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ABSTRACT

Two inverse problems are investigated in this dissertation, taking into account both

the spatial and temporal aspects. The first problem considered addresses the under-

determined image reconstruction problem for dynamic SPECT. The quality of the

reconstructed image is often limited due to having fewer observations than the num-

ber of voxels. The proposed algorithms make use of the generalized α-divergence

function to improve the estimation performance. The first algorithm is based on

an alternating minimization framework to minimize a regularized α-divergence ob-

jective function. We demonstrate that selecting an adaptive α policy depending on

the time evolution of the voxels gives better performance than a fixed α assignment.

The second algorithm is based on Newton’s method. A regularized approach has

been taken to avoid stability issues. Newton’s method is generally computationally

demanding due to the complexity associated with inverting the Hessian matrix. A

fast Newton-based method is proposed using majorization-minimization techniques

that diagonalize the Hessian matrix. In dynamically evolving systems, the prediction

matrix plays an important role in the estimation process. An estimation technique

is proposed to estimate the prediction matrix using the α-divergence function. The

simulation results show that our algorithms provide better performance than the

techniques based on the Kullback-Leibler distance.

The second problem is the recovery of data transmitted over free-space optical

communication channels using orbital angular momentum (OAM). In the presence

of atmospheric turbulence, crosstalk occurs among OAM optical modes, resulting in

an error floor at a relatively high bit error rate. The modulation format considered

for the underlying problem is Q-ary pulse position modulation (PPM). We pro-

pose and evaluate three joint detection strategies to overcome the OAM crosstalk

problem: i) maximum likelihood sequence estimation (MLSE), ii) Q-PPM factor
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graph detection, iii) branch-and-bound detection. We compare the complexity and

the bit-error-rate performance of these strategies in realistic scenarios, provided by

numerical optical propagation models.
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CHAPTER 1

Introduction

1.1 Overview

In this dissertation, we investigate a class of inverse problems that not only involve

the spatial aspect, as many inverse problems do, but also a temporal aspect as part

of the optimization formulation. We will refer to this class of inverse problems as

the space-time inverse problems.

In this section we start with a general definition of inverse problems and give

examples of popular inverse problems in the science and engineering literature. A

general formulation for the type of inverse problems that this dissertation will ad-

dress is going to be provided. Two specific problems from this class of inverse

problems will be studied in this dissertation. The first is dynamic single photon

emission computed tomography (SPECT), which will be the topic of chapter 2. In

chapter 3, an optical multiplexing communication channel that falls into the class

of space-time inverse problems will covered.

Inverse problems are, broadly speaking, concerned with determining the cause

based on the observed effect. In more mathematical wording, based on a set of

observations or measurements we want to infer parameter values that cannot be

measured directly. Although, inverse problems have attracted a great deal of re-

search attention, they continue to provide challenging and relevant research topics

to work on. Consider the linear model,

y = Hx (1.1)

This linear transformation is widely used for modeling and analyzing a large num-

ber of systems in the literature. The observed vector y, the desired vector (or the
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parameters vector) x and the projection matrix H may have different physical inter-

pretations depending on the underlying inverse problem. In image processing and

medical imaging, the entries of the vector x are pixels (or voxels) and the projection

matrix H models the optical channel from the object to the camera [2]. In power

systems the vector x contains information on the voltage state angles at electrical

buses and the projection matrix H contains information on the power grid topology

[3]. In communication multiplexing systems the constellation symbols are in the

vector x, and the channel coefficients from the transmitter to the receiver are in H

[4]. This model is not only used for engineering systems it is also used in biology

and genetics [5]. The analysis of the aforementioned problems usually leads to an

optimization formulation of this sort:

min
x

‖y −Hx‖22 (1.2)

In many situations, however, this formulation is not adequate for reliable solutions.

One important example in the literature is the ill-posed inverse problem. A well-

posed problem according to the Hadamard definition has to satisfy three conditions:

i) the solution exists; ii) the solution is unique; iii) the solution depends continuously

on the input data [6, 7]. If one of these conditions is not satisfied, then we have an

ill-posed problem. Methods such as Tikhonov regularization are usually applied to

solve this problem [8, 9]. With Tikhonov regularization the optimization problem

takes the following form:

min
x

‖y −Hx‖22 + λ‖Lx‖22 (1.3)

where L is the Tikhonov matrix. The regularization term ‖Lx‖22 can be generalized

to be centered around any vector xo by using the form ‖L (x− xo) ‖22. For the case

where L = I and xo = 0 in which the regularization term becomes ‖x‖22, this is

sometimes referred to as the ridge regression optimization problem [10, 11].

A type of inverse problem that somewhat looks like the optimization form in

equation 1.3 has received a great deal of interest is the compressive sensing inverse

problem [12, 13]. More formally, compressive sensing theory tells us that we can
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recover a vector x with fewer measurements than unknowns if two conditions are

satisfied: i) the m-dimensional vector x has k non zero entries such that k << m; ii)

the projection matrix satisfies the restricted isometry property (RIP) (i.e., ‖Hx‖22 '
‖x‖22). When trying to solve sparse recovery problems, we need a constraint or

equivalently a regularization term that enforces a sparse solution. If we us the

conventional `2 norm as our regularization term this will tend to minimize the output

solution length but will not necessarily provide sparse solutions. A well known

approach is

min
x

‖y −Hx‖22 + λ‖x‖1 (1.4)

where the main difference between equations 1.3 and 1.4 is that the regularization

term uses the `1 norm instead of the `2 norm in order to enforce a sparse solution.

This optimization format is referred to as the least absolute shrinkage and selection

operator (LASSO) proposed in [14] and frequently used in the compressive sensing

literature [15, 16, 17]. The geometric interpretation for using the `1 regularization

term for sparsity is that the corresponding `1 ball of the regularization term is sharp

(or pointy) around the axes, which means that it is more likely to take on a sparse

solution. Another regularization approach used to solve this problem is to use the

`0 norm, which gives the count of the nonzero entries in x. Therefore, the optimiza-

tion problem associated with `0 is a combinatorial optimization problem where all

possible solutions with k nonzero entries are examined. Due to the combinatorial

nature of the `0 norm, this approach is computationally demanding. The `1 norm

has been more successful due to its lower complexity compared to the `0 solution.

Also, `p norms for 0 ≤ p ≤ 1 are suitable regularization terms to enforce sparse

solutions.

The aforementioned cases are examples of popular inverse problems in the lit-

erature and their solutions. In the next section we will focus on and provide the

general optimization form for the inverse problem that will be considered in this

dissertation.
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1.2 Space-Time Inverse Problems

Consider the following linear system model:

y1

y2

...

yT−1

yT


=



H1 · · · 0

H2

...
. . .

...

HT−1

0 · · · HT





x1

x2

...

xT−1

xT


+



n1

n2

...

nT−1

nT


(1.5)

In addition to this model there is an optimization constraint connecting multiple

successive parameter vectors xk−1,xk,xk+1, where k is the time index. Therefore,

each inverse problem cannot be decomposed into y1 = H1x1 + n1, · · · , yT =

HTxT + nT and solved independently. Consider the following general optimization

problem formulation:

min
x

C (yk −Hkxk)

subject to G (· · ·xk−1,xk,xk+1 · · · ) ≤ c
(1.6)

where C is some type of cost function such as the Kullback Leibler divergence

(i.e., KL (yk,Hkxk)) or the Euclidean norm (i.e., ‖yk − Hkxk‖22). In some cases

we will be dealing with a strict equality constraint G (· · ·xk−1,xk,xk+1 · · · ) = c

as in chapter 3. The main objective function deals with the spatial aspect of

the problem C (yk −Hkxk), whereas the temporal aspect is introduced by the

constraint G (· · ·xk−1,xk,xk+1 · · · ) that relates consecutive time parameter vectors

· · ·xk−1,xk,xk+1 · · · through a functional relationship. An example for a system

that falls into this category of inverse problems is linear dynamical systems. Such

systems have the state evolution characteristic,

xk+1 = Axk (1.7)

where the matrix A is the prediction matrix that relates any two successive pa-

rameter vectors xk+1 and xk. A prime example of a reconstruction method for a



19

linear dynamical system is the Kalman filter. The Kalman filter has the following

optimization formulation [18]:

min
x
||yk −Hkxk||2R−1 + λ||xk −Axk−1||2Q−1 (1.8)

where R is the covariance of the noise vector nk in the observation equation yk =

Hkxk + nk and Q is the covariance of the noise vector vk in the state evolution

equation xk = Axk−1 + vk. The cost function ‖x‖2W can be expanded to be xTWx.

We can express the Lagrange multiplier optimization problem in equation 1.8 in the

constraint optimization format:

min
x

||yk −Hkxk||2R−1

subject to ||xk −Axk−1||2Q−1 ≤ ε
(1.9)

The resemblance between the general formulation in equation 1.6 and the optimiza-

tion setup in equation 1.9 is clear, and we see that there are multiple time parameter

vectors xk,xk−1 involved in the optimization process.

1.3 SPECT

In medical imaging there are two main approaches to reconstruct an image in a

noninvasive way. The first approach includes techniques that use an external source

such as an X-ray or radio frequency waves, and the medical image is reconstructed

based on the energy that penetrates the body to the other side (projections). These

techniques are referred to as transmission medical imaging. A transmission imaging

example is X-ray computed tomography (CT) scan [19, 20, 21].

The other modality is referred to as emission tomography. In this approach

a radiotracer or a radioactive label is injected into the body of a patient (or in

some cases inhaled by the patient), and this radioactive material causes emission

of particles from the target area [22, 23]. Based on the emitted particles such as

photons, a tomographic image is constructed. The two main examples for emission

tomography are SPECT and positron emission tomography (PET).
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Chapter 2 develops algorithms for dynamic SPECT. In this section we give a

general overview of SPECT. In Figure 1.1 a SPECT general setup is shown. A

camera rotates around the region of interest (ROI) stopping at different angular

positions for a given time, and collects incident photons emitted from different

voxels. A collimator (a separate component) mounted onto the camera performs

a filtering task such that only incident perpendicular photons to the camera view

are detected and the remaining photons are rejected.

The geometry of the problem setup in Figure 1.1 plays an important role in

determining the entries of the projection matrix H. To explain this we will consider

the probabilistic interpretation of the projection matrix entries used in emission

tomography statistical models in the literature [24, 25, 26]. In these statistical

models, hlp is the probability that a photon generated from voxel p will pass to bin

l of the collimator –i.e., detected by the camera– without being absorbed within

the object. Figure 1.1 illustrates the case where a photon generated from voxel j is

detected at bin i of the collimator (hij > 0), but not detected at other bins (hpj ' 0

for p 6= j).

In tomography applications, due to the high dimensionality of the problem, the

computational efficiency of the reconstruction algorithms is important. Therefore,

solutions requiring the pseudo inverse are avoided. There are two main classes of

reconstruction algorithms for emission tomography. The first class of reconstruction

algorithms is based on iterative solutions. The second class of algorithms is based

on analytic solutions.

The widely used iterative solutions referred to as algebraic reconstruction tech-

niques (ART) are based on an algebraic framework applied to the linear equation 1.1

[27, 28, 29]. These techniques use the element-wise error between the observation

vector y and the projection of the kth iteration of the parameter vector x(k) to up-

date the current estimate. The ART technique uses the following update equation

xj(k + 1) = xj(k) + λ

(
yi −

∑
j

hijxj(k)

)
(1.10)
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Figure 1.1: SPECT camera rotating around the region of interest.

Typically i = k mod(n+ 1) + 1 where n is the number of rows and k is the iteration

index. The two scalars xj and yi are entries in the vectors x and y respectively. In

most cases λ is selected to be
hij∑
j h

2
ij

.

Another iterative technique uses expectation maximization (EM) and maximum

likelihood (ML). The number of photons received by the camera is modeled as having

a Poisson distribution [30, 25]

p(y1, . . . , yn|µ1, . . . , µn) =
∏
i

µyii
yi!
eµi (1.11)

Taking the negative log of this probability distribution and applying the EM algo-

rithm, we obtain the full reconstruction formula [24, 25, 26]:

xj(k + 1) =
xj(k)∑
i hij

∑
i

hij
yi∑

j hijxj(k)
(1.12)

The second class of reconstruction techniques are analytical. These techniques

mainly rely on Fourier analysis [31, 32]. The most popular among them is per-

haps the filtered back projection (FBP) reconstruction technique. The FBP collects
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projections at different angles and performs the 1-D Fourier transform. From the

projection slice theorem, we know that the 1-D Fourier transform of the projection

is equivalent to a slice of the 2-D Fourier transform of the original object, where

the slice passes through the origin and parallel to the projection line. Therefore, by

taking a sufficient number of projections and performing the 1-D Fourier transform

can reconstruct the original object. In general, iterative techniques have attracted

more attention in emission tomography reconstruction algorithms than analytical

techniques.

1.3.1 Dynamic SPECT

The previous exposition on SPECT is for the static case. In this dissertation, re-

construction algorithms are developed for dynamic SPECT. The difference between

the static case and the dynamic case is that the intensity of a voxel or the average

number of photons emitted from a voxel changes over time. In [33] the number of

photons emitted from the jth region of the heart is given by

xj(t) = Aje
−λjt +Bje

−ηjt + Cj (1.13)

which is a function of time. From the reconstruction standpoint we need to recon-

struct what we can describe as a movie rather than a static image. This means

that reconstruction algorithms would not only take care of the spatial aspect of the

problem but also the temporal aspect, which is critical for improved performance.

Therefore, this problem falls into the category of the space-time inverse problems

considered in this dissertation. In chapter 2, we highlight the main challenges of

having to construct a dynamic image and present the space-time optimization frame-

work used in the reconstruction process.

1.4 Multiplexing Channels

In chapter 3 of this dissertation detection algorithms for a type of optical multiplex-

ing channel will be developed. For a communications system designer increasing the
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information transferred per channel use is a key objective. When trying to increase

the spectral efficiency (bits/s/Hz) there are several important design parameters

that a designer should consider. The first is to make use of higher modulation for-

mats, for example, an M -ary QAM symbol carries more information than a BPSK

symbol. The second design aspect is the design of error correction codes. In com-

munication systems the error correction encoder adds redundancy to increase the

reliability of transmission. A great deal of the error correction literature is concerned

with the rate and redundancy trade-off. The third and perhaps the most important

design aspect in increasing the spectral efficiency is multiplexing. Multiplexing is

the process of sending data in parallel on the same medium and over the same fre-

quencies. In [34] the capacity of multiplexing systems is shown to be boosted by the

multiplexing gain proportional to the number of streams utilized. More precisely,

the channel capacity for a multiplexing system is

C = min{m,n} log2 (SNR) +O(1) (1.14)

where m and n are the number of transmitters and receivers, respectively. The

term O(1) is a small constant. The capacity formula gives an upper bound on

the achievable rate R (i.e., R ≤ C). However, the signaling technique and how it

uses the available resources ultimately dictates the transmission rate. The signaling

techniques have to choose multiplexing gain over diversity gain or vise versa.

When analysing the capacity of multiplexing channels usually the focus is on

the multiplexing gain since it scales linearly, rather than on the SNR which scales

logarithmically. The multiplexing gain is defined to be [35]

r = lim
SNR→∞

R(SNR)

log(SNR)
≤ min{m,n} (1.15)

Multiplexing can have different forms depending on the communication medium. In

Figure 1.2 several examples of multiplexing systems are shown. Figure 1.2a shows

an example of an optical helical wavefront or an optical orbital angular momentum

(OAM) light beam. These light beams are also referred to as twisted wavefronts. An

orthogonal set of these wavefronts can be obtained by using different mode numbers
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(a) Helical waveforms
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(b) MIMO (c) Multi-Mode

Figure 1.2: Different forms of multiplexing are a) an orthogonal basis of helical
waveforms for parallel transmission, b) multiple transmitters and multiple receivers
over wireless channel. c) multiplexing over fiber optic channel.

to send data simultaneously. These set of OAM beams can also be generated in the

Radio Frequency (RF) domain [36, 37].

Another multiplexing technique is the classical multiple-input multiple-output

(MIMO) scheme, shown in Figure 1.2b, where we have multiple transmitters sending

data in parallel fashion over a wireless channel and multiple receivers performing

joint detection to compensate for the interference in the channel. Another multi-

plexing techniques is to use multi-mode fiber optics and spatial multiplexing over

fiber optics to transmit a parallel data stream [38, 39]. Other channels such as

copper lines can also be used for parallel transmission [40, 41].
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1.4.1 OAM Multiplexing Channel

In this dissertation we will study the OAM multiplexing channel with the Q-ary

pulse position modulation (Q-PPM) format. In the same way that {cos(nπx
T

)}∞n=0

and {sin(mπx
T

)}∞m=0 provide an orthogonal basis over the interval [−T, T ], the OAM

helical wavefronts provide an orthogonal basis for transmission. A widely used

orthogonal set of OAM beams are the Laguerre-Gauss (LG) energy field distribution

denoted as up(r, φ, z) where p is the mode number [42]. Note that there are other

basis functions that can be used for optical multiplexing, such as the Hermite-

Gaussian basis functions[43].

The mode number controls how many twists the energy field makes within a

wavelength. For a pair of LG modes up(r, φ, z) and um(r, φ, z), where p 6= m, the

two modes are orthogonal:

< up(r, φ, z), um(r, φ, z) >

,
∫ ∫

up(r, φ, z)u∗m(r, φ, z) rdrdφ

=

0, p 6= m∫ ∫
|up(r, φ, z)|2rdrdφ, otherwise

(1.16)

From this orthogonality we can use a set of modes for multiplexing. However, due

to imperfections in the wireless channel caused by the atmospheric turbulence, the

orthogonality does not always hold which results in interference among different

LG modes. From a communication performance prospective this will cause loss in

error rate performance. Figure 1.3 shows the bit error rate performance of a 2-PPM

signalling scheme using five modes of OAM beams over an atmospheric turbulent

channel. We see from Figure 1.3 there is an error floor at a relatively high bit error

rate. In chapter 3 we will propose detection schemes to compensate for the cross

talk among different OAM modes. An OAM multiplexing channel coupled with

a Q-PPM modulation format introduces a space-time inverse problem. Consider

the example in Figure 1.4 in which four OAM modes are used for multiplexing

and the 4-PPM modulation format is employed for signalling. The spatial aspect
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Figure 1.3: Error floor for 2-PPM due to the atmospheric turbulence in the channel.

of the problem comes from multiplexing, and the temporal aspect of the problem

comes from the Q-PPM modulation format. As we will see later in this dissertation,

for optimal performance a constraint has to be imposed to ensure that only one

pulse is allowed per mode due to the nature of the Q-PPM modulation format. The

optimization takes the same form as the space-time general optimization in equation

1.6.
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Figure 1.4: An example of four OAM modes multiplexing and 4-PPM modulation.
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CHAPTER 2

Online Algorithm for Dynamic SPECT

Single photon emission computed tomography (SPECT) is a noninvasive imaging

technique used to reconstruct the physiologic activity of the target area. This is done

by collecting the emissions, in this case photons, caused by a radioactive tracer

injected into the patient body. In dynamic SPECT we are also interested in the

evolution of the radioactive tracer behavior across time which is referred to as the

time activity curve (TAC) in the dynamic SPECT nomenclature. Abnormality

in organ uptake or washout of the radioactive tracer can be indicative of health

problems such as hypertrophic cardiomyopathy [44].

The dynamic nature of the underlying problem causes two main challenges. First,

the estimator has to work in an underdetermined regime. Since the intensity dis-

tribution of the radioactive tracer changes from one angular position of the scanner

to another, the estimator can only collect observations from one angular position.

Therefore, in typical scenarios the number of observations is much less than the

number of voxels to be estimated. Second, classical reconstruction methods such as

filtered back projection are not suitable since the image is not static for the time

required to complete an entire rotation.

Before we address the reconstruction algorithms for dynamic SPECT, we will

highlight some of the relevant work in the static SPECT case. Byrne in [1] developed

reconstruction algorithms based on the Kullback-Leibler (KL) distance for the static

SPECT case. The objective function had a KL regularization term that incorporated

prior information. Incorporating prior information in static SPECT, or the Bayesian

approach in general leads to smoother solutions and faster convergence rates. To

solve the KL regularized optimization problem, an alternating minimization (AM)

framework developed by Csiszar and Tusnady [45] was taken in [1]. The asymmetry

of the KL distance gave rise to two reconstruction algorithms referred to as Problem
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A and Problem B [1], where Problem A minimizes λKL(r, q) + (1− λ)KL(p, x) and

Problem B minimizes λKL(q, r) + (1− λ)KL(x, p).

In the static case, priors are usually represented by a probability distribution

that captures how the data is expected to be. In the dynamic SPECT context,

the notion of a prior is slightly different. What serves as priors are the outputs of

the prediction step. In the prediction step, the estimator takes the output of the

estimation process from the previous step and with the prediction matrix A, which

captures the dynamical nature of the underlying system, a linear map is performed to

obtain the priors for the current step. In [46] the reconstruction formula of Problem

A in [1], which was originally developed for the static case, was used in an online

context for dynamic SPECT. Similarly, the reconstruction formula of Problem B

was used for dynamic SPECT in [47]. In general there is a need for developing new

algorithms with better reconstruction performance.

We develop two reconstruction algorithms based on the generalized α-divergence

function to improve the estimation performance. The first algorithm is based on the

AM framework developed in [1, 45] for cross-entropy minimization; we generalize

it by using the α-divergence cost function to construct the objective function. Our

results are valid for both static and dynamic SPECT; however, the emphasis of our

discussion is on the dynamic SPECT case. The asymmetry issue of the divergence

function is addressed, and we show that for the α-divergence function using one

update formula is sufficient for both objective function formulations (i.e., Problem

A and Problem B are equivalent for the α-divergence function).

After developing our update formula, the focus will shift to the priors term –i.e.,

the prediction term. Incorporating a prediction term in our model is suitable for

our dynamic application as we will see in Section 2.3. The challenge is that the

prediction matrix A is unknown beforehand. In [47, 46] the identity matrix is used

as the prediction matrix. If we can better predict the dynamic behavior of the

radioactive tracer by using more informative prediction matrices than the identity

matrix, this will enhance the performance of our algorithms. Therefore, we need a

mechanism to also infer the prediction matrix A. Consecutive estimates x̂(k + 1)
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and x̂(k) are used for estimating A. Similarly, the prediction matrix estimator is

developed using the generalized α-divergence function.

Since our objective functions are constructed based on the α-divergence, an

important question to ask is what values of α should be used. Our simulations

show that positive α values are better suited for positive slope TACs and negative

α values give better results for negative slopes. We use previous estimates to track

the slope, and based on the slope an adaptive policy is adopted for assigning the α

values.

Our second algorithm is based on Newton’s method. If Newton’s method were

to be applied directly using an α-divergence function alone one would encounter

stability and oscillation issues. To overcome this problem, we use regularization

to stabilize the system. Our results show that with regularization the estimation

process is stable. Newton-based algorithms are usually computationally demanding

due to the cost associated with the inversion of the Hessian matrix. A less computa-

tionally intensive update formula is obtained by applying majorization-minimization

(MM) bounding techniques which decouple the variables. As a result of decoupling

the variables, we end up with a diagonal Hessian matrix that can be inverted by

just computing the reciprocal of the diagonal elements of the matrix. This leads to

a fast Newton-based algorithm. Our simulation results show that the performance

of the algorithms based on the generalized α-divergence outperform the algorithms

based on the KL divergence function.

This chapter is organized as follows. A description of the underlying problem

and the general model are provided in section 2.1. In section 2.2 a description and

derivation of the AM algorithm and the Newton-based algorithm are given. Section

2.3 covers the simulation results, along with a comparison between algorithms and

a discussion of how to choose α.
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2.1 System Model of Dynamic SPECT

In dynamic SPECT a camera head or multiple camera heads rotate around the

patient and stop at different angular positions. At each angular position the camera

heads collect incident photons perpendicular to the collimator bins. This is captured

in the linear map model,

y(k) = H(k)x(k) (2.1)

where k is the index of the angular position or equivalently the sample index. The

observation vector is y(k) ∈ Rn, the tracer intensity vector is x(k) ∈ Rm, and the

projection matrix is H(k) ∈ Rn×m. The sample index k highlights the fact that y, H

and x vary from one angular position to another. Note that the entries of y(k) are

the number of photons received in angular position k. Here, we have n < m because

typically there is not enough time to collect a sufficient number of projections. We

make use of the dynamical nature of the problem by considering the prediction term

x(k + 1) = Ax(k) (2.2)

where A is the prediction matrix that captures how the TAC evolves from one

time instant to the next. The prediction term has also been considered in [47].

The procedure for estimating x(k+ 1) consists of two main elements: i) the camera

observations y(k+1) and ii) the previous estimate x̂(k) with the aid of the prediction

matrix A. A more detailed description of dynamic SPECT can be found in [48].

Regarding the notation, bold uppercase letters such as H and A denote matrices.

Bold lowercase letters used for vectors such as y and x. Regular lowercase letters

denote vector or matrix entries –e.g., hij(k)– where the subscripts denote the indices

of the entries and the letter k represents the sample index. Some of our update

formulas are also applicable to the static SPECT case, so k can also be viewed as

an iteration index. The notation (Hx)i means
∑

j hijxj. We sometimes drop the

sample index k for the compactness of the equations.
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2.2 Reconstruction Algorithms

Statistical approaches have captured a great deal of research interest in the field of

emission tomography. In [24, 25, 26] a maximum likelihood (ML) and an expecta-

tion maximization (EM) approach has been taken to develop an update equation.

The EM algorithm is employed to overcome the incomplete data problem in the ML

probability distribution and to separate variables to arrive at an iterative recon-

struction formula. Titterington [49] showed the similarity between optimizing the

Poisson ML distribution and the KL distance objective function.

Incorporating prior knowledge in a Bayesian approach for faster convergence and

increased smoothness has been considered in [50, 30]. Byrne in [1] used a regularized

objective function,

λKL (Hx,y) + (1− λ)KL (x,p) (2.3)

where the vector p is the priors term and the KL divergence is

KL (f , l) =
∑
i

[fi log(
fi
li

)− fi + li] (2.4)

The regularization approach in the objective function of equation 2.3 can be inter-

preted as a Bayesian approach. The aforementioned references in this section are all

for the static emission tomography. The contribution of this chapter is for dynamic

SPECT. To make the connection between the static and the dynamic problem,

consider the objective function for the Kalman filter [18]:

x̂k|k = arg min
x

||yk −Hkxk||2R−1 + ||xk − xk|k−1||2Q−1 (2.5)

where the norm ‖x‖2W can be expanded to be xTWx. Notice the resemblance

between equation 2.3 and 2.5. The first term in 2.5 addresses the observation vec-

tor y = Hx and the second term takes into account the dynamical nature of the

problem, where xk|k−1 = Ax̂(k − 1). The same thing can be said about equa-

tion 2.3 with the prior taking the value p = Ax̂(k − 1). Based on this obser-

vation in [47, 46], Qranfal and Byrne utilized the framework developed in [1] to
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construct online algorithms for dynamic SPECT image reconstruction. The term

online highlights the fact that estimating x(k) at time instance k is performed sep-

arately from other time instances. The other alternative would be batch estimation

where x(1), . . . ,x(k − 1),x(k),x(k + 1), . . . ,x(T ) are processed jointly.

2.2.1 Alternating Minimization

We want to solve an objective function that looks like the objective function in equa-

tion 2.3, except with a generalized divergence function. Generalizing the objective

function provides the ability to work with different cost functions depending on the

parameter value we choose. Consider the following optimization problem

min
x

λDα (Hx,y) + (1− λ)Dα (x,p) , (2.6)

where Dα (f , l) is the generalized α-divergence function given by

Dα (f , l) =
1

α(1− α)

∑
i

[αfi + (1− α)li − fαi l1−αi ] (2.7)

More information on α-divergence can be found in [51]. In attempting to solve the

optimization problem in equation 2.6, we would have (
∑

j hijxj)
α(yi)

1−α as one of

the terms. In order to solve the for xj we would have to first decouple (
∑

j hijxj)
α.

In [1] the convex sets used for the alternating minimization problem were inherently

decoupled. The convex sets R and Q defined in [24, 25, 26] were used. The elements

of R and Q come from the EM approach of defining variables for the underlying

problem. In the EM framework the received vector y is modeled as having a Poisson

distribution. Therefore, the log likelihood of the received vector y is given by

f(y,x) =
∑
i

[
−
∑
j

hijxj + yi log(
∑
j

hijxj)− log(yi!)

]
(2.8)

If we decompose yi into individual contributions zij coming from each voxel j to bin

i we get yi =
∑

j zij. Thus, z will also have a Poisson distribution,

f(z,x) =
∑
i

∑
j

[−hijxj + zij log(hijxj)− log(zij!)] (2.9)
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with mean E{zij} = hijxj. By redefining the variables this way, the variables are

decoupled. The incomplete data problem with zij is solved in the expectation step of

the EM algorithm by taking the conditional mean E{zij|yi,x} = hijxjyi/
∑

j hijxj.

In the alternating minimization approach, we are going to use the set R = {rij ≥
0|
∑

j rij = yi} (which is similar to zij) and the set Q = {qij = hijxj} (which is

similar to E{zij}). More details on this statistical model can be found in [24, 25,

26, 1]. Based on this statistical model we want to minimize the following objective

function:

λDα (r,q) + (1− λ)Dα (p,x) , (2.10)

By expanding this, we get

λ

α(1− α)

∑
i

∑
j

[
αrij + (1− α)qij − rαijq1−αij

]
+

(1− λ)

α(1− α)

∑
j

[
αpj + (1− α)xj − pαj x1−αj

] (2.11)

Alternating minimization is a suitable approach to minimize a function with two

sets of variables [1, 45]. In the first step we minimize the function with respect

to rij by taking the derivative and solving for rij to reach rα−1ij = qα−1ij . Taking

into account the constraint
∑

j rij = yi we choose rij =
hijxjyi∑
j hijxj

(i.e.,
∑

j rij =

(
∑

j hijxj)yi/(
∑

j hijxj) = yi). Note that by choosing rij =
hijxjyi∑
j hijxj

this is similar

to the conditional mean E{zij|yi,x} in the EM approach. In the second step we

minimize the objective function with respect to xj by taking the derivative with

respect to xj and setting it to zero:

λ

[
(1− α)

∑
i

hij − (1− α)
∑
i

rαij(hijxj)
−αhij

]
+

(1− λ)
[
(1− α)− (1− α)pαj x

−α
j

]
= 0

(2.12)

After rearranging the variables, we obtain

xαj (k + 1) =
1

λ
∑

i hij + (1− λ)

(
λ
∑
i

rαijh
1−α
ij + (1− λ)pαj

)
(2.13)
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Assuming that
∑

i hij = 1 and taking the α root, this becomes

xj(k + 1) =

(
λ
∑
i

rαijh
1−α
ij + (1− λ)pαj

) 1
α

(2.14)

Substituting for rij =
hijxjyi∑
j hijxj

that we got from the first step we reach our generalized

update formula

xj(k + 1) =

(
λxαj (k)

∑
i

hij
yαi

(Hx)αi
+ (1− λ)pαj

) 1
α

(2.15)

For the special case where α = 1, we reach xj(k+1) = λxj(k)
∑

i hij
yi

(Hx)i
+(1−λ)pj

which is the same update formula from minimizing the KL divergence in [1] for

problem A. A different update equation can be reached if we follow the derivation

steps in [1] for problem B. To be more specific consider equation 2.13. Instead of

taking the α root of equation 2.13 we can factor xαj on the left side into xjx
α−1
j then

take xα−1j to the right hand side to get the second update equation

xj(k + 1) = x1−αj (k)

(
λxαj (k)

∑
i

hij
yαi

(Hx)αi
+ (1− λ)pαj

)
. (2.16)

However, our focus will be only on one update formula, equation 2.15. Due to

the asymmetry of the KL divergence, there are different update equations. In [1]

two optimization problems were considered Problem A and Problem B. We briefly

consider the equivalent of Problem B using the generalized α-divergence:

λ
∑
i

∑
j

Dα (qij, rij) + (1− λ)
∑
j

Dα (xj, pj) , (2.17)

The final result after performing step 1 and step 2 of the alternating minimization

is

xj(k + 1) =

(
λx1−αj (k)

∑
i

hij
y1−αi

(Hx)1−αi

+ (1− λ)p1−αj

) 1
1−α

(2.18)

Substituting β = 1− α, we see that this is exactly the same as equation 2.15. This

means the two optimization problems yield the same update function with only a
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shift in the powers. Therefore, we will only consider one update formula, equation

2.15.

Up to this point in the discussion, the regularized update formula can be used

in static or dynamic settings. However, since our focus is dynamic SPECT we

highlight issues relevant to the dynamic context. The first thing to highlight is that

in the dynamic case it is important to add the sample index k to the observation

vector y and the projection matrix H since for dynamic SPECT they are different

for each angular position. Therefore, in equation 2.15 a more accurate notation

for yαi and (Hx)αi in the first term is to write yαi (k) and (H(k)x(k))αi respectively.

In our discussion of the update equation derived in this section, we made several

comparisons with the results obtained in [1, 47, 46]. Note that we use λ for the

Lagrange multipliers whereas in [1, 47, 46] they used α. This avoids the confusion

with the α-divergence notation.

Another important aspect in dynamic SPECT is the priors term. To address

this issue, let’s begin with the Kalman optimization problem in equation 2.5 with

the solution,

x(k + 1) = x̂(k + 1|k) + G(k) (y(k + 1)−Hx̂(k + 1|k)) (2.19)

where x̂(k + 1|k) = Ax̂(k) and G(k) is the Kalman gain given by

G(k) = P(k|k − 1)HT (k)
(
H(k)P(k|k − 1)HT (k) + R(k)

)−1
(2.20)

It can be seen from equation 2.19 that we have a prediction term x̂(k+1|k) = Ax̂(k).

The update matrix or the prediction matrix A is used to track the dynamically

evolving system. In some cases the entries of A are unknown a priori. Due to the

lack of knowledge of A, the identity matrix is substituted (i.e., A = I) [47]. A

natural question to ask is what does it mean to substitute the identity matrix for

A?

To answer this question let’s revisit our original optimization objective function

λDα (Hx,y) + (1−λ)Dα (x,p) and focus on the priors term Dα (x,p). In the online

context we use the prediction term Ax̂(k) as our priors vector (i.e., p = Ax̂(k)).
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When we do not have knowledge about A and we use the identity matrix instead, we

end up with the term Dα (x, x̂(k)). This means that our update equation will enforce

a similarity constraint between the previous estimate and the current estimate more

than it is trying to predict the next estimate. Therefore, we use successive estimates

x̂(k) and x̂(k − 1) to estimate the prediction matrix A. To estimate the prediction

matrix A, we use the optimization problem,

min
A

λDα(x̂(k),Ax̂(k − 1)) + (1− λ)Dα(Â,A) (2.21)

where Â is the prediction matrix obtained from the previous estimate. The pro-

cess could be initialized with the indentity matrix. The regularization term can be

viewed as a generalized Tikhonov term ‖Â−A‖22. However, we use Dα

(
Â,A

)
to

be consistent with the generalized α-divergence framework presented in this chap-

ter and more importantly this approach yields non negative solutions suitable for

tomography problems. Expanding equation 2.21 we get

λ

α(1− α)

∑
i

[
αx̂i(k) + (1− α)(

∑
j

aijx̂j(k − 1))− x̂αi (k)(
∑
j

aij(k)xj(k − 1))1−α

]

+
(1− λ)

α(1− α)

∑
ij

[
αâij + (1− α)aij − âαija

(1−α)
ij

]
(2.22)

We need to decouple the variables before we can solve for aij. This can be done by

taking a MM approach

λ

α(1− α)

∑
i

[
αx̂i(k) + (1− α)(

∑
j

aijx̂j(k − 1))− x̂αi (k)
∑
j

γij(
aij(k)x̂j(k − 1)

γij
)1−α

]

+
(1− λ)

α(1− α)

∑
ij

[
αâij + (1− α)aij − âαija

(1−α)
ij

]
(2.23)

where we choose γij =
âij x̂j(k−2)∑
j âij x̂j(k−2)

so that
∑

j γij = 1. Taking the derivative and

solving for aij

aij =

(
λx̂αi (k)γαijx̂

−α+1
j (k − 1) + (1− λ)âαij

λx̂j(k − 1) + (1− λ)

) 1
α

(2.24)
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Figure 2.1: TAC estimation i) with estimating the prediction matrix and ii) without
estimating the prediction matrix.

In the estimation process we first estimate voxel intensities; then we use equation

2.24 to obtain the prediction matrix A. We continue alternating between estimating

voxel intensities xij and estimating the prediction matrix aij entries throughout

the estimation processes. In Figure 2.1 two TAC estimates are shown. One is

an estimation of the TAC without the aid of estimating the prediction matrix.

The other incorporates the prediction matrix estimation. The results show that

estimating the prediction matrix A improves the performance.

Now consider Figure 2.2 where two cases of TAC estimation are shown: one using

positive α values and the other using negative α values. From the two cases we see

that positive α values work well for increasing TACs whereas negative α values

work well with decreasing TACs. Therefore, in our algorithm we make α adaptive

depending on whether we are dealing with an increasing TAC or a decreasing TAC.
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(a) Positive α
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(b) Negative α

Figure 2.2: Simulation performance for a fixed α assignment. Positive α values are
good for positive TAC slopes, and negative α values a good for negative TAC slopes.
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To incorporate the adaptivity of α in our design we must have awareness of the

TAC slope. So, using the previous estimates of the TAC we compute the TAC slope

and based on that we choose the appropriate α value for the corresponding TAC.

The slope estimate in vector format is

s(k) =
1

4t
(x̂(k − 1)− x̂(k − 2)) (2.25)

where 4t is the time difference. Since different voxels will have different behavior, α

is a vector with elements αj which will be assigned based on sj(k) = 1
4t(x̂j(k− 1)−

x̂j(k− 2)). To make sure that we do not assign an αj value based on bad estimates,

we add a memory element to the estimation of the slope for more robustness:

s(k) = (1− λ)s(k − 1) + λ
1

4t
(x̂(k − 1)− x̂(k − 2)) (2.26)

Figure 2.3 shows the performance of an adaptive α policy. The slope is first deter-

mined using equation 2.26. For a positive slope α is assigned a positive value and

for a negative slope α is given a negative value. When comparing the performance

of the fixed α policy in Figure 2.2 against the adaptive α policy in Figure 2.3, we

see that the adaptive α policy outperforms the fixed α policy.

Algorithm 1 summarizes the steps of the AM α-divergence algorithm. The algo-

rithm starts by assigning initial values to x(1), A, p and αj. After the initialization

phase, the algorithm gets into a loop to process the entire data set. The voxel ac-

tivity is first estimated, and then the prediction matrix is estimated. Based on the

estimates x̂(k− 1) and x̂(k− 2) we find the slope s(k), which will be used to assign

the αj values. In the algorithm, αj is assigned a positive value if sj(k) > 0 and a

negative value otherwise. The α values for the positive and negative case do not have

to have the same amplitude. More elaborate policies can be explored such as using

a function to assign the α value based on the specific slope (i.e., αj = f(sj(k))). To

express the policy adopted in Algorithm 1 in a functional format, we can use the

function

f(x) = c u(x)− c u(−x) (2.27)
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Figure 2.3: An adaptive policy in which α is assigned based on the slope of the
estimated TAC.
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where

u(x) =

1, for x ≥ 0,

0, for x < 0.
(2.28)

Note that the α = 0 should be avoided because of the singularity of the power 1/α

in equation 2.15.

Algorithm 1 AM α-divergence algorithm

Initialization:

x(1),

A

p

αj , λ, c

for k=1:end

xj(k + 1)←
(
λx

αj
j (k)

∑
i hij

y
αj
i

(Hx)
αj
i

+ (1− λ)p
αj
j

) 1

αj ∀ j

apj ←
(
λx

αj
p (k)γ

αj
pj x

−αj+1

j (k−1)+(1−λ)aαjpj
λxj(k−1)+(1−λ)

) 1

αj

∀ p, j

p← Ax(k + 1)

s(k)← (1− λ)s(k − 1) + λ 1
4t(x(k − 1)− x(k − 2))

if(sj(k) ≥ 0)

αj ← c

else

αj ← −c
end

end

2.2.2 Newton’s Method

Another reconstruction algorithm can be formulated based on Newton’s method,

which is a steepest-descent optimization method known for its fast convergence.

Newton’s method takes the general form [52],

x(k + 1) = x(k)− [∇2F(x)]−1∇F(x) (2.29)
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where F(x) is the objective function, the gradient is ∇F(x) and the Hessian of

the objective function is ∇2F(x). If we choose Dα (y,Hx) to be our objective

function and apply Newton’s method using equation 2.29, we would face stability

and oscillation issues in the reconstruction process, which will be shown in section

2.3. To avoid stability issues we take a regularization approach. In this chapter our

objective function is going to be λDα (y,Hx) + (1 − λ)Dα (p,x) where the second

term is the term used for stabilizing the reconstruction process.

Regularized objective functions for Newton-based methods have been considered

in the literature [53, 54]. In [54] the objective function is a log likelihood with

a log prior, log p(y|x) + log p(x), whereas in [53] a cost function with Tikhonov

regularization has been taken with the form ‖y−U(x)‖2 +λ‖Lp‖2 where U(x) is a

mapping function. The objective function in this chapter is somewhat similar to the

Tikhonov regularized function in the sense that we have a cost function Dα (y,Hx)

with a linear mapping Hx and a prior term Dα (p,x) that can be viewed as a

generalized Tikhonov regularization term ‖p − x‖22. By expanding our objective

function λDα (y,Hx) + (1− λ)Dα (p,x) we obtain

F =
λ

α(1− α)

∑
i

[
αyi(k) + (1− α)(

∑
j

hijxj)

+yαi (k)(
∑
j

hij(k)xj(k))1−α

]

+
(1− λ)

α(1− α)

[
α
∑
j

pj + (1− α)
∑
j

xj +
∑
j

pαj x
1−α
j

] (2.30)

Take the partial derivative ∂F
∂xj

to find the gradient ∇F(x) = [ ∂F
∂x1
, . . . , ∂F

∂xM
], where

∂F

∂xp
=
λ

α

∑
i

hip(k)

[
1− yαi (k)

(
∑

j hij(k)xj(k))α

]

+
(1− λ)

α

[
1− pα

xαp

] (2.31)

Next, take the second partial derivative to obtain the entries of the Hessian matrix
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Hpl = ∂2F
∂xp∂xl

:

∂2F

∂xp∂xl
= λ

∑
i

hip(k)yαi (k)hil(k)

(
∑

j hij(k)xj(k))α+1
+

(1− λ)
pα

xα+1
p

δ(p− l)
(2.32)

Now, with equations 2.29, 2.31 and 2.32 we have all we need to implement Newton’s

method.

2.2.3 Newton’s Method Decoupled

We propose a faster Newton-based reconstruction formula, which achieves its ef-

ficiency by decoupling the variables. In equation 2.23 we separated the variables

to solve for aij. The separation of the variables in (
∑

j aij(k)xj(k − 1))1−α was to

make it possible to obtain an update equation. Here, however, we are interested in

decoupling of the variables for a different reason. What makes MM techniques ap-

pealing when using Newton’s method is that by decoupling the variables we obtain a

diagonal Hessian matrix, and therefore the matrix can be inverted by just inverting

the diagonal elements. In a loose sense, decoupling the variables acts like whitening

from the Hessian matrix prospective where the variables become independent. To

see this consider our new objective function J after the MM decoupling technique:

J =
λ

α(1− α)

∑
i

[
αyi(k) + (1− α)(

∑
j

hijxj)

+yαi (k)
∑
j

γij(
hij(k)xj(k)

γij
)1−α

]

+
(1− λ)

α(1− α)

[
α
∑
j

pj + (1− α)
∑
j

xj +
∑
j

pαj x
1−α
j

] (2.33)

where γij =
hij(k)xj(k)∑
j hij(k)xj(k)

. More information on this MM decoupling technique can

be found in [55]. After decoupling (
∑

j hijxj), we find the entries of the gradient
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vector ∇J(x)

∂J

∂xp
=
λ

α

∑
i

hip(k)

[
1−

yαi (k)xαp (k)

(
∑

j hij(k)xj(k))αxαp

]

+
(1− λ)

α

[
1− pα

xαp

] (2.34)

The Hessian matrix ∇2J(x) entries becomes

∂2J

∂xp∂xl
= λ

xαp (k)

xα+1
p

∑
i

hip(k)yαi
(
∑

j hij(k)xj(k))α+1
δ(p− l)+

(1− λ)
pα

xα+1
p

δ(p− l)
(2.35)

where δ(p − l) is the Kronecker delta. From the partial derivative, we see that

we have nonzero elements only on the diagonal. Therefore, inverting the Hessian

matrix is just inverting these diagonal elements. To comment on the fraction
xαp (k)

xα+1
p

in the Hessian matrix, the xαp (k) in the numerator is a constant which is the time k

estimate whereas xα+1
p is still a variable. We can also substitute xp(k)α+1 for xα+1

p

and therefore 1
xp(k)

will be the result of the fraction
xαp (k)

xα+1
p

.

It is worth making a few remarks on the differences between the AM approach in

section 2.2.1 and the Newton-based approach in this section. In the AM approach

the regularization is used to incorporate the priors term. In the Newton-based

method the regularization is for stability reasons. The priors term exists inherently

from Newton’s formula where in the first term in equation 2.29 we substitute the

estimates from the previous step.

2.3 Results

The reconstruction algorithm were tested using a 64×64 dynamic phantom as shown

in Figure 2.5. The phantom chosen in this chapter closely mimics the phantom

considered in [47, 46]. There are four main regions of activity in this phantom. This

phantom considers different kinds of TAC behavior concave, a constant, decaying

and a logarithmically increasing. The time activity curves for each region are shown
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Figure 2.4: The functional behavior of the time activating curve for the four activity
regions.
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R1R2

R3 R4

Figure 2.5: Four time activity curve regions phantom with different functional be-
havior.

in Figure 2.4. On the detector side we assume a three-camera SPECT imaging

system. Each camera head has 64 collimator bins or detectors, which makes the

total number of detectors 192. Based on this setup the ratio of the number of voxels

to be detected to the number of detectors is 64×64
192

= 21.33, which shows that this

system is underdetermined by a factor of about 21. As in [47, 46] the first camera

head starts at −60◦, the second head starts at 60◦ and the third head starts at 180◦.

The camera heads successively rotate by three degrees with the total number of

rotations equal to 40.

In Figures 2.6 and 2.7 the results for five algorithms are shown. Two algorithms

are based on the reconstruction formulas proposed in [1] and used in [47, 46]. As

mentioned in section 2.2, the asymmetry of the Kullback-Leibler divergence resulted

in different reconstruction formulas. Problem A minimizes the objective function

λKL (y,Hx)+(1−λ)KL (p,x) and the resultant reconstruction formula is xj(k+1) =

λxj(k)
∑

i hij
yi

(Hx)i
+(1−λ)pj. Problem B, on the other hand, minimized the objective
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function λKL (Hx,y) + (1− λ)KL (x,p) which gives the reconstruction formula,

xj(k + 1) = (xj(k))λ(pj)
1−λ exp

(∑
i

hij log
yi

(Hx)i

)
(2.36)

Both problems use AM to solve the optimization problem. The two reconstruction

algorithms are referred to as AM Problem A KL and AM Problem B KL in Figures

2.6 and 2.7.

The three remaining algorithms are based on the α-divergence function. The

first is the AM α-divergence which was developed in section 2.2.1. The last two

algorithms apply Newton’s framework to an α-divergence objective function, as

discussed in section 2.2.2. In Figures 2.6 and 2.7 the two algorithms are referred to

as Newton inversion and Newton decoupled.

The performance of the algorithms are evaluated visually as shown in Figures

2.6 and 2.7 and we also provide quantitative results using an error measure. The

error measure is defined as

ε =
‖ηph − ηes‖2
‖ηph‖2

× 100% (2.37)

where ηph is a vector consisting of the phantom value at each angular position and

ηes is a vector consisting of the estimated value at each angular position.

In general, as can be seen from Figures 2.6 and 2.7, the algorithms based on the

α-divergence proposed in this chapter give better results than the ones based on KL

divergence. This also can be seen from the error measure results shown in Table

2.1.

From Figures 2.6 and 2.7, we see that Newton inversion provides the best per-

formance, it also has higher computational cost. More details on the complexity of

different algorithms will be provided late in this section. Perhaps the least impor-

tant area of activity is the constant region, since the intensity of voxels change by

the definition of dynamic SPECT. In Figure 2.7a, shows that not only does Newton

inversion provides accurate reconstruction results also the smoothest results. The

parameters used to produce the results in Figures 2.6 and 2.7 for the Newton inver-

sion were λ = 0.95, fixed α = 4 and the priors vector p to estimate x(k + 1) was
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(a) Region one
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(b) Region two

Figure 2.6: Simulation performance of TAC estimation using five reconstruction al-
gorithms: i) AM Problem A KL [1], ii) AM Problem B KL [1], iii) AM α-divergence,
iv) Newton inversion, and v) Newton decoupled. Estimates of TAC behavior using
our reconstruction algorithms are shown for region one (concave TAC) and region
two (log increasing TAC).
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(a) Region three
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Figure 2.7: Simulation performance of TACs estimation using five reconstruction
algorithms i) AM Problem A KL [1], ii) AM Problem B KL [1], iii) AM α-divergence,
iv) Newton inversion, and v) Newton decoupled. Estimates of TACs behavior using
our reconstruction algorithms are shown for region three (constant TAC) and region
four (exponentially decaying TAC).
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x(k) (i.e., A = I). Moreover, adopting an adaptive α value assignment policy, as

was done in the AM α-divergence algorithm, did not seem to give any advantage for

the Newton-based methods. Figures 2.8 and 2.9 show that without regularization

Newton-based methods face stability issues.

The AM α-divergence algorithm provides the second best performance with com-

plexity reduction compared to the Newton-based algorithm. The α values for the

results presented in Figures 2.6 and 2.7 were adaptively chosen as explained in al-

gorithm 1 based on the slope of the estimated TAC. These values were for the

estimation of x(k+ 1) using update formula 2.15, and the two values of α were −10

and 10. For this case we selected λ to be 0.5, so the priors term (1 − λ)Dα (x,p)

is given the same weight as the main term λDα (Hx,y). For the α value associated

with the prediction matrix A estimation given in equation 2.24, we use a fixed value

of 2. The λ value for equation 2.24 was 0.3 in our implementation.

The Newton decoupled algorithm performed better than AM problem A KL and

AM problem B KL. The Newton decoupled algorithm reduces the complexity by

avoiding matrix inversion; however, there is a loss in performance when compared

with Newton inversion. For the Newton decoupled, adopting an adaptive α policy

did not seem to give any benefits, where in general the Newton-based algorithms

are less sensitive to the assigned α values (see Figure 2.15). The priors used in

estimating x(k+1) were x(k)– equivalently, we substituted the identity matrix I for

A. Engaging the matrix prediction formula equation 2.24 in the estimation process

resulted in stability issues.

We end this section with some comment on the effect of different parameter

values for the algorithms presented in this chapter. For the AM algorithm Figure

2.10 shows the performance for different λ values. By increasing λ the performance

improves for the exponentially decreasing region. However, for the constant region

the performance worsens with an increasing λ value. Similarly, by increasing α, as

shown in Figure 2.11, we can state the same observations.

Figures 2.12 and 2.13 are the performance, for different λ values, for the Newton

inversion and Newton decoupled algorithms. In both cases we can state that the
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(a) Region one
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Figure 2.8: Stability issues associated with the unregularized Newton-based method
for regions one and two.
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(a) Region three

0 5 10 15 20 25 30 35 40
0

10

20

30

40

50

60

70

80

90

Time (minute)

In
te

ns
ity

 

 
Newton−Inv alpha=4 lambda=1
Phantom

(b) Region four

Figure 2.9: Stability issues associated with the unregularized Newton-based method
for regions three and four.
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Table 2.1: Error performance for different algorithms

Algorithm Error %

Region 1 AM KL algorithm 21.6290
AM alpha algorithm 12.8084

Newton inversion 8.4299
Newton decoupled 19.2334

Region 2 AM KL algorithm 18.6499
AM alpha algorithm 10.0631

Newton inversion 10.7439
Newton decoupled 13.4667

Region 3 AM KL algorithm 10.6213
AM alpha algorithm 17.0232

Newton inversion 5.6852
Newton decoupled 10.8476

Region 4 AM KL algorithm 79.1577
AM alpha algorithm 32.1013

Newton inversion 27.5105
Newton decoupled 52.6257
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Figure 2.10: Performance for different λ values for the AM α-divergence algorithm.

performance improves as λ increases for the exponentially decreasing region. For

the constant region the performance degrades as we increase λ for both algorithms.

As we have mentioned before, for the unregularized case where λ = 1 the algorithms
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Figure 2.11: Performance for different α values for the AM α-divergence algorithm.
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Figure 2.12: Performance for different λ values for the Newton inversion algorithm.

encounter stability issues.

Figures 2.14 and 2.15 are the performance, for different α values, for the Newton

inversion and Newton decoupled algorithms. Both algorithms are less sensitive to

the change in the value of α.
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Figure 2.13: Performance for different λ values for the Newton decoupled algorithm.
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Figure 2.14: Performance for different α values for the Newton inversion algorithm.

2.3.1 Complexity

We want to briefly comment on the complexity of the algorithms covered in this

chapter. For the Newton inversion algorithms the computation bottleneck is associ-

ated with inverting the Hessian matrix. Inverting a m×m matrix has a computation

complexity on the order of m3 using Gaussian elimination [56]. For the AM α algo-
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Figure 2.15: Performance for different α values for the Newton decoupled algorithm.

rithm update formula in equation 2.15 the computation bottleneck is associate with

computing
∑

i hij
y1−αi

(Hx)1−αi

. More specifically the highest computational cost is associ-

ated with the denominator, which are the entries of a matrix-vector multiplication.

For a n×m matrix multiplied by a length m vector, the complexity is on the order

of nm (i.e., worst case would have m2 ). In our case, the underdetermined dynamic

SPECT, we have n < m. Similarly, the Newton decoupled algorithm and the AM

KL algorithm also have a matrix-vector multiplication computation bottleneck and

therefore a complexity on the order of nm.

Dynamic SPECT typically faces the challenge of being underdetermined. This

in turn causes degradation to the quality of the reconstructed image. We used a

generalized cost function, more specifically the α-divergence function, as the building

blocks of our optimization objective functions. We have proposed two algorithms in

this chapter. The first was based on an alternating minimization framework to solve

an α-divergence objective function with a prior regularization term. Predictions

based on previous estimates are fed back as priors for the current estimation step. To

improve the prediction process, the prediction matrix that captures the dynamical

nature of the underlying problem is also estimated. For this algorithm we showed
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that an adaptive α assignment policy, depending on the behavior of the estimated

TAC, gives better performance. The second algorithm is based on Newton’s method.

If Newton’s method is directly applied to our objective function, this will result in

stability issues. To overcome this issue a regularization approach has been taken.

A fast Newton-based method has also been proposed by using MM techniques in

which variables are decoupled such that the Hessian matrix is an easily inverted

diagonal matrix. In general, our results show that α-divergence objective functions

provide better performance than the KL divergence update formulas that exist in

the literature.
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CHAPTER 3

Detection Strategies for a Q-PPM Optical Multiplexing Communication

Channel

Free space optical communications has been used for providing high data rate links.

An added advantage that free space optical (FSO) communications possesses is the

ability to operate over unlicensed spectrum. At a time when conventional radio

frequency (RF) systems are facing the challenge of bandwidth-scarce resources in

what is known as the spectrum gridlock, this becomes of significant importance.

Many communication techniques have been used to increase the spectral efficiency

to meet the increasing demand on data delivery. Multiplexing has always been

at the forefront of providing high data rate communications. Polarization-division

multiplexing (PDM) and wavelength-division multiplexing (WDM) have been uti-

lized to increase communication data rates [57]. Also, multiple input multiple out-

put (MIMO) communication has been employed for better spectral efficiency [58].

Orbital Angular Momentum (OAM) provides an added degree of freedom in data

multiplexing [59, 60, 61, 62, 63, 64]. Combinations of different multiplexing method-

ologies are also possible.

OAM is a feature that can be utilized to allow for the transmission of multi-

ple data streams simultaneously over different modes. These optical modes, also

referred to as optical vortices, do not interfere with each other. However, due to

atmospheric turbulence in the terrestrial channel, crosstalk among optical vortices

occurs. One line of research does not consider the case in which crosstalk has a

strong impact. This is because, in the cases considered, transmission using adjacent

modes is avoided or the atmospheric turbulence is very weak; therefore, crosstalk is

negligible [62]. Reducing crosstalk by increasing mode separation (skipping chan-

nels) also means that the available modes are not fully utilized. Another line of

research considers cases where crosstalk does affect the error rate performance if
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not taken into account. In [65] error correction codes are used to improve the bit

error rate performance. In our work we focus on the receiver’s front end by taking

a joint detection approach to improve the error rate performance. The modulation

scheme considered in this chapter is the Q-ary pulse position modulation (Q-PPM).

Coupling Q-PPM and OAM multiplexing yields a two dimensional (2D) mode-time

detection problem. In this chapter we adopt the statistical channel model presented

in [66, 67, 68]. Based on this statistical model, intensity fluctuation of the received

signal has a Johnson SB distribution. The interference intensity coming from other

modes is exponentially distributed.

The purpose of this chapter is to provide detection techniques for the OAM atmo-

spheric turbulence multiplexing channel. The first detector is the optimal maximum

likelihood sequence estimator (MLSE). This detector leverages the fact that Q-PPM

signaling occurs over Q time slots. Therefore, the problem can be viewed as a search

for a length Q sequence with the least cost. MLSE provides optimal performance

at an increased complexity cost. Suboptimal detectors are presented to avoid the

complexity of MLSE.

A Branch-and-Bound detector with lesser complexity than the MLSE detector

is proposed. The reduction in complexity is achieved through matrix factorization.

Matrix factorization has been used in the development of sphere decoder. Origi-

nally, Cholesky decomposition was used for calculating vectors of short length in a

lattice (e.g., see [69] and references therein) and QR factorization was used in the

sphere decoding literature (e.g., see [70] [71] and references therein). Using matrix

factorization facilitates designing detection algorithms that operate on trees. There-

fore, it provides the ability to control the algorithm complexity depending on the

bounding policies adopted in the detection algorithm. A widely used detector based

on these factorization techniques is the sphere decoder. We will see later in this

chapter that applying the sphere detector for Q-PPM is not suitable. The reason is

that decomposing the system into subsystems for each time slot and applying the

sphere detector to each subsystem separately can result in invalid Q-PPM symbols.

Therefore, our proposed Branch and Bound detector is designed with awareness
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about the nature of the Q-PPM signalling scheme.

Factor-graph-based detectors are also proposed in this chapter. Belief propaga-

tion algorithms operate on these factor graphs, which makes these detectors compat-

ible with modern coding theory. These detectors naturally fit in well with froward

error correction (FEC) decoders in iterative turbo configurations. Two variants of

graphical detectors are presented. The first factor graph detector operates on un-

modulated bits as the variable nodes. The girth of this factor graph representation

is four. With higher girths the error rate performance improves in factor graph

models. To increase the girth of our factor graph representation for the underlying

multiplexing problem, we propose a factor graph model that operates on the Q-

PPM chip value (or individual time slots) as the variable nodes. As a result of this

reformulation, the girth doubles from four to eight, and consequently there is a great

improvement in the error rate performance. For all the detectors developed in this

chapter, computational complexity and error rate performance trade-off analysis is

provided.

This chapter is organized as follows. In section 3.1 the communication system

architecture, the modulation format, and the OAM channel model are discussed. In

section 3.2 the detection strategies are presented. The bit-error-rate performance

and the associated computational complexity analysis are provided in section 3.3.

3.1 System Description

In this section a general description of the communication system architecture con-

sidered in this chapter is provided. A baseband model for the underlying problem is

developed. These models lay the foundation for our detection algorithms developed

in section 3.2. For sake of clarity, an overview of key notations used in this chapter

is discussed and tabulated.
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3.1.1 OAM-Based System Architecture

A possible communication system architecture using OAM for multiplexing is de-

picted in Figure 3.1. The top branch of the diagram represents the transmitter.

A binary source generates independent and identically distributed (i.i.d.) binary

bits. The mapper M is a bijection that admits a binary p-tuple and maps it to a

modulation symbol. The symbol is an element in a modulation alphabet, of size

|X | = 2p. A sequence of symbols is then sent to the serial to parallel converter.

The serial to parallel converter takes a set of serial symbols and sends them in

parallel fashion to an optical modulator. The optical modulator takes each symbol

(from the electrical domain) and generates an array of m optical signals. In the

optical domain, two operations are performed: (i) the generation of m OAM laser

modes, each with a distinct OAM state, and (ii) the optical multiplexing of those

modes into a set of coaxial superimposed OAM beams. These beams are transmitted

through a common optical aperture.

The receiver (bottom branch of the diagram) shown in Figure 3.1 performs the

inverse operations of the transmitter described above. OAM states can be sensed by

optical means and each optical signal is detected to produce a signal in the electrical

domain. The detector block considered here performs two sequential operations: i)

it takes n optical streams and converts them to n electrical signals proportional

to the received optical intensities; ii) the detector takes n electrical signals and

performs joint detection, using strategies that will be described later in section III.

Throughout this chapter we assume that n = m.

3.1.2 Statistical Description of the Channel

This section provides a statistical description of the OAM multiplexing channel.

The models considered in this chapter are statistical models that characterize the

distribution of the desired OAM mode and the distribution of the interfering OAM

modes. The channel statistics considered in this chapter are based on models pre-

sented in [66, 67, 68]. Based on the aforementioned references the received signal is
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modeled as a Johnson SB distribution with parameters γ and δ

fy(y|γ, δ) =
δ√
2π

1

y(1− y)
exp

{
−1

2

[
γ + δ log

y

1− y

]2}
(3.1)

The interfering signals are exponentially distributed with mean 1
λ

[67][68]. These

models are based on numerical simulations of Laguerre-Gauss modes over a terres-

trial propagation channel. The channel model and statistics are dependent on the

channel turbulence strength. In this chapter we consider the turbulence strength

C2
n = 10−15m−

2
3 and the corresponding distribution of the received signal is Johnson

SB with parameters γ = −2.7 and δ = 1.004. The interfering signal from the first

neighboring mode is exponentially distributed with mean 0.1076, 0.075 from the sec-

ond neighboring mode, 0.046 from third neighboring mode, 0.026 from the fourth

neighboring mode, and 0.026 from the fifth neighboring mode. More information

on the channel model and statistics can be found in [66, 67, 68]. The detectors pre-

sented in this dissertation also can be used for any other statistical channel model

or turbulence regime.

3.1.3 Baseband Channel Model and Notation

Assuming a Q-PPM modulation format, data symbols x̄q are drawn from the code-

book XQ−PPM, where q is the index of the time slot containing the information pulse

and all other time slots are zeros. The vector x̄q is a row vector with length Q. For

the 4-PPM case, our codebook X4−PPM is

{(1000), (0100), (0010), (0001)} (3.2)

The Q-PPM signaling scheme adds a time dimension to our detection problem. At

the transmitter side m symbols drawn from the Q-PPM codebook are transmitted

simultaneously using a set of LG functions with different mode numbers. Given the

turbulence-induced cross talk, the received signal baseband model of the ith mode

may be expressed as

yik = rigixikhii + Σ
j 6=i
rigjxjkhij + nik (3.3)
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where xik is the transmitted signal and k ∈ {1, . . . , Q} is the Q-PPM time slot

index. The transmitter laser gain gi for the ith mode is in units of W/(A ·m2) and

ri is the receiver sensitivity with units of (A ·m2)/W . The channel coefficient from

the jth transmission mode to the ith receiving mode is hij. We assume block fading

such that the channel coherence time is much greater than the time necessary to

transmit one Q-PPM symbol.

The second term in equation 3.3 is the sum of all the crosstalk contributions from

other OAM modes. The additive white Gaussian noise is nik with zero mean and

noise spectral density N0/2. Note that the crosstalk contribution is proportional to

the laser gain (i.e., the transmit power) and the channel gain of the active OAM

states at a given time, and is independent of the additive noise. For simplicity of

analysis, the laser gain and receiver sensitivity are assumed to have unity value (i.e.

ri = 1 and gi = 1, ∀ i). From equation 3.3 an equivalent matrix representation is

Y = HX + N (3.4)

where

Y =


y11 · · · y1Q
...

. . .
...

yn1 · · · ynQ

 = [y1, · · · ,yQ] (3.5)

X =


x11 · · · x1Q
...

. . .
...

xm1 · · · ymQ

 = [x1, · · · ,xQ] (3.6)

That is, matrix Y is an n × Q matrix with columns y1, · · · ,yQ and the matrix X

is an m×Q matrix with columns x1, · · · ,xQ. The channel transfer matrix

H =


h11 · · · h1m
...

. . .
...

hn1 · · · hnm

 =


h̄1

...

h̄n

 (3.7)
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is an n×m matrix with rows [h̄T1 , · · · , h̄Tn ]T , where the bar in h̄Ti is used to denote

row vectors. The noise matrix

N =


n11 · · · n1Q

...
. . .

...

nn1 · · · nnQ

 = [n1, · · · ,nQ] (3.8)

is a n × Q matrix with columns n1, · · · ,nQ. Table 3.1 provides a summary of the

notation used in this chapter. In equation 3.4, the matrix multiplication captures

the average crosstalk effect produced by each constituent OAM state. Since the free-

space optical channel is non-dispersive, the columns of X and Y are non-interfering.

Table 3.1: Summary of the notation used in this chapter.

Notation Description

X,xk,xik X is the m×Q matrix, xk is the kth

Y,yk,yik column, xik an element in ith row and kth

N,nk,nik column of X.
Similarly for Y and N

H, n×m channel transfer matrix,
h̄l,hij h̄l is the lth row, hij is an element in H

x̄q Q-PPM symbol where q is the index
of the time slot with the information pulse

|| · ||F , || · ||2 the Frobenius norm and the Euclidean
norm respectively

AH hermitian transpose of the matrix A

bp(i) bit p connected to the
mode i mapper

i,j indices used to denote optical
modes number

k,q indices used to denote the
time dimension

Q the cardinality of the PPM
constellation set

In all the detection algorithms we assume that the receiver has knowledge of the

channel transfer matrix H. We use the term joint detection for the case in which

the detector takes into account the mode-time characteristics of the system. That

is, rows and columns of X and Y are processed jointly. The term separate detection
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Figure 3.2: Trellis representation of the MLSE detector for 2-PPM modulation
scheme (n = m = 2).

refers to the case where the receiver processes each mode separately regardless of

the crosstalk induced by other optical modes.

3.2 Detection Strategies

We develop three detection strategies for mitigating the interference problem among

optical OAM modes. Three detection approaches will be proposed. The first al-

gorithm is the Maximum Likelihood Sequence Estimator (MLSE) which provides

optimal performance with respect to the bit error rate performance. To avoid the

complexity associated with MLSE, we propose suboptimal detectors. Two variants

of factor graph detectors and a branch-and-bound detection approach are proposed.

3.2.1 Optimal MLSE Detector

For Q-PPM transmission over Q time slots, the MLSE detector declares the length

Q sequence with the highest likelihood as its estimate. The detector solves the
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following optimization problem:

max
x1,...,xQ

P(y1,y2, . . . ,yQ|x1,x2, . . . ,xQ)

s.t.

Q∑
k=1

xk = 1
(3.9)

where 1 is the all ones vector. The
∑Q

k=1 xk = 1 constraint is imposed by the Q-

PPM structure. Each channel observation yk is dependent on xk,xk−1, . . . ,x1 such

that

P (y1,y2, . . . ,yQ|x1,x2, . . . ,xQ) =

P(y1|x1)P(y2|x2,x1) . . .

P(yQ|xQ,xQ−1, . . . ,x1)

=

Q∏
k=1

P(yk|xk,xk−1, . . . ,x1)

(3.10)

We assume that a photodetector is used for direct optical detection. For a

photodetector-based receiver the channel is modeled as having an additive white

Gaussian noise (AWGN) channel model [72, 73]. For AWGN channel with indepen-

dent and identically distributed noise entries, we have

P(yk|xk,xk−1, . . . ,x1) =

1

(2πσ2
n)n/2

exp

(
−1

σ2
n

||yk −Hxk||2
) (3.11)

The channel inputs xk−1, . . . ,x1 do not appear in the likelihood probability

P(yk|xk,xk−1, . . . ,x1) distribution, however they affect the admissible values of xk

due to the Q-PPM constraint. Due to the monotonicity of the function ln(·), it can

be applied to the objective function without changing the underlying optimization

problem:

ln (P (yk|xk,xk−1, . . . ,x1)) =

−n
2

ln
(
2πσ2

n

)
− 1

σ2
n

||yk −Hxk||2
(3.12)
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Also, the constant term −n
2
ln(2πσ2

n) can be removed without affecting the optimiza-

tion problem, and the negative sign in the second term converts the problem from

a maximization to a minimization problem:

min
x1,...,xQ

Q∑
k=1

||yk −Hxk||2

s.t.

Q∑
k=1

xk = 1

xik ∈ {0, 1}

(3.13)

This sequence estimation problem can be viewed from the perspective of a trellis

representation. Consider the trellis in Figure 3.2 for a 2-PPM modulation and

number of modes m = 2. There are four possible paths, path one (x1 = [0 0]T ,x2 =

[1 1]T ), path two (x1 = [0 1]T ,x2 = [1 0]T ), path three (x1 = [1 0]T ,x2 = [0 1]T ),

and path four (x1 = [1 1]T ,x2 = [0 0]T ).

For the MLSE algorithm, our discussion focused on the Gaussian case, which is

based on the assumption that a photodetector is being used for direct detection. If

other noise models are assumed, the trellis representation in Figure 3.2 will remain

the same. The Euclidean distance can still be used as the branch metric. However,

for optimal performance the branch metric has to take into account the underlying

noise model. In the MLSE literature, non-Gaussian noise models have been studied

for different types of branch metrics (see for example [74]).

3.2.2 Factor Graph Detector

Signal detection can also be developed based on factor graph representations for

the underlying OAM multiplexing system. In the communication literature, factor

graph models have been used for data inference. A prime example is the use of

factor graph models in the decoding of error-correction codes, such as low-density

parity-check (LDPC) codes [75]. Similarly, factor graph representations are used in

the detection process of inter symbol interference (ISI) channels associated with the

wireless multi-path environment or with data storage systems [76, 77]. Applications

other than communications have used factor graph models for inference as in image
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analysis and compressive sensing [78, 79, 80]. It is important to keep in mind

that factor graph representations are not necessarily unique for a given system.

Depending on how the mathematical structures of the underlying system are used

we arrive at different factor graph representations. We develop detectors based on

two factor graph representations: Q-PPM bit-based factor graph and Q-PPM chip-

based factor graph. In the first approach, pre-mapped bits (raw data) are considered

the variable nodes under processing. In the second approach, the individual time

slots or the Q-PPM chips are considered the variable nodes under processing.

Q-PPM bit Based Factor Graph Detector

In this detector unmodulated bits (raw data) are the variable nodes. Bit-based

factor graph detectors for phase and amplitude modulations, such as QAM, have

been studied [81, 82], without a temporal component. We consider the Q-PPM case

in which a time dimension is added. Consider the factor graph in Figure 3.3a for

4-PPM and m = n = 5. The raw bits are the variable nodes denoted by l. There

are m log2(Q) bits (10 bits in this example) connected to a mapper, in groups of

log2(Q) bits. The white check nodes � capture the channel interference effect among

optical modes for a fixed time slot. Messages going from the channel check nodes

ck to variable nodes bq(j) are

µck→bq(j)(bq(j)) =
∑

xk:bq(j)

P (yjk/xk)

∏
bp(i)∈n(ck)\{bq(j)}

µbp(i)→ck(bp(i)) for bq(j) ∈ {0, 1}
(3.14)

where

P(yjk/xk) ∝ exp(−|yjk − h̄jxk|2) (3.15)

and d ∈ {0, 1}. The set of variable nodes connected to the check node ck is n(ck)

and bp(i) is the pth bit connected to the ith mode mapper. The factor graph repre-

sentation of this problem is of girth four, where the girth is the shortest cycle that

exists in the graph. The performance of message passing algorithms improves as
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the girth of the graph increases. Loopy (i.e., finite girth) factor graphs with low

girth will affect the error rate performance. To decrease the error rate, we increase

the factor graph girth to be more like a tree. This is accomplished by reformulating

the detection problem from a bit-based graphical detector to a chip-based graphical

detector.

Q-PPM Chip Based Factor Graph Detector

The bit-based factor graph representation had the unmodulated bits as the variable

nodes. In this factor graph representation the Q-PPM time slots (or chips) are

chosen to be the variable nodes. We use the structures that inherently exist in this

channel to reach a new factor graph representation, namely

i) The Q-PPM symbol structure in which only symbols with a single pulse are

permitted (across time slots for a fixed optical mode). This constraint is

graphically represented by a black check node (�).

ii) The interference structure among optical modes (across modes for a fixed time

slot) captured in the channel transfer matrix H. This is graphically denoted

as a white check node (�).

iii) Each Q-PPM chip (or time slot) for all m optical modes are graphically captured

in l representing the variable nodes.

Figure 3.3b shows an OAM channel consisting of five modes (i.e., m = n = 5) and

the modulation scheme 4-PPM. In Figure 3.3b, symbols l represent the variable

nodes taking all possible Q-PPM chip values. The dashed horizontal rectangles

connected to the black check nodes (�) represent the 4-PPM constraint. The dashed

vertical rectangles connected to the white check nodes (�) represent the interference

structure H. An equivalent factor-graph representation is shown in Figure 3.3c.

This representation helps in the use of belief propagation over the edges connecting

variable nodes to check nodes. Messages going from Q-PPM check nodes c′i to

variable nodes xiq are computed as
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Case i) (xiq = 0)

µc′i→xiq(xiq = 0) =
∑

x̄:xiq=0

fc′(x̄)

∏
xik∈n(c′i)\{xiq}

µxik→c′i(xik)
(3.16)

Case ii) (xiq = 1)

µc′i→xiq(xiq = 1) =
∏

xik∈n(c′i)\{xiq}

µxik→c′i(xik = 0) (3.17)

The function fc′(x̄) enforces the Q-PPM constraint, where a single variable node

is allowed to take on the value 1 and the others 0. Messages going from the channel

check nodes ck to variable nodes xjk are

µck→xjk(xjk = d) =
∑

xk:xjk=d

P (yjk/xk)

∏
xik∈n(ck)\{xjk}

µxik→ck(xik)
(3.18)

where d ∈ {0, 1}. These factor graph-based detectors offer two important fea-

tures. First they provide soft outputs which makes them naturally compatible with

iterative coded modulation configurations (or turbo configurations). Second, they

provide composite representation across different dimension (space, frequency, etc.).

In [83] a factor graph approach for detection across the frequency domain is taken.

In the context of this work our factor graphs capture mode-time and as in [83] fre-

quency can also be added if OFDM is jointly applied with OAM. Since our focus is

detection, we do not apply the iterative detection/decoding in a turbo configuration.

However, adding an outer decoder (e.g., LDPC or convolutional code) and engaging

in an iterative detection/decoding process can be readily done. More information

on belief propagation and graphical inference can be found in appendix B.

3.2.3 Branch and Bound Detection

Algorithms that are based on matrix factorizations such as the sphere decoder

provide significant computation reduction in the detection process. The reduc-
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Figure 3.4: The sphere decoder: a) Only the constellation points within the sphere
are admissible solutions. b) The sphere decoder can be interpreted as operating over
a tree. c) Applying the sphere decoder to the Q-PPM case.
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Table 3.2: Complexity Analysis

Detector Structure Number of Number of
Multiplications Additions

MLSE Trellis Qn+1(mn+ n) Qn+1(n(m− 1)
+2n− 1)

Graphical Factor Graph 2m2m 2mm
(chip) +(Q− 1)(Q− 2)

+(Q− 2)
Graphical Factor Graph Q2m(m+m log(Q)) Q2mm
(bit) +2(Q− 2)
Branch and Bound Tree Simulation Based Simulation Based

tion comes from the fact that the sphere decoder only considers solutions within a

sphere and discards the other ones. The sphere decoder has been used in a wide

variety of applications. It has been used in multi-carrier code division multiple ac-

cess (CDMA) [84, 85, 86]. Also, it is widely used in multi-antenna communications

systems [87, 88, 89, 90]. More recently in compressive sensing scenarios [91, 92].

In Figure 3.4a the general concept of the sphere decoder is shown where only con-

stellation points within the sphere are admissible solutions and the ones outside are

discarded. The operation of a sphere decoder can be depicted in a tree representa-

tion shown in 3.4b where at each level l only the nodes that are within the available

sphere radius (the budget) can be considered. The algorithm starts with a radius

r and at each level l depending on the solution chosen the corresponding error or

the distance away from the received vector is deducted from the allowed budget r.

Therefore, this concept of operating within a sphere or on a budget prevents the

algorithm from traversing the entire tree.

We are interested in the Q-PPM case. One approach is to decompose the system

into independent subsystems y1 = H1x1 + n1, . . . ,yQ = HQxQ + nQ and apply the

sphere decoder algorithm [93]. The equivalent tree search interpretation is shown in

Figure 3.4c. However, the problem with this approach is that invalid solutions will

come out of the decoder. For example, in the 4-PPM scheme in which the codebook

is {(1000), (0100), (0010), (0001)} we can get the codeword (1001) out of this detec-
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tion approach. The reason is that the system is decomposed and the decoders are

working independently without awareness of the modulation scheme. Therefore, we

want to develop a detector that reduces the complexity by not traversing the entire

tree and also has awareness of the modulation format.

The Branch and Bound Algorithm

For a Gaussian vector channel y = Hx + n the optimal solution takes the form

min
x
||y−Hx||22, where the channel transfer matrix is H ∈ Rn×m and the transmited

vector is x ∈ Rm. Noise and received vectors are n ∈ Rn and y ∈ Rn, respectively.

This approach yields the maximum-likelihood solution and the optimality comes at

the expense of complexity, where an exhaustive search over all possible combinations

is required.

For the mode-time detection problem our system representation is Y = HX+N

and the optimal solution is given by

X̂ = arg min
X

||Y −HX||2F . (3.19)

Since we have matrix inputs and outputs the more general Frobenius norm || · ||F
is employed instead of the Euclidean distance || · ||2. For an n ×m matrix A, the

Frobenius norm is

||A||F ,

√√√√ n∑
i=1

m∑
j=1

|aij|2 (3.20)

This optimization problem also is highly complex, and sphere detectors are not

designed for this type of mode-time matrix input and matrix output system. In

the sphere decoding literature, matrix factorization is used to make the detection

process recursive. Cholesky factorization is used in [69] and QR factorization is

used in [70]. Before we introduce this factorization into our detection algorithm, we

define

||A||2F ,
n∑
i=1

m∑
j=1

|aij|2 =
m∑
j=1

||aj||22 (3.21)
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to reach the expression

||Y −HX||2F ,
Q∑
k=1

||yk −Hxk||22 (3.22)

By using QR factorization, the channel matrix can be represented as

H = [Q1 Q2]

R

0

 (3.23)

where the Q1 is an n × m matrix, Q2 is an n × (n − m) matrix, R is an m × m
matrix and 0 is an (n−m)×m matrix. Applying matrix factorization to equation

3.22 yields

||Y −HX||2F ,
Q∑
k=1

∥∥∥∥∥∥yk − [Q1 Q2]

R

0

xk

∥∥∥∥∥∥
2

2

(3.24)

and therefore

||Y −HX||2F =

Q∑
k=1

∥∥∥∥∥∥
QH

1

QH
2

yk −

R

0

xk

∥∥∥∥∥∥
2

2

(3.25)

where QH
1 is the Hermitian transpose of Q1, and

||Y −HX||2F =

Q∑
k=1

||QH
1 yk −Rxk||22 +

Q∑
k=1

||QH
2 yk||22. (3.26)

By letting

Z = QH
1 Y (3.27)

and

c =

Q∑
k=1

||QH
2 yk||22 (3.28)

we reach

||Y −HX||2F =

Q∑
k=1

||zk −Rxk||22 + c (3.29)
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From the upper triangular relation in equation 3.29 introduced by R, we get

||Y −HX||2F =

Q∑
k=1

m∑
i=1

(
zik −

m∑
j=i

ri,jxjk

)2

+ c (3.30)

For the case where n = m (the assumption followed in this chapter), c = 0.

The basic premise of the Branch and Bound detector is that starting from the

root node it generates the possible Q-PPM symbols x̄q for all q ∈ {1, . . . , Q}. For

each generated Q-PPM symbol the corresponding cost is calculated. The algorithm

will determine the node’s child with the least cost. Once a leaf node is reached, the

solution found is saved and a bound is established with a value equal to the cost of

that leaf node. The algorithm will continue to traverse the tree looking for another

solution with a lesser cost. The bounding functions prevents the algorithm from

traversing the entire tree which would be the complex exhaustive search.

Our branch and bound algorithm involves the following notation:

• l is the index of the tree level operated on.

• B is a global bound such that any Q-PPM symbol at a given level with a cost

greater than B is an invalid Q-PPM symbol. Although omitted from the algorithm

for simplicity of explanation, Bl serves as a local bound for level l.

• Al is the set of active Q-PPM symbols under investigation at level l. The set

of children of a given Q-PPM symbol is Nc.
• The function Sort takes the set of Q-PPM symbols in Al and outputs the

Q-PPM symbol with the least cost.

• fl(x̄q) is the cost of codeword x̄q at level l. x̄′l is the codeword with the least

cost at level l.

Equation 3.30 is used for the calculation of the cost function fl(x̄q). For the case

where m = n,

fl(x̄q) = fl+1(x̄
′
l+1) +

Q∑
k=1

(
zlk −

m∑
j=l

rl,jxjk

)2

(3.31)

where j, l ∈ {1, . . . ,m} and k ∈ {1, . . . , Q}. To calculate the cost of the codeword

x̄q at level l, we substitute xlq = 1 and xlk = 0 ∀k 6= q. The quantities fl+1(x̄q)
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Figure 3.5: 2-PPM BER for i) MLSE, ii) Branch and bound, iii) Chip based factor
graph detector, iv) Bit based factor graph detector, v) Separate detection (m=5).
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(cost of the parent node) and x(l+1)k are from the previous level. The details of the

algorithm are shown in Algorithm 2.

Algorithm 2 Branch and Bound Detection Algorithm

1) Initialization:

Set l← root, B = +∞
Al = φ ∀l ∈ {1, . . . ,m}

2) Generate Children:

Al ←− Al ∪ x̄q ∀q ∈ {1, . . . , Q} (add symbols)

3) Calculate:

Compute fl(x̄q) ∀ x̄q ∈ Al
4) Test:

x̄′l ← Sort{Al}
if Al = φ ∀l ∈ {1, . . . ,m} Exit;

if fl(x̄
′
l) < B and l = 1;

goto 5;

if fl(x̄
′
l) < B and l 6= 1;

if Nc = φ goto 2;

if Nc does not contain any valid nodes

Al ← Al − {x̄′l}, if Al = φ, l← l + 1

goto 4; else x̄′l ← Sort{Al} goto 4;

if fl(x̄
′
l) > B;

Al ← Al − {x̄′l}, l← l + 1 goto 4;

5) Leaf:

X̂ ← {x̄′1, . . . , x̄′m} Store Solution

l← l + 1 goto 4;

3.3 Complexity Analysis and Simulation Results

3.3.1 Complexity Analysis

The criterion for the complexity analysis is the count for the number of operations

necessary for the complete detection process for each algorithm described above.

The operations considered are multiplication/divisions and addition/subtractions.

For the MLSE there are Qn possible sequences. For each sequence we compute

||yk−Hxk||22 for each stage of the length-Q sequence. The cost of finding ||yk−Hxk||22
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Figure 3.6: 4-PPM BER for i) MLSE ii) Branch and Bound iii) Chip Based Factor
Graph Detector iv) Bit Based Factor Graph Detector v) Separate Detection (m=5).

is nm number of multiplications, n(m−1) number of additions (for Hxk), n number

of subtractions (for yk −Hxk), n number of multiplications and n − 1 number of

additions (for || · ||2).
For the chip-based factor-graph detector the channel check node (�) belief cal-

culation is given in equation 3.18. There are 2m−1 terms for each binary time

slot value (i.e., 0 and 1), which makes it 2m terms in total. In each term, for

P(yik/xk) ∝ exp(−|yik − h̄ixk|2) there are m multiplications, m − 1 additions (for

h̄ixk), one subtraction (for yik − h̄ixk) and one multiplication (for | · |2). There

are m− 1 multiplications for the marginalization. For the Q-PPM check node (�),

belief calculations are given in equations 3.16 and 3.17. For equation 3.16, there are

Q − 1 terms, and each term has Q − 2 multiplications. For equation 3.17 there is

one term with Q− 2 multiplications.
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For the bit-based factor graph detector, the check node belief calculation is given

in equation 3.14. There are 2mlog(Q)−1 terms for each binary value, which makes it

2mlog(Q) terms in total. In each term the operation P(yjk/xk) has m multiplications,

m − 1 additions, one subtraction and one multiplication. There are m log(Q) −
1 multiplications for the marginalization. For each bit bp(i), the variable node

performs (Q− 2) multiplications for each binary value.

The complexity of the Branch and Bound detection is difficult to track analyt-

ically. The complexity is dependent on a number of variables such as the channel

statistics and the bounding policies. In this work, we take a simulation approach for

analyzing the complexity of the algorithm. Evaluating an algorithm’s complexity

by means of simulation has been used in cases where analytical evaluation is infea-

sible or difficult to obtain (e.g., see [70][94]). Table 3.2 provides a summary of the

complexity of all algorithms presented in this chapter.

3.3.2 Error Rate and Complexity Trade-Off

Figures 3.5 and 3.6 show the bit-error rate (BER) performance for the detectors

described in section 3.2 for 2-PPM and 4-PPM, respectively. In our simulations, the

channel transfer matrix has been generated according to the distributions described

in section 3.1.2. The channel transfer matrix has been generated 104 times and

107 bits were simulated for each point on every BER curve. Transmit channels use

contiguous OAM states, and all states feature the same statistics with respect to

each other.

The results in Figures 3.5 and 3.6 show that separate detection has an error

floor at a relatively high error rate around 10−3. Simulation results show that joint

detectors do not encounter this error floor problem and provide superior performance

compared to separate detection. As can be seen from Figures 3.5 and 3.6, MLSE

provides optimal performance. Figures 3.7 and 3.8 show the curves for the required

number of computational Flops for all detectors. In Figure 3.7 the required number

of Flops for different numbers of OAM optical modes is shown. Figure 3.8 shows

the required number of Flops for different values of Q-ary constellation sizes. The
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Figure 3.7: Number of flops (for various number of optical modes) i) MLSE, ii)
Branch and bound, iii) Chip factor graph, and iv) Bit factor graph.

results show that MLSE is the most computationally demanding detector across the

number of optical modes and across constellation sizes.

Two variants of the factor graph detectors are considered. For the bit-based

factor graph detector there is a great loss in terms of the error-rate performance

when compared to MLSE. However, there is a reduction in the number of required

computational Flops across the number of optical modes and across constellation

sizes. For the chip-based factor graph detector, there is a small loss in error rate

performance compared with MLSE. At 10−4 bit error rate the SNR loss is less than 1

dB. There is also a reduction in the number of required computational Flops when

compared to MLSE. This is true across the number of optical modes and across

constellation sizes.

The improvement in performance for the chip-based factor graph is achieved
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by increasing the factor graph girth. Figure 3.3 shows that the bit-based factor

graph detector has a girth-four factor graph while the chip-based factor graph de-

tector operates on a girth-eight factor graph. The bit-based factor graph has higher

complexity than the chip-based factor graph across the number of optical modes.

However, an important observation is that the fastest growing complexity factor

across different constellation sizes is Q log(Q) for the bit-based factor graph detec-

tor, whereas for the chip-based factor graph detector, it grows with a rate of Q2.

Figure 3.9 shows the rate of growth for a scenario where n = m = 2. We see that

the chip-based factor graph detector has less number of computational Flops until

approximately Q = 58, where the bit-based factor graph detector becomes less com-

plex. Across the number of optical modes, the chip-based factor graph detector has

less complexity.

The error rate performance of the Branch and Bound detector is close to the op-

timal MLSE detector. Complexity reduction is provided by the Branch and Bound

detector when compared with the MLSE detector. The complexity results shown

in Figures 3.7 and 3.8 for the Branch and Bound detector are obtained through

simulation. For each number of optical modes or constellation size we run at least

1000 Q-PPM symbols per optical mode. The introduction of matrix factorization

and hence operating on trees where we can have different bounding polices offers

significant complexity reduction for different values of optical modes, outperforming

MLSE and factor graph detectors. In Figure 3.7 the reduction in complexity as

across the number of optical modes provided by the Branch and Bound detector

becomes significant after approximately n = 8. In terms of computational com-

plexity the Branch and Bound detector is outperformed by the chip based factor

graph detector across constellation sizes as shown in Figure 3.8. Since all Q-PPM

symbols have a Hamming distance 2 from each other, all Q-PPM symbols have to

be examined at each level the Branch and Bound detector is operating in. There is

no obvious way to rule out some of the Q-PPM symbols at a given level to reduce

the complexity for different constellation sizes. The error rate performance and the

complexity evaluation presented in this section for the Branch and Bound detector
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Figure 3.9: Q log2(Q) growth for bit-based factor graph detector and Q2 growth for
the chip-based factor graph detector (for m = n = 2).

correspond to a specific bounding policy. The bounding policy for these results is

that the cost of any solution (leaf) reached is stored as a global bound. The tree

structure allows for the design of different polices for traversing the tree which will

give different error rates and complexity performance.

There are general advantages of each detection strategy. In general joint detec-

tion mitigates the error floor problem of separate detection. The MLSE detector

provides optimal BER performance. Factor graph detectors provide soft outputs

which makes them appealing for use in iterative detection and decoding configura-

tions. The Branch and Bound detector allows the ability to vary the complexity

depending on the bounding policies. The complexity and performance analysis show

its dependence on the number of OAM channels and on the constellation size.

We have addressed the detection of transmitted data over OAM channels influ-
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enced by atmospheric turbulence. The atmospheric turbulence causes inter-mode

interference. Performing separate detection this will result in poor error floor per-

formance. A joint detection approach is taken to overcome the error floor prob-

lem. Three detection strategies were presented to mitigate the interference problem

in the OAM channel. The MLSE detector provides optimal performance at high

complexity cost. Suboptimal detectors were proposed to decrease the computation

complexity of the MLSE detector. Factor graph detectors provide soft outputs and a

decrease in the detection complexity. Branch and Bound detection offers the ability

to vary their complexity based on the bounding polices. Complexity performance

analysis was provided for all detectors presented in this chapter. Simulations were

performed over realistic numerical optical propagation channel models.
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CHAPTER 4

Conclusion and Future Work

4.1 Conclusion

Inverse problems are generally concerned with recovering the parameter vector based

on observed measurements. These type of problems can be found in perhaps all

science and engineering disciplines. A classic example of an inverse problem solution

methodology is the least squares technique. Although most problems have different

physical properties, the least squares technique is an apt approach for solving a large

variety of inverse problems. In some cases the standard least squares technique is

not sufficient to solve a wide range of problems.

The class of ill-posed problems, which is pervasive, is an example of an inverse

problems that cannot be solved by only using an ordinary least square formulation.

Another important example is sparse parameters vector recovery in compressive

sensing applications. To solve this problem a regularization approach has to be

taken. For the ill-posed problems the `2 regularization term is usually used. In

compressive sensing, the `1 and `0 regularization terms are usually used to pro-

duce sparse solutions. However, `1 is more frequently used due to the reduction in

complexity it provides compared with `0.

This dissertation focuses on a specific class of inverse problems, a class of inverse

problems that not only take into account the spatial aspect but also the temporal

aspect in which parameter vectors from multiple time instances are involved in

the problem optimization. We refer to this type of inverse problems as space-time

inverse problems. An example of an inverse problem that falls into this category is

the linear dynamical system. In these systems the next state is dependent on the

current state. It is important to take into account consecutive parameter vectors to

solve the problem optimally. Therefore, the main objective is to design detection
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and recovery algorithms that incorporate the temporal aspect into the recovery

algorithms. Two specific space-time inverse problems were studied.

The first space-time problem we studied was dynamic SPECT. In SPECT a ra-

dioactive tracer is injected into the patient that causes particle emission. From these

emissions we are interested in reconstructing the physiologic activity of the target

area. In the dynamic SPECT case, we are also interested in the time evolution of the

tracer. Abnormalities in the TAC behavior can be indicative of health problems.

In chapter 2, we developed a reconstruction algorithm for dynamic SPECT. The

reconstruction algorithm was based on a linear dynamical model that captures the

dynamic nature of the underlying problem.

An important aspect of our algorithm development was that we used generalized

cost functions namely, the α-divergence function. The existing algorithms use the

KL divergence which is a special case of the α-divergence function. The generaliza-

tion from the KL divergence to the α-divergence improved the performance. Two

reconstruction algorithms were developed for dynamic SPECT. The first algorithm

was based on an alternating minimization approach for a regularized α-divergence

function. An important issue to address when using the α-divergence function is

what value of α should be used. From our simulations we found that assigning α

adaptively provides better performance. The policy used in chapter 2 was to track

the slope of the estimated TAC and based on it assign a value for α. More specifi-

cally, we assign for a negative slope TAC a negative α value and for a positive slope

a positive α, which resulted in improved reconstruction performance.

The dynamical model used for this problem does improve the performance. How-

ever, the prediction matrix is not known a priori, and using the identity matrix as

the prediction matrix does not provide the best performance. To use a more infor-

mative prediction matrix, our algorithm also estimates the prediction matrix. We

achieve that by using estimated successive time parameter vectors and how they

evolve to infer the prediction matrix.

The second algorithm is a Newton-based algorithm. Applying Newton’s method

directly to the main objective function results in stability issues. To solve the sta-
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bility aspect of the problem, we take a regularization approach. Although Newton-

based algorithms are known for their fast convergence, there is a high complexity

cost associated with inverting a matrix. We have proposed a fast Newton-based

algorithm with a diagonal Hessian matrix. This is made possible by applying MM

techniques that decouple off-diagonal elements of the Hessian matrix.

In chapter 3, we developed three detection strategies for an optical multiplexing

channel. This problem falls into the category of space-time inverse problems because

of the temporal dimension introduced by the Q-PPM modulation format. The first

detector is the MLSE algorithm. This algorithm leverages the fact that transmission

occurs over multiple time slots and therefore this problem can be posed as a search

for the most likely sequence based on the channel observations. This detector gives

the best performance at a high complexity cost.

To avoid the complexity of the MLSE detector, we have also developed subop-

timal detectors. The first suboptimal detection strategy developed was based on

factor graph models. Two variants of factor graph detectors were proposed. The

first factor graph detector is based on modeling the raw unmodulated bits as the

variable nodes. This model results in a factor graph of girth four. To improve the

error rate performance, the girth of the factor graph has to be increased. This is

achieved by modeling individual Q-PPM time slots as the variable nodes. With this

formulation the factor graph girth doubles from four to eight, and as a result, the

error rate performance improves for this factor graph representation.

The second suboptimal strategy is based on matrix factorization. Detection

algorithms that are based on matrix factorization, such as the sphere decoder, pro-

vide good error rate performance with a reduction in the computational complexity

compared with ML detection. This reduction comes from the fact that the sphere

decoder operates on a budget in the sense that only solutions within a finite radius

sphere are admissible solutions. However, when this detector is directly applied

to the Q-PPM case, this can result in invalid Q-PPM codewords due to the lack

of awareness about the modulation format nature. Therefore, we have proposed

a branch and bound algorithm that preserves the low complexity aspect of matrix
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factorization and at the same time has awareness about the modulation format at

hand.

4.2 Future Work

There are several possible future directions for continuing to study the topics covered

in this dissertation.

4.2.1 Dynamic SPECT Future Research Directions

Regarding dynamic SPECT, there are two main paths for future work. The first

direction is concerned with the fact that in some cases our reconstruction algorithms

will be dealing with sparse signals. The second research direction addresses the issue

of assigning the α value using mathematical functions rather than a fixed bipolar

assignment.

Sparse Recovery of a Dynamical System

In chapter 2, we developed recovery algorithms for dynamic SPECT. An interest-

ing question to ask is what would happen if the signal is sparse. In the classical

static case, discussed in chapter 1, we had an optimization problem of the form

min
x
‖y −Hx‖22 + λ‖x‖1. For the dynamic case this must be generalized to account

for the dynamic nature of the problem. In [95] an optimization formulation was

studied for dynamic sparse signals recovery with the following form

x̂k =arg min
xk

1

2
‖yk −Hkxk‖22 +

λ

2
||xk −Axk−1||22 + ‖xk‖1. (4.1)

The analysis in [95] did not result in closed-form update equations like the Kalman

filter, but rather solvers were used to solve the optimization problem. Other efforts

have been made to use the classical kalman filter by adding awareness to it about

the sparse nature of the problem (see for example [96]). In chapter 2, we used the α-

divergence generalized cost function for a dynamical system. Future research could
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consider our formulation in chapter 2 with a sparsity requirement added to it. The

general formulation would take the following form:

x̂k = arg min
xk

λ (Dα (Hkxk,yk) + Dα (xk,Axk−1)) + (1− λ)CS(xk) (4.2)

The main difference between this formulation and the formulation presented

in chapter 2 is the term CS(xk) which is the compressive sensing term. In our

pervious discussions on compressive sensing and sparse recovery, we focused on the

`1 regularization term to enforce sparse solutions. For sake of consistency we would

also like to use an α-divergence term to enforce sparsity. Figure 4.1 shows a plot

of different `p norms and an α-divergence function. As p decreases, a stronger

sparseness constraint is imposed. Also, the α-divergence function is narrow around

zero, which means it will enforce the solutions to be sparse. We have centered the
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Figure 4.2: Functional assignment of the α value depending on the slope. Plots of
a · tanh(c · x) for a fixed a = 1 and different values of c.

α-divergence function around a small value ε that is,

CS(xk) = Dα (ε,xk) (4.3)

The reason for centering the α-divergence function around ε is that if we center it

around zero most of the α-divergence function terms will be canceled and we would

end up with meaningless results.

Functions for Assigning α

We have seen in chapter 2 that an adaptive policy for α gives better performance.

For positive slopes we assigned positive α values and for negative slopes we assigned

negative α values. However, it would be interesting to explore more sophisticated

policies beyond the fixed bipolar policy. Take, for example, the following function:

α(x) = a · tanh(c x) (4.4)
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where a and c are scaling constants. The a constant determines the dynamic range of

values assigned to α, whereas c controls the slope steepness of the tanh(·) function.

In our context x would be the slope of the estimated TAC. In Figure 4.2 a plot of

different values of scaling constants is shown. For the high c values, such as c = 20,

our α assignment function comes closer to the bipolar strategy of assigning a fixed

positive α for positive slope and fixed negative α for a negative slope. However, for

smaller values of c there is a transitional range of α values. It is worth studying this

type of α functional assignment for improved assignment polices. This will perhaps

be extremely important in cases where the slope is not very steep or if we have a

constant TAC. In such cases assigning a very high positive or negative α value would

be an aggressive policy to adopt. Other functions could also be studied for the α

assignment policy.

4.2.2 Optical Multiplexing Channel Future Research Directions

There are two main future research directions for detection in an optical multiplexing

channel. The first is to address the issue that in some cases, due to the nature of the

Q-PPM modulation format, the underling detection problem is sparse. Therefore,

it is natural to investigate sparse reconstruction algorithms. The second research

direction is to focus on iterative decoding and detection communication architec-

tures.

Sparse Recovery

There has been an increased interest lately in massive multiplexing systems [97]. In

future research directions we want to explore sparsity aspects in high-dimensional

multiplexing channels. The multiplexing channel considered in chapter 3 can be

sparse depending on the system parameters. Therefore, sparse inverse problem

techniques can be of value for the communication setup considered in this disser-

tation. One could provide probabilistic analysis for this channel to investigate the

sparseness of the underlying problem.
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We begin our analysis by asking, ”What is the probability p of a pulse being in

a certain time slot for a Q-PPM signalling scheme?” The answer is

p =
1

Q
(4.5)

for a uniformly distributed source, which is our assumption here. Next, we could

ask, ”For a multiplexing channel what is the probability of l pulses occurring in one

time slot across different channels (we will denote this as P )?” The answer is the

binomial distribution,

P =

(
m

l

)(
1

Q

)l(
1− 1

Q

)m−l
(4.6)

where m is the number of multiplexing channels used. Figure 4.3a shows the proba-

bility of l pulses occurring in a ceratin time slot for a given Q-ary family for a fixed

number of multiplexing channels m = 100. Figure 4.3b shows the corresponding

cumulative distribution function. We see in general from Figure 4.3 that as the Q-

ary value increases it is more probable that the multiplexing inverse problem will be

sparse. Therefore, applying techniques such as LASSO is worth exploring in future

research efforts. Another important aspect is can we apply sparse reconstruction

techniques and at the same time add awareness to the detection algorithm about

the nature of the modulation format for increased detection robustness. The sparse

nature of the problem can perhaps be emphasised even more if we stack up the m-

dimensional vectors x1, . . . ,xQ in one super-vector x and apply our inverse problem

analysis on this super-vector. By doing so, the ratio of non-zero elements to the

total number of elements Qm is going to be 1
Q

.

The discussion above was all about the sparsity of vectors x1, . . . ,xQ. Another

important aspect of sparse recovery is the projection matrix H. If this matrix sat-

isfies the restricted isometry property (RIP), then we can recover the signal with

fewer measurements by using a LASSO type of recovery algorithm. From the com-

munication system architecture point of view, this would mean fewer receivers (that

is, less hardware). For a projection matrix H to have the RIP property, it should
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satisfy

(1− δ)‖x‖22 ≤ ‖Hx‖22 ≤ (1 + δ)‖x‖22 (4.7)

We now focus our attention on the OAM channel transfer matrix H and try to

see how can we get RIP satisfying projection matrices. For weak to intermediate

turbulence strength, the channels that have the same mode number will still have

a relatively high channel coefficient hij and relatively small values for the other co-

efficients. Generally speaking, the lower the difference is between any two mode

numbers, the higher the corresponding channel coefficient is. Therefore, there is a

design aspect associated with the projection matrix H. The design parameters are i)

the number of receivers (projections) and ii) the selection of mode numbers at both

the transmitter and receiver. Future research efforts could focus on these two design

parameters to try to construct projection matrices that satisfy the RIP condition.

An important point to highlight is that the construction of the projection matrix

should not be thought of in the classical sense in which, for each mode number at

the transmitter, there is at the receiver a channel tuned to the same mode number

for detection. For the purpose of designing RIP satisfying matrices, asymmetric

selection of mode numbers between the transmitter and the receiver should be con-

sidered. For an example the transmitter that uses modes {1, 3, 5}, classically we

would have the same set of modes at the receiver. Given the crosstalk nature of

the channel, we propose to also using asymmetric assignment at the receiver side,

such as {2, 4, 6} or {2, 3, 6} for sake of designing an RIP satisfying projection ma-

trix. Also, non-integer values of mode numbers should be considered in the design

process of RIP satisfying projection matrices.

Optical Multiplexing Channel Coded Modulation

We have focused on the detection aspect of the multiplexing channel to overcome

the interference among different modes. In future research, more emphasis could

be placed on error correction codes and iterative decoding and detection. Another

important aspect of iterative decoding/detection in multiplexing systems is the soft
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Figure 4.4: Coupling code graphical structure with the channel interference struc-
ture. A Hamming (7,3) and a multiplexing channel (m = 3) a) Mode-time repre-
sentation b) Factor graph representation

output issue. In high-dimensional multiplexing systems, the computational com-

plexity associated with the marginalization process to provide soft output is very

high. We could explore approximate soft output solutions to reduce the complexity

associated with the probability marginalization.

The focus of chapter 3 was on the Q-PPM case. In future research other sig-

nalling schemes could be explored such as multi-pulse PPM where multiple pulses

are used instead of only one pulse. Another interesting aspect to explore is to couple

error correction code structures with the channel interference structure. Shown in

Figure 4.4, as an example, is a (7,3) Hamming code being transmitted over three

multiplexing channels (i.e., m=3). The Hamming code factor nodes are graphically

represented by a black check node (�). The interference structure is graphically

denoted by white check node (�). For more information on the Hamming (7,3)
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code, see appendix B. The coupling between the multiplexing channel and the error

correction codes from a graphical stand point is worth studying for improved per-

formance. Also, coupling other codes such as LDPC or even non-binary codes for

increased spectral efficiency would be a worthy part of the future research agenda.
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APPENDIX A

Generalized Divergence Functions

In a large variety of applications, there is a need to measure the distance between two

vectors or two probability distributions. Divergence functions are used to measure

the discrepancy D : Q × P → R between any two vectors p ∈ P and q ∈ Q.

Generalized divergence functions provide the ability to work with different forms of

divergence functions depending on the requirements. There are two notions or levels

of generalized divergence functions:

• Generalization in terms of the ability to generate different divergence functions

by substitution of different convex functions.

• Generalization in terms of parameter value substitution which leads to different

divergence functions.

The first type can viewed as more general than the second type in the sense that

we can generate in some cases the second type of generalized divergence functions

from the first type but not the other way around. The second type is considered

generalized because we can obtain a variety of divergence functions by assigning

different values to the parameters, as we will see. Generalized functions such as the

Bregman divergence and f-divergence are examples of divergence functions that fall

under the first category. The Bregman divergence is defined as

Bφ(p,q) = φ(p)− φ(q)− < ∇φ(q), (p− q) > (A.1)

which can be expressed as

Bφ(p,q) =
∑
j

[φ(pj)− φ(qj)− φ′(qj)(pj − qj)] (A.2)
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where φ′(u) is the first derivative of the function φ(u) with respect to u. The f-

divergence is defined as

Df (p,q) =
∑
j

qjφ

(
pj
qj

)
(A.3)

We can see from the definitions of the Bregman divergence and the f-divergence

that different functions φ(x) can be substituted to arrive at different divergence

functions. If we choose φ (u) = u2 so that

Bφ(x,y) =
∑
j

[
p2j − q2j − 2qj(pj − qj)

]
(A.4)

after rearranging the equation we get the classical Euclidean distance between two

vectors

Bφ(p,q) = ‖p− q‖22. (A.5)

If we substitute φ (u) = u log(u),

Bφ(p,q) =
∑
j

[pj log(pj)− qj log(qj)− log(qj)(pj − qj)− (pj − qj)]

=
∑
j

[pj log(pj)− qj log(qj)− pj log(qj) + qj log(pj)− (pj − qj)]

=
∑
j

[
pj log(

pj
qj

)− pj + qj

] (A.6)

which is the KL(p,q) divergence. Similar arguments can be made about the f-

divergence where applying different φ (u) will result in different divergence functions.

We now shift our attention to the second type of generalized divergence func-

tions. The second type of generalized divergence functions are functions that are

parameterized by a parameter that can take different values. The α-divergence

which was used in chapter 2 is an example of such generalized divergence functions.

Another example is the β-divergence function,

Dβ (p,q) =
1

β(1− β)

∑
j

[pβj + (β − 1)qβj − βxjy
β−1
j ] (A.7)
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The second type of generalized cost functions can be in some cases generated from

the first type of generalized cost functions. For example, the β-divergence can be

generated from the Bregman divergence by using the following function [98]:

φ (u) =


− log(u) + u− 1 β = 0

u log(u)− u+ 1 β = 1

uβ

β(β−1) −
u

(β−1) + 1
β

otherwise

(A.8)

Similarly, the α-divergence is a special case of the f-divergence (e.g., see [99] and

references therein). However, the α-divergence and β-divergence are considered

generalized cost functions because they take different forms depending on the values

of the parameters used. Take, for example, the α-divergence and select α = 1. If

we substitute α = 1 we get ∞; therefore, we will take the limit

lim
α→1

Dα (p,q) = lim
α→1

1

α(1− α)

∑
i

[αpi + (1− α)qi − pαi q1−αi ] (A.9)

Applying L’Hospital’s rule, we obtain

lim
α→1

Dα (p,q) = lim
α→1

1

(1− 2α)

∑
i

[pi − qi − qi(
pi
qi

)α log(
pi
qi

)] (A.10)

Substituting α = 1, we get

=
∑
i

[pi log(
pi
qi

)− pi + qi] (A.11)

which is the KL(p,q) divergence. In [100] several classical divergence functions were

generated from the α-divergence for different values of α by direct substitution, as

follows:

Dα=2 (p,q) =
1

2

∑
j

(pj − qj)2

qj
(Pearson chi-square) (A.12)

Dα=0.5 (p,q) = 2
∑
j

(
√
pj −

√
qj)

2 (Hellinger) (A.13)
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Dα=−1 (p,q) =
1

2

∑
j

(pj − qj)2

pj
(inverse Pearson) (A.14)

Similarly, for the beta divergence we can generate different classical divergence

functions using different β values:

Dβ=0 (p,q) =
1

2
‖p− q‖2 (Euclidean distance) (A.15)

Dβ=1 (p,q) =
∑
i

[pi log(
pi
qi

)− pi + qi] (KL divergence) (A.16)
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APPENDIX B

Graphical Models

In this section we provide a brief overview of graphical models for decoding and how

they relate to the work presented in chapter 3. Our discussion is going to focus on

the graphical models and message passing algorithms used in the error correction

codes literature. We begin our discussion with the (7,3) Hamming code parity check

matrix:

H =


1 1 0 1 1 0 0

1 0 1 1 0 1 0

0 1 1 1 0 0 1

 (B.1)

The ith row of H is denoted as h̄i with binary elements hij ∈ {0, 1}. Let Ii be

the index set of the non-zero elements in h̄i. A valid codeword is in the null space

of the parity check matrix, that is,

Hc = 0 (B.2)

C1 C2 C3

v1 v2 v3 v4 v5 v6 v7

Figure B.1: Tanner graph representation for the Hamming (7,3) code with seven
variable nodes and three factor nodes.
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C’k C’ to V Vp Ck

C to V

(a)

(b)

Figure B.2: Message passing between variable nodes and factor nodes: a) Message
passing for the Tanner graph representation. b) Message passing for the Q-PPM
multiplexing channel.

where 0 is the all-zero vector 0. This is equivalent to saying

c1
⊕

c2
⊕

c4
⊕

c5 = 0

c1
⊕

c3
⊕

c4
⊕

c6 = 0

c2
⊕

c3
⊕

c4
⊕

c7 = 0

(B.3)

Each of these equations forms a constraint or a factor node in the equivalent

Tanner graph representation. Equivalently, in more compact notation, we say⊕
j∈Ii

chij = 0. Note that
⊕

denotes the mod 2 sum.

The corresponding Tanner graph or bipartite graph for this parity check matrix

is shown in Figure B.1. As can be seen we have seven variable nodes and three check

nodes with edges connecting them. The factor nodes represent the constraint that

the valid codeword should be in the null space of the parity check matrix. These

factor graph representations facilitate running message passing algorithms over the

edges between check nodes and variable nodes.

Consider the illustration shown in Figure B.2 to highlight the similarities and
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the differences between belief propagation messages that are used in the Tanner

graph representations of a code and our Q-PPM multiplexing channel discussed in

chapter 3. First, we will comment on the Tanner graph representation of a parity

check matrix shown in Figure B.2a, and then we will move to the Q-PPM case. For

messages sent from a variable node to a check node, are nothing but the product of

all incoming messages to the variable node from all other check nodes connected to

it. For messages going from check nodes to variable nodes take the following form:

µck→vp(vp) =
∑
vvp

f

(⊕
j∈Ik

chkj = 0

) ∏
vj∈n(ck)\{vp}

µvj→ck(vj) (B.4)

the function f

(⊕
j∈Ik

chkj = 0

)
acts like an indicator function in the sense that it

takes the value 1 when the parity check condition is satisfied for row k and takes the

value zero otherwise. Now if we shift focus to the Q-PPM case in Figure B.2b we

see that there are two types of check nodes. The first type is the black check node,

which is the check node for the Q-PPM modulation. For the parity check matrix

case, the check node is to satisfy
⊕
j∈Ik

chkj = 0, whereas for the Q-PPM case the check

node is to ensure we only have one pulse and zero elsewhere. We can express this

constraint using the function f
(∑

j xkj = 1
)

where xkj ∈ {0, 1}. We can say, in

general,

f(·) =

 1 constraint satisfied

0 otherwise
(B.5)

For the Tanner graph representation of a code, we can say f

(⊕
j∈Ik

chkj = 0

)
=

δ

(⊕
j∈Ik

chkj

)
and for the Q-PPM case we can say f

(∑
j xkj = 1

)
= δ

(∑
j xkj − 1

)
,

where δ(·) is the Kronecker delta. Therefore, belief propagation messages for the

first type are similar to the error correction case, except for a slight change in the

constraint imposed. The second type is the white check node that deals with the
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channel interference structure. This check node can be viewed as a generalization

of the check nodes of the parity check matrix. To see that, consider row k of our

channel observation y = Hx:

hk1x1 + hk2x2 + . . .+ hkmxm = yk (B.6)

Compar this with a row from equation B.2:

hk1c1
⊕

hk2x2
⊕

. . .
⊕

hknxn = 0 (B.7)

The first observation to make is that for the second equation we always have a zero

on the right-hand side of the equation, whereas for the first case it has a variable.

The second observation is that the second case it deals with binary values, whereas

the first deals with real values. Therefore, we can not apply a simple function like

f

(⊕
j∈Ik

chkj = 0

)
for our belief propagation update equations; we instead use the

maximum likelihood probability as a weighting factor for the marginalization. More

information on graphical models and the sum product algorithm can be found in

[75].
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