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FOREWORD

This technical report is adapted from a thesis submitted in partial fulfillment
of the requirements for the degree of Master of Science in Optical Sciences
at the University of Arizona. The thesis was completed and approved in
February 1971.

Part of the chapter on the Imaginary-Case Modules is part of a dissertation
being prepared in partial fulfillment of the requirements for the PhD degree
in Optical Sciences. Part of this chapter was published in the Journal of the
Optical Society of America.



ABSTRACT

In the first part of this report the class of two-surface optical systems designated as
modules, which have zero third-order spherical aberration relative to a pair of conju-
gate planes one of which is at infinity, has been further analyzed using the param-
eters of the Delano y,y diagram. For a given set of three indices of refraction n, n,,
and n, functional relationships among the y,y diagram parameters that eliminate
simultaneously other Seidel aberrations are derived. Expressions for zero coma,
astigmatism, and Petzval curvature are also given. Criteria for selecting the non-
optical parameter k, which defines the desired properties of modules, are described.
A one-to-one correspondence between the canonical optical parameters defined in
previous studies of modules and certain quantities derivable from the y,y diagram
representation is shown. Critical values of the free parameters of modules for both
the real and the imaginary cases are derived and defined relative to the y,y diagram
parameters.

In the second part of this report an analysis is made of a class of modules referred
to as the imaginary-case family depending on the new parameter ¢. The critical
values ¢, ¢_, and ¢* which correspond to those obtained for real-case modules, are
defined, and the conditions for their existence in the domain of ¢ are derived. These
critical values, whose counterparts in the real case exist for both refracting and re-
flecting systems, do not exist for refracting imaginary-case modules when the indices
of refraction are restricted to commonly available optical glasses. The critical values
of ¢ exist and have fixed values for all reflecting module systems. A method is pro-
posed for classifying imaginary-case modules, which would permit comparison for
coupling purposes.
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INTRODUCTION

Optical design modules are defined as a class of two-surface optical systems with
fixed focal lengths and having the property that, relative to a pair of conjugate
planes, one finite and the other infinite, the third-order spherical aberration is zero.
Such systems have been described and analyzed by Stavroudis (1967, 1969a,
1969b). It is thought that these systems might find an application in the early stages
of the process of optical design. For example, if two or more could be arranged so
that the rear and front foci of adjacent systems coincide, then the resulting optical
system also would have zero third-order spherical aberration. For this reason, these
two-surface optical systems are called modules. These modules constitute two two-
parameter families of lenses, one family called the real case and the other the imagi-
nary case.

Using conventional optical parameters of curvatures and axial separations,
Stavroudis analyzed modules having either refracting or reflecting spherical surfaces.
To obtain a one-parameter family of lenses meeting the required conditions for mod-
ules, he defined a nonoptical parameter and expressed his four conventional optical
parameters as functions of this new parameter. He defined aperture planes relative to
which third-order astigmatism is zero, and he derived an expression for coma. He
also indicated a means of defining the domains of his free parameters for construct-
ible modules.

Powell (1970) analyzed the two-surface systems described by Stavroudis (1969b),
using the first-order parameters of the y,y diagram that was introduced by Delano
(1963) and used by Pegis et al. (1967). The module analyzed by Powell in terms of
the y,y diagram parameters was a normalized two-surface refracting system that had
its object plane at infinity and had fixed focal length. Powell expressed the third-
order coefficients of spherical aberration, astigmatism, and coma of modules in
terms of the first-order y,y diagram parameters. He also defined a parameter to ob-
tain a functional relationship of the free parameters of two interconnected modules
that varies the axial separation between the two systems.

This report amplifies the y,y diagram analysis initiated by Powell and extends the
work already published on the general properties of modules.

In this report, the third-order aberrations of modules have been further analyzed
to include Petzval contribution and distortion. Functional relationships among the
v,y diagram parameters that provide conditions for modules to eliminate other



Seidel aberrations are derived and analyzed. The canonical optical parameters de-
fined by Stavroudis (1969b) and certain quantities derivable from the y,y diagram
are compared, and the relationship between his parameter f and the Lagrange invar-
iant (W) is established. The critical values of the free parameters for both the real
and the pure imaginary cases are derived. Numerical examples of modules are incor-
porated to illustrate their properties. In this report we also explore the properties of
imaginary case modules with particular attention to the critical values of the free
parameter. We anticipate that the results of this study when combined with similar
results obtained from real case modules will provide valuable analytical tools for the
first-order layout of optical systems using modules.

Symbols, Definitions, and Conventions

The terms and symbols used in this report are defined as they appear in the text. In
general, the nomenclature, definitions, and conventions follow those given in the
Military Standardization Handbook of Optical Design (MIL-HDBK-141, 1962), with
the following exceptions and modifications: The Smith-Helmholtz-Lagrange invar-
iant is called simply the Lagrange invariant and is denoted by the Russian letter
(zhe), t is the axial thickness of the space between the j—1 and jth surface, and n; is
the refractive index of the space between the j—1 and the jth surface.

With the above exceptions and changes, light is considered to travel from left to
right through the system. The optical system is regarded as a series of surfaces start-
ing with an object surface and ending with an image surface. The surfaces are num-
bered consecutively, in the order in which light is incident on them, starting with
zero for the object surface and ending with k+1 for the image surface. A general
surface is called the jth surface. All quantities between surfaces are given the number
of the immediately succeeding surface. The radius of the jth surface is r; and its
curvature is ¢;, the reciprocal of rj. The quantities ¢; and r; are considered positive
when the center of curvature lies to the right of the surface. The thickness tjis posi-
tive if the jth surface physically lies to the right of the (j—1)th surface and is nega-
tive if it lies to the left. The refractive index n; is positive if the physical ray travels
from left to right. Otherwise it is negative. The right-handed cartesian coordinate
system is used with the optical axis coincident with the z axis. Light travels initially
toward larger values of z. Lower case letters, Y; and y;, are used to represent the
paraxial heights at the jth surface of the marginal and principal rays, respectively.
The slope angles of the marginal and principal rays in the space between the j—1 and
the jth surfaces are denoted by u; and u , respectively, where u; is equal to

O y]_l)/t and u; is equal to (¥; y]_l)/t

Some changes in notation were made for the y,y diagram parameters as used by
Delano (1963). The nomenclature used for these parameters is defined as it appears
in the text. The figures in the text show the symbols and quantities used in this
report. :



Basic Relationships

Delano (1963) has shown that, given the value of the Lagrange invariant, W, the yj,)—/j
parameters,and the axial coordinate zj at every surface of an axially symmetric opti-

cal system, the following related quantities may be derived:

axial thickness

i i Zi-1

n; = tj/Tj refractive index

w; = nu; = (y,~ - yi_l)/Ti reduced marginal ray angle
(T_)/. = n’.ﬁj = (j;'/- — J_/i—l)/‘ri reduced principal ray angle
ro= (nj+l — ni)/q)j radius of curvature

T = i1V yl.)—;,._l)/m reduced axial thickness

¢I. = (wj"‘_’jﬂ - wj+l‘-‘_5j)/m surface power.

(D
(2)
(3)
C))
(3)
(6)
(N

If Egs. (3), (4), and (7) are divided by the Lagrange invariant, the resulting equa-

tions are as follows:

Q= wiM = -y )MT
= aM = 0 -5 DM

(8)
(9

(10)

Therefore, given the Lagrange invariant and the Q,Q parameters at each surface, the
optical system is defined by the following set of equations written for the jth sur-

face:

¢]. = (Qjﬁjﬂ — Q41 ﬁi)m power of surface

y; = (,Qj - ‘Qj+l )/<I>]- marginal ray height
j;"]. = (ﬁj — Qjﬂ)/q)j principal ray height
T = O — Y-l )M reduced thickness.

(1)
(12)

(13)

(6)

Equations (6), (8), (9), (10), (11), (12), and (13) form the set of tools to be used in

the analysis of the general properties of modules.



SEIDEL ABERRATIONS AND THE MODULE

In this chapter the third-order aberrations of the two-surface systems, schematically
shown in Fig. 1, are analyzed in terms of the y,y diagram parameters. These two-
surface systems have fixed focal lengths and one of the conjugate planes located at
infinity. Familiarity of the reader with the first-order properties of such optical
systems is assumed. A full discussion of these is given by Powell (1970, pp. 5-11).

In the foregoing discussion and derivation of equations, rotational symmetry is
assumed, and the indices of refraction n,, n,, and ns are fixed. It is also assumed
that the two-surface system consists of spherical surfaces and the image plane is at
infinity. All y,7 coordinates and 2, parameters used in this chapter are referred to
the normalized y,y diagram for a two-surface system shown in Fig. 2. This normal-
ization scheme follows that proposed by Lopez-Lopez (1970).

Auxiliary Quantities

To compute the coefficients of the third-order aberrations in an optical system,
several auxiliary quantities should first be determined.
The paraxial angles of incidence at the jth surface are given by

i]. = u; + ;i for the marginal ray (14)
and
T]. = 1'2] + c].;]. for the principal ray. (15)

These may be written in terms of the Lagrange invariant, the refractive indices, and
the £2,£2 parameters as

e M o g
b= ey~ Y1 = ey (16)

T _ H

l]' —m (Qi”jﬂ - S'Zi.,.lnl-). (17)
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Fig. 1. Two-surface optical systems with image plane located at infinity. (a) Refracting
system, (b) reflecting system.
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Fig. 2. Normalized y,y diagrams for a two-surface optical system with one conjugate
point at infinity. (a) Image point at infinity, (b) object point at infinity.



The other auxiliary quantity associated with the paraxial marginal ray is defined
for the jth surface by

— 1y Uy 0y — 1)

S; = (18)
! 2mn]~+1
The same quantity defined for the paraxial principal ray at the jth surface is
5 = 2 ¥ 0 — ) (19)
! 2W Ny
When expressed in terms of the 2,8 parameters, Eqs. (18) and (19) become
Sp = /e )y nf = Qnjer) (20)
S = i & nf — Qnjiy). 2n

Third-Order Aberration Coefficients

The Seidel aberrations of an optical system may be computed from paraxial ray
data, which provide information to calculate the third-order aberration coetficients.
These Seidel aberration coefficients represent the algebraic sum of the third-order
surface contributions throughout the optical system. The third-order aberration co-
efficients for an optical system of k surfaces are given by the following:

k
Spherical aberration B = Z Sjij2 (22)
. =1
Coma F = f: sz‘jo]- (23)
_
k —
Astigmatism C = Z Sjij2 (24)
/=1
k — — — —
Distortion E = 2 [8id + W@} —ulyp)l (25)
J=1
k
Petzval curvature P= Z cj(n; — njﬂ)/n]-nj.,.l . (26)
J=1



The Module

The two-surface systems to be analyzed are those that have zero third-order spheri-
cal aberration relative to a pair of conjugate planes, one of which is at infinity. Such
two-surface systems are called modules.

When Eq. (22) is expanded in terms of the normalized y,y and the Q.8 param-
eters of the two-surface system with image plane at infinity and the resulting expres-
sion is set equal to zero, we obtain

(12 — n3)(n, — Qyny)tns — ny)%y, — nin3Q3(ny —ny)? = 0. 27

Solving for y, gives

nini(n, —n,)*Q3
by = . . ini(n, 12 2 _ (28)
8,17 — n3)ny — Qyny)*(n3 — ny)

Equation (28) gives the normalized value of the marginal ray height at the first sur-
face of the module in terms of the 2, parameter and the indices of refraction. This
functional relationship is the condition that must be satisfied by such a two-surface
system to be a module.

If Eq. (27) is expanded and the terms are rearranged, it is easily recognized to be a
polynomial that is cubic in £2,. Stavroudis (1969b) solved this cubic expression in
terms of the front focal distance, a parameter related to the focal length of the sys-
tem, and another parameter that he called q. Applying the general method of solving
cubic polynomials, attributed to Cardan (1545), he solved this cubic by introducing
a new, nonoptical parameter k. The solufion has the form

3n3/n,
Q, = — (29)
2 ny +2n, —(ny —ny) [(—it})lﬁw’ + (%)I/BW_r]
(r = 0,1,2),

where w = exp(2wi/3), a complex cube root of unity. The value of y, obtained in
terms of the parameter £ is

27n3nd3(k® — 1)
»i = s : (30)
4ny(nz — ny)*(ny — ny)

Only those values of k that yield real values of £2, and y, are of interest. From
Eq. (30) real values of y, occur only if k is either real or pure imaginary. Stavroudis



showed that for real values of k& the solution to the cubic can be real only when r is
equal to zero. Hence for real k&

3n3/n,
Q, = — - 31)
+1\1/3 —1\1/3
ny +2n, —(n, —nl)l(-—l;_i) f +<—2+i) /]

For pure imaginary values of k, Stavroudis introduced another free parameter 0,
defined by k = i tanf, which enables us to write Eqgs. (29) and (30) in the following
form:

3 2
Q, = nz/m =012  (32)
ny +2n, +2(n, —n, )cos[2(0 +ar)/3]
—27n3n3 sec?0
Y1 (33)

B 4n,(ns —”2)2(”2 —ny) ’

Equations (32) and (33) form a set of three one-parameter families of solutions that
is designated as the imaginary case. Either set of solutions (30) and (31) or (32) and
(33) defines a family of modules having the property that third-order aberration is
Zero.

Canonical Optical Parameters

Stavroudis (1969b), in his analysis of modules, transformed the conventional optical
parameters he used into a more convenient form, which he called canonical optical
parameters. He defined the canonical optical parameters (written using my nota-
tion) as

Cy = (ny —ny)eyf

Cy = (n3 — ny)erf
34

T, ty/nf

T,

ty/naf

where f = [nyt,+nt,—(n,—ny et ty1/nyn,, ¢y and ¢, are the curvatures of the
module’s first and second surfaces, ¢, is the negative value of the front focal dis-
tance, and #, is the axial thickness of the module. He also defined Q, = q,/n, . Com-
paring the above canonical optical parameters and the equations obtained with the



v,y diagram parameters, we note that the expression for O, and that for 2, in Eq.
(29) are identical, as are T, and y, in Eq. (30). Therefore, the canonical optical
parameter T, is identical to ¥, , and the parameter Q is identical to £2,.

The equivalence of the remaining canonical optical parameters and equations with
the y,y diagram parameters used in this analysis of modules is easily established
when the relationship between the parameter f and the Lagrange invariant is ob-
tained. To show the relationship existing between f and W, T, is equated to y,,
which gives

Y1 = ti/nf.

From the y,y diagram, ¢, = n,y,/W. From these two relationships we obtain f =
1/#. Therefore, the parameter f defined and used by Stavroudis (1969b) is the re-
ciprocal of the Lagrange invariant.

From the relationship between the parameter f and the Lagrange invariant, the
equivalence between the remaining canonical optical parameters and the y,)y diagram
parameters is now established. They are as follows:

¢ =&
C, = &, (35)
T2 = sz .

In terms of the y,7 and the £,Q parameters, Egs. (35) could be written as
C, =8, — 2,0, = -2)/n
G, = 8, (36)
Ty = 1y, —7) = (1 =y)/8,.

Critical Values of Free Parameters

Parameter k. —The first critical value, k, is the value of the free parameter k£ when
€2, = 1. For §2, equal to unity, Eq. (31) becomes

k+1\1/3 k—111/3
(1) + (1) " = oz, .

which when solved for & gives

(3n, +2n,)3n, — nl)l/2 4n13
= ” el - (38)
3(3)* ny(ny tny) 27 ny(ny +ny)

ko

This value of & results in zero values for the parameters ¢, C,, and ®,.

10



The second critical value, ko, of the parameter & is its value when £, is infinite.
For this value of £2,, Eq. (31) is reduced to

k+l)l/3 (k—l)1/3 ny +2n,
- + pAS — L1 <2 9
(k_l k+1 n, —n; (39)

which when solved for & gives

%) 3
n, +2n,)(4n, —n,) 4(n, — ny)
ko = (n, 1/1)( 2 _ 1 /1+ 2 1 ' 40)
3(3)* na(ny)” 27n,%n,

At k = k,, the values of the parameters ¢;, Cy, ®,, t;, T, and 7,# vanish.

The third critical value, k*, is the value of k¥ when y, is unity. Substitutingy, =1
in Eq. (30) and solving for k, we obtain

Kt = \/1+ 4’11(713—”2)2(”2—”1) . @1

27n 22 n 32

This value of k makes ¢,, T,, and 7, become zero.

Table I gives the corresponding values of the canonical optical parameters and
their equivalent y,y diagram parameters for the three critical values of k£ including
the values for kK = 1, 0, and oo.

TABLE 1

Values of canonical optical parameters and equivalent y,y diagram parameters corresponding
to the critical values of k.

0 1 e ko k. k*
Q2
2 2
d), ) 3nz 0 127 1 oo _
C, ny(4n, — ny) . n
Q .
N —27ny%ny? —n’ny’ n(ny — m)?
2 0 °° 2 2 2 2 2 ]
T any(ng — np)?(ny — my) (n? — ny®)(ny — ny) m*(ny — ny)
o, Ay — m)*(ny — n)*(3my — ny) o 0 0 e _
C, 27n,2ng*(4ny — ny)
nmdn, — ny)
T, 3ny? n,2n.2 0 o

+
T S+ 27n,%n? w - ! (n® — my*)ns — nmy)?
any(ny — my)*(ny — ny)

11



Parameter 0.—Corresponding to the critical values obtained for the real case, we

have the following critical values of 8 for the pure imaginary case:

n, + 3”2
0o = —mr+(3/2)arc cos| ——

2n,
nl + 2”2
0o = —ar +(3/2)arc cos | —————
2(ny —ny)

3”1’13 3_-_
6* = —@r + arc cos
2(ns —ny) ny(ny —ny)

(42)

Table II gives the corresponding values of the canonical optical parameters and

their equivalent y,y diagram parameters for the three critical values of 6.

TABLE 1I

Values of canonical optical parameters and equivalent y,y diagram parameters corresponding

to the critical values of 8.

0o 0o o*
Q,
P,
Cz 1 oo -
Q
Y1 —n,%nj? n3*(n, — ny)?
_ 1
T, (n? — ni)ns — ny)? n(ny — ny)?
P,
0 —00 -
G,
HTy ny?ns?
1+ 0 0
T, (n? — n?)(ns — ny)?

12



Parameter Bounds.—Values of §2, and y, as functions of k are defined by Egs.
(30) and (31), and their corresponding values as functions of 6 are defined by Eqs.
(32) and (33). Because the canonical optical parameters and the equivalent y,y dia-
gram parameters could be expressed in terms of §2, and y, , functional relationships
exist between the parameter & or 0 and the canonical optical parameters or equiva-
lent y,y diagram parameters. Bounds on the free parameters & and 0 are equivalent
to bounds placed on the canonical optical parameters or the y,y diagram parameters.

The critical values of the free parameters & and 6 are functions of the indices of
refraction n,, n,, and n;. Therefore, the order in which the critical values occur
depends on the relative values of these refractive indices. Stavroudis (1969b) made
an analysis of all possible orderings of the critical values and the corresponding con-
ditions on the relative values of the set of three indices of refraction for real case
modules.

13



ADDITIONAL PROPERTIES OF MODULES

This chapter presents further analysis of the remaining third-order aberrations of the
module. Conditions for modules to simultaneously eliminate third-order spherical
and other Seidel aberrations are derived. Limitations in the choice of values of the
free parameters and the y,y diagram parameters are discussed for modules free of
additional third-order aberrations. Numerical examples of modules are given in the
appendix. All equations derived in this chapter conform with the assumptions made
in the preceding chapter.

Modules with Zero Coma

The condition for a two-surface system with image plane at infinity to be free from
coma can be obtained if Eq. (23) is expanded and set equal to zero. When the re-
sulting equation is solved for y, and equated to Eq. (28), the condition for zero
third-order spherical aberration, we obtain

(§2n3 —ny)ny — Syny) — n392(ﬁln2 - ﬁznl) = 0. (43)

This is the condition that must be satisfied by the £, parameters in order for the
module to eliminate coma.

Stavroudis (1969b) has shown that the two-surface module can be free from coma
only when & = 0. Hence, for zero coma, £, in Eq. (31) becomes a function of only
the refractive indices. That is,

Q; = 3n/n,(4ny —ny), (44)
and the height of the marginal ray at the first surface is

—27n 22n32

4n,(ns “’12)2(”2 —ny)

yi = (45)

14



When the relationship ¥, = (1-82,)/(Q; — £,8,) is solved for Q, and Egs. (44)
and (45) are substituted into the resulting equation, we obtain

Q, = Q, +¢ (46)

where ¢ is a function of the indices n;, n,, and n3.
If Eq. (43) is solved for £2, and Eq. (44) is substituted into the resulting expres-
sion, we obtain

§2 = n,[n,(n, —n1)+3n2n3ﬁ,]/nln3(4nz —n,). 47)

Solving Egs. (46) and (47) simultaneously will give the values of £2, and §2, as func-
tions of the refractive indices.

The location of the aperture stop S(0,y;) in the y,y diagram is defined by the
point of intersection of the line associated with n,, which is given by

Qz)_) — ﬁzy +1 =20 (48)

and the y axis. Hence, y, = 1/5—22. Therefore, the value of ﬁz obtained by solving
simultaneously Egs. (46) and (47) locates the stop position of the module with zero
coma, and the obtained value of £2; determines the height of the entrance pupil
since yp = 1/9Q, .

Modules with Zero Astigmatism

The condition for a two-surface system with image plane located at infinity, to be
free from astigmatism is obtained when Eq. (24) is set equal to zero. If this expres-
sion is solved for y, and is equated to Eq. (28), the condition for zero spherical
aberration, the result provides the condition for modules to be free from astig-
matism

Q13 — ny)*(ny — Qny)? — (41, — Q,1,)2032Q,% = 0. (49)

We observe that one of the factors of Eq. (49) is identical to the expression for
zero coma. Hence if the module satisfies the condition given by Eq. (43), then astig-
matism is also zero, which occurs only when &£ = 0.

The second factor of Eq. (49) will also eliminate astigmatism if it vanishes. This
leads to the equation

(Qyn3 —ny)(ny — Qany) +n32,(8yn, — Qyny) = 0. (50)

Since £, =(2,Q,y; +1 — 2,)/2,¥,, Eq. (50) when solved for £, becomes

5 - nalyi(ny —n82y) — ny(2; — D]

Q 51
2 2n3y(ny —ny82y) Gh

15



Because £2, and y; are functions of the free parameter &, the solution of Eq. (51)
gives the value of , for zero astigmatism indirectly in terms of k. Equation (51)
also defines the location of the aperture stop in the y,y diagram for the module to
be free from astigmatism since y, is the reciprocal of £,. Once the value of £, is
obtained for zero astigmatism, the height of the entrance pupil could also be de-
termined.

Both Coma and Astigmatism Equal to Zero

Modules can be free simultaneously of coma and astigmatism only if either the con-
dition for zero coma is satisfied or the first factor of the condition for zero astig-
matism vanishes. However, Eq. (43) vanishes only for concentric systems, as shown
by Stavroudis (1969b) and Powell (1970). Therefore, modules with zero coma and
astigmatism simultaneously must be concentric two-surface systems. '

The y,y diagram parameters of modules with both coma and astigmatism equal to
zero are defined by Eqs. (44), (45), (46), and (47). The parameters are all functions
of the indices of refraction of the three media. The aperture stop location of the
module is defined by the value of §,, obtained by solving simultaneously Egs. (46)
and (47). Its entrance pupil height is equal to the reciprocal of ;.

Modules with Zero Petzval Curvature

The condition for a two-surface system with image plane at infinity to have zero
Petzval contribution is obtained if Eq. (26) is set equal to zero. In terms of the 2,82
parameters this condition may be written as

n3(Qy —2,82,)+n,Q, =0, (52)
which can also be expressed as

n3(l — Q) +n,y,82, = 0. (53)
When solved for y,, Eq. (53) becomes

yi = —n3(1 = Qy)/n, Q. (54)
Equation (54) gives the value of y; as a function of £, and the indices of refraction
of the object and image spaces for a two-surface system with zero Petzval curvature.

Equating Eqs. (54) and (28) and rearranging terms results in a quartic equation
given by

A924 +BS223 + Cﬂzz +DQZ +£ = 0, (55)
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where

= n(ny® ~nyng)(ng —ny)

= n%(ny — ny)*(ny +ny)?

A
B
C = = 2nny(ny — ny)%(ny% +nyny +ny%)
D = n?(ns — my)*(ny +ny)?

E

= —nt(ny —ny)?.
This quartic gives the condition for a module to be free from Petzval curvature.

Real Zeros of the Quartic

The fundamental theorem of algebra states that a polynomial such as Eq. (55) has at
least one root that could be either real or complex. We also know that such a poly-
nomial has at most four zeros. Because we are interested only in the real values of
,, let us analyze the nature of the real zeros of the given quartic. To do this we
make use of an important theorem in algebra known as the Descartes rule of signs.
Every standard text in algebra or theory of equations such as Dickson (1939, pp.
76-80) discusses this theorem.

From the equations of the coefficients of the quartic, we note that the relative
values of the three indices of refraction determine the variations in sign of the suc-
cessive terms of the given polynomial. We also note that the quartic can have zero
roots only when n3 = n,, which is an impossible case for modules or any other
two-surface system.

For a given set of three positive refractive indices n,, #n,, and n;, we observe that
only the first term of the quartic could possibly change in sign. The remaining terms
have the same algebraic signs regardless of the relative values of the three indices of
refraction. Let Eq. (55) be denoted by G(£2,) = 0. The change in the number of
variations in sign of the terms in the given polynomial could be grouped in the fol-
lowing three cases:

Casel. (a) .ny? —nynz; >0, ny —n, >0
(b) n22~—n1n3 <O, N3y — Ny <0
CaseIl. (a) n,> —n;n; <O, ny —n, >0

(b) n22 —hynj >0, ny —n, <0

CaseIll. (a) n,2 —nyn;y =0
(b) ny —ny = 0.

An analysis of the above three cases might prove useful in the selection of glasses for
modules with zero Petzval sum.
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Case I. Case I(a) implies that n, > n; and Case I(b) implies n; > n,. For both,
the number of variations in sign in G(§2,) is three; hence, G(£2,) = 0 has at most
three positive real roots or at least one. The given quartic has at most only one real
negative root since the number of variations in sign in G(—£2,) is one. Therefore, for
this case there are at most three positive values of £2, and at most one real negative
value that makes the module eliminate Petzval contribution.

Applying Sturm’s theorem (Dickson, 1939, pp. 81-88), which is more powerful
than Descartes’ in revealing the number of real roots of G(£2,) = 0, we find that the
quartic yields, for this particular case, exactly two real zeros. One root is positive
and the other is negative.

Case II. The number of variations in sign in G(§2,) for this case is four; hence
G(£2;) = 0 has at most four positive real zeros. The given quartic could also have two
positive real roots or none at all. Because there is no variation in sign in G(—£2,), the
quartic cannot have any real negative root. This implies that £, can have only posi-
tive real values for this particular case. Case II(a) implies that n3 > n,. Case 1I(b)
implies n, > nj3. Sturm’s theorem gives us exactly two positive real roots for this
particular case.

Case III. For this case, the quartic reduces to a cubic. The variations in sign in
the resultant cubic are three, which implies that G(£2,) = O can have at most three
positive real roots or at least one. There is no variation in sign in G(—2,); therefore,
the given polynomial can never have any real negative zero. Case III(b) applies to the
case of modules in air or any medium common to the object and image spaces. It
was verified by Sturm’s theorem that the cubic can have only one real root, which is
always positive.

The three possible cases revealed that the quartic Eq. (55) cannot have four real
roots but at most two and at least one. Hence, for a given set of three indices of
refraction n,,n,,n3, there are either two or one refracting module that could have
zero Petzval contribution.

Two-Mirror Case

The quartic Eq. (55) degenerates into a simple quadratic equation for the case of a
two-mirror module in air. The resulting equation is

22,2 —1 =0, (56)
which when solved gives values of #/2/2 for §2,. These two real values imply the
existence of two modules in air consisting of spherical reflecting surfaces with zero

Petzval curvature. Equation (31), applied to a two-mirror module in air, could be
written as

1/3 1/3
k+1 k-1
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which when solved gives k = *1.221032 for §2, =\/§/2 and gives k = #i1.364291 for
Q, = W2. These pure imaginary values of k correspond to 8 = 7r £0.9383 rad,
where r = 0,1,2. Therefore, zero Petzval sum in a two-mirror module in air limits us
to the above two values of the £, parameter, which implicitly impose a limit in the
choice of values of the free parameters K and 8. Only the four calculated values of
the free parameters satisfy the condition for this additional third-order property of
the two-mirror module in air. Figures 3 and 4 show the configuration of the two
types of reflecting module systems with zero Petzval contribution.

|
[
c > ‘;' F Fig. 3. Real-case two-mirror mod-
24+ . R — ule system in air with zero
=y Petzval curvature.
) ,' k = %1.221032
\ / ¢y = ¢q = 0.353554
- t, = —0.414213
\ f2 = -2.0
¢ =1
) il Sl

Fig. 4. Imaginary-case two-mirror
module system in air with
zero Petzval curvature.

k = %i1.364291

¢y = ¢y = 0353554
1, = 2.41421
ty = -2.0 Cl
f=1
t,
Y




Both Coma and Petzval Sum Equal to Zero

The height of the marginal ray at the first surface of the module with zero coma is
given by Eq. (45), and the marginal ray height at the same surface for a two-surface
system that has zero Petzval curvature is given by Eq. (54). Equating Eqs. (45) and
(54) results in an equation that provides the condition for a module to simulta-
neously have zero coma and Petzval sum. The resultant equation when solved for
2, gives

4n, (ns —’72)2(’12 —ny)
27n%ny +4n,(ny —ny)*(ny —ny)

Q, = (58

Therefore, for a set of three indices of refraction, there is only one module that can
simultaneously have zero coma and zero Petzval curvature.

Both Astigmatism and Petzval Sum Equal to Zero
The marginal ray height at the first surface of the module with zero astigmatism is
obtained if Eq. (51) is solved for y, resulting in
—nan3 (82, — 1)
U7 (=i Q0) (238, — 1)

(59
If Eq. (59) is set equal to Eq. (54) and the resultant expression is solved for £, , we
obtain

Q, = ny(2n,Q, —ny)
2 2n3(ny Sy — ny)

(60)

Equation (60) provides the condition for a module with zero astigmatism, in which
the Petzval contribution is also zero. Equation (60) also defines the location of the
aperture stop in the y,y diagram as a function of the §2, parameter and the three
indices of refraction.

Zero Coma, Astigmatism, and Petzval Sum

The condition for modules to eliminate both coma and astigmatism is the vanishing
of the expressions in Eq. (43). This implies that a module with zero coma because it
satisfies Eq. (43) also has zero astigmatism. Hence, the condition for a module to
have simultaneously zero coma and zero Petzval contribution, which is given by Eq.
(58), is identical to the requirements for modules to be free simultaneously of coma,
astigmatism, and Petzval curvature because Eq. (58) was derived with the assump-
tion that Eq. (43) vanishes.
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If Eq. (58) is substituted into Eq. (43) and the resulting equation is solved for §,,
we obtain

ﬁz = n2/ﬂ3 + lp(n3ﬁ1 —nl), (61)
where

v = 4n,(ny —n,)*(n, —n,)
n3[27n2ny +4n,(ny —ny)*(ny —ny)l -’

Equation (61) gives the functional relationship between £, and £, . It also implies
the relative locations of the stop and the entrance pupil of the module to be free
simultaneously of coma, astigmatism, and Petzval curvature.

Modules with Zero Distortion

The two-surface system with image plane at infinity will eliminate distortion if Eq.

(25) vanishes.
For a module to eliminate distortion we have the necessary condition

”12”34923(5—22”12 - anzz)(ﬁan - ﬁz”x )(S_Zl - Qz)
(1= Q) Romi? — 1) — Lon)lns (2 — Dyn? )@, — 2R,

+H(ng — ny)? [132(Q,2n,2 — Q,2n,2) +n, 2 (8,2n5% — nzz)]} = 0.
(62)

We observe that the above condition involves all the unknown ,Q parameters of
the module and is difficult to satisfy in practice.
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IMAGINARY-CASE MODULES

In this chapter we analyze the properties of imaginary-case design modules with par-
ticular attention to the critical values of the free parameters. The results of this
study when combined with similar results obtained for real-case modules will enable
us to devise methods of conjoining modules to form the desired first-order layout of
optical systems.

Change of Parameter and New Parameter Domain

The transformation k& = itanf, used to obtain Eqs. (32) and (33), implies that § =
arctan(—ik). To avoid ambiguity and considering that 0 is a free parameter, we re-
quire 0 to be single-valued. Because the arctangent function is multivalued, we con-
fine the above transformation to a branch such that 0 has the range —7/2 <6 <m/2
and the quantity (—ik) has the domain —eo < —jk < oo, Let ¢ = 2(0 + 7r)/3 so that
Egs. (32) and (33) may now be rewritten in the form

- 3ny%/n,
L n, +2n, + 2(n, — ny)cose (63)
—27n,2n3%sec?(3¢/2
yy = ny*ns?sec?(3¢/2) (64)

4n,(n3 ""2)2(’72 —ny)

Under such a change of the free parameter, the relationship between &k and the new
parameter ¢ becomes k = itan(3¢/2). The new parameter ¢ runs from zero to 2w rad,
and its domain of definition may be divided into the following three subdomains,
each corresponding to a root of the cubic:

r = 0: —7/3 < ¢ < 7/3 (65)
r=1: w3 < ¢ <7 (66)
r= 2: 7 < ¢ < 5u/3. 67
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The branch cuts of ¢ are located at ¢ = #/3, w, and 5n/3. For each subdomain of ¢,
the quantity —ik has the range —oo < —jk < oo, In the following discussion we will
refer to each subdomain of the parameter ¢ by specifying the value of r.

Critical Values of ¢

It has been shown that the value of ¢ in Egs. (63) and (64) yields real values of y,
and §2,, which in turn yield the remaining optical parameters ¢,, ¢, , and ¢, . Because
all four optical parameters could be expressed in terms of ¢, functional relationships
exist between ¢ and the optical parameters. Owing to the change in parameteriza-
tion, we have the following critical values of ¢ for the pure imaginary case of k
corresponding to those given in Eqgs. (42):

¢$o = arccos[(n, + 3n,)/2n,] (68)

¢, = arccos[(n; +2n,)/2(n; — n,)] (69)
* - 27”22}132 .

0] (1/3)arccos|:2m(n3 )R — ) 1{. (70)

The critical value ¢, is the value of ¢ for which £, = 1, resulting in ¢, equal to zero;
¢_ is the value of ¢ when §2, becomes infinite; and ¢ = ¢* wheny,; = 1. At¢p=¢_,
the value of ¢, is zero and ¢; and c, are infinite. At ¢ = ¢*, the module’s axial
thickness, ¢, , is zero.

In addition to ¢, ¢_, and ¢*, we note that the values of the parameter ¢ at the
branch cuts are also critical. At each of these values of ¢ the optical parameters ¢,
and ¢, become infinite and ¢; approaches zero.

Critical Values for Refracting Systems

We observe that the critical values of ¢ that are located at the branch cuts are fixed
and independent of the indices of refraction of the module. It is also obvious that
they all exist for both refracting and reflecting module systems. In this section we
study the remaining three critical values of ¢.

It should be noted that the three critical values ¢¢, ¢_, and ¢* depend only on the
three indices of refraction n,, n,, and n5. Although these critical values of ¢ exist in
the strict mathematical sense, we will analyze their existence in the practical or ap-
plied sense by restricting the values of the refractive indices to those of commonly
available optical materials, particularly optical glasses. The order in which the critical
values of ¢ occur, vital in establishing bounds on the parameter ¢, ultimately de-
pends on the relative values of the three indices of refraction.
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In the domain of definition of the parameter ¢, the cosine function has the range
—1 < cos¢ < 1. In order for the first critical value ¢, to exist, the value of cosg,
should belong to the closed interval [—1,1]. This implies that

-1 < (n, +3ny)/2n; < 1. (71)
The inequality (71) when simplified may be written in the form —1 <n,/n; <1/3.

For refractive indices bounded away from zero, this implies

1< <o and o< <y, (72)
ny ny

from which we obtain the following relationships between the refractive indices
and n, in order for ¢, to exist:

—n, <n, <0 (73)
0<3n, <n,. 74)

It is of interest to note that the inequality (73) can be satisfied only by reflecting
module systems, the discussion of which is deferred until the next section. Although
the condition given by inequality (74) might be satisfied by some optical materials
in the infrared region, it cannot be satisfied by the indices of refraction of common
optical glasses over the visual wavelength. Hence, for most practical applications of
the results in this study of modules, we conclude that the critical value ¢, does not
exist for the case of refracting systems.
Similarly, if ¢_ is to exist in the domain of ¢, the value of cos$_ must satisfy

-1 < (n; +2m,)/2(n; — ny) < 1, (75)
which reduces to
0<3n,/(n; —ny) <4. (76)

We observe that inequality (76) requires that n; — n, > 0 and, if written in the form
0<3n; <4(n, — n,), implies

4”2 < ny, (77)

the condition that must be satisfied for the critical value ¢_ to exist. We note that
this condition cannot be met by refracting module systems but could be met by
reflecting modules. Hence, ¢_ exists only for the case of reflecting systems.

The third critical value ¢* exists if the three indices of refraction n,,n,, and n;
satisfy

0 < [27n,2n5%/n;(ny — ny)?(n; —n,)] < 4. (78)
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Again, we observe that the condition for the existence of ¢* requires that n; >n,.
It is easily shown that, for reflecting module systems where n, = n3 and n, = —n,,
the value of the expression inside the [...] in the inequality (78) is within the closed
interval [0,4]. Hence, ¢* exists for the case of reflecting systems.

For the case of refracting module systems we have to analyze further the condi-
tion given by inequality (78). From this condition, we obtain the relationship

27n2 /ny(ny — ny) < 4nz — ny)?/nit. (79

Let u; = ny/n, and u, = h,/n;. Then the inequality (79) may be written in the
form

#2<1—3\/_3—I~‘1/2\/I“M1 . (80)

When the inequality sign in (80) is replaced by strict equality, u, is a function of y, .
This curve is of degree three and is asymptotic with the line u; = 1. A segment of
this curve for 0 <u,; <1 is shown in Fig. 5. This is the only region of the curve that
interests us because the requirement n; — n, > 0in the inequality (78) implies that
0 < u; <1 for refracting module systems. Within this interval of u,, u, can have

1.0+,

M2
—1.01

—-2.0-
—3.071

—4.0

—5.01

Fig. 5. A segment of the graph of u, as a function of u;.
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any value in the region under the curve. It is interesting to note that u, decreases
monotonically as u, approaches 1. Let a be the value of u; for which u, = 0. Within
the interval 0 < u; <1, u, is positive (i.e., 0 < pu, <1) only for 0 < pu; <a.To
determine a, the point where the curve crosses the u, axis, we set the expression on
the right side of the inequality (80) equal to zero. Clearing the radical yields the
quadratic equation

27u,2 +4u, — 4 = 0. (81)

The roots of this quadratic equation are 2(—1 % 2\/7)/27. Hence, a = 2(—-1 +
2/7)/27, which is approximately 0.318. The conditions that must be satisfied by
the indices of refraction for the case of refracting module systems are

0 <y <0318 (82)
0<u, <1l. (83)

This region is shown shaded in Fig. 5. Inequality (82) implies that n, < 0.318n,,
and inequality (83) implies that n, < n;. We observe that the condition given by
inequality (82) cannot be satisfied by the indices of optical glasses since in order for
n, to have a value of unity, which is minimum for the refracting case, #, should be
greater than 3.145. We therefore conclude that the critical value ¢* of the parameter
¢ does not exist for refracting module systems.

Critical Values for Reflecting Systems

We have shown that, for most practical applications of modules, the critical values
®o, ¢_, and ¢* do not exist for refracting systems but do exist for reflecting systems.
In this section we calculate these critical values of ¢ for any two-mirror module
system.

For reflecting systems, where n,/n; = —1, the first critical value given by Eq. (68)
becomes ¢, = arccos(—1), which implies that ¢, = 7. At this value of ¢ the optical
parameters 7, and 7, become infinite while ¢, approaches zero.

The second critical value,¢_, given by Eq. (69), yields ¢_ = arccos(—%). Within the
domain of definition of the parameter ¢, ¢_ is two-valued (¢_ = £0.58m), the values
being within the r = 1 and the r =2 subdomains, respectively.

For a two-mirror module system, Eq. (70) becomes 3¢* = arccos(11/16), which
implies that cos3¢* = 11/16. Using the trigonometric identity cos3x = 4cos3x
—3cosx, this may be written in the form

cos3¢* — (3/4)cosp* — 11/64 = 0. (84)
Equation (84) is a reduced cubic of the form y3 + py + ¢ = 0, whose discriminant is

given by A = —4p3 — 274%. The discriminant of Eq. (84) is positive, which implies
that this cubic has three distinct real roots. Using Descartes’ rule of signs, we note
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that Eq. (84) has one positive root and two negative real roots. Solution of the cubic
yields cosp* = —0.713525, 0.963525, —-0.2500, corresponding to ¢* = +£0.753m,
+0.086m, £0.587, respectively. We note that the critical values ¢* = +0.587 are iden-
tical to those obtained for ¢_. The locations of the critical values ¢¢, ¢_, and ¢* in
the polar plane for any reflecting module system are shown in Fig. 6. Values of ¢
and the optical parameters at the critical values of ¢ for a two-mirror module system

in air are given in Table III.

Fig. 6. Locations of the critical values and subdomains of ¢ in the polar plane.

TABLE 11

Values of ¢ and the optical parameters corresponding to the critical values of ¢
for two-mirror modules in air.

0 /3 tm/2 £2m/3 ¢o=m ¢ _¢*=0.587 ¢*=+0.0861 ¢*=+0.7537
q  -3/5 -1 -3 3 1 —o ~0.618034  1.618036
to  27f/32 o  27f/16  27f/32 o ! ! !
¢y —128/135f O 32/27f 32/27f O —oo ~0809017/f 0.309018/f
o 25f196 o —11//48 ~5//96 oo 0 0 0
ey =3/  —1/2F  =3/2F 3/ 12 —o0 ~0.309017/f 0.809018/f
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Behavior of q, the Optical Parameters, and Pupil Plane Positions

We have shown that the critical values ¢o, ¢_, and ¢*, in general, do not exist for
refracting systems. Classification of modules possessing pure imaginary free
parameters based on the critical values, as in the real case of £, is therefore not
feasible. In this section we discuss the behavior of the nonoptical parameter g as
well as of the optical parameters and the pupil plane locations. This study may lead
to a method of classifying modules in the imaginary case in order to determine
whether they can be coupled so that they are constructible and their adjacent foci
and pupil planes coincide. By constructible we mean a module whose thickness is
positive and whose curvatures are spherical surfaces that it is practicable to
construct.

We observe that the nonoptical parameter ¢, which is equal to n; §2,, is always
positive for refracting modules, while for reflecting modules g may be positive or
negative depending on the value of ¢. In neither case can the parameter g be zero.
The parameter q is infinite only when ¢ = ¢_, which for all practical purposes occurs
only for reflecting systems.

The optical parameter #; can also never be zero for any value of ¢. We have also
mentioned that ¢, becomes infinite at the branch cuts of ¢ for both refracting and
reflecting cases. In addition, f;, may be positive or negative depending on whether f
is positive or negative and on the relative values of n, and n,.

The curvature ¢, may be either positive or negative but can never be zero since q
is always nonzero. For positive values of f, ¢, follows the sign of ¢ and can be infi-
nite in value only when ¢ = ¢_, which occurs only for reflecting systems.

The module thickness £, may be positive or negative depending on the relative
values of n,f and t; for the case of refracting module systems. This optical
parameter can be infinite only when ¢, is infinite or when g is zero. Since g can
never be zero, f, becomes infinite identically with ¢, , which occurs at ¢ = *n/3,m,
the branch cuts of ¢. The optical parameter ¢, becomes zero either when ¢ is infinite
(when ¢ = ¢_) or when ¢; = n;f (when ¢ = ¢*). Since ¢_ and ¢* exist only for
reflecting systems, ¢, may be zero only for this particular case. A necessary
condition in terms of the parameter ¢ for which ¢, vanishes may be obtained if #, is
expressed as a function of ¢ and the resulting expression is set equal to zero. This
yields a quartic of the form

a,cos*¢ +b,cos®¢p +c cos?¢p+d,cosp +e; = 0, (85)

where

a; 16n,(n3 — ny)*(ny — ny)?

bl = 8n1(n3 — n2)2(712 - )(2’12 +nl)

¢, = —12n(n3 — n2)2(n2 _”1)2
d, = (ny — ny)[54n,2n3% — 2n,(n3 —ny)*(4ny + 5n,)]
ey = (2ny +ny)[2n,(n3 — ny)?(ny —ny) + 27052032 .
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Our objective is to isolate the real roots of this quartic and, for a given set of three
indices of refraction, to obtain the domain of the parameter ¢ where ¢, is finite and
nonzero in value. This requirement is necessary to ensure the constructibility of the
module obtained for any choice of ¢. Equation (85) may be factored into

[cosp + (n, +2n,)/2(ny, — ny)] G(cosp) = 0, (86)

where

G(cosp) = 8n,(n; —ny)*(ny — n;)cos®¢ — 6n,(ny —ny)?(ny — ny)cosg

+27n,%n3% + 2ny(n3 — ny)2(ny — ny). (87)

If we divide Eq. (87) by the coefficient of the cos®¢ term, we obtain

27n,% ns?
ny(n; — ”2)2(”2 —ny)

G(cosp) = cos3¢p — (34)cosp + (%) [2 + 1] ,  (88)

which is a reduced cubic of the form y> + py + g. One of the general properties of
equations is that every polynomial of an odd degree has at least one real root of a
sign opposite to that of its last term. Hence Eq. (88) may have a positive or a nega-
tive real root depending on the relative values of n, and n,. To analyze further the
nature of the roots of this cubic we have to calculate its discriminant A = —4p3 —
27q*. The discriminant of this cubic may be written in the form

—729n,2n,4° 27n,%n3?
= +1] . 89
16n,(n3 —ny)*(ny —ny) | 4ny(ny —ny)(ny —ny) (89)

We note that A is negative only if n, > n,. This implies that Eq. (88) will have one
real root and two complex conjugate imaginary roots. We also note that the discrimi-
nant can be zero only if the quantity in [...] of Eq. (89) vanishes. This implies that

27n,2n3% = 4ny(n3 — ny)*(ny — ny), (90)

which can hold only if n, <n,.If Eq. (90) is satisfied by a set of three indices of
refraction, the cubic Eq. (88) will have at least two equal real roots.
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We also observe that A can be positive when n, <n, and the quantity in [...] of
Eq. (89) is greater than zero. The conditions A = 0 may be cast together into a single
inequality

2Tn,% /ny(ny — ny) <4(ns — ny)?ins?, on

which is identical to the inequality (79), the condition for the existence of the criti-
cal value ¢*. Since we showed that ¢* can never exist for refracting modules in the
visual region, we conclude that for refractive indices of optical materials in the visual
wavelengths the discriminant Eq. (89) can be neither positive nor zero. Hence the
cubic Eq. (88) can have neither three distinct real zeros nor at least two equal real
roots.

We shall now consider only the case where n, > n,, which gives rise to a negative
discriminant. To isolate the real roots of the cubic we will apply a general theorem
in algebra that states that if a real polynomial f(x) for x = @ and x = b takes values
f(a) and f(b) of opposite signs so that, for instance, f(a) <0, f(b) > 0, then there is
at least one real root of the equation f(x) = 0 in the interval (a,b). This theorem
when applied to Eq. (88) yields positive values for G(—1), G(0), G(1), and G(+).
The cubic has a negative value for G(—o0). We observe that there is a permanence in
sign of G(cos¢) in the interval (—1,%0) and a variation in (—o0,—1). Because the dis-
criminant of the cubic is negative, we conclude that the single real root of this cubic
lies in (—o0, —1). But since —1 < cos¢ < | and there is no real root in the closed
interval [—1,1], the refracting module’s thickness ¢, can never be zero for any
choice of value of the parameter ¢. This supports our statement that #, may be zero
only for the case of reflecting systems.

A more powerful method to effect the separation of real roots of polynomials is
based on Sturm’s theorem (Dickson, 1939), which allows one to find the exact num-
ber of real roots contained between two given numbers for an equation without
multiple roots. To check the results we have just obtained, let us apply this theorem
to the cubic, Eq. (88).

Let x = cos¢. Starting with G(x), it is possible, and in many ways, to form a
sequence of polynomials called Sturm’s functions

G(x)’ Gl (x)’ G2(x)a LEREEY Gn(x) (92)

in a given interval (a,b), where ¢ < b and neither is a root of G(x) = 0. This sequence
of polynomials is called a Sturm’s series relative to (a,b). The number of real roots of
G(x) = 0 between a and b is equal to the excess of the number of variations of signs
in the sequence (92) for x = a over the number of variations of signs for x = b. The
terms that vanish are to be dropped out before counting the variations of signs. The
process of obtaining the Sturm’s functions is a refinement of the greatest common
divisor process of Euclid. The method of constructing the Sturm’s series is discussed
in detail in most standard books on the theory of equations (i.e., Dickson, 1939, pp.
81-88, and Uspensky, 1948, pp. 138-150).
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To apply Sturm’s theorem to the cubic, Eq. (88), we form the sequence (92),
whose terms are the following Sturm’s functions:

2,2
G(x) = x* — (%)x + (%)[ 27, 1g ) + 1:'

21, (ny — ny )2 (ny — ny

Gl (x) = x2 — %
(93)

Go(x) = x — (‘/2)[ 27ny? n? S+ 1}

2n (3 — np)*(ny, — my

G3(x) = —1.

We note that in this sequence G, (x) = G3(x) # 0. This implies that G(x) = 0 has no
repeated root. Let V(x) denote the variations in signs of the numbers in the se-
quence G(x), G,(x), G,(x), G3(x) when x is a particular real number that is not a
root of G(x) = 0. We find that V(+e) = V(1) = V(0) = V(—1) = 1 and V(—o0) = 2.
These imply that the given cubic has only one real root and it lies in the interval
(—oo,—1), which proves our previous result. For reflecting modules, Eq. (85) be-
comes

256c0s* ¢ + 64cos ¢ — 192cos?¢ — 92cosp — 11 = 0, 99)

which when solved gives cos¢ = —0.25, —0.25, 0.963525, —0.713525. We note that
these roots of Eq. (94) correspond to the critical values ¢_ and ¢* of reflecting
module systems, which agrees with our previous statement.

The first curvature ¢, of the module may be infinite in value either when ¢ is
infinite or when ¢, is zero. Since ¢; can never be zero, ¢, becomes infinite only
when ¢ is infinite, which occurs when ¢ = ¢_, and occurs only for the case of
reflecting systems. We note that ¢; may have a value of zero when ¢, is infinite,
which occurs only for values of ¢ at the branch cuts. Expressing ¢, as a function of
¢ and setting the resulting equation equal to zero, we obtain the following necessary
condition in order for ¢, to vanish:

8n, cos*¢ — 4(n, + 3n,)cos>p — 6n, cos?¢
+ (9n, + Sn;)cosp — (n; +3n,) = 0. (95)

Equation (95) may be factored into

(cosp + 1)(cos¢ — ‘/z)2<cos¢o - 5%) = 0. (96)
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The first factor implies ¢ = 7 and the second implies ¢ = *7/3. The last factor implies
¢ = ¢o. Since we have shown that the critical value ¢, can never exist for indices of
refraction of optical materials in the visible region, we conclude that the curvature
¢, can be zero only for values of ¢ at the branch cuts. Because ¢, and ¢, become
infinite at the branch cuts, there is no constructible imaginary-case refracting mod-
ule that is plane on one surface, as ¢, is always nonzero. Hence for constructible
modules the choice of values of ¢ should be bounded away from its values at the
branch cuts.

For the reflecting case, Eq. (95) becomes
4cos*¢ + 4cos¢ — 3cos?¢p — 2cosp +1 =0, 7N
which may be factored into
(cosg + 1)2(2cosp — 1)? = 0. (98)

The first factor implies ¢ = 7 and the second implies ¢ = *w/3. These results agree
with our observation that c; is zero at the branch cuts.

Stavroudis (1969b) has defined pupil planes at which the module eliminates third-
order astigmatism. The locations of the pupil planes are given by

F= 2n3ftiq(ny —q)
fni(ny — q)(2q —ny) +nat (ny —q)

99

71 = Zuflt (ng =2n3)(n; — q) + nynsflng — @)l (100)
2t,q(n, — q)

where 7 is the distance from the object point to the entrance pupil and 7'is the
distance from the second surface to the exit pupil plane. Note that Z will be zero if
the numerator of Eq. (99) equals zero or if the denominator becomes infinite. When
Eq. (99) is expressed as a function of ¢ and set equal to zero, we obtain ¢ = *7/3.
Beforehand we know that, at ¢ = +x/3, ¢, is infinite and ¢ = n,. This implies that
Eq. (99) becomes indeterminate at this value of ¢. In the limit, as ¢, approaches
infinity and ¢ approaches n,, 7 has nonzero value. From this result we conclude
that, although for 7 to be zero the numerator of Eq. (99) must vanish or the
denominator must become infinite, these conditions are not sufficient.

If we set the denominator of Eq. (99) equal to zero, we obtain a condition for 7
to have a value of infinity. In terms of the parameter ¢, this condition results in a
quintic polynomial of the form

a,cos®¢ +b,cos*e +ccos3¢ +d,cos?p +e,cosp+f, = 0, (101)
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where

a, = 16n,(ny —ny)

b, = —8(3ny? +2n,n, — 2n,?)

¢y = 8(n* —nyny +6ny%)

dy, = [54nns/(ng — ny)?1 +2(9n,2 + 8nyn, — 8n,?)
3 -

e, = 27ny s, * 20, ) + 7(ny; — 3ny)(n, + 2n,)

(n3 —ny)*(ny, —ny)

27n,3n3(2n, +n;)
2(n; — n2)2(n2 -~ ny)

fa = (ny +3n)4n, —ny) —

Equation (101) may be factored into
(cosgp — i) (A,cos*p + Bycosdp + Cycos?¢p + Dycosp + Ey) = 0, (102)

where

A, = 16n,(n; —ny)

B, = 8(n;® —nyny — 3n,?)

C, = 12(n,2 — nyny +3n,2)

D, = [54n,3n5/(n; —ny)?] +2(18n,% + 5n,n, —5n,2)

E, = [27n33n3(2n, + ny)/(ny — ny)*(ny —ny)l —2(4ny —ny )(3ny +ny).

To isolate the real roots of the second factor of Eq. (102), which is a quartic, we will
make use of a theorem due to Budan and Fourier (MacDuffee, 1954, pp. 59-60),
which is much easier to apply than that of Sturm. The Budan-Fourier theorem states
that, if @ and b are real numbers, @ < b, neither of them being a root of f(x) = 0 (an
equation of degree n with real coefficients), and if V(a) denotes the number of varia-
tions of signs in the sequence

FG), £1600, £, £ (), o, £ 0) (103)

for x = a after vanishing terms have been deleted, then V(a) — V(b) is either the
number of real roots of f(x) = 0 between a and b or exceeds the number of those
roots by an even integer. A root of multiplicity m is here counted as m roots. In
particular, in case V(a) — V(b) is O or 1, it is the exact number of real roots between
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a and b. Although this method is much simpler to apply, it is less powerful than that
of Sturm. Descartes’ rule of signs is an immediate consequence of this theorem. An
elementary proof of the Budan-Fourier theorem is given by Conkwright (1943).

Let x = cos¢. Denote the quartic factor of Eq. (102) by H(x). The terms corre-
sponding to those in the sequence (103) may be obtained by taking the derivatives
of H(x):

H(x) = Ayx? + Byx3 +C,x? + Dyx + E,

H'(x) = 44,x3 +3B,x? +2C,x + D,

H'"(x) = 124,x% + 6B,x + 2C, (104)
H'"(x) = 24A4,x + 6B,

H'"'(x) = 244,.

To analyze the variations of signs in the sequence H(x), H'(x), H"(x), H'"(x),
H'"'(x) we consider two cases. The first case is when n, — n; > 0 and the second is
when n, — n; < 0. Since we are considering these two cases for refracting modules,
the indices of refraction are restricted to positive values.

n, —n; > 0. For this case we find that V(+e0) =0, V(1) = 2, V(0) = 2, and V(—°)
= 4. We observed that V(—1) may be either 4 or 2 in value because we can have
either H'(—1) < 0 or H'(—=1) = 0. The sign of H'(—1) is the same as the sign of the
inequality

ny3ny 2 (2ny — ny)(ny +ny)(ny — ny)2. (105)

If we divide (105) by n;2n32 on both sides and set u, =n,/n,; and u, =n,/n;, we
obtain

milpe 2 Qe — DA +p) —pp)?, (106)
which after grouping and expansion of terms may be written as

e =, (L1
Mo /(1 —up)? 2 2 (ulz ul)- (107)

Let z = 1/u, = n;/n,. If we complete the squares of the quantities inside the paren-
theses on the right side of (107) we get, after transposition of terms,

e = 2 M2
z-m)? 2 g TEYRTE (108)
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Solving for z, inequality (108) yields

LS e YOu? 22, +9
< 2(1 — pp)

(109)

When the sign of the inequality (109) is replaced by strict equality, z is a function of
U, . This functional relationship is plotted in Fig. 7 for 0 < u, < 2. The graph has
discontinuity in the interval 0.5195 < u, < 1.92495, the region where quantities
under the radical sign in (109) are negative thus giving imaginary values of the square
root. In the interval 0 < u, <2,z = Y% at u, =0.5195 and at u, = 1.92495, which
occur when the sum of the quantities under the radical in (109) vanishes. Because 7,
>n,, then 0 <z <I. For 0 < u, <2, we observe that z is broken into 0 <z <0.5
and 0.5 <z < 1. These regions are shown by solid line segments in Fig. 7.

20~ e

1.5 \ 1

0.5} 4
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0 0204 06 08 1012 14 16 1.8 20
M2

Fig. 7. Graph of z as a function of g, for 0 <u, <2.

For H'(-~1) = 0, Fig. 7 shows that, for 0.5 <z <1, u, isin the interval 0.5 <p,
< 0.5195, and for 0 < z < 0.5, u, is in the interval 1.92495 < u, < 2. Because 1 <
ns < 2, the only possible range of n, in the first interval of u, is 1 <n, <1.039.
But n, is greater than n, , and because 1.0 is the minimum value that n; can have for
refracting systems, H'(—1) = 0 may not be satisfied in the practical sense for 1 <n,
< 1.039. The second interval 1.92495 <u, <2 implies that 1.92495n; <n, <2n;.
Because 1 < n5; < 2 and because n, must also be in the range 1 <n, <2, H'(-1)
can be zero only if n; = 1, and for this particular case the only possible range of n,
is 1.92495 <n, < 2. We note that in the visual region only a few glasses of the types
La SF and SF could be used for the case H'(—1)=0.
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For H'(—1) > 0 we find that 0 <z <1 and 0.5 < u, < 2. The interval 0.5 < pu, <
2 implies that 0.5n; < n,< 2n;. Because 1 <nz <2, n, has also the range 1 <n, <
2. In this particular case, for every value of n, that is in the interval (1,2) such that
n, >n,, any value of n3 in the interval [1,2) satisfies H'(—1) > 0.

For the case where H'(—1) < 0 and 0 < z <1, u, may be either in the interval 0
<y < 0.5195 or 1.92495 < u, < 2. These represent the region under the segments
of the curve in Fig. 7. The first interval of u, implies that 0 <n, < 0.5195#;. For 1
< n3 < 2, this range of n3 is 0 <n, < 1.039, which is not practicable to satisfy
since 1, > n;. The other range 1.92495 < u, < 2 can be satisfied only as in the
H'(—1) =0 case for ny = 1 where 1.92495 <n, <2.

These results for the case n, — n; > 0 reveal that H'(—1) < 0 can occur only
when n5; = 1 and 1.92495 <n, < 2.If H'(—1) <0, then ¥V(—1) = 4, and since V(0)
= 2, Budan-Fourier theorem tells us that either two real roots or none may lie in the
interval (—1,0). When H'(—1) =2 0, V(-=1) = 2, and since V(+1) = 2, there is no real
root in the interval [—1,1] where our parameter ¢ is defined. Although either two
roots or none may lie in each of the intervals (—eo,—1) and (1,%°), these roots if they
really exist will not be considered since they are outside the domain of the value of
Ccos .

n, — n; < 0. We find that V(+e) = 0, V(1) = 2, ¥(0) =2, and V(—o0) = 4. We
observed that the variations of signs in the sequence for x = —1 may be either 4 or 2.
Since V(—1) = 4 for H''(~1) < 0 and V(—1) = 2 when H"'(—1) = 0, we note that
H"(—1) follows the sign of the inequality

ny® —ny(ny —ny) Z 0. (110)
If we divide inequality (110) by #n, 2 and let u; = n,/n,, we get
m*tu —120. (111)

Because n, <n;,then 0<pu, <1.Let f(u;)=pu; 2 +u; — 1. The graph of f(u, )isa
parabola, and this is shown in Fig. 8 for 0 < u, < 1. The point where the curve
crosses the u; axis, designated by b = 0.618034, is the value of u; if H''(—1) = 0. At
b, n, = 0.618034n, where | <n, < 2. For H'"(—-1) <0, 0 <u; <0.618034, and
for H''(—1) > 0, 0.618034 < yu; < 1. Because 1 <n, < 2, the practical range of n,
is 1 <n, <1.236068 if H'"(—1) < 0 and 1.236068 <n, < 2if H'(—1) > 0. The
Budan-Fourier theorem reveals that either two roots or none lies in the interval
(=1,0) if H"(—1) < 0 whereas, if H"'(—1) = 0, we are certain that there is no root in
the closed interval [—1,1], beyond which we are not interested. Again, we observe
that there are either two roots or none in (—o, —1) if H''(—1) < 0 and in (1, ) if
H"'(—1) Z 0, but cos¢ is not defined in these intervals.
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Fig. 8. Graph of f(u,) for 0 <u,; <1.

We have shown that for the two cases n, — n; > 0 with H'(-1) >0, and n, — n,
< 0 with H'(=1) = 0, the quartic H(x) = 0 yields no real zeros in the interval
[—1,1], which implies that the entrance pupil plane distance 7' can never be infinite
in value for any choice of the parameter ¢ in these two particular cases. For the
other two cases,where n, — n,; > 0 with H'(—1) <0and n, — n, <0 with H'"'(-1)
< 0, we find that the Budan-Fourier theorem is uncertain as to the exact number of
roots in the interval (—1,0). To dissolve this uncertainty, other methods must be
used to supplement the theorem.

For the reflecting case, Eq. (101) becomes
32cos’¢p — 8cos*¢p — 64cos3¢ +(55/2)cos? ¢
+(197/8)cosp — 187/16 = 0, (112)

which when solved yields cos¢ = 0.81066, 0.963525, —0.713525, 0.5, —1.31066.
The first root of Eq. (112) implies ¢ = £0.1997 and the second and third roots are
equal to the two sets of values of ¢*. The fourth implies ¢ = +w/3, but at this value
of ¢ the expression for 7 becomes indeterminate and yields a finite value when we
take the limit-of 7 as t; = o° and ¢ —> n,. Hence, we conclude that the vanishing of
the denominator of Eq. (99) is necessary for 7 to be infinite, but it is not a sufficient
condition. The fifth root, whose absolute value is greater than 1, is extraneous.
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Finally, we discuss the behavior of the exit pupil distance, 7. We observe that a
condition for 7' to be infinite is when the denominator of Eq. (100) vanishes. If this
denominator is set equal to zero and the resulting equation is solved for ¢, we again
obtain ¢ = *w/3, which implies the insufficiency of that condition for 7' to be in-
finite.

When Eq. (100) is expressed as a function of ¢ and set equal to zero, we obtain

[2n, + ny +2(ny — ny)cosg]? [27n,2n5(2cosp — 1)(n, — 2n4)
- 2(n3 — ny)*(ny —ny)(2n, cosp — ny — 3n,)
X (1 +4cos3¢p — 3cosp)] = 0. (113)
Equation (113) is the condition for 7' to be zero. The first factor yields ¢ = ¢_and

the second is a quartic polynomial that may be written

ascos*p + bycos3p + c3c0s2¢p + dycosp +e; = 0, (114)

where

az = l6n,(n3 —ny)*(ny —ny)

by = —8(n; +3n,)n3 —ny)%(ny —ny)

¢3 = —12n,(n3 — ny)*(ny —ny)

dy = 2(ns —ny)*(ny — ny)(5ny +9ny) — 54n,2ns(ny — 2n3)

es = 2Tn2nz(ny — 2n3) — 2(ns — ny)%(ny — ny)(ny + 3n,).

If Eq. (114) is divided by aj, the coefficient of the cos*¢ term, the resulting equa-
tion may be factored into

(cosp — YL)F(cosp) = 0 (115)
where

F(cos¢p) = cos3¢ — ;—Zl cos?¢ — 3(—’12’:—”‘—) cosg
1 1

+ 2Any +3ny)(ny —ny)*(ny —ny) +27n%n3 (2n3 — ny)

116
81y (13 — 13)2(ny — 1y) (116
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The real roots of Eq. (116) may be isolated using the Budan-Fourier theorem. Let x
= cosp. We form the sequence F(x), F'(x), F'"(x), F'"(x) made up of the terms

21_2_)(2 _3(n2 +nl)x

= x3 _
Fix) = x 2n, 4n,

. 2(ny +3ny)(ny —ny)2(ny —ny) +27m%n3(2n; —ny)
8n,(n3 —ny)*(ny —ny)

F'(X) = 3x2 _3n_Zx M_)

n, 4n,

F'"(x) = 6x — %1’11 (117)
1

F"(x) = 6.

The variations of signs in the sequence may be analyzed if the problem is divided
into two cases: n, — n; > 0 and n, — n, < 0. Again we consider only positive
values of refractive indices.

n, — n; > 0. For this case we find the following variations of signs in the se-
quence V(—e0) = 3, V(—1) =2, V(0) = 2 and V(ec) = 0. We observe that V(1) may be
either 1 or 2 since /(1) may be greater or less than zero. The sign of F(1) follows the
sign of the inequality )

2Tn32ns(2ny — ny) 2 43Bny — )y — ny)*(ny — my). (118)

The Budan-Fourier theorem reveals that, for F(1) > 0, F(x) has one negative root
in the interval (—oo,—1) and either two roots or none in the interval (1,00). Because
we are concerned only with real roots in the closed interval [—1,1] where cos¢ is
defined, we note that in the case where n, > n; and F(1) > 0, the exit pupil plane
distance, 7', can never be zero for any value of ¢. On the other hand, when F(1) <0,
the variation of signs in the sequence for x = 1 is V(1) = 1. Thus F(x) = 0 has three
distinct real roots, which lie on each of the intervals (—oo, —1), (0,1), and (1,%0). For
x = %, we find V(%) = 2. Hence the only real root with which we are concerned lies
in the interval (%:,1), which implies that 7' may be zero for the case n, <n, if F(1)
< 0, and in this particular case the parameter ¢ is in the intervals (0,7/3) and
(—m/3,0), which we recall belong to the subdomain r = 0. It is only in this sub-
domain of ¢ that 7' can be zero. An example of this particular case is when n; =
1.5731, n, = 1.9525, and n; = 1. For this set of three indices of refraction where
F(1) < 0, solution of F(x) = 0 gives x = 0.90682548, 2.1432607, —1.1883099. Only
the first root, which implies ¢ = arccos(0.90682548), is the value of the free param-
eter that makes 7’ equal to zero.
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n, — n; <0. The variations of signs in the sequence F(x), F'(x), F''(x), F"'(x) for
this case give V(—o) =3, V(—1) =3, ¥(0) =1, and V(+0) = 0. We note that V(1)=1
even if F'(1) may either be equal to, greater than, or less than zero. Because V(1) —
V(ee) = 1, one real root of F(x) = O lies in the interval (1,). The theorem also
reveals that either two roots or none occur in the interval (—1,0). Here again is a case
where we find that the Budan-Fourier theorem must be supplemented by additional
investigation in order to locate the exact number of real roots of F(x) = 0 in the
interval (—1,0) with certainty. If we know the sign of the discriminant of F(x),
which is a cubic, together with our result from the Budan-Fourier theorem, we
might be able to draw conclusions on the true nature of the real roots in (—1,0). It
so happens that when the discriminant of F(x) is calculated, it is too complicated to
deduce whether it is positive, negative, or zero. When Sturm’s theorem was applied
to F(x), which is very complicated but powerful, the examination of the Sturm’s
series F(x), F,(x), F,(x), F3(x) revealed that there is no real root in the interval
(—1,0). Hence F(x) = 0 has no root in [—1,1], which implies that for the case where
n, <n,, ' can never be zero for any choice of ¢.

We have shown that 7' can be zero only for the case where n, — n; > 0 with F(1)
< 0 and that ¢ is in subdomain = 0. The first factor of Eq. (113) that yields ¢ = ¢_
will not make 7’ vanish since we have shown that this critical value does not exist for
refracting modules. The first factor of Eq. (115) implies ¢ = *m/3, but 7’ approaches
a nonzero value as ¢ approaches these values at the branch cuts. This shows that Eq.
(113) is only a necessary condition for 7' to be zero but not a sufficient one. For
reflecting systems, Eq. (114) becomes

128cos*¢ + 128cos3¢p — 96cos?¢ — 226c0s¢p + 113 = 0. (119)

Solution of Eq. (119) yields real values of ¢ equal to +0.167x. Therefore, at ¢ =
*0.167m and at ¢_, T'is zero for reflecting module systems.

40



CONCLUSIONS

It has been shown that parameters derivable from the Delano y,y diagram form a
convenient set of independent parameters that completely describe and define some
of the general properties of design modules. Such representations were found to
yield insights in the analysis of modules that cannot readily be obtained using better
known methods. The only drawback of the Delano diagram is that the constructi-
bility of modules is not at once visualized from these parameters without transform-
ing to the conventional optical parameters of curvatures and axial separation. Such
transformations are straightforward, however.

The canonical optical parameters defined by Eq. (34) were introduced by
Stavroudis (1969b) as a convenient form of describing modules. These are compar-
able to the parameters associated with the y,y diagram when the parameter f is
equated to 1/M , the reciprocal of the Lagrange invariant.

Critical values of the free nonoptical parameters, kK and 6, were defined in terms
of the y,y diagram parameters and the three indices of refraction n,, n,, and nj.
Values of the canonical optical parameters and equivalent y,y diagram parameters,
which correspond to the critical values of £ and 0, were given in Tables I and II.

Conditions for modules to eliminate simultaneously third-order spherical and
other Seidel aberrations were obtained. The limitations or constraints in the choice
of values of the free parameters and the y,y diagram parameters were analyzed. The
proper location of the aperture stop defined by Eq. (51) eliminates third-order astig-
matism. For a given set of three indices of refraction n,, n,, and n; the module was
found to eliminate Petzval curvature if £2, is chosen so that it satisfies the quartic
Eq. (55). Application of Descartes’ rule of signs and Sturm’s theorem in this quartic
showed that there are at most two possible values of £2, and at least one that will
provide values of the free parameter k for refracting modules with zero Petzval con-
tribution. For a two-mirror module in air, the quartic degenerates into a quadratic,
which implies the existence of two possible modules with zero Petzval sum. It was
also shown that for a two-mirror module in air there are exactly two real and two
pure imaginary values of the free parameter k that provide zero Petzval curvature.
The configuration of such mirror systems was shown in Figs. 3 and 4.

It was shown that modules with zero coma and Petzval curvature may be de-
fined algebraically by Eq. (58). Their constructibility depends on the relative
values of the three refractive indices n,, n,, and #n3. In like manner, modules with

41



zero astigmatism and Petzval sum, modules with zero coma, astigmatism, and Petzval
sum, and modules with zero distortion have been defined. Conditions for such de-
sirable combinations seem difficult to satisfy for the case of zero distortion, but the
others may be feasible depending on the choice of parameters. Numerical examples
of modules generated with the aid of the General Electric time-sharing computer
yield promising data for possible applications of these results in the process of
optical design.

It has been found that the critical values ¢, ¢_, and ¢* do not exist for refracting
modules in the imaginary case when indices of refraction are confined to common
optical materials, particularly optical glasses. This result is surprising considering that
their counterparts do exist for modules in the real case. These critical values of ¢ are
functions of only the three indices of refraction associated with the module. A main
objective of this study was to determine whether modules in the pure imaginary case
may be grouped or classified in accordance with their parameter domains, which
would lead to criteria that would ensure their constructibility. These parameter
domains are delimited by the critical values, which in turn depend on the refractive
indices.

Because the critical values of ¢ do not exist for refracting modules in the imagi-
nary case, a new basis for classifying these refracting modules is needed so that we
can compare real-case and imaginary-case modules. The purpose of such a compari-
son would be to determine conditions under which modules could be coupled. A
possible classification of refracting modules other than from the point of view of the
critical values could be based on the zeros of the expressions for the optical param-
eters and pupil positions. These were analyzed for the polynomials given by Egs.
(85), (95), (101), and (114). This is the direction now being considered for future
work on this subject.

For the case of reflecting module systems, we showed that the critical values of ¢
do exist and have fixed values. This result enables us to classify two-mirror module
systems, both real and imaginary cases, into groups so that we can compare each
class with each other class to determine whether they are compatible for coupling
purposes. By coupling, we mean that not only the focal planes of adjacent module
elements but also their pupil planes must coincide to ensure that the resulting opti-
cal system eliminates both third-order spherical aberration and third-order astigma-
tism. A detailed account of these classifications is beyond the scope of this paper.

The method of applying the results of this study of the properties of modules to
the design of multi-element refracting systems is clear. Arrays of modules could be
arranged so that the rear and front foci of successive modules coincide to yield sys-
tems with initially zero third-order spherical aberration. The parameters associated
with the individual modules could be varied to optimize the design. Some examples
of coupled modules are given in the Appendix.
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Appendix. EXAMPLES OF MODULES

To illustrate what has been discussed about modules, two values of refractive in-
dices, n; = 1.7335 and n, = 1.51823, are randomly picked from the glass catalog.
For n3 =1, the calculated critical values of the free parameter k are as follows:

ko = 0.947121
k. = 0.999815
k* = 0.996774.

The above critical values of k& were computed with the aid of the General Electric
time-sharing service Mark I computer, using the program “MODULE” in BASIC
language. The computer program, “MODULE,” generates tables of conventional op-
tical parameters for modules, real case, for the three input values of refractive in-
dices. In addition to the critical values, tables calculated at five values between criti-
cal values were generated. An option for including additional values of the free
parameters was provided in the program.

Another computer program, “MOD-BAR,” which is a modification of the
“MODULE” has been written to generate tables of the y,y diagram parameters, real
case of k, for three input values of refractive indices. The data generated from the
“MODULE” and the “MOD-BAR’ using the same set of three input values of refrac-
tive indices and an f value (1/w) of 0.1 are shown plotted as functions of k in Figs. 9,
10,11, and 12.

Using the same set of three indices of refraction, the fourth degree Eq. (55) was
solved with the aid of the General Electric Mark II time-sharing computer. A system
subroutine called “ZORP*** > in FORTRAN, was employed to determine the zeros
of the polynomial. The quartic equation yields only two real roots of 2,
(2.0138932 and 0.55637065), which imply the existence of two modules with zero
Petzval sum for the given set of three indices of refraction.

The program “MODULE” was also modified to generate tables of £ and 7 param-
eters for modules with zero astigmatism. Graphs showing the values of these param-
eters as functions of &, using the same set of three refractive indices and f-value, are
plotted in Figs. 13 and 14.

Some examples of constructible real-case modules are shown in Figs. 15 and 16.
The corresponding p,y diagrams of two typical real-case modules are illustrated in
Fig. 17.
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The program “IMMODR” was written to calculate tables of optical parameters for
imaginary-case modules for three input values of refractive indices. Graphs showing
the values of g, the optical parameters, and the pupil distances of two-mirror mod-
ules in air as functions of ¢ are shown in Figs. 18 to 21.

Figure 22 shows two examples of constructible two-mirror modules. All dimen-
sions in these and succeeding illustrations are in centimeters. No attempt was made
to correct the chromatic aberrations or any third-order aberrations besides spherical
aberration and astigmatism.

In Fig. 23 we have examples of, first, two real-case modules defined by free pa-
rameters k; and k,, coupled so that the pupil planes defined by Eq. (100) for the
modules coincide. Relative to the object point O and image point /7, both third-order
spherical aberration and astigmatism are zero for this system. Two other configura-
tions of two-module systems at finite conjugates are also shown.

Figure 24 is an example of three real-case modules with parameters &k, k,, and k5
coupled so that pupil planes and focal planes of adjacent modules coincide. Relative
to two conjugate planes, one at a finite distance and the other at infinity, both third-
order spherical aberration and astigmatism are zero.

The cover illustration shows a seven-module system formed by combining a four-
module afocal system generated by parameters k,, k,, k3, and k4 and a three-
module system with parameters ks, k4, and k4. The modules of this system were
coupled so that the pupil planes and focal planes of adjacent modules coincide, thus
guaranteeing that third-order spherical aberration and astigmatism are zero relative
to the two conjugate planes of the resulting seven-module system. Optical data are
given below.

focal length = 20.5 cm

semifield angle = 20°

f/number = 5.2

back focal distance = 18.7878 cm

stop position: 0.772896 cm from eighth surface

ny = nmis = 1.0 ¢y = 0.091537 ty = 0.27087 ky = 1.00275
ny, = 1.96052(LaSF-6) ¢, = 0.353252 t, = 2.96976 k, = 0.9875
ny = 1.9525(SF-59) c3 = 0.219743 t3 = 1.05006 k3 = 0.985

ng = 1.0 cq = 0.212528 ta = 0.954597 ks = 0.9937525
ng = 1.4645 (FK-3) cs = 0.359662 ts = 0.771267 ks = 0.9925
ng = 1.0 ce = 0.258797 te = 1.14959 ke = 0.9825
ny = 1.9212(LaSF-7) ¢, = —0.0967274 t, = 0.601411 ks = 1.0021875
ng = 1.65332(KzFS-5) cg = 0.194559 tg = 1.414110

ng = 1.0 cg = —0.17913 te = 0.921304

ny = 1.62230(SSK-2)  c¢;o = 0.0801456 ¢, = 0.939737

ny = 1.9525(SF-59) e = —0.222083 1, = 1.47854

np = 1.0 c12 = —0.366516 t;; = 0.37597

ny3 = 1.4645 (FK-3) c13 = —0.299313 1,3 = 0.877542

nig = 1.9525(SF-59) cia = —0.199782

These examples are given primarily to illustrate the potential of using modules in
design problems. Further studies of optical design modules and modular methods in
lens design are currently being undertaken. This report presents only the preliminary
work done on the subject.
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ny = 15731 n, = 1.9525 ny = 1.0 I/'m =10

Fig. 15. Examples of modules (ko < k< k* > 1).
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Fig. 16. Examples of modules (ko <k* <k, <1).
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n, = 1.9525 t; = 16.0374 ¢, = 0.184135
n, = 1.5731 t, = 1.78539 ¢, = —0.274616
ny = 1.0 k = 0.99%

<|

ny = 1.0 t = 1.17703 ¢, = 0.245106
n, = 1.9525 ty = 13.517 c; = 0.409394
ny = 1.5731 k = 1.009

Fig. 17. Constructible modules and their y,y diagrams.
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Fig. 23. Examples of two-module systems with finite object and image distances.
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Fig. 24. Example of a three-module system. Ray trace data for this system, generated using the
program “TRIP-4,” are shown on the opposite page.
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