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1 Abstract 

Several standard methods are available to analyze and estimate parameters of count data.  None of 

these methods are designed to account for potential misclassification of the data, where counts are 

observed or recorded as higher or lower than their actual value.  These false counts can result in 

erroneous conclusions and biased estimates.  For this paper, a standard estimation model was modified 

in several ways in order to incorporate each misclassification mechanism.  The probability distribution of 

the observed data was derived and combined with informative distributions for the misclassification 

parameters.  Once this additional information was taken into account, a distribution of observed data 

conditional on only the parameter of interest was obtained.  By incorporating information about the 

misclassification mechanisms, the resulting estimation will be more accurate than the standard 

methods.  To demonstrate the flexibility of this approach, data from a count distribution affected by 

various misclassification mechanisms were simulated.  Each dataset was analyzed by several standard 

estimation methods and an appropriate new method.  The results from all simulated data were 

compared, and the impact of each mechanism in regards to each estimation method was discussed.  

Data from a colorectal polyp prevention study were also analyzed with all available methods to 

showcase the incorporation of additional covariates. 
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2 Introduction 

The data obtained from a study are often subject to a wide array of different types of error.  These 

errors can lead to biased estimates of parameters of interest and incorrect conclusions about the 

efficacy or safety of a treatment.  Misclassification of count data occurs if there is a false positive or false 

negative count.  A false positive is when the count includes occurrences other than those of interest, or 

when objects of interest are counted more than once.  A false negative is when the counts of interest 

are omitted or unobserved.  Misclassification of binomial count data has been well-researched1, but 

estimation methods for other count data, such as from a Poisson distribution, are still being developed.  

One study by Lesaffre et. al2 employed a double binomial model to evaluate all items that make up the 

observed count and produce an estimate based on that information.  An alternative analysis was 

attempted by Wu et. al3, in a study which utilized a Bayesian approach to produce estimates designed to 

account for potential misclassification or overdispersion of count data through the use of random 

effects.  Similarly, a recent study by Bratcher and Stamey4 developed and tested Bayesian methods for a 

Poisson distribution which adjusts for misclassified counts. 

As these papers demonstrate, research is being performed to produce a better understanding of 

misclassification mechanisms in regards to count data, especially for the Poisson distribution. Several of 

these studies tested new methods with both simulated and real-world data to determine the accuracy 

and practicality of their application.  The Poisson distribution is often the focus of these studies due to 

its wide use and the simplicity of its structure.  In actuality, data is often from a different distribution, 

such as the Negative Binomial, which has more flexibility due to the inclusion of an additional 

parameter.  Despite this, performing initial modeling and estimation with familiar methods or variants of 

those methods can help improve the understanding of how the data may be distributed and what other 

mechanisms may be present, such as those causing misclassification.  Many of the concepts and models 

can be modified to incorporate other data generating distributions, and this is gradually being 

performed as well. 

Comparisons between various estimation methods on data subject to different data generating 

conditions have not been widely performed or presented.  The primary goals of this paper are to design 

estimation methods that are similar to existing ones, for ease of use and understanding, which 

incorporate the misclassification information, and to compare and contrast the results from these 

methods with several standard ones which do not incorporate said information.  The new estimation 

methods assume an underlying Poisson distribution for the count data and will be referred to as Poisson 
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estimation accounting for misclassification (PEAFM).  Simulated count data was generated that followed 

some variant of the Poisson distribution, which may have been affected by one or more misclassification 

mechanism.  All parameters of the misclassification mechanisms were modeled in two ways: as fixed or 

as a random variable with an underlying distribution.  The results from all methods will be discussed in 

relation to the true parameter values of interest and how each mechanism affects estimation ability.  

For all scenarios, the recurrence rate of an event will be the parameter studied. 

All count data generated and analyzed has an underlying Poisson distribution, but the methods 

and concepts employed can be extended to other situations and types of count data.  For the PEAFM 

models, informed distributions for the misclassification parameters will be specified which, in 

combination with the distribution of the observed data, will be used to obtain the marginal distribution 

of the observed count data conditional on only the parameter of interest.  This marginal distribution 

naturally gives rise to the likelihood function of observed data, which can then be optimized to obtain 

estimates of the recurrence rate.  The process involved will be explained and can be expanded to 

estimate multiple parameters of interest.  Finally, real-world data from a colorectal polyp prevention 

study5,6 were analyzed with all methods; the results will be compared and discussed. 

Assumptions and inherent strengths and weaknesses of each method will be listed in regards to 

both the distribution of the data and the misclassification mechanisms present.  The results from this 

study should be generalizable to other experiments and research involving count data or 

misclassification mechanisms. 

2.1 Background Information on Colon Cancer 

Colorectal cancer is the third most common type of cancer in men and women in the United 

States and is the second most deadly form of cancer after lung cancer. Colon cancer is one of the easiest 

diseases to detect, and in its earliest stages, it's also one of the most curable7.   Many studies have been 

performed to see if an intervention can prevent colon cancer and colon cancer recurrence using 

recurrent colorectal adenomas, a precursor to colon cancer, as a surrogate endpoint.  The number of 

recurrent adenomas is measured by performing a colonoscopy at a follow-up visit. One such study, The 

Wheat Bran Fiber Trial5, was a colorectal polyp prevention clinical trial that took place at several 

facilities in Phoenix, AZ, with two arms randomized to either a low fiber or high fiber group.  The main 

objective was to determine if the high fiber supplement was protective against recurrent colorectal 

adenomas.  Each participant needed to have at least one polyp at baseline to be enrolled in the study.  
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An analysis published on this study in April of 20006 showed that the odds of recurrent colorectal 

adenomas were not significantly different between the two groups. 

Using the number of recurrent adenomas to estimate the recurrence rate will produce an 

alternative analysis which can incorporate more information into the estimation process.  Participants 

from the Wheat Bran Fiber Trial will be analyzed with all methods and the estimates of the recurrence 

rate will be displayed and compared.  The primary focus will be comparing the two fiber groups, but 

other covariates will be included in additional models for adjustment. 

  For adenomatous polyp studies, data being undercounted is the most common issue and can 

lead to misdiagnosis or incorrect conclusions about treatment effect.  The number of polyps can be 

undercounted during a colonoscopy, especially for diminutive polyps, which leads to misclassification.  

This misclassification could occur at the baseline visit or during a follow-up colonoscopy.  Often, patients 

undergo a post-baseline colonoscopy after just 1 year to remove polyps missed at baseline.  In addition, 

large, complex polyps can appear to be more than one, or polyps removed could split apart, leading to 

an overcount of the number of polyps present.  The number of polyps could also be under or 

overcounted due to data entry error.  All of these possibilities were taken into consideration when 

designing the misclassification mechanisms used in this paper8.  

3 Probability Distributions for Count Data 

Misclassification of data can lead to biased estimates, which can result in improper care and erroneous 

understanding of how to properly treat an illness.   Statistical bias is a feature of a statistical technique 

when the expected value of the results differs from the true underlying quantitative parameter being 

estimated9.  Using estimation methods that are designed to account for misclassification mechanisms, 

or that simply have more flexibility in their estimation process, can lead to less biased estimates and 

informed decisions in regards to a treatment and outcome of interest. 

Each set of count data can be viewed as a random sample of size n from a population.  For the 

below distributions, each observation (count), yi, where i ranges from 1 to n, is a random variable which 

is identically independently distributed (IID) from the same probability distribution.  Estimation methods 

use assumptions about how the data were generated in order to model the observations and make 

inferences.  Each of the standard estimation methods for count data described in this paper model the 

simulated or real-world data as following one of the below distributions.  

When the outcome is known to be non-binary count data, a natural place to begin is with the 

Poisson distribution.  The Poisson distribution expresses the probability of a specified number of events 

https://en.wikipedia.org/wiki/Expected_value
https://en.wikipedia.org/wiki/Parameter#Statistics_and_econometrics
https://en.wikipedia.org/wiki/Estimation_theory
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occurring in a fixed interval of time and/or space.  The events (or outcomes) occur with a known average 

rate, which is often represented as λ.  Each observed outcome occurs independently of outcomes 

preceding or following it.  The Poisson distribution can be applied to scenarios with large numbers of 

possible events, each of which is rare.  Data that are generated from a Poisson distribution with 

Yi~Poisson(λ), yi ∈ ℤ*, and  λ > 0, follow the probability mass function (pmf) below: 

 

𝑃(𝑌𝑖 = 𝑦𝑖|λ) =  
λ𝑦𝑖𝑒−λ

𝑦𝑖!
 

 

The primary constraint of the Poisson distribution is that E(Yi) = Var(Yi) = λ.  This is a very strong 

assumption that, if violated, can lead to issues with estimation models built for Poisson data. 

If the count data are overdispersed (the variance is larger than the mean), then estimation using 

the Negative Binomial (NB) distribution is often a better choice than the Poisson distribution.  

Overdispersion is a common feature in applied data analysis because populations are frequently 

heterogeneous—due to conditions like familial adenomatous polyposis (FAP), which is a genetic 

condition leading to excessive polyp counts—contrary to the implicit assumptions within widely used 

simple parametric methods.  It is theoretically possible for data to exhibit underdispersion, the opposite 

of overdispersion, relative to the Poisson distribution. However, it is quite rare to observe 

underdispersed data in practice, as this uncommon phenomenon has been well recognized by other 

researchers10,11.  The Poisson distribution has one free parameter and does not allow for the variance to 

be adjusted independently of the mean.  The NB distribution is more flexible due to the inclusion of 

what is often referred to as a dispersion parameter, r, and because the mean and variance are not 

forced to be the same.   Several parameterizations exist; one common one is shown below. 

 

For the NB distribution, Yi~NB(r,p), yi ∈ ℤ*, r > 0, and 0 ≤ p ≤ 1. The pmf is: 

 

𝑃(𝑌𝑖 = 𝑦𝑖|r, p) = (
𝑟 + 𝑦𝑖 − 1

𝑦𝑖
) 𝑝𝑟(1 − 𝑝)𝑦𝑖  

 

Here, E(𝑌𝑖) = 
𝑟(1−𝑝)

𝑝
 and Var(𝑌𝑖) = 

𝑟(1−𝑝)

𝑝2 , which are dependent upon both parameters, r and p. 
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Since p is bound between 0 and 1 for the NB distribution, the variance is greater than the mean. 

Analogous to the Poisson distribution, yi is the count observed (such as the number of polyps) for the ith 

observation.  This distribution arises as a continuous mixture of Poisson distributions; the mixing 

distribution of the Poisson rate is a gamma distribution.  Therefore, the NB distribution can be seen as a 

Poisson(λ) distribution, where λ itself is a random variable that follows the gamma distribution12.  This 

relationship and the adaptability via the inclusion of the dispersion parameter enables NB estimation 

models to produced unbiased results for overdispersed Poisson (NB) data.  If the data are known to be 

from a standard Poisson distribution, however, estimation is generally more efficient when a Poisson 

model is used. 

At times the overdispersion, or lack of fit from a Poisson estimation model, is due to a plethora 

of zero counts.  The data in this case can be better analyzed with a zero-inflated model.  A zero-inflated 

model contains two components which correspond to distinct zero generating processes.  One part is a 

binary distribution which generates zero counts.  The second part is governed by a separate count 

distribution, such as the Poisson distribution, which can generate zero counts or any other positive 

integer count.  For a Zero-Inflated Poisson (ZIP) distribution, Yi~ZIP(π, λ), yi ∈ ℤ*, 0 ≤ π ≤ 1, and λ > 0. 

Each component of the ZIP pmf is shown below: 

 

𝑃(𝑌𝑖 = 0|𝜋, λ) =  𝜋 + (1 − 𝜋)𝑒−λ 

𝑃(𝑌𝑖 = 𝑦𝑖|𝜋, λ) = (1 − 𝜋)
λ𝑦𝑖𝑒−λ

𝑦𝑖!
  ,    𝑦𝑖 > 0 

 

For this distribution, E(Yi) = λ(1- π) and Var(Yi) = λ(1- π)(1+ λπ). 

 

The first component shows the probability of being a zero count from either process.  The 

parameter, π, is the probability of being a zero count due to the binary distribution.  The term, 

(1 − π)e−λ, is the probability of being a zero count due to the Poisson distribution.  The second 

component is the probability of being a non-zero count due to the Poisson distribution. 

Due to the additional zero-generating distribution, the expectation and the variance of the ZIP 

model are not forced to be the same.  The advantages of including multiple components are two-fold: 

first, zero counts can potentially be generated from two different distributions; second, the additional 

parameter from the binary model results in a more flexible and robust estimation process. 
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Finally, a lack of fit for Poisson estimation models can be due to both excess zeros and 

overdispersion among the remaining count data.  In other words, even after accounting for the large 

number of zeros within the count data, the variance is still greater than the mean.  In this case, a Zero-

Inflated Negative Binomial (ZINB) model is appropriate.  Similarly to the ZIP model, there are two 

components: the binary distribution that generates only zero counts, and the NB distribution for the 

remaining count data.  For a ZINB distribution, Yi~ZINB(π, p, r), yi ∈ ℤ*, 0 ≤ π ≤ 1, 0 ≤ p ≤ 1, and r > 0.  The 

pmf is: 

 

𝑃(𝑌𝑖 = 0|𝜋, 𝑝, 𝑟) =  𝜋 + (1 − 𝜋)𝑝𝑟 

𝑃(𝑌𝑖 = 𝑦𝑖|𝜋, 𝑝, 𝑟) = (1 − 𝜋) (
𝑟 + 𝑦𝑖 − 1

𝑦𝑖
) 𝑝𝑟(1 − 𝑝)𝑦𝑖   ,    𝑦𝑖 > 0 

 

In this case, E(𝑌𝑖) = (1 − 𝜋)
𝑟(1−𝑝)

𝑝
 and Var(𝑌𝑖) = (1 − 𝜋) [

𝑟(1−𝑝)

𝑝
(1 +  

(1−𝑝)

𝑝
) + 𝜋

𝑟(1−𝑝)

𝑝2 ]. 

 

Zero counts can once again be from one of two distributions.  Additionally, there are three 

parameters—two from the NB distribution and one from the binary model—yielding an even more 

robust estimation process which can account for both overdispersion and excess zeros. 

Count data can also be viewed or obtained as a binary value.  This is commonly used when 

analyzing events that are either present or not.  If this is the only way to analyze the data (such as the 

presence or absence of some feature) then analyzing the binary count data is using all available 

information.  If the data is instead dichotomized, where values are collapsed into one of two categories, 

then information is lost and the results may not be as informative as those from an alternative method.  

At times, it is appropriate to dichotomize more complex data.  For example, if the assigned treatment or 

procedure is determined based on any recurrence or not, a binary method can be used.  In the case of 

colonoscopy screening for colorectal polyps, if a patient has no polyps she may be told to come back for 

her next screening in 5 years, whereas if she had any number of polyps, she would need to return in 3 

years. 

The most basic way to analyze binary data is with an indicator function; this takes the value of 1 

if something is present and 0 if it is not.  For the case of count data, if yi ∈ ℤ*, then let A be the set of all 

positive integers.  The following Indicator function is the result: 

 

𝐼𝐴(𝑌𝑖 =  𝑦𝑖) =  {
1 𝑖𝑓 𝑦𝑖 ∈ 𝐴

0 𝑖𝑓 𝑦𝑖  ∉  𝐴
} 
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Here, E(𝐼𝐴(𝑌𝑖)) = 𝑃(𝐴) and 𝑉𝑎𝑟(𝐼𝐴(𝑌𝑖)) = 𝑃(𝐴)(1 − 𝑃(𝐴)).  

 

When more variables are of interest, or when a more complex distribution is required, several 

regression methods exist which are modeled under the assumption of a binary outcome value.  These 

are described in a later section. 

4 Estimation Methods 

One of the most crucial elements of making inferences based on data is the method selected to model 

the distribution of the sample.  If the data do not fit the assumed distribution well, the estimation 

method may struggle to converge or yield biased results.  Several methods are described below; each 

method was used to estimate the recurrence rate, Ω, of all appropriate simulated data.  Ω is obtained 

from calculating the probability of a count of more than 1, P(Yi > 1), or equivalently, 1-P(Yi = 0).  Using 

the Poisson distribution, Ω = 1-e−λ.  Since recurrence rate is Ω = 1- P(Yi = 0), the form and calculation 

will be different for each method due to a distinct underlying probability distribution.   

Every method, with the exception of the PEAFM ones, is expected to yield biased results for any of 

the misclassified simulated Poisson data.  The performance of each method will vary based on the type 

of data analyzed and the severity of the misclassification mechanism.  For example, estimates of 

recurrence rate for undercounted data are expected to be too small for all models except for the PEAFM 

ones which take the misclassification mechanism into account.  This is due to the unaccounted for 

undercount parameter, θ, which makes the estimated value for λ smaller due to the fact that θ* λ ≤ λ 

since 0 ≤ θ ≤ 1.  A similar argument holds for the overcounted data, which has an inflated parameter, 

λ+μ, leading to an estimate for λ that is too large.  These mechanisms are explained in detail in a later 

section. 

Each method utilizes maximum likelihood estimation (MLE), which estimates the parameter(s) that, 

given the data, would make it most likely to obtain the same data.  All methods used a variant of the 

generalized linear models (GLM) used in regression.  Each observation, yi, is IID from some distribution. 

For a GLM, the form follows a simple model, with the conditional expectation of each observation 

given a vector of covariates, E(yi|xi) =  μi, defined as: 

 

𝑔(μ𝑖) =  β0 +  𝑥𝑖
𝑇𝛃 
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Where yi is the ith outcome value, g() is a link function, β0 is the intercept, β is the vector of all 

regression coefficients, and xi is the row vector of covariates for the ith observation.  For example, in a 

simple linear regression model, the link function is just the identity.  Other link functions are the natural 

log (ln), the logit, and so on. 

When modeling Poisson data, if the total time for each observation varies, μi = λi*ti, so ln(μi) = 

ln(λi)+ln(ti).  The term ln(ti) can be included as an offset in the above GLM.  Since the simulated Poisson 

data share the same rate parameter and a time component is not considered for this paper, μ = λ, and 

will be referred to as such for all subsequent estimation methods.  The real-world data analyzed is 

assumed to share the same rate parameter for each covariate pattern, so μi = λi.   

All estimates will be displayed as λ ̂for λ, Ω̂ for Ω, and so forth.  The simulated data can be seen as 

a subset of an entire population and only has a single βi estimated, β0, via each method.  This leads to 

the equation g(λ)̂ = β0. The real-world dataset has several covariates of interest, which leads to the 

estimation of additional βi coefficients; g(λ̂i) =  β0 +  xi
T𝛃.   

The results from each model will be used to estimate the true recurrence rate of the simulated 

data, Ω = 1-e−λ.  The general recurrence rate estimate from each model will be shown for the simulated 

data case; the form of the real-world data estimates only differ by the parameter,  λ̂i. 

4.1 Poisson Estimation 

Poisson regression uses the natural log as the link function and models the ln(rate) of the data.  The 

natural log of time can also be included as an offset in the model with a fixed coefficient of 1 if follow-up 

time varies from observation to observation.  Each β𝑖 is the ln(rate ratio), which means that when the 

inverse link is taken for this coefficient, the rate ratio is obtained.  If the entire argument is 

exponentiated, the estimate of the rate, λ,̂ is obtained.  For the simulated data, only the intercept, β0, 

was estimated since there are no covariates; e(β0) = λ.̂  When the real-world dataset was analyzed, 

several covariates were considered, resulting in the estimation of multiple βi parameters.  The 

recurrence rate estimate for data from the Poisson distribution is Ω̂ = 1-e(−λ̂), which is straightforward 

to calculate using the model results. 

Poisson regression is constrained by the characteristics of the Poisson distribution, namely, the 

assumption that the expectation and variance are the same.  Even for true Poisson data, it is unlikely to 

observe identical values for these two measures, but if they are too far apart, the estimation may 
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become biased.  In addition, only modeling one parameter means that this model is more sensitive to 

abnormalities within the data since all inferred information is contained within λ.̂ 

4.2 Negative Binomial Estimation 

NB regression also uses the natural log as the link function.  The natural log of time can again be used as 

an offset in the model with a fixed coefficient of 1 if follow-up time varies from observation to 

observation.  Each coefficient is the ln(rate ratio), so the interpretation of parameter coefficients are 

identical to Poisson regression.  In addition, a dispersion parameter is estimated, which allows for more 

accurate modeling if the data are overdispersed.  For all models, r ̂is the dispersion parameter estimate.  

Once again, for simulated data, there were no covariates considered, so the estimate reduces to 

λ̂ = e(β0) .  The real data set has several estimated covariates, so λ̂i = e(β0+ xi
T𝛃). 

The recurrence rate estimate in this case is not as straightforward as the prior one.  For the NB 

distribution, if the mean is λ, then it follows from an alternative parameterization12 that p =  
r

r+λ 
.  Thus, 

P(Yi = 0|r,λ) = pr = (
r

r+λ
)

r
and the recurrence rate estimate from the NB method is Ω̂ = 1-(

r̂

r̂+λ̂
)

r̂
.  The 

recurrence rate for overdispersed Poisson data is 1 - 
δγ

 (δ+1)γ. Using the relationship between a NB 

distribution and a Poisson distribution where λ is not fixed, but follows a gamma distribution, it is clear 

that these are equivalent. 

4.3 Zero-Inflated Poisson Estimation 

ZIP regression consists of two components: a Poisson model and a logistic model.  The Poisson model 

uses the natural log and the logistic model uses the logit (or log-odds of the outcome) as their link 

functions.  These two models reflect the components of the ZIP distribution.  The Poisson component is 

modeled in an analogous fashion to Poisson regression.  The logistic model is designed to estimate the 

odds of being a zero count from the binary component of the ZIP distribution.  Each coefficient from the 

logistic model is the ln(odds ratio) of being a zero count from this component. 

Estimation of recurrence rate is modified from a standard Poisson model.  Since a zero count 

could potentially rise from either the Poisson or binary distribution, that information is incorporated 

into the estimate of the recurrence rate.  For this model, P(Yi = 0|π, λ) = π + (1- π)e(−λ).  The parameter, 

π, is the probability of being a zero count from the binary component.  In order to be a zero count from 

the Poisson part, the observation can’t be a zero count from the binary component.  As a result, the 
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term (1-π) is multiplied by e(−λ), the probability of being a zero count from the Poisson component.  

Thus, the recurrence rate estimate, Ω̂, is 1-P(Yi = 0|π̂, λ̂), or (1- π̂)[1-e(−λ̂)]. 

The parameter estimate, λ,̂ is obtained in the same way as the Poisson regression model.  If the 

entire binary component is exponentiated, the odds of being a zero count are obtained.  Since 

probability=odds/(1+odds), the probability estimate, π̂, is easily estimated. 

The ZIP model is more flexible than the standard Poisson due to the inclusion of the binary 

component that models extra zero counts.  If overdispersion of Poisson data is caused by excess zeros, 

this model will produce less biased estimates than the standard Poisson model. 

4.4 Zero-Inflated Negative Binomial Estimation 

Similarly to the ZIP regression model, ZINB regression consists of two components: a NB model and a 

logistic model.  The NB model uses the natural log and the logistic model uses the logit (or log-odds of 

the outcome) as their link functions.  The use and structure of each model is analogous to ZIP regression. 

Recurrence rate estimation differs from NB due to an additional parameter, π, the probability of 

being a zero count from the binary component.   A zero count could potentially rise from either the NB 

or binary distribution.   For this model, P(Yi  = 0|π, r, λ) = π + (1- π)(
r

r+λ
)

r
.   Following identical logic to 

the ZIP model, the recurrence rate estimate, Ω,̂ is 1-P(Yi = 0|π̂, r̂, λ̂), or (1- π̂)[1-(
r̂

r̂+λ̂
)

r̂
]. 

The parameter estimates, r ̂and λ,̂ are obtained in the same way as the NB regression model.  

The other parameter, π̂, is estimated in the same fashion as the ZIP model. 

The ZINB model is useful when count data is overdispersed even after accounting for excess 

zeros.  The inclusion of three parameters (r, λ, and π), enables it to be very flexible and adaptable.  This 

is the most robust of the traditional regression models for count data described in this paper. 

4.5 Indicator Estimation 

Estimation with an indicator function uses the least amount of information among all methods listed.  

Here, all count data is dichotomized and any count that is 1 or greater is considered to be the same.  The 

mean of dichotomized simulated count data is the estimate of the probability of a count being non-zero.  

For this simple case, the probability estimate is the recurrence rate estimate, Ω̂.   

Collapsing counts to yes or no for recurrence is a simplified way of looking at the data.  It is 

helpful for making clinical decisions in regards to treatment and procedures.  The Indicator method is a 

natural choice for this situation since it models binary outcomes.  However, depending upon the 
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research question, this is not using all available information and may not be as informative or accurate 

as modeling the data with a more appropriate distribution.  For example, if the actual mean count were 

the value of interest, the Indicator method would frequently provide a poor estimate.  For count data 

with a mean of 0.8 but only 50% of the observations non-zero, the mean estimate from the Indicator 

method would be 0.5.  Furthermore, the Poisson, NB, ZIP, and ZINB methods can all take into account 

the length of follow-up time each observation contributes to differentiate between individual rates, 

such as 3 total polyps after 1 year compared to 3 total polyps after 5 years. 

When covariates are considered, a more complex model must be used.  When possible, a log-

binomial regression model was fit.  This GLM uses the natural log link to estimate the ln(probability) of 

an outcome, which can be exponentiated to obtain the estimate of the probability of the outcome, 

which is the recurrence rate for this model.  Each coefficient estimates the ln(relative risk) of the 

outcome, which is more interpretable than the ln(odds ratio) from a logistic model.  However, there are 

heavy constraints placed upon the coefficients estimated since all probability estimates must remain 

between 0 and 1. 

When the log binomial model failed to converge due to these constraints, a logistic model was 

fit instead.  Recurrence rate, Ω̂,  was estimated by exponentiating the ln(odds) and using the fact that 

probability = odds/(1+odds).  The logistic model is more flexible since the ln(odds) can vary from -∞ to 

∞, and odds can vary from 0 to ∞.  The probability estimate from these two models should be similar or 

identical and will be compared when possible. 

4.6 PEAFM Methods 

In order to obtain the MLE estimate of λ,̂ and subsequently the recurrence rate, Ω̂, the likelihood 

function of the observed data is required.  For each of the PEAFM methods, the observed data 

distribution conditional on only λ was obtained by accounting for and integrating out all nuisance 

parameters.  Optimizing the resulting likelihood function leads to the least biased estimation process 

among those listed.  All prior methods optimized the assumed count data distribution without taking 

any misclassification mechanism into account, which leads to an estimate for λ that is too large or small.  

The derivation of the desired distribution for undercounted data is described as follows.  If the 

true, but unobserved, count data, T, follows a Poisson(λ) distribution and the observed  undercounted 

data, conditional on the true data, Y|T, follows a Binomial(T, θ) distribution, then the joint distribution 

for each pair of true and observed data is: 
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𝑃((𝑇𝑖 = 𝑡𝑖|θ), (𝑌𝑖 = 𝑦𝑖|λ)) = 𝑃(𝑌𝑖 = 𝑦𝑖|𝑇𝑖 = 𝑡𝑖, λ, θ)P(𝑇𝑖 = 𝑡𝑖|θ)

=   (
𝑡𝑖

𝑦𝑖
) θ𝑦𝑖(1 − θ)(𝑡𝑖−𝑦𝑖)

𝑒− λλ𝑡𝑖

𝑡𝑖!
 

 

If ti is summed out of the equation over its support (from yi to ∞ since the conditional 

probability is 0 if ti < yi), the marginal distribution of yi|λ,θ is obtained18.  The result is: 

 

P(𝑌𝑖 = 𝑦𝑖  |λ, θ)~Poisson(λθ) 

P(𝑌𝑖 = 𝑦𝑖  |λ, θ) =  
𝑒− λθλθ𝑦𝑖

𝑦𝑖!
 

 

The distribution is now in terms of the observed data only; however, there is a nuisance 

parameter, θ, which must be accounted for before the MLE estimate of λ ̂can be obtained.  Each of the 

PEAFM methods allows the misclassification parameters to be random variables following their own 

distributions.  Every misclassification parameter follows a distribution which allows each subject to have 

a different misclassification probability rate.  As a result, the form of the desired distribution, 

P(Yi = yi|λ), is entirely dependent upon the distribution chosen for the parameter, θ.  Flexibility is a 

strong feature of this type of approach, but a poorly selected distribution can lead to estimates that are 

as bad—or worse—than ones obtained from standard regression methods.  Two different distributions, 

Uniform or Beta, were used to obtain P(Yi = yi|λ), but others could be selected and incorporated in an 

analogous fashion. 

The parameters for any misclassification parameter distributions—such as a and b from the 

Uniform distribution or α and β from the Beta distribution—can be selected based on prior knowledge 

of how a misclassification mechanism likely works.  For this paper, the values were selected to mimic the 

mechanisms utilized to generate the simulated data and produce observations undercounted by 10-

50%.  For the Uniform distribution, a and b were replaced with .8 and 1, or 0 and 1, respectively.  For the 

Beta distribution, α was set to .9 and β was set to .1. The below derivations are for the general case for 

these distribution. 

The first misclassification parameter distribution considered was the Uniform distribution.  Let 

Θ~U(a,b), where a ≥ 0 and b is fixed at 1, which constrains θ to be between 0 and 1.  Then the joint 

distribution of the observed data and the undercount parameter is: 
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P((𝑌𝑖 = 𝑦𝑖|λ), (Θ = θ)) = P(𝑌𝑖 = 𝑦𝑖|λ, Θ = θ)P(Θ = θ) =  
𝑒− λθλθ𝑦𝑖

𝑦𝑖!

1

𝑏 − 𝑎
 

 

If θ is integrated out with respect to the endpoints a and b, the marginal distribution of 

P(Yi = yi|λ) is obtained. 

 

∫
𝑒− λθλθ𝑦𝑖

𝑦𝑖!

1

𝑏 − 𝑎
𝑑θ =

𝑏

𝑎

 

 

λ𝑦𝑖

𝑦𝑖!

1

𝑏 − 𝑎
∫ 𝑒− λθθ𝑦𝑖𝑑θ

𝑏

𝑎

 

 

The integrand argument is the kernel of the gamma distribution, but since the endpoints are not 

from 0 to ∞, the result is not 
1

λyi+1 Γ(yi+1).  Instead, an upper incomplete gamma function is obtained: 

 

∫ 𝑒− λθθ𝑦𝑖𝑑θ
𝑏

𝑎

=  
1

λ𝑦𝑖+1
(Γ(𝑦𝑖 + 1, 𝑎λ) − Γ(𝑦𝑖 + 1, 𝑏λ)) 

 

The difference of the two upper incomplete gamma functions yields the area between them.  

Finally, when this result is multiplied by the remaining terms, the product is the marginal distribution, 

P(Yi = yi|λ). 

P(𝑌𝑖 = 𝑦𝑖|λ) =  
1

(𝑏 − 𝑎)λ𝑦𝑖!
(Γ(𝑦𝑖 + 1, 𝑎λ) − Γ(𝑦𝑖 + 1, 𝑏λ)) 

 

Each observation follows this distribution and the likelihood function for the observed data is 

the product of the probability of observing each component.  This likelihood function was then 

optimized to obtain the estimate λ,̂ and subsequently, the recurrence rate estimate, Ω̂ = 1-e−λ̂. 

The second misclassification parameter distribution considered was the Beta distribution.  In 

this case, Θ~Beta(α,β), which also constrains θ between 0 and 1.  Then the joint distribution is: 

 

P((𝑌𝑖 = 𝑦𝑖|λ), (Θ = θ)) = P(𝑌𝑖 = 𝑦𝑖|λ, Θ = θ)P(Θ = θ) =  
𝑒− λθλθ𝑦𝑖

𝑦𝑖!

θα−1 (1 − θ)β−1

B(α, β)
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If we integrate out θ from 0 to 1, then only a single parameter remains: λ.  The integral of this 

function does not have a closed form, so numerical integration techniques had to be used in order to 

obtain each component of the likelihood function.  Identically to the prior example, the product of the 

probability of observing each observation forms the likelihood function, which was optimized to obtain 

the estimate, λ.̂  The estimate for Ω̂ followed immediately.  The estimation results from these methods 

for the relevant undercounted data sets should be less biased than those from all standard regression 

models. 

 

A similar approach is taken to obtain the MLE estimate of the recurrence rate, Ω̂, for 

overcounted data.  Once again, the likelihood function of the observed data conditional on only λ is 

required.   Let the true count data, T, follow a Poisson(λ) distribution, and the overcounted data, O, 

follow a Poisson(μ)  distribution.  We can assume that these two random variables are independent.  

Since there can be considered an infinite number of possible overcounts, regardless of the true count 

values, this assumption is appropriate.  Here, all true data is observed, along with overcounts, so Z=T+O 

is the distribution of observed data.  Since the sum of two independent Poisson random variables is also 

Poisson, Z~Poisson(λ+μ).  Then for each observation, the following holds:  

𝑃(𝑇𝑖 =  𝑡𝑖|λ) =  
𝑒−λλ𝑡𝑖

𝑡𝑖!
 

𝑃(𝑂𝑖 =  𝑜𝑖|μ) =  
𝑒−μμ𝑜𝑖

𝑜𝑖!
 

𝑃(𝑇𝑖 = 𝑡𝑖|λ + 𝑂𝑖 =  𝑜𝑖|μ) = 𝑃(𝑍𝑖 = 𝑧𝑖|λ, μ) =  
𝑒−(λ+μ)(λ + μ)𝑧𝑖

𝑧𝑖!
 

 

This is the assumed distribution of the observed overcounted data.  By considering a distribution 

for the overcount parameter, the properties of conditional probability can be used to derive: 

 

𝑃((𝑍𝑖 = 𝑧𝑖|λ), (Μ = μ)) = 𝑃(𝑍𝑖 = 𝑧𝑖|λ, Μ = μ)𝑃(Μ = μ) 

 

If μ is integrated out, the marginal distribution, P(Zi = zi|λ) can be obtained.  The form of this 

distribution is dependent upon the distribution selected for μ.  A natural fit for this parameter, since it 

arises from a Poisson distribution, is a Gamma distribution, which matches the one chosen for the 

simulated overcounted data.  Thus, Μ~Gamma(γ, δ).  Incorporating this into the equation yields: 
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𝑃(𝑍𝑖 = 𝑧𝑖|λ, Μ = μ)𝑃(Μ = μ)  =  
𝑒−(λ+μ)(λ + μ)𝑧𝑖

𝑧𝑖!

δγ

 Γ(γ)
 μγ−1𝑒− μδ 

 

For this paper, γ was chosen to be .05 and δ was set to 1, which are analogous to the 

misclassification mechanism used to generate the simulated data.  The expectation of the gamma 

distribution for μ is γδ =.05.  The probability of having a zero count from a Poisson(.05) distribution is 

approximately 95%, thus the chance of any count is around 5%, which is consistent with the expected 

overcount percentage of the count data.  

Since the support of the Gamma distribution is from 0 to ∞, μ in the above joint distribution was 

integrated with respect to these bounds.  This function has no simple antiderivative, so once again 

numerical integration was required to obtain the desired distribution, P(Zi = zi|λ).  Each observation 

follows this distribution, and the product of the probability of observing each component yielded the 

likelihood function.  This function was then optimized and the estimates of λ,̂ and subsequently the 

recurrence rate, Ω̂ = 1-e−λ̂, were obtained. 

 

Finally, if the data is under or overcounted—or both—a new distribution of observed data must 

be considered.  Let the true count data, T, follow a Poisson(λ) distribution, and the undercounted data, 

conditional on the true data, Y|T, follow a Binomial(T,θ) distribution.  Let the overcounted data, O, 

follow a Poisson(μ)  distribution;  this can be considered independent of both the true data distribution 

and the undercounted distribution. 

Z=Y+O is the distribution of observed data, where Y is the observed undercounted data and O is 

the observed overcounted data.  From before, the marginal distribution of the undercounted data, 

P(Yi = yi|λ, θ), is Poisson(λθ).  The marginal distribution of the overcounted data, P(Oi =  oi|μ), is 

Poisson(μ).  Since the two Poisson random variables are independent, Z=Y+O follows a Poisson(λθ+ μ) 

distribution. 

Therefore: 

𝑃(𝑌𝑖 = 𝑦𝑖 |𝜆, θ) =
𝑒− 𝜆θ𝜆θ𝑦𝑖

𝑦𝑖!
 

𝑃(𝑂𝑖 =  𝑜𝑖|𝜇) =  
𝑒−𝜇𝜇𝑜𝑖

𝑜𝑖!
, 𝑎𝑛𝑑 

𝑃(𝑌𝑖 = 𝑦𝑖|𝜆, θ + 𝑂𝑖 = 𝑜𝑖|𝜇) = 𝑃(𝑍𝑖 = 𝑧𝑖|𝜆, θ, 𝜇) =
𝑒− (𝜆θ+𝜇 )(𝜆θ + 𝜇)𝑧𝑖

𝑧𝑖!
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This is the assumed distribution of the observed count data.  The desired distribution is P(Zi =

zi|λ), where the nuisance parameters, μ and θ, have been integrated out.  The form of this marginal 

distribution is dependent upon the two distributions selected for the nuisance misclassification 

parameters.  Following similar logic to the other methods, a Beta and Gamma distribution were selected 

for the under and overcount mechanisms, respectively.  Therefore, Θ~Beta(α, β) and Μ~Gamma(γ, δ). 

Incorporating these elements, and using the fact that θ and μ can be assumed to be 

independent of one another, results in the following: 

 

𝑃((𝑍𝑖 = 𝑧𝑖|𝜆), (Θ = θ), (𝛭 = 𝜇)) = 𝑃(𝑍𝑖 = 𝑧𝑖|𝜆, Θ = θ, 𝛭 = 𝜇)𝑃(Θ = θ)𝑃(𝛭 = 𝜇) = 

 

𝑒− (λθ+μ )(λθ + μ)𝑧𝑖

𝑧𝑖!

θα−1 (1 − θ)β−1

B(α, β)

δγ

 Γ(γ)
 μγ−1𝑒− μδ 

 

For this paper, α was set to .9, β was set to .1, γ was set to .05, and δ was set to 1.  These 

parameter values are identical to those selected for the under or overcount mechanisms independently.  

Once again, these parameters could be modified, or different misclassification parameter distributions 

could be selected and implemented, in order to accommodate other count data and misclassification 

assumptions. 

The support of the Gamma distribution is from 0 to ∞, and the support of the Beta distribution 

is from 0 to 1, so μ and θ in the above joint distribution were integrated according to those bounds, 

respectively.  This complex function has no simple antiderivative.  Numerical integration had to be used 

twice to obtain the desired distribution, P(𝑍𝑖 = 𝑧𝑖|λ).  Each observation follows this distribution, and the 

product of probability of observing each component yielded the likelihood function.  This function was 

then optimized and the estimates for λ ̂and Ω̂ = 1-𝑒−λ̂ were obtained. 

All PEAFM methods were described with only the count data and a single estimate for λ.  This 

was sufficient for all simulated data, but data from a study always has covariates of interest.  The 

misclassification parameters are independent of the covariates, so the resulting distribution the 

observed data follows is identical regardless of the covariates included, so only the estimate for λ ̂varied.  

In a similar fashion to Poisson regression, λ̂i was modeled as ln(λ̂i)= β0 +  𝑥𝑖
𝑇𝛃, or , λ̂i=exp(β0 + 𝑥𝑖

𝑇𝛃). 

The optimization procedure estimated the values for one or more parameter coefficients depending 

upon the number of included covariates in the likelihood function.  All of these values were then 
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incorporated to yield the estimate, λ̂i, for the population of interest.  The recurrence rate estimates 

easily followed from here and were compared across various populations. 

General strengths and weaknesses of each method were mentioned earlier.  The PEAFM 

methods are more flexible since the distribution of the observed data can be modified based on the 

assumed misclassification distribution(s).  All examples mentioned here assume a Poisson distribution 

for the true count data, but similar methods could be created with an assumed alternative distribution, 

such as the NB one.  This robustness enables less biased estimation of the parameters of count data, as 

long as the distributions incorporated fit the data and situation well. 

5 Data Simulation 

Several data sets were simulated and subsequently analyzed.  For each case, the data followed some 

variant of the Poisson distribution.  Specifically, data was generated from a standard Poisson, 

overdispersed Poisson, or a Poisson distribution with an undercount, overcount, or both under and 

overcount misclassification mechanism.  All simulated data was estimated utilizing each of the following 

methods, when appropriate: Poisson, NB, Indicator, ZIP, ZINB, and PEAFM. 

In order to analyze the data, code was constructed to summarize the results from multiple data 

sets with various sample sizes and parameter values, using the statistical software package, R13. Each 

sample with n observations and specified parameter values was randomly generated 500 times and 

estimates were produced for each data set.  Furthermore, 500 bootstrapped samples were derived from 

each data set in order to estimate the standard error and 95% confidence interval of the estimated 

parameter.  The results were averaged from each data set and the estimates are compared and 

displayed in a later section. 

The parameter of interest is not λ from the Poisson distribution, but the recurrence rate, Ω, 

which indicates the probability of having a count of at least 1.  Ω will be the estimated parameter for 

each simulated dataset and will be calculated based on the underlying probability distribution from each 

method.  The concept of a recurrence rate will be immediately applicable to the real-world data 

analyzed later. 

5.1 Standard Poisson 

All simulated datasets have either 40 or 100 observations for each parameter value.  For example, the 

standard Poisson data has samples of n = 40 or n = 100 for λ = 0.5, 0.6, or 0.7.  The values for λ were 
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chosen based on the expected three-year recurrence rate of approximately 40% to 50% for 

adenomatous polyps5,6,14.   

5.2 Overdispersed Poisson 

The overdispersed Poisson distribution has a non-fixed λ that follows the gamma distribution, with 

shape = γ, and scale = δ.  Let f(λ) be the probability density function (pdf) for Λ ~Gamma(γ, δ), λ > 0, γ > 

0, and δ > 0. 

 

𝑓(λ) = 𝑃(Λ = λ|γ, δ) =  
δγ

 Γ(γ)
λγ−1𝑒−λδ 

 

E(Λ) = 
γ

δ
 and Var(Λ) = 

γ

δ2.  The term Γ(γ) is the gamma function and is evaluated as (γ − 1)! 

 

Using the tower property, one can see the following: 

 

𝑌𝑖~𝑃𝑜𝑖𝑠𝑠𝑜𝑛(Λ), 𝛬~𝐺𝑎𝑚𝑚𝑎(γ, δ) 

 

𝑉𝑎𝑟(𝑌𝑖|Λ) = Λ and E(𝑌𝑖|Λ) =  Λ 

𝐸(𝑌𝑖) = 𝐸(𝐸(𝑌𝑖|Λ)) = E(Λ) =
γ

δ
; 𝑎𝑛𝑑 

𝑉𝑎𝑟(𝑌𝑖) = 𝐸[𝑉𝑎𝑟(𝑌𝑖|Λ)] + 𝑉𝑎𝑟[𝐸(𝑌𝑖|Λ)] 

𝑉𝑎𝑟(𝑌𝑖) = 𝐸(Λ) + 𝑉𝑎𝑟(Λ) 

𝑉𝑎𝑟(𝑌𝑖) =  
γ

δ
+

γ

δ2
 

 

When λ from the Poisson distribution follows the gamma distribution, the result is the NB 

distribution12.  As a consequence, the mean and variance of the two distributions are the same.  Using 

the values from both distributions, we have: 

 

E(𝑌𝑖) =
γ

δ
=

𝑟(1 − 𝑝)

𝑝
 

𝑉𝑎𝑟(𝑌𝑖) =  
γ

δ
+

γ

δ2
=

𝑟(1 − 𝑝)

𝑝2
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Some simple algebra yields γ = r and δ = 
p

1−p
.  This fact will be used later when comparing the 

recurrence rate estimates from various methods.  The NB estimation method should be unbiased when 

estimating the overdispersed Poisson data. 

Similar to the standard Poisson case, the recurrence rate estimate of 1-P(Yi = 0|λ) is of interest; 

however, since λ is not a fixed parameter, we need to consider 1-P(Yi = 0|Λ).  Looking at the probability 

of no recurrence, we have P(Yi = 0|Λ) = E[I(Yi = 0|Λ)].  These are equivalent since we are looking at a 

binary case of Yi = 0 or not.   Now, E[I(Yi = 0|Λ)] = e−Λ due to E(Yi|Λ) = Λ.  Since Λ is not fixed, the 

average, or expected value for P(Yi = 0|Λ) is calculated, resulting in the following: 

 

1 − 𝐸(𝑃(𝑌𝑖 = 0|Λ)) =  1 −
𝛿𝛾

 (𝛿 + 1)𝛾
 

 

When δ = 1 and γ = 0.72, 0.865, or 1.01 are plugged in, the recurrence rate estimates are nearly 

identical to the ones for the Poisson distribution with λ = 0.5, 0.6, or 0.7; this equivalence allows for 

straightforward comparison of the estimation methods and their results from various data sets. 

5.3 Undercounted Poisson 

Poisson data with an undercount mechanism were generated in several ways.  This data followed a 

Poisson(λθ) distribution, where θ is the probability of a count being observed.  The parameter, λ, was 

again set to 0.5, 0.6, or 0.7.  The undercount parameter, θ, followed one of three separate distributions: 

the continuous uniform (U) distributions, U(0,1) and U(.8,1), or Beta(.9,.1). 

The U(0,1) distribution is intentionally a non-informative misclassification parameter distribution 

used to test how poorly estimation methods perform in the presence of a large undercount probability 

(around 50%),  and to ensure that the PEAFM methods were able to take extreme conditions into 

account.  The estimated undercount proportion of actual colorectal polyp data is around 10%6,14,15.  The 

U(.8,1) and Beta(.9,.1) distributions were selected to closely reflect this.  The expectation of a U(.8,1) 

distribution is 
𝑎+𝑏

2
=

1+.8

2
= .9.  Similarly, the expectation of a Beta(.9,.1) distribution is 

α

β
 = 

.9

(.9+.1)
= .9.  

Since θ is the probability of a count being observed, both of these expectations correspond to an 

undercount probability of 10%.  Finally, as a comparison for performance and to ensure that the 

selected misclassification parameter distributions were behaving as expected, θ was fixed at .9, data 

were generated for all values of λ, and the results were again analyzed. 
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5.4 Overcounted Poisson 

Poisson data with an overcount mechanism were generated in two ways.  This data followed a 

Poisson(λ+μ) distribution, where μ is the overcount parameter.  The parameter, λ, was set to 0.5, 0.6, or 

0.7, and μ was designed as either following a misclassification parameter distribution, Μ~Gamma(γ, δ), 

or a fixed value of .05.  For this distribution, γ = .05 and δ = 1, so E(μ) = 
γ

δ
 = .05.  These values were 

chosen since the estimated probability of an overcounted colorectal polyp is approximately 5%16,17.  

5.5 Under or Overcounted Poisson 

Finally, data with both an over and undercount mechanism were generated in two ways.  Similar to the 

under or overcount mechanisms individually, the data followed a Poisson(λθ+μ) distribution.  The main 

count parameter, λ, was again set to 0.5, 0.6, or 0.7.  The two misclassification parameters, θ and μ, 

were allowed to follow distributions, or were fixed at .9 and .05, respectively.  Due to the flexibility of 

the Beta distribution in comparison to the Uniform one, Θ~Beta(.9, .1) for this simulation.  Finally, 

Μ~Gamma(.05, 1).  Due to the structure of this distribution, observed data could be either 

undercounted, overcounted, neither, or both. 

All estimation methods were utilized to estimate the recurrence rate for each simulated dataset.  

The methods and results are compared and contrasted and any abnormalities or novel findings will be 

discussed. 

6 Simulation Results 

Each simulated dataset was analyzed with all relevant methods.  For the standard Poisson or 

overdispersed Poisson data, PEAFM methods were not used since there were no misclassification 

mechanisms used to generate the data.  All tables have the data sample size, the estimation method 

used, the point estimate of the recurrence rate, its bias, standard deviation (SD), standard error (SE), 

and mean-squared-error (MSE).  The MSE, or bias2+variance, combines the error contributions of both 

the bias and variance of the estimate and is a common metric for comparing methods.  The tables also 

include the confidence interval (CI) coverage rate, which is the proportion of estimated 95% CIs that 

included the true parameter.  This should ideally be 0.95, or very close to this value, to ensure the 

precision and accuracy of the estimation methods. 
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Table 1 shows the results for standard Poisson data with λ = 0.7.  All estimation methods 

performed well and had a fairly small MSE.  For both the larger and smaller sample sizes, the Poisson 

and Indicator methods had nearly identical recurrence rate estimates, which were closest to the true 

value.  Despite the lack of bias, the Indicator methods had the largest MSE of all methods due to higher 

SD/SE.  This is likely due to the loss of information that occurred when the count data were 

dichotomized.  The other three methods were biased slightly low.  The NB and zero-inflated methods all 

use the estimates for multiple parameters to produce a recurrence rate estimate.  Since the data is not 

overdispersed or zero-inflated, the estimation of the parameters designed to account for those features 

is not as effective, leading to slightly biased recurrence rate estimates.  All CI coverage rates were at 

least 90%. 

 

Table 1- Recurrence Rate Estimate for Poisson Data, λ = 0.7 

Sample 
Size Method 

Point 
Estimate Bias SD SE MSE 

CI Coverage 
Rate 

n=100 Poisson 0.500 -0.003 0.0448 0.0409 0.0017 0.922 

n=100 NB 0.492 -0.011 0.0468 0.0425 0.0019 0.916 

n=100 Indicator 0.503 0.000 0.0533 0.0496 0.0025 0.926 

n=100 ZIP 0.490 -0.013 0.0472 0.0429 0.0020 0.914 

n=100 ZINB 0.489 -0.014 0.0472 0.0428 0.0020 0.912 

n=40 Poisson 0.494 -0.009 0.0703 0.0638 0.0042 0.912 

n=40 NB 0.482 -0.021 0.0741 0.0657 0.0048 0.900 

n=40 Indicator 0.500 -0.004 0.0840 0.0777 0.0060 0.920 

n=40 ZIP 0.479 -0.024 0.0743 0.0659 0.0049 0.900 

n=40 ZINB 0.478 -0.025 0.0740 0.0657 0.0050 0.902 

NB = Negative Binomial, ZIP = Zero-Inflated Poisson, ZINB = Zero-Inflated Negative Binomial, SD = Standard 
Deviation, SE = Standard Error, MSE = Mean-Squared Error, CI = Confidence Interval.  All metrics are in regards to 
the estimate of the recurrence rate. 

 

Table 2 displays the estimation results for overdispersed Poisson data, with Λ~Gamma(1.01,1).  

In this situation, every method except for Poisson produced unbiased estimates of the recurrence rate.  

Since the Poisson method assumes that the data is produced with a fixed λ, the estimates were too high 

for every simulated data set.  The expected value, E(Λ), when  Λ~Gamma(1.01,1), is 1.01.  Due to the 

fixed parameter assumption of the Poisson method, the average estimated recurrence rate is around 1-

e−1.01= 0.636. 

CI coverage rates were nearly 95% for the larger samples for most estimation methods, but 

were very low for the Poisson models.   When estimates are unbiased, the CI coverage rate is higher for 

the bigger samples due to the additional data enabling more accurate estimates for each set.  When 
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estimates are biased, however, the smaller sample has higher CI coverage due to the increased variance 

as a result of having less information. 

As noted before, overdispersed Poisson data where Λ follows a Gamma distribution is NB data.  

The Indicator and ZIP methods are also unbiased due to the mechanisms by which they estimate.  Since 

the Indicator method collapses all counts greater than 0 to a single value, the overdispersion due to 

occasional large counts among many zero counts does not affect its estimation.  The ZIP is able to also 

handle the data well since it utilizes a second parameter, π, which indicates which part of the mixture 

distribution the count comes from.  This additional flexibility due to modeling zero counts in multiple 

ways makes the ZIP model a better tool than the Poisson method for estimating overdispersed data.  

This only holds as long as there are several zero counts, otherwise the ZIP model would also perform 

poorly due to the inherent assumption for the non-zero count data distribution. 

 

Table 2- Recurrence Rate Estimate for Overdispersed Poisson Data, 𝚲~Gamma(1.01,1) 

Sample 
Size Method 

Point 
Estimate Bias SD SE MSE 

CI Coverage 
Rate 

n=100 Poisson 0.634 0.130 0.0523 0.0507 0.0195 0.278 

n=100 NB 0.507 0.003 0.0488 0.0488 0.0024 0.946 

n=100 Indicator 0.505 0.002 0.0494 0.0497 0.0025 0.952 

n=100 ZIP 0.505 0.002 0.0494 0.0496 0.0025 0.952 

n=100 ZINB 0.501 -0.002 0.0480 0.0481 0.0023 0.946 

n=40 Poisson 0.629 0.125 0.0832 0.0783 0.0218 0.618 

n=40 NB 0.506 0.003 0.0806 0.0761 0.0058 0.928 

n=40 Indicator 0.503 -0.001 0.0815 0.0778 0.0060 0.928 

n=40 ZIP 0.503 -0.001 0.0813 0.0765 0.0059 0.914 

n=40 ZINB 0.498 -0.006 0.0792 0.0742 0.0055 0.920 

NB = Negative Binomial, ZIP = Zero-Inflated Poisson, ZINB = Zero-Inflated Negative Binomial, SD = Standard 
Deviation, SE = Standard Error, MSE = Mean-Squared Error, CI = Confidence Interval.  All metrics are in regards to 
the estimate of the recurrence rate. 

 

All other simulated data were estimated with the same five standard methods and an 

appropriate PEAFM method, which took the misclassification mechanism into account via the 

misclassification parameter distributions used to derive the likelihood function.  Table 3 has the results 

for Poisson data with λ = 0.7 and an extreme undercount mechanism with θ, the probability of an 

observation being seen, following a U(0,1) distribution.  The PEAFM method produced nearly unbiased 

results with a fairly small MSE.  The variance was higher for estimates from the PEAFM method, 

however, likely due to attempting to correct for potentially greatly undercounted data.  All other 

methods are very biased and produced a recurrence rate estimate that was slightly more than half of 
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the true value.  In addition, the CI coverage rate was as low as 0 for some of the methods, indicating 

highly inaccurate results due to the lack of information.  These results show that estimation methods 

designed to take into account even extreme misclassification mechanisms can produce informative, 

virtually unbiased estimates of the parameter of interest. 

 

Table 3- Recurrence Rate Estimate for Poisson Data, λ = 0.7; Undercount Mechanism, Θ~U(0,1) 

Sample 
Size Method 

Point 
Estimate Bias SD SE MSE 

CI Coverage 
Rate 

n=100 PEAFM* 0.498 -0.005 0.0604 0.0609 0.0037 0.944 

n=100 Poisson 0.293 -0.210 0.0429 0.0431 0.0462 0.006 

n=100 NB 0.279 -0.225 0.0425 0.0426 0.0524 0.000 

n=100 Indicator 0.280 -0.223 0.0435 0.0447 0.0518 0.000 

n=100 ZIP 0.277 -0.226 0.0423 0.0423 0.0529 0.000 

n=100 ZINB 0.277 -0.227 0.0422 0.0421 0.0533 0.000 

n=40 PEAFM* 0.488 -0.015 0.1002 0.0940 0.0091 0.906 

n=40 Poisson 0.288 -0.215 0.0705 0.0664 0.0507 0.162 

n=40 NB 0.272 -0.232 0.0696 0.0648 0.0578 0.100 

n=40 Indicator 0.277 -0.227 0.0725 0.0696 0.0562 0.134 

n=40 ZIP 0.270 -0.234 0.0689 0.0639 0.0587 0.080 

n=40 ZINB 0.269 -0.234 0.0686 0.0637 0.0590 0.078 

PEAFM= Poisson Estimation Accounting for Misclassification, NB = Negative Binomial, ZIP = Zero-Inflated 
Poisson, ZINB = Zero-Inflated Negative Binomial, SD = Standard Deviation, SE = Standard Error, MSE = Mean-
Squared Error, CI = Confidence Interval.  All metrics are in regards to the estimate of the recurrence rate.  *The 
PEAFM method used was for undercounted data with misclassification parameter distribution, Θ~U(0,1) 

 

Table 4 contains the recurrence rate estimates for undercounted Poisson data with λ = 0.7 and 

misclassification parameter, Θ~Beta(.9,.1).  The results from the PEAFM method are unbiased with 

extremely small MSE and greater than 90% CI coverage.  The other methods underestimated the 

recurrence rate by 6-12%. All results were nearly identical for undercounted Poisson data with λ = 0.7 

and Θ~U(.8,1).  See Table A9 in the Appendix for exact values. 
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Table 4- Recurrence Rate Estimate for Poisson Data, λ= 0.7; Undercount Mechanism, Θ~Beta(.9,.1) 

Sample 
Size Method 

Point 
Estimate Bias SD SE MSE 

CI Coverage 
Rate 

n=100 PEAFM* 0.503 0.000 0.0461 0.0436 0.0019 0.928 

n=100 Poisson 0.467 -0.036 0.0444 0.0422 0.0031 0.860 

n=100 NB 0.458 -0.045 0.0464 0.0437 0.0040 0.822 

n=100 Indicator 0.466 -0.038 0.0512 0.0496 0.0039 0.876 

n=100 ZIP 0.456 -0.047 0.0468 0.0440 0.0042 0.812 

n=100 ZINB 0.455 -0.048 0.0467 0.0438 0.0043 0.808 

n=40 PEAFM* 0.501 -0.002 0.0705 0.0681 0.0046 0.926 

n=40 Poisson 0.466 -0.037 0.0681 0.0658 0.0057 0.898 

n=40 NB 0.452 -0.052 0.0707 0.0677 0.0073 0.880 

n=40 Indicator 0.464 -0.039 0.0804 0.0777 0.0076 0.904 

n=40 ZIP 0.448 -0.056 0.0709 0.0676 0.0077 0.862 

n=40 ZINB 0.447 -0.057 0.0706 0.0673 0.0077 0.858 

PEAFM= Poisson Estimation Accounting for Misclassification, NB = Negative Binomial, ZIP = Zero-Inflated 
Poisson, ZINB = Zero-Inflated Negative Binomial, SD = Standard Deviation, SE = Standard Error, MSE = Mean-
Squared Error, CI = Confidence Interval.  All metrics are in regards to the estimate of the recurrence rate.  *The 
PEAFM method used was for undercounted data with misclassification parameter distribution, Θ~Beta(.9,.1) 

 

Table 5 displays recurrence rate estimates for overcounted Poisson data with λ = 0.7 and                

Μ~Gamma(.05,1).  Again the PEAFM method produced unbiased results with the best CI coverage rate, 

but all other methods had little to no bias.  The NB, ZIP and ZINB models consistently produce lower 

estimates than the others, so in the case of a slight overcount, their estimates are closer to the true 

value.  No method produced poor estimates due to the small impact of the overcount mechanism.   

 

Table 5- Recurrence Rate Estimate for Poisson Data, λ = 0.7; Overcount Mechanism, 𝚳~Gamma(.05,1) 

Sample 
Size Method 

Point 
Estimate Bias SD SE MSE 

CI Coverage 
Rate 

n=100 PEAFM* 0.503 -0.001 0.0431 0.0431 0.0019 0.944 

n=100 Poisson 0.526 0.023 0.0419 0.0414 0.0022 0.906 

n=100 NB 0.514 0.010 0.0437 0.0429 0.0019 0.934 

n=100 Indicator 0.524 0.020 0.0483 0.0498 0.0029 0.938 

n=100 ZIP 0.513 0.010 0.0439 0.0437 0.0020 0.940 

n=100 ZINB 0.511 0.008 0.0439 0.0433 0.0019 0.938 

n=40 PEAFM* 0.496 -0.008 0.0695 0.0675 0.0046 0.938 

n=40 Poisson 0.519 0.016 0.0670 0.0644 0.0044 0.914 

n=40 NB 0.503 -0.001 0.0702 0.0664 0.0044 0.916 

n=40 Indicator 0.518 0.015 0.0816 0.0778 0.0063 0.926 

n=40 ZIP 0.500 -0.003 0.0712 0.0668 0.0045 0.922 

n=40 ZINB 0.498 -0.005 0.0706 0.0664 0.0044 0.918 

PEAFM= Poisson Estimation Accounting for Misclassification, NB = Negative Binomial, ZIP = Zero-Inflated 
Poisson, ZINB = Zero-Inflated Negative Binomial, SD = Standard Deviation, SE = Standard Error, MSE = Mean-
Squared Error, CI = Confidence Interval.  All metrics are in regards to the estimate of the recurrence rate.  *The 
PEAFM method used was for overcounted data with misclassification parameter distribution, Μ~Gamma(.05,1) 
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Finally, Table 6 contains the results for under or overcounted Poisson data with λ = 0.7,                 

Θ~Beta(.9,.1), and Μ~Gamma(.05,1).  The PEAFM methods are unbiased due to incorporating all 

information.  The Poisson estimates were the least biased with the smallest MSE.  All other estimation 

method results are biased slightly low, due to the higher probability of undercount (10%) compared to 

overcount (5%).  If either mechanism were modified, the magnitude and sign of the bias would change 

accordingly. 

 

Table 6- Recurrence Rate Estimate for Poisson data, λ = 0.7; Under or Overcount Mechanism, 
Θ~Beta(.9,.1), 𝚳~Gamma(.05,1) 

PEAFM= Poisson Estimation Accounting for Misclassification, NB = Negative Binomial, ZIP = Zero-Inflated 
Poisson, ZINB = Zero-Inflated Negative Binomial, SD = Standard Deviation, SE = Standard Error, MSE = Mean-
Squared Error, CI = Confidence Interval.  All metrics are in regards to the estimate of the recurrence rate.  *The 
PEAFM method used was for under or overcounted data with misclassification parameter distributions, 
Θ~Beta(.9,.1) and Μ~Gamma(.05,1) 

 

The estimates of the recurrence rate for all simulated data, except for overdispersed Poisson 

data, were slightly lower for the NB, ZIP and ZINB methods than the Poisson or Indicator ones.  These 

more complex models fit the Poisson data well, but sometimes struggled to estimate additional 

parameters due to a lack of overdispersion or zero-inflation.  Furthermore, the MSE from the Poisson 

estimates were slightly smaller than all standard estimation methods due to less bias, variance, or both.  

If the data is truly from the Poisson distribution, then Poisson estimation is the most accurate method 

listed.  However, if the data is not from a standard Poisson distribution, the estimation from a Poisson 

model is poor.  In those situations, the ZIP, NB, or ZINB methods are superior due to their additional 

parameters and modeling properties.    The Indicator estimates for the simulated data were nearly 

Sample 
Size Method 

Point 
estimate Bias SD SE MSE 

CI Coverage 
Rate 

n=100 PEAFM* 0.501 -0.003 0.0474 0.0430 0.0019 0.922 

n=100 Poisson 0.490 -0.013 0.0445 0.0429 0.0020 0.934 

n=100 NB 0.475 -0.028 0.0459 0.0443 0.0028 0.902 

n=100 Indicator 0.481 -0.022 0.0497 0.0497 0.0030 0.926 

n=100 ZIP 0.474 -0.029 0.0463 0.0448 0.0028 0.902 

n=100 ZINB 0.472 -0.031 0.0461 0.0444 0.0030 0.896 

n=40 PEAFM* 0.498 -0.005 0.0743 0.0688 0.0048 0.924 

n=40 Poisson 0.488 -0.016 0.0692 0.0662 0.0046 0.916 

n=40 NB 0.470 -0.034 0.0718 0.0679 0.0057 0.910 

n=40 Indicator 0.483 -0.021 0.0809 0.0780 0.0065 0.932 

n=40 ZIP 0.467 -0.036 0.0724 0.0681 0.0060 0.906 

n=40 ZINB 0.465 -0.039 0.0712 0.0676 0.0061 0.906 
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identical to those from the Poisson models, but frequently had the highest MSE of all methods due to a 

larger variance for the recurrence rate estimates as a result of using limited information.   

Table 7 compares PEAFM estimates for data generated with fixed misclassification parameters 

(θ = .9, μ = .05) or distributions for the misclassification parameters (Θ~Beta(.9,.1), Μ~Gamma(.05,1)).  

The results from both types of data are identical, which is the anticipated result since the 

misclassification parameter distributions were chosen with expected values for θ and μ of .9 and .05, 

respectively. These results demonstrate that the estimation methods are unbiased in either case and 

that the chosen parameter values and distributions are behaving as desired.  Additional tables with data 

generated via alternate parameter values are in the Appendix; analogous performance to the tables 

described in this section was observed for each method and parameter value. 

 

Table 7- PEAFM Recurrence Rate Estimate Comparison for Data Generated with or without 
Misclassification Parameter Distributions 

PEAFM= Poisson Estimation Accounting for Misclassification, SD = Standard Deviation, SE = Standard Error, MSE 
= Mean-Squared Error, CI = Confidence Interval, MFD = Misclassification Parameter Distributions.  All metrics 
are in regards to the estimate of the recurrence rate.  All methods used likelihood functions that were derived 
by incorporating distributions for the misclassification parameters.  Each method listed describes if the data 
analyzed were generated with distributions or fixed values (θ = .9, μ = .05) for the misclassification parameters. 

 

Below are three figures displaying the recurrence rate estimates from all appropriate methods, 

compared to the actual recurrence rate, for each simulated value of λ or γ.  All estimates shown are for 

sample sizes of 100, but the results were analogous for the smaller samples as well.  Figure 1 shows the 

recurrence rate estimate trend for undercounted Poisson data with Θ~Beta(.9,.1).  The estimates from 

Sample 
Size 

PEAFM Method, 
parameter type 

Point 
Estimate Bias SD SE MSE 

CI Coverage 
Rate 

n=100 U(.8,1), MFD 0.500 -0.004 0.0441 0.0432 0.0019 0.930 

n=100 U(.8,1), fixed 0.501 -0.002 0.0469 0.0431 0.0019 0.920 

n=100 Beta(.9,.1), MFD 0.503 0.000 0.0461 0.0436 0.0019 0.928 

n=100 Beta(.9,.1), fixed 0.501 -0.003 0.0468 0.0430 0.0019 0.920 

n=100 Gamma(.05,1), MFD 0.503 -0.001 0.0431 0.0431 0.0019 0.944 

n=100 Gamma(.05,1), fixed 0.506 0.002 0.0462 0.0431 0.0019 0.928 

n=100 Under/Over, MFD 0.501 -0.003 0.0474 0.0430 0.0019 0.922 

n=100 Under/Over, fixed 0.506 0.003 0.0484 0.0421 0.0018 0.920 

n=40 U(.8,1), MFD 0.493 -0.010 0.0699 0.0674 0.0047 0.926 

n=40 U(.8,1), fixed 0.494 -0.009 0.0724 0.0674 0.0046 0.926 

n=40 Beta(.9,.1), MFD 0.501 -0.002 0.0705 0.0681 0.0046 0.926 

n=40 Beta(.9,.1), fixed 0.494 -0.010 0.0723 0.0673 0.0046 0.928 

n=40 Gamma(.05,1), MFD 0.496 -0.008 0.0695 0.0675 0.0046 0.938 

n=40 Gamma(.05,1), fixed 0.501 -0.003 0.0740 0.0673 0.0045 0.922 

n=40 Under/Over, MFD 0.498 -0.005 0.0743 0.0688 0.0048 0.924 

n=40 Under/Over, fixed 0.501 -0.002 0.0779 0.0672 0.0045 0.908 
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the PEAFM method are essentially identical to the actual values and all other methods have much lower 

estimates due to the undercount mechanism.  Figure 2 displays the estimate trend for overcounted 

Poisson data with Μ~Gamma(.05,1).  Once again the PEAFM results and actual estimates overlap one 

another.  All other estimates are slightly higher for every value of λ.  Finally, figure 3 displays the results 

for overdispersed data.  All estimates are identical to the actual values except for the ones from the 

Poisson method, which are much higher. 

 

Figure 1: Estimated Recurrence Rate from Various Methods for Undercounted Data, Θ~Beta(.9,.1) 
 

 

 

Figure 2: Estimated Recurrence Rate from Various Methods for Overcounted Data, 𝚳~Gamma(.05,1) 
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Figure 3: Estimated Recurrence Rate from Various Methods for Overdispersed Data, 𝚲~Gamma(γ,1) 

 

The Poisson and Indicator estimates are nearly identical for all simulated data sets except the 

overdispersed ones.  The NB, ZIP and ZINB estimates are also consistent across data types, and are 

slightly smaller than those from the other methods. When misclassification is present, the bias from all 

standard methods is clearly visible and consistently higher or lower than the true value.  Two additional 

figures are contained within the Appendix, depicting trends for standard Poisson data and under or 

overcounted data.  The estimate trend was perfectly linear in most cases, but the slope of the curve of 

Poisson estimates for Figure 2 and Figure A1 were slightly decreasing with increasing values of λ.  This 

indicates that Poisson estimation of the recurrence rate is more sensitive to potentially overcounted 

data when the rate parameter is smaller. 

7 Real-World Data Results 

Descriptive statistics on the data from the Wheat Bran Fiber Trial5 are listed in Table 8.  The total 

population analyzed consisted of 1303 people: 719 from the high fiber group and 584 from the low fiber 

group.  All covariates were well-balanced between groups, with the exception of period, which indicated 

when the individual was added to the study.  The number of polyps at baseline and the total number of 

follow-up adenomas were right-skewed and had mostly 0 or low values (such as 1 or 2), and a few 

people with a large count, such as 30.  The large counts were more common in the high fiber group. 
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 The outcome of interest for all regression models was the total colorectal adenomas count; the 

primary covariate of interest was the assigned fiber group.  The variance and mean of the total 

adenomas were inspected for potential overdispersion.  Since around 50% of the people in the study 

had no adenomas and the variance is much larger than the mean (12.50 compared to 1.3, high fiber 

group), the count data is zero-inflated, overdispersed, or both. 

 

Table 8- Descriptive Statistics from Wheat Bran Fiber Trial.  Total sample size is 1303 unique entries. 

 High Fiber [n = 719] Low Fiber [n = 584] Full Sample [n = 1303] 

Mean/Freq SD/% Mean/Freq SD/% Mean/Freq SD/% 

Demographics  

Age 66.3 (8.77) 66.0 (8.83) 66.2 (8.80) 

Sex-Male- no. (%) 486 (67.6%) 385 (65.9%) 871 (66.9%) 

       Female- no. (%) 233 (32.4%) 199 (34.1%) 432 (33.1%) 

Period-1- no. (%) 504 (70.1%) 523 (90.0%) 1027 (78.8%) 

            4- no. (%) 215 (29.9%) 61 (10.0%) 276 (21.2%) 

Dietary Measures  

Fat consumption-g/day 74.7 (34.65) 70.7 (31.41) 72.9 (33.28) 

Calories-kcal/day 1939.3 (692.87) 1873.8 (629.75) 1910.0 (665.87) 

Alcohol-g/day 8.4 (17.96) 6.4 (11.13) 7.5 (15.31) 

Counts and Time  

Baseline polyp count 1.8 (1.24) 1.8 (1.49) 1.8 (1.36) 

Total time (in months) 35.6 (15.69) 38.3 (16.22) 36.8 (15.98) 

Total adenomas* 1.3 (3.54; 12.50) 1.2 (2.23; 4.96) 1.3 (3.02; 9.12) 

Ever-adenoma-Yes-no.(%) 338 (47.0%) 299 (51.2%) 637 (48.9%) 

                         No-no.(%) 381 (53.0%) 285 (48.8%) 666 (51.1%) 

Number of colonoscopies 2.0 (0.85) 2.1 (0.82) 2.1 (0.84) 
*Also reported variance 

**No variable was missing data. 

 

Recurrence rate estimates were obtained for the overall sample, the low or high fiber groups 

individually, and the two fiber groups upon adjustment for centered age, centered baseline polyp count, 

period, and sex.  The period variable was included due to a large difference in its frequency among each 

fiber group; more individuals dropped out of the high fiber group, so participants added later were 

primarily assigned to that group.  The national recommendations regarding the frequency of 

colonoscopies changed during the study from one and three years after the initial resection to only 

three years after resection.  As a result, there was a decrease in the rate of colonoscopy at one year 

among subjects enrolled in the latter part of the trial.  The other covariates included for adjustment are 

known to be associated with recurrence rate; as age or baseline polyp count increase, the chance of 

recurrent adenomas also increases.  Additionally, males typically have a higher recurrence rate than 

females19. 
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Tables 9 and 10 contain the recurrence rate estimates and SE for the study data from the 5 

standard methods and the PEAFM undercount method derived by including the misclassification 

parameter distribution, Θ~Beta(.9,.1).  The standard error estimates of the recurrence rate parameters 

were obtained from bootstrapping the dataset 500 times, estimating the recurrence rate from each 

bootstrapped set, and calculating the standard deviation of the 500 parameter estimates. 

The Poisson and the PEAFM undercount method produced much higher parameter estimates 

than the other four methods.  This is due to the observed overdispersion and zero-inflation of the total 

adenoma count data.  As seen with simulated data, the Poisson method over-estimates the recurrence 

rate when the data is overdispersed.  Since the PEAFM methods are modified Poisson estimation, they 

behave similarly.  Each estimate from the PEAFM undercount method is larger than the standard 

Poisson due to the inherent assumed undercount of the data.  The PEAFM method increased all 

estimates as expected.  The PEAFM overcount and the PEAFM under or overcount models did not 

converge or produce parameter estimates.  This could be due to a lack of overcounted data being 

present and the overdispersion of the data itself.   

Table 9 has the recurrence rate estimates for the overall sample and for each fiber group, 

unadjusted for any other covariates.  The recurrence rate estimate for the high fiber group was as much 

as 4% more than the low fiber group and ranged from 47%-79%, depending upon the estimation 

method.  Only the logistic model resulted in a larger recurrence rate estimate for the low fiber group; 

these estimates are identical to the proportion of individuals that ever had an adenoma in Table 8.   

 

Table 9-Unadjusted Recurrence Rate and Standard Error Estimates for Fiber Study Data 

Model Overall Low Fiber High Fiber 

 Estimate SE Estimate SE Estimate SE 

*PEAFM 
Undercount 

0.771 0.0234 0.752 0.0262 0.788 0.0337 

Poisson 0.720 0.0232 0.706 0.0263 0.732 0.0335 

NB 0.477 0.0127 0.469 0.0196 0.483 0.0152 

Indicator 
(Logistic) 

0.489 0.0129 0.512 0.0198 0.470 0.0177 

ZIP 0.489 0.0129 0.476 0.0151 0.498 0.0147 

ZINB 0.477 0.0127 0.469 0.0196 0.483 0.0151 

PEAFM= Poisson Estimation Accounting for Misclassification, NB = Negative Binomial, ZIP = Zero-Inflated Poisson, 

ZINB = Zero-Inflated Negative Binomial, SE = Standard Error *The PEAFM method used was for undercounted data 

with misclassification parameter distribution, Θ~Beta(.9,.1) 
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The adjusted models in Table 10 had similar results to the unadjusted ones, with males having 

around 5-10% higher recurrence rate estimates than females.  The difference in recurrence between 

fiber groups was the same for both males and females.  All methods except for the Poisson based ones 

estimated a recurrence rate around 45-55%, which is the historical rate of recurrent adenomas5,6,14. 

For both tables, the NB and ZINB models had identical estimates, and the ZIP model had slightly 

higher or lower estimates for the recurrence rate in comparison.  The Poisson-based models always had 

the largest SE estimate due to the inefficient estimation of the overdispersed data.  For all but the 

logistic model, the recurrence rate estimate was larger for the high fiber group.  Since the large counts 

of total adenomas were more common in the high fiber group, all methods that take into account the 

magnitude of a count resulted in a larger recurrence rate estimate for this group.   

The log-binomial regression model only converged for the overall sample and the high or low 

fiber model.  Due to the restrictions on the covariates, it did not converge for the adjusted model.  The 

estimates from the overall sample and high or low fiber models were identical to the logistic ones. 

 

Table 10-Adjusted Recurrence Rate and Standard Error Estimates for Fiber Study Data 

Model Low Adj/Female High Adj/Female Low Adj/Male High Adj/Male 

 Estimate SE Estimate SE Estimate SE Estimate SE 

*PEAFM 
Undercount 

0.705 0.0431 0.760 0.0491 0.774 0.0290 0.824 0.0349 

Poisson 0.636 0.0428 0.708 0.0494 0.717 0.0287 0.784 0.0348 

NB 0.468 0.0230 0.495 0.0234 0.517 0.0196 0.544 0.0177 

Indicator 
(Logistic) 

0.473 0.0288 0.437 0.0306 0.578 0.0235 0.540 0.0237 

ZIP 0.489 0.0213 0.529 0.0211 0.504 0.0220 0.540 0.0205 

ZINB 0.468 0.0230 0.495 0.0234 0.517 0.0196 0.544 0.0177 

PEAFM= Poisson Estimation Accounting for Misclassification, NB = Negative Binomial, ZIP = Zero-Inflated Poisson, 

ZINB = Zero-Inflated Negative Binomial, SE = Standard Error, M = Male, F = Female.  Adjusted for centered age, 

centered baseline polyp count, period, and sex.  *The PEAFM method used was for undercounted data with 

misclassification parameter distribution, Θ~Beta(.9,.1) 
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8 Discussion 

Standard estimation methods are straightforward to use and the results are generally easy to interpret. 

Each method has inherent assumptions about the distribution and parameters of the data being 

modeled.  Some deviation from these assumptions generally does not affect the estimation process too 

much, but data misclassification can lead to poor or misleading results. 

The estimation of recurrence rate for the simulated data by the PEAFM methods was essentially 

unbiased and was more accurate than all standard estimation methods utilized in this paper.  The 

Poisson model performed poorly when the data was overdispersed, but was optimal for true Poisson 

data.  The Indicator methods produced comparable estimates to the Poisson ones, but consistently had 

the greatest variation due to limited information and a single estimated parameter.  The inclusion of 

additional parameters, such as in the NB or zero-inflated models, adds flexibility and enables better 

estimation for overdispersed and/or zero-inflated data.  Despite these strengths, none of the standard 

estimation methods handled moderate to large (10-50% undercount) misclassification well.  The PEAFM 

methods have several advantages, assuming that the misclassification parameter distributions chosen 

are appropriate for the data analyzed.  The results from all simulated data clearly show that the PEAFM 

methods adjusted the parameter estimates in the correct direction (increasing the estimate for 

undercounted data, for example), and that they can also produce unbiased estimates for data with 

extreme misclassification. 

The distributions chosen for the PEAFM methods strongly affect their estimation abilities.  This 

is true for both the assumed distribution of the modeled count data and for the distributions of the 

misclassification parameters.  The misclassification parameter distributions were intentionally and 

specifically chosen to match the observed under or overcount of polyps from study data.  All of these 

could be modified if necessary to fit different simulated or real-world data assumptions.  For example, 

depending upon the instrument used to perform the colonoscopy and the specific areas of the colon or 

intestines that are inspected, the undercount proportion of polyps can range from 10-30%20.   

Several of the estimation models can incorporate different follow-up times for each 

observation.  This can add additional information to the Poisson, NB, ZIP, ZINB, and PEAFM models.  In 

the case of the study data analyzed, all observations were over a limited (and similar) timespan.  A 

follow-up time component, such as ln(time), is straightforward to add to the standard models as a time-

offset.  This same component could be included in a similar way in the PEAFM models in future analyses.  

Additional covariates could be included in any model based on interest or literature findings. 
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The recurrence rate estimate was larger for the high fiber group from the Wheat Bran Fiber Trial 

for all methods except for logistic.   All the other methods are more sensitive to large counts, but they 

can take into account progression and factor in under or overcount information, such as with the PEAFM 

methods.  Any Indicator-based method cannot do either of those, and is therefore more limited. 

Finally, there are a few reasons why some of the PEAFM methods were unable to have the 

covariate estimates converge for the study data.  It is possible that the dataset did not have much 

overcounted data, so some parameter estimates would be very small—possibly not estimable.  Also, it is 

clear from looking at the count data that it is not from a standard Poisson distribution (the variance is 

much larger than the mean).  It is likely from a ZIP or ZINB distribution due to the large number of 0 

counts (50%), and the few very high count values.  Since the PEAFM methods were designed with an 

assumed Poisson distribution for the data, they struggle to estimate data from a different distribution. 

Several extensions and modifications exist for the concepts described in this paper.  The 

methods shown are generalizable and could be adapted for different true count data or misclassification 

parameter distributions.  For example, the parameter values for the misclassification parameter 

distributions shown could be altered, or entirely new distributions could be selected and incorporated 

into the estimation models based on the assumed misclassification mechanisms.  In addition, developing 

analogous models for NB or zero-inflated count data would allow for potentially unbiased estimation of 

parameters for misclassified overdispersed or zero-inflated data.   
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10 Appendix 

10.1 Supplemental Tables and Figures 

Table A 1- Recurrence Rate Estimate for Poisson Data, λ = 0.5 

Sample 
Size Method 

Point 
Estimate Bias SD SE MSE 

CI Coverage 
Rate 

n=100 Poisson 0.392 -0.002 0.0462 0.0420 0.0018 0.930 

n=100 NB 0.385 -0.008 0.0479 0.0428 0.0019 0.918 

n=100 Indicator 0.395 0.001 0.0536 0.0484 0.0023 0.912 

n=100 ZIP 0.384 -0.010 0.0483 0.0429 0.0019 0.918 

n=100 ZINB 0.383 -0.010 0.0481 0.0428 0.0019 0.918 

n=40 Poisson 0.388 -0.005 0.0702 0.0652 0.0043 0.924 

n=40 NB 0.379 -0.015 0.0718 0.0661 0.0046 0.908 

n=40 Indicator 0.394 0.000 0.0812 0.0759 0.0058 0.912 

n=40 ZIP 0.376 -0.017 0.0721 0.0657 0.0046 0.908 

n=40 ZINB 0.376 -0.018 0.0719 0.0655 0.0046 0.906 

NB = Negative Binomial, ZIP = Zero-Inflated Poisson, ZINB = Zero-Inflated Negative Binomial, SD = Standard 
Deviation, SE = Standard Error, MSE = Mean-Squared Error, CI = Confidence Interval.  All metrics are in regards to 
the estimate of the recurrence rate. 

 

Table A 2- Recurrence Rate Estimate for Poisson Data, λ = 0.6 

Sample 
Size Method 

Point 
Estimate Bias SD SE MSE 

CI Coverage 
Rate 

n=100 Poisson 0.449 -0.003 0.0445 0.0417 0.0017 0.932 

n=100 NB 0.441 -0.010 0.0458 0.0430 0.0019 0.924 

n=100 Indicator 0.452 0.000 0.0512 0.0494 0.0024 0.930 

n=100 ZIP 0.440 -0.011 0.0463 0.0432 0.0020 0.924 

n=100 ZINB 0.439 -0.012 0.0461 0.0431 0.0020 0.924 

n=40 Poisson 0.442 -0.009 0.0695 0.0649 0.0043 0.916 

n=40 NB 0.432 -0.019 0.0721 0.0664 0.0048 0.910 

n=40 Indicator 0.448 -0.003 0.0822 0.0773 0.0060 0.904 

n=40 ZIP 0.429 -0.022 0.0726 0.0663 0.0049 0.902 

n=40 ZINB 0.428 -0.023 0.0725 0.0661 0.0049 0.902 

NB = Negative Binomial, ZIP = Zero-Inflated Poisson, ZINB = Zero-Inflated Negative Binomial, SD = Standard 
Deviation, SE = Standard Error, MSE = Mean-Squared Error, CI = Confidence Interval.  All metrics are in regards to 
the estimate of the recurrence rate. 
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Table A 3- Recurrence Rate Estimate for Overdispersed Poisson Data, 𝚲~Gamma(.72,1) 

Sample 
Size Method 

Point 
Estimate Bias SD SE MSE 

CI Coverage 
Rate 

n=100 Poisson 0.509 0.116 0.0587 0.0566 0.0166 0.432 

n=100 NB 0.394 0.001 0.0483 0.0483 0.0023 0.948 

n=100 Indicator 0.393 0.000 0.0488 0.0485 0.0024 0.948 

n=100 ZIP 0.393 0.000 0.0488 0.0484 0.0023 0.948 

n=100 ZINB 0.390 -0.002 0.0480 0.0474 0.0023 0.944 

n=40 Poisson 0.503 0.111 0.0922 0.0873 0.0198 0.74 

n=40 NB 0.391 -0.002 0.0779 0.0758 0.0057 0.936 

n=40 Indicator 0.389 -0.004 0.0775 0.0761 0.0058 0.928 

n=40 ZIP 0.388 -0.005 0.0773 0.0752 0.0057 0.926 

n=40 ZINB 0.385 -0.008 0.0761 0.0736 0.0055 0.928 

NB = Negative Binomial, ZIP = Zero-Inflated Poisson, ZINB = Zero-Inflated Negative Binomial, SD = Standard 
Deviation, SE = Standard Error, MSE = Mean-Squared Error, CI = Confidence Interval.  All metrics are in regards to 
the estimate of the recurrence rate. 

 

Table A 4- Recurrence Rate Estimate for Overdispersed Poisson Data, 𝚲~Gamma(.865,1) 

Sample 
Size Method 

Point 
Estimate Bias SD SE MSE 

CI Coverage 
Rate 

n=100 Poisson 0.574 0.123 0.0541 0.0542 0.0181 0.354 

n=100 NB 0.452 0.001 0.0489 0.0488 0.0024 0.952 

n=100 Indicator 0.451 0.000 0.0490 0.0494 0.0024 0.946 

n=100 ZIP 0.451 0.000 0.0490 0.0493 0.0024 0.946 

n=100 ZINB 0.448 -0.003 0.0480 0.0481 0.0023 0.948 

n=40 Poisson 0.568 0.117 0.0870 0.0832 0.0205 0.672 

n=40 NB 0.450 -0.001 0.0790 0.0763 0.0058 0.932 

n=40 Indicator 0.448 -0.003 0.0795 0.0775 0.0060 0.920 

n=40 ZIP 0.447 -0.004 0.0793 0.0762 0.0058 0.912 

n=40 ZINB 0.443 -0.008 0.0776 0.0742 0.0056 0.918 

NB = Negative Binomial, ZIP = Zero-Inflated Poisson, ZINB = Zero-Inflated Negative Binomial, SD = Standard 
Deviation, SE = Standard Error, MSE = Mean-Squared Error, CI = Confidence Interval.  All metrics are in regards to 
the estimate of the recurrence rate. 
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Table A 5- Recurrence Rate Estimate for Poisson Data, λ = 0.5; Undercount Mechanism, Θ~U(0,1) 

Sample 
Size Method 

Point 
Estimate Bias SD SE MSE 

CI Coverage 
Rate 

n=100 PEAFM* 0.388 -0.005 0.0632 0.0615 0.0038 0.930 

n=100 Poisson 0.219 -0.175 0.0406 0.0395 0.0320 0.014 

n=100 NB 0.210 -0.184 0.0403 0.0386 0.0352 0.012 

n=100 Indicator 0.212 -0.181 0.0417 0.0406 0.0345 0.022 

n=100 ZIP 0.209 -0.184 0.0403 0.0384 0.0355 0.012 

n=100 ZINB 0.209 -0.185 0.0401 0.0382 0.0356 0.012 

n=40 PEAFM* 0.382 -0.011 0.1016 0.0933 0.0088 0.902 

n=40 Poisson 0.217 -0.177 0.0655 0.0607 0.0349 0.240 

n=40 NB 0.205 -0.188 0.0639 0.0586 0.0389 0.154 

n=40 Indicator 0.210 -0.183 0.0663 0.0633 0.0375 0.206 

n=40 ZIP 0.204 -0.189 0.0636 0.0579 0.0392 0.150 

n=40 ZINB 0.204 -0.190 0.0632 0.0578 0.0394 0.150 

PEAFM= Poisson Estimation Accounting for Misclassification, NB = Negative Binomial, ZIP = Zero-Inflated 
Poisson, ZINB = Zero-Inflated Negative Binomial, SD = Standard Deviation, SE = Standard Error, MSE = Mean-
Squared Error, CI = Confidence Interval.  All metrics are in regards to the estimate of the recurrence rate.  *The 
PEAFM method used was for undercounted data with misclassification parameter distribution, Θ~U(0,1) 

 

Table A 6- Recurrence Rate Estimate for Poisson Data, λ = 0.6; Undercount Mechanism, Θ~U(0,1) 

Sample 
Size Method 

Point 
Estimate Bias SD SE MSE 

CI Coverage 
Rate 

n=100 PEAFM* 0.446 -0.005 0.0617 0.0617 0.0038 0.940 

n=100 Poisson 0.257 -0.194 0.0417 0.0416 0.0395 0.006 

n=100 NB 0.245 -0.206 0.0416 0.0409 0.0441 0.002 

n=100 Indicator 0.247 -0.204 0.0428 0.0429 0.0434 0.008 

n=100 ZIP 0.244 -0.207 0.0416 0.0406 0.0445 0.002 

n=100 ZINB 0.244 -0.208 0.0415 0.0404 0.0447 0.002 

n=40 PEAFM* 0.438 -0.013 0.1014 0.0946 0.0091 0.914 

n=40 Poisson 0.254 -0.197 0.0682 0.0641 0.0431 0.192 

n=40 NB 0.240 -0.212 0.0666 0.0621 0.0486 0.122 

n=40 Indicator 0.245 -0.207 0.0687 0.0668 0.0472 0.164 

n=40 ZIP 0.238 -0.213 0.0661 0.0613 0.0492 0.122 

n=40 ZINB 0.237 -0.214 0.0657 0.0611 0.0494 0.116 

PEAFM= Poisson Estimation Accounting for Misclassification, NB = Negative Binomial, ZIP = Zero-Inflated 
Poisson, ZINB = Zero-Inflated Negative Binomial, SD = Standard Deviation, SE = Standard Error, MSE = Mean-
Squared Error, CI = Confidence Interval.  All metrics are in regards to the estimate of the recurrence rate.  *The 
PEAFM method used was for undercounted data with misclassification parameter distribution, Θ~U(0,1) 
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Table A 7- Recurrence Rate Estimate for Poisson Data, λ = 0.5; Undercount Mechanism, Θ~U(0.8,1) 

Sample 
Size Method 

Point 
Estimate Bias SD SE MSE 

CI Coverage 
Rate 

n=100 PEAFM* 0.391 -0.003 0.0446 0.0445 0.0020 0.950 

n=100 Poisson 0.360 -0.033 0.0422 0.0421 0.0029 0.872 

n=100 NB 0.353 -0.040 0.0433 0.0428 0.0034 0.842 

n=100 Indicator 0.362 -0.031 0.0483 0.0479 0.0033 0.896 

n=100 ZIP 0.352 -0.041 0.0437 0.0428 0.0035 0.834 

n=100 ZINB 0.352 -0.042 0.0436 0.0427 0.0036 0.830 

n=40 PEAFM* 0.385 -0.008 0.0727 0.0687 0.0048 0.908 

n=40 Poisson 0.355 -0.039 0.0688 0.0650 0.0057 0.870 

n=40 NB 0.345 -0.048 0.0697 0.0656 0.0066 0.856 

n=40 Indicator 0.358 -0.035 0.0771 0.0746 0.0068 0.892 

n=40 ZIP 0.343 -0.050 0.0696 0.0652 0.0068 0.848 

n=40 ZINB 0.342 -0.051 0.0695 0.0650 0.0068 0.848 

PEAFM= Poisson Estimation Accounting for Misclassification, NB = Negative Binomial, ZIP = Zero-Inflated 
Poisson, ZINB = Zero-Inflated Negative Binomial, SD = Standard Deviation, SE = Standard Error, MSE = Mean-
Squared Error, CI = Confidence Interval.  All metrics are in regards to the estimate of the recurrence rate.  *The 
PEAFM method used was for undercounted data with misclassification parameter distribution, Θ~U(.8,1) 

 

Table A 8- Recurrence Rate Estimate for Poisson Data, λ = 0.6; Undercount Mechanism, Θ~U(.8,1) 

Sample 
Size Method 

Point 
Estimate Bias SD SE MSE 

CI Coverage 
Rate 

n=100 PEAFM* 0.448 -0.003 0.0445 0.0442 0.0020 0.948 

n=100 Poisson 0.414 -0.037 0.0426 0.0422 0.0031 0.856 

n=100 NB 0.407 -0.044 0.0438 0.0434 0.0038 0.824 

n=100 Indicator 0.416 -0.035 0.0488 0.0491 0.0036 0.882 

n=100 ZIP 0.406 -0.046 0.0440 0.0435 0.0040 0.812 

n=100 ZINB 0.405 -0.046 0.0440 0.0434 0.0040 0.804 

n=40 PEAFM* 0.443 -0.009 0.0726 0.0669 0.0045 0.920 

n=40 Poisson 0.410 -0.042 0.0693 0.0654 0.0060 0.876 

n=40 NB 0.399 -0.052 0.0706 0.0667 0.0072 0.872 

n=40 Indicator 0.414 -0.038 0.0787 0.0767 0.0073 0.922 

n=40 ZIP 0.396 -0.055 0.0708 0.0664 0.0074 0.864 

n=40 ZINB 0.395 -0.056 0.0705 0.0662 0.0075 0.862 

PEAFM= Poisson Estimation Accounting for Misclassification, NB = Negative Binomial, ZIP = Zero-Inflated 
Poisson, ZINB = Zero-Inflated Negative Binomial, SD = Standard Deviation, SE = Standard Error, MSE = Mean-
Squared Error, CI = Confidence Interval.  All metrics are in regards to the estimate of the recurrence rate.  *The 
PEAFM method used was for undercounted data with misclassification parameter distribution, Θ~U(0,1) 
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Table A 9- Recurrence Rate Estimate for Poisson Data, λ = 0.7; Undercount Mechanism, Θ~U(.8,1) 

Sample 
Size Method 

Point 
Estimate Bias SD SE MSE 

CI Coverage 
Rate 

n=100 PEAFM* 0.500 -0.004 0.0441 0.0432 0.0019 0.930 

n=100 Poisson 0.464 -0.039 0.0426 0.0416 0.0033 0.840 

n=100 NB 0.457 -0.046 0.0442 0.0430 0.0040 0.804 

n=100 Indicator 0.468 -0.036 0.0504 0.0498 0.0038 0.890 

n=100 ZIP 0.455 -0.048 0.0447 0.0434 0.0042 0.790 

n=100 ZINB 0.454 -0.049 0.0446 0.0432 0.0043 0.782 

n=40 PEAFM* 0.493 -0.010 0.0699 0.0674 0.0047 0.926 

n=40 Poisson 0.458 -0.046 0.0675 0.0649 0.0063 0.886 

n=40 NB 0.447 -0.057 0.0696 0.0668 0.0077 0.852 

n=40 Indicator 0.462 -0.041 0.0801 0.0777 0.0077 0.892 

n=40 ZIP 0.444 -0.060 0.0702 0.0667 0.0080 0.844 

n=40 ZINB 0.442 -0.061 0.0698 0.0665 0.0082 0.842 

PEAFM= Poisson Estimation Accounting for Misclassification, NB = Negative Binomial, ZIP = Zero-Inflated 
Poisson, ZINB = Zero-Inflated Negative Binomial, SD = Standard Deviation, SE = Standard Error, MSE = Mean-
Squared Error, CI = Confidence Interval.  All metrics are in regards to the estimate of the recurrence rate.  *The 
PEAFM method used was for undercounted data with misclassification parameter distribution, Θ~U(.8,1) 

 

Table A 10- Recurrence Rate Estimate for Poisson Data, λ = 0.5; Undercount Mechanism, Θ~Beta(.9,.1) 

Sample 
Size Method 

Point 
Estimate Bias SD SE MSE 

CI Coverage 
Rate 

n=100 PEAFM* 0.395 0.001 0.0479 0.0446 0.0020 0.924 

n=100 Poisson 0.364 -0.029 0.0454 0.0422 0.0026 0.860 

n=100 NB 0.357 -0.036 0.0461 0.0430 0.0032 0.836 

n=100 Indicator 0.365 -0.029 0.0500 0.0479 0.0031 0.890 

n=100 ZIP 0.356 -0.038 0.0462 0.0430 0.0033 0.832 

n=100 ZINB 0.355 -0.038 0.0461 0.0429 0.0033 0.826 

n=40 PEAFM* 0.393 -0.001 0.0717 0.0695 0.0048 0.938 

n=40 Poisson 0.362 -0.031 0.0680 0.0659 0.0053 0.890 

n=40 NB 0.350 -0.043 0.0688 0.0665 0.0063 0.874 

n=40 Indicator 0.362 -0.031 0.0772 0.0748 0.0066 0.898 

n=40 ZIP 0.348 -0.046 0.0689 0.0659 0.0064 0.868 

n=40 ZINB 0.347 -0.046 0.0687 0.0657 0.0065 0.870 

PEAFM= Poisson Estimation Accounting for Misclassification, NB = Negative Binomial, ZIP = Zero-Inflated 
Poisson, ZINB = Zero-Inflated Negative Binomial, SD = Standard Deviation, SE = Standard Error, MSE = Mean-
Squared Error, CI = Confidence Interval.  All metrics are in regards to the estimate of the recurrence rate.  *The 
PEAFM method used was for undercounted data with misclassification parameter distribution, Θ~Beta(.9,.1) 
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Table A 11- Recurrence Rate Estimate for Poisson Data, λ = 0.6; Undercount Mechanism, Θ~Beta(.9,.1) 

Sample 
Size Method 

Point 
Estimate Bias SD SE MSE 

CI Coverage 
Rate 

n=100 PEAFM* 0.451 0.000 0.0467 0.0444 0.0020 0.926 

n=100 Poisson 0.418 -0.033 0.0446 0.0424 0.0029 0.866 

n=100 NB 0.410 -0.042 0.0458 0.0436 0.0036 0.828 

n=100 Indicator 0.417 -0.034 0.0503 0.0490 0.0035 0.878 

n=100 ZIP 0.408 -0.043 0.0462 0.0437 0.0038 0.820 

n=100 ZINB 0.407 -0.044 0.0460 0.0436 0.0038 0.814 

n=40 PEAFM* 0.450 -0.001 0.0714 0.0693 0.0048 0.932 

n=40 Poisson 0.417 -0.035 0.0683 0.0663 0.0056 0.900 

n=40 NB 0.404 -0.047 0.0696 0.0675 0.0068 0.874 

n=40 Indicator 0.416 -0.035 0.0786 0.0768 0.0071 0.892 

n=40 ZIP 0.401 -0.050 0.0698 0.0672 0.0070 0.862 

n=40 ZINB 0.400 -0.051 0.0695 0.0670 0.0071 0.860 

PEAFM= Poisson Estimation Accounting for Misclassification, NB = Negative Binomial, ZIP = Zero-Inflated 
Poisson, ZINB = Zero-Inflated Negative Binomial, SD = Standard Deviation, SE = Standard Error, MSE = Mean-
Squared Error, CI = Confidence Interval.  All metrics are in regards to the estimate of the recurrence rate.  *The 
PEAFM method used was for undercounted data with misclassification parameter distribution, Θ~Beta(.9,.1) 

 

Table A 12- Recurrence Rate Estimate for Poisson Data, λ = 0.5; Overcount Mechanism, 
𝚳~Gamma(.05,1) 

Sample 
Size Method 

Point 
Estimate Bias SD SE MSE 

CI Coverage 
Rate 

n=100 PEAFM* 0.391 -0.002 0.0465 0.0452 0.0020 0.940 

n=100 Poisson 0.421 0.027 0.0453 0.0438 0.0027 0.886 

n=100 NB 0.407 0.013 0.0458 0.0439 0.0021 0.912 

n=100 Indicator 0.415 0.021 0.0493 0.0490 0.0029 0.932 

n=100 ZIP 0.407 0.013 0.0459 0.0444 0.0022 0.930 

n=100 ZINB 0.404 0.011 0.0456 0.0439 0.0021 0.924 

n=40 PEAFM* 0.386 -0.007 0.0742 0.0700 0.0049 0.914 

n=40 Poisson 0.416 0.022 0.0719 0.0674 0.0050 0.908 

n=40 NB 0.399 0.005 0.0726 0.0673 0.0046 0.914 

n=40 Indicator 0.412 0.018 0.0805 0.0765 0.0062 0.904 

n=40 ZIP 0.397 0.004 0.0729 0.0673 0.0045 0.912 

n=40 ZINB 0.395 0.002 0.0723 0.0668 0.0045 0.918 

PEAFM= Poisson Estimation Accounting for Misclassification, NB = Negative Binomial, ZIP = Zero-Inflated 
Poisson, ZINB = Zero-Inflated Negative Binomial, SD = Standard Deviation, SE = Standard Error, MSE = Mean-
Squared Error, CI = Confidence Interval.  All metrics are in regards to the estimate of the recurrence rate.  *The 
PEAFM method used was for overcounted data with misclassification parameter distribution, Μ~Gamma(.05,1) 
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Table A 13- Recurrence Rate Estimate for Poisson Data, λ = 0.6; Overcount Mechanism, 
𝚳~Gamma(.05,1) 

Sample 
Size Method 

Point 
Estimate Bias SD SE MSE 

CI Coverage 
Rate 

n=100 PEAFM* 0.450 -0.002 0.0454 0.0445 0.0020 0.934 

n=100 Poisson 0.476 0.025 0.0440 0.0428 0.0025 0.890 

n=100 NB 0.462 0.011 0.0455 0.0437 0.0020 0.916 

n=100 Indicator 0.472 0.020 0.0497 0.0497 0.0029 0.936 

n=100 ZIP 0.463 0.011 0.0455 0.0443 0.0021 0.922 

n=100 ZINB 0.460 0.009 0.0454 0.0439 0.0020 0.926 

n=40 PEAFM* 0.444 -0.007 0.0711 0.0692 0.0048 0.920 

n=40 Poisson 0.471 0.019 0.0686 0.0663 0.0048 0.908 

n=40 NB 0.453 0.002 0.0714 0.0671 0.0045 0.920 

n=40 Indicator 0.468 0.017 0.0819 0.0776 0.0063 0.918 

n=40 ZIP 0.452 0.000 0.0722 0.0673 0.0045 0.910 

n=40 ZINB 0.449 -0.002 0.0715 0.0668 0.0045 0.918 

PEAFM= Poisson Estimation Accounting for Misclassification, NB = Negative Binomial, ZIP = Zero-Inflated 
Poisson, ZINB = Zero-Inflated Negative Binomial, SD = Standard Deviation, SE = Standard Error, MSE = Mean-
Squared Error, CI = Confidence Interval.  All metrics are in regards to the estimate of the recurrence rate.  *The 
PEAFM method used was for overcounted data with misclassification parameter distribution, Μ~Gamma(.05,1) 

 

Table A 14- Recurrence Rate Estimate for Poisson Data, λ = 0.5; Under or Overcount Mechanism, 
Θ~Beta(.9,.1), 𝚳~Gamma(.05,1) 

Sample 
Size Method 

Point 
Estimate Bias SD SE MSE 

CI Coverage 
Rate 

n=100 PEAFM* 0.393 0.000 0.0497 0.0447 0.0020 0.925 

n=100 Poisson 0.392 -0.002 0.0458 0.0442 0.0020 0.938 

n=100 NB 0.377 -0.017 0.0460 0.0443 0.0022 0.922 

n=100 Indicator 0.382 -0.012 0.0497 0.0483 0.0025 0.926 

n=100 ZIP 0.376 -0.017 0.0468 0.0445 0.0023 0.920 

n=100 ZINB 0.374 -0.019 0.0463 0.0441 0.0023 0.918 

n=40 PEAFM* 0.390 -0.004 0.0778 0.0720 0.0052 0.928 

n=40 Poisson 0.389 -0.005 0.0711 0.0679 0.0046 0.912 

n=40 NB 0.371 -0.022 0.0721 0.0675 0.0050 0.892 

n=40 Indicator 0.382 -0.011 0.0796 0.0757 0.0059 0.914 

n=40 ZIP 0.370 -0.024 0.0731 0.0672 0.0051 0.890 

n=40 ZINB 0.368 -0.025 0.0722 0.0668 0.0051 0.890 

PEAFM= Poisson Estimation Accounting for Misclassification, NB = Negative Binomial, ZIP = Zero-Inflated 
Poisson, ZINB = Zero-Inflated Negative Binomial, SD = Standard Deviation, SE = Standard Error, MSE = Mean-
Squared Error, CI = Confidence Interval.  All metrics are in regards to the estimate of the recurrence rate.  *The 
PEAFM method used was for under or overcounted data with misclassification parameter distributions, 
Θ~Beta(.9,.1) and Μ~Gamma(.05,1) 
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Table A 15- Recurrence Rate Estimate for Poisson Data, λ = 0.6; Under or Overcount Mechanism, 
Θ~Beta(.9,.1), 𝚳~Gamma(.05,1) 

Sample 
Size Method 

Point 
Estimate Bias SD SE MSE 

CI Coverage 
Rate 

n=100 PEAFM* 0.449 -0.002 0.0481 0.0443 0.0020 0.933 

n=100 Poisson 0.443 -0.008 0.0445 0.0437 0.0020 0.938 

n=100 NB 0.429 -0.023 0.0458 0.0444 0.0025 0.912 

n=100 Indicator 0.435 -0.017 0.0497 0.0493 0.0027 0.924 

n=100 ZIP 0.428 -0.023 0.0469 0.0448 0.0025 0.900 

n=100 ZINB 0.426 -0.025 0.0463 0.0444 0.0026 0.894 

n=40 PEAFM* 0.447 -0.004 0.0747 0.0702 0.0049 0.926 

n=40 Poisson 0.441 -0.010 0.0683 0.0675 0.0047 0.916 

n=40 NB 0.423 -0.028 0.0699 0.0682 0.0054 0.910 

n=40 Indicator 0.436 -0.016 0.0796 0.0775 0.0062 0.928 

n=40 ZIP 0.421 -0.030 0.0710 0.0681 0.0055 0.898 

n=40 ZINB 0.419 -0.032 0.0701 0.0676 0.0056 0.902 

PEAFM= Poisson Estimation Accounting for Misclassification, NB = Negative Binomial, ZIP = Zero-Inflated 
Poisson, ZINB = Zero-Inflated Negative Binomial, SD = Standard Deviation, SE = Standard Error, MSE = Mean-
Squared Error, CI = Confidence Interval.  All metrics are in regards to the estimate of the recurrence rate.  *The 
PEAFM method used was for under or overcounted data with misclassification parameter distributions, 
Θ~Beta(.9,.1) and Μ~Gamma(.05,1) 
 

 

Figure A 1: Estimated Recurrence Rate from Various Methods for Under or Overcounted Data, 
Θ~Beta(.9,.1), 𝚳~Gamma(.05,1) 
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Figure A 2: Estimated Recurrence Rate from Various Methods for Standard Poisson Data 

10.2 Example Code 

Simulation Code 
 
Example of full code for simulation, PEAFM method for undercount data, B(.9,.1) MPD 
 
MAX_B_.9_.1 <- function(rep, n3, lambda)  
{ 
require(boot) 
require(pracma) 
par_estimate_B_.9_.1<<-numeric(rep) 
se_estimate_B_.9_.1<<-numeric(rep) 
CI_B_.9_.1<<-numeric(rep) 
 
for(try in 1:rep){ 
 
        print(try) 
   if (.Platform$OS.type == "windows") flush.console() 
   set.seed(try) 
 
beta_test<-function (n3,lambda) 
{      y=z3=rep(0,n3) 
        for(i in 1:n3){ 
        pi=rbeta(1,.9,.1) 
        y[i]=rpois(1,pi*lambda) 
    } 
z3<<-y  
} 
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q<-beta_test(n3,lambda) 
 
optimize_stat_b_9_1 <- function(data) { 
    fr <- function(par.l, d=data) {   
  ln<-numeric(n3) 
       for(i in 1:n3){ 
      a=d[i] 
           numint<-function(p,par.l) { 
                     (exp(-par.l*p)*((par.l*p)^a)*(p^-.1)*((1-p)^-.9))/prod(factorial(a)) 
           } 
           ln[i]<- integrate(numint,lower=0, upper=1, par.l=par.l)$value    
              } 
       prod(ln)*-1 
    } 
    estimate<-optim(0,fr,lower=0.1, upper=5, method="Brent")$par 
} 
 
MLE_boot3<- function(data, indices) { 
   d <- data[indices] # allows boot to select sample 
   stat <- optimize_stat_b_9_1(d) 
 return(stat) 
 } 
 
results_beta_.9_.1 <- boot(data=z3, statistic=MLE_boot3, R=500) 
 
par_estimate_B_.9_.1[try]<<-results_beta_.9_.1$t0 
se_estimate_B_.9_.1[try]<<-(sd(results_beta_.9_.1$t)) 
 
error <- qnorm(0.975)*se_estimate_B_.9_.1[try] 
left<- results_beta_.9_.1$t0 - error 
right <- results_beta_.9_.1$t0 + error 
ci_yes<-ifelse(left<=lambda & lambda<=right, 1, 0) 
CI_B_.9_.1[try]<<-ci_yes 
} 
print(mean(par_estimate_B_.9_.1)) 
print(sd(par_estimate_B_.9_.1)) 
print(mean(se_estimate_B_.9_.1)) 
print(sum(CI_B_.9_.1)/(rep)) 
} 
 
Standard Poisson generation, no misclassification 
 
max1 <- function (n1,lambda)  
{   y=z1=rep(0,n1)  
    for(i in 1:n1){ 
        y[i]=rpois(1,lambda) 
    } 
z1 <<- y } 
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Overdispersed Poisson generation 
 
max1 <- function (n1,shape)  
{   y=lambda=z1=rep(0,n1)  
    for(i in 1:n1){ 
   lambda[i]=rgamma(1, shape)  
        y[i]=rpois(1,lambda[i]) 
    } 
z1 <<- y  
} 
 
Undercount generation, U(0,1) MPD 
 
max1 <- function (n1,lambda)  
{   y=z1=rep(0,n1)  
    for(i in 1:n1){ 
        pi=runif(1) 
        y[i]=rpois(1,pi*lambda) 
    } 
z1<<-y  
} 
 
Undercount generation, U(.8,1) MPD 
 
max2 <- function (n2,lambda)  
{    y=z2=rep(0,n2)  
        for(i in 1:n2){ 
        pi=runif(1,min=.8,max=1) 
        y[i]=rpois(1,pi*lambda) 
    } 
z2<<-y  
} 
 
Undercount generation, B(.9,.1) MPD 
 
beta_test<-function (n3,lambda) 
{      y=z3=rep(0,n3) 
        for(i in 1:n3){ 
        pi=rbeta(1,.9,.1) 
        y[i]=rpois(1,pi*lambda) 
    } 
z3<<-y  
} 
 
Undercount generation, no MPD; p fixed at .9 
 
max2 <- function (n2,lambda)  
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{   t=u=rep(0,n2)  
    for(i in 1:n2){ 
        t[i]=rpois(1,lambda) 
      } 
    for(i in 1:n2){ 
  u[i]=sum(rbinom(t[i],1,.1))} #undercount for non-zero true count 
True_data <<- t 
Undercount <<- u 
z2 <<- t-u #this assigns z1 globally, observed data 
Observed_data <<- z2 
} 
 
Overcount generation only, Gamma(.05,1) MPD 
 
max1 <- function (n1,lambda) 
{     y=z1=rep(0,n1) 
        for(i in 1:n1) { 
   mu=rgamma(1,.05)  
   y[i]=rpois(1,(lambda+mu)) 
 } 
z1<<-y 
}  
 
Overcount generation only, no MPD; mu fixed at .05 
 
max1 <- function (n1,lambda, lambda2)  
{   y=t=rep(0,n1)  
    for(i in 1:n1){ 
        t[i]=rpois(1,lambda) 
      } 
    for(i in 1:n1){ 
 if(t[i]==0) {y[i]=rpois(1,lambda2)} 
 else {y[i]=rpois(1,t[i]*lambda2)}  
 } 
TRD <<- t 
OV <<- y 
z1 <<- t+y #this assigns z1 globally, observed data 
} 
 
Over/Under or both generation, B(.9,.1) and Gamma(.05,1) MPDs 
 
over_under_or_both_MPD <- function (n1,lambda) 
{     y=z1=rep(0,n1) 
 for(i in 1:n1) { 
 mu=rgamma(1,.05) 
 p=rbeta(1,.9,.1) 
 y[i]=rpois(1,(lambda*p+mu)) 
 } 
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z1<<-y 
} 
 
Over/Under or both generation, no MPD; p fixed at .9, mu fixed at .05 
 
max1 <- function (n1,lambda, lambda2)  
{   y=t=u=rep(0,n1)  
    for(i in 1:n1){ 
        t[i]=rpois(1,lambda) 
      } 
    for(i in 1:n1){ 
 if(t[i]==0) {y[i]=rpois(1,lambda2)} #overcount for 0 true count (cant under) 
 else {y[i]=rpois(1,t[i]*lambda2)  #overcount for non-zero true count 
  u[i]=sum(rbinom(t[i],1,.1))} #undercount for non-zero true count 
 } 
True_data <<- t 
Overcount <<- y 
Undercount <<- u 
z1 <<- t+y-u #this assigns z1 globally, observed data 
Observed_data <<- z1 
} 
 
Zero-inflated Poisson estimation 
 
mle <- function(data) { 
b<-zeroinfl(data~1 | 1, dist="poisson", link="logit") 
p<-exp(b$coefficients$zero[1])/(1+exp(b$coefficients$zero[1])) 
recurrance_rate <- (1-p)*(1-exp(-exp(b$coefficients$count[1]))) 
recurrance_rate 
} 
MLE_ZIP <- function(data, indices) { 
  d <- data[indices] # allows boot to select sample 
  stat <- mle(d) 
  return(stat) 
} 
 
Zero-inflated Negative Binomial estimation 
 
mle <- function(data) { 
if (sum(data)==0) { 
return(0) 
} 
else { 
b<-zeroinfl(data~1 | 1, dist="negbin", link="logit") 
p<-b$theta/(b$theta+exp(b$coefficients$count[1])) 
p_f<-(1-p^b$theta) 
p0<-exp(b$coefficients$zero[1])/(1+exp(b$coefficients$zero[1])) 
recurrance_rate<-(1-p0)*p_f 
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recurrance_rate} 
} 
MLE_ZINB <- function(data, indices) { 
  d <- data[indices] # allows boot to select sample 
  stat <- mle(d) 
  return(stat) 
} 
 
Negative Binomial estimation 
 
mle <- function(data) { 
if (sum(data)==0) { 
return(0) 
} 
else { 
b<-fitdist(data,"nbinom", method="mle") 
p<-b$estimate[1]/(b$estimate[1]+b$estimate[2]) 
p_f<-(1-p^b$estimate[1]) 
p_f} 
} 
MLE_NB1 <- function(data, indices) { 
  d <- data[indices] # allows boot to select sample 
  stat <- mle(d) 
  return(stat) 
} 
 
Poisson estimation 
 
MLE_P1 <- function(data, indices) { 
  d <- data[indices] # allows boot to select sample 
  stat <- mean(d) 
  return(stat) 
} 
 
Indicator estimation 
 
I1 <- function(z1,n1) { 
      x1<-numeric(n1) 
 for (i in 1:n1) { 
 if (z1[i] >= 1) 
  {x1[i] <- 1} 
 else if (z1[i]==0) 
  {x1[i] <- 0}  
} 
      x1<<-x1 
}  
w<-I1(z1,n1) 
MLE_I1 <- function(data, indices) { 
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  d <- data[indices] # allows boot to select sample 
  stat <- mean(d) 
  return(stat) 
} 
 
PEAFM undercount estimation, U(0,1) MPD 
 
optimize_stat_u01 <- function(data) { 
fr <- function(par.l, d=data) {   ##log-likelihood  
        ln<-numeric(n1) 
  for(i in 1:n1){ 
           a=d[i]+1 ##other constant part of gamma fn. is the same for all 
           ln[i]=gammainc(par.l,a)[1]/par.l  ##gamma(x,0)=gamma(x) 
       } ##order is oppoisite Igamma here 
       prod(ln)*-1 ##multiplies each component of the vector together 
    }                
    estimate<-optim(0,fn=fr,lower=0.1, upper=5, method="Brent", hessian=TRUE)$par 
} 
MLE_boot1<- function(data, indices) { 
   d <- data[indices] # allows boot to select sample 
   stat <- optimize_stat_u01(d) 
 return(stat) 
 } 
 
PEAFM undercount estimation, U(.8,1) MPD 
 
optimize_stat_u_8_1 <- function(data) { 
fr <- function(par.l, d=data) {   ##log-likelihood  
        ln<-numeric(n2) 
  for(i in 1:n2){ 
           a=d[i]+1 ##other constant part of gamma fn. is the same for all 
           ln[i]=(gammainc(.8*par.l,a)[2]-gammainc(par.l,a)[2])/par.l   
       } ##order is oppoisite Igamma here 
       prod(ln)*-1 ##multiplies each component of the vector together 
    }               
    estimate<-optim(0,fn=fr,lower=0.1, upper=5, method="Brent", hessian=TRUE)$par 
} 
MLE_boot2<- function(data, indices) { 
   d <- data[indices] # allows boot to select sample 
   stat <- optimize_stat_u_8_1(d) 
 return(stat) 
 } 
 
PEAFM undercount estimation, B(.9,.1) MPD 
 
optimize_stat_b_9_1 <- function(data) { 
    fr <- function(par.l, d=data) {   
  ln<-numeric(n3) 
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       for(i in 1:n3){ 
      a=d[i] 
           numint<-function(p,par.l) { 
                     (exp(-par.l*p)*((par.l*p)^a)*(p^-.1)*((1-p)^-.9))/prod(factorial(a)) 
           } 
           ln[i]<- integrate(numint,lower=0, upper=1, par.l=par.l)$value    
              } 
       prod(ln)*-1 ##multiplies each component of the vector together 
    } 
    estimate<-optim(0,fr,lower=0.1, upper=5, method="Brent")$par 
} 
MLE_boot3<- function(data, indices) { 
   d <- data[indices] # allows boot to select sample 
   stat <- optimize_stat_b_9_1(d) 
 return(stat) 
 } 
 
PEAFM overcount estimation, Gamma(.05,1) MPD 
 
overcount_new <- function(data) { 
    fr <- function(par.l, d=data) {   
  ln<-numeric(n1) 
numint<-function(mu,par.l) {#replaced the a and s from gamma with a=.05, s=1 
     (exp(-(par.l+mu))*((par.l+mu)^a))*(mu^(.05-1)*exp(-(mu/1)))/(factorial(-.95)*prod(factorial(a)))} 
       for(i in 1:n1){ 
      a=d[i]  
           ln[i]<- integrate(numint,lower=0, upper=Inf, par.l=par.l)$value    
              } 
       prod(ln)*-1 ##multiplies each component of the vector together 
    } 
    estimate<<-optim(0,fr,lower=0.1, upper=5, method="Brent", hessian=TRUE)$par 
} 
MLE_boot1<- function(data, indices) { 
   d <- data[indices] # allows boot to select sample 
   stat <- overcount_new(d) 
 return(stat) 
 } 
 
PEAFM over/under or both estimation, B(.9,.1) and Gamma(.05,1) MPDs 
 
over_or_undercount_or_both_new<-function(data) { 
ln<-numeric(n1) 
numint<-function(x,y,z) {#replaced a, s for the gamma dist with .05, 1 
     (exp(-(z*x+y))*((z*x+y)^a))*(y^(.05-1)*exp(-(y/1)))*((x^-.1)*((1-x)^-.9))} 
f1<-function(x,y,z)  
{ 
first<-integrate(numint,lower=0, upper=Inf, z=z, x=x)$value } 
fr2<-function(z,x,d=data) {  
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for (i in 1:n1){ 
a<<-d[i] 
ln[i]<-integrate(Vectorize(f1),lower=0, upper=1, z=z)$value} 
prod(ln)*-1 ##multiplies each component of the vector together 
} 
estimate<<-optim(0,fr2,lower=.1, upper=5, method="Brent")$par } 
MLE_boot1<- function(data, indices) { 
   d <- data[indices] # allows boot to select sample 
   stat <- over_or_undercount_or_both_new(d) 
 return(stat) 
 } 
 
Real Data Code 
 
SAS Code to obtain full data set to use in R 
 

data programs.indpro_thesis2; 

set programs.indprosum_noearly_oneobs; 

ln_time=log(totaltime); 

run; 

 

data programs.indpro_thesis2; 

set programs.indpro_thesis2; 

if group=1 then group2=0; 

else if group=2 then group2=1; 

run; 

 

data programs.indpro_thesis2; 

set programs.indpro_thesis2; 

if totaladenomas >0 then adenoma_yes=1; 

else adenoma_yes=0; 

if totalpolyps >0 then polyp_yes=1; 

else polyp_yes=0; 

run; 

 
Exported to CSV, read into R, obtained descriptive statistics, centered variables 
 
thesis_data<-read.csv("C:/Users/Nate/Desktop/thesis_data.csv",header=T,sep=",") 
 
summary(thesis_data$totaladenomas), var(thesis_data$totaladenomas), etc 
 
c_age<-thesis_data$age-66.19206 
c_basepol<-thesis_data$basepol-2 
thesis_data$c_age<-c_age 
thesis_data$c_basepol<-c_basepol 
 
#put in z1<-thesis_data$sex 
 
sexy_t<-function(z1) { 
sexy<-numeric(631) 
for (i in 1:631) { 
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if (z1[i]=="M")  
{sexy[i]<-1} 
else if (z1[i]=="F") 
{sexy[i]<-0} 
} 
sexy<<-sexy 
} 
thesis_data$sex_num<-sexy 
 
#put in z1<-thesis_data$period 
 
per<-function(z1) { 
perr<-numeric(1303) 
for (i in 1:1303) { 
if (z1[i]=="4")  
{perr[i]<-1} 
else if (z1[i]=="1") 
{perr[i]<-0} 
} 
perr<<-perr 
} 
 
thesis_data$period_bin<-perr 
 
Example: Poisson estimation with group variable included; other covariates could be added; try=7 
 
Poisson_real_data <- function(data, try)  
{ 
 
require(boot) 
 
recur_par_P_low<<- numeric(1) 
recur_se_P_low<<- numeric(1) 
 
recur_par_P_high<<- numeric(1) 
recur_se_P_high<<- numeric(1) 
 
   set.seed(try) 
 
mle <- function(d) { 
b<-glm(formula = totaladenomas ~ group2, family = "poisson", data = d) 
recur<-(1-exp(-exp(b$coefficients[1]))) 
recur 
} 
 
MLE_P2 <- function(data, indices) { 
  d <- data[indices,] # allows boot to select sample 
  stat <- mle(d) 



59 
 

  return(stat) 
} 
 
results_poisson <- boot(data=data, statistic=MLE_P2, R=500) 
 
recur_par_P_low<<- results_poisson$t0 
recur_se_P_low<<- sd(results_poisson$t) 
 
mle <- function(d) { 
b<-glm(formula = totaladenomas ~ group2, family = "poisson", data = d) 
recur<-(1-exp(-exp(b$coefficients[1]+b$coefficients[2]))) 
recur 
} 
 
MLE_P2 <- function(data, indices) { 
  d <- data[indices,] # allows boot to select sample 
  stat <- mle(d) 
  return(stat) 
} 
 
results_poisson <- boot(data=data, statistic=MLE_P2, R=500) 
 
recur_par_P_high<<- results_poisson$t0 
recur_se_P_high<<- sd(results_poisson$t) 
 
print(recur_par_P_low) 
print(recur_se_P_low) 
 
print(recur_par_P_high) 
print(recur_se_P_high) 
 
} 
 
Negative Binomial group estimation, can add other covariates, need MASS package; try=7 
 
mle <- function(d) { 
b<-glm.nb(formula = totaladenomas ~ group2, link=log, data = d) 
q<-exp(b$coefficient[1]) #include b$coefficients$[2] for gp2 
t<-b$theta 
p<-t/(t+q) 
p_f<-(1-p^t) 
p_f 
} 
 
Indicator group estimation, can add other covariates; try=7 
 
mle <- function(d) { 
b<-glm(formula = adenoma_yes ~ group2, family = binomial(link = logit), data = d) 
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odds<-exp(b$coefficients[1]) #include b$coefficients$[2] for gp2 
odds/(1+odds) 
} 
 
ZIP group estimation, need pscl package, can add other covariates; try=7 
 
mle <- function(d) { 
b<-zeroinfl(formula = totaladenomas ~ group2 |1, dist="poisson", link="logit", data = d) 
p<-exp(b$coefficients$zero[1])/(1+exp(b$coefficients$zero[1])) 
recurrance_rate <- (1-p)*(1-exp(-exp(b$coefficients$count[1]))) #include b$coefficients$count[2] for gp2 
recurrance_rate 
} 
 
ZINB group estimation, need pscl package, can add other covariates; try=7 
 
mle <- function(d) { 
b<-zeroinfl(formula = totaladenomas ~ group2 |1, dist="negbin", link="logit", data = d) 
p<-b$theta/(b$theta+exp(b$coefficients$count[1])) #include b$coefficients$count[2] for gp2 
p_f<-(1-p^b$theta) 
p0<-exp(b$coefficients$zero[1])/(1+exp(b$coefficients$zero[1])) 
recurrance_rate<-(1-p0)*p_f 
recurrance_rate 
} 
 
New undercount estimation, could have fewer covariates; try=7 
 
reg_new_underbeta <- function(data) { 
    fr <- function(l, d=data$totaladenomas, t=data$group2, w=data$c_age, x=data$sex_num, 
y=data$c_basepol, k=data$period_bin) { 
  l1<-l[1] 
  l2<-l[2]   
  l3<-l[3] 
       l4<-l[4] 
  l5<-l[5] 
  l6<-l[6] 
  ln<-numeric(1303) 
       for(i in 1:1303){ 
      a=d[i] 
      b=t[i]  
      c=w[i] 
           e=x[i]  
      f=y[i] 
      g=k[i]   
           numint<-function(p,l1,l2,l3,l4,l5,l6) { 
                     (exp(exp(l1+l2*b+l3*c+l4*e+l5*f+l6*g)*-p)*((exp(l1+l2*b+l3*c+l4*e+l5*f+l6*g)*p)^a)*(p^-
.1)*((1-p)^-.9))/prod(factorial(a)) 
           } 
           ln[i]<- integrate(numint,lower=0, upper=1, l1=l1, l2=l2, l3=l3, l4=l4, l5=l5, l6=l6)$value    
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              } 
       prod(ln)*-1 
    } 
    estimate<<-optim(par=c(0,0,0,0,0,0),fr, hessian=TRUE)$par 
   
  low_f<<-(1-exp(-exp(estimate[1])))   
  high_f<<-(1-exp(-exp(estimate[1]+estimate[2]))) 
  low_m<<-(1-exp(-exp(estimate[1]+estimate[4]))) 
  high_m<<-(1-exp(-exp(estimate[1]+estimate[2]+estimate[4]))) 
 
  info<<-c(low_f,high_f,low_m,high_m) 
   
  info 
} 
 
For errors (with ZIP/ZINB/NB/PEAFM methods, on occasion) 
 
Included the below code to continue the loop and replace the missing values- 
for(try in 1:rep){ 
tryCatch({ 
#argument including CI assignment 
}  
, error=function(e){cat("ERROR :",conditionMessage(e), "\n")})} 
 
for (i in 1:rep) { 
if ((par_estimate[i]==0) & (se_estimate[i]==0))  
repeat { 
{ 
 
tryCatch({ 
set.seed(sample(1:1000,1)) 
extra<-sample(1:1000,1)    
 
#same argument as before 
 
}  
, error=function(e){cat("ERROR :",conditionMessage(e), "\n")})  
} 
if ((par_estimate[i]!=0) & (se_estimate[i]!=0)) 
{break} 
} 
}     #then print statements 
 
 
 


