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Abstract 

 The purpose of this study is to investigate the importance of prior information about 

hydraulic conductivity (K) by Kriging, using point K data and/or residual covariance, on 

improvements of K estimates at the North Campus Research Site (NCRS). Among many 

methods that can characterize the mean or detail distribution of hydraulic conductivity (K), 

the Cooper-Jacob straight line solution, Kriging using point K data, single-well pumping 

tests inversion and Hydraulic Tomography (HT) have been compared in this study, using 

the head data collected from 15 cross-hole pumping tests collected at NCRS, where 9 

existing wells were installed with packer system and the pressure responses at different 

intervals in different wells were monitored with transducers. It is found that the HT method, 

which fuse all the available pumping test data, yields more accurate and consistent results. 

However, many studies have indicated that the hydraulic data combined with geologic 

investigation will improve the HT estimates. Thus, in this study, hard data of K obtained 

by permeameter (227 data points) are brought in using Kriging and combined with HT to 

yield better estimate K field.  Moreover, the validations of unused tests indicate that the 

estimated K obtained using collected K information makes more accurate predictions. 
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1. Introduction 

It is important to characterize hydraulic properties of an aquifer in as much detail 

as possible since it will contribute to high resolution head predictions in pumping/injection 

tests and thus the determination of pumping rates. Head data from pumping tests are often 

used to estimate the properties of aquifers such as hydraulic conductivity (K). In this study, 

data from pumping tests at the North Campus Research Site (NCRS) in Waterloo, Canada 

were analyzed to estimate the K field. 

Among many methods that have been used to determine the hydraulic properties, 

the conventional Cooper-Jacob method [Cooper and Jacob,1946] has been widely used. It 

is a simplification of Thesis method [Theis, 1935]. Meier et al. [1998] conducted numerical 

simulations of pumping tests in 2-D horizontal aquifers with spatially constant storage (S) 

and varying transmissivity (T). They found that the estimated T using the Cooper-Jacob 

method in late time drawdown data is very close to the effective T of the medium for 

uniform flow. Sanchez-Vila et al [1999] conducted an analytical study of drawdown under 

flow toward a well in heterogeneous aquifers with spatially constant S and varying T. They 

found that estimated T values using Cooper-Jacob’s method tends to converge to the 

effective T obtained under parallel flow conditions. Indelman [2003] investigated the 

unsteady well flow in heterogeneous aquifers. He showed that the T estimated based on 

ensemble mean drawdown using the Cooper-Jacob asymptotic is precisely the effective 

conductivity for uniform horizontal flow [Wu et al., 2005]. Since the Cooper-Jacob method 

has been so widely used, it was used in this study as a first-cut approach. 
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Kriging is another method that can characterize the hydraulic properties of an 

aquifer. It provides the minimum variance of the estimation error for assigning 

transmissivity values to the meshes of a model [de Marsily et al., 2005], significantly 

superior to zoning, or to arbitrary interpolation (see e.g., Marsily, 1986; Chiles and Delfiner, 

1999). In several instances, it has been shown that a Kriged distribution of the 

transmissivity will produce a model that is almost calibrated and need not be adjusted, (see 

e.g., Raoult, 1999), or to some extent, in basin modeling, Goncalves et al. (2004b) [de 

Marsily et al., 2005]. Kriging of permeameter hydraulic conductivity data was used in Berg 

and Illman, 2014 using SGeMS [Remy et al., 2008]. Their results from validation showed 

that although kriging may be popular and easy to implement, it ranked at or near the bottom. 

Single-well pumping test inversion method was also conducted in this study by 

using head data from 15 pumping tests individually. 

Hydraulic Tomography has been developed in the past two decades. This method 

relies on the inverse modeling of two or more pumping/injection tests conducted in 

geological media [Burg and Illman, 2014]. Neuman [1987] first suggested this as an analog 

to geophysical tomography [Burg and Illman, 2011]. Since then, a number of inverse 

methods which analyze multiple pumping tests (either sequentially or simultaneously) have 

been developed [e.g., Gottlieb and Dietrich, 1995; Yeh and Liu, 2000; Vesselinov et al., 

2001a, 2001b; Bohling et al., 2002; Brauchler et al., 2003; McDermott et al., 2003; Zhu 

and Yeh, 2005, 2006; Li et al., 2005; Fienen et al., 2008; Ni and Yeh, 2008; Castagna and 

Bellin, 2009; Xiang et al., 2009; Liu and Kitanidis., 2011]. In HT, a mathematical tool, the 

Successive Linear Estimator (SLE, see Yeh et al. 1996) is used, which can effectively 

interpret the data collected from HT, and has been validated many times [Berg and Illman, 
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2011, 2013, 2014]. During the analysis, different subsets of 15 pumping tests were used to 

estimate the parameter (Hydraulic Conductivity), ranging from 15 single tests respectively 

to the total number of 15 tests. By interpreting and comparing the results of inversions (L2, 

big difference of head, head scatter, hydraulic conductivity, etc.), we would be able to 

determine the importance of the number and the locations of pumping tests that are used to 

characterize the aquifers in detail and avoid redundancy. In addition, hydrographs will also 

be drawn to calibrate the head data from pumping tests with the head data from forward 

simulations. 

Studies have indicated that the hydraulic data combined with geologic investigation 

will improve the HT estimates [Burg and Illman, 2011 and 2013, Sanchez-León et al., 

2016]. 

The purpose of this study is to investigate the importance of prior geologic 

information of hydraulic conductivity (K) by Kriging, using point K data and residual 

covariance, on improvements of K estimates in Hydraulic Tomography analysis at the 

North Campus Research Site (NCRS). In order to introduce the true hydraulic conductivity 

data of this site, Kriging was used to interpolate and extrapolate borehole point 

measurements to derive the conditional first moment (Kriging estimates) and conditional 

second moment (Kriging covariance). The first and second moments then served as prior 

information for the next HT analysis. It is curious to know whether it will improve the K 

estimates in HT by bringing in geologic information from Kriging. The demonstration of 

using Kriging to get K as prior information at the NCRS will contribute to the ongoing 

developments of Hydraulic Tomography methods. 
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Since the true K field of this site is unknown, validations were conducted and 

compared within those methods to justify whether the results of those estimated K fields 

obtained are reliable.  

2. Site Study 

2.1. Site Description 

The North Campus Research Site (NCRS) is located in Waterloo, Canada. The 

research area is 45m × 45m, and the depth is 18m. In the center within the study site, 

there is a 15m × 15m × 18m well array set up in a nine-spot square. The array includes 

four Continuous Multichannel Tubing (CMT) wells with each containing seven 

observation ports. The array also includes five pumping wells, three of which are multi-

screened wells (10 cm diameter), two screened at five different elevations (PW3 and 

PW5) and one screened at eight different elevations (PW1) [Berg and Illman, 2011]. 

(Figure 1, from Berg and Illman, 2014 and Tso et al. 2016). The geological structure 

of this study site is highly heterogeneous with multiple layers (Figure 2, from 

Alexander et al., 2011). 

2.2. Model Design 

In this model [Tso et al., 2016], the aquifer is assigned the dimensions of 45m 

(length) × 45m (width) × 18m (depth). It is discretized into (18 × 18 × 72=) 23,328 

elements with 26,353 nodes. Thus, the size of each element is 2.5m (length) × 2.5m 

(width) × 0.25m (depth). A 15m × 15m × 18m well array is set up in a nine-spot square 

in the center of the aquifer. The wells designed are identical to the real site, with 4 CMT 

wells (CMT1~4) and 5 pumping wells (PW1~5). The four side boundaries of the 
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aquifer are all constant 100m head boundaries, while top and bottom boundaries are 

no-flow ones.  The initial boundary condition is 100m head everywhere. 

In total, 15 pumping tests occurred in this site; the designed wells and their 

pumping rates are identical to real pumping rates from the tests at the NCRS. The 

detailed information is in Table 1. (Negative pumping rates indicate pumping while 

positive ones indicate injections.) 

2.3. Reciprocity of the site 

Reciprocity means that the drawdown at location A due to pumping at location 

B is the same as the drawdown at location B due to pumping at location A. To justify 

if it is necessary to use data from all pumping locations, reciprocity at this site is 

studied. If reciprocity exists at this site, then it is unnecessary to use all data. Instead, 

half of all data will be sufficient. 

To study the reciprocity of this site, pumping rates and observed drawdown-

time data in the field from 9 pumping tests (PW13, PW14, PW15, PW33, PW34, 

PW43, PW53, PW54 and PW55) were collected. For each pumping test, drawdown-

time data from other well locations were selected as observations. Two types of data 

are not available: Data from observation locations which are in the same well as the 

pumping location and the data that were not collected in the field. Thus, there are 52 

observation points, which comprise 26 pairs of drawdown-time data in total to be 

analyzed (Table 2). 

After the data are extracted, they are paired up as observing at B while pumping 

at A and observing at A while pumping at B. For example, data obtained at PW33 while 
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pumping at PW13 pairs up with data collected at PW13 while pumping happens at 

PW33. Then, the drawdowns are divided by correspondent pumping rates to control for 

the variation in pumping rates. Next, the normalized drawdown data collected at the 

same time within each pair are selected. Finally, the selected data are plotted as scatters 

with drawdown observed at B while pumping at A as x axis and drawdown observed 

at A while pumping at B as y axis, and all data pairs are gathered in one plot (Figure 

3). 

It can be seen that most scatters do not fall on the 45-degree line, which means 

drawdown at location A due to pumping at location B is not the same as drawdown at 

B due to pumping at location A (Figure 3). According to these real data, it can be 

concluded that there is no reciprocity at the North Campus Research Site, and thus data 

from all pumping tests are necessary to conduct further study. 

However, Bruggeman [1972] proved the reciprocity principal mathematically; 

Falade [1981] demonstrated the validity of the reciprocity principle in a porous 

domain; and Baker [1991] proved that reciprocity principle applies to Darcian flow in 

a network of heterogeneous branches with either no-flow boundary or fixed-head 

boundary conditions. The reason that no reciprocity exists at the NCRS may be the 

complexity of this site. Although mathematically, the reciprocity exists, the aquifer at 

the NCRS is highly heterogeneous with multiple layers, which may cause the flux 

through one direction to be different from the one through the opposite direction. 
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3. Methods  

In this study, some methods have been used, including the Cooper-Jacob straight 

line method, Kriging using point K data, single-well pumping tests inversion and Hydraulic 

Tomography. In the following sections, these methods will be introduced respectively. 

3.1. The Cooper-Jacob straight line method (Homogeneous Conceptual Model) 

The Cooper-Jacob straight line method [Cooper and Jacob, 1946] is applied in 

analysis of drawdown-time data sets at this site. It is a simplification of Theis method 

[Theis, 1935]. In this method, a homogeneous conceptual model is used. It assumes 

that the whole domain is homogeneous and isotropic and the aquifer has infinite areal 

extent. 

The relative equation is: 

s(r, t) =
0.183𝑄

𝑇
𝑙𝑜𝑔10 (

2.25𝑇𝑡

𝑟2𝑆
)                                 (1) 

where s is the drawdown, r is the distance, t is time, T is the transmissivity, S is the 

storage and Q is the pumping rate. 

Based on equation (1) above, the drawdown s is linearly proportional to 𝑙𝑜𝑔𝑡. 

In Matlab, transmissivity T and storage S were assigned and adjusted to change the 

slope and interception and thus fitting the observed drawdown-log time data of the 

North Campus Research Site with the Cooper-Jacob straight line. During the process, 

the T and S in all observation ports were obtained. Then an inverse-distance 

interpolation method was used to obtain the transmissivity and storage of the whole 

field. 
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3.2. Kriging using point data (Heterogeneous Conceptual Model) 

Kriging is an interpolation and extrapolation algorithm which takes into account 

the prior knowledge of the spatial statistic structure [Yeh, Flow through Heterogeneous 

Geologic Media, 2015], in this case, the correlation function. It is a heterogeneous 

conceptual model. 

Consider the perturbation of the natural logarithm of hydraulic conductivity 

process (Equation (2)). 

𝑓(𝒙) = 𝑙𝑛𝐾(𝒙) − 𝐹   where 𝐸[𝑓(𝒙)] = 0              (2) 

where 𝑓(𝒙) is the perturbation and 𝐹 = 𝐸[𝑙𝑛𝐾(𝒙)] is the spatial constant mean. 

The estimate of 𝑓 at the point 𝒙𝟎 (if 𝑓𝑖 = 𝑓(𝒙𝒊),   𝑖 = 1 … 𝑛 at locations 𝒙𝒊
′s are 

known) becomes 

𝑓0 = 𝑓0(𝒙𝟎) =  ∑ 𝜆0𝑖𝑓𝑖  

𝑛

𝑖=1

                      (3) 

The optimal estimator requires the error of estimation be minimum, that is  

𝐸[(𝑓0 − 𝑓0)2] = Minimum                    (4) 

Equations (2) ~ (4) are from equations in page 311 in the book of Flow Through 

Heterogeneous Geologic Media, Yeh, 2015, lnK is natural logarithm of hydraulic 

conductivity, and F is the spatial constant mean. Finally, after a few steps of 

computation, the best linear and unbiased estimate of lnK at location x0 is obtained in 

Equation (5) [Flow Through Heterogeneous Geologic Media, P311~P313, Yeh, 2015]. 
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𝑙𝑛�̂�0 = 𝐹 +  ∑ 𝜆0𝑖(𝑙𝑛𝐾𝑖 − 𝐹)

𝑖

                        (5) 

Based on the procedure above, perturbations of lnK are used in Kriging.  

To do Kriging of the data at the North Campus Research Site, hard data from 5 

wells (CMT1~4 and PW1) were collected and used. The hard data table contains K 

information along PW1, CMT3 and CMT4; for CMT1 and CMT2, the plots in 

Alexander et al., 2011 are captured and digitalized to get the value of K along these 

two wells. The stratigraphy, Log10K estimates from permeameter, grain size analysis, 

slug, and pumping tests along the boreholes at the NCRS from the 5 wells shows a 

heterogeneous aquifer of this site (Figure 4, from Alexander et al., 2011). Among the 

estimates from these methods, the ones from permeameter tests were used in Kriging. 

3.2.1. Kriging Procedure  

 

Analyze the hard data In the hard data, elevations (mASL) (meter above 

sea level) and correspondent K values (m/day) are given. In Alexander et al., 2011, 

the K unit is m/s. Thus, the unit for K values in the hard data from PW1, CMT3 and 

CMT4 was changed from m/day to m/s. Then, the plots of Elevation vs. K of these 

three wells were drawn and compared with the correspondent ones obtained from 

permeameter tests (Figure 4). Comparisons have verified that the hard data are 

completely the same as those shown (Figure 4). Therefore, for PW1, CMT3 and 

CMT4, hard data were used. For CMT1 and CMT2, the correspondent plots in 

Figure 4 were captured and digitalized by the software Plot Digitizer, and K values 

and elevations of these two wells were obtained. Note that in Figure 4, though the 



17 

 

x axis is Log10K, the data were digitalized as K values for the convenience of further 

computations of lnK and perturbations. 

Change data forms Since the data would be computed in VSAFT3 

(Variably Saturated Flow and Transport in 3-dimensions), the unit of elevation was 

changed to match the model. According to Alexander et al., 2011, 341mASL was 

chosen as the ground surface elevation. Elevations in the hard data were subtracted 

from 341mASL, and the elevation values in the unit of mBGL (meter below ground 

level) were obtained.  

Based on the site description and model setup, the wells at NCRS were set 

up as a 15m ×15m ×18m array with depth of 18m, and the aquifer was discretized 

into (18 × 18 × 72=) 23,328 elements with 72 elements along the vertical axis 

(depth). Thus, the thickness of each element in the vertical direction is (18m/72=) 

0.25m. According to the locations and elevations of the wells below the ground 

level, as well as element numbers of different locations at different depths, K values 

in the hard data can be assigned to certain elements. Since the grid in the vertical 

direction is 0.25m, while elevations in hard data are irregular, more than one K 

values appears in the same element during transition. In this case, the arithmetic 

mean of K values at different depths in the same element was taken as the K value 

of this element. In total, 227 data points were inserted in the model. 

Compute perturbations According to the existing input files, the unit of K 

in this model is m/min. Thus, K values obtained above were transformed from value 

in the unit of m/s to m/min. Based on equations above, perturbations of conductivity 

data value are needed, where f=lnK-F. The natural log was taken from the K values 



18 

 

in m/min obtained above with correspondent element in each well (PW1 and 

CMT1~4). F was taken as 0.0012 m/min, the same as the prior information of 

uniform K value. Then perturbations f=lnK-F were obtained. Therefore, 

information to do Kriging was all collected. 

Run the Program All input files were submitted in cluster and program 

was conducted by VSAFT3. The K field data were extracted from iteration 0 and 

the kriged K field was obtained. 

3.2.2. Forward Simulations using kriged K field 

To test the effectiveness of kriged K field, forward simulations of the 9 

pumping tests were conducted. The obtained drawdown-time data were compared 

with the real data in the field. 

Run Forward Simulations In the simulations, kriged K field was utilized 

as prior information. Pumping rates were the same as real pumping ones. After 

simulations, hydrographs which contain time versus drawdown information were 

obtained.  

Compare drawdown with observed data In the output file of forward 

simulations, the unit of time is minute while it is second in real data. Thus, the data 

were changed in the same unit as real data. Since the pumping rates are the same in 

both forward simulations and in the field, drawdown data of the same time in both 

cases were selected and compared to see if the kriged K field is reliable.  
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3.3. Single-well Pumping Tests analysis 

In this method, head data from single-well pumping tests are used in inverse 

modeling by VSAFT3 (Variably Saturated Flow and Transport in 3-dimensions), and 

uniform mean hydraulic conductivity K field is utilized as prior information. The total 

15 single-well pumping tests included pumping at PW11, PW13, PW14, PW15, PW16, 

PW17, PW23, PW31, PW33, PW34, PW35, PW43, PW52, PW53 and PW55 (among 

which PW11, PW31 and PW51 are injecting locations). Head data from each pumping 

(injection) test were used individually. During the process, big difference, which is the 

biggest difference of simulated head from observed one during one iteration, mean 

square error L2, head scatter and correspondent K field were analyzed. The L2 norm is 

computed as Equation (6):  

𝐿2 =
1

𝑛
∑(𝜒𝑖 − �̂�𝑖)

2

𝑛

𝑖=1

                    (6) 

where n is the total number of drawdown data, i is the data number, and𝜒𝑖 and �̂�𝑖 are 

estimates from the simulated and observed drawdowns, respectively [Burg and Illman, 

2012]. 

During iterations, big difference and L2 should decrease, if not, stabilizers are 

to be adjusted. In head scatter plots, the x axis is observation head and the y axis is 

simulated head.  
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3.4. Hydraulic Tomography (HT) Analysis 

Similarly interpreted as single-well pumping, except for the number of pumping 

tests that were used, the number and locations of pumping tests were determined to 

better characterize the aquifers and avoid redundancy as well. HT is a joint 

interpretation of sequential pumping tests. In the inverse modeling, Successive Linear 

Estimator (SLE, see Yeh et al. 1996) is used. It is designed to solve conditional 

expectation of stochastic parameter Y (in this case the hydraulic conductivity K) given 

the observed data d (in this case head h) (Equation (7)). Weights depend on spatial 

correlation function of Y and sensitivity of d to Y. In essence, SLE is a successive 

Bayesian linear estimator. 

�̂�𝑐
(𝑟+1)

= �̂�𝑐
(𝑟)

+ 𝝎𝑇(𝒅∗ − 𝒅(𝑟))                    (7) 

The iteration starts with unconditional mean and covariance function of Y and 

stops when there is no improvement. 

In addition to the update of mean Y, the residual covariance can be chosen to 

be updated during each iteration (Equation (8)). The new weights are obtained by 

updating residual covariance (uncertainty) and cross-covariance. 

𝜺𝑦𝑦
(𝑟+1)

= 𝜺𝑦𝑦
(𝑟)

− 𝝎𝑇𝜺𝑑𝑦                                     (8) 

where 𝜺𝑦𝑦 is the conditional covariance matrix between the parameter Y (K), and 𝜺𝑑𝑦 

is the conditional cross-covariance matrix between d (head) and the parameter Y (K) 

representing the conditional perturbation of the lnK(x) field. 
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For more details, refer to the book Flow Through Heterogeneous Geologic 

Media, Yeh, 2015 and the work by Yeh et al., 1996. 

To determine the number of pumping tests data to use in Hydraulic 

Tomography, responses of 44 observation ports for pumping at PW13, PW14, PW15, 

PW33, PW34, PW43, PW53, PW54 and PW55 were analyzed (Figures 5.1~5.9, 

respectively).  

From the pumping locations and responses (Figure 5), PW13, PW14 and PW15 

were selected first. These three pumping tests are located at different depths in PW1, 

which is in the center of the aquifer. The pumping test at PW53 yielded similar 

responses in observation ports to pumping at PW13 (Figure 5.1 and 5.2). Thus, data 

from PW53 are excluded. Pumping at PW34 and PW43 also yielded similar small 

responses, but they are in different locations at two corners of this model. Thus, both 

data from pumping at PW34 and PW43 were selected. Finally, PW54 was selected 

since it had the same depth as PW14 and PW34, and all of them are in the middle depth 

of pumping wells. Then again, responses due to pumping at location PW55 yielded 

similar responses in observation ports to the ones due to pumping at PW54, so PW55 

was excluded. 

To sum up, 6 pumping tests data were selected, including pumping at PW13, 

PW14, PW15, PW34, PW43 and PW54. Head data from these 6 pumping tests were 

used to conduct further inverse simulations to obtain K field. They were input in 

VSAFT3. 

Three cases were conducted in this HT analysis. 
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3.4.1. Uniform Mean as Prior Information 

In case 1, uniform mean hydraulic conductivity K field was used as prior 

information.  

3.4.2. Distributed kriged K and constant covariance as prior information 

In case 2, the kriged result of hydraulic conductivity was used as prior 

information in hydraulic tomography. During the process, the residual covariance 

was not updated. 

3.4.3. Distributed kriged K and residual covariance as prior information 

In case 3, the kriged K field was obtained first, and then it was directly used 

as prior information in HT. However, the residual covariance was updated in this 

situation. 

3.5. Validation 

To validate the results of obtained K field, forward simulations were conducted 

using obtained K field as prior information. Then, simulated hydraulic heads were 

compared with observed heads. Data set from pumping at PW14 was selected to do the 

validation since PW14 is in the center of the study site and the pumping rate at this 

location is not low. 

4. Field Data Result Analysis  

4.1. The Cooper-Jacob analysis 

According to Tables 3.1 and 3.2, we can observe that large variances of T and 

S. The results have some controversies to assumptions. One of the assumptions that 

apply to the Cooper-Jacob method is that the aquifer is homogeneous and isotropic, 
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however the results show that the obtained transmissivity and storage have significant 

variance in different locations and different pumping tests, which is contradicted to the 

assumption. The reason may be the highly heterogeneity of the aquifer. The Cooper-

Jacob method also assume the aquifer has infinite areal extent. However, the top and 

bottom boundaries are no-flow boundaries. Therefore, the boundaries may affect the 

estimates of T and S. In general, it is difficult to interpret the results.  So this method is 

not suitable for this site. 

4.2. Kriging using point data 

The kriged K field is shown in Figure 6. 

During each of 9 pumping tests, there are several observation ports with detailed 

numbers of observation ports in each pumping test (Table 4). Comparisons of simulated 

and observed drawdowns are shown in scatter plots (Figure 7 (7.1~7.9)), where x axis 

is observed drawdown, while y axis is simulated drawdown. All observation ports in 

each pumping test are gathered in one plot.  

It is shown in the figures that the scatters of simulated drawdowns versus 

observed drawdown during one pumping test distribute irregularly and they are not on 

the 45-degree line. This result means the simulated drawdowns using kriged K field are 

very different from observed ones in all 9 pumping tests, indicating significant 

differences between the kriged K field and true K field.  

4.3. Single-well Pumping Tests analysis 

A series of figures illustrate the head calibrations of single-well pumping tests 

(Figure 8). The two best head calibrations are from pumping at PW13 and PW33 (see 
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Figure 8.1 and 8.2), in which the scatters of simulated head versus observed head 

almost fall on 45-degree straight line. In these two conditions, both pumping locations 

are in the middle layer of the site, indicating that the middle layer of this site is highly 

permeable, which is consistent with the layer description.  

The two worst head scatter plots are PW34 and PW55 (Figure 8.3 and 8.4), the 

linear fit of both plots is quite away from the 45-degree line, indicating that the parts 

around PW34 and PW55 are much less permeable. 

The K field plots in Figure 9 (Figures 9.1~9.4) also show the limitations of 

using data of the single-well pumping test. Single-well pumping tests can only yield 

local heterogeneity, especially at wells in low K zone.   

The correspondent hydrograph plots illustrate the calibrated and observed 

drawdown-time curves at all observation locations induced by pumping at PW13 and 

those due to pumping at PW55. The blue hydrographs are the observed ones, and the 

purple ones are simulated hydrographs. The two well names in the title of the plots are 

pumping location and observation location, individually (Figures 10.1 and 10.2). 

According to the hydrographs, they not only show the response of observation 

ports visually due to pumping at certain location, but also shows the calibrations of 

head. When PW13 is pumping, the simulated and observed hydrographs mostly overlap 

each other. However, when PW55 pumps, the correspondent hydrographs vary more, 

indicating bad calibrations of drawdown. 
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In order to improve the bad calibrations, estimates from 4 and 15 pumping tests 

as initial K fields produce better calibration results for the single pumping test (PW55). 

See Figures 11.1 and 11.2.  

In Figure 8.4, the calibration using data from PW55 with uniform mean as prior 

information has R2 = 0.31 and L2 =0.0070. Comparing to Figure 8.4, the calibration 

using K estimates from 4 pumping tests as prior information has R2 = 0.50 and L2 

=0.0046 (Figure 11.1) and the calibration using K estimates from 15 pumping tests as 

prior information has R2 = 0.86 and L2 =0.0011(Figure 11.2). Regressions have been 

better and the mean square errors have been decreased. It is obvious that the more 

detailed prior information it is, the better results will be produced. 

For a real site, the true K is not known. What if bring in kriged K field obtained 

from permeameter test in Hydraulic Tomography? It is curious to know whether it will 

improve the results or not. 

4.4. Hydraulic Tomography (HT) Analysis 

Figures 12.1~12.3 illustrate the head calibrations in the three cases mentioned 

in Section 3.4. According to these figures, it is concluded that using kriged K field and 

updated residual covariance yielded best calibration results compared to the cases in 

which uniform mean and distributed K filed were used respectively without updating 

residual covariance. It has the highest R2=0.97 and the minimum L2=0.0012. And the 

linear fit of calibration in this case is closest to the 45-degree straight line. Thus, prior 

geologic information of K by Kriging does improves K estimates in HT analysis. 
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In order to spare a pumping test for validation, HT survey using 5 pumping tests 

was conducted. Among the 6 pumping tests selected above, PW14 was selected since 

it occurred in the center of the study site. Thus, data from 5 pumping tests including 

pumping at PW13, PW15, PW34, PW43 and PW54 were used in the next step of HT 

analysis. 

Meanwhile, it was noticed that although PW33 and PW34 are in the same well, 

pumping at these two locations yielded much different responses, and pumping at 

PW33 had much stronger responses than pumping at PW34. Therefore, in addition to 

the data from 5 pumping tests that were used above, data of pumping at PW33 was then 

used in exchange for the data of pumping at PW34. Calibrations of these two cases are 

shown in Figure 13.1 and 13.2. 

According to the results, using data from pumping at PW33 does yield better 

calibration than using the one at PW34 in the same iteration (in this case iteration 128), 

which makes sense because strong responses of drawdown can experience more 

heterogeneity. Therefore, the following study mainly focus on HT survey using data 

from 5 pumping tests including pumping at PW13, PW15, PW33, PW43 and PW54. 

The best iteration was selected when smallest L2=0.004 and highest regression 

R2=0.9899 occurred (Figure 13.3). It can be seen that the calibration is very good with 

most scatters of simulated vs. observed head falling on the 45-degree straight line. 

Therefore, it is reasonable to choose the correspondent K field to do validation. 
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4.5. Validation 

4.5.1. Single-well pumping test  

To validate the result of obtained K field, results from pumping at PW13 

was selected as prior information, since its calibration is one of the best and PW13 

is located in the center of the study field. According to the calibration, K and Ss 

information from the iteration which contained lowest L2 and highest R2 were 

chosen as prior information (Figure 8.1). Meanwhile, data from pumping at PW14 

were selected to conduct forward simulation. After the output files were obtained, 

simulated drawdowns were compared with observed ones from pumping at PW14. 

The plot is in Figure 14.1, where x axis is observed drawdown and y axis is 

simulated drawdown. 

From Figure 14.1, it can be obtained that the validation result is not good. 

The following reason may attribute to this result. The K field was obtained from 

single-well pumping test and it may only contain local heterogeneity and some low 

K zone may not be included in due to longer distance. From this figure, it can be 

seen that many scatters are located above the 45-degree line, indicating much bigger 

simulated drawdowns than observed ones. Therefore, it is obvious that drawdowns 

in low K zone were not characterized well in single-well pumping test at PW13 

despite its good calibration. 

4.5.2. Multiple-well pumping tests 

Based on previous results from multiple-well pumping tests, K field from 5 

pumping test HT survey was selected for validation using data from pumping test 
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at PW14. Figure 13.1 and 13.2 show the validation from 5 pumping tests including 

PW34 and the ones including PW33 instead of PW34. 

Again, it is concluded that data from 5 pumping tests including pumping at 

PW33 where stronger responses occurred yielded better result of estimated K field 

than data from 5 pumping tests including pumping at PW34. However, the 

validation results are not ideal since both of their linear fits have large difference 

from 45-degree line. 

However, compared to the validation of single-well pumping test at PW13, 

validation of multiple-well pumping tests has improved, especially comparing 

Figure 14.1 with 14.3. In Figure 14.3, scatters where simulated drawdowns are 

much bigger in Figure 14.1 has been closer to 45-degree line, indicating decreased 

simulated drawdown in HT using data from 5 pumping tests and thus revealing low 

K information has been fused in. 

To sum up, Hydraulic Tomography analysis using kriged K field and 

updated residual covariance as prior information does improve the estimate results 

of hydraulic conductivity(K). 

5. Discussion 

According to the results above, it can be seen that though simply using Kriging of 

point data from permeameter tests does not yield good result. However, when bringing it 

in Hydraulic Tomography analysis at the NCRS, it improves the estimates of hydraulic 

conductivity. It improves the calibrations with R2 increases from 0.88 to 0.97 and L2 

decreases from 0.0047 to 0.0012. Thus to some extent, geologic information is important 

when bringing it in HT analysis. 
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6. Conclusion 

First, conventional Cooper-Jacob straight line method is not suitable for the North 

Campus Research Site as it uses a homogeneous conceptual model, while the aquifer at 

this site is highly heterogeneous one with multiple layers. Also, boundary conditions may 

affect the estimates of T and S. 

Second, the K field obtained simply from Kriging has significant differences from 

true K field at the NCRS, thus, it is not a reliable method to use individually at this site. 

Third, single-well pumping tests only yield local heterogeneity. It is more reliable 

to use data from multiple pumping tests. 

And finally, prior information of hydraulic conductivity (K) by kriging, using point 

K data and residual covariance, improves K estimates during Hydraulic Tomography 

analysis at the North Campus Research Site (NCRS). 
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7. Figures  

 

Figure 1. (a) Plane view of the domain, the 15 m by 15 m enclosed area is bounded by 

pumping and observations wells). (b)Three-dimensional perspective view of various wells 

and corresponding intervals at the NCRS. (From Tso et al., 2016 and Berg and Illman, 

2014) 

 

 

(b) (a) 

(a) (b) 
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Figure 2. (a) Plan view of boreholes at the site. Cross sections beneath the NCRS are shown 

in the (b) North–South and (c) West–East directions. Well locations in (b) and (c) are denoted 

with black circles at the ground surface. Pumped zones in the central well PW and the CMT 

observation ports are also noted. (From Alexander et al., 2011) 

 

 

Figure 3. Reciprocity of this site 

(c) 
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Figure 4. The stratigraphy, Log10K estimates from permeameter, grain size analysis, 

slug, and pumping tests along the boreholes at NCRS. [Alexander et al., 2011] 
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                  Figure 5.1(PW53)     Figure 5.2(PW13) 

 

Figure 5.3(PW33)                                                     Figure 5.4(PW54) 

 

         

Figure 5.5(PW14)                                                                  Figure 5.6(PW34) 
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Figure 5.7(PW55)                                                               Figure 5.8(PW15) 

 

Figure 5.9(PW43) 

Figure 5. Responses of Observation Ports due to pumping at different locations 

(From Flow through Heterogeneous Geologic Media, Yeh,2015) 
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Figure 6. K field obtained from Kriging using point data 

   

         Figure 7.1 (PW13)                      Figure 7.2 (PW14)                  Figure 7.3(PW15) 

    

          Figure 7.4 (PW33)                      Figure 7.5(PW34)                     Figure 7.6(PW43) 
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          Figure 7.7 (PW53)                      Figure 7.8 (PW54)                Figure 7.9(PW55) 

Figure 7. Comparisons of simulated and observed drawdowns when pumping at different 

locations  

 

                      Figure 8.1 (PW13)                       Figure 8.2(PW33) 

 

                  Figure 8.3 (PW34)                         Figure 8.4(PW55) 

Figure 8. Head calibrations of single-well pumping tests 
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                    Figure 9.1 (PW13)           Figure 9.2(PW33) 

        

                             Figure 9.3 (PW34)        Figure 9.4 (PW55) 

Figure 9. K field obtained from single-well pumping tests (Unit: m/min) 
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Figure 10.1 Hydrographs during pumping at PW13(x axis is log10time(s) and y axis is 

drawdown(m), purple line shows simulated drawdown and blue line shows the observed data. 

Red dot means the data selected to do inversion and HT analysis) 
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Figure 10.2 Hydrographs during pumping at PW55 (x axis is log10time(s) and y axis is 

drawdown(m), purple line shows simulated drawdown and blue line shows the observed data. 

Red dot means the data selected to do inversion and HT analysis) 
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Figure 11.1(Using inversed K from 4 

pumping tests)    

Figure 11.2(Using inversed K from 15 

pumping tests) 
Figure 11 Improved head calibrations of pumping at PW55 

 

        

Figure 12.1 Case 1 Uniform mean as prior 

information 

 

Figure 12.2 Case 2 Distributed Kriged mean 

as prior information 
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Figure 12.3 Case 3 Distributed Kriged mean as prior information with updated residual covariance 

 

Figure 12. Head calibrations in 3 cases in multiple pumping tests analysis 

 

       

Figure 13.1 Using data from pumping at 

PW13, PW15, PW34, PW43 and PW54     

Figure 13.2 Using data from pumping at 

PW13, PW15, PW33, PW43 and PW54     
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Figure 13.3 Best head calibrations selected using 5 pumping tests including PW13, PW15, PW33, 

PW43 and PW54     

 

Figure 13. Head calibrations using 5 pumping tests     

 

 

 

 

Figure 14.1 Drawdown Validation of single-well pumping test (PW13) 

 



43 

 

                

Figure 14.2 Drawdown Validation of 5 

pumping tests including PW13, PW15, 

PW34, PW43 and PW54     

Figure 14.3 Drawdown Validation of 5 

pumping tests including PW13, PW15, 

PW33, PW43 and PW54     

 

Figure 14. Drawdown Validations 
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8. Tables 

Table 1. Pumping Locations and Correspondent Rates and Durations 

List 
Pumping 

Location 

Q  

m3/min 

Q  

m3/s 

Duration 

min 

Duration 

hour 

1 PW11 0.00189 3.15E-05 255 4.25 

2 PW13 -0.0105 -0.00018 400 6.67 

3 PW14 -0.0063 -0.00011 500 8.33 

4 PW15 -0.0044 -7.3E-05 1400 23.33 

5 PW16 -0.00095 -1.6E-05 400 6.67 

6 PW17 -0.00105 -1.8E-05 1600 26.67 

7 PW23 -0.00191 -3.2E-05 450 7.5 

8 PW31 0.00094 1.57E-05 300 5 

9 PW33 -0.0021 -3.5E-05 1400 23.33 

10 PW34 -0.0015 -2.5E-05 1300 21.67 

11 PW43 -0.0302 -0.0005 1400 23.33 

12 PW51 0.00085 1.42E-05 300 5 

13 PW53 -0.0078 -0.00013 1300 21.67 

14 PW54 -0.0078 -0.00013 550 9.17 

15 PW55 -0.0081 -0.00014 1200 20 

 

 

 

 

Table 2. Summary of Observed Locations with Effective Data at Different Pumping Location 

Pumping 

Location 

Pumping 

Rate(m3/s) 
  Observed locations with effective data Number 

PW13 0.000175 PW33, PW34, PW53, PW54 and PW55 5 

PW14 0.000105 PW33, PW34, PW53, PW54 and PW55 5 

PW15 0.000073 PW33, PW34, PW53, PW54 and PW55 5 

PW33 0.000035 PW13, PW14, PW15, PW43, PW53, PW54 and PW55 7 

PW34 0.000025 PW13, PW14, PW15, PW43, PW53, PW54 and PW55 7 

PW43 0.000503 PW33, PW34, PW53, PW54 and PW55 5 

PW53 0.00013 PW13, PW14, PW15, PW33, PW34, PW43 6 

PW54 0.00013 PW13, PW14, PW15, PW33, PW34, PW43 6 

PW55 0.000135 PW13, PW14, PW15, PW33, PW34, PW43 6 

Comment No data from PW13, PW14 and PW15 when Pumping at PW43 
Total: 

52 
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Table 3.1 Transmissivity results from the Cooper-Jacob Method (Unit: m2/day) 
 Min Max Mean Ln(Variance) Std Number of values 

PW13(T) 2.4 45 16.57547 5.186621 13.374 32 

PW14(T) 1.44 75 22.918 5.569818 16.1983 30 

PW15(T) 5.15 65 27.46964 5.440737 15.1859 28 

PW33(T) 1.22 43 13.26129 5.043116 12.448 31 

PW34(T) 4 53 20.05926 5.241211 13.744 27 

PW53(T) 11.5 520 138.1964 10.23773 167.1459 28 

PW54(T) 6.7 150 41.66786 6.749284 29.2138 28 

PW55(T) 9.8 58 24.2 5.104111 12.8335 34 

 

Table 3.2 Storage results from the Cooper-Jacob Method (Unit: m2/m2) 
 Min Max Mean Variance Std Number of values 

PW13(S) 2.64E-05 0.017 0.003047 2.31E-05 0.0048 32 

PW14(S) 1.38E-05 0.036 0.006369 0.000114 0.0107 30 

PW15(S) 2.40E-05 0.075 0.011099 0.000404 0.0201 28 

PW33(S) 1.70E-05 0.012 0.002043 9.18E-06 0.003 31 

PW34(S) 3.00E-05 0.065 0.013035 0.000326 0.0018 27 

PW53(S) 9.00E-05 1 0.115293 0.077457 0.2783 28 

PW54(S) 2.10E-05 0.025 0.00344 3.68E-05 0.0061 28 

PW55(S) 3.00E-05 0.024 0.003355 3.89E-05 0.0062 34 

 

Table 4. Detailed numbers of observation ports in each pumping test 

Pumping Test Location Number of Observation Ports 
PW13 33 
PW14 31 
PW15 27 
PW33 31 
PW34 27 
PW43 37 
PW53 29 
PW54 28 
PW55 35 
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9. Appendix – Supplementary Plots 

Appendix A – Hydrographs in calibrations of 5 pumping tests including PW13, 

PW15, PW33, PW43 and PW54 (The left one in the title is pumping location while 

the right is observation location, x axis is log10time(s) and y axis is drawdown(m), 

purple line shows simulated drawdown and blue line shows the observed data. Red dot 

means the data selected to do inversion and HT analysis) 
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Appendix B – Hydrographs in validation of 5 pumping tests using PW14, PW34, 

PW33, PW53 and PW55 (Same legend as in Appendix A) 

  

  



53 

 

  

 

 



54 

 

 
 

 



55 

 

 
 

 
 

 

 

 



56 

 

10. Reference 

Alexander, M., S. J. Berg, and W. A. Illman (2011), Field study of hydrogeologic 

characterization methods in a heterogeneous aquifer, Ground Water, 49(3), pp. 365–

382, doi:10.1111/j.1745-6584.2010.00729.x. 

Barker, J. A. (1991), The reciprocity principle and an analytical solution for Darcian flow 

in a network, Water Resour. Res., 27(5), 743–746, doi:10.1029/91WR00258. 

Berg, S. J., and R. W. Gillham (2010), Studies of water velocity in the capillary fringe: the 

point velocity probe., Ground Water, 48(1), 59–67, doi:10.1111/j.1745-

6584.2009.00606.x. 

Berg, S. J., and W. A. Illman (2011), Three-dimensional transient hydraulic tomography 

in a highly heterogeneous glaciofluvial aquifer-aquitard system, Water Resour. Res., 

47(10), W10507, doi:10.1029/2011WR010616. 

Berg, S. J., and W. A. Illman (2013), Field study of subsurface heterogeneity with steady-

state hydraulic tomography, Ground Water, 51(1), 29–40, doi:10.1111/j.1745-

6584.2012.00914.x. 

Berg, S. J., and W. A. Illman (2014), Comparison of Hydraulic Tomography with 

Traditional Methods at a Highly Heterogeneous Site, Ground Water, 53(1), 71–89, 

doi:10.1111/gwat.12159. 

Bohling, G. C., X. Zhan, J. J. Butler Jr., and L. Zheng (2002), Steady shape analysis of 

tomographic pumping tests for characterization of aquifer heterogeneities, Water 

Resour. Res., 38(12), 1324, doi:10.1029/2001WR001176. 

Brauchler, R., R. Liedl, and P. Dietrich (2003), A travel time based hydraulic tomographic 

approach, Water Resour. Res., 39(12), 1370, doi:10.1029/2003WR002262. 

Bruggeman, G. A., The reciprocity principle in flow through heterogeneous porous media, 

in Fundamentals of Transport Phenomena in Porous Media, Der. Soil Sci. Ser., vol. 

2, p. 136, Elsevier, New York, 1972. 

Castagna, M., and A. Bellin (2009), A Bayesian approach for inversion of hydraulic 

tomographic data, Water Resour. Res., 45, W04410, doi:10.1029/2008WR007078. 

Chiles JP, Delfiner P (1999), Geostatistics: modeling spatial uncertainty. Wiley, New York, 

695 pp 

Cooper, H. H., Jr., and C. E. Jacob (1946), A generalized graphical method for evaluating 

formation constants and summarizing well-field history, Eos Trans. AGU, 27(4), 526– 

534. 



57 

 

de Marsily, G (1986), Quantitative hydrogeology. Groundwater hydrology for engineers. 

Academic, New York, 440 pp. 

de Marsily, G., Delay, F., Goncalves, J. et al. (2005) Dealing with spatial heterogeity, 

Hydrogeol. J. 13(1), 161-183. 

Falade, G. K. (1981), Analysis of the reciprocity concept in a porous medium, Water 

Resour. Res., 17(4), 918–920, doi:10.1029/WR017i004p00918. 

Fienen, M. N., T. Clemo, and P. K. Kitanidis (2008), An interactive Bayesian geostatistical 

inverse protocol for hydraulic tomography, Water Resour. Res., 44, W00B01, 

doi:10.1029/2007WR006730. 

Goncalves, J., Violette, S., Robin, C., Bruel, D., Guillocheau, F., Ledoux, E. (2004b) 

Combining a compaction model and a facies model to reproduce permeability fields 

at the regional scale. Phys Chem Earth 29:17–24. 

Gottlieb, J., and P. Dietrich (1995), Identification of the permeability distribution in soil by 

hydraulic tomography, Inverse Probl., 11(2), 353–360. 

Indelman, P. (2003), Transient pumping well flow in weakly heterogeneous formations, 

Water Resour. Res., 39(10), 1287, doi:10.1029/2003WR002036. 

Li, W., W. Nowak, and O. A. Cirpka (2005), Geostatistical inverse modeling of transient 

pumping tests using temporal moments of drawdown, Water Resour. Res., 41, 

W08403, doi:10.1029/2004WR003874. 

Liu, X., and P. K. Kitanidis (2011), Large-scale inverse modeling with an application in 

hydraulic tomography, Water Resour. Res., 47(2), W02501, 

doi:10.1029/2010WR009144. 

McDermott, C. I., M. Sauter, and R. Liedl (2003), New experimental techniques for 

pneumatic tomographical determination of the flow and transport parameters of 

highly fractured porous rock samples, J. Hydrol., 278(1–4), 51–63. 

Meier, P. M., J. Carrera, and X. Sanchez-Vila (1998), An evaluation of Jacob’s method for 

interpretation of pumping tests in heterogeneous formations, Water Resour. Res., 

34(5), 1011– 1025. 

Neuman, S. P. (1987), Stochastic continuum representation of fractured rock permeability 

as an alternative to the, R. E. V. and fracture network concepts, Rock Mechanics: 

Proceedings of the 28th, U. S. Symposium, Tucson, Arizona, edited by I. W. Farmer 

et al., pp. 533–561, A.A. Balkema. 



58 

 

Ni, C.-F., and T.-C. J. Yeh (2008), Stochastic inversion of pneumatic crosshole tests and 

barometric pressure fluctuations in heterogeneous unsaturated formations, Adv. Water 

Resour., 31(12), 1708–1718. 

Rotterdam.Raoult Y (1999) La nappe de l’Albien dans le bassin de Paris: de nouvelles 

id_es pour de vieilles eaux [The Albian aquifer in the Paris basin: new ideas for old 

waters]). Doctoral thesis, University Pierre et Marie Curie, Paris VI, 170 pp. 

Remy, N., A. Boucher, and J. Wu. 2008. Applied Geostatistics with SGeMS: A Users Guide. 

New York: Cambridge University Press. 

Sanchez-León, E., Leven, C., Haslauer, C.P. and Cirpka, O.A. (2016), Combining 3D 

Hydraulic Tomography with Tracer Tests for Improved Transport Characterization. 

Groundwater, 54: 498–507. doi:10.1111/gwat.12381 

Sanchez-Vila, X., P. M. Meier, and J. Carrera (1999), Pumping test in heterogeneous 

aquifers: An analytical study of what can be obtained from their interpretation using 

Jacob’s method, Water Resour. Res., 35(4), 943– 952. 

Theis, C. V. (1935), The relation between lowering the piezometric surface and the rate 

and duration of discharge of a well using ground water storage, Eos Trans. AGU, 16, 

519– 524. 

Michael Tso, C.-H., Y. Zha, T.-C. J. Yeh, and J.-C. Wen (2016), The relative importance 

of head, flux, and prior information in hydraulic tomography analysis, Water Resour. 

Res., 52, 3–20, doi:10.1002/2015WR017191. 

Vesselinov, V., S. Neuman, and W. Illman (2001a), Three-dimensional numerical 

inversion of pneumatic cross-hole tests in unsaturated fractured tuff 1. Methodology 

and borehole effects, Water Resour. Res., 37(12), 3001–3017, 

doi:10.1029/2000WR000133. 

Vesselinov, V., S. Neuman, and W. Illman (2001b), Three-dimensional numerical 

inversion of pneumatic cross-hole tests in unsaturated fractured tuff 2. Equivalent 

parameters, high-resolution stochastic imaging and scale effects, Water Resour. Res., 

37(12), 3019–3041, doi:10.1029/2000WR000135. 

Wu, C.-M., T.-C. J. Yeh, J. Zhu, T. H. Lee, N.-S. Hsu, C.-H. Chen, and A. F. Sancho (2005), 

Traditional analysis of aquifer tests: Comparing apples to oranges?, Water Resour. 

Res., 41, W09402, doi:10.1029/2004WR003717.  

Xiang, J., T.-C. J. Yeh, C.-H. Lee, K.-C. Hsu, and J.-C.Wen (2009), A simultaneous 

successive linear estimator and a guide for hydraulic tomography analysis, Water 

Resour. Res., 45,W02432, doi:10.1029/2008WR007180. 



59 

 

Yeh, T.-C. J., and J. Zhang (1996), A geostatistical inverse method for variably saturated 

flow in the vadose zone, Water Resour. Res., 32(9), 2757–2766. 

Yeh, T.-C. J., and S. Liu (2000), Hydraulic tomography: Development of a new aquifer 

test method, Water Resour. Res., 36(8), 2095–2105, doi:10.1029/2000WR900114. 

Yeh, T.-C. J., Khaleel, R., and Carroll, K.C. (2015), Flow Through Heterogeneous 

Geologic Media, Cambridge University Press, ISBN 978-1-107-07613-6. 

Zhu, J., and T.-C. J. Yeh (2005), Characterization of aquifer heterogeneity using transient 

hydraulic tomography, Water Resour. Res., 41, W07028, 

doi:10.1029/2004WR003790. 

Zhu, J., and T.-C. J. Yeh (2006), Analysis of hydraulic tomography using temporal 

moments of drawdown recovery data, Water Resour. Res., 42, W02403, 

doi:10.1029/2005WR004309. 


