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Abstract

The objective of this study was to investigate the spatial relationship between the most likely distribution of saturated hydraulic con-
ductivity (Ks) and the observed pressure head (P) distribution within a hillslope. The cross-correlation analysis method was used to investigate
the effects of the variance of lnKs, spatial structure anisotropy of lnKs, and vertical infiltration flux (q) on P at some selected locations within
the hillslope. The cross-correlation analysis shows that, in the unsaturated region with a uniform flux boundary, the dominant correlation
between P and Ks is negative and mainly occurs around the observation location of P. A relatively high P value is located in a relatively low
Ks zone, while a relatively low P value is located in a relatively high Ks zone. Generally speaking, P is positively correlated with q/Ks at the
same location in the unsaturated region. In the saturated region, the spatial distribution of Ks can significantly affect the position and shape of
the phreatic surface. We therefore conclude that heterogeneity can cause some parts of the hillslope to be sensitive to external hydraulic
stimuli (e.g., rainfall and reservoir level change), and other parts of the hillslope to be insensitive. This is crucial to explaining why slopes
with similar geometries would show different responses to the same hydraulic stimuli, which is significant to hillslope stability analysis.
© 2016 Hohai University. Production and hosting by Elsevier B.V. This is an open access article under the CC BY-NC-ND license (http://
creativecommons.org/licenses/by-nc-nd/4.0/).
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1. Introduction

Spatial variability of hydraulic properties of geologic
media (e.g., the presence of macropores, fractures, folds,
fissures, layers, preferential flow paths, and clay lenses) is
the rule rather than the exception. Even seemingly uniform
field sites show a high degree of spatial variation in the
saturated hydraulic conductivity value (Nielsen et al., 1973).
Such variability controls hillslope soil strength distribution,

groundwater flow, pore-water pressure distribution, and
seepage force, and, in turn, plays a salient role in hillslope
stability along with other factors such as spatial and temporal
variability of precipitation. As such, this information allows
determination of stress distribution within a hillslope, and
appropriate actions can be taken to mitigate possible failure
of the hillslope. While the importance of the spatial vari-
ability or heterogeneity is well known, it is practically
impossible to describe these heterogeneities in detail. In
order to overcome this difficulty, probabilistic methods, or
methods based on random or stochastic field theory, have
been employed in hydrogeology and geotechnical engineer-
ing (Yeh, 1992; Gelhar, 1993; Griffiths and Fenton, 1993,
2004; Gui et al., 2000; Srivastava et al., 2010; Cho, 2012;
Zhu et al., 2013; Yeh et al., 2015). For example, the
random finite element method (RFEM), proposed by Griffiths
and Fenton (1993) and Fenton and Griffiths (1993), has been
widely used to consider the spatial fluctuations of a parameter
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in hillslope stability analysis (Gui et al., 2000; Cho, 2012,
2014; Zhu et al., 2013).

Generally, for a given hillslope, one may collect soil
samples at some locations to determine spatial statistics of
hydraulic parameters; these spatial statistics are then used to
infer the spatial variability of hydraulic parameters across and
throughout the hillslope. From the given spatial statistics of
the parameters, one can generate many possible spatial dis-
tributions of the parameters of the hillslope. Of these distri-
butions, some are favorable to slope stability, and some are
not for given rainfall events. In practice, it is rather costly and
difficult to characterize the hydraulic heterogeneity by taking
soil samples; on the other hand, it is relatively inexpensive
and typical to observe hydraulic responses/states, such as the
pore-water pressure at hillslope toes or the position of phre-
atic surface at some locations. As a matter of fact, pore-water
pressure distributions are one of the major stresses that con-
trol the hillslope stability. This simple reality thus compels us
to ask, what can be inferred about the likely spatial distri-
bution of saturated hydraulic conductivity within a hillslope
from some observed hydraulic responses or pore-water pres-
sures at some locations within the hillslope?

Zhu et al. (2013) carried out a probabilistic infiltration
analysis considering a spatially varying permeability function
within a two-dimensional (2D) hillslope. With one set of given
statistical parameters, they showed the spatial distributions of
saturated hydraulic conductivity that can lead to the highest
and lowest groundwater tables in the hillslope. However, they
did not focus on the effects of the spatial distribution of
saturated hydraulic conductivity in various hydraulic sce-
narios, nor did they investigate the relationship between the
likely distribution of saturated hydraulic conductivity and
observed pore-water pressures at some given locations within
a hillslope.

Cross-correlation analysis can serve as a quantitative tool
for answering the question posed above. Cross-correlation
analysis has been widely used by hydrogeologists over
the past decade. For example, Yeh et al. (2014) used a simple
example to elucidate the cross-correlation relationship be-
tween the observed heads in a saturated aquifer and the hy-
draulic conductivity in a one-dimensional aquifer. Mao et al.
(2011) conducted cross-correlation analysis to investigate
how the spatial variability of hydraulic parameters, such as the
saturated hydraulic conductivity, specific storage, and satu-
rated moisture content, at different locations in unconfined
aquifers affect the head at a given location in the unsaturated
and saturated regions. Wu et al. (2005) and Sun et al. (2013)
used cross-correlation analysis to study the spatial and tem-
poral evolution of cross-correlations between soil properties
(transmissivity and storage coefficients) and the head re-
sponses at an observation well during a pumping test, in both
homogeneous and heterogeneous aquifers.

At present, few have attempted to study the ways in which
the saturated hydraulic conductivity at different locations
within a hillslope influences the pore-water pressure at some
crucial locations within the hillslope. More importantly, few

studies have quantified the relationship between the most
likely distribution of saturated hydraulic conductivity and the
observed pressure head distribution within a hillslope subject
to rainfalls or other external events. This relationship may
allow us to better control the pore-water pressure distribution
within a hillslope.

The objectives of this study were therefore (1) to examine
how the pressure head at a crucial location (e.g., the slope toe)
is affected by the saturated hydraulic conductivity at different
locations within a hypothetical hillslope; (2) to investigate the
relationship between the most likely distribution of saturated
hydraulic conductivity and the observed pressure head distri-
bution within a hillslope; and (3) to elucidate the likely dis-
tribution of saturated hydraulic conductivity and the flow field
distribution within a heterogeneous hillslope subject to some
given hydraulic events, which are critical to the study of
hillslope stability.

2. Methodology

2.1. Governing equation

While transient flow is more realistic, for the sake of
simplicity and a first cut analysis, in this paper we focus on
steady-state flow in a heterogeneous hillslope, which is
pertinent to long-term status analyses. Here, we assume that
the flow in a heterogeneous 2D vertical hillslope cross-section
can be described by the following equation:

v

vx

�
KðPÞvP

vx

�
þ v

vz

�
KðPÞvðPþ zÞ

vz

�
¼ 0 ð1Þ

and is subject to the following boundary conditions:

8><
>:

Pðx; zÞjGD
¼ PD

KðPÞvP
vx

nx þKðPÞ
�
vP

vz
þ 1

�
nz

����
GN

¼ qN
ð2Þ

where P is the pressure head; z is the elevation head; K(P)
is the hydraulic conductivity-pressure constitutive function;
PD is the prescribed pressure head at the Dirichlet boundary
GD; qN is the specific flux at the Neumann boundary GN; and
nx and nz are the components of the unit vector n in the x and z
directions, respectively, and n is normal to the boundary GN.

2.2. Moisture retention and hydraulic conductivity
functions

In order to simulate flow in a hillslope using Eqs. (1) and
(2), the moisture retention and hydraulic conductivity curves
developed by van Genuchten (1980) and Mualem (1976),
respectively, also known as the MVG model, are adopted here,
and can be expressed as
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qðPÞ ¼
� ðqs � qrÞ½1þ ðajPjÞn��m þ qr P<0
qs P� 0

ð4Þ

where a, n, and m are soil parameters, and m ¼ 1�1/n; q(P) is
the volumetric water content; qs and qr denote the saturated
and residual moisture contents, respectively; and Ks is the
saturated hydraulic conductivity.

2.3. Random field theory

2.3.1. Stochastic conceptualization of heterogeneity
Hydraulic properties generally exhibit a high degree of

spatial variability at various scales (Nielsen et al., 1973;
Bouwer, 1978; Yeh, 1992; Cho, 2012). As a result, accurate
analysis of flow or stability analysis of a hillslope would
require detailed characterization of the hillslope. Nevertheless,
it is impossible to sample and map hydraulic properties at
every location within a hillslope. We therefore have to esti-
mate or guess their values at a location if there is no mea-
surement of the property (for example, Ks) or if its
measurement involves error. Our guess or estimate inevitably
causes us to unknowingly conceptualize Ks at the location as a
random variable, characterized by a probability distribution.
While the probabilistic conceptualization of Ks is rational, the
fact is that Ks at a given location, even if it has been deter-
mined exactly, can always be treated as a random variable.
This is tantamount to stating that the value of Ks determined at
that location represents just one of the many possible values of
Ks of geologic materials that may have been deposited at this
location when the environment comes into existence. There-
fore, a hydraulic property of a geologic formation at a given
location can always be considered a random variable regard-
less of whether the property is known or whether it involves
measurement error. As a consequence, the hydraulic conduc-
tivity field within a hillslope can be considered a collection of
random variables. This collection of an infinite number of
random variables is then called a stochastic process, or random
field. A more detailed introduction of stochastic conceptuali-
zation of heterogeneity is provided in Yeh et al. (2015).

Following the procedure of Yeh et al. (2015), in order to
describe Ks heterogeneity within a hillslope as a random field,
we implicitly assume that the random field has a joint lognormal
distribution, which is characterized by a mean ðmKs

Þ, a variance
ðs2Ks

Þ, and a correlation structure described by a covariance
function with some correlation scales (l). Furthermore, we let
the natural logarithm of saturated hydraulic conductivity, lnKs,
be F; it has a mean F and perturbation, f, whose variance is
denoted by s2f . Furthermore, F is assumed to have a statistically
isotropic or anisotropic covariance, which is described by an
exponential covariance function:

RðA,A0Þ ¼ s2
f exp

"
�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðx� x0Þ2

l2x
þ ðz� z0Þ2

l2z

s #
ð5Þ

where R(A,A0) is the autocovariance function of F at points A
and A0, located at (x, z) and (x0, z0), respectively; and lx and lz
are the correlation scales in the x and z directions, respectively.

The autocovariance function of F is a statistical measure of
the spatial structure (or spatial pattern) of F heterogeneity.
That is, it describes how the value of F at one location is
related to the F values at other locations. Physically, the cor-
relation scales of F then represent the average dimensions
(e.g., length and thickness) of heterogeneity (e.g., layers or
stratifications).

Although other parameters such as a, n, qs, and qr of the
MVG model (Eqs. (3) and (4)) do exhibit spatial variability
(Yeh et al., 2015), in this analysis, we assumed that their
spatial variability had insignificant effects on hillslope stability
issues and they were assumed to be constant throughout the
hillslope (Gui et al., 2000; Mao et al., 2011; Cho, 2012, 2014;
Zhu et al., 2013).

2.3.2. Random field generation using fast Fourier
transformation

In order to generate a random field, a fast Fourier transform
code modified from Gutjahr (1989) is used, which is compu-
tationally efficient (Zhu et al., 2013) and can produce a
reasonable and discretized random field with a defined mean
and variance, as well as correlation scales. The random field is
represented in the form of discretization, in which the hy-
draulic conductivity in the random field is generated at each
element for finite element analysis. Each realization of the
random field is first generated in a rectangular domain, with
the same width and height as the hillslope, and then the region
outside the boundary of the hillslope is truncated. Thus, a
realization with the geometry of the hillslope is generated,
following the approach of Zhu et al. (2013).

2.4. Cross-correlation analysis

Cross-correlation analysis (Zhang and Yeh, 1997; Li and
Yeh, 1998; Hughson and Yeh, 2000; Mao et al., 2011; Sun
et al., 2013) has been carried out to investigate how the
pressure head at a given location is affected by Ks at different
locations within a hillslope, based on a Taylor series expansion
of the flow model (Eq. (1)). Since natural logarithms of
saturated hydraulic conductivity, lnKs, at different locations
within the hillslope are treated as a random field with some
spatial correlation, we express them as lnKs ¼ F ¼ F þ f ,
where f represents the spatial variability or uncertainty due to

KðPÞ ¼
�
Ks

	
1� ðajPjÞn�1½1þ ðajPjÞn��m
2½1þ ðajPjÞn��m=2

P<0
Ks P� 0

ð3Þ
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lack of measurements of Ks or lnKs. Likewise, the pressure
head is represented by P ¼ Pþ p, where P represents the
mean pressure head within an equivalent homogeneous hill-
slope, evaluated using F, and p denotes the perturbation of
pressure head. Subsequently, the pressure head can be
expanded in a Taylor series regarding F:

Pðxi; ziÞ ¼Pðxi; ziÞ þ pðxi; ziÞ ¼ Pðxi; ziÞþ
vPðxi; ziÞ
vF

�
xj; zj

�
�����
F

f
�
xj; zj

�þ 1

2!

v2Pðxi; ziÞ
vF2

�
xj; zj

�
�����
F

f 2
�
xj; zj

�þ/

ð6Þ
The partial derivative vPðxi, ziÞ

vFðxj, zjÞ
���
F

in Eq. (6) denotes the

sensitivity of P at the location (xi, zi) with respect to the pertur-
bation of lnKs at the location (xj, zj), i.e., f(xj, zj). The subscript j
ranges from 1 toM, whereM is the total number of elements in
a finite element mesh for the hillslope. The subscript i ranges
from 1 to N, where N is the total number of nodes in the finite
element mesh for the hillslope. The repeated subscript j in the
product of the sensitivity term and the perturbation term (i.e.,
f ) implies the summation of all products with j, ranging from 1
to M, for the pressure head at node i. After neglecting the
second-order and higher-order terms, the first-order approxi-
mation of the pressure head perturbation can be written as

pðxi; ziÞzvPðxi; ziÞ
vF

�
xj; zj

�
�����
F

f
�
xj; zj

� ð7Þ

To reduce the computational load, the sensitivity was
calculated with a numerical adjoint state method (Sykes et al.,
1985; Li and Yeh, 1998, 1999; Hughson and Yeh, 2000) in this
study.

Multiplying Eq. (7) with itself, and based on the following
expectation:

E½pðxi;ziÞpðxk;zkÞ�¼E

(
vPðxi;ziÞ
vF

�
xj;zj

�
�����
F

f
�
xj;zj

�
f ðxl;zlÞvPðxk;zkÞ

vFðxl;zlÞ
����
F

)
¼

vPðxi;ziÞ
vF

�
xj;zj

�
�����
F

E

f
�
xj;zj

�
f ðxl;zlÞ

�vPðxk;zkÞ
vFðxl;zlÞ

����
F

ð8Þ

where i, k ¼ 1, 2, /, N, and j, l ¼ 1, 2, /, M, we generate the
following relation:

t

Rppðxi; zi;xk; zkÞ

�¼
"
vPðxi; ziÞ
vF

�
xj; zj

�
�����
F

#
Rff

�
xj; zj;xl; zl

��
$

�
vPðxk; zkÞ
vFðxl; zlÞ

����
F

�T
ð9Þ

where [Rpp] is the N � N covariance matrix for P, [Rff] is

the M � M covariance matrix for lnKs, and

�
vPðxi, ziÞ
vFðxj, zjÞ

�����
F

�
andh

vPðxk, zkÞ
vFðxl, zlÞ

����
F

i
are N � M matrices. Each diagonal element of

[Rpp] is the pressure head variance s2p at the location (xi, zi),

representing the mean-square deviation of the pressure head
within a heterogeneous hillslope from the mean pressure head

P, calculated using the F value of the hillslope.
Similarly, multiplying Eq. (7) with f(xl, zl) and with the

following expectation:

E½pðxi; ziÞf ðxl; zlÞ� ¼E

"
vPðxi; ziÞ
vF

�
xj; zj

�
�����
F

f
�
xj; zj

�
f ðxl; zlÞ

#
¼

vPðxi; ziÞ
vF

�
xj; zj

�
�����
F

E

f
�
xj; zj

�
f ðxl; zlÞ

� ð10Þ

we obtain the cross-covariance between the pressure head P at
the location (xi, zi) and lnKs at the location (xl, zl):
Rpf ðxi; zi;xl; zlÞ

�¼
"
vPðxi; ziÞ
vF

�
xj; zj

�
�����
F

#
Rff

�
xj; zj; xl; zl

�� ð11Þ

where [Rpf] represents the cross-covariance function matrix
between the pressure head P and lnKs.

Rpf is normalized by the square root of the product of
s2pðxi, ziÞ and s2f ðxl, zlÞ to obtain the corresponding cross-
correlation rpf:


rpf ðxi; zi;xl; zlÞ

�¼

Rpf ðxi; zi;xl; zlÞ

�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
s2
pðxi; ziÞs2

f ðxl; zlÞ
q ¼

�
vPðxi ; ziÞ
vFðxj; zjÞ

�����
F

�
Rff

�
xj; zj;xl; zl

��
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
s2
pðxi; ziÞs2

f ðxl; zlÞ
q ð12Þ

where [rpf] is the cross-correlation function matrix between
the pressure head P and lnKs.

Here we must point out that this cross-correlation analysis
is based on the first-order approximation, which ignores the
higher-order terms in the Taylor series. As a computationally
efficient approach, this cross-correlation analysis has been
widely used in inverse modeling as well as joint inversion of
flow, solute transport, and geophysical surveys.

2.5. Procedure to select corresponding realization for
given hydraulic scenario

There are an infinite number of realizations of Ks fields of a
heterogeneous hillslope with the same prescribed statistical
parameters. When a certain hydraulic scenario, for example,
the pressure head at the hillslope toe reaching its maximum, is
selected, few realizations may exist whose hydraulic responses
satisfy this hydraulic scenario. To select these possible re-
alizations, we take advantage of the preceding cross-
correlation analysis.

According to Eq. (7), we know that the pressure head P at
one location is influenced by Ks or lnKs at different locations
within a hillslope. The cross-correlation rpf > 0 means that
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an increase in Ks or lnKs at the location (xj, zj) can lead to an
increase in the pressure head P at the selected location (xi, zi)
within the hillslope and vice versa (positively-correlated),
while rpf < 0 means that an increase in Ks or lnKs at the
location (xj, zj) produces a decrease in the pressure head P at
the selected location (xi, zi) and vice versa (negatively-corre-
lated), and rpf ¼ 0 means no connection between Ks or lnKs

and the pressure head P. That is, the cross-correlation rpf could
be considered normalized weights, which quantify the in-
fluences of Ks or lnKs at different locations on the pressure
head P at some selected crucial locations within the hillslope.

Accordingly, a criterion Ae is set up to select the realization
that best meets the requirement of a hydraulic scenario:

Ae ¼
X

i2ð1;NÞ

XM
j¼1

rpf ln Ks

�
xj; zj

� ð13Þ

or

Ae ¼
X

i2ð1;NÞ

XM
j¼1

rpf Ks

�
xj; zj

� ð14Þ

where e ¼ 1, 2, /, L, which denotes the numbers of generated
realizations of Ks fields of the hillslope. i2(1, N ) means that
the selected crucial locations for the pressure heads could be a
point group or just one point. For each realization of the Ks

field within the hillslope, Ae could be calculated with Eq. (13)
or Eq. (14). The maximum of Ae indicates that the pressure
head at the selected location reaches a maximum, and
the minimum of Ae indicates that the pressure head at the
selected location reaches a minimum. That is to say, Ae can
be used as the criterion for selection of a realization,
which satisfies the given hydraulic scenario, from an infinite
number of realizations with the same prescribed statistical
parameters.

In fact, there may exist other possible realizations that
satisfy the given hydraulic scenario, and the selected realiza-
tion may not be unique. Here we merely use this procedure to
select some realizations for illustration purposes. That is, we
want to demonstrate what the likely distributions of saturated
hydraulic conductivity and flow field within a heterogeneous
hillslope might look like for some given critical hydraulic
scenarios, with different rainfall amounts and spatial statistics,
which describe the heterogeneous nature of saturated hy-
draulic conductivity within the hillslope.

3. Setup of simulations

3.1. Model and parameters

In order to investigate the relation between the most
likely distribution of saturated hydraulic conductivity and
the observed pressure head distribution within a hillslope,
several numerical experiments were conducted. All the ex-
periments were based on a synthetic 2D vertical cross-section
of a hypothetical hillslope. Fig. 1 displays the geometry and
boundary conditions of the hillslope. The boundaries AH and

BC are the Dirichlet boundaries with constant heads, that is,
ðPþ zÞjAH ¼ 20m, and ðPþ zÞjBC ¼ 10m. The boundary AB
is impermeable, and the boundary GF is the Neumann
boundary with a constant vertical flux q. The boundaries FE,
ED, GH, and DC are defined as seepage faces. The bound-
aries FE and ED vary from the Neumann boundaries with
constant q in the unsaturated state to boundaries with zero
pressure head in the saturated state. The boundaries GH and
DC vary from impermeable boundaries in the unsaturated
state to boundaries with zero pressure head in the saturated
state. The simulation domain (100 m � 40 m) in the vertical
plane is evenly discretized into 50 � 40 elements and 2091
nodes, and then the top right corner of the domain is trun-
cated. Thus, the shape of the remaining part with 1610 ele-
ments and 1681 nodes becomes the geometry of the hillslope
(Fig. 1).

Stochastic representation of the heterogeneous hillslope
(as discussed in the preceding section) was used to provide a
quantitative but bulk description of the heterogeneity within
the hillslope. mKs was set to 1.0 m/d. The values of soil hy-
draulic parameters, set to be uniform in this study, were as
follows: a ¼ 0.4 m�1, m ¼ 0.5, n ¼ 2, qr ¼ 0.07, and qs ¼ 0.4.
Table 1 lists the spatial statistics of Ks used in the numerical
experiments. In this study, only Ks was treated as a random
field, although other parameters also exhibited spatial vari-
ability. These statistical values were selected based on
comprehensive surveys of literature on spatial variability of
unsaturated hydraulic parameters, as summarized in Yeh et al.
(2015). Based on published studies (Nielsen et al., 1973;
Rawls et al., 1982; Carsel and Parrish, 1988; Ünlü et al.,
1990; White and Sully, 1992; Russo and Bouton, 1992;
Khaleel and Freeman, 1995; Russo, 1997; Gui et al., 2000;
Srivastava et al., 2010; Santoso et al., 2011; Cho, 2012; Zhu
et al., 2013), a general range of 30%e100% of the coeffi-
cient of variation (CV ¼ sKs

=mKs
) of Ks was suggested. Thus,

the general range of variance of lnKs could be 0.1 to 0.7, and
we also used a high variance of 1.5 for comparison. Corre-
lation scales of 0.025e100 times the slope height were sug-
gested for lnKs, which were 0.5e2000 m in Zhu et al. (2013).
Actually, not only the slope height, but also the grid size and
entire domain size needed to be considered to determine a

Fig. 1. Hypothetical hillslope in numerical study.
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proper correlation scale. Meanwhile, the anisotropy of lnKs

could not be neglected. In this study, the correlation scale of
lnKs in the vertical direction, lv, was determined to be 10 m,
and the correlation scale of lnKs in the horizontal direction,
lh, was changed from 10 to 100 m. The ratio between the
vertical infiltration flux q and mKs

was set to 0.01 (mild
rainfall intensity) based on Zhu et al. (2013), and we
increased this value to 0.05 for comparison purposes. These
small values are shown to be able to maintain a constant
matric suction in the unsaturated region (Zhang et al., 2004),
and make the constant infiltration flux boundary realistic.

In the analysis, the six cases listed in Table 1 were used in
parametric studies on the effect of three factors, which were
the variance ðs2f Þ, spatial structure anisotropy (lh/lv), and
normalized vertical infiltration flux ðq=mKs

Þ. More specif-
ically, cases 1 and 2 focused on the effects of the variation of
s2f ; cases 1, 3, and 4 focused on the effects of the variation of
lh/lv; and cases 1, 5, and 6 focused on the effects of the
variation of q=mKs

.
A finite element numerical model code for simulating

variably saturated flow and transport in two dimensions
(VSAFT2), presented by Yeh et al. (1993), with the corre-
sponding software available at www.hwr.arizona.edu/yeh, was
used to simulate flow fields for the hillslope scenario. This
program solves Eq. (1) with nonlinear finite element approx-
imation based on the Newton-Raphson method. The program
also includes an iterative scheme, since it needs to arrive at the
appropriate boundary condition along seepage faces (Rulon
and Freeze, 1985).

3.2. Flow field within a homogeneous hillslope

To present a basic understanding of the flow field within the
hypothetical hillslope, we first simulated the steady flow in the
hillslope, in which the Ks values of all elements were assumed
to be the mean saturated hydraulic conductivity (i.e.,
mKs

¼ 1.0 m/d), other parameters were assumed to be uniform,
and the vertical infiltration flux was q ¼ 0.01 m/d. Fig. 2
shows the simulated flow field, including streamlines (or
flow lines), contour lines of pressure head, and the phreatic
surface. The flow field derived from the homogeneous mean
parameter values represents the most likely flow field with
given infiltration rates and boundary conditions. Although this
most likely field can be quite different from the field based on
heterogeneous parameters, it displays the general flow field
within the hillslope.

4. Results and discussion

4.1. Cross-correlation analysis

First, we used cross-correlation analysis to investigate how
the pressure head at a location is affected by Ks or lnKs at
different locationswithin the hypothetical hillslope in case 1. As
shown in Fig. 3(a), the spatial distribution of cross-correlation
between lnKs at different locations and P with the observation
location at the slope toe is used to represent the situation in the
unsaturated region, while the spatial distribution of cross-
correlation with the observation location of P under the slope
toe, below themean position of the phreatic surface, as shown in
Fig. 3(b), is representative of the situation in the saturated re-
gion. Fig. 3 indicates that the distribution of cross-correlation for
the pressure head observation location in the unsaturated region
is quite different from that for the pressure head observation

Fig. 2. Mean pressure head evaluation for homogeneous hillslope
when Ks ¼ mKs

¼ 1:0 m=d.

Fig. 3. Spatial distributions of cross-correlation between lnKs and P in
steady state for case 1.

Table 1

Study cases.

Case no. s2
f lh (m) lv (m) lh/lv q/mKs

1 0.7 10 10 1 0.01

2 1.5 10 10 1 0.01

3 0.7 50 10 5 0.01

4 0.7 100 10 10 0.01

5 0.7 10 10 1 0.03

6 0.7 10 10 1 0.05
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location in the saturated region; however, the distributions of
cross-correlation have similar characteristics in the unsaturated
region and saturated region, respectively, regardless of the
pressure head observation location.

As illustrated in Fig. 3(a), in the unsaturated region, the
pressure head is negatively correlated with lnKs in the region
around the pressure head observation location at the slope toe,
with a cross-correlation value reaching �0.8. As the distance
from the pressure head observation location (e.g., the slope toe)
increases, the cross-correlation values tend to be less negative,
showing a decreasing correlation, and finally become slightly
positive in the upstream region. Overall, the pressure head at the
slope toe is dominated by negative cross-correlation with lnKs.
These results also demonstrate that the pressure head at an
observation location within the hillslope is not equally influ-
enced by heterogeneity everywhere within the hillslope, and the
most influenced region is around the pressure head observation
location at the slope toe, as shown in Fig. 3(a).

As shown in Fig. 3(b), in the saturated region, the pressure
head at the observation location is positively correlated with
lnKs in the upstream region and negatively correlated with
lnKs in the downstream region. This pattern of correlation
follows the direction of the streamline (see Fig. 2 for the
streamline). This result is consistent with the findings in Li and
Yeh (1999) and Mao et al. (2011). Specifically, the pressure
head is positively correlated with Ks in the up-gradient region
and negatively correlated with Ks in the down-gradient region
with respect to the pressure head observation location along
the streamline toward the pumping well. Here, the drain outlet
of the downstream slope is equivalent to a pumping well. Yeh
et al. (2014) used a simple example to elucidate this
relationship.

4.2. Effect of three factors on results of cross-correlation
analysis

For cases 1 through 6 in Table 1, cross-correlation analysis
was used to investigate the degree of influence of lnKs at
different locations within the hillslope on the pressure head
with the observation location at the slope toe in the steady
state. The resultant spatial distributions of cross-correlation
within the hillslope for the six cases are shown in Fig. 4.
Note that s2f , lh/lv, and q=mKs

have similar effects when the
pressure head observation location is in the saturated region.

Comparison of case 1 and case 2 in Fig. 4 indicates that s2f
has no effect on the spatial distribution of cross-correlation
between lnKs and P. This is due to the fact that the cross-
correlation value is obtained by normalizing the cross-
covariance Rpf using the square root of the product of s2p
and s2f .

When we compare case 1, case 3, and case 4, we find that,
with the increase of spatial structure anisotropy, lh/lv, the
pattern of spatial distribution of cross-correlation becomes
more stratified. When the observation location of pressure
head is in the unsaturated region, the negatively correlated
region increases with the value of lh/lv, and the cross-
correlation value between lnKs and P of the whole region

within the hillslope becomes more negative. The positively
correlated region, formerly existing in the upstream region, is
gradually covered by the negatively correlated region with the
increase of lh/lv. The reason for these phenomena is that, with
the increasing spatial structure anisotropy of Ks, the autocor-
relation between Ks at any two locations increases, leading to
the increase of the negatively correlated region.

Comparisons of case 1, case 5, and case 6 demonstrate that
an increase in the vertical infiltration flux q changes the spatial
distribution of cross-correlation between lnKs and P. More
specifically, the negatively correlated region increases with the
value of q, and the most negative value of cross-correlation
becomes less negative. This result can be attributed to the
fact that the flow fields are different for different vertical
infiltration fluxes. However, this change is not very dramatic.

4.3. Spatial distribution pattern of saturated hydraulic
conductivity with respect to pressure head within a
heterogeneous hillslope

Based on the spatial distributions of cross-correlation in
Figs. 3(a) and 4, we can further conclude that, in the unsaturated
region, subject to a constant flux (or Neumann) boundary, the
location with a relatively high P is in a relatively low Ks zone,
while the location with a relatively low P is in a relatively high
Ks zone. This can be attributed to the fact that, in the unsaturated
region, the dominant correlation between P and Ks is negative
and mainly occurs around the pressure head observation loca-
tion. The matric suction (i.e., the absolute value of negative
pore-water pressure) in a relatively lowKs zone is low, and there
may even exist high positive pressures. Therefore, the relatively
low Ks zones in the unsaturated region close to the slope surface
are themore likely deformation and failure zones, which require
special attention and prevention.

On the other hand, based on Fig. 3(b), we can determine
that, in the saturated region subject to a constant pressure head
(or Dirichlet) boundary, if a location has a relatively high P or
is under a relatively high phreatic surface, the upstream region
is a relatively high Ks zone while the downstream region is a
relatively low Ks zone. Meanwhile, if the P value or the
phreatic surface is relatively low at a location, a relatively high
Ks zone exists downstream, while a relatively low Ks zone
exists upstream.

Note that this spatial distribution pattern of Ks is valid only
for the boundary conditions considered here. For example, if
we assign a constant head (or Dirichlet) boundary along GF,
FE, or ED (Fig. 1) in the unsaturated region (e.g., pond and
surface water), then the pattern in the unsaturated region will
be similar to that in the saturated region. As a result, the
pattern depends on the boundary condition.

4.4. Examples of realizations for given hydraulic
scenarios

Using the procedure to select realizations for given hy-
draulic scenarios (Eq. (13) or (14)), realizations of Ks fields
and the corresponding flow fields for the six cases that satisfy
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the hydraulic scenarios, in which the pressure head at the slope
toe reaches a maximum or minimum, were obtained. Ten
thousand realizations were generated for each case. We must
emphasize that here the hydraulic scenario focused on just the
slope toe, the only observation location within the hillslope. If
the target changes or expands, the selected realizations will
change.

4.4.1. Pressure head at slope toe reaching maximum
Fig. 5 shows the selected Ks random fields and their cor-

responding flow fields, conditioned to the scenario in which
the pressure head at the slope toe is maximum. As illustrated
in Fig. 5, the selected realizations for the six different cases all
have high Ks values in the upstream region and low Ks values
in the downstream region, and the slope toe is located in a
relatively low Ks zone. In the unsaturated region, a relatively
low P value tends to exist in a relatively high Ks zone. Such
spatial distributions of Ks are consistent with the cross-
correlation pattern between Ks and P, and correspond to the

maximum pressure head at the slope toe under the prescribed
boundary conditions.

In addition, for case 1, shown in Fig. 5(a), the Ks field
fluctuates spatially, each high/low Ks zone is surrounded by
other low/high Ks zones, and there appears to be no prefer-
ential distribution direction. This is reasonable in realistic
conditions when this slope soil profile is within regionally
similar deposits without a specific depositional direction.
Case 2 shows the spatial distribution of Ks similar to that in
case 1, but with a greater difference between the high Ks value
and the low Ks value within the hillslope (i.e., greater het-
erogeneity). The spatial distributions of Ks in cases 3 and 4
are horizontally stratified, representing a horizontally layered
slope, although in case 3 there exist some small discontinu-
ities (e.g., high Ks zone-like fractures and low Ks zone-like
barriers) in each layer. The spatial distributions of Ks in
cases 5 and 6 are similar to that in case 1, since their cross-
correlation patterns are similar, as illustrated in the preced-
ing section (Figs. 4(a), (e), and (f)).

Fig. 4. Spatial distributions of cross-correlation between lnKs at different locations and P at slope toe in steady state for different cases.

141Jing-sen Cai et al. / Water Science and Engineering 2016, 9(2): 134e144



Comparing case 1 with case 2 in Fig. 5, we find that a
higher s2f leads to a greater difference between the high Ks

value and the low Ks value within the hillslope. This also re-
sults in a higher phreatic surface and a higher pressure head at
the slope toe.

Comparisons of case 1, case 3, and case 4 in Fig. 5
demonstrate that when the Ks random field of selected re-
alizations becomes more stratified, the field tends to show
smooth variation within the horizontal layers, and the Ks

values tend to be low in most regions of the hillslope, espe-
cially in the saturated region below the phreatic surface. This
leads to a lower phreatic surface and a lower pressure head at
the slope toe. Moreover, the corresponding streamlines
become straighter and smoother, making them similar to the
streamlines in the homogeneous hillslope in Fig. 2. These
results suggest that an isotropic hillslope with relatively small
correlation scales may produce a small number of patches of
high positive pressure in the unsaturated region, which are
localized and hard to detect, but may be critical for slope
stability analysis. On the other hand, horizontally layered

slopes are more likely to produce large-scale hydraulic fea-
tures (e.g., perched water table aquifers), which are easier to
detect.

Comparisons of case 1, case 5, and case 6 in Fig. 5 indicate
that an increase in the vertical infiltration flux q produces a
higher phreatic surface and a higher pressure head at the slope
toe.

4.4.2. Pressure head at slope toe reaching minimum
Fig. 6 shows heterogeneous Ks fields and their corre-

sponding flow fields, subject to the condition that the pressure
head at the slope toe must be at a minimum. Each realization
for each case in Fig. 6 has similar characteristics of spatial
distribution of Ks to that in Fig. 5. However, unlike the re-
alizations in Fig. 5, the selected realizations for six different
cases in Fig. 6 all have high Ks values, mainly distributed in
the downstream regions, and low Ks values, mainly distributed
in the upstream regions, and the slope toe is in a relatively high
Ks zone. In the unsaturated region, a relatively high P value
tends to exist in a relatively low Ks zone. Moreover, the

Fig. 5. Spatial distributions of realized Ks fields and flow fields in steady state for different cases, subject to hydraulic scenario in which pressure
head at slope toe reaches a maximum.
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phreatic surfaces for different cases in Fig. 6 are all lower than
those in Fig. 5. Note that even if the vertical infiltration flux
increases (e.g., case 6 in Fig. 6), the phreatic surface can still
remain low, depending on the distribution of Ks within the
heterogeneous hillslope. In addition, the effects of s2f , lh/lv,
and q=mKs

as shown in Fig. 6 are similar to those in Fig. 5.

5. Conclusions

Results of the study show that, in an unsaturated region
with a flux boundary, the dominant correlation between the
pressure head P and saturated hydraulic conductivity Ks is
negative and mainly occurs around the observation location of
P. A location with a relatively high P is in a relatively low Ks

zone, while a location with a relatively low P is in a relatively
high Ks zone. The relatively low Ks zones in the unsaturated
region close to the slope surface are the more likely defor-
mation and failure zones, which deserve special attention. We
can further define the ratio of the vertical infiltration flux q to
Ks (i.e., q/Ks), with the vertical infiltration flux q set to be

constant and uniform in this study. Therefore, P was positively
correlated with q/Ks at the same location in the unsaturated
region. Note that rainfall distribution is also important to the
spatial distribution of P in unsaturated regions. If rainfall is
non-uniform, the correlation between P and Ks becomes more
complex. However, P is still positively correlated with q/Ks. In
addition, the position and shape of the phreatic surface may
reveal the spatial distribution of Ks in a saturated region. That
is, even if the vertical infiltration flux increases, the phreatic
surface can remain low, depending on the distribution of Ks

within the heterogeneous hillslope.
The most likely spatial pattern of the Ks field depends on

the applied boundary conditions and factors, like the variance
of lnKs, spatial structure anisotropy of lnKs, and vertical
infiltration flux q. Overall, the spatial pattern obtained in this
study can serve as a useful tool to quickly grasp the most
likely distribution pattern of Ks within a hillslope using
observed pressure head fluctuations. Based on these findings,
we conclude that, in terms of hillslope stability, heterogeneity
causes some parts of the hillslope to be sensitive to external

Fig. 6. Spatial distributions of realized Ks fields and flow fields in steady state for different cases, subject to hydraulic scenario in which pressure
head at slope toe reaches a minimum.
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hydraulic stimuli (e.g., rainfall and reservoir level change) and
other parts of the hillslope to be insensitive. This is due to the
fact that heterogeneity affects the spatial distributions of the
matric suction (i.e., the absolute value of negative pore-water
pressure), pressure head, and position and shape of the phre-
atic surface. This finding is essential since it explains why
slopes with similar geometries would have different hydraulic
or deformation responses to the same hydraulic stimuli. For
example, some hillslopes are rainfall-sensitive while others are
rainfall-insensitive in terms of hillslope stability. Research on
these topics for hillslope stability analysis will be reported in
future papers.
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