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ABSTRACT

I used a Mach-Zehnder atom interferometer to measure the static electric-dipole po-

larizabilities of K, Rb, and Cs atoms with 0.11% uncertainty. Static polarizability

measurements serve as benchmark tests for ab initio atomic structure calculations.

Calculating atomic properties such as polarizabilities, van der Waals coefficients,

state lifetimes, or oscillator strengths involves accurately calculating the valence

electrons’ electric-dipole transition matrix elements. Additionally, testing Cs atomic

structure calculations helps interpret the results of parity non-conservation exper-

iments, which in turn places constraints on beyond-the-standard-model physics. I

discuss improvements to our experiment that allowed us to measure static polariz-

abilities with 0.11% uncertainty, and we present our results in the context of recent

ab initio and semi-empirical static polarizabilities and recent, high-precision mea-

surements of excited state lifetimes and van der Waals C6 coefficients.

I also used our interferometer to develop a new technique for inertial sensing.

High precision, portable, atom-interferometer gyroscopes and accelerometers are

desirable for self-contained inertial navigation and in the future may be used for tests

of General Relativity and searches for gravitational waves using satellite-mounted

inertial sensors. Satellite-mounted atom interferometers are challenging to build

because of size, weight, power, and reliability constraints. Atom interferometers

that use nanogratings to diffract atoms are attractive for satellite-mounted inertial

sensing applications because nanogratings weigh approximately nothing and require

no power. We developed a new in situ measurement technique using our nanograting

atom interferometer, and we used it to measure inertial forces for the benefit of our

static polarizability measurements. I also review how to calculate the sensitivity of

a nanograting atom interferometer, and I employed these calculations in order to

design a portable, nanograting atom interferometer inertial sensor.
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CHAPTER 1

INTRODUCTION

Atom interferometers, which take advantage of the de Broglie wave nature of atoms,

are extremely versatile measuring tools. As a general definition, an atom interferom-

eter is a device that splits and recombines atom waves to form interference patterns.

In their long history of over 25 years [1–6], atom interferometers have been used

to measure atomic properties such as static polarizabilities [7–13], dynamic polariz-

abilities and their roots (also known as tune-out wavelengths) [14–18], and van der

Waals coefficients [19–25] as well as inertial forces [26–35], Newton’s gravitational

constant [36–39], and the fine structure constant [40–43]. In this work, I discuss

new static polarizability measurements that our team has made with unprecedented

accuracy and also new some studies of inertial sensing. The work done in both

of these areas relied on diffracting and interfering atom waves using nanostructure

gratings, and I will comment on some benefits and consequences of this approach

throughout this dissertation.

1.1 Static polarizabilities

If a neutral atom is placed in a static electric field, the electrons around the atom

will be pulled in the opposite direction as the nucleus by electrostatic forces. The

electron cloud of the atom will become stretched in the direction of the electric field

lines and the nucleus will be displaced with respect to the center of that cloud.

Together, these effects can be described by an induced dipole moment ~p. An atom’s

static polarizability α is the extent to which it acquires an induced dipole moment

while in a static electric field ~E:

~p = α~E (1.1)
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The resulting change of the atom’s total energy (internal and external) is called the

Stark shift, and is given by

UStark = −1

2
α| ~E|2 (1.2)

To calculate an atom’s static polarizability, we can use use 2nd order pertur-

bation theory, considering the Stark shift as the perturbation. The Hamiltonian

becomes

Ĥ = Ĥatom − p̂ · ~E (1.3)

where p̂ is the dipole operator. Following this approach, we derive that the static

polarizability of an atom in state |i〉 is

α =
2

3

∑

k 6=i

| 〈k | e~r |i〉 |2
Ek − Ei

(1.4)

where 〈k | e~r |i〉 are the dipole transition matrix elements, or the amplitudes for

transitions between atomic states |i〉 and |k〉 for the atom in an electric field ~E, and

Ei and Ek are the energies of those states.

Eqn. (1.4) demonstrates the key aspect of why measuring static polarizability is

important. The dipole transition matrix elements, which are used to calculate static

polarizability, are also used to calculate many other atomic properties, including

Einstein coefficients, oscillator strengths, line strengths, van der Waals interaction

potentials and associated cross sections, Feshbach resonances, and photoassociation

rates. Unfortunately, calculating the matrix elements themselves is very difficult

for many-electron atoms. These calculations require understanding quantum many-

body systems with relativistic corrections, and there are many different methods

that can be used to calculate these matrix elements in a reasonable amount of com-

puting time [44]. Measurements of static electric-dipole polarizabilities, as well as

other atomic properties such as tune-out wavelengths (wavelengths of light illumi-
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nating an atom for which the atom’s dynamic polarizability is null) [16, 17, 45, 46],

excited state lifetimes [20–25, 47–62], and van der Waals coefficients [63–67], serve

as benchmark tests for these ab initio atomic structure calculations.

Testing Cs atomic structure calculations by measuring αCs is also valuable for

atomic parity non-conservation (PNC) research, which places constraints on beyond-

the-standard-model physics. In heavy atoms including Cs [68, 69], Yb [70, 71], Tl

[72], Bi [73], and Dy [74], parity-violating transitions between valence states of the

same parity have been observed due to interactions between the valence electron and

the nuclear neutrons mediated by Z0 bosons. The transition amplitudes EPNC for

these parity-violating transitions, which to date have been most precisely measured

in Cs, can be written in terms of dipole transition matrix elements and a nuclear

weak charge parameter QW . Atomic structure calculations are needed to deduce a

value of QW from EPNC measurements [75–80] in order to compare to the QW values

predicted by the standard model [81–83]. The αCs measurement presented in this

work tests the methods used to calculate the relevant matrix elements and provides

a benchmark for calculation of the
〈
6s1/2

∣∣∣∣ D̂
∣∣∣∣6p1/2

〉
matrix element, one of the

terms in the expression for EPNC.

Measuring static polarizabilities as a means of testing atomic structure calcula-

tions has been of interest to the physics community since Stark’s pioneering mea-

surements in 1934 [84]. The first static polarizability measurements, as well as

many after that, took advantage of the fact that neutral atoms and molecules are

attracted by virtue of their static polarizability to regions of higher | ~E|2, as indi-

cated by Eqn. (1.2). These first experiments were made by measuring the deflection

of a collimated atom beam by a non-uniform electric field [84–95], and this tech-

nique is still in use today [95] as a way of measuring polarizabilities. However,

most measurements made with this technique have at least 5% uncertainty. Other

measurements were made between 1961 and 1984 using the E-H gradient balance

technique [96–99]. This technique, which also relies on observing the deflection of an

atom beam, measures the polarizabilities of atoms in particular magnetic substates

by balancing electric and magnetic forces on those atoms, and has yielded results
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with 2% uncertainty [98]. A pioneering static polarizability measurement made us-

ing a Mach-Zehnder atom interferometer [7] measured sodium static polarizability

to 0.66%. A series of other atom interferometry measurements with uncertainties

reaching as low as 0.11% [9–11, 13, 100] have followed. Amini and Gould also made

a Cs polarizability measurement with 0.14% uncertainty by measuring the times

of flight of Cs atoms in an atomic fountain [101]. To date, the most precise mea-

surements of Li, Na, K, Rb, and Cs static polarizabilities have been made using

Mach-Zehnder atom interferometry [7, 9, 100], and this dissertation describes those

K, Rb, and Cs measurements [100].

Some atom interferometry experiments use static electric field gradients to in-

duce polarizability-dependent phase shifts, while others use septum electrodes to

surround only one arm of the interferometer with a uniform static electric field.

To understand why Mach-Zehnder atom interferometry experiments yield such pre-

cise measurements, it helps to think of the former type of experiment as a highly-

sophisticated deflection experiment. The deflection of an atom in a Mach-Zehnder

atom interferometer by a non-uniform electric field corresponds exactly to the shift

of that atom’s interference pattern in space, which we quantify as a phase shift.

In a standard (non-interferometric) deflection experiment, the precision with which

a deflection can be measured depends largely on uncertainties in the dimensions

and positions of apertures in the apparatus and is typically limited to within a few

hundred nanometers. In an atom interferometer, however, the precision with which

a phase shift can be measured has very little to do with the grating period, which

implies that the precision to which a deflection can be measured depends only on

how large that deflection is compared to the grating period. Therefore, one can

measure a given deflection more precisely with an atom interferometer simply be

reducing the grating period. Our interferometer, which has a grating period of 100

nm, can measure deflections to within a few angstroms. In the next chapter, I will

discuss these concepts in quantitative detail.
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1.2 Inertial sensing

Inertial sensing, or the detection of rotations and accelerations, is a popular applica-

tion for atom interferometry. One of the main motivations for creating high-precision

inertial sensors is inertial navigation [102]. By integrating the accelerations and ro-

tation rates of an aircraft, spacecraft, terrestrial vehicle, or ship over time, the craft’s

position can be determined without using external reference systems such as GPS,

RADAR, SONAR, or LORAN. The U.S. military has for a long time been inter-

ested in developing small, lightweight, low-power gyroscopes and accelerometers for

inertial navigation in order to operate in scenarios in which GPS is unavailable.

Inertial navigation would also allow terrestrial vehicles to navigate in areas where

satellite signals are obstructed, such as dense forest, urban environments, or subter-

ranean environments, and would allow submarines (which cannot access GPS while

submerged) to navigate without pinging their surroundings and thereby making

themselves more easily detected. Additionally, many satellites, aircraft, and sub-

marines monitor their own positions and trajectories by referencing signals emitted

by devices at fixed locations on the ground. If those references were to become com-

promised, inertial navigation could be employed to help satellites and other craft

keep track of their positions.

The laser ring gyroscopes and fiber-optic gyroscopes that are commercially avail-

able at this time are not precise enough for the task. Inertial navigation requires

repeated sampling of the acceleration and rotation rate of the sensors. Because each

measurement of acceleration or rotation rate by an inertial sensor has some statisti-

cal uncertainty, the uncertainty in the vehicle’s position grows as time passes since

the last time the inertial sensors were calibrated (by, for example, referencing GPS).

Commercially-available sensors are not practical for inertial navigation because that

uncertainty grows at a rate of about 1 mile every hour.

Atom interferometers, however, can exceed the sensitivity of laser-based sensors

by a few orders of magnitude. As I will derive in the next chapter, the phase shift
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in an atom or light interferometer induced by some rotation ~Ω can be expressed as

∆φ =
4π~Ω · ~A
λv

(1.5)

where A is the enclosed area between paths in the interferometer and the direction

of ~A points normal to that area. For a laser-based interferometer, λv is the light’s

wavelength times c, whereas for an atom interferometer, λv is the atoms’ de Broglie

wavelength times their velocity. The dependence of ∆φ on v can be explained

qualitatively as follows: because atoms in atom interferometers typically travel 5 to

7 orders of magnitude slower than light, they spend a longer time being exposed to

inertial forces and will therefore be deflected by those forces to a much greater extent

than would light. The dependence of ∆φ on λ can be interpreted in a few different

ways depending on the type of interferometer, but the interpretation general to all

types of interferometers is that an atoms’ phase evolves much faster as a function of

position than a photon’s phase because of the atom’s smaller wavelength λ, which

means that a change in path length corresponds to a larger phase shift. For an atom

interferometer and a light interferometer with the same enclosed area A, the ratio

of phase shifts would be

∆φatom

∆φlight

=
λphotonc

λdeBroglev
=
matomc

2

~ωphoton

≈ 1010 (1.6)

which indicates that the atom interferometer should be 1010 times more sensitive

to rotations. Of course, assuming that atom and light interferometers have com-

parable enclosed area and comparable shot-noise is erroneous because atom optics

technology is not as versatile as laser and fiber-optic technology. Even produc-

ing atom interferometers with enclosed area on the order of squared centimeters

is one of the main technical challenges of the field [103], whereas laser ring gyro-

scopes can be made more sensitive simply by making them larger [104], and portable

fiber-optic gyroscopes are built for maximum sensitivity by packing many coils of

optical fiber in the alloted space. Additionally, fiber optic gyroscopes might inter-
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fere 1016 to 1018 photons per second, whereas atom interferometers typically inter-

fere fewer than 1010 atoms per second, implying that statistical noise in a phase

measurement over a given amount of time will be much higher in an atom interfer-

ometer. Nevertheless, portable atom-interferometer inertial sensors have matched

the µrad/s/
√

Hz sensitivity of commercial fiber-optic gyroscopes [28, 29], and a

permanently-installed atom-interferometer gravimeter has recently reported accel-

eration sensitivity of 10−12g per shot [35].

Building high-precision inertial sensors, both portable and not portable, has

applications for fundamental physics. High-precision, satellite-mounted gyroscopes

could measure the Geodetic and Lense-Thirring effects predicted by General Rela-

tivity [105–107]. Also, large gravimeters such as the one developed at Stanford by

Kasevich’s group [35] can be used to test the Equivalence Principal and measure

the gravitational constant G and will be sensitive enough to measure phase shifts

induced by gravitational space-time curvature [108].

There are also Geodetic applications for high-precision inertial sensors. Portable

gravimeters could be mounted on trucks, ships, or aircraft and used to generate

a map of Earth’s gravitational acceleration as a function of position on (or over)

Earth’s surface. Such a map could be used for self-contained navigation or possibly

for finding subterranean ore or oil deposits. High precision gyroscopes could also

detect wobble of Earth’s rotation rate due to precession, nutation, lunar tides, and

solar tides, as well as monitor the steady decrease of Earth’s rotation rate due to

the moon’s tidal drag.

Compact atom interferometers have been under development for the past 20

years in the academic, government, and private sectors. Several research groups have

demonstrated small, highly-sensitive atom-interferometer gyroscopes that use stim-

ulated Raman transitions to diffract atoms that are often launched out of magneto-

optical traps [28–31]. Other research groups have been exploring chip-based atom

interferometry [32–34], in which atoms are confined to waveguides created by high-

current lines on a printed circuit board. Despite this collective effort, however,

the only atom-interferometry-based inertial sensors available commercially are the
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gravimeters offered by AOSense and µQuans, while atom-interferometry-based gy-

roscopes and general-purpose accelerometers (which can sense accelerations other

than that due to gravity) are not commercially available. The laser systems required

to drive stimulated Raman transitions often weigh 10’s of kilograms and demand

10-100 W of power, which is impractical for many applications, especially satellite-

mounted systems. And while atom chip interferometers may eventually become

lighter and more efficient, they currently still require sophisticated laser systems

and exhibit high phase noise, making them not yet competitive as inertial sensors.

Meanwhile, there has been very little development of atom-interferometer gyro-

scopes based on physical nanogratings [26]. For the goal of creating high-precision,

satellite-mounted atom interferometers, nanogratings are advantageous because they

consume zero power and have insignificant weight. In Chapter 8 of this work, I will

discuss how even though nanogratings have the disadvantage of blocking atoms

that collide with the grating bars, a nanograting-based atom interferometer can be

sensitive enough to compete with the popular stimulated-Raman-transition interfer-

ometers. Additional research in the relatively-unexplored field of nanograting-based

inertial sensing could produce very sensitive, lightweight, and low-power gyroscopes

and accelerometers.

1.3 This thesis in brief

In this thesis I will discuss our recent, high-accuracy K, Rb, and Cs static polar-

izability measurements that I made using our Mach-Zehnder atom interferometer.

Measuring static polarizbilities to such high accuracy required measuring the gravi-

tational acceleration of the atoms in our interferometer to roughly 10−3g. To do so,

we developed a new method of measuring inertial forces using an atom interferom-

eter that also benefits inertial navigation.

Chapter 2 introduces the concepts behind Mach-Zehnder atom interferometry

and how inertial forces and electric fields induce phase shifts. Chapters 3 and 4 detail

improvements [13, 109] we made on previous measurement techniques [11] in order
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to measure static polarizabilities with 0.11% uncertainty. Chapter 5 puts our results

in context of recent atomic structure calculations and recent high-precision measure-

ments of other atomic properties [100]. Then, Chapter 6 discusses the prospects of

future static polarizability measurements and describes preliminary experiments on

calibrating our apparatus using metastable helium interferometry.

Chapter 7 of this work discusses our experiments with using our nanograting-

based Mach-Zehnder atom interferometer as an inertial sensor [110]. We developed

a method to directly measure rotation rates and accelerations without having to

move the interferometer to a different reference frame, and we used this technique

to measure gravity-induced phase shifts in our interferometer and thereby reduce sys-

tematic uncertainties in our static polarizability measurements. This development is

important because it gives a way for gyroscopes and general-purpose accelerometers

based on thermal atom beams to self-calibrate. Then in Chapter 8, I explain how

to calculate the sensitivity of a Mach-Zehnder nanograting atom interferometer and

present a design for a lightweight, portable, low-power atom interferometer to be

used as a satellite-mounted inertial sensor.

For completeness, several published works by the author related to the content in

this dissertation are reproduced in Appendices B, C, and D. For the most part, the

information in this dissertation is more detailed and comprehensive than the infor-

mation presented in those reprinted works; the main body of the thesis is intended

to stand alone.
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CHAPTER 2

MACH-ZEHNDER ATOM INTERFEROMETRY

Mach-Zehnder atom interferometers [1, 2, 5, 9, 25, 103, 111–120] are well-developed

and versatile tools for making high-precision measurements. Mach-Zehnder atom

interferometers may diffract atoms using nanostructures [3, 121, 122] or light [1, 123–

125], separating and recombining atom wave packets to form interference patterns.

Nanograting-based interferometers, as opposed to light-based interferometers, are

particularly well suited for making precision measurements of atomic properties

because nanostructures can diffract any atomic or molecular species, whereas light-

based gratings must be tuned to diffract specific species. Not only does this fact

make nanograting interferometers more convenient and less costly, but a single

nanograting interferometer can be used to measure the same property of different

atoms or molecules with common-mode errors and thereby make very high-precision

ratio measurements.

In this chapter, I will describe the Mach-Zehnder atom interferometer that we use

to make high-precision static polarizability measurements as well measurements of

rotation rates and accelerations. In Section 2.1, I explain how we generate, collimate,

diffract, interfere, and detect our beam of atoms. In Section 2.2, I derive the effect

of inertial forces on our atom interferometer. Then in Section 2.3, I describe how we

use static electric field gradients to deflect atoms and thereby induce phase shifts

in our interferometer. This background information is presented in varying detail

across a variety of works including [11, 20, 25, 116, 120, 126] and in Section II and

II A of reference [13] by the author, reprinted in Appendix C.
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Figure 2.1: Diagram of the Mach-Zehnder atom interferometry apparatus with phase
choppers (green) and electrodes (blue), both of which produce electric field gradients.
Dimensions are shown in red and tabulated in Table 2.1. The supersonic atom
beam, shown in gray, is collimated by two slits s1 and s2 with widths w1 and w2

before entering the first grating. The nanogratings, g1, g2, and g3, are spaced
longitudinally such that L1 = L2, which causes an interference pattern to form
at the position of g3. We consider the four separate interferometers in our data
analysis, labeled with k = +2,+1,−1,−2, that form via 0th, ±1st, and ±2nd
order diffraction from g1. The atoms are detected by a platinum Langmuir-Taylor
detector [127], indicated in orange. The pair of blue circles represents oppositely-
charged cylindrical electrodes (extending perpendicular to the page) that form a
virtual ground plane between them. The electric field from these electrodes polarizes
the atoms and thereby shifts the interference pattern’s phase. These electrodes are
discussed in Section 4.1.1. The phase choppers are shown in green and discussed
in Chapter 3; each phase chopper is a charged wire next to a grounded plane. The
geometry terms relevant to the pillars and phase choppers are displayed in Fig. 2.9
and discussed in Section 2.3. Due to the rotation of the Earth, the lab has a
rotation rate about the vertical axis of Ωlab,y = 38.88 µrad/s that is also relevant
to our analysis. Adapted with permission from [13]. Copyrighted by the American
Physical Society.
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Table 2.1: List of apparatus dimensions described in Fig. 2.1 and Fig. 2.9. Dimen-
sions with no quoted uncertainty have uncertainty much less than what would be
significant to our analysis. ac1 and ac2 are the closest distances between the wires
and the ground planes for phase choppers 1 and 2, and apillars is half the width of the
gap between the pillars (the closest distance between the virtual ground plane and
either pillar). L1 − L2 = 0± 30 µm, and the uncertainty in L1 + L2 is insignificant.
Adapted with permission from [13]. Copyrighted by the American Physical Society.

zs1,s2 860 mm
zg1,pillars 833.5 ± 0.25 mm
zg1,c1 269.7 mm
zs2,g1 100 mm
zg2,c2 598 mm
zc1,c2 1269.3 ± 0.25 mm
L1 940 mm
L2 940 mm
w1 30 ± 6 µm
w2 30 ± 6 µm
wdet 100 ± 3 µm
Vpillars 6002.6 ± 0.2 V
apillars 1999.7 ± 0.2 µm
Rpillars 6350 ± 0.5 µm
ac1 986 ± 25 µm
Rc1 785.5 µm
ac2 893 ± 25 µm
Rc2 785.5 µm
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2.1 Our Mach-Zehnder atom interferometer

A schematic diagram of the three-grating Mach-Zehnder atom beam interferometer

we use to make our measurements is shown in Fig. 2.1. In this section, I describe the

atom beam created by supersonic expansion, the configuration of collimating slits

and nanogratings, and the procedure for measuring the interference pattern’s phase.

In the next sections, I discuss how inertial forces and static electric field gradients

induce phase shifts.

2.1.1 Generating the atom beam

A supersonic atom beam is one in which the particles in the beam travel faster

than the speed of sound through the collection of particles that make up that beam

[112, 116]. Atoms in a supersonic beam have a very narrow velocity distribution

and exhibit no atom-atom interaction. Supersonic expansion of an atom beam is

achieved by forcing heated, pressurized, gaseous atoms out of a small hole in a

chamber that is large compared to the size of the hole. Our supersonic atom beam

is created by a heated stainless-steel tube—referred to here as the nozzle—with a

50 µm hole at one end. The nozzle contains a few grams of pure K, Rb, or Cs and

is also pressurized to 40 psi with some mixture of He and Ar. When the nozzle is

heated, the alkali atoms vaporize, mix with the pressurized inert gas, and undergo

supersonic expansion as they are carried out of the nozzle through the hole. The

resulting atom beam has a very narrow velocity distribution, which is ideal for most

of our precision measurements.

Mixing the alkali gas with inert gas serves several purposes. To achieve super-

sonic expansion we must pressurize the nozzle to a pressure on the order of 100 torr.

If we were to reach this pressure with a pure alkali gas, however, we would end up

about 100x more alkali atom flux in the beam, which would clog apertures, over-

whelm the detector, and consume alkalis at an unmanageable rate. Also, an alkali

gas at 100 torr would form a significant amount of homonuclear dimers [128, 129],

which have different polarizability than monomers and would therefore confound
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our measurements. Instead, the inert gas pressure allows us to create a supersonic

alkali beam with only about 1 torr partial pressure of alkali atoms, which does not

form dimers at a significant rate.

We can use the inert gas mixture and flow rate to control the velocity distribution

of the atom beam. To use a K beam as an example: using pure He as a carrier gas

results in a K beam with a mean velocity v0 of about 2500 m/s and standard

deviation σv of about 125 m/s. Using a mixture of 85% He and 15% Ar reduces

that velocity to around 2100 because the heavier Ar atoms limit the rate of flow out

of the nozzle. Reducing the gas flow rate from about 60 cc/min to about 30 cc/min

reduces the gas pressure near the nozzle hole and therefore roughly halves v0 and

doubles σv. Additionally, using a nozzle with a 75 µm hole instead of one with a 50

µm hole reduces v0 to about 1800 m/s and raises σv to about 160.

Heavier carrier gases also widen the spray that exits the nozzle hole, which

decreases the proportion of atoms with trajectories that would carry them through

the collimating slits. We typically observe around 10 times more flux using He as a

carrier gas than we observe using a mixture of 70% He and 30% Ar. Using larger

nozzle holes also widens the beam.

Having this control over the beam’s velocity distribution is important for our

measurements. To reduce systematic error in our direct measurements of static

polarizability, we want K, Rb, and Cs beams with v0 as high as possible and σv

as low as possible. To report ratios of static polarizability measurements with high

accuracy, we want to create K, Rb, and Cs beams with velocity distributions that

are as similar as possible. In contrast, our work with inertial sensing requires low

v0 and high σv.

2.1.2 Collimation, diffraction, and interference

The atom beam first passes through two 30-µm-wide collimating slits longitudinally

spaced 10 cm apart. Each slit limits the beam width at its location to 30 µm, and

the pair of slits together limit the divergence, or the maximum angle a single atom’s

trajectory may have with respect to the beamline, to about 0.3 mrad. Another way
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Figure 2.2: Scanning-electron microscope images of our 99.90(0.5)-nm-period trans-
mission gratings. The gratings are laser-etched out of 150-nm-thick silicon nitride
chips. The verticle grating bars are supported by thicker horizontal support bars.
The cross-sectional image on the right was obtained by fracturing the grating. Fig-
ure courtesy of Tim Savas circa 2001.

to describe the effect of the pair of slits is to say that they limit atoms’ transverse

velocity, vT to

|vT | <
wvL
zs1,s2

(2.1)

where w = 30 µm is the slits’ widths, v ≈ 2000 m/s is the atoms’ longitudinal

velocity down the beamline, and zs1,s2 = 860 mm is the longitudinal distance between

slits. We find that the slits limit vT to about 70 mm/s. The resulting transverse

velocity distribution corresponds to a temperature on the order of 10 µK.

The beam then diffracts through three silicon nitride nanogratings, each with

period dg = 99.90(0.5) nm [130, 131] and spaced longitudinally such that the dis-
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Figure 2.3: Diffraction patterns of an atom beam passing through the first
nanograting in our apparatus. These data were acquired by scanning our detec-
tor in the ±x direction and observing the atom flux vs detector x position. In this
scan, the first and second diffraction orders are well resolved, and we can also see
evidence of resolved third- and forth-order. We used these data to estimate the
diffraction efficiencies of our gratings.

tance between the first and second grating, L1, is equal to the distance between

the second and third, L2. SEM images of the gratings are shown in Fig. 2.2. The

diffraction angles in our experiments are typically on the order of 10’s of µrad, so

we can use the small angle approximation to express the diffraction angle θd as

θd =
λdB

dg
=

h

mvdg
(2.2)

where λdB is the atoms’ de Broglie wavelength, h is Planck’s constant, and m is the

atomic mass.

Fig. 2.3 shows an example of the diffraction pattern formed by the atom beam

passing through a single nanograting. We used these data to estimate our gratings’

diffraction efficiencies. By fitting the resolved diffraction peaks, shown in red, with
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Figure 2.4: Diagram of a simplified Mach-Zehnder interferometer. The atom beam,
shown in gray, diffracts through nanogratings g1 and g2 and forms an interference
pattern at nanograting g3. The wavefunctions ΨI and ΨII represent two possible
paths through the interferometer.

Gaussians, shown in black, we can use the relative areas of those Gaussians to

calculate the probabilities that an atom would enter each of those diffraction orders.

As a sanity check, we also calculate the sum of our fit Gaussians, shown in blue,

and verify that it matches the data. We note that this Gaussian fit method is only

an approximation. A more accurate model is obtained by considering a beam with

a spatial probability distribution that depends on the collimating slits’ widths and

positions being diffracted through 100 nm period gratings. This method is discussed

in [11] and [126]. We find that a significant amount of atoms exit the diffraction

grating in the 0th, ±1st, and ±2nd orders, and we measure diffraction efficiencies

of |e0|2 = 0.42, |e1|2 = |e−1|2 = 0.25, and |e2|2 = |e−2|2 = 0.04, where
∑2

n=−2 |en|2 is

approximated to 1. We find that the interferometers formed by second- and third-

order diffraction, third- and fourth-order diffraction, and so on do not contribute

significantly to our signal.

The first grating splits the atom wave packets into diffraction orders and the

second grating splits those orders again to recombine the atom waves and form

an interference pattern at the position in space of the third grating. Consider the

interferometer shown in Fig. 2.4, which would be the k = +1 interferometer in

Fig. 2.1. ΨI and ΨII are the wavefunctions of atom wave packets on paths I and

II, respectively, and can be written in terms of the plane wave solution to the

Schrödinger equation and the diffraction efficiencies. When those wave packets are
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at the position of the third grating, their wavefunctions are

ΨI = e1e1e
ikL(L1+L2)

ΨII = e0e1e
ikL(L1+L2)eikgx (2.3)

where kL corresponds to the longitudinal momentum of the atoms and kg is the

transverse momentum imparted to the atoms by the gratings as they undergo ±1st

order diffraction. ΨI contains two factors of e1 because atom waves in path I un-

dergo first-order diffraction twice, while ΨII contains one factor of e0 and one of e1

because atom waves in path II undergo zeroth-order diffraction once and first order

diffraction once. The intensity of the interference pattern formed at the position of

the third grating is then

I(x) = Iinc|ΨI + ΨII|2

= Iinc(e
4
1 + e2

0e
2
1 + 2e0e

3
1 cos(kgx+ φ))

= Iinc(e
4
1 + e2

0e
2
1)

(
1 +

2e0e1

e2
1 + e2

0

cos(kgx+ φ)

)

≡ 〈I〉 (1 + C cos(kgx+ φ)) (2.4)

where Iinc is the intensity of the beam incident on the first grating, 〈I〉 is the average

detected intensity, φ is treated as an unknown, arbitrary phase constant, and C is

the contrast, a measure of how visible the interference pattern is. The contrast is

also defined as

C =
Imax − Imin

Imax + Imin

(2.5)

This Mach-Zehnder interferometer configuration is a type of white-light inter-

ferometer. A white-light interferometer is one in which, in the absence of external

fields or inertial forces, all waves propagating through the interferometer form the

same interference pattern regardless of their wavelength. This fact implies, in ideal

conditions, that the atoms in our atom beam will all produce interference patterns
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Figure 2.5: Two sets of data showing atom flux admitted through the third grating
vs. 2 times the second grating’s x-position. For each data set (red and blue), the
data (circles) is shown along with a sinusoidal fit (curve). This figure demonstrates
how we can shift the interference pattern’s phase by applying a static electric field
gradient, as described in Section 2.3.

with the same phase regardless of their velocity. As I will discuss in Section 3.3.3 and

Chapter 7, phase shifts induced by both static electric field gradients and inertial

forces break this symmetry.

2.1.3 Measuring the phase of the interference pattern

The third grating acts as a mask for that interference pattern. If the third grating’s

x position is such that it transmits a maximum amount of atoms, we know that

the interference pattern’s bright spots coincide with the spaces between the third

grating’s bars. Conversely, a minimum transmission implies that the pattern’s bright

spots are blocked by those bars. Therefore, by scanning the third grating back and

forth in the ±x direction, we can determine the phase of the interference pattern by

finding the x positions for which we observe maximum flux through the third grating

or, more generally, by fitting a sinusoid to the observed flux through the third grating
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vs that grating’s x position. However, we can take this one step further. Atom

Interferometry [113] mentions how the phase of the interference pattern observed

through the third grating relates to the positions of all three gratings:

φg =
2π

dg
(x1 − 2x2 + x3) (2.6)

where dg is the grating period of all three gratings and xi is the x position of grating

i with respect to some arbitrary zero. This expression for the so-called “grating

phase” describes how a translation ∆x of the second grating has the same effect

as translating the third grating by 2∆x. Therefore, we choose to scan the second

grating in the ±x direction instead of the third grating. Because we use piezoelectric

chips to translate the gratings, this configuration effectively doubles our available

scanning range across the interference pattern. Fig. 2.5 shows example data of the

observed flux through the third grating vs 2 times the second grating’s x position.

A key aspect of this design is that we must be able to measure the second grat-

ing’s position. Unfortunately, there’s no straightforward, off-the-shelf way to mea-

sure nanometer-scale translations of a grating with respect to other gratings about

a meter away. Therefore, we also operate a laser interferometer using transmis-

sion gratings mounted on the same translation stages as the atom interferometer’s

nanogratings, as shown in Fig. 2.6. Because the laser transmission grating period

of 3.368 µm is known very accurately, we can observe the phase of the laser inter-

ferometer and use Eqn. (2.6) to accurately track the motion of the nanogratings.

The atoms are counted with a 100-µm-wide, platinum, Langmuir-Taylor detector

[127], also known as a surface ionization detector. The detector consists of a 100-

µm-diameter platinum wire stretching in the ±y direction. We heat the wire to an

orange-hot glow by running between 0.3 and 0.4 amps through it. When an alkali

atom strikes the hot wire, it boils off in an ionized state and is drawn by electric

fields into a channel electron multiplier to be counted.
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Figure 2.7: Model of an atom beam (green) traveling through an interferometer
which rotates about the y axis at angular velocity Ω. The black dotted lines mark
the positions of the gratings at t = 0, and the distances between successive gratings
is L. An atom incident on grating 1 at t = 0 reaches the grating 2 at t = τ and
grating 3 at t = 2τ . We approximate that the beam velocity v = L/τ and Ω are such
that the grating displacements indicated by the blue arrows can be approximated
as linear. At t = τ , grating 2 has traveled (Ωτ)R cos θ in the x direction. At t = 2τ ,
grating 3 has traveled (2Ωτ)(R cos θ + L) in the x direction.

2.2 Phase shifts due to inertial forces

In the reference frame of the atom interferometer, inertial forces due to rotation of

the interferometer and gravitational forces on the atoms will deflect the atoms as

they travel from the first grating to the third. Deflections of the classical trajectories

by inertial forces in the ±x direction correspond exactly to shifts of the interference

pattern in the ±x direction, which are represented mathematically as phase shifts.

It is important for us to quantitatively understand these phase shifts: even when

our goal is not to measure them, we must take them into account when analyzing

our data.

2.2.1 Sagnac phase

Because our atom interferometer exists on a rotating planet significantly far away

from the equator, the interferometer rotates with respect to an inertial frame as
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the atoms fly from one grating to the next. In the frame of the interferometer, the

atoms experience a Coriolis force. The phase shift caused by this Coriolis force on

the atoms is called the Sagnac phase shift [26, 132].

We will derive the expression for the Sagnac phase shift, ∆φsag, and show that

it is independent of the relative locations of the axis of rotation and the interferom-

eter. Consider Fig. 2.7, in which a Mach-Zehnder interferometer rotates about an

arbitrary y axis at angular velocity Ω. The cylindrical coordinates R and θ describe

the second grating’s position with respect to the axis of rotation. The gratings are

spaced a distance L apart from each other, and atoms incident on the first grating

at t = 0 reach the second grating at t = τ and the third grating at t = 2τ .

At t = τ , the second grating has traveled a distance of (Ωτ)R. If the atom beam

velocity v = L/τ is sufficiently fast and the interferometer’s angular velocity Ω is

sufficiently slow, we can approximate the trajectories of the second and third gratings

during the time intervals τ and 2τ as linear. (This approximation is valid for our

interferometer: even if our interferometer were to be placed on the north pole and

have an atom velocity of 1000 m/s, the gratings would only translate on the order of

100’s of nanometers during the time interval 2τ .) Using this approximation, we can

say that at t = τ , the second grating has translated a distance x2 = (Ωτ)R cos θ in

the x direction, and at t = 2τ , the third grating has translated x3 = (2Ωτ)(R cos θ+

L) in the x direction.

If we substitute that x2 and x3 (and x1 = 0) into Eqn. (2.6), we obtain

∆φsag =
2π

dg
(0− 2(Ωτ)R cos θ + (2Ωτ)(R cos θ + L))

=
4πΩτL

dg

=
4πΩL2

dgv
(2.7)

It is sometimes also useful to write ∆φsag in terms of A, the enclosed area between
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paths in a Mach-Zehnder interferometer:

∆φsag =
4πmΩA

h
(2.8)

where h is Planck’s constant and

A = L2 tan θd ≈
hL2

mvdg
(2.9)

Because ∆φsag is independent of the location of the interferometer with respect

to the axis of rotation, we can express ∆φsag in the more general case in which the

axis of rotation ~Ω is not parallel to the y axis as

∆φsag =
4πm~Ω · ~A

h
=

4π~Ω · ~A
λdBv

(2.10)

An important aspect of ∆φsag is that it is velocity-dependent, which implies that

the atoms in an atom beam with a velocity distribution P (v) will experience a cor-

responding distribution of Sagnac phase shifts. The interference patterns of these

individual atoms with different velocities add together with some destructive inter-

ference based on the width of P (v) and the strength of ∆φsag. Thus the application

of a Sagnac phase shift causes reduction in contrast. As I will discuss in Chapter

7, we can use this contrast reduction to our advantage in order to measure inertial

forces.

2.2.2 Acceleration phase

A Mach-Zehnder atom interferometer also experiences a phase shift ∆φaccel when

the atoms experience an acceleration in the x direction (as defined in Fig. 2.8). If

the grating bars of our interferometer are not perfectly vertical with respect to the

Earth’s gravitational pull, the atoms will experience some component of gravita-

tional acceleration in the x direction.

Let ax be the acceleration of the atoms in the x direction as they travel at

velocity v through the interferometer. Once again, the gratings spaced a distance L
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Figure 2.8: Model of an atom beam (green) traveling through an interferometer
while being accelerated at a rate ax in the x direction. The blue lines represent the
atoms’ trajectories under the influence of that acceleration. The distances between
successive gratings is L. An atom incident on grating 1 at t = 0 reaches the grating
2 at t = τ and grating 3 at t = 2τ .

apart from each other. When the atoms incident on the first grating at t = 0 reach

the second grating at t = τ = L/v, they have been displaced in the x direction by

x2 = 1
2
axτ

2. When they reach the third grating at t = 2τ , they have been displaced

by x3 = 2axτ
2. If we substitute that x2 and x3 (and x1 = 0) into Eqn. (2.6), we

obtain the accleration phase shift

∆φaccel =
2π

dg

(
0− axτ 2 + 2axτ

2
)

=
2πaxL

2

dgv2
(2.11)

As with the Sagnac phase shift, the acceleration phase shift is velocity-dependent

and therefore causes contrast loss in an atom interferometer with some atom velocity

distribution P (v).
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2.3 Phase shifts with electric field gradients

The potential energy of an atom with polarizability α in an electric field ~E is given

by the Stark shift

UStark = −1

2
α|E|2 (2.12)

Static electric field gradients therefore deflect atoms toward regions of higher | ~E|2.

This deflection of the classical trajectory corresponds exactly to a shift of the in-

terference pattern in the ±x direction (as defined in Fig. 2.1) and is represented

mathematically as a phase shift of that interference pattern. When the atoms in

the interferometer pass through a non-uniform electric field ~E, each possible path

that the atoms could take through the interferometer would cause the atom to ac-

cumulate a different phase φ. For a pair of paths through the interferometer, the

differential phase shift of the interference pattern ∆φ is the difference between accu-

mulated phases along those paths. Because UStark ≈ −0.1 µeV and Ekinetic ≈ 1 eV

in our interferometer, we can use the WKB approximation to write that differential

phase shift between paths 1 and 2 as

∆φ = φ2 − φ1 =
1

~

∫
U1dt−

1

~

∫
U2dt (2.13)

We use static electric field gradients to measure atom beam velocity distributions

(see Chapter 3), static polarizabilities (see Chapter 4), and inertial forces (see Chap-

ter 7). We generate these fields in our interferometer using either pairs of parallel,

oppositely-charged cylinders oriented in the y direction or pairs consisting of one

charged cylinder oriented in the y direction and one grounded plate normal to the x

axis. In either case, the electric field produced has translational symmetry in the y

direction and a ground plane (virtual or real) in the y− z plane, which is parallel to

the atom beam, that can be treated as infinitely large. The translational symmetry

in the y direction implies that we don’t need to vertically collimate the beam, which

would limit the total atom flux through the interferometer and therefore limit the
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statistical precision of our measurements. Fig. 2.9 shows the electrode geometry

that creates these fields. The equation for these fields is

~E(x, z) =
λ

2πε0

[
x− b

(x− b)2 + z2
− x+ b

(x+ b)2 + z2

]
x̂

+

[
z

(x− b)2 + z2
− z

(x+ b)2 + z2

]
ẑ (2.14)

where the effective line charge density

λ = 2πε0V ln−1

(
a+R + b

a+R− b

)
(2.15)

exists a distance b = a
√

1 + 2R/a away from the ground plane. The parameter a

represents the distance between the ground plane and the closest cylinder edge, and

R represents the cylinders’ radii. One of the cylinders is held at voltage +V and

the other is held at −V . The x, y, and z directions are shown in Fig. 2.9.

We can approximate that atoms travel parallel to the ground plane regardless of

the angle at which they diffract and regardless of their incident angle upon grating

g1. Even though this approximation may be incorrect by up to 10−3 rad, such

a discrepancy would only cause errors in the accumulated phases by one part in

106, which is insignificant for our experiment. We can use the residue theorem to

analytically calculate the accumulated phase along one path for a component of an

atomic de Broglie wave. The result we obtain is

φ(v, xb) =
1

~v

∫ ∞

−∞

1

2
α| ~E|2dz =

λ2α

πε20~v

(
b

b2 − x2
b

)
(2.16)

where xb is the distance between the atom’s path and the ground plane.
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Figure 2.9: Diagram showing the dimensions, shown in red, that describe the static
electric fields created by the pillars and by the phase choppers. The circle represents
the cross-section of a metal pillar or charged wire with radius R held at voltage V .
The GND line represents the ground plane, which may by physical (in the case of
the choppers) or virtual (in the case of the pillars). a is the closest distance between
the pillar edge and the ground plane. The parameter b is the distance between the
ground plane and the effective line charge within the pillar. The atom beam center
is a distance xb away from the ground plane. The different interferometer arms
are separated from their neighbors by multiples of θdz0, where θd is the diffraction
angle and z0 is the longitudinal distance to grating g1 (in the case of the pillars and
chopper c1) or grating g3 (in the case of chopper c2). a and R dimensions for the
pillars and phase choppers are given in Table 2.1. Adapted with permission from
[13]. Copyrighted by the American Physical Society.
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The differential phase shifts for the four interferometers shown in Fig. 2.1 are

∆φ ~E,+2(v, xb) = φ(v, xb + 2θdz0)− φ(v, xb + θdz0)

∆φ ~E,+1(v, xb) = φ(v, xb + θdz0)− φ(v, xb)

∆φ ~E,−1(v, xb) = φ(v, xb)− φ(v, xb − θdz0)

∆φ ~E,−2(v, xb) = φ(v, xb − θdz0)− φ(v, xb − 2θdz0) (2.17)

In the above equations, θdz0 is the lateral separation between classical paths in the

interferometer, where θd = λdB/dg is the diffraction angle and z0 the distance to the

first grating (if the field is upstream of the second grating) or the third grating (if

the field is downstream of the second grating). We note that these are the phase

shifts that would be applied to a monochromatic, infinitely-thin beam with velocity

v and parameter xb. However, we cannot approximate our beam as monochromatic

or infinitely thin. As I will discuss in the next two chapters, the interference pattern

phases we observe with our detector are average phases of ensembles of atoms with

different velocities and incident trajectories, and the phase shifts we observe are the

differences between those average phases.
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CHAPTER 3

IMPROVING ATOM BEAM VELOCITY DISTRIBUTION MEASUREMENTS

Accurately measuring the atom beam’s velocity distribution is very important for

our high-precision polarizability measurements because the phase shift induced by

our static electric field gradients, defined in Eqn. (2.17), is proportional to 1/v2.

This means that a fractional uncertainty in mean velocity of δv/v causes a fractional

uncertainty of 2δv/v in the measured phase shift and, therefore, in the measured

polarizability.

The atoms in the beam do not all have the same velocity, so the electric fields

do not apply the same phase shifts to each diffracted atom. The phase φref and

contrast Cref that we observe with our detector is actually that of an ensemble of

atoms with velocity distribution P (v):

Crefe
iφref = C0e

iφ0

∫ ∞

0

P (v)ei∆φ(v)dv (3.1)

where C0 is the contrast that would be observed in the absence of any applied phase

shifts (including those from inertial forces), φ0 is an arbitrary phase constant, and

∆φ(v) is some collection of velocity-dependent phase shifts (such as those induced

by inertial forces or electric field gradients). We can model that velocity distribution

as a Gaussian distribution

P (v) =
vr

v0

√
2π
e
− v

2
r (v−v0)2

2v2
0 (3.2)

where v0 is the mean velocity and the velocity ratio vr = v0/σv is a measure of the

distribution’s sharpness. It is worth noting that the velocity distribution for a super-

sonic atom beam is even better described by the v3-weighted Gaussian distribution

[112, 133] (and see references [134–138] for additional information on supersonic
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beam velocity distributions)

P (v) =
1√

2πv4
0 (v−1

r + 3v−3
r )

v3e
− v

2
r
2

(
v
v0
−1

)2

(3.3)

However, either distribution can be used in our analysis to parametrize the typical

high-v0, high-vr velocity distributions of our atom beam without changing our mea-

sured static polarizabilities by more than 0.008%. Since the mean velocity is equal

to the most probably velocity in a Gaussian but not in a v3-weighted Gaussian, we

use a Gaussian P (v) to simplify our discussion of the error analysis.

For previous experiments in our lab, the atom beam’s velocity distribution was

measured by observing the diffraction pattern through the first grating. To measure

P (v), the interferometer was disassembled so that the beam only passed through the

first grating. The detector was then scanned back and forth to measure the atom flux

as a function of detector position. To obtain satisfactory resolution of the diffraction

patterns (and therefore satisfactory precision in measurements of P (v)), a much

thinner detector wire (25 µm instead of 100 µm) and much narrower collimating

slits (10 µ each instead of 30 µm) were used. The fact that smaller collimating slits

limited the atom flux (reducing statistical precision) but were better for resolving

diffraction patterns (increasing statistical precision) created a trade-off that limited

the statistical precision of P (v) measurements made this way. Additionally, the

thin detector wire that was better for resolving diffraction patterns also limited

the detected atom flux and therefore the precision of both P (v) and polarizability

measurements.

In 2011, our lab demonstrated the use of phase choppers [109, 118, 139–141] as

a more precise way of measuring v0 and vr. Implementing phase choppers, which do

not require resolved diffraction, allowed us to use wide collimating slits and a wide

detector when measuring P (v). Using wide slits and a wide detector increased the

rate at which we could gather data, which in turn increased the statistical precision of

our velocity distribution measurements and our polarizability measurements. Using

phase choppers rather than diffraction also added less systematic uncertainty to
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our P (v) measurements, further improving the polarizability measurements that

followed. In this chapter, I will describe how phase choppers work and the series of

improvements that we made to both the apparatus and our data analysis in order to

reduce systematic errors in our P (v) measurements. The origins of these systematic

errors and the calibrations we developed to eliminate them are also discussed in

more detail in reference [109] (reprinted in Appendix B) and briefly discussed in

Section II B of reference [13] (reprinted in Appendix C).

3.1 Introduction to phase choppers

Phase choppers are similar to mechanical choppers [112], which are a series of two

or more chopping wheels that modify a particle beam’s flux based on the beam’s ve-

locity distribution as well as the spacing, open fraction, and timing of the chopping

wheels. Phase choppers modify the contrast of our Mach-Zehnder atom interferom-

eter, rather than the flux, by applying ±π phase shifts that cause atom waves to

interfere destructively. Unlike mechanical choppers, however, phase choppers have

no moving parts.

Each phase chopper is a charged wire about 1 mm away from a physical ground

plane (see Table 2.1 for phase chopper dimensions). Chopper c1 is between the first

two gratings and chopper c2 is a distance zc1,c2 = 1269.3 ± 0.25 mm downstream

of chopper c1, between the last two gratings (see Fig. 2.1). The voltages on the

choppers’ wires and the distances between the beam and the choppers’ ground planes

are chosen such that chopper c1 shifts the ensemble’s average phase by +π and

chopper c2 shifts it by −π.

We pulse the choppers on and off at a frequency fc so that the voltage on the

chopper wires is a square wave as a function of time. An atom passing through

a chopper may receive a net phase shift of ±π or 0 depending on its velocity and

the time at which it passed through. Fig. 3.1 contains tutorial diagrams to help

explain how the phase choppers work. Consider a monochromatic beam, i.e. a

beam for which P (v) = δ(v0). If v0 and fC are such that all the atoms receive the
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Figure 3.1: Tutorial graphs explaining how phase choppers modify the interference
pattern contrast based on how their frequency fC compares to f0 ≡ zc1,c2/v0. The
black lines represent the atoms’ space-time trajectories, and the red and blue lines
represent space-times when the choppers apply a +π (red) or −π (blue) phase shift
to an atom that passes through them. Figure reproduced from page 3 of [141], c©
IOP Publishing & Deutsche Physikalische Gesellschaft. CC BY-NC-SA.



46

same net phase shift, then the atom waves do not interfere destructively and the

observed interference contrast does not change. This happens when fC is equal to

nf0 ≡ nzc1,c2/v0, in which case the interference pattern’s phase is unchanged, and

when fC = (n+ 1/2)f0, in which case the interference pattern’s phase is shifted by

π. In the opposite extreme, if v0 and fC are such that half of the atoms receive no

net phase shift and the other half receive a ±π phase shift, then the atom waves

interfere destructively with one another and the resulting interference contrast goes

to zero. This occurs when fC = (n+ 1/4)f0 and when fC = (n+ 3/4)f0.

To measure P (v), we start by turning the choppers on and off at 100 Hz and

scan their frequency up in equal increments to between 5 and 15 kHz, measuring

the contrast C at each increment. The C vs fC spectrum we observe is a series

of maxima at fC = nf0/2. Because our beam’s P (v) has finite width, the height

of the peaks decreases as fC increases, and this rate of decay itself increases as vr

decreases. Fig. 3.2 shows an example of typical C vs fC data.

Originally, our model for C vs fC was

C(fC) = C0

∣∣∣∣∣f
∑

k=−1,1

∫ 1/f

0

∫ ∞

0

P (v)ei∆φc1,k(v,t)+i∆φc2,k(v,t+zc1,c2/v)dvdt

∣∣∣∣∣ (3.4)

In this model, we only considered the k = ±1 interferometers. The phase shifts

induced by phase chopper j, ∆φci,k(v, t), can be written in terms of Eqn. (2.17) and a

piecewise function indicating whether or not that chopper was on at time t. However,

to use Eqn. (2.17) in our analysis would have required us to precisely measure all

the dimensions in Fig. 2.9 for both choppers and would therefore have introduced

systematic uncertainty for each of those measurements. Rather than relying on

analytical models of the choppers’ phase shifts, we would instead determine them

empirically by slowly turning them on and off and measuring those applied phase

shifts ∆φci,k(v) directly. When chopper j was on, we would observe the contrast
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Figure 3.2: An example of a measurement of contrast C vs. phase chopper frequency
fc for a Cs beam. We fit a model to these data that has v0 and vr as fit parameters
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Copyrighted by the American Physical Society.
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and phase

Ccj,DCe
iφcj,DC = C0e

iφ0

∫ ∞

0

P (v)ei∆φ0,cj
v2
0
v2 dv (3.5)

where ∆φ0,cj is a constant. We would use our observed phase shift φcj,DC − φ0 to

solve for ∆φ0,cj and therefore represent the 1/v2-dependent phase shift induced by

chopper j as ∆φcj,k(v) ≈ ∆φ0,cj
v2
0

v2 .

We later refined this original model in several ways, as documented in [109]

and [13] and discussed in the next sections. We found that our model was incom-

plete without taking into account the finite width of the detector, the width and

divergence of the beam, the k = ±2 interferometers, and inertial forces. We also

discovered that magnification of the interference pattern caused by the electric fields

and by unequal distances between the gratings was introducing systematic errors.

3.2 Finite detector width, beam width, and beam divergence

Many of the systematic errors that we discovered in our velocity distribution mea-

surement procedure stem from the fact that beam’s P (v) is not the same as the

detected P (v). Our atom detector has a finite width of wdet = 100 µm and may

have some offset from the beamline in the x direction ∆xdet. Therefore, the thick-

ness and divergence of the beam as well as the width of the velocity distribution

itself (parametrized by vr) determines the likelihood for atoms of certain velocities

to be detected.

Lower-velocity atoms have larger diffraction angles, which implies that, when

they reach the detector, they are further away from the beamline than faster atoms.

Fig. 3.3 shows how, if the atom beam is infinitely thin and has zero divergence,

the finite width and lateral position of the detector can be such that atoms with

velocities below some threshold are not detected. If this were an accurate model of

our apparatus, our detected P (v) would be the same as the real P (v) above that

threshold velocity and zero otherwise.

However, in our case in which our atom beam has non-zero width and divergence,
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Figure 3.3: Example of how the finite width of the detector can be such that higher-
velocity atoms are more likely to be detected. In this example, the slower atom
(purple) has a wider diffraction angle and therefore misses the detector while the
fast atom (orange) has a narrower diffraction angle and therefore hits the detector.

whether or not an atom strikes the detector is a function of the detector width wdet,

the detector’s lateral offset ∆xdet, the atom’s velocity v, and the atom’s trajectory as

it passes through the first grating, We parametrize the atom’s incident trajectory by

its x positions in the planes of the collimating slits as it passes through those slits, x1

and x2, where x1 = 0 and x2 = 0 indicates that the atom passes through the centers

of each slit. The result is that high-velocity atoms are more likely to be detected

than low-velocity atoms because there are more possible incident trajectories that

a high-velocity atom may have that will cause it to hit the detector. Fig. 3.4 shows

how the finite detector width, beam width, and beam diverence affects our model.

We also take into account the fact that atoms diffract when passing through the

third grating rather than simply continuing on their previous trajectory. Following

the formulation in Section 2.1.2, we can calculate C 〈I〉 for each trajectory coming

out of the third grating shown in Fig. 2.1 in order to determine the extent to which

each trajectory contributes to the signal. Then in our analysis, we will weight

each trajectory by its factor of C 〈I〉. If we again use Fig. 2.4 as an example, we

can append diffraction efficiency factors to the two wavefunctions ΨI and ΨII from

Eqn. (2.3) to obtain

ΨI = e1e1e0

ΨII = e0e1e1e
ikgx (3.6)
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Figure 3.4: Diagram of different models of the beam that range in complexity. We
found that our analysis was incomplete without taking into account the detector’s
finite width, the beam’s non-zero width, and the beam’s divergence.
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Figure 3.5: C 〈I〉 for each trajectory that atoms may take after diffracting through
the third grating. These C 〈I〉 values are used to weight the relative contributions
to the observed contrast and phase from each trajectory. To obtain the weights for
the k = −1 and k = −2 interferometers, reflect the trajectories shown across the
beamline.

ΨI received a factor of e0 because atoms in path I undergo zeroth order diffraction

out of 3g in Fig. 2.4, while ΨII received a factor of e1 because atoms in path II

undergo first order diffraction out of 3g. Therefore, the contrast and phase of the

atom waves in those interferometer paths that also exit the third grating parallel to

the beamline is

I(x) = Iinc|ΨI + ΨII|2

= Iinc(e
2
0e

4
1 + e2

0e
4
1 + 2e2

0e
4
1 cos(kgx+ φ))

= Iinc2e
2
0e

4
1 (1 + cos(kgx+ φ))

≡ 〈I〉 (1 + C cos(kgx+ φ)) (3.7)

which in turn implies that C 〈I〉 = 2e2
0e

4
1 for Fig. 2.4. The weights for all the

trajectories out of the third grating that we consider are tabulated in Fig. 3.5.
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Taking all these effects into account, an atom will hit the detector if

−wdet + ∆xdet <

x2+szs2,g1 +

(
s+ k

(
1− 1

2|k|

)
θd

)
zzg1,g3 + (s+ nθd) zg3,det

< wdet + ∆xdet (3.8)

where

s ≡ x2 − x1

zs1,s2

(3.9)

and will be weighted according to the k and n of it’s trajectory (see Fig. 3.5). We

represent this by the probability distribution Pk(x1, x2|v), which is the probability

that an atom in interferometer k with an incident trajectory parametrized by x1 and

x2 will hit the detector given its velocity v. The phase and contrast we observe with

our detector is that of an ensemble of atoms with different velocities and different

incident trajectories in different k interferometers:

Crefe
iφref = C0e

iφ0

∑

k

∫ w1/2

x1=−w1/2

∫ w2/2

x2=−w2/2

∫ ∞

v=0

P (v)Pk(x1, x2|v)ei∆φk(v,x1,x2)dvdx2dx1

(3.10)

where ∆φk(v, x1, x2) represents some unspecified collection of phase shifts.

Fig. 3.6 shows how, for typical potassium beam conditions, the detected P (v) is

similar to the real P (v) but with a slightly higher average and a slight skew. This

difference becomes more pronounced as the overall breadth of the beam—taking

into account the beam width, divergence, mass, velocity, and width of the velocity

distribution—increases with respect to the size of the detector. For example, if a

100-µm-wide detector is acceptable for a typical K beam, then a typical Li beam,

which has a tenth of the atomic mass and therefore a diffraction angle ten times as

large, would require a detector roughly ten times as wide.

Uncertainties in w1, w2, wdet, and ∆xdet also become more significant for beams
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Figure 3.6: Example of how the atom beam’s P (v) may be different from the
P (v) of the subset of atoms that hit the detector. This is an example using normal
potassium beam conditions.

that are more broad compared to the detector width. In lighter alkali beams, which

have larger diffraction angles and wider velocity distributions, more of the lower-

velocity atoms in the distribution miss the detector. Therefore, uncertainties in

the aforementioned quantities have a higher bearing on how we model the average

velocity of detected atoms (i.e. how we map between detected P (v) and real P (v)).

Ignoring this component of the analysis causes a systematic increase in measured v0

by 0.5% and vr by 10% for a typical K beam. Such errors are smaller for Rb and

Cs—beams of those higher-mass atoms have smaller diffraction angles, which causes

there to be a larger set of incident trajectories that are detected. In the limit of a

detector that is much wider than the diffracted beam, these systematic uncertainties

go to zero. Table 3.1 shows masses and typical beam conditions for K, Rb, and Cs

beams.

Modeling the four interferometers (k = ±1 and k = ±2) shown in Fig. 2.1, rather

than only the k = ±1 interferometers, also improved our understanding of how likely

it is for certain velocities to be detected. For typical K beams, we would report v0

too high by about 0.5% and vr too low by about 5% if we included only the k = ±1

interferometers in our analysis. This discrepancy occurs because, for such beams,

a larger proportion of atoms in the k = ±2 interferometers miss the detector than
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Table 3.1: Typical beam parameters for K, Rb, and Cs beams used for static
polarizability measurements. m is exact, while the rest of the parameters are ap-
proximate.

Atom m (kg) v0 (m/s) vr λdB (pm) θd (µrad)
Cs 6.4924 · 1026 2100 13 2 50
Rb 1.4192 · 1025 1900 23 2.5 25
K 2.2070 · 1025 1600 20 5 20

in the k = ±1 interferometers due to the fact that lower-velocity atoms have wider

diffraction angles and are therefore less likely to hit the detector. Hence, when the

detector width and diffraction angle is such that the detected velocity distributions

for the k = ±1 and k = ±2 interferometers are significantly different, ignoring the

k = ±2 interferometers has a significant effect on the model of the total detected

P (v). Conversely, for Cs and Rb beams, we found no significant difference in results

between models with and without the k = ±2 interferometers because most of the

atoms in all interferometers were detected regardless of velocity.

3.3 Longitudinal spacing between gratings

In a 3-grating, Mach-Zehnder interferometer that has gratings of equal period, the

interference pattern formed by the first two gratings is centered longitudinally a

distance L1 downstream of the second grating, where L1 is the distance between

the first and second grating. In order to properly mask and thereby probe the

interference pattern, the third grating must be placed a distance L1 away from the

second grating so that it coincides with the interference pattern. We found that if

the distance between the second and third gratings L2 does not equal L1, various

systematic errors occur. In this section, I will explain the physical origin of these

uncertainties and the procedure we developed to calibrate the gratings’ longitudinal

positions. Reference [109], reprinted in Appendix B, presents this information as

well as supplementary information on how the longitudinal spacing of the gratings



55

affects our experiments.

3.3.1 The longitudinal contrast envelope

That interference pattern, located a distance L1 downstream of the second grating,

has a finite longitudinal extent based on the transverse coherence length of the atom

waves. The atom waves form interference fringes to the extent that the waves overlap

with one another in the transverse (i.e. x) direction. Therefore, the interference

pattern is the most visible (i.e. has the highest contrast) where the atom waves

overlap perfectly a distance L1 away from the second grating and become less visible

further away from that point.

In [142, 143], McMorran and Cronin derive the transverse coherence length as

a function of longitudinal position for an atom beam collimated by two collimating

slits. In the plane of the second slit, the transverse coherence length for our beam

is

ls2 =
λdBw2zs1,s2√

w2
1w

2
2 + λ2

dBzs1,s2

≈ λdBzs1,s2

w1

≈ 140 nm (3.11)

where zs1,s2 is the distance between the two collimating slits and λdB is the atoms’

de Broglie wavelength. The above expression assumes that our atom beam, which

is collimated by rectangular slits of widths w1 and w2, can be approximated as

a Gaussian beam passing through Gaussian apertures of the same widths. Both

the coherence length l and effective beam width w evolve as a function of position

downstream of the second collimating slit according to the same scaling factor:

l(zi) ≈ ls2

√(
1 +

zs2,i

zs1,s2

)2

+

(
zs2,i

zs1,s2

w1

w2

)2

(3.12)

w(zi) ≈ w2

√(
1 +

zs2,i

zs1,s2

)2

+

(
zs2,i

zs1,s2

w1

w2

)2

(3.13)

where zs2,i is the distance between the second collimating slit and the point zi. Note

that in our apparatus, w1/w2 = 1.
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The interference fringes will form in the vicinity of the third grating to the

extent to which the transverse Gaussian envelopes of atom waves in the different

interferometer paths overlap. If the third grating is placed such that L1 = L2, then

those envelopes overlap perfectly at the location of the grating. However, if L1 6= L2,

then the distance between paths in the interferometer at the location of the third

grating will be

∆Lθd = ∆L
λdB

dg
(3.14)

where ∆L ≡ L2 − L1. The coherence length at the third grating will be

lg3 ≈
λdBzs1,s2

w1

√(
1 +

2L1

zs1,s2

)2

+

(
2L1

zs1,s2

)2

≈ 600 nm (3.15)

If we integrate the product of two 1-D Gaussians separated by ∆Lθd and with width

lg3 over all space, we obtain the longitudinal contrast envelope Cenv(∆L):

∫ ∞

−∞
e
− x2

2lg3 e
− (x−∆Lθd)2

2lg3 dx ∝ e
−
(

∆LλdB
2dglg3

)2

≡ Cenv(∆L) (3.16)

We use this longitudinal contrast envelope in our analysis to describe in part how

the contrast we observe reduces as a function of ∆L. This effect is one of multiple

ways in which inequality between L1 and L2 causes loss of contrast.

3.3.2 Geometric magnification

Fig. 3.7 shows a Gaussian-Schell simulation of the interfering atom waves in our

Mach-Zehnder interferometer [142, 144–146]. The white regions in the figure rep-

resent regions of high probability density |Ψ|2, and the black regions correspond to

|Ψ|2 = 0. The difference between Fig. 3.7a and Fig. 3.7b lies in how the transverse

coherence length l of the beam compares to the beam width at the first grating w

(i.e. at z = 0). As we can see from Eqn. (3.12) and Eqn. (3.13), the ratio β between l

and w is constant over all longitudinal positions within the beam. In our apparatus,
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Figure 3.7: Gaussian-Schell model [142, 144–146] of de Broglie waves in a three-
grating Mach-Zehnder interferometer. The color indicates the probability density
|Ψ|2, where white corresponds to high density. In this simulation, transmission
gratings are located at z = 0 and z = 1 m, forming an interference pattern centered
around z = 2 m. In (a), the transverse coherence length equal to the beam width,
while in (b), the transverse coherence length is smaller than the beam width. This
simulation used a grating period of 5 µm and a de Broglie wavelength of 0.5 nm.
As a result, the diffraction angles are of the same order of magnitude as those in
our experiment (10−4 rad), but the number of fringes in our experiment is much
larger. Adapted with permission from [109]. Copyrighted by the American Physical
Society.
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that ratio is approximately

β ≡ l

w
≈ λdBzs1,s2

w1w2

≈ 0.005 (3.17)

where zs1,s2 is the longitudinal distance between the two collimating slits and w1

and w2 are the widths of those slits.

Fig. 3.7a shows the probability density for β = 1, which corresponds to a highly

collimated, fully coherent beam. As we can see, the lines of high probability density

in the interference pattern (i.e. the lines at which the phase difference between atom

waves is a multiple of 2π) have a slope in the z-x plane of

±1

2

h

mvdg
≈ ±1

2
θd (3.18)

Further, we can make the more general statement that, around z = 2 m, lines of

constant differential phase of any value—not just multiples of 2π—have this slope.

If the third grating, which we use to mask and probe the interference pattern, were

to be placed so that the distance between the second and third gratings L2 were

equal to distance between the first and second gratings L1, then the third grating

would observe an interference pattern for which the positions of the all bright spots

could be described by a single phase. However, if the third grating were to be

moved longitudinally in either direction (so that ∆L 6= 0), the interference patterns

observed by the grating on each side of the beamline would appear to move laterally

in opposite directions. This effect causes the interference fringes on either side of

the beamline to be out of phase with one another. Because our detector can only

observe the average phase of all interference fringes at the third grating, these phase

differences within the interference pattern cause destructive interference that results

in lower observed contrast.

Fig. 3.7b shows the probability density for β = 0.1, which is a closer approxima-

tion to the β in our interferometer. In this figure, we can see that lines of constant

differential phase can be drawn radiating out from the beam’s center at z = 0. This

fact implies that the period of the interference pattern in the vicinity of z = 2 m
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changes as a function of z, and only equals the gratings’ period at exactly z = 2 m.

In this case, the fringe period as a function of z can be described by the geometric

magnification

Mg =
L1 + L2

2L1

=
2L1 + ∆L

2L1

(3.19)

As with the β = 1 case, this geometric magnification can be represented as a sum

of interference patterns of different phases that interfere destructively, reducing the

contrast we observe by masking the total interference pattern with the third grating.

We represent these phase shifts of the observed interference pattern induced by

changes in ∆L as the separation phase shift [147],

∆φsep,k =
2π

dg

[
θinc + k

(
1− 1

2|k|

)
θd

]
∆L (3.20)

where k is the interferometer index (see Fig. 2.1), θinc is the incident angle on grating

g1, and ∆L ≡ L2 − L1. Inequality between L1 and L2 causes systematic errors in

our measurements, especially our P (v) measurements [109]. Eqn. (3.20) implies that

uncertainty in ∆L is more significant for beams with larger θd, such as K beams.

Also, because ∆φsep,k has a component proportional to θinc, uncertainty in ∆L is

more significant for more divergent beams. As |∆L| increases, uncertainties in w1,

w2, wdet, and ∆xdet become more significant.

3.3.3 Electrostatic lensing

The electric field gradients discussed in Section 2.3 that we use in our interferometer

to measure velocity distributions, static polarizabilities, and inertial forces also mag-

nify the interference pattern and shift it longitudinally. Fig. 3.8 demonstrates, using

the classical ray optics model, how our electric field gradients act as diverging lenses.

As we discussed previously, the atoms in the interferometer experience an energy

shift UStark = −1
2
α|E|2 and are therefore deflected to a greater extent by stronger

electric field gradients. Our electrodes are constructed such that the electric field
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Figure 3.8: Ray-optics representation of an electrostatic diverging lens in a Mach-
Zehnder interferometer. The black dotted lines represent the gratings, and the
blue lines represent the paths atoms take through the interferometer. The red line
represents the longitudinal center of the interference pattern, or the location at which
the atom waves from different paths overlap the most and thus create the highest
contrast. (a) shows the interferometer with no electric field gradient applied. (b)
shows the effect of an electric field applied to the interferometer. This electrostatic
diverging lens deflects the atoms away from the lens axis (causing a phase shift),
magnifies the interference fringes (causing contrast loss), and shifts the longitudinal
location at which the atom waves maximally overlap away from the third grating
(also causing contrast loss).
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gradient at the ground plane is zero and increases as the observer moves closer to

the charged, cylindrical electrodes. For these reasons, we can mathematically treat

our static electric fields as cylindrical, diverging lenses for which the ground plane

is the lens axis. Atom waves near the lens axis will be deflected by relatively small

amounts, while atom waves closer to the electrodes will be deflected by relatively

large amounts toward those electrodes.

This divergence of the atom waves induced by our electric field gradients has

three distinct effects. The first and most obvious effect is that fields cause a phase

shift as they deflect the atoms, and therefore the interference pattern, away from the

ground plane (lens axis). The second and third effects are that the lens magnifies

the interference fringes and shifts them longitudinally in the +z direction. We can

calculate this magnification using traditional ray optics and the thin lens equation.

We treat the interference fringes that would be formed without the lens in place as a

virtual object a distance o from the lens. The diverging lens, which has focal length

f , then forms a real image a distance

i = (
1

f
− 1

o
)−1 ≈ −o− o2

f
(3.21)

downstream of the lens (on the same side of the lens as the virtual object) that has

transverse magnification

MT = − i
o
≈ 1 +

o

f
(3.22)

We use the conventions that o is negative for a virtual object, f is negative for a

diverging lens, and i is positive for a real object, which together with Eqn. (3.21)

imply that i > |o| and MT > 1. If the third grating is placed such that ∆L = 0, then

the image exists a distance −o2

f
= o2

|f | downstream of that grating. Therefore, the

third grating will observe interference fringes that are additionally magnified or de-

magnified according to the grating’s longitudinal position and MT . The interference
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Figure 3.9: Observed interference pattern contrast as a function of ∆L, with and
without the influence of an electric field gradient that acts as a diverging electrostatic
lens. Adapted with permission from [109]. Copyrighted by the American Physical
Society.

fringe period di at the position of the third grating will therefore be

di = dgMgMT = dg

(
2L1 − o2

f

2L1

)(
1 +

o

f

)
(3.23)

In our interferometer, our electric fields have focal lengths on the order of kilometers,

which implies that the induced fringe magnification MgMT changes the interference

pattern period on the order of one part per thousand. As with the geometric mag-

nification discussed in the previous section, this mismatch between the interference

pattern period and the grating period causes the contrast we observe to be reduced.

Fig. 3.9 shows the observed interference pattern contrast as a function of ∆L

with and without an electrostatic lens. In this figure, we can see how turning on one

of our electric field gradients shifts the interference pattern longitudinally in the +z

direction, making it so the maximum observable contrast appears at a ∆L > 0.

It is important to note the interference fringe phase shift and magnification

caused by electrostatic-lens-induced divergence of the atom waves is fully accounted
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for in Eqn. (2.17), the expression for the phase shift induced by the electric fields.

The ray-optics formulation discussed in this section is simply an alternate way of

representing those effects. However, because the lens also shifts the interference

pattern in the +z direction by −o2

f
, we also observe decreased contrast due to the

longitudinal contrast envelope Cenv(−o2/f), given by Eqn. (3.16).

The longitudinal shift of the interference pattern, coupled with Cenv(−o2/f), is

especially important to consider with regard to our phase choppers, which modify

the contrast based on the atom beam’s P (v) and the phase choppers’ frequency

fC . As the choppers turn on and off, they shift the interference pattern back and

forth in the z direction, causing the contrast to be reduced more than it would if

the interference pattern were to somehow always remain in the same longitudinal

position.

3.3.4 Calibrating ∆L

In order to reduce systematic errors and uncertainties in our experiments caused by

the separation phase and the longitudinal contrast envelope, we needed to find a

way to set ∆L equal to zero with as high as of a precision as we could. Initially,

we attempted to calibrate ∆L by measuring contrast vs ∆L (such as in Fig. 3.9)

and changing ∆L until we observed maximum contrast. However, we found that

such a method was very time-consuming and only accurate to within a few hundred

microns, which would cause us to report velocities and polarizabilities incorrectly

be a few percent (about 10 times less accurate than we desired).

Instead, we developed a method to set ∆L equal to zero by monitoring the

lateral dependence (x-dependence) of the interference pattern’s phase. Eqn. (3.20)

and Fig. 3.7 demonstrate that, if ∆L 6= 0, interferometers on either side of the

beamline receive opposite phase shifts. Therefore, by moving the detector in the

±x direction, we observe linear changes in φ as a function of ∆xdet with a slope

dφ/dxdet that is proportional to ∆L. Fig. 3.10 shows data that demonstrates this

effect. Using this method, we were able to set ∆L to 0 ± 30 µm in a much shorter

amount of time by finding the ∆L for which dφ/dxdet = 0.
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Figure 3.10: Two data plots showing how the phase φ of the interference fringes
changes linearly as a function of ∆xdet and ∆L. In plot (a), the black dots represent
coordinates at which data was acquired, and the colors represent contours inferred
from the data. These figures show how φ vs ∆xdet is a line with slope proportional
to ∆L. Adapted with permission from [13]. Copyrighted by the American Physical
Society.
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Since we recalibrated ∆L every day during our experiments, the 30 µm un-

certainty in ∆L represents a systematic error for one day’s measurements and a

statistical error for many days’ measurements averaged together. That error con-

tributes toward the statistical uncertainty of α measurements. The same is true

for ∆xdet = 0 ± 30 µm, which also fluctuates from day to day as we set up the

apparatus.

3.4 Other systematic uncertainties

Section 2.2.2 explained how the atoms in our interferometer will receive a phase shift

∆φaccel if they experience an acceleration a in ±x direction. If the interferometer

grating bars are tilted with respect to vertical by an angle θg, it becomes necessary

to consider the phase shift induced by the component of gravitational acceleration

g sin(θg) in the plane of the interferometer [27, 110]. An acceleration phase ∆φaccel

applied to a beam with velocity distribution P (v) causes reduction in contrast be-

cause ∆φaccel depends on 1/v2. The phase shifts induced by the phase choppers,

which also depend on 1/v2, can add to or compensate for this contrast loss (See

Chapter 7 for a more detailed discussion of this effect). Therefore, without properly

measuring θg and thereby the strength of ∆φaccel, we would incorrectly predict the

reduction in contrast created by the phase choppers.

In Chapter 7, I discuss how we measured θg with high enough precision so as

to reduce the contribution to the uncertainty budget from uncertainty in θg. Our

interferometer’s |θg| varied over the course of our experiments, but never exceeded

2.3 mrad. If we were to neglect this portion of the analysis, we would report v0

incorrectly by up to 0.015% and vr incorrectly by up to 0.25%.

3.5 Current phase choppers method and uncertainty budget

Taking into account beam width, beam divergence, detector width, k = ±2 inter-

ferometers, inertial forces, separation phase, lensing, and the longitudinal contrast

envelope, the improved model for the contrast C as a function of the phase choppers’
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frequency fC is

C(fC) = C0

∣∣∣∣∣
∑

k=−2,−1,1,2

fC

∫ 1/fC

0

∫ w1/2

x1=−w1/2

∫ w2/2

x2=−w2/2

∫ ∞

v=0

P (v)Pk(x1, x2|v)Cenv (∆L, t)

×ei∆φc1,k(v,x1,x2,t)ei∆φc2,k(v,x1,x2,t+zc1,c2/v)ei∆φsep,k(v,x1,x2)ei∆φsag(v)ei∆φaccel(v)dvdx2dx1dt
∣∣

(3.24)

Pk(x1, x2|v), discussed in Section 3.2, is the probability that an atom in interferom-

eter k with an incident trajectory parametrized by x1 and x2 will hit the detector

given its velocity v. The longitudinal contrast envelope Cenv depends on t in addition

to ∆L because the phase choppers, which act as electrostatic lenses that shift Cenv

in the ±z direction, turn on and off as a function of time. Just like in Eqn. (3.4),

this newer equation contains phase shifts applied by the phase choppers that are

some constant value ∆φcj,k,DC(v, x1, x2) times a piecewise-constant function of time

that specifies whether or not chopper j is on or off:

• At t = 0, chopper 1 is off and chopper 2 is on if zc1,c2

v
% 1
fC
> 1

2fC

• At t = 1
2fC
−
(
zc1,c2

v
% 1

2fC

)
, chopper 2 toggles its state

• At t = 1
2fC

, chopper 1 turns on

• At t = 1
fC
−
(
zc1,c2

v
% 1

2fC

)
, chopper 2 toggles its state

where “%” is the modulo operation. However, because we must consider interferom-

eters with different x1 and x2 coordinates passing through the choppers, we cannot

approximate the phase shift applied by chopper j as an empirically-determined

phase constant ∆φ0,cj times
v2
0

v2 because we cannot factor out such a phase constant.
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Instead, the phase shift applied by the choppers are

∆φc1,k=+2,DC(v, x1, x2) =

Ac1
v

[
1

b2
c1 − (xc1 + szs2,c1 + x2 + 2θdzg1,c1)2 −

1

b2
c1 − (xc1 + szs2,c1 + x2 + θdzg1,c1)2

]

∆φc1,k=+1,DC(v, x1, x2) =

Ac1
v

[
1

b2
c1 − (xc1 + szs2,c1 + x2 + θdzg1,c1)2 −

1

b2
c1 − (xc1 + szs2,c1 + x2)2

]

∆φc1,k=−1,DC(v, x1, x2) =

Ac1
v

[
1

b2
c1 − (xc1 + szs2,c1 + x2)2 −

1

b2
c1 − (xc1 + szs2,c1 + x2 − θdzg1,c1)2

]

∆φc1,k=−2,DC(v, x1, x2) =

Ac1
v

[
1

b2
c1 − (xc1 + szs2,c1 + x2 − θdzg1,c1)2 −

1

b2
c1 − (xc1 + szs2,c1 + x2 − 2θdzg1,c1)2

]

(3.25)
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∆φc2,k=+2,DC(v, x1, x2) =

Ac2
v

[
1

b2
c2 − (xc2 − szs2,c2 − x2 − 2θdL1 − θdzg2,c2)2 −

1

b2
c2 − (xc2 − szs2,c2 − x2 − θdL1 − 2θdzg2,c2)2

]

∆φc2,k=+1,DC(v, x1, x2) =

Ac2
v

[
1

b2
c2 − (xc2 − szs2,c2 − x2 − θdL1)2 −

1

b2
c2 − (xc2 − szs2,c2 − x2 − 1θdzg2,c2)2

]

∆φc2,k=−1,DC(v, x1, x2) =

Ac2
v

[
1

b2
c2 − (xc2 − szs2,c2 − x2 + θdzg2,c2)2 −

1

b2
c2 − (xc2 − szs2,c2 − x2 + θdL1)2

]

∆φc2,k=−2,DC(v, x1, x2) =

Ac2
v

[
1

b2
c2 − (xc2 − szs2,c2 − x2 + θdL1 + 2θdzg2,c2)2 −

1

b2
c2 − (xc2 − szs2,c2 − x2 + 2θdL1 + 1θdzg2,c2)2

]

(3.26)

In the above equations, bcj and xcj are the electric field dimensions shown in Fig. 2.9.

The subscripts in the zA,B terms are as follows: s2 is the second collimating slit, cj

is chopper j, and gn is grating n. The factors Acj are determined empirically in the

same way that ∆φ0,cj was in the previous model. We directly measure the phase

shift φcj,DC − φref applied to the ensemble of atoms by chopper j and then solve

for Acj using the following equations. When the choppers are off, we observe the
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reference phase φref and reference contrast Cref given by

Crefe
iφref = C0e

iφ0

∑

k=−2,−1,1,2

∫ w1/2

x1=−w1/2

∫ w2/2

x2=−w2/2

∫ ∞

v=0

P (v)Pk(x1, x2|v)Cenv(t)

×ei∆φsep,k(v,x1,x2)ei∆φsag(v)ei∆φaccel(v)dvdx2dx1

(3.27)

When chopper j is on, we observe the phase and contrast

Ccj,DCe
iφcj,DC = C0e

iφ0

∑

k=−2,−1,1,2

∫ w1/2

x1=−w1/2

∫ w2/2

x2=−w2/2

∫ ∞

v=0

P (v)Pk(x1, x2|v)Cenv(t)

×ei∆φcj,k,DC(v,x1,x2)ei∆φsep,k(v,x1,x2)ei∆φsag(v)ei∆φaccel(v)dvdx2dx1

(3.28)

We note that in theory, Acj should be given by

Acj =
λ2
cjα

πε20~
(3.29)

where λcj is given by Eqn. (2.15). However, we can measure Acj by measuring phase

shifts more accurately than we could determine Acj by measuring our electric field

parameters.

The uncertainty budget for v0 and vr measurements is displayed in Fig. 3.11.

The total statistical uncertainty in measured v0 and vr is roughly 10 times larger

than the total systematic uncertainty after about 15 minutes of data acquisition

with the phase choppers. Because v0 and vr drift over time, typically 3% over the

course of several hours, we measure the velocity distribution twice every hour.
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Figure 3.11: Systematic uncertainty budget for measurements of v0 and vr for our
Cs, Rb, and K beams. The total systematic error in v0 and vr in turn contributes
toward the total systematic uncertainty in α measurements (shown in Fig. 4.2). A
nominal value for θg is not listed because θg changed from −2.37 ± 1.39 mrad to
1.73± 0.59 mrad toward the end of the experiment. Adapted with permission from
[13]. Copyrighted by the American Physical Society.
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CHAPTER 4

IMPROVING STATIC POLARIZABILITY MEASUREMENTS

Implementing phase choppers and improving the analysis of phase choppers data al-

lowed us to measure v0 and vr to 0.025% and 0.5% uncertainty, which greatly reduced

the extent to which uncertainty in P (v) contributed to uncertainty in polarizability.

With δv0 and δvr no longer the dominant uncertainty contributors, we were able to

further reduce the systematic uncertainty in polarizability measurements by making

higher-precision measurements of other apparatus parameters. This work eventually

led to us measuring static polarizability with a systematic uncertainty of 0.10% and

a total uncertainty (statistical + systematic) of 0.11%.

To measure the Cs, Rb, and K polarizability, we induce polarizability-dependent

phase shifts using two parallel, oppositely charged, 1/2-inch-diameter, stainless-steel

pillars. The pillars are mounted to a single, rigid support structure so that a 3999.4

± 0.4 µm gap exists between them. A motor moves the support structure in the

±x direction, and a length gauge monitors the structure’s x position. We begin a

polarizability measurement with the assembly positioned such that the beam passes

through the gap between the pillars near one of the edges. We take 25 sec of data

with the electric field on and 25 sec with it off. We then move the pillars in nine 400

µm increments so that the beam approaches the other edge of the gap, taking 50 sec

of data at each location. In doing so, we observe the phase shift ∆φ = φpillars − φref

applied by the pillars as a function of xb (see an example in Fig. 4.1). We then repeat

this sequence, moving the pillars in the opposite direction in order to minimize

possible systematic errors associated with travelling in a certain direction. When

the electric field is off, we observe the reference phase φref and reference contrast



72

Cref given by

Crefe
iφref = C0e

iφ0

∑

k=−2,−1,1,2

∫ w1/2

x1=−w1/2

∫ w2/2

x2=−w2/2

∫ ∞

v=0

P (v)Pk(x1, x2|v)Cenv(t)

×ei∆φsep,k(v,x1,x2)ei∆φsag(v)ei∆φaccel(v)dvdx2dx1 (4.1)

When the field is on, we instead observe

Cpillarse
iφpillars = C0e

iφ0

∑

k=−2,−1,1,2

∫ w1/2

x1=−w1/2

∫ w2/2

x2=−w2/2

∫ ∞

v=0

P (v)Pk(x1, x2|v)Cenv(t)

×ei∆φ~E,j(v,xb+x2+szs2,pillars)ei∆φsep,k(v,x1,x2)ei∆φsag(v)ei∆φaccel(v)dvdx2dx1

(4.2)

where ∆φ ~E,j(v, xb + x2 + szs2,pillars) is given in Eqn. (2.17) and s is again defined as

s =
x2 − x1

zs1,s2

(4.3)

We fit a model to ∆φ vs xb, as shown in Fig. 4.1. The fit parameters of that model

are the polarizability and the pillars position xb0 for which the phase shift is zero

(i.e. the location at which the virtual ground plane is in the center of the atom

beam).

We note that the electric field produced by the pillars in our apparatus is about 5

orders of magnitude weaker than what would be required to ionize the atoms passing

between the electrodes. In this regime, the frequency-independent Stark energy shift

UStark is proportional to the static polarizability α and the magnitude squared of

the electric field E2. However, if the E in our apparatus were 105 times stronger,

we would be able to observe the energy shift due to the atomic hyperpolarizability

γ. That energy shift is proportional to E4:

U =
1

2!
αE2 +

1

4!
γE4 + ... (4.4)

Because such strong electric fields are difficult to obtain even in vacuum with con-
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Figure 4.1: An example of a measurement of phase shift vs x position of the pillars
for a Rb beam. The two fit parameters used to fit the model to these data are
polarizability αRb and the pillars’ position at which the phase shift is null xb0. Note
that a complete measurement of Rb static polarizability consists of hundreds of such
measurements—the αRb value reported in this figure is not the final one. Adapted
with permission from [13]. Copyrighted by the American Physical Society.
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1.00.80.60.40.20.0

δα/α x1000

wdet = 100 ± 3 µm
dg = 99.90 ± 0.5 nm

Vpillars: δV/V = 35 ppm
apillars = 1999.7 ± 0.2 µm

Rpillars = 6350 ± 0.5 µm
v0: δv0/v0 given in Fig. 5
vr: δvr/vr given in Fig. 5

zg1,pillars = 833.50 ± 0.25 mm

dimer fraction < 0.01
total sys. error x1000

 K  Rb  Cs

Figure 4.2: Systematic uncertainty budget for polarizability measurements for our
Cs, Rb, and K beams. The uncertainties in knowledge of v0 and vr are propagated
forward from Fig. 3.11. Values of Vpillars ranged from 5 kV to 7 kV, always with 0.05%
uncertainty. Adapted with permission from [13]. Copyrighted by the American
Physical Society.

ventional electrodes but readily available in the form of light, it may be possible to

measure dynamic hyperpolarizability of atoms by shining resonant or near-resonant

light on them.

4.1 Improvements and calibrations

The systematic uncertainty budget for our polarizability measurements is shown in

Fig. 4.2. In the next sections, we discuss how we measured some of the quantities

in the error budget in order to reduce their uncertainty contributions. The content

of this chapter is also presented briefly in Sections II C and II D of reference [100],

reprinted in Appendix C.

θg does not appear in the uncertainty budget because θg was always close enough

to zero such that we did not need to consider ∆φaccel in our polarizability data

analysis. To report polarizabilities with 0.1% uncertainty, we would only need to
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consider ∆φaccel if |θg| exceeded 23 mrad. We also found that uncertainties in w1 and

w2 each do not correspond to more than 0.004% uncertainty in α. However, we note

that, for K beams with wide velocity distributions, we would report polarizability

about 2% lower if we didn’t take into account either the k = ±2 interferometers or

the beam width and divergence.

Gaseous alkali atoms in an atomic beam nozzle have a probability of forming

homonuclear dimers that depends on the gas pressure [128] and the diameter of

the nozzle hole [129]. It is important for us to quantify the dimer mole fraction

in our beam because the dimers’ spatially averaged (tensor) polarizabilities are ap-

proximately 1.75 times the monomer polarizabilities [92]. In our nozzle, the vapor

pressure of alkali atoms is on the order of 1 torr at our typical running temperatures

of 160◦C for Cs, 220◦C for Rb, and 350◦C for K. According to data acquired by

Gordon et al. (1971) [128] and Bergmann et al. (1978) [129], our alkali gas pressures

of 1 torr should result in a dimer mole fraction well below 1%. Additionally, Holm-

gren et al. [11, 126] demonstrated how to place an upper limit on the dimer mole

fraction by analyzing resolved diffraction patterns through a single nanograting and

looking for peaks associated with dimer diffraction. In this work, we used very sim-

ilar nozzle temperatures in our experiment as Holmgren et al. did in 2010. For all

these reasons, we conclude that the dimer mole fraction in our beam must be less

than 1%. Fig. 4.2 shows how a 4% dimer mole fraction would lead to a significant

(0.1%) error in measured polarizability.

The uncertainty in the grating period of 0.5 nm was the uncertainty in a mea-

surement of the grating period made by NIST. That measurement was commissioned

by Tim Savas, the researcher at M.I.T. who manufactured the gratings [130, 131].

Currently, the uncertainty budget for polarizability measurements is dominated

by equal contributions from uncertainty in the grating period, pillars radius, and

the longitudinal distance between the first grating and the pillars. Because the

uncertainty contributions are added in quadrature to obtain the total systematic

uncertainty, we would need to significantly reduce all three terms in order to signif-

icantly reduce the total.
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4.1.1 Improved electrodes

In our lab’s previous generation of static polarizability measurements [11], Holmgren

et al. used one pillar next to a grounded plate instead of two pillars forming a virtual

ground plane. xb was measured by blocking the beam with the pillar. There were

significant statistical errors of a few µm associated with this procedure, and a 1 µm

error would lead to a 0.1% error in polarizability.

Our new pillars assembly greatly reduces those statistical errors. Because our

new pillars assembly allows us to measure ∆φ vs xb on both sides of the virtual

ground plane and because ∆φ vs xb is approximately symmetric around ∆φ = 0, we

can let xb0, the pillars position for which the interferometer receives zero phase shift,

be a fit parameter in our model. Our typical 5 µm statistical uncertainties in xb0

add an insignificant amount of statistical uncertainty to the determined α because

of the symmetric quality of ∆φ vs xb.

4.1.2 Pillars voltage calibrations

We reduced the uncertainty in Vpillars to 0.05% by independently calibrating our

voltage supplies with a Vitrek 4700 high-precision voltmeter. In our apparatus, each

pillar was held with respect to ground by its own voltage supply. For each supply,

we measured the actual output voltage as a function of the requested voltage. We

found that each supply was supplying between 0.03% and 0.06% more voltage than

requested depending on what the requested voltage was. The results are shown in

Fig. 4.3.

We found that, after our voltage supplies had reached a normal operating tem-

perature roughly 10 minutes after being switched on, our calibration results were

completely reproducible to within the measurement capabilities of our test equip-

ment. For example, requesting 6000 V on the positive supply would always cause

that supply to output 6002.7(2) volts. Taking advantage of this fact, we were able

to construct a table of actual vs requested voltages. If on a certain day we took

polarizability data with the pillars nominally at ±6000 V, we would know they were
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Figure 4.3: Calibration data for the power supplies that supply ±Vpillars. These
results were completely reproducible to within our measurement capabilities.
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actually at +6002.7(2) V and −6002.5(2) V, which we would interpret as an average

±6002.6(2) V. We found that the supplies’ output voltages did vary as a function of

temperature, but that the temperature in the room was constant enough to ignore

this effect.

4.1.3 Measurements of longitudinal distances

We measured zg1,pillars, the distance between the first grating and the plane that goes

through the axis of both pillars, to 1/4 mm accuracy using rulers and photographs.

We placed a section of a tape measure in the apparatus so that it passed next

to the first grating and between the pillars. Three of us would then take turns

reading the points on the rulers that coincided with the first grating, the front of

the pillars, and the back of the pillars. We also took photographs and read the ruler

measurements from those photos. We repeated this process several times, each time

sliding the ruler longitudinally by a random amount in order to avoid systematic

error associated with the ruler’s markings being in one specific position. Afterward,

we also compared the markings on our ruler to those on other rulers so as to verify

the accuracy of our ruler. The value of zg1,pillars we use in this analysis is the average

of all those measurements. Fig. 4.4 shows examples of the photographs used in this

procedure. Though our ruler was subdivided into millimeters, we found it easy to

judge positions with 1/4 mm accuracy by eye.

We also applied this procedure in order to measure zc1,c2, the longitudinal dis-

tance between the phase choppers.

4.1.4 Measurements of width of the gap between the pillars

We measured the width of the gap between the pillars, 2apillars, to 400 nm accuracy

by repeatedly scanning the pillars assembly across the beam and recording the

positions at which each pillar blocked half of the atom beam (i.e. the positions

at which the total atom flux was reduced by half). For these studies, we used 10

µm collimating slits to produce a highly collimated beam, and we did not pass the
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Figure 4.4: Photographs showing how we measured longitudinal distances (on the
order of meters) in our apparatus.
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Figure 4.5: To measure the width of the gap between the pillars, we would scan
the pillars assembly across the beam and observe the points at which the beam was
half-eclipsed by the pillars. These plots show the atom flux vs the pillars position.
(b) uses blue “X”s to highlight the positions at which the count rate reached half-
maximum, corresponding to the edges of the pillars. Note that the scatter appears
reduced in (a) with respect to (b) because box smoothing was used to produce (a).

beam through the diffraction gratings. Fig. 4.5 shows an example of data acquired

this way. To account for drift of the atom flux as a function of time, we would fit a

line to the atom flux measured between the pillars edges vs time.

We found that our measurements were very sensitive to the alignment of the

beam, i.e. the x positions of the collimating slits and detector. However, we were

able to verify that our measurements were not affected by the total atom flux,

the choice of collimating slits, the speed at which the pillars were translated, the

temperature of the nozzle, the pressure inside the nozzle, the vertical collimation of

the beam, the beam velocity, or the beam’s atomic species.

To verify that apillars did not change over time, we repeated this procedure many

times throughout the months during which we acquired our data. Fig. 4.6 shows five

different gap width measurements acquired over the course of our static polarizability

measurements. We attribute scatter in the data to misalignment of the collimating

slits and detector.

We also investigated the effect of van der Waals interaction between the atoms
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Figure 4.6: Summary of gap width measurements made over the course of our
polarizability measurements. These results indicate that the gap width did not
change over time.

and the pillars on our gap width measurements. Atoms are attracted to surfaces

according to the van der Waals atom-surface interaction potential

U = −C3

r3
(4.5)

The van der Waals coefficient C3 is stronger for atoms that are more polarizable

(such as alkali atoms) and surfaces that are more conductive (such as stainless-steel

pillars). If atoms close to the pillars were to be deflected by van der Waals interaction

to the extent that they no longer hit the detector, then the pillars would appear

effectively larger in our measurements and we would report an artificially-low gap

width.

Given the typical velocities of the alkali atoms in our beam, we simulated the

deflection of passing atoms due to van der Waals interaction with the pillars as

a function of the impact parameter between the atom and the pillars. For this

analysis, we assumed the pillars were perfectly conducting, which would cause us
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Table 4.1: A typical sequence of measurements during a day of data acquisition.
The pillars’s +x direction of travel is arbitrarily chosen—the important aspect is
that we spend an equal amount of time scanning the pillars in each direction so
as to minimize possible systematic errors. This sequence of eight measurements
is repeated once per hour for anywhere between 6 and 36 hours. We end the data
acquisition by repeating the first four measurements. Adapted with permission from
[13]. Copyrighted by the American Physical Society.

Type of data acquired Duration
contrast vs chopping freq. 7m 5s
chopper c1 phase 3m 45s
chopper c2 phase 3m 45s
contrast vs chopping freq. 7m 5s
∆φ vs pillars position (+x direction) 8m 45s
∆φ vs pillars position (−x direction) 8m 45s
∆φ vs pillars position (+x direction) 8m 45s
∆φ vs pillars position (−x direction) 8m 45s

to over-estimate the deflections. Fig. 4.7 shows the results of this simulation. We

find that atoms are only deflected away from the detector if they pass within 30 nm

of the pillars’ edges. This 60 µm systematic error is insignificant compared to the

statistical uncertainty in our gap width measurements.

4.2 Connecting velocity and polarizability measurements

We measure the velocity distribution of the atom beam because the polarizability-

dependent phase shifts we induce in order to measure polarizability are proportional

to 1/v2. However, we cannot measure α and P (v) at the same time. Therefore, we

alternate between polarizability and velocity measurements and interpolate between

velocity measurements to obtain the velocity during a given polarizability measure-

ment.

A typical sequence of measurements is shown in Table 4.1. We measure the

velocity distribution twice between every four scans of the pillars across the beam,

and calibrate the phase choppers between each pair of velocity measurements. Mea-
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suring P (v) twice in a row helps reduce statistical uncertainty in velocity. However,

the statistical uncertainties on individual velocity measurements are usually compa-

rable to or greater than typical changes in velocity between measurements, so these

repeated measurements do not give us additional knowledge of the rate of change

of P (v).

Fig. 4.8 shows two examples of sequences of velocity measurements, possible in-

terpolations of those measurements, and resulting polarizability measurements. It is

not straightforward to determine the best way to interpolate between velocity mea-

surements. The average velocity v0 does not follow any common, repeating trends

as a function of time through the course of our measurements, and interpolating be-

tween v0 measurements can be difficult because it is hard to estimate exactly what

v0(t) looks like when the apparent curvature of v0 vs t (as indicated by the measure-

ments) appears to be high. Because we expect v0(t) and vr(t) to be continuous and

differentiable, there is a limit to how accurately linear interpolation can represent

those quantities. One might expect cubic spline interpolation to do a good job of

estimating a smooth, differentiable v0(t), but the requirement that a cubic spline

must pass through each v0 point leads to some unbelievable interpolations. For

example, Fig. 4.8b is an example of how statistical noise in velocity measurements

can cause oscillations in the cubic spline fit that probably don’t represent the true

v0(t). Using a smoothing spline instead of a cubic spline reduces those oscillations,

but introduces uncertainty because the chosen smoothing factor is arbitrary.

However, we find that average polarizabilities computed based on linear, cubic

spline, and smoothing spline interpolations typically don’t differ by more than 0.01%

(as in Fig. 4.8c and Fig. 4.8d), which is statistically insignificant. Because spline

interpolations can be highly oscillatory in time, the resulting set of polarizability

measurements can have slightly higher scatter, which in turn causes us to report

an average polarizability with slightly higher statistical uncertainty. We therefore

choose to use linear interpolation in our analysis.

For all these reasons, we consider data runs with more constant v0(t) to be higher-

quality. In runs in which the changes in v0(t) are much greater than the uncertainties
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Figure 4.8: The results of v0 (top) and αK (bottom) measurements taken during
two different days (left and right). The top plots show v0 measurements (black)
and linear (blue) and cubic spline (red) interpolation of those measurements. We
believe linear interpolation more accurately represents v0(t) because the cubic spline
interpolation becomes too oscillatory when the apparent curvature of v0(t) becomes
larger (especially with back to back v0 measurements that differ by an error bar).
The bottom plots show what the measured αK would be if we were to use linear
(blue) or cubic spline (red) interpolations to determine v0 during those αK measure-
ments. The horizontal lines in the bottom plots show the average polarizabilities
computed using linear and cubic spline interpolation. We can see that the differences
are statistically insignificant. The top plots also show some typical structures that
occur in v0 vs time. We find that v0 undergoes more rapid changes as a function of
time within the first 6-12 hours of data acquisition. This figure also demonstrates
how we obtain the same αK for very different velocities.
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on individual v0 measurements, incorrect interpolations are more likely to have a

higher impact on the polarizabilities we report. In Fig. 4.8, the panels on the left

correspond to a 6-hour run, while panels on the right correspond to a 30-hour run.

In each case, we see that v0 changes rapidly during the first 6-12 hours of data

acquisition, and that those changes can be an order of magnitude larger than the

uncertainties on individual v0 measurements. After 6-12 hours, the velocity tends

to be much more constant. We attribute this variation and subsequent “settling”

of v0(t) to the temperatures in the nozzle reaching thermal equilibrium. For this

reason, it is (unfortunately) preferable to obtain data in a few 36-hour runs rather

than many 6 hour runs.
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CHAPTER 5

STATIC POLARIZABILITY MEASUREMENT RESULTS AND DISCUSSION

Table 5.1 shows our measurement of K, Rb, and Cs atomic polarizabilities alongside

other alkali atom polarizability measurements. The tabulated statistical uncertain-

ties are the standard error of the mean for each result. To get this statistical

precision, we acquired over 90 hours of data, including 150 data sets similar to

Fig. 4.1 and 60 data sets similar to Fig. 3.2. The total systematic uncertainty for

each measurement is also stated in Table 5.1, and a breakdown of the systematic

uncertainty budget is summarized in Fig. 4.2. While the statistical uncertainties

are typically 0.05% for our measurements of polarizabilities, the systematic uncer-

tainties are about 0.10%, which yields a total uncertainty of about 0.11% for each

measurement. We note that reference [13], reprinted in Appendix C, presents results

with 0.15% systematic uncertainties and that those uncertainties were later revised

to 0.10% in reference [100], reprinted in Appendix D.

We report the ratios of polarizabilities αCs/αK, αCs/αRb, and αRb/αK in Table

5.2. These ratios have less than 0.08% uncertainty because we used the same appara-

tus for each direct measurement. For many of the sources of systematic uncertainty

summarized in Fig. 4.2, an error in one of those quantities would scale each direct

polarizability measurement by the same amount. These correlated uncertainties,

such as electrode geometry terms or grating pitch, do not contribute significantly

to systematic errors in our measured polarizability ratios. However, uncertainties in

w1, w2, and wdet affect our αK, αRb, and αCs measurements differently and therefore

contribute a small amount to the final systematic uncertainties in the ratios. If

we assume that a systematic error ∆w leads to different fractional uncertainties in
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Table 5.1: Recent measurements of static polarizabilities α(0). References [7, 9]
used a septum electrode in an atom interferometer and references [10, 11] as well as
this work used electric field gradients to shift the phase of matter wave interference
fringes. Reference [101] measured times of flight of Cs atoms in an atomic fountain
launched between a parallel-plate capacitor. Results are presented both in Å3 and
atomic units (au). Values we use for analysis in this chapter are in bold. Adapted
from [100] with permission afforded by the CC-BY 4.0 license.

Atom or Polarizability Reference Uncertainty
molecule (Å3) (au)
Li 24.33(16) 164.2(11) [9] 0.66%
Na 24.11(8) 162.7(5) [7] 0.35%
Na 24.11(18) 162.7(12) [11] 0.75%
K 42.93(7) 289.7(5) [13] 0.16%
K 42.93(5) 289.7(3) [13, 100] this work 0.11%
Rb 47.39(8) 319.8(5) [13] 0.17%
Rb 47.39(5) 319.8(3) [13, 100] this work 0.11%
Cs 59.42(8) 401.0(6) [101] 0.14%
Cs 59.39(6) 400.8(4) [13, 100] this work 0.11%
C60 88.9(52) 600(35) [10] 5.9%
C70 108.5(65) 732(44) [10] 6.5%
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Table 5.2: Measured ratios of Cs, Rb, and K static, ground-state polarizabilities.
The systematic uncertainties in each ratio, which arise from the fact that the sys-
tematic errors in different measurements are not perfectly correlated, are negligible
compared to the statistical uncertainties. Adapted with permission from [13]. Copy-
righted by the American Physical Society.

Ratio Value(stat.) Sys. Err.
αCs/αK 1.3834(9) 5 · 10−5

αCs/αRb 1.2532(10) 1 · 10−6

αRb/αK 1.1040(9) 4 · 10−5

measured polarizabilities αA and αB

∆αA
αA

= A
∆w

w
∆αB
αB

= B
∆w

w
(5.1)

then that systematic error ∆w would change a polarizability ratio measurement

r = αA/αB as follows:

r =
αA
αB

=⇒ αA + ∆αA
αB + ∆αB

= r
1 + A∆w

w

1 +B∆w
w

≈ r

(
1 + (A−B)

∆w

w

)
(5.2)

Therefore, the fractional error ∆w/w would cause the ratio r to have systematic

fractional error

∆r

r
= (A−B)

∆w

w
(5.3)

Even though uncertainties in w1, w2, and wdet contribute different amounts of un-

certainty to our different α measurements, the ratios’ systematic errors are much

smaller than the statistical uncertainties. I discuss the value of high-precision ratios

for testing atomic theories in the next section, and I discuss the possibility of using

such ratios to improve individual measurements of polarizability in Section 6.2.

This chapter is devoted to presenting our static polarizability measurements in
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the context of recent theoretical work as well as recent high-precision measurements

of other atomic properties. I compare our measurements to polarizabilities from ab

initio and semi-empirical atomic structure calculations. I also discuss how to relate

polarizabilities to other atomic properties such as oscillator strengths, state lifetimes,

dipole transition matrix elements, line strengths, and van der Waals homonuclear

C6 coefficients in order to draw comparisons between our measurements and high-

precision measurements of state lifetimes and C6 coefficients. Finally, I explain how

to use our polarizability measurements together with lifetime and C6 measurements

to place constraints on residual polarizabilities, which are contributions to atomic

polarizabilities that cannot be measured experimentally. This analysis is also pre-

sented with the same level of detail in the papers reprinted in Appendices C and

D.

5.1 Comparing polarizability measurements with other experimental and theoret-

ical polarizabilities

Fig. 5.1 and Table 5.3 compare our polarizability measurements with ab initio calcu-

lations, semi-empirical calculations, and experimental measurements subsequent to

and including Molof et al.’s and Hall et al.’s 1974 measurements [86, 98]. First, I will

discuss the comparison to previous direct measurements. Our K and Rb polarizabil-

ity measurements have four times smaller uncertainty than our group’s previously

published direct measurements of αK and αRb [11] and ≈20 times smaller uncer-

tainty than the only other direct measurements of αK and αRb, which were made

using the E-H gradient balance technique [98] and the E gradient deflection tech-

nique [86]. I emphasize that our new measurements are independent of the results

in [11] because although we used the same atom interferometer machine, we used

a different material nanograting g1, different electrodes with different geometry, a

different atom beam velocity measurement technique, a different atom beam source

nozzle, and a detector with a different width. Hence, the fact that our new and more

precise measurements are consistent with the measurements in [11, 86, 98] should
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Figure 5.1: Our direct measurements (a) and measured ratios (b) compared
with other measurements, ab initio calculations, and semi-empirical calculations
[11, 77, 86, 98, 101, 148–169, 169–172]. The references are represented on the x-
axis by the first three letters of the first author’s last name followed by the year
of publication. For the semi-empirical calculations: Reference Fue82 used semi-
empirical pseudopotentials [151], Pat97 used experimentally-determined energy lev-
els [157], Der99 used experimentally-determined electric dipole transition matrix
elements [159], and Mit03 and Yon14 used semi-empirical core polarization poten-
tials [161, 172]. Values in this plot from 1999 and later are also reported in Table
5.3. Adapted with permission from [13]. Copyrighted by the American Physical
Society.
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Table 5.3: Comparisons of directly measured, semi-empirical, and ab initio polariz-
abilities from 1999 and later. These values are also plotted in Fig. 5.1 and Fig. 5.3.
Lines with αr in the Method column were calculated using residual polarizabilities αr
in Table 5.5 (in bold) [77, 173]. Ratios of polarizabilities αRb/αK = 1.097(5) from [11]
and αCs/αRb = 1.2532(10), αCs/αK = 1.3834(9), αRb/αK = 1.1040(9)ḟrom this work
have been reported with smaller fractional uncertainties than the direct measure-
ments listed in this table. For the ab initio method acronyms: CCSD indicates the
coupled-cluster approach with single and double excitations of the wavefunctions.
The prefix R stands for “relativistic” and the prefix L stands for “linearized”. The
suffix T indicates that the authors used perturbative triple excitations of the wave-
functions. See [44] for explanations of these various theoretical methods. Adapted
with permission from [13]. Copyrighted by the American Physical Society.

Reference(s) Method αCs (Å
3
) αRb (Å

3
) αK (Å

3
)

Raf99 [61, 77] τ1/2, τ3/2 meas. + αr 58.97(22)
Der99 [159] ab initio, RLCCSD 59.50 46.89 42.84
Der99 [159] semi-empirical 59.26(28) 47.21(9) 43.00(12)
Leo00 [77, 174, 175] C6 meas. + RCs meas. 59.49(25)

+ thry + αr

Gut02 [173, 176, 177] τ1/2, τ3/2 from PA data + αr 47.18(22)
Der02 [77] semi-empirical 59.35(12)
Mag02 [160] ab initio 64.31 49.64 44.75
Ami03 [101] direct αCs meas. 59.42(8)
Mit03 [161] semi-empirical 46.78 42.97
Chi04 [67, 77, 175] C6 meas. + RCs meas. 59.35(22)

+ thry + αr

Saf04 [162] ab initio 59.00(13)
Lim05 [163] ab initio, RCCSDT 58.55 47.29 43.08
Fal06 [56, 173] τ1/2, τ3/2 meas. + αr 43.02(8)
Bou07 [60, 77] τ1/2, τ3/2 meas. + αr 59.31(82)
Isk07 [164] ab initio, RLCCSDT 59.04(10)
Saf08 [165] ab initio, RLCCSDT 42.87
Hol10 [11] direct αRb and αK meas. 47.24(44) 43.06(36)
Hol10 [7, 11] ratio calibrated with αNa 47.24(21) 43.06(21)
Por10 [77, 79, 175] ab initio, D2

1/2 + RCs meas. + αr 59.42(3)

Saf11 [166] ab initio, RCCSD 47.72(59)
Nan12 [167] ab initio, RCCSDT 43.05(15)
Bor13 [168] ab initio, RCCSDT 59.13
Saf13 [169] ab initio, RLCCSDT 43.03(9)
Sah13 [170] ab initio, RCCSDT 42.94(9)
Jai13 [171] semi-empirical 42.98
Yon14 [172] semi-empirical 58.72 47.07 42.94
Pat15 [62, 77, 175] τ3/2 meas. + RCs meas. + αr 59.21(13)
This work direct meas. 59.39(6) 47.39(5) 42.93(5)
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be regarded as an independent validation of each of these previous results.

There is one other direct measurement of αCs with uncertainty similar to (and

slightly larger than) ours. Our direct αCs measurement is 1.3 times more precise than

Amini and Gould’s 2003 measurement [101] that was made using an atomic fountain

apparatus. To our knowledge, Amini and Gould’s work is the only polarizability

measurement to date that has been accomplished using an atomic fountain, and it

produced a remarkable improvement in precision by a factor of 15 as compared to the

only previous direct measurements of αCs [86, 98]. Furthermore, αCs measurements

can test some of the atomic structure theory that is used to interpret atomic parity

non-conservation experiments as a way of constraining physics beyond the standard

model [75–78]. Thus, it is particularly important to validate this αCs result in [101].

We find that our αCs measurement is consistent with Amini and Gould’s. Our result

αCs = 59.39(6)Å
3

deviates from their result of αCs = 59.42(8)Å
3

by 0.03 Å
3
, which

is statistically insignificant. Comparing our atom interferometer result with their

fountain result serves as a cross-check for both methods. Both measurements also

agree with αCs values inferred from the atomic structure calculations by Derevianko

and Porsev (2002) [77] and Derevianko et al. (1999) [159] for PNC analysis.

Most theoretical predictions for αK, αRb, and αCs deviate from each other and

from our measurements significantly. Out of 28 sets of theoretical predictions

shown in Fig. 5.1, only 13 sets of predictions [77, 151, 159, 161, 163, 165–167, 169–

171, 171, 172] are consistent with our results within 3 standard deviations of our

measurements. Furthermore, the semi-empirical αK, αRb, and αCs values calculated

in 1999 by Derevianko et al. [159] are the only predictions that match all three of

our own αK, αRb, and αCs measurements to within 3 standard deviations. These

predictions [159] were made using measured lifetimes and energies, and Derevianko

and Porsev’s later αCs prediction [77] was made using a measured van der Waals

C6 coefficient. This is an important point because there are now additional data on

lifetimes, van der Waals C6 measurements, and line strength ratios that can inform

new semi-empirical predictions for polarizabilities, as I discuss in the rest of this

chapter.
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Table 5.4: Excited state polarizabilities αnp1/2
, where n = 6 for Cs, n = 5 for Rb, and

n = 4 for K. The values were calculated using our measurements and αnp1/2
−αns1/2

measurements [178, 179]. Adapted with permission from [13]. Copyrighted by the
American Physical Society.

Atom αnp1/2
(Å

3
)

Cs 196.81(6)
Rb 120.33(5)
K 89.92(5)

Fig. 5.1b compares our measurements of atomic polarizability ratios to other

theoretical, semi-empirical, and experimental reports for these ratios. The values

we measured for αCs/αK, αCs/αRb, and αRb/αK are consistent with all of the previous

experimental measurements of these ratios, given the larger uncertainties associated

with previous measurements. Comparing theoretical predictions to our measured

polarizability ratios serves as a different way to test the theoretical predictions.

Since the fractional uncertainties on our measured ratios are smaller than those of

our absolute measurements, our ratios serve as a more precise test for theoretical

works that predict α values for multiple alkali atoms.

We can use our ground-state, static polarizability measurements together with

recent differential polarizability measurements of K, Rb, and Cs αnp1/2
− αns1/2

[178, 179] (where n = 4 for K, n = 5 for Rb, and n = 6 for Cs) to report excited

state polarizabilities αnp1/2
with better than 0.05% uncertainty. These results are

shown in Table 5.4 and serve as benchmark tests for calculations of dipole transition

matrix elements for p− d transitions.

5.2 Connecting polarizability measurements to other atomic properties

Static polarizabilities can be related to electric dipole transition matrix elements,

state lifetimes, oscillator strengths, line strengths, and van der Waals coefficients

following procedures described earlier by Derevianko and Porsev [77], Amini and

Gould [101], and Mitroy, Safronova, and Clark [44] among others. In this section, I
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Figure 5.2: An idea chart showing connections between various quantities defined
in Equations (5.4)–(5.21) that we relate to static polarizability α(0) for alkali metal
atoms. Quantities in red have been directly measured. In this chart, as well as
in this chapter, α refers to polarizability in general, while α(ω) indicates dynamic
(i.e., frequency-dependent) polarizability and α(0) indicates static polarizability.
Polarizability (static or dynamic) can be written as the sum of principal (αp) and
residual (αr) components, and the residual components themselves can be written
as the sum of the polarizability of the inner-shell electrons (αcore), contributions
from excitations to higher valence states and continuum states (αv′), and a core-
valence coupling term (αcv). The van der Waals C6 coefficient can be calculated by
integrating the square of the dynamic polarizability over all frequencies ω. For alkali
atoms, the principal component of polarizability can be written in terms of the
oscillator strengths (f), Einstein A coefficients (A), dipole transition matrix elements
(D), line strengths (S), or lifetimes τ associated with the atoms’ ns1/2 − np1/2 and
ns1/2 − np3/2 transitions (where n = 2 for Li, n = 3 for Na, and so forth), also
known as the D1 and D2 transitions. Line strength ratios R can be used to relate
pairs of f , A, D, S, or τ values. Adapted from [100] with permission afforded by
the CC-BY 4.0 license.
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will describe those relations and compare our α measurements to α values derived

from recent calculations and high-precision measurements of those quantities. I also

use our α measurements to infer those quantities as another way of comparing our

measurements to other recent work. Fig. 5.2 gives a graphical representation of how

different atomic properties are connected.

5.2.1 Oscillator strengths, lifetimes, matrix elements, and line strengths

The dynamic polarizability, α(ω), of an atom in state |i〉 can be written as a sum

over electric-dipole transition matrix elements 〈k|e~r|i〉, Einstein coefficients Aik,

oscillator strengths fik, or line strengths Sik as

α(ω) =
e2

m

∑

k 6=i

fik
ω2
ik − ω2

(5.4)

α(ω) = 2πε0c
3
∑

k 6=i

Akiω
−2
ik

ω2
ik − ω2

gk
gi

(5.5)

α(ω) =
2

3~
∑

k 6=i

|〈k|e~r|i〉|2ωik
ω2
ik − ω2

(5.6)

α(ω) =
1

3~
∑

k 6=i

Sikωik
ω2
ik − ω2

(5.7)

where e and m are the charge and mass of an electron, ωik = (Ek−Ei)/~ are resonant

frequencies for excitation from state |i〉 to state |k〉, and gk = 2Jk+1 is the degener-

acy of state |k〉. The squares of electric dipole transition matrix elements |〈k|e~r|i〉|2,

or equivalently 3|〈k|e~x|i〉|2, are related to the reduced dipole matrix elements (de-

noted with double bars) by |〈k‖e~r‖i〉|2 = |Dik|2 =
∑

mk,mi
|〈k|e~r|i〉|2 = |〈k|e~r|i〉|2gi

using the Wigner-Eckart theorem. For ground state alkali atoms, line strength

Sik = |Dik|2.

The expressions for polarizability α(0) in Eqs. (5.4) - (5.7) each have dimensions

of 4πε0 times volume, as expected from the definitions ~p = α~E and U = −1
2
α| ~E|2,

where ~p is the induced dipole moment and U is the energy shift (Stark shift) of

an atom in an electric field ~E. When polarizability is reported in units of volume
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(typically Å3 or 10−24 cm3) it is implied that one can multiply by 4πε0 to get polar-

izability in SI units. The atomic unit (au) of polarizability, e2a2
0/Eh, is equivalent

to a3
0 × 4πε0, where a0 is the Bohr radius, and Eh is a Hartree. Since (4πε0) = 1

in au, polarizability is naturally expressed in atomic units of volume of a3
0 (and for

reference a3
0 = 0.148185 Å3).

An alkali atom of atomic number N consists of 1 valence electron and N−1 core

electrons packed tightly around the nucleas. Because the number of core electrons

is only 1 less than the number of protons, the core electrons effectively shield most

of the nuclear charge from interacting with the single valence electron, which gives

the valence electron orbit a large radius compared to those of other atoms in the

periodic table. Intuitively, we see that the atomic radius of alkali atoms increases

as N increases because (N − 1)/N becomes closer to 1.

Electron orbits that are more loosely bound to the nucleus are affected more by

external electric fields and contribute more to the atom’s polarizability. We can use

the harmonic oscillator model of an atom to explain qualitatively how an atom’s

polarizability is related to the volume of its electron orbits. If we model an atom as

a nucleas with charge +e and a spherical electron cloud of uniform charge density,

total charge −e, and radius R, we can derive that the dipole moment ~p induced by

an external electric field ~E is

~p =
(
4πε0R

3
)
~E (5.8)

In this simplified model, the atom’s polarizability is 4πε0R
3, which is proportional

to the atomic volume. While this simple model is not sufficient for high-accuracy

calculations of atomic properties, it serves to explain why the valence electron orbit

accounts for at 96% of Cs atomic static polarizability, 97% of Rb static polarizability,

98% of K static polarizability, and so forth [159]. The remaining 4%, 3%, and 2% of

the total polarizability is the polarizability of the core electrons, which are tightly

bound to the nucleus. Intuitively, we see this core electron contribution increase as

atomic number N increases due to the Pauli exclusion principle forcing some core
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electrons to fill higher energy states and charge shielding by inner core electrons

decreasing the effective nuclear charge seen by outer core electrons.

For all these reasons, it is customary to decompose alkali atom polarizability as

α(ω) = αp(ω) + αr(ω) (5.9)

where αp(ω) represents the contribution from the principal D1 and D2 transitions

(denoting the ns-np1/2 and ns-np3/2 transitions respectively, where n=2 for Li, n=3

for Na, n=4 for K, n=5 for Rb, and n=6 for Cs) and αr(ω) is the residual polariz-

ability due to all other excitations. The residual polarizability itself can be further

decomposed as

αr(ω) = αv′(ω) + αcore(ω) + αcv(ω) (5.10)

where αv′ is due to excitations of the valence electron to higher-energy valence states

as well as continuum states, αcore is the polariability due to the core electrons,

and αcv is due to correlations between core and valence electrons. Sometimes the

notation αtail is used to denote a subset of αv′ with n′ > (n+3) [173], or n′ > (n+5)

[180], or an even higher cutoff such as n′ > 26 [165].

Using the decomposition in Eqn. (5.9) we can rewrite Eqs. (5.4)-(5.7) for static

(ω = 0) polarizabilities:

α(0) =
e2

m

[
fD1

ω2
D1

+
fD2

ω2
D2

]
+ αr(0) (5.11)

α(0) = 2πε0c
3

[
τ−1

1/2

ω4
D1

+ 2
τ−1

3/2

ω4
D2

]
+ αr(0) (5.12)

α(0) =
1

3~

[ |DD1|2
ωD1

+
|DD2|2
ωD2

]
+ αr(0) (5.13)

α(0) =
1

3~

[
SD1

ωD1

+
SD2

ωD2

]
+ αr(0) (5.14)

Eqn. (5.12) is written in terms of lifetimes τ−1
k =

∑
iAki, rather than Einstein A
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coefficients because alkali metal atom npJ states decay with a branching ratio of

100% to their respective ground ns1/2 states. To support our analysis of polariz-

abilites here in this chapter we use theoretically calculated values of residual static

polarizabilities listed in bold in Table 5.5. We do not need to consider the hyperfine

structure of the ns1/2, np1/2, and np3/2 levels because the transition frequencies ωD1

and ωD2 are defined with respect to the center of gravity of the hyperfine states

associated with each fine structure level. Furthermore, hyperfine splitting results in

multiple resonance frequencies that are each shifted by less than a few parts in 105,

which is insignificant compared to the experimental uncertainties in atomic property

measurements discussed throughout this chapter.

Since ωD1 and ωD2 are well known [191], we can further use Eqs. (5.11)-(5.14) to

derive expressions for |Dik|2, τk, and fik in terms of α(0), αr(0), and a ratio of line

strengths R:

fD1 =
[α(0)− αr(0)](

e2

mω2
D1

)
(

1

1 +RωD1

ωD2

)
(5.15)

fD2 =
[α(0)− αr(0)](

e2

mω2
D1

)
(

R
ωD2

ωD1
+R

)
(5.16)

τ1/2 =
2πε0c

3ω−3
D1

[α(0)− αr(0)]

(
1

ωD1

+
R

ωD2

)
(5.17)

τ3/2 =
2πε0c

3ω−3
D2

[α(0)− αr(0)]

(
2

RωD1

+
2

ωD2

)
(5.18)

|DD1|2 = SD1 = [α(0)− αr(0)]

(
3~

1
ωD1

+ R
ωD2

)
(5.19)

|DD2|2 = SD2 = [α(0)− αr(0)]

(
3~

1
RωD1

+ 1
ωD2

)
(5.20)

where R is defined as

R ≡ SD2

SD1

=
|DD2|2
|DD1|2

=
fD2

fD1

ωD1

ωD2

= 2
τ1/2

τ3/2

(
ωD1

ωD2

)3

(5.21)
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Table 5.5: Contributions to residual polarizability αr(0) = αv′(0) +αcore(0) +αcv(0)
in atomic units. The quantity αv′(0) is the sum of all the contributions from the
valence electron ns-n′pJ transitions with n′ > n using Eqn. (5.4). This includes
αtail(0). Values used in this anaysis are in bold. Adapted from [100] with permission
afforded by the CC-BY 4.0 license.

atom αv′(0) αcore(0) αcv(0) αr(0)

Li 0.189(9) [181] (b) 2.04(69) [173]
Li 0.192 [182]

Na 0.81 (a) 0.94(5) [181] (b)

Na 1.00(4) [183] 1.86(12) [173]

K 0.72 (a) 5.46(27) [181] (b)

K 0.90 [165] 5.50 [165]
K 5.52(4) [183]
K 5.50 [169] -0.18 [169] 6.26(33) [173]

Rb 1.32 (a) 9.08(45) [181] (b)

Rb 9.11(4) [183] 10.70(22) [17] (c)

Rb 9.11(4) [162] -0.30 [162] 10.54(60) [173]
Rb 8.9 [184]

Cs 1.60 (a) 15.8(8) [181] (b) -0.72 [77] 17.35(100) [173]
Cs 15.8(1) [183] 16.91 [77]
Cs 1.81 [77] 15.81 [77] 16.74(11) [77]
Cs 16.3(2) [185] (d)

Cs 15.17 [186] (d)

Cs 15.54(3) [187] (e)

Cs 15.82(3) [188] (e)

Cs 15.770(3) [189] (e)

Cs 17.64 [190] (f)

(a) Calculated using fik values from NIST [191] for n− n′ transitions with
n′ = n+ 1 to n+ 5.
(b) For αcore from [181] we list a fractional uncertainty of 5% as suggested in
reference [162].
(c) Reference [17] calculated (αcore + αcv) = 8.71(9) and αr = 10.70(22) at
ω = 2πc/790nm.
(d) from studies of ions in solid crystals
(e) from Rydberg spectroscopy data
(f) from DFT calculations
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Table 5.6: Ratios of line strengths, R = DD2/SD1, defined in Eqn. (5.21). The
tabulated value for Li comes from theoretical calculations, and the tabulated values
for Na, K, Rb, and Cs come from measurements. Values used for analysis in this
chapter are in bold. Adapted from [100] with permission afforded by the CC-BY
4.0 license.

atom R Reference
Li 2.0000 [193]
Na 1.9994(37) [47]
K 2.0005(40) [16]
K 1.9976(13) [18]
Rb 1.9960(42) [47]
Rb 1.99219(3) [17]
Cs 1.9809(9) [175]

In this analysis, we will use R values listed in bold in Table 5.6. It is notewor-

thy that references [16–18] determined R experimentally using atom interferometry

measurements of tune-out wavelengths [45, 192].

Fig. 5.3, as well as some entries in Table 5.3, shows recent αK, αRb, and αCs

measurements [11, 13, 100, 101] alongside polarizabilities inferred from lifetimes

[47, 54–57, 59–62, 194] and line strength ratios [175], lifetimes inferred from photo-

association data [176, 177], and calculated matrix elements [79]. Fig. 5.3 also in-

cludes αCs values inferred from C6,Cs measurements using a method outlined by

Derevianko and Porsev in [77]. The uncertainties in the inferred polarizabilities are

due to uncertainties in the lifetimes, matrix elements, or C6 coefficients as well as

uncertainties in αr(0) and R when applicable. These plots indicate that our mea-

surements are in good agreement with recent lifetime measurements. These plots

also highlight how our αCs measurement agrees very well the αCs measurement by

Amini and Gould [101], which was made using a very different method. The agree-

ment between those measurements helps affirm the accuracy of both.

Table 5.7 shows principal transition matrix elements, lifetimes, line

strengths, and oscillator strengths inferred from polarizability measurements us-

ing Eqns. (5.15)-(5.21). Our inferred lifetimes for K, Rb, and Cs are based on α(0)

measurements with 0.11% uncertainty, yet our derived lifetimes have slightly larger
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Figure 5.3: Comparisons of our lab’s polarizability measurements (this work as well
as [11]) and Amini and Gould’s αCs measurement [101] to polarizabilities derived
from other quantities. Entries in blue are derived from pairs of lifetimes [47, 54–
57, 59–61, 194]. The entry in green was derived from a measurement of Cs τ3/2 [62]
and RCs [175]. The entry in brown was derived from lifetimes that were inferred
from photo-association data [176, 177]. The entry in pink was derived from a theo-
retical Cs |D1/2| value [79] and RCs [175]. Then entries in orange were derived from
van der Waals C6 coefficients [67, 174] and RCs [175] using a method presented by
Derevianko and Porsev [77]. Values in this plot from 1999 and later are also re-
ported in Table 5.3. The polarizability inferred from the calculated |D1/2| [79] does
not have uncertainty bars because Porsev et al. did not present an uncertainty in
their calculation. Adapted with permission from [13]. Copyrighted by the American
Physical Society.
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Table 5.7: Atomic properties inferred from atom interferometry measurements [7, 9,
13]. Reduced matrix elements DD1 = 〈np1/2‖r‖ns1/2〉 and DD2 = 〈np3/2‖r‖ns1/2〉,
lifetimes τnp1/2 and τnp3/2, oscillator strengths f , and line strengths S shown here are
inferred from measurements of polarizabilities, α(0) shown in Table 5.1 using Eqns
(5.15) - (5.20). Subscripts D1 and D2 refer to the ns-np1/2 and ns-np3/2 transitions
respectively, where n=6 for Cs, n=5 for Rb, n=4 for K, n=3 for Na and n=2 for Li.
Uncertainty budget components δα, δR, and δαr come from the uncertainties in α(0)
[7, 9, 13] (see Table 5.1), R [17, 18, 47, 175, 193], and αr(0) [77, 173] (see Table 5.5).
The resulting uncertainties for DD1, DD2, τnp1/2, τnp3/2, fD1, fD2, SD1, and SD2 are
reported presuming possible errors δα, δR, and δαr are uncorrelated. The symbol (-)
indicates an uncertainty < 1 in the least significant digit. Adapted from [100] with
permission afforded by the CC-BY 4.0 license.

atom DD1 (au) δα δR δαr DD2 (au) δα δR δαr
Li 3.318(13) (11) (-) (7) 4.693(19) (16) (-) (10)
Na 3.527(6) (6) (2) (1) 4.987(8) (8) (2) (2)
K 4.103(3) (2) (1) (2) 5.799(5) (3) (1) (3)
Rb 4.242(5) (2) (-) (4) 5.987(7) (3) (-) (6)
Cs 4.508(3) (2) (1) (1) 6.345(3) (3) (-) (1)

atom τ1/2 (ns) δα δR δαr τ3/2 (ns) δα δR δαr
Li 27.08(21) (18) (-) (11) 27.08(21) (18) (-) (11)
Na 16.28(6) (5) (2) (3) 16.24(5) (5) (1) (1)
K 26.78(4) (3) (1) (3) 26.46(4) (3) (1) (3)
Rb 27.56(6) (3) (-) (5) 26.16(6) (3) (-) (5)
Cs 34.77(4) (4) (1) (1) 30.37(3) (3) (0) (1)

atom fD1 δα δR δαr fD2 δα δR δαr
Li 0.2492(20) (17) (-) (11) 0.4985(39) (33) (-) (39)
Na 0.3203(12) (11) (4) (2) 0.6410(23) (22) (4) (5)
K 0.3320(6) (4) (1) (4) 0.6662(11) (8) (1) (7)
Rb 0.3438(8) (4) (-) (7) 0.6978(16) (8) (-) (14)
Cs 0.3450(4) (4) (1) (1) 0.7174(8) (8) (1) (2)

atom SD1 (au) δα δR δαr SD2 (au) δα δR δαr
Li 11.01(9) (8) (-) (5) 22.02(17) (15) (-) (9)
Na 12.44(5) (4) (2) (1) 24.87(8) (8) (2) (2)
K 16.83(3) (2) (1) (2) 33.63(5) (4) (1) (4)
Rb 17.99(4) (2) (-) (3) 35.85(8) (4) (-) (7)
Cs 20.32(2) (2) (1) (1) 40.26(4) (4) (1) (1)
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Table 5.8: Cesium 6pJ lifetimes (τJ) from several references, tabulated here for
comparison. The τ2/1 and τ3/2 values that we report using α(0) measured by atom
interferometry et al.[13] (combined with values of αr(0) [79] and R [175]) are repro-
duced from Table 5.7. Similar comparisons appear in Table II of [101] and Table I
of [62]. Adapted from [100] with permission afforded by the CC-BY 4.0 license.

τ1/2 (ns) τ3/2 (ns) Method and Reference(s)
34.77(4) 30.37(3) this work using α(0) from atom interferometry [13]
34.75(5) 30.35(4) this approach using α(0) from [101]
34.76(3) 30.36(3) this approach using α(0) from both [13] and [101]
35.07(10) 30.57(7) [61] Rafac 1999
34.93(10) 30.50(7) [58] Rafac 1994
34.75(7) 30.41(10) [59] Young 1994
34.80(7) 30.39(6) [77] Derevianko 2002
34.883(53) 30.462(46) τ3/2 from [62], combined with R [175] to infer τ1/2

34.755 30.3502 from DD1 calculation by [79],
combined with R [175] to infer τ3/2

uncertainty. In the case of Li, Na, K and Rb, this is because roughly half of the total

uncertainty comes from uncertainty in αr(0), whereas for Cs the uncertainties in τ

are dominated by contributions from uncertainty in α(0). Just as we saw agreement

between our polarizabilities and inferred lifetimes in Fig. 5.3, our derived K and

Rb lifetimes agree well with and have comparable uncertainty to those measured

by Volz et al.[47], Wang et al.[54, 55], and Simsarian et al.[57]. Because the α(0)

measurements used to derive the Li and Na lifetimes in Table 5.7 are less precise

[7, 9], our inferred Na lifetimes have about twice the uncertainty (about 0.4%) of

measurements by Volz et al.[47], and our inferred Li lifetimes have much greater

uncertainty than measurements by Volz et al.[47] and McAlexander et al.[49].

For Cs, the lifetimes we report in Table 5.7 for this work have an uncertainty

of less than 0.15%, which is slightly smaller than the uncertainty of four previous

high-precision determinations of the Cs 6pJ state lifetimes [58, 59, 61, 77]. Table 5.8

and Fig. 5.4 show how our lifetime results are consistent with [59, 77] but differ from

lifetimes reported in [58, 61]. Our results deviate by 1.5σ from τ1/2 found in [58]

and by 3σ from τ1/2 in [61], where σ for the deviations here refers to the combined

uncertainty (added in quadrature) for the experiments. Comparing the sum of line
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Figure 5.4: Comparisons of Cs principal transition lifetimes inferred from polar-
izability measurements [13, 101] and theoretical αr,Cs(0) [77], direct measurements
[58, 59, 61], semi-empirical values [77], and a combination of Porsev et al.’s calcu-
lated |DD1| [79] and R [175]. Adapted from [100] with permission afforded by the
CC-BY 4.0 license.
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strengths (SD1 +SD2), a quantity that is mostly independent of R, provides a similar

conclusion: our results are consistent with [59] and [77] but differ by two and three

σ from [58] and [61].

Because the two recent measurements of αCs by our group et al.[13, 100] and

Amini and Gould [101] were made using very different methods, we combine these

measurements using a weighted average in order to report a value for τ6p1/2,Cs with

even smaller (0.03 ns) uncertainty in Table 5.8. We note that, due to the uncer-

tainty in R and αr(0), the uncertainty in τ6p1/2,Cs would still be 0.01 ns even if the

polarizability measurements had no uncertainty.

Predictions of the parity-non-conserving amplitude, EPNC, in Cs depends heavily

on D1/2. The Cs |DD1| value calculated ab initio by [79] is consistent with our results

for |DD1|. Since our results come from independent measurements of α(0) and R,

combined with theoretical values for αr(0) , the agreement between our result for

|DD1| with the that of Derevianko and Porsev [77, 79] adds confidence to their

analysis of atomic parity violation [78, 79].

5.2.2 van der Waals C6 coefficients

Since polarizability determines the strengths of van der Waals potentials, we can

also use measurements of α(0) to improve predictions for atom-atom interactions.

Two ground-state atoms have a van der Waals interaction potential

U = −C6

r6
− C8

r8
− C10

r10
+ ... (5.22)

where r is the inter-nuclear distance and C6, C8, and C10 are dispersion coefficients.

For long-range interactions in the absence of retardation (i.e. for a0 � r � c/ωD2),

the C6 term is most important. The C6 coefficient for homonuclear atom-atom van

der Waals interactions depends on dynamic polarizability as

C6 =
3~
π

∫ ∞

0

[α(iω)]2 dω (5.23)



107

Even though ~ = 1 in au, we write ~ explicitly in Eqn. (5.23) to emphasize that the

dimensions of C6 are energy × length6.

The London result of C6 = (3/4)~ω0α(0)2 can be found from Eqn. (5.23) by

using Eqn. (5.4) for α(iω) with a single term in the sum to represent an atom as a

single oscillator of frequency ω0 with static polarizability α(0). However, calculating

C6 gets more difficult for atoms with multiple oscillator strengths. In light of this

complexity, we instead use the decomposition in Eqn. (5.9) to express C6 as

C6 =
3~
π

∫ ∞

0

[αp(iω) + αr(iω)]2 dω

=
3~
π

∫ ∞

0

[αp(iω)]2 dω +
6~
π

∫ ∞

0

αp(iω)αr(iω)dω +
3~
π

∫ ∞

0

[αr(iω)]2 dω (5.24)

Because of the cross term, the integration over frequency, and the way α(iω) remains

relatively constant until ultraviolet frequencies, αr is significantly more important

for C6 than for α(0). Contributions from αr account for 15% of C6 whereas αr

contributes only 4% to α(0) for Cs, as pointed out by Derevianko et al.[159].

The fact that C6 and α(0) depend on αr in different ways [compare Eqns. (5.9)

and (5.24)] suggests that it is possible to determine αr(0) based on independent mea-

surements of C6 and α(0). We will explore this in the next section. First, we want

to demonstrate how to use experimental α(0) measurements and theoretical αr(iω)

spectra to improve predictions of C6 coefficients. For this we begin by factoring

αp(0) out of the αp(iω) term in the integrand of Eqn. (5.24) to get

C6 =
3~
π

∫ ∞

0

[
αp(0)

αp(iω)

αp(0)
+ αr(iω)

]2

dω (5.25)

where the spectral shape function

αp(iω)

αp(0)
=

1
ω2
D1+ω2 + RωD1

ωD2(ω2
D2+ω2)

1
ω2
D1

+ RωD1

ω3
D2

(5.26)

uses R defined in Eqn. (5.21). We are now able to calculate C6 using our choice
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of αp(0), which we can relate to static polarizability measurements via αp(0) =

α(0)− αr(0). The formula for C6 can then be written as

C6 =
3~
π

∫ ∞

0

[
[α(0)− αr(0)]

αp(iω)

αp(0)
+ αr(iω)

]2

dω (5.27)

To use Eqn. (5.27) to infer values of C6 from our static polarizability measurements,

one still needs to know αr(iω) and αr(0). Derevianko et al. calculated and tabulated

values αtab(iω) in [195] of polarizability for all the alkali atoms, where the principal

component αp(iω) was calculated using experimental lifetime measurements by Volz

and Schmoranzer [47] for Li, Na, K, and Rb and by Rafac et al. [58] for Cs. There-

fore, we know that the residual component αr(iω) of Derevianko et al.’s tabulated

values of αtab(iω) is

αr(iω) = αtab(iω)− 2πε0c
3

[
τ−1

1/2ω
−2
D1

ω2
D1 − ω2

+ 2
τ−1

3/2ω
−2
D2

ω2
D2 − ω2

]
(5.28)

Fig. 5.5 shows an example of how αtab(iω) for Cs tabulated by Derevianko et al.[195]

can be decomposed into principal and residual parts. Fig. 5.5 also shows the small

adjustment to αp(iω) that can be recommended based on measurements of α(0).

In essence, this procedure makes the assumption that any deviation between the

measured and the tabulated [195] values of static polarizability are due to an error in

the αp part of the tabulated values, and that the αr(iω) component of the tabulated

values is correct. To assess the impact of this assumption, we will next examine how

uncertainty in αr(iω) propagates to uncertainty in C6.

Equation (5.27) shows how C6 calculations depend on αr(0) and αr(iω) with

opposite signs. This helps explain why uncertainty in αr propagates to uncertainty

in C6 with a somewhat reduced impact. For example, if αr accounts for 15% of C6,

and αr itself has an uncertainty of 5%, one might naievely expect that uncertainty

in C6 due to uncertainty in αr would be 0.75%. However, using Eqn. (5.27) one can

show that the uncertainty in C6 is smaller (only 0.48% due to αr). To explain this,

if a theoretical αr is incorrect, say a bit too high, then when we subtract this from
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are in atomic units. Adapted from [100] with permission afforded by the CC-BY
4.0 license.
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the measured α(0) we will deduce an αp(0) that is too small, and the error from

this contribution to C6 has the opposite sign from the error caused by adding back

αr(iω) in (5.27).

We can also rewrite Eqn. (5.27) by adding and subtracting the tabulated αp(iω)

so that C6 depends explicitly only on the measured and tabulated (total) polariz-

abilities.

C6 =
3~
π

∫ ∞

0

[
[α(0)− αtab(0)]

αp(iω)

αp(0)
+ αtab(iω)

]2

dω (5.29)

where αtab(iω) and αtab(0) refer to values tabulated by Derevianko et al. This way

C6 does not explicitly depend on αr.

Using Eqn. (5.29), or equivalently Eqns. (5.27) and (5.28), our calculated C6

values for Rb and Cs agree with recent theoretical and experimental C6 values, as

shown in Fig. 5.6 and Table 5.9. For K, our predicted C6 is different from that

measured by D’Errico et al. using Feshbach resonances by roughly 3σ. Of course,

this discrepancy may be at least partly explained by statistical errors in the C6 and

α(0) measurements for K atoms. In the next section, however, we will explore how

error in αr(iω) used to construct αtab(iω) for K could partly explain this discrepancy.

To interpret the C6 values that we report in Table 5.9, we compare these semi-

empirical results to direct measurements and earlier predictions of C6 in Fig. 5.6.

One sees that the uncertainty of C6 measurements that we report based on atom in-

terferometry measurements of polarizability are comparable to direct measurements

[63, 64, 67] and slightly more precise than previous semi-empirical predictions [195]

.

5.3 Determining residual polarizability empirically and semi-empirically

While in the previous section we demonstrated how to report atomic lifetimes from

polarizability measurements and theoretical values for αr(0), here we invert this

procedure and use combinations of static polarizability and lifetime measurements

as well as combinations of static polarizability and van der Waals C6 measure-
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Table 5.9: Homonuclear van der Waals C6 coefficients, in atomic units, calcu-
lated using experimental static polarizabilities shown in Table 5.1 and tabulated
dynamic polarizabilities from [195]. The two contributions to the uncertainty δα(0)

and δαr(0) for each C6 value are, respectively, due to the uncertainties in measured
α(0) and uncertainties estimated for Derevianko et al.’s values for αr(iω) used to
calculate αtab(iω). Derevianko et al. [159] reported uncertainty in αr(0) by using
”an estimated 5% error for the core polarizabilities, and a 10% error for the remain-
ing contributions to αr(0).” Several other authors also estimate 5% or 2% error for
αcore. Adapted from [100] with permission afforded by the CC-BY 4.0 license.

Atom C6 δα(0) δαr(0)

Li 1394(20) 18 7
Na 1558(11) 10 1
K 3884(16) 7 14
Rb 4724(31) 10 30
Cs 6879(15) 13 7

ments to place constraints on αr(0). Constraining αr(0) is important because, while

the αcore component of αr(0) can be measured by measuring the polarizability of

singly-ionized atoms, the αv′ and αcv components cannot be directly measured ex-

perimentally. And as we have demonstrated in this chapter, it is important to

know αr(0) because atomic property measurements have reached precisions such

that uncertainty in αr(0) plays a significant roll in drawing comparisons between

measurements of different atomic properties.

5.3.1 Residual polarizability from polarizability and lifetimes

To empirically determine αr(0) using measurements of α(0), τ1/2, and τ3/2, we solve

Eqn. (5.12) for αr(0) to get

αr(0) = α(0)− 2πε0c
3

[
τ−1

1/2

ω4
D1

+ 2
τ−1

3/2

ω4
D2

]
(5.30)

Fig. 5.7 shows the difference between polarizability measurements α(0) and the
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inferred contribution to polarizability from the principal transitions αp(0) based on

lifetime measurements. We take the weighted average of αp(0) based on a collection

of available lifetime measurements, and we use the weighted average of the two

recent high-precision αCs measurements [13, 100, 101]. We obtain αr,Li(0) = 2(1),

αr,Na(0) = 2.0(5), αr,K(0) = 5.4(4), αr,Rb(0) = 11.4(5), and αr,Cs(0) = 18.1(5). This

analysis shows significantly nonzero αr(0) values for Li, Na, K, Rb, and Cs based

entirely on experimental data.

For Cs, this approach is sufficiently precise to empirically measure αr(0) with 3%

uncertainty, which is similar to the uncertainty of theoretical values [77, 173]. The

width of the blue and red bands in Fig. 5.7 indicate the contributions to this un-

certainty from the atom interferometry polarizability measurements and the uncer-

tainty contributions from lifetime measurements. In order to improve the accuracy

of α(0) reported this way one would require improvements in both the polarizability

measurements and the lifetime measurements.

We can use a similar approach by combining polarizability measurements with

Porsev et al.’s high-accuracy |DD1| calculation. This |DD1| can be combined with

R [175] using equations (5.13) and (5.21) as

αr(0) = α(0)− |DD1|2
3~

[
1

ωD1

+
R

ωD2

]
(5.31)

This approach produces a somewhat lower value of αr(0) = 16.5(4) with about

2.5% uncertainty. We note that this uncertainty is artificially low because Porsev et

al. did not assign an uncertainty to their |DD1| prediction. We compare the results

using lifetimes and this result using the ratio of line strengths (R) and a calculated

dipole matrix element with other results in Fig. 5.9 at the end of this section.

5.3.2 Residual polarizability from polarizability and van der Waals C6 coefficients

We can also analyze combinations of α(0) and C6 measurements in order to place

constraints on αr(0). This inversion of the procedure outlined in Section 5.2.2 consti-

tutes a semi-empirical method of inferring αr(0), as it relies on tabulated theoretical
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average of αp,Cs values calculated from lifetime measurements [47–62] and R values
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values of dynamic polarizability α(iω). For this we will assume the spectral function

αr(iω)/αr(0) is sufficiently known and simply factor out an overall scale factor for

the static residual polarizability from the formula for C6 Eqn. (5.27) as follows:

C6 =
3~
π

∫ ∞

0

[
(α(0)− αr(0))

αp(iω)

αp(0)
+ αr(0)

α̃r(iω)

α̃r(0)

]2

dω (5.32)

where α̃r(iω) and α̃r(0) refer to values we infer from Eqn. (5.28) using values tab-

ulated by Derevianko et al.We then plot predictions for C6 versus predictions for

α(0) parametric in hypothetical αp(0) for different values of αr(0). This is shown in

Fig. 5.8 along with measurements of C6 (red) and α(0) (blue). Even on the graph

with a large domain (small plots in Fig. 5.8) where one sees the generally quadratic

dependence of C6 on α(0), it is evident that a model with αr(0)=0 is incompatible

with the data. On the expanded region of interest (larger plots in Fig. 5.8), one

sees the intersection of C6 and α(0) measurements specifies a value of αr(0). For

Cs, we obtain an αr(0) = 16.8(8) that is consistent with αr(0) found from the other

two methods we have presented so far in this section. This method is valuable be-

cause it relies on independent measurements of C6 and α(0) to provide an empirical

measurement of the size of αr.

These plots show the values of αr(0) and the corresponding uncertainties that

we would infer using experimental values (and their uncertainties) of α(0) and C6.

From these studies we find a best fit αr(0) of 8.0(4) for K, 9.6(4) for Rb, and 16.8(8)

for Cs. The analysis for K highlights how the discrepancy between D’Errico et al.’s

[63] C6,K measurement and the C6,K that we infer from our α(0) measurement [13]

could be explained in part by error in assumed αK.

Fig. 5.9a shows the αr,Cs(0) values we inferred from lifetime measurements, van

der Waals C6 coefficients, and Porsev et al.’s calculated |DD1,Cs|. Our results are

compared to ab initio calculations of αr,Cs(0) [77, 173, 195] as well as ab initio

calculations of αcore,Cs [181, 183, 190, 196, 197] to which we added αv′ + αcv. Also

among the comparisons in Fig. 5.9a are measurements of Cs+ ionic polarizability

[185, 187, 189, 198], which approximates αcore,Cs, again adjusted by adding αv′ +
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Figure 5.8: C6 versus α(0) for small deviations about experimental values of α(0)
[13]. The different curves correspond to different values of αr(0): The pink curve
corresponds to the value of αr(0) inferred from experimental measurements of C6 and
α(0) [13], and the error bands on that curve represent the resulting uncertainty in
αr(0) due to uncertainty in C6 and α(0). The black curve corresponds to the values
of α(iω) tabulated by Derevianko et al.[195]. Finally, the green line corresponds to
αr(0) = 0, and the inset on each plot shows C6 versus α(0) for a wider range of
α(0). For these plots, we used the C6,K measurement by D’Errico et al.[63], C6,Rb

by van Kempen et al.[64], and C6,Cs by Chin et al.[67]. In the smaller plots, we
can see that C6 versus α(0) is approximately quadratic. Adapted from [100] with
permission afforded by the CC-BY 4.0 license.
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Figure 5.9: (a): αr(0) values deduced by combining α(0) measurements [7, 9, 11,
13, 101] with either C6 measurements [63, 64, 67] or principal transition lifetime
measurements [47–62] and R values [17, 18, 47, 175, 193]. These inferred values
are compared to the theoretical αr(0) values we used elsewhere in this work by
Safronova et al.[173] and Derevianko and Porsev [77]. (b): αr,Cs(0) values deduced
by combining measured αCs [13] with either measured C6,Cs [67], principal transition
lifetime [58–62] and RCs [175] measurements, or αp,Cs(0) inferred from calculated
|DD1,Cs| [79] and measured RCs [175]. These inferred values are compared to several
theoretical calculations [77, 173, 181, 183, 190, 195–197] and Cs ion polarizability
measurements [185, 187, 189, 198]. The asterisk (*) indicates that the indicated
references provided αcore values which we converted to αr(0) values by adding αv′ +
αcv = 1.81 − 0.72 = 1.09 (in atomic units). Adapted from [100] with permission
afforded by the CC-BY 4.0 license.
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Table 5.10: αr(0) values deduced by combining α(0) measurements [7, 9, 11, 13, 101]
with either C6 measurements [63, 64, 67], principal transition lifetime measurements
[47–62] and R values [17, 18, 47, 175, 193], or |DD1| [79] and R values [175]. These
inferred values are compared to the theoretical αr(0) values we used elsewhere in
this work by Safronova et al.[173] and Derevianko and Porsev [77]. Adapted from
[100] with permission afforded by the CC-BY 4.0 license.

atom α(0) + τ [+R] α(0) + C6 α(0) + |DD1|+R ab initio
Li 2(1) 2.04(69) [173]
Na 2.0(5) 1.86(12) [173]
K 5.4(4) 8.0(4) 6.23(33) [173]
Rb 11.4(5) 9.6(4) 10.54(60) [173]
Cs 18.1(5) 16.8(8) 16.5(4) 17.35(100) [173]

16.74(11) [77]

αcv. Fig. 5.9b shows our results alongside the ab initio αr(0) values calculated by

Safronova et al. [173] and Derevianko and Porsev [77] for Li, Na, K, Rb, and Cs.

Fig. 5.9 shows some disagreement between our α(0) + τ and α(0) +C6 methods,

especially with regard to K and Rb. There are several possible contributors to

such disagreement. While the α(0) + τ results were based on an average of several,

independently-measured lifetimes, both of our methods relied on only one (or, in

the case of Cs, two) α(0) measurements and our α(0)+C6 method relied on a single

C6 measurement. Therefore, statistical variation or systematic errors that were not

accounted for in those α(0) or C6 measurements could have a significant effect on

our reported αr(0). Also, it is important to note that our α(0) + C6 method relied

on a single set of α(iω) calculated using one specific theoretical approach [195], and

that there are other theoretical approaches that could lead to different values of

α(iω).

The uncertainties in ab initio αr(0) predictions by Safronova et al. [173] and

Derevianko and Porsev [77] are comparable to or smaller than the uncertainties on

our fully-empirical (α(0) + τ) and semi-empirical (α(0) + C6) results. This fact,

combined with the aforementioned possible contributors to disagreement between

our results, suggests that ab initio methods are still the prefered way of obtaining

αr(0) values for use in other analyses. Even so, it is valuable to develop the methods
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of analysis demonstrated in this chapter so that when more accurate α(0), τ , and C6

measurements become available, then αr(0) can be determined with higher accuracy

using these methods.

The theoretical αr(0) predictions by Safronova et al. [173] have an uncertainty

of 6%, which is just slightly larger than the 5% or 3% uncertainties of the exper-

imental αr(0) determinations that we reported for Cs. However, we acknowledge

that there is a 10% deviation between the all-experimental result for αr,Cs(0) that

we reported using α(0) and τ measurements as compared to the semi-empirical re-

sult for αr,Cs(0) that we reported using α(0) and C6 measurements combined with

the theoretical spectral function αr(iω)/αr(0). Furthermore, the uncertainty in the

theoretical αr,Cs(0) prediction by Derevianko and Porsev [77] is significantly smaller,

approximately 0.6% (and this was partly verified with independent measurements

of αcore using Rydberg spectroscopy [196]). So, it is possible that ab initio methods

are still the preferred way of obtaining αr(0) values for use in other analyses. Even

so, we conclude that it is valuable to develop the methods of analysis demonstrated

here so that when more accurate α(0), τ , and C6 measurements become available,

then αr(0) can be determined with higher accuracy using these methods. In the

future, combining measurements of αcore from Rydberg spectroscopy with higher

accuracy measurements of αr(0) could provide more direct constraints on αv′ +αcv,

and thus αtail.
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CHAPTER 6

NEXT STEPS FOR ATOMIC STATIC POLARIZABILITY MEASUREMENTS

In this chapter, I discuss ways in which we could continue to use our atom in-

terferometer apparatus to make additional static polarizability measurements that

contribute significantly to the scientific community’s understanding of atomic the-

ory. In the first section, I suggest improvements to the equipment that would allow

us to measure the polarizabilities of a wider variety of atomic species. In the sec-

ond section, I explain how we could improve the precision of our measurements.

The goal of improved precision led us to develop metastable helium interferometry

and explore methods of cleaning nanogratings that were clogged due to prolonged

exposure to alkali beams.

6.1 Measuring polarizabilities of more atomic species

Probably the most fruitful next step would be to measure the polarizabilities of other

atomic species. High-precision static polarizability measurements of the alkaline

earth elements Mg [199, 200], Ca [200], Sr [200–202], and Ba [203] as well as Yb

[70, 71, 204–207] are in high demand for several reasons [44]. Just as with alkali

atoms, measuring static polarizabilities tests the atomic structure calculations that

are used to calculate many atomic properties. Measurements of Sr, Yb, Ca, and Mg

polarizabilities will also benefit optical lattice clocks that use those atomic species

[201, 206, 207]. A relatively large source of uncertainty in optical lattice clocks is

uncertainty in the energy shift of the trapped atoms due to blackbody radiation.

The uncertainty in that energy shift is in turn due primarily to uncertainty in

the polarizabilities of the states between which the trapped atoms oscillate. High-

precision static polarizability measurements would help reduce those uncertainties.

Also, just as with Cs, measurements of Yb static polarizability could help interpret
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measurements of the amplitude of parity-violating transitions in Yb, which is higher

than that of Cs [70, 71], as a probe of beyond-the-standard-model physics.

As discussed in Section 5.2, measurements of atoms’ polarizabilities would im-

prove our knowledge of those atoms’ other properties, such as van der Waals C6

coefficients and principal transition oscillator strengths. Knowing those van der

Waals coefficients and is crucial for understanding atom-atom interactions in ultra-

cold quantum gases and optical lattices, which can be used for quantum information

processing, ultracold quantum chemistry, quantum many-body simulation, and elec-

tron electric-dipole moment searches [201, 204, 206]. Divalent atoms such as alkaline

earth atoms and Yb are popular candidates for studies with ultracold quantum gases

and optical lattices because their lack of hyperfine structure makes atom-atom inter-

actions easier to understand. Also, knowing the Mg principal transition line strength

is imporant for exoplanet atmospheric spectroscopy [208]. Astronomers have discov-

ered that exoplanet atmospheres both contain and continually shed heavier elements

such as Mg. The rate of escape of Mg from exoplanet atmospheres can be inferred

from UV exoplanet atmospheric spectroscopy data, and depends on the frequency

and line strength of the Mg principal transition.

The first challenge associated with measuring the polarizabilities of new atomic

species in our apparatus is creating the atom beam. Generating our atom beam

requires heating a bulk sample of the atoms in question until the vapor pressure of

that sample reaches around 5 torr. At 5 torr, the rate of flow of atoms out of the

nozzle gives us the beam flux that we need to observe interference fringes. On aver-

age, the vapor pressure of atoms at a given temperature typically decreases as both

atomic mass and number of valence electrons, which means that the temperature

required to achieve a vapor pressure of 5 torr typically increases. For this reason,

we demonstrated Cs, Rb, K, and Na interferometry with ease. However, creating

a beam out of Mg, Ca, Sr, Ba, or Yb requires higher temperatures. Preliminary

experiments have indicated that, in order to create a Sr beam with adequate flux,

we must heat the sample of bulk Sr to 900 K or higher. We also find that, to avoid

clogging the nozzle aperture, we must heat the nozzle aperture roughly 200 K hotter
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than the sample—1100 K or higher. So far, we have not achieved this beam con-

dition without either clogging the nozzle aperture, clogging the skimmer in front of

the nozzle, or breaking at least one of heaters.

The second challenge is detecting different atomic species. The detection effi-

ciency of our Langmuir-Taylor detector, previously discussed in Section 2.1.3, de-

creases as an atom’s ionization potential I increases above the work function Φ of

the heated wire held at some temperature T [127]. That detection probability can

be written as

P+ =
1

1 + g0

g+
e
I−Φ
kBT

(6.1)

where g0/g+ is the ratio of the number of neutral atom ground states to ion ground

states. g0/g+ = 2 for monovalent atoms (such as alkali atoms), whereas g0/g+ = 1/2

for divalent atoms (such as alkaline earth atoms and Yb). Ionization potential has

approximately the same periodic trends as vapor pressure, which means that lighter

atoms and divalent atoms will be more difficult to ionize.

Fig. 6.1 helps visualize the feasibility of observing interference fringes with vari-

ous atomic species of interest. The figure shows an estimate of the temperature the

sample must reach in order to form a beam with sufficient flux on the y axis and

the ionization efficiency of our current detector on the x axis. Atoms on the plot

that are farther from the bottom-right corner are going to be more difficult to work

with due to some combination of requiring high temperatures and being difficult to

detect.

To heat the bulk samples of atoms in our nozzle, we currently use coiled nichrome

wire embedded in Omegabond 600 thermally-conductive, high-temperature, ceramic

cement. Of all the different versions of heaters we have produced, these heaters can

achieve the highest temperatures without breaking. With our ceramic heaters, we

can easily bring Cs, Rb, K, and Na samples to the proper temperature. When

heating Li or Sr to maximum temperature available to our heaters, we observe

roughly 100 times less atom flux than we need. This imformation suggests that



123

1000

900

800

700

600

500

400

te
m

pe
ra

tu
re

 fo
r 

de
si

re
d 

flu
x 

(d
eg

re
es

 C
)

1.00.80.60.40.20.0
ionization probability P+

Na

Li

K

Rb
Cs

Mg (P+ = 10
-7

)

Yb

Sr

Ba

Ca

Figure 6.1: The ionization probability and temperature required to achieve our
desired beam flux for different atoms of which we might want to measure the static
polarizability. The ionization potential is related to the detection probability using
a platinum Langmuir-Taylor detector [127], as shown in the top subplot. For an
atom in the beam that has a detection probability close to 1, we reach our desired
atom flux when the vapor pressure in the nozzle reaches around 5 torr. We have
successfully demonstrated atom interferometry only with Cs, Rb, K, and Na (on
the bottom-right portion of the plot). Temperature-vapor-pressure relationships
and ionization potentials were obtained from the CRC Handbook of Chemistry and
Physics [209]. To calculate ionization probability, we assumed a platinum work
function of 5.5 eV [25, 112] and a detector wire temperature of 2000 K.
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our current heaters could probably create a Mg beam of sufficiently high flux and

possibly a Yb beam. It is possible that we could create ceramic heaters with higher

maximum temperatures by embedding two or more layers of coiled nichrome in

a larger volume of cement, although it’s unclear to us at what temperature the

nichrome wire embedded in the cement will break. In order to easily heat Sr, Li,

Ca, and possibly Ba, we would probably need to construct a completely new type of

heater. Induction heaters, for example, are used to forge all metals including steel.

Creating a Ba beam is also problematic because the temperature required to keep

a Ba nozzle hole clear approaches the melting point of stainless steel (around 1300

◦C). It may be that a Ba nozzle must be manufactured out of an alloy with a higher

melting point.

It has been pointed out by Delhuille et al. that the work function of a Langmuir-

Taylor detector can be raised by oxidizing the wire [127]. To do this, Delhuille et

al. kept a constant, controlled background pressure of O2 in their vacuum chamber at

a partial pressure ranging from 10−7 to 10−4 torr. However, when we implemented

this procedure in our apparatus, we found that the increase in the wire’s work

function was accompanied by a high amount of noise on the detector’s channel

electron multiplier (CEM). It’s possible that a mass filter between the wire and CEM

could eliminate most of this noise. Oxidizing the wire in this manner increases the

platinum wire’s work function by up to about 0.3 eV, which would allow us to more

easily detect Li and Sr, detect Ca and Yb with about 10% efficiency, and would still

not allow us to detect Mg. It would be possible, with a sufficiently powerful heater,

to compensate for a 10% Ca and Yb detection efficiency by creating an atom beam

with 10 times more flux. It must be noted, however, that such high flux beams

quickly clog and ruin the diffraction gratings, though probably not fast enough to

prohibit a few high-precision polarizability measurements.

We experimented with using electron impact ionization as a detection method,

but the results were not fruitful. Electron impact ionization occurs when a free

electron bombards a neutral atom and causes that atom to lose a valence electron.

In an electron impact ionization detection scheme, the atoms would pass through a
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Figure 6.2: Diagram of an electron beam incident upon an atom beam. The
electron beam with current I and electron kinetic energy E originates from some
source that forms a spot of area A on the atom beam. The atoms, which have
velocity va, travel a distance d through that spot.

region containing a high density of free electrons and become ionized. The positive

ions would then be sent through a mass filter and into a CEM. The mass filter is

necessary to filter out the He and Ar carrier gas atoms that would also be ionized by

the electrons, but would have the added benefit of filtering out impurities and dimers.

Electron impact ionization is advantageous because it works on approximately any

atom or molecule, which would be ideal for research focused on experimenting with

as many atomic and molecular species as possible.

In our experiments, we attempted to use a SRS RGA 200 residual gas analyzer to

ionize, filter, and detect atoms. This RGA had a small electron impact ionization re-

gion that would ionize atoms and molecules and sweep them into a linear quadrupole

ion trap that would filter them based on their charge-to-mass ratio. However, we

found both theoretically and experimentally that atoms passing through the RGA’s

ionization region had roughly a 10−11 probability of being ionized, filtered, and de-

tected. It may be possible to use the RGA’s quadrupole ion trap as a mass filter,

but we would need to design our own ionization region.

Creating an ionization region that ionizes atoms with sufficient efficiency (be-
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tween 10% and 100% would be sufficient depending on the available atom beam

flux) is the main challenge of electron impact ionization detection. We can model

that efficiency based on the properties of the ionization region and the atom beam

velocity. Consider a beam of electrons with beam current I and electron kinetic

energy E being aimed at an atom beam as shown in Fig. 6.2. The electron beam

would be focused into some arbitrary shape that forms a spot of area A on the

atom beam. The atoms, which have electron impact ionization cross section σ and

velocity va, travel a distance d through that spot over a time t = d
va

. In this case,

an atom’s probability of being ionized would be

P+ = ρσv′t (6.2)

where v′ is the velocity of the electrons with respect to the atom. The electron

impact ionization cross section for alkali atoms, alkaline earth atoms, and Yb atoms

is maximized when the electron kinetic energy E is around 30 eV, which corresponds

to an electron velocity ve of about 106 m/s. Therefore, we can approximate that

v′ = ve. The ionization probability is then

P+ = ρσv′t =

(
I

eAve

)
σve

(
d

va

)
=

σId

eAva
(6.3)

where e is the electron charge.

Our atom beams have velocity va ≈ 2000 m/s, and the atoms we consider in

this section have electron impact ionization cross sections on the order of 10 Å2

[210–212]. Commercial electron sources, at best, are capable of generating beams

for which Id/A is on the order of 1 C/m, which would imply that P+ ≈ 10−4.

As an alternative to a typical electron beam, one could construct a device such

as the one shown in Fig. 6.3. The electrons would be generated by a heated coil of

tungsten wire, the axis of which would extend roughly 1 m parallel to, and a few

centimeters away from, the atom beam. Cylindrical focusing and steering optics

would focus the cylindrical emission of the long tungsten coil into a thin line of

width w that would coincide with the atom beam. In this case, the ionization
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Figure 6.3: Design for an electron impact ionization region that might be suitable
for a 2000 m/s atom beam. This diagram is a cross-section of a device that extends
into the page by roughly 1 m. A coil of tungsten wire, heated using electric current
and held at bias voltage −V1, exists halfway between a plate held at voltage −2V1

and a grounded plate with a slit down the middle that runs parallel to the coil axis.
The electrons are emitted into the uniform electric field created by those two plates
so that they pass through the slit. Two additional plates held at some positive
voltage V2 and ground, respectively, act as a cylindrical Einzel lens that focuses the
electron emission into a thin line that coincides with the beam. Additional optics
would be required to sweep positively-ionized atoms into a mass filter. Additional
steering electrodes could be added in order to fine-tune the overlap between the
atom beam and electron beam.
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probability would be

P+ =
σλlwire

ewva
≈
(
3 · 10−5

) lwire

w
(6.4)

where λ is the electron emission current per unit length of tungsten wire, typically

on the order of 0.1 A/m, and lwire is the total length of the coiled wire. With

proper focusing and sufficient lwire (made possible by sufficient physical space), this

ionization region might be able to ionize atoms with greater than 10% efficiency.

DeKieviet et al. also designed and built an electron impact ionization region

that detected the atoms in a supersonic He beam with 70% efficiency (although the

actual velocity of the He beam was not given) [213]. DeKieviet’s detector used the

magnetic field created in front of a short solenoid to focus electron emission onto

the atom beam.

Instead of electron impact ionization, atoms could also be detected using fluo-

rescence. A laser beam on resonance with the principal transition of the atoms in

the atom beam could excite the atoms, causing them to emit photons that could

be detected by an array of photomultiplier tubes. The advantage of this method

is its simplicity, however the disadvantage is its cost. Such a detection scheme re-

quires having a unique laser for each atomic species (or a very tunable laser that can

emit light on resonance with the principal transitions of multiple atomic species).

However, fluorescence may be best way to detect Mg, Ca, and Yb.

6.2 Increasing precision

In this section I describe our efforts to decrease both statistical and systematic un-

certainties in our measurements. To reduce systematic uncertainties, we developed

metastable helium interferometry in order to calibrate our apparatus by measuring

metastable helium polarizability, which is relatively easy to calculate. To reduce

statistical uncertainty, we also attempted to clean the diffraction gratings, which

had degraded due to alkali atoms collecting on them. I describe these efforts in the

following sections.
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6.2.1 Metastable helium interferometry

As we can see in Fig. 4.2 in Section 4.1, the uncertainty budget for our alkali

atom static polarizability measurements is dominated equally by three separate

uncertainty sources: the grating period, the radius of the pillars, and the longitudinal

distance between the first grating and the pillars. Reducing the uncertainty in

measured polarizability by a factor of 2 would require reducing all three of those

uncertainty contributions by a factor of 2, which would be very difficult. The easiest

to measure more precisely would probably be the pillars’ radius: by ugrading the

motor that moves the pillars to have a longer range of translation, we could measure

the pillars’ radius to 0.2 µm using the same method that we used to measure the gap

between the pillars. Measuring the grating period more accurately would probably

require either reconstructing (and measuring) the photolithographic pattern that

originally etched the gratings or using an exotic microscope (AFM, STM, SEM,

TEM, etc) to compare the grating period to some known distance. Measuring

zg1,pillars to within 100 µm would be challenging because it would require measuring

a ≈1 m distance to within 100 µ using some tool or method that fits within the small

spaces inside our vacuum chamber. Furthermore, reducing these three uncertainty

sources by a factor of 2 would make them contribute the same amount of uncertainty

as the uncertainty in the width of the gap between the pillars, the dimer fraction,

and the velocity distribution parameter vr (which has its own uncertainty budget

in Fig. 3.11). In other words, trying to reduce the uncertainty of direct static

polarizability measurements by more than a factor of 2 would require addressing six

different sources of uncertainty. The effort may or may not be worth the reward.

A more clever alternative is to calibrate our measurements by measuring a well-

known atomic polarizability. As discussed at the beginning of Chapter 5, our ap-

paratus is particularly well-suited to measuring ratios of polarizabilities because we

use the same equipment to measure the polarizability of each atomic species. For

example, if the grating period were 0.1% larger than we thought it was, we would

report all polarizability measurements 0.1% too low, which would not affect the
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ratios between those measurements. Regardless of the systematic uncertainty in a

collection of measurements, the uncertainties in the ratios of those measurements is

due only their statistical uncertainties, which can be reduced simply by acquiring

more data. And while uncertainties in w1, w2, and wdet can have different effects on

different α measurements and thus add systematic uncertainty to the ratios, those

uncertainty sources can be reduced to insignificance by making the detector suffi-

ciently wide (as discussed in Section 3.2). We could then report polarizabilities with

high-precision

αunknown =

(
αunknown

αknown

)
αknown (6.5)

by measuring αunknown/αknown.

Potential calibrants are lithium and metastable helium (He*), both of which

have relatively high polarizabilities that are well-known. As shown in Fig. 6.1 and

discussed in the previous section, Li beams are challenging both to generate and

to detect. He*, however, is extremely easy to detect, and several groups have

demonstrated bright, cold, low-velocity He* sources [214–221]. A metastable he-

lium beam source may also have the capability to create a metastable xenon (Xe*)

beam. Metastable xenon, along with metastable mercury, has been proposed as an

additional candidate for parity non-conservation research [80, 222]. Should parity-

non-conservation data be obtained using Xe*, measuring the static polarizability of

Xe* would help with the interpretation of those data.

The 21S0 and 23S1 states of He are considered metastable because they have no

optically-allowed transitions to lower-energy states and therefore have lifetimes of

19.7(8) ms [223] and 7870(510) s [224], respectively. The singlet 21S0 state is lower-

energy than every other excited singlet state and is not allowed to decay to the 11S0

ground state due to parity selection rules. The triplet 23S1 state is the lowest-energy

triplet state, which has no optical transitions to singlet states. Experimenting on

He* is possible for us because the atoms in our ≈2000 m/s atom beams spend

roughly 2 ms between the source and the detector.
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Figure 6.4: Cut-away view of our metastable helium source. Pressurized He gas
is forced out of the 50 µm hole in the boron-nitride nozzle, forming a supersonic
beam. A plasma current travels from the tungsten needle, through the nozzle hole,
and to the grounded skimmer forming metastable He.

Optically pumping ground state He into the 21P1 state (to have it subsequently

decay with some probability into the 21S0 state) requires 58 nm light and is therefore

impractical. The most practical way to create He* is to send ground-state He

through a plasma discharge. Electrons that dissociate from the He atoms in the

plasma will be recaptured by the He ions and decay with some probability into

either of the metastable states.

Fig. 6.4 shows a cut-away view of our He* beam source, inspired by the design

by Fahey et al. [215]. A hollow teflon (a.k.a. PTFE) cylinder supports a boron-

nitride nozzle that has a 50 µm diameter hole at the front. He gas at 40 psi is piped

through the teflon cylinder and into the nozzle and sprays out the hole, forming a

supersonic He beam. To maximize the rate of metastable atom production, we create
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Figure 6.5: Picture of the He* source during operation taken through an acrylic
window in the vacuum chamber. The orange spray coming out the front is the
helium plasma.

an electrical arc that begins at a tungsten needle held at a high negative voltage

inside the boron-nitride nozzle and passes through the nozzle hole along with the

He gas to a grounded skimmer in front of the assembly. The tungsten needle is

held in place by a metal dissection needle holder. The needle holder screws into the

inside of a hollow aluminum threaded rod, which in turns screws into the boron-

nitride nozzle cap. A slit down the outer threads allows He gas to pass through

the nozzle. The boron-nitride nozzle is clamped to the teflon piece by a copper

heat sink connected to a chilled water line. Because the nozzle and needle holder

assembly are all thermally connected, the heat sink is able to draw out all of the

intense heat created by the plasma. Without the heat sink in place, any plastic or

rubber material touching the nozzle will melt. A high-voltage line plugs into the

back of the needle holder.

We made the nozzle out of boron-nitride because boron-nitride is electrically

insulating (and therefore guides the plasma through the nozzle hole), because it
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has an extremely high melting point of 2973 ◦C (and therefore doesn’t melt), and

because it is very thermally conductive (and therefore effectively dissipates heat).

We made the support structure out of teflon because teflon has a relatively high

melting point of 327 ◦C and is easy to machine. The bolts securing the heat sink

and nozzle to the support structure are made of nylon. If those bolts were metal, the

needle holder would arc to those bolts between the o-ring and the surfaces touching

the o-ring.

He* can be detected simply by aiming the beam into a CEM. A Langmuir-

Taylor detector is not ideal for He* detection because interaction between the He*

atoms and the hot wire de-excites the atoms rather than ionizing them. Using our

CEM, which is about 5 mm wide, is convenient because the diffraction angle for He*

traveling at ≈2000 m/s is around 500 µrad, which corresponds to 1 mm separation

between the first-order diffraction paths on either side of the beamline.

The flux of He* atoms we obtain from our source depends independently on

three parameters: the diameter of the nozzle hole, the distance between the nozzle

hole and the skimmer, and the electric current used to create the plasma. In the

following paragraphs, I will discuss these parameters.

We used a high-intensity pulsed laser to drill 50 µm holes in our boron-nitride

nozzles. As I mentioned briefly in Section 2.1.1, nozzle holes wider than 50 µm

result in beams with more divergence, which causes fewer atoms to pass through

the collimating slits. However, we also found that newly-installed tungsten needles

would deposit black soot on every nearby surface. This initial soot deposition rate

was high enough to clog our 50 µm nozzle holes. We successfully countered this

effect by using thin wires to widen the hole in one of our nozzles to around 200

µm. Once the tungsten needle had been in use for several hours, it would stop

depositing significant amounts of soot. We also discovered that, in the absence of

soot deposition, the plasma would erode the walls of the boron nitride, widening

the nozzle hole over time. Our 200 µm hole was widened to 500 µm after between

15 and 20 hours of operation. Therefore, running our He* beam for several full days

would require several new nozzles.
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Figure 6.6: Observed metastable helium flux as a function of the distance between
the nozzle and the skimmer.

Our plasma would usually require around 3 kV to initiate, but could then be

maintained at around 1 kV depending on the desired plasma current. We used a 5

kV power supply connected in series to the He* nozzle and a 25 kΩ ballast resistor.

Once the plasma had been initiated, the geometry of the gap between the tungsten

needle and the grounded skimmer (including the gas pressures between the two

points) would set the voltage across that gap, and the ballast resistor would limit

the current through the circuit, allowing the power supply to operate in current-

control mode. We typically ran the He* source using a plasma current of 35 mA.

If we reduced the current below 35 mA, our observed He* flux would decrease.

However, if we increased the current above 30 mA, our observed flux would increase

and then decrease to below its previous value over the next minute. We still don’t

have an explanation for this behavior.

The distance between the nozzle and the skimmer determines the length of the

plasma jet, which in turn determines the He* production rate. If the plasma jet is

too short, some He atoms may pass through without being ionized at least once.

However if it is too long, collisions with background gas between the nozzle and the
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skimmer deflects atoms that otherwise would have traveled to the detector. Fig. 6.6

shows how the observed flux changes as the nozzle-to-skimmer distance changes. We

found that the optimal nozzle-to-skimmer distance for our experiment was around

10 mm, in agreement with experiments by Baker et al. [218].

We were able to observe He* diffraction patterns by using our inactive Langmuir-

Taylor detector wire as a mask in front of the CEM detector. For these purposes,

the Langmuir-Taylor detector consists of a vertical wire stretched across a circular

hole. If we scanned the assembly across the beam horizontally, we would see a dip

in the observed flux when the wire passed in front of one of the beam’s diffraction

orders, and a steady decrease in flux as the edges of the circular hole eclipsed the

beam. Fig. 6.7 shows data acquired in this manner. In the figure, we can clearly see

evidence of first-order diffraction and barely see evidence of second-order diffraction.

The 0.55 mm path separation at the detector, which is 1.43 m away from the grating,

indicates that the beam velocity is about 2700 m/s.

We successfully observed interference with our He* beam, shown in Fig. 6.8,

however the interference pattern contrast was a very low 4%. At present, we do

not have an explanation for such low contrast. Because He atoms are 10 times

lighter than K atoms, a He* beam with a velocity of 2700 m/s in a Mach-Zehnder

atom interferometer will have 0.74 mm separation between the 0th and 1st order

diffraction paths at the second grating. This large path separation is problematic

for two reasons. The first reason is that stray magnetic fields, such as those cre-

ated by the permanent magnets in the linear actuators in our apparatus, induce

velocity-dependent phase shifts on the He* atoms that are 10 times stronger than

those induced on K atoms of the same velocity. As we will discuss in the next chap-

ter, those velocity-dependent phase shifts can cause significant contrast loss. The

second reason is that the second grating is only 1 mm wide and the third grating is

roughly 0.75 mm wide. Depending on the position and incident angle of a given He*

atom in the beam, it’s possible that some paths through the interferometer for that

atom become clipped by the edges of the gratings. This effect prevents atom waves

from interfering with themselves at the position of the third grating, causing loss of
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Figure 6.7: Diffraction of a metastable helium beam through a single nanograting.
To acquire these data, we scanned an assembly horizontally across the beam that
consisted of a vertical wire stretched across a circular hole. The data in black was
acquired with no gratings between the collimated beam source and the detector.
The data dips in the center where the wire overlaps the beam, and decreases slowly
where the edges of the circular hole eclipse the beam. The data in blue was acquired
with a grating between the source and the detector, 1.43 m away from the detector.
We can easily see dips where the wire blocked the 0th and 1st diffraction orders, and
can barely see where it blocked the 3rd diffraction orders. The blue curve was scaled
so that it matched the height of the black curve—the gratings attenuate roughly
75% of the atoms counts. In this case in which the curves are scaled to matching
heights, the ratio of enclosed areas of the blue and black center dips informs us of
the proportion of atoms that did not stay in the 0th diffraction order after passing
through the grating.
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Figure 6.8: Interference fringes observed using metastable helium. These data
were gathered using the method described in Section 2.1.3. This figure is similar to
Fig. 2.5, however this figure was made by concatenating 45 seconds of data, whereas
each data set in Fig. 2.5 was acquired using only 5 seconds of data.
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contrast. This effect is exacerbated by the fact that we used 50 µm wide collimating

slits, rather than 30 µm wide slits, in our He* experiments in order to obtain a He*

flux of around 30,000 atoms per second. The larger collimating slits nearly double

the He* beam’s width and divergence, increasing the number of atoms that would

not be able to interfere at the third grating without clipping the edge of one of the

grating windows.

At present, the observed contrast of around 4% and observed total flux of around

30,000 atoms/s is not enough to make precision measurements of He* polarizability

in any reasonable amount of time. However with additional work, it is possible

that He* interferometry could provide an important calibration measurement for

our static polarizability measurements.

6.2.2 Notes on cleaning the nanogratings

When a beam of atoms is incident upon a material nanograting such as one of

the silicon nitride nanogratings in our apparatus, the atoms have some chance of

bonding to the grating bars via van der Waals atom-surface interaction. That bond

strength, quantified by the van der Waals C3 coefficient, is especially high for al-

kali atoms, which are highly-polarizable (see [225] for C3 coefficients between alkali

atoms and silicon nitride surfaces). As the nanogratings are continually exposed

to alkali beams, alkali atoms begin to build up on the nanograting bars. At best,

this accumulation clogs the spaces between the grating bars, reducing the gratings’

transmission and therefore the statistical precision of data acquired using those grat-

ings. In a worse case, the alkali atoms will completely fill the space between pairs of

adjacent bars. And at worst, the alkali atoms will nucleate into chunks that deform

the grating bars. Fig. 6.9 contains images of our nanogratings that show these ef-

fects. In the latter two cases, the clogging and deformation of the grating bars causes

spatial variations in the grating period. For example, if the gap between a pair of

grating bars is completely filled, that region of the grating could be said to have a

grating period twice as large. Deformations of the bars, on the other hand, create

alternating regions of higher and lower grating periods. If we model the incident
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Figure 6.9: Atomic force microscope (AFM) images of silicon-nitride nanogratings
that have been exposed to a sodium beam for many hours. Alkali atoms coat the
surfaces of the grating bars and reduce transmission. They also nucleate into larger
chunks of alkali metal which fill the spaces between bars and in some cases deform
the bars, both of which create spatial variation in the grating’s period. AFM images
by Rob Wild in the lab of Prof. Srin Manne at the University of Arizona.
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atom waves as plane waves, we can represent a grating with spatially-varying pe-

riod as a superposition of undamaged gratings with different periods. Nanogratings

damaged in such a way cause atoms to diffract into diffraction orders that should

not exist and form superpositions of interference patterns that do not necessarily all

have the same period. These effects cause loss of interference pattern contrast and

therefore loss of statistical precision in our measurements. Fig. 6.10 shows evidence

of how damage to the second nanograting in our interferometer by alkali metal clogs

changes the grating’s diffraction pattern.

The best way to restore the nanogratings in our apparatus is to remove them from

the apparatus and either replace them with new ones or submerge them in a cleaning

solution. However, removing and installing the nanogratings in our apparatus is

time consuming and requires new resources. The gratings may be replaced one at

a time in order to maintain the relative alignment of the two other gratings, but

this procedure takes about a week in total to replace each grating (when taking into

account the time required to physically replace the grating, pump down the vacuum

chamber, and align the grating with the others). We attempted to circumvent this

process by washing the gratings in situ with methanol. We chose methanol because

it easily dissolves alkali oxides, does not harm silicon nitride, and evaporates with

very little residue. We washed the gratings by dripping methanol on the top of the

silicon nitride grating chip and allowing the methanol to flow down the surface of

the grating. Each grating received about 80 mL of methanol drips per wash.

We found that washing the nanogratings with methanol only partially restored

them. For each of the three gratings in our apparatus, a methanol wash roughly

doubled the transmission, but did not raise the transmission to a value we would

expect from a new grating. Furthermore, additional washes beyond the first did

not change the state of the grating at all, suggesting that liquid washing techniques

cannot clear out alkali oxides stuck between the bars. Finally, we note that while

methanol washes could increase the overall transmission of the gratings in our in-

terferometer, these washes did not increase the contrast of the interference pattern

formed by those gratings. This also suggests that the degradation of the interference
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Figure 6.10: The above plots show diffraction through the second nanograting
before and after replacing it. For each plot, we recorded the diffraction pattern
though only the first (blue) and only the second (red) grating by scanning the
detector in the ±x direction and observing the rate of atom detection. The different
x scaling of the curves between the upper and lower plots is explained by the fact that
the beam velocity was lower in the upper figure, corresponding to larger diffraction
angles. The key difference between the two plots is that evidence of first order
diffraction through grating 2 is not visible in case of the clogged grating but is
visible in the case of the new grating as bumps in the red curve at detector positions
of ±120 µm. The lack of visible first diffraction orders in the upper plot can be
explained by spatial variance in the damaged second grating’s period caused by
alkali metal clogs and deformed grating bars. When the grating’s period varies
across the grating, the grating acts as a superposition of gratings with different
periods. The different diffraction patterns formed by those superimposed gratings
form a total pattern for which the first order peaks are washed out.
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pattern contrast is caused by either clogs that cannot be washed out with liquid or

permanent damage to the grating bars.

After obtaining the aforementioned results, we replaced the second and third

gratings (the first grating was in sufficiently good condition such that a methanol

wash brought it close enough to a like-new condition of 25% transmission). We

noticed that replacing the third grating had very little effect on the contrast, while

replacing the second grating nearly doubled the contrast from 13% to 25%. This

result is likely explained by the fact that the interfering atom wave packets are

separated as they pass through the second grating (as shown in Fig. 2.4). Whereas

debris or clogged patches on the first or third gratings would block atom flux without

affecting the interference pattern, the contrast of the interference pattern will be

reduced if the second grating period has irregular transmission that is different at

the two points at which those atom waves are incident upon the grating. This

hypothesis is based on the idea that components of atom wave packets in one of

the interferometer paths may become completely blocked by a clog and then cannot

interfere with the corresponding wave packet components in other paths.

The fact that nanogratings can be clogged and degraded by the atoms that

pass through them is a significant downside to atom interferometry with material

nanogratings (as opposed to optical gratings). It may be possible that evanescent

light detuned from the atomic resonance of the atoms could be used to repel the

atoms from the grating and prevent degradation. The use of blue- and red-detuned

evanescent light to guide atoms down hollow-core optical fibers without having the

atoms bond to the fiber surface as been demonstrated in several different ways

[226]. However if it is possible that a configuration of evanescent light could be

used to prevent atoms from bonding to the grating bars in the volumes between the

bars, it may be that the light would disturb the atom wave packets to the point

of causing decoherence. If such a configuration were possible without causing too

much decoherence, it would represent a significant advancement for nanograting

atom interferometry and would have applications for every use of nanograting atom

interferometers from polarizability measurements to inertial sensing.
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CHAPTER 7

DIRECT, IN SITU MEASUREMENTS OF INERTIAL FORCES

We developed a method of using our atom interferometer to directly measure inertial

forces without having to move the apparatus to different reference frames. This work

is significant because many atom-interferometer gyroscopes and accelerometers are

only capable of measuring changes in rotation rate or changes in acceleration. In

a typical atom-interferometer inertial sensor, the net effect of inertial forces on

the interferometer is read out by measuring the phase of the interference pattern.

However, since the interference pattern’s phase usually has an arbitrary offset, it is

only possible to relate changes in phase to changes in rotation rate or acceleration,

rather than directly relating phase to rotation rate or acceleration.

This development was important for our static polarizability measurements be-

cause it allowed us to measure the component of gravitational acceleration in the

plane of our interferometer, and thereby reduce a source of systematic uncertainty,

without having to move the apparatus in any way. This work is also important be-

cause inertial sensors, when used for inertial navigation, need to be periodically re-

calibrated during operation. The method outlined here gives Mach-Zehnder atom-

interferometer inertial sensors a way to self-calibrate without referencing external

sources. Finally, as I will discuss in this section, stronger inertial forces on a Mach-

Zehnder atom interferometer cause loss of interference pattern contrast and therefore

loss of precision. The methods described in this section can be used to recover lost

contrast in extreme conditions, thus increasing the dynamic range of the sensor.

It is important to note that this is not the first method developed for in situ

inertial force measurement by Mach-Zehnder atom interferometers: Gustavson et

al. [227] developed a technique of modulating the frequency of the lasers in stim-

ulated Raman transition interferometers to compensate for the phase shifts and

dispersion caused by velocity-dependent inertial forces. By modulating the Raman
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laser frequencies, they were able to change the effective rotation rate of the appa-

ratus by effectively moving the gratings laterally. This method, however, is specific

to interferometers that diffract atoms using stimulated Raman transitions. The

method discussed here is complementary to the work by Gustavson et al. because it

uses electric fields to accomplish the task in a way that is generally-applicable to all

Mach-Zehnder atom interferometers. Our method is useful for nanograting-based

interferometers or light-grating interferometers for which it is difficult to move the

effective gratings (such as interferometers in which the light gratings are supported

in high-finesse cavities).

As I discussed in Section 2.2, the phase shifts induced in a Mach-Zehnder atom

interferometer by rotation and acceleration are proportional to 1/v and 1/v2, re-

spectively (see Eqns. (2.7) and (2.11)). In an ideal case in which the atom beam’s

velocity distribution is a delta function, each atom would receive exactly the same

phase shift from a given inertial force. However in the realistic case in which P (v)

is a distribution with nonzero width, these velocity-dependent phase shifts cause

the interference patterns from individual atoms to interfere destructively with each

other to some degree. This destructive interference causes loss of contrast and thus

limits the statistical precision of the sensor.

We can demonstrate this effect mathematically as follows. Consider an atom

interferometer in which the atoms have a Gaussian velocity distribution P (v) given

by

P (v) =
1

σv
√

2π
e
− (v−v0)2

2σ2
v (7.1)

If we induce a phase shift ∆φ on the interferometer that depends on 1/vn for n ∈ N

∆φ(v) = ∆φ0
vn0
vn

(7.2)
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then the observed contrast and phase of the ensemble of atoms Ceiφ will be

Ceiφ = C0e
iφ0

∫ ∞

0

1

σv
√

2π
e
− (v−v0)2

2σ2
v ei∆φ0

vn0
vn dv (7.3)

where C0 is the contrast that would be observed in the absence of any applied

phase shifts and φ0 is an arbitrary phase constant. We can evaluate this integral

analytically if we approximate that ∆φ(v) is linear within the domain of v0 − σv <
v < v0 + σv, which allows us to write vn0 /v

n as a first-order Taylor series

vn0
vn
≈ 1− n(v − v0)

v0

(7.4)

The integral then evaluates to

Ceiφ = C0e
iφ0e

− (∆φ0)2n2σ2
v

2v2
0

+i∆φ0

(7.5)

which we can rewrite to express the contrast C as a function of the applied phase

∆φ0 as

C = C0e
− (∆φ0)2n2σ2

v
2v2

0 (7.6)

As we can see, the contrast vs applied phase C(∆φ0) is a Gaussian with standard

deviation v0

nσv
, or vr

n
for velocity ratio vr = v0

σv
as defined in Chapter 3. The curve is

centered around 0, which indicates that we should observe maximum contrast when

the total applied phase is 0.

Our static electric field gradient (see Section 2.3) applies a phase shift to the

interferometer proportional to 1/v2. We can scan over positive and negative values

of this phase shift while monitoring the contrast to observe C(∆φpillars). If there

were no inertial forces acting on the atoms in our interferometer—which is to say

that the phase shift applied by the electric fields ∆φpillars accounts for the entirety of

∆φ0—then we would find that C(∆φpillars) is centered on 0. However, if there were

some inertial phase shifts applied to the atoms, C(∆φpillars) would not be equivalent
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Figure 7.1: The observed contrast of our interferometer’s interference pattern as
a function of the phase shift induced by a static electric field gradient. This graph
demonstrates that C(∆φpillars) is a Gaussian as hypothesized. The offset of that
Gaussian with respect to zero indicates that the phase shift applied by the electric
field is not the only phase shift acting on the atoms, but rather that rotation of the
Earth and acceleration of the atoms due to gravity are also inducing phase shifts.
This is an example of data we used to measure the component of gravitational
acceleration in the plane of our interferometer.

to C(∆φ0) and we would therefore see C(∆φpillars) centered around some nonzero

value at which the phase shift applied by the electric field gradient was equal and

opposite to the phase shift applied by the inertial force. Fig. 7.1 shows an example

of this case.

We note that it is feasible with this method to measure a 1/v-dependent inertial

phase shift, such as the Sagnac phase shift (due to rotation), by opposing them

with our 1/v2-dependent, electric-field-induced phase shifts. If there are a sum of

applied 1/v-dependent phase shifts ∆φ
(1)
0 and 1/v2-dependent phase shifts ∆φ

(2)
0 ,
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the observed contrast as a function of applied phase shifts becomes

C = C0e
−

(∆φ
(1)
0 +2∆φ

(2)
0 )

2
σ2
v

2v2
0 (7.7)

To measure a rotation rate, we would use our electric fields to induce a phase shift

of half the magnitude of the Sagnac phase shift induced by the rotation.

If the mean velocity v0 and standard deviation of the velocity distribution σv are

such that ∆φ(v) is not approximately linear within the domain of v0 − σv < v <

v0 + σv, it can become necessary to compute the integral in Eqn. (7.3) numerically.

This regime can be reached if v0 drops below 1000 m/s and σv rises above 200 m/s.

Additionally, if v0 and σv become such that P (v = 0) is significantly nonzero, we

must instead recognize that the velocity distribution is a v3-weighted Gaussian given

in Eqn. (3.3). These facts are relevant because the width of C(∆φ0) decreases as v0

decreases and σv increases, which means that we can more-precisely measure inertial

forces when v0 is lower and σv is higher.

We used this method of in situ inertial force measurement to determine the phase

shift induced in our interferometer by Earth’s gravity. Because our nanograting bars

are never perfectly vertical, there exists a component of gravitational acceleration in

the plane of the interferometer that pulls atoms in the ±x direction. We measured

the phase shift by measuring the offset of C(∆φpillars) and assuming that the offset

was due to both the phase shift induced by gravitational acceleration and the phase

shift induced by Earth’s rotation. Using this method, we were able to measure the

tilt of the grating bars with respect to vertical to within about 1.4 mrad.

The derivations and techniques presented in this section can also be used to

increase the dynamic range of inertial sensors. The Gaussian shape of C(∆φ0)

indicates that, if inertial forces become too strong, an inertial sensor could lose a

significant amount of sensitivity. This could be a problem if the device is placed on,

for example, an aircraft prone to very high accelerations and sudden turns. However,

as we have demonstrated in this section, static electric field gradients can be used to

apply velocity-dependent phase shifts equal and opposite to those applied by inertial
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forces in order to recover lost contrast and maintain sensitivity in extreme operating

conditions. Another way to phrase it would be to say that velocity-dependent inertial

forces acting on a beam with a velocity distribution apply dispersive phase shifts,

and that electric field gradients can be used to compensate for that dispersion. In

the next chapter, we will propose a portable Mach-Zehnder atom-interferometer for

which static electric field gradients can impose phase shifts of up to 105 rad, which

can fully compensate for up to 2 rad/s of rotation or 8 gs of acceleration.
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CHAPTER 8

DESIGNING A PORTABLE INERTIAL SENSOR BASED ON

NANOGRATINGS

In this chapter, I propose a design for a portable, nanograting-based, Mach-Zehnder

atom interferometer to be used as an inertial sensor. This work was done in col-

laboration with the Cold Atom Navigation group the Air Force Research Lab in

Albuquerque, NM. This group had developed Rb atomic beam sources using 2-

dimensional magneto-optical traps (2D MOTs) that could produce a collimated, 10

µK beam of Rb with a flux of 109 atoms/s. This group requested that we design a

nanograting-based atom-interferometer inertial sensor using these 2D MOT sources.

Because nanogratings are very lightweight and do not require electricity to diffract

atoms, such an interferometer would be a lightweight, low-power alternative to in-

terferometers that diffract atoms using stimulated Raman transitions. Even though

using stimulated Raman transitions may ultimately produce inertial sensors that are

more sensitive, we calculate that it’s possible to build a nanograting-based inertial

sensor with sensitivity comparable to that of its current light-based counterparts.

In the first section, I derive the numerical methods that we used to calculate

the sensitivity of a nanograting-based, atom-interferometer inertial sensor, and I

discuss optimal configurations of the device’s dimensions and other parameters. In

the second section, I present our proposed design.

8.1 Sensitivity of a nanograting-based inertial sensor

We want to calculate the sensitivity of a nanograting-based, atom-interferometer

inertial sensor as a function of various design parameters, including the atom beam

velocity and the properties of the nanogratings. The disadvantage of using nanograt-

ings is that they limit the flux through, and therefore the sensitivity of, an atom
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interferometer in two ways. The first and most obvious way is that an atom inci-

dent on one of the grating bars will be blocked by that bar and therefore will not

contribute to the signal. The second way is that an atom incident on one of the

openings between the grating bars may still stick to one of those bars due to van

der Waals attraction between the atom and the bar.

To optimize the design of a nanograting-based inertial sensor, we must adjust

the atom beam velocity v as well as the nanogratings’ period dg. The dependence

of the sensitivity on these parameters is not easily expressed in a single equation.

Lower-velocity atoms have wider diffraction angles and spend a longer time being

subjected to inertial forces, but also spend a longer time near the grating and are

therefore more likely to stick to the grating bars. Longer grating periods correspond

to wider gaps between bars, which in turn corresponds to fewer atoms sticking to

those bars, but also results in smaller diffraction angles. We must optimize the

grating open fractions f , which affect the diffraction efficiencies en, which in turn

affect the contrast and average flux as described in Section 2.1.2. We must also

work within the confines of a maximum allowable longitudinal distance between

gratings L, a minimum grating longitudinal thickness l, and a given van der Waals

atom-surface interaction coefficient C3.

We begin with the definition of the short-term sensitivity S of an inertial sen-

sor. The short-term sensitivities of gyroscopes and accelerometers are expressed as

uncertainty in the quantity being measured times the square root of the time t that

it takes to make that measurement:

SΩ = δΩ
√
t (8.1)

Sa = δa
√
t (8.2)

Because the uncertainties δΩ and δa due to shot noise decrease as 1/
√
t, expressing

short-term sensitivity this way enables us to measurement precision that would

be possible given different interrogation times. Short-term sensitivity is usually

expressed in units of the measured quantity (for example, rad/s or units of Earth’s
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gravitational acceleration g) per
√

Hz. Lower values of S indicate a more sensitive

device.

Short-term sensitivity has the same units as long-term sensitivity, but the two

concepts are very different. While short term sensitivity represents the uncertainty

in a measured quantity based on the time required to make a single measurement,

long-term sensitivity represents how uncertainty in the measured quantity grows

over a long time during which many measurements were made repeatedly. For this

discussion, we note that a typical atom interferometer inertial sensor measures its

target quantity x by observing a phase

φ = Ax+ φ0 (8.3)

for some constant φ0. For an ideal gyroscope or accelerometer, the short-term and

long-term sensitivities should be equal. However, long-term sensitivity can degrade

with respect to short-term sensitivity if there is drift or systematic error in the scale

factor A or the bias φ0. Such variations can be caused by thermal fluctuations

or vibrations, to name two examples. Long-term stability can also decrease if the

sampling frequency is not high enough to capture quick changes in motion. While

short-term sensitivity (which corresponds to the device’s precision) can be estimated

theoretically as we will demonstrate in this section, long-term stability (which cor-

responds to the device’s accuracy) can only be measured empirically, as it has much

to do with the physical construction of the device and the conditions in which it

operates. However, comparisons between short-term sensitivities of different inertial

sensors is still helpful as an initial way of comparing capabilities.

These short-term sensitivities can be written in terms of the parameters listed

previously. In Section 2.2, I derived that the phase shifts induced in a Mach-Zehnder
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atom interferometer by rotation and acceleration of that interferometer are

φ =
4πL2

dgv
Ω− φ0 (8.4)

φ =
2πL2

dgv2
a− φ0 (8.5)

where Ω is the interferometer’s rate of rotation about the an axis normal to the

plane of the interferometer (the y axis in Fig. 2.1), a is the acceleration of the inter-

ferometer perpendicular to the beamline and in the plane of the interferometer (the

x direction in Fig. 2.1), and φ0 is an arbitrary phase constant. We can differentiate

the above equations with respect to Ω and a and then rearrange them to get

δΩ =
dgv

4πL2
δφ (8.6)

δa =
dgv

2

2πL2
δφ (8.7)

According to [26], the uncertainty δφ on a single measurement of the phase φ of an

atom interferometer is defined as

δφ2 =
1

|C|2N (8.8)

where C is the interference pattern contrast and N is the number of atoms detected

over the course of the measurement. Substituting Eqns. (8.6)—(8.8) into Eqns. (8.1)

and (8.2) yields

SΩ =
dgv

4πL2

√
t

|C|2N (8.9)

Sa =
dgv

2

2πL2

√
t

|C|2N (8.10)

If we take t to be the unit time, we see that N/t is the average atom beam flux 〈Φ〉.
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Therefore, the sensitivities are

SΩ =
dgv

4πL2

1√
|C|2〈Φ〉

(8.11)

Sa =
dgv

2

2πL2

1√
|C|2〈Φ〉

(8.12)

The next step is to calculate |C|2〈Φ〉. The derivations for |C|2〈Φ〉, presented

here for completeness, are originally shown in reference [228] by Cronin et al. (2005)

and reference [21] by Perreault et al. (2005). In Section 2.1.2, I derived the intensity

of the interference pattern I as a function of lateral position x and presented the

result in Eqn. (2.4). If we were to repeat this procedure without assuming that the

first and second gratings have the same diffraction efficiencies, we find instead that

the intensity profile I(x) at the position of the third grating is

I(x) = Iinc

((
eg10 e

g2
1

)2
+
(
eg11 e

g2
1

)2
)[

1 +
2eg10 e

g1
1 e

g2
1 e

g2
1(

eg10 e
g2
1

)2
+
(
eg11 e

g2
1

)2 cos(kgx+ φ)

]
(8.13)

Using this equation, we can then derive the intensity transmitted through the third

grating I ′(x′) by integrating over a section of the grating that is 1 grating period in

width. And because atoms can only pass through the gaps between grating bars,

we only need to integrate over the width of the gap between two bars:

I ′(x′) =
1

dg

∫ w3/2

−w3/2

I(x′ − x)dx

= Iinc

((
eg10 e

g2
1

)2
+
(
eg11 e

g2
1

)2
) w3

dg
×


1 +

2eg10 e
g1
1 e

g2
1 e

g2
1(

eg10 e
g2
1

)2
+
(
eg11 e

g2
1

)2

sin
(
πw3

dg

)

πw3

dg

cos

(
2πx′

dg
+ φ0

)
 (8.14)

where w3 is the width of the gap between grating bars in the third grating. From the

above equation, we can now write an expression for |C|2〈Φ〉 in terms of diffraction

efficiencies of the first and second gratings and the open fraction of the third grating
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f3:

|C|2〈Φ〉 = 4Φinc

[ (
eg10 e

g1
1

)2

(
eg10

)2
+
(
eg11

)2

][
(
eg21

)2

][
f3

(
sin(πf3)

πf3

)2
]

(8.15)

The third bracketed term in the above equation depends only on f3, and is optimized

when f3 = 0.37. f3 only appears in that third term, so we can say at this point that

f3 = 0.37 is optimal.

The final step is to calculate the diffraction efficiencies. An atom or molecule

will be attracted to an infinite plane of material according to the van der Waals

atom-surface potential

U(r) = −C3

r3
(8.16)

where r is a positive value that is the closest distance between the atom and the

plane and C3 is a van der Waals interaction coefficient specific to the atomic or

molecular species and the material properties of the plane.

Atom waves passing through a material nanograting accumulate phase based on

the interaction between the atoms and the surfaces of the grating bars. If we assume

that the surfaces of the grating bars can be regarded as infinite planes while an atom

is between them, we can write the potential energy due to atom-surface interaction

as

U(x) = −C3

[
1

(
w
2

+ x
)3 +

1
(
w
2
− x
)3

]
(8.17)

for −w/2 < x < w/2, where x is the lateral position of the atom within the gap

between grating bars, with x = 0 corresponding to the middle of the gap. Because

the atoms’ kinetic energy is close to 1 eV while the potential energy of an atom

flying 1 nm away from the grating bar is close to 1 meV, we can use the Eikonal ap-

proximation to compute the accumulated phase of an atom passing straight through



155

the grating as a function of the atom’s x position within the gap between bars:

φvdW(x) =

∫ 0

−l

(
kL −

V (x)

~v

)
dz = kLl +

C3l

~v

[
1

(
w
2

+ x
)3 +

1
(
w
2
− x
)3

]
(8.18)

where kL = 2π/λdB is the atom’s wavenumber associated with its longitudinal ve-

locity and v is that velocity. For a more complete treatment that takes into account

edge effects of the finitely-sized grating bars, see [21]. The first term, kLl, is the

phase accumulated by an atom with wavenumber kL traveling through free space,

and can be ignored because it is common to all atoms passing through the grating.

We can then use the Fraunhofer diffraction equation to numerically calculate the

far-field diffraction efficiencies en for the amplitudes in the nth diffraction order:

en =

∣∣∣∣∣
1

dg

∫ w/2

−w/2
e
i
(

2πnx
dg

+φvdW(x)
)
dx

∣∣∣∣∣ =

∣∣∣∣∣
1

dg

∫ w/2

−w/2
e
i

(
2πnx
dg

+
C3l
~v

[
1

(w2 +x)3 + 1

(w2 −x)3

])
dx

∣∣∣∣∣
(8.19)

As we can see, the values of en, which must be optimized in order to maximize

|C|2〈Φ〉, depend on our adjustable parameters atom velocity v, grating period dg,

and grating window width w (related to the open fraction f = w/dg) as well as our

static parameters grating thickness l and van der Waals C3 coefficient.

When optimizing the nanograting period and open fractions, we must assume

that there is a maximum achievable open fraction dictated by the thinnest grating

bar width wmin with which a nanograting can be fabricated without falling apart.

The maximum open fraction then is fmax = 1− wmin/dg. For the results presented

in this section, we used wmin = 40 nm, although that number is essentially just a

guess. It’s possible that the true minimum grating bar width actually depends on

the cross-sectional area of the bars, which includes the longitudinal thickness l.

Fig. 8.1 shows the sensitivity of an atom interferometer gyroscope with material

gratings as a function of v and dg. For this calculation, it was assumed that L = 10

cm, l = 150 nm, and C3 = 1.369 in atomic units. In this case, the C3 coefficient

was that of Rb interacting with silicon nitride (SiNx). For each (v, d) coordinate on
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Figure 8.1: Sensitivity of a Rb atom interferometer gyroscope vs velocity and
SiNx grating period assuming L = 10 cm and l = 150 nm. Lower S indicates a
more sensitive device. For each point on this plot, the optimal open fractions were
calculated. The optimal open fractions were restricted based on a minimum grating
bar width of 40 nm. In plots (c) and (d), the optimal open fraction is equal to the
maximum open fraction for grating periods lower than about 200-250 nm.
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Table 8.1: van der Waals C3 coefficients in atomic units for various combinations
of atoms and dielectric media [225].

SiNx SiO2

Li 0.715 0.484
Na 0.794 0.5424
K 1.212 0.839
Rb 1.369 0.956

the plot, the sensitivity S was optimized with respect to the grating 1 and grating

2 open fractions f1 and f2, which were restricted to between 0 and 1 − wmin/dg.

The range of velocities chosen for these calculations represents a reasonable range

of velocities with which atoms might exit a 2-dimensional magneto-optical trap (2D

MOT). We can see that there is no local minimum in velocity for any grating period,

but that lower velocities are always preferable.

Fig. 8.2 shows “slices” of Fig. 8.1 at v = 20 m/s and v = 1 m/s, i.e. it shows the

sensitivity only as a function of grating period as well as the optimal open fractions

that resulted in that sensitivity. For v = 20 m/s (the expected beam velocity of the

2D MOT sources around which we base this design), the optimal dg is around 200

nm. For v = 1 m/s, the optimal dg is around 400 nm. Fig. 8.2 allows us to more

easily visualize the optimal open fractions. At our optimal grating periods, the best

available open fractions were the maximum open fractions. This result implies that,

at either choice of velocity, S could be further improved by finding a way to reduce

wmin.

Table 8.1 gives the van der Waals C3 coefficients for interactions between alkali

atoms and silicon nitride and silicon dioxide grating bars, and Fig. 8.3 shows how

sensitivity depends on that C3 coefficient. For the calculation in Fig. 8.3, it was

assumed that v = 20 m/s and dg = 200. These results suggest that our choice of

atom and grating material is fairly insignificant. Using Li with SiO2 as opposed

to Rb with SiNx corresponds to only a 15% improvement in sensitivity. Instead, it

makes more sense to choose the grating material based on structural integrity (so
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Figure 8.2: Sensitivity of a Rb atom interferometer gyroscope vs SiNx grating
period assuming v = 20 m/s (left) and v = 1 m/s (right). Lower S indicates a
more sensitive device. For each point on this plot, the optimal open fractions were
calculated. The optimal open fractions shown using solid lines were restricted based
on a minimum grating bar width of 40 nm, while the optimal open fractions shown
in dotted lines were only restricted to between 0 and 1. The black lines show the
maximum allowable open fractions given a minimum grating bar width of 40 nm.
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Figure 8.3: Sensitivity of a Rb atom interferometer gyroscope vs the van der Waals
C3 coefficient for interaction between the atoms and the gratings at dg = 200 nm,
v = 20 m/s, L = 10 cm. The open fractions were optimized at each point on the
graph.

as to minimize wmin and therefore maximize the available open fractions) and the

atomic species based on how easy it is to obtain efficient, compact laser systems

required for magneto-optical trapping. Also, atoms with higher polarizabilities are

more advantageous because those atoms are deflected to greater extents by electric

field gradients, which means we can use the techniques described in the previous

chapter to further increase the sensor’s dynamic range.

Note that L only appears outside the expression for |C|2〈I〉 in Eqn. (8.12). This

means that the length of the interferometer has no bearing on the optimal v, dg, C3,

or open fractions. Therefore, we simply want L to be as long as possible given the

size constraints of the apparatus. If the apparatus must fit in a box, then we could

maximize the length by orienting the interferometer to stretch between opposite

corners.
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Figure 8.4: Diagram of a portable, nanograting-based, Mach-Zehnder atom interfer-
ometer to be used as an inertial sensor. The dotted lines represent the nanogratings.
The gray circles and rectangles represent positively-charged cylinders and grounded
plates, each extending in and out of the page. These electrodes are used to deflect
atoms in the opposite directions as the deflections on the atoms caused by inertial
forces, compensating for dispersion and increasing dynamic range as described in
Section 7. Rb atoms are launched out of a 2D MOT and through the gratings. Two
photon burst detectors monitor the ratio of atoms transmitted through the third
grating to atoms incident on the first grating in order to observe the phase while
accounting for changes in the source flux.

8.2 Design for a portable, nanograting-based inertial sensor

Based on our calculations in the previous section, we now propose a design for a

small, lightweight, low-power, nanograting-based Mach-Zehnder atom interferome-

ter to be used as an inertial sensor, shown in Fig. 8.4. The Rb atoms will be cooled

to about 10 µK in a two-dimensional magneto-optical trap (2D MOT) and launched

out of the trap at 20 m/s in a continuous beam with a flux of 109 atoms/s. The

continuous beam allows for continuous data acquisition, rather than data acquisi-

tion at some finite repetition rate. Continuous data acquisition ensures that there

is no finite acquisition rate to limit the accuracy of the device even in situations

where the device’s rotation rate and acceleration change very rapidly. The beam

flux will be monitored by a detector such as a fluorescence detector or photon burst

detector [229] which detects atoms with single-atom resolution without deflecting

them significantly compared to their average transverse momentum. The Rb beam

will pass through 3 successive silicon-nitride nanogratings spaced 10 cm apart from

each other. Accelerations along the x axis and rotations about the y axis will pull

the atoms in the ±x direction in the reference frame of the interferometer, shifting
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the phase of the interference pattern with respect to the third grating. The flux

of atoms admitted by the third grating, which corresponds to the interference pat-

tern’s phase, will be measured with a second detector identical to the first one and

compared to the flux of atoms measured by the first detector. Using the pair of

detectors, rather than a single detector, prevents changes in the source flux from

being misinterpreted as phase shifts. The diffracting atoms will pass through two

pairs of electrodes, each consisting of a positively-charged cylinder (parallel with

the y-axis) and a grounded plate (normal to the x-axis). If we assume that the

geometry and voltage of those electrodes are the same as those of the cylindrical

electrodes used in our apparatus to measure atomic polarizabilities (see Chapter 4),

the resulting electric field gradients could be used to pull the atoms in the ±x di-

rection and, as explained in the previous chapter, compensate for loss of sensitivity

induced by up to 2 rad/s of rotation and 8 gs of acceleration. The actual maximal

inertial forces for which the proposed electrodes can compensate depends on several

factors including the electrode radii, separation, and voltage as well as the beam

velocity (see Section 2.3). We also note that magnification and longitudinal shifting

of the interference pattern caused by electrostatic lensing from both the electrodes

and the inertial forces reduces the fraction of interference pattern contrast which

can be recovered (see Section 3.3). It may be possible to counteract these lensing

effects by using piezoelectric devices to shift the gratings longitudinally.

We note that, to sense any combination of accelerations and rotations in three

dimensions (i.e. to be able to measure the six variables ax, ay, az, Ωx, Ωy, and Ωz),

it would be necessary to build three sets of counter-propagating interferometers of

the type proposed here. A single interferometer experiences indistinguishable phase

shifts from acceleration and rotation of its frame, while two counter-propagating

interferometers can distinguish between and independently measure both. Also,

a single set of counter-propagating interferometers can only detect acceleration in

one direction and rotation about one axis, but a set of three, orthogonal, counter-

propagating interferometers can detect acceleration in any direction and rotation in

any direction. As an added bonus, a set of three, orthogonal, counter-propagating
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interferometers measure each component of acceleration and rotation rate with
√

2

times the precision of a single counter-propagating set. As an example to explain this

fact, consider an acceleration or rotation axis parallel with the x, y, or z axis. In the

case of both the acceleration and rotation, there are two sets of counter-propagating

interferometers that measure it with equal precision.

The beam flux upstream and downstream of the 3-grating interferometer would

be monitored by two identical detectors that can detect atoms with single-atom

resolution without deflecting the atoms significantly. Because the second detector

measures changes in interference pattern phase as changes in atom flux, it is possible

to misinterpret changes in source flux as changes in phase. The pair of detectors

makes it possible to distinguish between changes in source flux and changes in

phase, reducing a systematic error that limits the device’s long-term sensitivity. Two

examples of such detectors are fluorescence detectors and photon burst detectors.

A fluorescence detector consists of a laser beam on resonance with either the Rb

5s1/2 to 5p1/2 or 5s1/2 to 5p3/2 transition intersecting the atom beam. Near the

intersection, photomultiplier tubes (PMTs) detect photons spontaneously emitted

by Rb atoms excited by the laser. A photon burst detector [229] is a device that uses

Faraday rotation to detect single atoms without deflecting those atoms significantly.

The detector consists of a ≈2 mm Fabri-Perot cavity with a finesse on the order

of 104 and with a ≈1 gauss magnetic field parallel to the cavity axis that lifts the

ground-state, magnetic sublevel degeneracy of atoms that pass through. Linearly-

polarized light on resonance with the Rb 5S1/2 to 5P3/2 transition, which can be

represented as an equal superposition of left- and right-circularly-polarized light,

is injected into the cavity. When an atom passes through the cavity, the Zeeman

splitting by the magnetic field creates different phase velocities for the different

circular polarizations, which rotates the polarization vector of the injected light.

Atoms can be counted by detecting bursts of light with this rotated polarization

that exit the cavity. In the interferometer shown in Fig. 8.4, the effect of the first

detector on the atoms’ internal states as well as their momentum states is irrelevant

because nanograting interferometry does not require the atoms to be prepared in
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a certain internal state. Additionally, the momentum kicks imparted to the atoms

by the lasers in either detector configuration are too small to significantly affect the

diffraction patterns created by the nanogratings.

For this proposal, we assume that the beam velocity is restricted to 20 m/s,

with corresponding optimal nanograting period of 200 nm and open fraction of

80%. However, we note that if the velocity could be decreased to 1 m/s, we could

let dg = 450 nm and let the open fractions be 0.91% in order to gain a factor of 10

improvement in sensitivity (assuming the beam velocity and flux are independent).

At v = 20 m/s, the short term sensitivities of our proposed inertial sensor are

around 10 nrad/s/
√

Hz and 10 ng/
√

Hz. These optimal short-term sensitivities

are the same as those reported by Rakholia et al., who built a compact atom-

interferometer inertial sensor based on stimulated Raman transitions [28].

A small, light, low-power atom-interferometer gyroscope and accelerometer such

as the one we propose here would be a significant advancement in the field of inertial

sensing and inertial navigation. The reduced weight and power requirements of

this design compared to those of stimulated-Raman-transition interferometers is

especially important for the goal of installing such a device on a satellite, and the

ability for the proposed device to maintain its sensitivity in extreme conditions

is important for the goal of installing it on an aircraft. The work proposed here

could help forge another promising avenue toward the goal of making portable,

high-precision inertial sensors.
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CHAPTER 9

CONCLUSION

In this dissertation, I documented how we measured K, Rb, and Cs static polarizabil-

ity with 0.11% uncertainty. These measurements are the most accurate alkali static

polarizability measurements to date, and they agree with both previous polarizabil-

ity measurements as well as semi-empirical estimates of polarizabilities based on

measurements of other atomic properties. We also demonstrated how combinations

of measurements of different atomic properties could be used to place constraints

on residual polarizabilities, which cannot be measured directly.

We were able to reduce the systematic uncertainty in our measurements to 0.10%

by identifying and reducing systematic uncertainty in both the method by which we

measured atom beam velocity distribution and the method by which we measured

static polarizability. We refined the newly-implemented phase choppers technique

of atom beam velocity measurement by considering a more detailed model of the

atom beam and the apparatus in which atoms have velocity-dependent detection

efficiency. We also identified several systematic errors associated with longitudinal

misalignment of the nanogratings and developed a calibration procedure to reduce

those errors. As a result of our work, we can use phase choppers to measure the

mean velocity of an atom beam with a systematic uncertainty of 200 ppm. This

development is impactful because phase choppers can be used to measure the velocity

distribution of atoms in any Mach-Zehnder atom interferometer, not just one that

uses nanogratings, and because velocity measurement is important for measurements

of both atomic properties such as polarizabilities as well as inertial forces. In the

future, it would be useful to compare atom beam velocity distribution measurements

made using phase choppers with measurements made using other methods such as

mechanical choppers [112] or decoherence spectroscopy [230].

To understand and reduce systematic uncertainty in our measurements due to
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Table 9.1: Summary of accomplishments in this dissertation. ”o” represents work
that has been done by our lab in the past, but that I did not work on. ”T” represents
accomplishments presented in this work. ”N” represents accomplishments presented
in this work that have never been done before in our lab.

Accomplishment Li Na K Rb Cs He* Ar* Sr
detect atom beam o o T T T T T T
observe diffraction o o T T N
observe interference o o T T T N
measure velocity dist. o T T T
measure static polarizability o T T N
measure van der Waals C3 coef. o o o o
measure tune-out wavelength o

rotation of the earth and gravitational acceleration of the atoms in our interferom-

eter, we developed a method of in situ measurement of inertial forces. In addition

to benefiting our static polarizability measurements, this work benefits the field of

inertial sensing because it provides a new way to self-calibrate Mach-Zehnder atom

interferometers gyroscopes and accelerometers.

Our experiments with metastable helium also helped open to door to polariz-

ability measurements of even higher precision. With additional improvements to

our apparatus, we could measure the static polarizabilities of other atomic species

such as alkaline earth metals and Yb. These measurements would benefit atomic

theory, quantum information science, quantum simulation, atomic clocks, parity

non-conservation research, ultracold atomic and molecular chemistry, and exoplanet

spectroscopy. In the future, we could also use our nanograting atom interferometer

to measure the tensor polarizabilities of molecules, and we could use laser fields in

conjunction with our interferometer to measure dynamic polarizabilities, hyperpo-

larizabilities, and additional tune-out wavelengths.
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and the contrast of the interference signals. Informed by these observations, an improved method is presented
for analyzing measurements of atomic beam velocity distributions using phase choppers [W. F. Holmgren, I.
Hromada, C. E. Klauss, and A. D. Cronin, New J. Phys. 13, 115007 (2011)].
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I. INTRODUCTION

Atom interferometry is well established as a precision
measurement technology with applications in fields such as
inertial sensing [1–3], measurements of fundamental quan-
tities [4–6], measurements of atomic properties [7–12], and
studies of quantum phenomena such as decoherence [13–16]
and geometric phases [17–19]. For reviews of optics and
interferometry with neutral atoms and molecules, see [20–
22]. Improvements in the precision of these measurements
can result from new atom optics techniques to prepare,
manipulate, and monitor the atomic de Broglie waves used in
atom interferometers. For example, more accurate methods to
measure the velocity distribution of the atoms that contribute to
interference fringes would help refine measurements of atomic
polarizability made with atom interferometers [7–10].

A promising method to measure the velocity distribution
of atoms in an atom interferometer utilizes two phase chop-
pers [23] to induce velocity-dependent contrast-loss spectra
for atomic fringes. Similar to experiments with mechanical
choppers, the result depends on the time of flight between two
choppers. However, instead of blocking atomic beam flux,
each phase chopper shifts the phase of atomic interference
fringes. Two phase choppers pulsing at frequency ν can cause
modulations in fringe contrast (as opposed to flux) as a
function of frequency, with contrast maxima occurring near
ν = nv0/(2L), where v0 is the most probable velocity of the
atoms, n is an integer, and L is the distance between phase
choppers. We implemented phase choppers by using electric-
field gradients to cause differential phase shifts for atomic de
Broglie waves because such phase choppers are compact, can
be pulsed at audio frequencies, and do not require any moving
parts. Our measurements of v0 = 1975.3 ± 1.0 m/s presented
in Sec. VIII of this paper demonstrate a precision of 0.05%
using phase choppers made with electric-field gradients.

However, in addition to shifting the phase of atomic
interference fringes, we have found that electric-field gradients
also magnify and distort the fringes. In Sec. II we show
that fringe magnification is inevitable when using electric-
field gradients. Fringe magnification is a problem because

*cronin@physics.arizona.edu

it changes the observed contrast as a function of chopper
frequency and thus influences our measurements of atom beam
velocity. Magnification due to de Broglie wave-front curvature
induced by phase choppers can cause systematic errors as large
as 0.2% in our measurements of velocity, which can lead to
0.4% errors in measurements of atomic polarizability.

To study how de Broglie wave-front curvature affects atom
interference fringes, we developed the analogy that phase
choppers act like lenses for atomic de Broglie waves. We
used an experiment sketched in Fig. 1 to demonstrate how
contrast changes and phase shifts caused by a lens can be
related to the focal length, spherical aberration, and location
of the atom lens as well as several other parameters such as
the locations of the nanogratings, the sizes of the collimating
slits, and the size of the detector. Lenses for neutral atoms
have been made previously by several methods such as using
magnetic fields [24–27], electric fields [28–30], zone plates
[31,32], and standing waves of radiation [33–35]. Historically,
such lenses have been used for atom microscopes [36,37] and
for controlling the deposition of atoms on surfaces [38–40].
In this paper we concentrate on how lenses inside an atom
interferometer modify interference fringes.

II. WHY FOCUSING IS UNAVOIDABLE

First, we discuss the following question: Can electrodes
be fabricated with shapes that produce zero focusing, but
still cause deflection of neutral atoms? If we could design a
prism for atom waves, then a more ideal phase chopper could
be constructed and some of the more complicated analysis
presented in this paper could be avoided. However, in this
section we conclude that focusing is unavoidable if we use
static electric fields from electrodes that are invariant under
translation in the y direction. We have chosen symmetry
under y translation as a constraint because the y direction
is parallel to the nanograting bars and the long axis (height) of
the collimating slits and we want the same phase shift φ across
the height of the atom beam.

We pose this question mathematically by asking if there
exists a vector field E(x,z) that makes nonzero phase shift for
atom interference fringes,

φ =
(

αs

2�v

)
d

dx

∫
E2dz �= 0, (1)
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FIG. 1. (Color online) Schematic of a lens for atoms in an atom
interferometer. Atoms propagate in the z direction and diffract from
nanogratings separated by distances L1 and L2. To study how the lens
shifts, magnifies, and distorts atomic de Broglie wave interference
fringes, we vary L2 (Sec. V) and translate the lens in the x direction
(Sec. VI). ŷ points out of the page.

but zero gradient in the phase shift for atom interference
fringes,

dφ

dx
=

(
αs

2�v

)
d2

dx2

∫
E2dz = 0, (2)

where α is the atomic polarizability, s is the separation between
paths in the atom interferometer, � is Planck’s constant divided
by 2π , v is atomic velocity, z is distance along the direction of
the incident atom beam, and x is distance transverse to the atom
beam (see Fig. 1). For completeness, the phase shift for atomic
de Broglie waves passing along one path through an electric
field is given by � = α/(2�v)

∫
E2dz and φ = (d�/dx)s.

We can rewrite Eq. (2) to be

dφ

dx
=

(
αs

�v

) ∫ [(
d

dx
E

)2

+ E
d2

dx2
E

]
dz. (3)

Then, since ∇2E = 0, for y-invariant fields we know that
d2

dx2 E = − d2

dz2 E. Thus, we can replace the second term in

Eq. (3) with −E d2

dz2 E and integrate by parts to show

dφ

dx
=

(
αs

�v

) ∫ [(
d

dx
E

)2

+
(

d

dz
E

)2]
dz. (4)

This expression for the focusing power is positive definite.
Thus, Eq. (4) shows that focusing power is nonzero if there
is any gradient in the electric field, as there must be in
order to cause a deflection. Equations (2) and (1) cannot
be simultaneously satisfied by an electric field E(x,z). This
proves that de Broglie wave focusing is inevitable when using
electric-field gradients to cause fringe phase shifts. Therefore,
we are motivated to include the effect of focusing in our
analysis of phase choppers. We begin by describing phase
choppers as lenses in the following sections.

III. ELECTROSTATIC LENS CONSTRUCTION

We built electrostatic lenses for atoms using two different
electrode geometries, referred to here as Lens A and Lens B.
Lens A is made from a charged cylinder near a grounded
plane. Lens B is made from two parallel cylinders with
equal diameters held at opposite voltages where the plane of
symmetry between the cylinders remains at zero potential.
Each assembly has a gap between the electrodes where

TABLE I. Electrostatic lens dimensions and operating voltages.
Focal lengths (f ) are calculated for 2000 m/s K atoms.

Parameter Lens A2 Lens B

Cylinder radius (R) 0.765 mm 6.350 mm
Cylinder edge to symmetry plane (a) 0.893 mm 1.960 mm
Electrode voltage (V ) −3.0 kV ± 6.0 kV
Paraxial focal length (f ) −6.1 km −21.7 km

atoms pass through inhomogeneous electric fields. Since the
lenses work by virtue of polarizable atoms interacting with
electric-field gradients, the lenses can be turned on by applying
a voltage and turned off by grounding the electrodes. Table I
summarizes the electrode dimensions and resulting focal
lengths in our experiment.

To cause uniform deflection over the height of our atom
beam we orient the cylinders perpendicular to the atom beam
velocity and normal to the plane of our atom interferometer
(parallel to ŷ in Fig. 1). In this orientation the electrodes can
deflect atoms by 50 nm, which results in a π phase shift because
we use 100-nm-period gratings for our atom interferometer.
For comparison, several experiments [41–43] have deflected
atoms by much larger distances (over 100 μm) with electrodes
parallel to atom velocity. The Arndt group [9,44] used a gap
between the curved ends of two custom-shaped electrodes to
deflect molecules by several microns. However, unlike our
lenses, the electrodes used in [9,41–44] cause nonuniform
deflection over the height of the beam.

Diagrams of electrodes in this geometry and calculations
of the associated atom wave phase shifts have been presented
before [10,23,45–47]. However, here we use the idea of using
an atom interferometer to characterize these electrodes as
lenses with focal lengths in order to improve the analysis of
measurements made with phase choppers.

Two copies of Lens A are installed in our atom interfer-
ometer as phase choppers. The first example of Lens A is
located midway between the first two gratings. We refer to it
as Lens A1. The second one is located between the second
and third gratings, where the outline of a lens in Fig. 1 is
drawn. We refer to this one as Lens A2. Lens B was built
with a larger gap and larger cylinders as an interaction region
for measurements of atomic polarizability. Lens B is located
just in front of the second grating. We need both the velocity
measurements from the phase choppers (Lens A1 and A2),
as well as phase-shift measurements from Lens B in order to
measure atomic polarizabilities.

IV. FRINGE SIMULATIONS

In this paper we introduce the idea that electrostatic
magnification can compensate for geometric magnification in
atom interferometers. To explain how this compensation works
in more detail, we use simulations in this section to first discuss
geometric magnification.

To visualize how fringes are formed in an extended region,
we present simulations made with Gaussian-Schell model
(GSM) beams. In brief, a GSM beam is a mathematical
ensemble of Gaussian beams with parameters for beam width

033612-2



170

DE BROGLIE WAVE-FRONT CURVATURE INDUCED BY . . . PHYSICAL REVIEW A 89, 033612 (2014)

3.02.52.01.51.00.50.0
longitudinal position z (m)

-200

-100

0

100

200

tr
an

sv
er

se
 p

os
iti

on
 x

 (
μm

)

(a)

3.02.52.01.51.00.50.0
longitudinal position z (m)

-200

-100

0

100

200

tr
an

sv
er

se
 p

os
iti

on
 x

 (
μm

)

(b)

FIG. 2. Interference fringes formed after two gratings using a
GSM beam simulation [48]. The probability density |�|2 is plotted
on a gray scale in the 0.4-mm × 3-m region. Transmission gratings
are located at z = 0 m and z = 1 m. The only difference between (a)
and (b) is the transverse coherence of the GSM beam. In (a) fringes
are formed in two distinct zones. In (b) the coherence length is shorter
than the grating period, so the fringes appear to fan out in a range
of directions, justifying the idea of geometric magnification (Mgeom)
defined in the text. ŷ points out of the page.

and transverse coherence length [48–52]. Figure 2 shows the
probability density for GSM beams as they propagate through
two diffraction gratings located at z = 0 and z = 1 m. Table II
lists the parameters used in each simulation. The key idea is

TABLE II. Gaussian-Schell model beam parameters (at z = 0 m)
used for the simulations shown in Fig. 2. These parameters were
selected to illustrate how fringes patterns are affected by the transverse
coherence length of the incident beam. For comparison, parameters
that represent our experiment are also tabulated.

Parameter Fig. 3(a) Fig. 3(b) Experiment

de Broglie wavelength 500 pm 500 pm 5 pm
Grating period 5 μm 5 μm 100 nm
Coherence length 25 μm 2.5 μm 50 nm
Beam width 30 μm 30 μm 30 μm
Velocity ratio (v0/σv) 22 22 22

that only mutually coherent portions of the diffracted GSM
beam components interfere. Correlations between position
and momentum of the beam components can then make
interference fringes shift and spread out as a function of
longitudinal position z.

Local structures in the fringe period, phase, and contrast
relate to our experimental signals in subtle ways, which is why
the simulations are helpful. In the experiment, we average over
much of this structure by using the third nanograting to moiré
filter the fringes. The signal thus comes from the ensemble of
transmitted atoms that strike our 100-μm-wide detector.

Figure 2(a) shows resolved diffraction, which occurs when
a collimated beam has a transverse coherence length larger
than the grating period. Interference fringes are then found in
two distinct regions, as suggested by the rays that depict two
symmetric Mach-Zehnder interferometers in Fig. 1. Fringes in
these separate regions are in phase at z = 2 m but they shift
away from each other (and become out of phase) as z increases.
Thus, as the third grating is translated in the z direction, moiré
filtering can lead to reductions and revivals in contrast as a
function of 	L, the difference between grating separations
(see Fig. 1):

	L = L2 − L1. (5)

Figure 2(b) shows a simulation more representative of our
experiments, in which the beam’s initial transverse coherence
length is slightly smaller than the grating period. Hence,
diffraction is poorly resolved and the fringes diverge in a
several directions. The way the fringe period changes with
z can be described by geometric magnification:

Mgeom = 	L + 2L1

2L1
. (6)

The fringe period is df = Mgeomdg , where dg is the grating
period. This geometric magnification occurs without a lens.
It is a concept also found in studies of point-projection
microscopy, the Lau effect [53], and Talbot-Lau interferometry
[54,55]. Figures 2(a) and 2(b) both include an average over de
Broglie wavelengths (i.e., atomic velocities) with a distribution
typical of what we have in experiments, and still the geometric
magnification is visible.

For a more nuanced discussion, the local pitch and orienta-
tion of the fringes depends on the momenta of the interfering
wave components. Any two running waves with precise wave
vectors k1 and k2 make standing wave interference fringes with
a wave vector kf = k1 − k2. However, even monochromatic
Gaussian and GSM beams contain distributions of transverse
momenta and thus make fringes with a range of pitches so
that different kf can be observed in different locations. For
collimated beams, fringes follow lines parallel to p = �(k1 +
k2)/2. This is related to the the so-called separation phase that
was named by Dimopoulos et al. in [56] to describe how fringes
shift as atomic wave function components propagate through
one another in a laboratory frame of reference. GSM beams
from a small aperture make fringes that follow hyperbolae
in the x-z plane. GSM beams from wider apertures make
interference visible over a more limited range in z, where
fringe patterns from different parts of the source still overlap
in phase, as in Talbot-Lau interferometers [22]. Thus, Eq. (6)
is approximate, but works well enough to describe how the
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FIG. 3. (Color online) Contrast versus 	L measured with and
without a lens. The contrast envelope shifts in position by −205 ±
10 μm due to fringe magnification caused by the lens.

fringes diverge in our experiments. GSM beam simulations
such as Fig. 2(b), with both transverse and longitudinal velocity
distributions included in the simulation, help to justify this
claim.

V. USING CONTRAST TO MEASURE f

In the first experiments, we scanned the second grating
in the z direction to change 	L. Figure 3 shows contrast
data as a function of 	L with and without Lens A2 using a
potassium atom beam with v0 ≈ 2000 m/s. The data exhibit
peaks approximately 1.5 mm wide (FWHM in 	L). There
are also faint hints of contrast revivals at 	L ≈ ±2 mm.
Importantly, the lens causes the contrast to peak at a new
location shifted by 	L = −205 ± 10 μm. To interpret this
shift as a measure of the focal length f , we use the idea that
fringe magnification due to the electrostatic lens (Mlens) can
compensate for geometric magnification (Mgeom).

In optics parlance, the original fringes (with no lens) are a
virtual object, located a distance |o| ≈ 33 cm downstream of
the lens. The weak diverging lens forms a real image of the
fringes at a new location, a slightly greater distance i after the
lens. The image has a transverse magnification MT = −i/o,
and these quantities are related to the focal length f by the
imaging equation (i−1 + o−1 = f −1). We use the convention
that o is negative for a virtual object, i is positive for a real
image, and f is negative for a diverging lens, as found in
several optics texts [57,58].

Since the fringes are an extended object, we consider o to
specify particular points within the object (in a plane with a
given z). The image on the nanograting is therefore an image of
that part of the object that was located upstream by a distance
i − |o| = |o2/f |, to first order in o/f . That part of the object
had a smaller fringe period due to geometric magnification;
hence, the object period was do = dg(2L1 − |o2/f |)/(2L1).
However, the image is magnified by the lens. Thus, without
moving the nanogratings from a position where 	L = 0, the
image has fringe period:

di = dg

(
2L1 − |o2/f |

2L1

)(
o + o2/f

o

)
. (7)

The first factor in parentheses accounts for the ratio of object
period to grating period (do/dg) and the second factor in
parentheses comes from the transverse magnification (MT )
by the lens. Hence, the lens causes fringes at 	L = 0 to be
magnified, to first order in o/f , by

Mlens = 1 + o

f

[
1 + o

2L1

]
. (8)

Mlens is our theoretical prediction for how the period of the
fringes on the third nanograting will change due to adding a
lens. This is, of course, different than the standard definition of
transverse magnification (MT = −i/o) because MT describes
the ratio of the fringe period at the object location (with no
lens) to the fringe period at the image location (with a lens).
Even a magnification of Mlens = 1.0005 significantly reduces
fringe contrast in our experiments because our detector is 1000
grating periods wide.

To deduce the focal length f of the lens, we measured the
	L that maximizes contrast. We assume contrast peaks when
the combined magnification MlensMgeom equals unity. Thus,

f = −2L1o + o2

	L
. (9)

Using our experimental parameters of L1 = 0.94 m, o =
−0.33 m, and 	L = −0.205 mm, we measured a focal length
of f = −2.5 ± 0.13 km for Lens A2. As we discuss in the next
sections, this is a nonparaxial focal length, which we refer to
as the radius of curvature Rc.

It is noteworthy that we measured such a large focal length
while sampling only a 100-μm-wide portion of a lens. With
ordinary light optics this would be nearly impossible, because
the wavelength of visible light is 100 000 times longer than the
5-pm atom waves used here. Hence, diffraction from the beam
stops would obscure any change in beam properties caused
by such a weak lens. In essence, we have monitored changes
in collimation angle that are smaller than 5 × 10−8 rad, while
diffraction of visible light from a 100-μm lens aperture would
cause divergence on the order of 5 × 10−3 rad.

VI. USING PHASE TO MEASURE f

In a separate experiment to study focal lengths, we
translated the lens in the x direction, perpendicular to the
atom beam, and measured the differential phase shifts shown
in Fig. 4. Since both interferometer arms go through the lens,
we are using our apparatus as a shearing interferometer [53]. If
the phase induced by the lens is denoted by �(x) for any single
path through the lens, then the observed differential phase shift
φ for an interferometer with paths separated by a distance s in
the x direction is

φ(x) = �(x + s) − �(x). (10)

By measuring the fringe phase shift φ(x) as a function of
lens position x, we mapped the derivative of �(x) as is typical
for a shearing interferometer:

φ(x) ≈ d�(x)

dx
· s. (11)
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FIG. 4. (Color online) Atom interferometer differential phase-
shift data. Graphs show measured values and theory for Lens A2

(top) and Lens B (bottom). Differences from the linear fit shows
deviation from an ideal thin lens. Error bars are smaller than the data
symbols.

Therefore, a constant slope in φ(x) indicates a quadratic
phase factor in �(x), as expected for a lens. Furthermore,
nonlinearity in φ(x) indicates spherical aberration.

We use the slope 	φ/	x locally to find the focal length f

using a relationship derived for spherical waves,

f = kgL

(
	φ

	x

)−1

, (12)

where kg = 2π/dg is the grating wave number (dg = 100 nm),
and for Lens A2, L = −o = 0.33 m. The observed 	φ/	x =
−3.6 rad/mm near the ground plane, so the paraxial focal
length is −5.8 ± 0.3 km.

To describe spherical aberration, we also report how the
focal length gets shorter as we use the lens farther away from its
optical axis. At x = 600 μm, for example, the slope 	φ/	x

increases to −8.8 rad/mm for Lens A2 and the Rc is −2.4 km.
This is consistent with the focal length measurement for lens
A2 that we obtained in Sec. V because x = 600 ± 50 μm was
the position of Lens A2 for contrast measurements in Fig. 3.

We also measured f for Lens B. Data in Fig. 4(b) shows
	φ/	x = −2.6 rad/mm near the optical axis. Thus, the
paraxial focal length for Lens B is f = −20.0 ± 1.0 km. With
Lens B off axis by x = 1.15 mm, we observed 	φ/	x =
−3.4 rad/mm and thus infer that Rc is −15.3 ± 0.8 km.

Spherical aberration can also be quantified by fitting φ(x)
with a polynomial a1(x/b) + a3(x/b)3. The best-fit parameter
a3 for Lens A2 gives WSA4 = a3/(8πs) = 32 ± 3 waves and
for Lens B gives WSA4 = 130 ± 27, where WSA4 is the fourth-
order spherical abberation coefficient as discussed in the next
section.

VII. CALCULATED f AND ABERRATIONS

In the previous two sections we presented atom optical shop
testing experiments that served to measure the focal length and
spherical aberrations of a lens for atoms. Next, we calculate
the focal length and spherical aberration coefficients for our
atom lenses to check the measurement results.

The atom wave phase induced by our lens [10,23,45–47] is

�(x) = 4παV 2

�v
ln−2

(
a + R + b

a + R − b

)
b

b2 − x2
, (13)

where α is the atomic polarizability, V is the electrode voltage
with respect to the ground plane, v is the atom beam velocity,
x is the beam position relative to the optical axis, and b =
a
√

1 + 2R/a is related to the geometry of the electrodes (see
Table I), where R is the radius of the cylindrical electrode and
a is the electrode spacing for Lens A (or half the spacing for
Lens B).

To calculate the focal length and spherical aberration
coefficients of our lenses, we first find the surface of constant
phase z, or wave front, induced by the lens by evaluating
� = −kdBz,

z(x) = −α(V/c)2

mv2

b

1 − (x/b)2
, (14)

where c = b(4π )−1/2 ln[(a + R + b)/(a + R − b)] has units
of length and is comparable to the gap size in our experiments
(c = 1.17 mm for Lens A and c = 2.32 mm for Lens B).
Written this way, z(x) depends on the ratio of the potential
energy U = −αE2/2 to the kinetic energy K = mv2/2. This
relation is expected since the index of refraction for atom waves
due to the electric field is n = (1 − U/K)1/2 [59]; hence,
n − 1 depends to first order linearly on the small parameter
(U/K). Therefore, we introduce a dimensionless parameter
g = α(V/c)2/(mv2) for what follows. In our experiments
g ≈ 10−7, which explains why the focal lengths are so long
for our electrostatic lenses for atoms.

The radius of curvature, Rc of the isophase surface z can be
found from a local circle fit to Eq. (14) (the so-called osculating
circle):

Rc = − b

2g

{[1 − (x/b)2]4 − 4g2(x/b)2}3/2

[1 + 3(x/b)2][1 − (x/b)2]3
. (15)

Equation (15) also shows how the radius of curvature Rc

depends on the distance from the optical axis x (spherical
aberration) and the de Broglie wavelength λdB since g depends
on v−2 (chromatic aberration). At x = 0, i.e., on the optical
axis, the focal length is equal to Rc; hence,

f = − b

2g
. (16)

For a 2000 m/s potassium atom beam, we calculate f =
−6.1 km for Lens A2 and f = −21.7 km for Lens B.
These calculations are in agreement with the focal length
measurements. For Lens A2 at x = 600 μm, Rc = −2.3 km.
This calculation is also consistent with the measurements of
Rc in Sec. VI.

Next, we study z(x)/λdb = WA, known as the aberrated
wave front, which we have expressed in units of waves. We
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proceed by expanding WA in a Taylor series as is done in light
optics [60,61]:

WA = − bg

λdB

[
1 +

(x

b

)2
+

(x

b

)4
+ · · ·

]
. (17)

The zeroth-order term in x/b, the first term in brackets, is
position independent and corresponds to an optical flat with
no optical power. The second-order term is the focusing term. It
corresponds to an ideal lens with a focal length f = −b/(2g),
same as the paraxial focal length in Eq. (16).

To determine the spherical aberration, we first calculate the
wave-front error W = WA − WR , where WR is an unaberrated
reference spherical wave front with a radius of curvature equal
to the paraxial focal length. For our lenses, the focal length
is 107 times greater than the lens aperture, so the difference
between a spherical reference wave front and a parabolic wave
front is negligible. Therefore, W ≈ WA for higher-order terms
in x/b.

Terms that are fourth order and higher in x/b describe
the different order spherical aberrations. For our electrostatic
lenses, the wave-front spherical aberration coefficients are the
same for all orders of spherical aberration. We therefore refer
to the coefficients as WSA. For our lenses,

WSA = − bg

λdB

. (18)

For Lens A2 and a 2000 m/s potassium atom beam, we
compute WSA = −35 waves. Similarly, for Lens B we compute
WSA = −130 waves. This indicates that 1.12 mm from the
optical axis for Lens B there is only a 1/4 de Broglie wave (1
pm) deviation between WA and WR . These calculations are in
agreement with the measurements of the fourth-order spherical
aberration coefficient WSA4 for Lens A2 and Lens B in Sec.VI.

There is also axial chromatic aberration and spherochroma-
tism in our electrostatic lenses [60] because the focal length
depends on λ−2

dB and the spherical aberration coefficients are
proportional to λ−3

dB .

VIII. APPLICATION FOR VELOCITY MEASUREMENTS

Now we return to the problem of explaining how defocusing
by phase choppers (Lens A1 and Lens A2) affects the accuracy
of our atom beam velocity measurements. Although we have
made mean velocity measurements using phase choppers
with 0.05% statistical precision [46] (and again in Fig. 5),
a systematic error of approximately 0.1% can be attributed
to defocusing. Furthermore, this error changes with 	L. We
learned to recognize and fix this problem by studying how
electric-field gradients act as lenses for atom waves.

Holmgren et al. [23] described how phase choppers are
used to measure the velocity of atom beams. In brief,
as mentioned in Sec. I, phase choppers are analogous to
mechanical choppers. However, fringe contrast, rather than
beam flux, is modulated as a function of chopping frequency,
ν. We analyze C(ν) data to measure the mean velocity and
the velocity spread of our atom beam, as shown in Fig. 5. The
mean velocity determines the frequencies at which the contrast
revivals occur, and the velocity spread affects how the contrast
revivals decay.
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Equation (15) results:
   v0 = 1974.3 ± 1.0 m/s
   r = 19.16 ± 0.16
   C0 = 24.6 %
Equation (16) results:
   v0 = 1975.3 ± 1.0 m/s
   r = 19.36 ± 0.19
   C0 = 24.6 ± 0.2 %

 Data 
 Eqn. (15) Fit
 Eqn. (15) Residuals
 Eqn. (16) Fit
 Eqn. (16) Residuals

FIG. 5. (Color online) Contrast data versus chopping frequency
C(ν) analyzed with Eqs. (20) and (19). The best-fit parameters for
the most probable velocity and velocity ratio (v0 and r) are discussed
in the text.

Equation (1) of Ref. [23] modeled the contrast and phase
of the interference fringes by

C(ν)eiφ(ν) = C0e
iφ0ν

∫ 1/ν

t=0

∫ ∞

v=0
P (v)

×ei[φ1(v,t)+φ2(v,t+�/v)]dvdt, (19)

where φ1 and φ2 were the v-dependent (but x-independent)
phase shifts due to choppers A1 and A2, and P (v) is the
probability distribution for velocity. We use a Gaussian P (v) =
(2πσ 2)−1/2 exp [−(v − v0)2/(2σ 2

v )] and keep both v0 and the
ratio r = v0/σv as free parameters when comparing Eq. (19)
to C(ν) data.

Now we use our analysis of lenses inside an atom
interferometer to develop an improved model that includes
the thickness of the atom beam and its angular spread by
explicitly averaging over all detected trajectories. We do
this by integrating over all transverse positions in the two
collimating slits (having widths w1 and w2, respectively). We
also include the transverse coherence length of the atom beam,
the symmetric pairs of interferometers sketched in Fig. 1, and
the finite size of the atom beam detector. We thus replace
Eq. (19) with

C(ν)eiφ(ν) = C0e
iφ0

1

2

∑
j=−1,1

∫ +w1/2

x1=−w1/2

∫ +w2/2

x2=−w2/2

× ν

∫ 1/ν

t=0

∫ ∞

v=0
P (v)Dj (x1,x2,v)

× ei[φ1j (x1,x2,v,t)+φ2j (x1,x2,v,t+�/v)]

× eiφsep,j (x1,x2,v,	L)Cenv(	L,t)

× eiφsag(v)dvdtdx1dx2, (20)

where C0 is the reference contrast observed when 	L = 0
and the electrodes are grounded. The index j identifies
different interferometers that are formed by different pairs
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of diffraction orders (two such interferometers are sketched in
Fig. 1). Dj (x1,x2,v) describes the probability that atoms hit
the detector after passing through positions x1 and x2 in the
two collimating slits and diffracting in the directions given by
j and v.

The terms φij in Eq. (20) with i ∈ (1,2) represent the
differential phase imparted by chopper i to atoms that fly by
with wave-function components at transverse positions xij and
xij + s. Once these positions are determined, then the phases
φij can be calculated using Eq. (13). These positions depend
on x1, x2, v, and j ; therefore, φij should be evaluated inside
the integrals and the sum in Eq. (20). The terms φij describe
the phase curvature and thus the magnification Mlens caused
by the phase choppers.

The terms φsep,j (x1,x2,v,	L) and Cenv(	L,t) depend
explicitly on 	L. This is new, because Eq. (19) had no terms
that depend on 	L. The separation phase φsep,j (x1,x2,v,	L)
describes how the fringes change in phase locally as wave-
function components propagate through one another to planes
with a different 	L. This is the origin of geometric magnifi-
cation Mgeom. The term Cenv(	L,t) represents an additional
contrast reduction due to the transverse coherence length of
the wave packets. Cenv(	L,t) depends on t because it shifts
slightly when the phase choppers are turned on. We model the
separation phase as

φsep,j (x1,x2,v,	L) = kg

[
θinc(x1,x2) + j

2

λdB

dg

]
	L,

(21)

where θinc is the angle of incidence on the first grating. The sum
[θinc(x1,x2) + (j/2)(λdB/dg)] represents the angle of the fringe
maxima in the x-z plane (see Fig. 2 in Sec. IV). We model the
contrast envelope due to transverse coherence length as

Cenv(	L,t) = e
− 1

2 ( 	L
L1

ws
dg

)2

, (22)

where ws is the size of an effective collimating slit, and dg is the
grating period. This is based on the van Cittert Zernike theorem
and an assumption that the transverse coherence is well
described by incoherent illumination of a Gaussian-weighted
first collimating slit with Gaussian FWHM given by ws = w1.
We have also modeled Cenv with GSM beams (e.g., in Sec. IV).

With some approximations that we describe, the integral
over eiφsep and Cenv across the width of the detected atom beam
produces contrast patterns that depend on 	L in a way we can
write analytically

C

C0
= sinc

(
	k

wd

2

)
e
− 1

2 ( 	L
L1

ws
dg

)2

, (23)

where 	k is the difference between the grating wave number
kg = 2π/dg and the fringe wave number and wd is the width
of the detector. We can explicitly write 	k in terms of fringe
magnification as

	k = kg(MgeomMlens − 1). (24)

The sinc term [defined as sinc(x) = sin(x)/x] is found as
a result of making the approximation that the detector is
uniformly illuminated. Although Eq. (23) reproduces the

theory functions shown in Fig. 3 fairly well, the full description
in Eq. (20) is more complete because it takes into account how
the detected beam flux as a function of position on the detector
depends on the sizes and locations of the collimating slits.
Equation (20) also includes the integral over velocity, which
further reduces the contrast by the factor e− 1

2 (2φ0/r)2
, where φ0

is the phase shift caused by the lens for atoms with velocity
v0. This factor amounts to C/C0 = 0.95 for the data shown in
Fig. 3, which is consistent with φ0 = π (when the chopper is
on) and r = v0/σv = 20. For completeness, we note that the
contrast as a function of 	L for atom beam interferometers
has also been discussed in [62,63] with different assumptions
such as Bragg diffraction.

The Sagnac phase is φsag = 4πL2
1y/(vdg), where y is

the vertical component of the laboratory rotation rate and dg is
the grating period. In our laboratory the Sagnac phase is 2.4 rad
for 2000 m/s atoms due to Earth’s rotation rate. The velocity
dependence of the Sagnac phase can change the resulting best
fit v0 in our experiments by 0.05%. Similar sensitivity to the
Sagnac phase was noted in [10].

Using Eq. (19) as opposed to Eq. (20) to make a least-
squares fit to data in Fig. 5 results in slightly different parameter
values for v0 and r . The values of v0 using the two theoretical
models are different by about 0.2% for atom beams with v0 ≈
1000 m/s, and the model-dependant differences in best fit v0

become smaller for higher-velocity atom beams. To investigate
which analysis is more accurate, we were motivated to test
other predictions of focusing behavior, such as C(	L) data
shown in Fig. 3 and φ(x) data shown in Fig. 4 as further
evidence that Eq. (20) is indeed more accurate than Eq. (19).

Next, we examine model-dependent differences in the best-
fit parameters v0 and r as a function of 	L. We used Eq. (20) to
simulate C(ν) spectra with particular v0 and r given as input
parameters. Then, we used the simpler model described by
Eq. (19) to find the best-fit parameters ṽ0 and r̃ that minimize
the sum of the squared errors when analyzing the simulated
data. The differences ṽ0 − v0 and r̃ − r depend on 	L, as
shown in Fig. 6. This is significant because 	L was not even
considered as a parameter in earlier work on phase choppers
[23,46,47], but Fig. 6 now shows that it is important.

Most trends in Fig. 6 can be explained by fringe magnifi-
cation. For example, reduction in contrast due to focusing can
be misinterpreted as a larger spread in velocity. In particular, if
	L > 0, then focusing reduces the contrast, so Eq. (19) makes
a best fit r̃ too low. Conversely, when 	L < 0 choppers can
increase contrast, as we saw in Fig. 3, and as a consequence
the best fit r̃ is too large. Hence, the combined influence
of φij and φsep (electrostatic and geometric magnification)
causes errors in r̃ that can be anticorrelated with 	L, as
seen in Fig. 6. Velocity-dependent contrast suppression and
velocity-dependent detection included in Eq. (20) but not
Eq. (19) also influence errors in r̃ .

Trends in ṽ0 are similarly subtle but can also be explained,
for the most part, in terms of magnification. One reason for
an error in ṽ0 is that slow atoms, with a larger diffraction
angle, preferentially miss the detector. This is described by
Dj (x1,x2,v). Just as importantly, when the slower atoms in the
ensemble contribute to the signal with low contrast as a result
of a mechanism not adequately described by Eq. (19), then
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FIG. 6. (Color online) Error in best-fit velocity as a function of
	L using Eq. (19) to fit simulated data generated with the more
complete model described by Eq. (20). The velocity error is (ṽ0 −
v0)/v0 and the error in velocity ratio is (r̃ − r)/r as described in the
text.

there will be a bias towards faster ṽ0. Preferential contrast
loss for slow atoms is caused, for example, by geometric
magnification (φsep) simply because of the larger diffrac-
tion angles. Also, electrostatic magnification (φij ) generally
produces velocity-dependent contrast loss due to chromatic
aberrations. However, when 	L is slightly negative, the signal
can be biased towards slower atoms because electrostatic
magnification then compensates for geometric magnification
preferentially for the slow atoms.

We have documented our effort to validate the model in
Eq. (20) with auxiliary tests, e.g., in Figs. 3 and 4, so we
are convinced that Eq. (20) is an improvement over Eq. (19).
Furthermore, in case there are still additional position- and
velocity-dependent phases that we have not yet discovered
that make an impact on our analysis, we can offer a strategy to
minimize errors in measurements of v0 and r by operating at
a 	L, where errors are minimum. We note there are minima
in the absolute value of ṽ0 error and r̃ error in Fig. 6 when
	L = −100 μm. The reason for a minimum error is that at
this 	L the contrast change due to the phase choppers is very
small for atoms with v0 (e.g., this is where the two contrast
curves intersect in Fig. 3). Therefore, we recommend operating
future phase-chopper experiments with 	L chosen so the
observed contrast is not affected by the phase choppers. Then,
even a simpler model that is missing some contrast-reducing
mechanisms [e.g., Eq. (19)] still produces a smaller error in ṽ0

and r̃ than it would if 	L = 0.

IX. DISCUSSION

In summary, de Broglie wave-front curvature induced by
phase choppers influences measurements of atom beam veloc-
ity in an atom interferometer. Electrostatic phase choppers

inevitably act like lenses that magnify atom interference
fringes, and thus modify the observed fringe contrast. Mea-
surements of contrast as a function of nanograting location,
C(	L), showed how electrostatic magnification of atom inter-
ference fringes can compensate for geometric magnification.
This observation explained systematic shifts in measurements
of atomic beam velocity v0 and velocity ratio r made with
phase choppers. Then, an improved model of C(ν) was devel-
oped to reduce these systematic errors. Systematic corrections
were shown to depend on 	L, a parameter that had not
previously been considered in the analysis of phase choppers.

Measurements of phase shifts φ(x) induced by a lens were
used as an independent measurement of the focal length of
atom lenses. The focal length was measured with less than
5% uncertainty, even though the values of f that we studied
were quite large (ranging from −2.5 to −21.7 km). We also
used φ(x) to measure spherical aberration. Calculations of
wave-front curvature induced by electrostatic lenses were used
an an additional method to determine the focal length f . The
calculations were consistent with measurements of wave-front
radius of curvature using contrast and phase measurements
and were then used in the improved model of C(ν).

The goal of this improved model of phase-chopper C(ν)
spectra is to support future measurements of atomic polariz-
ability. For this application we recommend monitoring 	L

using contrast measurements and incorporating uncertainty in
	L into the error budget for resulting measurements of atomic
velocities, velocity ratios, and ultimately polarizabilities.
Additional modifications to Eq. (20) may be explored, such
as diffraction phases induced by the gratings themselves [64],
but we suspect that diffraction phases in particular can be
incorporated simply by using the contrast peak to redefine
where 	L = 0. Thus, we recommend measuring 	L with
respect to the contrast peak and then selecting a 	L that makes
the phase choppers cause minimal changes in contrast.

To give a broader perspective, electron and optical interfer-
ometers routinely use lenses to intensify, magnify, and focus
fringes. Neutron optics experiments [65] have also begun to
include magnetic hexapole [66] or solid-state lenses [67,68]
as tools to manage neutron beams. Therefore, given the many
examples of atom lenses discussed in the literature [24–40],
we expect that several new opportunities may result from using
lenses for atoms in conjunction with an atom interferometer.
In this paper we used this nexus to develop atom optical
shop testing, in analogy to ordinary optical shop testing
[57,58,60,61,69,70]. We also explored systematic corrections
to precision measurements that arise when de Broglie wave
curvature is manipulated inside an atom interferometer.

The analogy of a lens in an interferometer may be extended
to ultracold atom interferometers operated in traps. However,
in traps the parameter g = U/K is often larger than 1 and
the interaction time with the trap potential can be many times
the inverse trap frequency. In comparison, for experiments
presented here g ≈ 10−7, the fly-by time was a few μs, and
the resulting the displacement of atoms within the lens was
negligible compared to the atom beam width or even its
transverse coherence length. Thus, the electric-field gradients
we studied are like weak, diverging, cylindrical, thin lenses
for atoms, whereas traps are more similar to waveguides for
atoms [21,71,72].
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Finally, we speculate on some additional uses for lenses in
atom interferometers. Schemes may be developed to magnify
atom interference fringes to make them easier to image. We
also propose that lenses can compensate for gratings that
have the wrong period. For example, if the nanogratings in
a hybrid KD-TLI interferometer [73] are imperfectly matched
with the laser grating period, then atom lenses may improve
the fringe contrast. Spherical aberration can compensate for
grating chirp. Strong positive lenses can focus beams inside
atom interferometers to increase flux and reduce beam widths.

Atom optical shop testing with an atom interferometer could
also validate aberration mitigation techniques such as those
proposed in [74,75].
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Toennies, and C. Wöll, Phys. Rev. Lett. 83, 4229 (1999).
[37] M. Koch, S. Rehbin, G. Schmahl, T. Reisinger, G. Bracco,

W. E. Ernst, and B. Holst, J. Microsc. 229, 1 (2008).
[38] C. Bradley, W. Anderson, J. McClelland, and R. Celotta, Appl.

Surf. Sci. 141, 210 (1999).
[39] G. Timp, R. E. Behringer, D. M. Tennant, J. E. Cunningham, M.

Prentiss, and K. K. Berggren, Phys. Rev. Lett. 69, 1636 (1992).
[40] J. McClelland, R. Scholten, E. Palm, and R. Celotta, Science

262, 877 (1993).
[41] W. D. Hall and J. C. Zorn, Phys. Rev. A 10, 1141 (1974).
[42] H. L. Schwartz, T. M. Miller, and B. Bederson, Phys. Rev. A 10,

1924 (1974).
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Reprint: Measurements of the ground-state polarizabilities of Cs, Rb, and K using
atom interferometry
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We measured the ground-state static electric-dipole polarizabilities of Cs, Rb, and K atoms using a three-
nanograting Mach-Zehnder atom beam interferometer. Our measurements provide benchmark tests for atomic
structure calculations and thus test the underlying theory used to interpret atomic parity-nonconservation exper-

iments. We measured αCs = 4πε0 × 59.39(9) Å
3
, αRb = 4πε0 × 47.39(8) Å

3
, and αK = 4πε0 × 42.93(7) Å

3
. In

atomic units, these measurements are αCs = 401.2(7), αRb = 320.1(6), and αK = 290.0(5). We report ratios of
polarizabilities αCs/αRb = 1.2532(10), αCs/αK = 1.3834(9), and αRb/αK = 1.1040(9) with smaller fractional
uncertainty because the systematic errors for individual measurements are largely correlated. Since Cs atom
beams have short de Broglie wavelengths, we developed measurement methods that do not require resolved atom
diffraction. Specifically, we used phase choppers to measure atomic beam velocity distributions, and we used
electric field gradients to give the atom interference pattern a phase shift that depends on atomic polarizability.

DOI: 10.1103/PhysRevA.92.052513 PACS number(s): 32.10.Dk, 03.75.Dg

I. INTRODUCTION

Measurements of static electric-dipole polarizabilities serve
as benchmark tests for ab initio calculations of electric-
dipole transition-matrix elements. These calculations require
understanding quantum many-body systems with relativistic
corrections, and there are many different methods that attempt
to calculate these matrix elements in a reasonable amount
of computing time [1]. Testing these methods is important
because these matrix elements are used to calculate several
atomic properties, such as lifetimes, oscillator strengths, line
strengths, van der Waals interaction potentials and associated
cross sections, Feshbach resonances, and photoassociation
rates. Measuring alkali-metal static polarizabilities as a means
of testing atomic structure calculations has been of interest to
the physics community since Stark’s pioneering measurements
in 1934 [2]. Static polarizabilities have been measured using
deflection [2–5], an E-H gradient balance [6,7], times of flight
of an atomic fountain [8], and phase shifts in atomic and
molecular interferometers [9–12].

We measured the static electric-dipole polarizabilities of
K, Rb, and Cs atoms with 0.16% uncertainty using a Mach-
Zehnder three-grating atom interferometer [13,14] with an
electric field gradient interaction region. We used the same
apparatus for all three elements, so we can also report po-
larizability ratios with 0.08% uncertainty because the sources
of systematic uncertainty are largely correlated between our
measurements of different atoms’ polarizabilities.

We compare our measurements to ab initio calculations
of atomic polarizabilities and to polarizabilities deduced
from studies of atomic lifetimes, Feshbach resonances, and
photoassociation spectroscopy. We also use our measurements
to report the Cs 6p1/2 and 6p3/2 state lifetimes, Rb 5p1/2 and
5p3/2 state lifetimes, and K 4p1/2 and 4p3/2 state lifetimes
and the associated principal electric-dipole matrix elements,
oscillator strengths, and line strengths. Then we use our
measurements to report van der Waals C6 coefficients, and we

*cronin@physics.arizona.edu

combine our measurements with measurements of transition
Stark shifts to report some excited-state polarizabilities with
better than 0.09% uncertainty.

Testing Cs atomic structure calculations by measuring
αCs is valuable for atomic parity-nonconservation (PNC)
research, which places constraints on beyond-the-standard-
model physics. The PNC amplitude EPNC due to Z0-mediated
interactions between the Cs valence electron and the neutrons
in its nucleus can be written in terms of electric-dipole
transition-matrix elements and the nuclear weak-charge pa-
rameter QW . Atomic structure calculations are needed to
deduce a value of QW from an EPNC measurement [15–18] to
compare to the QW predicted by the standard model [19,20].
Our measurement of αCs tests the methods used to calculate
the relevant matrix elements and provides a benchmark for
the 〈6s1/2‖D̂‖6p1/2〉 matrix element, one of the terms in the
expression for EPNC.

Here we report atom interferometry measurements of Cs,
Rb, and K polarizability that have smaller fractional uncer-
tainty than the pioneering sodium polarizability measurement
by Ekstrom et al. in 1995 [9]. Because it is challenging
to resolve Cs atomic diffraction—our nanogratings diffract
our Cs atom beams with only 20 μrad between diffraction
orders—we designed an experiment with an electric field
gradient instead of a septum electrode, such as was used
in [9,10]. We also developed phase choppers [22–25] to
measure our atom beams’ velocity distributions instead of
using atom diffraction to study velocity distributions, as was
done in [9,11]. These two innovations enable us to measure
polarizabilities of heavy atoms such as Cs without resolving
diffraction patterns. Without the need to resolve diffraction,
we can use larger collimating slits and a wider detector
to obtain data more quickly. These innovations also reduce
some systematic errors that are related to beam-alignment
imperfections.

We improved the accuracy of our measurements compared
to our previous work [11] by redesigning the electrodes that
apply phase shifts to our interferometer. This configuration
of electrodes, i.e., two parallel, oppositely charged cylindrical
pillars, allows us to determine the distance between the atom
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FIG. 1. (Color online) Diagram of the Mach-Zehnder atom interferometry apparatus with phase choppers (green) and electrodes that
produce an electric field gradient (blue). Dimensions are shown in red and tabulated in Table I. The supersonic atom beam, shown in gray,
is collimated by two slits, s1 and s2, with widths w1 and w2 before entering the first grating. The nanogratings, g1, g2, and g3, are spaced
longitudinally such that L1 = L2, which causes an interference pattern to form at the position of g3. We consider the four separate interferometers
in our data analysis, labeled with k = +2, + 1,−1,−2, that form via zeroth-, ±first-, and ±second-order diffraction from g1. The atoms are
detected by a platinum Langmuir-Taylor detector [21], indicated in orange. The pair of blue circles represents oppositely charged cylindrical
electrodes (extending perpendicular to the page) that form a virtual ground plane between them. The electric field from these electrodes
polarizes the atoms and thereby shifts the interference pattern’s phase. The phase choppers are shown in green; each phase chopper is a charged
wire next to a grounded plane. The geometry terms relevant to the pillars and phase choppers are displayed in Fig. 2 and discussed in Sec. II A.
Due to the rotation of the Earth, the laboratory has a rotation rate about the vertical axis of �lab,y = 38.88 μrad/s that is also relevant to our
analysis.

beam and the virtual ground plane between the pillars with
reduced statistical uncertainty. We reduced systematic error by
making more accurate measurements of the width of the gap
between the pillars, the pillars’ radii, the voltages on the pillars,
and the distance between the pillars and the first diffraction
grating. Our measurements also required a sophisticated model
of the apparatus, which included interference formed by
the zeroth, ±first, and ±second diffraction orders, the finite
thickness and divergence of the beam, and the finite width of
the detector [25]. Because beams of Cs, Rb, and K had different
velocity distributions and diffraction angles, we developed a
more detailed error analysis in order to understand how those
attributes affected the systematic uncertainties in polarizability
measurements of different atoms. To support our error analysis,
we also developed a method to monitor and adjust the distances
between nanogratings in our interferometer.

II. APPARATUS DESCRIPTION AND ERROR ANALYSIS

A schematic diagram of the three-grating Mach-Zehnder
atom beam interferometer we use to make our measurements
is shown in Fig. 1. A mixture of He and Ar gas carries Cs, Rb,
or K vapor through a 50 μm nozzle to generate a supersonic
atom beam [26,27]. We adjust the carrier gas composition to
change the beam’s average velocity: a higher percentage of
Ar results in a slower beam. The atom beam passes through
two collimating slits and diffracts through three silicon nitride
nanogratings, each with period dg = 99.90(0.5) nm [28,29].
The first two gratings manipulate the atoms’ de Broglie waves
to form a 99.90 nm period interference pattern at the position of
the third grating. The method of observing interference fringes
is described in detail in [30]: we scan the second grating in the

±x direction and observe the flux admitted through the third
grating in order to determine the interference pattern’s contrast
and phase. We measure that transmitted atomic flux with a
100-μm-wide platinum wire Langmuir-Taylor detector [21].

In the rest of Sec. II, we describe how we measure the
atoms’ velocity distribution and polarizability. We measure
v0, the atoms’ mean velocity, using phase choppers, which
are charged wires parallel with the y axis held parallel to
grounded planes, indicated in green in Fig. 1. We measure
static polarizability α with a nonuniform electric field created
by two oppositely charged cylindrical pillars parallel with the
y axis and indicated in blue in Fig. 1. The pillars’ electric
field shifts the interference fringe phase by an amount roughly
proportional to α/v2

0 . Section II A describes how the electric
field geometry of both the phase choppers and the pillars
causes a differential phase shift. Section II B describes how we
use the phase choppers to measure the velocity distribution,
and Sec. II C describes how we use the pillars to measure α.
Section II D discusses how we apply our knowledge of the
velocity distribution to analyze the polarizability data taken
with the pillars.

A. Phase shifts with cylindrical electrodes

Both the pillars and the phase choppers are described by
the geometry shown in Fig. 2, and create electric fields given
by

�E(x,z) = λ

2πε0

[
x − b

(x − b)2 + z2
− x + b

(x + b)2 + z2

]
x̂

+
[

z

(x − b)2 + z2
− z

(x + b)2 + z2

]
ẑ, (1)
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FIG. 2. (Color online) Diagram showing the dimensions, shown
in red, that describe the static electric fields created by the pillars
and by the phase choppers. The circle represents the cross section
of a metal pillar or charged wire with radius R held at voltage V .
The GND line represents the ground plane, which may by physical
(in the case of the choppers) or virtual (in the case of the pillars). a

is the closest distance between the pillar edge and the ground plane.
The parameter b is the distance between the ground plane and the
effective line charge within the pillar. The atom beam center is a
distance xb away from the ground plane. The different interferometer
arms are separated from their neighbors by multiples of θdz0, where
θd is the diffraction angle and z0 is the longitudinal distance to grating
g1 (in the case of the pillars and chopper c1) or grating g3 (in the
case of chopper c2). a and R dimensions for the pillars and phase
choppers are given in Table I.

where the effective line charge density

λ = 2πε0V ln−1

(
a + R + b

a + R − b

)
(2)

exists a distance b = a
√

1 + 2R/a away from the ground
plane. The parameter a represents the distance between the
ground plane and the closest cylinder edge, R represents the
pillars’ radius, and the directions x̂ and ẑ are shown in Fig. 2.

When atoms enter an electric field, their potential energy
changes by UStark = − 1

2α| �E|2. Since UStark ≈ −0.1 μeV and
Ekinetic ≈ 1 eV for Cs in our experiment, we can use the WKB
approximation along with the residue theorem to compute
the total phase accumulated by an atom traveling through the
field. We can also approximate that atoms travel parallel to the
ground plane regardless of the angle at which they diffracted
and their incident angle upon grating g1. Even though this
approximation may be incorrect by up to 10−3 rad, such a
discrepancy would only cause errors in the accumulated phases
by factors of 10−6, which is insignificant for our experiment.
Therefore, we represent the accumulated phase along one path
for a component of an atomic de Broglie wave as

�(v,x) = 1

�v

∫ ∞

−∞

1

2
α| �E|2dz = λ2α

πε2
0�v

(
b

b2 − x2
b

)
, (3)

where xb is the distance between the atom’s path and the
ground plane.

The atoms in our beam form many interferometers, but we
only need to consider the four interferometers shown in Fig. 1.
Other interferometers are insignificant to our analysis because
they have some combination of low contrast and low flux. We
label the four interferometers that we do consider with the
index k = +2, k = +1, k = −1, and k = −2. The differential
phase shifts for the four interferometers are

	� �E,+2(v,xb) = �(v,xb + 2θdz0) − �(v,xb + θdz0),

	� �E,+1(v,xb) = �(v,xb + θdz0) − �(v,xb),
(4)

	� �E,−1(v,xb) = �(v,xb) − �(v,xb − θdz0),

	� �E,−2(v,xb) = �(v,xb − θdz0) − �(v,xb − 2θdz0).

In the above equations, θdz0 is the lateral separation between
classical paths in the interferometer, where θd = λdB/dg is the
diffraction angle and z0 is the distance to the first grating (in
the case of the pillars and chopper c1) or the third grating (in
the case of chopper c2).

B. Velocity measurement

The atoms in the beam do not all have the same velocity, so
the electric fields do not apply the same phase shifts to each
diffracted atom. We observe the average phase and contrast
of an ensemble of atoms with velocity distribution P (v). We
model P (v) as a Gaussian distribution,

P (v) = vr

v0

√
2π

e
− v2

r (v−v0)2

2v2
0 , (5)

where v0 is the mean velocity and the velocity ratio vr = v0/σv

is a measure of the distribution’s sharpness. It is worth noting
that the velocity distribution for a supersonic atom beam is
better described by a v3-weighted Gaussian distribution [13].
However, either distribution can be used in our analysis to
parametrize the typical high-v0, high−vr velocity distributions
of our atom beam without changing our polarizability result
by more than 0.008%. Since v0 is the average velocity in a
Gaussian but not in a v3-weighted Gaussian, we use Eq. (5) to
simplify our discussion of the error analysis.

To measure v0 and vr , we use phase choppers [24,25].
Each phase chopper is a charged wire about 1 mm away
from a physical ground plane (see Table I for phase chopper
dimensions). Chopper c1 is between the first two gratings
and chopper c2 is a distance zc1,c2 = 1269.3 ± 0.25 mm
downstream of chopper c1, between the last two gratings (see
Fig. 1). The voltages on the choppers’ wires and the distances
between the beam and the choppers’ ground planes are chosen
such that chopper c1 shifts the ensemble’s average phase by
+π and chopper c2 shifts it by −π .

When we pulse the choppers on and off at a frequency fc,
an atom may receive a net phase shift of ±π or 0, depending
on its velocity and the time at which it passed through the first
chopper. Holmgren et al. [24] gives an intuitive explanation
of how we measure contrast C vs fc to determine v0 and vr .
Figure 3 shows an example of C vs fc data. Hromada et al. [25]
later improved upon Holmgren et al.’s model of C vs fc by
considering how the thickness and divergence of the beam
causes some components of the atoms’ velocity distribution
to not be detected. In the present work, we expanded our
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TABLE I. List of apparatus dimensions described in Figs. 1 and 2.
Dimensions with no quoted uncertainty have uncertainty much less
than what would be significant to our analysis. ac1 and ac2 are the
closest distances between the wires and the ground planes for phase
choppers 1 and 2, and apillars is half the width of the gap between
the pillars (the closest distance between the virtual ground plane and
either pillar). L1 − L2 = 0 ± 30 μm, and the uncertainty in L1 + L2

is insignificant.

zs1,s2 860 mm
zg1,pillars 833.5 ± 0.25 mm
zg1,c1 269.7 mm
zs2,g1 100 mm
zg2,c2 598 mm
zc1,c2 1269.3 ± 0.25 mm
L1 940 mm
L2 940 mm
w1 30 ± 6 μm
w2 40 ± 6 μm
wdet 100 ± 3 μm
apillars 1999.85 ± 0.5 μm
Rpillars 6350 ± 0.5 μm
ac1 986 ± 25 μm
Rc1 785.5 μm
ac2 893 ± 25 μm
Rc2 785.5 μm

analysis to include the four interferometers shown in Fig. 1,
performed a more in-depth error analysis, and added an
additional calibration step to the measurement procedure, as
we discuss next.

Hromada et al. described how the thickness and divergence
of the beam determine the likelihood for atoms of certain
velocities to be detected [25]. The thickness and divergence
is defined by the finite widths of the collimating slits w1 and
w2. The finite width of the detector wdet and the detector’s
offset from the beam line in the x direction 	xdet also affect
the probability of detecting atoms as a function of the atoms’

FIG. 3. (Color online) An example of a measurement of contrast
C vs phase chopper frequency fc for a Cs beam. We fit a model to
these data that has v0 and vr as fit parameters in order to measure the
velocity distribution.

velocities and initial positions in the apparatus. The phase and
contrast we observe with our detector is that of an ensemble
of atoms with different velocities, different incident positions
on grating g1, and different incident angles on grating g1.

Uncertainties in w1, w2, wdet, and 	xdet are more significant
for beams that are physically wider. In K beams, which have
larger θd of ≈ 50 μrad and wider velocity distributions (v0 ≈
2100 m/s, vr ≈ 14, and therefore σv ≈ 150 m/s), more of
the lower-velocity atoms in the distribution miss the detector.
Therefore, uncertainties in the aforementioned quantities have
a higher bearing on how we model the average velocity of
detected atoms. Ignoring this component of the analysis would
cause a systematic increase in measured v0 by 0.5% and vr by
10% for a typical K beam.

Modeling the four interferometers shown in Fig. 1, rather
than only the k = ±1 interferometers, also improved our
understanding of how likely it is for certain velocities to be
detected. For K beams with wide velocity distributions, we
would report v0 too high by about 0.5% and vr too low by
about 5% if we included only the k = ±1 interferometers. This
is because, for such beams, a much higher proportion of atoms
in the k = ±2 interferometers misses the detector than in the
k = ±1 interferometers. Ignoring the k = ±2 interferometers
has a significant effect on the model of the detected P (v)
when the detected velocity distributions for the k = ±1 and
k = ±2 interferometers are significantly different. Conversely,
for Cs and Rb beams, we found no significant difference
in results between models because most of the atoms in all
interferometers were detected regardless of velocity.

Hromada et al. [25] also described how inequality between
intergrating distances L1 and L2 (see Fig. 1) causes systematic
errors. When 	L = L2 − L1 is nonzero, the interference
fringes formed at the third grating become magnified or
demagnified. We summarize this geometric magnification with
the separation phase shift,

	�sep,k = 2π

dg

(
θinc + k

2
θd

)
	L, (6)

where k is the interferometer index (see Fig. 1) and θinc is the
incident angle on grating g1. To reduce systematic error in our
v0 and vr measurements, we measure 	L and set it equal to
zero.

Equation (6) implies that uncertainty in 	L is more signifi-
cant for beams with larger θd , such as K beams. Also, because
	�sep,k has a component proportional to θinc, uncertainty
in 	L is more significant for more divergent beams. As
|	L| increases, uncertainties in w1, w2, wdet, and 	xdet

become more significant. Accordingly, we developed a method
to set 	L = 0 to reduce those uncertainty contributions.
Equation (6) implies that interferometers on either side of the
beam line receive opposite phase shifts. Therefore, by moving
the detector in the ±x direction, we observe linear changes in �

as a function of 	xdet with slope d�/dxdet that is proportional
to 	L. Figure 4 shows data that demonstrate this effect. We set
	L to 0 ± 30 μm by finding the 	L for which d�/dxdet = 0.

Since we recalibrate 	L every day, the 30 μm uncertainty in
	L represents a systematic error for one day’s measurements
and a statistical error for many days’ measurements averaged
together. That error will contribute toward the statistical

052513-4



183

MEASUREMENTS OF THE GROUND-STATE . . . PHYSICAL REVIEW A 92, 052513 (2015)

0.4

0.2

0.0

-0.2

-0.4

ΔΦ
 (

ra
d)

40200-20-40

Δxdet (μm)

ΔL = -563 μm
ΔL = -165 μm
ΔL = 238 μm

(b)

FIG. 4. (Color online) Two data plots showing how the phase �

of the interference fringes changes linearly as a function of 	xdet

and 	L. In plot (a), the black dots represent coordinates at which
data were acquired, and the colors represent contours inferred from
the data. These figures show how � vs 	xdet is a line with slope
proportional to 	L.

uncertainty of α measurements. The same is true for 	xdet =
0 ± 30 μm, which also fluctuates from day to day as we set up
the apparatus.

If the interferometer grating bars are significantly nonver-
tical, it becomes necessary to consider the phase shift induced
by the component of gravitational acceleration in the plane of
the interferometer. That phase shift is given by

	�accel = πg sin(θg)(L1 + L2)2

2dgv2
, (7)

where θg is the tilt of the grating bars with respect to verti-
cal [31,32]. See [31] for an explanation of how we measured
θg . Our interferometer’s |θg| never exceeded 2.3 mrad. If we
were to neglect this portion of the analysis, we would report v0

incorrectly by up to 0.015% and vr incorrectly by up to 0.25%.
The uncertainty budget for v0 and vr measurements is

displayed in Fig. 5. The total statistical uncertainty in measured
v0 and vr is roughly 10 times larger than the total systematic
uncertainty after about 15 minutes of data acquisition with
the phase choppers. Because v0 and vr drift over time, i.e.,
typically 3% over the course of several hours, we measure the
velocity distribution twice every hour.

0.20.10.0

δv0/v0 x1000

w1 = 30 ± 6 μm
w2 = 40 ± 6 μm

wdet = 100 ± 3 μm
zc1,c2 = 1269.3 ± 0.25 mm

ac1 = 986 ± 25 μm
ac2 = 893 ± 25 μm

θg = value ± 1.4 mrad
total sys. error x1000

43210

δvr/vr x1000

 K  Rb  Cs

FIG. 5. Systematic uncertainty budget for measurements of v0

and vr for our Cs, Rb, and K beams. The total systematic error in v0

and vr in turn contributes toward the total systematic uncertainty in α

measurements (shown in Fig. 7). A nominal value for θg is not listed
because θg changed from −2.37 ± 1.39 to 1.73 ± 0.59 mrad toward
the end of the experiment.

Gaseous alkali-metal atoms in an atomic beam nozzle have
a probability of forming homonuclear dimers that depends on
the gas pressure [33] and the diameter of the nozzle hole [34].
It is important for us to quantify the dimer mole fraction
in our beam because the dimers’ spatially averaged (tensor)
polarizabilities are approximately 1.75 times the monomer
polarizabilities [35]. In our nozzle, the vapor pressure of alkali-
metal atoms is on the order of 1 torr at our typical running
temperatures of 160 ◦C for Cs, 220 ◦C for Rb, and 350 ◦C for
K. According to data acquired by Gordon et al. (1971) [33] and
Bergmann et al. (1978) [34], our alkali-metal gas pressures of
1 torr should result in a dimer mole fraction well below 1%.
Additionally, Holmgren et al. [11,36] demonstrated how to
place an upper limit on the dimer mole fraction by analyzing
resolved diffraction patterns through a single nanograting
and looking for peaks associated with dimer diffraction. In
this work, we used very similar nozzle temperatures in our
experiment as Holmgren et al. did in 2010. For all of these
reasons, we conclude that the dimer mole fraction in our beam
must be less than 1%. Figure 7 shows how a 4% dimer mole
fraction would lead to a significant (0.1%) error in measured
polarizability.

C. Polarizability measurement

To measure the Cs, Rb, and K polarizability, we use two
parallel, oppositely charged, 1/2-inch-diameter, stainless-steel
pillars. The pillars are mounted to a single, rigid support
structure so that a 3999.7 ± 1.0 μm gap exists between them.
A motor moves the support structure in the ±x direction,
and a length gauge monitors the structure’s x position. The
length gauge measures displacements of the structure with
30 nm accuracy. We begin a polarizability measurement with
the assembly positioned such that the beam passes through
the gap between the pillars near one of the edges. We take
25 sec of data with the electric field on and 25 sec with it
off. We then move the pillars in nine 400 μm increments so
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FIG. 6. (Color online) An example of a measurement of phase
shift vs x position of the pillars for a Rb beam. The two fit parameters
used to fit the model to these data are polarizability αRb and the pillars’
position at which the phase shift is null xb0.

that the beam approaches the other edge of the gap, taking
50 sec of data at each location. In doing so, we observe the
phase shift 	� = �pillars,on − �ref applied by the pillars as
a function of xb (see an example in Fig. 6). We then repeat
this sequence, moving the pillars in the opposite direction in
order to minimize possible systematic errors associated with
traveling in a certain direction. When the electric field is off,
we observe the reference phase �ref and reference contrast
Cref given by

Crefe
i�ref = C0e

i�0
1

2

∑
k

∫ ∞

v=0
P (v)ei	�sag(v)dv. (8)

The Sagnac phase, 	�sag, is a phase shift caused by the Earth’s
rotation and is described in [11,37,38]. C0 is the contrast that
would be observed in the absence of 	�sag(v), and �0 is
an arbitrary phase constant. When the field is on, we instead
observe

Cpillars,one
i�pillars,on

= C0e
i�0

1

2

∑
k

∫ ∞

v=0
P (v)ei	� �E,j (v,xb)+i	�sag(v)dv. (9)

We fit a model to 	� vs xb, as shown in Fig. 6. The fit
parameters of that model are the polarizability and the pillars
position xb0 for which the phase shift is zero (i.e., the location
of the virtual ground plane).

In our earlier work, we used one pillar next to a grounded
plate instead of two pillars forming a virtual ground plane [11].
We measured xb by blocking the beam with the pillar. There
were significant statistical errors of a few μm associated with
this procedure, and a 1 μm error would lead to a 0.1% error in
polarizability. Our new pillars assembly greatly reduces those
statistical errors. Measuring 	� vs xb on both sides of the
ground plane makes our typical 5 μm uncertainties in xb0

add an insignificant amount of statistical uncertainty to the
determined α.

The systematic uncertainty budget for our polarizability
measurements is shown in Fig. 7. In the next few paragraphs,

1.20.80.40.0

δα/α x1000

wdet = 100 ± 3 μm
dg = 99.90 ± 0.5 nm

Vpillars: δV/V = 0.0005
apillars = 1999.9 ± 0.5 μm

Rpillars = 6350 ± 0.5 μm
v0: δv0/v0 given in Fig. 5
vr: δvr/vr given in Fig. 5

zg1,pillars = 833.50 ± 0.25 mm

dimer fraction < 0.01
total sys. error x1000

 K  Rb  Cs

FIG. 7. Systematic uncertainty budget for polarizability measure-
ments for our Cs, Rb, and K beams. The uncertainties in knowledge
of v0 and vr are propagated forward from Fig. 5. Values of Vpillars

ranged from 5 to 7 kV, always with 0.05% uncertainty.

we discuss how we measured some of the quantities in the
error budget.

We reduced the uncertainty in Vpillars to 0.05% by indepen-
dently calibrating our voltage supplies. To measure Vpillars,
which ranged from 5 to 7 kV, we used a Fluke 80K-40
high-voltage probe. We measured the probe’s voltage divider
constant, which itself depended on input voltage, using two
Fluke 287 digital multimeters.

We measured zg1,pillars to 1/4 mm accuracy. We placed rulers
in the apparatus, after which three of us would read the rulers
both live and from photographs. We repeated this process for
many longitudinal positions of the rulers to further reduce
statistical error in the measurement. Finally, we compared the
rulers we used with other rulers to verify that the ones we used
were printed without significant systematic error. The value
of zg1,pillars we use in this analysis is the average of all those
measurements.

We measured the width of the gap between the pillars,
2apillars, to 1 μm accuracy by repeatedly scanning the pillars
assembly across the beam and recording the positions at which
each pillar blocked half of the atom beam. To verify that apillars

did not change over time, we repeated this procedure many
times throughout the months during which we acquired our
data.

Our θg was always close enough to zero such that we did not
need to consider 	�accel in our polarizability data analysis. We
would only need to consider 	�accel if |θg| exceeded 23 mrad.
We also find that uncertainties in w1 and w2 each do not
correspond to more than 0.004% uncertainty in α.

D. Determining the velocity distribution during
polarizability measurements

A typical sequence of measurements is shown in Table II.
We measure the velocity distribution twice between every four
scans of the pillars across the beam, and calibrate the phase
choppers between each pair of velocity measurements.
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TABLE II. A typical sequence of measurements during a day
of data acquisition. The +x direction is arbitrarily chosen—the
important aspect is that we spend an equal amount of time scanning
the pillars in each direction so as to minimize possible systematic
errors. This sequence of eight measurements is repeated once per hour
for anywhere between 8 and 36 hours. We end the data acquisition
by repeating the first four measurements.

Type of data acquired Duration

contrast vs chopping freq. 7m 5s
chopper c1 phase 3m 45s
chopper c2 phase 3m 45s
contrast vs chopping freq. 7m 5s
	� vs pillars position (+x direction) 8m 45s
	� vs pillars position (−x direction) 8m 45s
	� vs pillars position (+x direction) 8m 45s
	� vs pillars position (−x direction) 8m 45s

We linearly interpolate between v0 and vr measurements
before and after each pillars scan to estimate those quantities
at the time of that scan. Using cubic spline interpolation and
Gaussian process regression to interpolate between v0 and
vr measurements changes our reported polarizabilities by no
more than 0.001%, which is small compared to our other
uncertainties.

III. RESULTS AND DISCUSSION

Table III shows our measurement results for the K, Rb,
and Cs atomic polarizabilities, αK, αRb, and αCs. The tabulated
statistical uncertainties are the standard error of the mean for
each result. To get this statistical precision, we acquired over
90 hours of data, including 150 data sets similar to Fig. 6 and 60
data sets similar to Fig. 3. The total systematic uncertainty for
each measurement is also stated in Table III, and a breakdown
of the systematic uncertainty budget is summarized in Fig. 7.
While the statistical uncertainties are typically 0.05% for our
measurements of polarizabilities, the systematic uncertainties
are three to four times larger and cause a total uncertainty of
typically 0.16% for each measurement.

We report the ratios of polarizabilities αCs/αK, αCs/αRb, and
αRb/αK in Table IV. These ratios have uncertainties smaller
than 0.08% because we used the same apparatus for each
direct measurement. For many of the sources of systematic
uncertainty summarized in Fig. 7, an error in one of those
quantities would scale each direct polarizability measurement
by the same amount. These correlated uncertainties, such
as electrode geometry or grating pitch, do not contribute

TABLE III. Direct measurements of Cs, Rb, and K static, ground-
state polarizabilities.

Atom α(stat.)(sys.) (Å
3
)

Cs 59.39(3)(9)
Rb 47.39(3)(8)
K 42.93(2)(7)

TABLE IV. Measured ratios of Cs, Rb, and K static, ground-state
polarizabilities. The systematic uncertainties in each ratio, which arise
from the fact that the systematic errors in different measurements are
not perfectly correlated, are negligible compared to the statistical
uncertainties.

Ratio Value(stat.) Sys. errors

αCs/αK 1.3834(9) 3 × 10−5

αCs/αRb 1.2532(10) 7 × 10−7

αRb/αK 1.1040(9) 2 × 10−5

significantly to systematic errors in our measured polarizabil-
ity ratios. However, uncertainties in w1, w2, wdet, and 	L affect
our αK, αRb, and αCs measurements differently and therefore
contribute a small amount to the final systematic uncertainties
in the ratios. Even so, the ratios’ systematic errors are much
smaller than the statistical uncertainties. We discuss the value
of high-precision ratios for testing atomic theories in Sec. III A,
and we discuss the possibility of using such ratios to improve
individual measurements of polarizability in Sec. IV.

A. Comparisons with other experimental and theoretical
polarizabilities

Figure 8 and Table VIII compare our polarizability
measurements with ab initio calculations, semiempirical
calculations, and experimental measurements subsequent to
and including Molof et al.’s and Hall et al.’s 1974 mea-
surements [4,7]. First, we will discuss the comparison to
previous direct measurements. Our K and Rb polarizability
measurements have three times smaller uncertainty than our
group’s previously published direct measurements of αK and
αRb [11], and ten times smaller uncertainty than the only other
direct measurements of αK and αRb, which were made using
the E-H gradient balance technique [7] and the E gradient
deflection technique [4]. We emphasize that our measurements
are independent of the results in [11] because although we used
the same atom interferometer machine, we used a different
material nanograting g1, different electrodes with different
geometry, a different atom beam velocity measurement tech-
nique, a different atom beam source nozzle, and a detector
with a different width. Hence, the fact that our latest and more
precise measurements are consistent with the measurements
in [4,7,11] should be regarded as an independent validation of
each of these previous results.

TABLE V. We use the following residual polarizabilities αr and
matrix element ratios R = D2

3/2/D
2
1/2. The sources for each quantity

are cited next to the values in the table.

Atom αr (Å
3
) R

Cs 2.481(16) [17] 1.9809(9) [73]
Rb 1.562(89) [79] 1.996(4) [65]
K 0.925(45) [79] 2.000(4) [80]
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TABLE VI. Matrix elements, lifetimes, oscillator strengths, line
strengths, and van der Waals C6 coefficients calculated from our
polarizability measurements. We used R values from Table V. The
matrix elements, line strengths, and C6 coefficient are expressed in
atomic units, while the lifetimes are expressed in SI units. δα , δR , and
δαr

represent the uncertainties in the values due to uncertainty in α,
R, and αr , respectively. δtot is the total uncertainty in the value. (-)
represents a nonzero uncertainty of less than 0.5.

Quantity Atom Value δα δR δαr
δtot

D1/2 Cs 4.508 (4) (1) (1) (4)
Rb 4.239 (4) (3) (4) (6)
K 4.101 (3) (3) (2) (5)

D3/2 Cs 6.345 (5) (-) (1) (5)
Rb 5.989 (5) (2) (6) (8)
K 5.800 (5) (2) (3) (6)

τ1/2 (ns) Cs 34.77 (5) (1) (1) (6)
Rb 27.60 (5) (4) (5) (8)
K 26.81 (4) (4) (3) (6)

τ3/2 (ns) Cs 30.37 (5) (-) (1) (5)
Rb 26.14 (5) (2) (5) (7)
K 26.45 (4) (2) (3) (6)

f1/2 Cs 0.3450 (5) (1) (1) (6)
Rb 0.3433 (6) (5) (7) (10)
K 0.3317 (6) (4) (4) (8)

f3/2 Cs 0.7174 (11) (1) (2) (12)
Rb 0.6982 (12) (5) (14) (19)
K 0.6665 (11) (4) (7) (14)

S1/2 Cs 20.32 (3) (1) (1) (3)
Rb 17.97 (3) (3) (3) (5)
K 16.82 (3) (2) (2) (4)

S3/2 Cs 40.26 (6) (1) (1) (6)
Rb 35.87 (6) (3) (7) (10)
K 33.64 (6) (2) (4) (7)

C6 Cs 6879 (20) (-) (7) (21)
Rb 4719 (15) (-) (26) (30)
K 3884 (13) (-) (14) (19)

There is one other direct measurement of αCs with uncer-
tainty similar to (and slightly smaller than) ours. Our direct αCs

measurement is 11 times more precise than the result reported
using the E-H balance technique [7], but 1.1 times less precise
than Amini and Gould’s 2003 measurement [8] that was made
using an atomic fountain apparatus. To our knowledge, Amini

TABLE VII. Excited-state polarizabilities αnp1/2 , where n = 6 for
Cs, n = 5 for Rb, and n = 4 for K. The values were calculated using
our measurements and αnp1/2 − αns1/2 measurements [86,87].

Atom αnp1/2 (Å
3
)

Cs 196.81(9)
Rb 120.33(8)
K 89.92(7)

and Gould’s work is the only polarizability measurement to
date that has been accomplished using an atomic fountain,
and it produced a remarkable improvement in precision by
a factor of 15 as compared to the only previous direct
measurements of αCs [4,7]. Furthermore, αCs measurements
can test some of the atomic structure theory that is used to
interpret atomic parity-nonconservation experiments as a way
of constraining physics beyond the standard model [15–18].
Thus, it is particularly important to validate this αCs result
in [8]. We find that our αCs measurement is consistent with
Amini and Gould’s. Our result αCs = 59.39(9) Å

3
deviates

from their result of αCs = 59.42(8) Å
3

by 0.03 Å
3
, which is

insignificant. Comparing our atom interferometer result with
their fountain result serves as a cross check for both methods.
Both measurements also agree with αCs values inferred from
the atomic structure calculations by Derevianko and Porsev
(2002) [17] and Derevianko et al. (1999) [50] for PNC
analysis.

Most theoretical predictions for αK, αRb, and αCs deviate
from each other and from our measurements significantly. Out
of 28 sets of theoretical predictions shown in Fig. 8, only
ten sets of predictions [17,50,55–62] are consistent with our
results within 3σ (where σ is the standard deviation of our
measurement). Furthermore, the semiempirical αK, αRb, and
αCs values calculated in 1999 by Derevianko et al. [50] are the
only predictions that match all three of our own αK, αRb, and
αCs measurements to within 3σ . These predictions [50] were
made using measured lifetimes and energies, and Derevianko
and Porsev’s later αCs prediction [17] was made using a
measured van der Waals C6 coefficient. This is an important
point because there are now additional data on lifetimes, van
der Waals C6 measurements, and line strength ratios that can
inform new semiempirical predictions for polarizabilities that
we discuss in Sec. III B and Fig. 9.

Figure 8(b) compares our measurements of atomic po-
larizability ratios to other theoretical, semiempirical, and
experimental reports for these ratios. The values we measured
for αCs/αK, αCs/αRb, and αRb/αK are consistent with all of the
previous experimental measurements of these ratios, given the
larger uncertainties associated with previous measurements.
Comparing theoretical predictions to our measured polariz-
ability ratios serves as a different way to test the theoretical
predictions. Since the fractional uncertainties on our measured
ratios are smaller than those of our absolute measurements, our
ratios serve as a more precise test for theoretical works that
predict α values for multiple alkali-metal atoms.

B. Comparisons with polarizabilities derived from
other quantities

Static polarizabilities can be related to electric-dipole
transition-matrix elements, state lifetimes, oscillator strengths,
and van der Waals coefficients. We will describe those relations
and compare our α measurements to α values derived from
recent calculations and high-precision measurements of those
quantities. Those comparisons are shown in Fig. 9 and
Table VIII.

052513-8



187

MEASUREMENTS OF THE GROUND-STATE . . . PHYSICAL REVIEW A 92, 052513 (2015)

45

44

43

α K
 (

Å
3 )

H
al74 [4]

M
ol74 [7]

R
ei76 [39]

T
an76 [40]

M
ae79 [41]

F
ue82 [42]

C
hr82 [43]

M
ul83 [44]

K
el93 [45]

W
ij94 [46]

D
ol96 [47]

P
at97 [48]

Lim
99 [49]

D
er99 [50]

D
er99 [50]

D
er02 [17]

M
ag02 [51]

M
it03 [52]

A
m

i03 [8]
S

af04 [53]
Lim

05 [54]
Isk07 [55]
S

af08 [56]
H

ol10 [11]
S

af11 [57]
N

an12 [58]
B

or13 [59]
S

af13 [60]
S

ah13 [61]
Jia13 [62]
Y

on14 [63]
this w

ork

50

49

48

47

α R
b

(Å
3 )

64

63

62

61

60

59

α C
s
(Å

3 )

(a)

1.16

1.14

1.12

1.10

1.08

α R
b

/α
K

H
al74 [4]

M
ol74 [7]

T
an76 [40]

M
ae79 [41]

F
ue82 [42]

C
hr82 [43]

K
el93 [45]

D
ol96 [47]

P
at97 [48]

Lim
99 [49]

D
er99 [50]

D
er99 [50]

M
ag02 [51]

M
it03 [52]

Lim
05 [54]

H
ol10 [11]

Y
on14 [63]

this w
ork

1.44

1.42

1.40

1.38

1.36

α C
s
/α

K

1.32

1.30

1.28

1.26

1.24

α C
s
/α

R
b

(b)

 measurement ab initio  semi-empirical

FIG. 8. (Color online) Our (a) direct measurements and (b) measured ratios compared with other measurements, ab initio calculations, and
semiempirical calculations [4,7,8,11,17,39–60,60–63]. The references are represented on the x axis by the first three letters of the first author’s
last name, followed by the year of publication. For the semiempirical calculations: Reference Fue82 used semiempirical pseudopotentials [42],
Pat97 used experimentally determined energy levels [48], Der99 used experimentally determined electric-dipole transition matrix elements [50],
and Mit03 and Yon14 used semiempirical core polarization potentials [52,63]. Values in this plot from 1999 and later are also reported in
Table VIII at the end of this paper.

The polarizability (in volume units) of an atom in state i

can be written in terms of Einstein A coefficients Aij as

αi = c3

2

∑
j 
=i

Aij

ω4
ij

gj

gi

+ αr, (10)

where ωik is the transition frequency between states i and k,
and gn = 2Jn + 1 is the degeneracy factor for state n. In our
case, state i is the ground state. The residual polarizability αr

includes terms not explicitly included in the sum, the polariz-
ability of the core electrons, and a correction accounting for
correlations between core and valence electrons as described
in several references [17,50,79]. We will explicitly sum over
the principal transitions from ns1/2 to np1/2 and np3/2, where
n = 6 for Cs, n = 5 for Rb, and n = 4 for K, and we will
include the other transitions in αr . We abbreviate the lifetimes
associated with the principal transitions to τ1/2 and τ3/2. In
our calculations, we use the transition wavelengths ωik from
Refs. [81–84] and the αr values indicated in Table V. Figure 9
shows polarizabilities calculated using measurements of τ1/2

and τ3/2 [64–66,68–70,72]. Figure 9 also shows αCs calculated
from values of τ1/2,Rb and τ3/2,Rb inferred in 2002 by Gutterres
et al. from photoassociation data taken in 2000 by Gabbanini
et al. [74,75].

We can use Patterson et al.’s 2015 measurement of
τ3/2,Cs [85] along with a measurement of the ratio of principal
transition-matrix elements to report αCs. Rafac and Tanner
measured the ratio of Cs electric-dipole transition-matrix
elements [73],

RCs = |〈6s1/2‖D̂‖6p3/2〉|2
|〈6s1/2‖D̂‖6p1/2〉|2

, (11)

which is related to the ratio of lifetimes,

τ1/2

τ3/2
= RCs

2

(
ω3/2

ω1/2

)3

. (12)

We can also report a polarizability using RCs [73] in
conjunction with Porsev et al.’s 2010 calculation of D2

1/2,Cs =
20.334 (in atomic units) [76]. We can write αi in terms of the
electric-dipole transition-matrix elements as

αi = e2

12πε0a
4
0

∑
j 
=i

|〈i‖D̂‖j 〉|2
�ωij

+ αr, (13)

where a0 is the Bohr radius. As before, we only explicitly
consider the ns1/2 − np1/2 and ns1/2 − np3/2 matrix elements,
where ns1/2 is the ground state. We abbreviate the matrix
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TABLE VIII. Comparisons of directly measured, semiempirical, and ab initio polarizabilities from 1999 and later. These values are also
plotted in Figs. 8 and 9. Lines with αr in the Method column were calculated using residual polarizabilities αr in Table V [17,79]. Ratios
of polarizabilities αRb/αK = 1.097(5) from [11] and αCs/αRb = 1.2532(10), αCs/αK = 1.3834(9), αRb/αK = 1.1040(9) from this work have
been reported with smaller fractional uncertainties than the direct measurements listed in this table. For the ab initio method acronyms: CCSD
indicates the coupled-cluster approach with single and double excitations of the wave functions. The prefix R stands for “relativistic” and the
prefix L stands for “linearized.” The suffix T indicates that the authors used perturbative triple excitations of the wave functions. See [1] for
explanations of these various theoretical methods.

Reference(s) Method αCs (Å
3
) αRb (Å

3
); αK (Å

3
)

Raf99 [17,69] τ1/2, τ3/2 meas. + αr 58.97(10)
Der99 [50] ab initio, RLCCSD 59.50 46.89 42.84
Der99 [50] semiempirical 59.26(28) 47.21(9) 43.00(12)
Leo00 [17,73,77] C6 meas. + RCs meas. + thry + αr 59.49(25)
Gut02 [74,75,79] τ1/2, τ3/2 from PA data + αr 47.18(14)
Der02 [17] semiempirical 59.35(12)
Mag02 [51] ab initio 64.31 49.64 44.75
Ami03 [8] direct αCs meas. 59.42(8)
Mit03 [52] semiempirical 46.78 42.97
Chi04 [17,73,78] C6 meas. + RCs meas. + thry + αr 59.35(22)
Saf04 [53] ab initio 59.00(13)
Lim05 [54] ab initio, RCCSDT 58.55 47.29 43.08
Fal06 [70,79] τ1/2, τ3/2 meas. + αr 43.02(6)
Bou07 [17,72] τ1/2, τ3/2 meas. + αr 59.31(40)
Isk07 [55] ab initio, RLCCSDT 59.04(10)
Saf08 [56] ab initio, RLCCSDT 42.87
Hol10 [11] direct αRb and αK meas. 47.24(44) 43.06(36)
Hol10 [9,11] ratio calibrated with αNa 47.24(21) 43.06(21)
Por10 [17,73,76] ab initioD2

1/2 + RCs meas. + αr 59.42(3)
Saf11 [57] ab initio, RCCSD 47.72(59)
Nan12 [58] ab initio, RCCSDT 43.05(15)
Bor13 [59] ab initio, RCCSDT 59.13
Saf13 [60] ab initio, RLCCSDT 43.03(9)
Sah13 [61] ab initio, RCCSDT 42.94(9)
Jai13 [62] semiempirical 42.98
Yon14 [63] semiempirical 58.72 47.07 42.94
Pat15 [17,73,85] τ3/2 meas. + RCs meas. + αr 59.21(7)
This work direct meas. 59.39(9) 47.39(8) 42.93(7)

elements associated with the principal transitions to D1/2

and D3/2.
In 2002, Derevianko and Porsev demonstrated a method

for obtaining values of D2
1/2,Cs and D2

3/2,Cs from Cs van der
Waals C6 coefficients [17] and RCs [73]. Figure 9 includes
α values derived using experimental Cs C6 measurements in
conjunction with that method [77,78].

C. Other atomic properties derived from our polarizability
measurements

Finally, we use our polarizability measurements to report
matrix elements, lifetimes, oscillator strengths, line strengths,
and van der Waals C6 coefficients. These results are shown in
Table VI. In these calculations, we use residual polarizabilities
αr and matrix element ratios R from Table V. To report matrix
elements and lifetimes, we use Eqs. (13) and (10). αi is given
in terms of oscillator strengths fij as

αi = e2

4πε0m

∑
j 
=i

fij

w2
ij

+ αr, (14)

where m is the electron mass. αi is also given in terms of line
strengths Sji as

αi = 1

6πε0�
∑
j 
=i

Sji

giωij

+ αr . (15)

C6 can be expressed in terms of dynamic polarizability as

C6 = 3

π

∫ ∞

0
α(iω)2dω. (16)

Derevianko et al.’s 2010 work tabulates values of α(iω) for
Cs, Rb, and K atoms, among others [88]. To derive C6 values
from our α(0) measurements, we modify Derevianko et al.’s
values of α(iω) to get

αnew(iω) = α̃(iω) + [αthiswork(0) − α̃(0)]
αp(iω)

αp(0)
, (17)

where α̃(iω) and α̃(0) refer to values tabulated by Derevianko
et al. In the above equation (17), αp(iω) is the contribution to
α(iω) by the principle transitions. The ratio αp(iω)/αp(0) is
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FIG. 9. (Color online) Comparisons of our laboratory’s polar-
izability measurements (this work as well as [11]) and Amini
and Gould’s αCs measurement [8] to polarizabilities derived from
measured lifetimes and lifetime ratios [64–73], lifetimes inferred
from photoassociation data [74,75], theoretical D2 values [76], and
van der Waals C6 measurements [17,77,78]. Values in this plot from
1999 and later are also reported in Table VIII at the end of this paper.

given by

αp(iω)

αp(0)
=

1
ω2

1/2+ω2 + R
ω1/2
ω3/2

ω2
3/2+ω2

1
ω2

1/2
+ R

ω1/2

ω3
3/2

. (18)

Predictions of the parity-nonconserving amplitude, EPNC,
in Cs depend heavily on D1/2. We note that our Cs D1/2 value
is consistent with the theoretical Cs D1/2 calculated by Porsev
et al. in 2010 for the purpose of interpreting PNC data as a test
of the standard model [76].

Finally, we use our measurements together with recent
measurements of Cs, Rb, and K αnp1/2 − αns1/2 [86,87] to report
excited-state polarizabilities αnp1/2 with better than 0.08%
uncertainty. These results are shown in Table VII and serve
as benchmark tests for calculations of dipole transition-matrix
elements for p − d transitions.

IV. OUTLOOK

We are currently exploring ways to measure the polarizabil-
ity of Li and metastable He, the polarizabilities of which can
be accurately calculated. By measuring αCs/αHe∗ or αCs/αLi,
we could report αCs with precision comparable to that of
the ratios reported here for the benefit of PNC research.
Such a measurement would also act as a calibration of the
measurements presented in this work because it would be
independent of systematic errors that may affect our direct
measurements.

We are also exploring electron-impact ionization schemes
for atom detection, which would allow us to detect most atoms
and molecules. Our Langmuir-Taylor detector only allows us
to detect alkali metals and some alkaline-Earth metals [21].
Installing an electron-impact ionization detector would allow
us to broaden the scope of atom interferometry as a precision
measurement tool.
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Abstract: We present revised measurements of the static electric dipole polarizabilities of K, Rb,
and Cs based on atom interferometer experiments presented in [Phys. Rev. A 2015, 92, 052513] but
now re-analyzed with new calibrations for the magnitude and geometry of the applied electric field
gradient. The resulting polarizability values did not change, but the uncertainties were significantly
reduced. Then, we interpret several measurements of alkali metal atomic polarizabilities in terms
of atomic oscillator strengths fik, Einstein coefficients Aik, state lifetimes τk, transition dipole matrix
elements Dik, line strengths Sik, and van der Waals C6 coefficients. Finally, we combine atom
interferometer measurements of polarizabilities with independent measurements of lifetimes and C6

values in order to quantify the residual contribution to polarizability due to all atomic transitions
other than the principal ns-npJ transitions for alkali metal atoms.

Keywords: atom interferometry; polarizability; oscillator strengths; state lifetimes; dipole matrix
elements; line strength; van der Waals interactions

1. Introduction

Atomic and molecular interferometry [1,2] has become a precise method for measuring atomic
properties such as static polarizabilities [3–7], van der Waals interactions [8–10], and tune-out
wavelengths [11,12]. Calculating these atomic and molecular properties ab initio is challenging because
it requires modeling of quantum many-body systems with relativistic corrections. For example,
different methods for calculating polarizabilities yield results that vary by as much as 10% for
Cs [13–41]. For molecules, the challenges are even greater. Furthermore, determining the uncertainty
for an ab initio calculation can be difficult. Polarizability measurements made with matter wave
interferometry, and, therefore, have been used to assess which calculation methods are most
valid. Testing these calculations is important because similar methods are used to predict atomic
scattering cross sections—Feshbach resonances, photoassociation rates, atom-surface van-der Waals
C3 coefficients, atomic parity-violating amplitudes, and atomic clock shifts due to thermal radiation
or collisions.

In this manuscript, we first present revised uncertainties on our most recent K, Rb, and Cs static
polarizability measurements [3] in Section 2. We then show how to use polarizability measurements for
alkali metal atoms [3–5,7] as input for semi-empirical calculations of atomic properties such as oscillator
strengths, Einstein A coefficients, state lifetimes, transition matrix elements, and line strengths, as we
discuss in Section 3.1. We use polarizability measurements to predict van der Waals C6 coefficients
in Section 3.2. To support this analysis, throughout Section 3, we use theoretical values for so-called
residual polarizabilities of alkali metal atoms, i.e., the contributions to polarizabilities that come from
higher-energy excitations associated with the inner-shell (core) electrons and highly-excited states of

Atoms 2016, 4, 21; doi:10.3390/atoms4030021 www.mdpi.com/journal/atoms
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the valence electrons. The idea-chart in Figure 1 shows connections between the residual polarizability
(αr) and several quantities related via Eqnations (1)–(17) that we use to interpret polarizabilities.

Then, in Section 4, we demonstrate an all-experimental method for measuring residual
polarizabilities. We do this by using polarizability measurements in combination with independent
measurements of lifetimes and van der Waals C6 coefficients. This serves as a cross-check for some
assumptions used in Section 3 that are also used for analysis of atomic parity violation and atomic
clocks. Section 4 highlights how atom interferometry measurements shown in Table 1 are sufficiently
precise to directly measure the static residual polarizability, αr(0), for each of the alkali-metal atoms:
Li, Na, K, Rb, and Cs.

C6



p r

fD1 AD1 DD1  SD1 1/2

R

core

cv
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fD2 AD2 DD2  SD2 3/2
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+

Figure 1. An idea chart showing connections between various quantities defined in Equations (1)–(17)
that we relate to static polarizability α(0) for alkali metal atoms. Quantities in red have been directly
measured. In this chart, as well as in this paper, α refers to polarizability in general, while α(ω)

indicates dynamic (i.e., frequency-dependent) polarizability and α(0) indicates static polarizability.
Polarizability (static or dynamic) can be written as the sum of principal (αp) and residual (αr)
components, and the residual components themselves can be written as the sum of the polarizability of
the inner-shell electrons (αcore), contributions from excitations to higher valence states and continuum
states (αv′ ), and a core-valence coupling term (αcv). The van der Waals C6 coefficient can be calculated
by integrating the square of the dynamic polarizability over all frequencies ω. For alkali atoms,
the principal component of polarizability can be written in terms of the oscillator strengths ( f ),
Einstein A coefficients (A), dipole transition matrix elements (D), line strengths (S), or lifetimes τ

associated with the atoms’ ns1/2 − np1/2 and ns1/2 − np3/2 transitions (where n = 2 for Li, n = 3 for
Na, and so forth), also known as the D1 and D2 transitions. Line strength ratios R can be used to relate
pairs of f , A, D, S, or τ values.

2. Revised Uncertainties on Recent Polarizability Measurements

We reduced the uncertainties in our most recent K, Rb, and Cs static polarizability
measurements [3] to 0.11% by reducing the total systematic uncertainty from 0.15% to 0.10%. In our
experiment, we used static electric field gradients created by cylindrical electrodes, indicated in
red in Figure 2, to induce phase shifts in our atom interferometer. These phase shifts depend
linearly on static polarizability α(0) and also depend on various electric field geometry parameters,
including the distance a between the electrodes and the square of the voltage V between the electrodes.
Therefore, we can use high-precision measurements of those phase shifts together with high-accuracy
measurements of the apparatus geometry parameters, including a and V, to report static polarizabilities.
In practice, we translate the electrodes in the direction perpendicular to the beamline (see Figure 2) to
expose the interferometer to different electric field gradients and measure the phase shift as a function
of the electrodes’ position. Figure 3a shows an example of how the induced phase shift changes as
we move the electrodes in such a way. The accuracy of our polarizability measurements is limited by
how accurately we know the apparatus geometry parameters. For this reason, we reduced the total
systematic uncertainty in our measurements by making higher-accuracy measurements of a and V.
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We reduced the systematic uncertainty in our measurements from 0.15% to 0.12% by calibrating
the voltage supplies connected to the electrodes to 36 ppm using a Vitrek 4700 high-accuracy voltmeter.
Each electrode is held at its respective positive or negative voltage with respect to ground by its
own power supply. We concluded that, when we instructed the power supplies to output ±6 kV,
both power supplies were actually supplying ±6.0026(2) kV. Our results agreed with less-accurate
calibration measurements of ±6.003(3) we made earlier using a Fluke 287 multimeter and a Fluke
80k-40 high-voltage probe. At normal operating temperatures, our calibration measurements were
completely reproducible to within the resolution of the Vitrek 4700.

In the past, we measured the distance a between electrodes to be 1999.9(5) µm by sweeping the
electrodes across the beamline and measuring the lateral positions at which the electrodes eclipsed
the beam (see an example of these data in Figure 3b). We found that scatter in our measurements was
explained by misalignment of the collimating slits and detector. After correcting for this source of
error, we measured the distance between electrodes to be 1999.7(2) µm, which further reduced our
total systematic uncertainty from 0.12% to 0.10%. Our measurements did not change as a function of
maximum atom flux, electrodes translation motor speed, atom beam y position or vertical collimation,
atom beam velocity, or atomic species.

By themselves, the new values we measured for the electrodes’ voltages and the distance between
the electrodes changed our reported polarizabilities by +140 ppm and −140 ppm, respectively.
Therefore, the polarizability values that we report are the same as those in [3] but with smaller
uncertainties. It is also worth noting that either of the ±140 ppm changes, by themselves, would
still not have been statistically significant. These reduced total uncertainties are shown alongside the
previously-reported values in Table 1.
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Figure 2. Diagram of the atom interferometer we used to measure the static polarizabilities of K, Rb,
and Cs [3]. A pair of cylindrical, oppositely-charged electrodes, indicated in red, induce phase shifts
that depend on atoms’ polarizabilities and the gradient of the produced electric field.
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Figure 3. (a) Induced phase shift in the interferometer vs the lateral position of the electrodes with
respect to the beam; (b) Observed atom beam flux as a function of the electrodes’ lateral position.
We use these data to determine the distance between the electrodes.

3. Analysis of Atom Interferometry Polarizability Measurements

Table 1 lists polarizability measurements made with atom interferometry. For Li, Na, K, Rb, and Cs,
atom interferometry has provided the best available measurements. Polarizability measurements
made using other methods are reviewed in [13,42–46].

Table 1. Measurements of static polarizabilities α(0) made using atom or molecule interferometry.
References [4,5] used a septum electrode and references [3,6,7] used electric field gradients to shift
the phase of matter wave interference fringes. Results are presented both in Å3 and atomic units (au).
Values we use for analysis in this paper are in bold.

Atom or Polarizability Ref. Uncertainty
Molecule (Å3) (au)

Li 24.33(16) 164.2(11) [5] 0.66%

Na 24.11(8) 162.7(5) [4] 0.35%
Na 24.11(18) 162.7(12) [7] 0.75%

K 43.06(21) 290.6(14) [7] 0.49%
K 42.93(7) 289.7(5) [3] 0.16%
K 42.93(5) 289.7(3) this work 0.11%

Rb 47.24(21) 318.8(14) [7] 0.44%
Rb 47.39(8) 319.8(5) [3] 0.17%
Rb 47.39(5) 319.8(3) this work 0.11%

Cs 59.39(9) 400.8(6) [3] 0.15%
Cs 59.39(6) 400.8(4) this work 0.11%

C60 88.9(52) 600(35) [6] 5.9%

C70 108.5(65) 732(44) [6] 6.5%

The original References [3,4,7] show how the polarizability measurements in Table 1 compare to
theoretical predictions [13,19–41]. In this article, we devote our attention to interpreting the atomic
polarizability measurements in Table 1 in a systematic and tutorial manner. In the rest of Section 3,
we show how to use these polarizability measurements to predict other atomic properties such as
oscillator strengths, lifetimes, matrix elements, line strengths, and van der Waals C6 coefficients,
following procedures described earlier by Derevianko and Porsev [47], Amini and Gould [42],
and Mitroy, Safronova, and Clark [13], among others. Then, in Section 4, we use the polarizabilities
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in Table 1 to provide experimental constraints on the residual polarizabilities, αr, for each of the
alkali atoms.

3.1. Reporting Oscillator Strengths, Lifetimes, Matrix Elements, and Line Strengths from Static Polarizabilities

The dynamic polarizability, α(ω), of an atom in state |i〉 can be written as sum over electric-dipole
transition matrix elements 〈k|e~r|i〉, Einstein coefficients Aik, oscillator strengths fik, or line strengths
Sik as

α(ω) =
e2

m ∑
k 6=i

fik

ω2
ik −ω2

, (1)

α(ω) = 2πε0c3 ∑
k 6=i

Akiω
−2
ik

ω2
ik −ω2

gk
gi

, (2)

α(ω) =
2

3h̄ ∑
k 6=i

|〈k|e~r|i〉|2ωik

ω2
ik −ω2

, (3)

α(ω) =
1

3h̄ ∑
k 6=i

Sikωik

ω2
ik −ω2

, (4)

where e and m are the charge and mass of an electron, ωik = (Ek − Ei)/h̄ are resonant frequencies for
excitation from state |i〉 to state |k〉, and gk = 2Jk + 1 is the degeneracy of state |k〉. The squares
of electric dipole transition matrix elements |〈k|e~r|i〉|2, or equivalently 3|〈k|e~x|i〉|2, are related
to the reduced dipole matrix elements (denoted with double bars) by |〈k‖e~r‖i〉|2 = |Dik|2 =

∑mk ,mi
|〈k|e~r|i〉|2 = |〈k|e~r|i〉|2gi using the Wigner–Eckart theorem. For ground state alkali atoms,

line strength Sik = |Dik|2.
The expressions for polarizability α(0) in Equations (1)–(4) each have dimensions of 4πε0 times

volume, as expected from the definitions ~p = α~E and U = − 1
2 α|~E|2, where ~p is the induced dipole

moment and U is the energy shift (Stark shift) of an atom in an electric field ~E. When polarizability is
reported in units of volume (typically Å3 or 10−24 cm3), it is implied that one can multiply by 4πε0 to
get polarizability in SI units. The atomic unit (au) of polarizability, e2a2

0/Eh, is equivalent to a3
0 × 4πε0,

where a0 is the Bohr radius, and Eh is a Hartree. Since (4πε0) = 1 in au, polarizability is naturally
expressed in atomic units of volume of a3

0 (and for reference a3
0 = 0.148185 Å3).

Since the principal D1 and D2 transitions of alkali metal atoms (denoting the ns-np1/2 and
ns-np3/2 transitions, respectively, where n = 6 for Cs, n = 5 for Rb, n = 4 for K, n = 3 for Na, and n = 2
for Li), account for over 95% of those atoms’ static polarizabilities [33], it is customary to decompose
polarizability as

α(ω) = αp(ω) + αr(ω), (5)

where αp(ω) represents the contribution from the principal transitions and αr(ω) is the residual
polarizability due to all other excitations. The residual polarizability itself can be further decomposed as

αr(ω) = αv′(ω) + αcore(ω) + αcv(ω), (6)

where αv′ is due to excitations of the valence electron to higher-energy valence states as well as
continuum states, αcore is the polariability due to the core electrons, and αcv is due to correlations
between core and valence electrons. Sometimes, the notation αtail is used to denote a subset of αv′ with
n′ > (n + 3) [48], or n′ > (n + 5) [32], or an even higher cutoff such as n′ > 26 [40].
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Using the decomposition in Equation (5), we can rewrite Equations (1)–(4) for static
(ω = 0) polarizabilities:

α(0) =
e2

m

[
fD1

ω2
D1

+
fD2

ω2
D2

]
+ αr(0), (7)

α(0) = 2πε0c3

[
τ−1

1/2

ω4
D1

+ 2
τ−1

3/2

ω4
D2

]
+ αr(0), (8)

α(0) =
1

3h̄

[ |DD1|2
ωD1

+
|DD2|2

ωD2

]
+ αr(0), (9)

α(0) =
1

3h̄

[
SD1

ωD1
+

SD2

ωD2

]
+ αr(0). (10)

Equation (8) is written in terms of lifetimes τ−1
k = ∑i Aki, rather than Einstein A coefficients

because alkali metal atom npJ states decay with a branching ratio of 100% to their respective ground
ns1/2 states. To support our analysis of polarizabilites, here in Section 3, we use theoretically
calculated values of residual static polarizabilities αr(0) = 2.04(69) au for Li, αr(0) = 1.86(12) au for Na,
αr(0) = 6.26(33) au for K, αr(0) = 10.54(60) au for Rb, all from Safronova et al. [48], and αr(0) =
16.74(11) au for Cs from Derevianko et al. [47]. Table A1 in Appendix A lists these and several other
published values for αcore(0), αv′(0), αcv(0) and αr(0). We do not need to consider the hyperfine
structure of the ns1/2, np1/2, and np3/2 levels because the transition frequencies ωD1 and ωD2 are
defined with respect to the center of gravity of the hyperfine states associated with each fine structure
level. Furthermore, hyperfine splitting results in multiple resonance frequencies that are each shifted
by less than a few parts in 105, which is insignificant compared to the experimental uncertainties in
atomic property measurements discussed throughout this article.

Since ωD1 and ωD2 are well known [49], we can further use Equations (7)–(10) to derive
expressions for |Dik|2, τk, and fik in terms of α(0), αr(0), and a ratio of line strengths R:

fD1 =
[α(0)− αr(0)](

e2

mω2
D1

)
(

1
1 + R ωD1

ωD2

)
, (11)

fD2 =
[α(0)− αr(0)](

e2

mω2
D1

)
(

R
ωD2
ωD1

+ R

)
, (12)

τ1/2 =
2πε0c3ω−3

D1
[α(0)− αr(0)]

(
1

ωD1
+

R
ωD2

)
, (13)

τ3/2 =
2πε0c3ω−3

D2
[α(0)− αr(0)]

(
2

RωD1
+

2
ωD2

)
, (14)

|DD1|2 = SD1 = [α(0)− αr(0)]

(
3h̄

1
ωD1

+ R
ωD2

)
, (15)

|DD2|2 = SD2 = [α(0)− αr(0)]

(
3h̄

1
RωD1

+ 1
ωD2

)
, (16)

where R is defined as

R ≡ SD2

SD1
=
|DD2|2
|DD1|2

=
fD2

fD1

ωD1

ωD2
= 2

τ1/2

τ3/2

(
ωD1

ωD2

)3
. (17)

To support our analysis of polarizabilities, we will use R = 2.0000 for Li inferred from [18],
R = 1.9994(37) for Na [50], R = 1.9976(13) for K [51], R = 1.99219(3) for Rb [12] , and R = 1.9809(9)
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for Cs [52]. It is noteworthy that References [11,12,51] determined R experimentally using atom
interferometry measurements of tune-out wavelengths.

Table 2. Atomic properties inferred from experimental polarizability measurements made using
atom interferometry [3–5] and theoretical residual polarizabilities [47,48]. Reduced matrix elements
DD1 = 〈np1/2‖r‖ns1/2〉 and DD2 = 〈np3/2‖r‖ns1/2〉, lifetimes τnp1/2 and τnp3/2, oscillator strengths
f , and line strengths S shown here are inferred from measurements of polarizabilities, α(0) shown in
Table 1 using Equations (11)–(16). Subscripts D1 and D2 refer to the ns-np1/2 and ns-np3/2 transitions,
respectively, where n = 6 for Cs, n = 5 for Rb, n = 4 for K, n = 3 for Na and n = 2 for Li. Uncertainty budget
components δα, δR, and δαr come from the uncertainties in α(0) [3–5] (see Table 1), R [12,18,50–52],
and αr(0) [47,48] (see Table A1). The resulting uncertainties for DD1, DD2, τnp1/2, τnp3/2, fD1, fD2,
SD1, and SD2 are reported presuming possible errors δα, δR, and δαr are uncorrelated. The symbol (-)
indicates an uncertainty <1 in the least significant digit.

atom DD1 (au) δα δR δαr DD2 (au) δα δR δαr

Li 3.318(13) (11) (-) (7) 4.693(19) (16) (-) (10)
Na 3.527(6) (6) (2) (1) 4.987(8) (8) (2) (2)
K 4.101(4) (3) (1) (2) 5.800(5) (4) (1) (3)
Rb 4.239(5) (3) (-) (4) 5.989(7) (4) (-) (6)
Cs 4.508(3) (3) (1) (1) 6.345(4) (4) (-) (1)

atom τ1/2 (ns) δα δR δαr τ3/2 (ns) δα δR δαr

Li 27.08(21) (18) (-) (11) 27.08(21) (18) (-) (11)
Na 16.28(6) (5) (2) (3) 16.24(5) (5) (1) (1)
K 26.80(4) (3) (1) (3) 26.45(4) (3) (1) (3)
Rb 27.60(6) (3) (-) (5) 26.14(6) (3) (-) (5)
Cs 34.77(5) (5) (1) (1) 30.37(5) (4) (1) (-)

atom fD1 δα δR δαr fD2 δα δR δαr

Li 0.2492(20) (17) (-) (11) 0.4985(39) (33) (-) (39)
Na 0.3203(12) (11) (4) (2) 0.6410(23) (22) (4) (5)
K 0.3317(6) (4) (1) (4) 0.6665(11) (8) (1) (7)
Rb 0.3438(8) (4) (-) (7) 0.6982(17) (9) (-) (14)
Cs 0.3450(5) (5) (1) (1) 0.7174(10) (10) (1) (2)

atom SD1 (au) δα δR δαr SD2 (au) δα δR δαr

Li 11.01(9) (8) (-) (5) 22.02(17) (15) (-) (9)
Na 12.44(5) (4) (2) (1) 24.87(8) (8) (2) (2)
K 16.82(3) (2) (1) (2) 33.64(6) (4) (1) (4)
Rb 17.97(4) (3) (-) (3) 35.87(8) (4) (-) (7)
Cs 20.32(3) (3) (1) (1) 40.26(5) (5) (1) (1)

Table 2 shows principal transition matrix elements, lifetimes, line strengths, and oscillator
strengths inferred from experimental polarizability measurements [3–5] and theoretical αr(0)
values [47,48] using Equations (11)–(17). Our inferred lifetimes for K, Rb, and Cs are based on α(0)
measurements with 0.11% uncertainty, yet our derived lifetimes have slightly larger uncertainty. In the
case of Li, Na, K and Rb, this is because roughly half of the total uncertainty comes from uncertainty
in αr(0), whereas for Cs, the uncertainties in τ are dominated by contributions from uncertainty in
α(0). Because there have been many high precision measurements of alkali metal principal transition
lifetimes, it is useful to compare our derived lifetimes to those measurements. Our derived K and
Rb lifetimes agree well with and have comparable uncertainty to those measured by Volz et al. [50],
Wang et al. [53,54], and Simsarian et al. [55]. Because the α(0) measurements used to derive the Li
and Na lifetimes in Table 2 are less precise, our inferred Na lifetimes have about twice the uncertainty
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(about 0.4%) of measurements by Volz et al. [50], and our inferred Li lifetimes have much greater
uncertainty than measurements by Volz et al. [50] and McAlexander et al. [56].

For Cs, the lifetimes we report in Table 2 for this work have an uncertainty of less than 0.15%,
which is slightly smaller than the uncertainty of four previous high-precision determinations of the
Cs 6pJ state lifetimes [47,57–59]. Table 3 and Figure 4 show how our semi-empirical lifetime results
are consistent with [47,58] but differ from lifetimes reported in [57,59]. Our results deviate by 1.5σ

from τ1/2 found in [57] and by 3σ from τ1/2 in [59], where σ for the deviations here refers to the
combined uncertainty (added in quadrature) for the experiments. Comparing the sum of line strengths
(SD1 + SD2), a quantity that is mostly independent of R, provides a similar conclusion: our results are
consistent with [47,58] but differ by two and three σ from [57,59].

Because the two recent measurements of αCs(0) by Gregoire et al. [3] and Amini and Gould [42]
were made using very different methods, we combine these measurements using a weighted average
in order to report a value for τ6p1/2,Cs with even smaller (0.03 ns) uncertainty in Table 3. We note that,
due to the uncertainty in R and αr(0), the uncertainty in τ6p1/2,Cs would still be 0.01 ns even if the
polarizability measurements had no uncertainty.

The Cs |DD1| value calculated ab initio by [60] is also consistent with our results for |DD1|.
Since our results come from independent measurements of α(0) and R, combined with theoretical
values for αr(0) , the agreement between our result for |DD1|with that of Derevianko and Porsev [47,60]
adds confidence to their analysis of atomic parity violation [60,61].
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Figure 4. Comparisons of Cs principal transition lifetimes inferred from polarizability measurements [3,42]
and theoretical αr,Cs(0) [47], direct measurements [57–59], semi-empirical values [47], and a
combination of Porsev et al.’s calculated |DD1| [60] and R [52].
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Table 3. Cesium 6pJ lifetimes (τJ) from several references, tabulated here for comparison. The τ2/1

and τ3/2 values that we report using α(0) measured by atom interferometry et al. [3] (combined with
values of αr(0) [60] and R [52]) are reproduced from Table 2. Similar comparisons appear in Table II
of [42] and Table I of [62].

τ1/2 (ns) τ3/2 (ns) Method and Reference(s)

34.77(5) 30.37(5) this work using α(0) from atom interferometry [3]
34.75(5) 30.35(5) this approach using α(0) from [42]
34.76(3) 30.36(3) this approach using α(0) from both [3] and [42]

35.07(10) 30.57(7) Rafac 1999 [59]
34.93(10) 30.50(7) Rafac 1994 [57]
34.75(7) 30.41(10) Young 1994 [58]
34.80(7) 30.39(6) Derevianko 2002 [47]

34.883(53) 30.462(46) τ3/2 from [62], combined with R [52] to infer τ1/2
34.755 30.3502 from DD1 calculation by [60], combined with R [52] to infer τ3/2

3.2. Deriving van der Waals Coefficients from Polarizabilities

Since polarizability determines the strengths of van der Waals (vdW) potentials, we can also use
measurements of α(0) to improve predictions for atom-atom interactions. Two ground-state atoms
have a van der Waals interaction potential

U = −C6

r6 −
C8

r8 −
C10

r10 + ..., (18)

where r is the inter-nuclear distance and C6, C8, and C10 are dispersion coefficients. For long-range
interactions in the absence of retardation (i.e. for a0 � r � c/ωD2), the C6 term is most important.
The C6 coefficient for homo-nuclear atom-atom vdW interactions depends on dynamic polarizability as

C6 =
3h̄
π

∫ ∞

0
[α(iω)]2 dω. (19)

Even though h̄ = 1 in au, we write h̄ explicitly in Equation (19) to emphasize that the dimensions
of C6 are energy × length6.

The London result of C6 = (3/4)h̄ω0α(0)2 can be found from Equation (19) by using Equation (1)
for α(iω) with a single term in the sum to represent an atom as a single oscillator of frequency ω0 with
static polarizability α(0). However, calculating C6 gets more difficult for atoms with multiple oscillator
strengths. In light of this complexity, we instead use the decomposition in Equation (5) to express C6 as

C6 =
3h̄
π

∫ ∞

0

[
αp(iω) + αr(iω)

]2 dω

=
3h̄
π

∫ ∞

0

[
αp(iω)

]2 dω +
6h̄
π

∫ ∞

0
αp(iω)αr(iω)dω +

3h̄
π

∫ ∞

0
[αr(iω)]2 dω. (20)

Because of the cross term, the integration over frequency, and the way α(iω) remains relatively
constant until ultraviolet frequencies, αr is significantly more important for C6 than for α(0).
Contributions from αr account for 15% of C6, whereas αr contributes only 4% to α(0) for Cs, as pointed
out by Derevianko et al. [33].

The fact that C6 and α(0) depend on αr in different ways (compare Equations (5) and (20)) suggests
that it is possible to determine αr(0) based on independent measurements of C6 and α(0). We will
explore this in Section 4. First, we want to demonstrate how to use experimental α(0) measurements
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and theoretical αr(iω) spectra to improve predictions of C6 coefficients. For this, we begin by factoring
αp(0) out of the αp(iω) term in the integrand of Equation (20) to get

C6 =
3h̄
π

∫ ∞

0

[
αp(0)

αp(iω)

αp(0)
+ αr(iω)

]2

dω, (21)

where the spectral shape function

αp(iω)

αp(0)
=

1
ω2

D1+ω2 +
RωD1

ωD2(ω2
D2+ω2)

1
ω2

D1
+ RωD1

ω3
D2

, (22)

uses R defined in Equation (17). We are now able to calculate C6 using our choice of αp(0), which we
can relate to static polarizability measurements via αp(0) = α(0)− αr(0). The formula for C6 can then
be written as

C6 =
3h̄
π

∫ ∞

0

[
[α(0)− αr(0)]

αp(iω)

αp(0)
+ αr(iω)

]2

dω. (23)

To use Equation (23) to infer values of C6 from our static polarizability measurements, one still
needs to know αr(iω) and αr(0). Derevianko et al. calculated and tabulated values αtab(iω) in [63]
of polarizability for all the alkali atoms, where the principal component αp(iω) was calculated using
experimental lifetime measurements by Volz and Schmoranzer [50] for Li, Na, K, and Rb and by
Rafac et al. [57] for Cs. Therefore, we know that the residual component αr(iω) of Derevianko et al.’s
tabulated values of αtab(iω) is

αr(iω) = αtab(iω)− 2πε0c3

[
τ−1

1/2ω−2
D1

ω2
D1 −ω2

+ 2
τ−1

3/2ω−2
D2

ω2
D2 −ω2

]
. (24)

Figure 5 shows an example of how αtab(iω) for Cs tabulated by Derevianko et al. [63] can be
decomposed into principal and residual parts. Figure 5 also shows the small adjustment to αp(iω) that
can be recommended based on measurements of α(0). In essence, this procedure makes the assumption
that any deviation between the measured and the tabulated [63] values of static polarizability are
due to an error in the αp part of the tabulated values, and that the αr(iω) component of the tabulated
values is correct. To assess the impact of this assumption, we next examine how uncertainty in αr(iω)

propagates to uncertainty in C6.
Equation (23) shows how C6 calculations depend on αr(0) and αr(iω) with opposite signs.

This helps explain why uncertainty in αr propagates to uncertainty in C6 with a somewhat
reduced impact. For example, if αr accounts for 15% of C6, and αr itself has an uncertainty of
5%, one might naively expect that uncertainty in C6 due to uncertainty in αr would be 0.75%.
However, using Equation (23), one can show that the uncertainty in C6 is smaller (only 0.48% due to
αr). To explain this, if a theoretical αr is incorrect, say a bit too high, then when we subtract this from
the measured α(0), we will deduce an αp(0) that is too small, and the error from this contribution to
C6 has the opposite sign from the error caused by adding back αr(iω) in Equation (23).

We can also rewrite Equation (23) by adding and subtracting the tabulated αp(iω) so that C6

depends explicitly only on the measured and tabulated (total) polarizabilities:

C6 =
3h̄
π

∫ ∞

0

[
[α(0)− αtab(0)]

αp(iω)

αp(0)
+ αtab(iω)

]2

dω, (25)

where αtab(iω) and αtab(0) refer to values tabulated by Derevianko et al. This way C6 does not explicitly
depend on αr.
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Figure 5. Cesium atom αtab(iω) tabulated in [63] (black line), and its decomposition into calculated
αp(iω) based on τ1/2 and τ3/2 values [50] with Equation (2) (green line) and the residual αr(iω) (red
line). The black dotted line represents the adjustment to αp(iω) when we substitute α(0) measurement
into Equation (23). Axes are in atomic units.

Using Equation (25), or equivalently Equations (23) and (24), our calculated C6 values for Rb and
Cs agree with recent theoretical and experimental C6 values, as shown in Figure 6. For K, our predicted
C6 is different from that measured by D’Errico et al. using Feshbach resonances by roughly 3σ.
Of course, this discrepancy may be at least partly explained by statistical errors in the C6 and α(0)
measurements for K atoms. In the next section, however, we will explore how an error in the αr(iω)

used to construct αtab(iω) for K could partly explain this discrepancy.
To interpret the C6 values that we report in Table 4, we compare these semi-empirical results

to direct measurements and earlier predictions of C6 in Figure 6. One sees that the uncertainty of
C6 measurements that we report based on atom interferometry measurements of polarizability are
comparable to direct measurements [64–66] and slightly more precise than previous semi-empirical
predictions [63].

Table 4. Homonuclear van der Waals C6 coefficients, in atomic units, calculated using experimental
static polarizabilities shown in Table 1 and tabulated dynamic polarizabilities from [63].
The two contributions to the uncertainty δα(0) and δαr(0) for each C6 value are, respectively, due to the
uncertainties in measured α(0) and uncertainties estimated for Derevianko et al.’s values for αr(iω)

used to calculate αtab(iω). Derevianko et al. [33] reported uncertainty in αr(0) by using “an estimated
5% error for the core polarizabilities, and a 10% error for the remaining contributions to αr(0)”.
Several other authors also estimate 5% or 2% error for αcore.

Atom C6 δα(0) δαr(0)

Li 1394(20) 18 7
Na 1558(11) 10 1
K 3884(16) 7 14
Rb 4724(31) 10 30
Cs 6879(15) 13 7
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Figure 6. Theoretical [63] and experimental [64–68] C6 values of K, Rb, and Cs from several
different sources and the C6 values determined in this article from polarizability measurements [3].
The experimental C6 values were all determined from Feshbach resonance data.

4. Determining Residual Polarizabilities Empirically

4.1. Using Combinations of α(0) and τ Measurements to Report αr Values

While in Section 3, we demonstrated how to report atomic lifetimes from polarizability
measurements and theoretical values for αr(0); here, we invert this procedure and use combinations
of α(0), τ1/2, and τ3/2 measurements to place constraints on αr(0). For this, we solve Equation (8)
for αr(0):

αr(0) = α(0)− 2πε0c3

[
τ−1

1/2

ω4
D1

+ 2
τ−1

3/2

ω4
D2

]
. (26)

Figure 7 shows the difference between polarizability measurements α(0) and the inferred
contribution to polarizability from the principal transitions αp(0) based on lifetime measurements.
We take the weighted average of αp(0) based on a collection of available lifetime measurements, and
we use the weighted average of the two high-precision αCs(0) measurements. We obtain αr,Li(0) =
2(1), αr,Na(0) = 2.0(5), αr,K(0) = 5.4(4), αr,Rb(0) = 11.4(5), and αr,Cs(0) = 18.1(5). This analysis shows
significantly nonzero αr(0) values for Li, Na, K, Rb, and Cs based entirely on experimental data.

For Cs, this approach is sufficiently precise to empirically measure αr(0) with 3% uncertainty,
which is similar to the uncertainty of theoretical values [47,48]. The width of the blue and red bands
in Figure 7 indicate the contributions to this uncertainty from the atom interferometry polarizability
measurements and the uncertainty contributions from lifetime measurements. In order to improve
the accuracy of α(0) reported this way, one would require improvements in both the polarizability
measurements and the lifetime measurements.
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Figure 7. Differences between recent α(0) measurements [3–5,7,42] and an average of αp,Cs

values calculated from lifetime measurements [50,53–59,62,69–75] and R values [12,18,50–52].
The uncertainties on those averages are used to calculate the resulting uncertainties in αr(0).

We can use a similar approach by combining polarizability measurements with ab initio |Dik|
calculations. One of the highest-accuracy calculations of |DD1| was reported for Cs by Porsev et al. [60]
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in order to help interpret atomic parity violation experiments. This |DD1| can be combined with R [52]
using Equations (9) and (17) as

αr(0) = α(0)− |DD1|2
3h̄

[
1

ωD1
+

R
ωD2

]
. (27)

This approach produces a somewhat lower value of αr(0) = 16.5(4) with about 2.5% uncertainty.
We compare the results using lifetimes and this result using the ratio of line strengths (R) and a
calculated dipole matrix element with other results in Figure 9 and Table 5 at the end of this section.

4.2. Using Combinations of α(0) and C6 Measurements to Report αr Values

Earlier in Section 3.2, we demonstrated how to calculate van der Waals C6 coefficients from
polarizability measurements and assumptions about residual polarizabilities. We can also invert
this procedure, and analyze combinations of α(0) and C6 measurements in order to place constraints
on αr(0). For this, we will assume the spectral function αr(iω)/αr(0) is sufficiently known and
simply factor out an overall scale factor for the static residual polarizability from the formula for C6

Equation (23) as follows:

C6 =
3h̄
π

∫ ∞

0

[
(α(0)− αr(0))

αp(iω)

αp(0)
+ αr(0)

α̃r(iω)

α̃r(0)

]2

dω, (28)

where α̃r(iω) and α̃r(0) refer to values we infer from Equation (24) using values tabulated by
Derevianko et al. We then plot predictions for C6 versus predictions for α(0) parametric in hypothetical
αp(0) for different values of αr(0). This is shown in Figure 8 along with measurements of C6 (red)
and α(0) (blue). Even on the graph with a large domain (small plots in Figure 8) where one sees the
generally quadratic dependence of C6 on α(0), it is evident that a model with αr(0) = 0 is incompatible
with the data. On the expanded region of interest (larger plots in Figure 8), one sees the intersection
of C6 and α(0) measurements specifies a value of αr(0). For Cs, we obtain an αr(0) = 16.8(8) that
is consistent with αr(0) found from the other two methods we have presented so far in Section 4.
This method is valuable because it relies on independent measurements of C6 and α(0) to provide an
empirical measurement of the size of αr.

These plots show the values of αr(0) and the corresponding uncertainties that we would infer
using experimental values (and their uncertainties) of α(0) and C6. From these studies, we find a
best fit αr(0) of 8.0(4) for K, 9.6(4) for Rb, and 16.8(8) for Cs. The analysis for K highlights how the
discrepancy between D’Errico et al.’s [64] C6,K measurement and the C6,K that we infer from our α(0)
measurement [3] could be explained in part by error in assumed αK(0).

Figure 9a and Table 5 show the αr,Cs(0) values we inferred from lifetime measurements, van der
Waals C6 coefficients, and Porsev et al.’s calculated |DD1,Cs|. Our results are compared to ab initio
calculations of αr,Cs(0) [47,48,63] as well as ab initio calculations of αcore,Cs [76–80] to which we added
αv′ + αcv. Also among the comparisons in Figure 9a are measurements of Cs+ ionic polarizability [81–84],
which approximates αcore,Cs, again adjusted by adding αv′ + αcv. Figure 9b shows our results alongside
the ab initio αr(0) values calculated by Safronova et al. [48] and Derevianko and Porsev [47] for Li, Na,
K, Rb, and Cs.

Figure 9 shows some disagreement between our α(0) + τ and α(0) + C6 methods, especially with
regard to K and Rb. There are several possible contributors to such disagreement. While the α(0) + τ

results were based on an average of several, independently-measured lifetimes, both of our methods
relied on only one (or, in the case of Cs, two) α(0) measurements and our α(0) + C6 method relied on a
single C6 measurement. Therefore, statistical variation or systematic errors that were not accounted for
in those α(0) or C6 measurements could have a significant effect on our reported αr(0). In addition, it is
important to note that our α(0) +C6 method relied on a single set of α(iω) calculated using one specific
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theoretical approach [63], and that there are other theoretical approaches that could lead to different
values of α(iω).

[3]

[3]

[3]

[66]

[65]

[64]

[63]

[63]

[63]

C
6,
C
s

C
6,
R
b

C
6,
K

C
6,
C
s

C
6,
R
b

C
6,
K

α Cs (0)

α Rb(0)

αK (0)

α Cs (0)

α Rb(0)

αK (0)

Figure 8. C6 vs. α(0) for small deviations about experimental values of α(0) [3]. The different curves
correspond to different values of αr(0): The pink curve corresponds to the value of αr(0) inferred
from experimental measurements of C6 and α(0) [3], and the error bands on that curve represent the
resulting uncertainty in αr(0) due to uncertainty in C6 and α(0). The black curve corresponds to the
values of α(iω) tabulated by Derevianko et al. [63]. Finally, the green line corresponds to αr(0) = 0, and
the inset on each plot shows C6 versus α(0) for a wider range of α(0). For these plots, we used the C6,K

measurement by D’Errico et al. [64], C6,Rb by van Kempen et al. [65], and C6,Cs by Chin et al. [66]. In
the smaller plots, we can see that C6 vs. α(0) is approximately quadratic.
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Figure 9. (a) αr(0) values deduced by combining α(0) measurements [3–5,7,42] with either C6

measurements [64–66] or principal transition lifetime measurements [50,53–59,62,69–75] and R
values [12,18,50–52]. These inferred values are compared to the theoretical αr(0) values we used
elsewhere in this work by Safronova et al. [48] and Derevianko and Porsev [47]; (b) αr,Cs(0) values
deduced by combining measured αCs(0) [3] with either measured C6,Cs [66], principal transition
lifetime [57–59,62,75] and RCs [52] measurements, or αp,Cs(0) inferred from calculated |DD1,Cs| [60] and
measured RCs [52]. These inferred values are compared to several theoretical calculations [47,48,63,76–80]
and Cs ion polarizability measurements [81–84]. The asterisk (*) indicates that the indicated references
provided αcore values which we converted to αr(0) values by adding αv′ + αcv = 1.81− 0.72 = 1.09 (in
atomic units).

Table 5. αr(0)values deduced by combining α(0)measurements [3–5,7,42] with either C6 measurements [64–66],
principal transition lifetime measurements [50,53–59,62,69–75] and R values [12,18,50–52], or |DD1| [60] and R
values [52]. These inferred values are compared to the theoretical αr(0) values we used elsewhere in this
work by Safronova et al. [48] and Derevianko and Porsev [47].

Atom α(0) + τ [+R] α(0) + C6 α(0) + |DD1|+ R ab initio

Li 2(1) 2.04(69) [48]
Na 2.0(5) 1.86(12) [48]
K 5.4(4) 8.0(4) 6.23(33) [48]
Rb 11.4(5) 9.6(4) 10.54(60) [48]
Cs 18.1(5) 16.8(8) 16.5(4) 17.35(100) [48] 16.74(11) [47]

The uncertainties in ab initio αr(0) predictions by Safronova et al. [48] and Derevianko and
Porsev [47] are comparable to or smaller than the uncertainties on our fully-empirical (α(0) + τ) and
semi-empirical (α(0) + C6) results. This fact, combined with the aforementioned possible contributors
to disagreement between our results, suggests that ab initio methods are still the prefered way of
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obtaining αr(0) values for use in other analyses. Even so, it is valuable to develop the methods of
analysis demonstrated in this paper so that when more accurate α(0), τ, and C6 measurements become
available, then αr(0) can be determined with higher accuracy using these methods.

The theoretical αr(0) predictions by Safronova et al. [48] have an uncertainty of 6%, which
is just slightly larger than the 5% or 3% uncertainties of the experimental αr(0) determinations
that we reported for Cs in Sections 4.1 and 4.2. However, we acknowledge that there is a 10%
deviation between the all-experimental result for αr,Cs(0) reported in Section 4.1 using α(0) and τ

measurements as compared to the semi-empirical result for αr,Cs(0) that we reported in Section 4.2
using α(0) and C6 measurements combined with the theoretical spectral function αr(iω)/αr(0).
Furthermore, the uncertainty in the theoretical αr,Cs(0) prediction by Derevianko and Porsev [47] is
significantly smaller, approximately 0.6% (and this was partly verified with independent measurements
of αcore using Rydberg spectroscopy [78]). Thus, it is possible that ab initio methods are still the
preferred way of obtaining αr(0) values for use in other analyses. Even so, we conclude that it is
valuable to develop the methods of analysis demonstrated in this paper so that when more accurate
α(0), τ, and C6 measurements become available, then αr(0) can be determined with higher accuracy
using these methods. In the future, combining measurements of αcore from Rydberg spectroscopy
with higher accuracy measurements of αr(0) could provide more direct constraints on αv′ + αcv, and
thus αtail.

5. Discussion

In this paper, we reported measurements of the static polarizabilities of K, Rb, and Cs atoms with
reduced uncertainties. We made these measurements with an atom interferometer and an electric
field gradient using data originally reported in [1]. We described in Section 2 how we reduced
the systematic uncertainty in α(0) measurements from 0.15% to 0.10% by improving the calibration
of the electric field. To our knowledge, these are now the most precise measurements of atomic
polarizabilities that have been made using any method for K, Rb, and Cs atoms. For Cs in particular,
the improvement described in this paper enabled us to report a value of αCs(0) with slightly smaller
uncertainty than Amini and Gould’s measurement of αCs(0) that they obtained using an atomic
fountain experiment [42]. Currently, this means that atom interferometer experiments have made the
most accurate measurements of atomic polarizabilities for all of the alkali metal atoms Li, Na, K, Rb,
and Cs.

In Section 3, we demonstrated how to analyze these measurements of atomic polarizabilities in
order to infer oscillator strengths, lifetimes, transition matrix elements, line strengths, and van der
Waals C6 coefficients for all the alkali metal atoms, as we did in Tables 2 and 4. We referred to the
idea chart in Figure 1 to review how these quantities are interrelated, and we described this more
explicitly with Equations (1)–(17) and (19)–(25). Building on these interrelationships, we specifically
used measurements of static polarizabilities obtained with atom interferometry, empirical ratios of
line strengths R (some of which were also obtained with atom interferometry), and theoretical values
for residual polarizabilities in order to deduce the lifetimes of excited npJ states for all of the alkali
metal atoms with unprecedented accuracy. These methods also allow us to use static polarizability
measurements as a semi-empirical benchmark to test ab initio predictions of principal ns-npJ transition
matrix elements for alkali metal atoms. Furthermore, we used these methods to test the extent to
which measurements of different atomic properties such as lifetimes, branching ratios, line strengths,
polarizabilities, and van der Waals interactions agree with one another, as shown in Figures 4 and 6.

Then, in Section 4, we explored new methods to infer residual polarizability αr(0) values by
combining measurements of atomic polarizabilities with independent measurements of lifetimes or
C6 coefficients. This constitutes a novel, all-experimental method to test several theoretical αr(0)
predictions. Using this approach, it is clear that atom interferometry measurements of atomic
polarizabilities are sufficiently precise to detect non-zero residual polarizabilities for all of the alkali
metal atoms, and can measure αr(0) with as little as 3% uncertainty for Cs atoms. This procedure
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also provides a motivation for next generation C6, α(0), τ, and tune-out wavelength measurements
that can be combined with one another to more accurately determine αr(0) values that are needed in
order to test atomic structure calculations that are relevant for interpreting atomic parity violation and
atomic clocks.
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Appendix

Table A1. Contributions to residual polarizability αr(0) = αv′ (0) + αcore(0) + αcv(0) in atomic units.
The quantity αv′ (0) is the sum of all the contributions from the valence electron ns-n′pJ transitions
with n′ > n using Equation (1). This includes αtail(0). Values in bold are used to produce the results
presented in Table 2.

Atom αv′(0) αcore(0) Ref. αcv(0) αr(0) Ref.

Li 0.189(9) [79] b 2.04(69) [48]
Li 0.192 [85]

Na 0.81 a 0.94(5) [79] b

Na 1.00(4) [76] 1.86(12) [48]

K 0.72 a 5.46(27) [79] b

K 0.90 [40] 5.50 [40]
K 5.52(4) [76]
K 5.50 [86] −0.18 [86] 6.26(33) [48]

Rb 1.32 a 9.08(45) [79] b

Rb 9.11(4) [76] 10.70(22) [12] c

Rb 9.11(4) [87] −0.30 [87] 10.54(60) [48]

Cs 1.60 a 15.8(8) [79] b −0.72 [47] 17.35(100) [48]
Cs 15.8(1) [76] 16.91 [47]
Cs 1.81 [47] 15.81 [47] 16.74(11) [47]
Cs 16.3(2) [84] d

Cs 15.17 [88] d

Cs 15.54(3) [82] e

Cs 15.82(3) [89] e

Cs 15.770(3) [81] e

Cs 17.64 [77] f

a Calculated using fik values from NIST [49] for n− n′ transitions with n′ = n+ 1 to n+ 5; b For αcore from [79]
we list a fractional uncertainty of 5% as suggested in Reference [87]; c Reference [12] calculated (αcore + αcv)
= 8.71(9) and αr = 10.70(22) at ω = 2πc/790 nm; d from studies of ions in solid crystals; e from Rydberg
spectroscopy data; f A result from DFT calculations.
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[41] Cladé, P.; De Mirandes, E.; Cadoret, M.; Guellati-Khélifa, S.; Schwob, C.;
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Polarizabilities of the alkali halide dimers. II. J. Chem. Phys. 1991, 94, 6857.

[92] Tarnovsky, V.; Bunimovicz, M.; Vuskovic, L.; Stumpf, B.; Bederson, B.
Measurements of the dc electric dipole polarizabilities of the alkali dimer
molecules, homonuclear and heteronuclear. J. Chem. Phys. 1993, 98, 3894.

[93] Tikhonov, G.; Kasperovich, V.; Wong, K.; Kresin, V. A measurement of the
polarizability of sodium clusters. Phys. Rev. A 2001, 64, 063202.
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