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ABSTRACT 

Lattice Boltzmann method (LBM) has been developed as a powerful numerical 

approach to simulate the complex fluid flow and heat transfer phenomena during the 

past two decades. As a mesoscale method based on the kinetic theory, LBM has 

several advantages compared with traditional numerical methods such as physical 

representation of microscopic interactions, dealing with complex geometries and 

highly parallel nature. Lattice Boltzmann method has been applied to solve various 

fluid behaviors and heat transfer process like conjugate heat transfer, magnetic and 

electric field, diffusion and mixing process, chemical reactions, multiphase flow, 

phase change process, non-isothermal flow in porous medium, microfluidics, fluid-

structure interactions in biological system and so on. In addition, as a non-body-

conformal grid method, the immersed boundary method (IBM) could be applied to 

handle the complex or moving geometries in the domain. The immersed boundary 

method could be coupled with lattice Boltzmann method to study the heat transfer 

and fluid flow problems. Heat transfer and fluid flow are solved on Euler nodes by 

LBM while the complex solid geometries are captured by Lagrangian nodes using 

immersed boundary method.  

Parallel computing has been a popular topic for many decades to accelerate the 

computational speed in engineering and scientific fields. Today, almost all the laptop 

and desktop have central processing units (CPUs) with multiple cores which could be 
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used for parallel computing. However, the cost of CPUs with hundreds of cores is still 

high which limits its capability of high performance computing on personal computer. 

Graphic processing units (GPU) is originally used for the computer video cards have 

been emerged as the most powerful high-performance workstation in recent years. 

Unlike the CPUs, the cost of GPU with thousands of cores is cheap. For example, the 

GPU (GeForce GTX TITAN) which is used in the current work has 2688 cores and 

the price is only 1,000 US dollars. The release of NVIDIA’s CUDA architecture 

which includes both hardware and programming environment in 2007 makes GPU 

computing attractive. Due to its highly parallel nature, lattice Boltzmann method is 

successfully ported into GPU with a performance benefit during the recent years. In 

the current work, LBM CUDA code is developed for different fluid flow and heat 

transfer problems.  

In this dissertation, lattice Boltzmann method and immersed boundary method are 

used to study natural convection in an enclosure with an array of conduting obstacles, 

double-diffusive convection in a vertical cavity with Soret and Dufour effects, PCM 

melting process in a latent heat thermal energy storage system with internal fins, 

mixed convection in a lid-driven cavity with a sinusoidal cylinder, and AC 

electrothermal pumping in microfluidic systems on a CUDA computational platform. 

It is demonstrated that LBM is an efficient method to simulate complex heat transfer 

problems using GPU on CUDA.  
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CHAPTER 1:  Introduction 

During the past a few decedes, computational methods have been emerged as powerful 

tools to simulate physical phenomena and direct experiments in both scientific and 

engineering fields. The current existing numerical approaches could be classified into 

different catergories according to the computational scale: macro-scale, meso-scale, and 

micro-scale [1]. For the macroscopic scale methods such as finite difference method, 

finite element method, and finite volume method, gonverning equations are discretized 

according to volume, grids, or elements. It is difficult to solve the partial differential 

equations in some cases due to reasons like nonlinearity, complex geometries and so on. 

In addition, the detail information of fluid flow is hard to capture by these continuum 

approaches at small scale. On the other hand, the medium is considered made of small 

particles and these particles collide with each other in the microscale methods such as 

molecular dynamics. The inter-partical forces are identified to solve equation of 

Newton’s second law in the molecular dynamics. Molecular dynamics is simple and can 

handle the complex phenomena or domains without any difficulties. However, it is 

difficult to simulate a relative large system because of the limited computational 

resources. As a mesoscale method, lattice Boltzmann method (LBM) has advantages of 

both macroscopic and microscopic methods by not considerting the motion of each 

particle but behavior of a group of particles. Under this case, LBM has been developed as 

a useful tool to simulate the fluid flow and heat transfer problems in recent years [2-4].  
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Lattice Boltzmann method is orginigated from the method of Lattice gas automata (LGA) 

which is firstly developed by Hardy, Pomeau and de Pazzis in 1973 [5]. The major 

drawback of LGA are intrinsic noise, non-Galilean invariance, and unphysical velocity 

dependent pressure and large numerical viscosities. In 1986, Frisch et al. firstly obtained 

the correct Navier-Stokes equation starting from the lattice gas automata on a hexagonal 

lattice [6]. Higuera and Jimenez made an important simplification of LBM by introducing 

a lattice Boltzmann equation with a linearized collision operator that assumes the 

distribution is close to the local equilibrium state [7]. A particularly simple version of 

linearized collision operator based on Bhatnagar-Gross-Krook (BGK) [8] collision model 

was independently suggested by authors [9-10]. In the lattice BGK model, the local 

equilibrium distribution function is utilized to recover the macroscopic Navier-Stokes 

equations making the computations more efficient [11-12]. Until today, researchers have 

been using LBM for several physical problems such as conjugate heat transfer, phase 

change phenomenon, non-isothermal flow in porous medium, multiphase flows, chemical 

reactions, magnetic and electric fields, diffusion, mixing, and fluid flow in microfluidics, 

fluid-structure interactions in biological systems and so on.  

Several researchers use LBM to study the conjugate heat transfer phenomenon [13-19]. 

Wang et al. presented a lattice Boltzmann method algorithm for fluid-solid conjugate heat 

transfer with half lattice division treatment for the fluid-solid interface [13]. Li et al. 

applied LBM to solve conjugate heat and mass transfer by using a general second-order 
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accurate interface treatment. The continuity of the macroscopic variable and its flux at the 

interface is intrinsically satisfied on the level of microscopic distribution fucntions [14]. 

Karani and Huber studied conjugate heat transfer in heterogeneous media by 

reformulating the lattice Boltzmann equation for solving the conservative form of the 

energy equation [15]. Meng et al. investigated the conjugate heat transfer in high-

frequency oscillating flows [16]. Pirouz et al. simulated the conjugate heat transfer in a 

rectangular channel with wall-mounted obstacles [17]. Mishra et al. solved the energy 

equation of a 2-D transient conduction-radiation problem [18]. In the current dissertation, 

lattice Boltzmann method is implemented for conjugate heat transfer inside a square 

cavity with  conducting solid obstacles [19]. By adjusting the velocity field and thermal 

diffusivities, only one single temperature distribution function is needed to simulate the 

convection in the fluid region and the heat conduction in the solid obstacles region. As a 

result, matching boundary conditions at the interface are automatically satisfied. 

Using lattice Boltzmann method to simulate the phase change process is another 

attractive research topic during the past decade. The existing lattice Boltzmann 

approaches for solid-liquid phase change problems can be generally classified into three 

methods: (1) the phase-field method [20-21], (2) the enthalpy-based method [22-29], (3) 

the immersed boundary method [30]. For the phase-field method, the solid-liquid 

interface is implicitly tracked by an auxiliary parameter which varies smoothly across the 

diffusive phase interface. However, extremely finer grids are necessary in the interfacial 
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region [20-21]. Huang and Wu applied the immersed boundary thermal lattice Boltzmann 

method to study the phase change process [30]. The interface was explicitly tracked by 

the Lagrangian nodes while the temperature field was solved on the Eulerian nodes. The 

enthalpy-based method is another efficient approach to solve this solid-liquid phase 

change phenomenon. Jiaung et al. were the first to use lattice Boltzmann method to solve 

the phase change problem governed by conduction using enthalpy formulation [22]. 

Chakraborty and Chatterjee studied the solid-liquid phase change with convective 

transport using enthalpy-based method [23]. Huber et al. used LBM with double 

distribution functions to simulate the melting process with convection [24]. Jourabian et 

al studied the natural convection melting in an inclined cavity and concluded that the time 

for full melting decreases when the left heated cavity is rotated in the counter clockwise 

direction [25]. All these enthalpy-based methods above require iterations for the non-

linear latent heat source term appears in the energy equation. Eshraghi and Felicelli 

developed an implicit LBM scheme to study the conduction with phase change [26]. By 

solving the linear system equations, the iteration of the latent heat source was avoided. 

Feng et al. improved this implicit LBM model by considering the natural convection to 

study the nanoparticle enhanced phase change materials [27]. To improve the 

computational efficiency, Huang and Wu modified the equilibrium distribution function 

for temperature so that iteration of source term or solving a group of linear system 

equations is not necessary [28]. However, the relaxation time must be close to 1 due to 
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the numerical diffusions which limits the application. Recently, Huang and Wu improved 

their work by using multiple-relaxation-time (MRT) collision scheme to reduce the 

numerical diffusion [29]. In addition, the thermal conductivity and specific heat are 

decoupled by the relaxation time and equilibrium distribution function making this model 

appropriate for conjugate heat transfer problems. In the current work, lattice Boltzmann 

method is applied to study the melting process in a latent heat thermal energy storage 

system with internal fins. 

During recent years, LBM has been applied to study various transport phenomena and 

processes in microfluidic systems [31].  In micro-electro-mechanical-systems (MEMS), 

gaseous flows are commonly involved and their behaviors are important to the system 

performance. The Knudsen number is defined as the ratio gas mean free path to the 

characteristic length of the flow domain. When the fluid domain is small, the Knudsen 

number increases, some rarefaction effects such as velocity slip on the solid boundary 

appear. As a numerical method based on the kinetic theory and discretized version of 

Boltzmann equation, LBM is successfully used to handle these microflows. Guo and 

Zheng applied lattice Boltzmann equation with multiple relaxation times (MRT) to 

simulate the Poiseuille flow in the slip flow regime [32]. Chai et al. used LBM to 

simulate the gaseous flow in a microchannel with surface roughness effect [33]. In 

addition, the electrokinetic phenomena was simulated by researchers using LBM. Li and 

Kwok studied electrokinetic microfluidic phenomena by a lattice Boltzmann model using 
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modified Poisson-Boltzmann equation [34]. Guo et al. applied finite-difference-based 

LBM to simulate the electro-osmotic flows with the effect of Joule heating [35]. LBM is 

used to study many other phenomena like microflows in porous medium, 

magnetohydrodynamic flows, biological microfluidics as presented in the review paper 

[31]. Alternating current (AC) electrcothermal pumping in microfluidic systems is 

studied for both two-dimensional and three-dimensional cases in this dissertation [36].   

As a non-body-conformal grid method first developed by Peskin [37], the immersed 

boundary method (IBM) has been developed as a popular tool to treat complex boundary 

conditions. The ‘momentum force’ and ‘energy force’ terms are added either explicitly or 

implicitly to the flow and energy governing equations to satisfy the velocity and thermal 

boundary conditions on the curved surfaces. The ‘momentum force’ and ‘energy force’ 

were calculated using the direct-forcing method with a diffuse interface scheme which 

was first derived by Silva et al. [38]. In the IBM, the Dirac delta functions were used to 

interpolate the velocity and temperature between Cartesian and Lagrangian nodes, as well 

as for ‘momentum force’ and ‘energy force’. There are both explicit diffuse scheme and 

implicit diffuse scheme for calculating the boundary forces. Wang et al. proposed multi-

direct-forcing scheme to simulate the flows with moving particles [39]. The iteration 

steps were carried out until the criterion was satisfied. Su et al. calculated the boundary 

forces by solving implicit matrix equations [40]. The common characteristic of LBM on 

Cartesian grid motivates its coupling with IBM to handle the complex curved or moving 
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boundaries [41-48]. Most of the previous researches using IB-LBM focus on the 

isothermal fluid flow. Jeong et al. firstly coupled the IBM and thermal lattice Boltzmann 

method to study the non-isothermal flows [49]. Kang and Hassan applied IB-TLBM to 

investigate the heat transfer and fluid flow with a direct-forcing scheme [50]. Huang and 

Wu studied the solid-liquid phase change phenomena by IB-TLBM [30]. Hu et al. 

applied IB-TLBM to study the natural convection with a cylinder covered by porous 

layer in an enclosure and natural convection in a concentric horizontal annulus [51-52].  

Mixed convection in a lid-driven cavity with a sinusoidal cylinder is investigated in the 

current research using immered boundary-thermal lattice Boltzmann method.  

 

Fig. 1 GeForce GTX TITAN graphics card 
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Fig. 2 Schematic diagram of CUDA platform [53] 

In recent years, GPU computing becomes attractive since the advent of NVIDIA’s 

Compute Unified Device Architecture (CUDA) which includes both hardware and 

programming environment in 2007 [53]. Compared with CPU which has hundreds of 

cores, the cost of GPU is much cheaper which makes the high performance computing 

possible on personal computer. The GPU used in the current work is GeForce GTX 

TITAN which has 2688 cores and 6GB memory as shown in Fig. 1. The schematic 

diagram of CUDA platform is shown in Fig. 2. As a hybrid computing model, CPU is 

used as a host for all the sequential steps while GPU works for all the parallel tasks. Each 
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block is one computational unit in CUDA and all the commands excute sequentially in 

the same block. Each graphics card has a maximum number of cores per single block. For 

example, the GTX TITAN used in this dissertation, the maximum number of cores in one 

block is 1024. With its highly parallel nature, LBM is successfully fitted into GPU during 

the recent years [54-60]. In this work, all the simulations are completed on CUDA 

platform using GPU with accelerated computational speed [19,36,61]. 

In this dissertation, various heat transfer and fluid flow problems are investigated by 

lattice Boltzmann method on CUDA using GPU. In Chapter 2, natural convection with an 

array of conduting solid obstacles in an enclosure is studied. The double-diffusive 

convection in a vertical cavity with Soret and Dufour effects is investigated in Chapter 3. 

In Chapter 4, the PCM melting process in a latent heat thermal energy storage system 

with internal fins is simulated. The immersed boundary-thermal lattice Boltzmann 

method is used to study mixed convection in a lid-driven cavity with a sinusoidal cylinder 

in Chapter 5. In Chapter 6, AC electrothermal pumping in microfluidic systems is 

simulated in both two dimensional and three dimensional domains. A conclusion is made 

in Chapter 7.  
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CHAPTER 2:  Natural Convection with an Array of Conducting Solid Obstacles in 

an Enclosure 

Nomenclature 

𝑐      lattice speed 

𝑐𝑠     sound speed of the model 

𝐷     distance between solid obstacles 

𝐷∗    dimensionless distance between solid obstacles 

𝑑      distance between solid obstacles and enclosure surface 

𝑑∗    dimensionless distance between solid obstacles and enclosure surface 

𝒆𝑖    discrete lattice velocity in direction 𝑖 

𝐹𝑜   Fourier number, 𝐹𝑜 =
𝛼𝑠𝑡

𝐿2
 

𝐹𝑖     discrete body force in direction 𝑖 
𝒇      body force per unit volume 

𝑓𝑖     density distribution function in direction 𝑖 
𝑓𝑖
𝑒𝑞

  equilibrium distribution function of density in direction 𝑖 

𝑔      acceleration due to gravity in vertical direction 

𝒈      gravitational acceleration 

𝑔𝑖     temperature distribution function in direction 𝑖 
𝑔𝑖
𝑒𝑞

  equilibrium distribution function of temperature in direction 𝑖 

𝑘∗    thermal conductivity ratio between solid and fluid in House et al. paper 

𝐿      width of the square enclosure 

Mx  lattice grids number in horizontal direction 

My  lattice grids number in vertical direction 

𝑁     number of solid obstacles  

𝑁𝑢   local Nusselt number 

𝑁𝑢𝑎𝑣𝑒  average Nusselt number 

Nx  block size in 𝑥 direction on CUDA platform 

Ny  block size in 𝑦 direction on CUDA platform 

𝑝      pressure 

𝑝∗    dimensionless pressure 

𝑃𝑟    Prandtl number, 𝑃𝑟 =
𝜐𝑓

𝛼𝑓
 

𝑅𝑎   Rayleigh number, 𝑅𝑎 =
𝑔𝛽(𝑇ℎ−𝑇𝑐)𝐿

3

𝜐𝑓𝛼𝑓
 

𝑇      temperature 

𝑇𝑐     cold wall temperature 

𝑇ℎ     hot wall temperature 

𝑇𝑟𝑒𝑓  reference temperature 
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𝑡       time 

𝑡∗     dimensionless time 

𝒖      velocity 

𝑢      velocity in the horizontal direction 

𝑢∗    dimensionless velocity in the horizontal direction 

𝑢𝑐    characteristic velocity 

𝑢𝑚𝑎𝑥 maximum 𝑢 velocity at centerline 

𝑢𝑚𝑎𝑥
∗  maximum dimensionless velocity 𝑢∗ at centerline 

𝑣      velocity in the vertical direction 

𝑣∗    dimensionless velocity in the vertical direction 

𝑣𝑚𝑎𝑥 maximum 𝑣 velocity at centerline 

𝑣𝑚𝑎𝑥
∗  maximum dimensionless velocity 𝑣∗ at centerline 

𝑤     edge length of the solid obstacles 

𝑤∗   dimensionless edge length of the solid obstacles 

𝒙      vector of location 

𝑥      horizontal coordinate 

𝑥∗    dimensionless horizontal coordinate 

𝑥𝑚𝑎𝑥 location of 𝑣𝑚𝑎𝑥 

𝑥𝑚𝑎𝑥
∗  location of 𝑣𝑚𝑎𝑥

∗  

𝑦      vertical coordinate 

𝑦∗    dimensionless vertical coordinate 

𝑦𝑚𝑎𝑥 location of 𝑢𝑚𝑎𝑥 

𝑦𝑚𝑎𝑥
∗  location of 𝑢𝑚𝑎𝑥

∗  

𝑦𝑁𝑢   location of 𝑁𝑢𝑚𝑎𝑥 

 

 

Greek symbols 

𝛼      thermal diffusivity 

𝛼𝑓    fluid thermal diffusivity 

𝛼𝑠    solid obstacle thermal diffusivity 

𝛽     thermal expansion coefficient  

𝜐𝑓    fluid kinematic viscosity 

𝜌𝑓   fluid density  

𝛿     coefficient to distinguish between fluid region and solid obstacles 

𝜃     dimensionless temperature 

𝜃𝑐    dimensionless cold wall temperature 

𝜃ℎ    dimensionless hot wall temperature 

𝜃𝑟𝑒𝑓 dimensionless reference temperature 

𝛾    place holder for diffusivities ratios, see equation (20) 

𝛾1   ratio of solid obstacle thermal diffusivity and fluid thermal diffusivity, 𝛾1 =
𝛼𝑠

𝛼𝑓
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∆𝑡   time step 

∆𝑥  lattice space 

𝜏𝑓   dimensionless relaxation time of density 

𝜏𝑔   dimensionless relaxation time of temperature 

𝜔𝑖  weight coefficient in direction 𝑖 
 

 

Subscripts 

𝑖     direction 𝑖 in a lattice 

 

2.1 Introduction 

The phenomenon of natural convection in an enclosure has been an interesting research 

topic due to its importance in many engineering disciplines [62-67]. During the process 

of design and optimization of devices such as heat exchanger, food processing, 

solidification process, and energy storage, the details about the natural convection in an 

enclosure are crucial. For these applications, there can be obstructions (conducting) 

within the enclosure. House et al. solved the natural convection with a single conducting 

body located at the center of the cavity [68]. They presented the streamlines and 

isotherms with different Rayleigh numbers, 𝑅𝑎, and thermal diffusivity ratios between 

fluid and solid. The effect of the conducting body size was also investigated in this paper. 

Merrikh and Lage simulated the natural convection with disconnected conducting blocks 

in an enclosure [69]. Braga and Lemos worked on the natural convection filled with both 

circular and square rods [70]. Lattice Boltzmann method was used to study conjugate 

heat transfer problems during the past years [13-19]. In this study, lattice Boltzmann 

method is implemented for conjugate heat transfer of a square cavity with  solid 
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obstacles. Natural convection is considered in the fluid region while conduction is 

assumed in the solid obstacles. By adjusting the velocity field and thermal diffusivities, 

only one single temperature distribution function is needed to simulate the convection in 

the fluid region and the heat conduction in the solid obstacles region. As a result, 

matching boundary conditions at the interface are automatically satisfied. The conjugate 

heat transfer in a rectangular enclosure of natural convection with solid obstacles is 

considered next. Streamlines, temperature distributions are presented for different 

Rayleigh numbers, thermal diffusivity ratios and number of solid blocks. The parallel 

characteristic of LBM is well fitted to the parallel hardware of graphic processor units 

(GPU) using a CUDA platform. Implementation of conjugate heat transfer LBM 

algorithm on GPU is presented next. It is found that GPU can accelerate the computation 

by a factor up to 20 as compared to the non-parallel CPU code.   

The system considered in this study is shown in Fig. 3 and consists of an array of solid 

obstacles. 𝐿 is the width of the square enclosure. 𝑤 is the edge length of the solid 

obstacles. 𝐷 is the distance between neighbouring obstacle. The distance between the 

solid obstacles and enclosure surfaces is 𝑑. The thermal boundary conditions are also 

shown in the figure. For 𝑃𝑟 = 0.7, the results are presented in terms of isotherms and 

streamlines versus different Fourier number 𝐹𝑜  to show the transient conjugate heat 

transfer process. The mathematical formulation for this study is shown in section 2. 

Lattice Boltzmann method model and brief description of usage for GPU are discussed in 
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section 3. Two numerical test cases are presented for code validation. The results and 

discussions about this conjugate heat transfer process are given in section 4. The 

conclusion is made in section 5. 

 

Fig.3. Schematic of the heterogeneous enclosure 

2.2 Mathematical formulation 

2.2.1 Governing equations 

In the current study, Boussinesq approximation is assumed to be valid. The governing 

equations for this natural convection with solid blocks are as follows: 

Continuity equation: 

                                                                 
𝜕𝑢

𝜕𝑥
+

𝜕𝑣

𝜕𝑦
= 0                                                      (1) 

𝑥 Momentum equation: 

                                 (
𝜕𝑢

𝜕𝑡
+ 𝑢

𝜕𝑢

𝜕𝑥
+ 𝑣

𝜕𝑢

𝜕𝑦
) = −

1

𝜌𝑓

𝜕𝑝

𝜕𝑥
+ 𝜐𝑓 (

𝜕2𝑢

𝜕𝑥2
+
𝜕2𝑢

𝜕𝑦2
)                              (2) 
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𝑦 Momentum equation: 

             (
𝜕𝑣

𝜕𝑡
+ 𝑢

𝜕𝑣

𝜕𝑥
+ 𝑣

𝜕𝑣

𝜕𝑦
) = −

1

𝜌𝑓

𝜕𝑝

𝜕𝑦
+ 𝜐𝑓 (

𝜕2𝑣

𝜕𝑥2
+

𝜕2𝑣

𝜕𝑦2
) + (1 − 𝛿)𝑔𝛽(𝑇 − 𝑇𝑟𝑒𝑓)          (3) 

where 𝛿 is given by: 

                                              𝛿 = {
0, 𝑖𝑛 𝑡ℎ𝑒 𝑓𝑙𝑢𝑖𝑑 𝑟𝑒𝑔𝑖𝑜𝑛
1, 𝑖𝑛 𝑡ℎ𝑒 𝑠𝑜𝑙𝑖𝑑 𝑏𝑙𝑜𝑐𝑘𝑠

                                            (4) 

The reference temperature is given by: 

                                                           𝑇𝑟𝑒𝑓 =
𝑇ℎ+𝑇𝑐

2
                                                        (5)                                                                                                                          

Energy equation: 

                                           
𝜕𝑇

𝜕𝑡
+ 𝑢

𝜕𝑇

𝜕𝑥
+ 𝑣

𝜕𝑇

𝜕𝑦
= 𝛼 (

𝜕2𝑇

𝜕𝑥2
+

𝜕2𝑇

𝜕𝑦2
)                                      (6) 

The thermal diffusivity in the energy equation is modeled as: 

                                       𝛼 = {
𝛼𝑓 , 𝑖𝑛 𝑡ℎ𝑒 𝑓𝑙𝑢𝑖𝑑 𝑓𝑙𝑜𝑤 𝑟𝑒𝑔𝑖𝑜𝑛

                       
𝛼𝑠,   𝑖𝑛 𝑡ℎ𝑒 𝑠𝑜𝑙𝑖𝑑 𝑏𝑙𝑜𝑐𝑘 𝑟𝑒𝑔𝑖𝑜𝑛

                                  (7)                                                                                      

 

2.2.2 Boundary conditions  

The flow boundary conditions are non-slip and no penetration at all the solid enclosure 

surfaces, and solid obstacle surfaces. The velocities inside the solid obstacles are 

calculated by the lattice Boltzmann method to be 10E-15, essentially zero.  When solving 

the energy equation, velocities inside the solid obstacles are set to zero. For the thermal 

boundary condition in this study, we have:                                                                                                               
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                                                       𝑇 = 𝑇ℎ, 𝑎𝑡 𝑥 = 0                                                   (8)                                                                                                                                                                        

                                                        𝑇 = 𝑇𝑐 , 𝑎𝑡 𝑥 = 𝐿                                                   (9)                                                                                                                    

                                                        
𝜕𝑇

𝜕𝑦
= 0, 𝑎𝑡 𝑦 = 0                                                  (10)        

                                                        
𝜕𝑇

𝜕𝑦
= 0, 𝑎𝑡 𝑦 = 𝐿                                                  (11)                                                                                                                             

2.2.3 Initial condition 

                                                         𝑢(𝑥, 𝑦, 0) = 0                                                    (12) 

                                                         𝑣(𝑥, 𝑦, 0) = 0                                                    (13)                                                                                                                                    

                                                         𝑇(𝑥, 𝑦, 0) = 𝑇𝑐                                                  (14)            

2.2.4 Dimensionless equations                                                                                                                      

The governing equations of the natural convection process with an array of solid blocks 

can be expressed in dimensionless form by introducing the following dimensionless 

variables: 

               𝑥∗ =
𝑥

𝐿
, 𝑦∗ =

𝑦

𝐿
, 𝑢∗ =

𝑢

𝑢𝑐
, 𝑣∗ =

𝑣

𝑢𝑐
, 𝑡∗ =

𝑡𝑢𝑐

𝐿
  𝑝∗ =

𝑝

𝜌𝑓𝑢𝑐
2, 𝜃 =

𝑇−𝑇𝑐

𝑇ℎ−𝑇𝑐
.          (15) 

The velocity scale is 𝑢𝑐 =
𝛼𝑓

𝐿
.           

                                                         
𝜕 𝑢∗

𝜕𝑥∗
+

𝜕𝑣∗

𝜕𝑦∗
= 0                                                   (16)                                                                                                                                                                   

(
𝜕𝑢∗

𝜕𝑡∗
+ 𝑢∗

𝜕𝑢∗

𝜕𝑥∗
+ 𝑣∗

𝜕𝑢∗

𝜕𝑦∗
) = −

𝜕𝑝∗

𝜕𝑥∗
+ 𝑃𝑟 (

𝜕2𝑢∗

𝜕𝑥∗2
+
𝜕2𝑢∗

𝜕𝑦∗2
)                     (17)                                                          

(
𝜕𝑣∗

𝜕𝑡∗
+ 𝑢∗

𝜕𝑣∗

𝜕𝑥∗
+ 𝑣∗

𝜕𝑣∗

𝜕𝑦∗
) = −

𝜕𝑝∗

𝜕𝑦∗
+ 𝑃𝑟 (

𝜕2𝑣∗

𝜕𝑥∗2
+

𝜕2𝑣∗

𝜕𝑦∗2
) + (1 − 𝛿)𝑅𝑎𝑃𝑟(𝜃 − 𝜃𝑟𝑒𝑓)  (18)   
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𝜕𝜃

𝜕𝑡∗
+ 𝑢∗

𝜕𝜃

𝜕𝑥∗
+ 𝑣∗

𝜕𝜃

𝜕𝑦∗
= 𝛾 (

𝜕2𝜃

𝜕𝑥∗2
+

𝜕2𝜃

𝜕𝑦∗2
)                                      (19) 

𝛾 = {
1, 𝑖𝑛 𝑡ℎ𝑒 𝑓𝑙𝑢𝑖𝑑 𝑓𝑙𝑜𝑤 𝑟𝑒𝑔𝑖𝑜𝑛

𝛾1, 𝑖𝑛 𝑡ℎ𝑒 𝑠𝑜𝑙𝑖𝑑 𝑏𝑙𝑜𝑐𝑘𝑠                        
                               (20)                                                                   

By introducing the dimensionless temperature defined in equation (15), the boundary 

conditions become: 

𝜃 = 𝜃ℎ = 1, 𝑎𝑡 𝑥
∗ = 0                                               (21)                                                                                                                   

 𝜃 = 𝜃𝑐 = 0, 𝑎𝑡 𝑥
∗ = 1                                                (22)             

𝜕𝜃

𝜕𝑦∗
= 0, 𝑎𝑡 𝑦∗ = 0                                                   (23)                                                                                                      

𝜕𝜃

𝜕𝑦∗
= 0, 𝑎𝑡 𝑦∗ = 1                                                   (24)                                                                                                           

The initial conditions become: 

𝑢∗(𝑥∗, 𝑦∗, 0) = 0                                                   (25)                                                                                      

𝑣∗(𝑥∗, 𝑦∗, 0) = 0                                                    (26)                                                                                                          

𝜃(𝑥∗, 𝑦∗, 0) = 0                                                     (27)                                                                                            

The thermal boundary conditions at the interface of solid blocks are imbedded which will 

increase the simulation accuracy and save computational effort. The dimensionless 

parameters are the Rayleigh number, the Prandtl number, the ratio of thermal diffusivities 

between solid blocks and fluid, dimensionless distance between solid obstacles, 

dimensionless distance between solid obstacles and enclosure surfaces, dimensionless 

edge length of the solid obstacles, which are defined by: 
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𝑅𝑎 =
𝑔𝛽(𝑇ℎ−𝑇𝑐)𝐿

3

𝜐𝑓𝛼𝑓
, 𝑃𝑟 =

𝜐𝑓

𝛼𝑓
, 𝛾1 =

𝛼𝑠

𝛼𝑓
, 𝜃𝑟𝑒𝑓 = 0.5, 𝐷∗ =

𝐷

𝐿
, 𝑑∗ =

𝑑

𝐿
, 𝑤∗ =

𝑤

𝐿
.   (28)              

 

2.3 Lattice Boltzmann method on CUDA platform and code validation 

A D2Q9 LBM model with double distribution functions is used in this two-dimensional 

simulation work as shown in Fig. 4. The density distribution function is used to solve the 

velocity field and the other distribution function is applied for the calculation of the 

temperature field. 

 

Fig.4. D2Q9 model 

2.3.1 Lattice Boltzmann equation for velocity field 

The evolution equation for the density distribution function 𝑓𝑖 is given by: 

𝑓𝑖(𝒙 + 𝒆𝑖∆𝑡, 𝑡 + ∆𝑡) = 𝑓𝑖(𝒙, 𝑡) −
1

𝜏𝑓
[𝑓𝑖(𝒙, 𝑡) − 𝑓𝑖

𝑒𝑞(𝒙, 𝑡)] + ∆𝑡𝐹𝑖             (29)                                          

𝑓𝑖
𝑒𝑞(𝒙, 𝑡) is the equilibrium density distribution function which can be calculated by: 



 
 
 
 
 

37 

𝑓𝑖
𝑒𝑞(𝒙, 𝑡) = 𝜔𝑖𝜌𝑓 [1 +

𝒆𝑖∙𝒖

𝑐𝑠
2 +

(𝒆𝑖∙𝒖)
2

2𝑐𝑠
4 −

𝒖2

2𝑐𝑠
2]                                (30)                                                                   

The discrete velocities 𝒆𝑖 are defined by: 

𝒆𝑖 = {

𝒆0 = (0,0)

𝒆𝑖 = 𝑐(cos[(𝑖 − 1) 𝜋 2⁄ ] , sin[(𝑖 − 1) 𝜋 2⁄ ]), 𝑖 = 1,2,3,4 

𝒆𝑖 = √2𝑐(cos[(2𝑖 − 9) 𝜋 4⁄ ] , sin[(2𝑖 − 9) 𝜋 4⁄ ]), 𝑖 = 5,6,7,8

         (31)                                

where the lattice speed 𝑐 =
∆𝑥

∆𝑡
 and sound speed 𝑐𝑠 = 𝑐 √3⁄ .  

The weight coefficient 𝜔𝑖 for D2Q9 model is defined as: 

𝜔𝑖 = {
4 9⁄ , 𝑖 = 0

1 9⁄ , 𝑖 = 1,2,3,4
1 36⁄ , 𝑖 = 5,6,7,8

                                             (32)                                                                                            

The body force term 𝐹𝑖 in equation (29) is developed by [71]: 

𝐹𝑖 = 𝜔𝑖 (1 −
1

2𝜏𝑓
) (

𝒆𝑖−𝒖

𝑐𝑠
2 +

𝒆𝑖∙𝒖

𝑐𝑠
4 𝒆𝑖) ∙ 𝒇                                    (33)                                                                          

𝒇 is the body force of the fluid flow shown as: 

𝒇 = 𝜌𝑓𝒈𝛽(𝑇 − 𝑇𝑟𝑒𝑓)                                                (34)    

The kinetic viscosity is given by: 

𝜐𝑓 = 𝑐𝑠
2(𝜏𝑓 − 0.5)∆𝑡                                                 (35)                                                                          

The bounce-back conditions are applied for the non-slip and non-penetration on the solid 

surfaces.  

With all the equations above, the macroscopic parameters can be computed as: 

𝜌𝑓 = ∑ 𝑓𝑖
8
𝑖=0     𝜌𝑓𝒖 = ∑ 𝒆𝑖𝑓𝑖

8
𝑖=0 +

∆𝑡

2
𝒇                                  (36)                                                            

 



 
 
 
 
 

38 

2.3.2 Lattice Boltzmann equation for temperature field 

The temperature distribution function by LBM can be given as: 

𝑔𝑖(𝒙 + 𝒆𝑖∆𝑡, 𝑡 + ∆𝑡) = 𝑔𝑖(𝒙, 𝑡) −
1

𝜏𝑔
[𝑔𝑖(𝒙, 𝑡) − 𝑔𝑖

𝑒𝑞(𝒙, 𝑡)]                  (37)                                         

𝑔𝑖
𝑒𝑞(𝒙, 𝑡) is the equilibrium distribution function for temperature defined by: 

𝑔𝑖
𝑒𝑞(𝒙, 𝑡) = 𝜔𝑖𝑇 [1 +

𝒆𝑖∙𝒖

𝑐𝑠
2 +

(𝒆𝑖∙𝒖)
2

2𝑐𝑠
4 −

𝒖2

2𝑐𝑠
2]                                (38)                                                                  

The thermal diffusivity 𝛼 is given by: 

𝛼 = 𝑐𝑠
2(𝜏𝑔 − 0.5)∆𝑡                                                 (39)                                                                         

In this simulation work, 𝛼 is different for fluid and solid blocks as shown in equation (7). 

By changing the relaxation time g, the diffusivities can be matched. The finite difference 

equations are used to handle the thermal boundary conditions in the current study. The 

macroscopic temperature can be calculated by: 

𝜃 = ∑ 𝑔𝑖
8
𝑖=0                                                         (40)        

2.3.3 CUDA implementation 

In the CUDA programming platform, the CPU and GPU work as host and devices, 

respectively as shown in Fig. 2. The sequential time steps and initial conditions are 

executed on CPU while GPU is responsible for all the parallel tasks. The first step is to 

set up initial condition in host memory then move the data to the memory in graphic 

processor units. A kernel is a function which is executed in the concurrent threads on 

GPU. The threads will be grouped into blocks which are the component of the grids as 
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shown in Fig. 2. In the simulation the block size is (Nx, Ny) and our lattice grids number is 

(Mx, My). Then the grid size will be (Mx/Nx, My/Ny). The second step is to start the kernels 

for parallel computation. We complete the collision step, streaming step, boundary 

conditions and the calculation of macroscopic quantity in different kernels. All the 

kernels need to be synchronized between CPU and GPU. The third step is to copy the 

data to host memory at the specific time step to show the transient conjugate heat transfer 

process. 

2.3.4 Code validation 

The developed CUDA Fortran code was validated by two test cases. The natural 

convection flow in an enclosure is simulated and compared with the benchmark solution 

[63]. The computational time of CPU code and CUDA code is presented to show the 

acceleration by using CUDA platform. Then the natural convection in an enclosure with a 

centered conducting body studied by House et al. [68] was simulated to show the 

accuracy of the current LBM code. 

Test case 1: Natural convection flow  

The results of natural convection in an enclosure by CUDA code are presented in Table 

1. Good agreement is achieved between the current study and the benchmark solution 

given by Hortmann et al. with non-uniform grids [63]. The comparison of computational 

cost in this simulation between LBM CPU code (𝑛𝑜𝑡 𝑝𝑎𝑟𝑎𝑙𝑙𝑒𝑙 𝑚𝑒𝑡ℎ𝑜𝑑)  and LBM 

CUDA code is shown in Table 2. The two codes use the same CPU. The ratio of 
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computational cost increases when larger grid number is used. It is obvious that CUDA 

has great advantage when the computational cost is huge. 

Table 1. Natural convection flow results 

𝑅𝑎 Grid 

number

s 

 𝑢𝑚𝑎𝑥 𝑦𝑚𝑎𝑥 𝑣𝑚𝑎𝑥 𝑥𝑚𝑎𝑥 𝑁𝑢𝑚𝑎𝑥 𝑦𝑁𝑢 𝑁𝑢𝑎𝑣𝑒 

105 250
∗ 250 

𝑎 34.7071 0.85600 68.5188 0.06400 7.7792 0.92400 4.53235 

105 400
∗ 400 

𝑎 34.7116 0.85500 68.5757 0.06500 7.7617 0.92250 4.52996 

105 320
∗ 320 

𝑏 34.7385 0.85535 68.6359 0.06602 7.7214 0.91767 4.52188 

106 250
∗ 250 

𝑎 65.3017 0.85200 220.276 0.03600 17.696 0.96800 8.80998 

106 400
∗ 400 

𝑎 64.9858 0.85000 220.516 0.03750 17.690 0.96500 8.83074 

106 640
∗ 640 

𝑏 64.8340 0.85036 220.473 0.03887 17.540 0.96098 8.82554 

a. Current work; b. Benchmark solution by Hortmann et al [63]. 

 

Table 2. The comparison of computational cost in natural convection flow 

Lattice grids number 250 ∗ 250 400 ∗ 400 600 ∗ 600 800 ∗ 800 

CPU intel core i7 

3770  

 s/LBM time step 

0.0467 0.1196 0.2690 0.4782 

GPU GTX TITAN  

s/LBM time step 

0.00975 0.01192 0.0161 0.02126 

ratio   4.79 10.034 16.708 22.493 
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Test case 2: Natural convection in an enclosure with a centered conducting body 

In this test case, the current LBM code with 400 by 400 lattice grids was used to simulate 

the natural convection with a centered conducting body presented by House et al. [68]. 

The isotherms of case 1 (𝑅𝑎 = 105, 𝑘∗ = 0.2) and case 2 (𝑅𝑎 = 105, 𝑘∗ = 5) in House’s 

paper are compared in Fig. 5 and Fig. 6. Excellent agreement can be observed. The 

average Nusselt number defined by House et al. [68] was calculated. The differences are 

0.19% and 0.29% for case 1 and case 2, respectively. The current LBM CUDA code is 

used to simulate the natural convection in an enclosure with an array of solid conducting 

blocks. 

 

Fig. 5 The comparison of isotherms for House et al. case 1 
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Fig. 6 The comparison of isotherms for House et al. case 2 

 

2.4 Results and discussions  

In the following simulations, the parameters are tabulated in Table 3. To present the 

transient process, the Fourier number is used, which is defined as: 

𝐹𝑜 =
𝛼𝑠𝑡

𝐿2
                                                          (41)   

The local Nusselt number and average Nusselt number at steady state are given as: 

𝑁𝑢 = −
𝜕𝜃

𝜕𝑥∗𝑥∗=0
 𝑁𝑢𝑎𝑣𝑒 =

(𝑁𝑢0+𝑁𝑢𝑀𝑦) 2+∑ 𝑁𝑢𝑖
𝑀𝑦−1

𝑖=1
⁄

𝑀𝑦
                         (42) 

 

Table 3. List of parameters for the simulation cases 

 𝑅𝑎 𝑃r 𝑁 𝛾1 𝑑∗ 𝐷∗ 𝑤∗

Case A 105 0.7 16 4 0.05 0.1 0.15 

Case B 106 0.7 16 4 0.05 0.1 0.15 
Case C 106 0.7 16 10 0.05 0.1 0.15 
Case D 106 0.7 100 10 0.025 0.05 0.05 

Case E 106 0.7 400 10 0.0125 0.025 0.025 
Case F 106 0.7 16 100 0.05 0.1 0.15 
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To test the grid independence, we compare the dimensionless velocities and average 

Nusselt number of Case C and Case E with different number of lattice grids in Table 4. 

The maximum difference of the results is within 0.19%. In the current simulation, the 

600 ∗ 600 lattice grids are used for case A, B, C and F while 800 ∗ 800 lattice grids are 

applied for case D and E.  

 

Table 4. Grid independence study of natural convection with obstacles 

Case Lattice grid 

numbers 
𝑢𝑚𝑎𝑥
∗  𝑦𝑚𝑎𝑥

∗  𝑣𝑚𝑎𝑥
∗  𝑥𝑚𝑎𝑥

∗  𝑁𝑢𝑎𝑣𝑒 

C 500 ∗ 500 68.09 0.754 91.05 0.03 4.5852 
C 600 ∗ 600 68.12 0.7533 91.21 0.0283 4.5773 
E 800 ∗ 800 19.58 0.95 21.96 0.05 1.9389 
E 880 ∗ 880 19.61 0.95 22.00 0.05 1.9363 

 

Case A 

In this case, we have the Rayleigh number 𝑅𝑎 = 105, the thermal diffusivity ratio 𝛾1 =

4, the number of solid blocks 𝑁 = 16. Fig. 7 shows the isotherms and streamlines at 

different Fourier numbers and steady state. It is noted that the streamlines are constructed 

using a Matlab function “streamline,” which start from a set of uniformly distributed 

points. Depending on the velocity field, the streamlines may or may not return the 

starting points. The left column exhibits the temperature field during the transient natural 

convection process, while the streamlines are plotted in the right column. In Fig. 7a 

𝐹𝑜 = 0.0222, in the beginning, the heat transfer process is dominated by conduction as 

the convection is just developing. Since the thermal diffusivity of the solid is higher than 
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that of the fluid, the temperature diffuses ahead in the solid block. In Fig. 7b 𝐹𝑜 =

0.0888 , the convection is becoming stronger, the clockwise rotation caused by the 

natural convection moves the isotherms accordingly. It can also be observed that in the 

first column from the left the top two solid blocks’ temperature is completely higher than 

0.5 while partial of the low two blocks’ temperature achieves 0.5. In Fig. 7c 𝐹𝑜 = 0.222, 

the convection develops even stronger and the isotherms are rotated according to the flow 

direction. In Fig. 7d, the steady state condition is presented. There is a symmetry 

(diagonally) in the solutions. It can be observed that the isothermal line at 0.5  divides the 

domain by half.  

 

(a) 
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(b) 

 

 

 

(c) 
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(d) 

Fig. 7 Isotherms and streamlines for Case A 

Case B 

In this case, all the dimensionless parameters are kept the same as in Case A except that 

the Rayleigh number is increased to 𝑅𝑎 = 106. Similarly, the isotherms and streamlines 

for different Fourier numbers are shown in Fig. 8. In Fig. 8a Fo= 0.0222, the convection 

effects can be clearly observed from the isotherms. The clockwise rotation spreads out 

the isotherms near the top while compresses those near the bottom. The thermal 

diffusivities ratio is kept the same as Case A. In particular, the thermal diffusivity of solid 

obstacles is four times that of the fluid.  However, the convection is stronger as can be 

seen in the isotherms. The clockwise rotation causes the top left solid block’s temperature 

to be almost higher than 0.5. However, the temperature of most part in the second block 

from the top is below 0.5. In Fig. 8b Fo = 0.0888, the dominant effects of convection 

become much more apparent from the rotation of the isotherms. In Fig. 8c Fo= 0.222, the 
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clockwise convection current causes the temperature of three solid blocks in the first row 

to be above 0.5 and more than two blocks of the second row. The clockwise rotation also 

restricts the heat propagation in the bottom part and therefore limits the temperature rise 

to the first blocks in the last two rows. The steady state condition displayed in Fig. 8d 

shows the symmetries as expected.  

 

(a) 

 

 

(b) 
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(c) 

 

(d) 

Fig. 8 Isotherms and streamlines for Case B 

Case C 

In this case, the Rayleigh number is 𝑅𝑎 = 106, same as that of Case B. However, the 

thermal diffusivity ratio 𝛾1 is increased to 10. In Fig. 9a Fo=0.0222, conduction is the 

dominating effect.  In Fig. 9b Fo=0.0888, because of the higher Rayleigh as compared to 

that of Case A, the convection is stronger. As a result, the temperature increases faster 



 
 
 
 
 

49 

at the top row than the rest.  The clockwise rotation in fact restricts the heat propagation 

so that none of the solid blocks’ temperature on the last two rows is above 0.5. As the 

convection develops, Fig. 9c, the temperature rise becomes more uneven, having two 

solid blocks’ temperature is completely higher than 0.5  on the first row and just 

beginning to reach the temperature at 0.5  on the last row. Fig. 9d displays the isotherms 

and streamlines at steady state, the expected symmetries can be observed clearly. 

Comparing to Case B, the Rayleigh number is kept the same. The diffusivities ratio 𝛾1 is 

increased from 4 to 10. This can be interpreted as increasing the thermal diffusivity of 

the solid blocks by a factor of 2.5. This increase in the thermal diffusivity increases the 

thermal affected area near both boundaries. As a result, the temperature rise, as compared 

to that of Case B, is observed to be more in the last row and less in the first row. 

 

(a) 



 
 
 
 
 

50 

 

(b) 

 

(c) 
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(d) 

Fig. 9 Isotherms and streamlines for Case C 

Case D 

In this case, we keep the Rayleigh number 𝑅𝑎 and the thermal diffusivity ratio 𝛾1 the 

same as case C while the number and size of the solid blocks are different as shown in 

Table 3. One hundred solid blocks are distributed in the square enclosure. In Fig. 10a, the 

temperature of the first column blocks is higher than 0.5 while only the top two blocks’ 

temperature reaches to 0.5 in the second column. At the time step shown in Fig. 10b, the 

convection effect is stronger. As a result, there are four blocks’ temperature is above 0.5 

in the first row and second row. However, the rows below 𝑦∗ = 0.5  only have one 

blocks’ temperature achieves 0.5  from the left. Fig. 10c shows the isotherms and 

streamlines at steady state. The symmetry of the isotherms and streamlines can be 

observed.  
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(a) 

 

(b) 
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(c) 

Fig. 10 Isotherms and streamlines for Case D 

Case E 

In this case, the number of the solid obstacles is increased to 𝑁 = 400 while the Rayleigh 

number 𝑅𝑎 and thermal diffusivity ratio 𝛾1 are the same as case C and D. In Fig. 11(a), 

the temperature of the first two columns and only the top three blocks in the third column 

is higher than 0.5. The heat transfer process is dominated by conduction. In Fig. 11(b), 

the convection effect can be seen from the isotherms. However, compared with Case C 

and Case D, the convection is weak because the fluid flow is restricted by the huge 

number of solid obstacles. As a result, for the same 𝑅𝑎  number and 𝑃𝑟  number, the 

velocity is smaller in an enclosure with more obstacles. The Fig. 11(c) shows the 

expected symmetric results at steady state.  
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(a) 

 

(b) 
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(c) 

Fig. 11 Isotherms and streamlines for Case E 

Case F 

In this case, all other parameters are the same as that of Case C except the solid-fluid 

thermal diffusivity ratio 𝛾1 is increased from 10 to 100. In Fig. 12 (a), at 𝐹𝑜 = 0.222, the 

conduction heat transfer is dominant. The isothermal lines diffuse ahead in the solid 

blocks because of higher thermal diffusivity. Compared with the same 𝐹𝑜 in Case C, the 

heat transfer process is slower which could be understood because the fluid thermal 

diffusivity is 10  times smaller. In Fig. 12 (b), twenty isothermal lines are plotted at  

𝐹𝑜 = 1.92. The isotherms spread out on the top domain due to the clock-wise fluid flow 

in the cavity. The temperature variation inside the solid blocks is small because of high 

solid thermal diffusivity as reflected by the isotherms distribution. The steady state 

results are shown in Fig. 12 (c).   
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(a) 

 

(b) 
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(c) 

Fig. 12 Isotherms and streamlines for Case F 

The steady state dimensionless velocities for all the presented cases are shown in Fig. 13. 

In Fig. 13(a), the 𝑢∗  velocity at the centerline is compared for different cases. The 

magnitude of 𝑢∗ velocity in Case B is higher than that in Case A is due to the increase of 

Rayleigh number 𝑅𝑎 from 105 to 106. By comparing the 𝑢∗ velocity of Case C, Case D, 

Case E, and Case F, it is obvious that the velocity decreases while the obstacle number 𝑁 

becomes larger because of the non-slip and non-penetration conditions on the solid block 

interface. It is interesting to find that the space between the velocity peaks is where the 

solid obstacles located. The velocity varies more frequently for the case with larger 

number of solid blocks. The similar phenomenon can be observed for dimensionless 

velocity 𝑣∗ in Fig. 13(b). It is clear to see the anti-symmetric velocity distributions.  

The Nusselt numbers are plotted in Fig. 14. The case A has the minimum 𝑁𝑢 because of 

the low Rayleigh number 𝑅𝑎. By comparing the results of Case C, Case D, Case E, and 
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Case F, when more blocks locate in the enclosure, the restriction on the convection due to 

the solid obstacles are stronger so that the Nusselt numbers become smaller.  

 

(a) 

 

(b) 

Fig. 13 Dimensionless velocity at steady state for different case 
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Fig. 14 Nusselt numbers for different cases 

2.5 Conclusions  

Lattice Boltzmann method was developed and implemented for conjugate heat transfer of 

buoyancy driven enclosure with solid conducting obstacles. The developed algorithm is 

verified by comparing with the natural convection flow benchmark solution and a 

published natural convection in a rectangular enclosure with a conducting obstacle 

problem. The conjugate heat transfer in a rectangular enclosure with an array of obstacles 

is investigated in this paper. Five cases with different Rayleigh numbers, thermal 

diffusivities ratios (solid to fluid) and number of solid blocks are presented. The 

developed lattice Boltzmann method can handle the change in thermal diffusivities easily. 

Consequently, only one temperature distribution is needed to simulate the convection in 

the fluid region and the heat conduction in the solid blocks. Furthermore, the computation 

is executed on a CUDA platform with high computational efficiency. 
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CHAPTER 3:  Double-Diffusive Convection in a Vertical Cavity with Soret and 

Dufour Effects  

NOMENCLATURE 

𝐴 aspect ratio, 𝐴 =
𝐻

𝑊
  

𝐶  concentration  

𝐶∗ dimensionless concentration 

𝐶ℎ high concentration on the wall 

𝐶𝑙 low concentration on the wall 

𝐶𝑟 reference concentration 

𝑐  lattice speed 

𝑐𝑠 sound speed 

𝐷  diffusion coefficient  

𝐷𝑓 Dufour coefficient, 𝐷𝑓 =
𝑘𝑇𝐶(𝐶ℎ−𝐶𝑙)

𝛼(𝑇ℎ−𝑇𝑙)
 

𝒆𝑖 discrete lattice velocity in direction 𝑖 
𝐹𝑖 discrete body force in direction 𝑖  
𝑓𝑖 distribution function for velocity in direction 𝑖 
𝑓𝑖
𝑒𝑞

 equilibrium distribution function for velocity in direction 𝑖 

𝑔  acceleration due to gravity  

𝐻  height of the cavity 

𝑘𝑇𝐶 Dufour coefficient 

𝑘𝐶𝑇 Soret coefficient  

𝐿𝑒 Lewis number, 𝐿𝑒 =
𝛼

𝐷
 

𝑴 diffusivities matrix of the two coupling advection-diffusion equations 

𝑀𝑥   lattice grids number in horizontal direction 

𝑀𝑦   lattice grids number in vertical direction 

𝑁 buoyancy ratio, 𝑁 =
𝛽𝐶(𝐶ℎ−𝐶𝑙)

𝛽𝑇(𝑇ℎ−𝑇𝑙)
 

𝑁𝑢 local Nusselt number 

𝑁𝑢̅̅ ̅̅  average Nusselt number 

𝑁𝑢̿̿ ̿̿  time average Nusselt number 

𝑁𝑢𝑚𝑎𝑥 maximum Nusselt number 

𝑁𝑥   block size in 𝑥 direction on CUDA platform 

𝑁𝑦   block size in 𝑦 direction on CUDA platform 

𝑃𝑟 Prandtl number, 𝑃𝑟 =
𝑣𝑓

𝛼
 

𝑝    pressure  

𝑝∗  dimensionless pressure  
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𝑸  matrix for diagonalization of 𝑴 

𝑄11, 𝑄12, 𝑄21, and 𝑄22 elements of matrix 𝑸 

𝑅𝑎 Rayleigh number, 𝑅𝑎 =
𝑔𝛽𝑇(𝑇ℎ−𝑇𝑙)𝑊

3

𝛼𝑣𝑓
 

𝑆ℎ local Sherwood number 

𝑆ℎ̅̅ ̅ average Sherwood number 

𝑆ℎ̿̿ ̿ time average Sherwood number  

𝑆𝑟 Soret coefficient, 𝑆𝑟 =
𝑘𝐶𝑇(𝑇ℎ−𝑇𝑙)

𝐷(𝐶ℎ−𝐶𝑙)
 

𝑆1, 𝑆2, species 1 and 2 

𝑠𝑖 term for equilibrium function 𝑓𝑖
𝑒𝑞

 

𝑇  temperature  

𝑇ℎ high temperature on the wall 

𝑇𝑙 low temperature on the wall 

𝑇𝑟 reference temperature 

𝑡   time 

𝑡∗ dimensionless time  

𝑡𝑝 period time for the unsteady flow 

𝒖  velocity vector 

𝑢 velocity in the horizontal direction 

𝑢∗ dimensionless velocity in the horizontal direction 

𝑢𝑚𝑎𝑥 maximum 𝑢 velocity at centerline 

𝑣 velocity in the vertical direction 

𝑣∗ dimensionless velocity in the vertical direction 

𝑣𝑚𝑎𝑥 maximum 𝑣 velocity at centerline 

𝑊 width of the cavity  

𝒙  vector of location  

𝑥 horizontal coordinate 

𝑥∗ dimensionless horizontal coordinate 

𝑥𝑚𝑎𝑥 location of 𝑣𝑚𝑎𝑥 

𝑦  vertical coordinate 

𝑦∗dimensionless vertical coordinate 

𝑦𝑚𝑎𝑥 location of 𝑢𝑚𝑎𝑥 

𝑦𝑁𝑢   location of 𝑁𝑢𝑚𝑎𝑥 

 

Greek symbols 

𝜌 density 

𝜌𝑟 reference density at 𝑇𝑟 

𝛽𝑇 thermal volumetric expansion coefficient  

𝛽𝑐 solute volumetric expansion coefficient  

𝜐𝑓 fluid kinematic viscosity  
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𝛼  thermal diffusivity  

𝜃  dimensionless temperature 

𝜆1, 𝜆2 eigenvalues of matrix 𝑴 

𝜦 diagonal matrix, 𝜦 = 𝑸−𝟏𝑴𝑸       

𝜏𝑓 dimensionless relaxation time of velocity  

𝜏𝑔𝑗 dimensionless relaxation time of species 𝑗 

∆𝑡 time step  

∆𝑥 lattice space  

𝜎 parameter for equilibrium function 𝑓𝑖
𝑒𝑞

 

𝜆 parameter for equilibrium function 𝑓𝑖
𝑒𝑞

 

𝛾 parameter for equilibrium function 𝑓𝑖
𝑒𝑞

 

𝜔𝑖 weight coefficient 

𝛼𝑖 coefficient for discrete body force 𝐹𝑖 
𝛿𝑖2, 𝛿𝑖4 delta functions    

                
3.1 Introduction 

      The behavior of the fluid flow induced by temperature and concentration gradients is 

called double diffusive-convection [72-73]. The double diffusive-convection has attracted 

lots of attention because it exists not only in natural process but also in many industrial 

applications such as crystal growth [74], oceanography [75], pollution transportation in 

air, metal manufacturing process and so on. Trevisan and Bejan investigated the heat and 

mass transfer by natural convection in a rectangular slot with uniform heat flux along 

vertical boundaries [76]. C. Beghein et al. numerically studied the double–diffusive 

natural convection in a square cavity [77]. N. Alleborn analyzed the heat and mass 

transport in a lid-driven cavity [78]. C. Beckermann and R. Viskanta experimental and 

numerically studied the double-diffusive convection during dendritic solidification of a 

binary mixture [79]. In recent years, Yu et al. investigated the effect of gravity 
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modulation on the stability of a horizontal double-diffusive layer [80]. C.F. Chen and 

C.L. Chan analyzed the stability of buoyancy and surface tension driven convection in 

horizontal double-diffusive fluid layer [81]. The transient process of buoyancy-opposed 

double-diffusive convection of micropolar fluids was investigated by Jena et al [82]. Sun 

et al. studied double-diffusive flow convection in an enclosure with large density 

variation by extending the compressible flow model [83]. The double-diffusive flow with 

horizontal temperature and concentration gradients in a rectangular enclosure was 

analyzed by Qin et al. with high-order compact scheme [84]. Bera et al. investigated 

double-diffusive flow convection in a porous-medium cavity with a thermal non-

equilibrium approach [85].  

      There are many other experimental and numerical studies on double-diffusive 

convection during the past three decades. Most of the researches focus on the parametric 

studies such as Rayleigh numbers, Prandtl numbers, and Lewis numbers. Considered as 

second-order phenomena, the Soret and Dufour effects are neglected in many cases on 

the basis that they are smaller order of magnitude than the effects described by Fourier’s 

and Fick’s. However, when temperature and concentration gradients are large in some 

applications such as chemical reactors, solidification of binary alloys, groundwater 

pollutant migration, hydrology and geosciences, the Soret and Dufour effects should be 

taken into account to achieve accurate simulation results. In the work of Trevisan and 

Bejan, the Soret and Dufour effects were considered [76]. Gaikwad et al. applied both 
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linear and non-linear stability analysis on the onset of double diffusive convection in a 

two component couple stress fluid layer with Soret and Dufour effects [86]. Nithyadevi 

and Yang studied double-diffusive flow of water in a partially heated enclosure with 

Soret and Dufour effects around the density maximum [87]. The double-diffusive flow 

with Soret and Dufour effects on mixed convection boundary layer flow about a 

stretching vertical surface in a porous medium was studied by Hayat et al. [88]. 

Bhuvaneswari et al. numerically investigated the mixed convection flow with Soret effect 

in a two-side lid-driven square cavity [89]. Wang et al. studied the double-diffusive 

convection in horizontal cavity with Soret and Dufour effects by finite volume method 

[90].  

      When taking the Soret and Dufour effects into account, the temperature and 

concentration equations become coupled with each other. However, the coupling 

diffusivities matrix can be diagonalized. The coupled system can then be transformed to 

two uncoupled diffusion-advection equations of two independent species. The 

temperature and concentration can be obtained by the inverse transformation of these two 

independent species. In this work, lattice Boltzmann method was applied to simulate two-

dimensional transient process of double-diffusive convection in a vertical cavity with 

horizontal temperature and concentration gradients. Three distribution functions were 

used to compute the fluid velocity, specie 1, and specie 2, respectively. To avoid errors 

caused by the compressible effect, the incompressible lattice BGK model developed by 
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Guo et al. was used for the current study [91]. Furthermore, LBM code was implemented 

on CUDA platform to save the computational time for parametric studies. The double-

diffusive flow convection was investigated for a wide ranges of different parameters. In 

section 2, the mathematical formulation is presented. Lattice Boltzmann method, CUDA 

analysis and code validation is shown in section 3. In section 4, the results and 

discussions of the transient double-diffusive convection in a vertical cavity are presented. 

Finally, a conclusion is made in section 5.  

3.2 Mathematical formulation  

Fig. 15 shows the domain of double-diffusive convection. The transient double-diffusive 

convection process occurs in the vertical cavity with aspect ratio (𝐴 =
𝐻

𝑊
) . The 

horizontal walls are considered to be adiabatic and impermeable. A higher temperature 

𝑇ℎ  and concentration 𝐶ℎ  are fixed on the left wall while lower temperature 𝑇𝑙  and 

concentration 𝐶𝑙 are maintained on the right wall. All the properties are assumed to be 

constant in this study. The Boussinesq approximation is assumed to be valid so that the 

density 𝜌 is only a linear function of temperature 𝑇 and concentration 𝐶 shown as: 

𝜌 = 𝜌𝑟[1 − 𝛽𝑇(𝑇 − 𝑇𝑟) + 𝛽𝑐(𝐶 − 𝐶𝑟)]                                  (43)   
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Fig. 15 Double-diffusive convection domain with boundary conditions 

3.2.1 Governing equations  

The governing equations for transient double-diffusive convection with Soret and Dufour 

effects in two-dimension are as follows: 

𝜕𝑢

𝜕𝑥
+

𝜕𝑣

𝜕𝑦
= 0                                                      (44)     

𝜕𝑢

𝜕𝑡
+ 𝑢

𝜕𝑢

𝜕𝑥
+ 𝑣

𝜕𝑢

𝜕𝑦
= −

1

𝜌𝑟

𝜕𝑝

𝜕𝑥
+ 𝜐𝑓 (

𝜕2𝑢

𝜕𝑥2
+
𝜕2𝑢

𝜕𝑦2
)                              (45) 

𝜕𝑣

𝜕𝑡
+ 𝑢

𝜕𝑣

𝜕𝑥
+ 𝑣

𝜕𝑣

𝜕𝑦
= −

1

𝜌𝑟

𝜕𝑝

𝜕𝑦
+ 𝜐𝑓 (

𝜕2𝑣

𝜕𝑥2
+

𝜕2𝑣

𝜕𝑦2
) − 𝑔[1 − 𝛽𝑇(𝑇 − 𝑇𝑟) + 𝛽𝑐(𝐶 − 𝐶𝑟)] (46) 

𝜕𝑇

𝜕𝑡
+ 𝑢

𝜕𝑇

𝜕𝑥
+ 𝑣

𝜕𝑇

𝜕𝑦
= 𝛼 (

𝜕2𝑇

𝜕𝑥2
+

𝜕2𝑇

𝜕𝑦2
) + 𝑘𝑇𝐶 (

𝜕2𝐶

𝜕𝑥2
+

𝜕2𝐶

𝜕𝑦2
)                        (47) 

𝜕𝐶

𝜕𝑡
+ 𝑢

𝜕𝐶

𝜕𝑥
+ 𝑣

𝜕𝐶

𝜕𝑦
= 𝐷 (

𝜕2𝐶

𝜕𝑥2
+

𝜕2𝐶

𝜕𝑦2
) + 𝑘𝐶𝑇 (

𝜕2𝑇

𝜕𝑥2
+

𝜕2𝑇

𝜕𝑦2
)                        (48) 
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The reference temperature and concentration in this study are set as: 

𝑇𝑟 = 𝑇𝑙,     𝐶𝑟 = 𝐶𝑙                                                          (49) 

3.2.2 Boundary conditions 

𝑢 = 0, 𝑣 = 0, 𝑇 = 𝑇ℎ, 𝐶 = 𝐶ℎ, 𝑎𝑡 𝑥 = 0, 0 ≤ 𝑦 ≤ 𝐻; 

𝑢 = 0, 𝑣 = 0, 𝑇 = 𝑇𝑙, 𝐶 = 𝐶𝑙, 𝑎𝑡 𝑥 = 𝑊, 0 ≤ 𝑦 ≤ 𝐻; 

𝑢 = 0, 𝑣 = 0,
𝜕𝑇

𝜕𝑦
= 0,

𝜕𝐶

𝜕𝑦
= 0, 𝑎𝑡 𝑦 = 0, 0 < 𝑥 < 𝑊; 

𝑢 = 0, 𝑣 = 0,
𝜕𝑇

𝜕𝑦
= 0,

𝜕𝐶

𝜕𝑦
= 0, 𝑎𝑡 𝑦 = 𝐻, 0 < 𝑥 < 𝑊.  

  (50) 

3.2.3 Initial conditions 

𝑢(𝑥, 𝑦) = 𝑣(𝑥, 𝑦) = 0, 𝑇(𝑥, 𝑦) = 𝑇𝑙, 𝐶(𝑥, 𝑦) = 𝐶𝑙 , 𝑎𝑡 𝑡 = 0, 0 ≤ 𝑥 ≤ 𝑊, 0 ≤ 𝑦 ≤ 𝐻. 

(51) 

3.2.4 Dimensionless equations 

The governing equations of double-diffusive convection can be expressed as 

dimensionless form by introducing the following dimensionless variables: 

𝑥∗ =
𝑥

𝑊
, 𝑦∗ =

𝑦

𝑊
, 𝑢∗ =

𝑢𝑊

𝛼
, 𝑣∗ =

𝑣𝑊

𝛼
, 𝜃 =

𝑇−𝑇𝑙

𝑇ℎ−𝑇𝑙
, 𝐶∗ =

𝐶−𝐶𝑙

𝐶ℎ−𝐶𝑙
, 𝑝∗ =

𝑝𝑊2

𝜌𝑟𝛼2
, 𝑃𝑟 =

𝜐𝑓

𝛼
,  

𝐴 =
𝐻

𝑊
, 𝐿𝑒 =

𝛼

𝐷
, 𝑅𝑎 =

𝑔𝛽𝑇(𝑇ℎ−𝑇𝑙)𝑊
3

𝛼𝜐𝑓
, 𝑁 =

𝛽𝐶(𝐶ℎ−𝐶𝑙)

𝛽𝑇(𝑇ℎ−𝑇𝑙)
, 𝐷𝑓 =

𝑘𝑇𝐶(𝐶ℎ−𝐶𝑙)

𝛼(𝑇ℎ−𝑇𝑙)
, 𝑆𝑟 =

𝑘𝐶𝑇(𝑇ℎ−𝑇𝑙)

𝐷(𝐶ℎ−𝐶𝑙)
, 𝑡∗ =

𝛼𝑡

𝑊2.                                                         

(52) 

 

 



 
 
 
 
 

68 

The governing equations in dimensionless form are: 

𝜕𝑢∗

𝜕𝑥∗
+

𝜕𝑣∗

𝜕𝑦∗
= 0                                                              (53) 

𝜕𝑢∗

𝜕𝑡∗
+ 𝑢∗

𝜕𝑢∗

𝜕𝑥∗
+ 𝑣∗

𝜕𝑢∗

𝜕𝑦∗
= −

𝜕𝑝

𝜕𝑥∗
+ 𝑃𝑟 (

𝜕2𝑢∗

𝜕𝑥∗2
+

𝜕2𝑢∗

𝜕𝑦∗2
)                          (54) 

𝜕𝑣∗

𝜕𝑡∗
+ 𝑢∗

𝜕𝑣∗

𝜕𝑥∗
+ 𝑣∗

𝜕𝑣∗

𝜕𝑦∗
= −

𝜕𝑝

𝜕𝑦∗
+ 𝑃𝑟 (

𝜕2𝑣∗

𝜕𝑥∗2
+

𝜕2𝑣∗

𝜕𝑦∗2
) + 𝑅𝑎 ∙ 𝑃𝑟(𝜃 − 𝑁𝐶∗)         (55) 

𝜕𝜃

𝜕𝑡∗
+ 𝑢∗

𝜕𝜃

𝜕𝑥∗
+ 𝑣∗

𝜕𝜃

𝜕𝑦∗
= (

𝜕2𝜃

𝜕𝑥∗2
+

𝜕2𝜃

𝜕𝑦∗2
) + 𝐷𝑓 (

𝜕2𝐶∗

𝜕𝑥∗2
+
𝜕2𝐶∗

𝜕𝑦∗2
)                    (56)   

𝜕𝐶∗

𝜕𝑡∗
+ 𝑢∗

𝜕𝐶∗

𝜕𝑥∗
+ 𝑣∗

𝜕𝐶∗

𝜕𝑦∗
=

1

𝐿𝑒
[(
𝜕2𝐶∗

𝜕𝑥∗2
+
𝜕2𝐶∗

𝜕𝑦∗2
) + 𝑆𝑟 (

𝜕2𝜃

𝜕𝑥∗2
+

𝜕2𝜃

𝜕𝑦∗2
)]                 (57) 

The dimensionless boundary conditions are: 

𝑢∗ = 0, 𝑣∗ = 0, 𝜃 = 1, 𝐶∗ = 1, 𝑎𝑡 𝑥∗ = 0, 0 ≤ 𝑦∗ ≤ 𝐴;  

𝑢∗ = 0, 𝑣∗ = 0, 𝜃 = 0, 𝐶∗ = 0, 𝑎𝑡 𝑥∗ = 1, 0 ≤ 𝑦∗ ≤ 𝐴;  

𝑢∗ = 0, 𝑣∗ = 0,
𝜕𝜃

𝜕𝑦∗
= 0,

𝜕𝐶∗

𝜕𝑦∗
= 0, 𝑎𝑡 𝑦∗ = 0, 0 < 𝑥∗ < 1;  

𝑢∗ = 0, 𝑣∗ = 0,
𝜕𝜃

𝜕𝑦∗
= 0,

𝜕𝐶∗

𝜕𝑦∗
= 0, 𝑎𝑡 𝑦∗ = 𝐴, 0 < 𝑥∗ < 1.            

(58)          

The dimensionless initial condition is: 

𝑢∗(𝑥∗, 𝑦∗) = 𝑣∗(𝑥∗, 𝑦∗) = 0, 𝜃(𝑥∗, 𝑦∗) = 0, 𝐶∗(𝑥∗, 𝑦∗) = 0                  (59) 

𝑎𝑡 𝑡∗ = 0, 0 ≤ 𝑥∗ ≤ 1, 0 ≤ 𝑦∗ ≤ 𝐴.      

To characterize the heat and mass transfer in the double-diffusive convection in a vertical 

cavity, the local Nusselt number 𝑁𝑢  and Sherwood number 𝑆ℎ  at any time step are 

defined as: 
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𝑁𝑢(𝑦∗) =
𝜕𝜃(0,𝑦∗)

𝜕𝑥∗
+ 𝐷𝑓

𝜕𝐶∗(0,𝑦∗)

𝜕𝑥∗
                                        (60) 

𝑆ℎ(𝑦∗) =
𝜕𝐶∗(0,𝑦∗)

𝜕𝑥∗
+ 𝑆𝑟

𝜕𝜃(0,𝑦∗)

𝜕𝑥∗
                                         (61) 

The average Nusselt number 𝑁𝑢̅̅ ̅̅  and Sherwood number 𝑆ℎ̅̅ ̅ are defined as: 

𝑁𝑢̅̅ ̅̅ =
1

𝐴
∫ 𝑁𝑢(𝑦∗)
𝐴

0
𝑑𝑦∗                                               (62) 

𝑆ℎ̅̅ ̅ =
1

𝐴
∫ 𝑆ℎ(𝑦∗)
𝐴

0
𝑑𝑦∗                                                (63) 

For the case of periodic flow, the time average Nusselt number 𝑁𝑢̿̿ ̿̿  and Sherwood 

number 𝑆ℎ̿̿ ̿ over a period time are calculated by: 

𝑁𝑢̿̿ ̿̿ =
1

𝑡𝑝
∫ 𝑁𝑢̅̅ ̅̅
𝑡+𝑡𝑝

𝑡
𝑑𝑡                                                       (64)   

𝑆ℎ̿̿ ̿ =
1

𝑡𝑝
∫ 𝑆ℎ̅̅ ̅
𝑡+𝑡𝑝

𝑡
𝑑𝑡                                                       (65)   

3.2.5 Diagonalization of coupling diffusivities matrix 

When taking Soret and Dufour effects into account in double-diffusive convection, the 

energy equation (Eq. 47) and concentration equation (Eq. 48) are coupled. These two 

linear system equations can be written as: 

𝐷

𝐷𝑡
[
𝑇
𝐶
] = [

𝛼 𝑘𝑇𝐶
𝑘𝐶𝑇 𝐷

] ∙ ∇2 [
𝑇
𝐶
] = 𝑴 ∙ ∇2 [

𝑇
𝐶
]                               (66)       

Here, 
𝐷

𝐷𝑡
 represents the material derivative. 

The eigenvalues of the matrix 𝑴 is given by: 

𝜆1 =
(𝛼+𝐷)+√(𝛼−𝐷)2+4𝑘𝑇𝐶𝑘𝐶𝑇

2
, 𝜆2 =

(𝛼+𝐷)−√(𝛼−𝐷)2+4𝑘𝑇𝐶𝑘𝐶𝑇

2
                   (67) 
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The matrix  𝑴 can be expressed as: 

𝑴 = 𝑸𝜦𝑸−𝟏                                                        (68) 

𝜦 is a diagonal matrix. Then the matrix 𝑴 can be diagonalized by matrix 𝑸 as: 

𝜦 = 𝑸−𝟏𝑴𝑸                                                       (69) 

The matrix 𝑸 is given by: 

𝑸 = [
𝑄11 𝑄12
𝑄21 𝑄22

] =

[
 
 
 
 
 
 

𝑘𝑇𝐶
𝜆1−𝛼

√(
𝑘𝑇𝐶
𝜆1−𝛼

)
2
+1

𝑘𝑇𝐶
𝜆2−𝛼

√(
𝑘𝑇𝐶
𝜆2−𝛼

)
2
+1

1

√(
𝑘𝑇𝐶
𝜆1−𝛼

)
2
+1

1

√(
𝑘𝑇𝐶
𝜆2−𝛼

)
2
+1
]
 
 
 
 
 
 

                             (70) 

Consequently, Eq. (66) can be transformed into two uncoupled advection-diffusion 

equations with two independent species as: 

𝐷

𝐷𝑡
[
𝑆1
𝑆2
] = 𝜦 ∙ ∇2 [

𝑆1
𝑆2
] = [

𝛬11 0
0 𝛬22

] ∙ ∇2 [
𝑆1
𝑆2
]                              (71) 

[
𝑆1
𝑆2
] = 𝑸−𝟏 [

𝑇
𝐶
]                                                     (72) 

[
𝑇
𝐶
] = 𝑸 [

𝑆1
𝑆2
]                                                       (73) 

The buoyancy force term in Eq. 46, boundary conditions (Eq. 50), and initial condition 

(Eq. 51) could also be transformed by using Eq. 72 and Eq. 73. With all these steps 

above, the species 1 and species 2 can be solved independently. The temperature 𝑇 and 

concentration 𝐶  can be retrieved by Eq. 73. In lattice Boltzmann method, the 

dimensionless variables in (Eq. 52) are matched first. Then the thermal diffusivity 𝛼, 
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diffusion coefficient 𝐷 , Dufour coefficient 𝑘𝑇𝐶 , and Soret coefficient 𝑘𝐶𝑇  are used to 

calculate the diffusivities 𝛬𝑗𝑗  of two independent species which will relate to the 

relaxation time in LBM.  

3.3 Lattice Boltzmann method and code validation 

To simulate the transient double-diffusive convection in a cavity, the incompressible 

D2Q9 LBGK model was used to solve the fluid flow [91]. The D2Q9 LBM model with 

two distribution functions for advection-diffusion equation was applied to solve field of 

species 1 and species 2 respectively. 

3.3.1 Incompressible D2Q9 LBGK model for velocity field 

The evolution equation for the distribution function 𝑓𝑖 is given by: 

𝑓𝑖(𝒙 + 𝒆𝑖∆𝑡, 𝑡 + ∆𝑡) = 𝑓𝑖(𝒙, 𝑡) −
1

𝜏𝑓
[𝑓𝑖(𝒙, 𝑡) − 𝑓𝑖

𝑒𝑞(𝒙, 𝑡)] + 𝐹𝑖              (74)   

The discrete velocities 𝒆𝑖 are defined in equation (31).  

𝑓𝑖
𝑒𝑞(𝒙, 𝑡) is the equilibrium distribution function which can be calculated as: 

𝑓𝑖
𝑒𝑞(𝒙, 𝑡) =

{
 

 
−4𝜎

𝑝

𝑐2
+ 𝑠0(𝒖)     𝑖 = 0

𝜆
𝑝

𝑐2
+ 𝑠𝑖(𝒖)       𝑖 = 1, 2, 3, 4 

𝛾
𝑝

𝑐2
+ 𝑠𝑖(𝒖)       𝑖 = 5, 6, 7, 8 

                               (75) 

where 

𝑠𝑖(𝒖) = 𝜔𝑖 [3
(𝒆𝑖∙𝒖) 

𝑐
+ 4.5

(𝒆𝑖∙𝒖)
2

𝑐2
− 1.5

|𝒖|2

𝑐2
]                                (76) 

The parameters 𝜎, 𝜆, and 𝛾 are parameters satisfying:  

𝜆 + 𝛾 = 𝜎  
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𝜆 + 2𝛾 =
1

2
                                                         (77) 

The weight coefficient 𝜔𝑖 for D2Q9 model is defined in equation (32).  

The body force term 𝐹𝑖  in equation (74) for double-diffusive convection can be given 

according to the work of Guo et al. [92]: 

𝐹𝑖 = −
1

2𝑐
∆𝑡𝛼𝑖𝒆𝑖 ∙ 𝒈[𝛽𝑇(𝑇 − 𝑇𝑟) − 𝛽𝑐(𝐶 − 𝐶𝑟)]                           (78) 

where 𝛼𝑖 = 𝛿𝑖2 + 𝛿𝑖4. 

The kinetic viscosity is given by: 

𝜐𝑓 = 𝑐𝑠
2(𝜏𝑓 − 0.5)∆𝑡                                                       (79) 

The non-equilibrium extrapolation method is used for the non-slip and non-penetration 

boundary conditions in the current study [93]. The velocity and pressure are calculated 

by: 

𝒖 = ∑ 𝑐8
𝑖=1 𝒆𝑖𝑓𝑖                                                      (80) 

𝑝 =
𝑐2

4𝜎
[∑ 𝑓𝑖 + 𝑠0(𝒖)

8
𝑖=1 ]                                                    (81)     

3.3.2 Lattice Boltzmann equation for advection-diffusion equation 

The distribution function of advection-diffusion equation by LBM can be given as:  

𝑔𝑖𝑗(𝒙 + 𝒆𝑖∆𝑡, 𝑡 + ∆𝑡) = 𝑔𝑖𝑗(𝒙, 𝑡) −
1

𝜏𝑔𝑗
[𝑔𝑖𝑗(𝒙, 𝑡) − 𝑔𝑖𝑗

𝑒𝑞(𝒙, 𝑡)]                (82) 

The index 𝑗 could be 1 and 2 which represent the two different species. 𝑔𝑖𝑗
𝑒𝑞(𝒙, 𝑡) is the 

equilibrium distribution function for species defined by: 
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𝑔𝑖𝑗
𝑒𝑞(𝒙, 𝑡) = 𝜔𝑖𝑆𝑗 [1 +

𝒆𝑖∙𝒖

𝑐𝑠
2 +

(𝒆𝑖∙𝒖)
2

2𝑐𝑠
4 −

𝒖2

2𝑐𝑠
2]                                 (83) 

The diffusivities in Eq. (71) is given by: 

𝛬𝑗𝑗 = 𝑐𝑠
2(𝜏𝑔𝑗 − 0.5)∆𝑡                                                      (84) 

By changing the relaxation time 𝜏𝑔𝑗, the diffusivities can be matched. The macroscopic 

species can be calculated by: 

𝑆𝑗 = ∑ 𝑔𝑖𝑗
8
𝑖=0                                                        (85) 

3.3.3 Code validation   

The detail of CUDA implementation could be seen in Chapter 2. The developed CUDA 

Fortran code was validated by two test cases. The natural convection flow in an enclosure 

is simulated and compared with the benchmark solution by Hortmann et al. [63] in Table 

5. The results agree well with each other. In Table 6, the computational time of CPU code 

(not parallel) and CUDA code for this problem is presented to show the acceleration by 

using CUDA platform. The computational time ratio could be over 20 times when large 

number of grids is used. The second test case is the double-diffusive convection in a 

vertical cavity. The current study is compared with the work of Qin et al. [84] in Table 7. 

The relative difference for average Nusselt and Sherwood numbers are within 2%.  
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Table 5. Natural convection flow results of incompressible LBM 

𝑅𝑎 Grid 

number

s 

 𝑢𝑚𝑎𝑥 𝑦𝑚𝑎𝑥 𝑣𝑚𝑎𝑥 𝑥𝑚𝑎𝑥 𝑁𝑢𝑚𝑎𝑥 𝑦𝑁𝑢 𝑁𝑢̅̅ ̅̅  

105 250
∗ 250 

𝑎 34.7025 0.85600 68.4903 0.06400 7.7340 0.92000 4.52160 

105 400
∗ 400 

𝑎 34.7299 0.85500 68.6186 0.06500 7.7167 0.91750 4.51905 

105 320
∗ 320 

𝑏 34.7385 0.85535 68.6359 0.06602 7.7214 0.91767 4.52188 

106 250
∗ 250 

𝑎 64.5357 0.85200 219.132 0.04000 17.551 0.96000 8.81944 

106 400
∗ 400 

𝑎 64.5393 0.85000 220.358 0.03750 17.511 0.96000 8.82108 

106 640
∗ 640 

𝑏 64.8340 0.85036 220.473 0.03887 17.540 0.96098 8.82554 

b. Current work; b. Benchmark solution by Hortmann et al [63]. 

 

 

Table 6. The comparison of computational cost in natural convection flow 

Lattice grids number 250 ∗ 250 400 ∗ 400 600 ∗ 600 800 ∗ 800 

CPU intel core i7 

3770 ( 4 core) 

 s/LBM time step 

0.0467 0.1196 0.2690 0.4782 

GPU GTX TITAN  

s/LBM time step 

0.00932 0.01185 0.01679 0.0224 

Ratio   5.011 10.093 16.021 21.348 

 

 

Table 7. The double-diffusive convection at 𝑅𝑎 = 105, 𝑃𝑟 = 1, 𝐿𝑒 = 2, 𝑁 = 0.8, and 

𝐴 = 2. 

Grid numbers  𝑁𝑢̅̅ ̅̅  𝑆ℎ̅̅ ̅ 
31 × 41 a 3.4598 4.4322 

51 × 71 a 3.4323 4.4238 

300 × 600 b 3.3933 4.3853 

400 × 800 b 3.3896 4.3796 

a. Qin et al.’s work; b. Current work 



 
 
 
 
 

75 

3.3.4 The grid independence study 

The grid independence study for the current work is carried out for two cases. The first 

case of double-diffusive convection is for 𝑅𝑎 = 105 , 𝑃𝑟 = 1, 𝐿𝑒 = 2 , 𝑁 = 2, 𝐴 = 2 , 

𝑆𝑟 = 0.1, 𝐷𝑓 = 0.1. The transient solution develops into a steady state. The results of the 

average Nusselt  𝑁𝑢̅̅ ̅̅  and Sherwood 𝑆ℎ̅̅ ̅ number between 300 ∗ 600 grids and 400 ∗ 800 

grids are compared in Table 8. The relative difference is smaller than 0.083 %. The 

second case is for 𝑅𝑎 = 105 , 𝑃𝑟 = 0.7, 𝐿𝑒 = 30, 𝑁 = 0.8, 𝐴 = 2, 𝑆𝑟 = 0, 𝐷𝑓 = 0. A 

periodic solution is found for this set of parameters. As shown in Table 8, the relative 

difference of 𝑁𝑢̿̿ ̿̿  and 𝑆ℎ̿̿ ̿ is no more than 0.097 %. In the current simulation, 300 grids 

are used in the horizontal direction for all the parametric cases.  

Table 8. Grid independence study of double diffusive convection 

𝑅𝑎 = 105, 𝑃𝑟 = 1, 𝐿𝑒 = 2, 𝑁 = 2, 𝐴 = 2, 𝑆𝑟 = 0.1, 𝐷𝑓 = 0.1 

Grid numbers 𝑁𝑢̅̅ ̅̅  𝑆ℎ̅̅ ̅ Period 𝑡𝑝 

300 ∗ 600 2.9153 4.6993 ∞ 

400 ∗ 800 2.9143 4.6961 ∞ 

𝑅𝑎 = 105, 𝑃𝑟 = 0.7, 𝐿𝑒 = 30, 𝑁 = 0.8, 𝐴 = 2, 𝑆𝑟 = 0, 𝐷𝑓 = 0 

Grid numbers 𝑁𝑢̿̿ ̿̿  𝑆ℎ̿̿ ̿ Period 𝑡𝑝 

300 ∗ 600 3.9006 11.6654 0.02067 

400 ∗ 800 3.8996 11.6571 0.02063 

 

3.4 Results and discussions 

3.4.1 Transient process of double-diffusive convection 

In this section, we first present the transient process of double-diffusive convection in a 

vertical cavity with the dimensionless governing parameters as follows: 𝑅𝑎 = 105 , 
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𝑃𝑟 = 1 , 𝐿𝑒 = 2 , 𝑁 = 2 , 𝐴 = 2 , 𝑆𝑟 = 0.1 , 𝐷𝑓 = 0.1 . In Fig. 16a, at the beginning 

𝑡∗ = 0.01778 , the heat and mass transfer process is dominated by conduction. Two 

counter rotating vortexes are found. As the thermal buoyancy force is smaller than the 

solutal buoyance force in this case, the convection develops faster near the bottom of the 

vertical cavity at this time. In the conduction dominant region, the temperature field 

diffuses more than the concentration field because the thermal diffusivity is larger than 

the concentration diffusion coefficient. In Fig. 16b, at 𝑡∗ = 0.06222 , the convection 

becomes stronger, the temperature and concentration field moves by the counter-

clockwise rotation caused by the natural convection. The counter rotating vortexes further 

develops. At time 𝑡∗ = 0.12889 , the lower vortex convection becomes stronger, the 

temperature and concentration field are rotated according to the flow direction as shown 

in Fig. 16c. In Fig. 16d, the steady state results are presented. The upper vortex 

disappears. There is a symmetry (diagonally) of the temperature field, concentration field, 

and streamlines as expected.   
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(a)  𝑡∗ = 0.01778 

 

(b) 𝑡∗ = 0.06222 
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(c) 𝑡∗ = 0.12889 

 

(d) steady state 

Fig. 16 Transient process of double-diffusive convection in a vertical cavity 

3.4.2 The effect of Rayleigh number 𝑅𝑎 

Rayleigh number 𝑅𝑎  is associated with the buoyancy driven force in the natural 



 
 
 
 
 

79 

convection process. Here we present the results of double-diffusive convection with 

different Rayleigh numbers 𝑅𝑎 . The parameters are  𝑃𝑟 = 1 , 𝐿𝑒 = 2 , 𝑁 = 2 , 𝐴 = 2 , 

𝑆𝑟 = 0.1, and 𝐷𝑓 = 0.1. Rayleigh numbers 10
3
 and 10

6
 are compared in Fig. 17. In Fig. 

17a, the temperature field, concentration field, and streamlines are shown for 𝑅𝑎 = 104. 

When the Rayleigh number is low, the buoyancy driven force caused by the temperature 

and concentration gradient is small so that the convection is not strong. As 𝑅𝑎 increases 

to 106, the convection becomes stronger which is displayed in Fig. 17b. Compared with 

the case for 𝑅𝑎 = 104, the counter-clockwise fluid flow compressed the isothermal and 

isoconcentration lines on the top region near the hot wall and spread out them on the 

bottom. The average Nusselt and Sherwood numbers for different  𝑅𝑎  numbers are 

shown in Table 9. It is obvious that both Nusselt and Sherwood number increase when 

the Rayleigh number 𝑅𝑎 is higher. In this case, the Lewis number 𝐿𝑒 = 2, the Sherwood 

number is larger than the Nusselt number because the diffusion coefficient is smaller than 

thermal diffusivity which gives weaker conduction.  
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(a) 𝑅𝑎 = 104 , 𝑃𝑟 = 1, 𝐿𝑒 = 2, 𝑁 = 2, 𝐴 = 2, 𝑆𝑟 = 0.1, 𝐷𝑓 = 0.1 

 

 

 

(b) 𝑅𝑎 = 106, 𝑃𝑟 = 1, 𝐿𝑒 = 2, 𝑁 = 2, 𝐴 = 2, 𝑆𝑟 = 0.1, 𝐷𝑓 = 0.1 

Fig. 17 Double-diffusive convection in a vertical cavity with different 𝑅𝑎 
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Table 9. Double-diffusive convection with different Rayleigh numbers 𝑅𝑎 

𝑃𝑟 = 1, 𝐿𝑒 = 2, 𝑁 = 2, 𝐴 = 2, 𝑆𝑟 = 0.1, 𝐷𝑓 = 0.1 

Rayleigh 

numbers 𝑅𝑎 
𝑁𝑢̅̅ ̅̅  𝑆ℎ̅̅ ̅ Period 𝑡𝑝 

103 1.2020 1.4683 ∞ 

104 1.7407 2.5943 ∞ 

105 2.9153 4.6993 ∞ 

106 5.1808 8.5134 ∞ 

107 9.2426 15.210 ∞ 

 

3.4.3 The effect of buoyancy ratio 𝑁 

The buoyancy ratio 𝑁  reflects the comparison of the buoyancy forces caused by 

temperature and concentration fields. In this section, we present the double-diffusive 

convection in vertical cavity respect to different buoyancy ratios 𝑁 . The rest of the 

parameters are kept constant, 𝑅𝑎 = 105, 𝑃𝑟 = 1, 𝐿𝑒 = 2, 𝐴 = 2, 𝑆𝑟 = 0.1, and 𝐷𝑓 = 0.1. 

In Fig. 18a, the temperature field, concentration field and streamlines at 𝑁 = 0.01 are 

shown. As the thermal buoyancy force is larger than the solutal buoyancy force, the 

recirculation in the vertical cavity is clock-wise. The isothermal and isoconcentration 

lines are compressed on the bottom region near the hot wall and spreads out by the fluid 

flow in the upper region. Different from the case 𝑁 = 0.01, the solutal buoyancy force is 

larger when 𝑁 = 10 as shown in Fig. 18b. The recirculation is in the counter-clockwise 

direction so that the isothermal and isoconcentration lines are compressed in the top 

region close to the hot wall. In Table 10, the average Nusselt and Sherwood numbers for 

different buoyancy ratios are presented. For 𝑁 = 2, the 𝑁𝑢̅̅ ̅̅  and 𝑆ℎ̅̅ ̅ are minimum because 
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the direction of thermal buoyancy force and solutal buoyancy force are opposite. When 𝑁 

is close to unity, the fluid flow velocities are small due to the minimum total buoyancy 

force so that the convection becomes weakest. Comparing with the case 𝑁 = 0.01, the 

case of 𝑁 = 100 has much higher  𝑁𝑢̅̅ ̅̅  and 𝑆ℎ̅̅ ̅. It is because in the current study 𝑅𝑎 =

105 is based on the thermal buoyancy force. Under this circumstance, when 𝑁 = 100 

and 𝐿𝑒 = 2 , the solutal Rayleigh number is in the order of 107  which makes the 

convection stronger. In Fig. 19, the local Nusselt number 𝑁𝑢 and Sherwood number 𝑆ℎ 

are displayed. It is clear that for the case 𝑁 = 2, 𝑁 = 10 and 𝑁 = 100, the local Nusselt 

number 𝑁𝑢  increases with the height 𝑦∗ . It means that the isothermal and 

isoconcentration lines are compressed on the top region around the hot wall due to the 

counter-clockwise fluid flow. However, the 𝑁𝑢  and 𝑆ℎ decrease with increasing 𝑦∗  at 

𝑁 = 0.01 and 𝑁 = 0.1 which is consistent with the clockwise recirculation in the cavity. 
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(a) 𝑁 = 0.01 , 𝑅𝑎 = 105, 𝑃𝑟 = 1, 𝐿𝑒 = 2, 𝐴 = 2, 𝑆𝑟 = 0.1, 𝐷𝑓 = 0.1 

 

(b) 𝑁 = 10, 𝑅𝑎 = 105, 𝑃𝑟 = 1, 𝐿𝑒 = 2, 𝐴 = 2, 𝑆𝑟 = 0.1, 𝐷𝑓 = 0.1 

 

Fig. 18 Double-diffusive convection in a vertical cavity with different buoyancy 

ratios 𝑁 
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Table 10. Double-diffusive convection with different buoyancy ratios 𝑁 

𝑅𝑎 = 105, 𝑃𝑟 = 1, 𝐿𝑒 = 2, 𝐴 = 2, 𝑆𝑟 = 0.1, 𝐷𝑓 = 0.1 

Buoyancy ratios 

𝑁 
𝑁𝑢̅̅ ̅̅  𝑆ℎ̅̅ ̅ Period 𝑡𝑝 

0.01 4.7201 6.1006 ∞ 

0.1 4.6405 5.9844 ∞ 

2 2.9153 4.6993 ∞ 

10 7.0813 9.9517 ∞ 

 100 13.600 18.685 ∞ 

 

 

(a) Nusselt number 
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(b) Sherwood number 

Fig. 19 The local Nusselt number 𝑁𝑢 and Sherwood number 𝑆ℎ with different 

buoyancy ratios 𝑁 

3.4.4 The effect of Prandtl number 𝑃𝑟 

The Prandtl number is defined as the ratio of kinematic viscosity to thermal diffusivity. In 

the current study, we investigate the effect of Prandtl number 𝑃𝑟 on double-diffusive 

convection in the vertical cavity. In Fig. 20, we show the circulation of the double-

diffusive flow at 𝑃𝑟 = 0.1 ,  𝑅𝑎 = 105 , 𝐿𝑒 = 2 , 𝑁 = 0.8 , 𝐴 = 2 , 𝑆𝑟 = 0 , 𝐷𝑓 = 0 . The 

streamlines at times 𝑡∗ = 26.213 , 26.236 , 26.258 , 26.280 , 26.302 , and 26.329 are 

shown in Fig. 20c which clearly demonstrates the periodic nature of the convection. The 

corresponding temperature and concentration periodic behavior can be seen clearly in 

Figs. 20a and 20b, respectively.  It is interesting to note that there is one main clockwise 

rotating vortex. Near the top and the bottoms smaller vortexes are appearing and 
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disappearing periodically. However, for 𝑃𝑟 ≥  0.7 steady solution is found. The average 

Nusselt and Sherwood numbers increase with respect to the Prandtl number 𝑃𝑟  as 

tabulated in Table 11. However, the effect of 𝑃𝑟 on the average Nusselt and Sherwood 

numbers are not as strong as other parameters such as Rayleigh number, buoyancy ratio 

and Lewis number. 
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(a) Temperature 

 



 
 
 
 
 

88 

 

(b) Concentration 
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(c) Streamlines 

Fig. 20 One circulation of double-diffusive convection at 𝑃𝑟 = 0.1, 𝑅𝑎 = 105, 

𝐿𝑒 = 2, 𝑁 = 0.8, 𝐴 = 2, 𝑆𝑟 = 0, 𝐷𝑓 = 0 

 

 

Table 11. Double-diffusive convection with different Prandtl numbers 𝑃𝑟 

𝑅𝑎 = 105, 𝐿𝑒 = 2, 𝑁 = 0.8, 𝐴 = 2, 𝑆𝑟 = 0, 𝐷𝑓 = 0 

Prandtl 
numbers 𝑃𝑟 

𝑁𝑢̅̅ ̅̅  or 𝑁𝑢̿̿ ̿̿  𝑆ℎ̅̅ ̅ or 𝑆ℎ̿̿ ̿ Period 𝑡𝑝 

0.1 2.4980 3.1809 0.116 
0.7 3.3297 4.3051 ∞ 
1 3.3933 4.3853 ∞ 
7 3.5272 4.5323 ∞ 
10 3.5320 4.5361 ∞ 
20 3.5367 4.5423 ∞ 

 

3.4.5 The effect of Lewis number 𝐿𝑒 

The Lewis number 𝐿𝑒  is defined as the ratio of thermal diffusivity to diffusion 

coefficient. In Fig. 21, one circulation of temperature field, concentration field, and 
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streamlines of unsteady double-diffusive convection at 𝐿𝑒 = 8 ,  𝑅𝑎 = 105 , 𝑃𝑟 = 0.7 , 

𝑁 = 0.8, 𝐴 = 2, 𝑆𝑟 = 0, 𝐷𝑓 = 0 are shown. The streamlines at times 𝑡 = 8.862, 8.866, 

8.870, 8.874, 8.878, and 8.882 are shown in Fig. 21c which clearly demonstrates the 

periodic nature of the convection. The corresponding temperature and concentration 

periodic behavior can be seen clearly in Figs. 21a and 21b, respectively. It is interesting 

to note that there is a pair of counter rotating vortexes at the center, surrounded by a large 

clockwise rotating vortex. The pair of counter vortexes at the center is rotating around 

each other reflecting the periodic nature of the convection.  There are two vortexes at the 

top-left and low-right corners, going through periodic motion also. The average Nusselt 

and Sherwood numbers become larger when Lewis number 𝐿𝑒 increases as shown in 

Table 12. However, the Sherwood number increases more than the Nusselt number 

because the larger 𝐿𝑒 means the diffusion coefficient for the concentration is smaller 

which impedes the diffusion process. Besides, it is found that when 𝐿𝑒 is larger than 6, 

the double-diffusive convection becomes periodic. 
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(a) Temperature 
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(b) Concentration 
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(c) Streamlines 

Fig. 21 One circulation of double-diffusive convection at 𝐿𝑒 = 8, 𝑅𝑎 = 105, 

𝑃𝑟 = 0.7, 𝑁 = 0.8, 𝐴 = 2, 𝑆𝑟 = 0, 𝐷𝑓 = 0 
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Table 12. Double-diffusive convection with different Lewis numbers 𝐿𝑒 

𝑅𝑎 = 105, 𝑃𝑟 = 0.7, 𝑁 = 0.8, 𝐴 = 2, 𝑆𝑟 = 0, 𝐷𝑓 = 0 

Lewis numbers 
𝐿𝑒 

𝑁𝑢̅̅ ̅̅  or 𝑁𝑢̿̿ ̿̿  𝑆ℎ̅̅ ̅ or 𝑆ℎ̿̿ ̿ Period 𝑡𝑝 

2 3.3297 4.3051 ∞ 
4 3.5360 5.8457 ∞ 
6 3.6325 6.7857  0.02088 
8 3.6643 7.2552 0.02022 
12 3.7347 8.2691  0.02 
25 3.8670 10.8437        0.02 
30 3.9006 11.6654 0.02067 

 

3.4.6 The effect of aspect ratio 𝐴 

Table 13 shows the average Nusselt number and Sherwood number versus the aspect 

ratio.  Both numbers decrease with the increasing aspect ratios.   

Table 13. Double-diffusive convection with different aspect ratios 𝐴 

𝑅𝑎 = 105, 𝑃𝑟 = 1, 𝐿𝑒 = 2, 𝑁 = 2, 𝑆𝑟 = 0.1, 𝐷𝑓 = 0.1 

Aspect ratios 𝐴 𝑁𝑢̅̅ ̅̅  𝑆ℎ̅̅ ̅ Period 𝑡𝑝 

2 2.9153 4.6993 ∞ 

3 2.7768 4.3853 ∞ 

4 2.6505 4.1415 ∞ 

5 2.5464 3.9503 ∞ 

6 2.4608 3.7960 ∞ 

7 2.3895 3.6682 ∞ 

8 2.3293 3.5602 ∞ 

 

3.4.7 The Soret and Dufour effects 

As shown in the Table 14, the average Nusselt number 𝑁𝑢̅̅ ̅̅  and Dufour number 𝑆ℎ̅̅ ̅ are 

presented with different Soret and Dufour coefficients. The 𝑁𝑢̅̅ ̅̅  and 𝑆ℎ̅̅ ̅  increase with 

increasing Soret and Dufour coefficients. The phenomena can be understood by the 

increasing interaction of thermal and solutal buoyancy forces. However, the impact of 
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Soret and Dufour effects on average Nusselt and Sherwood numbers is small as shown in 

Table 14.   

Table 14. Double-diffusive convection with different Soret and Dufour coefficients 

𝑅𝑎 = 105, 𝑃𝑟 = 1, 𝐿𝑒 = 2, 𝑁 = 2, 𝐴 = 2 

Soret 

coefficient  𝑆𝑟 
Dufour 

coefficient  𝐷𝑓 
𝑁𝑢̅̅ ̅̅  𝑆ℎ̅̅ ̅ Period 𝑡𝑝 

0 0 2.8275 4.6232 ∞ 

0.05 0.05 2.8753 4.6681 ∞ 

0.1 0.1 2.9153 4.6993 ∞ 

0.15 0.15 2.9473 4.7164 ∞ 

0.2 0.2 2.9709 4.7191 ∞ 

 

 

3.5 Conclusions 

Lattice Boltzmann method was used to simulate the transient double-diffusive convection 

in a vertical cavity. To accelerate the efficiency of parametric studies, the developed 

LBM code was adapted into the CUDA platform which runs on GPU. As a result, large 

number of grids (300 in horizontal direction) could be used to achieve high accuracy 

results. In the current study, the double-diffusive convection with Soret and Dufour 

effects were solved by the diagonalization of the coupling diffusivities matrix. As a 

result, the two independent species 1 and 2 were obtained by solving two uncoupled 

advection-diffusion equations. The temperature field and concentration field could be 

calculated by the inverse transformation. A systematic investigation of temperature, 

concentration, and streamlines was completed for different Rayleigh numbers, Buoyancy 

ratios, Prandtl numbers, Lewis numbers, aspect ratios, Soret coefficients, and Dufour 
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coefficients. The average Nusselt and Sherwood numbers were calculated for all the 

parametric cases. The average Nusselt and Sherwood numbers were found to increase 

with Rayleigh number, Prandtl number, Lewis number, Soret coefficient, and Dufour 

coefficient. However, as the aspect ratio increases, the average Nusselt and Sherwood 

numbers become smaller. An increase of the buoyancy ratio from 0.01 to 2 causes a 

decrease in the average Nusselt and Sherwood numbers.  However, further increase of the 

buoyancy ratio from 2 causes an increase. In addition, the double-diffusive flow is 

observed to be unsteady at small Prndtl number (𝑃𝑟 = 0.1) and large Lewis number 

(𝐿𝑒 ≥ 6). With all these above, lattice Boltzmann method is demonstrated as a good 

option to study transient double-diffusive convection process in a cavity. 
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CHAPTER 4:  Numerical Study of PCM Melting Process in a Latent Heat Thermal 

Energy Storage System with Internal Fins  

NOMENCLATURE 

𝐴       PCM cavity area 

𝑐       lattice speed 

𝑐𝑠      sound speed 

𝐶𝑝     specific heat 

𝐶𝑝𝑒     effective specific heat in simulation 

𝐶𝑝𝑓   PCM specific heat 

𝐶𝑝,𝑟𝑒𝑓 reference specific heat 

𝐶𝑝𝑤  fins and walls specific heat 

𝒆𝑖     discrete lattice velocity in direction 𝑖 

𝐹𝑜    Fourier number 𝐹𝑜 =
𝛼𝑓𝑡

𝐿2
  

𝐹𝑜𝑓    Fourier number at which PCM cavity is fully melted 

𝑓𝑙      liquid fraction 

𝑓𝑙𝑡     total liquid fraction  

𝒈      gravitational acceleration 

𝑔      gravitational acceleration in vertical direction 

𝑔𝑖     temperature distribution in direction 𝑖 
𝑔𝑖
𝑒𝑞

  equilibrium distribution function of temperature in direction 𝑖 

𝐻      enthalpy 

𝐻𝑟    reference enthalpy 

𝐻𝑠    total enthalpy corresponding to the solidus temperature 

𝐻𝑙     total enthalpy corresponding to the liquidus temperature 

ℎ𝑠𝑙    latent heat of melt  

𝑘𝑝𝑐𝑚 thermal conductivity ratio in PCM region 

𝑘𝑝𝑤   thermal conductivity ratio between fins and liquid PCM 

𝑘𝑐𝑝    ratio defined as  𝑘𝑐𝑝 =
𝜌𝑓𝐶𝑝𝑓

𝜌𝑤𝐶𝑝𝑤
 

L      PCM square cavity height 

𝐿2    𝐿2 error 

𝑴     transformation matrix 

𝒎     distribution function of temperature in momentum space 

𝒎𝑒𝑞 equilibrium distribution function of temperature in momentum space 

𝑁      number of internal fins 

𝑁𝐺   number of grids in x direction for conjugate heat transfer test 

𝑁𝑢𝑎𝑣𝑒 average Nusselt number 𝑁𝑢𝑎𝑣𝑒 = −∫
𝜕𝜃

𝜕𝑥∗
𝑑𝑦∗

1

0
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𝑃𝑟    Prandtl number 𝑃𝑟 =
𝜐𝑓

𝛼𝑓
 

𝑝      pressure 

𝑝∗    dimensionless pressure 

𝑅𝑎    Rayleigh number 𝑅𝑎 =
𝑔𝛽(𝑇ℎ−𝑇𝑚)𝐿

3

𝛼𝑓𝜐𝑓
 

𝑇      temperature 

𝑇ℎ    hot wall temperature 

𝑇𝑚    melting temperature of PCM  

𝑺      the relaxation matrix in momentum space 

𝑆𝑡𝑒   Stefan number 𝑆𝑡𝑒 =
𝐶𝑝𝑓(𝑇ℎ−𝑇𝑚)

ℎ𝑠𝑙
  

𝑠0     element of the relaxation matrix 𝑺 

𝑠𝑒     element of the relaxation matrix 𝑺 

𝑠      element of the relaxation matrix 𝑺 

𝑠𝑗     element of the relaxation matrix 𝑺 

𝑠𝑞    element of the relaxation matrix 𝑺 

𝑡       time 

𝑡∗     dimensionless time 

𝑡𝑑     distance between fins 

𝑡𝑑
∗      dimensionless distance between fins 

𝑡𝑓     fin length 

𝑡𝑓
∗     dimensionless fin length 

𝑡𝑠     fin thickness 

𝑡𝑠
∗     dimensionless fin thickness  

𝑡𝑤    wall thickness 

𝑡𝑤
∗     dimensionless wall thickness 

𝒖      velocity 

𝑢      velocity in horizontal direction 

𝑢∗    dimensionless velocity in horizontal direction 

𝑣      velocity in vertical direction 

𝑣∗    dimensionless velocity in vertical direction 

𝒙      vector of location 

𝑥      horizontal coordinate 

𝑥∗    dimensionless horizontal coordinate 

𝑦      vertical coordinate 

𝑦∗   dimensionless vertical coordina 

 

Greek symbols 

𝛼𝑓      liquid state PCM thermal diffusivity 

𝛼𝑝𝑐𝑚 PCM thermal diffusivity 
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𝛼𝑤     fins and walls thermal diffusivity 

𝛽      thermal expansion coefficient 

𝜆       thermal conductivity 

𝜆𝑓      liquid state PCM thermal conductivity 

𝜆𝑖𝑐𝑒   thermal conductivity of ice 

𝜆𝑙𝑖𝑞𝑢𝑖𝑑 thermal conductivity of liquid water 

𝜆𝑝𝑐𝑚 PCM thermal conductivity 

𝜆𝑠      solid state PCM thermal conductivity 

𝜆𝑤     fins and walls thermal conductivity 

𝜙        variable in advection diffusion equation 

𝛾         inclination angle between the bottom of PCM cavity and positive x direction 

𝜇         fluid dynamic viscosity  

𝜐𝑓     fluid kinematic viscosity 

𝜃        dimensionless temperature 

𝜌      density 

𝜌𝑓    PCM density 

𝜌𝑤   fins and walls density 

𝜏𝑓    dimensionless relaxation time of density  

𝜏𝑠    dimensionless relaxation time of temperature 

𝜔𝑖    weight coefficient in direction 𝑖 
∆𝑡    time step 

𝜦      relaxation matrix in velocity space 

𝛬𝑖𝑘   relaxation matrix in velocity space 
 
 

4.1 Introduction 

Latent heat thermal energy storage is the most efficient approach to store the thermal 

energy [94-99]. LHTES has the characteristic of higher energy storage density and 

isothermal nature of phase change compared with sensible thermal energy storage and 

chemical energy storage. However, it is well known that the major drawback for latent 

heat thermal energy storage is the low thermal conductivity of PCMs. Under this 

circumstance, the technologies of enhancing heat transfer efficiency of PCMs attracted 
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lots of attention during the past decades. The techniques for improving the heat transfer 

in LHTES could be categorized as the follows: (1) use of extended internal fins [100-106], 

(2) use high thermal conductivity porous matrices in PCMs [107-109], (3) add high 

thermal conductivity nanoparticles in PCMs [27,110-111], (4) micro-encapsulated PCMs 

[112-113]. The current numerical study focuses on the enhancement of PCM melting 

process in a thick-wall cavity by using internal fins. Sharifi et al. studied the conjugate 

heat transfer in the cavity walls, fins and the molten PCM by finite volume approach 

[100]. They also derived analytical correlations to quickly estimate melting rates. Lacroix 

and Benmadda investigated the solidification of a phase change material from a finned 

vertical wall using a fix-grid enthalpy approach [101]. They found that it is more efficient 

to use a few long fins than several short fins for promoting the melting process. Akhilesh 

et al. studied the rectangular PCM composite with vertical fins heated from above by 

only considering the conduction [103]. They presented that there is a critical value for the 

number of fins beyond which the melting efficiency is not improved by adding more 

internal fins. Lamberg and Siren derived a simplified analytical model to predict the 

solid-liquid interface location and temperature distribution of the fins during 

solidification process in PCM storage [105]. Levin et al. optimized the design of latent 

heat thermal management system with internal fins for cooling an electronic device [106]. 

The aim of their study was to minimize the height of PCM system while the capability of 

absorbing heat released from electronic devices was kept. Their results showed that the 
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optimal PCM percentages depend on number and length of fins as well as thermal 

conditions.  

During the past decades, lattice Boltzmann method is used by researchers to study 

conjugate heat transfer [13-19] and solid-liquid phase change problems [20-30]. However, 

according to the author’s knowledge, there is few study of conjugate convective heat 

transfer with melting process using LBM even though it is efficient for the simulation of 

both phase change phenomenon and conjugate heat transfer. In this work, lattice 

Boltzmann method was used to simulate the conjugate heat transfer in the solid walls, 

fins and PCM region. By changing the velocity field and diffusivities, only one 

distribution function was needed to simulate the melting with natural convection in PCMs 

and conduction in fins and enclosure surfaces. As a result, the thermal boundary 

conditions on the interfaces of PCMs, fins and solid walls were satisfied automatically. 

By using enthalpy-based multiple-relaxation-time (MRT) LBM model, the iteration steps 

for the latent-heat source term were avoided. Under this case, the conjugate convective 

heat transfer with phase change is modeled efficiently. In addition, the CUDA code was 

firstly developed for phase change problems by LBM to accelerate the computation 

speed.  

The remainder of the chapter is organized as follows. In section 2, the governing 

equations of the melting process in PCM cavity with thick walls and internal fins are 

presented. The lattice Boltzmann method and CUDA code validation are shown in 
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section 3. In section 4, the melting process of PCMs is presented in details. The 

parametric studies of different materials of fins and walls, number of fins, configuration 

of fins, hot wall temperature, thermal boundary conditions, and inclination angle of the 

PCM cavity are shown. A conclusion is made in section 5.  

4.2 Mathematical formulation 

The computational domain for the LHTES system is shown in Fig. 22. The PCM tank is a 

square cavity with height 𝐿 = 20 𝑚𝑚 in the current study. All the properties are assumed 

to be constant. The Boussinesq approximation is assumed to be valid in PCM region so 

that the density 𝜌 is only a linear function of temperature 𝑇 given as: 

 

Fig. 22 LHTES domain 

𝜌 = 𝜌𝑓𝛽(𝑇 − 𝑇𝑚)                                                   (86) 
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4.2.1 Governing equations 

𝜕𝑢

𝜕𝑥
+

𝜕𝑣

𝜕𝑦
= 0                                                        (87) 

𝜕𝑢

𝜕𝑡
+ 𝑢

𝜕𝑢

𝜕𝑥
+ 𝑣

𝜕𝑢

𝜕𝑦
= −

1

𝜌𝑓

𝜕𝑝

𝜕𝑥
+ 𝜐𝑓 (

𝜕2𝑢

𝜕𝑥2
+
𝜕2𝑢

𝜕𝑦2
)                              (88) 

𝜕𝑣

𝜕𝑡
+ 𝑢

𝜕𝑣

𝜕𝑥
+ 𝑣

𝜕𝑣

𝜕𝑦
= −

1

𝜌𝑓

𝜕𝑝

𝜕𝑦
+ 𝜐𝑓 (

𝜕2𝑣

𝜕𝑥2
+

𝜕2𝑣

𝜕𝑦2
) + 𝑔𝛽(𝑇 − 𝑇𝑚)                     (89) 

The energy equation in the PCM region:   

𝜌𝑓
𝜕𝐻

𝜕𝑡
+ 𝜌𝑓𝐶𝑝𝑓 (𝑢

𝜕𝑇

𝜕𝑥
+ 𝑣

𝜕𝑇

𝜕𝑦
) = 𝜆𝑝𝑐𝑚 (

𝜕2𝑇

𝜕𝑥2
+

𝜕2𝑇

𝜕𝑦2
)                          (90) 

𝜆𝑝𝑐𝑚 = {

𝜆𝑠     𝑓𝑙 = 0
(1 − 𝑓𝑙)𝜆𝑠 + 𝑓𝑙
   𝜆𝑓     𝑓𝑙 = 1    

𝜆𝑓     0 < 𝑓𝑙 < 1                                (91) 

𝛼𝑝𝑐𝑚 =
𝜆𝑝𝑐𝑚

𝜌𝑓𝐶𝑝𝑓
                                                       (92) 

The liquid fraction 𝑓𝑙 and temperature  𝑇 are given by: 

𝑓𝑙 = {

0     𝐻 ≤ 𝐻𝑠
𝐻−𝐻𝑠

𝐻𝑙−𝐻𝑠
     

1    𝐻 ≥ 𝐻𝑙

𝐻𝑠 < 𝐻 < 𝐻𝑙                                        (93) 

𝑇 =

{
 
 

 
 𝑇𝑚 −

𝐻𝑠−𝐻

𝐶𝑝𝑓
     𝐻 ≤ 𝐻𝑠

𝑇𝑚     𝐻𝑠 < 𝐻 < 𝐻𝑙   

𝑇𝑚 +
𝐻−𝐻𝑙

𝐶𝑝𝑓
     𝐻 ≥ 𝐻𝑙

                                           (94) 

The energy equation in the solid walls and fins: 

𝜌𝑤𝐶𝑝𝑤
𝜕𝑇

𝜕𝑡
= 𝜆𝑤 (

𝜕2𝑇

𝜕𝑥2
+

𝜕2𝑇

𝜕𝑦2
)                                           (95) 
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𝛼𝑤 =
𝜆𝑤

𝜌𝑤𝐶𝑝𝑤
                                                        (96) 

The temperature is calculated by: 

𝐻𝑟 = 𝐶𝑝𝑤𝑇𝑚,      𝑇 = 𝑇𝑚 +
𝐻−𝐻𝑟

𝐶𝑝𝑤
                                        (97) 

4.2.2 Boundary conditions and initial condition 

The boundary conditions for the current study are: 

𝑇 = 𝑇ℎ, 𝑎𝑡 𝑥 = 0, 0 ≤ 𝑦 ≤ 𝐿  

 𝑇 = 𝑇ℎ, 𝑎𝑡 𝑥 = 𝐿, 0 ≤ 𝑦 ≤ 𝐿    

𝜕𝑇

𝜕𝑦
= 0, 𝑎𝑡 𝑦 = 0, 0 < 𝑥 < 𝐿   

𝜕𝑇

𝜕𝑦
= 0, 𝑎𝑡 𝑦 = 𝐿, 0 < 𝑥 < 𝐿   

𝑢 = 0, 𝑣 = 0 at solid surfaces. 

(98) 

The initial condition is given by: 

𝑢(𝑥, 𝑦) = 𝑣(𝑥, 𝑦) = 0, 𝑇(𝑥, 𝑦) = 𝑇𝑚, 𝑎𝑡 𝑡 = 0, 0 ≤ 𝑥 ≤ 𝐿, 0 ≤ 𝑦 ≤ 𝐿.         (99) 

4.2.3 Dimensionless equations 

𝑥∗ =
𝑥

𝐿
, 𝑦∗ =

𝑦

𝐿
, 𝑡𝑤
∗ =

𝑡𝑤

𝐿
, 𝑡𝑑
∗ =

𝑡𝑑

𝐿
, 𝑡𝑓
∗ =

𝑡𝑓

𝐿
, 𝑡𝑠
∗ =

𝑡𝑠

𝐿
, 𝑢∗ =

𝑢𝐿

𝛼𝑓
, 𝑣∗ =

𝑣𝐿

𝛼𝑓
, 𝑡∗ =

𝛼𝑓𝑡

𝐿2
,  

𝜃 =
𝑇 − 𝑇𝑚
𝑇ℎ − 𝑇𝑚

, 𝑝∗ =
𝑝𝐿2

𝜌𝑓𝛼𝑓
2 , 𝑘𝑝𝑐𝑚 =

𝜆𝑝𝑐𝑚

𝜆𝑓
, 𝑘𝑝𝑤 =

𝜆𝑤
𝜆𝑓
, 𝑘𝑐𝑝 =

𝜌𝑓𝐶𝑝𝑓

𝜌𝑤𝐶𝑝𝑤
, 𝑆𝑡𝑒 =

𝐶𝑝𝑓(𝑇ℎ − 𝑇𝑚)

ℎ𝑠𝑙
, 

                                                          𝑃𝑟 =
𝜐𝑓

𝛼𝑓
, 𝑅𝑎 =

𝑔𝛽(𝑇ℎ−𝑇𝑚)𝐿
3

𝛼𝑓𝜐𝑓
, 𝐹𝑜 =

𝛼𝑓𝑡

𝐿2
 .                                               

(100) 

The governing equations in dimensionless form are: 

𝜕𝑢∗

𝜕𝑥∗
+

𝜕𝑣∗

𝜕𝑦∗
= 0                                                          (101) 
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𝜕𝑢∗

𝜕𝑡∗
+ 𝑢∗

𝜕𝑢∗

𝜕𝑥∗
+ 𝑣∗  

𝜕𝑢∗

𝜕𝑦∗
= −

𝜕𝑝∗

𝜕𝑥
+ 𝑃𝑟 (

𝜕2𝑢∗

𝜕𝑥∗2
+
𝜕2𝑢∗

𝜕𝑦∗2
)                             (102) 

𝜕𝑣∗

𝜕𝑡∗
+ 𝑢∗

𝜕𝑣∗

𝜕𝑥∗
+ 𝑣∗  

𝜕𝑣∗

𝜕𝑦∗
= −

𝜕𝑝∗

𝜕𝑦
+ 𝑃𝑟 (

𝜕2𝑢∗

𝜕𝑥∗2
+
𝜕2𝑢∗

𝜕𝑦∗2
) + 𝑅𝑎𝑃𝑟𝜃                (103) 

The energy equation in PCM region is: 
𝜕𝜃

𝜕𝑡∗
+ 𝑢∗

𝜕𝜃

𝜕𝑥∗
+ 𝑣∗

𝜕𝜃

𝜕𝑦∗
+

1

𝑆𝑡𝑒

𝜕𝑓𝑙

𝜕𝑡∗
= 𝑘𝑝𝑐𝑚 (

𝜕2𝜃

𝜕𝑥∗2
+

𝜕2𝜃

𝜕𝑦∗2
),    𝜃 = 0                  (104)          

𝜕𝜃

𝜕𝑡∗
+ 𝑢∗

𝜕𝜃

𝜕𝑥∗
+ 𝑣∗

𝜕𝜃

𝜕𝑦∗
= (

𝜕2𝜃

𝜕𝑥∗2
+

𝜕2𝜃

𝜕𝑦∗2
),     𝜃 > 0                              (105) 

The energy equation in solid walls and fins is: 
𝜕𝜃

𝜕𝑡∗
= 𝑘𝑝𝑤𝑘𝑐𝑝 (

𝜕2𝜃

𝜕𝑥∗2
+

𝜕2𝜃

𝜕𝑦∗2
)                                         (106) 

The dimensionless boundary conditions are: 

𝜃 = 1, 𝑎𝑡 𝑥∗ = 0, 0 ≤ 𝑦∗ ≤ 1  

𝜃 = 1, 𝑎𝑡 𝑥∗ = 1, 0 ≤ 𝑦∗ ≤ 1  

𝜕𝜃

𝜕𝑦∗
= 0, 𝑎𝑡 𝑦∗ = 0, 0 < 𝑥∗ < 1  

𝜕𝜃

𝜕𝑦∗
= 0, 𝑎𝑡 𝑦∗ = 1, 0 < 𝑥∗ < 1  

𝑢∗ = 0, 𝑣∗ = 0 at solid surfaces. 

(107) 

The dimensionless initial condition is given by: 

𝑢∗(𝑥∗, 𝑦∗) = 𝑣∗(𝑥∗, 𝑦∗) = 0, 𝜃(𝑥∗, 𝑦∗) = 0, 𝑎𝑡 𝑡∗ = 0, 0 < 𝑥∗ ≤ 1, 0 ≤ 𝑦∗ ≤ 1   

(108) 

 

4.3 Lattice Boltzmann method and code validation 

4.3.1 Lattice Boltzmann method for phase change problems  

The lattice Boltzmann model for velocity field presented from equation (29)-(36) in 
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Chapter 2 is used in this section. The total enthalpy-based multiple-relaxation-time lattice 

Boltzmann equation for temperature field is given by [29]: 

𝑔𝑖(𝒙 + 𝒆𝑖∆𝑡, 𝑡 + ∆𝑡) = 𝑔𝑖(𝒙, 𝑡) − 𝛬𝑖𝑘[𝑔𝑘(𝒙, 𝑡) − 𝑔𝑘
𝑒𝑞(𝒙, 𝑡)]              (109) 

where 𝜦 = 𝛬𝑖𝑘 is the relaxation matrix in the velocity space.  

In real application, the collision step is completed in momentum space as: 

                                   𝒎(𝒙, 𝑡 + ∆𝑡) = 𝒎(𝒙, 𝑡) − 𝑺[𝒎(𝒙, 𝑡) −𝒎𝑒𝑞(𝒙, 𝑡)]                       (110)      

𝒎 = 𝑴𝑔𝑖 = (𝑚0,𝑚1, … ,𝑚8)
𝑇, 𝒎𝑒𝑞 = 𝑴𝑔𝑖

𝑒𝑞 = (𝑚0
𝑒𝑞 ,𝑚1

𝑒𝑞, … ,𝑚8
𝑒𝑞)

𝑇
              (111) 

𝑺 = 𝑴𝜦𝑴−1                                                             (112) 

The transformation matrix is given by: 

𝑴 =

{
 
 
 
 

 
 
 
 
1 1 1 1 1 1 1 1 1
−4 −1 −1 −1 −1 2 2 2 2
4 −2 −2 −2 −2 1 1 1 1
0 1 0 −1 0 1 −1 −1 1
0 −2 0 2 0 1 −1 −1 1
0 0 1 0 −1 1 1 −1 −1
0 0 −2 0 2 1 1 −1 −1
0 1 −1 1 −1 0 0 0 0
0 0 0 0 0 1 −1 1 −1}

 
 
 
 

 
 
 
 

                  (113) 

The equilibrium function 𝒎𝒆𝒒 in momentum space is given as: 

𝒎𝑒𝑞 = (𝐻,−4𝐻 + 2𝐶𝑝,𝑟𝑒𝑓𝑇 + 3𝐶𝑝𝑇
𝒖2

𝑐2
, 4𝐻 − 3𝐶𝑝,𝑟𝑒𝑓𝑇 − 3𝐶𝑝𝑇

𝒖2

𝑐2
,  

                                 𝐶𝑝𝑇
𝑢

𝑐
, −𝐶𝑝𝑇

𝑢

𝑐
, 𝐶𝑝𝑇

𝑣

𝑐
, −𝐶𝑝𝑇

𝑣

𝑐
, 𝐶𝑝𝑇

𝑢2−𝑣2

𝑐2
, 𝐶𝑝𝑇

𝑢𝑣

𝑐2
)𝑇                        (114)     

In the current simulation, we keep the density 𝜌 = 𝜌𝑓 as constant for the whole domain, 

so the effective specific heat in the fins and walls are calculated as: 
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𝐶𝑝𝑒 =
 𝜌𝑤𝐶𝑝𝑤

𝜌𝑓
                                                     (115) 

The reference specific heat capacity is given by: 

𝐶𝑝,𝑟𝑒𝑓 =
2𝐶𝑝𝑓𝐶𝑝𝑒

(𝐶𝑝𝑓+𝐶𝑝𝑒)
                                                 (116)    

The relaxation matrix 𝑺 in momentum space is given as: 

𝑺 = 𝑑𝑖𝑎𝑔(𝑠0, 𝑠𝑒 , 𝑠 , 𝑠𝑗, 𝑠𝑞 , 𝑠𝑗 , 𝑠𝑞 , 𝑠𝑒 , 𝑠𝑒)                                 (117) 

The relaxation parameters in the diagonal matrix 𝑺 should satisfy 𝑠0 = 1,  𝑠𝑗 = 1 𝜏𝑠⁄ , and 

0 < 𝑠𝑒, ,𝑞 < 2, where: 

𝜏𝑠 = {
3

𝜆𝑝𝑐𝑚

𝜌𝑓𝐶𝑝,𝑟𝑒𝑓
+ 0.5             𝑖𝑛 𝑡ℎ𝑒 𝑃𝐶𝑀 𝑟𝑒𝑔𝑖𝑜𝑛

3
𝜆𝑤

𝜌𝑓𝐶𝑝,𝑟𝑒𝑓
+ 0.5   𝑖𝑛 𝑡ℎ𝑒 𝑠𝑜𝑙𝑖𝑑 𝑤𝑎𝑙𝑙 𝑎𝑛𝑑 𝑓𝑖𝑛𝑠

                      (118) 

To reduce the numerical diffusion, Huang and Wu found that the relaxation parameters 

should be kept as [29]: 

(
1

𝑠𝑒
−
1

2
) (

1

𝑠𝑗
−
1

2
) =

1

4
                                               (119) 

After the collision process, the post-collision distribution function in velocity space could 

be calculated through inverse transformation as: 

𝑔𝑖(𝒙, 𝑡 + ∆𝑡) = 𝑴−1𝒎(𝒙, 𝑡 + ∆𝑡)                                    (120) 

Then the streaming process is completed as: 

𝑔𝑖(𝒙 + 𝒆𝑖∆𝑡, 𝑡 + ∆𝑡) = 𝑔𝑖(𝒙, 𝑡 + ∆𝑡)                                  (121) 

The thermal boundary conditions used in the current study is described by Eshraghi and 
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Felicelli [26]. After applying the boundary conditions, the total enthalpy could be 

computed as: 

𝐻 = ∑ 𝑔𝑖
8
𝑖=0                                                       (122)  

4.3.2 CUDA code validation 

In the CUDA platform, the CPU and GPU work as host and devices respectively. The 

details about CUDA implementation were presented in our publications [19,36,61]. Two 

numerical test cases were carried out in the current study.  

Conjugate heat transfer   

The first test case is the one-dimensional conjugate heat transfer by conduction without 

phase change in two regions. Initially, 𝜙 = 1 in the region A at 𝑥 > 0, and 𝜙 = 0 in the 

region B at 𝑥 < 0. The analytical solution for this problem is given as [114]: 

𝜙𝐴(𝑥, 𝑡) =
1

1+√(𝜌𝐶𝑝)
𝐵
𝜆𝐵 (𝜌𝐶𝑝)

𝐴
𝜆𝐴⁄

[1 + √(𝜌𝐶𝑝)
𝐵
𝜆𝐵 (𝜌𝐶𝑝)

𝐴
𝜆𝐴⁄ 𝑒𝑟𝑓(

𝑥

2√𝜆𝐴𝑡 (𝜌𝐶𝑝)
𝐴

⁄

)  

 (123) 

𝜙𝐵(𝑥, 𝑡) =
1

1+√(𝜌𝐶𝑝)
𝐵
𝜆𝐵 (𝜌𝐶𝑝)

𝐴
𝜆𝐴⁄

𝑒𝑟𝑓𝑐 (−
𝑥

2√𝜆𝐵𝑡 (𝜌𝐶𝑝)
𝐵

⁄

)                  (124)  

The thermal properties of Aluminum, Stainless Steel, and water are shown in Table 15. In 

the present test, Aluminum was used for region A while water (liquid state) was chosen 

as the material in region B. The LBM calculation was completed with 200*200 grids. The 

comparison between LBM results and analytical solutions are shown in Fig. 23. Good 
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agreements can be observed. The L2 error is defined as: 

𝐿2 =
1

𝑁𝐺
√∑ (𝜙𝐿𝐵𝑀

𝑖 − 𝜙𝑎𝑛𝑎𝑙𝑦𝑡𝑖𝑐𝑎𝑙
𝑖 )

2𝑁𝐺
𝑖=1                                  (125) 

The maximum L2 error among all the test cases is 6.7983 ∗ 10−5.    

 

Table 15. The thermophysical properties of the fin materials and PCM 

Property Aluminum Stainless Steel Water  

𝜌 [𝑘𝑔 𝑚3⁄ ] 2719 7800 997.1 

𝐶𝑝 [𝐽 𝑘𝑔 ∙ 𝐾⁄ ] 871 3900 4179 

𝜇 [𝑃𝑎 ∙ 𝑠] − − 8.9 × 10−4 

𝜆 [𝑊 𝑚 ∙ 𝐾⁄ ] 202.4 45 𝜆𝑖𝑐𝑒 = 2.3

𝜆𝑙𝑖𝑞𝑢𝑖𝑑 = 0.6
 

ℎ𝑠𝑙  [𝐽 𝑘𝑔⁄ ] − − 3.35 × 105 

𝛽 [𝐾−1] − − 2.1 × 10−4 
 

 

 

Fig. 23 Test case for conjugate heat transfer 
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Melting with natural convection  

The current LBM code on CUDA was validated by simulating the melting process with 

natural convection at 𝑅𝑎 = 25000, 𝑃𝑟 = 0.02, and 𝑆𝑡𝑒 = 0.01 in a square cavity and 

compared to the results by Mencinger [115]. The average Nusselt numbers 𝑁𝑢𝑎𝑣𝑒 along 

the left wall versus Fourier numbers 𝐹𝑜  are shown in Fig. 24(a). The solid-liquid 

interfaces are plotted in Fig. 24(b). In Fig. 24(c), the total liquid fraction 𝑓𝑙𝑡 is plotted. 

The current LBM results calculated on CUDA with 200*200 grids match the work of 

Mencinger well. On the other hand, to test the cases for 𝑃𝑟 > 1, the current LBM code 

was compared with scaling laws and correlations. The average Nusselt number 𝑁𝑢𝑎𝑣𝑒 at 

hot wall by scaling laws is given as [116-117]: 

𝑁𝑢𝑎𝑣𝑒  = (2𝐹𝑜𝑆𝑡𝑒)
−1 2⁄

+ [0.33𝑅𝑎1 4⁄ − (2𝐹𝑜𝑆𝑡𝑒)−1 2⁄ ]{1 + [0.0175𝑅𝑎3 4⁄ (𝐹𝑜𝑆𝑡𝑒)3 2⁄ ]
−2
}−1 2⁄  

(126) 

It is obvious that current LBM using 400*400 grids agrees well with the scaling laws as 

shown in Fig. 24(d). The comparison of computational time for the melting with 

convection between CUDA code and CPU code (not parallel) is shown in Table 16. The 

computational speed is accelerated by more than 29 times when 600*600 grids are used.  
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(a)                                                                   (b) 

 

                                 (c)                                                                 (d) 

     Fig. 24 Test case for melting with convection 
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Table 16. The comparison of computational cost in melting with natural convection 

Lattice grids number 200 ∗ 200 400 ∗ 400 600 ∗ 600 

CPU intel core i7 4770  

s/LBM time step 

0.0774 0.3328 0.7568 

GPU GTX TITAN  

s/LBM time step 

0.0114 0.0181 0.0255 

Ratio   6.790 18.387 29.678 

 

4.3.3 Grid independence study  

In this numerical investigation, the material of fins and walls was either Aluminum or 

Stainless Steel. Water was used as the PCM. As shown in Fig. 22, the two central fins 

locate in the middle of the cavity for this study. The grid independence test was carried 

out for the case with two Aluminum fins and walls at 𝑡𝑤
∗ = 0.02, 𝑡𝑓

∗ = 0.2, 𝑡𝑠
∗ = 0.02, 

𝛾 = 0° , 𝑆𝑡𝑒 = 0.1, 𝑅𝑎 = 1.028 × 106, and 𝑃𝑟 = 6.1989. The total liquid fraction 𝑓𝑙𝑡 in 

the current study is defined as: 

𝑓𝑙𝑡 =
1

𝐴
∫ 𝑓𝑙
 

𝐴
𝑑𝐴                                                    (127) 

𝐴 is the area of the total PCM cavity. The 𝑓𝑙𝑡 at different 𝐹𝑜 numbers is plotted in Fig. 25 

(a). The solid-liquid interfaces are shown in Fig. 25(b). It is clear that 600*600 nodes are 

sufficient to simulate the PCM melting with internal fins. Under this case, 600*600 nodes 

are used for all the parametric studies.  
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(a)          

 
(b)        

Fig. 25 Grid independence study 

 

4.4 Results and discussions 

The melting process in an enclosure with internal fins is discussed in this section in terms 

of different parametric conditions. The wall thickness 𝑡𝑤
∗ = 0.02, fin thickness 𝑡𝑠

∗=0.02, 

and Prandtl number 𝑃𝑟 = 6.1989 are kept constant in the current study. 
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4.4.1 The influence of number of fins 

The effect of number of fins is studied at 𝑡𝑓
∗ = 0.3, 𝑡𝑑

∗ = 0.13, 𝛾 = 0°, 𝑆𝑡𝑒 = 0.1, and 

𝑅𝑎 = 1.028 × 106. The melting process of PCM cavity with Aluminum thick walls (no 

fin) is presented in Fig. 26. In Fig. 26(a) at 𝐹𝑜 = 0.1, the temperature inside the walls is 

nearly uniform due to the high thermal diffusivity of Aluminum. The convection starts to 

develop in the melted region close to the heated vertical walls. The fluid flow spreads out 

the temperature field near the top wall. The PCM cavity is also heated from the bottom 

because of the fast diffusion process inside the wall. Six symmetric convection cells 

appear in this melted fluid layer region. The melting interface could be observed in the 

liquid fraction plot. At 𝐹𝑜 = 0.15 in Fig. 26(b), the convection becomes stronger and the 

size of the convection cells increase. It is clear that the melting interface is not flat due to 

the convection effects. In Fig. 26(c), the solid PCM region shrinks to the central region as 

the melting process continues. The six convection vortexes on the bottom wall merge into 

two larger cells. The PCM cavity is not fully melted at 𝐹𝑜 = 0.25 in this case without 

internal fins. In Fig. 27, the melting process of PCM enclosure with two Aluminum fins 

and thick walls is shown. At 𝐹𝑜 = 0.1 in Fig. 27(a), different from the case without fins, 

four convection cells are developed around the heated vertical walls because of the 

existence of two horizontal internal fins. Similar to the previous case, there are six 

smaller vortexes near the bottom wall. Comparing the melting interface with the case in 

Fig. 26(a), it is observed that the central region melts faster because of the high heat 



 
 
 
 
 

115 

transfer speed in the Aluminum fins. The six convection cells become two larger ones at 

𝐹𝑜 = 0.15 as shown in Fig. 27(b). At 𝐹𝑜 = 0.25 in Fig. 27(c), the PCM enclosure with 

two fins is fully melted. Four convection cells are formed inside the enclosure and the 

temperature field is approaching to 𝜃 = 1. The melting process in PCM cavity with six 

Aluminum fins is presented in Fig. 28. In Fig. 28(a) at 𝐹𝑜 = 0.1, similarly as the case 

with two internal fins, four large vortexes and six small convection cells are generated 

near the hot walls and bottom wall respectively. In addition, there are four convection 

cells appear between the six horizontal fins due to the extra heated fins. At 𝐹𝑜 = 0.15, 

there are two symmetric convection cells over the bottom wall and the four vortexes 

between the fins also start to merge as displayed in Fig. 28(b). In Fig. 28(c) at 𝐹𝑜 = 0.25, 

the PCM enclosure is completely melted. The temperature range throughout the cavity is 

𝜃 = 0.97~1 which means the heat transfer in this case is faster than that of the case with 

two fins. The total liquid fraction 𝑓𝑙𝑡 defined in equation (127) is the amount of liquid 

state PCM relative to the whole PCM amount in the enclosure if there are no fin and thick 

walls. This is an appropriate definition for the real applications when considering use of 

fins to enhance heat transfer in PCM enclosure [100]. The final value of liquid fraction 

𝑓𝑙𝑡 is less than unity when internal fins and thick walls are used. It shows the tradeoff 

between (1) increased melting speed in PCM regions by using high thermal diffusivity 

fins and thick walls; (2) the reduced amount of melted PCM in an enclosure at final state. 

The total liquid fraction 𝑓𝑙𝑡 with different number of internal fins 𝑁 are plotted in Fig. 29 
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in terms of Fourier number 𝐹𝑜. When the number of internal fins increases, faster melting 

speed is achieved in the PCM cavity. However, the final value of liquid fraction 𝑓𝑙𝑡 

becomes smaller. 

 

(a) 

 
(b) 

 
(c) 

Fig. 26 Transient process of melting at 𝑁 = 0, 𝛾 = 0°, 𝑆𝑡𝑒 = 0.1, 𝑅𝑎 = 1.028 × 106 

with Aluminum walls heated from left and right sides 
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(a) 

 
 

(b) 

 
 

(c) 

Fig. 27 Transient process of melting at 𝑡𝑓
∗ = 0.3,  𝑁 = 2, 𝛾 = 0°, 𝑆𝑡𝑒 = 0.1, 𝑅𝑎 =

1.028 × 106 with Aluminum walls heated from left and right sides 
 

 
(a) 
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(b) 

 
(c)  

Fig. 28 Transient process of melting at 𝑡𝑓
∗ = 0.3, 𝑡𝑑

∗ = 0.13, 𝑁 = 6, 𝛾 = 0°, 𝑆𝑡𝑒 = 0.1, 

𝑅𝑎 = 1.028 × 106 with Aluminum walls heated from left and right sides 

 

 
 

Fig. 29 Total liquid fraction at 𝑡𝑓
∗ = 0.3, 𝑡𝑑

∗ = 0.13, 𝛾 = 0°, 𝑆𝑡𝑒 = 0.1, 𝑅𝑎 = 1.028 ×

106 with Aluminum walls and different number of fins heated from left and right sides 
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4.4.2 The influence of configuration of fins 

In the current study, the influence of fin length and the distance between fins is 

investigated at 𝛾 = 0° , 𝑆𝑡𝑒 = 0.1, and 𝑅𝑎 = 1.028 × 106 . The total liquid fraction 𝑓𝑙𝑡 

with different length of fins is shown in Fig. 30(a). The melting speed in PCM is 

accelerated by increasing fin length from 𝑡𝑓
∗ = 0.2 to 𝑡𝑓

∗ = 0.4. The PCM region is fully 

melted at 𝐹𝑜 = 0.34  without fins, 𝐹𝑜 = 0.28  with 𝑡𝑓
∗ = 0.2  fins, and 𝐹𝑜 = 0.22  with 

𝑡𝑓
∗ = 0.4 fins. However, when the internal fin fully divides the PCM cavity into two 

smaller parts, the melting speed is essentially same as the 𝑡𝑓
∗ = 0.4 case. It means that 

there is a limit for accelerating the melting speed by increasing the fin length. In addition, 

it is observed that the final value of total liquid fraction 𝑓𝑙𝑡 decreases when longer fins are 

used. In Fig. 30(b), the total liquid fraction 𝑓𝑙𝑡 for the cases with different number of fins 

and fin length is plotted. It is interesting to note that both of the two cases are fully 

melted at the Fourier number 𝐹𝑜 = 0.22. It could be observed that the final value of 𝑓𝑙𝑡 at 

𝑁 = 2, 𝑡𝑓
∗ = 0.4 is larger than that at 𝑁 = 6, 𝑡𝑓

∗ = 0.3. It means that using longer fins is a 

better approach to promote melting than using a larger number of short fins. The 

investigation of melting speed in terms of the distance between fins 𝑡𝑑
∗  is presented in 

Fig. 30(c). When the distance between fins 𝑡𝑑
∗  increases from 0.03 to 0.23, the melting 

speed in PCMs becomes faster. However, further increase in distance 𝑡𝑑
∗  slows down the 

melting. It could be observed that the optimum value of 𝑡𝑑
∗  distribute the internal fins 

uniformly inside the PCM cavity. Under this case, the efficient heat transfer by 
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conduction inside the fins could enhance the melting process in different region of the 

PCM cavity. In addition, the fluid flow is not blocked between the fins so that the 

convection effect is stronger.   

 
Fig. 30(a) Total liquid fraction at 𝑁 = 2, 𝛾 = 0°, 𝑆𝑡𝑒 = 0.1, 𝑅𝑎 = 1.028 × 106 with 

Aluminum walls and fins heated from left and right sides 

 

 
Fig. 30 (b) Total liquid fraction at 𝛾 = 0°,  𝑆𝑡𝑒 = 0.1, 𝑅𝑎 = 1.028 × 106 with 

Aluminum walls and fins heated from left and right sides 
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Fig. 30 (c) Total liquid fraction at  𝑡𝑓
∗ = 0.3, 𝑁 = 6, 𝛾 = 0°, 𝑆𝑡𝑒 = 0.1, 𝑅𝑎 = 1.028 ×

106 with Aluminum walls and fins heated from left and right sides 

 

 

 

4.4.3 The influence of material of fins 

As Aluminum and Stainless Steel are both commonly used as material of fins and PCM 

tank walls in applications, the performance of these two materials is compared. As the 

thermal diffusivities of Aluminum is higher than Stainless Steel, the melting speed for 

Aluminum fins and walls is faster than the case of Stainless Steel when same 

configuration of fins is used as shown in Fig. 31. However, the Stainless Steel internal 

fins also promote the heat transfer efficiency in PCM enclosures. In addition, the 

chemical properties of Stainless Steel such as corrosion resistance make it popular in 

latent heat thermal energy storage system.  
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Fig. 31 Total liquid fraction at  𝑡𝑓
∗ = 0.3, 𝑡𝑑

∗ = 0.13,  𝛾 = 0°, 𝑆𝑡𝑒 = 0.1, 𝑅𝑎 = 1.028 ×

106 with Aluminum or Stainless Steel walls and fins walls and fins heated from left and 

right sides 

 

 

 

4.4.4 The influence of hot wall temperature 

The hot wall temperature is an essential factor for the melting speed in latent heat thermal 

energy storage. When the specific PCM (water) is used in the enclosure, the hot wall 

temperature is correlated with Stefan number 𝑆𝑡𝑒 and Rayleigh number 𝑅𝑎 as seen in 

equation (100). The total liquid fraction 𝑓𝑙𝑡 at different 𝑆𝑡𝑒 and 𝑅𝑎 are displayed in Fig. 

32. The melting speed is increased when higher temperature is applied on the vertical hot 

walls. The convection becomes stronger for higher hot wall temperature cases which 

enhances the heat transfer in the melted PCM region. For the case at 𝑆𝑡𝑒 = 0.15, the 

PCM melts faster than all the above cases which means the hot wall temperature is a 
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key factor for melting speed in LHTES although the heating temperature is always 

limited in real applications.  

 

Fig. 32 Total liquid fraction at 𝑡𝑓
∗ = 0.3, 𝑁 = 2, 𝛾 = 0° with Aluminum walls and 

different hot wall temperature walls and fins heated from left and right sides 

 

4.4.5 The influence of thermal boundary conditions 

To study the effect of the thermal boundary conditions on the PCM melting process, the 

following boundary conditions are used as a comparison with the thermal conditions in 

equation (107): 

𝜃 = 1, 𝑎𝑡 𝑥∗ = 0, 0 ≤ 𝑦∗ ≤ 1  
𝜕𝜃

𝜕𝑥∗
= 0, 𝑎𝑡 𝑥∗ = 1, 0 ≤ 𝑦∗ ≤ 1  

𝜕𝜃

𝜕𝑦∗
= 0, 𝑎𝑡 𝑦∗ = 0, 0 < 𝑥∗ < 1  

𝜕𝜃

𝜕𝑦∗
= 0, 𝑎𝑡 𝑦∗ = 1, 0 < 𝑥∗ < 1    

(128) 
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With the thermal boundary conditions in equation (128), the PCM cavity is only heated 

on the left side and all the other surfaces are adiabatic. The melting process in PCM 

cavity heated from left side at 𝑡𝑓
∗ = 0.3, 𝑁 = 2, 𝛾 = 0°, 𝑆𝑡𝑒 = 0.1, 𝑅𝑎 = 1.028 × 106 is 

presented in Fig. 33. At 𝐹𝑜 = 0.1, the conduction is carried out through fins and PCM 

thick walls as seen in Fig. 33(a). The PCM is melted more in the left region than the right 

part of the cavity due to the asymmetric thermal boundary conditions. When compared 

with the case of PCM cavity heated from both sides in Fig. 27(a), it could be observed 

that the bottom convection cells are not generated in the current case at this time due to 

the low temperature inside the bottom surface. In the Fig. 33(b) at 𝐹𝑜 = 0.15, the high 

thermal diffusivity of Aluminum makes the temperature inside the thick wall nearly 

uniform. There are four convection cells generated near the bottom surface and the 

convection is developed at the corner of the PCM cavity. At 𝐹𝑜 = 0.25 , the four 

convection cells on the bottom wall are merged into the two major vortexes in the Fig. 

33(c). The PCM cavity is not fully melted at this time. As a comparison, as seen in Fig. 

27(c), the melting process in PCM cavity heated from two sides is completed at 𝐹𝑜 =

0.25. The PCM fully melted Fourier number 𝐹𝑜𝑓 is plotted in terms of number of fins 𝑁 

with different thermal boundary conditions in Fig. 34. It could be observed that the 

melting process slows down when PCM is heated from left side as expected. However, 

when the PCM cavity is heated by one side instead of two sides, the melting time 

increases by only 14.286% , 24% ,  18.182% , and 21.053%  at 𝑁 = 0, 2, 6, 10 
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respectively.  It could be understood as the high thermal diffusivity thick walls work as 

the fin for heat transfer so that the temperature on all PCM cavity surfaces approach to 

the hot wall temperature in a short time.  

 

(a) 

 

(b) 

 

(c) 

Fig. 33 Transient process of melting at 𝑡𝑓
∗ = 0.3,  𝑁 = 2, 𝛾 = 0°, 𝑆𝑡𝑒 = 0.1, 𝑅𝑎 =

1.028 × 106 with Aluminum walls heated from left side  
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Fig. 34 PCM fully melted Fourier number 𝐹𝑜𝑓 in terms of number of fins at 𝑡𝑓
∗ =

0.3, 𝑡𝑑
∗ = 0.13, 𝛾 = 0°, 𝑆𝑡𝑒 = 0.1, 𝑅𝑎 = 1.028 × 106 with Aluminum walls and 

different thermal boundary conditions 

 

4.4.6 The influence of inclination angle 

The inclination angle of the PCM cavity has influence on the natural convection so that 

the melting speed inside the LHTES is affected. In this section, the PCM melting in a 

thick wall cavity with fins is investigated in terms of inclination angle 𝛾 which is defined 

as the angle between bottom wall of PCM cavity and positive 𝑥 horizontal coordinate 

direction. The transient melting process at  𝑡𝑓
∗ = 0.3 ,  𝑁 = 2 , 𝛾 = 90° , 𝑆𝑡𝑒 = 0.1 , 

𝑅𝑎 = 1.028 × 106 with left heated Aluminum walls is displayed in Fig. 35. When the 

inclination angle is 𝛾 = 90°, the LHTES could be treated as a bottom heated PCM cavity 
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with vertical fins. In Fig. 35(a) at 𝐹𝑜 = 0.1, the convection starts to develop on the 

bottom and two side walls. There are convection cells on the bottom surface. It could be 

seen that the two middle cells are larger because of the heated vertical fin which enhance 

the melting speed in the central region. The melting process continues at 𝐹𝑜 = 0.15, the 

convection becomes stronger and the size of vortexes increase as shown in Fig. 35(b). At 

𝐹𝑜 = 0.25 in Fig. 35(c), there are six convection cells in the cavity and the PCM is fully 

melted. It is interesting to note that the PCM melting process is not completed in the case 

of 𝛾 = 0° as shown in Fig. 33(c). It means the using vertical fins heated from bottom 

surface of the PCM cavity is more efficient than using horizontal fins heated from side 

wall in LHTES. The PCM fully melted Fourier number 𝐹𝑜𝑓 is plotted respect to number 

of fins 𝑁 in Fig. 36(a) and Fig. 36(b) with different thermal boundary conditions. The 

melting process is promoted with an increase in inclination angle. However, the effect of 

inclination angle on PCM melting speed is more  significant  for the PCM cavity heated 

from left side than heated from both sides. This could be explained as the more 

dominated conduction effect on enhancing heat transfer by using fins in PCM cavity 

when both sides are heated.  
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(a) 

 

 

(b) 

 

(c) 

Fig. 35 Transient process of melting at 𝑡𝑓
∗ = 0.3,  𝑁 = 2, 𝛾 = 90°, 𝑆𝑡𝑒 = 0.1, 𝑅𝑎 =

1.028 × 106 Aluminum walls heated from left side 
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Fig. 36(a) PCM fully melted Fourier number 𝐹𝑜𝑓 in terms of inclination angle at 𝑡𝑓
∗ =

0.3, 𝑡𝑑
∗ = 0.13, 𝑆𝑡𝑒 = 0.1, 𝑅𝑎 = 1.028 × 106 with Aluminum walls heated from left 

side 

 
Fig. 36(b) PCM fully melted Fourier number 𝐹𝑜𝑓 in terms of inclination angle at 𝑡𝑓

∗ =

0.3, 𝑡𝑑
∗ = 0.13, 𝑆𝑡𝑒 = 0.1, 𝑅𝑎 = 1.028 × 106 with Aluminum walls heated from left and 

right sides 

 

 

4.5 Conclusions 

The melting process in latent heat thermal energy storage (LHTES) enclosures with 
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internal fins and thick walls is investigated numerically using lattice Boltzmann method 

on CUDA platform by GPU. With the multiple-relaxation-time enthalpy based LBM 

model, the phase change process is simulated efficiently without iteration of the source 

term or solving a system of linear equations. One distribution function for temperature is 

used to handle the melting with natural convection in PCM cavity and heat conduction in 

fins and thick walls so that the thermal boundary conditions on the interfaces are satisfied 

automatically. By using GPU on CUDA platform, the computational speed is accelerated 

by more than 29 times compared with CPU cod (not parallel) in the study of phase 

change process by LBM. The GPU (GTX TITAN) which has 2688 cores is much cheaper 

than the CPU with a large number of cores and makes the high performance computing 

possible on personal computer for phase change problems. The following conclusions are 

drawn through the current study: 

 Using internal fins could enhance the heat transfer process in the PCM cavity. 

The PCM melts faster when larger number of fins is used. However, the amount 

of melted PCM at final state becomes less when more fins are added in the 

cavity.  

 The PCM melting speed increases with the length of the internal fins. However, 

there is a limit for promoting the melting by increasing the fin length. In addition, 

it is found that using a less number of longer fins is more effective than using 

more shorter fins. Finally, distributing fins uniformly inside the PCM cavity 
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offers the fastest melting speed.  

 Increasing the hot wall temperature accelerates the melting process due to the 

stronger conduction and convection. When the PCM cavity is only heated on one 

side surface, the melting process slows down. However, the maximum difference 

is no more than 24%  compared with the cases heated from both sides. The 

melting speed in PCM cavity heated from one side is still efficient by using fins 

if the two sides heated walls are not applicable in engineering problems.  

 The effect of inclination angle of PCM cavity with internal fins on melting speed 

is investigated. The melting speed is enhanced when the PCM cavity is inclined 

towards the counter clockwise direction.  
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CHAPTER 5:  Mixed Convection in a Lid-Driven Square Cavity with a Sinuosidal 

Cylinder by Immersed Boundary-Thermal Lattice Boltzmann Method  

Nomenclature 

𝐴 amplitude coefficient of the sinusoidal cylinder 

𝐶𝑝 surface of the lid-driven cavity  

𝑐  lattice speed 

𝑐𝑠 sound speed, 𝑐𝑠 =
𝑐

√3
 

𝑑ℎ function defined in equation (30)  

𝒆𝑖 discrete lattice velocity in direction 𝑖 
𝐹𝑖 discrete body force in direction 𝑖  
𝑭𝑠 ‘momentum force’ on the Lagrangian grids 

𝒇 body force 

𝒇𝑏 buoyancy force 

𝒇𝑠 ‘momentum force’ on the Cartesian grids 

𝐺𝑟 Grashof number, 𝐺𝑟 =
𝑔𝛽(𝑇ℎ−𝑇𝑟)𝐿

3

𝜐𝑓
2  

𝑔 acceleration due to the gravity 

𝑔𝑖 distribution function for temperature in direction 𝑖 
𝑔𝑖
𝑒𝑞

 equilibrium distribution function for temperature in direction 𝑖 

𝐿 length of the cavity  

𝑁 Number of undulations of the cylinder 

𝑁𝑢̅̅ ̅̅  average Nusselt number, 𝑁𝑢̅̅ ̅̅ =
1

𝑃
∫ 𝑁𝑢𝑐
 

𝐶𝑝
𝑑𝐶𝑝 

𝑁𝑢𝑐 local Nusselt number, 𝑁𝑢𝑐 = −
𝜕𝑇∗

𝜕𝑛
 

𝑛 normal direction of the cavity surfaces 

𝑃𝑟 Prandtl number, 𝑃𝑟 =
𝜐𝑓

𝛼
 

𝑃 perimeter of the cavity 

𝑝 pressure 

𝑝∗ dimensionless pressure 

𝑄𝑖 discrete energy source in direction 𝑖 
𝑄𝑠 ‘energy force’ on the Lagrangian grids 

𝑞 energy source 

𝑞𝑠 ‘energy force’ on the Cartesian grids 

𝑅 radius of the sinusoidal cylinder 

𝑅∗ dimensionless radius of the sinusoidal cylinder  

𝑅𝑐 radius of the circular cylinder 

𝑅𝑐
∗ dimensionless radius of the circular cylinder 
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𝑅𝑒 Reynolds number, 𝑅𝑒 =
𝑢0𝐿

𝜐𝑓
 

𝑅𝑖 Richardson number, 𝑅𝑖 =
𝐺𝑟

𝑅𝑒2
 

𝑟 distance between the Cartesian grid and Lagrangian grid 

𝑠 Lagrangian coordinate  

𝑠𝑖 term for equilibrium function 𝑓𝑖
𝑒𝑞

 

𝑇 temperature 

𝑇∗ dimensionless temperature  

𝑇𝑐 cold wall temperature 

𝑇ℎ hot temperature on the sinusoidal cylinder  

𝑇𝑟 reference temperature 

𝑇𝑡 temporary temperature on the Cartesian grids 

𝑇𝑠
𝑡 temporary temperature on the Lagrangian grids 

𝑡 time 

𝑡∗ dimensionless time  

𝑼𝑑 desired velocity on the Lagrangian grids  

𝑼𝑡 temporary velocity on the Lagrangian grids 

𝒖  velocity vector 

𝒖𝑡 temporary velocity vector on the Cartesian grids 

𝑢 velocity in the horizontal direction 

𝑢∗ dimensionless velocity in the horizontal direction 

𝑢0 characteristic velocity  

𝑣 velocity in the vertical direction  

𝑣∗ dimensionless velocity in the vertical direction 

𝒙  vector of location on the Cartesian grids  

𝑿(𝑠) vector of location on the Lagrangian grids 

𝑥 horizontal coordinate 

𝑥∗ dimensionless horizontal coordinate  

𝑦 vertical coordinate  

𝑦∗ dimensionless vertical coordinate  

 

Greek symbols  

𝛼 thermal diffusivity  

𝛽  thermal volumetric expansion coefficient 

𝜆 parameter for equilibrium function 𝑓𝑖
𝑒𝑞

 

𝛿ℎ Dirac’s delta function, 𝛿ℎ(𝒙) =
1

𝛿𝑥
2 𝑑ℎ (

𝑥

𝛿𝑥
) 𝑑ℎ (

𝑦

𝛿𝑥
) 

𝛿𝑠 arch length of the segment on Lagrangian grids  

𝛿𝑥 lattice space 

𝜖𝑥 placement of the sinusoidal cylinder in the horizontal direction 

𝜖𝑥
∗ dimensionless placement of the sinusoidal cylinder in the horizontal direction 
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𝜖𝑦 placement of the sinusoidal cylinder in the vertical direction 

 

𝜖𝑦
∗  dimensionless placement of the sinusoidal cylinder in the vertical direction 

𝛾 parameter for equilibrium function 𝑓𝑖
𝑒𝑞

 

𝜐𝑓 fluid kinematic viscosity  

𝜃 angle of the sinusoidal cylinder 

𝜌  density 

𝜌𝑟 reference density 

𝜎 parameter for equilibrium function 𝑓𝑖
𝑒𝑞

 

𝜏𝑓 dimensionless relaxation time of velocity  

𝜏𝑔 dimensionless relaxation time of temperature  

𝜔𝑖 weight coefficient 

Ω surface of the sinusoidal cylinder  

∆𝑡 time step 
 

5.1 Introduction 

Mixed convection in a lid-driven cavity has attracted considerable attention due to its 

wide applications in engineering such as electronic cooling, heat exchanger, solar ponds, 

drying technologies, food processing, nuclear reactors and so on. In mixed convective 

heat transfer, the Richardson number which is defined as the ratio of the Grashof number 

to the square of Reynolds number (𝑅𝑖 =
𝐺𝑟

𝑅𝑒2
) can be used to compare the gravity driven 

buoyancy forces and shear forces on the top surface of cavity [118-127]. Moallemi 

studied the effect of Prandtl number (Pr)  on laminar mixed convection in a bottom 

heated lid driven cavity [118]. They found that the influence of buoyancy on the flow and 

heat transfer was more pronounced for higher values of Prandtl number. Prasad and 

Koseff experimentally investigated the mixed convection by conducting flow 

visualization and heat flux measurements [119]. Oztop and Dagtekin numerically 
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studied the mixed convection in a two-side lid driven cavity [120]. It was concluded that 

the heat transfer was affected by both Richardson number and the direction of moving 

walls. Tiwari and Das investigated the heat transfer augmentation in a lid-driven 

buoyancy flow with nanofluids at different parametric conditions by finite volume 

method [121]. As the solid volume fraction of nanoparticles increased, the effect on heat 

transfer capacity of the base fluid was more pronounced. Sivasankaran et al. numerically 

studied the mixed convection with non-uniform heating on both sidewalls [122]. The 

results showed that heat transfer rate was increased on the increasing amplitude ratio of 

the non-uniform temperature on the sidewalls. Mahapatra et al. investigated the buoyancy 

ratio effect on double-diffusive convection in a lid-driven cavity using finite-difference 

method [123]. The relation was obtained for average Nusselt number and Sherwood 

number as function of thermal Rayleigh number in this study. Barletta and Nield worked 

on the mixed convection in a lid-driven enclosure with considering the viscous 

dissipation and pressure work [124].  Islam et al. studied the mixed convection with a 

heated square blockage inside lid-driven cavity [125]. The investigations of parametric 

cases with different blockage ratios, central and eccentric placement of blockage were 

completed in their work. The mixed convection in a lid-driven cavity with a circular 

cylinder was studied by Khanafer and Aithal [126]. It was demonstrated that the presence 

of the cylinder results in an increase in the average Nusselt number compared with the 

case with no cylinder. Fatih et al. used finite element method to investigate the MHD 
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mixed convection in a nanofluid filled lid driven enclosure with rotating cylinder [127]. 

They presented that the magnetic field retarded the velocity and convection so that the 

averaged heat transfer decreased with increasing Hartmann number. In addition, the 

convection phenomenon with complex boundary geometries and immersed objects was 

investigated by researchers over the past years. Sheikholeslami et al. investigated the 

natural convection between a circular enclosure and a sinusoidal cylinder [128]. They 

found that the temperature distribution, flow pattern, and the formation of vortices 

strongly depended on Raleigh number, amplitude and number of undulations of the 

sinusoidal cylinder. Bhattacharya et al. studied the convection in lid-driven trapezoidal 

enclosures [129]. The simulation was performed in terms of two different scenarios of 

isothermal and non-isothermal bottom wall with inclination angle of the side wall at 45 

degrees. Ghasemi and Aminossadati investigated the mixed convection in a lid-driven 

triangular enclosure filled with nanofluids [130]. They presented that the downward 

sliding vertical wall had a higher heat transfer rate than the upward sliding wall.  Al-

Amiri et al. studied the effects of sinusoidal wavy bottom on mixed convection in a lid-

driven cavity [131]. The results showed that the heat transfer increases with an increase 

in both the amplitude of the wavy surface and Reynolds number. Jang and Yan 

investigated the mixed convection along a vertical wavy surface [132]. They observed 

two harmonics dominated by forced convection and natural convection respectively in 

mixed convection. Nabavizadeh et al. studied the natural convection with a sinusoidal 
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cylinder using lattice Boltzmann method [133]. It was observed that the angle, amplitude, 

and number of undulations had strong effect on heat transfer and fluid flow. To the 

authors’ best knowledge, there is few study which focuses on the mixed convection with 

a sinusoidal cylinder. The current study numerically investigated the mixed convection in 

a lid-driven cavity with a sinusoidal cylinder at different parametric conditions. 

Lattice Boltzmann method is coupled with immersed boundary method (IBM) which is a 

non-body-conformal grid method during recent years to investigate the fluid flow and 

heat transfer phenomena with complex or moving geometries [30,41-52]. In this chapter, 

an immersed boundary-thermal lattice Boltzmann method is used to study the mixed 

convection in a lid-driven cavity with a sinusoidal cylinder. Thermal lattice Boltzmann 

method with double distribution functions is used to simulate the fluid flow and heat 

transfer on a Cartesian grid on a CUDA platform using GPU. The immersed boundary 

method with diffuse direct-forcing scheme is applied to calculate the ‘momentum force’ 

and ‘energy force’ so that the velocity and thermal boundary conditions on the sinusoidal 

cylinder is satisfied. In section 2, the mathematical formulation is presented. The 

immersed boundary-thermal lattice Boltzmann method and code validation are described 

in section 3. In section 4, the results and discussions about the mixed convection with a 

sinusoidal cylinder are presented. A conclusion is made in section 5. 
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5.2 Mathematical formulation 

5.2.1 Governing equations and boundary conditions 

Fig. 37 shows the domain and boundary conditions of mixed convection in a lid-driven 

cavity with a sinusoidal cylinder. In the current study, the Boussinesq approximation is 

assumed to be valid so that the density 𝜌 is only a linear function of temperature 𝑇 given 

as: 

                                                                         𝜌 = 𝜌𝑟𝛽(𝑇 − 𝑇𝑟)                                                     (129)    

The profile of the sinusoidal cylinder follows the pattern as: 

𝑅 = 𝑅𝑐 + 𝐴𝑅𝑐 cos(𝑁𝜃)                                           (130) 

 

Fig. 37. Schematic diagram of mixed convection with boundary conditions 

 

The governing equations for mixed convection in a lid-driven enclosure are as follows: 

𝜕𝑢

𝜕𝑥
+

𝜕𝑣

𝜕𝑦
= 0                                                      (131) 
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𝜕𝑢

𝜕𝑡
+ 𝑢

𝜕𝑢

𝜕𝑥
+ 𝑣

𝜕𝑢

𝜕𝑦
= −

1

𝜌𝑟

𝜕𝑝

𝜕𝑥
+ 𝜐𝑓 (

𝜕2𝑢

𝜕𝑥2
+
𝜕2𝑢

𝜕𝑦2
)                             (132) 

𝜕𝑣

𝜕𝑡
+ 𝑢

𝜕𝑣

𝜕𝑥
+ 𝑣

𝜕𝑣

𝜕𝑦
= −

1

𝜌𝑟

𝜕𝑝

𝜕𝑦
+ 𝜐𝑓 (

𝜕2𝑣

𝜕𝑥2
+

𝜕2𝑣

𝜕𝑦2
) + 𝑔𝛽(𝑇 − 𝑇𝑟)                   (133)    

𝜕𝑇

𝜕𝑡
+ 𝑢

𝜕𝑇

𝜕𝑥
+ 𝑣

𝜕𝑇

𝜕𝑦
= 𝛼 (

𝜕2𝑇

𝜕𝑥2
+

𝜕2𝑇

𝜕𝑦2
)                                    (134) 

The reference temperature is defined as: 

𝑇𝑟 = 𝑇𝑐                                                          (135) 

The boundary conditions on the enclosure in the current study are given as: 

𝑢 = 𝑢0, 𝑣 = 0, 𝑇 = 𝑇𝑐 , at 𝑦 = 𝐿, 0 ≤ 𝑥 ≤ 𝐿;  

𝑢 = 0, 𝑣 = 0, 𝑇 = 𝑇𝑐, at 𝑦 = 0, 0 ≤ 𝑥 ≤ 𝐿;  

𝑢 = 0, 𝑣 = 0, 𝑇 = 𝑇𝑐, at 𝑥 = 𝐿, 0 < 𝑦 < 𝐿;  

𝑢 = 0, 𝑣 = 0, 𝑇 = 𝑇𝑐, at 𝑥 = 0, 0 < 𝑦 < 𝐿. 

                                             (136) 

The boundary conditions on the sinusoidal cylinder: 

                                                         𝑢 = 0, 𝑣 = 0, 𝑇 = 𝑇ℎ at (𝑥, 𝑦) ∈ Ω                                 (137) 

5.2.2 Dimensionless governing equations 

The governing equations of mixed convection could be expressed in dimensionless form 

by introducing the following dimensionless parameters: 

𝑥∗ =
𝑥

𝐿
, 𝑦∗ =

𝑦

𝐿
, 𝜖𝑥
∗ =

𝜖𝑥

𝐿
, 𝜖𝑦

∗ =
𝜖𝑦

𝐿
, 𝑅∗ =

𝑅

𝐿
, 𝑅𝑐

∗ =
𝑅𝑐

𝐿
, 𝑢∗ =

𝑢

𝑢0
, 𝑣∗ =

𝑣

𝑢0
, 𝑡∗ =

𝑢0𝑡

𝐿
, 𝑝∗ =

𝑝

𝜌𝑟𝑢0
2 , 𝑇

∗ =
𝑇−𝑇𝑟

𝑇ℎ−𝑇𝑟
, 𝑅𝑒 =

𝑢0𝐿

𝜐𝑓
, 𝑃𝑟 =

𝜐𝑓

𝛼
, 𝐺𝑟 =

𝑔𝛽(𝑇ℎ−𝑇𝑟)𝐿
3

𝜐𝑓
2 , 𝑅𝑖 =

𝐺𝑟

𝑅𝑒2
. 

(138) 
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The dimensionless governing equations are: 

𝜕𝑢∗

𝜕𝑥∗
+

𝜕𝑣∗

𝜕𝑦∗
= 0                                                    (139) 

𝜕𝑢∗

𝜕𝑡∗
+ 𝑢∗

𝜕𝑢∗

𝜕𝑥∗
+ 𝑣∗

𝜕𝑢∗

𝜕𝑦∗
= −

𝜕𝑝∗

𝜕𝑥∗
+

1

𝑅𝑒
(
𝜕2𝑢∗

𝜕𝑥∗2
+
𝜕2𝑢∗

𝜕𝑦∗2
)                         (140) 

𝜕𝑣∗

𝜕𝑡∗
+ 𝑢∗

𝜕𝑣∗

𝜕𝑥∗
+ 𝑣∗

𝜕𝑣∗

𝜕𝑦∗
= −

𝜕𝑝∗

𝜕𝑦∗
+

1

𝑅𝑒
(
𝜕2𝑣∗

𝜕𝑥∗2
+

𝜕2𝑣∗

𝜕𝑦∗2
) + 𝑅𝑖𝑇∗                   (141) 

𝜕𝑇∗

𝜕𝑡∗
+ 𝑢∗

𝜕𝑇∗

𝜕𝑥∗
+ 𝑣∗

𝜕𝑇∗

𝜕𝑦∗
=

1

𝑅𝑒𝑃𝑟
(
𝜕2𝑇∗

𝜕𝑥∗2
+
𝜕2𝑇∗

𝜕𝑦∗2
)                                 (142) 

The dimensionless profile of the sinusoidal cylinder is given by: 

                                                                   𝑅∗ = 𝑅𝑐
∗ + 𝐴𝑅𝑐

∗ cos(𝑁𝜃)                                        (143)  

The boundary conditions in dimensionless form are: 

𝑢∗ = 1, 𝑣∗ = 0, 𝑇∗ = 0, at 𝑦∗ = 1, 0 ≤ 𝑥∗ ≤ 1;  

𝑢∗ = 0, 𝑣∗ = 0, 𝑇∗ = 0, at 𝑦∗ = 0, 0 ≤ 𝑥∗ ≤ 1;  

𝑢∗ = 0, 𝑣∗ = 0, 𝑇∗ = 0, at 𝑥∗ = 1, 0 < 𝑦∗ < 1;  

𝑢∗ = 0, 𝑣∗ = 0, 𝑇∗ = 0, at 𝑥∗ = 0, 0 < 𝑦∗ < 1. 

𝑢∗ = 0, 𝑣∗ = 0, 𝑇∗ = 1 at (𝑥∗, 𝑦∗) ∈ Ω. 

(144) 

5.3 Immersed boundary-thermal lattice Boltzmann method and code validation 

5.3.1 Immersed boundary-thermal lattice Boltzmann method for fluid flow 
 

To study the mixed convection in a lid-driven cavity, the incompressible D2Q9 LBGK 

model was used to simulate the fluid flow as shown from equation (74)-(77) in Chapter 3. 
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In the current section, the body force term 𝐹𝑖 in equation (74) is developed by [71]: 

                                                 𝐹𝑖 = 𝜔𝑖 (1 −
1

2𝜏𝑓
) (

𝒆𝑖−𝒖

𝑐𝑠
2 +

𝒆𝑖∙𝒖

𝑐𝑠
4 𝒆𝑖) ∙ 𝒇                                    (145)                                    

 

The body force 𝒇 is expressed as:  

𝒇 = 𝒇𝑏 + 𝒇𝑠                                                             (146)            

where 𝒇𝑏 is the buoyancy force and 𝒇𝑠 is the ‘momentum force’ which is introduced to 

satisfy non-slip and non-penetration conditions on the sinusoidal cylinder. The non-

equilibrium extrapolation method is used in the current work for the velocity boundary 

conditions on the enclosure surfaces [93]. The temporary macroscopic velocity and 

pressure without considering the effect of immersed cylinder are calculated as: 

𝒖𝑡 = ∑ 𝑐8
𝑖=1 𝒆𝑖𝑓𝑖 +

∆𝑡

2
𝒇                                           (147)  

𝑝 =
𝑐2

4𝜎
[∑ 𝑓𝑖 + 𝜏𝑓∆𝑡𝐹0 + 𝑠0(𝒖

𝒕)8
𝑖=1 ]                                 (148)    

Using the diffuse interface scheme, the temporary velocity on the immersed boundary is 

given by: 

𝑼𝑡(𝑠, 𝑡) = ∫ 𝒖𝒕(𝒙, 𝑡)𝛿ℎ[𝒙 − 𝑿(𝑠)]
 

𝒙
𝑑𝒙                                 (149) 

 

In the IBM, a smooth approximation of Dirac’s delta function 𝛿ℎ is used [134]: 

𝛿ℎ(𝒙) =
1

𝛿𝑥
2 𝑑ℎ (

𝑥

𝛿𝑥
) 𝑑ℎ (

𝑦

𝛿𝑥
)                                          (150)   
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𝑑ℎ(𝑟) =

{
 

 (3 − 2|𝑟| + √1 + 4|𝑟| − 4𝑟2) 8⁄ , |𝑟| < 1,

(5 − 2|𝑟| − √−7 + 12|𝑟| − 4𝑟2) 8⁄ , 1 ≤ |𝑟| < 2,

0, |𝑟|  ≥ 2.

              (151) 

where |𝑟| = |𝒙 − 𝑿(𝑠)| is the distance between Cartesian grids and Lagrangian grids.  

The discrete form of equation (149) could be written as: 

𝑼𝑡(𝑠, 𝑡) = ∑ 𝒖𝑡(𝒙, 𝑡)𝛿ℎ[𝒙 − 𝑿(𝑠)]
 
𝒙 𝛿𝑥

2                                (152) 

The ‘momentum force’ on the immersed boundary is given by the direct-forcing formula 

[48]: 

𝑭𝑠[𝑋(𝑠, 𝑡)] = 2
𝑼𝑑(𝑠)−𝑼𝑡(𝑠,𝑡)

∆𝑡
                                         (153) 

The ‘momentum force’ on the Cartesian grid could be calculated by: 

𝒇𝑠(𝒙, 𝑡) = ∫  𝑭𝑠[𝑋(𝑠, 𝑡)]
 

Ω
𝛿ℎ[𝒙 − 𝑿(𝑠)]𝑑𝑠 = ∑ 𝑭𝑠[𝑋(𝑠, 𝑡)]𝛿ℎ[𝒙 − 𝑿(𝑠)]𝛿𝑠

 
𝑠    (154) 

The velocity could be corrected by the corresponding ‘momentum force’ induced by the 

immersed boundary as: 

𝒖(𝒙, 𝑡) = 𝒖𝑡(𝒙, 𝑡) +
∆𝑡

2
𝒇𝑠(𝒙, 𝑡)                                      (155) 

For the implicit diffuse scheme, the multi-direct-forcing method is used which requires 

the iteration steps from equation (149)-(155) until the criterion is satisfied [48].  

 

5.3.2 Immersed boundary-thermal lattice Boltzmann method for temperature 

The thermal lattice Boltzmann equation with an energy source could be expressed as [13, 

50]: 



 
 
 
 
 

143 

𝑔𝑖(𝒙 + 𝒆𝑖∆𝑡, 𝑡 + ∆𝑡) = 𝑔𝑖(𝒙, 𝑡) −
1

𝜏𝑔
[𝑔𝑖(𝒙, 𝑡) − 𝑔𝑖

𝑒𝑞(𝒙, 𝑡)] + ∆𝑡 (1 −
1

2𝜏𝑔
)𝑄𝑖  

(156) 

where the discrete energy source function is given by:      

                                                                      𝑄𝑖 = 𝜔𝑖𝑞                                                                (157)      

The equilibrium distribution function is defined as: 

𝑔𝑖
𝑒𝑞(𝒙, 𝑡) =

{
 
 

 
 𝜔𝑖𝑇 (−1.5

𝒖2

𝑐2
)      𝑖 = 0

𝜔𝑖𝑇 [1.5 + 1.5
(𝒆𝑖∙𝒖) 

𝑐2
+ 4.5

(𝒆𝑖∙𝒖)
2

𝑐4
− 1.5

|𝒖|2

𝑐2
]        𝑖 = 1, 2, 3, 4 

𝜔𝑖𝑇 [3 + 6
(𝒆𝑖∙𝒖) 

𝑐2
+ 4.5

(𝒆𝑖∙𝒖)
2

𝑐4
− 1.5

|𝒖|2

𝑐2
]        𝑖 = 5, 6, 7, 8 

    (158) 

The thermal diffusivity is given as: 

𝛼 =
2

3
(𝜏𝑔 − 0.5)∆𝑡                                                (159)         

The temporary macroscopic temperature is calculated by:  

                                                               𝑇𝑡 = ∑ 𝑔𝑖 +
∆𝑡

2

8
𝑖=0 𝑞                                                    (160) 

The temperature on the immersed boundary could be computed as: 

𝑇𝑠
𝑡(𝑠, 𝑡) = ∫ 𝑇𝑡(𝒙, 𝑡)𝛿ℎ[𝒙 − 𝑿(𝑠)]

 

𝒙
𝑑𝒙 = ∑ 𝑇𝑡(𝒙, 𝑡)𝛿ℎ[𝒙 − 𝑿(𝑠)]

 
𝒙 𝛿𝑥

2        (161) 

 

The direct-forcing formula for the ‘energy force’ on the immersed boundary is [50]: 

𝑄𝑠[𝑋(𝑠, 𝑡)] = 2
𝑇𝑑(𝑠)−𝑇𝑠

𝑡(𝑠,𝑡)

∆𝑡
                                          (162) 
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The ‘energy force’ on the Cartesian grid could be calculated as: 

𝑞𝑠(𝒙, 𝑡) = ∫  𝑄𝑠[𝑋(𝑠, 𝑡)]
 

Ω
𝛿ℎ[𝒙 − 𝑿(𝑠)]𝑑𝑠 = ∑ 𝑄𝑠[𝑋(𝑠, 𝑡)]𝛿ℎ[𝒙 − 𝑿(𝑠)]𝛿𝑠

 
𝑠    (163) 

The temperature could be corrected by the ‘energy force’ due to the immersed boundary 

as: 

𝑇(𝒙, 𝑡) = 𝑇𝑡(𝒙, 𝑡) +
∆𝑡

2
𝑞𝑠(𝒙, 𝑡)                                       (164)    

Similar as the velocity field, the iterations could be completed through equation (161)-

(164) for multi-direct-forcing method. 

5.3.3 Code validation 

In the current study, the fluid flow and heat transfer on the Cartesian grid are computed 

by thermal lattice Boltzmann method using CUDA. The sequential time steps and initial 

conditions are executed on CPU while GPU works for all the parallel tasks. At each time 

step, the data is moved from the memory of GPU to that of CPU. The immersed 

boundary method is then applied to handle the boundary conditions on the sinusoidal 

cylinder. The details about the CUDA implementation were presented in the work [19, 

36, 61]. The developed IB-TLBM code was validated by the case of natural convection in 

a square enclosure with a circular cylinder using 200 ∗ 200 lattice nodes [49, 135-138]. 

The ratio of 𝛿𝑥 𝛿𝑠⁄  is kept around unity in the current work. Good agreement was 

observed between the current results and references in Table 17. Besides, the relative 

difference between the results of direct-forcing method with explicit diffuse scheme and 

multi-direct-forcing method with implicit diffuse scheme was found to be no more 
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than 2.331 × 10−7 . It was demonstrated that the immersed boundary-thermal lattice 

Boltzmann method with explicit diffuse scheme was sufficient for the study of laminar 

convection cases with stationary complex boundaries. The explicit diffuse scheme is used 

for the parametric studies in this paper.  

Table 17. Test case for natural convection in a square enclosure with a circular cylinder 

𝑅𝑎 Surface averaged Nusselt number at a cylinder surface 𝑁𝑢̅̅ ̅̅ 𝑐  
Current 

study with 

explicit 

diffuse 

scheme 

Current 

study with 10 

times 

iterations 

implicit 

diffuse 

scheme 

Ref. 

[49] 

Ref. 

[135] 

Ref. 

[136] 

Ref. 

[137] 

Ref. 

[138] 

104 3.34602 3.34602 3.412 3.414 3.24 3.24 3.331 

105 5.05241 5.05241 5.176 3.138 4.86 4.84 5.08 

106 9.09947 9.09947 9.171 9.39 8.9 8.75 9.374 

 

5.3.4 Grid independence study 

The grid independence study was carried out for the case at 𝑅𝑒 = 100 , 𝐺𝑟 = 106 , 

𝑅𝑖 = 100 , 𝑃𝑟 = 0.71 , 𝑅𝑐
∗ = 0.15 , 𝐴 =

1

3
, 𝜖𝑥

∗ = 0.5 , 𝜖𝑦
∗ = 0.5 , and 𝑁 = 6 . The local 

Nusselt number 𝑁𝑢𝑐 on the cold enclosure surfaces is defined as: 

𝑁𝑢𝑐 = −
𝜕𝑇∗

𝜕𝑛
                                                     (165) 

The average Nusselt number 𝑁𝑢̅̅ ̅̅  on the cold walls is given by: 

𝑁𝑢̅̅ ̅̅ =
1

𝑃
∫ 𝑁𝑢𝑐
 

𝐶𝑝
𝑑𝐶𝑝                                               (166) 

The maximum local Nusselt number 𝑁𝑢𝑚𝑎𝑥 and average Nusselt number 𝑁𝑢̅̅ ̅̅  on the cold 
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surfaces for 200 ∗ 200 nodes, 300 ∗ 300 nodes, and 400 ∗ 400 nodes are compared in 

Table 18. The maximum relative difference between 300 ∗ 300 nodes and 400 ∗ 400 

nodes is 0.0456%. In this work, 300 ∗ 300 lattice nodes are used for all the cases. 

 

Table 18. Grid independence study of mixed convection 

𝑅𝑒 = 100, 𝐺𝑟 = 106,  𝑅𝑖 = 100, 𝑃𝑟 = 0.71, 𝑅𝑐
∗ = 0.15, 𝐴 =

1

3
, 𝜖𝑥

∗ = 0.5, 𝜖𝑦
∗ = 0.5, 

𝑁 = 6 

Grid numbers 𝑁𝑢𝑚𝑎𝑥 𝑁𝑢𝑚𝑎𝑥 location 𝑁𝑢̅̅ ̅̅  

200 ∗ 200 15.013 𝑥∗ = 0.53,  𝑦∗ = 1 3.7385 

300 ∗ 300 15.343 𝑥∗ = 0.53,  𝑦∗ = 1 3.7636 

400 ∗ 400 15.336 𝑥∗ = 0.53,  𝑦∗ = 1 3.7602 

     

 

5.4 Results and discussions 

In the current work, the Reynolds number (𝑅𝑒 = 100) and Prandtl number (𝑃𝑟 = 0.71) 

are kept constant. The investigation about the mixed convection with a sinusoidal 

cylinder is carried out in terms of Grashof number 𝐺𝑟 , Richardson number 𝑅𝑖 , and 

different configurations and placement of the sinusoidal cylinder. 

5.4.1 The influence of Richardson number Ri 

Richardson number 𝑅𝑖  is the parameter to compare the strength between the natural 

convection and forced convection. In this section, the influence of Richardson number on 

mixed convection is studied at 𝑅𝑐
∗ = 0.15, 𝐴 =

1

3
, 𝜖𝑥

∗ = 0.5, 𝜖𝑦
∗ = 0.5, and 𝑁 = 6. In Fig. 

38(a), the isotherms and streamlines are plotted for the case at 𝐺𝑟 = 106 and 𝑅𝑖 = ∞. 

When the Richardson number is infinity, it means the convection is dominated by natural 
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convection with non-slip and non-penetration conditions on all the enclosure surfaces. 

The two vortexes which are generated by the buoyancy force compress the isotherms 

near the top surface of the cavity. The fluid flow and temperature field are symmetric in 

this case as expected. For the case at 𝑅𝑒 = 100 , 𝐺𝑟 = 104 , and 𝑅𝑖 = 1 , the mixed 

convection is observed due to the lid-driven surface and buoyancy force. As shown in 

Fig. 38(b), the clockwise vortex appears around the right-top corner of the cavity. As a 

comparison, the temperature and velocity fields at 𝑅𝑒 = 100, 𝐺𝑟 = 103 , and 𝑅𝑖 = 0.1 

are shown in Fig. 38(c). It is observed that the vortex spreads out in the horizontal 

direction when Richardson number decreases from 1 to 0.1. It could be understood as 

decreasing the buoyancy force by 10 times so that the forced convection by the shear 

force on the top surface becomes dominant. In Fig. 39, the local Nusselt numbers 𝑁𝑢𝑐 on 

the cold walls are displayed. The location 𝐶𝑝 on the cavity surfaces is defined as: 

0 ≤ 𝐶𝑝 ≤ 1 at 𝑥∗ = 0 𝑎𝑛𝑑 0 ≤ 𝑦∗ ≤ 1;   

1 < 𝐶𝑝 ≤ 2 at 𝑦∗ = 1 𝑎𝑛𝑑 0 < 𝑥∗ ≤ 1;   

2 < 𝐶𝑝 ≤ 3 at 𝑥∗ = 1 𝑎𝑛𝑑 0 ≤ 𝑦∗ < 1;   

3 < 𝐶𝑝 ≤ 4 at 𝑦∗ = 0 𝑎𝑛𝑑 0 < 𝑥∗ < 1. 

(167) 
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(a) 𝑅𝑒 = 0, 𝐺𝑟 = 106, 𝑅𝑖 = ∞ 

 

(b) 𝑅𝑒 = 100, 𝐺𝑟 = 104,  𝑅𝑖 = 1 
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(c) 𝑅𝑒 = 100, 𝐺𝑟 = 103,  𝑅𝑖 = 0.1 
Fig. 38. Mixed convection at 𝑅𝑒 = 100, 𝑃𝑟 = 0.71, 𝑅𝑐

∗ = 0.15, 𝜖𝑥
∗ = 0.5, 

𝜖𝑦
∗ = 0.5, 𝐴 =

1

3
, 𝑁 = 6 with different 𝑅𝑖 

 

In Fig. 39(a), the local Nusselt numbers 𝑁𝑢𝑐 for natural convection at different Grashof 

number 𝐺𝑟 are presented. The 𝑁𝑢𝑐 increases with higher Grashof number 𝐺𝑟 due to the 

stronger convection. It could also be observed that the 𝑁𝑢𝑐 is larger on the top surface 

because the fluid flow compresses the isothermal lines near the top boundary. The local 

Nusselt numbers 𝑁𝑢𝑐 for the cases at different Richardson number 𝑅𝑖 are shown in Fig. 

39(b). When the Richardson number 𝑅𝑖 ≥ 10, it is found that the Nusselt numbers 𝑁𝑢𝑐 

have only slight difference compared with the cases of natural convection at the same 

Grashof number 𝐺𝑟  which means the natural convection is dominant. However, the 

difference of the 𝑁𝑢𝑐  between mixed convection at 𝑅𝑖 = 1  and natural convection at 

𝐺𝑟 = 10
4  could be clearly observed. The heat transfer is affected by both natural 

convection and forced convection. At Richardson number 𝑅𝑖 = 0.1 , there is a large 

difference of the local Nusselt number profiles between the mixed convection and 
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natural convection at 𝐺𝑟 = 103 . The forced convection contributes more to the heat 

transfer than the natural convection under this case. The average Nusselt number 𝑁𝑢̅̅ ̅̅  in 

terms of Richardson number 𝑅𝑖 is presented in Table 19. It could be seen that the mixed 

convection has higher average Nusselt number 𝑁𝑢̅̅ ̅̅  than the natural convection at the 

same Grashof number 𝐺𝑟  when 𝑅𝑖 ≤ 1. It could be explained as the extra convection 

effect due to the lid-driven boundary. However, for the case 𝑅𝑖 ≥ 10, the heat transfer is 

dominated by natural convection as shown by the similar average Nusselt number 𝑁𝑢̅̅ ̅̅  

compared with cases at 𝑅𝑖 = ∞. 

 

 

(a) 
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(b) 

Fig. 39. Local Nusselt number 𝑁𝑢𝑐 on the cold wall  at 𝑅𝑒 = 100, 𝑃𝑟 = 0.71, 𝑅𝑐
∗ =

0.15, 𝜖𝑥
∗ = 0.5, 𝜖𝑦

∗ = 0.5, 𝐴 =
1

3
, 𝑁 = 6 with different 𝑅𝑖 

 
 

Table 19. Average Nusselt number 𝑁𝑢̅̅ ̅̅  at different Richardson number 𝑅𝑖 

𝑅𝑒 = 100, 𝑃𝑟 = 0.71, 𝑅𝑐
∗ = 0.15, 𝜖𝑥

∗ = 0.5, 𝜖𝑦
∗ = 0.5, 𝐴 =

1

3
, 𝑁 = 6 

𝑅𝑒 𝐺𝑟 𝑅𝑖 𝑁𝑢̅̅ ̅̅  

0 103 ∞ 1.4243 

0 104 ∞ 1.4448 

0 105 ∞ 2.1012 

0 106 ∞ 3.7555 

100 103 0.1 1.5670 

100 104 1 1.5797 

100 105 10 2.1215 

100 106 100 3.7636 

 

5.4.2 The influence of number of undulations N of the cylinder  

The heat transfer and fluid flow are investigated respect to the number of undulations 𝑁 

of the cylinder at 𝐺𝑟 = 104, 𝑅𝑐
∗ = 0.15, 𝜖𝑥

∗ = 0.5, 𝜖𝑦
∗ = 0.5, and 𝐴 =

1

3
. The sinusoidal 

cylinder becomes a circular cylinder when the number of undulations 𝑁 = 0 . In 
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Fig.40, the isotherms and streamlines of mixed convection in a lid-driven cavity with a 

circular cylinder are shown. The fluid flows around the circular cylinder in the clockwise 

direction and two convection cells appear on the top region due to the lid-driven surface. 

For the case 𝑁 = 2, the profile of the cylinder stretches out in the horizontal direction. 

There is a clockwise vortex in the top region due to the shear force on the top boundary. 

The isotherms and streamlines for 𝑁 = 4 and 𝑁 = 6 are displayed in the figure. There 

are two clockwise convection vortexes near the top surface. When the number of 

undulations is increased to 𝑁 = 8, the fluid flow is blocked in the gap between the 

undulations of the cylinder. There are several small vortexes generated in these regions as 

shown in the plot. There is a clockwise fluid flow around the sinusoidal cylinder near the 

enclosure surfaces for all the above cases at this Grashof 𝐺𝑟 and Richardson 𝑅𝑖 numbers. 

The average Nusselt number 𝑁𝑢̅̅ ̅̅  of the mixed convection at different undulation numbers 

𝑁 of the cylinder is presented in Table 20. It could be observed that the circular cylinder 

(𝑁 = 0)  has the maximum average Nusselt number 𝑁𝑢̅̅ ̅̅ . For the cases (𝑁 ≥ 2) , the 

average Nusselt number 𝑁𝑢̅̅ ̅̅  becomes larger with increasing number of undulations 𝑁. 

This phenomenon could be understood as the cylinder with hot temperature has more 

peaks when 𝑁 is larger which compress the isothermal lines.  
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Fig. 40. Mixed convection at 𝑅𝑒 = 100, 𝑃𝑟 = 0.71, 𝐺𝑟 = 104,  𝑅𝑐
∗ = 0.15, 

𝜖𝑥
∗ = 0.5, 𝜖𝑦

∗ = 0.5, 𝐴 =
1

3
 with different 𝑁 
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Table 20. Average Nusselt number 𝑁𝑢̅̅ ̅̅  at different number of undulations 𝑁 

𝑅𝑒 = 100, 𝑃𝑟 = 0.71, 𝐺𝑟 = 104,  𝑅𝑐
∗ = 0.15, 𝜖𝑥

∗ = 0.5, 𝜖𝑦
∗ = 0.5, 𝐴 =

1

3
 

𝑁 𝑁𝑢̅̅ ̅̅  

0 3.3952 

2 2.4945 

4 2.6966 

6 2.7365 

8 2.8490 
 
5.4.3 The influence of amplitude coefficient A and radius Rc

∗  

The amplitude coefficient 𝐴 has obvious effect on the profile of the sinusoidal cylinder. 

When the amplitude coefficient 𝐴 is zero, the sinusoidal cylinder becomes a circular 

cylinder. In the current study, the influence of amplitude coefficient 𝐴  on mixed 

convective heat transfer is studied at 𝐺𝑟 = 104 , 𝑅𝑐
∗ = 0.25 , 𝜖𝑥

∗ = 0.5 , 𝜖𝑦
∗ = 0.5 , and 

𝑁 = 6. As displayed in Fig. 41, it exists one vortex in the top region of the cavity for the 

case of 𝐴 =
1

10
. It could be found that the magnitude of the peaks is small in this case so 

that the streamlines are smooth around the sinusoidal cylinder. As a comparison, the 

isotherms and streamlines at 𝐴 =
1

2
 are also plotted in Fig.41. The sinusoidal cylinder 

with high amplitude coefficient affects the fluid flow inside the enclosure. Three 

convective vortexes are observed near the lid-driven boundary. A smaller convection cell 

appears between the two peaks of the cylinder in the right-bottom region. In Table 21, the 

average Nusselt number 𝑁𝑢̅̅ ̅̅  is presented in terms of different amplitude coefficient 𝐴. 

The Nusselt number 𝑁𝑢̅̅ ̅̅  increases with amplitude coefficient  𝐴 because the maximum 

radius of the cylinder becomes larger with higher amplitude. The mixed convection is 
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investigated according to different radius of the sinusoidal cylinders. The isotherms and 

streamlines at 𝐺𝑟 = 104,  𝑅𝑐
∗ = 0.35, 𝜖𝑥

∗ = 0.5, 𝜖𝑦
∗ = 0.5, 𝑁 = 6, and 𝐴 =

1

3
 are shown in 

Fig. 42. The fluid flow is blocked into different regions due to the sinusoidal cylinder 

with large radius. There are several convection cells generated between the gap of the 

sinusoidal cylinder peaks and cavity surfaces. The isothermal lines are compressed by the 

peaks of the cylinders so that high average Nusselt number 𝑁𝑢̅̅ ̅̅  is achieved. As shown in 

Table 22, the Nusselt number 𝑁𝑢̅̅ ̅̅  increases with the radius of the cylinder.  
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Fig. 41. Mixed convection at 𝑅𝑒 = 100, 𝑃𝑟 = 0.71, 𝐺𝑟 = 104,  𝑅𝑐
∗ = 0.25, 𝜖𝑥

∗ = 0.5, 

𝜖𝑦
∗ = 0.5, 𝑁 = 6 with different 𝐴 

Table 21. Average Nusselt number 𝑁𝑢̅̅ ̅̅  at different number of amplitude coefficient A 

𝑅𝑒 = 100, 𝑃𝑟 = 0.71, 𝐺𝑟 = 104,  𝑅𝑐
∗ = 0.25, 𝜖𝑥

∗ = 0.5, 𝜖𝑦
∗ = 0.5, 𝑁 = 6 

𝐴 𝑁𝑢̅̅ ̅̅  

1 10⁄  2.2535 

1 5⁄  2.4173 

1 4⁄  2.5250 

1 3⁄  2.7365 

1 2⁄  3.2936 
 

 

Fig. 42. Mixed convection at 𝑅𝑒 = 100, 𝑃𝑟 = 0.71, 𝐺𝑟 = 104,  𝑅𝑐
∗ = 0.35, 

𝜖𝑥
∗ = 0.5, 𝜖𝑦

∗ = 0.5, 𝑁 = 6, and 𝐴 =
1

3
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Table 22. Average Nusselt number 𝑁𝑢̅̅ ̅̅  at different radius 𝑅𝑐
∗ 

𝑅𝑒 = 100, 𝑃𝑟 = 0.71, 𝐺𝑟 = 104, 𝜖𝑥
∗ = 0.5, 𝜖𝑦

∗ = 0.5, 𝐴 =
1

3
, 𝑁 = 6 

𝑅𝑐
∗ 𝑁𝑢̅̅ ̅̅  

0.15 1.5797 

0.25 2.7365 

0.35 6.6116 
 
5.4.4 The influence of placement ϵx

∗  and ϵy
∗  

In this section, the mixed convection in a lid-driven enclosure with an eccentric 

sinusoidal cylinder is studied at 𝐺𝑟 = 104, 𝑅𝑐
∗ = 0.15, 𝐴 =

1

3
, and 𝑁 = 6. At 𝜖𝑥

∗ = 0.25 

and 𝜖𝑦
∗ = 0.75, the cylinder locates at the left-top corner of the cavity as shown in Fig. 

43. There is a clockwise vortex in the right-top region of the cavity and the isotherms are 

compressed around the left-top region due to the sinusoidal cylinder. When the placement 

of the cylinder is at 𝜖𝑥
∗ = 0.75 and 𝜖𝑦

∗ = 0.75, two convection vortexes are observed 

inside the cavity. The smaller vortex in the top region is caused by the lid-driven 

boundary while the larger vortex in the bottom part is generated by the buoyancy force. 

Similarly, there are two convection cells for the case of 𝜖𝑥
∗ = 0.25  and 𝜖𝑦

∗ = 0.75 . 

However, the convection cell near the top surface is larger because there is no object 

blocks the fluid flow. When the sinusoidal cylinder is at the left-bottom corner where 

𝜖𝑥
∗ = 0.25  and 𝜖𝑦

∗ = 0.25 , there is one large clockwise vortex in the enclosure. The 

isothermal lines are compressed at the left-bottom corner of the cavity. The 

dimensionless velocities at the centerlines are shown in Fig. 44. The values of velocities 
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vary from positive to negative which shows the circulations in the cavity. The average 

Nusselt number respect to the placement of the sinusoidal cylinder is presented in Table 

23. When the sinusoidal cylinder is at the corner of the cavity, the average Nusselt 

number 𝑁𝑢̅̅ ̅̅  is higher than other locations. It is because when the sinusoidal cylinder is at 

the corner, the isothermal lines are compressed at both of the adjacent surfaces. It is 

observed that the concentric cylinder has the minimum Nusselt number 𝑁𝑢̅̅ ̅̅  among all the 

cases. In addition, the local Nusselt number 𝑁𝑢𝑐 is plotted in Fig. 45. It is seen that the 

local Nusselt number 𝑁𝑢𝑐 is high when the sinusoidal cylinder is close to the cold wall as 

expected.  
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Fig. 43. Mixed convection at 𝑅𝑒 = 100, 𝑃𝑟 = 0.71, 𝐺𝑟 = 104, 𝑅𝑐
∗ = 0.15, 

𝑁 = 6, 𝐴 =
1

3
 with different placement 𝜖𝑥

∗ and 𝜖𝑦
∗  
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Fig.  44. Dimensionless velocities 𝑢∗ and 𝑣∗ at the centerlines 

 

Fig. 45. Local Nusselt number 𝑁𝑢𝑐 on the cold wall at 𝑅𝑒 = 100, 𝑃𝑟 = 0.71, 

𝐺𝑟 = 104, 𝑅𝑐
∗ = 0.15, 𝐴 =

1

3
, 𝑁 = 6 with different placement 𝜖𝑥

∗ and 𝜖𝑦
∗  
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Table 23. Average Nusselt number 𝑁𝑢̅̅ ̅̅  at different placement 𝜖𝑥
∗ and 𝜖𝑦

∗  

𝑅𝑒 = 100, 𝑃𝑟 = 0.71, 𝐺𝑟 = 104, 𝑅𝑐
∗ = 0.15, 𝐴 =

1

3
, 𝑁 = 6 

𝜖𝑥
∗ 𝜖𝑦

∗  𝑁𝑢̅̅ ̅̅  

0.25 0.25 2.9018 

0.25 0.5 2.2883 

0.25 0.75 2.8239 

0.5 0.25 2.3047 

0.5 0.5 1.5797 

0.5 0.75 2.1726 

0.75 0.25 2.8988 

0.75 0.5 2.3269 

0.75 0.75 2.8126 

 
 

5.5 Conclusions 

The immersed boundary-thermal lattice Boltzmann method is used to study the mixed 

convection in a lid-driven cavity with a sinusoidal cylinder at different Richardson 

numbers, configuration and placement of the sinusoidal cylinder. The fluid flow and heat 

transfer are simulated on the Cartesian grid by thermal lattice Boltzmann method on 

CUDA. To handle the complex boundaries of the sinusoidal cylinder, the immersed 

boundary method with direct-forcing method using diffuse interface scheme is applied. 

The sharpness and complexity of the sinusoidal cylinder surfaces are efficiently tackled. 

The following conclusions could be drawn from the current numerical study:  

 The mixed convection is investigated at different Grashof number 𝐺𝑟 . As a 

comparison, the natural convection (𝑅𝑖 = ∞)  is studied at the same Grashof 
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number. It is found that the mixed convection has larger average Nusselt number 

𝑁𝑢̅̅ ̅̅  than the natural convection at 𝑅𝑖 ≤ 1. When the Richardson number is large 

(𝑅𝑖 ≫ 1), the natural convection becomes dominant and the Nusselt numbers 𝑁𝑢̅̅ ̅̅  

of mixed and natural convections are almost the same.  

 The number of undulations of the sinusoidal cylinder has profound impact on the 

fluid flow and heat transfer rate inside the lid-driven cavity. It is found that the 

circular cylinder (𝑁 = 0) has the maximum average Nusselt number 𝑁𝑢̅̅ ̅̅ . Besides 

the circular cylinder, the Nusselt number 𝑁𝑢̅̅ ̅̅  increases with the number of 

undulations 𝑁.  

 With increasing amplitude coefficient 𝐴 or radius 𝑅𝑐
∗, the average Nusselt number 

𝑁𝑢̅̅ ̅̅  is increased due to the larger maximum radius of the cylinder’s peak.  

 For the mixed convection with eccentric sinusoidal cylinders, the heat transfer and 

fluid flow is highly affected by the placement of the cylinders. The Nusselt 

number 𝑁𝑢̅̅ ̅̅  is high when the sinusoidal cylinder locates near the corner because 

the isotherms are compressed at two surfaces of the cavity. The mixed convection 

with concentric cylinder has the minimum 𝑁𝑢̅̅ ̅̅ .  

 The immersed boundary-thermal lattice Boltzmann method is demonstrated as a 

powerful and efficient numerical approach to study the convective heat transfer 

with complex geometries on a CUDA computational platform.  
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CHAPTER 6:  Modeling of Alternating Current Electrothermal Pumping in 

Microfluidic Systems  

Nomenclature 

𝑐     lattice speed  

𝒆𝑖    lattice speed in direction 𝑖 
c𝑝   specific heat capacity   

𝑐𝑠    sound speed of the model defined as 𝑐𝑠
2 =

𝑐2

3
 

𝑬     electric field 

𝑬∗   dimensionless electric field 

𝑭     body force 

𝑭𝑏   buoyancy force 

𝑭𝑏
∗    dimensionless buoyancy force 

𝑭𝑒   electrothermal force 

𝑭𝑒
∗    dimensionless electrothermal force 

𝒈     gravitational acceleration 

𝑔𝑖    distribution function of Laplace’s equation in direction 𝑖 
𝑔𝑖
𝑒𝑞

  equilibrium distribution function of Laplace’s equation in direction 𝑖 

ℎ𝑖    distribution function of Poisson’s equation in direction 𝑖 
ℎ𝑖
𝑒𝑞

  equilibrium distribution function of Poisson’s equation in direction 𝑖 

𝑘      thermal conductivity 

𝐿𝑐    characteristic length 

𝐿2    relative 𝐿2 error  

𝑁     the number of grids along 𝑦∗ direction in test case  

𝑁𝑥   block size in 𝑥 direction on CUDA platform 

𝑁𝑦   block size in 𝑦 direction on CUDA platform 

𝑛      number of lattice grids in horizontal direction 

𝑚     number of lattice grids in vertical direction 

𝐽𝐻   Joule heating 

𝐽𝐻∗ dimensionless Joule heating 

𝑘     thermal conductivity 

𝑝     pressure 

𝑝∗    dimensionless pressure 

𝑝𝑟    reference pressure 

𝑄      volumetric flow rate per channel width 

𝑇     temperature 

𝑇𝑟    reference temperature 

𝑇𝑙𝑒𝑓𝑡 Temperature on the left electrode 
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𝑇𝑟𝑖𝑔ℎ𝑡 Temperature on the right electrode 

𝑡      time 

𝒖     velocity 

𝒖∗   dimensionless velocity 

𝑢∗   dimensionless velocity in horizontal direction 

𝑣∗   dimensionless velocity in vertical direction 

𝑢𝑚𝑎𝑥 maximum velocity in horizontal direction at 𝑥 = 250 𝜇𝑚 

𝑣𝑚𝑎𝑥    maximum velocity in vertical direction at 𝑦 = 50 𝜇𝑚 

𝑢𝐿𝐵𝑀
∗𝑖  velocity of lattice Boltzmann method in test case 

𝑢𝑎𝑛𝑎𝑙𝑦𝑡𝑖𝑐𝑎𝑙
∗𝑖  analytical velocity in test case 

𝑉𝑐    characteristic velocity 

𝑤𝑖   weight coefficient in direction 𝑖 
𝒙     position vector 

𝑥     horizontal coordinate 

𝑥∗   dimensionless horizontal coordinate 

𝑦     vertical coordinate 

𝑦∗   dimensionless vertical coordinate 

𝑧     front and back coordinate 

𝑧∗   dimensionless front and back coordinate 

𝑥𝑚𝑎𝑥 horizontal coordinate of 𝑣𝑚𝑎𝑥 

𝑦𝑚𝑎𝑥 vertical coordinate of 𝑢𝑚𝑎𝑥 

 

 

Greek symbols 

𝛼    defined as 𝛼 =
𝛿𝜎

𝛿𝜀
 

𝛼𝑔   lattice diffusivity of Laplace’s equation 

𝛼ℎ   lattice diffusivity of Poisson’s equation 

𝛽     thermal expansion coefficient  

∆𝑇  characteristic temperature  

∆𝑥𝑐   coarse LBM mesh size in 𝑥∗ coordinate 

∆𝑥𝑓1   fine LBM mesh size in 𝑥∗ coordinate 

∆𝑥𝑓2   fine LBM mesh size in 𝑥∗ coordinate 

∆𝑦𝑐   coarse LBM mesh size in 𝑦∗ coordinate 

∆𝑦𝑓   fine LBM mesh size in 𝑦∗ coordinate 

∆𝑧𝑐   coarse LBM mesh size in 𝑧∗ coordinate 

∆𝑧𝑓   fine LBM mesh size in 𝑧∗ coordinate 

𝛿𝜎   defined as 𝛿𝜎 =
1

𝜎

𝑑𝜎

𝑑𝑇
  

𝛿    defined as 𝛿 =
1 𝑑

𝑑𝑇
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𝛿𝑡   time step 

𝛿𝑥   lattice space 

휀     permittivity 

휀𝑟    reference permittivity at 𝑇𝑟     

𝜑     AC electric potential 

𝜑∗   dimensionless AC electric potential  

𝜑0    applied potential 

𝜑𝑙𝑒𝑓𝑡 electric potential on left electrode 

𝜑𝑟𝑖𝑔ℎ𝑡 electric potential on right electrode 

𝜇     dynamic viscosity 

𝜃     dimensionless temperature 

𝜃𝑖    direction of lattice speed  

ρ     density 

ρ∗    density in LBM computation 

𝜎     conductivity 

𝜎𝑟    reference conductivity at 𝑇𝑟     

𝜏     charge relaxation time 

𝜏𝑔   dimensionless relaxation time of Laplace’s equation 

𝜏ℎ   dimensionless relaxation time of Poisson’s equation 

𝜏𝑓   dimensionless relaxation time of density 

𝜐    fluid kinematic viscosity 

𝜔    AC voltage frequency 

 

6.1 Introduction  

Electrothermal flow is induced by the action of AC electric field in an aqueous solution 

with temperature gradient. The temperature field is generated by the electric field through 

Joule heating and other external sources such as illumination [139]. Observations show 

that when the AC signal frequency is in the order of 1 MHz and voltage is about 10 V, 

the electrothermal effect is important in microfluidic systems [140-141]. The 

electrothermal flow is driven by electrothermal force inside the microsystems. This 

research has attracted the world’s attention because its wide applications in microfluidic 
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systems. Great progresses in this research field were made by the improvement on 

fabrication methods to create microelectrode structures [142-144]. The electrothermal 

flow was studied initially as an accompanying phenomenon in AC dielectrophoretic 

(DEP) for particles manipulation by symmetric electrode pairs [145-147]. It was found 

that the electrothermal flow is in the same order or even larger than the DEP under 

certain circumstance [146]. As a result, the floating height of the particles in negative 

DEP application is affected [147]. The two dimensional electrothermal flow in a 

microfluidic enclosure is investigated by boundary element method (BEM) in our 

previous research [148]. Lu et al. experimentally and numerically studied the long-range 

electrothermal fluid motion in microfluidics [149]. In addition, the AC electrothermal 

flow was proposed as an actuation mechanism for pumping in microfluidic chips [150-

153]. Hong et al. investigated the electrothermal flow in microchannel and the effects 

such as electrode size, the material properties of electrolyte solution and the channel base 

material, AC voltage and frequency [152]. The mixing and binding efficiency for the 

heterogeneous immune-sensors in microfluidic systems can be enhanced with 

electrothermal flow [154-156]. Feng et al. [154] numerically studied the mixing by 

electrothermal flow in cavity and microchannel. The enhancement on mixing efficiency 

with electrothermal effect can be observed in their results. Huang et al. [156] investigated 

the parametric effects such as thermal boundary condition, reaction surface location and 

design of microchannel for the binding efficiency of a biosensor. It is important to study 
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the parametric effects of electrothermal pump so that we can understand its applications 

in microfluidic systems.  In this dissertation, lattice Boltzmann method is used to study 

the electrothermal pumping in both two dimension and three dimension domains [36] on 

a CUDA platform by GPU .  

6.2 Mathematical formulation  

6.2.1 Governing equations 

Hong et al. [153] stated that when the temperature rise caused by Joule heating in the AC 

di-electrophoretic (DEP) applications is small and has negligible effect on the fluid 

properties, the model proposed by Ramos et al. [139] for AC electrothermal flow is 

applicable. In this simulation work, Ramos’s model was applied to simulate the AC 

electrothermal pump. The electric potential 𝜑 is governed by: 

∇2𝜑 = 0                                                      (168)   

Consequently, the electric field 𝑬 inside the system can be computed by: 

𝑬 = −∇𝜑                                                     (169) 

The Joule heating (𝐽𝐻) which serves as the heat source generated by the electric field is 

calculated by: 

𝐽𝐻 = 𝜎(𝑬 ∙ 𝑬)                                                    (170)   

In this microfluidic system, Peclet number is small when water is used as the working 

fluid. In this case, the convection term can be neglected in the energy equation. 

Furthermore, for alternating current at high frequencies the conduction can be modeled 
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by a steady state process. Thus, the energy equation is simplified to the steady heat 

conduction equation: 

𝑘∇2𝑇 + 𝐽𝐻 = 0                                                  (171)    

The Navier-Stokes equations need to be solved to analyze the fluid flow inside the 

electrothermal system, which is incompressible. As the Reynolds number for 

electrothermal flow in microfluidic system is small, the momentum equation is simplified 

to Stokes equation. The continuity equation and momentum equation are therefore given 

by: 

∇ ∙ 𝒖 = 0                                                        (172) 

0 = −∇𝑝 + 𝜇∇2𝒖 + 𝑭                                             (173)  

In this modeling work, the permittivity 휀  and conductivity 𝜎  of the medium are 

approximated by linear functions in temperature as shown below: 

𝛿 =
1 𝑑

𝑑𝑇
 , 𝛿𝜎 =

1

𝜎

𝑑𝜎

𝑑𝑇
 , 휀 = 휀𝑟[1 + 𝛿 (𝑇 − 𝑇𝑟)], 𝜎 = 𝜎𝑟[1 + 𝛿𝜎(𝑇 − 𝑇𝑟)]     (174) 

As the alternating current is applied in the electrothermal system, the time average force 

should be computed by: 

𝑭𝑒 =
1

2
(
𝛿𝜀(1−𝛼)

𝜔2𝜏2+1
휀𝑟(∇𝑇 ∙ 𝑬))𝑬 −

1

4
휀𝑟𝛿 ∇𝑇|𝑬|

2                           (175) 

𝛼 =
𝛿𝜎

𝛿𝜀
                                                       (176)           

𝜏 = 𝑟

𝜎𝑟
                                                        (177) 

The first term is the Coulomb force and second term is the dielectric force. 
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The buoyancy force can be expressed as:  

𝑭𝑏 = 𝜌𝛽𝒈(𝑇 − 𝑇𝑟)                                               (178) 

6.2.2 Non-dimensionalization 

To analyze all the governing equations for electrothermal pump by lattice Boltzmann 

method, the governing equations were non-dimensionalized according to the variables in 

Table 24. All the dimensionless governing equations are listed below [148]: 

∇∗2𝜑∗ = 0                                                       (179)   

𝑬∗ = −∇∗𝜑∗                                                     (180) 

𝐽𝐻∗ = (𝑬∗ ∙ 𝑬∗)                                                   (181) 

∇∗2𝜃 + 𝐽𝐻∗ = 0                                                   (182) 

∇∗ ∙ 𝒖∗ = 0                                                       (183) 

0 = −∇∗𝑝∗ + ∇∗2𝒖∗ + 𝑭𝑒
∗ +

𝜌𝛽𝑔𝐿𝑐
3

𝑟𝜑0
2𝛿𝜎

𝑭𝑏
∗                                  (184) 

The dimensionless driving force is given by: 

𝑭𝑒
∗ = −

1

2
{((

(1−
1

𝛼
)

𝜔2𝜏2+1
) (∇∗𝜃 ∙ 𝑬∗))𝑬∗ +

1

2𝛼
∇∗𝜃|𝑬∗|2}                      (185) 

𝑭𝑏
∗ = 𝜃                                                         (186)          
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Table 24. Non-dimensional variables of electrothermal flow 

Non-dimensional variables 

Type Expression Notes 

Length 
𝑥∗, 𝑦∗ =

(𝑥, 𝑦)

𝐿𝑐
 

𝐿𝑐, characteristic length 

Potential 𝜑∗ =
𝜑

𝜑0
 𝜑0, applied potential 

Temperature 𝜃 =
𝑇−𝑇𝑟

∆𝑇
; ∆𝑇 =

𝜎𝜑0
2

𝑘
 𝑇𝑟, reference temperature; 

∆𝑇, characteristic 

temperature scale 

 

Electrothermal force 
𝑭𝑒
∗ =

𝑭𝑒

휀𝑟𝜑0
2𝛿𝜎∆𝑇 𝐿𝑐

3⁄
 

𝑭𝑒, time average force 

Buoyance force 
𝑭𝑏
∗ =

𝑭𝑏
𝜌𝑟𝛽𝑔∆𝑇

 
𝑭𝑏, buoyance force 

Velocity 𝒖∗ =
𝒖

𝑉𝑐
; 𝑉𝑐 =

𝑟𝜑0
2𝛿𝜎∆𝑇

𝜇𝐿𝑐
 𝑉𝑐, characteristic velocity 

Pressure 𝑝∗ =
𝑝 − 𝑝𝑟
𝜇𝑉𝑐 𝐿𝑐⁄

 𝑝𝑟, reference pressure 

 
 

6.3 Two dimensional modeling of electrothermal pumping 

6.3.1 Lattice Boltzmann method 

The standard D2Q9 model was used for solving all the dimensionless equations in the 

current simulation. To get the dimensionless electric potential  𝜑∗, the Laplace’s equation 

Eq. (179) needs to be solved. The BGK approximation lattice Boltzmann equation for 

this is:         

𝑔𝑖(𝒙 + 𝒆𝑖𝛿𝑡, 𝑡 + 𝛿𝑡) − 𝑔𝑖(𝒙, 𝑡) =
1

𝜏𝑔
(𝑔𝑖

𝑒𝑞(𝒙, 𝑡) − 𝑔𝑖(𝒙, 𝑡))                (187) 
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The discrete velocities 𝒆𝑖 for model D2Q9 are defined in equation (31). 𝜏𝑔 is given by: 

𝜏𝑔 = 𝛼𝑔 (𝑐𝑠
2𝛿𝑡)⁄ + 0.5                                              (188) 

The corresponding equilibrium distribution function 𝑔𝑖
𝑒𝑞(𝒙, 𝑡) is defined by: 

𝑔𝑖
𝑒𝑞(𝒙, 𝑡) = 𝑤𝑖 𝜑

∗(𝒙, 𝑡)                                             (189) 

𝑤𝑖 , the weighting factors, for D2Q9 are given in equation (32). 

The dimensionless electric potential  𝜑∗(𝒙, 𝑡) can be computed by: 

 𝜑∗(𝒙, 𝑡) = ∑ 𝑔𝑖(𝒙, 𝑡)
8
𝑖=0                                            (190) 

The electric field 𝑬∗  can be calculated using finite difference equations. The Joule 

heating 𝐽𝐻∗ is computed according to Eq. (181). 

To solve the Poisson’s equation Eq. (182) for dimensionless temperature 𝜃(𝒙, 𝑡) using 

lattice Boltzmann method, the distribution function ℎ𝑖(𝒙, 𝑡) for temperature is calculated. 

Compared with the method for computing the electric potential, the Joule heating term 

𝐽𝐻∗  is added into the collision step. The lattice Boltzmann equation for Poisson’s 

equation is given by: 

ℎ𝑖(𝒙 + 𝒆𝑖𝛿𝑡, 𝑡 + 𝛿𝑡) − ℎ𝑖(𝒙, 𝑡) =
1

𝜏ℎ
(ℎ𝑖

𝑒𝑞(𝒙, 𝑡) − ℎ𝑖(𝒙, 𝑡)) + 𝑤𝑖𝛿𝑡𝐽𝐻
∗(𝒙)     (191) 

 𝜏ℎ is defined as: 

𝜏ℎ = 𝛼ℎ (𝑐𝑠
2𝛿𝑡)⁄ + 0.5                                              (192) 

The equilibrium distribution function ℎ𝑖
𝑒𝑞(𝒙, 𝑡) is defined as: 

ℎ𝑖
𝑒𝑞(𝒙, 𝑡) = 𝑤𝑖𝜃(𝒙, 𝑡)                                              (193) 
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Similarly, the dimensionless temperature 𝜃(𝒙, 𝑡) can be calculated by: 

𝜃(𝒙, 𝑡) = ∑ ℎ𝑖(𝒙, 𝑡)
8
𝑖=0                                              (194) 

The temperature gradient ∇∗𝜃 is calculated by finite difference equations.  

The D2Q9 model for fluid flow is presented from equation (29)-(36) in Chapter 2. 

6.3.2 CUDA code validation 

To test the current LBM code, two cases with analytical solutions are presented. The 

Poisson equation solver was calibrated by the case of a square domain with analytical 

solution [157]: 

∇∗2𝜃 = −1, −1 ≤ 𝑥∗ ≤ 1, −1 ≤ 𝑦∗ ≤ 1                                   (195) 

𝜃 = 0 at all the boundary surfaces                                    (196) 

The current LBM result using 100 ∗ 100 lattice grids agrees well with the analytical 

solution as shown in Fig. 46. The maximum relative difference between LBM result and 

analytical result is 3.085 × 10−9.         
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Fig. 46 Test case for Poisson’s equation solver 

The test case for Stokes flow solver is unidirectional flow driven by uniform force in a 

channel: 

∇∗ ∙ 𝒖∗ = 0                                                       (197) 

0 = ∇∗2𝒖∗ + 1                                                    (198) 

0 ≤ 𝑥∗ ≤ 5, 0 ≤ 𝑦∗ ≤ 1                                                  (199)   

𝑢∗ = 0, 𝑣∗ = 0 at 𝑦∗ = 0                                                 (200) 

                                             𝑢∗ = 0, 𝑣∗ = 0 at 𝑦∗ = 1                                                        (201) 

𝜕𝑢∗

𝜕𝑥∗
= 0, 𝑣∗ = 0, 𝑝∗ = 0 at 𝑥∗ = 0                                         (202) 

𝜕𝑢∗

𝜕𝑥∗
= 0, 𝑣∗ = 0, 𝑝∗ = 0 at 𝑥∗ = 5                                          (203) 

The analytical solution for this fluid flow is: 

𝑢∗ = −0.5 ∗ 𝑦∗ ∗ (𝑦∗ − 1), 𝑣∗ = 0                                    (204)      

The 𝑢∗  velocity at 𝑥∗ = 2.5  is plotted in Fig. 47. The current LBM result using 
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100 ∗ 500 lattice grids is in good agreement with the analytical solution. The relative 𝐿2 

error was defined as: 

𝐿2 =
1

𝑁
∑ √(

𝑢𝐿𝐵𝑀
∗𝑖 −𝑢𝑎𝑛𝑎𝑙𝑦𝑡𝑖𝑐𝑎𝑙

∗𝑖

𝑢𝑎𝑛𝑎𝑙𝑦𝑡𝑖𝑐𝑎𝑙
∗𝑖 )

2
𝑁
𝑖=1  at 𝑥∗ = 2.5                               (205)  

𝑁 is the number of grids along 𝑦∗ direction which is 100.  The 𝐿2 error is 0.003974% 

for this test case. 

 

Fig. 47 Test case for Stokes flow solver 

6.3.3 Electrothermal pump 

The electrothermal pump domain is shown in Fig. 48. The two electrodes are located on 

the bottom of the channel. The general considerations of the boundary conditions are 

presented first.  The specific values are presented in the Results section. 
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Fig. 48 Electrothermal pump domain in two dimension 

Electric potential and temperature 

The boundary conditions for electric potential and temperature are: 

The left electrode: 

𝜑(𝒙, 𝑡) = 𝜑𝑙𝑒𝑓𝑡                                                   (206) 

𝑇(𝒙, 𝑡) = 𝑇𝑙𝑒𝑓𝑡                                                   (207)  

The right electrode: 

𝜑(𝒙, 𝑡) = 𝜑𝑟𝑖𝑔ℎ𝑡                                                  (208) 

𝑇(𝒙, 𝑡) = 𝑇𝑟𝑖𝑔ℎ𝑡                                                   (209)  

The other surfaces: 

𝜕𝜑(𝒙,𝑡)

𝜕𝑛
= 0                                                       (210) 

𝜕𝑇(𝒙,𝑡)

𝜕𝑛
= 0                                                       (211) 
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Velocity 

For an electrothermal pump, because of the low Reynolds number, the fluid flow was 

assumed to be fully developed at the inlet and outlet of the channel. So the velocity 

profile at the inlet and outlet is parabolic. We can apply the periodic boundary condition 

for left and right boundary of the pump.  

The inlet boundary: 

𝑓1(0, 𝑦, 𝑡) = 𝑓1(𝑛, 𝑦, 𝑡) 

𝑓5(0, 𝑦, 𝑡) = 𝑓5(𝑛, 𝑦, 𝑡)  

            𝑓8(0, 𝑦, 𝑡) = 𝑓8(𝑛, 𝑦, 𝑡)                                       (212) 

The outlet boundary: 

𝑓3(𝑛, 𝑦, 𝑡) = 𝑓3(0, 𝑦, 𝑡)   

𝑓6(𝑛, 𝑦, 𝑡) = 𝑓6(0, 𝑦, 𝑡)   

            𝑓7(𝑛, 𝑦, 𝑡) = 𝑓7(0, 𝑦, 𝑡)                                       (213) 

On the top and bottom boundaries, the velocity boundary conditions are non-slip and no 

penetration. The bounce back condition was applied for the density distribution function 

as: 

The top boundary: 

𝑓4(𝑥,𝑚, 𝑡) = 𝑓2(𝑥,𝑚, 𝑡)   

𝑓7(𝑥,𝑚, 𝑡) = 𝑓5(𝑥,𝑚, 𝑡)   

                                                          𝑓8(𝑥,𝑚, 𝑡) = 𝑓6(𝑥,𝑚, 𝑡)                                      (214)   

The bottom boundary:    

𝑓2(𝑥, 0, 𝑡) = 𝑓4(𝑥, 0, 𝑡)  

𝑓5(𝑥, 0, 𝑡) = 𝑓7(𝑥, 0, 𝑡)  

            𝑓6(𝑥, 0, 𝑡) = 𝑓8(𝑥, 0, 𝑡)                                       (215)                 
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Results and discussions   

The values of all the parameters are listed in Table 25. In this case,  
𝜌𝛽𝑔𝐿𝑐

3

𝜑0
2𝛿𝜎

= 0.005739, 

so the buoyancy force can be neglected.  

Table 25. Parameter Values of electrothermal flow 

symbol Value Units Notes 

𝜎𝑟 0.05 [𝑆 𝑚⁄ ] 
[𝐴 𝑉𝑚⁄ ] 

Conductivity (water 

at 25 ℃) [158] 

휀𝑟 7.08 × 10−10 [𝐹𝑎𝑟𝑎𝑑 𝑚⁄ ] Permittivity 

𝑘 0.58 [𝑊 (𝑚 ∙ 𝑘)⁄ ] Thermal 

Conductivity (water 

at 25 ℃) [159] 

𝜔 1,000,000 [𝐻𝑧] Frequency 

𝜌 998.23 [𝑘𝑔 𝑚3⁄ ] Density (water at 

25 ℃) [159] 

𝛽 2.07 × 10−4 1 𝐾⁄  Thermal Expansion 

Coefficient (water at 

20 ℃) 

𝜇 8.55 × 10−4 [𝑁 ∙ 𝑠 𝑚2⁄ ] Dynamic Viscosity 

(water at 25 ℃) 

[159] 

𝜑0 5 𝑉 Applied Reference 

Voltage 

𝑐𝑝 4,181 [𝐽 𝑘𝑔 ∙ 𝐾⁄ ] Specific Heat 

Capacity 

(water at 25 ℃) 

𝐿𝑐 0.0001 [𝑚] Characteristic 

Length 

(100 𝜇𝑚) 

∆𝑇 2.1552 [𝐾]  

𝑇𝑟 298 [𝐾]  

𝜏 1.42 × 10−8 [𝑠] Charge relaxation 

time 

𝛿𝜎 2.0% 1 °⁄  Used in [139] 

𝛿  −0.4% 1 °⁄  Used in [139] 

𝒈 9.832 𝑚 𝑠2⁄  Gravitational 

Acceleration 
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Case A 

In this case, the electrode width is 40 𝜇𝑚 and the distance between two electrodes is 

20 𝜇𝑚. The two electrodes are symmetric between the center of the electrothermal pump 

domain. The AC electric potential on the electrodes is ±5 𝑉. The temperature on the left 

electrode is 299 𝐾  while the right electrode’s temperature is 297 𝐾 . All the other 

parameters are listed in Table 25. The electric potential is shown in Fig. 49. The 

symmetry of the electric potential in the channel can be observed in the case. The 

configuration of electrodes is also shown in the figure. In Fig. 50, the temperature field is 

plotted. The AC electrothermal force is generated by the electric field and non-uniform 

temperature field inside the pump. The temperature distribution is not symmetric due to 

the asymmetric thermal boundary condition on the electrodes. There are two kinds of 

electrothermal forces inside the electrothermal pump. The Coulomb force is shown in 

Fig. 51a while the dielectric force is displayed in Fig. 51b. The maximum Coulomb force 

and dielectric force appear around the electrodes. The combined force is plotted in Fig. 

51c. The Coulomb force is dominant for this case when the frequency is 𝜔 =

1000000 𝐻𝑧.  
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Fig. 49 Electric potential for case A in two dimension (V) 

 

 

 
Fig. 50 Temperature for case A in two dimension (K) 

 

 

(a) 
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(b) 

 

 
(c) 

Fig. 51 (a) Coulomb force, (b) Dielectric force, (c) Force field 

 

Fig. 52 shows the velocity vectors inside the electrothermal pump. There is a counter-

clockwise circulation in the center region of the pump system. The velocity vectors are 

consistent with the force field. The 𝑢 velocity at different 𝑥 locations is plotted in Fig. 53. 

As previously stated, the fluid flow is fully developed at the inlet and outlet of the 

channel. So the 𝑢 velocities at 𝑥 = 0 (𝜇𝑚) and 𝑥 = 500 (𝜇𝑚) are parabolic and match 

with each other. For the u velocities at the central region, we can see the velocities vary 

from negative value to positive value which indicates the circulation. The magnitude of 

the maximum velocity is the order of 100 (𝜇𝑚 𝑠⁄ ). The volumetric flow rate per unit 

channel width 𝑄  can be calculated by integrating 𝑢  with respect to y across the 
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channel height. For this particular case, it was found to be 1.2720 × 10−8  
𝑚2

𝑠
. To test the 

grid independence, we compared maximum velocity  𝑢𝑚𝑎𝑥  (
𝑚

𝑠
)  at 𝑥 = 250 𝜇𝑚 , 

𝑣𝑚𝑎𝑥  (
𝑚

𝑠
) at 𝑦 = 50 𝜇𝑚 and volumetric flow rate 𝑄  calculated by  1200 ∗ 240 lattice 

grids and 1500 ∗ 300 lattice grids in Table 26. The maximum difference was 0.0973%. 

In the current study, 1200 ∗ 240  lattice grids were used to study the electrothermal 

pump. The ratio of the computational time between CPU code (not parallel) and CUDA 

code is presented in Table 27. The acceleration by using GPU is more than 12 times for 

Laplace’s equation and 22 times for Stokes flow on computational time.  

 

 

 Fig. 52 Velocity vectors of 2D electrothermal pump 
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Fig. 53 The u velocities at different x locations for case A in two dimension 

 

 

 

Table 26. Grid independence study of 2D electrothermal pump 

Lattice 

grid 

numbers 

𝑢𝑚𝑎𝑥  (
𝑚

𝑠
) 𝑦𝑚𝑎𝑥  (𝜇𝑚) 𝑣𝑚𝑎𝑥  (

𝑚

𝑠
) 𝑥𝑚𝑎𝑥  (𝜇𝑚) 

𝑄 (
𝑚2

𝑠
)  

1200
∗ 240 

0.0008913 7.917 0.00023643 292.0833 1.2720
× 10−8 

1500
∗ 300 

0.0008918 8.0 0.00023666 292.00 1.2728
× 10−8 
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Table 27. The comparison of computational time in 2D electrothermal pump 

 

 

Type 

CPU intel 

core i7 3770 ( 

4 core) 

1200 ∗ 240 
lattice grids 

 s/LBM time 

step 

GPU GTX 

TITAN  

1200 ∗ 240 
lattice grids 

s/LBM time 

step 

 

 

Scaling 

CPU intel 

core i7 3770 ( 

4 core) 

1500 ∗ 300 
lattice grids 

s/LBM time 

step 

GPU GTX 

TITAN  

1500 ∗ 300 
lattice grids 

s/LBM time 

step 

 

 

Ratio 

Laplace’s 

equation 
0.07363 0.005784 12.73 0.1173 0.007127 16.46 

Stokes 

flow 
0.21243 0.009581 22.17 0.3246  0.01104 29.40 

 

Case B 

In this case, the thermal boundary condition is 298 𝐾  on both electrodes. The left 

electrode location and the distance between the two electrodes are the same as case A.  

The width of the right electrode is increased to 100 𝜇𝑚. The electric potential is shown in 

Fig. 54. As expected, the potential is not symmetric for this case due to the asymmetric 

electrode configuration. Because of asymmetric Joule heating, the temperature field is not 

symmetric as plotted in Fig. 55. With the asymmetric electric field and temperature 

distribution, the asymmetric electrothermal force is generated so that the fluid flow is 

driven inside the pump. The 𝑢 velocities along 𝑥 direction are presented in Fig. 56. The 

volumetric flow rate per channel width is 1.6895 × 10−9  
𝑚2

𝑠
. It is clear that the 

volumetric flow rate for this case is ten times smaller in order compared with case A. The 

purpose of the current study was to design an electrothermal pump, so a parametric study 

was carried out for case A which has symmetric electrode configuration and asymmetric 
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thermal boundary condition. 

 

Fig. 54 Electric potential for case B in two dimension (V)  

 

 

Fig. 55 Temperature for case B in two dimension (K) 

 

 
Fig. 56 The u velocities at different x locations for case B in two deimension 
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Parametric study of electrothermal pump 

There are lots of governing parameters for the electrothermal flow in the pump as shown 

in Table 25. By completing the non-dimensionalization of the governing equations, the 

velocity was shown to scale like 𝜑0
4 . One parameter was changed at a time in the 

parametric studies. Since alternating current is used, the frequency is a key factor to the 

volumetric flow rate of the system. The volumetric flow rate versus frequency is shown 

in Fig.57. From the figure, in the low frequency range the Coulomb force is dominant and 

dielectric force becomes dominant for the high frequency region. The crossover 

frequency is about 108 𝐻𝑧. As the Coulomb force and dielectric force are in different 

direction, it is interesting to see the fluid flow will be driven to the opposite direction 

when the frequency is larger than 108 𝐻𝑧. But the low frequency range will offer higher 

volumetric flow rate inside the pump.  

In case A, we set the temperature difference between the two electrodes as 2 𝐾  to 

generate asymmetric electrothermal driven forces for fluid flow in the pump.  The 

temperature difference between two electrodes was varied from 1 𝐾 to 6 𝐾 to show how 

it affects the volumetric flow rate in Fig. 58. The volumetric flow rate increases linearly 

versus the temperature difference between the two electrodes. To study the volumetric 

flow rate with respect to electrode width, the locations of the left electrode right edge and 

the right electrode left edge were set the same as case A. The width of the two electrodes 

was increased simultaneously. The dash lines are the extended part of the electrode width 
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as shown in Fig. 59 (a). The volumetric flow rate versus electrode width is plotted in Fig. 

59 (b). The impact of distance between the two electrodes on volumetric flow rate is then 

investigated. As shown in Fig. 60, when the distance between electrodes increases, the 

volumetric flow rate becomes smaller due to the weaker electric field and temperature 

gradient.  

 
 

 

Fig. 57 The volumetric flow rate versus AC voltage frequency in two deimension 
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Fig. 58 The volumetric flow rate versus temperature difference between electrodes 

 

 

 

 

(a) 
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(b) 

Fig. 59 (a) Electrode width, (b) Volumetric flow rate versus electrode width 

 

Fig. 60 The volumetric flow rate versus distance between electrodes 
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6.4 Three dimensional modeling of electrothermal pumping 

6.4.1 Lattice Boltzmann method with non-uniform grids 

The standard D3Q15 model was used for solving all the dimensionless equations in the 

current simulation as shown in Fig. 61. The lattice Boltzmann equation, the scheme of 

tackling body force, and the calculation of macroscopic variables in three dimension are 

the same as those in two dimension work except the discrete velocities 𝒆𝑖 and the weight 

coefficient 𝜔𝑖. The discrete velocities for D3Q15 model are given by: 

𝒆𝑖 {
0     𝑎𝑡 𝑖 = 0

(±1, 0, 0), (0, ±1, 0), (0, 0, ±1)     𝑎𝑡 𝑖 = 1~6 
(±1,±1,±1)     𝑎𝑡 𝑖 = 7~14

                      (216) 

 

Fig. 61 D3Q15 model 

The weight coefficient 𝜔𝑖 for D3Q15 model are defind as: 

𝜔𝑖 = {
2 9     𝑎𝑡 𝑖 = 0      ⁄

  1 9     𝑎𝑡 𝑖 = 1~6⁄   
1 72     𝑎𝑡 𝑖 = 7~14⁄

                                         (217)      
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It is known that the standard LBM models are only applicable on uniform Cartesian 

mesh. As seen in the two dimensional simulation, 1200 ∗ 240 uniform grids are used to 

simulate the electrothermal flow in microchannels. However, it is impossible to use such 

a large number of uniform mesh in three dimensional modeling due to the computational 

load and memory of computer. To obtain high resolution near the electrodes region and 

save computational time and memory, it is necessary to use non-uniform Cartesian mesh 

for the LBM solver. There are a few approaches in the literature about LBM on non-

uniform mesh [160-165]. The model developed by Wu and Shu is used in the current 

simulation [166]. With the feature of non-uniform mesh, the post-collision distribution 

function at a position different from the mesh points is calculated by second order 

accuracy Lagrange interpolation along straight mesh lines with simple algebraic 

operation of the standard LBM. The characteristic of local algebraic operation makes this 

model quite appropriate for parallel computing using GPU on CUDA. The details about 

this approach could be found in the work of Wu and Shu [166].  The same approach for 

non-uniform mesh of LBM is also applied to Laplace’s equation and Poisson’s equation. 

In addition, the electric field and temperature gradient are calculated by the local scheme 

using distribution functions derived by Huang et al. [167].  

6.4.2 CUDA code validation of 3D LBM with non-uniform Cartesian mesh 

To test the current 3D LBM CUDA code, the 3D cavity flow at low Renolds number 

𝑅𝑒 ≪ 1 is presented in this section.  P.N. Shankar and M.D. Deshpande discuss the fluid 
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mechanics in the driven cavity [168]. They found that the boundary layer effects can be 

neglected at the mid-plane for low Reynolds number case when the aspect ratio (length in 

z / length in x and y) is larger than 3. So for the Stokes flow, the velocity of 3D cavity in 

the mid-plane should be the same as that of the 2D square cavity case. We compare 

current results of 3D LBM with both uniform (100 ∗ 100 ∗ 100) and non-uniform mesh 

(81 ∗ 81 ∗ 81) with 3D BEM with analytical singular integral [169], 2D BEM [169], and 

Burggraf’s results [170] on the centerline in Fig. 62. Fig. 62 (a) shows the x-component 

velocity profile (u) versus y along the vertical centerline (x = 0.5 and z = 1.5) of the 

cavity. On the other hand, the velocity profile for y-component (v) versus x along the 

centerline at z=1.5 and y = 0.5 is shown in Fig. 62 (b). It is observed that all the results 

match well with each other. In addition, the ratio of computational time between CUDA 

code and CPU code (not parallel) for 3D LBM with uniform mesh is presented in Table 

28. It is shown that the acceleration ratio is more than 190 times when GPU computing is 

executed at 100 ∗ 100 ∗ 100 lattice grids.  
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Fig. 62(a) The u velocity on the centerline at x=0.5 in 3D lid-driven cavity 

 

Fig. 62(b) The v velocity on the centerline at z=1.5 in 3D lid-driven cavity 
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Table 28. Computational cost comparison for 3D cavity flow by LBM with uniform mesh 

Grids number 80 ∗ 80 ∗ 80 90 ∗ 90 ∗ 90 100 ∗ 100 ∗ 100 

CPU intel core i7 

4770   

s/LBM time step 

4.0977 5.8171 7.9802 

GPU GTX TITAN  

s/LBM time step 

0.0247 0.0325 0.0420 

Ratio   165.899 178.988 190.005 

 

6.4.3 Electrothermal pump 

Non-uniform LBM mesh 

The non-uniform LBM mesh used in the current section is presented as follows: 

∆𝑥𝑓1 = 0.004, 𝑎𝑡 0 ≤ 𝑥∗ ≤ 0.1 𝑎𝑛𝑑 2.9 ≤ 𝑥∗ ≤ 3.0; 

∆𝑥𝑓2 = 0.01 𝑎𝑡 1 ≤ 𝑥
∗ ≤ 2 ;  

∆𝑥𝑐 = 0.015, 𝑎𝑡 0.1 < 𝑥∗ < 1 𝑎𝑛𝑑 2 < 𝑥∗ < 2.9.                   (218)        

∆𝑦𝑓 = 0.004, 𝑎𝑡 0 ≤ 𝑦∗ ≤ 0.1 𝑎𝑛𝑑 0.9 ≤ 𝑦∗ ≤ 1.0; 

∆𝑦𝑐 = 0.016 𝑎𝑡 0.1 < 𝑦∗ < 0.9 .                                     (219)      

∆𝑧𝑓 = 0.004, 𝑎𝑡 0 ≤ 𝑧∗ ≤ 0.1 𝑎𝑛𝑑 0.9 ≤ 𝑧∗ ≤ 1.0; 

∆𝑧𝑐 = 0.016 𝑎𝑡 0.1 < 𝑧∗ < 0.9 .                                     (220)      

The total number of LBM grids is 270 ∗ 100 ∗ 100 in this three dimensional simulation 

of electrothermal pumping in microfluidic systems.  The parameters used in the current 
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simulation is the same as the two-dimensional cases which are shown in Table 25. The 

boundary condition types for electric potential, temperature and velocities are also the 

same as the two dimensional simulations as presented from equation (206)-(215). In this 

dissertation, a specific case for the modeling of three-dimensional electrothermal 

pumping is presented and parametric studies will be carried out in our future work. 

In this case, the electrodes are on the y plane and the thickness of electrodes is neglected. 

The location of the left electrode is given by: 

100 𝜇𝑚 ≤ 𝑥 ≤ 140 𝜇𝑚 

0 𝜇𝑚 ≤ 𝑧 ≤ 100 𝜇𝑚                                              (221)       

The location of the right electrode is given by: 

160 𝜇𝑚 ≤ 𝑥 ≤ 200 𝜇𝑚 

34 𝜇𝑚 ≤ 𝑧 ≤ 66 𝜇𝑚                                              (222)       

The electric potential is displayed in Fig. 63. As shown, at 𝑧 = 50 𝜇𝑚, the two electrodes 

are on the bottom edge. It is observed that the magnitude of the electric potential in the 

left region is higher than that in the right region because the length of right electrode is 

longer. At 𝑦 = 0 𝜇𝑚 , the configuration of the two electrodes could be observed by 

distinguishing the potential region at ±5 𝑉. The electric field at  𝑧 = 50 𝜇𝑚 is plotted in 

Fig. 64(a). The electric field is dominant in the region close to electrodes. In Fig. 64(b), 

the electric field near the left electrode is shown at 𝑦 = 0 𝜇𝑚. The electric field is larger 

around the left edge of the electrode. In this case, the electric field is symmetric in the 𝑧 

direction as expected. In an aqueous solution, the Joule heating is generated due to the 

AC electric field as plotted in Fig. 65 (a) at 𝑧 = 50 𝜇𝑚 and Fig. 65(b) at 𝑦 = 0.4 𝜇𝑚. 

The Joule heating is dominant in the region between two electrodes where the electric 
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field is strong. It serves as the source of the temperature field in the electrothermal flow. 

 

Fig. 63 Electrical potential for three dimensional electrothermal pumping 

 

 
 

Fig. 64(a) Electric field for three dimensional electrothermal pumping at x-y plane  
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Fig. 64(b) Electric field for three dimensional electrothermal pumping at x-z plane  

 

 

Fig. 65(a) Joule heating for three dimensional electrothermal pumping at x-y plane 
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Fig. 65(b) Joule heating for three dimensional electrothermal pumping at x-z plane 

 

The temperature field at 𝑧 = 50 𝜇𝑚 is displayed in Fig. 66. Due to the asymmetric Joule 

heating and thermal boundary condition, the temperature field is not symmetric in the 𝑥 

direction. On the other hand, the temperature field at 𝑦 = 0 𝜇𝑚 is also plotted in Fig. 66. 

As expected, the temperature is symmetric in the 𝑧 direction. In addition, the temperature 

is higher in the left region than that in the right region in the current case . Electrothermal 

forces are generated due to the AC electric field and temperature gradient. When the 

frequency 𝜔 = 1000000 𝐻𝑧, the Coulomb force is dominant as discussed in the previous 

two dimensional cases. The force field at 𝑧 = 50 𝜇𝑚  is plotted in Fig. 67 (a). The 

maximum force appears near the electrode due to the large electric field and temperature 

gradient in this region. The fluid flow is driven by this asymmetric force in the 𝑥 
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direction inside the microfluidic systems. As shown in Fig. 67(b), at 𝑦 = 0.4 𝜇𝑚, the 

force field is symmetric in the 𝑧 direction because of the symmetric electric field and 

temperature field. The maximum forces exist close to the right electrode as shown.  

 

Fig. 66 Temperature for three dimensional electrothermal pumping 
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Fig. 67(a) Force field for three dimensional electrothermal pumping at x-y plane 

 

 

Fig. 67(b) Force field for three dimensional electrothermal pumping at x-z plane 
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The velocity vectors at 𝑧 = 50 𝜇𝑚  is plotted in Fig. 68(a). The maximum velocity 

appears near electrode region due to the electrothermal forces. A counter-clockwise 

vortex is observed in the central region of the pump. As the Reynolds number is low, the 

fluid flow is fully developed at the inlet and outlet regions. On the other hand, the 

velocity vectors at 𝑦 = 50 𝜇𝑚 is shown in Fig. 68(b). The 𝑢 velocity varies from positive 

to negative near 𝑥 = 140 𝜇𝑚 because of the counter-clockwise vortex as shown in Fig. 

68(a). In addition, the velocity is symmetric in the 𝑧 direction as expected. In Fig. 69, the 

𝑢  velocity at different across section areas is shown. In Fig. 69(a), the 𝑢  velocity at 

𝑥 = 0 𝜇𝑚 which is the inlet location is displayed. The 𝑢 velocity is parabolic as the low 

Reynolds number flow is assumed to be fully developed. As a comparison, the 𝑢 velocity 

at 𝑥 = 300 𝜇𝑚 is shown in Fig. 69(f). The profile of 𝑢  velocity is the same as inlet 

because periodic boundary conditions are applied in this study for fully developed flow 

regions. In Fig. 69(b), the the 𝑢 velocity is plotted at 𝑥 = 100 𝜇𝑚. It is observed that the 

𝑢 velocity is not symmetric in the 𝑦 direction at this location. It means that the fluid starts 

flowing towards the electrodes. At 𝑥 = 140 𝜇𝑚, the 𝑢 velocity is larger in the bottom 

half domain as shown in Fig. 69(c). In Fig. 69(d) and Fig. 69(e), it is clear that the 𝑢 

velocity is dominant on the electrodes which is also shown in the velocity vectors in Fig. 

68(a). It could be also seen that 𝑢 velocity is symmetric in the 𝑧 direction at all different 

𝑥 locations.  
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Fig. 68(a) Velocity field for three dimensional electrothermal pumping at x-y plan 

 

 

 

Fig. 68(b) Velocity field for three dimensional electrothermal pumping at x-z plane 
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(a) 

 

(b) 
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(c) 

 

(d) 
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(e) 

 

(f) 

Fig. 69 The u velocities at different x locations for three dimensional electrothermal  
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6.5 Concolusions 

Electrothermal flow in the microfluidic system is an attractive research topic during 

recent years. The design of electrothermal pump is one interesting research of this topic. 

As a numerical method in mesoscale, LBM is a good option to simulate the fluid flow in 

micro and nano domains. In this section, lattice Boltzmann method is used to simulate the 

alternating current electrothermal pumping in microfluidic systems. Electric potential, 

temperature field, electrothermal force and velocity field in the electrothermal pump are 

presented in both two dimensional and three dimensional cases. The LBM code was 

implemented on a CUDA platform to improve the computational efficiency. However, 

the memory of GPU is limited for three dimensional case with large number of grids. To 

handle this issue, LBM CUDA code is developed with non-uniform mesh to save the 

memory when using GPU. It is shown that the computational time ratio between CPU 

code (not parallel) and CUDA code is more than 20 times in two dimensional simulation 

and 150 times in three dimensional simulation. 

In 2D cases, parametric studies were completed to show how the physical parameters 

affect the volumetric flow rate in the electrothermal pump. It was found that increase in 

the imposed temperature difference between the electrodes increases the flow rate.  The 

width of the electrodes also has the effect of increasing the flow rate.  However, the gap 

between the electrodes has the effect of decreasing the flow rate. For 3D electrothermal 

pumping, a specific case is presented in this section. Compared with 2D cases, 3D solver 
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could simulate more complex design of electrothermal pump with different electrode 

locations. On the other hand, as presented in Chapter 5, immersed boundary method 

could be coupled with LBM to tackle the complex boundary geometries. Under this case, 

immersed boundary method could be used to simulate electrothermal flow with 

complicated electrode configurations. Parametric studies of three dimensional 

electrothermal pumping will be carried out in my future study. Lattice Boltzmann method 

on a GPU was demonstrated as a successful numerical approach to model the physical 

phenomena in the micro electrothermal pump system. 

 

 

 

 

 

 

 

 

 

 

 

 

 



 
 
 
 
 

208 

CHAPTER 7: CONCLUSIONS 

In this dissertation, lattice Boltzmann method is used to investigate different heat transfer 

and fluid flow problems such as natural convection in an enclosure with an array of 

conducting obstacles, double-diffusive convection with Soret and Dufour effects, phase 

change process in the latent heat thermal energy storage system with internal fins,  mixed 

convection in the lid-driven cavity with a sinusoidal cylinder, and alternating current 

electrothermal pumping in both two dimensional and three dimensional domains. Due to 

the low cost of GPU, CUDA makes the high performance computing possible on 

personal computers. In the current work, CUDA code is developed for all the above 

topics to accelerate the computational speed. It is observed that the ratios of 

computational time between CPU code (not parallel) and CUDA code are more than 20 

times in two dimensional cases and 150 times in three dimensional problems. However, 

for the three dimensional simulation, the memory of GPU is not enough for some cases 

when large number of  grids is used like electrothermal flow. To save the memory and 

improve the computational efficiency, non-uniform mesh LBM CUDA solver is 

developed. Under this case, LBM could be used to simulate 3D phenaomna using GPU 

on CUDA efficiently. In addition, As a non-body-conformal grid method, immersed 

boundary method is coupled with lattice Boltzmann method to handle the complex 

geometries in the current dissertation. It is demonstrated that lattice Boltzmann method is 

powerful to simulate various heat transfer and fluid flow process using GPU . 
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2. Qinlong Ren, Cho Lik Chan*. Numerical study of double-diffusive convection 

in a vertical cavity with Soret and Dufour effects by lattice Boltzmann method on 

GPU, International Journal of Heat and Mass Transfer  93 (2016) 538-553. 

3. Qinlong Ren, Cho Lik Chan*. Natural convection with an array of solid 

obstacles in an enclosure by lattice Boltzmann method on a CUDA computation 

platform, International Journal of Heat and Mass Transfer 93 (2016) 273-285.  

4. Qinlong Ren, Cho Lik Chan*. Numerical simulation of a 2D electrothermal 

pump by lattice Boltzmann method on GPU. Numerical Heat Transfer, Part A: 

Applications, Volume 69, Issue 7, April 2016, pages 677-693. 

5. Qinlong Ren, Cho Lik Chan*, and Alberto L. Arvayo. A numerical study of 2D 

electrothermal flow using boundary element method. Applied Mathematical 

Modelling 39, no. 9 (2015): 2777-2795. 

6. Qinlong Ren, and Cho Lik Chan*. Analytical evaluation of the BEM singular 
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7. Yi Lu, Qinlong Ren, Tingting Liu, Siu Ling Leung, Vincent Gau, Joseph C. 

Liao, Cho Lik Chan, and Pak Kin Wong*. “Long-range electrothermal fluid 

motion in microfluidic systems.” International Journal of Heat and Mass 

Transfer 98 (2016): 341-349. 

8. Qinlong Ren and Cho Lik Chan*. An immersed boundary-thermal lattice 

Boltzmann method study of mixed convection in a lid-driven square cavity with a 
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