

sort of sine function of X with the same period 4- k for given 

When k = , St+ (X) Q) = sin x ; but S Yt(X1) = tan h x 

is a 

k 



211 

An important identity is 

Sh` (x, k) t cn (x)k) = 1 (7.6) 

but it is not true that S YI (x'4 kJ() _ CV)(6 k), for example. 

The curves Sr) (X) k) and CM (K) IC) are not of the same shape although 

they look very similar. In fact (all for the same parameter k ) 

sh (xi k) = chx /dn x 

Cn (x +k) - -Vsvnx /An x 

din (x f k) k' / do x (7.7) 

The parameter 
le 

f k' p is called the modulus and = " - K ; then 

d n(X) k) is a new is called the complementary modulus. The function 

one defined by 

dm(g)k) _ I 1- k sn 2(x, k) 

Since I k S VI (X)1C)1 k 1, an is never zero unless k i 

1 

o 
Fig. 3 

(7.8) 

dN i X k oscillates between K and unity and has period 2 K 

(not 4 K) . 
it follows from (7.7) that (for parameter k ) 

s n (a k) - k,_,Cn k O 

an (e K) (7.9) 

It is useful to know that (for any parameter k) 
p( (sn x ) /dx _ Cn x an X 

Oi(cnx) /dx _ -Snx o(v)x 

ot(dnx) /dx _ - kasnx cnx 
(7sio) 
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If we revert to our equation (6.23) we find that the solution is 

RI) = C ch(V`Z +íS),k} (7.11) 

where (1; is arbitrary but ( and K are uniquely fixed by V", A 

and 13 : we find 

ke = 0-2 
- A c2::: (T.2- A 

2v-2 TS 

Since B> 0 and 
C2 

must be real and positive if 1(77) is a real 

dipole field ( PCC ) must be real if E(r) is real; and E(r) is 

real if N i h t C ) is a 'real dynamical variable' i.e. a Hermitian 

operator) , we must have V` ' A (V' 2 = A is trivial) and 1(2> O 

so k is real and can be chosen positive. 

The solution (7.11) is unique because it contains two arbitrary 

constants tY and Z . It follows that at an ordinary point of the 

differential equation (6.23), (7.11) is the unique solution giver the 

first and zeroth derivatives of the function there. But pet) given 

by (7.11) has a unique analytic extension # over the whole complex 

T -plane so is the unique solution over the whole plane. 

(7.12) 

Although (7.11) is unique it does not mean that it cannot appear in 
-Foe AOÇeeeAt initial .c,,dltoas 

different form we find (Davis, 1962, p. 207) as alternatives to (7.11) 

and (7.12) 

(i) P(z) = C si(u-r+â),k i 
Ca - -F '(0.2-A) 

z > 

P(r) = C vt+s), k 
k - (au-a+A)/ve C2 - 42v-2/3 (iii) 

1'(c ) = C /sti zfs),ki 
A)/UZ Ce _ _2v2/3 

$The only singularities of P(T) are simple poles (and the zeros are simple 
zeros): there are no singularities on the real T axis. A note appears on 
the alternative forms (i), (ii), and (iii) quoted on this page at the end 
of this Lecture. 
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The pendulum equation 

a2 ̀1. t 00 Si n y = O 
ze 

can be converted into the form of (6.23) by the substitution 

2 S I r,-1 Ì (Z) . We find 

r t- wo'( 1 i' ka) P +6W2 IP (T)J s r 
(so B < Q here) and 

I tt ()' KSrI(wot,l) K=S"ZZ 
where 

J, 
= 0 when _ L . We find the solution (7.11) the most 

convenient and shall use it henceforth. 

The equation (7.12) for C a is 

(e2exo2)'';k2 CQ = lT2- WS2 r3 (To iWs (7.13) 

Then 

m2-1 
fria± a 

- 47/ n r3Cfo) ea x ft -12 Os 
3 s` - lr 2+ Cex l 2 os [!'( Mz_1 1 

(7.14) 

This is an implicit dispersion relation for the refractive index W1 

as a function of frequency but the effective one -particle polaris - 

ability is now 

eau.) _ -e2Xae-°2w.s r(ta) 

W s z -tre + 
g Cee2x z Sic f(Onei R l 

J 
2 

o 
n ln -1 / (7.15) 

We shall write E for the amplitude of G r0 in (6.10). 

t We suppose the atoms are all in the same initial state r3 ( to ) at 

some time to . We then identify r3 (To at each point with r10-0) 



Then 

so 

where 

E 42T h r 2r e C 3 

o(tv) _ -e2x0,52 h-t 2ws r3(r0) 

toe- U' 2 t 2 vi E: 

w, = exos E" 
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(7.16) 

(7.17) 

(7.18) 

If the field amplitude E and the frequency ty are given parameters 

iv -1 - 4? r3(ta) n oG (0-) 
wilt 2 3 (7.19) 

where (X.(U ) is the effective one -particle polarisability and depends on 

the field intensity which is proportional to E 

If E and U and r3 (to) are given parameters (and (.) = Q 

at L To as we assumed) the effective polarisability is determined by 

(7.17) and (7.18), the refractive index is determined by (7.19) ( Yvt > 

propagates along plus -2 ), T _ t cl is determined; and although 

A and 13 are now determined by (6.12) and (6.13), k is in fact deter- 

mined by (7.11) as 

k =13C2 E2 h7?- 1 3 
z 

2 v- a 222 xos U-2 Mai 2 4a-n 

eeXos E? - wi 
v_2 a (7.2o) 

which depends only on E and iT . This shows that for pico- second 

pulses (1n/,, N 1012) and optical resonance (t% 'y 10 5) IC N 10 -3 and 

GhqUC ts1 k is essentially a cosine wave cos ( U Z +S) 

tWe show in § 9 that r3 (Eo) is not a free parameter. 



292 

It is important to notice that it the form (7.14) the effective 

polarisability (000) depends on 111 so that (7.14) is for fixed C a 

more complicated equation for hn than (7.19) appears to be. Notice in 

any case that E is not a priori known in (7.17) : for h is not the 

Maxwell field amplitude but is the polarising field amplitude which is 

111!te times this. Ultimately the parameter E should be determined 
3 

by the amplitude of the external applied field. In this case we expect 

that E ( 2 } Eext., after allowing for transmission 
3 1tK 

across the surface of the dielectric. How all this comes about is 

described in Lecture 3. Evidently the dispersion relation for hn is 

then rather more complicated than (7.19). 

We still need to check that r1( .70 when To . In fact 

(7.11) 0 when Z ' Z unless 

T ro* ú ° (av+) k (7.21) 

where Y is a positive or negative integer. We choose V = - i so 

that the CV! function grows from zero. Then 

(t) = C cv, S(v- --k) (7.22) 

Up to the choice of phase (7.21) this is the exact and unique solution of 

(6.23) which satisfies I(T0) _ D. Thus every transverse dipole mode 

propagating without change of form through the non- linear dielectric is of 

this form and there are no other solutions. The hyperbolic secant 

solution of Hahn and McCall (1969) is not one of these solutions and this 

needs discussion. 

The discussion is complicated by the fact that these workers choose 

rotating solutions of the form 

2(Z)cos act (z ) S;Y CJo Z (7.23) 

Pulses 2(r) are 'carried' by the rotating trigonometrical functions. 

We have not discussed the rotating case here but we look at it in Lecture 3 

We are not at all in agreement with Hahn and McCall (1969). 
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In the plane polarised case treated in this Lecture 2 we see that a 

hyperbolic secant field is possible in principle; but in this case it is 

not modulating a trigonometrical carrier wave. 

i"(T) _ (7 Seck j V' I.- To 1 - C Secli 

when V= 1 and this occurs when but only when (by (7.20)) 

U2 _ W1e = a 4 xose. E `' -2 (7.24) 

This puts pulse intensities in the 1015 watt range. 

Note that P (t ) given by (7.24) (when 47= i ) or by (7.22) more 

generally really is exact. We have made no approximations since the basic 

equations (6.1), (6.2) and (6.5) with (6.8) of our model: we have not made 

the rotating wave approximation or dropped any derivatives of slowly 

varying functions (compare Hahn and McCall, 1969 and especially G. L. Lamb 

in P.Q.E. 1968 Vol. IF p.468). The key point is the search for modes 

which propagate without change of form so that M does not depend on the 

Fourier frequency 4). This does not mean that as the frequency (I- 

varies 11l cannot be a function of l!` and so satisfy a dispersion rela- 

tion in this variable. 

We now book at the energy loss. 

8. The energy loss 

The energy density of the atomic dipole density h 1)(r) in the field 

EIT) is 1 

\J(t) _ - n E(t) 7Yr) 

` Zr, 
2 e 

XOS2 ( 
Y1 ) 

r)(r) 3 
a 

n7 Lr1(r)] e 
(8.1) 

4 We introduce a factor one -half since P(T) is induced by C (t) . 
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According to (6.21b) it follows that 

WO: n tws r,(7-) - r1fro) - 
(8.2) 

This is a simple result exactly of the form we expect: r3 determines the 

change in level occupation in each atom and each atom can absorb a photon 

of energy -1¡4),. . Thus if r; (To) - -1 and r3 (ß) - t i , n 

photons per unit volume are absorbed by the atoms. This absorption evidently 

takes place at the expense of the propagating dipole field. 

In detail 

W(r) _ -zn 3 M el )C?cn2(u-1"7-Tc-k),k 

2 I 
- 3 mt2 } C ChzItTZ-To-k), 

8i C m- 1 / (8.3) 

This depends on the dispersion relation (7.19) or the effective polarisability 

(7.17) : 

L/( 1") P2 
C(. (0" ) 2 

r3 (To ) G 11` r(lT Z- To - 1\ )k} (8 . 4) 

At exact resonance, for example, (r -0, but p() is finite: 

oat,- lr 1- e z xoi , cws 

W a 

Then 

(8.5) 

W(Z) _ + zh ,w r3(To)ch -kl,k (8.6a) 

From this and (7.6) it follows incidentally that 

rr 

(3(i) - r30-0) S (U f-70 -k) k (8.6b) 

Energy is oscillating between the atoms (viewed as 2 -state systems which 

can be excited by photons of energy t 
) and the dipole density as we 

noted. Of course the dipole density rests in the atoms so the description 

needs care. 

Suppose the Cy) field E(2 E) is switched on at t = (V and off 

at t _ (- at some point 'to. Then at the same point lto 

C - TO (8.7) 



at the time ti and at this time 

W(T) h YiWS C3(To) CO 2 (U ti- Fo- -k),k} 

Then suppose 

11- (o) = 2v K 
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(8.8) 

(8.9) 

where y is a positive integer. Since c n q (29- OK k} = o 
we have both V(To) = O and 1,/(T) 1'0 at the particular point 10 

so that 

=1/(z)-w (ro )-o 
there. 

In this sense any 'chopped' Ch function 

(8.10) 

(C) = C Cn Z\J-T-To-' k-)ß i} E0. " <fi 

o otLer wise (811) 

propagates without energy loss it leaves every atom it passes in the 

same state in which it found it. This is our interpretation of self - 

induced transparency. 

Of course we would like our theory to display energy loss, gain, and 

flow, without the calculation of this 8: in particular 

chopped CA functions T(T) which do not satisfy U (F l - a 
= K should propagate with attenuation. However, 

it is a weakness of semi -classical theory that the field is not automatic- 

ally depleted by atomic excitations: semi -classical fields are the 

infinite photon number limit of second quantised theories and a removal 

of a finite number of photons of energy i+Ws does nothing to the field 

intensity. 

In view of the pulse area results for single atoms in Lecture 1 § 5 

+With P(T) travels E(T) = (47/3)n[ (m2 +2) (m2 - 1)]P(T), of course. 
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and the pulse area theorem of Hahn and McCall (1969) it is of interest to 

evaluate the pulse area in E(t)associated with the dipole pulse (8.11). 

At exact resonance, which is the only case we consider 

exas, 1h1 E(,(')dr' _ 2exost tt C.n U t'-Eo-, o(t 
S to J 

t 
- 1 

- w, E chx, -o-Lo k,k 1 ekx- 
Jv 

to 
(8.12) 

We have introduced an additional factor of 2 into our definition of pulse 

area: this is in line with Hahn and McCall (1969)6 

Because of (7.20) the quantity (8.12) is 

(1 - k 
21c ch(ti c)d 

Yo- K 

where if (8.9) holds X - X o is any number of complete i- cycles, i.e. 

Xl- xo = 2,2 K . If v = i in particular (one 4- cycle) we have the 

area (8.12) as 

K [k1sin1(ksin)] k 2k 
K t 4 sin-, k (8.13) 

as we can show within the theory of elliptic functions. 

When tc- Q the pulse area is zero: but then C 
1O 

and no 

dipole field (i ) or field E;(11 propagates. When K = i a unique 

hyperbolic secant pulse propagates and the area is 41/0 2 -ç f . This 

is in complete agreement withfls result for his propagating hyperbolic 

secant (but this pulse is a pulse envelope as we have said). 

An important point we want to make is that Lamb (P.Q.E. 1968) and 

Hahn & McCall (1969) show that a 47 -pulse breaks up into two 27-E - 

pulses. For our part we believe that k # f in general, that C h 

functions propagate, and that the two stable 271: pulses of Hahn et al. 

are really two cycles of the C.V1 function of total area 8 sin -1k 
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(calculated with I C (t')} replacing E0--) in (8.12)). Unless we 

are propagating hyperbolic secants we do not need k, 1 ; and when 

!, _ a unique hyperbolic secant of area 27r propagates alone. 

This is our understanding of the area theorem introduced by Hahn 

and McCall (1969) and discussed at length by McCall in P.Q.E. 1969 (Vol. 

r). We have shown that any propagating pulse must be one of the CY) - 

functions. This section argues that a chopped CYt -function (8.11) is 

an acceptable mode propagating without change of form. 

9. Stable level populations 

We have implicitly assumed so far that r3 (T0) = J ss (T0) - Yoo(Zo» 

the initial excess occupation of the upper atomic states, is an arbitrary 

parameter. But this is not actually so. We have obtained the solutions. 

(t = (evas )_1C c (UZ- T -k),C (9.1) 

as the only 'stable' solutions which propagate without change of form and 

satisfy 

ri(T0) - O 

These solutions also determine r Then 13(70) = VJ - (r (7-0)6 

is also determined. 

From (6.8) 

so from (7.10) and (9.1) 

Then 

-cas re (z) 

r?() = v(e.x.,WS)''Csnz(uz-zo -k),k 
octi(t1r- PO,ki 

j 

re (yo) - u- C l e Xos os ) _ 
1 

k ' 

- Us- (FXosl's-1 V + 

U2 

(9.2) 
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and 

1 - r3(TQ) _ r-,(o)? =(v-4-f\z)(<_/as.) 
2213 ' ' (9.3) 

From and (6.25) we find 

A " u-2-- 2 Wj ?Xos Ws 
\ _' ¡3 t To)j 

x (0S2- tl" 2 i2 W1 
2) 

2 (9.4) 

Thus j 4' 4,2((12- Vile) . 
r3(r0)1 (9.5) 

(0c2 - tr 2 + 2 w, 2 ) 2 

and 

t 4 (l,*2_wi2) T/2 (9.6) 

w t 2 i2) 2 

At exact resonance, for example, 

r3( z ± [ 1 + 

(9.7) 

Thus the dielectric propagates 'stable' modes if it starts in its ground 

state initially if and only if W1 = (JS . In this case k = i by 

(7.20) and the hyperbolic secant propagates. Evidently this pulse also 

propagates when the dielectric is completely inverted initially. 

The condition I-1 Ws-i= 1 means (_- ^' 106 c.g.s. units and this 

is a peak power of order 1000 terawatts (10 5 watts). We noted in 

Lectare 1 that such peak powers are not yet available. For pico- second 

pulses VI ^' 10 12 and I: ^, 10 -3. Then f,, (To) N t 10-3 at 

resonance and the Jacobian elliptic function Ch (namely the dipole field 

(7.22)) propagates. 

In the case of the chopped 01 -functions treated in the previous 

section we may suppose that the following occurs: a single pulse of 

appropriate pulse area attempts to propagate: if it is already a chopped 

CM-function it would propagate if and only if r, (70) is a root of 
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(9.5). If however the dielectric is in its ground state (its only stable 

state), for example, r3(7) _ - Ì . Thus we must suppose that a first 

pulse (or the first few of a succession of such pulses) fails to propagate 

but instead builds up a value of r3(í0) throughout the dielectric. 

Once the correct (j7) , a root of (9.5), is reached the chopped 

Ch -functions are 'stable' i.e. propagate without change of form and 

without energy loss. 

Of course this argument ignores the spontaneous emission. But about 

1000 pice- second pulses can be transmitted by the dielectric in 1 nano- 

second. We have not yet solved the problem of exciting the dielectric by 

an arbitrary external field QXF. In the following Lecture 3 we do 

show how to solve the problem of a dielectric half -space (with a plane 

surface 1=0) which propagates 'stable' modes. Equations (9.5) are 

slightly different in this case. 

It is worth remarking that, since -1 (1(:3) C 1 , we must have 

U27 Vie in (9.6 ). If l' ' W ̀ , r3(T.D)N, 1 
1 ; but then 

kz v 1 from k =CU K_ A)/? , and (9.4). In this case the CII - 

functions are sech'., and the medium isvery norl- linear. However, 

Ce =OP- A ) I 3 is small and only a very weak field propagates. 

If k/1 = Q, 
13 (To) 

=- ? I by (9.6) but C2 O. This is exactly 

what wo must expect since WI ' Q is ,._ - () and this implies P 0 
by (6.5) or (6.10). 

One puzzling feature is the following: if r /7-01).0 there is 

already partial or complete inversion of the atomic populations when any 

(,h -function is switched on. The group velocity of the chopped CV - 

function is OM and according to (7.19) with (7.1?) h1 2- f < Q 

when fl)( To) C and ;^J(2 _ (j ? { 2 tv.ie > Q . Possible values 

include -1 < h12- 1 < 0 which is 1 > ,1 2 > () . Then Om > c.. 

and the group velocity > C . It seems probable that it would never be 

possible to transmit information this way however. Further an initially 
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inverted population T1(7,) > (J mu:.t radiate in about 10 -9 secs. : 

this is of course true for all values ( To) ? - i and only r(T) = -- 1 

is stable. 

At no point in our argument do we include the effect of the many other 

atomic levels which appeared in the simple theory (weak field = 'short time' 

theory of § 2 of Lecture 1). If these levels are initially unoccupied 

they must retard the propagating modes as in linear theory: we can surely 

infer this from the fact that when Ws' tì (i.e. far from resonance) 

2 wig in (7.17) is negligible for pico- second pulses anyway and 06((í') 

is 

3C(u) ti -e6 
v l Xos. 

? WS 

u. a (9.8) 

This is the contribution of level S to the Kramers -Heisenberg formula of 

Lecture 1, (2.21). (It is plain that - ( (col can be inserted appropri- 

ately into the results of 2. The argument took (;(r ) = - I there). 

It may be appropriate to treat these many non -resonant levels by taking 

a model of 2 -level resonant atoms in a host dielectric. This is easily 

done by replacing (6.10) by 

r ( z c s) ' 
4T, n 01 26a) nm oq c.>) T) ( r c:) ) 

.3 vo2C) ) _ 
nlo4(W) 

(9.9) 

where 0602(w) is the host dielectric constant and Y1 is the number 

density of resonant atoms in that dielectric. The whole theory now goes 

through unchanged with VvI (w) /w+o(t -J ) replacing MO ) in the previous 

theory and the velocity C /V110(o) replacing C . However this is not a 

very satisfactory argument since we need Wl!.) /V1Q(0) to be independent 

of C.) for mode propagation without change of form: 0/16(ó) will be 

slowly varying for U 1J certainly but we may need W+o(r,) = constant 

over a bigger spectrum than this as we indicate in § 10. 

Before this we look at population inversion in the theory: we have not 

yet developed the theory of photon echoes which seems to involve the initial 
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condition (cf. Lecture 1, 5) f .; { T0) - V (.ß(T0) and r2 (70 #' 0 

There is a fundamental difference between non -linear dielectric theory 

and the single atom theory of Lecture 1. This lies in the behaviour of 

r3(1:) . At exact resonance we had (cf. (8.6b)) 

rs(T) - 13 (7-0) s (0- Z-io-k), - Ws (9.10) 

This compares with the single atom result calculated from equations (3.14) 

in Lecture 1 namely (at resonance) 

r(Z> ()t ?u) Cos W (' (9.11) 

According to (9.11) 1; oscillates between ` f,(to) : in particular 

if fl (t-o) - 1. i , C1 oscillates between + 1 and a pulse of length 

el - (v such that L'1 t'Eo T inverts the population. 

This is the 7E-pulse in the sense of 5 Lecture 1 and is one 4 -cycle 

of the cosine in (9.11). The pulse area in terms of the definition (8.12) 

(extra factor 2) is 2Eros 4 -) E (f -[a = 0r 
According to (9.10) r3( C ) always has the same sign as (3 (T6 ) and 

('3 oscillates, at frequency LP _ ?(Js now and certainly not at 
21 K 4k W between 13(7-0) and zero: el _ 1 is equal occupation of atomic 

levels. Thus there is no pulse which inverts the population; and indeed 

there is none which changes the sign of 13 . The pulse area which leaves 

the system in its original state ( 's ( T ) (; ;(70) is now 4 sin -1 k 

and this is 27i., only when k = 1 . This is the 4 -cycle of the C v 

function but is the full cycle of r4(t) 

We hope to treat photon echoes elsewhere. Now we look at parametric 

processes. 

10. Parametric processes in the dielectric 

Since we have not solved the problem of introducing an arbitrary field 

and hence a single monochromatic wave into the dielectric it is not yet 

possible to see how such modes at harmonic and sub -harmonic frequency grow 
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inside the non -linear dielectric. But one can see that such modes necessar- 

ily exist. 

We have found that all 'stable' propagating solutions are given by 

(7.22). These modes are labelled by a single frequency IT ; and indeed 

ff 

when K = O they reduce to monochromatic cosine waves of that frequency. 

However C =O and no such mode actually propagates. 

Nevertheless it does almost, and presumably this is the actual situation 

described by linear theory. 

When k is larger we must take explicit account of the mode form 

(7.22). The Jacobian elliptic functions CO (Y,i;) are periodic of 

K period 4 ( K is given by (7.5) ) . Then Cr) i(j-T_To k 

has period 21../<0.-1 . The number of complete cycles per second is not 

R but 0 /44 . This is 12 ï( for lc, 0 and zero for k= ? 

The periodic function Y' {Y) k ) has Fourier resolution: 

/ 
C Y1(y C ) - i , C, g1) K/K S CoS 

l 

(10.1) 

where K is the elliptic integral K(K') : le is the complementary 

modulus and k k) is (7.5). Since r\ 
" Co when k.= U k - - 

when k c i we see that a rather complicated limit occurs at k= 0 which 

we know to be precisely Cos 7X = cos X. When k > 0 all odd harmonics 

3f the fundamental frequency 1/41.< occur. 

It follows that the solution (7.22) contains all odd harmonics of the 

fundamental frequency lr /4 1< . In so far as the whole solution can be 

labelled by the single frequency U- and ' +< < oo , all possible 

frequencies are possible for different values of K #. Two adjustable 

tIt is perhaps plausible that, if a single monochromatic cosine wave of fre- 
quency v is incident on the dielectric, there eventually emerges (within the 
dielectric) the single stable propagating solution given by (7.22) with this 
v: in this sense the single frequency tr becomes converted to all frequencies 
(2v +1)v /4K (v = nonnegative integer). We have not solved the problem of an 
incident monochromatic cosine wave however. 
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(v) k = sin 45° = 0.707 ; 
i< = k '= 1.840 

Ch() Z cos `1 + Co,. 1.1 + Cos 
kK 2.507 SS..S3 12. r3E.7 

(vi) C = sin 60° = 0.866; = 2.157, K' = 1.686 

,-, 

Cvb)ki - ? c.s } Cos + cos..5 + cos 7'1 + ... 
kk 1 4 I`1 4 n2.58) 2.5';7.7 2.5';7.7 4 ?2. 

(vii) K = sin 80° = 0.939; k = 3.153, E<" = 1.583 

Co(y, k) ? US' t C'v; t Cc;S .S! t 
;.Cc7 2-3.50 10, CG 

+ 9y_ t .. 
511 .4/ 

(viii) 1. = sin 90° = 1.000; K = Oo K = 1.571 

Ch (.a, !c) _ co ( Y, 1 ) = sect) x 

Evidently even when k = 0.939 only 20% of the amplitude and 4% of 

the power is in the third harmonic. However the frequency shift is then 

substantial: 2 t'es /TC '.)4(.: and the situation is apparently that 96% of the 

power is in the sub -harmonic of frequency U' and only 4% in the - 

fundamental. However for this we need W1 = 0.939 Ws and E is in 

tha 106 c.g.s. units range and the peak power is 1000 terawatts. 

When k =1 and the peak power is certainly 1000 terawatts a single hyperbolic 

secant pulse Csech t t ( Vt'e - ) k ?t 0° and V'T-Tu-k >krT) 
propagates. Here it is impossible to talk about harmonics: all Fourier 

components are 'dense' in the mathematical sense, and the Fourier series 

is a Fourier integral. Precisely this integral is: 
00 

p 
Ch (ti`z-T_k)k -- 1 064(.7r.- sec4 ï w l e twr 

e7T_ ? 
zT:" // 

) 
set (h+i)ï K ( - 7r W U- 1 / 

and the Fourier transform is 

SecL1 Cr f is ci 
2 vv. 
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A puzzling feature of this discussion is the success that Hahn and 

McCall (1969) have with the hyperbolic secant pulse envelope. Here the 

hyperbolic secant (envelope) can have pico- second duration. Our pulse 

(which does not modulate a carrier) is N Ur -1secs. duration. Unless 

Os-11 x 10-15 secs. Q': (u-) in (7.17) is off resonance, W ? 

can be dropped in the denominator and the theory ought to be a linear 

rather than a non -linear one. Of course a hyperbolic secant will propa- 

gate as such within linear optical theory. The conclusion seems to be 

that the medium is very sensitive to unacceptable solutions, that is all 

but the 'stable' solutions (7.22) and the chopped versions of this 

treated in § 8. Unacceptable solutions must re -form to the acceptable 

ones; but once such modes are the medium happily propagates 

them even in the almost linear range k L 0.1 . 

We have not solved the problem of the break up and regrouping of 

arbitrary incident field pulses; we have solved the problem of crossing 

from a linear medium (conveniently vacuum) to a non - linear one and this 

problem we treat in Lecture 3. Before this in Lecture 3 we look at 

longitudinal modes in the non -linear infinite dielectric and also at the 

problem of rotating solutions. These last cannot be constructed out of 

plane polarised modes since the medium is non -linear. 
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Note on the alternative forms of solution (i), (ii), and (iii) 

Forms (i) and (iii) are rejected because we cannot have both 

C ? >0 and 'I / 
r p since g;>() : form (ii) is interesting 

because it is not excluded by these conditions. The 'dispersion rela- 

tion' Ca= 2 U'2E_l is now I ./?/i 2 = 1 : so ()..."<' wS for gigawatt 

pico- second pulses and N cis only for 1015 watt pulses. The initial 

conditon is now r, (TO)> ) (since Ga11 (UZtC) k)( >0 for 

K 1 ). Thus (6.21b) is 

srs(t) 
1- 

A5Er(z)11e-Lr1(r°)1? t Wsr3(ru) 
Then /q = 4)se t r 3 (T,) - c' 

1_ CI (T y) 2 and since 

k2 -2 fAo = 2 cas21442 f t'_`i3(ro)a - 12uß 2rr2 
i (ro) J 

it is not plain that there can be actual roots with () ' k : i . 

The Jacobian elliptic functions are still defined and may have real values 

for k « ( real) and are defined more generally also. But it 

is doubtful whether any physical roots lie in this region. The collapse 

a 
of the dispersion relation to ßj2 = implies no condition on Mn 

which is therefore free. This suggests a non -physical root - although 

11'1 free is also true of the longitudinal modes described in Lepture 3. 

As stated in the text the solutions of (6.23) are unique for given 

T(T0) and T>( To) . The uniqueness rests in Cauchy's existence theorem 

(cf. e.g. Goursat, 1916 referenced after Lecture l) and the theorem implies 

the existence of a unique continuous solution at an ordinary point. If we 

set Q P , the differential equation is Q = -AP t 1P . Singular 

points can certainly occur where 0(Q/0({P is not defined in the P ,Q 

plane and this is where ( -Al) t B %73) Q 
7 

is not defined. These points 

lie on Q = O , which is p = O This is why both p = Ccn S(ì z t s ), k , 

and _ C iCLh C(UZib , K 
I_ 

are possible alternative solutions with 

rs>Q 
C 
d(cv)(X)k) /dx = ai (G(vt(X,k)/0(x 

_ O at X- 0 and all points 

)(= 2,1K), The remarks above suggest that C, dh (U`j tglf3is not a physical solution: 

we have yet to show it is an actual solution of the equations with KZ and ca- 

pable of satisfying all the additional constraints it must still satisfy. 
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Lecture 3 

11. Longitudinal Modes in the Non -Linear Dielectric 

In the previous lecture we discussed the theory of 'stable' transverse 

modes propagating in a non -linear dielectric. 'Stable' modes, by defini- 

tion were modes propagating without change of form. In an infinite 

dielectric there are also possible longitudinal modes. As we show below 

there are problems with the excitation of these modes as soon as we look 

at the real physical situation in which the dielectric displays a surface 

since they must then be excited by light. This problem has already been 

exhaustively examined within linear theory by the author. !ven so the 

conclusions were open to qualification even in this case because of the 

sheer complexity of a theory which includes these surface properties 

(cf. the author's 'Many -body optics IV', 1970). 

In a first superficial approach to the problem the theory of longi- 

tudinal modes in the non -linear dielectric has an attractive feature 

simply because we cannot simply superpose solutions in non -linear theory. 

This means the transverse and longitudinal modes are coupled if they are 

present together and this means that any longitudinal mode fluctuation 

can be excited to a true longitudinal mode by the transverse mode. 

However, in this case there are two single atom states excited by the two 

orthogonal polarisations (say) '« and 1() and the atomic 
problem is a 3 -state problem. We know nothing about the dielectric of 

3 -state atoms at this time. 

Longitudinal modes E(&) satisfy C tied E. Q) d; v E Q. 

Maxwell tells us that (tit/ Lfî)r) Q always (no free charge) and 

* The theory of the 3 -state atom can be arrried out as in Lecture 1 

1i2 because the level spacings are identical: each excitation has energy 

4 w5 
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these equations are compatible (when J (163) = (2(40E(2)/4) 

for each Fourier component of frequency W) if and only if E(c3) = V . 

If we interpret (1c3) = Pvl 
a (L3) as in (6.6) than (6.10) reduces to 

Eal)t3) = - 3 ?(2)41) _ - Y1exo r.,(7)10) (11,1) 

where it is now understood that 
Etas( 

11q) is parallel to and /os 

XOS 

It is important now to recognize two points: the result (11.1) is 

true without appeal to the macroscopic Maxwell result C(w) _ 0 (see 

'Many -body, IV', 1970). Thus this equation simply means that (11.1) simply 

does not depend on the parameter pi . The second point then is that modes 

1)(1)e ) (now along 2) propagate without change of form if, and only if, 
(like (6.12c)) 

ax,L. (11.2) 

where OA is independent oft.) . This hq has the new feature, however, 

that it is quite arbitrary since it does not appear in (11.1). 

Obviously we can now introduce 

f h C 
-1 

as before. These points are made evident in 13 below. 

In this longitudinal case instead of (6.17) 

wilt) _ -2eei x0 Etot(r) = t16nhCaXos2 - r(Z) 

rq (z) (say) . (11.4) 

The parameter 1 L does not depend on r. Then instead of (6.21) 

(11.3) 

so 

Wsr3(t) _ + ri(r) r1lL) 

a 
6J5 f 3 Cr.) -ac / 1 

l N [( Z ) -} constant . 

(11.5a) 

(11.5b) 



We continue to assume the initial condition r1(ro) = ()so the constant 

is x2 r3(To) . Equation (6.22) now applies with it instead of . 

Then 

but 

>o 

30! 

Pit) + A P(r) -8 1 ) ( r ) (11.6) 

A =_ toe + WS r3 ( ro).h. 

E rase -- 16yrws r3(ro)n ezxose 

as before. 

(11.7a) 

e- 2)(1)se (PeeXos2 )-1T-14 xus Al a. 

(11.7b) 

The linear approximation is 

j)Cz) + AI() - o 
The unique non -trivial solution satisfying 1Cro) Y O is 

if and only if 

This is now 

which is 

where 

i(z) C sit) ro 

(11.8) 

(11.9) 

f A ` o - (11.10a) 

GJSa- lTz = + f re car3(ro) neexoá 
3 

it Th0G(u- 

( ) = 

:o 
-2 w (TO 2Xcs2 

-1 

lla 

(11.10b) 

(11.11a) 

(11.11b) 

This coincides exactly with previous results for longitudinal modes within 

linear theory (cf. e.g. Bullough, 1968). 
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Notice that this is not a dispersion relation. The parameter wf 

is indeed a free parameter and equations (11.10) are equations for the 

characteristic frequency tt which is a root of 

11 

l/2 
: t WS C3(To) Y)eeX ose h 1 S 

If r3(70 _ - i , for example, and the oscillator strength 

the WS 2 h 1 is unity, V- is the frequency GAS shifted by about 

(in the case !..?r0, 
-1<( 

f ) 

where w = 4 ?TM e2 me-1 is the plasma frequency for h (optical) 

electrons per unit volume. (The symbol Mle. is the electron mass, not 

the parameter hl ). 

In the non -linear case the solution (7.11) applies with 

k 2 
r_ -A 

eU 
again. Then (7.13) is replaced by 

and 

C2 = u2-Á 

(2e.ex05e )-1 - WSa r3(l0)0s 1 t 

with now 

With 

06 (u 

qe;+ ncx(U ) = O (11.16a) 

- xoSa oS t'3(ro) 

tT 2 t C e e 2 xs {1J5P) -1 
J 

the field amplitude E now related to C by 

instead of (11.11b) we find 

C 

- e ? 
Xos` 20s (Afro 

10s2_u2 ta w12 

(11.16b) 

(11.17a) 

(11.17b) 
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exactly as before. Obviously equation (7.20) 

k2 w,e - -a 

still holds. 

The condition (7.21) must still apply so that finally 

I( )= C en 
Z 

(u- z- ro -- k), 1 

as before. The whole of the theory of 9 must apply so that longitudi- 

nal modes propagate for values of r1(7-0) identical with those given there. 

It is plain that exactly as in the linear longitudinal case the 

parameter hn is not determined by the theory. Ala choice of this 

parameter is possible (providing only that it is real, and positive). 

This is already a weakness of the linear theory reported in the author's 

(1968) paper. However it is shown there that intermolecular correla- 

tion (here excluded by the model of a uniform uncorrelated distribution 

of atoms within the dielectric) replaces the characteristic frequency 

relations (11.11) by a dispersion relation. In principal this fixes M 

and will do so in (11.16) also - althoug% nothing is known about the 

nature of the roots for m even in the linear case. 

This section has shown that in the infinite non -linear dielectric 

there are in principle both transverse optical modes and longitudinal 

optical modes. We have not shown that both can exist tog'ther since a 

superposition of transverse and longitudinal solutions is not a third 

solution in non -linear theory. We have not shown therefore that the 

longitudinal modes can ever be excited since if they are to be they must 

be excited by (transverse) light. It may be that this is possible 

(Bullough, 1970). What is certain is that the transverse modes can be 

tOne purpose of that paper was to expose the facile but inadequate arguments 
of Knox (1963) and Fano (1956) for the longitudinal dispersion relations 
(w = constant) in linear theory. 
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excited by light. We show this in the later part of tris lecture. 

First we look at rotating solutions in the infinite non -linear dielectric. 

12. Rotating modes in the non -linear dielectric 

Because the dielectric is non -linear it is not sufficient to superpose 

two transverse propagating fields in quadrature ( 3 out of phase) and at 
2 

right angles: we must start the theory afresh. ':Je look firet at the 

theory of a single atom in a rotating field. 

As in Lecture 1 

Hiot (t) _ - e r. E(t (12.1) 

and we suppose for the single atom that E /t) is a rotating trigonometrical 

field : 

Then 

Define 

Then 

Eit) = E( t coso-t- + j Sn vt ) . .. M (12.12) 

N;t(t ) _ -e E (x Cos at- t ,5 Sir) a-r 

t( - (Xiì_j)e-2"-] 
(12.3) 

r+ , f 

4 _ E e'i`t C_ _ r F.02+11)-t- 

_ 

' 

Mist e (r- E_ + r' EJ 
In terms of the spherical basis 

+ ' -iLtp) , 

with (t . _ u *. N¡c 

(,,( = I (5,+ te) 
o 

(12.4) 

(12.5) 
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we have 

I-1 ;ne = -e (r+*. E ir E_4) M 

manifestly Hermitian. We prefer to use (12.5). 

For the single spinless one -electron atom take the basis of (all real) 

wave functions 1/40 t4S 
(X 2is 0 1)1 2,4s ( ) From this form the new 

basis YO) 1+ )14- ell ) with 

j_ (x ) (y) _ 1 (1.4_(' ) (S i 2 S , , ` Zí4(5)) (12.6) 

The interaction (12.5) does not depend on the operator even 

implicitly: thus Is(2) will never be excited and a complete basis for 

the problem is 
'0 

) 
uscl 

and /44C43) Equally a complete basis is 

1 0) q t and and we use this. 

We set 

ii/(e _ C,.,C(-)No 4 G.t (t //it tG_(r)2,4_ . 

Then the Schrodinger equation for 46:1 implies 

Ga _ EEa Aa t <01 I-I lo>üo + <olt-i+hhh> at 
} <oi ;htl- > 

for example. In this <0 I 1-1 4,1- - Q by parity. 

matrix elements <o 1 Nìaf I +> _ ( hi ik )0,, and (1444 - 

Indeed 

<o UNihrJ'> _ -e E_(t)<01r... 11> 

Then 

(12.7) 

(12.8) 

But both 

)0- survive. 

- Eilt-)<0 I rt > 

Ir+)+> = S 2fo* 1 (X+ì5) i (240 ìuv)dxdjd lf 
2 (xes- `Jos ) O 

since e.g. ZÌ' y Zx Ctxd1 O(? - O and 

<olt_ I t? _ (Xoy yos) ` Xos 

; but 

(12.9) 

(12.10) 
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Likewise 

<o i I-> = 0, <0 Irt I--> = xos 

Thus we get 

(12.12) 

ào(t) = Eoct,(r) - exas af(t-) E.. 0-) 

-exus Cc_ (r) E f(F) . (12.13a) 

Further since e.g. <4 I14.nt I-> - O by parity 

t(t ; ES a.;fr) - e xoS a.(+-) E_*(r) 

it CA_(r-1 = Es4_(t) - e,xos ao((-) 

In the interaction representation we set 

-I Est- 

Then 

cì 
( 

Q 

we get the three equations 

-QXos E(F) co () e.110s 
- e- x oS E - ( t) cob. ) 1 i tJS f 

etc. 

, . 

- - 2xos E_(r )ct (t)2-'4'st+ (oc-we-iash 

The important point now is that all three states are coupled and the 

problem is a three state problem. 

However we can observe that 

Ei(f)c_( E c ) 
-111)104) t - ( e 

and we can ignore this in the rotating wave approximation. Then 

C_ constant and we haire the two state problem 

-eXos Et((-)co(t)Q +"1St 

- 'e-xos [---(t) çT(t) e t-v". 

It is plain that the same argument applies to a field 

Ect) - E'ttc COS l7t f j srnJt 

(12.14) 

(12.15) 

(12.16) 
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in which 261 is a broad peaked function of width Ci such that 

-1 V' : this means that E (F) has a Fourier resolution with 

components largely of frequency 4 ie 
0" and that G (f) has a Fourier 

transform which is a sharp peak of width Q' about the frequency V' . 

If this transformed peak is narrow Z ) is broad and is a slowly varying 

function. 

The 2 -state density matrix is 

p 
1."' * .loo c o al)* ° Jos = Cc o ("it* 

<?si - a{ Q+ 3s° = a+ co* (12.17) 

This density matrix satisfies 

_ L -int (12.18) 

in the interaction representation in terms of the C 's , as we can easily 

check. We shall get the Bloch equation however. 

Define 

ri (r ) _ ao Q{* a Go* 

t'2(F ) = ì(G{go#- a{7ao) 
r-) ` ( C,+ at*' co ao* 

in analogy with (4.8). We easily find, for example, that 

(12.19) 

r1(t) _ - re a) ws - e Xo,s (Art ( Et -E { ) r3 {F) (12.20) 

and so make the definitions 

w((-) _ -e)(0,s(E .f%+ Et ) xob (E _*+ E_} 
-Q xcs,tra- E (r) 

4(0 = -42.xos (V`-E)(a)-' = ,e.xosi (E_ Ew)i` 
- - xo E y 6-) 

1.03 - W S (12.21) 
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The equation of motion is now the Bloch equation 

r - c r 

An integral is still 

r1a +r a +r32 = 9 

The constant unity is chosen because Y+ ando span the space to 

which the problem is now referred so jeo t Sys i as before. 

The most important new feature is that we can no longer take 

(,Je _ Q ¿i2 (N) is given by (12.21) and is essentially 

E(r) D in general. As before WI cis , a constant independent 

of t 

We shall not bother to investigate the particular solutions for single 

atoms but go straight on to the dielectric. First observe that the atomic 

dipole has two components: 

(12.22) 

(12.23) 

e (t - ),(111(t)> _ "as L3so(t) 'Ina)] 
z Q. Xos r, (( ) 

VT 
p, Cr ) = e < 4(0Ì 5 I Y (h) > = e oS r ((-) (12.23) 

Since X _ (by the assumption of our model the vector (r (f) re (f))0) 
vs `dos t 

describes the motion of the transverse dipole ( Px(t )) ?5(0) 4 / 

The argument for (6.14a) in Lecture 2 applies to any transverse field 

component so with the Fourier transform Ex(W) replaced by Etnt (TA)) 

(and now called Ex (- z,[.J) ) 
Ex Cz,w) 

and further 

n--- (612 
E t ) r1 ( to (12.25a) 

e 

nßS l wit T 
r2 (2,w) 

(12.25b) 

The parameter vq will presumably be the same for both components even 

though it must depend on the field amplitudes: but we can suppose the two 



field amplitudes the same magnitude for circularly polarised solutions. 

Stable circularly polarised solutions will be possible if and only if 11A 

does not depend on W . 

Then 

Ey(2)( > _ 

Further 

replaces t in the 

W1 (t) 

e (met e r,(z 
? ) 

) 
- 1 

4?Ne r2(z,r) 
'/2- . 
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(12.26a) 

(12.26b) 

Z = t - C 1 (12.27) 

Bloch equation (12.22) and 

-e x tir n eXos e e r, (t if C v i ì 
_ e 

yos^r qv? elQs 2 
2 h,e- 1 

With the definition of (6.17) we have in fact that 

1,.41(r) - - f1 (Z) 

WaCt .) 12 (z) 

where ) does not depend on r. 

We have now to solve the Bloch equations 

(t) _ (z) r3(r) - za3(t) re (z) 

- - rz r - cas a 

rt (t ) J3 (r ) ,r, (z ) - 101(r)r2(z) 

= t ws !a- ri r3 

rQ << ) . (12.28) 

(12.29) 

(12.30a) 

(12.30b) 

1"3(t) = 43i(t)re(t) -1.3e(r)ri(t) 

- (ri r2 - re r1 ) = o (12.30c) 
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The last equation has the immediate integral 

r3 _ constant - r3 (ro) . (12.31) 

If we insert (12.31) in (12.30a, b) we get 

with 

(t) ` -v- r2 () 
ratz) = t lT r, (z ) 

T" = a r3 C 7' ) i cos, 

The unique solution satisfying r,, (i- ) . r(t0) and r2 (r ) : re (7.4) 

at /7, Ta is 

r1(Z) = r(To) cos u- r =ro - re(ro)s T 
r (T) re (To) cos or T -To . r1(To) sm t Z 

It is plain that (12.23) holds providing 

+ r(Tole + r3(ro)i2 = 1 

Equation (12.33) is a unique dispersion relation for L1' namely 

(12.32) 

(12.33) 

(12.34) 

(12.35) 

_ !Ç 1 WS-v r3 (To) - - le2XCi h_+ tag) r30.0) . Cyi2-1 
(12.36) 

This is 

ß!e-1 = 4 r noc(u -) 
mat a 3 (12.37a) 

where 

t v _ - e 2 X0s h r3(to ) (12.37b) 
wa-U 

This does not depend on the field amplitude and actually resonates at 

0"' Ws. Thus resonance needs special treatment. The amplitude of the 

rotating solution represented by (1234) is not arbitrary however. 

For (12.35) holds and PA (T) and l (r) are given by (12.24) : clearly 

# Evidently (12.37b) has the one resonance denominator because we eliminated 
one in W st U' by making the rotating wave approximation after (12.14). 
This may also be why the simple trigonometrical solution (12.34) is the unique one. 
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Ì',e'(z ) + 1'yz(t ) = e.2X6se - 
Z 

r3(7-,A a] = ce (skr) 
(12.38) 

and the right side does not depend on Z . 

In so far as the amplitude C is ultimately determined by boundary 

conditions on a surface, C is a parameter and so are (r and To . 

Given C , r1( 70) is determined (up to sign). Then en is deter- 

mined by (12.37) providing V as. The absolute phase of (12.34) is 

of course fixed by To . 

At resonance V- = ¿3 and either = () or r;(7-0) =0. The 

equation = 0 has no real roots so we must have rl (ro) = Q. 

In this case 

and 

r,Ct) _ -wSrQCz) 

ra(tl = tos (z ) 

r,( Z) ' ri(To) cos os r--/.0 -rZ (Tu ) sv Cis t 
C2(r) ; r2(70)cos 04 Z- To r ri(Tu) Sin t3S Z_ ro 

Since r(r) n 0 we have 

Px(r) = C COS LOS z 
Pt, co = C sih ws 2-To 

(for a particular choice of phase, for example) and 

(ee Xos2 ) 
-1 C 

e = Ì 

(12.39) 

(12.40) 

Thus there is no extreme build up of amplutude but hi , which determines 

the velocity1is undefined. 

There are two points about this solution: the first is just that m 

is not defined when U" (03s and is large in magnitude for tT Ws ; 

siMply 
this may bej(because we have ignored the spontaneous emission or it may be 

because close to resonance the rotating wave approximation which reduces 
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(12.14) to (12.15) is for some reason ill- adapted to the situation 

demanded by (12.25). The second point is that the solution we have 

obtained is quite different from the plane polarised solution of Lecture 

2; this in itself is not surprising but it is surprising that it differs 

so much from that obtained by Hahn and McCall (1969). Their solution is 

indeed a rotating solution. We look at this in the next section. 

First we look at the energy loss. 

The quantity w(t) of 8 is 

\(t) _ -11 E(z). P(r) 
4§ (::-) 2x1 [Fr1(r)12+ ¿ra (r)i2J 

n+ Cl - r3(TO)i2J 

since f3(r) = i3 (To) It follows that W (E) is constant 

for all time and there is no loss of energy to the atoms whatsoever. 

This is perfect self -induced transparency: apparently if an arbitrary 

rotating wave transmits through the medium the amplitude a fixes 

f3 (ro ) (presumably cif the initial fs(To) is C O ) r3 (Z-o ) 

(12.41) 

builds up to the negative root of 

r3(T0) _ *N1' C2e"2xas2) 
. (12.42) 

Thereafter there is no energy loss: the mode with form (12.34) propagates 

without change of form with velocity elm and Ph is given by (12.37). 

An important point is that this is true once rj(To) is its correct 

value whether (12.34) continues to propagate or whether it is switched 

off. Thus a chopped on -off version of (12.34) propagates without energy 

loss and the pulse length is arbitrary. 

We now take a second look at circularly polarised solutions by going 

into the rotating reference frame. 

Note in 'proof': this problem can be resolved by observing that (12.42) shows 

that r3(T ) depends on C2 and soon E2 and m2. The result for an external 
field of amplitude E is m -1 = Trna(o)w -1 - (,r /16)wlw-1 at exact resonance. 
There is no singularity. And m -1 -2Ö0 for picosecond pulses. 



13. Rotating solutions in the rotating frame 

We adopt the equations of motion (12.22) of the previous section 

but restrict Eix (f) and E5 (t) no more than to 

Ex (( ) - 2 ((- ) cos J't 

sn J'C 

which is the same as (12.16). 
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(13.1) 

We rotate the co- ordinate system about 

the 11- (= 3 - ) axis with angular velocity = (0 )0) ) 

Since (4.14) in Lecture 1 applies we write in the notation there again 

that 

We have 

Thus 

Then 

r 

C ' ( ri' > re/ ) r11 

01(() _ -QXos,IG 2 ((-)Co s U't 

w2(c ) -exos lTh 20-) sioUt 
h 

s 

w,' ( t ) E (c ) 

t'(:) 
' Ws 

(13.2a) 

(13.2b) 

(13.2c) 

'(t ) _ -wsrz'(t) t U ) 

(t) _ +ws ri(t) ex(C)r3'(F)-U'rf'() 
r3 (C ) _ - e xos ,A- 2 (t) re/ 0- ) 

(13.3) 
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Define 

Then 

W,(6 ) _ - e )(as c h ) 

wz(F ) _ p 

V3 ( F- ) = Os- U- = a V- (13.4) 

r' 
3 

_ - v3 Ca' 

+h/3r1 
r2i 

Equations (13.4) are exactly the form of the equations (4.19) 

(13.5) 

as we expect. 

But what is more important is that they are identical in form with equations 

(6.18). 4 Now (12.26) means that 

Ex/ (2)(- ) _ 3 (met Y1 Q X- F 1(7 
( ill" - 1 

1 

E 51(7 , í) - 4r r 9 ( hi e l 2 

/ 

y r2' (7 )E ) 
1/7 \in - ? 

(13.6) 

so that (r) = O because E 51(-c) -0 and 

¿(Z) z nexoS Yvi21 

3 4-2- m2-1 
ri'(-r) (13.7) 

Next from (13.3) 

(T) = f3 (ß) = O 

£o these quantities f\1 7-c) and r' (Z } are in fact constant. 

Then 

wir,/(To Q (c) (3'C7-0 )- U ri'(To) = C) (13.8) 

and if this is true for all Z 7 To we have 1(0= constant a(¡ r1'(To) 

This is also the form of Hahn and McCall (1969) eqns. (24) - (26) 

in the case of infinite relaxation times. 



and the constant of proportionality is already fixed by (13.7). 

get the dispersion relation 

We thus 
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Ws' LP- Xos r3(70 4-2Y h hb2{e (13.9) 
h2- 

which is identical with (12.36) as it should be. We thus reproduce the 

whole theory of 12 but in this case by using the rotating frame. 

It is plain from both arguments for (13.9) that both this dispersion 

relation and the solution (12.39) for 1,(<) and r(r) in the labora- 

tory frame are unique solutions of the equations of motion once the 

'stability' condition (12.26) is imposed. The question arises why this 

unique 'stable' solution is not the hyperbolic secant carried by trigono- 

metrical functions derived by Hahn and McCall (1969), (This is the 

hyperbolic secant solvtion 

F ( t. ) = C seek c1- z (13.10) 

in the rotating frame). 

It is plain that the discrepancy rests in the stability conditions 

(12.26), (13.6) and (13.7). It might be argued that these in any case 

are not the forced propagating wave equation of Hahn and McCall: however 

we show in § 14 that the stability conditions are precisely stable 
cond t ions 

solution "of such a forced equation. In view of Hahn's and McCall's 
ti 

approximations (note that our solutions are again exact once the stability 

condition is imposed) it is difficult to compare the details of the two 

theories further. However we can note the following 

Because E,;(2.,(1)- we must have r2'(- ) ° Q . This is a 

consequence of the stability condition (13.6). 

l 

If we do not assume re '(t) _ 0 equations (13.5) with (13.4) are 

exactly those of Lecture 2 except only that the small frequency (.-t) 

replaces the large frequency WS there. Thus if we define 

T( '(.) 
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we find 

(i), t A (r) _ BE ?'(-c)]' 
A= w3' + wa r3(ro) + ? Lr (Ta )j a 

8 ' 
( 4 Q2)Sos2 ) `? (13.12) 

It then follows that 21(r ) is a Jacobian elliptic function and this 

could be C sech (,t7 for the appropriate dispersion relation on the 

frequency (,k . This solution runs into trouble as t1S - IT =_ 6/3 -4 Q 

since k> i (and k can become Oe ) and in any case r2 tr) A Q. 

The solution of Hahn and McCall appears to be still different: at 

exact resonance W3= O and the equation of motion (13.5) is 

f 

/= 
î c = -- W /3' r3i 

"T: 
t y 'a' (13.13) 

If we define 

r - Z (t) = exos4 S(z)ot S 
1. (r') 

lo 

A solution of (13.13) is 

(13.14) 

r,'(T0) = 0, r2/(c) _ n () r3'(r) -cos § (c) . (13.15) 

This solution (which demands rfiCro) = O by (12.35))is acceptable to 

Hahn and McCall because instead of (13.6) and (13.7) they find approximately 

that 

whence 

4 á Sin ' (t ) (13.16) 

-1.1.2 sin 4 (13.17) 

for a certain parameter (A, (cf. Hahn and McCall (47) : apparently 

(,(.e _ - L 
a defined there but the equation is then wrong in sign as 

the pendulum equation). Then sin Cg c tanI Ur and ¿(e)OC'2a.sechUr 

is the solution with f'(-') _ ` it-c)7.- 0 at Z c - oo . 



325 

Everything hinges therefore on the validity of (13.16) and this rests 

on a forced wave equation (H. and M's eqn. (20)) of the form 

-a 2 [_ ( 2,t ) re 22 2 
- dt2 

+ 4 r n-D z P(2)t) (13.18) 
ce 2ta 

(in our notation). We now look at equations of this type in our theory. 

We do not find (13.16) within the terms of our theory and the two theories 

are apparently quite different. We show that if we look for 'stable' 

solutions we must rely on the stability criterion (13.6). Then we repeat 

that given t'ds our results are exact. 

14. The polarising fields Etot (X)4)) . 

A dipole density Fourier component el L (^ :) radiates a total 

field at X given by 

where v is the whole region occupied by the dipole density. The 

propagator Q ) x ' ; 40) is given by 

F(x,x'(:1 ) = (77t é? U 
tcrc-' 2 ) i 

(14.1) 

(14.2) 

where V is the unit tensor: F itself is evidently a tensor of the 
x- 

second rank. The length r I X- X'' . 

This dipole photon propagator was discussed at length in the author's 

lectures at P.Q.E. 1969. It has the important property that ignoring, the 

effect of any surface to V we can take the transforms on X as 

+The additional (4rr /3)nE(k,w) arises from a small sphere extracted about the 
point A to ensure (conditional) convergence of the Fourier integral. (Other 
definitions are discussed in the author's 'Many -body optics IV'.) 
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e,(k,w) _ 47bl (I(O2_I -Os) , P(k,W) , In r (ic ) 
k2- k0 (14.3) 

in which ko = ¿.)C`1 . We discuss the optical 'Extinction Theorem' in 

P.Q.E. 1969. This shows us that the effect of the surface is consistently 

ignored if the external field is ignored also. In this sense e ( k,W) 

is the ( ) Fourier transform of Eto (X ,W 

Further if t is a transverse plane wave system travelling along 

Keg))_ 0 unless k is along 2 and is transverse to . 

-r ti 

Thus 

= 4,-n iro 2 P(hito) 
k?- kó 

This is equivalent to 

3 n p(k,o) (14.4) 

(VO 1 Ó2 
J 

[(? ( ) _ f ` 2 P(2 (. ) (14.5) 
cz òtß t e 

precisely when the field FE is the Maxwell field and the A n P(k ) 
3 

is omitted. This equation agrees with Hahn's and McCall's equation quoted 

in (13.18) above. Note again that we use (14.4) (so imalicitly (14.5)) 

exactly in our theory. 

1 
When is longitudinal along 2 , r and k are always parallel, 

and we get 

(k,i lP(K0) 

This is equally 

[(i,r) -Sn P(z,r) 
33 

- 

and this is the basis of our assumption (11.1) in §11. Note that we 

do not assume E(W) _ C), as we stated there. Further the relation 

(14.6) 

(14.7) 

holds whether kt and W satisfy a dispersion relation 1(2 = 14(0)0c -1 

or not. If this dispersion relation holds Ç (',e ) iF_h,: :-s) 

E(r) etc. when but only when W = constant independent of 0 . 
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If k = M(A)) W C -1 we have from (14.4) 

so that 

e(k)43) = 4rn hie(w)ta 7' oc w 
3 (w) -1 ^- 

,. 
(14.8a) 

E(w ) Q{ 
tm(w)ko 

_ 4E n h?Q(t,J) t 2 pw)Q tìm(ia)%o 
3 rnw)-1 

and this is 

E (t) = 47. n hlef 
1(Z) 

when and only when M(w) = m _ constant. This is equation (6.10) of 

Lecture 2, is our stability criterion for transverse modes, and implies 

(12.26), for example. 

Thus the whole theory rests on the semi -classical statement (14.1) 

although this is equivalent to Maxwell dielectric theory with the inclusion 

of Lorentz's approach to the problem of the total field polarising a single 

atom . 
t It is possible to obtain (14.1) as an exact result of a second 

quantised field theory including all electron and intermolecular correla- 

tion providing EE(Y)C)) is interpreted as the Maxwell field. The 
N 

problem is quite different when E4.40) is interpreted as a polarising 

field: for the dipole induced in an atom surrounded by others cannot be 

decorrelated from the total field which is exciting it: both quantum 

mechanical correlation in a single atom and interatomic correlation must 

be included (and without a Born -Oppenheimer approximation the two correla- 

(14.8b) 

(14.8c) 

+Equation (14.1) is in a form invariant under rotation of the coordinate axes 

since (14.2) is. Our argument does not mean we move to a physical noninertial 
frame so it is sufficient that (14.2) is rotational invariant. It then follows 

that (13.6) and (13.7) apply in the rotating frame and that E and, are plane 
polarised there. Then r2 = 0 and the argument of Section 13 applies. 
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tions are not even separable). This means enormous complexity which 

makes even the dispersion relation (6.29) of the linear theory very compli- 

cated indeed: a simplified treatment is given in the author's lectures 

in P.Q.E. 1969. We have not attempted comparable work for the non -linear 

theory. 

It is stimulating to appeal to one result of that theory: the 

'correct' extension of (14.1) to include radiation reaction is achieved 

by adding to the right side the formal integral 

Ftx 
> X c) Cx_ X)P(x c,))dci ^ J ^ w ) 

(14.9) 

This integral is undefined but has been successfully interpreted in linear 

scattering theory as precisely 

3 2 ko3 U. l' CX,w) (14.10) 

This is Lorentz's radiation reaction field and describes spontaneous 

emission correctly in linear theory (cf. P.r.E. 1969: there is actually 

a problem about a factor 3 not mentioned there. Weisskopf -Wigner 

(1930) line breadth theory is otherwise correctly reached 1'). 

This result suggests that spontaneous emission in the non -linear theory 

could be handled by adding (14.10) to the total field otherwise described 

by (14.1). This argument has still to be carried out in detail. 

15. Integral equations for the non -linear dielectric 

If we take proper account of the surface of the dielctric we have to 

replace (14.1) by 

Iota1( :¢xtam 
)X 

w ) l ) F(x ) . " Pfr)w) d^ ' (15.1) 

s The 4 is a result of the single polarisation direction employed in 

semi- classical theory. It needs careful discussion which will be given 

elsewhere. 
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This has a Fourier transform on X which depends on the surface. 

We consider this briefly shortly, 

We now restrict the problem to a plane polarised transverse field: 

because of the invariance of (15.1) under rotations it is easy to see how 

the theory goes in the rotating frame and how it goes for rotating solu- 

tions therefore. If we assume that the fieldS ET and P travel down 

the 2E-axis normal to a single plane surface _ 0 of the dielectric 

(the dielectric is the half-space ? .>0 ) each field depends only on 

2 and t Further for this particular choice of fields travelling 

normal to the single surface 1 Fot(t,- ) is certainly plane polarised 

- 
when East (2,0 is and moreover the fields 

E=cc 4,a , Etot and 
1 
) 

all have the same polarisation since the medium is isotropic. The problem 

is therefore a 2 -state problem again and we can take the Bloch equation in 

the form ( 1,1)/ = (A).) 

r1( -)r) _ -W:, rz (2,r 

T? (2)(- ) w3 ri(z)t)- GJ ,7(2)t'ir3(2,t) 
) fv1 (2)F > ra (2,1-) (15.2) 

In this 

01(Z)r) _ -2ex0s -1Eco<<e,t-1 
(15.3) 

and Eta(2)0 is the time Fourier transform of 
rUt 

(,)4)) in (15.1) . 

Further 

1) (i,r ) = 2 xo4 r1( ?)t) (15.4) 

and this is the time Fourier transform of P (X,W) in (15.1). Thus 

(15.1), (15.2) and (15.3) are a coupled system of integral and differential 

equations. We can reduce them to a single non -linear integral equation 

with a subsidiary condition as follows. 

4 For the variable r 
1(2 ) 

and initial conditions on r2 (7)(7). 

It remains then to satisfy L 
e = 1, 
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Equations (15.2) imply the pair 

Wi(°_Mt)r4 Celt- ) 
-w ((t-) 

r,(?,r ) + to, w, ()t ) r3 (R, E ) 

The equations (15.2) have been considered in this form by G. L. Lamb in 

P.Q.E. 1969 and also by Basov et al. (1966). Equation (15.5a) has the 

integral 

r3(z)t- ) r;(Z,to)- ¿ 1 ( i ) 
f'i(Z,t')dt' (15.6) 

to 

and (15.5b) is the integro- differential equation 

,r 

(2)C ) _ -w r)(2)r ) - col (2,0 (z,t') r(2)(') d t' 
to 

4 w5 r3(2)ß) 4)1(7, 
Equation (15.3) applies to this and so then does (15.1) with (15.4). 

We therefore systematically Fourier transform on the variable t . 

The sort of solutions we expect are either solutions r1( ?)t) which 

vanish at t= -00 (and perhaps for all t in -0.0 < t < to ) 

which oscillate finitely at t = -0O (e.g. the periodic Jacobian elliptic 

functions) or which are constant and have that constant value at t= -0° 

(or have that value at t' 'p t O and are zero for -a0 <' t: < to ). 

The theory of generalised functions includes functions of these types and 

we can adopt the Fourier transform theory of these functions. 

We first set to = -00 in (15.6) and (15.7). We find the Fourier 

transform of (15.6) to be 

(15.7) 

4 \clij-1 (W I-z(w-GJr)-+ f ti(tJ-W")piW" 
27710133 -oo 

(15.8) 

IL 

GO 

c For example 2x 
t coo c Q, Z 

W 
= C 0 (r where e 

-oo 

is constant exhibits the worst case of a Fourier transform in W equal 

to C , the constant. 
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> ). 
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Jw 6(t') G 
tit `dt-' f i 

2 C 

We have extended the upper limit t 

(with t) as cJ t , 

in (15.6) by inserting 

(f-f') = 1 , t:>r' 
r e t 

For the derivative l' (z (-) we might assume that r1 (z -co) _ 

= rß(2) 1a)) = o but generalised function theory 

usually requires only that these quantities are bounded. 

In the same way (15.5b) transforms to 

(15.9) 

co 
_W2 F'(ZIQ) - l.S 17 1( ) G.7') r3(Z)c-0 -4.2`) GOO -GJei`;(R pp) 

eTC , 
(15.10) 

again neglecting contributions at t' 
" 1,00 in the transformed derivatives 

) ( 1 - 
and r, (t)t: ) 

Equations (15.8) and (15.10) become 

F(w)(tOse -cat) c)r(- Go)IT (w) (gy 
Oa 

Go 

47:1 (t') 

-coGJ -LJ 
X 

x J a-$(0'070- l' ; (0-1Y-w")(11-)9 
-0. 

(15.11) 

and unless GJ 2 _ Wge 

71(0) _ 104 r3(-co) W, (W) 
WSe _ a. 

1 

4Lo 

0 ( 
J 

-1-(-L-d(A) 
(n (%c %, 

ose- e -4.40 _W' 

(15.12) 

We have dropped the co- ordinate : it is understood that both (15.11) 

and (15.12) are evaluated at the same point in all terms 

Fi(w) _ r.(7,o))W1(w)=1.7()to) ) etc. We now replace . 

The quantity 
li (w) 17i (2)/0) is given by 
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G;,1(z ,t ) _ - 2e - /xso Etot ()w) (15.13) 

and Etot is given by (15.1). If we define 

( W ) = - f 3 ( ) 2 e Ws Xos 

-A (Lose-W2) 
as in (6.29) - (6.32) then, multiplying (15.12) by e xos 

P(a,o) - o((i.) G t ( ) 
or ' 

(15.14) 

_ 1 yZ3(?I) .`3 . ) 

J 
GJ ('i,LJ(J-¡J-(J'rSP(3)W-fr'WMrdWr 

1 tose_ W? 
(L)a 

7T 

Because 1,9i(i)W) is given by (15.13) and 

-P(z,la ) it is plain that the non -linear 

integral over f.J and GJ" in (15.15). 

(15.15) 

Etot 
depends linearly on 

contributions lie in the double 

If these are dropped, (15.15) 

with (15.1) is a linear integral equation for P z,W) already studied 

at length in P.Q.E. 1969. For the single mode solution 

I)(k )w) e 1" (15.16) 

transverse to 

P(k)G,) Q' k _ n01(10) ( k2+ 1/42) P(kw)Q , 2k 
k ko 

o((w) E,2xt (2)W) koa (,0)/(0 -ko )_i 

(15.17) 

An important point now is that the quantity in curly brackets satisfies 

whereas 

(Va+ 

....1 
z-- 

a)e tk 

o (15.18) 

' k2 ` k 
e 

0 )(k 41 1(0) (15.19) 

This situation is possible if and only if 



and 

t n«(w) 
3 k- kó ., 

The condition (15.21) is the optical Extinction Theorem discussed in 

P.Q.E. 1969: the condition (15.20) is the dispersion relation (6.29) 

with 1<e= m 2 ,o allied with 

P(k)W) _ L'71. P( niko) 
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(15.20) 

(15.21) 

(15.22) 

and this is the only non -trivial solution of (15.20). 

Thus we reproduce all the linear theory. 

We shall suppose that a solution satisfying a dispersion relation 

and hence of the form (15.22) is still available in the non -linear theory. 

In this non -linear case a little (very careful) consideration then 

shows that the Extinction Theorem must still apply as long as Vi t ± 1 

(it is obvious that it can apply but in fact it must). We go into 

k-space to get first 

4 1Lv rA ) k ef 2 ko P(k, W) + . . . 1 
3 kz_ko 

- ea.-2 
G3S? - toe 

(i)4ÇsoE(k)xio 
,- 

ilC} (G) -WJ") 7t 

Cv G,7 

x P(k - k - k; c3 ci ̂ ) d kndw"dVdw' 

(15.23) 

The symbol 1--' means the transform of the in (15.21) and 

Eta (?)t) E( k,W ) The condition (15.21) applies for 

each (R) W) . 

Because (15.21) applies we find we can reduce (15.23) to 
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?(k)o1 Çflo(t3) k2+ 2 ka2 IF ) 
k 2 - kó 

- -2 
`-Tn z ká Xo s k W' (_L)4Ç 

P%t 3 ( % (. ` 12 k- goa w' 
ov 

x 4T n Ocua+ 
k:a 

3 2 vz 

x 

P6k- k`- k:14)-0'-0.) 

d k "oc w''d k'dw' 

(15.24) 

Further we have already assumed (15.22) applies in that the bctinction 

Theorem can be used. Thus we can do all the integrals in k -space and 

get 12. 

144 ) _ 41-not(o) rn2(wt2 P(o) 
3 maw-1 

-e2x ,- q 2 °° 05 
2 

4741 M z(a +2 (w ) lose - GJ2 27C 3 hi2(w')-1 w X 

X _.00 
Mj2... (w 

-f 
piw*-cx=W¡ ?ia- w'-w") C w"d 

) 
_6 

G, ) 15.25 

If we add to the dispersion relation condition (15.22) the stable mode 

condition m (W) = constant hn (say) we get the integral equation 

for stable modes 

Wra) 11 - notlw)ft 
1 

1 
2' J 

- - 4_e211exose 
-2 Y'12 ) 

2 

w 2 
m 

2 3 I 
CUS 
eC i 

05 00 

X Ncaw) {W- 1.)i_ZJ~i P6,7-1.)'-)90(1.)110(01 

`° (15.26) 

In (15.25) we assume that a factor 1k- M k0) automatically cancels 
throughout. It will not do so for arbitrary functions 1i ; but it will 

certainly do so for the stable case M{q)_ constant considered. 
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This is the final integral equation for 'stable' modes: it is homogeneous 

and non -linear in 

However the stability condition is so restrictive that though it is 

non -linear (15.26) is almost trivial: Consider the Fourier transform of 

P(r') P(t') dt' = I(F) 8 --t' I (r' P f')cl.t' _ ) t 
, 

This is precisely 

op ,Oo 

((w 

- ' Ci w' P(ta" ,- -ca,-c ) (W -c.'_ c.,) d ca '' . 

. 

3 
,,o GJ - Ga ' _ao 

(15.27) 

(15.28) 

The left side of (15.27) is 1: 71 
(F. 

)113 if i)( -co) = 0 and (15.26) is 

equivalent to the differential equation 

13(0 )- A I (t) _ -3 LnF)]3 (15.29) 

The quantities A and 73 coincide with the definitions (6.24) and 

(6.25) of Lecture 2. Thus the integral equations of this section contain 

all of the theory of stable modes treated earlier. They obviously contain 

much more: equation (15.23) for example, should show us how modes 

which are not necessarily stable, i.e. do not maintain their form propagate 

in the dielectric. We have no theory of this kind so far since the only 

solutions we have of (15.23) are the stable solutions. The more general 

theory is likely to be a very much more difficult theory than the theory 

of stable solutions. 

We already have one new feature however: we have solved the problem 

of the dielectric half -space. Previously the dielectric was supposed 

infinite. Surface effects are contained in the Extinction Theorem 

(15.21). Evidently we shall need to treat the surface in any physical 

theory of the 'unstable' solutions since these presumably arise near the 

surface of the dielectric in response to an unacceptable external field: 
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we show below that only certain forms of incident field are acceptable by 

the dielectric in the sense that they induce response fields which are 

stable at all points inside the dielectric. An unacceptable external 

field presumably induces an unstable response inside a region of the 

dielectric close to the surface and this may or may not settle down to a 

stable field in the region of a dielectric half -space more distant from 

the surface. 

Before we look quickly at 'stable' response theory and surface effects 

in the following §. 16 we recall here the rotational invariance of (15.1) 

and the form (13.5) of the atomic equations of motion in the rotating 

frame. These facts together mean that the integral equation (15.23) 

should apply (with reinterpretation of the symbols) and that the unique 

stable solution should be the time constant solution 

I ( w) - ?.T C ) (15.30) 

This is a solution of the integral equation for stable modes (15.26) 

if and only if 

2 7 C - iffy) .v(w)trey a(w) 
3 m2-1 

-4T )2c'-Z 212 3 C' a (w 
(ws _Wz) 

Cm2 1) d 

and this is possible if and only if 

C1 
-1 4 Y1 pC ( 0 ) M- l c? -1 - -C ee `' 7( ose 

- \ 3 
- h h niP W h ' - 1 

(15.31) 

(15.32) 

This result does not quite agree with that of (13.9). The reason is that 

// 

we have to correct for (L") 
- C Q at _ (o (or oo ). The 

correction is most easily evident from the left side of (15.27) where the 



lower limit provides 

)Tr(-,) - i(( )cz 
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(15.33) 

This corrects the square bracket on the left side of (15.32) by an amount 

identical with the right side. Then we have 

1 - 4if hoe(0) 612t2 - Q 
- i 

If we observe that Ws is replaced by W., = WS- 1l and a factor //FE 

multiplies both e E(i)t) in W ii( 2)f ) and if (Zit. ) in Px (7)t) we have 

(w.-u-) + (3( -60) ee x,e 
- 

-1 Pei a o (15.34) 
3 ma -1 

This is exactly the dispersion relation (13.9). Thus the integral equa- 

tions reproduce the theory of the stable rotating solutions also. 

16. Surface effects. 

(In this section we solve the problem of a non -linear dielectric 

half -space. We show in particular that elliptic functions en 

propagate in the dielectric and must be stimulated by other C/1 

functions outside. The precise theory will appear later.) 
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Eberly undoubtedly exhibits the Jacobian elliptic functions Cf 

S h , and G(h which was new. But he does not obtain our actual 

solution F(t) = C Cvt f(t,r-ro-1<),Ic : he really follows Hahn. 

I have not yet read Crisp's papers. The remaining papers are experi- 

mental and Gibbs and Slusher in particular appear to confirm all the 

predictions of Hahn and McCall (1969). It is possible that Hahn's and 

McCall's solution C(t) Csech U Z is a good physical solution almost 

stable in the mathematical interpretation of this: that is the solution 

is almost one of our 'stable' solutions and exhibits actual instability 

only for very large t. (This is possible in non -linear systems). 

However, Hahn's and McCall's (1969) sech (r i solution is not one of our 

stable solutions. We find every such solution in these lectures. 
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Some Additional Notes 

There is an extensive list of additional references in the article 

by G. L. Lamb presented at P.Q.E. 1970. However it would be improper 

to omit from the references here the articles 

Hopf, F. A. and Scully, M. O., 1969, Phys. Rev. 172, 399 

Hopf, F. A. and Scully, M. O., 1970, Phys. Rev. B, 1, 50 

on the inhomogeneous broadening problem, and the paper 

Icsevgi, A. and Lamb, W. E., Jr., 1969, Phys. Rev. 182, 457 

on the whole temporal range of optical pulses. 

In the additional Notes which now follow we meet (or try to meet) 

a number of criticisms of the material of these lectures made in the 

actual course of P.Q.E. 1970. These Notes have been stimulated by 

that criticism and have been added since the School finished. 

Broadly the Notas analyse the two problems of inhomogeneous broadening 

and the relation between the rotating solution of 12 and 13 and 

that of Hahn and McCall. I am especially indebted to the warmhearted 

criticism of Marian Scully for stimulating the remarks which appear 

next. 



17. Note on causality 

The limiting dispersion relation (6.29) is the linear limit of the 

non -linear dispersion relation (7.19) with (7.17) and is not causal. 

This is a consequence of the limiting process. 

The dispersion relation (6.29) is causal if, and only if, L) (which 

is a real frequency) is replaced by Vi 3 where S' is a positive 

infinitesimal. The integral equation formulation of the theory sketched 

in §15 of Lecture 3 is a causal theory and replaces t7 by i5 

in the linear limit: that is the linear limit of the integral equation 

(15.12) is 

where 
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171 ((, ) WS 1"3 (-00) (a, (W ) 

Ose e- (w +S) (17.1a) 

CO; (W ) E. w, (2! )1,0) 

4.-1u.. F -2ex0s 
.,. Qxt'. ( 

x)J) +n F( ( )(osu ri(x;w)d ' } 

(17.lb) 

The tensor F(X,x'L)) is given by (14.2) and u is the X -polarisation 

direction and is orthogonal to '2 . This is achieved within linear theory 

by switching in the interaction Hamiltonian adiabatically; and this can be 

done by allowing both the external field E Qxt.(X,0 and the interparticle 

field (conveniently denoted as (14.1) suggests by (X)E) ) to grow as 

r fi 

e. ( i o) from t = - 04 . Thus the fields and the interaction grow 

vanishingly slowly from zero over an infinite period of time and reach a 

finite value at the current time t . 

In this process any initial non -zero values of the dipole r1(x)4)) 

can be supposed lost; and this is a description of the loss of phase 

information (described for the 2 -level atom completely by (i (x )-co) and 

('e (x -0 
) 

3) ) due to random processes like spontaneous emission and other 

random and dissipative processes. On the other hand in linear theory the 

atomic ground states are not depleted so that r3 (X , t ) _ - 1 for all 
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finite t and also at the initial time t = -00. Thus we cannot ignore 

the initial value of Imo, 

The solution of equations (17.1) demands the solution of 

r(k,c) = Qtly) 47rr < ±f k 

3 k2- 2 
ko 

where K e = (L t t G ) C. and 

(W) 

The solution of this is 

-e2 ws xos rz(-60) 

13S2- (L3 1t7) )'? 

(k,;,) _ %_ ; () (!<- ,(w)k, ) 
in which k , Inn and 1(0 are complex through the infinitesimal 

but this means that (17.2) is 

( - i hoC{t)y,`(w)1 ? ; r(`) 
(1 r.12(w)- 1 f 

(17.2) 

(17.3) 

(17.4) 

(17.5) 

The solution of (17.5) is eithr that the parenthesis is zero for all ti 

in which case i"([a) is arbitrary, or that 

with 

l . ) 7: 7E 
/3 

t ( 

1 - 47 hx(v ) 
n,z(u-)t 2 

3 1n,a(U) -1 

(17.6) 

(17.7) 

The second solution can be interpreted in the form that VV) is a constant 

for all W , i.e. V1(0) IT constant = M(V) and (17.6) is the unique pair 

of solutions propagating :!it:-.out change of form. The only solutions 

propagating without change of form within linear theory are the solutions $ 

1^ (r) _ C S IV1 U Z' GU (17.8) 

if ri (Z0) _ Q. This solution (17.8) is a linear combination of the 

Fourier inverses of (17.6). These remarks illustrate incidentally how 

the condition hl independent of GO does not exclude a dispersion 

Inhomoc*eneous broadening (cf. § 18) makes hr strictly complex. 
The effect cf complex Vi on the solution (17.8) is discussed in §19. 



relation like (17.7) valid for each individual choice of J. 

Equation (17.7) is the result 

hnz(0-1 
rvz(tr) +2 3 
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(17.9) 

It is causal by construction and because the poles of the response function 

(m e -1) / ( m ei c ) lie in the lower half of the complex V.-plane 

(namely at = t WS - 2t ) the Kramers -Kronig relations are satisfied. 

For the following statements are known to be equivalent: causality if and 

only if the linear response function has singularities in the lower half - 

plane if and only if the Kramers -Kronig relations apply (cf. e.g. J. Hilge- 

voord 'Dispersion relations (the other sort) and causal description' 1962 

North Holland Publishing Co. Amsterdam p.34 and Chap. 3). 

The interpretation that GO is replaced by W S tF carries over to 

the non -linear theory. However an important difference now emerges: 

The dispersion relation (7.19) is now 

YV1?-1 
= ' 4.neexo,2 r3(to) 2c,)y 

3 
I Y1 ia ws - itT 1 t Ô )2 i 2 W12 

and the poles now lie at 

lÌ` =t(Wct2 wie )2-2 

(17.10) 

again in the lower half -plane. The Kramers- Kronig relations will there- 

fore still apply if f(to) is a free parameter. At the same time WI 

is complex, a feature we have not allowed for in the real elliptic function 

solutions of Lectures 2 and 3. 

However the elliptic functions propagate if and only if for each 

choice of U a particular choice of ('3(f0) is made. Physically the 

medium must be prepared (somehow) in a definite (but not necessarily pure) 

state. Equation (9.6) shows that for each chosen V" 

f3(E.0 "' 
t [W62-U2 2 vie (-,Sz-U`)+ 4wi60s ] 
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Then it follows that Crn P- 1) /`k`, t ) has singularities (which are branch 

points) in the complex Ur-plane at the roots of 

2 

¡ 

or 
t lì + t ) l` - ? 2 Wt(^)ä 

Since Wi is finite and V is infinitesimal the limit 3-4-0 can be 

taken immediately. The sinnu1 ̂ rities n:w lie symmetrically in the upper 

and lower halves cf the U- plane. The theory is still causal, however, 

in the important sense that nr.ly microscopic processes executed during the 

past history cf the system 1" ( influence the state of the system at 

the current time L. 

18. Theory of inhomogeneous broadening 

The remarks of ,§17 are relevant to this problem. First we define 

the problem. 

We have so far presented a theory of the non -linear dielectric in 

the sharp lino limit. By this we mean that our model of a dielectric is 

an assembly of 2 -level atoms, le) por unit volume, each of which resonates 

at a single sharp frequency GJS. In a real dielectric intermolecular 

correlation is such that it is not sufficient to assume V1 atoms uniformly 

distributed in each unit of volume. We noted this is § 14. Indeed in 

linear theory Y) atoms per unit volume is the zero order approximation 

which ignores intermolecular correlation; and inclusion of correlation 

introduces additional frequency dependent terms into the denominators of 

the effective one particle polarisabilities OC(ll) in the dispersion re- 

lations like (17.9). In a quasi- static theory these terms may be inter- 

preted as variations in the local atomic fields which shift the resonances 

of the individual atoms. If dynamical correlation is included (it must 

be) there are additional frequency dependent terms; and these would be, 

for example, Doppler broadening effects in gases and liquids. 
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In the absence of a fully correlated microscopic non-linear theory 

it is convenient to provide a semi- empirical description of an essential 

physical feature of the theory by admitting a spread in the atomic reson- 

ance frequencies Ws. We therefore follow Hahn and McCall (1969) and 

Hopf and Scully (1969, 1970) and others and introduce a function 

which describes this spread. This is a semi -empirical description of 

inhomogeneous broadening. 

If we include intermolecular correlation we should also introduce 

self -correlation: this introduces specific dissipative terms into the 

atomic equations of motion (the terms in Ti -1 and IZ - in Hahn's 

and McCall's equations of motion (24) - (26)). We do not attempt a dis- 

cussion of this complication (the problem of homogeneous broadening) here. 

i 

For short pulses we can set T, _ T2 _ 06 as for example both Hahn and 

McCall (1969) and Icsevgi and Lamb (1969) both do. This does not elimin- 

ate the inhomogeneous broadening. 

Inhomogeneous broadening introduces apparent energy loss into linear 

theory as follows. It is easy to prove that with two different sorts of 

molecule with polarisabilities 04(0S(11 ) U') and 0( (WS (2 )) V' ) 

labelled by their resonant frequencies Ws(1) and Ws (a) the appropriate 

generalisation of the linear dispersion relation (17.7) is 

0121V,- 
' - hie-2xós r3f)C) 2cas<ì > 

Y11Z(lr) fa c=12 4.ipe (trt 
24)4 

(18.1) 

where nil is the number of molecules per unit volume of type G . 

It is now plain that for the continuous spread of molecular frequencies 

described by VG2s) normalised so that 

`WS) ot S = 

we must find, within linear theory, that 
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01 `(U ) -1 _ - 4211 r3(-0°) (`'3's 
)C ws 

cL 

ws 

Ma(t1) t `" r(U4 t$ ) 
(18.3) 

We assume that both ) and r (- .Go)are the same for each molecule. 

There is now an interesting new physical feature: we use the identity 

1 

os-- (lli i) - -p i 
+ (c,îs _ 

ws _ 

(where p denotes principal value integral) to reach 

h'12 (L/? 
1 - - 4r Y) exos ('3(-O°) 

012 (0-) -t a 3 .k 

(18.4) 

L 

S (0)2ws dws 
LA.)s - J 

± 2ic J (U) (18.5) 

The refractive index V1(1`) is strictly complex and there is apparent 

dissipation. What is going on, however, is loss of phase but not phase 

information in the molecular dipoles. In the interpretation of Hahn and 

McCall (1969) molecules are left with their individual oscillating dipoles 

but the total macroscopic dipole is zero so that no radiation from the 

system occurs. Phase reversal as in photon echoes could restore the 

energy which otherwise is lost to the medium and eventually dissipated. 

We show below that (18.5) embraces the usual formulation of Beer's Law 

and in this respect agrees completely with Hahn and McCall (1969) and 

Hopf and Scully (1969). t 

The relation between (17.7) and (18.5) in linear theory carries 

straight over to the non -linear theory. The easiest way to see this is 

perhaps via the integral equations of Lecture 3. Let us suppose we have 

found a solution of (15.12) in the sharp line case: this case is the 

I am particularly indebted to Marlin Scully for the stimulus to 

produce (18.5) and the remarks of this § 18. 
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choice 9 (.35' I = ( t. '- ws ) . It is plain that E ttic 
(n to) to) is 

a macroscopic quantity: indeed we must have as before that 

,.;.,. Fot X'W ) z Ç¢xtC'`a t h (X,x'ca). P (x;c 

but the definition of P 

7 
(X , t,3) must now be the average dipole 

otx' (18.6) 

P(x)o) = Q X os (,c. S 
5 (W s ) ( x 4 0 ) 

7 (in which t.c. just indicates a polarisation direction). Then f (x)/a) 

E (x , F ) , and the ?(?)) this dipole field becomes in our problem, 

are all macroscopic. Further ne) must be macroscopic so that for stable 

solutions (in our sense of this) 

7(?) 
) 

_ n2t 
3 m2-- 1 

as before. 

(18.7) 

However whether we reduce (18.6) to (18.7) or not, if b (2)-) is 

macroscopic we can expect it to retain the functional form it had in the 

sharp line case for this will be a solution of the sharp line problem 

whether the system of sharp line molecules is on resonance or off. 

Once this choice of field is made there is an integral equation like 

(15,15) for every ri (t) s , )w) namely 

Tito, ,2,0) = ws f3(os,-00) W ( ,taV (ws -(42) 

Q.0.-4T112-)0') 
( - 1 ( 1 

Z J 
` Wi (3)c,) X 

0?-02 1. ?77- - c.o l,? [.) ' ,]_ 

Xw-4J'-ta}`.1(l,ìS) -t./-1.) 9(1131100o" 

(18.8) 

And since 1,11 (7 ) W ) is proportional to E 
tot 

(1,w) and does not depend 

on r1(0 s) z) /a) this integral equation is actually linear in the unknown 



348 

function r'1 (Ws ,W% . Further the functional form in (Z) .o) of the 

ri(0s). LJ) appropriate to the sharp line case must be a solution and 

only a constant of proportionality is in doubt. Thus 

n i(WS)Z,e.j) 
= J(cas) .1( ) 

W) (18.9) 

where (' ( )tt) contains the functional form of the sharp line solution 

and the coefficient le W is undetermined. Since the absolute scale 

of r1 (2,w) is arbitrary we can choose it conveniently by observing 

that 

1)(z)CJ! - P_Y:o.; 

Then we can set 

-. 

and 

5(G)s) .^S)0(c r((J) 

5 (o; ) -F-1(L) S) d L,', - 1 

-I) (E )c:>) 

(18.10) 

(18.11a) 

(18.11b) 

This means that 
1 

( WE , W ) is independent of both f (Ws ) and its scale. 

Then f(Ws) can be determined uniquely by the linear relationship to 

which (18.8) is now reduced. 

This argument is independent of the particular sharp line solution 

chosen for C tot(2) ) 
in the first place. Mathematically the statement 

is that if we can solve the sharp line problem we can solve the correspond- 

ingly inhomogeneously broadened problem. Physically the statement is 

that if we can drive a collection of atoms non -linearly on or off resonance 

with a certain field when their resonance is sharp we can drive them in the 

same way with the same field when their resonance is broadened. 

The form (18.9) is that adopted by Icahn and McCall (1969) in the case 

of inhomogeneous broadening though no explanation of the underlying reason 

for it was given. It does not follow that (18.9) is the unique solution 

of the inhomogeneously broadened problem but it seems possible that even 

this could be demonstrated from the theory of F redholm integral equations: 
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(18.8) is linear and certainly the linear result (18.3) corresponds to an 

infinitely many component version of (18.1) and emerges from a determinant 

of formally infinite order as in the theory of Fredholm integral equations. 

This general argument shows that inhomogeneous broadening offers no 

new mathematical problem: it increases the complexity of the theory 

certainly and it may introduce some new physics. We now look at this in 

the theory of stable modes by taking the sharp line solution of Lecture 2 

and inhomogeneously broadening it. 

By the arguments which reduce (15.26) to the differential 9quation 

(15.29) we can reduce the integral equations (18.8) to the differential 

equation t 

exds Ws, z,(, ) t osa r1(ws)t,t ) _ - xos r3 ([Js, togws4.sn x 
A x (Nei P(710 

-1 

il 
ó7C xasn 242 2} 

L P ( z 

1112 - h exos r1(ws, z)t) 

(18.12) 

Then from (18.9) and (18.11b) 

S60,) :T)(2)0 t Wl i'(Z)t)/ _-22Xoi r3ctos,fo)2ws P(,,t) 
A m 1 

- E \ g3 h - S 
m21 / 2 EP(]"s)18.13 ) 

1 

This equation (18.13) exhibits the expected linearity in T (IJS) 

Now 

7'(2)r )- C P(v zi S, k) 
where p(t)k.) is a Jacobian elliptic function with parameter k 

satisfying (7.3) namely 

p(t) t (1- ek2)pct) _ -22 

(18.14) 

(18.15) 

We could of course work from the differential equations and never use 

the integral equations. 
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Thus 

p(Z,(-) (1-2 kz)P(2,l) `-2keu-2LP(2)(-)J 
C2 

Then since 7)e ) and L4] are linearly independent 

f(os)4,Js2 u-2(1- 2k2) I (z,c ) 

^e2X(I fvWs,ta)Ews 4%n mzt p(e)k) 
3 m2 -1 

and 

(18.16) 

(18.17) 

-2 k2- CgzilQ2_11(.& m 2 ' U2 Li (,r)]3-(ws) _ 3 
2 (,) - s 

f(ws) 
C2 

- 
The second equation determines 1< as the macroscopic parameter 

11,2 = 4s11 WI 2 8 C 2 
e Xo s2 a 

y1P 
C 3 %112-1 tT2 2 172 

(18.18) 

(18.19) 

The last step uses (18.7). The first equation now determines T(00 

by 

Ws) ZWS2- 8i _ -e2X0S?r3(Ws 0)2 cos 4. r) The 
3 m2'1 

(18.20) 

From the normalisation condition (18.11a) we then find as expected that 

m?-1 - -43n ez)(O12 

riz 2 3 -1F- 

,7 
\ VOS) (cJs, to) 2Wsd GS 
ì o 

toe- Ue -t 2 r 2 
(18.21) 

In so far as the expression (18.21) shows that the quantity 

(hl 
e -1) / ( hit `i El) has singularities it is plain that these should be 

set in the lower half Ú' -plane: thus we would expect to interpret Ù' 

as u'i L 0 in (18.21). However, this is not consistent with a real 

valued Jacobian elliptic function for the solution for I (Z ,E) . 



This dilemma is removed by realising again that these solutions are solu- 

tions only if (-3 (os,to) is properly chosen. There is really nothing 

here different from the argument of f9 of Lecture 2 . An argument 

precisely adapted to the present problem is as follows. 

From 

we find 

so that 

l.Js r2 (1") 

VTo) = (eXos(^)s-1) -fl(tiS) C k 

- t,` C ( e xon 4.)5.' ) (WS»1 1 -e 
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(18.22a) 

[r2(r0)= U2C2(eXws-') [f (0s) ja L1 ' 
_ 

L.7 2f 0/1 ?i 2h1-2 E 2 (egos os )e 
L me - 

) 
1 3 J 

X 1_ 
f(L)5)j'L - ti,,z/(2 

= ?_ Ws2- (t -t 2 h/ 2 -2W' 4E1'2- ,,2 
(18.22b) 

after making use of (18.17). Since (, (7;) _ O one finds immediately 

from 13 ( r0) _ t L i - `f 2 (ro )) ,12that 

r3 r (7 ;1) = t 
L1 

t 4,e E0-2- w.12 
-1 

Sos2- 0-2 t 2 w 2 
Z 

and this is exactly the expression (9.6) obtained by manipulation of 

macroscopic quantities. 

(18.23) 

An important feature of (18.23) is that all the 

molecules must be in their lower or upper state if Cr? = p/12 irrespec- 

tive of the resonance frequency WS . It is this simple initial condi- 

tion which makes the hyperbolic secant solutions important (cf. 22 

and 23) . 

We can now use the result (18.22b) for 03(7"0) in (18.21). 

Thus, finally we have, for the refractive index with inhomdgeneous 

broadening 
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.ra 
= t n ea Xa_ S _5(0s) i ws dia,; 

3 ° w52_ Q . a) fi z / E 

Then exactly as in ¡1.7 it does not matter whether V" is V- or U--fa 

(18.24) 

since the singularities lie on the cut (now) at the roots of 

V` 
z 

= Ws 2± 2 Ws (18.25) 

Notice how the inhomogeneously broadened non- linear theory continues 

to mimic linear theory: we can always write (18.22) in the pseudo - 

linear form 

me- 1 

mai 2 
5 (wS ) oC (os , w ) 0( ras (18.26a) 

3 o 

where o((WS,t)-) is the effective polarisability of a molecule labelled 

by tOç. But the polarisability is here non -linear and given by 

o((r,Js, Qr) = Q2)(0! 

t E(c- tr) 2 t 4 ws2' 11a 

There is however an important piece of new physics locked in the comparison 

a Ws (18.26b) 

of (18.24) with the result of linear theory: the linear result is (18.3) 

which implies (18.5). From this l'ti is complex and there is damping as 

we show in the next section. But for finite WI, (18.25) shows that 

(01?- 1 ) / ( a 1 2 ) is real for all real tr and there is no damping. 

This is a description of perfect transparency induced by the intense fields 

which are propagating ( W significantly different from zero always 

demands that G. is large). As the field reduces ti reduces, and in 

the linear limit (18.24) passes to (18.5). Evidently if (; (tJs, to) 

could be freely chosen (18.21) would apply and with t3 as (ì ) 

there would be damping since the imaginary part of the integral is 

tiT Jo 5(ws) f3(WS,(o) ( (y2- ,/1211/?) 04-4's 

Evidently the imposition of precisely chosen initial conditions 

('3 (W s, t o ) for each resonant frequency c,)5 is sufficient to 

(18.27) 
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extinguish all damping due to loss of phase between the molecules resonat- 

ing at different frequencies. Whenever we can find a steady state 

solution of a sharp line problem we can inhomogeneously broaden it. 

Then it seems a general property that damping due to loss of molecular 

phase is necessarily extinguished. This is perhaps the significant 

feature of self- induced transparency. 

The argument for the effects of inhomogeneous broadening developed 

in this section is conceptually simple: it asserts that each molecule 

can be driven on or off resonance by the same fields that drive it in 

the sharp line case. Nevertheless the argument to (18,24) which applies 

to the plane polarised case is rather intricate. The argument is very 

simple indeed in the rotating case as we show in §21. 

19. Beer's Law: linear theory 

Both equations (17.9) and (18.5) display the important symmetry 

(19.1) 

where 
* 

denotes complex conjugate and we suppose tJ is real. 

This is an immediate consequence of the causal interpretation of V' as 

0-1 since me(v) is otherwise real. Since both m() and 

r11(u-) are now both complex we must use the complex representation of 

acceptable modes. In particular sin l.)-(E-7-0)i is no longer a 

solution. 

In the ¿j - rather than the C - (or Z:-) plane the solutions 

C4 V6-) t v ) are still solutions. Then because (but only because) 

we are in the linear limit any linear combination of these is a solution. 

We must be careful to associate O(I - w(tr)GG -1/ with (0 - t, *) , that is 

with the positive frequency part, whereas we associate al{ -171(tì)UCi)with 

;(L)-ft)-) , the negative frequency part. Then a solution with 0-;> O 

of the sharp line problem is 
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P(1l)W) LCtó(10 - v)3(k7- 1^4QC :91- (7 miv) Vkz -ni c- 

with m given by (17.7); and we can choose 

C+ - (2r)2C /2i = - C_ 

The vector 1.4 is a unit vector defining the polarisation of 
Am. 

(19.3) 

P(1<,0). 
In the case of inhomogeneous broadening (19.2) still applies and we 

can still choose (19.3). In this case V1(1r) is given by (18.5) and 

for each (Y> Q the solution in t and is 

P(Z E) C rt u(t-co"YC 11_ 
e-1v-(t-to-m 

2C-1)] 
Z 

(19.4) 

This vanishes at 2 _ 0 at t _ to . 

If we set 

n1 = /AA 4 212 (./14)/2 = real) (19.5) 

we have 1 > O and 

- 2(Tì-C -1 

) _ £ Le si Ù'(N-t0 z(: -1) 

This is a damped sine wave so that the intensity damps with extinction 

coefficient 

T(tT) C'1 (19.6) 

This is not a mode propagating without change of form and there is no 

such mode. 

From (18.5) we easily find that 

ì 
t t ) + 4-/-1-22 

5 

x 47rn e Xose -I,1 -%-r3 (- {5(vA 
(19.7a) 

When 
2 is small compared to or unity 
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a-( t,* ) _ /L^ 2-I 2 1 z L+.Tt 2 n lJ` e 2Xos2 - (' troj . 

3 / /, c 
a (19.7b) 

This agrees with Hahn's and McCall's equation (36) (up to a factor 2) 

when r3(í0) - 1 and the molecules are in the ground state except 

for the additional Lorentz field term. At 'exact resonance' namely 

when 
5 

is symmetric about the 'resonant frequency' w 0 and 

V- = (Jo the principal value integral in (18.5) is zero and /4t is 

very close to unity if 1 is small. Equations (19.7) show that modes 

are damped for rl(&) = -1 (the attenuator) and grow for r3 ('(- -e) _ -t Ì 

(the amplifier). 

In contrast in the non -linear theory the modes which propagate 

without change of form are entirely unchanged because Vh((t) remains real 

for all t,` % O and the damping due to inhomogeneous broadening is 

quenched as we showed in 18. This is the self- induced transparency 

situation as we discussed it in § 18. For the modes propagating without 

change of form 1412(U') is given by (18.24) and is real and the modes are 

the Jacobian elliptic functions of Lecture 2. 

i 
If homogeneous broadening is included damping times T1 and T2 

must be explicitly included in the atomic equations of motion. These may 

take the simplified form of Hahn and McCall namely 

r1 _ - W 3 1a _ r? T1 - 

rI - Wi r3 - r2 Ti; -1 

r- r Ti 
(19.8) 

or be still more general ap in the work of Hopf and Scully (1969, 1970) 

and Icsevgi and Lamb (1969). In this case intrinsic damping occurs in 

both linear and non -linear theory. In linear theory we may expect that 

Tß-1 the inhomogeneous broadening simply adds an additional damping e 

to the T2 _1 due to homogeneous broadening. A measure of a is 
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In detail equations (19.8) imply that 

1 '? r1 -f 2 T r t 12 ri ; 0,a ri _ -t 133w, +'3 (19.9) 

In linear theory 1 ) 
- t3((o) for all t so 

J:(u-) _ - 2Xos r1(-) 2 o (19.10a) 

WS? - (tT t 2Îz -1) 2 

for the sharp line, and this is inhomogeneously broadened to 

c (V) _ - e`'xQ' r ;C(1)) S 
ecJs J (Lis )Gt s (19.10b) 

0 

: ws 2 -- (U 1 27'2-1)2 
For the sake of definiteness we take the normalised Lorentzian 

for j (0s) 

rZ 1 ro 
) 2 i 

102 

This is symmetric about the resonance frequency GJo . 

The positive frequency part of 9:(11) yields 

`e2x0s2 r; (1T) 
ti 
5( roi 

) dos Ft3s -( U f 2 72'- 1)- f 
o 

o 
1 

i `]-1 - 2 
` rl(ro) LWo- -t t T2 

where a - e r0 
1 

The imaginary part of this is Lorentzian and the 

- 
width is Taf t Ta-* -1 where 

Ta* _' ro -' _ E J(wo) 
The positive frequency part yields the saine result. 4. 

It may be possible to use the complex representation of the Fourier 

sums (10.1) for the Jacobian elliptic functions and assign Al (now 

complex) and $vi to the positive and negative frequency parts respec- 

tively: in this way the analytic solutions propagating without change 

of form may perhaps be stretched to include intrinsic damping either 

approximately or completely. Certainly there is no reason why ne) 

By closing the contour in the upper half GI -plane . 
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should not be a complex number independent of (0 instead of a real 

number only. But then the modes do not propagate without change of 

form as we have said. 

20. Response functions and the refractive index 

In Lecture 2 we argue heuristically and invoke ideas which obtain 

in linear dielectric theory. Although the integral equations of 

Lecture 3 justify the results of the heuristic argument completely it 

may appear puzzling that ideas valid in linear theory can still have 

even heuristic relevance in non -linear theory. The reason is that the 

Maxwell equation 

- ? ` = 4-7E0 F (20.1) rat 
C2 d (? C2 Ó f2 

is a linear equation and the response function for the field E 6 ) 

due to the source distribution 1/1 Í)(z,t) is a linear response function. 

The more general version of (20.1) which does not invoke the transversality 

condition C ( i V . ( z ) 0 = 0 is 

-VV. E -t V 2 E -)2 E _ 4-h a2 P 
, - 

Ca at2 
and the solution for E (3,,3) is 

which is equation (15.1). t 

(20.2) 

(2,w) -t h FCx,X,w). 
(20.3) 

Whcn ) satisfies a dispersion relation and the Extinction Theorem 

is correctly applied 

(x,( w,(c)2C-1) 
00,) - 

, 

S 
1'(Q) e 7z_to- 

'propagator' F is just the Green's function of (20.2) 
It"" ...., 

transformed on t. 

(20.4) 
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and E (0 ) - 4En ni2lL3 H() )42 

The linear response function connecting E(t) and Ph') is M n.. 

K- t,) e ( me(w){ 2 -ìw (E-r) dw 
3 

rhe(ia) -f 
This is not to be confused the constitutive relation which in linear 

theory connects Pit-) and Etc) namely 

P.IE) _ t E(r') dt.' 
oe 

(20.5) 

(20.6) 

where 
00 

G(F-ri) = 3 hi2(w)- -(ra 
(20.7) skrl , m (w)t2 

This constitutive relation becomes non -linear in non -linear theory and in 

general Fit-) depends on all powers of the field Ea') . We have seen 

particular examples of this in the Lectures where the kernel in 
m260) 

in 

(20.7) now depends on L/ in the denominator of an effective (non -linear) 

polarisability. Because (20.5) still holds in any non -linear theory when 

(20.4) does we can still write (20.7). But this relation is not now a 

linear response relation and rn2(i)) is not just a constitutive property: 

it depends on the field intensity in quantities like WV . 

The condition that modes propagate without change of form is a special 

one in that hi is independent of W so that 

K(E-t') _ 445r) 
WIT'1 60--t') (20.8) 

and is 'local' in time: only the instantaneous state of the dipole field 

1) (t) contributes to the state of the electric field EE/1-). It becomes 

local in Z = t- h1 2C-ß when spacial retardation is reinserted. 

If PIP) merely satisfies a dispersion relation the state of dipole 

density at previous times E' contributes to the state of the field at 

the current time t . In space and time (20.5) shows that the relation is 
oe 

E ,f 2 ( 012(0 )4 2 - ìca(F - Mgw)?c'i) 
J 2 _ 13(4 do (20.9) 

1: This does not destroy the linearity of the response function (20.6) 

since 7) (1)l) , and hence (c)' by (20.4) , are supposed known when E 
is to be the response to . 



Within this framework the refractive index of linear systems has a 

natural extension to non -liner:.' systems. For solutions propagating 

without change of form the interpretations of linear dielectric theory 

carry over to non -linear theory to the extent we were able to appeal to 

in Lecture 2. Outside this framework the 'refractive index' may cease 

to be useful. 

The rotating solution of Hahn and McCall is strictly speaking outside 

this framework: nevertheless we are able to generalise this solution in 

4 23 and 24 by appealing to some refractive index theory. This is 

possible for very special reasons: one of these is that the solution is 

a steady state one. The 'stable' solutions of these lectures are by 

definition ones propagating without change of form. A steady state 

solution which is not stable in this sense is 

-P(2 )1- ) - C,( -1) C - - I ) 

where V lit. . An important case is 
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(20.10) 

I (3)t) - ?(c -Z/ cos i'e..)0(E V-1) . (20.11) 

Hahn's rotating solution conforms to this type. It has the important 

physical characteristic of displaying a frequency (I)O) and hence has a 
-1 

colour. Two strictly formal refractive indices h C V and 

M= C -1 have some usefulness in this context as §24 shows. 

It is instructive to,- investigate the analogue of (20.5) in this case. 

The Fourier transform (ins k and 4) ) of cos CJo t F - VI) is 

(22-c )' w0 ) f z {t, '-J0 ) -1 ( - fv, W (1 -1) ( 20.12a) 

That of T (t Q.-1) is 

TC T(o)wk- 
Then by convolution that of 1)(2)t-) is 

(20.12b) 

7r 5)6.3 -cJa) caoC -1 - 14w c') 
tT(W tWe) (Kt vt- M t.7dc-1- "W(-1) 

(20.13) 
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If a(f) is a long pulse C-^ Wp ) are sharply peaked at I G30 

and positive frequencies and n:,.utive frequencies separately satisfy the 

dispersion relations 

k = ± (hi- rr)'î0 c -1 f H -1 

The analogue of (20.5) is obviously 

(20.14) 

uk ) 2rn L r-;7.,,-1-t_ T?]2 ie 
53(0-06) 3 î'¡/.1JC-1(J-/__M -..1 

42T11 LnM onC'14)-1 t M 12 ta u(wt Wo 3 w,-M 1-)0 C-1 0-1 t Iv] J2- 1 

(20.15) 

The modes propagate without change of form when N= hl and (20.8) applies. 

However the arguments of Lectures 2 and 3 show that (20.11) is not a solu- 

tion in this case: all modes propagating without change of form are 

obtained there. 

Before we go on to investigate the Hahn and McCall rotating steady 

state solution we look a little more at the physics of the 'stable' rota- 

ting solution obtained in 12 and 13. 

21. Physics of the rotating solutions of § 12 

We first solve the problem of the singularity in the refractive 

index given by (12.37). From (12.42) 

r-,1(-7-0) _ /1- e-2Cos-2 C2 

whilst from (12.26) 

E 
2= 

E (,c ) t E 26,r) 
4z-ch m C 2 

hla'1 S 

Then from (12.37) 

(21.1) 

(21.2) 



and 

3$1 

- 2e-x os- bxf(U):12 E 

1 - (a e 2 
XosZ h 2 E r32(T4/(W S-)(21.3) 

r3(t0) 
cT)z t 2 ,42-1 

`V1 = e xost -1 C 1 
Then 

F'vi?- 
= 4" n e.2 xos? 1 s -- Ma t2 , L(w1- tT)2 1 2 vile-7i 

This has singularities only at WS- which compares with 

(21.4) 

(21.5) 

(17.12) and the remarks thereafter. 

If 1x/ß is calculated in terms of the external field the behaviour 

of (21.5) at resonance simplifies still further. In this case E 

W is replaced by 2 h12-1 r2 E where E is the amplitude of 

1-1111 3 
the external field. Then at exact resonance 

4-Th e2xvs2 /3 

so that 

7"C V) e.2xos2 

1/z 'A 
,,,,1 

In the last 

tv, (2/17%, ) (m2i )/3 

= 7E0 odo) 0) G.)S ,v Tc ta 
1./.1 

(21.6) 

(21.7) 

iUÌ = e 2 XoS2 
_1 

and is the Kranvers- Heisenberg 

polarisability at zero frequency. For a typical linear dielectric 

n x(0) co 1/16 so that ri - 1 
ti 100 for pico- second IA/ -/ 

We now include inhomogeneous broadening. Since we have the sharp 

line stable solution in § g 12 and 13 we can find the inhomogeneously 

broadened solution. Since in the rotating frame the sharp line solution 

is 
r1l(z) - constant = rl(Ta) 
ra' (z- ) = 0 
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we choose 

(21.7a) 

(tii, ?) - C) 
(21.7b) 

Then from (13.8) with 
<7* = constant = 

ï(WS) (0S- u-) -Q, X--. °2 r3 (0s) To) E r1 (ro) 3 -1 (21.8) 

We also have 

P' X 

00 

+" 
1. 

eXo, ^t (T° ) 

L) t1) G tas 

(21.9) 

with a similar result for 1, , and since the stability conditions (13.6) 

are to apply i _ L) as before whilst (21.8) means 

T(w;) _ -e ,t(0 ri(Qs,!o) mgt2 
h cas -V- ma_1 

and 

- - n e2 ws, To ) j(os) d ws rr, G i a 
° 1.)s- U 

However from (13.8) we immediately have that 

L r,(- gas ,) j 2 1 Er, (0&)T0)1 - w 2 2( S)TTon 

since r2 (WS)To) 

1 
w/2 

r3ÇWS; Co) 2 
C o s - u 

(21.10) 

(21.12) 

The final form of the inhomogeneously broad- 

ened dispersion relation is therefore 

hl 2 - 
hizf2 + 47s n e- 2 

S (cJ ) 

3 
S 

-- 
o Ea).,-0--) -r 2 , 

(21.13) 

and compares directly with (18.22). t This expression is real for all 

1 Evidently (18.22) reduces to (21.13) when f..7se - Ve n4 24)S (cis-LT) 
and this seems to be the content of the rotating wave approximation. 
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real O` and damping within linear theory is once again quenched in non- 

linear theory, 

The rota +ing s7,1utionr as they are reported in 12 and 13 show 

many of the features of linear theory: in particular the form (12.36) 

for the disp raion relatio. (with V ) (YitU) is exactly that of linear 
theory in the rotating wave aj roximn.tion. The results (21.5) and (21.13) 

and the quenchi: ç of ebscrp ti on due to inhomogeneous broadening show 

contrarily that the theory is in fct a strictly non -linear one. 

Nevertheless these rotating ;solutions have in common with linear theory 

that r,(r) = constant _ r3 cr ) throughout the motion. 

A5 1cuot:inuous working' (CW) solutions these solutions seem to be 

physically acceptable prov_Ji.ng always that they can be set up. 

Certainly no simple method u.° setting up the precise initial conditions 

demanded by (21,12) Foetus to be available but it is possible that since 

the stable solutions are; p:Irticularly well organised steady state solutions 

an optical syst;:rn can evolve to one or other of these solutions from a 

variety of initial conditions. 

Thic 1ossibility seems doubtful for the chopped rotating solutions 

described on p.73a. These solutions are rather 'pathological' physically 

in the sense that ((r0) and one or both of yTo ) and re. (Tu) must 

be chosen different from zero initially. This means that a dipole field 

exists throughout the dielectric initially and the rotating pulse is a 

'ruck' which runs through this field rotating the dipoles through an angle 

which depends on the length of the pulse. We must certainly acknowledge 

that these rotating 'pulses' have little in common with the pulsed rotat- 

ing solutions discovered by Hahn and McCall. In order to find pulses of 

this type we expect to need to relax the condition (3(t) = constant. 

This is already a feature of the plane polarised solutions of Lecture 2. 

We look at the hyperbolic secant pulse (7.24) from this point of view in 

the next section. 



364 

22. The plane polarised hyperbolic secant pulse 

The hyperbolic secant solution (7.24) has the important property that 

it is the unique solution propagating without change of form which demands 

the relatively innocuous initial condition f 
3 

= f 
1 . For k = i 

implies a = Wjz as in (7.24b) and (9.6) shows then that r-1 0-0) = t 9 . 

This is also true in the inhomogeneously broadened problem as we showed in 

(18.23): thus there is no spread of initial conditions over molecules 

resonating at different frequencies, The Jacobian elliptic functions 

which run when k < 1 do not have this property since 0-2 > and 

(18.23) applies; and since r' (0) is determined by (18.22) rather 

precise phase information must be built into the differently resonating 

molecules. 

Because of this only the hyperbolic secant may be physically realisable; 

but this in turn is possible only if the peak amplitude C is big enough 

( ^J 105 watts peak power). Superficially this objection can be eliminated 

since it is sufficient to choose V= simply and this can be as small 

as we wish. This is achieved by taking V off the resonant frequency 

GJS ; and, since (T = tJ , this does not change the initial condition 

fl ((-e) = t 1 as (18.23) shows. 

Since there is no frequency (and no colour) associated with the 

hyperbolic secant pulse the only reason why we choose 1.)--10%/.1 is the 

fact that (IM 2 - 1 ) /( 2i a) resonates there when E ¡ - 
and hence 1,.1 

are predetermined. When Y Wi simply, (18.22) is 

V412 - Ì (, w 
--- 4 n 5(4), 
h2 t 2. ' ± T ZC )2os dos (22.1) 

WSe + W1 

There is no damping for any tl (and 1 ). A slightly more general form 

is 

?(n -n eex 3 o S). oy g (wS) 2 ws d cis (22.2) 
A o 

1,2Sa Wi z 

where no is the number density of molecules in their ground states 



initially and h S 
is the number density of initial excited states. 

For (say) pico- second hyperbolic secant pulses 1,,/1 N 1012 Hertz 

4( Ws and the refractive index expression (22.1) reduces to its static 

form 

_ ' 
1 + e? Xs 2 Cw ) c( c 

(22.3) Vvi 2 t 3 
k o ws 

This means that the theory is now rather linear; for when 1i-- 2= wi a , 

(; (C) is given by 

r 
3 
(r) _ ± r1 - 4w1zsecA2w ki2tGhl) 2w r t ws2SEc0w,í e 

- 
L (wizt6is')2 

t I _ 2 w` SP( 2 (22.4) 
L 

V, 
L 

13 

and this means r1( -) is almost constant. In contrast, at resonance, 

k.r = W4 Nv Ws and 
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r3(T) 'X -! tGknln0- z 
(22.5) 

and is strongly pulsed. 

These results mean that the hyperbolic secant pulse propagates without 

change of form (and without energy loss due to inhomogeneous broadening t) 

throughout the whole frequency range. However, close to actual resonance 

r,(Z ) is strongly pulsed and the hyperbolic secant propagates only if 

h is large enough to satisfy the resonance condition W1 ti Ws. 

It is here that we expect strong damping due to inhomogeneous broadening 

in linear theory and to this extent (and this extent only) self -induced 

transparency is a resonant phenomenon. Evidently if we wish to exhibit 

this resonant feature for peak powers v gigawatts or less we must find 

some way of changing the effective resonance frequency GJS to the 1012 

Hertz range. This is achieved by using the hyperbolic secant to modulate 

a carrier wave of definite frequency as in Hahn's and McCall's solution. 

We show how this comes about in the next section. 

4- 
17 Both (22.1) and (22.2) are always real. 



366 

Explanatory note: Throughout the text of the Lectures we have assumed that 

can be in the pico- second range or little shorter at the present 

time. Then when we speak of 'pico- second pulses' we really always mean 

that WI v 1012 simply. But in the case of the hyperbolic secant pulse 

we actually choose lr (the reciprocal temporal pulse length) to be equal 

to .N/1 and is in the pico- second range and the pulse is indeed a 

pico- second pulse when 1v'1 

-y 
is about a pico- second. 

23. Generalisation of the steady -state solution 

of McCall and Hahn 

In this section we develop the details of the rotating solution already 

sketched in § 13. Since this is a sharp line solution we can inhomogene- 

ously broaden it according to the procedure of §18 and we are then able 

to show that this inhomogeneously broadened solution coincides with that 

of Hahn's and McCall's at exact resonance. At the same time, we provide 

the off -resonant generalisation of Hahn's solution. There is a fundamental 

problem of consistency in the underlying equations and we examine this in 

the following section. 

Equations (13.5) in the rotating frame were 

r1/ 
_W3r2, 

(se/ _ + 11/3 r ' - W1 r3 

+ W r2' 

W1= -exos/7 E(r) 

w3 = Ws- lT = L tT' . 

(23.1) 

Evidently these equations are identical with the atomic equations of motion 

in the plane polarised case but have the important characteristic that we 

require of resonating at the effective frequency k" 
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11 We shall adopt the initial conditions r3 (Os T) = r 3 ( mss To ) 

± 1 , r1( os, (o/ = ra /(WTo) O with to - e0 = -o0. Since we 

know from the remarks below (13.12) that the solution will be a Jacobian 

elliptic function, these conditions will restrict the solution for 

r '(0 ) to a hyperbolic secant. 

We retain the relation (13.7) now inhomogeneously broadened to the 

form 

r x os ( rv1 i 
So rit 

(t,1S,z) cJ(cas)dtJs (23.2) 
l ro - 

) 
1 

and as in (13.11) we set 

no 
Q.xos 5(.:s)ccos = 5)(7-) ' 

Evidently equation (23.2) means that T(t) is a hyperbolic secant when 

ri'(Os) ) is and this raises the possibility of agreement with Hahn's 

and McCall's steady state solution. We comment on the interpretation of 

the 'refractive index' ni in (23.2), the precise form of that equation, 

and the lack of a similar condition on r2,1(r) in the following section. 

It is of course the removal of the condition (' (y) =0 which throws 

the solution from the stable rotating one of §§ 12, 13 and 21 in which 

(30 7) - constant to one of Hahn- McCall type in which (2(t) pulses. 

We also find it convenient to define 

(23.3) 

Z = E- !'1 -C`1 (23.4) 

and do not assume that tlerE M . The reason why we can do this appears 

in the following section. 

t The conditions r1i(LJSj-/-0)= re1(1.-%,Z-,,) = o imply the same 

initial conditions in the laboratory frame. These are the same initial 

conditions for the hyperbolic secant plane polarised wave of the previous 

section. Failure of uniqueness seems to rest in the fact that ( = 0 
and ra Q is a singular point of the system of equations. 
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It is convenient to define 

e xos 

Then the heuristic theory of Lecture 2 applies immediately with the 

substitutions e xos P 
and c.) ; -74v 

from the initial conditions that 

with 

It follows immediately 

r s,C P~1C flos)Sect !A(.. 

u _ 1,4 = pE- 
The results in detail are therefore as follows +: 

(23.5) 

(23.6) 

(23.7) 

ri'(uS,-r) = p-' C f(W,) sect wiz 
re' (01)z) _ ( p d U) C f'(WS) tc.vt 1 z Sect) ,112.: 

f3 (0S)T) _ I _ 4wjesecliet,zLw12fe.nHPwz4du2secb'wzi/ 
In/ ? 

2 
L tlU J 2 

- 2h/i2 sect,2 

6/,2 t Q0.2 (23.8) 

rnz-1 
miza 

C 3_ ( 
4701 ma 2 

i. h` S24 <<JS)at S T 

3 t ° 4 11 2 + , a 

(23.9) 

(23.10) 

PLO = r 22 2 a w 2 Av- w? u 2+ ,41 (, Giu'2-? W2] 

C{(ws) 

(23.11) 

2 2 G v E 2? Zia l,/, 

E4v.2 +w122 Laue + w,23 
(23.12) 

4- To the explicit results (23.8) - (23.12) must be added the dispersion 

relation (24.21) for ri . 



The roculte ( ?3.8) with 03.12) agree exactly with Hahn's and 

McCall's off resonant results (equations (52), (53) and (54). 

The condition (23.9) is new and so is the dispersion relation (23.10). 

We show in the following section that N1 determines the velocity of 

the carrier wave and (23.10) is the dispersion relation for this. 

Since we introduced an additional parameter M `' in general into 

the definition of (, in (23.4) we have also that 

sec E- - 2 ) 
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(23.13) 

where V= C M -1 is still to be determined. We defer the determination 

of this parameter until after the discussion in the following section. 

A dispersion relation for M appears in (24.21). 

Equation (23.13) takes the exact form given by Hahn if we set 

WI = G and define 2 -p - = (as Hahn does) . For then (23.13) 

is 

Z(r) _ ?- sect, v ) 
6- (23.14) 

Tne expression for -ß(14S) coincides with Hahn's (51) except for a 

changed normalisation. Equations (23.8) take Hahn's and McCall's exact 

form if we introduce a tipping angle for an equivalent molecular 

pendulum by 

S In Cs3 = Sec% 

Indeed we then have (23.8) in the form 

r,' (w Z) DU (5- s t,t 162 
l + 6aLlv)a 

r2 ' (os, C. ) - -. 1 

S (3 

1 + 20v )2' 

r31 (W:>,C ) = t j sin - J 
2 1 

1 t(5- 2 (Litt )2 

For the sharp line case at exact resonance 21V. () and the theory 

(23.15) 

(23.16) 
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coincides with the theory due to Hahn sketched in (13.13) to (13.17). 

Evidently c satisfies 

_ c- 2 s ìn 
7i 772 

(cf. the pendulum equation on p.45). However we have not used the 

pendulum equation and our argument, which rests on the condition (23.2) 

appears to be quite different. We derive the condition (23.2) in the 

following section, show that Vi determines the velocity of the carrier 

wave there, fix the parameter M C V-1there, and show that the theory 

coincides with that of Hahn and McCall. 

We already see that the resonance condition of the previous section 

is avoided because we can always ensure that Q tT 2 Wia by adjusting 

the frequency of the carrier wave. We discuss the 'resonance' of hi 

when QIJ Q in the next section when we interpret hl there. 

(23.17) 

24. Propagation of pulses in the rotating frame 

The pulsed solution of the previous section is no solution until we 

can justify the assumption of (23.2). This can be done a posteriori by 

showing that t is is an approximate condition valid for VI « 05 
(e.g. 

1 ? pico- seconds). The mathematical situation is rather 

curious: from the mathematical point of view there are no solutions of 

the form 

E(2,f) = L (2t) IF.,(cos (TO- - aí/-/) f j Sih (TO-- 2)/ 1,4(24.1) 

when :()E ) is varying as we prove at the end of this section. 

Nevertheless the solution of the previous section (Hahn's and McCall's solu- 

tion) may still be a good physical solution valid to better than 1% in the 

pico- second pulse range. This curious situation is why we have deferred 

justifying (23.2) to this separate section rather than presented the 

whole argument deductively there. 



The condition (23.2) is no longer the simple condition for propaga- 

tion without change of form. We are working in the rotating frame and 

Maxwell's equations 

Ô2Ç (2,c) t 6 E.2r) _ 4h d2p.rc-) , , 

R a e2 t2 C" 
(24.2) 

in the laboratory frame take a different form in the rotating frame. 

We are concerned only with an exact mathematical transformation. - 

Thus we need not speculate on the precise form of Maxwell's equations 

in a physical non -inertial frame. 

We shall look for steady state solutions of the general form (20.10). 

Precisely we look for solutions 

E (2)(- ) 2 ((- -2 (,(9LiCosT((--V tj snv(t-z V-9] 
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( W1) ( cos J (E -2 V -t 1 (t- G(-t.J sn V-(t`-V l 

We define M _ C V-1 and 

Z S. t -n'i2 C-1 

(24.3) 

(24.4) 

Then M is the 'refractive index' of the carrier waves of frequency (-. 

We want to move to a frame which eliminates the carrier waves. This can 

be done by rotating the system at angular velocity Ir on the variable 

Z . We therefore need first to express the wave equation (24.2) in 

terms of variables (r and . The result is 

_ 2 + ? - 1 PE 2z aa V2 
47rn 2 Ì 

C2 Z2 
(24.5) 

We then rotate around the a -axis on the variable -17 at angular 

velocity U- appealing finally to the fact that Ç and P are both 

transverse to 2. With 
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we find 

a2E' - 2 ?2E1 
V 'Dz-Tr 

-? 1. (_QA E)+ 
v a . - 

\ 

2 
( 

112- ce are 
_ , 2M ,:aE , 4 

CZ 

(-a87) 4h ' , 

+ ^ l Ca z2 

(.t 
2 ) ^^ ^ ^^ ^ ^- 

(24.6) 

the prime meaning that components of derivatives are taken in the rotating 

frame. Then when E is both transverse and plane polarised along the M 
1- direction in the rotating frame we get the two scalar equations from the 

1- and 2- directions 

ôzE '_ 2 d2E'+ 
a 2 2 V --zar 

r 
C - - ( I )CI`2 t i 

V2 Ce \ 

= 47Ln 2 
c- 2 âz -at 

v-25)',7 

E t 1 - 2E v 2 1 2r, V -6 

+ 47cn F2 J+ '_ cT z Q,' f -a Q' 
L -D a z 2 

(24.7) 

We can evidently identify E ( r ) ) G (F - E u -1) _ (z- U '- v -/F). 

/ (& -z U -+) and J ' and 

CQIc u.') 
that 

and 

can be expressed in terms of 

alone but there is no point in this: we simply observe 

Go 

' ( - z L`1 ' p r, (ws, Z', 7) 90:3) dos 
(24.8a) 



Q#0_ _2 Gt-i) = p 
So r,'(t3s,) ) 5(0S) d.ras 
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(24.8b) 

where r11(WS z, 72 ) and 2'(5) t, tea) satisfy the molecular equations 

of motion. 

If we observe that because g(,-;,) depends on the single argument 
27- U_4 -- V-1 , we have that 

-(_L 
L tt V 2 

We use the definition 01 _ CV-land, conveniently, the second 

definition ri = C 
/'-1 

In this way we reach the final form for the 

(24.9) 

Maxwell equations coupling field and matter in the rotating frame 

LM 2 -1 ] d 2 E -- ( n0 2 -1) v- 2 E 
áZz 

4np Su j(ws)dws P2r,'-Zv-ár2'_tT2,r'] 
°aZ2 az 

4/imp 

(24.10) 

S)dwsip)2-rz't 2U'ar`'Uere':l 
c """¿ 

(24.11) 

These equations are exact for the assumed form of solution (24.3). 

The remarkable thing about them is that there are two equations and they 

are actually incompatible with the molecular equations of motion for 

solutions of the general type of (24.3) as we prove below. 

r,i e W s -77) ) is r41(IJs, z ) of the previous section. 

We could always keep constant there. 

These equations were exhibited by Dr. Joe Eberly at P.Q.E., 1970 but 

were apparently reached in a different way. 
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Certainly there are two parameters VYI and M and four unknown functions 

) 
¡ r 3 and F . But there are five equations namely the two 

Maxwell equations (24.10) and (24.11) and the three equations of motion 

which we repeat here for convenience 174 

_ -4o- r a (24.12) 

p. v- 

r3 = 
W1 ra 

, ('3 ' (24.13) 

1,4 = -2p £0;2) (24.14) 

ti 

(In this the dot denotes -Or at fixed 2 ). 

Thus the system of equations is overdetermined and we expect to escape by 

PI fixing it and hn . Unfortunately the situation compares with the plane 

polarised case where there is one Maxwell equation, four equations and one 

parameter introduced by the condition that modes were stable modes of the 

form L (E- We -1) (for example). The parameter n) is then fixed 

explicitly by the theory. Evidently we can only expect to achieve 

compatibility here by choosing (or WI ) so that the pair of equations 

(24.10) and (24.11) are equivalent equations: the mathematical alternative 

of reducing the equations (24.12) - (24.14) from 3 to 2 seems to be non- 

physical. This line of argument needs caution however since the rotating 

solution of ,§12, 13 and 21 is an exact solution of this system and 

corresponds to E = constant, _ Q = constant in (24.3). It is 

the only exact solution of the system and hence is the unique solution of 

the equations which takes the form (24.3). 

If we make use of (24.12) in the form 

r2' - - ('?' (dv ) 1 (24.12) 

we can get a first integral of (24.11). This step needs care in the 

The constraint ri 2 t ri t ¡ _ ? is simply an integral of these 

up to a choice of constant and the constant unity is implicit if the 

initial conditions are properly chosen. 
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neighbourhood of resonance but if we assume continuity on physical grounds 

through the resonance no real difficulty appears. With initial conditions 

0 and f 1 = r - 0 at 77. -po we find 

c 
[Mm-1] v- _ic n S 5(ws ) dt.), x 

U 

('; (4.0'11+ (aU+ U20 lt) , 
(24.13) 

This is still exact. At the same time we can express (24.10) in terms of 

('fil and only: it becomes 

[ma- 1 a - 4ic n ? So 5 (4.)s)0a (as x 

X L(1 t au- (à0-1) r,'- Ua ri'? . 

(24.14) 

The solution of Hahn and McCall (1969) is valid in the pico- second 

pulse range so that 

r 
/ ti tv `' r ' ? 

/` ' W 2 <l tl e E . 

(24.15) 
Then well off resonance (24.14) reduces to 

r.o 

(m2- 1 ) = 47C1 r 30 5( os) o( S r,(caS) T, ) 
(24.16) 

This is exactly the condition 

(4.1?,- F(ï) ) _ 1{7h '(i) E ) (24.17) 

for propagation without change of form. However it now applies in the 

rotating frame. It is interesting to compare this with the condition 

implicitly invoked in the laboratory frame in the Lectures 1 and 2. 

1 These imply f U and f2 = V by (24.12) and (24.13). 

4 The Lorentz field correction does not appear because we base the 

analysis on (24.2) that is on (20.1) and not (20.2). 
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This is reached by formally setting (/' 0 in (24.14) (no rotation and 

no carrier) and the condition is 

4701P s(os)a S C(c) z-, ) . 

(24.18) 

With the assumed initial conditions this integrates to the expression 

ni 
(24.17) but with -1 instead of h4 . Evidently as eh-, V the.condi- 

tion Wiz / li 1 -- ' U 2 /Wi G 1 

(24.18). 

When Cr--70 the condition (24.13) vanishes: but in the 

V 2 Ua << 1 regime it reduces to 

and (24.16) swings to 

[mw, tJ = 

00 

2jnp <ca)d.cS 2 t (ztU)-13 

(24.19) 

This is strictly compatible with (24.16) since both expressions are of 

the form 

E cr, ) = 1 5.)(T)F) 
(24.20) 

and although ' differs in the two cases there are 2 parameters hi 

and (1 . The condition (24.20) is the condition in the laboratory 

frame which underlies all the work of Lectures 2 and 3: when as in 

(24.20) it applies in the rotating frame it is evidently a somewhat more 

complicated statement than that the pulse envelope propagates without 

change of form. 

The results (24.17), (24.19) and (24.20) justify the conditions 

(23.2) and (23.3) for pulses much longer than an optical cycle that is 

for Wig /(; 2 Z.< 1 . Evidently (24.20) is necessary but not suffici- 

ent for propagation without change of form: necessary and sufficient 

conditions are (24.20) together with the condition that r, (435, -r) ) 
vanishes in the rotating frame. With ra'(tj s,-r, 2)4'0 the results 

(23.8) to (23.12) follow directly. This is Hahn's solution with the 



addition of the dispersion relation (23.10) for fr (ti) . The result is 

really new, however, since it is so far justified off resonance only: 

but we show below it extends to resonance and then it is exactly Hahn's 

solution. 

Evidently we have a second dispersion relation from (24.19). 

This is 

[Mi - 1 

311 

r 
2 c. n C S = ° t(Ws ) 5 ( ) d 2 CaUT1 

4-N, h P2 5 ((as) ct os v--f 2 zio-i 
Gtl? 2 + wie (24.21) 

This is the one new physical result of this section which must be added 

to those of (23.8) to (23.12). The two dispersion relations (24.21) and 

(23.10) together show the characteristic feature of self- induced trans- 

parency -- namely that both refractive indices are always real. 

But well off resonance this is of little interest except only that it 

shows the theory is still non -linear. Evidently for real resonance 

where II' l.J0 and the choice for definiteness of the off resonant 

condition AV v W we get 

Y'12- 1 ± 4_101 5(wS) aWS 
3 ° ' a o2 ¢% n DC (0) 

3 
(24.22a) 

and 

(Mn- 
Ñ 2Tc wop di02t(y-00- 

c0 

t o 

Ñ 3iLV1 Y(o) (24.22b) 

where QC(o) is the Kramers-Hoisenberg polarisability at zero frequency. 

At solid state densities i «« h'1 <-< 1.5 in (24.22a) when the molecules 

start in their ground state and ¡14 W1. 

The situation is different at resonance. So far we have assumed 

that every molecule is off resonance so that /-1O- 9Q for any molecule. 

But it is clear from (23.8) and (23.12) that (21.00-1 r11(í- )ri F) is 
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finite when Z10-= () and there is no problem in moving continuously 

through resonance. At a real resonance where e.g. 9600 is symmetrical 

about ¿J0 and Ur.- , the integrand in (23.10) is odd and 

m _ t 1 

The carrier therefore travels at the velocity of light in vacuo at reson- 

ance and we can suppose hn ti 1 in the physically interesting region 

near resonance. In this case (24.21) reduces to 

M(cr) -1 ` ± 47E4 v-p 2 r`,o d1as ti 4noo)wse J o 4U a + 2 171 
(24.23) 

since (7 Ñ GAS and h/.1 >"7.6A1- . This means that 'vim is very large 

( N 106) for solid state molecular densities (if we assume all the 

oscillator strength in the two levels) and may be say 102 even for gaseous 

densities. An extreme retardation of the pulse envelope of this type has 

been observed: Gibbs and Slusher (1969) find a maximum value of M of 1500 

for weak enough field amplitudes (corresponding however to nano -second pulses).. 

There is an interesting point about the dispersion relation (23.10) 

at resonance, however. The result WN 1 really means that Li 0 

and the condition (24.16) breaks down. Then the whole condition (24.14) 

applies, and since G. and ¿ are linearly independent and fi and 

['i are linearly independent we can expect that we must set 

v+ 

E = 4701 p LS(wdo(os (1 t r(av)wt) 

tnriz- 1 ] E = 47Tnp og(ws)a(Ws rii 

These conditions are both of the form (24.20) since (24.24a) can be 

(24.24a) 

(24.24b) 

integrated with the chosen intial conditions to this form. Since f2/ 
I 

does not vanish at resonance we can still neglect r1 in (24.13) and 
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the condition (24.19) again follows. This is of the form (24.20) and 

the three conditions are to that extent compatible. But there are now 

three conditions and only two parameters and the solution breaks down. 

Superficially we now have the result that the Hahn solution is valid 

off resonance for which it was not designed and breaks down in the 

resonance region where it is supposedly a good physical solution. 

The point now is that provided 11 1 is small enough (i.e. NI = O (1) ) 

the terms in (24.24a) are absolutely small (as WI WS-/ ) compared with 

(24.13) whilst those in (24.24b) are small by coefficients of order 

¿Jo- lT for resonance at W 
0 

. It follows that (24.13) is the 

relation between the numerically significant field components at resonance 

so that (24.19) is the equation to be satisfied for a numerically valid 

solution. It is true that W1 is now undetermined: but this means 

that hi is unity to about 0.1% (i.e. to 1A4113» N 0.1% for pico- 

second pulses) and M is uncertain to about 0.1% also. We have there- 

fore shown that providing M is small enough the solution of Hahn and 

McCall (1969) is valid for pico- second or longer pulses to about 0.1% 

both on or off resonance. 

We now see a rather intricate situation however. Suppose 

-P ^0 4.35 x 10-15 e.s.u. cm. (The value taken by Gibbs and Slusher 

1969 for gaseous Rb at 7947.68 shifted by a magnetic field to the Hg II 

emission line of 7944.6R). Then 1,35 ̂ 0 2 x 1015 and C60)" N 2 x 10 -23. 

For Y1 no 10i8 atoms/cc., M N 2.4 x 10-4 WS8 hl,- 2 and even for pico- 

second pulses M 100. This value rises to no 108 for the nano- 

second pulses used by Gibbs and Slusher and is far beyond the extreme 

value ti N 1500 they observed. Let us take the most favourable estimate 

of the quantities for the point we want to make. If WI N 1012 

(pico- second pulse) and fi 103 then even so (24.24a) is not negligible 

compared with (24.13) since it is of order M k/ Os- 1 = ()i1). 

Evidently the situation gets worse for longer pulses since 
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M Q (0J 1/1-2) by (24.23) and (24.24a) is 

M W (jS 1 _ O (046/1-i) ) compared with (24.13). On the other 

hand Gibbs and Slusher find smaller values of P1 in the nano- second 

pulse regime so that there may be experimental regions where M is 

small enough and IN/160s-1 is also small enough so that (24.24a) remains 

negligible compared with (24.13). Then, but only then is the Hahn 

solution a numerically valid solution at resonance. 

Since this solution is certainly always approximate we should also 

prove that it will not evolve to a completely different solution abso- 

lutely, that is over a sufficiently long time scale, and certainly not 

over a time scale of physical interest ( N 10 -7 secs. - a transit time 

for 10 cros. of resonant dielectric with P11 N 102). This calculation 

has not yet been done. In this context it may be relevant that the 

unique solution of the form (2.4.3) is not the Hahn solution but is the 

solution E = E constant, i LL Q _ = constant which is the rotat- 
ing solution of 12, 13 and 21. This we now prove (to within a 

loophole which scarcely seems worth investigating). 

With the condition 

= -r(L)&) ) 

which we can always adopt to treat inclusion of inhomogeneous broadening 

the pair of equations (24.10) and (24.11) are a pair of simultaneous 

linear second order differential equations in precisely two unknowns and 

they have constant coefficients. It follows that the equations are 

soluble as a pair and the solutions are trigonometrical (exponential) 

functions in general and can be at most polynomials of degree less than 

4 multiplying trigonometrical (exponential) functions if the roots of the 

characteristic equation repeat. Thus in particular both r.1'(T,E) and 

Lei- z.) are trigonometrical functions and are certainly not a hyperbolic 

secant or other Jacobian elliptic function. Then (24.12) is also a 

trigonometrical (exponential) function in general. Then (24.13) which 



contains the product of 11 and E can be satisfied in general only 

if r 3 is a particular constant and certainly it is at most a polynomial 

multiplying a trigonometric function. Finally (24.14) is compatible with 

f3 = constant only if r = 0 since we need E. *0 and this is the 
condition for the rotating solutions of 12, 13 and 21. Ebccept for 

the small loophole that i3 is more complicated than the constant (and 

this seems not worth pursueing) the rotating solution of § 12 is there- 

fore the unique (exact) solution of the form (24.3): unfortunately it 

requires the rather unphysical initial conditions referred tc in ,§21. 

It is not known if there are steady state solutions more complicated 

than (24.3). But otherwise the solution of 12 is the unique steady 

state solution. In this case if the Hahn solution evolves to a new 

steady state solution it must evolve to this. For this to occur the 

hyperbolic secant electric field envelope must broaden and ri'(0s,Z,1 0 

must both do this and grow at the eicpense of re' (1,1 )7) ) . It is 
not easy to see how this could occur - especially with the initial 

condition rl(Ea) _ I 

It may nevertheless be of interest to observe that off resonance the 

initial condition r 
3 
(WS T -a) = f 1 can be converted to the molecular 

state 
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)_ t 24v wi rz'(raS,T, z). Q r3"(caST,e)= tEW ?- (L1 u)2 
w,2] Lh,P+(d 022 

(24.25) 

by a 7E-pulse (i.e. one such that G T in (23.16)). This compares 

with the initial condition 

/ S 
iA r 

) ) 
To ) - 

v M w 2 re'(c's,To) 
2 ) = 0, t'3(0s,zu,z) - + - °? Z 

[(ev) +w'z] -e) , 1 
(24.26) 

for the inhomogeneously broadened rotating solution of 21. (The WI is 

are related by Li'_ INg. vi for the same value of EE). Since the 
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magnitude of r1 lies between O and 1 and /'i' is small in (24.25) for 

both small and large values of WI it must be possible to find a value 

t of the field amplitude in (24.26) for the rotating solution of í? 21 

to match the values of (24.26) to those of (24.25). In this case the 

field amplitude E jumps discontinuously from the 7 -pulse amplitude 

to the continuously working rotating solution. This is at best only an 

instantaneous match, however, since the velocities of the two propagating 

solutions are not the same. Thus no simple match of the two solutions 

in the off - resonant sharp line case is really possible. At resonance no 

match at all is possible since (24.25) reduces to r'1 --- , r3 = ? 1 

whilst (24.26) reduces to í'i _ 11 , r% = û and the roles of r 

and 1"3 are formally switched. 

We have not investigated the relationship of Hahn's and McCall's 

solutions to the 'stable' solutions of Lectures 2 and 3 beyond this point. 

It may be that solutions of Hahn's type are a quite distinct class of 

solutions characterised by the condition (3 (r.ìß ,--r, ) i i for some 

value of Z (which is in fact the initial or final condition). 

The rotating solution of 12 never has this property. 

For completeness we indicate the relevance of the solution of Hahn 

and McCall (1969) to the plane polarised rather than the rotating case. 

If we assume plane polarised solutions of the form 

(wS)T, ) CoS (7-E - Q (L3 ,T, -E) S;n Olt 

z)Cos ki-T. 

¢Xoy r'i(l.:.,s1Z-, ) 

E(T,) 

then the equations (6.18) which imply (6.20) namely 

rtWs21 
reduce to 

t,JS G31 {'3 -ras r = oi 

- W1 

a 

(24.27) 

(24.28) 

(24.29) 
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where 

9 = e. Xosr3 Cos,-z)e = 
- ( Cz,1) 

To reduce (24.28) to (24.29) it is necessary to make the slowly varying 

amplitude approximation which neglects e.g. compared with (or, 

since y is negligibly small in the Hahn solution, GI compared with 

Q). Further it is necessary to make the rotating wave approximation 

in the sense that lit lJ S or ea- are both identified with 20s. 

Equations (24.29) are identical in form with (24.12) - (24.14). 

The wave equation (24.2) reduces to exactly 

01F _ k2E a ( - 0-2E) rl 2 
C 

= 4Th C 5cscws 
C2 o (24.3Oa) 

cQ 2 2 c -470neXQS SC,,S)cos t2tr`-2Q 
c 2 

SJ . 
(24.3Ob) 

(where dot is-4(k) and this pair of equations reduces exactly to (24.10) 

/ 
and (24.11) when l T) E) = G (& ' ¡i"). 

It follows that, within the rotating wave approximation and the 

slowly varying amplitude approximation the solution (23.8) - (23.12) 

with (23.21) is a plane polarised solution. This can therefore be 

compared directly with the plane polarised solutions of Lectures 2 and 3. 

In the same approximation we can guess that the Jacobian elliptic functions 

reduce to travelling wave cosines corresponding to the small 1 # limit 

discussed there. This guess is confirmed by observing that the rotating 

solution of 12 will be the particular solution G = 8= constant, etc. 

This is the parameter k of the Jacobian elliptic functions and not 

the wave vector k . 
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in the same approximations in the plane polarised eneo. This is again 

the unique ('exact') solution of its type. 

It is now plain that the plane polarised solutions propagating without 

change of form in the rotating wave and slowly varying amplitude approxi- 

mations are indeed cosine waves: although i3 constant in the exact 

solutions of Lecture 2 this variation in r3 is entirely due to the 

pumping from the fundamental of frequency U" to all the odd order 

harmonics. This shows us the nature of the rotating wave and slowly 

varying amplitude approximations: the plane polarised solutions of 

Lectures 2 and 3 are valid solutions of the equations even when the 

amplitude shows variation in a period as short as Os -1 (one optical 

cycle) where the hyperbolic secant of § 22 is a solution. This and 

the Jacobian elliptic functions remain solutions down into the range 

where the 'carrier frequency' V-", 1012 or less (the pico- second pulse 

range) . Here they are cosines and E(t)an d I(z) are in phase. 

Even when M = OM the Hahn solution is not valid much beyond the sub - 
pico second range where the error is about 1% and within this range E(r) 

1 
and ( Z } are approximately in quadrature. The two types of solution 

therefore have this different character which aligns the one type with 

linear (i.e. conventional refractive index) theory and the other type 

with extremely non -linear theory. The question discussed at the end of 

Lecture 2 still remains, however. This question was why the Hahn 

solution is so very non -linear in a regine (the small 1< regime of the 

Jacobian elliptic functions of Lecture 2) where arbitrary linear combina- 

tions of cosine waves seem to be good approximate solutions. The answer 

may lie in an extreme sensitivity of the system to the initial conditions. 

Whether the approximate solutions of Hahn will show any evolution towards 

the cosine waves, chopped or otherwise, is not yet known. 

The most slowly varying envelope is the constant function 2 

E = constant. 
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