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ABSTRACT 

This dissertation presents a theoretical investigation into the production, evolution, 

and asymptotic form of chirped pulses in homogeneously and inhomogeneously 

broadened laser amplifiers. Amplifier equations of motion are obtained in a form 

appropriate for dealing with such frequency-modulated pulses. The transient re

sponse of laser amplifiers to variously chirped Gaussian input pulses is studied 

parametrically using numerical solutions of the amplifier equations. The chirping 

mechanisms of the intensity dependence (Kerr effect) and the quadratic frequency 

dependence of the index of refraction are discussed briefly, as are the chirps pro

duced by them and the amplification of Gaussian pulses in their presence. The am

plifier whose host exhibits these dispersive effects is treated as a sequence of pairs of 

slices. One of each pair amplifies and exhibits the Kerr effect; the other has an index 

with a quadratic frequency dependence. This slice model is used to obtain steady

state pulses in both homogeneously and inhomogeneously broadened amplifiers 

whose host indexes have a quadratic frequency dependence. The steady-state pulse 

characteristics are determined as functions of amplifier parameters and the index 

curvature. The principal results are as follows: The homogeneously broadened am

plifier responds predominately to the temporal character of a chirped input pulse 

whereas the inhomogeneously broadened amplifier response depends primarily upon 

the pulse spectrum. Of three important concepts (area theorem, echoes, and optical 

nutation) used to describe unchirped pulse amplification in inhomogeneously 

broadened media, only photon echo is useful when pulses are more than slightly 

chirped. The presence of the Kerr effect can produce significant chirps on large 

pulses. Amplification in the presence of the Kerr effect produces pulses strikingly 

similar to experimental results. Quadratic frequency dependence in the index has 

very little influence on most pulses in short amplifiers but has a cumulative effect in 

long amplifiers and laser oscillators. Chirped steady-state pulses exist in both homo

geneously and inhomogeneously broadened amplifiers when the host index has such 

frequency dependence. In the homogeneously broadened case, they exist at relative 

gain levels dramatically below other theoretical predictions. They occur in the in

homogeneously broadened case only for the smaller index curvatures. 
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I. INTRODUCTION 

Short, intense pulses of radiation have potential applications in a variety of areas: 
lifetime measurements, nonlinear phenomena, optical radar, and optical computers, 
to name a few. Since short pulses require a large spectral content, there is consider- 
able interest in the neodymium:glass laser, whose large gain bandwidth should allow 
production of pulses only a few tenths of a picosecond in duration. Experimentally, 
however, this potential has not been realized; pulses are observed to have widths of 4 
or more psec -even though their spectral content indicates that laser oscillations are 
occurring over the entire gain bandwidth (DeMaria et al., 1967; DeMaria et al., 
1969). This discrepancy was largely explained by Treacy (1968), who compressed 
such pulses to widths of about 0.4 psec using an optical delay line formed of two 
diffraction gratings. He postulated and later (1970) directly demonstrated that the 
pulses were "chirped," that is, that the carrier frequency was swept upward during 
the pulse. 

However, the question of the origin of the chirp is still not adequately answered. 
Both DeMaria et al. (1969) and Cubeddu and Svelto (1969) have pointed out that 
chirps can be produced by dispersion due to the quadratic frequency dependence of 
the index of refraction of the host material in which the laser atoms are embedded. 
Whereas DeMaria et al. (1969) exploited an analogy with microwave theory, 
Cubeddu and Svelto balanced the effect of a saturable absorber against the fre- 
quency dependence of the host dispersion. In another treatment, Comly et al. 
(1969) balanced the effect of the intensity- dependent index of refraction found in a 
Kerr medium against the linear response of the lasing medium to demonstrate that 
the Kerr effect can cause a chirped pulse. However, all three treatments are confined 
to a linear response of the lasing atoms and to steady -state considerations. Thus they 
cannot directly relate to the nonlinear interactions and dynamic conditions that ex- 
ist in the pulsed Nd:glass lasers. Recently Duguay et al. (1970) estimated that in 
such lasers the chirp can be accounted for by the Kerr effect of the glass host alone. 
The net effect of these treatments is to provide a useful estimate of the mechanisms 
for producing chirps and of the magnitudes of the possible chirps. There is, however, 
no work that provides a detailed theoretical attack on the problem of the produc- 
tion and evolution of chirped pulses. 

There are several considerations that are necessary in such an investigation to 
ensure that the results are applicable to Nd:glass lasers. First of all, in Nd :glass lasers, 
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pulse durations are on the order of the atomic coherence time; thus the rate equa- 
tion approximation, which ignores coherence effects, must not be used. Also, 
Nd:glass is essentially inhomogeneously broadened whereas, in most cases, an analy- 
sis of the homogeneously broadened medium is undertaken because of the ease of 
treatment. There are physical phenomena that clearly differentiate the two models. 
For instance, there are frequency competition effects in the homogeneously broad- 
ened case that are not present in inhomogeneously broadened media and, conversely, 
there are phenomena like photon echo (Abella et al., 1966) that are found only in 
the inhomogeneously broadened medium. One purpose of this dissertation is to pro- 
vide the foundation for a detailed investigation that includes these considerations. 

The problem of ultrashort pulse production in a laser is difficult to treat theoreti- 
cally. Many theories of mode -locking are based on the theory of the laser developed 
by W. E. Lamb (1964) in which he analyzes a Fourier superposition of the oscillat- 
ing modes in the laser cavity and develops differential equations for the evolution of 
radiation in each mode. If the radiation is intense, then saturation of the atoms oc- 
curs and the differential equations become highly nonlinear and strongly coupled. 
Even with a large computer, their solution presents a difficult problem for Nd:glass 
lasers, where more than 10,000 modes may be oscillating simultaneously. 

Alternatively, one can consider mode -locked lasers that produce very short pulses 
as a series of amplifiers. The pulse is first amplified in the laser rod and then re- 
flected at the mirror; on the return trip it is again amplified, and at the mirror a 
portion of the pulse is reflected while the remainder is transmitted through the 
mirror. Each round trip thus produces one of the pulses in the output train seen 
experimentally. 

There are several requirements that must be considered if this succession -of- 
amplifiers model of the laser is to be used. First, the basic premise of simple 
amplifier theories is that the pulse can be characterized as a plane wave modified by 
an envelope function. If a mirror is placed so close to the end of the laser rod that 
the pulse overlaps itself in the rod during reflection, then interference effects (stand- 
ing waves, additional population pulsations, etc.) must be considered. Most amplifier 
theories neglect these phenomena. In addition, the amplifier theories must be 
modified to include the fact that the resonant atoms retain some decaying memory 
of the polarization and modified population inversion that resulted from previous 
passages of the pulse. We can capitalize on the short duration of the Nd:glass laser 
pulse by using this simple unfolded amplifier model of the laser to circumvent most 
of the problems that occur in attempting to obtain exact solutions using the ap- 
proach of a superposition of cavity eigenmodes (Cubeddu and Svelto, 1969; Garmire 
and Yariv, 1967). 

Before an investigation into the laser can be profitably undertaken, we must make 
a detailed investigation of three subsidiary problems: (1) the amplification of 
chirped pulses, (2) the production of chirped pulses in amplifiers, and (3) the 
problem of steady -state pulses in laser amplifiers. This dissertation is a presentation 
of investigations in these three problem areas. In view of the difficulty of the investi- 
gations, it was decided to terminate the dissertation with these preliminary 
problems. However, the computer programs written for this investigation can also be 
used to study mode -locked laser problems. 
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There are six chapters to this dissertation, of which this introduction is the first. 
In Chapter II, we develop the equations of motion for both the homogeneously and 
inhomogeneously broadened laser amplifiers. The methods used parallel those of 
Hopf and Scully (1 969); however, their theory is extended to include a host medium 
having both an intensity- dependent and partially frequency- dependent index of re- 
fraction. Treating both kinds of dispersion introduces a difficult semantics problem. 
We solve it as follows: The intensity dependence is referred to as the "Kerr effect," 
and the frequency dependence is called "normal dispersion" or "normal host disper- 
sion" regardless of the character of that dependence. We use "linear" or "quadratic" 
as modifiers of "normal dispersion" to denote the form of the frequency depen- 
dence. 

In the theoretical development, we find that the use of the slowly varying en- 
velope approximation (SVEA) allows us to retain only the effect of a linear fre- 
quency dependence (linear normal dispersion). We are forced to use an alternative 
approach (the slice model that is discussed below and in Chapter IV) to retain the 
chirp- producing quadratic normal dispersion. In the amplifier theory we have also 
included (following Pantell and Puthoff, 1969) the effect of the local electric field in 
a medium. The result of this is an enhancement of the dipole matrix element for the 
resonant atoms and of the Kerr constant for the Kerr medium. 

Chapter III presents the results of the investigation into the amplification of 
chirped pulses. We first outline the methods for our analysis by explaining our nota- 
tion and discussing the reasoning behind the choice of a Gaussian pulse with a 
linearly increasing instantaneous frequency as our input pulse for studying chirped 
pulse amplification. We then study the transient response of the homogeneous 
amplifier to such input pulses. We find that the rate equation approach applies for 
pulses that are long compared with the phase memory time whereas short chirped 
pulses are less efficiently amplified than their unchirped counterparts. We find that 
the inhomogeneous amplifier has a substantially different performance. The 
temporal characteristics that mark unchirped pulse amplification (the area theorem 
of McCall and Hahn (1967), edge echoes, and pulse narrowing, for example) are 
shown to be eliminated or drastically altered for chirped pulses. The picture that 
then develops is one that appears intuitively reasonable. Because of the independent 
nature of the response of the atoms at various frequencies within the gain band- 
width, the amplification characteristics for highly chirped pulses depend primarily 
upon the power spectrum of the pulse. In the final sections of Chapter III, we com- 
pare and summarize the results for these two types of media. 

The results of Chapter III aid us in interpreting the results of the investigation in 
Chapter IV on the production of chirped pulses. We review the theory of the Kerr 
effect and demonstrate that it produces self -phase- modulation of the pulse, i.e., that 
it causes a pulse to develop a chirp without changing the pulse shape. This leads to a 
redistribution of energy within the power spectrum of the pulse. We show that the 
effects of this in a Kerr -host amplifier are consistent with the principles developed in 
Chapter III. The pulse shapes produced by such amplifiers are remarkably similar to 
those observed by Treacy (1969). 

Chapter IV continues with a discussion of the classic approach (Brillouin, 1960) 
to pulse propagation in media where quadratic normal dispersion (quadratic 
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frequency dependence in the index of refraction) is present. Analytical results show 
that pulse broadening and chirp production occur in such media; however, they are 
insignificant in most short amplifiers. For long amplifiers (and the laser), the effects 
of quadratic normal dispersion could accumulate and become significant. In prepara- 
tion for this problem, we introduce the slice model of the dispersive amplifier as a 
sequence of pairs of slices. One of the pair exhibits only the quadratic portion of 
normal dispersion and is treated classically; the other is a Kerr -host amplifier that is 
treated using the equations developed in Chapter II. Such a model should be ap- 
propriate in the limit of a large number of very thin slices. 

In Chapter V we use this slice model to deal with the problem of steady -state 
pulses (pulses that propagate with unchanging form) in amplifiers exhibiting only 
normal dispersion and not the Kerr effect. Of particular relevance to this investiga- 
tion is the work of Armstrong and Courtens (1969), who solve the full wave 
equation analytically to obtain the steady -state pulse in a homogeneously broadened 
amplifier with quadratic normal dispersion. One of the results of our investigation is 
that the steady -state pulses we obtain behave in a manner totally different from 
those of Armstrong and Courtens. For conditions similar to those for Nd:glass (but 
homogeneously broadened), our pulses differ by many orders of magnitude as to 
threshold conditions, magnitude of chirp, pulse widths, etc. Moreover, the pulses 
we obtain resemble more closely the pulses obtained from the mode- locked Nd:glass 
laser. However, there are a number of qualitative similarities between the Armstrong - 
Courtens result and ours as to the dependence of steady -state pulse parameters upon 
variations in the decay time, gain, and loss of the amplifier. 

In addition to the extensive investigation of steady -state pulses for homogeneous 
media, we demonstrate the existence of steady -state pulses in the inhomogeneous 
normally dispersive amplifier and note several of the characteristics of the pulse 
parameters as a function of the curvature in the frequency dependence of the index 
of refraction. We note, for example, that the inhomogeneous steady -state pulse is 
less stable for a given index curvature than its homogeneous counterpart, a feature 
expected from the results in Chapter III. 

Although we have not investigated steady -state pulses in Kerr -host amplifiers, 
such studies are of some relevance since they do deal with chirped pulses. In partic- 
ular we note that the work of Eberly and Matulic (1969) contains a solution for a 
chirped steady -state pulse propagating in a Kerr- active unbroadened (i.e., no finite 
decay time) attenuator. The study yields an analytical solution that can be used as a 
check for future numerical calculations. 

We conclude the dissertation in Chapter VI with a brief summary of the results of 
these investigations and note several areas for future investigation. 
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II. LASER AMPLIFIER THEORY 

In this chapter, we develop laser amplifier equations of motion appropriate for deal- 
ing with chirped pulses. We include the index of refraction in the development 
insofar as it leads to the group and phase velocity of light. We also include the Kerr 
effect phenomenologically. This is the first theoretical treatment to include all of 
these effects in a single context. First we develop the electromagnetic field equations 
appropriate for a host exhibiting both a linearly frequency -dependent and an 
intensity- dependent index of refraction. We then calculate the polarization of the 
resonant atoms using a streamlined version of the method of Hopf and Scully 
(1969). This yields the equations of motion for the inhomogeneously broadened 
laser amplifier. We then specialize these equations to the case of the purely homo- 
geneously broadened laser amplifier. 

Electromagnetic Field Equations in the Host Medium 

As in the usual approaches to laser amplifier theory, the electric field is treated as an 
essentially monochromatic, linearly polarized plane wave. For this treatment we 
write the field in terms of a carrier wave of frequency v and wave vector ko modu- 
lated by a complex envelope t'(t,z) 

E(t,z) = 1/266(t,z)exp[i(vt - koz)] + c.c. (1) 

Because we will consider the wave vector k to be a function of frequency w when 
we discuss dispersion, we have here taken ko = k(v) for convenience. 

Defining the real quantities I4'(t,z)I and cp(t,z) as the amplitude and phase of the 
field, respectively, so that 

g(t,z) = Ig(t>z)Iexp[igt,z)], (2) 

we find that Eq. (1) is identical with the definition 

E(t,z) = Ie(t,z)Icos[vt - koz + 0(t,z)] . (3) 

This is a slight departure from the notation of Hopf and Scully (1969) in that the 
signs of v and ko are reversed. Although the change is trivial, it has the desirable 
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consequences of making the signs of y and the same and, referring to Eq. (1), of 
making the sign of y such that no confusion in sign arises when standard Fourier 
transforms are used to obtain pulse spectra. 

We proceed by applying Maxwell's equations to the problem of propagation of 
radiation in a dielectric medium. For a plane wave of the form of Eq. (1) we obtain 
the one -dimensional wave equation 

a2E a âE 1 ô2D 
Úz2 - .00 at - e0c2 a2 t2 

which, along with the constitutive relation 

D = e0E + P, 

(4) 

(5) 

describes a wave damped by a fictitious ohmic current of (used to represent linear 
losses like scattering) and driven by a polarization P. We take the polarization P to 
be produced by three sources 

P = PD +PK +PR (6) 

where PD is the polarization of the dielectric atoms of the host material and gives 
rise to the normal index of refraction, PK is the polarization due to the Kerr effect 
of the host atoms, and PR is the polarization of the resonant atoms embedded in the 
host. 

The polarization PD is due to the linear response of the host atoms to the local 
electric field Eloc in the vicinity of the host atom and is described in terms of the 
polarizability ai of Ni atoms of species i; that is, 

PD = INiaiEloc = E1oc, (7) 

where = EiaiNi. We follow the usual procedure in determining the Lorentz -Lorenz 
correction (Kittel, 1967) but, following Pantell and Puthoff (1969), we take special 
care to properly include the effects of the corrections upon the relatively small po- 
larizations PK and PR . Because the local field is given by 

Eloc = E + (1 /3e0)P, 

we find, using Eqs. (7) and (8), that 

PD = iE + G/30 )P. 

Substitution into Eq. (6) yields 

1 P = 
1 - (g13E0)E + 1 - (1/3E0) 

(PK + PR ), 

6 

(8) 

(9) 

(10) 



SO 

-/Ep 
D = Ep 1 + 

1 - G/3F0] E + 1 - (V3e0)(PK 
+PR). 

In the absence of . the polarizations PK and PR , this reduces to the normal ex- 
pressions 

D = EE = epn2E, (12) 

where n is the index of refraction of the host and e is its permittivity. From Eqs. 
(11) and (12) we find that 

1 n2 + 2 

1 - (V3EO ) 3 ' 

so Eq. (1 1) can be written 

2 

D = epn2E + 
n 3 2 

)(PK+PR). 

Thus the wave equation, Eq. (4), becomes 

a2E 
az2 

6 aE 1 a2 
epc2 at c2 at2 (n2E) 

(13) 

(14) 

a2 (n2 + 2 
epc2 

ate )PK+PR. (15) 1 

In calculating PK and PR , we know that the atoms respond to E10 , given by Eqs. 
(8), (10), and (13) as 

Eloc = n23 
2 

[E + (1/3ep)(PK +PR)I n23 2E. (16) 

The last approximation is valid for small PK and PR and is usually true in solid -state 
lasers. 

Incorporation of Linear Normal Dispersion 

We have now reached the point where we can incorporate some of the effects of 
normal host dispersion. Normal dispersion results when the wave equation is driven 
by a polarization term that is both linear in the electric field strength and frequency 
dependent. The result is that radiation of different frequencies travels through the 
medium at different velocities. Using the superposition principle (which is valid if 
the medium's response is linear in the electric field amplitude), one can readily solve 
the problem of pulse propagation in normally dispersive media (Brillouin, 1960). 
The procedure is to find the amplitudes of the Fourier components of the pulse 
upon its entry into the medium, propagate them through the medium at their 
respective velocities, and reassemble them to determine the output pulse. 
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Unfortunately, this approach is not possible in the laser problem because the res- 
onant atoms respond nonlinearly in the electric field and also nonlocally in time. 
The alternative approach of using the slowly varying amplitude approximation 
(SVEA) to reduce the wave equation to a first -order differential equation is only 
partially successful. Although it retains the effects of the linear normal dispersion by 
predicting that the pulse envelope velocity is the group velocity rather than the 
phase velocity, it neglects the quadratic normal dispersion terms. It presently 
appears that the two phenomena mutually exclude the possible simple methods of 
solution. 

In this section we derive equations that include the effect of linear dispersion. 
Because the index of refraction is frequency dependent and we will later consider 
components of the pulse's spectrum at various frequencies, it becomes necessary to 
have a clearly defined reference frequency. This we take to be the center of the 
resonant line wo. The carrier frequency is always taken to be resonant with this 
frequency (i.e., y = wo, ko = k(w0)) in Eq. (1), and any detuning appears in the 
phase. Taking u, P , and PR to be zero for simplicity and following a procedure 
similar to that of Armstrong and Courtens (1969), we find that the wave equation, 
Eq. (15), becomes 

a2E 1 a2 n2E) = O. az2 - 2 r2 ( (17) 

When the index of refraction is a function of frequency n(w), the solutions of this 
wave equation are well known to be plane waves characterized by a wave vector k 
and frequency w so that 

k(w) = con(w)lc. (18) 

To properly write the wave equation for E(t,z), we must consider the response of 
the medium to each of the Fourier components E(w,z) of the field and then 
superpose these responses to determine the time -domain response. Thus the wave 
equation, Eq. (17), becomes 

a2E 1 a2 dw 
az2 - c2 at2 .I 2 exp(iwt)n2(w)É(w,z) = 0. (19) 

The partial derivations with respect to time can be performed to yield 

z 

azE + c I 277- 
exp(iwt)w2n2(w)É(w,z) = 0. (20) 

We have noted that the SVEA rejects the terms that cause chirping. Therefore we 
expand the index of refraction only to first order in wavelength; that is, 

= no - ni X. a0 = (11w)[(no +nl)w - no)] (21) 
0 
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where no and n1 are constants, Xo = 27rc /v and X = 27c /w. Since the group velocity 
is defined to be the inverse of the derivative of k(w) with respect to w 

1 dk(w) no + n 
ug - dw c ' 

our model has a frequency- independent group velocity. 
The wave equation, Eq. (20), thus becomes 

a2E 1 i do) + 
az2 c2 27r 

É(w,z) = 0. 

exp(iwt)[(no +n1)2w2 - 2n1(no +n1)wv+n12v2] 

Expressing the integral in terms of E(t,z) and its time derivatives, we obtain 

(22) 

(23) 

âzE 
Cno 

c+ 

nl 
l2 átE 

2in1(ncz+ ni )v aE nCZ 2 E = 0. (24) 

Since none of the operations performed here affect the terms that we took to be 
zero in Eq. (17), we may include them now. The full wave equation, Eq. (15), is 

a2E 1 aE (no +n1)2 a2E 
az2 + z [2in1(no + ni )v -(Q/Eo)] at - c2 at2 

n12112 nó + 2 a2 

+ c2 
E 

3eo c2 Ót2 (PK + PR )' 

(25) 

To a good approximation, the index of refraction in Eq. (16), in the last term of 
Eq. (14), and hence in Eq. (25) can be replaced by no since terms involving n1 will 
be of the order of the terms discarded under the SVEA. However, in the first term 
on the right -hand side of Eq. (14) the expansion has been kept, as it will appear as 
the envelope velocity term in the SVEA. The primary effect of including the index is 
to bring the group velocity into the problem in the proper fashion, as we shall see 
below. 

Slowly Varying Envelope Approximation 

The slowly varying envelope approximation (SVEA) takes advantage of the fact that 
picosecond pulses of radiation are made up of hundreds or thousands of optical 
cycles. The field envelope e(t,z) defined in Eq. (1) changes very little in an optical 
wavelength or a period. Quantitatively, this implies that 

z z 

at2 
<< v a and az8 << ko 

act. 
. (26) 
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Similarly, we can define the complex polarization envelopes ..9°R (t,z) and JiK (t,z) for 
the resonant atom and Kerr effect polarizations that also change little in an optical 
cycle. We let 

PR(t,z) = 1/29j¿(t,z)exp[i(vt - k°z)] + c.c. (27) 

and 

PR(t,z) = 1 (t,z)exp[i(vt -k °z)] + c.c., (28). 

and we write relations similar to Eq. (26) for ands. 
The SVEA is made by substituting the expressions for the field, Eq. (1), and 

polarizations, Eqs. (27) and (28), into the wave equation, Eq. (25), and using rela- 
tions similar to Eq. (26) to eliminate the negligible terms. We take the conductivity 
o to be sufficiently small that a(ae/at) is neglibible. We find 

ae(t,z) 1 ae(t,z) + Kat,z) 
az Ug at 

= -i v(n02 + 2) 
[50R (t,z) + .950K(t,z)] , 6n°e°c 

(29) 

where K = u/2n0e0c is the linear loss coefficient and vg is defined by Eq. (22). The 
appearance of vg rather than c or c /n° in Eq. (29) implies that the pulse would travel 
at the group velocity if K, SoR , and gK were zero. 

Incorporation of the Kerr Effect 

In a lossless medium the optical Kerr effect can be understood phenomenologically 
as an index of refraction that increases linearly with the intensity of the incident 
radiation (Bloembergen, 1965; Minck et al., 1966). Suppose that a pulse of radiation 
containing many optical cycles propagates through a Kerr medium. In the leading 
portions of the pulse, each succeeding wave crest is larger than the previous one. 
Thus the index of refraction for each successive crest is higher and each crest travels 
slower than the preceding one. The crests spread apart and the wavelength increases. 
Consequently, when the pulse amplitude is increasing, the frequency of that portion 
of the pulse decreases, and vice versa. Intense pulses can thus acquire appreciable 
frequency modulation in a Kerr medium. 

A quantum mechanical treatment of the interaction of an electric field with a 

collection of atoms shows that the induced polarization includes a term that is cubic 
in the applied field (Butcher, 1965). This term leads to the various manifestations of 
the Kerr effect and has the form 

PK = COX 
(3) 

EÌoc (30) 

where X(3) indicates the strength of the Kerr effect. The real part of x(3) is related 
to the intensity -dependent portion of the index of refraction. For general media, 
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where Eq. (30) is replaced by a tensor relationship, an intensity -dependent birefrin- 
gence can be produced and has been used for fast photographic shutters (Duguay et 
al., 1970). For lossy media, the imaginary part of X(3) describes an intensity - 
dependent absorption coefficient (Bloembergen, 1965) and leads to their use in 
Q- switching lasers. Because laser host media have extremely low absorption losses, 
we take X(3) to be real. 

We combine Eq. (16) for Eio, and Eq. (1) for E with the definition equation, Eq. 
(30), to obtain 

2 3 

PK = eoX(3) nO 
6 

2 ;e3exp[i(3vt k(3v)z)] 

+ 3e *e2 exp[i(vt - koz)]1 + c.c. (31) 

The terms oscillating at 3v lead to third harmonic generation. However, they do not 
contribute to our problem, and we will ignore them. Comparing the remainder of 
the expression with the definition of sit in Eq. (28), we see that 

gic = (n0362)3EOX(342g. 

The wave equation, Eq. (29), then becomes 

where 

2 a° 1 a + K = -i v(n0 + 
2) 

R - iXK II2 -az 
vg at 6noeoc 

XK - 
(n2 + 2)4vX(3) 

216noc 

(32) 

(33) 

(34) 

This completes the development of the wave equation for the host medium under 
the SVEA. We see the results of including linear dispersion by the appearance of vs, 

in Eq. (33) and the Kerr effect by the intensity - dependent polarization term. We are 
now ready to consider the problem of the resonant atom polarization. 

Polarization of the Resonant Atoms 

We complete the development of the equation of motion for the field by calculating 
the polarization induced in the resonant atoms by the field and using it in the wave 
equation, Eq. (33). Specifically we write the quantum mechanical equation of 
motion for each atom, find its induced dipole moment, and sum these microscopic 
dipole moments to obtain the macroscopic polarization. This procedure is essentially 
the same as the treatment of the inhomogeneously broadened laser amplifier by 
Hopf and Scully (1969). There are two primary differences, however: (1) the use of 
a population matrix to simplify the development of the polarization and (2) the use 
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of complex variables for the field envelope and the generalized susceptibility to ease 
the incorporation of frequency modulation. 

We find the polarization of the resonant atoms by taking them to have two rele- 
vant levels, each with lifetime T1. The upper level a is separated from the lower level 
b by an energy riw tw that varies from atom to atom owing to local stresses in- 
duced, for example, by lattice dislocations in a crystal or by the aperiodic nature of 
glass structure. This inhomogeneous nature of the atoms is represented by a distribu- 
tion a(w) of their resonant frequencies. Individual atoms are excited to either their 
upper or lower levels at a time to and position z and are assumed to be stationary 
since dispersion and the Kerr effect are appreciable primarily in dense media. The 
density matrix for an individual atom is written as 

Aaa(w>t,z,to,a) Aab(w,t,z,to,a) 
A(w.t.z,to,cY) = (35) 

Aba(w,t,z,to,a) Abb(w,t,z,to,a) 

and describes an atom at the position z at time t having a resonant frequency w and 
excited at the time to < t to the state a= a,b. We assume that the atoms are excited 
to a pure state so that the density matrix at the time to is 

saa 
A(w,to,z.to,a) _ 

0 
(36) 

0 bba 

The expectation value of the dipole moment for an individual atom is 

P pab(w,t,z,to,a) + c.c., (37) 

where fp' is the (real) dipole matrix element between the states Iia) and o bi. Thus, 
if the atoms are excited to the ath state at a rate per unit volume Xa(t,z), we can 
write the macroscopic polarization as the sum over all the atoms as characterized by 
their frequency, their time of excitation, and the state to which they were excited, e.g., 

t 

PR(t,z) _ f dwQ(w) f dto Àcy(to,z) 

a=a,b 
[Aab(c,w,t,z,to,a) + c.c.] . (38) 

We obtain expressions for pab and pba by solving the equations of motion for the 
components of the density matrix, Eq. (35). In the presence of an interaction poten- 
tial V(t,z), these equations are 

pab(w,t,z,to,a) _ [-iw - (l1T2)]Aab(w,t,z,to,a) 

+ (i/h)V(t,z)[Aaa(w,t,z,to,a) - pbb(w,t,z,to,a)] (39a) 
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Paa(w,t,z,to,a) = -(1/T1)Paa(w,t,z,to,a) 

+ (tlh)V(t,z)[Pab(w,t,z,to,a) - c.c.] , 

Abb(w,t,z,to,a) _ -(1/ TOP bb(w,t,z,to,a) 

-(Ilh)V(t>z)[Pab(w,t,z,to,a) - c.c.] , 

Pba(w,t,z,to,a) = Pab(w,t,z,to,a), 

(39b) 

(39c) 

(39d) 

where T2 < T1 indicates the enhanced decay rate of pab and pba due to phase 
diffusion that results, for example, from atomic collisions or interactions with 
phonons. 

Although we can solve Eqs. (39) directly, as was done by Hopf and Scully (1969), 
they can be obtained more simply by using the population matrix 

P(w,t,z) = I dto Aa(to,z)p(w,t,z,t0,a). (40) 
a=a,b 

We can show using Eqs. (36) and (39) that this has component equations of motion 

Pab(w,t,z) _ [ -iw - (1 1 T2)]Pab(w,t,z) 

+ (l /h)V(t,z) [Paa(w,t,z) - Abb(w,t,z)], (41a) 

paa(w,t,z) = Xa(t,z) - (1/Ti )Paa(w,t,z) 

+ (i /h)V(t,z)[Aab(w,t,z) - c.c.], (4lb) 

pbb(w,t,z) = Xb(t,z) - (1/T1)pbb(w,t,z) 

- (i /h)V(t,z)[Pab(w,t,z) - c.c.], (41c) 

Pba(w,t,z) = pab(w,t,z). (41d) 

With Eq. (40), the expression for the polarization PR (t,z) in Eq. (38) can be 
simplified to obtain 

PR(t,z) = dwv(w)[Pab(w,t,z) + Pba(w,t,z)] (42) 

Thus the use of the population matrix relieves us of detailed consideration of most 
of the statistical averaging required in the problem. 

We continue by formally integrating Eq. (41a) to obtain 
t 

pab(w,t,z) = (i/to I dt' exp[-(iw + 1/T2)(t - t')] 
%T(ti,z)[Paa(w,t1,z) - Pbb(w,ti,z)] - (43) 
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When we use 

V(t,z) = -8 Eioc(t,z) _ -[(n02 + 2) /3]{p'E(t,z) (44) 

for the dipole interaction potential and Eq. (1) for the electric field, there are expo - 
nentials under the integral that oscillate at frequencies w -v and w +v. We make the 
rotating wave approximation by discarding the terms oscillating at w +v since their 
contributions to the integral are negligible. In this approximation, Eq. (44) becomes 

pab(w,t,z) 
-lV(6h 

+ 2) exp[-i(vt - koz)] 

fdt' exp[-(t - t')/T2 ] [Aaa(w,t',z) - Pbb(w,t',z)] 

[Paa(w,t",z) - Pbb(w,t",z)] (45) 

Since this expression requires knowledge of the population difference Paa -Pbb , we 
subtract Eq. (41c) from (4 1 b), use the above expression for pab , and again make the 
rotating wave approximation to obtain 

Aaa(w,t,z) - Pbb(w,t,z) = [Aa(t,z) - Ab(t,z)] 

- (1/T1 )[Paa(w,t,z) - Abb(w,t,z)] - [(n02 + 2)/3] 2 (V 2/2h2) 

Jdt' exp;-Kw - v) + 1/T2 ] (t e*(t',z) 

3&(t,z)e *(t',z)exp[ -i(w - v)(t - t')] + c.c., (46) 

which expresses the rate of change of the population difference in terms of itself, 
the field, and the pumping rates Aa and Ab . In practice, these pumping rates have the 
same functional form, so we can define a "pump function" f(t,z) in such a way that 

Nf(t,z) = T1 [Aa(t,z) - Ab(t,z)] , (47) 

where N is the maximum excitation density (i.e., the maximum difference between 
the number of atoms in the upper state and the number in the lower state per unit 
volume) that one might expect anywhere in the amplifier rod in the absence of any 
field. We see that f(t,z) has a maximum value of unity when the pump is fully on 
and is zero when the pump is off. 

We now use the expression for pab from Eq. (43) and its complex conjugate in 
the expression for the polarization, Eq. (42), and compare the result with the 
definition of 9aR (t,z) in Eq. (27). We find that 

r 

"IP (t,z) = 
¡id 

2 
2irQ(3(n02 

+ 2) f dt' exp[-(t - t') lT2 ] 6*(t,z)X(t-t' ,t',z), (48) 
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where the generalized susceptibility X(T t,z) is defined as the normalized inverse 
Fourier transform of the population difference 

X(T,t,z) _ Na(v) ¡ 2 a(w) exp [i(w - v)T] 

[paa(w,t>Z) - Abb(w,t,Z)] (49) 

Here the factor 1 /Na(v) normalizes X(T,t,z) to a maximum value of unity, and thus 
X(T,t,z) is the susceptibility per resonant atom. This choice allows us to later 
incorporate all the relevant constants into a single parameter (a) that describes the 
gain of the amplifier. Further defining Xo(T) as the normalized inverse Fourier trans- 
form of the frequency distribution a(w) 

Xo(T) = a(v) I 2rr 
a(w)exp[i(w - v)T] , 

we find, using Eqs. (46) and (47), that X(T,t,z) has the equation of motion 

aX(T,t'z) - (1/T1 )LXo(T)f(t,z) - X(T.t,z)] at 

-(n0 + 2)2802 )l f dt'exp[-(t -t'T2 ] 18h2 

[g(t,z)e(t',z)X(T t+t',t',z) 

+ g*(t,z)g(t',z)X(T+t-t',t',z)] 

(50) 

(51) 

This completes our purpose in this section of calculating the slowly varying 
amplitude of the polarization of the resonant atoms. The result is given in Eq. (48); 
however, we also have found that we need in addition Eq. (51) to properly describe 
the atom -field interaction. We can now use these results. 

Inhomogeneously Broadened Medium Equations 

The field equations of motion for the amplifier are given by substitution of the 
polarization envelope, Eq. (48), in the reduced wave equation, Eq. (33); that is, 

t 
+ 

v 
+ Kg = a f dt'exp[-(t - t')/T2 ] 

e(t',z)X(t-t',t',z) - iXK I412g, 

where the gain constant a is defined as 

(52) 
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Nrva(v) (nó + 2 ,12 
a 

= noeoch ` 3 I 
(53) 

Note that the entire effect of the local field and the polarization corrections 
derived in Eqs. (14) and (16) has been to increase the dipole matrix element fp' of an 
atom when it is placed in a host. For convenience, then, we define the enhanced 
dipole matrix element 

[(no2 + 2) /3lfQ'. 

We also use the time -retarded frame, where 

T = t - Z /Ug 

(54) 

(55) 

to simplify Eqs. (51) and (52). The final working equations for the inhomo- 
geneously broadened laser amplifier are 

and 

ag(T,z) 
az 

= a J dT'exp[-(T - T')/T2 ]e(T',z)X(T-T',T',z) 

- Ke(T,Z) - iXK Ig(T,z)I2e(T,z) (56a) 

aX(T,T,z) 
_ (1/Ti )[Xo(T)f(T,z) - X(T T,z)l aT 

- 2 

d' exp[-(T - TWT2 ] [e(T,z)`(T',z)X(T-T+T',T',z) 12 

+ e *(T,z )e(Thz)X(T +T- T',T',z)] . (56b) 

These equations are complicated because they take explicit account of the atomic 
coherence (the exp[- (T- T') /T2 ] terms) and the possibility of reversible effects (the 
dependence of X(T,t,z) upon its value at the time T- (T -T')). Although these equa- 
tions are similar to those of Hopf and Scully (1969), it must be remembered that ' 
and x here are complex functions whereas Hopf and Scully investigated the behavior 
of the amplifier for fields that have zero phase. Thus their working equations are for 
141 and IXI. The fact that here e and x are complex means that Eqs. (56) are really 
four equations relating ISI, 0, Re(X) = Xs, and Im(X) = XA as shown by Hopf and 
Scully (1969, Eqs. (A9) and (Al 0)). 

Several simplifications are usually made to facilitate the solution of Eqs. (56). We 
take a(co) to be a Gaussian centered at y with a full width at the 1/e point of 2/T2 *; 
i.e., 

a(w) = a(v)exp[ -(w - v)2 T2 *2 /4] , (57a) 
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where 

so that 

a(v) = T2 */Arir- , (57b) 

Xo(T) = (1A/TrT2*)exp[-(T/T2*)21. (58) 

The use of T2 * here is directly analogous with the use of T2 as the decay time of 
the radiation from a collection of homogeneously broadened atoms that are initially 
radiating in phase. The mechanisms for the radiation decay in the two cases differ, 
however. In the homogeneously broadened case, the atoms undergo interactions 
with their surroundings (collisions, for example) that cause them to become ran- 
domly phased. Thus the radiation gradually decays. In the inhomogeneously 
broadened case, the atoms are radiating at slightly different frequencies. After a 
time, the radiation from different atoms gets out of phase and tends to cancel. This 
characteristic time is T2 *; hence T2 * is also known as a dephasing time. Because phase 
memory is retained, it is possible in some circumstances to reverse the dephasing 
process as in photon echo (Abella et al., 1966). The notation T2 and T2 * thus aptly 
emphasizes both the similarities and the differences between the two types of media. 

Other simplifying assumptions that are made are that the pump remains fully on 
while the pulse interacts with the medium and that the medium is fully pumped 
when the leading edge of the pulse enters the amplifier. Thus f(t,z) is unity and the 
initial condition for the susceptibility equation, Eq. (56b), is 

X(T,to.z) = Xo(7) (59) 

For most problems, one usually considers pulses that are very short compared with 
T1. In such problems, the value of the pump function f(t,z) is immaterial since the 
atoms are unaffected by the pump during the pulse. In such cases, the first term on 
the right -hand side of Eq. (56b) is simply dropped. 

Homogeneously Broadened Medium Equations 

Having obtained the general equations for the inhomogeneous amplifier, to be used 
in later chapters, we specialize to the homogeneous medium. This problem has been 
treated by a number of investigators: Frantz and Nodvik (1963), Wittke and Warter 
(1964), Arecchi and Bonifacio (1965), Basov et al. (1966), Armstrong and Courtens 
(1968), G. L. Lamb (1971), Tang and Silverman (1966), and Estes et al. (1970), to 
name several. In the present work, the homogeneous medium equations are obtained 
by allowing the frequency distribution to approach the limit 

a(w) -+ S(w - v). (60) 

This limiting process forces us to reconsider the normalization that we used in order 
to define the gain constant a. We note, however, that the quantities a(v)Xo (T) and 
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a(v)X(T,t,z) remain well defined as the limit of Eq. (60) is approached. From the defini- 
tion equations, Eqs. (49) and (50), we see that the quantities X(T,t,z) and Xo(T) 
become independent of T in this limit. We renormalize according to the scheme 

Q(v)Xo(T) -+ 1, 

o(v)X(T,t,z) (1IN)[Paa(v,t,z) - Pbb(v,t,z)l 

(61 a) 

(6 lb) 

where ,jV(t,z) is now the normalized population inversion and consequently is a real 
function. Defining the constant 

NI) 2 a' _ 
2noeoch 

Eqs. (56) become 

and 

ae(T,z) 
az 

- a' j dr' exp[-(T-T')lT2l(Ti,z).N(T,z) 

(62) 

- KOT,z) - iXK IeT,z)12gT,z) (63a) 

2 
T T'z) 

_ (1/T1)Î(T,z) -(T,z)l - dT'exp[-(T -T')lT2l 
2h2 

,.4,(7',z)[8(7-,z)g*(T',z) + c.c.] . (63b) 

Some investigators define the quantityAT,z) (similar to a polarization) as 

rT 
AT,z) = 

J 
dr'exp[ -(T - 7-') /T2 ]g(T ,z),/17(T',z) (64) 

and obtain the equations 

ag(az z) - aal(T,z) - Katz) - iXK I0T,z)I2g(T,z), 

agi(T,Z) - aT,ZJV (T,Z) - (l/T2otr,Z), aT 

"f(T,z) _ (1/T1)[.f(T,z) -'(T,z)l - 
aT 2h2 

[(T,z) * (T,z) 

(65a) 

(65b) 

+ c.c.] (65c) 

as their working equations. We use Eqs. (63) as our working equations in Chapters 
III and IV when we discuss the production and evolution of chirped pulses. We find 
Eqs. (65) convenient in Chapter V in our discussion of steady -state pulses. 
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III. AMPLIFICATION OF CHIRPED PULSES 

In this chapter, we study the transient response of laser amplifiers to chirped input 
pulses. We deal exclusively with the amplification of pulses that have been chirped 
by some process external to the amplifier. These pulses are varied systematically in 
ways suggested by the chirp- producing mechanisms of the Kerr effect and normal 
host dispersion, i.e., the frequency -dependent index of refraction. 

The chapter is organized in four sections. First, we explain our notation and 
motivate the choice of a Gaussian pulse with a linearly increasing frequency as the 
input pulse for studying chirped pulse amplification. In the next two sections, we 
discuss the effect of the amplification of chirped pulses in homogeneously and in- 
homogeneously broadened amplifiers, respectively. These two sections are organized 
in parallel, considering first the amplifier's effect on the field amplitude, chirp, and 
power spectrum of several specific pulses, and then studying parametrically the 
variation in the output pulse energy, width, spectral width, and time -bandwidth 
product with changes in the input pulse. The fourth section summarizes the results 
and compares the two cases. The comparison is not straightforward, for the behavior 
of the inhomogeneous amplifier subject to an unchirped pulse is dominated by the 
coherent response of the atoms, which is summarized in the area theorem of McCall 
and Hahn (1969). In the limit of no chirp, the comparison reveals that there is little 
coherence in homogeneous media and the area theorem does not apply. Because this 
limit has been discussed extensively in the literature, we will not deal with it here in 
any systematic fashion. For increasingly chirped pulses, the aspects of pulse propaga- 
tion that are specific consequences of the area theorem go away. The comparison of 
homogeneously and inhomogeneously broadened amplifiers is very different for 
highly chirped and unchirped regimes and is a particularly complex question in inter- 
mediate cases. Therefore, the summary deals only with the highly chirped limit. The 
discussion of the intermediate regime is pertinent only for the inhomogeneous case 
and is dealt with there. 

Foundation for Analysis 

In this section, we consider the various approaches (rate equation, thin medium, 
perturbation expansion, direct numerical solution, etc.) to solutions of the problem 
and the implications of each. We also consider the interrelation of the shape, 
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spectrum, and chirp on an input pulse and the possibility of confusing their effects 
on pulse amplification. We then outline our method of solution, the notation we 
use, and the way our results are presented. 

The problem of solving Eqs. (56) for the inhomogeneously broadened amplifier or 
even its simpler homogeneously broadened counterpart, Eqs. (63), is difficult. Exact 
solutions to Eqs. (63) are known only in the rate equation approximation (Frantz 
and Nodvik, 1963; Basov et al., 1966), where the electric field is assumed to vary 
little in a time T2 and may be removed from the time integrands. We note here that 
the results of a rate equation analysis do apply to the problem of chirped pulse 
amplification provided that both the amplitude and phase of the electric field do not 
vary much in a time T2i i.e., 

and 

alaT,z)I/aT << Ig(T,z)IlT2 

a(1)(r,z)/aT << 1/T2. 

(66a) 

(66b) 

Equation (66b) is rather restrictive, so the chirp on a pulse must be very small for 
the rate equations to apply. Attempts to develop analytical results for the case 
where one uses the rate equation approximation for the amplitude but not the phase 
have not yet been fruitful. 

Other approaches to solving Eqs. (56) or Eqs. (63) assume that the field is small 
enough for the equations to be solved by iteration or that the amplifier rod is so short 
that the polarization is induced only by the input field. Attempts to use these methods 
to obtain results for chirped pulses also have not yielded solutions. These simplified 
approaches add insight to the physics of the amplifiers, but they do not help us with 
the current problem of short, large pulses incident on long amplifiers. We are forced, 
therefore, to solve the transient pulse problem numerically using computers. 

To aid us in interpreting the results of these numerical calculations, we recall some of 
the results of the limit where the field is small and the spectrum of the field is very nar- 
row compared with the gain bandwidth. Under these conditions' 1 in Eq. (63a) 
and X(T,r,z) ~ x0(7) in Eq. (65a), so both equations can be written in the form 

a4'(r,z) /az = (g - K)g(r,z), (67) 

where the small signal gain g may be written for the homogeneous amplifier as 

g = a'T2 (68a) 

and for the inhomogeneous amplifier as 
0 

g = a I dTXo (T) exp(-T/T2). (68b) 

When T2 * is very much greater than T2 , that is, when the amplifier is purely in- 
homogeneously broadened, the small signal gain is just a /2. 
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Experimentally, the width and energy of the pulse are commonly measured 
quantities. Consequently, we define T(z) as the full width at the half maximum 
points (FWHM) of the electric field modulus I&(T,z)1. We also define the integrated 
intensity -3(z) as 

T(z) - (iP2/h2)1 dT1e(T,z)12. (69) 

Note that it is proportional to the pulse energy and that it is independent of any 
phase or frequency modulation in the pulse. Equation (67) can be written as 

dS(z) /dz = 2(g - K) z), (70) 

which has the solution 

g(z) = J(0)exp[2(g- c)z]. (71) 

We use the term small signal enhancement for the factor exp[2(g -K)z] and enhance- 
ment for the ratio J-(z)/Y(0) under general conditions. Note that the word gain has 
the specific meaning defined by Eqs. (68); we will not use it to mean enhancement. 

As with most nonlinear problems, it is wise to observe the results in both the time 
and frequency domains in order to gain a better understanding of the process. The 
spectrum (62,z) is the Fourier transform of the field 

00 

a12,Z) = r drexp(-iS2T)g(T,z), (72) 

where St = w -v is the deviation from line center. The power spectrum of the pulse is 
given by I(12,z)I2 ; however, in keeping with the use of fields rather than intensities, 
we deal with - '(S2,z) or its modulus. The phase of 42,z) does not play a significant 
role in these calculations, so discussions of pulse spectra usually refer to the modulus 
of the Fourier transform, Eq. (72), or, equivalently, to the square root of the power 
spectrum. We will clearly note those situations, such as normal host dispersion in 
Chapter IV, in which the phase of e(12,z) plays an important part. 

Continuing with the development of our notation, we define 12 as the full width 
at the half maximum points (FWHM) of the spectrum. An expression for the in- 
tegrated intensity that is equivalent to Eq. (69) is 

00 

Y(z) = (92/h2) r (d12/27r)I4Q,z)I2. (73) 

As with Eq. (69),J(z) is independent of phase modulation in i(SZ,z). 
The phenomenon of the self -induced transparency (McCall and Hahn, 1967 and 

1969) of an unchirped (i.e., 0(7,z) = 0) coherent light pulse in an inhomogeneously 
broadened medium has focused attention on the pulse area 

00 

0(z) = I(tP/h) I dTe(T,z)I. (74) 

When T2 T and K = XK = 0, then O can be shown (McCall and Hahn, 1969; Hopf 
and Scully, 1969) to obey the area theorem 
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d9(z)/dz = (a/2)sin6. (75) 

Values of O greater than 271- have been associated with pulse breakup phenomena in 

both inhomogeneously broadened (McCall and Hahn, 1969; Hopf and Scully, 1969) 
and unbroadened media, that is, media with no finite decay time (Estes et al., 1970; 
G. L. Lamb, 1971). We will show that such results are not applicable to highly 
chirped pulses. The interpretation of O as the pulse area for chirped pulses is not 
credible; area has no meaning when the pulse envelope is a complex quantity. The 
only interpretation that can be made is that 0(z) is proportional to the modulus of 
the spectrum at line center, that is, 

0(z) = Ifp,(0,z)/hl. (76) 

This interpretation of O along with the area theorem, Eq. (75), then implies a restric- 
tion on the evolution of the spectrum at line center for unchirped pulses. We will 
confirm that this restriction is broken for chirped pulses. 

The information above allows us to make a more deliberate choice of the method 
to study chirped pulse amplification. As stated earlier, the results of rate -equation 
and small -signal analysis apply to chirped pulses. The interesting and unexplored 
regime is thus the amplification of pulses with widths on the order of the relevant 
decay time (T2 for the homogeneously broadened medium and T2 * for the inhomo- 
geneously broadened medium) and energies sufficiently large to induce nonlinear 
response of the medium. In this regime, however, the amplified pulses can exhibit 
characteristics attributable to the shape (Hopf and Scully, 1969) or spectrum of the 
input pulse. The Fourier transform relation, Eq. (72), between a pulse and its spec- 
trum is a very restrictive one here. If frequency modulation is added to a given 
unchirped pulse, its spectral content becomes wider and, because the total energy is 
unchanged, the peak of the spectrum must become smaller. Conversely, if the 
spectra of two pulses are the same, their energy must be the same and the chirped 
pulse will be wider and less intense than its unchirped counterpart. Thus, in compar- 
ing results for amplification of chirped and unchirped pulses, care must be taken to 
separate shape and spectrum effects from those due to chirp. 

We can simplify the problem somewhat by choosing a Gaussian form for the input 
pulse. We will find in Chapter IV that, for a quadratic normal dispersion in glass, a 

Gaussian pulse propagating in lossless glass becomes a widening Gaussian with an 
increasingly large linear frequency modulation, i.e., an increasingly large chirp. Since 
the glass is lossless, the spectral content of the pulse remains unchanged, providing 
an ideal input pulse for studying chirped pulse amplification. We can maintain 
constant spectral content and the same general form of the pulse while varying the 
chirp. Although we must consider the effect of changing width in these circum- 
stances, we have the distinct advantage that the chirp always remains linear as the 
Gaussian is dispersed. 

In addition to facilitating interpretation of our results, the Gaussian pulse aids in 
modeling chirps due to dispersion. We will show in Chapter IV that the chirped 
Gaussian can result from quadratic normal dispersion. As for the Kerr effect, also 
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discussed in Chapter IV, we find that phase modulation develops without changing 
the pulse shape and that the instantaneous frequency of the pulse is proportional to 
the time derivative of the pulse intensity. For a Gaussian pulse, the frequency re- 
mains resonant at the center and at the leading and trailing edges of the pulse and 
has the general appearance of the letter "s" lying on its side. The frequency modula- 
tion is largely linear during the most intense portion of the pulse, and a linearly 
chirped Gaussian is a reasonable approximation. 

Although we can model each source of chirping with the same type of pulse, the 
amplification of a pulse by a dispersive host differs from the amplification by a Kerr - 
host amplifier. Dispersion changes the pulse width and chirp while keeping the spec- 
trum constant; the Kerr effect leaves the pulse envelope unchanged while modifying 
the chirp and the spectrum. We can, however, model the responses of both media by 
choosing an appropriate progression of the parameters in our Gaussian input pulses. 

We proceed, then, by using a particular form of the dispersed Gaussian that we 
shall derive in Chapter IV. The result is 

1pe(T'O) /h =ß/7r In 2/7'm exp [ -4 In 2(r /74.m)2(1 - iß/y2 -1) ] psec -'h, (77a) 

which has a Fourier transform given by 

go (52,0) /h = (ir /2)/ exp {[- (S2fm)2 /16In 2] (1 +iß/72 -1) 

+ (1/2) arctanN/72 -1} psec 1 /Z. (77b) 

(We have chosen the amplitude factor A from Chapter IV to be (h/p)Orrm ln2 
psec y2. Also, we begin to speak of the field in terms of feel rather than simply 
because the theory can be easily written to yield this quantity and because the re- 
sults thus obtained are applicable to any substance once the dipole matrix element k' 
is known. Of course, XK is measured in units of (ao /h)2 when this is done.) We see 
that, when 7 = 1, both g(r,0) and x°(52,0) are real functions given by 

ß(T,0) /h = ß/7r In 2 /?gym exp [ -4 In 2(r/fm )2 ] psec -y 
and 

60e(52,0)/h = (r/2)V3'm exp [ -(Am )2 /16 ln 2 ] psec 1/Z 

(78a) 

(78b) 

This is the familiar Gaussian function of FWHM Tm , which has an FWHM SZ of 
8 In 2 /Tm 

The remaining undefined parameter in Eqs. (77) is the compression factor 7. This 
factor is defined as the ratio of the FWHM of the field envelope to that of the nar- 
rowest envelope the spectrum of the field would permit, that is, 

7 T/Tm (79) 

We see from Eq. (77a) that, as 'y increases from its minimum value of unity, the 
pulse becomes wider (the FWHM is 7Tm) and the peak power decreases; the shape, 
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however, remains Gaussian. One feature to note here is that the modulus jpg(52,0) /t 
of the Fourier transform, Eq. (77b), is independent of y, as we would expect since 
the power spectrum of a pulse must be unchanged by propagation in a lossless 
medium. 

The electric field also becomes frequency modulated as y is increased. The 
instantaneous frequency is given by 

(:b(r,0) = aq5(r,0)/ar = 8 ln 2/(7Tm )2V72 - 1 r = ßr, (80) 

which varies linearly in time, hence the term "chirp." Several measures of this chirp 
are y, the slope ß of the frequency as defined by Eq. (80), and the difference A4 in 

the instantaneous frequencies at the half maximum points of the field. This dif- 

ference is given by 

AiS(z) = [(7rm12),z) - [-(7Tm/2),z] = 81n2/yfmN/72 - 1 . (81) 

A fourth measure of chirp is the dispersion factor 7' used in chirp radar theory. It is 

defined as the ratio of the FM to AM bandwidths of pulse, i.e., the ratio of the 
frequency spread due to chirp to the frequency spread due to the finite duration of 
the envelope. The FM bandwidth is just Aci) whereas the AM bandwidth is given by 

(2 envelope = 8 ln 2/f = 8 ln 2/7m 

so the dispersion factor is 

7' = A61SZenvelope = ./72 - 1 - 

(82) 

(83) 

w 

A final measure of chirp is the time -bandwidth product Set. For a Gaussian pulse, 
this is just 

$S = 871n 2. (84) 

None of these parameters truly measures the chirp in general pulses. The slope ß 

yields only the linearly increasing portion of the frequency and does not increase 
monotonically as a function of disperser length. The remainder do increase 
monotonically with disperser length but depend upon knowledge of the half maxi- 
mum points of the pulse or its spectrum. There will inevitably be situations where 
the shapes make the definition of such points ambiguous. Furthermore, Aç and y' 
emphasize the frequency modulation aspects of dispersion whereas y and, in a sense, 
the time -bandwidth product emphasize the time -domain aspects. With no compelling 
reason other than experimental convenience, we characterize general chirped pulses 
in this dissertation by their time -bandwidth product ti-C2. Since this product is 

proportional to 7 for Gaussian pulses, we use y for the input pulses. 
The derivation of the chirped Gaussian and its spectrum given by Eqs. (77) are 

included in Chapter IV in the discussion of the classical approach to propagation in 
normally dispersive media. The important point to note here is that we restrict 
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ourselves to a Gaussian pulse shape and a linear chirp while allowing wide variations 
in pulse width, degree of chirp, and spectral content. 

The methods for investigating chirped pulse amplification in homogeneously and 
inhomogeneously broadened media are essentially the same. We study the transient 
response by numerically solving the integro- differential equations, Eqs. (56) for the 
inhomogeneously broadened amplifier or Eqs. (63) for the homogeneously broad- 
ened amplifier, for given values of the gain and loss parameters, atomic decay times, 
and input fields specified by Eqs. (77). Figure 1 shows a prototype of a numerical 
calculation. The pulses labeled z = 0, z = 20 cm, and z = 100 cm are observed at a 

fixed point z as a function of the retarded time T, much as they would appear on an 
oscilloscope except that we have plotted the field I''(r,z) /hI rather than intensity. 
We also plot the instantaneous frequency gq(r,z)/2Tr and the spectrum 1pg(52,z) /h1 at 
the various values of z. The lower figure shows the FWHM z and the integrated in- 
tensity .9-as a function of distance in the amplifier. 

The parameters we have chosen for the amplifiers are a length L of 100 cm, a 

small signal gain g of 0.03 cm-1, and a relevant decay time (T2 in the homogeneous 
case, T2 * in the inhomogeneous case) of 1 psec. We typically observe the pulse at 
both 20 cm and 100 cm but generally report pulse characteristics only at 20 cm. 
Beyond that length the pulse has typically changed enough that the output reflects 
the properties of the intermediate pulse rather than the input. The small signal gain 
parameter has been chosen to be typical of Nd:glass; the decay time is taken arbi- 
trarily, as the results will scale with time for the pure homogeneous or pure inhomo- 
geneous amplifiers. The Kerr constant Xg is set equal to zero throughout this 
chapter, as is the loss sc unless specified otherwise. In zero loss cases the small signal 
enhancement is always 3.32. 

The energy, Eq. (69), of the input pulses has been fixed at Y(0) = 1.64 psec-1. 
This corresponds to an area of it for an unchirped pulse 4 psec in width. With the 
energy thus fixed, we have varied the pulse width 77m logarithmically by factors of 
2 from 0.25 psec to 128 psec; however, the compression factor 7 has a maximum 
value of 16. Calculation of all these combinations allows the effects to be observed 
as a function of spectral width (« 16-m) at constant chirp (7) (for 7 = 1, this choice 
is equivalent to changing the area at constant energy), as a function of chirp at con- 
stant spectral width, or as a function of chirp at constant pulse width (7Tm ). This 
will enable us to clarify the effects of chirp in the presence of spectral and pulse 
width effects. 

As with the choice of the Gaussian input pulse earlier, observation of these func- 
tional dependences is motivated by knowledge of the chirp- producing mechanisms. 
We indicated earlier and will show in Chapter IV that dispersion produces chirps 
while leaving the spectrum unchanged; hence, the amplifier response as a function of 
7 at constant ism and therefore constant spectrum may be indicative of the amplifier 
with a dispersion host. The Kerr effect produces a chirp while leaving the field envelope 
unchanged. Hence, observation of the amplifier response as a function of 7 versus con- 
stant input pulse width = 73'm may be indicative of the Kerr -host amplifiers. 

Because the investigation method is the same for both types of amplifiers, we 
organize our presentation of the results similarly for both. First, for the sake of 
reference, we present the results for the amplification of an unchirped Gaussian with 
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an FWHM of 4 psec. We then present the results for two chirped Gaussians for which 
the compression factor y is 4. One of these has the same spectrum as the unchirped 
Gaussian; thus it is typical of an experiment in which the unchirped pulse is passed 
through a glass rod before being amplified. The second chirped pulse has the same 
envelope as the unchirped pulse; it is typical of passing the unchirped pulse through 
a Kerr medium before amplifying it, except that we wish to use a linear chirp to 
avoid the effects of complicated frequency modulations. 

After presenting and discussing these results, we parametrically study the way 
basic properties of the amplification process, such as an increase in pulse energy, are 
affected by systematic variations of the input pulse. 

Homogeneously Broadened Amplifier 
We begin with the homogeneously broadened amplifier because it is simpler and more 
readily understood. In fact, many of the results can be explained simply by considering 
the nature of a homogeneously broadened medium. It is a collection of identical 
atoms, each placed in identical surroundings. Thus every atom has the same resonant 
frequency and the same linewidth, and responds equally well at a given frequency. 

For this medium, when both ¢ and lei vary slowly compared to T2 , the rate - 
equation approximation, Eqs. (66), is valid. This limit has been treated extensively 
in the literature, and for small enough chirps it yields results independent of the 
chirp magnitude. This makes the limit relatively uninteresting. We use it only as a 
convenient analytic check on the numerical calculations. 

An unchirped input pulse of 4 psec duration is representative in that neither the 
rate -equation approximation nor the unbroadened limit (f.< T2 ) applies. The evolu- 
tion of this pulse is given in Fig. 2. It grows in energy by a factor of 1.75 (versus the 
small signal enhancement of 3.32), and its width is decreased by a factor of 0.92. 
The instantaneous frequency is zero initially and remains so because the amplifier, 
by itself, is incapable of creating a chirp in the SVEA. The spectrum remains smooth 
and symmetrical, and its width decreases as the inverse of the pulse width. 

We consider by comparison two outputs produced from inputs with the com- 
pression factor 'y = 4, one with the same input spectrum as the case discussed above 
(Fig. 3) and the other with the same input envelope (Fig. 4). These waveforms show 
certain features in common that are characteristic of the homogeneously broadened 
amplifier. The instantaneous values of (r,z) are slightly reduced by the amplifica- 
tion process, with the exception of the modulation in Fig. 3, which we will discuss 
later. Since the pulses are also both narrowed, the amplifier has removed some of the 
chirp. Another common feature is the pronounced downshift of the center of the 
spectrum. This is readily understood from the fact that all atoms in the medium are 
equally saturated by the leading edge of the pulse. The leading edge gets most of the 
gain and grows at the expense of the growth in the trailing edge. Thus one expects 
an increase in the frequency components below line center. Since the equations are 
antisymmetric in 4, it is clear that the spectrum shifts to the opposite direction 
when the higher frequencies occur first. Another common feature is that the amplifi- 
cation efficiency is decreased slightly by chirping the input pulses. (The ratio of out- 
put energy to input energy is 4.85 and 4.5 at the 100 -cm points, respectively.) 
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The modulations on the trailing edge are a special feature of input pulses with 
minimum widths fm less than 1 psec and input widths T(0) lying between 2 and 8 
psec. This means that the modulations occur when the pulse spectrum is wider than 
the gain bandwidth of the medium and the pulse width is in the region of optimum 
efficiency. This indicates that the modulations are connected with the phase flips of 
180° that can occur due to the Rabi flopping when a narrow, unchirped pulse 
encounters a high -gain medium. 

The previous calculations show some of the characteristics of chirped pulse ampli- 
fication in homogeneously broadened media; however, they are an insufficient basis 
for general conclusions. To provide such a basis, we have studied pulse amplification 
parametrically for input pulse widths (i = 7îm ) ranging from 0.25 psec to 128 psec 
and compression factors y ranging from 1 to 16. The pulse histories shown pre- 
viously are part of this study; the additional calculations were performed for identi- 
cal amplifier conditions. Most of the forthcoming results are for an amplifier length 
of 20 cm although occasionally 100 cm was used. 

The most revealing display of the characteristics of the homogeneously broadened 
amplifier comes from a study of output energy versus input pulse width. Figure 5 

shows these results for 20 cm of amplification. The y = 1 curve is essentially a base- 
line for the remaining curves, as it is the result for unchirped amplification. Curves 
corresponding to input pulses with constant y are shown in solid lines. The dashed 
curves are for constant fm , i.e., constant spectrum. Thus, if we perform the gé- 
dankenexperiment of passing an unchirped pulse through varying lengths of glass 
before amplifying it, we would follow the ^m = constant curves; if we wish to 
simulate the Kerr effect, we move vertically along a T(0) = constant line toward 
increasing values of y for increasing lengths of Kerr medium. 

The conclusion to be drawn here is obvious: No pulse is amplified by the homo- 
geneously broadened amplifier better than an unchirped pulse of the same width or 
spectral content. Figure 6 shows that this conclusion remains true after 100 cm of 
amplification although, for wider pulses, the chirped pulses do almost as well as the 
unchirped. One may note in Fig. 5 that this also occurs for very wide pulses after a 
20-cm amplifier. The explanation is that rate equations apply in this region. One 
consequence of those equations is that one can obtain an analytic expression for the 
output energy 91ZE in terms of the input energy 9(0), the coherence time T2 , small 
signal gain g, and amplifier length z, provided that there is no unsaturable loss. The 
result is 

S-RE = (1/T2) hill + exp(2gz)[exp(9(0)T2)- 1]}. (85) 

Using the approximations ln(1 +x) - x, eY 1+y for x,y << 1, we see that this re- 
duces to the small -signal relationship 

9(z) = exp(2gz)9(0) (86) 

for sufficiently small input energy and enhancement. For the cases in Figs. 5 and 6, 
we are well out of the small -signal regime; 9(0) = 1.64 psec 1, exp(2gz) = 3.32 for 
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the 20-cm amplifier (404 for the 100 -cm amplifier), and T2 is 1 psec. These values 
and Eq. (85) yield 

and 

g;E(20 cm) = 2.69 psec ' 

e5E (100 cm) = 7.42 psec ' , 

(87a) 

(87b) 

which agree with those obtained numerically. This comparison represents one of the 
few points of contact between analytical and numerical results. The difference be- 
tween the two results, a few tenths of a percent, is well within the 1% to 3% error 
normally expected from the numerical methods used. 

The maximum enhancement occurs for pulse widths near T2 , but this is not sig- 
nificant. It is clear that there will be an optimum width for amplification of any 
given energy pulse. For low energies, the pulse should be very long so that one may 
approach the maximum possible enhancement, the small -signal enhancement. For 
high energy pulses, they should be short to allow coherent processes like Rabi 
flopping to occur so that maximum energy can be extracted from the medium. 
Pulses short enough for this process lead quickly to discussion of the "unbroadened" 
medium limit, a problem we are not addressing ourselves to here. However, it is clear 
that some transition occurs between these two limits and that it is a function of the 
pulse energy. 

The parametric study also yields the ratio of output to input pulse widths, shown 
in Fig. 7, after 20 cm of amplification. We note that any given unchirped input pulse 
that is chirped at constant input width i-(0), corresponding to a Kerr medium, nar- 
rows more readily upon amplification. The same is true for chirping at constant 
spectrum (constant fm ) in the regions where the rate equation does not apply. After 
a width of 16 psec has been achieved, all pulses chirped at constant spectrum are 
narrowed less effectively than less chirped pulses. The y = 1 curve shows that both 
narrow and wide pulses tend to expand whereas pulses with widths that correspond 
to maximum enhancement are compressed slightly. The curves for higher y show 
that highly chirped pulses are compressed much more readily, particularly if their 
widths are again near those of maximum enhancement. 

We observe the effect of chirp on the output spectral width in Fig. 8, where the 
ratio of the output to input spectral widths is plotted versus the compression factor 
7. Of significance here is that the normalized output spectral width changes little 
with y except for pulses with narrow input widths (i.e., wide input spectra). For 
wide spectrum pulses, the output spectra narrow as the input pulse is chirped. 

The ratios of the output to input time -bandwidth product for our parametric 
study are shown in Fig. 9. We mentioned earlier that the time -bandwidth product 
constant will be slightly different for different shapes of pulses and their spectra. 
Thus, a quantitative comparison is impractical; however, it can give a qualitative idea 
of the degree that a chirp is changed in a homogeneous amplifier. The rise in the 
curves for Tyn values of 4, 8, and 16, possibly indicating increased chirp, is in our 
opinion insignificant. Such changes are easily within the degree to which the values 
could change for different pulse shapes. In fact, most information indicates that long 
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chirped pulses are dechirped by the amplifier, although slowly. The decrease in the 
curves for Tm = 0.5, 1, and 2 is significant and indicates that a substantial com- 
pression takes place for these narrow pulses. 
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tral widths using a 20-cm homogeneous amplifier. 

We next consider nonzero loss. The purpose here is to determine any significant 
complications in the amplification of chirped pulses due to an unsaturable loss. This 
was investigated by considering the amplification of pulses for which Tm was 4 psec 
and the compression factors were 1 and 2. Different input energies were considered, 
and the loss /gain ratios OK /g) as high as 0.8 were considered. As in the case of an 
unchirped pulse, we found that the addition of an unsaturable loss does not affect 
the problem in a qualitative way in situations where steady -state pulse considera- 
tions are not required. This generally requires the product KL to be much less than 
unity. We leave consideration of long lossy amplifiers to Chapter V. 

We can summarize in four main points this investigation into the transient 
response of a homogeneously broadened amplifying medium to chirped input pulses. 
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First, it is clear that a chirped pulse is amplified less efficiently than an unchirped 
pulse with either the same spectrum or the same pulse envelope. This loss of ef- 
ficiency becomes very small for pulses that are long compared to T2. Spectral or 
pulse width considerations are generally not useful in determining the degree of 
amplification. 

Second, the spectra of amplified chirped pulses shift toward the frequency of the 
leading edge of the pulse. The degree of the shift generally increases with the com- 
pression factor y and the length of the amplifier. 

Third, in the absence of chirping mechanisms, the amplification of chirped pulses 
causes the pulses to become less chirped. This occurs very quickly for narrow pulses 
and slowly for wide pulses. The dechirping occurs predominantly through pulse nar- 
rowing rather than spectral broadening although both occur to a significant degree 
for short pulses. 

The final point is that the presence of an unsaturable loss in a short homogeneous 
amplifier does not alter these results. 

Inhomogeneously Broadened Amplifier 

The inhomogeneously broadened amplifier is much more complicated than the 
homogeneously broadened amplifier. This is evident in the more complex nature of 
Eqs. (56) for the inhomogeneous amplifier compared with Eqs. (63) for the homo- 
geneous amplifier. Also, unchirped resonant pulses in the homogeneous amplifier 
obey the area theorem, Eq. (75), which has no counterpart for homogeneous am- 
plifiers. Photon echoes (Abella et al., 1966) are also a characteristic feature only of 
inhomogeneously broadened media. The basis for these phenomena lies in the fact 
that the atomic resonances are distributed over some range of frequency in inhomo- 
geneously broadened media. Thus, radiation of a single frequency interacts only 
with atoms that have line centers very near that frequency. This suggests the spec- 
trum amplifier view that we develop here for chirped pulse amplification. We find 
that the area theorem does not hold in the presence of even a modest chirp (y > 2). 
Also, the reversible decay process that produces photon echoes manifests itself in a 
seemingly opposite way from the unchirped case. In cases where the unchirped pulse 
is anomalously narrowed by the amplifier, we find anomalously wider chirped 
pulses. 

As in the previous section, we use a representative input pulse with an energy of 
1.64 psec -' and a width of 4 psec. The graphs in Fig. 10 show that, after 100 cm, 
the pulse has grown in energy to 7.58 psec -' and decreased in width to 2.2 psec. The 
train of pulses following the main pulse (we call them afterpulses) results from echo 
phenomena on the trailing edge. As we expected from the area theorem for a it 
pulse, the center of the spectrum remains fixed. The spectrum grows by adding 
energy into two large maxima equidistant from line center that can attain an arbi- 
trarily large size. The radiation at these frequencies beats to produce afterpulses. 
Thus the FWHM as a measure of temporal width must be handled carefully for it 
samples just the width of the main peak whereas a significant portion of the energy 
can be located elsewhere. 
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The afterpulses also affect the frequency . Successive afterpulses differ in phase 
by 7r, and since we use the modulus of the field jt /h, there are abrupt changes in 
where the field approaches zero. Hence, ) is very large at these points as indicated 
by the delta functions on the graphs. If, rather, we plot the total field pe/h 
(dashed lines in Fig. 10), it is clear that the pulse amplitude changes smoothly with 
time rather than discontinuously. 

The reason for dwelling upon the amplitude modulation and the associated it 
phase changes is that this phenomenon is seen in the amplification of chirped pulses. 
If the chirp is very small, perhaps a y of 1.1 or so, then the output pulse is the same 
as the unchirped case except for certain subtle features. The phase flips are gradual 
rather than abrupt, so the frequency plot has finite bumps rather than delta- function 
changes. Similarly, the intensity of the pulse never vanishes entirely, and it varies 
smoothly near the minimum. This degree of smoothing of amplitude and phase 
discontinuities increases with larger -y. In a highly chirped pulse, one sees only fluc- 
tuations in the frequency of the trailing edge and no afterpulses. The afterpulses are 
evident only in the gradual decay of the trailing edge. 

We can see some of these effects in Figs. 11 and 12. As in the previous section, we 
have used two input pulses with a compression factor of 4; the first has a chirp 
introduced at constant spectrum compared with the unchirped case and the other 
has a chirp at constant temporal width. 

The chirped pulses behave like unchirped ones in that there are no general proper- 
ties of the pulse waveforms. In contrast, the spectra have several general character- 
istics: The center of the spectrum is not bound by the restrictions of the area 
theorem; the power centroid of the spectrum can shift to higher or lower values of 
frequency although the shift is consistently very small; and the spectrum takes on 
highly asymmetric configurations. The large shifts of the peak of the spectrum to 
higher frequency values (Fig. 11) are characteristic of input pulses that are not 
highly chirped and that have input widths less than 16 psec and input areas less than 7r. 

The frequency modulation and washing out of the afterpulses mentioned earlier 
are clearly seen in the prototype calculation in Fig. 1. Though used as a sample, it is 

informative since it is a calculation for inhomogeneous amplification of a chirped 
Gaussian pulse for which T(0) = 8 psec and 'y = 2. It thus represents an intermediate 
case between the unchirped case (Fig. 10) and the one chirped at constant spectrum 
toy = 4 (Fig. 12). 

A characteristic development of long high- energy pulses in the inhomogeneous 
amplifier is beginning in the 100 -cm field plot in Fig. 12. In longer amplifiers, these 
pulses break apart into several short pulses regardless of the degree of chirp. The 
leading pulse is then amplified while the trailing ones are successively attenuated. 
This phenomenon is well established for unchirped pulses (Hopf and Scully, 1969; 
McCall and Hahn, 1967) and is associated with areas greater than 27r. However, no 
such correlation has been found for chirped pulses. This characteristic appears to be 
the primary mechanism for pulse narrowing. Rather than a straightforward contrac- 
tion, the pulse breaks apart into a narrow, rapidly amplified leading pulse and 
quickly absorbed trailing pulses. 

The output pulse energies ..9"(z = 100 cm) rise slowly for input pulses chirped at 
constant spectrum (7.58 psec-1 for y = 1, 8.33 psec 1 for y = 2, and 8.49 psec 1 for 
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y = 4, as shown in Figs. 10, 1, and 12, respectively) whereas the result of 11.32 
psec 1 for a chirp at constant temporal width in Fig. 11 appears anomalously high. 
We will see shortly that this is expected since we have changed the spectrum by 
chirping at constant temporal width and the inhomogeneous amplifier responds 
primarily to the spectrum. 

As before, we can draw no general conclusions from these specific calculations, so 
we again parametrically study the output pulse characteristics as a function of input 
pulse parameters. We consider a large number of calculations for input pulses that 
have compression factors 'y between 1 and 16 and minimum widths T,n (i.e., widths 
when y = 1) between 0.25 psec and 128 psec. 

The output energies 9" of pulses amplified by a 20 -cm inhomogeneously 
broadened amplifier are shown in Fig. 13 as a function of input pulse width T(0). 
The compression factor is held constant for the solid curves, as is the minimum 
width 'm for the dashed curves. Because the curves overlap to some degree, care has 
been taken to draw the dashed curves to intersect only those solid ones with which 
they have points in common. The general shape of the set of curves in three dimen- 
sions would be that of an undulating plain that first rises and then falls with in- 
creasing Tm . 
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Fig. 13. Output pulse energy vs input pulse width for various compression factors using a 
20-cm inhomogeneous amplifier. 
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The most significant information is shown by the dashed curves, that is, the 
curves for constant input spectrum. When 'y > 2, the output energy is almost the 
same for all input pulses with the same spectra. For wide spectra (wider than the 
gain bandwidth) the amplification decreases slightly with higher chirp, whereas for 
narrow spectra, chirping makes it slightly more efficient. The implication here is that, 
for chirped input pulses, the energy enhancement in the inhomogeneous amplifier is 
dominated by the spectral width of a pulse; that is, knowledge of the power spec- 
trum alone is sufficient to estimate the enhancement. As in the homogeneously 
broadened case, it is fortuitous rather than significant that the spectral width for 
which the energy enhancement is maximum corresponds almost precisely to the 
FWHM of the gain bandwidth. Calculations show that, for low energy input pulses, 
the maximum enhancement occurs for narrow spectral widths (Tm = 20 psec for 
9(0) = 10-3 psec-1) whereas for high energy pulses the maximum enhancement 
occurs for progressively wider spectra (fm = 1.5 psec for 9(0) = 1.64 psec' and fm 
= 0.4 psec for 9(0) = 26.2 psec-1). This is expected, as there must be a transition 
between the low energy regime where one obtains the small signal enhancement for 
very narrow spectra (as implied by the approximation required to obtain the small 
signal enhancement) and the high energy regime where one needs wide spectra to 
interact with the maximum number of atoms. Of course, very high energies in very 
short pulses require consideration of the unbroadened response regime that we are 
not considering in this dissertation. 

The observations above also apply to some degree for pulses with y < 2. Such 
pulses are nearly unchirped, and the range from y = 2 to = 1 is a transition region 
where consequences of the area theorem, Eq. (75), become increasingly important. 
We recall that the input energy for the unchirped input pulse width of 4 psec was 
chosen so that the pulse area is 7r. This choice for normalization implies the relationship 

0(0) = 6,k(0,0)I /h = (ir /2)/ psec '/Z (88) 

between the input area 0(0) and fm, as can be seen from Eq. (77b). Thus we have 
chosen to change the area by changing the minimum width rather than, as is usual, 
changing the energy. The most dramatic effects of the area theorem on energy 
enhancement occur for O = 2n7r, where n is an integer, as we can see for fm = 16 and 
Tm = 64 (0 = 27r and 47r, respectively). These correspond to minimum efficiency and 
are the converse of minimum absorption in self -induced transparency (McCall and 
Hahn, 1969). One can see that a chirp of y = 2 is sufficient to completely eliminate 
these minima. Even a small chirp is sufficient to eliminate the effects of the area 
theorem on the energy enhancement of pulses. 

Thus, to first approximation, a chirp of the sort produced by normal dispersion in 
a glass host has no influence on the energy behavior of the pulse except in the case 
where the area theorem constrains the energy. In that case the chirp will remove 
these constraints so that the behavior is smooth. On the other hand, a chirp 
produced at constant amplitude (such as occurs in the Kerr effect) drastically affects 
the efficiency of the amplifier since it changes the spectrum. This is seen by con- 
sidering the effect of moving vertically (T(0) = constant) in Fig. 13 from one value of 
y to another. For example, the increase in pulse energy is nearly doubled in going 
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from y = 1 to 'y = 4 for an input pulse width of 4 psec; similarly the increase is 
nearly a factor of 5 larger for an input pulse width of 8 psec. This increased enhance- 
ment occurs when the spectrum is spread out until it is comparable to the band- 
width. Beyond that the efficiency drops until, for example, the pulse with T(0) = 4 
psec and y = 8 is amplified about as well as for y = 1. 

The enhancement in a 100 -cm amplifier, shown in Fig. 14, exhibits essentially the 
same character. The notable features are the large differences in enhancement as a 
function of spectral width, the fact that the pulses with input areas of 277- and 47 
now show some enhancement, and that the effects of the area theorem are essen- 
tially absent for pulses with y >VT. 

The results shown in Figs. 13 and 14 also support a conclusion made earlier in this 
chapter. We stressed that the slope of the chirp was not a good measure of the chirp 
because it did not increase monotonically with disperser length. We see that its use 
could indeed cause confusion here since the results for input pulses that have the 
same slope, for example y = 1.05 and y = 5, are very different. 

The normalized output pulse width (420 cm) /T(0) (Fig. 15) also illustrates the 
differences between chirped and unchirped pulse amplification. Here, however, they 
are much more dramatic and confusing than those for the output energy. Because 
the figure is already complicated and because the width as a function of fm is also 
complex, we have not drawn the lines for constant spectrum. They can be con- 
structed from points for which T(0) = y$m , as we have done for 1-m = 0.25 and 8 

psec. 
The output energy figures showed that one of the relevant descriptions of the 

inhomogeneously broadened amplifier, the area theorem, has an impact on chirped 
pulse amplification only for weakly chirped (-y < 2) pulses. However, they do not 
provide us with information as to the validity of another relevant description, that 
of photon echo or edge -echo phenomena (Hopf and Scully, 1969). The results in 
Fig. 15 show us that such a description is relevant -and indeed required -to explain 
chirped pulse evolution in an inhomogeneous amplifier. The points indicated in Fig. 
15 for 3'm = 8 psec will help us with this later; first, however, we discuss the results 
more generally. 

We again restrict ourselves first to at least mildly chirped input pulses (y > 2). 
When the spectra are wider than the gain bandwidth ($m < T2 *), substantial com- 
pression occurs for higher input chirps, as shown in Fig. 15 by the Tm = 0.25 psec 
points. For narrower spectra ('m > T2 *), the response is relatively independent of 
y, as indicated by the Tm = 8 psec points for y > 2. Curves for other values of fm 
tend to show slightly more structure than the 7m = 8 psec curve, but not signifi- 
cantly more. 

These results are consistent with the picture of the inhomogeneous amplifier as a 

spectrum amplifier for chirped pulses. We see that pulses with spectra on the order 
of but narrower than the gain bandwidth are shortened somewhat whereas the 
typical response for narrow spectra (large T) pulses is for them to lengthen by the 
same percentage regardless of chirp. The behavior here is not straightforward, how- 
ever. We note an apparent anomaly in that the maximum increase occurs for Tm = 8 

psec. This is related to photon echo phenomena and will be discussed after we 
review the results for unchirped input pulses. 
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The unchirped case presents an extremely complex structure. Very short pulses 
,hibit temporal broadening that is understood in terms of gain narrowing of the 
ectrum. The features for large input widths reflect the pulse breakup that is asso- 
ated with large input areas. Such features are hard to explain in a simple fashion, 

iind since they have been investigated in a number of papers (McCall and Hahn, 
969; Hopf and Scully, 1969 and 1970; G. L. Lamb, 1971), we will not discuss 
em here. For us, the most important feature is the maximum compression that 

ccurs for input pulses with a width of about 8 psec. Such features cannot be ex- 
lained by the area theorem alone. Procedures that obtain approximate pulse widths 
ased on pulse energy and area (02 (x ), make the assumption that no phase flips 
ccur in the pulse. Numerical calculations, however, such as Fig. 10 and Hopf and 
cully (1969) show that phase flips occur in almost all cases. If, instead, one takes 
e view that the effects in the amplifiers are explained primarily by photon echoes, 

hen the phenomenon is much clearer. The photon echo view is that the effects in 
e amplifier are due to the reversals of the decay process that results from the 

ephasing of the dipoles. These reversals result in a continuum of echoes whose mag- 
itude and phase are determined by the area formula. If we digress, for the moment, 
o the problem of photon echo of two distinct input pulses, we find (Hopf, 1968) 
hat a treatment in terms of pulse areas predicts that a maximum echo occurs where 

the pulses have areas of it /2 and 7r, respectively. In the degenerate case for pulses 
laced edge to edge to form a single pulse, the echo still occurs but this time on the 
railing edge of the total pulse. This echo pulse then echoes with the main pulse to 
roduce a second echo pulse trailing the first two, etc., forming the ringing tail. 

, ther echoes occur inside the bulk of the pulse and produce extreme narrowing for 
pulses with areas near 3702 and pulse breakup for larger pulses. The inefficiency in 
mplification for an input 27r pulse occurs because the maximum echo occurs inside 
he pulse, and, because it occurs out of phase with the pulse, "eats away" the trail - 

g edge. This represents a reabsorption of the radiation that the leading edge caused 
he atoms to emit, and hence little net gain. 

This view lacks the quantitative applicability of the area theorem but does lead to 
correct picture of unchirped pulses. For instance, the area theorem cannot predict 

he ringing and leads to an erroneous measure of pulse compression. Moreover, the 
hoton echo view predicts that a 37r pulse should break up initially into two pulses 
f 37r/2 each, which is what is observed in computer solutions. The area theorem 
ads more naturally to the notion that the breakup should be into a it and 27r pulse. 
When echoes are produced by pulses that are at different frequencies, the result is 

complicated pulse with spectral content at both frequencies. When an echo of this 
ort is added to a pulse of still another frequency, there will be a considerable reduc- 
ion in the amount by which the reversal process can add to or subtract from the 
mplitude of the field. The most apparent consequence of the reversal process is the 
ddition of lower frequency components to the trailing edge of the pulse that causes 
he chirp to become a modulated displacement of the carrier frequency. 

This viewpoint is strongly supported by the behavior of the pulse width when the 
hirp is large. It cannot be a coincidence that both the minima and maxima in the 
et of width curves occur for the same values of 9-i (i.e., Arm = 8 psec, 0(0) = 37r/2). 
t is clear from these curves that the reversal and reradiation due to echoes still 
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occur, but instead of removing the back portion of the pulse they add to it and 
cause a broadening of the pulse rather than a narrowing. 

The normalized output pulse spectral width data shown in Fig. 16 again present 
the pattern of a well behaved response of the inhomogeneously broadened medium 
to input pulses with a compression factor y > 4, a response to unchirped pulses that 
is dominated by the area theorem, and a transition region between the two. As with 
the width, one must be careful in attaching significance to small differences in the 
spectral width when measured by the FWHM. This is especially true in this case since 
the spectrum can take peculiar shapes and the maximum is a sensitive function of 
conditions. For y > 4, the output spectral widths are just about independent of y. 
The very narrow input spectra are broadened and the wide ones are narrowed. For 
y = 1 (unchirped pulses) the pulses with 0(0) = it or slightly larger are the most 
broadened. This is a direct consequence of the area theorem because, for these . 

pulses, the center spectrum must remain constant or get smaller and the only avenue 
open for amplification is spectral broadening. 

The results for Tm = 8 psec and y > 2 are significant in spite of the problems in 
interpreting FWHM information. They present an anomalous behavior in that the 
normalized output spectral width increases until Tm = 4 psec, then decreases for 

= 8 psec, and then rises again. This supports the idea that a maximum echo is 
occurring. Since these pulses are anomalously wide, their AM contribution to the 
bandwidth is anomalously small; consequently, we see an anomalously small relative 
bandwidth. 

We are now in a position to make a qualitative estimate of the degree to which a 
chirp is enhanced or decreased in an inhomogeneous amplifier. As with the homo- 

Fig. 16. Normalized output 
spectral width vs input pulse 
compression factor for vari- 
ous input spectral widths us- 
ing a 20-cm inhomogeneous 
amplifier. 
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geneous amplifier, our measure of this phenomenon is the normalized time - 
bandwidth product. Values significantly larger than unity indicate increased chirp 
and those that are smaller indicate decreased chirp. Again, these results are 
qualitative, for they depend upon shape of both the pulse and its spectrum. 

The normalized time -bandwidth products (Fig. 17) indicate that the input pulses 
with spectra as wide as or wider than the gain bandwidth (as indicated by small Tm ) 

are compressed and dechirped significantly in the amplifier. Wider pulses appear to 
have their chirps enhanced. We noted earlier that these pulses were widened both 
temporally and spectrally. The temporal widening is due to high areas that induce 
pronounced echo phenomena; the spectral widening is due to saturation at line 
center but not at the edges, owing to both high areas and narrow spectra. Both of 
these contribute to the enhanced time- bandwidth product. Other measures confirm 
increased chirp. While Aq remains constant or perhaps decreases slightly because the 
trailing edge has an almost constant frequency, the envelope has widened, indicating 
enhanced chirp. The dispersion factor y' expresses this, too, in that the FM band- 
width has changed only slightly but the AM bandwidth has decreased significantly. 
We note that this chirp enhancement will be only a transient phenomenon. Pulse 
breakup occurs in longer amplifiers, eventually decreasing the chirp. This has not 
been investigated precisely in this context, but some of the calculations in Chapter V 
show that the dechirping process occurs. 

Fig 17. Normalized output 
pulse time- bandwidth prod- 
uct vs input pulse compres- 
sion factor for various input 
spectral widths using a 20-cm 
inhomogeneous amplifier. 
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Finally we mention that we have investigated the effect of introducing a passive 
loss into the problem. We have seen no interesting consequences other than a con- 
siderable complication of the results, as noted by Hopf and Scully (1969). The loss 

becomes important, however, in the limit of long amplifiers because it allows the 
pulse to attain an asymptotic form. 

Since the problem of the inhomogeneously broadened amplifier was first con- 
sidered, the results have been interpreted either in terms of the area theorem or in 

terms of edge echo and nutation effects or both. We have seen in this section that, 
for highly chirped pulses, the amplifier responds characteristically to the spectral 
width and the energy of the input pulse. Changing the spectral width at constant 
energy will, of course, change the area, so the two views can in some cases be equiva- 
lent. For example, the enhancement of an unchirped pulse with area near 7r and a 

width much greater than T2 * increases rapidly when the energy is held fixed and the 
width is decreased. This change can be viewed either as a result of decreasing the 
area, which characteristically increases efficiency by making the problem more 
nearly linear, or as an increase in spectral width, which uses up the available gain 

more efficiently. We have, then, singled out two special properties of pulse propaga- 
tion that are not consistent with the simple spectrum amplifier view. The first is the 
extreme inefficiency that comes from trying to amplify an unchirped 27r pulse. This 
is seen to vanish with the introduction of a chirp such that y > 2. The second special 
property involves the compression of a pulse whose area is near 37r/2 and occurs 
because the maximum photon echo is produced by this pulse. From the area 
theorem point of view, the amplifier forces both a reduction in the energy at line 

center and an increase in the total energy. This typically results in the form of spec- 
tral development shown in Fig. 10. Again, the introduction of a chirp such that y is 

greater than 2 is enough to eliminate the pulse compression and spectral broadening. 
The photon echo remains, however, and exhibits itself as an enhancement of the 
pulse duration. There are, of course, other properties of unchirped pulse propaga- 
tion, such as pulse breakup, that are consequences primarily of the nutation effect. 
These are also seen to vanish, but they are not shown here because they are com- 
plicated effects. Breakup of chirped pulses does occur in longer amplifiers than 
shown here, but it bears no relationship to breakup of pulses greater than 27r in the 
unchirped amplifier. Breakup is one typical means by which the pulse gets rid of the 
highly nonresonant values of the instantaneous frequency by breaking up into one 

pulse that is less chirped and one that is highly nonresonant. The subsequent pulse is 

then attenuated. We conclude that the general view of the inhomogeneously 
broadened amplifier should be one that is a simple spectrum amplifier. Properties of 
resonant unchirped pulse propagation that are equivalent to this viewpoint are seen 
to be largely unaffected for input pulses chirped at constant spectrum. However, 
special properties that are not consequences of this simple viewpoint (i.e., the area 

theorem and nutation) are seen to disappear for pulses with compression factors 
greater than 2. 

In summary, then, with the presence of a chirp one no longer expects any signifi- 

cant effects in the inhomogeneously broadened amplifier on the time -domain aspects 
of the pulse. This means that the dominant aspects of pulse propagation are determined 
by the power spectrum or, equivalently, by the spectral width and the pulse energy. 
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Comparisons and Summary 

In the preceding two sections, we have avoided comparing the results for the two 
types of amplifiers. To do so would perhaps have been confusing and most certainly 
would have detracted from the main purpose of describing the phenomenon of 
chirped pulse amplification in the two classes of amplifiers. With those phenomena 
established, we may compare the results, note their similarities and differences, and 
briefly consider the consequences of mixed broadening. 

We emphasize that we are restricting ourselves to considerations of the limit of 
"highly" chirped pulses. This limit is determined by the point at which all those 
effects that are uniquely predicted by the area theorem of McCall and Hahn (1969) 
disappear. Such effects were discussed at length in the previous part and are not 
repeated here. In addition, the unchirped limits are not considered, as they have 
been extensively discussed in the literature. 

The regime where the spectral width of the pulse is wider than the gain bandwidth 
is a simple one. Basically the form of broadening makes little difference in this 
regime, as both amplifiers show the same response. The efficiency is determined 
entirely by the input spectral width and is largely unaffected by the degree of chirp. 
The efficiency in this regime decreases with increasing spectral width. In both cases 
the spectrum narrows as would be expected, with more narrowing as the input spec- 
trum gets wider and with the degree of narrowing increasing very slightly with in- 
creasing chirp. The degree of chirp has a large effect on the degree to which the 
pulse is compressed in time. The ratio of the output to input width drops sharply 
with increasing chirp. If one considers what happens to the degree of chirp, one 
finds that the pulses are dechirped more in this regime than in any other, with the 
most highly chirped input pulse being dechirped the most. 

The difference between the homogeneously and inhomogeneously broadened am- 
plifiers becomes apparent when one considers pulses that have spectral widths less 
than the gain bandwidth of the medium. In this regime, we focus on the response of 
the energy enhancement (efficiency) as being physically the most significant param- 
eter. The efficiency of the inhomogeneously broadened amplifier is determined by 
the spectral width and energy of the pulse; that is, one need know only the input 
power spectrum to determine the enhancement. This applies only for short dis- 
tances, however, as the power spectrum itself evolves in a way that is dependent 
upon the degree of chirp. The enhancement does not afford a unified description of 
the homogeneously broadened amplifier in this region. For pulses with very narrow 
spectra, the rate equations apply as we have seen. The enhancement is determined 
entirely by the input energy and the medium parameters and is insensitive to the 
width or degree of chirp. In the intermediate regime, the most significant feature is 

the general decrease in energy enhancement with increasing chirp either at constant 
temporal width or constant spectral width. A feature that does lead to a unified 
description is the development of the spectrum, which shows a marked shift toward 
the predominant frequency content of the leading edge. This is readily understood 
by a time -domain argument, namely that the leading edge of the pulse is amplified at 
the expense of growth in the trailing edge. This shows that the proper view of the 
homogeneously broadened amplifier is in the time domain. 
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We investigated briefly the mixed broadening case (T2 T2 *) that represents an 

intermediate between the pure homogeneous and pure inhomogeneous amplifiers. 
The pure case calculations are taken from the previous two sections. Some param- 
eters for the mixed broadening amplifier were varied slightly to maintain the same 
small signal enhancement as for the pure case; otherwise they are the same. The 
input pulse characteristics were a width z(0) of 8 psec, a compression factor y of 2, 

and the same energy .9-(0) of 1.64 psec-1 used in the previous two sections. The 
center spectrum value for the input pulse is it since Tm = 4 psec. The results in Fig. 

18 show the pulse shape, chirp characteristics, and spectrum of the output pulse 

versus coherence time. One can see that the spectrum shift is a coherence effect, as 

are the remnants both of the afterpulses in the pulse envelope and of the abrupt 11 

phase changes in the output frequency modulation, which all disappear gradually as 

T2 becomes smaller and smaller. 
The parametric studies of the temporal width I', the spectral width h, and the 

time bandwidth product TSt reflect the details of the small structure that is charac- 
teristic of the amplitude and, in the inhomogeneously broadened amplifier, of the 
spectra of the pulses. Thus one must not infer too much from small differences from 
one result to another. However, the differences noted for the curves for Tm = 8 psec 
in the inhomogeneous case are significant in that they show us that, even for highly 
chirped pulses, photon echo considerations are necessary to explain the phenomena. 

The most notable aspects of the curves of the spectral and temporal widths and of 
the time bandwidth product are that, for highly chirped pulses, the trends within the 
curves are similar for both kinds of amplifiers. In both cases, for y > 2, the spectral 
width changes very little with y and the relative output spectral width increases with 
Tm (except in cases where photon echo considerations are necessary). However, the 
scale of the curves is noticeably different. The homogeneously broadened amplifier 
does not significantly increase the spectral width for the range of parameters con- 
sidered. The inhomogeneously broadened amplifier, on the other hand, does increase 
the spectral width. 

The time -bandwidth product also shows similarities for y > 2. It is only weakly 

dependent on the degree of chirp in either case, and the relative product gets larger 
as Tm increases. Again the distinction is that the time -bandwidth product can in- 

crease considerably in the inhomogeneously broadened case whereas it generally 
stays smaller for the homogeneous case. Thus the homogeneously broadened am- 

plifier does the better job in dechirping the pulses. 
The temporal widths are similar in that the degree of compression is not greatly 

affected by changes in the degree of chirp. The two amplifiers differ drastically, 
however, in their response to I'm , which reflects the large reradiations that occur 
only in the inhomogeneously broadened amplifier. This produces the maxima in the 
curve for large T(0), which have no counterpart in the homogeneously broadened 
amplifier since in that case no reradiative phenomena are possible. 

In this chapter, we have investigated the transient response of both homoge- 
neously and inhomogeneously broadened amplifiers to chirped input pulses. We have 

attempted to minimize the interplay between pulse shape effects, pulse width ef- 

fects, and spectral width effects by choosing the chirped Gaussian as the general 

input pulse. It has the features of always retaining a Gaussian shape, a linear!, 
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increasing frequency, and a Gaussian spectrum for all degrees of chirp. In addition, 
because each input pulse with its individual chirp, width, and spectral content 
evolves differently, we observed the results of our calculations for a short am- 
plifier so that unexpected features of the pulse evolution would not develop to 
the point of confusing our results. We chose an input energy for the pulses that 
was large enough to induce highly nonlinear responses and held it constant for all 
input pulses. Input pulse widths ranged from shorter than the relevant decay time 
to much longer. 

We have tried to present a picture of chirped pulse amplification that explains the 
results with a minimum number of general principles. We have concentrated primar- 
ily on those features of the results that demonstrate these general principles. An 
example of a successful application of this approach, which has the additional advan- 
tage of being quantitative, is the application of the area theorem of McCall and Hahn 
(1969) to the problem of unchirped pulses in an inhomogeneously broadened 
attenuator. It is not always appreciated, however, that the area theorem, by itself, is 

incapable of such power. Its utility comes from another principle that these 
attenuators do not produce phase shifts in pulses. In inhomogeneously broadened 
amplifiers, the numerical solutions show that phase shifts are the order of the day, 
and for that reason the area theorem does not have the quantitative impact on this 
problem that it does on transient problems associated with self -induced trans- 
parency. 

Hopf and Scully (1969) found it more useful to describe the amplifier in terms of 
nutations and edge echoes, which were qualitative notions but which did indicate 
correctly how pulses should behave. The photon echo approach leads directly to the 
notion that phase shifts do not occur in the attenuator, and so has impact on that 
problem as well. This is not to say that the area theorem and the photon echo 
notions are at variance; in fact, the quantitative behavior of echoes can be derived 
from the area theorem provided that the qualitative behavior has been assumed for 
that derivation. The issue of the comparison of the homogeneously and inhomo- 
geneously broadened amplifiers is confused, in turn, by the fact that the photon 
echoes in many respects respond quantitatively to the Rabi- flopping formula, which 
determines the properties of coherent atomic response in the homogeneously 
broadened amplifier. Thus, for unchirped pulses, the two media frequently produce 
similar pulses. Much of the work by Hopf and Scully (1969) was involved in charac- 
terizing these similarities and differences. 

Similar problems are confronted in the case of chirped pulses since in many 
respects the two amplifiers behave in the same way. Fortunately, if we restrict our 
comparison to the behavior of the energy of the pulse, which is unambiguously 
definable, and to large and systematic changes in those properties of the pulses 
whose definitions are practical rather than of obvious physical significance (such as 

using the full width at half maximum to measure widths), it is possible to outline the 

difference in the two cases. 
The homogeneously broadened amplifier is the more straightforward of the two 

cases. In the limit of very long pulses, an instantaneous equilibrium is set up between 
the field and the atoms and is described by a set of rate equations. This means that 
the properties of the pulse in this regime are determined primarily by the incident 
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intensity and are insensitive to the phase (i.e., the chirp), provided the phase varies 
slowly in time compared to T2. When the pulse is shortened, the atomic coherence 
plays a role that, because of the Rabi- flopping formula, permits greater changes in 
the inversion and hence greater efficiency. If we now compare a resonant with a 
nonresonant pulse in this regime, we see that there is generally less change in the 
inversion and hence decreased efficiency. The same is true when the pulses are 
chirped, and we see the first principle of the homogeneously broadened amplifier in 
this regime: The addition of a chirp, especially self -phase modulation (Kerr effect) 
when the temporal width stays constant, will cause the amplifier to be less efficient. 
Although the physics of the medium (which is a collection of identical atoms whose 
only significant characteristic is that their polarization decays in time) and the 
nature of the equations suggest a time -domain interpretation of the results, the effi- 
ciency argument could also be expressed in the frequency domain; i.e., it is a matter 
of semantics to describe the results by the principle that the amplifier becomes more 
efficient as the spectral width approaches the gain bandwidth of the medium. In- 
deed, the efficiency is not greatly affected by the degree of chirp, provided that the 
input spectral width stays fixed. However, the large shift in the center of the spec- 
trum in the direction of the frequency content of the leading edge of the pulse is a 

natural consequence of a time -domain but not a frequency -domain description. Thus 
the best description for the amplification of pulses in the homogeneously broadened 
medium is the most natural one, namely that the pulse is best characterized by the 
gross features of the time -domain nature of the pulse. 

The discussion of the inhomogeneously broadened medium presents an entirely 
different aspect. The atoms at different frequencies respond in different ways to the 
input pulse. However, the individual atoms respond to the field itself, and thus the 
equations are written either in the total time domain as is done here (which tends to 
focus attention on the echo aspects of pulse propagation) or in the mixed frequency 
and time -domain picture, i.e., Bloch equations (McCall and Hahn, 1969), which is 
preferred by others. Thus there is no clear -cut natural framework in which to discuss 
pulse propagation. Two salient features of the investigation show how the result 
must go, however. First, all the aspects of unchirped pulse propagation that are 
uniquely described by the time -domain aspects of the problem (i.e., inefficiency of 
amplification of 27r pulses, breakup resulting from nutation, and ringing accom- 
panied by temporal narrowing that comes from echoes) are eliminated or drastically 
altered by the presence of chirps. Second, for all degrees of chirp that are large 
enough (7 > 2) to eliminate these effects, the efficiency of amplification is depen- 
dent only on the spectral width. Thus, with increasing chirp, the time -domain 
aspects give way to frequency aspects. This is incomplete, however. The photon 
echo processes still remain and in fact explain why the first of these two phenomena 
occurs. The anomalous behavior of the width for large chirps is also explained by 
echoes and indicates that the size of the center of the power spectrum plays a role in 
determining the magnitude of the effects. In conclusion, then, the inhomogeneously 
broadened amplifier is seen to respond primarily to the power spectrum, its energy 
and width determining the efficiency and its peak determining the development of 
the pulse width. However, the time -domain concept of the photon echo is needed to 
explain why the pulses behave as they do. 
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IV. PRODUCTION OF CHIRPED PULSES 

Two mechanisms have been proposed as the source for the generation of chirped 
pulses: They are the optical Kerr effect (intensity -dependent index of refraction) 
and normal host dispersion (frequency- dependent index of refraction). We have 

discussed portions of the theory for both of these effects in Chapter II. In Chapter 
III, we indicated that normal host dispersion caused a chirp at constant spectrum 
whereas the Kerr effect caused a chirp at constant envelope. In this chapter we 

develop the basis for these statements and investigate briefly the production of 
chirped pulses in both amplifying and nonamplifying media where these effects are 

present. 
We first investigate normal host dispersion using the classic approach involving the 

superposition principle. Our results indicate that normal dispersion has essentially no 

effect for a 1 -psec pulse passing through 100 cm of glass. For most glass amplifiers, 
its effect is negligible unless subpicosecond structure exists on the pulse. In our in- 

vestigation of the Kerr effect, we find that significant chirps develop only on large 

pulses, so its influence would predominately occur during the latter stages of pulse 
development in a laser oscillator or in a long amplifier. We also obtain results for a 

pulse amplified in a Kerr -host amplifier that are strikingly similar to the experi- 
mental results of Treacy (1969). 

This investigation is not intended to be a detailed exploration; rather it is an at- 

tempt to learn the general characteristics of the interactions of chirp- producing 
effects with the pulses being amplified. The predominant results will be an indica- 
tion of the type of chirp produced, the time scale required to develop a significant 
chirp, and any characteristics that may be experimentally significant in identifying 
the dominant mechanism in Nd:glass lasers. 

Quadratic Normal Dispersion 

In Chapter II we mentioned that, in the absence of intensity - dependent effects, the 
problem of pulse propagation in a dispersive medium can be easily solved using the 
superposition principle. Because the medium's response to an electric field is to first 
order in the field amplitude, we can propagate each Fourier (infinite plane wave) 
component of the pulse through the medium at its respective velocity. When we 

want to observe the pulse at a certain point, we merely reassemble the Fourier 
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components to determine the time evolution of the pulse at that point. This is the 
classic approach to the problem, and we will review it here to aid us in understand- 
ing how chirped pulses evolve when frequency -dependent (normal) dispersion is 
present. 

We then consider the problem of normally dispersive host amplifiers, concluding 
that normal dispersion is significant only for very short pulses or in long amplifiers. 
Because in Chapter V we will investigate long, normally dispersive amplifiers in 
studying the steady -state pulse problem, we introduce here the "slice model" of 
such an amplifier. In this model, we treat the amplifier as alternate thin slices of 
Kerr -dispersive amplifiers and nonamplifying normal dispersers. We then discuss the 
advantages of and problems with using such a model. 

Nonamplifying Media - Classic Approach 

In our approach to normal dispersion, we take advantage of the linearity of the 
medium's response to the electric field in two ways. We use the superposition 
principle when we Fourier analyze the input pulses, and also when we consider the 
evolution of the complex electric field 

E(t,z) = g(t,z)exp[i(vt - koz)] (89) 

rather than the real field E(t,z). This will enable us to obtain the correct results at a 
considerable convenience. The real field can of course be readily obtained as the real 
part of E(t,z), i.e., 

E(t,z) = Re1E(t,z)1. (90) 

Note that we are using the full electric field in our development rather than just 
the envelope G'(t,z). Thus we start with the full one -dimensional wave equation, Eq. 
(4), rather than any reduced wave equation, and we develop an expression for the 
evolution of the complex field envelope e(t,z) in a normal disperser that is compat- 
ible with the amplifier equations of motion. We recall the propagation properties of 
the plane wave solutions to the wave equation in order to develop the equation for 
the evolution of E(t,z). 

The Fourier components 

É(w,z) = I dt exp(-iwt)E(t,z) (91) 

yield the amplitudes of the plane wave solutions of the wave equation that, when 
superimposed, give the time development of the field at a point z. In a dielectric 
medium, each of these plane waves propagates with a characteristic frequency - 
dependent wave vector k(w). The phase of these plane waves at the point z +L in the 
medium is determined by the product k(w)L; thus the time development of the pulse 
at the point z +L is determined by the superposition of the Fourier components 

É(w,z+L) = exp[-ik(w)L]É(w,z). (92) 
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Using Eq. (91) and its inverse to write this in terms of the time -domain fields, we 
find 

E(t,z +L) = f (dw /27r)exp(iwt)exp[- ik(w)L] 

fdt'exp(-iwt)E(t',z). (93) 

The evolution of the complex envelope f(t,z) follows directly by using the defini- 
tion, Eq. (89), of E(t,z) 

i(t,z +L) = f (dw /27r)exp;i(w -v)t -i [k(w) -k ] L} 

fdt' exp[- i(w- v)t']!(t',z). (94) 

As in Chapter III, we use SZ = w -v; also we assume that k(w) can be expanded 
about the frequency y in a Taylor series that can be terminated after three terms 
over the frequency range of the power spectrum of the pulse, i.e., 

k(v +St) = ko + St(dk /dw)Iw =v + %2St2(d2k /dw2)Iw =v. 

Equation (94) then becomes 
CO 

(95) 

g(t,z+L) = f (d12/27r)expliS2[t-L(dk/dw)I0)-v] 

-(i/2)122 L(d2k/dw2 )14.0=v) f dt'exp(-iS2t')6(t',z). (96) 

By using the definition of the group velocity at line center 

1 /vg = dk /dwlw (97) 

we can simplify this expression by again introducing the time -retarded frame as we 
did in Chapter II, Eq. (55). In addition, we define the parameter 

D = 8 In 2(d2k/dw2)I w=v (98) 

to indicate the strength of the dispersion. We continue the expansion of the index of 
refraction in Eq. (21) as 

where 
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(99) 

no = n(X0) (100a) 

n1 = -xo(dn/dx)Ix=xo (100b) 



n2 = 1/2A02(d2n/dx2)Ix=Ao 

and see that D can also be defined 

D = 4X0n2In 2 /7rc2. 

These considerations allow us to write Eq. (96) as 

g(r,z+L) = 
2 

( 
Jdcz exp(iSZr)exp( i 1612) 

(100c) 

dr'exp(-iSZr')e(r',z). 

Y 
LP(SZ,z+L) 

(101) 

J 
(102) 

This expression describes the evolution of the pulse envelope in a dispersive medium 
and is the working equation for pulse propagation. Its structure is strikingly similar 
to that of Eq. (93) for the total field E(t,z). The Fourier components (S2,z) of the 
envelope are dephased by the term exp(- i&Z2DL/ 161n 2) to form the Fourier com- 
ponents ii(S2,z +L) that are then superposed to form the output envelope 4°(r,z +L). 
The choice of the time -retarded frame eliminates the nonessential (for us) change in 
the pulse due to linear normal dispersion; only the effects of quadratic normal 
dispersion are retained. 

An analytic example that shows the effect of quadratic normal dispersion can be 
obtained for a Gaussian input envelope and leads to the general input pulse that we 
used in Chapter III in our study of the response of amplifiers to chirped input 
pulses. We choose 

1;(r,0) = (A/fm)exp[-41n2(r/Tm)2], (103) 

where A is an amplitude factor and fm is the FWHM of the pulse. The integration in 
Eq. (102) to find the transform 452,0) can be easily done by completing the square. 
We then multiply by the dephasing term to obtain 

1;(2,L) = (A/2)Vrr/ln 2 exp[-(22/16 ln 2)(7m2 + iDL)] (104) 

for the Fourier transform of the pulse at the point z =L. We also complete the square 
in the inverse transform to obtain 

A 
( 

47-21n 2 l 
/7.m2 + iDL eXp\ Tm2 + iDL/' 

(105) 

which is more easily understood when placed in the amplitude -phase form. We find 
that 
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and 

T2 
Ie(T,L)I = m 

[1 

+( 2121 '/4 eXp(- 
41n 2Tm2 

1 + (DL/7»t2 )2 ] (106a) 

2 

0(7-,L) = 4 In 2 fm2 
[ 1 + (DL/f,,.12 )2 ] m2 - 1/2 arctan 

DL 
, (106b) 

where the second term for the phase angle results from the rationalization of the 
factor (f,,,2 + iDL)-" in Eq. (105). The particular form of Eqs. (106) has been 
chosen to emphasize the role of the ratio DL /fm2. The FWHM of the dispersed pulse 

f(L) = N/1+ (DL /r^m2)2 fm 

depends on this ratio and makes the identification 

7 = N/1 + (DL/fm2)2 

(107) 

(108) 

obvious for the compression factor introduced in Chapter III. The use of y in the 
expressions for the field and its spectrum in Eqs. (104) and (105) simplifies them 
significantly. They become 

and 

g(T,L) = (A/fmNry)exp[-4ln2(T/yfm)2(1 - iv72 - 1) 

- (i/2) arctanN/72 - 1] (109a) 

atS2,L) _ (A/2).0r/ln 2 exp -[(52Tm )2/161n 2] (1 + iN/72 - 1). (109b) 

These are, within a complex constant multiplier, the same as the expressions used as 
the input pulses for the chirped pulse amplification investigation in Chapter III. We 
found there that, as 'y increases, the pulse width increases as 7 m and the pulse be- 
comes chirped. The instantaneous frequency was found to be linearly increasing in 
time, i.e., 

.i)(T,L) = [81n 2/(7fm)2] V72 - 1 T, (110) 

with a slope that we called ß. Also, the frequency difference at the half maximum 
points was 

66(L) = (81n 2/7f,,, )\/y2 - 1. (111) 
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The effect of dispersion on a Gaussian input pulse thus appears as a widening of the 
pulse envelope and as a linearly increasing chirp with no change in the power spec- 
trum of the pulse. No energy is redistributed in the frequency domain; instead, the 
frequency components are simply dephased. In the limit of large y, i.e., large dis- 
tances L, we have 

LV(L 8 ln 2 /rm, (112) 

which is just St, the FWHM of the spectrum of the input pulse. Thus after large 
distances, the spectral content originally necessary for the amplitude modulation of 
the pulse manifests itself as frequency modulation. The above expressions show that 
the important factor in this model of dispersion is the dimensionless quantity 

DL/Tm2 = (41n2/7r)n2( aoL/cTm)2, (113) 

which is dependent not only upon the curvature in the refractive index but also 
upon the square of the ratio of the geometric mean of the wavelength and distance 
to the minimum spatial width of the pulse. 

As an example of the effects of quadratic normal dispersion, we plot in Fig. 19 

the evolution of an initially unchirped Gaussian pulse as it propagates in a normally 
dispersive medium. The input pulse has a width of 4 psec and a wavelength of 1 µm. 
The coefficient for the nonlinear dispersion, n2, is 10-2, which leads to a value for D 
of 9.8 X 10-4 psec2/cm. As z increases, the pulse envelope widens gradually and 
develops a linear upward chirp, while the spectrum remains unchanged. We see from 
Eq. (106b) that the slope of the instantaneous frequency can be written 

DL 
2 (114) ß = 8 In 2 

Tm (DL )2 

As mentioned in Chapter III, ß does not increase monotonically with disperser 
length; it increases very quickly until Tm2 = DL (or equivalently y =') and then 
decreases slowly. For the pulse shown in Fig. 19, y = VT. for z 160 m, so we see 

the slope decrease as expected from the 400 -m point to the 800 -m point. 
The results above are dependent upon the quantity DL /Tm2, so they can be in- 

terpreted for a variety of situations for which the quantity remains constant. In 
particular, we can easily estimate the effect for Nd:glass lasers. Using data for optical 
quality fused silica (Malitson, 1965), we find that the quadratic coefficient n2 in the 
index of refraction is about 10-2 in the region of X = 1 pm, and, whereas pulse 
widths are on the order of 4 psec, the minimum pulse widths are on the order of 0.4 
psec. Thus, to interpret Fig. 19 for Nd:glass pulses, one must divide the times noted 
by 10 and the lengths noted by 100. We find that, for a 0.4 -psec -wide pulse to 
evolve to a 4 -psec -wide pulse, it must propagate through 16 m of glass, and, once it 
is to that point, it requires an additional 16 m of glass to increase to 8 psec. Thus it 
is apparent that pulses with widths greater than about 1 psec accumulate an ap- 
preciable chirp only after propagating through a great deal of glass. Even in Nd:glass, 
the dispersion lengths required are too long to be of concern in laser amplifiers. Dis- 
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persion, however, can be important in the laser oscillator since the pulse passes 
through the laser rod numerous times. It is clear, though, that even here a stringent 
condition must be met for large chirps to develop. The pulse in the laser must de- 
velop a bandwidth large enough to support a pulse with less than a 1 -psec width and 
quickly enough so that it has a chance to disperse and develop a chirp during the 
passes that remain before all the energy is extracted from the laser rod. For a 20 -cm 
laser rod, this would require 80 passes through the laser rod after the pulse band- 
width has developed, figures that are reasonable for Nd:glass lasers. 

We can see that quadratic host dispersion can produce a significant chirp in a 
pulse quickly only if the pulse is very narrow. Otherwise, the chirp builds up 
gradually after propagation through a great deal of glass. Normal dispersion produces 
a widened pulse envelope and a linearly increasing frequency modulation without 
affecting the pulse's spectrum. In the next section, we consider the problems in- 
volved in incorporating quadratic normal dispersion in the laser amplifier theory and 
the use of a slice model of the amplifier to circumvent the difficulties involved in the 
exact solution. 

Amplifying Media -The Slice Model 

The results of the previous section forecast the results to be expected here. Essen- 
tially, in the short amplifier, the small effect of dispersion implies that the results for 
dispersive amplifiers are essentially identical to those for nondispersive amplifiers 
and can be obtained from the results in Chapter III. 

In the long amplifier, however, normal dispersion does have an opportunity to 
cause a chirp to develop and to cause a change in the character of the output pulse. 
It is with this problem that we run into difficulty theoretically. It is not possible to 
write first -order differential equations that adequately describe the evolution of an 
electric field under the influence of both quadratic normal dispersion and amplifying 
atoms. Use of the SVEA reduces the wave equation to first order but fails to retain 
the quadratic term. The usual approach to normal dispersion of analyzing the evolu- 
tion of the Fourier components of the pulse also fails; the superposition principle, 
upon which this approach is based, cannot be used because the response of the 
amplifying atoms is a highly nonlinear function of the electric field. 

The alternative approach to solving the full wave equation including dispersion 
and the amplifying atoms would require so much time on a computer that it is not 
feasible. To circumvent this problem, we have used a computer model that treats the 
dispersive amplifier as a sequence of sections. Each section consists of a length of 
Kerr- dispersive amplifier (using the equations developed in Chapter II) followed by 
an equal length of a nonamplifying quadratic normal disperser (using the equations 
developed in the previous section). In the limit of many short sections or slices, this 
model should exhibit the same characteristics for pulses with slowly varying 
envelopes as would an exact theory. 

We have used this slice model to investigate the evolution of an unchirped input 
pulse in amplifiers with nonzero loss and have found that a chirp does gradually 
develop. The characteristics of the pulse and its spectrum are largely as expected 
from the results of Chapter III and the previous section. Initially in the inhomo- 

61 



geneous amplifier, the trailing edge rings; however, the effect of dispersion gradually 
accumulates to cause the envelope to become smooth. The peak of the spectrum of 
the pulse gradually shifts toward a higher frequency as the pulse accumulates a 

chirp. Eventually, however, the tendency of the amplifier to pull the frequency of 
the field toward line center begins to exert itself to limit the effects of dispersion. 

The effects in the homogeneous amplifier are in some ways not as dramatic as 
those in the inhomogeneous amplifier because the pulse does not ring and the homo- 
geneous nature of the amplifying atoms tends to limit the degree of chirp. The 
normal dispersion still has effects, though, in that a chirp develops and the center of 
the pulse spectrum gradually shifts below line center. As we expect from the results 
in Chapter III, we see large chirps, small spectral shifts, and highly asymmetric pulses 
and spectra in the inhomogeneous amplifier, and the opposite (small chirps, large 
spectral shifts, and relatively symmetric pulses and spectra) in the homogeneous dis- 
persive amplifier. 

Although the slice model appears to be effective, it still has its drawbacks. One 
must be very careful to ensure that the effect of each slice is "small "; sometimes this 
can be ascertained only after computer runs are completed. For example, if the 
pulse develops sharp spikes due, perhaps, to the Kerr effect, the normal disperser 
slice length must be very short. In addition, because the Kerr effect can act very 
quickly, the amplifier sections must also be very short. Other features are also 
apparent. Comparisons should be made between results at the ends of similar sec- 
tions. Although long slices may be used to approach a solution quickly, the final 
result should be obtained for slice lengths that produce variations in the results on 
the order of the accuracy of numerical methods used. Also, pulse propagation 
velocities are not cleanly obtainable. Additional features could be listed, but the 
conclusion to be drawn from them is obvious; one must be careful with the model. 
Also, on theoretical grounds, one must consider the effects of discarding the higher - 
order derivatives and other small terms under the SVEA and must consider whether 
these effects may be on the order of the effects of quadratic normal dispersion, 
whose effects are known to be discarded by the SVEA. The answers to such 
problems are unknown. Thus, although we recognize that potential problems exist 
for the slice model, it does provide an intuitively reasonable and practical approach 
to the dispersive amplifier as opposed to the very difficult and expensive approach 
of solving second order nonlinear differential equations numerically. 

In this section, we have shown that quadratic normal dispersion can cause chirped 
pulses but that its effects for short laser amplifiers are negligible for pulses much 
longer than a picosecond. Next, we will consider the Kerr effect, which can produce 
substantial chirps very quickly once the pulse has attained sufficient intensity. 

Kerr Effect 

As mentioned in Chapter II, the Kerr effect is caused by an intensity dependent 
index of refraction. The rapidly changing refractive index results in fast changes in 
the light velocity. Consequently the wave crests either get closer together or spread 
apart, resulting in frequency modulation and hence a chirp. Since the chirp develops 
without affecting the temporal character of the pulse, the power spectrum of the 
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pulse must broaden. This spectral broadening has led researchers (Fisher et al., 1969) 
to propose that optical Kerr liquids like carbon disulfide be used to chirp picosecond 
pulses and then a "grating pair," such as introduced by Treacy (1968), be used to 
compress the pulses to the shorter minimum width that the broader spectrum could 
then support. 

In this section we will show how Kerr media can produce a chirp and will indicate 
the chirp and spectral development for Gaussian pulses propagating in a nonamplify- 
ing Kerr medium. We then consider amplification of initially unchirped Gaussian 
pulses in both homogeneous and inhomogeneous Kerr host amplifiers. In both cases, 
our output pulses bear a striking resemblance to those reported by Treacy (1969) 
from a mode -locked Nd:glass laser. 

Nonamplifying Media 

The evolution of pulses in a nonamplifying Kerr medium can be readily predicted 
using the equations developed in Chapter II by letting a in Eqs. (56) or a' in Eqs. 
(63) be zero. We also use the amplitude -phase description, Eq. (2), of the field to 
obtain equations of motion 

ale(T,z)I/az = -KIe(T,z)I 

and 

30(7-,z) /az = -xi( I6D(T,z)I2 

for the field in a Kerr medium. These may be integrated to obtain 

(115a) 

(115b) 

Ie(T,z)I = Ie(T,0)1exp( -Kz) 

and 

(116a) 

OT,z) - 0(T,O) = -(xK/2K)[ 1 - exp(2KZ)] IaT,0)12 (116b) 

Thus the envelope attenuates exponentially while acquiring frequency modulation 
given by the instantaneous frequency 

(T,z) = -(XK/K)[ 1 - exp(2Kz)] Ie(T,0)I[al1°(T,0)Ior] (117) 

The characteristics of the chirp produced by the Kerr effect are best studied in a 
lossless medium. For K = 0, the field envelope Ik(T,z)I is unattenuated. Thus Eqs. 
(116) become 

and 

wT,z)I = Ie(T,0)I (118a) 
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45(T,z) - 45(T,0) = -xK I(T,0)I2z. 

The instantaneous frequency given by Eq. (117) becomes 

Q1(r,z) _ -2XKlk(7-,0)1[a1g(r,0)I /8r]z 

(118b) 

(119) 

and hence is dependent upon the rate of change of the intensity of the pulse with 
time and upon the product xKz. This tells us that chirps will be most intense near 
sharp peaks in the intensity. 

Because frequency modulation develops at constant pulse envelope, the spectrum 
broadens; however, we cannot obtain a general expression for the spectrum analyti- 
cally. To display the effects of propagation in a Kerr medium, we study a Gaussian 
pulse similar to those used in Chapter III and perform the integrations numerically 
to obtain the chirp and spectral development. The results in Fig. 20 are for the input 
pulse used for the unchirped case studies in Chapter III, i.e., FWHM f of 4 psec, 
energy 9(0) of 1.64 psec-1 , area 0(0) of 7r, and compression factor y of 1. Since the 
medium is lossless, we know the envelope is unattenuated and 

Igoe(r,z) /hl = I9é(r,0) /h1 = 1/2/7r ln 2 exp( -1 /are ln 2 psec-2) psec'. (120) 

This and Eq. (119) yield the chirp development 

ß /27r = [(ln 2)2/81 [xKh2 42] rz exp( -1 /2r2 In 2 psec-2) psec-4. (121) 

(We see that, because we use the quantity 9161 /h as our measure of the field, the 
Kerr constant xK must be measured in units of '2 /h2. For illustration, we have 
chosen xKh2 /ç2 to be 0.1 psec2 /cm.) The instantaneous frequency increases linearly 
with z, is zero at r = 0 and ±oo, and is negative for r < 0 and positive for r > O. The 
leading and trailing portions have negative slopes or are downchirped whereas the 
central, most intense portion is upchirped. Because the chirp increases with z, after a 

time a substantial chirp can be developed on a pulse. 
The addition of frequency modulation to an unchanging pulse envelope means 

that the spectrum of the pulse broadens at constant energy. Because the chirp is not 
linear, the spectrum will not be Gaussian as was the case with dispersion. We see in 

the spectrum plot in Fig. 20 that both the broadening and non -Gaussian character of 
the spectrum are evident and are indicative of the nonlinear character of the Kerr 
effect. If we write the expressions for the Kerr effect polarization PK in Chapter II 
in the frequency domain rather than the time domain, we see that, as a result of the 
EE *E term, the medium is mixing radiation at three frequencies to obtain a polariza- 
tion that radiates energy at a fourth frequency, i.e., 

WpK = WE1 - wE2* + WE (122) 

This argument holds equally well for the spectral components of the pulse envelope, 
and the equivalent expression that reduces identically to Eq. (122) is 
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Fig. 20. Gaussian pulse evolution in a lossless Kerr medium. 
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12sit_ = nei - 24°2* + SZe3 . (123) 

This mixing of the various frequencies in the pulse continually generates radiation at 
frequencies where formerly there were none and redistributes other radiation while 
constantly maintaining the same total energy. 

This redistribution is clear in Fig. 20. Radiation at the center frequency of the 
initially Gaussian spectrum beats with frequencies near the edge of the spectrum to 
transfer energy from the center of the spectrum to outside the edges of it (z = 50 
cm). This robbing of energy from the center spectrum continues until there is a 

pronounced "hole" at the center (z = 100 cm). Then the two peaks above and below 
line center beat together to produce radiation both at the line center again and at 
frequencies still farther from line center (z = 150 cm). With energy now at line 
center, the process begins to repeat by producing a new hole at line center (z = 200 
cm). As the distance increases, the energy is spread over larger and larger frequency 
ranges with the energy at a given frequency oscillating up and down as the beating 
feeds or depletes that region. This could have serious implications for pulse amplifi- 
cation in the inhomogeneous amplifier, as it tends to increase the spectral content of 
pulse. 

The nature of the parameters used above were chosen because we believe them 
typical of what can occur in Nd:glass lasers or amplifiers. We used typical gain cross - 
section values from manufacturers' data to obtain a rough estimate of the dipole 
moment Oh for Nd:glass of 10-6 cm /V psec, and also used quoted values of the Kerr 
effect for BK -7 glass (Duguay et al., 1970) to obtain a value of 0.1 psec2/cm for 
xK h2 /5)2. Using the dipole moment above, we estimate a peak electric field in the rr 

pulse used to be about 106 V /cm. Although this may be high for outputs of laser 
oscillators, it might be achieved in master oscillator -power amplifier arrangements. 

The results of this section show that, for large pulses, the Kerr effect can intro- 
duce a substantial chirp and thus could have significant effects on pulse amplifica- 
tion in Nd:glass. In a lossless medium, a pulse accumulates a chirp at constant pulse 
shape, and the chirp is upward during the most intense portion of the pulse. Also, 
the Kerr effect can effectively distribute a substantial portion of a pulse's energy 
over a large range of frequencies. We now proceed to investigate the consequences of 
the Kerr effect for pulse amplification. 

Amplifying Media 

Both pulse amplification and the Kerr effect involve nonlinear reactions of atoms to 
the incident radiation. Thus the results depend not only on the relative magnitudes 
of the various parameters (small signal gain, loss, decay times, Kerr constant, etc.) 
but also on the particular shape and energy of the input pulse and its spectrum. 
These complexities make it nearly impossible to make any general statements that 
precisely predict results in a variety of circumstances. We are forced, therefore, to 
deal with particular examples. 

One can conceive of three regions of interest in amplifiers with Kerr- active hosts: 
In the first the amplifier characteristics dominate; in the second the Kerr effect and 
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amplifier compete; in the third the Kerr effect dominates. The first region is where 
most amplifiers and lasers operate. Here the Kerr constant and /or the pulse intensi- 
ties are so small that the Kerr effect is minimal. Thus the results for this region 
are the same as for the non -Kerr hosts treated in Chapter III with, perhaps, a slight 
tendency for chirped pulses to be less easily compressed due to the slight addition of 
chirp by the Kerr effect. 

The third region, where the Kerr effect dominates, is not quite as trivial as the 
first. If we take the spectral viewpoint, this is the region where the Kerr effect causes 
energy to be shifted rapidly to outside the gain bandwidth. The amplifier continues 
to amplify, although less and less well. Finally one reaches a point where the energy 
remaining within the gain- bandwidth of the amplifier is so small that it is essentially 
in the linear regime, and some balance is achieved between the energy deposited in 
the pulse by the amplifier and the energy removed from the gain bandwidth by the 
Kerr effect. Of course such reasoning assumes that there is little change in the pulse 
shape during this process. This is highly unlikely, so a more likely evolution is one in 
which initially the Kerr effect dominates very strongly in throwing energy outside 
the gain bandwidth; then the amplifier has had enough effect to change pulse shapes 
and intensities or perhaps induce pulse breakup so that the situation now falls in the 
second regime where the amplifier and Kerr effect are competing. One note of 
caution, however, is that it is probably inadequate to treat physical situations that 
lie in this third region with a plane -wave theory. The finite extent of the laser beam 
and the difference in intensities across the beam will cause self- focusing of the laser 
beam through the transverse changes in the index of refraction due to the Kerr 
effect itself. 

The region where the Kerr effect and the amplifier are competing processes is 
probably the most interesting, the most complex, and the one about which the least 
can be said in general. A number of considerations are necessary in this region. The 
amplifier amplifies best at the center of the spectrum; the Kerr effect reduces the 
energy there. For a it pulse, this allows more efficient amplification in the inhomo- 
geneous amplifier. The Kerr effect also widens the spectrum; we saw in Chapter III 
that the enhancement for both classes of amplifiers depended both on the energy 
and width of the spectrum. It is clear, though, that if the input spectrum is very 
narrow, the Kerr effect enhances amplification; if the spectrum is initially very 
broad, however, the Kerr effect can inhibit amplification. The Kerr effect also 
produces a chirp; its effect in the homogeneous amplifier has been shown to be 
deleterious while it is perhaps beneficial in the inhomogeneous amplifier. 

We stated earlier that this investigation would be cursory in nature. Our purpose is 
to determine in a gross sense the characteristics of Kerr -host amplifiers. To that end, 
we include the results of numerical calculations for an unchirped input pulse of 
FWHM T of 4 psec, energy Yof 1.64 psec' (corresponding to an area of 7r) incident 
on both a homogeneous and an inhomogeneous amplifier. The Kerr constant 

h2 /V of 0.1 psec2 /cm is the same as used in the calculations shown earlier in this 
chapter. The amplifier small signal gain of 0.03 cm' and relevant decay time of 1 

psec are the same as used for calculations in Chapter III. These choices allow easy 
comparison between these results and those presented both earlier in this chapter 
and in Chapter III. 
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Figures 21 and 22 show the evolution of the pulse envelope, chirp, and spectrum 
as the pulse travels through a homogeneous and inhomogeneous amplifier, respec- 
tively. The most interesting features are the similarity of the results for the two am- 
plifiers with each other and with the experimental results of Treacy (1969) for the 
intensity profile of the output of a mode -locked Nd:glass laser. At this time, it is not 
clear to us whether this similarity is significant or fortuitous. 

There are characteristic differences between the homogeneous and inhomoge- 
neous results, such as remnants of afterpulses and the associated frequency sweeps in 

the inhomogeneous amplifier and the more pronounced asymmetry of the spectrum 
toward the lower frequencies in the homogeneous amplifier, but largely the results 
are similar. In the early stages of amplification the pulse is amplified as though it 

were only slightly chirped. Also the Kerr effect develops as shown earlier in the 
chapter. There is apparently no interaction in the early stages. At the 50 -cm point, 
the pulses have developed a fairly substantial chirp, still largely symmetrical, 
although afterpulses are evident from the curve for (4. The substantial changes occur 
in the 20 cm between 50 and 70 cm of amplification. The pulse envelopes develop a 

slowly rising leading edge and a very sharply falling trailing edge, the frequency 
modulation on the pulses rises very sharply at the trailing edge, and the spectra are 

shifted to distinctly below line center. The sharp peak at the trailing edge of the 

pulse envelope gets increasingly sharper with distance, rapidly taxing the numerical 
methods used to solve the differential equations on the computer. 

Comparison of these results, particularly the evolution of the pulse width T and 

energy 5T with those of Chapter III show us what is happening. Over the first 20 cm 

or so, the results are essentially the same as for the T(0) = 4, 7 = 1 results of Chapter 
III. Because the pulses are relatively unchirped at this point, these are the expected 
results. The results start to diverge from the unchirped results as the Kerr effect 
begins to have a large impact. For the homogeneous amplifier, the rate of energy 
growth slows over that of an unchirped pulse, as does the rate of pulse narrowing. In 

the inhomogeneous amplifier, however, the enhancement increases for two reasons: 
(1) The pulse spectrum is wider and the pulse, initially a 77. pulse, is now chirped so 

that both the influence of the area theorem to hold the center of the spectrum fixed 

is diminished and (2) the energy at the center of the spectrum is reduced. We see 

from the evolution of the width that the Kerr effect acts very quickly at the 20-cm 

point to inhibit the formation of afterpulses that ordinarily would narrow the pulse 

very quickly. 
We see, then, that most of the characteristics of these examples of pulse amplifica- 

tion in a Kerr -host amplifier can be anticipated simply from a knowledge of Kerr - 

chirp production on the one hand and chirped pulse amplification on the other. 
Several characteristics warrant further investigation, such as the evolution of the 

sharp peak in the field and calculations for smaller fields or Kerr constants to lessen 

the redistribution of energy (the Kerr effect in the calculations removed energy from 

line center faster than the amplifier could replace it); however, they will be left to 

the future. 
We have shown that the presence of the Kerr effect in an amplifier host can have 

serious consequences for pulse amplification. Pulse shaping, spectral broadening, and 

chirp production are some of its effects and, depending on the type of broadening 
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present in the amplifier, they may enhance or detract from an amplifier's desired 
performance. 

The motivation for our parametric studies in Chapter III should now be clear. We 
have shown in this chapter that quadratic normal dispersion produces a chirp at con- 
stant spectrum; hence there we considered the amplifier response as a function of 
compression factor at constant minimum input pulse width. We have shown in this 
chapter, however, that normal dispersion has little effect on most pulses in a short 
amplifier. Thus, from that standpoint, the amplifier response is determined largely 
by the input chirp. 

The Kerr effect motivated our study of amplifier response versus chirp at constant 
temporal width of the input pulse. We saw here that the nonlinear nature of the Kerr 
effect caused the spectrum of a pulse to broaden while introducing a chirp at con- 
stant envelope. Also we saw that, because of its intensity -dependent nature, it could 
have a substantial effect on pulse amplification once the intensity of the pulse 
became sufficiently large. 
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V. STEADY -STATE PULSES 

The term "steady -state pulse" is really a self -contradiction. When one is dealing with 
pulses that have widths on the order of the relevant decay time, there is nothing of a 

steady -state nature about their interaction with the lasing medium. The response of 
the medium is entirely transient, highly dependent on the shape, width, and energy 
of the pulse. This is evident from the results in Chapter III, the work of Hopf and 
Scully (1969), and the work of a number of other authors. There is the possibility, 
however, that the shape of a pulse propagating in an infinitely long lossy amplifier 
may evolve to some asymptotic form. In the sense that the pulse may attain some 
unchanging shape and position in some moving frame of reference, it may be called a 

"steady- state" pulse. This is the sense in which the name has been used in the past, 
and we will continue to use it here. 

The study of steady -state pulses (SSP's) has been prompted by the advent of 
traveling -wave maser amplifiers. Wittke and Warter (1964) were the first to properly 
consider the effects of atomic coherence on pulse amplification and the first to 
demonstrate numerically that SSP's existed in the homogeneously broadened am- 
plifier. About a year later, Arecchi and Bonifacio (1965) treated the same problem 
and obtained analytic solutions. Armstrong and Courtens (1968) obtained an 
analytic solution to the same problem without using the slowly varying envelope 
approximation (SVEA). Then, in 1969, they published analytical results for SSP's in 
the homogeneously broadened amplifier with a normally dispersive host, also 
obtained without benefit of the SVEA. Hopf (1968) has also obtained numerical 
results for SSP's in the inhomogeneously broadened nondispersive amplifier. 

The problem of SSP's in normally dispersive host amplifiers has not been ade- 
quately treated. The results of Armstrong and Courtens (1969) apply only to homo- 
geneously broadened media. Furthermore, as we shall show, their work predicts 
results that are physically unreasonable. Our approach has been to use numerical 
calculations and the slice model described in the previous chapter to alternately 
amplify and disperse the pulse. We consider that we have obtained an SSP when the 
pulse shape approaches some asymptotic form in the limit of thin slices. Where 
analytical results are available, such as those of Arecchi and Bonifacio (1965) or 
Armstrong and Courtens (1969), or where correspondences are possible in certain 
limits, we have attempted to confirm the results of our numerical calculations with 
the analytical results. 
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In this chapter, we first review the work of the researchers mentioned above using 
our notation. We recall the characteristics of their results with special attention to 
those of importance to this work. We then present the results of our investigation 
into SSP's for both homogeneously and inhomogeneously broadened normally 
dispersive laser amplifiers. We will show that, for the homogeneously broadened 
normally dispersive amplifier, we obtain SSP's that are physically reasonable, exist 
over a broad range of dispersion, gain, and loss, and exist far below the threshold 
predicted by Armstrong and Courtens (1969). The inhomogeneously broadened 
dispersive SSP also exists, although it is much more "fragile." It characteristically is 
wider, has a larger chirp, and has a much lower instability threshold than its homo- 
geneously broadened counterpart. 

The preceding paragraph brings out a difficulty that will appear throughout this 
chapter. We find that we need a convenient means of describing a steady -state pulse 
in the various media and under the various conditions that we will consider. The 
most convenient way, and the way that we choose to use here, is to use the adjec- 
tives that should properly be applied to the medium in which the pulse is propagat- 
ing as adjectives for the pulse itself. Thus we use the term "inhomogeneous dis- 
persive SPP" to mean a steady -state pulse that propagates in a medium that has 
normal quadratic dispersion as well as inhomogeneous broadening. It is convenient 
to abbreviate these descriptions to ISSP and HSSP for SPP's in inhomogeneously and 
homogeneously broadened media, respectively. Because we will not be considering 
Kerr- active hosts in this chapter, any reference to dispersion is restricted to normal 
host dispersion and in particular, because we use the retarded time frame, refers to 
quadratic dependence of the index of refraction on frequency or wavelength. Thus 
we are somewhat less careful here to repeatedly distinguish normal dispersion from 
the dispersion due to the Kerr effect. An example of this is the term "dispersive 
SSP," which presumes the quadratic frequency dependence of the dispersion. 

As with the usual approach to the SSP problem, we have considered throughout 
this chapter that the amplifiers are fully pumped before the pulse enters them, that 
any pump is turned off before pulse entry, and that T1 is infinite so that the initial 
inversion remains constant. The Kerr constant XK is also taken to be zero. Investiga- 
tions considering nonzero XK will be left to the future. 

Review of Results for Hosts with Linear Normal Dispersion 

Formally, the condition that must be satisfied for the SSP to exist is 

ag(r,z)/az = 0, (124) 

where r is the time in the time - retarded frame. For a constant or only linearly 
frequency -dependent index of refraction in the host, the time retardation is 
computed using the group velocity as shown in Eq. (55). When we deal with non- 
linear dependence, however, the spectrum of the pulse may become asymmetric and 
shift away from line center after being amplified as we saw in Chapter III. Since the 
pulse propagation velocity depends on the spectral content of the pulse, we cannot 
predict the proper frame of reference in advance; it must be a result of the calcula- 
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tion. In this case we know that there is no frequency modulation on the pulse, so 
the spectrum is symmetric about line center. Thus the pulse will propagate at the 
group velocity and so we proceed directly to apply Eq. (124) to Eqs. (56) or Eqs. 
(63) to obtain the SSP's for the inhomogeneous and homogeneous amplifiers, 
respectively. 

Homogeneously Broadened Media 

For the homogeneous amplifier, it is more convenient to use Eqs. (65) than Eqs. 
(63) to obtain the SSP. Equation (124) with Eq. (65a) yields the relationship 

AT) = (K/a')8(T). (125) 

Note that, because we have used Eq. (124), the variables are no longer a function of 
z; they are only a function of the retarded time T. Using Eq. (125), we eliminate AO 

from Eqs. (65b) and (65c) to obtain 

and 

ageT)/aT = -(1 /T2 )0T) + (a'/K)</Y(7-)80-) (126a) 

aAqT)/aT = -(K/a')(9/h)21e(T)12. (126b) 

These equations have the solutions (Arecchi and Bonifacio, 1965) 

and 

e(T) T2 

(a'TK - K)sech[(a/TK - K)T2] 

a T2 
il. 

-(a'TK -K) tanh((a TK- 

(127a) 

(127b) 

for the field envelope and the population inversion. The Fourier transform of the 
field, Eq. (127a), yields the spectrum 

tee(S2)/h = rsech{(7r/2)[0a'T2 - K)]T2Sn} (128) 

of the SSP, which we show along with the field in Fig. 23. Recalling from Eq. (76) 
that B = ifej)(S2 = 0) /h1, we see that the pulse has an area of 7r for all conditions, 
regardless of the gain, loss, or value of T2. This feature has led researchers to refer to 
the SSP problem as the "ir pulse" problem. 

We can easily calculate the integrated intensity 9', the FWHM Ir, and the spectral 
FWHM &2 

9 = (2/T2)[(á T2 - K)/ IC] = 2('/K - 1/T2) (129) 
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= [ 2KT2 /(a'T2 - K)1 1n(2 +-V7) = [41n(2 +0)1/9". (130) 

SZ = 4[(a'T2 - K)/7rKT2 ] ln(2 +0-) _ (2/Tr)3ln(2 +NrS), (131) 

(The factor ln(2 + /) stems from the use of the half maximum points rather than 
the one -neper points in measuring the full width. Also note that ln(2 +v) = -ln(2 
m/)= 1.317.) 

We see that both the field Mr) and its transform S(S2) are real functions. They 
and the derived quantitites T, and t2 are dependent primarily upon the ratio 
(áT2 - K)/KT2. Because this ratio is proportional to the pulse energy and the pulse 
energy must be positive for the pulse to exist, we have the threshold condition that 

CV T2 > K (132) 

for an SSP to exist. Recalling Eq. (68a) for the definition of the small signal gain g, 
this is simply the requirement that the small signal gain be greater than the loss. 

The ratio (a'T2 - K) /K, or more generally (g -K) /K, where g is the small signal 
gain, plays a central role for all SSP's; consequently we define 

A _ (g - K)/K. (133) 

Because g =K is the threshold condition for amplification, we can interpret A as the 
"fraction above threshold" for the amplifier. 

From the second expression for the energy in Eq. (129) we see that, for a given 
ratio of a' /K, the pulse energy increases as T2 increases and approaches the value 
2a' /K asymptotically. Thus, for very long coherence times, if a' /K is small, the pulses 
are long and feeble; if a' /K is large, the pulses are short and intense. 

Equation (130) can also be interpreted in another way. The ratio K /a' is essen- 
tially the smallest width that an SSP can attain even with an infinite coherence time 
in the laser medium. Equations (129) and (132) tell us that, for an SSP to exist, the 
coherence time T2 of the medium must be longer than the minimum pulse width, 
and the shortest, most intense SSP's exist when the coherence time is much longer 
than this minimum width. 

The results for the field were first obtained analytically by Arecchi and Bonifacio 
(1965). Comparison of these results with the computer calculations of Wittke and 
Warter (1964) shows substantial agreement for energy and pulse shape. However, 
such comparison also points out some pitfalls of numerical calculation. Wittke and 
Warter point out a "velocity anomaly" for SSP's; the analysis above clearly shows 
that the pulses propagate at the group velocity. Furthermore, the work of Wittke 
and Warter shows slight deviations in pulse shape and energy from those given above, 
and the deviations are dependent upon the fraction above threshold for the am- 
plifier. These deficiencies are difficult to circumvent. They are influenced by a 

number of factors: On the computer, one is constrained to finite (although long) 
amplifier lengths. One is also constrained to a fairly small number of points with 
which to sample the field. Increments in time and space must be chosen carefully; if 
they are too short, the calculation time is excessive and the results may be 
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incomplete, if too long, the calculations will be in error. Also, numerical calculations 
are best suited to pulses with sharp leading edges. Pulse shapes such as the hyper- 
bolic secant have leading edges that rise slowly; on the computer, either a large 
number of points must be devoted to properly sample that leading edge or one must 
be satisfied with the resulting small errors and pulse asymmetry that are evident in 
the work of Wittke and Warter (1964). 

The work of Armstrong and Courtens (1968) for the dispersionless host extends 
the analytic investigation into the it -pulse problem by relaxing the restrictions 
imposed by the SVEA. They solved the general problem of obtaining the SSP that 
satisfies the complete wave equation, Eq. (25), rather than Eq. (29), which was 
obtained by using the SVEA. With this restriction removed, their results apply 
equally well to very long pulses and to very short pulses consisting of only a few 
cycles. The impact of their results on this work is to assure us that the SVEA 
approach yields results that are significantly different from theirs only in regions 
where the SVEA clearly does not apply. 

Inhomogeneously Broadened Media 

The approach to an analytic solution for an SSP in an inhomogeneously broadened 
amplifier is the same as in the preceding section: Eq. (124) is used in conjunction 
with Eqs. (56). Unfortunately, the analytic solution to the problem has yet to be 
found. As was the case with Wittke and Warter (1964), when no analytic solution is 
available one turns to numerical calculations. Hopf (1968) has thoroughly investi- 
gated the problem numerically and we review his results here briefly. 

Figure 24 shows a typical SSP and its spectrum for the inhomogeneous amplifier. 
In contrast with the homogeneous SSP, the inhomogeneous SSP shows relatively 
rapid rise and fall times and has the ringing trailing edge that is typical of inhomoge- 
neously broadened amplification. We note that it is not as pronounced here as in the 
transient response examples of Chapter III. Also, the spectrum of the pulse is 
smooth and regular, without the pronounced wings evident in the amplification of it 
pulses. The values of the parameters used in obtaining the SSP shown in Fig. 24 are 
a = 0.0624 cm -', is = 0.0156 cm -', T2 * = i psec, and T1 = T2 = °°. These yield a 
value of unity for the ratio (g- rc)lic and hence this SSP represents an average case 
against which we can make comparisons. 

Figure 25 compares the results obtained by Hopf for the inhomogeneous SSP 
energy Y width 7, and area O for various values of the fraction above threshold with 
those for the homogeneous SSP. We note the same general character of the results 
for both media, as expected. For large values of A, we see that the results tend 
toward the same values; we will explore this correspondence more formally in the 
next section. For small values of A, the results deviate radically. The inhomogeneous 
SSP's are narrower, less energetic, and have a smaller area than their homogeneous 
counterparts. The reasons for this performance are straightforward. As the fraction 
above threshold decreases, the pulse energy decreases, the pulse gets wider, and the 
spectrum narrows. In the homogeneous case, even though the spectrum is narrow, all 
of the lasing atoms are resonant with the pulse and can interact with it. In the in- 
homogeneous case, however, the atomic resonances are distributed throughout the 
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linewidth. As the pulse spectrum narrows, it can no longer interact effectively with 
the atoms in the wings of the distribution. Hence, in the inhomogeneous case, as the 
fraction above threshold decreases, a nonlinear effect occurs in which not only does 
the relative gain available from each atom decrease, but also the number of atoms 
capable of supplying gain decreases. This is of course the worst case, for T2 is 

infinite and each atom can respond only at a precise frequency. Curves for finite T2 
(i.e., mixed broadening) would lie between the curves shown. 

One notes that L has been varied over only two orders of magnitude in Fig. 25. 
The reason for this small variation lies in the character of the numerical SSP calcula- 
tions. The SSP shape for small values of A converges slowly. Also, the time incre- 
ments in the calculation are governed by T2 *; because the pulse widths are wide for 
small A, a large number of points must be calculated. These two facts result in long 
and costly computations. Large values of A also require lengthy computations, 
though for different reasons. Here, the large gain requires small spatial increments, 
lengthening the calculation. Even so, the numerical methods used are prone to in- 
stability. 

Correspondence of Results in the Unbroadened Medium Limit 

The problem with numerical calculations of the sort required for the work presented 
here is that one is never really certain that the answers obtained are correct. 
Predictor -corrector or more sophisticated methods must be used to numerically 
solve differential equations. The methods of numerical quadrature are almost too 
numerous to mention. The point is, however, that each method is erroneous to some 
degree, and it is always necessary in complicated problems to compute numerical 
solutions for those cases where analytic solutions exist. Comparisons can then be 
made and the deviations can be evaluated. They may be within the estimated error 
for the methods used, or it may be found that the methods used were not appropri- 
ate for the behavior of the solution; or, most often, the deviations originate from a 

programming error. Whatever the source of error, a comparison with some analytic 
solution is almost always necessary to evaluate other numerical results. In the case of 

laser amplifier theory, analytical results are sparse. However, we can find a corre- 
spondence between the results for the homogeneously and for the inhomogeneously 
broadened SSP. We do this in the "unbroadened" medium limit. This limit is ap- 

proached as the fraction above threshold A becomes very large, either by the loss 

becoming small or by the gain becoming large. In this limit, the pulse energy is very 
large, its width is very small, and the spectrum is very broad. It is this last character- 
istic that leads to the idea of an unbroadened medium. For very small loss, the pulse 
spectrum is very much wider than the atomic line, i.e., 

S2 > (1/T2), (1/T2*) 

or equivalently 

T2 , T2 * > T, 
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so while the pulse is interacting with the resonant medium, no significant amount of 
decay occurs. In that situation, the nature of the decay process is irrelevant; all 
media will respond in the same way. 

A number of researchers (Eberly and Matulic, 1969, G. L. Lamb, 1971, among 
others) have done work on laser amplifiers using the unbroadened medium limit, 
particularly because Eq. (134) or Eq. (135) results in a number of simplifications 
that allow analytical results. Occasionally, the unbroadened medium is also referred 
to as "power broadened." This term originates from the mechanism that allows 
atoms to amplify frequencies well outside their gain bandwidth. When very large, 
short pulses interact with a laser medium, the interaction is highly nonlinear. Be- 
cause nonlinear interactions create new frequencies, the medium can respond over a 
large frequency range, much larger than the linewidth. High power pulses thus 
broaden the frequency response of the medium, hence the term "power broaden- 
ing." 

Equation (129) shows that, in this "unbroadened" or "power broadened" limit, 
the homogeneous SSP energy becomes independent of T2 for small K, i.e., 

Sizomo small 2a'/K = (2/T2 )(glK)- (136) 

The above discussions about the irrelevance of the decay process in this limit lead us 
to postulate for the inhomogeneously broadened SSP that 

ginhomo small K 
C(g /K) = C(a /2K), (137) 

where C is some constant. Similar reasoning, that is, that the two media approach 
essentially the same physical situation, leads us to the conclusion that, in this limit, 
the energy approaches the same value for both types of broadening. Thus we equate 
Eqs. (136) and (137) to obtain 

C = 4a'/a = 2/7rQ(v) = 4/\fiT2 *. (138) 

Because the data in Fig. 25 confirm this, we may use the correspondence between 
T2 and T2 * obtained by comparing Eqs. (136) and (137), i.e., 

T2 H (N/Trl2)T2 *, (139) 

to evaluate numerical results for the inhomogeneously broadened amplifier with 
analytic results for the homogeneously broadened amplifier. 

In this section, we have reviewed the results for steady -state pulses in laser am- 
plifiers. We see that SSP's exist in both homogeneously and inhomogeneously 
broadened media. Although the energies of the SSP's are about the same in the two 
media (for a given value of the fraction above threshold), the pulse width and area 
are typically smaller for the inhomogeneously broadened medium. Hence they have 
typically higher peak powers. We also saw that, for low fractions above threshold, a 
nonlinear effect occurred for the inhomogeneously broadened medium that reduces 
the pulse area, energy, and width due to spectral narrowing and the consequential 
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interaction with fewer resonant atoms. For high fractions above threshold, we saw 
that both media approached a situation where power broadening dictated the 
medium's response, and that a correspondence between the decay times of the two 
media could be obtained. We have also shown that this correspondence is in accord 
with the numerical results and that. we can use it to confirm the proper functioning 
of numerical codes. We now proceed to review the results for hosts exhibiting 
normal host dispersion. 

Review of Results for Hosts with Quadratic Normal Dispersion 

As pointed out in Chapter II, the slowly varying amplitude approximation (SVEA 
and the quadratic frequency dependence of normal host dispersion are incompatible. 
One way of explaining this is that quadratic normal dispersion is essentially a 

second -order effect whereas the SVEA retains only first -order effects. This implies 
that any analytical results including normal dispersion must start with the full 
Maxwell's equation. Although such an approach appears impossible, it is the one 
taken successfully by Armstrong and Courtens (1969) in their second paper. Their 
research yields the only analytical result available for laser amplifiers with normally 
dispersive hosts. We review it here in our notation so that comparisons with our 
numerical results will be possible. Again we note that we are considering only 
frequency -dependent dispersion and not the Kerr effect in this chapter. 

The solution obtained by Armstrong and Courtens satisfies exactly both the 
second -order wave equation and the equations of motion for the density matrix of a 

two-level atom. Two assumptions are made: (1) The resonant atoms are homoge- 
neously broadened, and (2) the dispersion in the host is described by a frequency - 
dependent susceptiblity given by 

EoX(w) = n2(w) - 1 = ao - ai(v/w) + a2(v/w)2. (140) 

This dispersion is incorporated into the wave equation in a manner similar to that 
described in Chapter II. 

For dispersion typical of glass, several approximations are possible that allow an 
analytical solution of their equations. The results are 

and 

where 
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íP 
ló"(T)I = - /1 +7'2 a'T2 - K(1 +7'2) 

( lsech a'T2 - K(l +7'2) 7 

T2 K(1 +7,2) 
(141a) 

7' - K(1 + 7'2) '- K(1 
+.,:y2)1,7 (6(T) - 1 - [a'T2 

+ 
712 

) tanh 
K(1 +71-1 

(141 b) 

7' = (Tr /noKX0)Iai - 2Ja2(1 +ao)] (142) 



is the "dispersion factor" as defined in chirp radar theory. We saw in Chapter III 
that 7' is defined as the ratio of FM to AM bandwidths of the pulse. Also, for a 
chirped Guassian pulse we saw that 7' _ N/72-1, so ÿ = 0 and 7 = 1 both signify 
unchirped pulses. Because Eqs. (141) were obtained for 17'1 > 1, it is virtually 
unnecessary to make a distinction between 7 and 7'. Even though a relationship that 
is true for Gaussian pulses will not necessarily hold for other pulse shapes, it is 
probably reasonable to assume that, for large 7, the relationship between 7 and 'y' is 
essentially linear. 

Because 7' is a function of the expansion coefficients for x in Eq. (140), we may 
also relate it to those for the index of refraction. Armstrong and Courtens obtained 

1 + ao = (no + n1)2 + 2non2 (143a) 

al = 2n1(no + n1) + 4non2 (143b) 

a2 = n12 + 2non2. (143c) 

This results in a relatively involved expression for 7'. Using typical values of no, n 1 , 

and n2 for glass at 1 pm to compute the value of 7', we find that 7' -2 X 104d, 
where d is an absorption length in cm. Since absorption lengths can range from a 
meter or so to hundreds of meters, 17'1 is very large. This provides the basis for the 
approximation 17'1> 1 used to obtain Eqs. (141) for the SSP. 

The form of the field envelope, a hyperbolic secant, is the same as the result for 
the nondispersive homogeneous SSP problem using the SVEA, a remarkable coinci- 
dence. One is tempted to take the results for that problem and use the correspon- 
dence K -> ic(1+7'2) to obtain the energy and pulse width for this pulse; however, 
that approach is incorrect, as the correspondence is not complete. The integrated 
intensity. -and the width T of the pulse are 

and 

9" = (2/KT2)[a'T2 - K(1 +7'2)) (144) 

K(1 +7'2) '2 
= 2TZln(2+) 01'7-2 - K(1 + y'2) = 

4(1+7 )(2+) (145) 

The positive energy condition that we used earlier can be applied here to obtain a 
threshold condition that requires 

g = a'T2 > K(1 + 712 ); (146) 

however, Armstrong and Courtens obtained the more restrictive result (remembering 
that 7' < 0) that 

g > K(1 + 7'2) /(1 + 7' /v T2 ). (147) 
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For the conditions 17'1 > 1 and á /vrc 1 that were used to obtain the SSP, the 
difference between Eqs. (146) and (147) is negligible. Clearly, both equations imply 
that enormous small signal gains are necessary for an SSP to develop. Imposing the 
conditions 17'1 > 1 and a' /vK 1 in Eq. (147), we see that it reduces to essentially 
the requirement that 

vT2 > 7'2, (148) 

which means that the coherence time in the medium must be extremely large com- 
pared to an optical period. For a 1 -pm radiation and 17'I 106 for absorptive glass, 
T2 must be greater than 10 psec; for highly transparent glass, 17'1> 108, so a T2 of 
greater than 10 sec is required. These circumstances cannot be achieved physically. 

Another interesting feature of the SSP is that its spectrum is centered at v + 

'y'/T2. To obtain this, we first simplify the expressions for the SSP by using the 

"fraction above threshold" for this pulse 

= [a'T2 - K(1 +7'2)]/K(1 +7'2) 

in Eqs. (141). We obtain 

Pig(r)1/r1 = (V1 + 7'2/T2)0'sech[A'(T/T2 )] 

and 

(149) 

(150a) 

(i)(T) = (7'/T2)11 - 0'tanh[tV(T/T2)]1. (150b) 

We can integrate Eq. (150b) and then use the amplitude and phase form of the com- 
plex pulse envelope in Eq. (2) to obtain 

(T) = / 1 + 7'2 
TZ 

sech(TZexp i T2 - 7'ln cosh(,/T)1 . (151) 

However, this can be written as 

/p . 

I 

QrT 1 +47' 

fie(r) = /1 + ÿ 2 
-6±7. sech(72 exp[i(7 r/T2 )] , 

which has been shown (Erdélyi, 1954) to have the Fourier transform 

{p.. h) 
. 
r 

1 

2 
i, 
`l 

TZ 

+ 
Ea 

, 

7 
T2) 

2r7/1 +7'2 

P(1 +17') 
r 

2 
2[7r 

, (S2 

where F(x) is the gamma function. The transform has a modulus given by 
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P rr(1 + 712 )sinhOry') 
hIg02)1 

y'{sinh2(7ry'/2) + cosh2 [(irT2/201)(E2 - 71lT2)l} 
(154) 

which we see is symmetric about the frequency S2 = 77T2. Since c(r) is the en- 
velope of the pulse, our result is relative to line center v. Thus we have shown that, 
because y' is large and negative, the spectrum of the Armstrong -Courtens SSP is 
centered some 106 to 108 linewidths (1/T2 is approximately the resonant linewidth) 
below line center. In addition, the width of the spectrum of the SSP is on the order 
of A' /T2 , so the spectrum is highly nonresonant with the lasing atoms unless the 
fraction above threshold is on the order of III, which would require tremendous 
small signal gain. One might be tempted to claim that, because the spectrum is so 
nonresonant, the expansion of x(co) in Eq. (140) is invalid. For realistic linewidths, 
one would be dealing with frequencies so far removed from the point about which 
the expansion was made that higher -order terms would have to be included to make 
it valid. We note, however, that the conditions imposed above on T2 mean that the 
laser linewidth is unrealistically narrow, so the expansion is probably valid. 

The spectrum of the SSP has its maximum value at SZ = y' /T2 , which is 

P412 = 77T2)/h1 = VOT/1/)(1 +y'2)tanhOry'). (155) 

For large 'y', this is approximately - /y'ir, so the spectral content at this frequency is 
extremely large. 

The final point to be made here concerns the application of the correspondence, 
Eq. (142), between T2 and T2 * in the unbroadened medium limit to the Armstrong - 
Courtens result. The requirement imposed to obtain that correspondence was that 
the energy 9 become independent of the broadening mechanism for the laser line. 
This resulted in the condition that a /c > 117'2; here it is much more severe, i.e., that 
cx /K > 7'2 /T2. When we impose this condition, we are demanding that the physical 
situation be one in which the dispersion of the laser host really does not matter. The 
energy no longer depends on any quantity related to dispersion. Thus, even though a 
correspondence does exist, it exists in a limit that ignores dispersion and that we 
already know to be valid. 

The analytical results of Armstrong and Courtens are disappointing in a way. 
Although they are obviously the result of insight and apparently flawless execution, 
they predict results that are wholly unphysical. Furthermore, their results demand 
situations that are impossible to confirm with present numerical techniques because, 
for any reasonable value of host dispersion, the gain required is so high that numeri- 
cal calculations would be unstable. 

As we mentioned earlier and will show in the next section, we have obtained 
SSP's in both homogeneously and inhomogeneously broadened amplifiers with 
normal host dispersion at conditions far below the Armstrong and Courtens thresh- 
old. Although this does not deny the mathematical validity of their theory, it does 
make their results highly suspect from a physical standpoint. Ours appear much 
more reasonable physically. 
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Steady -State Pulses in the Presence of Quadratic Normal Dispersion 

In this section, we present the results we have obtained (using the slice model de- 
scribed in Chapter IV) for SSP's in normally dispersive host amplifiers. The amplifier 
slices are described by the equations of motion developed in Chapter II. We use es- 
sentially the same amplifier parameters as used in Chapter III for the initial cal- 
culations. These were a small signal gain of 0.03 cm-1 and a relevant decay time of 1 

psec. Of course, one must have nonzero loss to obtain an SSP; we have chosen K 

0.015 cm-1 for the initial calculations. This results in a fraction above threshold A of 
1 and allows reasonably rapid convergence to an SSP on the computer. These param- 
eters were varied somewhat for the homogeneous steady -state pulse (HSSP) calcula- 
tions in an attempt to find invariant quantities that could be used to generalize the 
results. Such variations required a large number of HSSP's to be obtained. They were 
not attempted with the inhomogeneous SSP (ISSP) calculations because of the inor- 
dinate amount of computation time required. 

The disperser slices were treated using the classic approach to normal dispersion 
developed in Chapter IV. The coefficient n2 that denotes the curvature of the wave- 
length dependence of the index of refraction was varied from zero (to check the 
correspondence of results in the linear host dispersion limit) to as high as unity, an 
exceptionally large value but one that was necessary to obtain significantly chirped 
SSP's in some cases. 

We have investigated the variability of our results versus the individual slice 
lengths. As implied earlier, the primary criterion is that the change in the pulse in 
each slice be "small." In the transient situation, changes occur very quickly; thus, to 
be appropriate for these cases, the slice length must be quite small compared to char- 
acteristic lengths like the inverse of g -K. In SSP calculations, that condition is 
relaxed somewhat since the changes occur relatively slowly. We found that, for the 
parameters mentioned above, this characteristic length is about 7 m. Our results for 
slice lengths of less than about 10 cm varied only slightly after an amplifier slice 
compared with after a disperser slice. Of course the variability increases with n2; 
however, the variation was within the several per cent that we considered to be the 
capability of our numerical methods. 

We experimented with longer slice lengths and found them useful in that they 
caused rapid convergence to an approximate solution. We were then able to use that 
approximate solution with short slices to refine it. The parameters that are most 
sensitive to slice length are the pulse width and peak pulse power. The pulse energy 
remains nearly constant, as the disperser slices have no loss. For long slices, the pulse 
width oscillates from large values after the disperser slice to small values after the 
amplifier slice. Because the energy remains essentially constant, the results are just 
the opposite for the peak power. As the slice lengths are decreased, this variability 
decreases and the values of the pulse parameters converge to essentially the average 
value of the parameters for long slice lengths. This convergence to an average value 
and the implied stability of the computational methods gives one the flexibility to 
balance the amount of computation required to obtain results against the degree of 
accuracy desired in those results. We note again that we are dealing here with only 
frequency -dependent index of refraction and not other forms of dispersion. 
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Homogeneously Broadened Media 

The homogeneous dispersive steady -state pulses (i.e., steady -state pulses in homoge- 
neously broadened amplifiers with quadratic normal dispersion) that we obtain using 
the slice model are typically smooth and symmetric and relatively weakly chirped, 
and have spectra whose centers are somewhat downshifted. A typical result is shown 
in Fig. 26. As we mentioned earlier, the amplifier slices were treated using Eqs. (63) 
with a small signal gain g of 0.03 cm -1, a loss K of 0.015 cm-1, and a decay time T2 

of 1 psec. The disperser slices were treated using Eq. (102) and an n2 value of 0.1. 
We see that the pulse envelope has relatively slow rise and decay times and is slightly 
skewed. The skewness is probably not significant; it is likely to be related to the 
difference noted earlier between the numerical calculations of Wittke and Warter 
(1964) and the analytical results of Arecchi and Bonifacio (1965). The pulse is 
slightly chirped, predominately on the leading edge; the trailing edge is notably 
nearly resonant. The spectrum is also smooth and reasonably symmetric although it 
is shifted somewhat below line center. The spectral content indicates that the pulse 
could be compressed slightly, perhaps to approximately 90% of its current width. 

The most interesting fact is not in any of the particular pulse characteristics, for 
they all appear quite reasonable. Rather, in view of the work of Armstrong and 
Courtens (1969), the interesting fact is that the SSP exists at all! The discussion of 
their results in the previous section and the values of the parameters used here pre- 
dict that we are many orders of magnitude below threshold. Differences of this sort 
between two apparently reasonable approaches to a problem in physics are so rare 
that one suspects very strongly that something is grossly wrong. Careful examina- 
tion, however, has not yet revealed this to be the case. Armstrong and Courtens' 
work is rigorous, careful, and methodical. Assumptions, where used, appear well 
justified and reasonable. Their results appear unassailable. If something is wrong in 
that work, it is indeed subtle. Our use of the slice model is certainly not rigorously 
justifiable. However, it has an intuitive appeal that leads one to believe it would not 
give results that are so completely irreconcilable. 

To date, several explanations have been proposed. One possible explanation is the 
difference in dispersion models used by us (Chapter IV) and by Armstrong and 
Courtens. However, we found that the same SSP occurs when the term in Eq. (102) 
that dephases the spectral components of the pulse envelope was modified to prop- 
erly reflect the Armstrong -Courtens dispersion model. 

Another possibility that was investigated is one in which the evolution of the 
HSSP had reached an inflection point, an unstable solution, or perhaps a solution 
that is stable only within certain limits of perturbation. We rule out the first two 
possibilities, as the slice model inherently perturbs the SSP by small amounts and 
requires that the SSP remain constant in spite of these perturbations. The third 
possibility was investigated by dispersing the SSP (Fig. 26) in degrees corresponding 
to short, medium, and long lengths of glass. These pulses were then reintroduced to 
the slice model as input pulses. In every case, the result was the same as shown. 
Having approached the solution from both sides -that is, by using input pulses with 
both greater and less chirp than the SSP -we have concluded that we have a stable 
solution for the SSP in a homogeneous (normally) dispersive amplifier. 
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Fig. 26. The homogeneous dispersive steady -state pulse for parameter 
values of g = 2K = 0.03 cm t , T2= 1 psec, and n2 = 0.1. 
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Other possible explanations for the difference are difficult to analyze. There is the 
possibility that the Armstrong -Courtens solution is an unstable solution. We men- 
tioned earlier the unknown effects of discarding the higher -order derivatives in the 
SVEA that we used to obtain the amplifier equations of motion. Also, the question 
of the evolution of the Armstrong- Courtens solution in the slice model has not been 
answered owing to limitations with both computers and numerical methods. In 
short, we have no adequate explanation for the glaring discrepancy between the 
results of two apparently reasonable approaches to the problem of a steady -state 
pulse in a homogeneous dispersive amplifier. We feel, however, that the pulses we 
obtain are more reasonable physically than those of Armstrong and Courtens. 

We have studied the functional dependence of our SSP on the amplifier param- 
eters of gain g, loss K, and decay time T2 and upon the curvature n2 of the disper- 
sion. Figure 27 shows quantities related to the SSP energy, width, spectral width, 
and time -bandwidth product versus n2 at constant loss. The quantities in the graphs 
are not the actual pulse characteristics but rather are related to them by some func- 
tion of the ratio N /T2. The reasons for this will become clear later; for simplicity 
now, however, we shall consider that A and T2 are both unity and concentrate on 
the curves for which A = 1. Thus the parameters being plotted are the familiar pulse 
energy, width, spectral width, and time -bandwidth product that we used in Chapter 
III. We see that, as n2 increases, the pulse energy and spectral width decrease and the 
pulse width and time -bandwidth product increase; as n2 tends toward zero, we 
obtain the values of these quantities that are predicted by Arecchi and Bonifacio 
(1965). The increases in width and time -bandwidth product are expected from our 
discussion of normal dispersion. From the results of Chapter III, we also expect the 
decrease in energy, as chirped pulses are amplified less well in the homogeneous am- 
plifier. The reason for the decrease in spectral width is less obvious; here one has to 
balance the decrease in spectral width due to a wider envelope against the increase in 
spectral width due to the addition of the chirp. Apparently the homogeneous am- 
plifier does not allow sufficient chirp to develop to completely balance the loss due 
to pulse widening. 

We now consider the scaling constant A/T2 and the choices for the quantities to 
be plotted in Fig. 27 and later in Fig. 28. We can write Eqs. (129), (130), and (131) 
for the energy, pulse width, and spectral width of the HSSP in a nondispersive host 
amplifier as 

S(T2/A) = 2 (156) 

T(A/TZ ) = 21n(2 +0-) = 2.63 (157) 

S2(T2/A) = (4/7r) In(2 +0--) = 1.68. (158) 

Thus these quantities have constant value regardless of the amplifier parameters. Of 
course, we see from this that the product 7S2 or (fiA /T2)(S/T2 /A) also has a constant 
value of 4.12. The point of this discussion is that the quantities 59T2 /A, fA /T2 , 
ZT2 /A, and 1-n have constant values for zero dispersion. The questions that now 

arise concern whether they also have constant values for a given curvature in the 
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dispersion or whether they provide a clue to the quantities that are constant for a 

given curvature. The aim, then, is to determine the proper set of dimensionless vari- 
ables with which to characterize the HSSP in normally dispersive host amplifiers. 
Admittedly, this is difficult to do without knowing the analytic form of the solu- 
tion. However, we have determined a number of characteristics of that solution and 
of the dimensionless variables. We also note that a number of these characteristics 
are shared by the Armstrong -Courtens solution. 

Before we proceed to the results, we must consider the proper variable to describe 
quadratic normal dispersion. The quantity n2 is not sufficient; short pulses are 
dispersed much more readily than longer ones. Also, since we are considering SSP's, 
the length of the disperser must not be a factor. We take our clue from the quantity 
DL/'l-m2 that figured prominently in our discussion of the effect of normal disper- 
sion on Gaussian pulses in Chapter IV. Ignoring the length because we are dealing 
with SSP's, the salient portion of that quantity is the product of n2 and the square 
of the spectral width of the compressed pulse. The spectral width of an unchirped 
HSSP is proportional to A /T2 ; consequently, we choose the quantity n2 (i /T2 )2 as 
our measure of the dispersive power of the amplifier. 

With the reasoning behind the choice of quantities made clear, we can note the 
characteristics of the HSSP's. The first thing to note in Fig. 27 is that the results are 
dependent on A but are independent of T2 . This is important because, in correctly 
determining the T2 dependence of the SSP characteristics, we have eliminated one 
parameter from those that need to be considered. This independence of T2 was con- 
firmed by varying T2 over two orders of magnitude from 0.1 psec to 10 psec and 
adjusting n2 appropriately to maintain the quantity n2(A /T2)2 constant. 

Next we note the general character of the solutions for various values of A. It 
appears that the closer the amplifier is to the threshold, the less able it is to 
counteract the effects of dispersion. At first thought, that statement is obvious; 
however, the quantities that are plotted have been compensated for the degree above 
threshold. The implication here is that this compensation is insufficient for the dis- 
persive HSSP and the dependence on A is more complicated. One candidate for 
measure of the SSP energy that looks promising is the quantity.972 /O2 . It appears 
that this quantity would be independent of A when plotted versus n2 (A /T2 )2 ; how- 
ever, confirmation of this and other dimensionless measures awaits further investiga- 
tion. One anomaly in these results also warrants further investigation. The time - 
bandwidth product does not follow the general rule of indicating a less dispersed 
pulse for increasing A at a given level of dispersion. The reasons for such behavior are 
not presently clear. 

We mentioned earlier that the results in Fig. 27 were obtained at constant loss. 
Thus A = (g -c) /K was varied by changing the small signal gain g. Since there is no 
reason to presume that the SSP characteristics depend only on A and not on the 
individual values of g and K, we obtained a number of results for the SSP where A 

was held constant at unity and g and K were changed over roughly an order of mag- 
nitude. The pulse energy, width, spectral width, and time - bandwidth product for 
these results are shown in Fig. 28. Their implication is clear: The character of the 
dispersive HSSP depends on the individual values of g and K, not simply on their 
ratio. Further, these results seem to indicate that, the higher the absolute gain, the 
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better able the homogeneous amplifier is to overcome the effects of dispersion, re- 
gardless of the fact that the ratio of gain to loss is held constant. There is the possi- 
bility that the results depend simply on the difference g -u, but this will be left to 
future investigations. 

Also left to future investigation is the question of the threshold for the SSP in an 
amplifier with normal dispersion. This question arises when one considers what 
would happen to the HSSP if n2 were increased indefinitely. The SSP might, for 
example, continue to widen indefinitely and become increasingly less energetic. 
Another possibility is that, at some point, there is a transition to an unstable regime 
as we will see in the inhomogeneous dispersive SSP. 

In this section, we have established the existence of SSP's in a homogeneous nor- 
mally dispersive amplifier using the slice model. We have noted that these SSP's exist 
for conditions that are orders of magnitude below the analytically obtained thresh- 
old of Armstrong and Courtens (1969). We have also determined the SSP character- 
istics as a function of the amplifier's gain, loss, decay time, and curvature in the 
dispersion. We found that we could eliminate the decay time dependence by choos- 
ing the appropriate parameters to measure the SSP characteristics. As for the other 
variables, we generally found that, as the dispersion is increased or the absolute gain 
(g -K) is decreased, the SSP energy is decreased and the pulse width and degree of 
chirp are increased. 

We should also note that a number of these characteristics compare favorably 
with those of the Armstrong -Courtens dispersive HSSP. When compensated for the 
computer -induced skew, the dispersive HSSP that we obtain is quite similar to a 

hyperbolic secant function; also, the instantaneous frequency is much like a hy- 
perbolic tangent. The pulse's spectrum is shifted below line center by a fraction of 
the linewidth that is reasonably comparable to the dispersion factor as used by 
Armstrong and Courtens. The dependence of pulse energy, width, and spectral width 
on T2 is also as predicted by Armstrong and Courtens. Finally, the dependence upon 
the individual values of g and K is consistent with the results of Armstrong and 
Courtens. The only feature completely inconsistent with their theory is the exis- 
tence of our steady -state pulses far below their predicted threshold. 

Inhomogeneously Broadened Media 

As expected from the results of Chapter III, the results for the SSP in an inhomoge- 
neously broadened normally dispersive amplifier differ significantly from those for 
the homogeneously broadened case. We again use the slice model to obtain the SSP, 
but now Eqs. (56) are used to describe the amplifier slices since the resonant atoms 
are inhomogeneously broadened. Figure 29 shows the ISSP that we obtained for 
conditions similar to those for the homogeneous case of Fig. 26, that is, a gain g of 
0.03 cm-1, loss K of 0.015 cm-1, decay time T2* of 1 psec, and dispersion n2 of 0.1. 
As before, this corresponds to a fraction above threshold A of unity. 

We see here many of the characteristics of chirped pulse amplification in inhomo- 
geneous media that we saw in Chapter III. The modulations in the pulse envelope 
and instantaneous frequency, the relatively rapid rise and slow decay times, the spec- 
tral asymmetry, and the small shift in the spectrum are all typical. The instantaneous 
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Fig. 29. Inhomogeneous dispersive steady -state pulse for parameter 
values of g = 2ic = 0.03 cm-1, T2 * = 1 psec, and n2 = 0.1. 
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frequency is roughly antisymmetric about the point at which the peak of the enve- 
lope occurs. As this implies, the frequencies of the leading and trailing portions are 
roughly equally displaced from line center. This is again distinctive of inhomoge- 
neous broadening. Also, the time -bandwidth product of this pulse indicates that the 
pulse could be compressed to about half its current width if it were dechirped. 

As in the homogeneous case, we proceeded to determine the ISSP characteristics 
more generally. We have only determined them as a function of the curvature in the 
dispersion, however. We did not continue the investigation to study the results of 
variation in gain, loss, and decay time because of the inordinate amount of computa- 
tion necessary to obtain the ISSP's for such a characterization. Figure 30 shows the 
results for the SSP pulse energy, width, spectral width, and time -bandwidth product 
as a function of n2 . Note that we do not attempt to talk in terms of any generalized 
quantities. We know from the nondispersive ISSP that we cannot. Our purpose here, 
then, is not to characterize the ISSP but rather to indicate the phenomena to be 
expected for dispersive ISSP's and, later, to compare their characteristics with those 
of the HSSP. 

The most striking feature in Fig. 30 is the region of instability. For low disper- 
sion, we see that the results asymptotically approach the nondispersive values as ex- 
pected. However, for high dispersion, the width and the time -bandwidth product are 
highly variable while the energy remains almost constant (!) and the spectral width 
decreases slightly. We cannot call the pulses in this region steady -state pulses, for the 
pulse envelope constantly changes as it propagates; however, they do have reason- 
ably constant energy and spectral content. We find that the pulse typically goes 
through a cyclic but irregular evolution in the highly dispersive amplifier. Starting at 
a time in the cycle when the pulse width is smallest, we find that the pulse begins to 
widen and become more chirped until the leading edge rises relatively slowly. An 
instability then develops in which the front portion of the leading edge is rapidly 
amplified while the trailing portion begins to form a separate pulse. The leading edge 
continues to be amplified and compressed; the pulse breaks into two distinct pulses; 
and then the trailing pulse is rapidly attenuated until its peak becomes 5% to 10% of 
that of the main pulse. Because this trailing pulse breaks off from the rear edge, its 
instantaneous frequency is well above line center. This process continues with the 
result that there is a main pulse that sequentially expands, breaks apart, grows, and 
compresses, followed by a very long train of small, closely spaced pulses of variable 
shape that have an instantaneous frequency well above line center. There appears to 
be no evolution to an asymptotic form in the limit of very thin slices. In fact, the 
pulse characteristics are essentially insensitive to slice lengths that are short enough 
to obtain the SSP for smaller values of n2. 

The question of the SSP stability for small dispersion (n2 < 0.1) was also treated 
much as for the homogeneous case. The SSP was dispersed by the equivalent of 
short, medium, and long glass rods and then reintroduced into the slice model. In 
both cases, the SSP was obtained again. For the SSP that was only slightly dispersed, 
the evolution back to the SSP was a straightforward contraction; the highly dis- 
persed case, on the other hand, broke apart as in the unstable case (and as for long 
chirped pulses in Chapter III). The leading portion of that pulse then evolved to the 
original SSP. 
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The characteristics of the inhomogeneous dispersive steady -state pulse are con- 
sistent with the picture of the inhomogeneous amplifier that we developed in 
Chapter III. The relatively constant energy and spectrum that are evident in the 
pulse characteristics in the high index curvature region confirm that spectral con- 
siderations dominate and that the temporal nature of the pulse is relatively inconse- 
quential. 

Comparison of the homogeneous and inhomogeneous dispersive SSP's shows that 
typically the homogeneous case is less highly chirped than the inhomogeneous case. 
Pulse widths tend to be about the same within the stable regime, while the inhomo- 
geneous SSP energy is slightly higher than that for the homogeneous SSP. We also 
see that the threshold for SSP's to exist in the homogeneous dispersive amplifier 
requires much lower values of index curvature for a given gain and loss condition 
than the homogeneous case. Although we did not find the homogeneous threshold, 
we did achieve SSP's for conditions where none could be found in the inhomo- 
geneous case. 

Summary 

In this chapter, we have reviewed previous theoretical work on the characteristics of 
steady -state pulses in normally dispersive and nondispersive amplifiers and discussed 
our results for steady -state pulses in both homogeneously and inhomogeneously 
broadened dispersive host amplifiers. We saw that the hyperbolic secant pulse shape 
first derived by Arecchi and Bonifacio (1965) for the nondispersive homogeneous 
steady -state pulse appeared again in the solution for the dispersive homogeneous 
steady -state pulse obtained by Armstrong and Courtens (1969). Although our 
solution for the homogeneous dispersive steady -state pulse appears for conditions 
that are many orders of magnitude below the threshold predicted by Armstrong and 
Courtens, it, too, appears very similar to a hyperbolic secant. Our disagreement with 
the Armstrong -Courtens solution is substantial. According to their threshold condi- 
tion we should obtain only steady -state pulses for small signal gains that are 10 or 
more orders of magnitude higher than the ones we used. On the other hand, we 
qualitatively agree on a number of points. The pulse shapes and chirp shapes are 
similar. The dependence on T2 is the same. Our steady -state pulse characteristics 
depend on the individual values of the small signal gain and loss, as do theirs. 
Although we consider our pulses more reasonable physically, we have no explana- 
tion for the discrepancy. 

We have also obtained steady -state pulses for inhomogeneously broadened disper- 
sive amplifiers; however, they lack the "cohesive" character of those for the homo- 
geneously broadened medium. They tend to be somewhat chirped, have long trailing 
edges, and become unstable for highly dispersive hosts. In contrast, the homoge- 
neous steady -state pulses are less chirped, and stable pulses exist for very high index 
curvature. All steady -state pulses, however, follow the general rule of becoming less 
energetic, wider, and more highly chirped as the curvature of the dispersion 
increases. 
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VI. CONCLUSION 

We have considered a number of problems associated with chirped pulses in laser 
amplifiers. Not only do solutions of these problems lead to a better understanding of 
laser amplifiers and, indirectly, laser oscillators, but also they bear on the more basic 
physical problem of the interaction of radiation and matter. In fact, most of our 
discussions have been slanted toward understanding the basic properties of the inter- 
action insofar as it applies to chirped pulses rather than attempting to apply the 
results to practical amplifiers. 

To study these problems, we have reviewed and codified a number of theoretical 
treatments, bringing together the Kerr effect and amplifier theory and emphasizing 
the fact that the homogeneously broadened amplifier is a relatively simple special 
case of the generalized mixed -broadening amplifier. We found that we could not 
develop a rigorous theory that included the nonlinearities associated with resonant 
atom -field interactions, the Kerr effect, and the quadratic frequency dependence of 
the index of refraction. Instead, we developed and used an intuitively appealing slice 
model of the normally dispersive host amplifier. Although it is impossible to rigor- 
ously justify the results obtained through its use, they appear quite reasonable and 
provide at least some results that can be used until a more rigorous theory can be 
developed. 

The picture that emerges from the study of chirped pulse amplification is some- 
what the opposite of that obtained for unchirped pulses. The rapid reversible de- 
phasing of the individual atomic dipoles in the inhomogeneous amplifier causes it to 
produce pulses with rapid rise times and very fast decay times. The inhomogeneous 
amplifier in the unchirped case can produce very short, very intense pulses, much 
more so than a homogeneous amplifier with an equivalent decay time. This leads to 
the impression that the inhomogeneous amplifier does a much better job of com- 
pressing or maintaining the cohesiveness of the pulse. The picture is the opposite for 
chirped pulse amplification. Here, the homogeneous amplifier emerges as the one 
that unchirps pulses and keeps them intact. It amplifies unchirped pulses best and 
supports short, relatively unchirped steady -state pulses when the amplifier host is 

normally dispersive. The inhomogeneous amplifier emerges as a spectrum amplifier 
for highly chirped pulses. We find that amplification is relatively independent of the 
temporal packaging of the input energy. There appeared both expected and unex- 
pected exceptions to this. The expected exception was for pulses that are unchirped 
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or nearly so and involved area theorem and photon echo considerations that are well 
known. We saw that their primary effect in this transition region was to reduce the 
energy enhancement of the pulse for situations where analogs to self- induced trans- 
parency would be expected. However, these effects disappeared with increased 
chirp. The unexpected exception to the spectrum amplifier picture is that photon 
echo must still be considered for chirped pulse amplification. Although the area 
theorem broke down for chirped pulses, the underlying principle of photon echo 
remained. Photon echoes occur throughout the chirped output pulse, but they occur 
at different frequencies and add to the pulse in a complicated way. The result is 
pulses that are elongated and more highly chirped. 

We found in studying chirped pulse production that normal dispersion has little 
effect in the short amplifier except for pulses with subpicosecond structure. The 
dominant chirping mechanism in short amplifiers is the Kerr effect, which can 
produce large chirps very quickly once the pulse intensity is sufficiently large. In the 
oscillator, normal dispersion will have a cumulative effect during the formation and 
subsequent growth of the pulse. The Kerr effect will be important during the latter 
stages when the pulse is most intense. It can also figure very strongly when pulses are 
amplified after being extracted from the oscillator. 

Finally, we reviewed a number of works concerning steady -state pulses in laser 
amplifiers, putting them into our notation for ease of comparison. We then used the 
slice model of the dispersive amplifier to demonstrate the existence of steady -state 
pulses in both homogeneous and inhomogeneous normally dispersive amplifiers. 
We were able to determine some aspects of the dependence of the steady -state 
pulse characteristics on the amplifier for the homogeneously broadened case. A 
number of the dependences agreed qualitatively with the previously published 
theory of Armstrong and Courtens (1969); however, all our steady -state pulses ex- 
isted for situations that were many orders of magnitude below the threshold 
predicted by their theory. We cannot explain the differences in the results. However, 
our results are much more reasonable physically. 

In conclusion, this dissertation explores several problem areas in the field of ultra - 
short pulse production and amplification. It also lays the groundwork for future 
investigations, some difficult, some straightforward. A few of these are a rigorous 
dispersive amplifier theory, steady -state pulses in a Kerr -host amplifier, determina- 
tion of the scaling of the steady -state pulse characteristics for both the homogeneous 
and inhomogeneous normally dispersive amplifier, and chirped pulse production in 
laser oscillators. 
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SYMBOLS AND TERMINOLOGY 

A Amplitude coefficient 

c Speed of light in a vacuum 

c.c. Complex conjugate 

D(t,z) Electric displacement 

D Dispersion constant 

E(t,z) Complex electric field 

E(t,z) Electric field 

Ei0c(t,z) Local electric field in a medium 

É(w,z) Fourier components of the electric field 

e(t,z) Slowly varying envelope of the complex electric field 

8(S2,z) Fourier components of the complex electric field envelope 

FWHM Full width measured at half maximum points 

f(t,z) Pump function for amplifier (0 = pump off, 1 = pump on) 

g Small signal gain for a laser amplifier 

h Planck's constant divided by 2ir 

k(w) Wave vector as a function of frequency w 

ko Wave vector at the electric field frequency (k(v)) 
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N Number of resonant atoms per unit volume 

N Number of atoms of species i per unit volume 

Normalized population inversion for a homogeneously broadened 
medium 

n Index of refraction 

no Index of refraction at line center (n(A0 )) 

nl Slope of the index of refraction at line center [A(dn /dX)IA_Aa] 

n2 Curvature of the index of refraction at line center 
[A2(d2n /dX2)IA =Ao] 

P(t,z) Total polarization 

PD (t,z) Polarization due to dielectric atoms 

PK(t,z) Polarization due to Kerr effect 

PR (t,z) Polarization due to resonant atoms 

At,z) Quantity similar to the polarization envelope for a homogeneously 
broadened medium 

SiPK(t,z) Slowly varying envelope of the Kerr effect polarization 

49R (t,z) Slowly varying envelope of the resonant atom polarization 

fP Dipole matrix element with local field correction ({ß'(n2 + 2)/3) 

p' Dipole matrix element of the resonant atom 

p Microscopic polarization; polarization of a single atom 

T Transverse time for the generalized susceptibility x(T,t,z) 

T1 Lifetime of each level of the resonant two -level atom 

T2 Decay time of radiation emitted by a collection of homogeneously 
broadened atoms initially radiating in phase 

T* z Decay time of radiation emitted by a collection of inhomoge- 
neously broadened atoms initially radiating in phase 
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Y(z) Integrated intensity of pulse; proportional to pulse energy 

RE(z) Integrated intensity of a pulse as predicted by a rate equation anal- 
ysis 

to Initial time 

V(t,z) Dipole interaction potential (- p'Eioc(t,z)) 

ug Group velocity (dk(w) /dwjl 

a Inhomogeneous amplifier gain constant 

a' Homogeneous amplifier gain constant 

a- Polarizability of atomic species i 

ß Slope of instantaneous frequency of the electric field envelope 
(d2O/dt2) 

y Compression factor (f/ fm ) 

y' Dispersion factor; defined as the ratio of the FM to AM band- 
widths of a pulse 

A Fraction above threshold for a homogeneous amplifier ((g - K) /K) 

Fraction above threshold for an Armstrong and Courtens steady - 
state pulse 

t(z) Difference in the instantaneous frequency at the FWHM points of 
the pulse 

Si/ Kronecker delta 

e Permittivity of a medium (co n2 ) 

co Permittivity of free space 

`i aiNi 

O Area of an unchirped pulse; in general p1(S2 = 0)1 /h 

K Amplifier loss per unit length (v /2e0 na e) 
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X Wavelength (2irc /w) 

Xo Wavelength at electric field frequency (2irc/v) 

Xa(t,z) Excitation rate of the resonant atoms to the ath state 

Frequency of the electric field 

p(w,t,z,to ,a) Density matrix of an atom of resonant frequency w at position z 
at time t that was excited to the state a at time to 

p(w,t.z) Population matrix of atoms with resonant frequency w at position 
z at time t 

Pact, Pbb Diagonal elements of the density or population matrix 

Pab , Pba Off- diagonal elements of the density or population matrix 

o(w) Distribution of atomic resonances in the inhomogeneously broad- 
ened medium 

a Conductivity 

Retarded time (t -z /vg) 

T FWHM of a pulse 

Tm FWHM of a dechirped Gaussian pulse 

0(t,z) Phase of the electric field envelope 

(b(t,z) Instantaneous frequency of the electric field envelope 

X(T,t,z) Generalized susceptibility of the resonant atoms 

X(w) Frequency -dependent host susceptibility 

Xo(T) Initial condition for x(T,t,z) 

XK Kerr effect constant ((n2 + 2)4vX(3) /2l6noeoc) 

X(3) Susceptibility for the Kerr effect (PK /EL,) 

Ilya) State vector for the a state 
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w Frequency 

wo Frequency at resonant line center 

S2 w -v 

A FWHM of a spectrum 
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