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ABSTRACT 

Given M sampled image values, what can be deduced as the most likely ob- 
ject? We find the most likely object to be represented by a restoring formula 
that is positive and not bandlimited. Using computer simulation, we test this 
restoring formula upon noisy images due to star fields and randomly stepped 
objects. In all test cases involving star fields, the maximum -likelihood resto- 
rations have significantly higher resolution than do corresponding restorations 
by inverse filtering. Further, there is no spurious detail in the maximum- likeli- 
hood restorations when the star image has noise of about 5% (or less). This 
lack of spurious detail does not, however, hold in restoring the randomly 
stepped objects. In the first test of the method upon experimental data, some 
spectroscopic data are restored, again with enhanced resolution. For exam- 
ple, what appears as a single line in the data is restored as a doublet. 
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RESTORING WITH MAXIMUM LIKELIHOOD 

A noncoherent object scene 0(x) is a radiance distribution in position and 
therefore cannot be negative: 

0(x) 0, for all x. (1) 

Let us consider the problem of restoring 0(x) from knowledge of its im- 
age i(x) and the point impulse response s(x) characteristic of the imagery. 
Restoring schemes that are tailored to the positive constraint, Eq. (1), have 
recently been developed1 "4 and used with encouraging results. One worker' 
reports the attainment of superresolution. A common feature of these meth- 
ods is their ad hoc nature: they do not follow from a prior statistical prin- 
ciple (such as, e.g., minimum mean -square expected error). Instead, the posi- 
tive effect, Eq. (1), is built into the restoring scheme in an arbitrary manner: 
e.g., Biraud' represents 0(x) as the square of a Fourier series. 

Here we show that a positive restoring formula logically follows from the 
use of a statistical principle, that of maximum likelihood. 

At this point it is necessary to assume statistical models for the two un- 
knowns of any restoring scheme: the object scene and the inevitable noise in 
the image. 

Object Model 

It is convenient to consider, in particular, photographic objects. One- dimen- 
sional notation is used for simplicity. We imagine the object to be subdivided 
into P elemental cells at the required limit of resolution. Let object value Oj 
indicate the presence of O photographic grains within the cell centered upon 
point xj. We assume that: 

(1) The object is composed of a fixed number 00 of grains, so that 

j=1 
= 00, (2) 



and that Oo is approximately known (e.g., by observing the total image 
energy). 

(2) The grains are randomly distributed over the P object cells in the man- 
ner of identical but distinguishable particles.5 

(3) Each grain is equally likely to be in any of the cells. 

These postulates, and the third in particular, describe a situation of maxi- 
mum ignorance about the object statistics. This is the usual situation con- 
fronting the experimenter. More detailed information, such as the object 
power spectrum, is not usually at hand. 

Noise Model 

Let the image value im denote the detection of i photons by an aperture 
centered on sampling point ym , where m = 1,...M. Of the im photons, nm 
are attributed to noise of detection. 

(1) Let noise nm be represented as the difference between a random, posi- 
tive number Nm of photons and a constant bias B as 

nm = Nm -B, where Nm > 0 and B> 0. (3) 

Let the experimenter know the value nmin, and set 

B = -nmin 

so that 

Nmin = O. 

(4a) 

(4b) 

In practice, we found that the precise value nm in need not be known. In 
fact, values of B that exceed those of Eq. (4a) by a factor of 10 or less also 
suffice. 

(2) The total positive component of noise over the M image points obeys 

Nm = No, a constant. (5) 

m =1 

No is not presumed to be known to the experimenter. 

(3) Noise Nm values and object Oi values are statistically independent. 
This would, of course, be violated in a high- contrast photographic image. 

(4) The No noise photons are distributed over the M image samples in the 
manner of identical but distinguishable particles. 

(5) Each noise photon is equally likely to fall at any of the image samples. 
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As with the three postulates for the object, we have presumed a situation of 
maximum ignorance about the noise statistics. Only the value of Eq. (4a) for B 

is presumed known, and then only roughly. 

The Maximum -Likelihood Restoration 

We now ask, what object and noise distributions are most likely to have 
caused the M observed image values? By object postulate No. 3 and noise 
postulate No. 5, the answer is: the object and noise distributions that can be 
formed by the 00 object grains and No noise photons in the maximum num- 
ber of ways. 5 

The number of ways Wo that a general object 01 ,...Op can be formed 
from a fixed number 00 of distinguishable grains obeys5 

P 

W0 = 00!I fl 0j! . (6) 
j =1 

Likewise, the number of ways WN that a general noise array N1 ,... NM can be 
formed from No distinguishable noise photons obeys 

M 
W N = N0!J n Nm! . 

m=1 

(7) 

And by noise postulate No. 3, the number of ways W that the two arrays 
can be simultaneously formed obeys 

W = W0 WN 

The maximum -likelihood object and noise distributions therefore obey 

WO WN = maximum. 

(8) 

(9) 

Taking the logarithm of both sides of Eq. (9), substituting in Eqs. (6) and 
(7), using Stirling's approximation for the factorial, and ignoring insignificant 
terms, we find the maximum -likelihood estimates to obey 

0. 
1 

ln 0 - N ln Nm = maximum. 
m=1 

(10) 

This correspondence between maximum likelihood and maximum entropy is 
interesting. Recent proposals6'7 for estimating probability functions have 
also been based upon such a correspondence.6 
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But the object and noise that satisfy Eq. (1 0) must also be consistent with 
the observed image values im, m = 1,...M, and the estimated total energy 00. 
Using a Lagrange multiplier for each of these M +1 constraints, and using the 
well -known convolution relation between image and object, we obtain as a 

restoring principle 

1=1 

M 

O1lnOj - 
m= 

P 

Nm In Nm - Ay 

m=1 

- Oo ) = maximum. 

[(s*O)m + Nm -B - im ] 

The * denotes convolution. 
Luckily, the solutions Oj, Nm to Eq. (11) can be readily found by the or- 

dinary rules of calculus. Differentiation with respect to Oj and Nm produces 

and 

6(x1) = exp[- 1 - Ams(ym , xi) - µ] 
m=1 

(12a) 

1V(ym ) = exp[- 1 - Am ] . (12b) 

Peculiarly enough, we have a restoring formula for noise as well as for object. 
Note that all restorations of the exponential form (12a) are positive. Differ- 
entiation with respect to Am and µ produces constraint equations that solu- 
tions (12a,b) must obey: 

im = (S*O)m + Nm -B 

00 
j=1 

In this manner, parameters Am, m= 1,...M and are fixed by inputs im and 
00. 

The system of M +1 equations (13a,b) in M +l unknowns is solvable by a 

linearization scheme. In practice, convergence is always obtained (regardless 
of noise level in the image data) provided B exceeds the value (4a). The 
closer B is to (4a), the better is the restoration. 
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Discussion 

We note from the form of Eq. (12a) that restoration Ôj is not generally 
bandlimited, even when s is. This suggests that the optical bandwidth may be 
exceeded. Test cases below will bear this out. 

On the other hand, if the solution Xm to Eqs. (13a,ó) is very small, the 
exponential formula (12a) may be expanded as 1 + exponent. The formula 
for Ô/ is then a sum of bandlimited functions s, which itself must be band - 
limited. It can be shown that, in this case, Of is simply the "principal value" 
solution.' We found empirically that the Xm are small when the object scene 
is of low contrast, or when input B greatly exceeds value (4a). 

It is interesting to examine the predicted maximum -likelihood estimates as 
input information approaches zero. In this limit the Xm = µ = 0, and by Eqs. 
(12a,b) object and noise are predicted to have the same value, CI. Thus, the 
purely mathematical number e ' has the physical significance of representing 
the most likely estimate of a noncoherent object when nothing else is known 
about it! 

Test Cases 

We have extensively tested the restoring formalism, Eqs. (12, 13), using com- 
puter simulation of noisy images and with experimental spectroscopic data 
kindly furnished by P. A. Jansson.Z 

Two types of object scenes were generated on the computer: star fields 
with random spacing and intensity, and stepped objects with random step 
heights and lengths. Imagery was as if by diffraction -limited optics, and noise 
of 5% relative error was superimposed upon the sampled image points. The 
latter were spaced at the Nyquist interval. The same image data were re- 
stored via formulas (12a,b), and by inverse filtering for comparison. Figs. 
la -h show typical star patterns (solid), the inverse -filter restorations (triangu- 
lar points), and the maximum -likelihood restorations (starred points). Such 
high -contrast objects are much better restored by maximum likelihood; in 
particular, note the extremely steep edge gradients at the object edges and 
the extremely flat behavior where the object is uniformly black. In all these 
star restorations, there is seen to be no spurious detail. 

By comparison, results for the randomly stepped object are less decisive. 
Figs. 2a -h show typical cases. The maximum -likelihood restorations have 
about a 20% improvement in rms resemblance to the object over that of the 
inverse -filter results. This modest improvement results from the low- contrast 
nature of the stepped objects, which results in smaller Xm than in the star 
field cases above, and therefore by Eq. (12a) in smoother restorations Oi 
with smaller edge gradients. 
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la 

Star pattern 

Maximum -likelihood restoration 

Inverse -filter restoration 

lb 

Fig. 1. Restorations by maximum likelihood (starred points) and by inverse filtering (tri- 
angular points) of random star patterns (solid). The star patterns and images were simu- 
lated on a CDC 6400 computer. The input image points im (not shown) have a maximum 
of 5% relative error due to uniformly random noise. We empirically found that up to 
20% error in the im was well tolerated by the maximum -likelihood restorations. 
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Fig. 1- Continued. 

7 



Fig. 1- Continued. 
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Fig. 1- Continued. 
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2a 

Randomly stepped object 

Maximum -likelihood restoration 

Inverse-filter restoration 

Fig. 2. Restorations of randomly stepped objects. Symbolism is as in Fig. 1. Likewise, 
there is 5% relative error in the im inputs. 
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Fig. 2- Continued. 
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Fig. 2- Continued. 
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Fig. 2- Continued. 
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Jansson8 provided us with spectroscopic data for the Q branch of the v3 

band of CH4. This was a crucial test case, for it permitted comparison with 
his particular type of positive restoration.' Fig. 3 shows our maximum - 
likelihood restoration based on use of a gaussian point impulse response of 
the proper halfwidth. The triangles indicate the experimental inputs im used. 
A value B = 0.007 was used. Larger values of B caused restorations with 
smaller resolution; e.g., with B= 0.02 the right -hand peaks were just barely 
separated. Smaller values of B caused nonconvergence to the required im . 

Jansson's restoration8 is very similar to ours, with mutual differences in rela- 
tive heights of the principal maxima on the order of a few percent. 

100- 

o 

3014.60 CM 3014.65 3014.70 3014.73 

Fig. 3. Restoration by maximum likelihood (solid) of a portion of the Q branch 
of the P3 band of the spectrum for CH4. Triangles indicate the experimental 
inputs im used in the restoring scheme, some of which lie outside the plotted 
region and are not shown. 

The manner by which the size of input B affects the ultimate restoring 
resolution can be seen by examining Eqs. (3) and (12a,b). Let us suppose 
the actual noise rim to be << 1 in magnitude, and observe how the Am behave 
as input B is varied. (The magnitudes of the Am directly affect resolution, as 

has been observed above.) 

Because the nm are small, by Eq. (3) all Nm :4-B. If B is made large (but 
<e-1), then Nm is large, and by representation (12b) for Nm the Am are all 
small. In this case object restoration (12a) approaches linearity with terms 
Am s(ym, xj), and therefore a bandlimited, low -contrast state. 
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Conversely, if B is small, then the Nm are small and by Eq. (12b) the Am 
are large. In this case, object restoration (12a) is generally not bandlimited, 
retaining steep edge gradients where the true object has them. 

These resolution trends make sense on information theory grounds. If all 
the nm are small, then nmin is small, and the perfect value of B to use, by 
the model postulate (4a), is also small. This represents a maximum of prior 
information about nmin by the observer, which should be expected to aid 
the restoration quality. On the other hand, use of a large input B under these 
low noise circumstances means that the observer has very little prior informa- 
tion about noise, and the restoration is expected to be adversely affected. 

Summary 

The most likely object and noise distributions to give rise to M observed im- 
age values have maximum entropy, Eq. (10) or (11). This variational princi- 
ple has as its solution restoring formulas (12a,b) for object and noise. The 
free parameters X m , m= 1,...M and µ in these restoring formulas are deter- 
mined by self -consistency conditions (13a,ó) with the M input image values 
and the estimated total object radiance. These M +1 equations in M +1 un- 
knowns are always solvable (regardless of noise level), by a linearization 
procedure. 

The restoring formula (12a) for the object is, in general, positive and not 
bandlimited. Therefore, the ordinary diffraction limit may be (and was, in 
test cases) exceeded. However, for /ow-contrast objects the restoration ap- 
proaches the ordinary principal value restoration, which is bandlimited. In 
general, the best situation for use of restoring formula (12a) is where the ob- 
ject is impulsive in nature, as occurs in star fields, spectral lines, etc. 

Test cases bear this out. Simulated star arrays were much better restored 
by Eq. (12a) than by inverse filtering (see Figs. 1 a -h). However, randomly 
stepped objects of modest contrast (' 3:1) were only slightly better restored 
by Eq. (12a) than by inverse filtering (see Figs. 2a -h). 

Finally, the important role played by input number B, a noise bias term 
defined by Eq. (4a), was brought out when we attempted to restore some 
experimental spectral data. The noise level in the data was quite low, and 
when we used large values of B the resolution obtained in the restoration 
was not as good as when small values of B were used. Use of a value 
B = 0.007 was optimal, resulting in the recognition of a doublet where the 
input data had a single, broad line. Smaller values of B resulted in noncon- 
vergence of the linearization scheme, indicating that for the data at hand the 
minimum noise value was about -0.007. The effect of the input B upon 
restoring quality was seen to be a logical consequence of the restoring 
method used. 
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Epilogue 

The aim of this paper has been to show that a positive restoring formula can be 
derived from statistical considerations. In particular, we assumed a situation of 
maximum ignorance (object postulate (3), noise postulate (5)) regarding object 
and noise statistics. However, a state of maximum ignorance is not necessary. 
If, instead, knowledge of the probability functions P0 (01,...0p) for object 
and /or PN(N1,...NM) for noise is at hand, this added information can also be 
built into the statistical approach. In this more general case, the restorations 
Ô,Ñ sought would be those that have a joint maximum probability of occur- 
rence. Thus, principle (9) would now be replaced by 

Po Wo PNWN = maximum. (14) 

Positive restoring formulas for O and N would once more arise because of 
the factorial functions in Eqs. (6) and (7). If P0 and PN are Poisson distribu- 
tions, restoring formulas much like Eqs. (12ä,b) result.' This case has not yet 
been studied in detail. 
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