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ABSTRACT

This paper presents a two-stage model of optimization as 
a quick method to choose the best potential links for imple-
menting urban travel demand management (UTDM) strategy 
like road pricing. The model is optimized by minimizing the 
hidden cost of congestion based on user equilibrium (MH-
CCUE). It forecasts the exact amount of flows and tolls for 
links in user equilibrium condition to determine the hidden 
cost for each link to optimize the link selection based on the 
network congestion priority. The results show that not only 
the amount of total cost is decreased, but also the number 
of selected links for pricing is reduced as compared with the 
previous toll minimization methods. Moreover, as this model 
just uses the traffic assignment data for calculation, it could 
be considered as a quick and optimum solution for choosing 
the potential links.
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congestion; minimization; hidden cost; user equilibrium; 
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1. INTRODUCTION

Due to population growth in cities and the health 
care arguments, demand and willingness to use pri-
vate vehicles (PV) has increased. Since the network 
expansion could not support all the PV demands and 
moreover, based on the Braess's paradox [1] it is not 
the best solution most of the time, the demand has 
been greater than the supply and this issue makes 
disequilibrium in urban transportation network. The 
result of this situation is the congestion and obstruc-
tion of network that causes various mental and envi-
ronmental issues.

Preventing the congestion in urban transportation 
networks is one of the main concerns of transportation 
planners and traffic managers around the world. In re-
sponse to this matter, they try to detail a stable condi-
tion and status for urban traffic network in microscopic 
and macroscopic scales. However, some studies im-
prove the microscopic aspect of this issue by changing 
and refining traffic light schedules during congestion 
periods using internal/external traffic metering strat-
egy [2], these kinds of strategies prove to be useful in 
the short term or for specific location of a sub-network 
under specific conditions. The main cause of conges-
tion is lack of balance and an unsteady relationship 
between the supply and demand in the transportation 
sector. Thus, as previously discussed, increasing the 
supply alone will not provide a long-term solution, and 
most experts suggest using urban travel demand man-
agement (UTDM) strategies as a sustainable solution 
to control the demand for utilizing the transportation 
infrastructure more efficiently. In other words, UTDM 
strategies do not encourage decision makers to ex-
pand and widen the roads and highways as a solution 
for managing the traffic congestion that causes urban 
sprawl. Rather, they encourage people to use more ef-
ficiently the existing infrastructure. 

Also, today sustainability is a controversial issue 
that affects social, environmental and economic as-
pects of human life. In this regard, since travel de-
mand management (TDM) has been introduced as 
one of the solutions to reach sustainability [3], finding 
the reasonable location to implement its strategies 
and policies in urban transportation network would be 
the main or at least the first question for which the 
planners should have an answer.
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This research introduces an optimization problem 
to choose the potential roads – network links – that 
could be considered for TDM implementation based 
on congestion toll pricing theories by minimizing the 
hidden cost of congestion based on the user equilib-
rium (MHCUE) model. The concept of the hidden cost 
comes from congestion pricing principle. It is defined 
as the difference between the marginal social cost (the 
total cost that all the n+1 drivers experience based on 
the one further decision to travel including all private 
costs and also the cost experienced by people other 
than the driver who are exposed to the congestion 
and air pollution resulting from the car use) and the 
private cost (the cost experienced by the driver of the 
car, including the fuel and oil, maintenance and so on). 
Thus, the model by congestion toll pricing that is con-
sidered as one of the TDM methods, not only finds the 
potential links that could be considered a candidate 
for implementing the TDM, but it also investigates the 
amount of tolls that yield uncongested conditions for 
the network.

2. BRIEF LITERATURE OVERVIEW

Today’s applications of TDM strategies are not only 
limited to facilitating shifts in travel time or travel mode 
– they also address shifts in travel routes [4]. Many 
studies show how transportation planners and traffic 
engineers try to implement TDM strategies in urban 
transportation networks [3, 5-9]. But, finding the lo-
cation for implementing these strategies is one of the 
main concerns of planners when designing the select-
ed policies. However, some policies, like congestion 
toll pricing as the first best congestion pricing where 
total costs in the city are minimized [10], could be in-
strumental in solving this issue if implemented proper-
ly. Congestion toll pricing is one of the most effective 
methods among TDM policies in urban transportation 
networks, which is to overcome two basic problems: 
congestion and environmental pollution.

Theory and practice have shown that receiving 
tolls, when designed and determined properly, can 
play a great role in reducing traffic congestion on links 
of urban transportation networks [11]. In other words, 
imposing tolls can help operators to manage the de-
mand of travel and decrease urban traffic congestion 
and its negative effects such as total lost time of hu-
man resources, environmental pollutants, and so on.

The basic principle used in congestion toll pricing 
methods are based on notifying the users of the ad-
ditional cost (marginal or hidden cost) they impose on 
other users [12]. In other words, congestion pricing 
recommends charges that force users to adopt these 
externalities to some extent, thus reducing or eliminat-
ing the deadweight loss [13]. In this case, the tolls are 
determined in a way that results in the possibility or im-
possibility of trip generation, shifting the trip from the 

peak to off-peak hours, or choosing alternate routes by 
users. Without considering the congestion toll pricing, 
users are not aware of the costs that they imposed on 
others by using the route, so by collecting tolls, in fact, 
users pay for the negative effects of their presence in 
the congested areas.

Determining congestion toll pricing on traffic net-
works is an old problem, which economists and trans-
portation planners have studied extensively in the past 
years, and these studies have always had two main 
objectives. First, network pricing for determining the 
appropriate tolls to reduce or avoid the existing con-
gestion, and second, funding for implementing trans-
portation projects and their maintenance.

Toll collection experts, using certain assumptions, 
have implemented different methods to provide mod-
els for traffic demand management in networks in or-
der to apply the pricing policies as well as possible. 
Pigou [14] was one of the pioneers who offered the 
tax model, and proposed the issue of marginal social 
cost pricing, and after him, Knight [15] expanded it for 
traffic models. 

Although Knight provided the drivers route choice 
behaviour, it was Wardrop [16] who formulated the 
problems related to equilibrium using two principles, 
which are known as Wardrop principles. Later, Beck-
mann et al. [17] analysed equilibrium mathematical 
models in terms of formulas.

In static traffic assignment models, the demand 
between each pair of origin-destination are the con-
stants and the constraints are system-balancing lim-
itations, even though the travel rate between pairs of 
origin-destination is determined based on the function 
of minimum cost between each origin-destination. 
This is known as the traffic assignment problem with 
elastic demand [18], which means users have many 
choices, and they actually decide on the basis of their 
economic situation. In this case, the marginal cost toll 
is imposed on the users to change the flow pattern 
from user equilibrium to system optimum (SO) with fix 
demand. Thus, by assessing a proper toll on each user 
using a specific network link, the traffic flow situation 
will be close to system optimum in terms of minimizing 
the total travel cost. This solution could be appropri-
ate for forecasting the potential links for implementing 
TDM strategies. Since, this approach tries to close the 
gap between UE to SO, its purpose is to eradicate con-
gestion. Moreover, pricing has a big advantage over 
other TDM policies in that it encourages users and sys-
tems to adjust all aspects of their behaviour: number 
of trips, destination, mode of transport, time of day, 
route, and so on [19].

As the theoretical background of congestion toll 
pricing is based on the fundamental economic prin-
ciples, this subject has had a lot of interest in recent 
years for both economists and transportation plan-
ners. Yang and Huang found a theoretical method to 
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show how this classical economic principle could work 
in a congested urban network [20].

In this regard, different mathematical models for 
pricing are presented in research literature [21-25]; 
they propose a framework for congestion toll pricing 
with different objectives to calculate the marginal cost 
of congestion in an effective way, in which objectives 
are eventuated by some constraints that are imposed 
on the objective function. Some of the most famous 
ones are MinSys, MinMax, and MinTB models [21-23, 
25]. The models are compared with the marginal so-
cial cost pricing (MSCP) that is the main traditional ap-
proach for congestion pricing. The models have been 
presented as a two stage optimization problem that all 
use the arc-node formulation of feasible flows.

For instance, the MinSys algorithm [21] aims to 
minimize the total tolls collected while constraining 
the toll vector to be non-negative and it contains two 
sections as a bi-level minimization problem. In step 1, 
the model solves the system optimum problem to ob-
tain an optimal solution represented as v* by following 
equations:

min s(v)Tv (1)

Subject to:

v=Zx (2)

Ax=b (3)

x≥0 (4)

In step 2, the algorithm goes to minimize βTv* over the 
polyhedron w(v*) that is defined by the following in-
equalities:

( ( )Z s v A*T T$b t+  (5)

v s v b* *T Tb t+ =^ ^ ^h h h  (6)

0$b  (7)

In these formulation parameters defined on the ba-
sis of the following notation, g=(N,A) is a network with 
N being the node and A being the arc set; AW  is the 
incidence matrix of g; b(k) is demand vector associ-
ated to each k (commodity); β is the toll vector; x(k) is 
the commodity (k) flow (variable) vector and the sum of 
all the commodity flow vectors becomes the aggregate 
flow vector denoted as v and the cost of that aggregate 
flow is s(v). Also, the system feasible flows are intro-
duced as follows:

( )v x k
k

=|  (8)

( ) ( )Ax k b k k K6 !=  (9)

( )x k k0 6$  (10)

In addition, in regard to the presented formulation 
for MinSys, other formulations of MinMax, and MinTB 
are presented in Hearn and Ramana research as the 
base study for comparing these formulations [22]. 
MinMax minimizes the maximum toll on the transpor-
tation network:

min z (11)

Subject to:

, W v*!b t^ ^h h  (12)

a Az a 6$ !b  (13)

0$b  (14)

Also, the MinTB minimizes the number of toll 
booths [25]. The formulation requires a positive con-
stant M that exceeds the largest toll and a vector y of 
binary variable ya. Its formulation is as follow:

min ya
a A!
|

 
(15)

Subject to:

,p W v*!b^ ^h h  (16)

Mz a Aa a 6# !b  (17)

,y 0 1a ! " ,  (18)

0$b  (19)

Although the traffic assignment problem that the 
previous models used refers to different optimization 
and equilibrium problems, in this paper we just men-
tion the system optimum (SO) and the user equilibrium 
(UE). The readers are referred to [26] for more back-
ground about these kinds of traffic assignment prob-
lems.

In summary, most of the research on congested 
networks tries to evaluate the marginal cost or the 
hidden cost of using the urban transportation network 
by users. Finding the hidden cost is a very important 
issue for transport planners to manage the network by 
some TDM methods to encourage or discourage the 
people to use the roads more efficiently by consider-
ing the equilibrium condition that could be reached by 
congestion toll pricing. However, people want to pay 
for something that they want to earn and not for some-
thing that they do not want, like congestion [27], so 
finding the best price and solution for users based on 
the appropriate locations is absolutely essential. More-
over, people do not want to pay for something that they 
once used as a free service [28]. However, despite all 
the efforts in the last years, there is no general and 
optimized result for considering the congestion pricing 
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models as the one solution to determine the potential 
TDM location in urban transportation network.

3. PROBLEM SOLUTION

The concept of minimizing the hidden cost of 
congestion based on the user equilibrium (MHCCUE) 
model is presented in this chapter. In this regard, the 
tolls in the whole network should be optimized based 
on the user equilibrium to find the most considerable 
links for implementing TDM policies on them.

As we know from the equilibrium concepts, and 
especially the expression of equilibrium in transpor-
tation, the user equilibrium is not the same as the 
optimized system situation and the total cost of the 
network in user equilibrium condition is more than the 
total cost of the network in optimized system situation. 
Therefore, the objective function in this model tries to 
optimize the flow based on the user equilibrium con-
dition by solving two stages of optimization program-
ming that in the first stage solve the traffic assignment 
to calculate the traffic flow on each link and then cal-
culate the amount of dedicated toll for each link. In 
this model, as in the mentioned models in literature 
review, the hidden cost is imposed on the users ac-
cording to value of time (VOT) – the value of one unit 
of time for users who pass the determined link – has 
an equal weight as travel time, for instance, and it can 
be one dollar per unit of time. As the previous models 
use the same value for time and imposed cost, this 
assumption is considered conservative and a better 
comparison between the results of proposed model 
and the ones introduced in the previous section. 

3.1 Objective function

This section presents the model that has been de-
veloped in this research for quick estimation of the 
potential links that can be considered for TDM im-
plementation. The model is a two-stage optimization 
problem that first solves the UE as a sub problem to 
find the link flows based on the user perspective and 
then solve the upper level to find the optimized hidden 
cost of congestion. Therefore, by finding the VOT that 
could be considered as a cost for the entire network, 
the model introduces the rational priority for links to 
be selected as a potential candidate for implement-
ing the TDM policies in urban transportation network. 
The objective function and constraints are presented 
in Equations 20 to 27.
First:

Z t x dxMinimize x a a
a A

1 0
a=

!

^ h| #  (20)

Subject to:

f q rsk rs
k Krs

6=
!

|
 (21)

f x Ak
k K

ak a a
rs rs

6 !d =
!

||  (22)

,f k K rs0k rs6$ !  (23)

Second:

Z x a AMinimize a
a

a
UE

2 6 !b=|  (24)

Subject to:

q xu t xrs
rs

a
UE

rs a a
UE

a
a

$ b+^ ^ h h| |  (25)

, ,u t x rs k K rsrs ak a a
UE

a
a

rs6# !d b+^ ^ h h|  (26)

0a a6$b  (27)

The notation in mentioned equations comes as fol-
lows:
Z1   - function that controls the user equilibrium;
Z2   - function that controls the minimum hidden cost;
a    - represents a link in the transportation network;
xa   - flow in link a;
xa

UE   - flow in link a based on user equilibrium (UE)  
     condition, obtained from stage one;
ta(xa) - Travel Time in link a;
βa   - toll on link a;
k    - feasible paths in the network;
fk   - flow in path k;
rs   - Origin-Destination set in the network;
qrs   - Demand Matrix between rs;

a f1
0

for each
ak

k!
d = '
urs   - Travel Time in shortest path between rs;
Krs  - set of feasible paths between rs.

This model is solved in two stages, first, Objective 20 
is solved, which is the user equilibrium traffic assign-
ment that shows the summation of the flows based on 
the travel times of each link. By optimizing this func-
tion, the model tries to reach optimized user equilibri-
um condition of traffic flow. Constraint 21 ensures that 
the demand of each pair of origin-destination is satis-
fied; in other words, the summation of all flows in all 
origin-destination pairs is equal to the total demand. 
Constraint 22 makes the aggregated flow become equal 
to the optimized system flow in all of the network links. 
Constraint 23 limits the paths flow to non-negative flows.

In the second stage, objective 24 tries to minimize 
the total hidden cost by considering the number of 
tolled links. Constraints 25 and 26 are supplementary 
ones and cause that each origin-destination pair rs, 
only the routes k Krs!  which cost equal to the short-
est route based on the lowest cost urs have non-ze-
ro flow. Constraint 27 shows that the congestion toll  
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obtained for each link in the set of the network links, 
should be positive.

By solving the model and finding the answer based 
on the objective functions and the defined constraints, 
the requirements of first-order condition of optimal-
ity are practically satisfied. Also, as in all symmetric 
matrices, like Hessian matrix, if and only if all eigen-
values of the matrix be positive, then the matrix is 
positive-definite [18]. Thus, the Hessian matrix for con-
trolling the requirements for second-order condition of 
optimality is checked, and as the function is convex 
for all variables, so, the hessian matrix of the model is 
positive-definite and the uniqueness of the answer is 
controlled.

3.2 Numerical simulation network

This paper employed the nine-node network that 
was used in many research literature [21-23, 25, 29-
31] as a testbed for providing a better comparison of 
the MHCCUE model versus the previous ones that had 
a solution based on UE and SO for this network. The 
network topology is presented in Figure 1.

1

2

3

4

5

6

7

8

9

Origin

Origin

Destination

Destination
(5,12)

(6,18)

(9,20) (4,11)

(8,26)
(4,26)

(2,19) (4,36)

(8,39)

(6,24)

(8,30)
(7,32)

(9,35) (6,33) (6,43)

(3,35)

(2,11) (3,25)

O-D Pair: [1,3] [1,4] [2,3] [2,4]
Demand: 10 20 30 40

Figure 1 – Nine-Node network: the tuple near link a is 
(Ta,Ca)

As shown in Figure 1, the network has nine nodes, 
eighteen links with the same structure of cost function, 
and four pairs of origin-destination (OD): (1,3), (1,4), 
(2,3) and (2,4). As shown in the bottom of Figure 1, the 
demand of node one to node three equals 10 travels; 
node one to node four equals 20 travels; node two to 
node three equals 30 travels, and node two to node 
four equals 40 travels. The link performance function 
or its time-travel (TT) is based on the Bureau of Public 
Roads (BPR) function as follows:

.t T c
x1 0 15a a

a
a 4

= + a k: D  (28)

The parameters Ta and Ca are constant values, 
which respectively represent free flow travel time and 
practical capacity of the links in the network, and their 
values are shown next to each link. For example, for 
the link (arc) from node 1 to 5, the parameters are 
( , ) ,T C 5 12a a / ^ h ; it means that the free flow travel 

time is 5 and the practical capacity is 12 for the men-
tioned link.

3.3 Solution results

Table 1 shows the results of running the codified 
model in Maple, that is obtained by solving the mini-
mization hidden cost of congestion based on the user 
equilibrium (MHCCUE) model. The user equilibrium as-
signment as the first stage of formulation showed the 
flow pattern xa

UE  of the network. This program includes 
a convex objective function and a linear constraint, so 
it is solved based on the convex combinations algo-
rithm. This algorithm is mostly appropriate for solving 
the UE program since the direction finding step can be 
executed relatively efficiently [18]. The algorithm can 
be summarized as follows:
Step 0: Initialization. Perform all-or-nothing assign-
ment based on free flow travel times. This yields initial 
flows. Set counter n: =1.
Step 1: Update travel time for each link based on BPR 
function.
Step 2: Direction finding. Perform all-or-nothing assign-
ment based on the updated travel times and find the 
auxiliary flows ya

n .
Step 3: Line search. Finding a coefficient 0 1n# #a^ h  
that solves

 
min t dxa

x y x

a 0

a
n

a
n

a
n

~
a+ - ^^ hh| #

Step 4: Move. Set x x a y xa
n

a
n

a
n

a
n

n
1 + -=+ ^ h

Step 5: Convergence test. If a convergence criterion is 
met, stop (the xa

n 1+  is the set of equilibrium link flows); 
otherwise, set n= n+1 and go to step 1.

The Table has seven columns, which respective-
ly from left to right include link numbers in which 18 
links are numbered based on the network topology. 
The next column is Arc; it shows the start and end 
node of the links. Flow xa

UE  column practically shows 
the flows obtained from the user equilibrium objective 
function, which means the flow is assigned based on 
the user equilibrium to find the minimum travel time 
by considering this assumption that they know traffic 
situation in the long term.

The travel time t xa a
UE^ ^ hh  column shows the trav-

el time in UE condition based on its flow xa
UE^ h . The 

total travel time x t xa
UE

a a
UE$^ ^ hh  column is calculated 

by multiplying the flow by travel time for each link. Toll   
(βa) column shows the calculation of tolls based on the 
second-stage objective function (Z2), and finally the to-
tal hidden cost xa a

UE$b^ h  column is considered as the 
multiplication of the toll (βa) by UE flow xa

UE^ h .
As shown in Table 1, the model finds the two po-

tential links that could be considered for implementing 
the TDM policies. In fact, these two links are the critical 
links in the network which the system should consider 
for placing control on their demand. In other words, 
the network could be in an equilibrium condition if 
the system imposed the tolls on the introduced links  
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(No. 1 and 9). Also, the traffic managers could distin-
guish their preferences based on the amount of the 
hidden cost defined by the model calculation. In this 
regard, the link with the bigger hidden costs, which in 
this case is link number 9, should be considered as 
the first potential link for TDM policies implementation.

4. COMPARISON OF RESULTS
To confirm that using the MHCCUE performs better 

in finding the best potential link for implementing TDM 
strategies than the previous models, first, the SO and 
UE conditions for the nine-node network are presented 
in Table 2. Second, the final results of the MCSP, Min-
Sys, MinTB, and MinMax are summarized in Table 3. 
These outputs are compared with MHCCUE; and the 
results obtained from this comparison are presented 
in Table 4.
xa

UE  - traffic flow based on the user equilibrium (UE);
xa

SO  - traffic flow based on the system optimum (SO).
Table 2 shows the sum of total travel time, which is 

flow multiplied by travel time, for UE is 2455.871 and 
it is 2254.143 for SO condition. It means by closing 
the flow from UE to SO, the sum of total travel time 
will be decreased. But as we are trying to consider the 
user behaviour before implementing any TDM policies, 
we use UE condition. Table 3 shows the results of the 
mentioned models in literature review for the nine-
node network. By comparing the result of the previ-
ous models with the suggested model, the preference 
of the proposed model could be clear. Although the  

previous models had been concentrated on the con-
gestion toll pricing, in this paper, the suggested mod-
el tries to investigate the method to find the possible 
links for implementing the TDM policies in terms of 
traffic congestion based on benefit priorities and their 
estimated costs.

To evaluate the model and ensure that more desir-
able results are obtained in the proposed model, it has 
been compared with the Table 3 models. Therefore, the 
mentioned network in this paper was once solved by 
UE condition and the solution results were compared 
with each other in case of finding the minimum num-
ber of links. In other words, the second part of objec-
tive function (Z2) has been designed based on mini-
mizing the cost of travel in MHCCUE model and other 
models. One can conclude that if the MHCCUE model 
is solved without considering SO condition, but just by 
using the UE condition, it practically means solving the 
congestion toll pricing problem. But, as the main goal 
of these problems is finding the best price based on 
minimum travel time for the whole network, they need 
to consider the SO condition. In other words, they min-
imize the number of tolled links but after implement-
ing SO conditions in their first level of optimization, the 
MHCCUE model predicts the suitable links before im-
plementing any TDM strategy like congestion pricing. 
Also, it will minimize the total number of selected links 
based on its formulation.

Table 4 summarizes the model’s final results and 
compares them with MSCP, MinSys, MinMax, and 

Table 1 – Results of the MHCCUE model for the Nine-node network

Link
Aa6 !

Arc
Flow 
xa

UE
Travel Time

t xa a
UE^ h

Total Travel Time
x t xa

UE
a a

UE$ ^ h
Toll 
βa

Total Hidden Cost
xa a

UE$b

1 1-5 8.160 5.160 42.106 2.194 17.903
2 1-6 21.840 7.951 173.648 0.000 0.000
3 2-5 47.372 4.510 213.661 0.000 0.000
4 2-6 22.628 9.236 208.985 0.000 0.000
5 5-6 0.000 9.000 0.000 0.000 0.000
6 5-7 27.843 14.315 398.583 0.000 0.000
7 5-9 27.689 9.543 264.244 0.000 0.000
8 6-5 0.000 4.000 0.000 0.000 0.000
9 6-8 44.468 8.967 398.763 7.097 315.578

10 6-9 0.000 7.000 0.000 0.000 0.000
11 7-3 38.160 5.443 207.690 0.000 0.000
12 7-4 17.372 6.247 108.527 0.000 0.000
13 7-8 0.000 2.000 0.000 0.000 0.000
14 8-3 1.840 8.000 14.724 0.000 0.000
15 8-4 42.628 6.869 292.818 0.000 0.000
16 8-7 0.000 4.000 0.000 0.000 0.000
17 9-7 27.689 4.772 132.122 0.000 0.000
18 9-8 0.000 8.000 0.000 0.000 0.000
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Table 2 – UE and SO results for Nine-node problem

Link
Aa6 !

Arc

UE Condition SO Condition

Flow
xa

UE
Travel Time

t xa a
UE^ h

Total Travel 
Time

x t xa
UE

a a
UE$ ^ h

Flow
xa

SO
Travel Time

t xa a
SO^ h

Total Travel 
Time

x t xa
SO

a a
SO$ ^ h

1 1-5 8.160 5.160 42.106 9.411 5.284 49.728
2 1-6 21.840 7.951 173.648 20.589 7.541 155.262
3 2-5 47.372 4.510 213.661 38.334 3.648 139.842
4 2-6 22.628 9.236 208.985 31.666 9.905 313.652
5 5-6 0.000 9.000 0.000 0.000 9.000 0.000
6 5-7 27.843 14.315 398.583 21.303 6.220 132.652
7 5-9 27.689 9.543 264.244 26.442 9.284 245.487
8 6-5 0.000 4.000 0.000 0.000 4.000 0.000
9 6-8 44.468 8.967 398.763 39.474 7.843 309.595

10 6-9 0.000 7.000 0.000 7.000 0.000 0.000
11 7-3 38.160 5.443 207.690 29.608 3.885 115.027
12 7-4 17.372 6.247 108.527 20.757 6.504 135.004
13 7-8 0.000 2.000 0.000 2.000 0.000 0.000
14 8-3 1.840 8.000 14.724 10.392 8.006 83.198
15 8-4 42.628 6.869 292.818 39.243 6.624 259.946
16 8-7 0.000 4.000 0.000 4.000 0.000 0.000
17 9-7 27.689 4.772 132.122 29.062 4.937 143.479
18 9-8 0.000 8.000 0.000 10.162 8.016 81.459

Table 3 – Results of MSCP, MinSys, MinMax, and MinTB models for Nine-node network [21-23, 25].

Link
Aa6 !

Arc

MSCP MinSys MinMax MinTB

Toll
βa

Total Hid-
den Cost

xa a
SO$b

Toll
βa

Total Hid-
den Cost

Toll
βa

Total Hid-
den Cost

xa a
SO$b

Toll
βa

Total Hid-
den Cost

xa a
SO$b

1 1-5 1.135 10.681 0.000 0.000 0.000 0.000 0.000 0.000
2 1-6 6.162 126.869 0.000 0.000 8.000 164.712 0.000 0.000
3 2-5 2.590 99.285 4.000 153.336 4.000 153.336 4.000 153.336
4 2-6 3.618 114.566 0.000 0.000 0.000 0.000 0.000 0.000
5 5-6 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000
6 5-7 16.880 359.595 11.200 238.594 8.000 170.424 11.200 238.594
7 5-9 5.135 135.780 0.000 0.000 0.000 0.000 0.000 0.000
8 6-5 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000
9 6-8 7.370 290.923 7.2 284.213 7.200 284.213 7.2 284.213

10 6-9 0.107 1.368 0.000 0.000 0.000 0.000 0.000 0.000
11 7-3 3.541 104.841 4.000 118.432 7.200 213.178 4.000 118.432
12 7-4 2.014 41.805 0.000 0.000 3.200 66.422 0.000 0.000
13 7-8 0.000 0.000 0.000 0.000 1.079 0.000 0.000 0.000
14 8-3 0.024 0.249 0.000 0.000 0.000 0.000 0.000 0.000
15 8-4 2.497 97.990 0.000 0.000 0.000 0.000 0.000 0.000
16 8-7 0.000 0 0.000 0.000 0.000 0.000 0.000 0.000
17 9-7 3.746 108.866 3.200 92.998 0.000 0.000 3.200 92.998
18 9-8 0.063 0.640 0.000 0.000 0.000 0.000 0.000 0.000
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MinTB, since they have been used in many pricing 
studies with the same testbed [21-23, 25]. It shows 
that the total cost in MHCCUE model is 2,789.351 
which covers the total travel time which is 2,455.870 
plus total hidden cost which is 333.482. As shown, not 
only the number of links that need to be modified by 
TDM policies is decreased in this model in comparison 
with the others, but also the total cost of the MHCCUE 
model has been reduced when compared with the 
mentioned models.

As shown in Table 4, the number of tolled links 
decreased from 14 to 2 in MSCP model to MHCCUE 
model. Since, both traditional or the more modern toll 
sensing stations, are costly, decreasing the number 
of tolled links became the main concerns of traffic 
managers. Moreover, by using the new technology like 
Global Positioning System (GPS) that allows accurate 
determination of location, rate, direction, and time 
of trips, operators could track the user routes. In this 
regard, it would be interesting for traffic managers to 
reduce the number of tolled links as much as possible 
and return back to optimum condition.

Also, Figure 2 shows in the case of applying MHC-
CUE with the consideration of user equilibrium condi-
tions for the nine-node network, the total hidden cost 
and the total cost decrease by about 77% and 25%, 
respectively. However, the total travel time increases 
about 9% for the nine-node network.

3,747.376

2,455.87

1,493.458
1,167.572

887.574
333.482

2,253.918

3,421.49
3,141.492
2,789.351

4,000
3,500
3,000
2,500
2,000
1,500
1,000

500
0

Co
st

MSCP MinSys MinTB MinMax MHCCUE

Total Hidden Cost Total CostTotal Travel Time

0 0.5 1 1.5 2 2.5 3 3.5

Figure 2 – Total cost of suggested model compared with 
Previous Studies

On the other hand, Table 4 and Figure 2 also show 
that by applying the MHCCUE model, not only is the 
number of tolled links reduced but also at the same 
level of total travel time due to equilibrium condition, 

congestion and obstruction state will not occur in the 
network.

5. CONCLUSIONS

This paper presents a new model for choosing 
the potential location for implementing the TDM pol-
icies in urban transportation networks based on the 
link priority condition. The concept of minimizing the 
hidden cost of congestion based on user equilibrium  
(MHCCUE) model is presented in this regard. As the 
model is a well-defined optimization problem in its first 
step, which is traffic assignment based on users equi-
librium, urban planners and transportation engineers 
can potentially use this model as a quick estimation 
tool for deciding on which location to implement the 
TDM strategies in the urban transportation network, 
since it just takes traffic assignment data as input to 
predict the best locations.

Although the main goal of this research is not to 
calculate the congestion toll pricing, the result shows 
improvements in this area by considering that the cal-
culation is based on the user equilibrium (UE) rather 
than system optimum (SO). This assumption helps us 
to select the possible links based on user behaviour. 
Thus, the hidden cost of congestion becomes more 
valuable and helps the planner to consider it as a pa-
rameter for choosing the potential links to implement 
the TDM among all of the network links for managing 
the demand to avoid urban congestion.

Also, as shown in Figure 2, the model reduces the 
number of links in comparison with the previous stud-
ies. It shows that only by implementing the potential 
TDM policies in two selected links, the network can be 
close to equilibrium conditions.

Moreover, for better comparison between MHCCUE 
and previous models, the results of the aforemen-
tioned model are shown in Table 3 for the nine-node 
network. Of course, for better presentation of the re-
sults, the amount of total hidden cost, total travel time, 
and finally total cost are shown in Figure 2. In this fig-
ure, the total cost is the summation of the total hidden 
cost and the total travel time in the network. As shown 
in Figure. 2, the proposed model has a minimum total 
cost as compared with the others.

Table 4 – Results of the suggested model (MHCCUE) in comparison with other studies

Solutions No. of Selected Links Total Hidden Cost Total Travel Time Total Cost

MSCP 14 1,493.458 2,253.918 3,747.376
MinSys 5 887.574 2,253.918 3,141.492
MinMax 7 1,167.572 2,253.918 3,421.490
MinTB 5 887.574 2,253.918 3,141.492

MHCCUE 2 333.482 2,455.870 2,789.351
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