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ABSTRACT 

Current coherent optical transmission systems focus on single carrier solutions for 

400 Gb/s serial transmission to support traffic growth in fiber-optics communications, 

together with a few subcarriers multiplexed solutions for the 1 Tb/s serial data rates and 

beyond. With the advancement of analog-to-digital converter technologies, high order 

modulation formats up to 64-QAM with symbol rate up to 72 Gbaud have been 

demonstrated experimentally with Raman amplification. To enable such high serial data 

rates, it is highly desirable to implement in hardware low complexity digital signal 

processing schemes and advanced forward error correction coding with powerful error 

correction capability. 

In this dissertation, to enable high-speed optical communications, we first 

proposed an efficient FPGA architecture of high-performance binary and non-binary 

LDPC engines that can support throughputs of multiple Gb/s, which have low power 

consumption, providing high net coding gains at a target bit-error rate of 10-15. Further, 

we implement a generalized LDPC coding based rate adaptive binary LDPC coding 

scheme and puncturing based rate adaptive non-binary LDPC coding scheme, where 

large number of parameters can be reconfigured in order to cope with the time-varying 

optical channel conditions and service requirements. Based on comprehensive analysis on 

complexity, latency, and power consumption we demonstrate that the proposed efficient 

implementation represents a feasible solution for the next generation optical 

communication networks. Additionally, we investigate the FPGA implementation of rate 

adaptive regular LDPC coding combined with up to six high-order modulation formats 

and demonstrate high net coding gain performance and demonstrated a bit loading 
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algorithm for irregular LDPC coding. Lastly, we present the real-time implementation of 

a direct detection OFDM transceiver with multi Giga symbols/s symbol rates in a back-

to-back configuration.   
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To meet the continuous demands for high-capacity optical transmission, digital coherent 

receiver with dual polarization quadrature phase shift keying (DP-QPSK) modulation has 

been standardized for 100Gb/s technology [1, 2]. In order to further increase the serial 

data rate, e.g. 400Gb/s, high-order modulation formats have been extensively investigated 

to improve the spectral efficiency and thus the capacity, which leads to higher optical 

signal-to-noise ratio (OSNR) requirement [3]. With the emergence of high-speed analog-

to-digital converter (ADC) and integrated circuit (IC) technologies, soft-decision forward 

error correction (SD-FEC) with large net coding gain (NCG) is preferred option over 

hard-decision FEC to further reduce the OSNR requirement. Hence, in order to achieve 

serial date rates of 400 Gb/s and beyond, stronger FEC schemes with larger NCG are 

being intensively sought with minimum of additional redundancy bits. 

Among the existing advanced FEC schemes, the low-density parity-check (LDPC) 

codes, the linear block codes with sparse parity-check matrices, are capacity achieving 

codes and as such are intensively studied for the use in high-speed optical 

communications. LDPC codes were first introduced by Gallager in 1960 [4] and stayed 

overlooked due to their high complexity at the time of discovery, until the mid-1990s 

when they were re-discovered by MacKay and others [5, 6]. The sparseness of the parity-

check matrix facilitates low-complexity implementation of corresponding iterative LDPC 

decoder, such as belief propagation (also known as sum-product algorithm); in particular 

for its simplified versions such as min-sum algorithm, scaled min-sum algorithm, and 

min-sum with correction term algorithm [7]. Later, a layered decoding algorithm is 

proposed in order to speed up the converge process [8].  
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In recent years, a variety of high-performance SD-FECs, which have low power 

consumption, while providing high net coding gains at a target bit error rate of 10-15; 

which are preferably adaptable to the time-varying optical channel conditions, have been 

reported to enable ultra-high-speed optical communication systems. The turbo product 

code (TPC) can achieve NCG of 11.0dB at BER of 10-15 with 15% overhead (OH) [9], 

while Reed-Solomon (RS) code and single parity check (SPC) code concatenated with 

LDPC code can achieve NCGs of 10.8dB and 11.3dB at BER of 10-15 with 20.5% OH 

[10 , 11], respectively. Later, a single low-density parity-check (LDPC) code and a 

convolutional LDPC code were reported achieving NCGs of 11.3dB and 11.5dB, 

respectively, at a BER of 10-15 with 20% OH [12, 13]. Most recently, a concatenated 

spatially coupled type LDPC code has been proposed with an expected NCG of 12dB, 

verified via both Monte Carlo simulation and field programmable gate array (FPGA) 

emulation [14, 15]. All these codes have significantly improved the error correction 

capability compared to the widely commercialized hard-decision based concatenated 

block codes.  

In this dissertation, we contribute to solving key challenges for the next 

generation optical transport networks in three aspects. We first propose a class of binary 

quasi cyclic (QC) LDPC codes suitable for high-speed implementation, and demonstrate 

their very good performance in both waterfall and error floor region via efficient FPGA 

implementation. Then we propose the rate adaptive binary LDPC codes and non-binary 

LDPC codes to deal with the time-varying optical channel conditions. To enable the fine 

granularity in code rate adaptation, certain number of parity-checks are replaced with low 

complexity linear block codes, and the decoding is performed in generalized LDPC 
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(GLDPC) fashion. Furthermore, an efficient LDPC coded modulation scheme is proposed 

combined with high-order modulation formats with an improved spectral efficiency. To 

improve the performance of this coded modulation scheme, the unequal error protection 

is applied to individual bits within a symbol. Lastly, an OFDM transceiver is 

implemented in FPGA hardware. 

The dissertation is organized as follows. Chapter 2 provides a comprehensive 

discussion on implementation of binary QC LDPC coding emulator; including the 

construction of large girth QC LDPC coding method, efficient encoding and decoding 

algorithms and the corresponding FPGA architecture. We then provide a thorough 

analysis on the implementation results, the utilization usage, throughput of the emulator, 

and conclude with emulation results. Our analysis and results demonstrate that a class of 

efficient LDPC codes, derived from QC designs, with large net code gain (NCG) of 

12.02dB at BER of 10-15 can be successfully implemented in hardware. 

Our goal in Chapter 3 is to provide a thorough analysis on the implementation 

complexity of a class of rate compatible binary LDPC codes. Such rate compatible 

binary LDPC codes are capable of both coarse tuning and fine tuning of the code rate, 

enabling to adapt the system to either time-varying optical channel conditions or different 

service quality requirements with a very nice precision. The results indicate that a 

proposed unified hardware architecture enables a large range of overheads from 25% to 

46%, with coding gains ranging from 12.67dB to 13.8dB.  

In Chapter 4, we investigate the implementation of non-binary QC LDPC coding 

with the primary focus on the FPGA-based efficient decoder architecture. Then we 

present a thorough comparative analysis between the binary LDPC decoder and non-
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binary LDPC decoder in two aspects, logic utilization and memory utilization; and 

summarize the advantages and disadvantages of non-binary LDPC codes. Meanwhile, the 

adaptive non-binary LDPC codes are also evaluated and a signal-to-noise ratio (SNR) 

limit improvement of 0.1 dB over binary counterpart is demonstrated with emulation 

results, for BPSK. Larger improvements are possible for larger constellation sizes. 

In Chapter 5, we evaluate the performance of a set of binary LDPC codes 

combined with five signal constellation schemes of high spectral efficiency. Such high 

order constellation schemes represent the key solutions enabling the beyond 400 Gb/s 

optical transport networks. Inspired by the unequal protection property in large 

constellation schemes, we first employ our adaptive binary QC LDPC codes on different 

bits within the symbol, and demonstrate the SNR improvements of up to 0.5 dB. 

Additionally, we propose to use irregular LDPC codes and assign the reliable bits to the 

lower variable degree positions.  

Chapter 6 demonstrates an FPGA-based OFDM transceiver system in an electrical 

back-to-back configuration. Three conventional constellation schemes (QPSK, 8QAM, 

and 16QAM) as well as two capacity achieving constellation schemes (8OSCD and 

16OSCD) have been demonstrated with symbol rate of up to 3.2 GSymbol/s.  

Finally, Chapter 7 provides our concluding remarks and points out to some 

directions for future work. 
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As a post-FEC BER of 10-15 is usually preferred for fiber-optics communications, 

researchers adopt concatenated codes or post processing techniques to lower down the 

error floor of LDPC codes [16, 17]. However, these techniques inevitably introduce more 

complexity and latency from an implementation point of view. Thus, a single LDPC code 

with a good waterfall and error-floor performance is highly desired alternative. In this 

chapter, we demonstrate a class of large-girth QC LDPC codes with 25% redundancy that 

can achieve NCG of 11.8dB at BER of 10-15.  

In the rest of this chapter we will discuss the implementation details of QC LDPC 

codes. In Section 2.1, we describe a construction method of QC LDPC codes. Then we 

present an efficient encoding algorithm and its corresponding decoding algorithm in 

Sections 2.2 and 2.3, respectively. Before implementation, we perform a reasonable fixed 

point representation via computer simulation in Section 2.4. In Section 2.5, the detailed 

FPGA architecture of an LDPC coding emulator is presented along with a detailed 

example. Lastly, the bit error rate (BER) performances of a class of LDPC codes with 

overhead (OH) of 25% reveal the good performance in both waterfall region and error 

floor region. Thus this class of the well-structured QC LDPC codes can represent one of 

the promising forward error correction (FEC) solutions for the next generation of optical 

transport networks. 

2.1  Design of Binary QC-LDPC Codes 

There exist various algebraic and combinatorial methods to construct structured 

LDPC codes. Among these, the designs in [18, 19] stand out in QC-LDPC code design 

for their novelty and pioneering contribution. The benefit of a large girth QC-LDPC code 
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is threefold: (i) large minimum distance provides excellent waterfall performance: given 

the column weight, Tanner’s bound reveals the fact that minimum distance of an LDPC 

code is exponentially proportional to the value of girth [20]; (ii) large girth also provides 

good error floor performance [21], and (iii) QC-LDPC coding leads to an efficient 

implementation. Following the guideline in [22,23], the parity-check matrix 𝑯  of a 

(𝛾, 𝜌)-regular binary QC-LDPC code can be represented by 

𝑯'(,)*×,* =

𝑨 𝑝0,0 𝑨(𝑝0,1)
𝑨 𝑝1,0 𝑨(𝑝1,1)

… 𝑨(𝑝0,,)
… 𝑨(𝑝1,,)

⋮ ⋮
𝑨 𝑝4,0 𝑨(𝑝4,1)

⋱ ⋮
… 𝑨(𝑝4,,)

                       (2.1) 

where 𝑨(𝑝6,7) is a 𝑏×𝑏 circulant permutation matrix of the identity matrix with the first 

row obtained by cyclic shifts 𝑝6,7. Given values of the column weight γ, row weight 𝜌, 

block size 𝑏 , and desired girth 𝑔 , the most straightforward approach is to randomly 

generate 𝛾𝜌 integers from 1 to 𝑏 for each 𝑝6,7 until Theorem 2.1 in [24] is satisfied. For 

large 𝛾 or 𝜌, exhaustive search may end up with an intolerable long duration time for the 

search. Therefore, we introduced the concept of the cyclic-invariant difference set (CIDS) 

[23], which comes naturally as girth-6 codes. We can rewrite the parity-check matrix 

𝑯'(,)*×,* as 

𝑯'(,)*×,* =

𝐀 𝑝0 𝐀(𝑝1)
𝐀 2𝑝0 𝐀(2𝑝0)

… 𝐀(𝑝,)
… 𝐀(2𝑝,)

⋮ ⋮
𝐀 𝛾𝑝0 𝐀(𝛾𝑝1)

⋱ ⋮
… 𝐀(𝛾𝑝,)

                             (2.2) 

It can be easily see that the searching space is reduced from 𝛾×𝜌×𝑏 to 𝜌×𝑏. This 

method makes it easier to find the girth-10 LDPC codes. With the proposed algorithm, 

the code rate 𝑅 of regular LDPC codes is lower-bounded by 
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𝑅 ≥ 𝜌𝑏−𝛾𝑏𝜌𝑏 = 1 − 𝛾𝜌                                             (2.3) 

where 𝜌𝑏 is the codeword length, 𝛾𝑏 is the number of check nodes. Notice that for a 

given column weight	𝛾 and row weight 𝜌, large girth value requires large value of 𝑏, 

which results in the large codeword length. 

2.2 Efficient Encoding of Binary QC-LDPC Codes 

One of the straightforward methods for encoding algorithm is to first perform the 

Gaussian elimination to obtain a generator matrix in a systematic form and then use it in 

encoding process [24]. After Gaussian elimination process, 𝑯BC will have a form [𝑷F	𝑰], 

thus the generator matrix 𝑮BC can be written in systematic form [𝑰	𝑷]. During the Gauss-

Jordan elimination, several columns need to be swapped, which is equivalent to changing 

the positions of corresponding variable nodes. So we have to take care of those variable 

nodes after the encoding process. At the same time, some subsequent rows are linearly 

dependent with respect to preceding rows, which reduces the code rate. The systematic 

form of generator matrix brings advantage on the latency of the encoding process, 

however, the non-structured generalized parity matrix 𝑷  prevents from the efficient 

hardware implementation due to large memory consumption in storing the entire parity 

matrix. Therefore, we consider the systematic-circulant (SC) form of the generator matrix 

instead. 

Since the parity-check matrix construction method based on permutation matrices 

usually does not has the full rank, we consider the case for which 𝑟 < 𝛾𝑏  in our 

dissertation. For more details on how the SC form of generator matrix can be obtained 

from a QC form of the parity-check matrix, we refer an interested reader to [25]. In this 
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case, we first find the least number of column of permutation circulants in 𝑯BC, say 𝛾 ≤

𝑙 ≤ 𝜌 , such that these 𝑙  columns of permutation circulants form a 𝛾×𝑙  subarray 𝑫∗ , 

whose rank is equal to the rank of 𝑯BC. One of the good thing is that the 𝑙 is usually equal 

to 𝛾. Let 

𝑫∗ =

𝑨(𝑝0,,PQR0) 𝑨(𝑝0,,PQR1)
𝑨(𝑝1,,PQR0) 𝑨(𝑝1,,PQR1)

… 𝑨(𝑝0,,)
… 𝑨(𝑝1,,)

⋮ ⋮
𝑨(𝑝4,,PQR0) 𝑨(𝑝4,,PQR1)

⋱ ⋮
… 𝑨(𝑝4,,)

                         (2.4) 

Then the desired generator matrix has the size of (𝜌𝑏 − 𝑟)×𝜌𝑏, and has the following 

form: 

𝑮'( =
𝑮
−
𝑸

                                                                  (2.5) 

which consists of two submatrices 𝐆 and 𝑸. The 𝐆 submatrix is a (𝜌 − 𝑙)×𝜌 matrix of 

the following form 

𝑮 =

𝑰 𝟎
𝟎 𝑰

⋯ 𝟎
⋯ 𝟎

𝑮0,0 𝑮0,1
𝑮1,0 𝑮1,1

⋯ 𝑮0,Q
⋯ 𝑮1,Q

⋮ ⋮
𝟎 𝟎

⋱ ⋮
⋯ 𝑰

⋮ ⋮
𝑮,PQ,0 𝑮,PQ,0

⋱ ⋮
⋯ 𝑮,PQ,Q

                              (2.6) 

where 𝑰 is a 𝑏×𝑏  identity matrix, 𝟎  is a 𝑏×𝑏  zero matrix, and 𝑮6,7  is a 𝑏×𝑏  circulant 

matrix. The 𝑸 submatrix is a (𝑙𝑏 − 𝑟)×𝜌𝑏 matrix whose rows are linearly independent, 

and its also linearly independent of the rows of the submatrix 𝑮 . Matrix 𝑸  can be 

represented as follows  

𝑸 =

𝟎0,0 𝟎0,1
𝟎1,0 𝟎1,1

⋯ 𝟎0,,PQ
⋯ 𝟎1,,PQ

𝑸0,0 𝑸0,1
𝑸1,0 𝑸1,1

⋯ 𝑸0,Q
⋯ 𝑸1,Q

⋮ ⋮
𝟎Q,0 𝟎Q,1

⋱ ⋮
⋯ 𝟎Q,,PQ

⋮ ⋮
𝑸Q,0 𝑸Q,0

⋱ ⋮
⋯ 𝑸Q,Q

                           (2.7) 
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where 𝟎6,7 is a 𝑑6×𝑏 zero matrix and 𝑸6,7 is a 𝑑6×𝑏 matrix. 𝑑6 represents the number of 

linearly dependent columns in the 1st, 2nd, …, lth columns of the circulant in 𝑫∗. 

Example. In this example, we use a QC LDPC code (16935, 13550) to illustrate the 

process of finding its generator matrix in SC form from its parity-check matrix designed 

by the method described in Section 2.1. The QC-LDPC matrix has column weight 𝛾 = 3, 

row weight 𝜌 = 15, code rate 𝑅 = 0.8, and block size 𝑏 = 1129. (This code will be 

often used as an example throughout the whole dissertation). The parity-check matrix 

𝐇BC,)*×,*  consists of 𝛾×𝜌 permutation circulants, as shown in Figure 2.1. By Gauss-

Jordan elimination process, we will have the generator matrix looks like the one shown in 

Figure 2.2. However, storing the parity matrix is extremely inefficient. Thus it is desired 

to have a SC form of the generator matrix. Following the guideline above, the resulted 

generator matrix is shown in Figure 2.3.  

 
Figure. 2.1 Visualization of sparsity pattern of the parity-check matrix. 
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Figure. 2.2 Gauss-Jordan elimination based generator matrix. 

 

Figure. 2.3 Systematic circulant based generator matrix. 
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2.3 Decoding of Binary QC-LDPC Codes 

There exist various decoding algorithms for binary LDPC codes, such as belief 

propagation (also known as sum-product algorithm) [26], as well as corresponding low-

complexity versions: min-sum algorithm [27], scaled min-sum algorithm, and min-sum 

with correction term algorithm [28]. In our dissertation, we adopt layered decoding for 

(𝛾, 𝜌) -regular binary QC-LDPC code due to low memory requirement and fast 

convergence speed [29]. In this scheme, the rows (i.e., the check nodes) of a parity-check 

matrix are divided into 𝛾 groups (layers), where the size of each group is 𝑏. Let 𝑅C_
`,Q, 𝐿_C

`,Q 

and 𝐿_
`,Q represent the check-to-variable message, the variable-to-check message, and the 

log-likelihood ratio (LLR) of variable node at k-th iteration and l-th layer, respectively; 

where 𝑘 = 1,… , 𝐼def and 𝑙 = 1,… , 𝛾. The layered scaled min-sum algorithm (LSMSA) 

can be formulated as given by Equations (2.8-2.9). In Equation (2.8), one can easily 

notice that 𝑅C_
`,Q  may reach earlier saturation effect than 𝐿_

`,Q , which might cause early 

unexpected error floor. The problem can be resolved by setting the word-length of 𝑅C_
`,Q to 

be at least one more bit longer than that of 𝐿_
`,Q . It is clearly that one more bit 

representation for 𝐿_
`,Q may result in larger memory consumption. To avoid it, we propose 

a modified layered decoder, where Equations (2.8) and (2.10) are replaced by Equations 

(2.11) and (2.12) while the Equation (2.9) remains the same. It is worth noting that the 

adder used in the modified algorithm will be the same as the conventional one for the QC 

LDPC codes with column weight of three. Meanwhile, the modified algorithm is more 

routing-friendly since only 𝑅C_
`,Q  is required to updated after each iteration instead 

updating both 𝐿_
`,Q and 𝑅C_

`,Q. 
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𝐿_C
`,Q = 𝐿_

`,Qg − 𝑅C_
`,Qg                                                    (2.8) 

𝑅C_
`,Q = 𝛼× sign(𝐿_gC

`,Q )×min_g∈o(C)\_	(|𝐿_gC
`,Q |)_g∈o(C)\_                    (2.9) 

𝐿_
`,Q = 𝐿_C

`,Q + 𝑅C_
`,Q                                                    (2.10) 

𝐿_
`,Q = 𝐿_ + 𝑅C_

`,Qg
Qg                                                  (2.11) 

𝐿_C
`,Q = 𝐿_ + 𝑅C_

`,Qg
QgsQ                                                (2.12) 

2.4 Fixed-Point Simulation of Binary QC-LDPC  

Before implementing the aforementioned decoding algorithm in hardware, 

quantization is an important issue that needs to be considered. In this section, we have 

studied different kinds of quantization schemes to find the best tradeoff between the 

hardware complexity and the decoding performance. Let (𝐼, 𝐹) represent a fixed-point 

scheme with 𝐿 bits for the entire word and 𝐹 bits for the fractional part. Thus, the number 

of integer bit is 𝐼 = 𝐿 − 𝐹 − 1, in which 1 is used for the sign bit. The code used here is 

girth-8 (16935, 13550) LDPC code with rate of 0.8. Figure 2.4 shows both floating point 

and fixed-point simulation results for different kinds of quantization schemes. The results 

indicate that at least 3 integer bits and 1 fraction bit are required without incurring 

degradation.  
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Figure. 2.4 Comparison among different quantization schemes. 

2.5  FPGA Architecture of Binary QC-LDPC Codes 

In this section, we will discuss the emulation platform of binary QC-LDPC codes. 

As shown in Figure 2.5, the emulation platform consists of pseudorandom binary 

sequence generator, LDPC encoder, additive white Gaussian noise generator, LLR 

calculator, LDPC decoder, error counter and virtual input/output (VIO) module.  

 

Figure. 2.5 High level schematic of the FPGA-based emulator. 
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2.5.1 LDPC encoder implementation 

As shown in Figure 2.6, the overall LDPC encoder consists of memory blocks 

storing the generator matrix, a set of shift-register-adder-accumulator (SRAA) processors, 

a set of parallel-to-serial converters (processors), and a first-in first-out (FIFO) register 

assembling the codeword.  

There are two major concerns in our design; the first is the storage for generator 

matrix. By using the systematic circulant form of generator matrix, as described in 

Section 2.2, we can store the first row of each circulant 𝑮'( instead of storing the entire 

parity matrix. The memory required to store the generator matrix is [ 𝜌 − 𝛾 +

𝛾𝑏 − 𝑟 ]×𝑏×𝑙. For example, let us observe a QC LDPC code with  𝛾 = 3, 𝜌 = 15, 𝑏 =

1129. Since the rank of 𝑯'( is 𝑟 = 3385 and the least number of columns of circulants 

𝑙 = 3, the memory size of generator matrix is 47.4	kbits. 

Another challenge is the complexity involved in SRAA, which represents the key 

module calculating the parity bits. Let 𝒖 = [𝒖{,0, 𝒖{,1, … , 𝒖{,,PQ, 𝒖|,0, … , 𝒖|,Q]  be the 

information sequence with 𝒖{,6  is a size of 𝑏  and 𝒖|  is a size of 𝑐𝑏 − 𝑟 . Let 𝒑 =

[𝒑0, 𝒑1, … , 𝒑Q] be the parity bits’ vector with each section 𝐩7 of size 𝑏. Each section 𝒑7 

can be calculated by  

𝒑7 = 𝒖{,0𝑮0,7 + 𝒖{,1𝑮1,7 + ⋯+𝒖{,,PQ𝑮,PQ,7 + 𝒖|,0𝑸0,7 + ⋯+ 𝒖|,Q𝑸Q,7       (2.12) 

The expression above can be implemented by a shift-register-accumulated-addition 

circuit, as shown in Figure 2.7. At the beginning, the first row 𝑮0,6 is loaded to the linear 

shift feedback registers (LSFR), the first term in Equation (2.12) completes after 𝑏 clock 

cycles, and then the first row of the next circulant 𝑮6,7is loaded to LSFR. After 𝑏 clock 
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cycles, the accumulated sum 𝒖{,0𝑮0,7 + 𝒖{,1𝑮1,7 is contained in the lower set of registers. 

The above process is repeated until the entire information sequence 𝒖 has been shifted 

into the encoder. With 𝑙 SRAAs, the parallel parity sequence can be completed 𝜌𝑏 − 𝑟 

clock cycles. Each SRAA requires one size of 𝑏 LSFR, one size of 𝑏 AND gate, one size 

of 𝑏 XOR gate, and one size of 𝑏 register. 

 
Figure. 2.6 High level architecture of QC-LDPC encoder. 

 
Figure. 2.7 Detailed architecture of the shift-register-accumulated-addition circuit. 
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2.5.2 LDPC decoder implementation 

As shown in Figure 2.8, the overall LDPC decoder consists of memory blocks 

(RAMs and ROMs) for storing messages, processing blocks and a control unit. Following 

the same notations as in previous sections, 𝐿_ and 𝑅C_
`,Q are read from the LLR memories 

and a posteriori probability (APP) memories. The data is processed by variable node unit 

(VNU) based on Equations (2.10) and (2.11), with one output of VNU 𝐿_
`,Q passed to early 

termination unit (ETU) to check if the valid codeword has been found. Another output of 

VNU 𝐿_C
`,Q  is forwarded to the check node unit (CNU), which performs computation 

according to Equation (2.9). The output will be finally written back to the APP memories 

for the next layer/iteration. 

One challenge of LDPC decoder implementation is the memory consumption. Let 

n denote the codeword length, 𝛾 and 𝜌 denote the column and row weights, while 𝑊� and 

𝑊�  denote the word lengths of each APP and LLR message. The estimated memory 

requirements for storing LLRs, APPs, and decoded bits are 𝑛×𝑊� , 𝛾×𝑛×𝑊� , and 𝑛, 

respectively. One may argue that the implementation of LDPC codes with long codeword 

is not straightforward. However, for a given column weight 𝛾 and row weight 𝜌, the logic 

will be identical with the same number of pipeline stages employed, while the 

requirement for the three types of memories increase linearly with the codeword length. 

We will show that the APP memory consumption can be further reduced. 

Another challenge of LDPC decoder implementation is the high complexity 

computations in CNU, which takes 𝜌 inputs from VNU, and computes 𝜌 APPs based on 

Equation (2.9). It can be easily observed that only two least minimum absolute values are 

required to perform the computation according to Equation (2.9) among all 𝜌 inputs [30].  
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Figure 2.9 presents the block diagram of CNU, in which the ABS takes the 

absolute value of the inputs and the sign XOR array produces the output sign. In the two-

least-minimum-finder block, we find the first minimum value via binary tree and trace 

back the survivors to find the second minimum value as well as the position of the first 

minimum value. In other words, instead of 𝜌 values, we can write 3 values and 𝜌 sign bits 

back to the APP memories for each check node. For example, given 𝛾 = 3, 𝜌 = 15, 𝑏 =

1129 and 𝑊� = 5 bits, the APP memory of conventional architecture requires 3×15×

1129×5 bits in total, while the modified architecture requires 3×1129×(3×4 + 15) bits. 

This makes the implementation of decoder for long LDPC code feasible. 

         

Figure. 2.8 LDPC decoder block diagram. 

 

Figure. 2.9 Check node unit architecture. 
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binary sequence generator (PRBS) to generate a serial binary sequence. Secondly, a Box-

Muller based Gaussian noise generator is employed to model the additive white Gaussian 

noise (AWGN) channel [31]. The output of the noise generator is quantized into 16 bits 

with 11 fractional bits. The accuracy of the noise generator is verified by estimating the 

bit error rate (BER) performance versus SNR for binary phase shift keying (BPSK) 

transmission. The VIO module, which is embedded debugging tool of Vivado Design 

Suite, is used to record the number of un-coded errors, number of transmitted codeword 

and number of decoded errors by comparing the transmitted data with the decoded data. 

Meanwhile, VIO is also used to configure the SNR.   

2.6 Emulation Results 

2.6.1 Vivado simulation 

We first discuss the Vivado simulation results of the emulator. Once again, we 

used the QC LDPC codes (16935, 13550) as an example. The timing diagram shown in 

Figure 2.10 reveals data signals after each stage. The first row is the information bit valid 

signal that lasts 13550 clock cycles. Since the latency of the encoder is eight clock cycles, 

the encoded bit sequence will become active high with duration of 16935 clock cycles. 

The AWGN channel introduces additional latency of two clock cycles. The noisy data is 

first quantized into 16 bits before being forwarded to the LLR calculation block, which 

get delayed six clock cycles in order to easily meet timing requirements of the design. 

The serial LLR with eight bits resolution is converted into parallel data and the decoder 

core starts a 30 layered iteration decoding process. Without any parallelism in the 

decoder and early termination scheme, the decoded bits will be outputted after 𝑏×𝐼��� 
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clock cycles, which is approximately 34,000 clock cycles. It is worth mentioning that the 

second from the last row indicated as debug valid signal is also recorded so that the 

number of error at each iteration can be measured and compared with computer 

simulation. 

 

Figure. 2.10 Timing diagram of the LDPC coding emulator. 

2.6.2 Implementation analysis 

The emulator is implemented in Kintex Ultrascale XCKU040-2FFVA1156E 

FPGA device. Such devices provide the best price/performance/watt at 20nm and they 

are suitable for DSP-intensive next generation optical communication. The running 

frequency is set to 200 MHz to accommodate the de-multiplexed data from front end as 

well as meeting timing requirements of the design. With this running clock frequency, it 

can be derived that the decoding for QC-LDPC (16935, 13550) code with 30 layered 

iterations takes 𝑏 + 𝑏 + ∆ ×𝐼��� = 35209 clock cycles, where 𝑏 is the submatrix size, 

∆ is the latency of each processing unit (expressed in clock cycles), and 𝐼def  is the 

maximum number of iterations. Hence, this decoder will have a throughput of 90Mb/s 

without any pipelining and early termination techniques. With regard to the LDPC 

encoder, a throughput of 200 Mb/s can be achieved since the latency is only 8 clock 

cycles.  

With the implementation, the logic usage of the emulator is summarized in Table 

2.1. The encoder utilizes large number of flip-flops compared to other processing units 
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because of the need to store the generator matrix as well as the flip-flops used in SRAA 

units. For the LDPC decoder, the logic usage is relative low as no pipelining involved. 

However, large amount of block RAM resources is consumed storing the initial channel 

LLR information and check-to-variable messages. Overall, the resource utilization is 

reasonably low, which enables several replicas of this emulator running at the same time 

on the same chip to achieve the target beyond 10 Gb/s serial data rates. With careful 

optimization of resources, the 25 Gb/s data rate should be possible.  

Table. 2.1 Utilization summary of QC LDPC emulator. 

 LUTs (242400) FFs (484800) BRAM (600) DSP (1920) 
PRBS 31 20 0 0 

LDPC Encoder 8596 13636 0 0 
AWGN 290 458 0.5 3 

LDPC Decoder 2485 2340 53 1 
Error Counter 34 230 0 0 

Entire Emulator 11435 (4.72%) 16684 (3.44%) 54.5 (9.08%) 4 (0.21%) 

2.6.3 BER performance analysis 

Since FEC with overhead (OH) of 25%, which equivalent to a code rate of 0.8, is 

very interesting to optical communication, we have constructed four QC LDPC codes 

based on the aforementioned QC-LDPC construction algorithm provided in Section 2.1. 

To be specific, the block size of four LDPC codes are {2309, 3331, 4073, 7901}, which 

lead to the codeword length of {34635, 49965, 61095, 118515}. Unlike the device used 

in previous section, we use Xilinx Virtex6 xc6vsx475t as our implementation platform. 

Table 2.2 summarizes the utilization usage of four LDPC decoders, each with one 

decoder core with 15 noisy generators. The logic usage of these four decoders are the 

same since the fixed number of variable node units and check node units are instantiated, 
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while the block ram usage of block size of 7901 is twice large than the previous four 

codes as the block RAM size increases from 212 to 213.  

Table. 2.2 Utilization of four LDPC codes of OH 25%. 

 Slice 
Registers 
(595,200) 

Slice LUTs 
(297,600) 

Occupied 
Slices 
(74,400) 

RAMB36E1 
(1,064) 

RAMB18E1 
(2,128) 

b = 2309 37,681 (6%) 34,942 (11%) 10,941 (14%) 113 (10%) 126 (5%) 
b = 3331 45,281 (7%) 42,757 (14%) 12,621 (16%) 113 (10%) 126 (5%) 
b = 4073 45,325 (7%) 42,858 (14%) 12,729 (17%) 113 (10%) 126 (5%) 
b = 7901 45,666 (6%) 43,161 (11%) 12,657 (14%) 188 (17%) 126 (5%) 

 

In order to further increase the throughput of the decoder, we have been 

pipelining the check node units and an early termination technique is adopted [32]. Firstly, 

since the throughput of the decoder can be expressed as  

Throughput = 𝑛×𝐹(�� [(𝑏/𝑝 + ∆)×𝐼���]                            (2.13) 

where 𝑛 = 34635 is the codeword length, 𝐹(�� = 200MHz is clock frequency, 𝑏 is the 

submatrix size, 𝑝 = 3 is the pipeline depth, ∆= 6 is the latency of each processing unit 

and 𝐼��� = 45 is the maximum number of layered iterations. The LDPC (34635, 27710) 

emulator is implemented in four Virtex-6 FPGA devices, each with four emulator cores. 

In addition, with early termination techniques, the minimum throughput is 3.2 Gb/s, 

while the throughput can reach to 6.4 Gb/s at high SNR (the average number of iteration 

is 20-27, verified by computer simulation). 

The FPGA-based emulation was conducted over binary (BI)-AWGN channel and 

8 bits precision of LLRs are used in binary LDPC decoder. The BER performances vs. 

SNR are summarized in Figure 2.11 with 45-layered iteration. Since layered decoding 
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algorithm converges approximately twice faster than conventional decoding algorithm, 

45 layered iterations is equivalent to 30 conventional iterations.  

 

Figure. 2.11 BER vs. SNR performance of binary QC LDPC codes. 

The result implies that there is no error floor observed of the four designed LDPC 

codes. The reason behind the good error phenomenon can be explained as the size and the 

number of trapping sets increase as the girth increases. Another observation is the longer 

LDPC code achieves better waterfall performance compared to the shorter LDPC code. 

When the maximum number of layered iteration is set to 45, the four QC LDPC codes 

achieves a SNR-limit of 2.25dB, 2.18dB, 2.11dB, 2.04dB, and 2.01dB at BER of 10-15, 

which corresponds to a net coding gain (NCG) of 11.78dB, 11.85dB, 11.92dB, 11.99dB, 

12.02dB. The code with the largest NCG shown in Figure 2.11 is close to Shannon limit 

with less than 1dB. We believe that the proposed large girth QC-LDPC code is one of the 

promising candidates for the next generation optical communication systems.  
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In this chapter, we discuss a class of rate-compatible (RC) LDPC codes for the next 

generation of optical transmission systems. Our motivation is two-fold. Firstly, a well-

constructed capacity-approaching LDPC code offers the promise of substantial 

performance gain for the next-generation optical transport networks (OTNs). Secondly, a 

unified architecture of LDPC decoder have been shown to allow a wide range of 

performances for OTN, where large number of parameters can be reconfigured in order to 

cope with the time-varying optical channel conditions and service requirements. 

This chapter is organized as follows. In Sections 3.1 and 3.2, we first present a 

construction rule for the class of rate-compatible quasi-cyclic (QC) LDPC codes, 

including generalized LDPC (GDLPC) coding, and introduce their decoding algorithms. 

In Section 3.3, we introduce a unified FPGA-based RC LDPC decoder architecture and 

the optimization guidelines as well as the corresponding logic utilization. In Section 3.4, 

we compare and analyze the emulation results and discuss their significance. Finally, 

Section 3.5 concludes the chapter. 

3.1 Construction of Generalized LDPC Codes 

In the literature, one straightforward way for RC coding is to design a class of 

LDPC codes by selecting a class of different code parameters, together with a number of 

modulations [33]. Later, borrowing the idea from shortening and puncturing of RS codes 

[34], a puncturing algorithm is proposed that optimizes the degree distribution of a class 

of LDPC code for a given mother code [35]. Furthermore, a rate-adaptive staircase LDPC 

code shows improvement over shortening utilizing a set of interleavers [36]. However, 
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neither of the above poses a sufficiently good hardware structure suitable for real-time 

implementation; in other words, no heterogeneous implementation architecture exists.  

In this chapter, we discuss a class of RC LDPC codes capable of both coarse- and 

fine-tuning, which enables significant saving on logic and memory recourses. Given a 

(𝑛, 𝑘,𝑚) LDPC code, where 𝑛, 𝑘, 𝑚 represent the number of variable-nodes, number of 

information bits, and number of check-nodes; the code rate which can be calculated by 

𝑅� ≥ 1 −𝑚/𝑛,  we can reduce the code rate either by reducing 𝑛 or increasing 𝑚. For 

coarse-tuning, by setting the initial log-likelihood ratio (LLR) into largest integer value, 

we softly puncture several columns from a mother code that is represented by Equation 

(2.1); while we replace several single-parity check (SPC) codes by a linear block code 

(also referred as component  (constituent) codes or local codes) for fine-tuning. For 

example, let a QC-LDPC code with 𝛾 = 3,  𝜌 = 15, 𝑏 = 1129 be a mother code (also 

known as a global code), puncturing one rightest column in Equation (2.1), the code rate 

is reduced from 0.8 to 0.7857, which represents the coarse-tuning process. Let 𝑑 denote 

the distance between two neighboring SPC codes to be replaced by a simple linear block 

code (𝑛Q�CeQ, 𝑘Q�CeQ, 𝑚Q�CeQ), where 𝑛Q�CeQ , 𝑘Q�CeQ , 𝑚Q�CeQ  represent the number of code 

bits, number of information bits, and number of check bits of the local code, respectively. 

After corresponding substitution, the resulted code rate of such obtained GLDPC code 𝑅{  

is bounded by 

𝑅{ ≤ 𝑅 = 1 −
�P(dR �

� d��� �P0 )

�
≤ 𝑅¡                                  (3.1) 

For our FPGA implementation, we choose (15, 11) Hamming code to replace 

every 𝑑 = 127, 63 SPC codes, so that the resulted code rates are 0.7953 and 0.7906, 
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which represents the fine-tuning process. Note that we choose a simple Hamming code 

over other linear block codes in a doping SPC fashion, such as binary BCH or Reed-

Muller codes [37, 38, 39], due to its low implementation complexity.  

In summary, the proposed RC GLDPC codes can be constructed in two steps. In 

step 1, we first design a QC LDPC codes with column weigh 𝛾 and row weight 𝜌 based 

on same principle as the design of QC LDPC code described in Chapter 2. In step 2, the 

parity-check matrix is modified either by puncturing several rightmost columns or doping 

selected SPC codes with simple linear block codes. We will illustrate the construction 

method with a small illustrative example. Let us start with a very simple code with 6 

check nodes, 45 variable nodes, in which all check nodes are connected to each of the 15 

variable nodes. Thus the check nodes have degree 15 and variable nodes have degree of 2. 

Both original and GLDPC parity-check matrices are given, respectively, as follows 

𝑯¢ =

1 0 0
0 1 0
0 0 1

1 0 0
0 1 0
0 0 1

1 0 0
0 1 0
0 0 1

1 0 0
0 1 0
0 0 1

1 0 0
0 1 0
0 0 1

1 0 0
0 1 0
0 0 1

1 0 0
0 1 0
0 0 1

1 0 0
0 1 0
0 0 1

0 1 0
0 0 1
1 0 0

0 0 1
1 0 0
0 1 0

1 0 0
0 1 0
0 0 1

0 1 0
0 0 1
1 0 0

0 0 1
1 0 0
0 1 0

1 0 0
0 1 0
0 0 1

        (3.2) 

𝑯{ =

1 0 0
0 1 0
0
0
0

0
0
0

1
0
0

1 0 0
0 1 0
0
0
0

0
0
0

0
1
0

1 0 0
0 1 0
0
0
0

0
0
0

0
0
1

1 0 0
0 1 0
0
0
0

0
0
0

1
1
0

1 0 0
0 1 0
0
0
0

0
0
0

1
0
1

1 0 0
0 1 0
0
0
0

0
0
0

0
1
1

1 0 0
0 1 0
0
0
0

0
0
0

1
1
1

1 0 0
0 1 0
0 0 1

0 1 0
0 0 1
1 0 0

0 0 1
1 0 0
0 1 0

1 0 0
0 1 0
0 0 1

0 1 0
0 0 1
1 0 0

0 0 1
1 0 0
0 1 0

1 0 0
0 1 0
0 0 1

        (3.3) 

3.2 Decoding of Generalized LDPC Codes 

For the sake of completeness of the presentation, we provide the complete layered 

decoding algorithm of the GLDPC code with Hamming code as a component code [40]. 
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However, the proposed algorithm is applicable to any linear block code to be used as the 

local code. Let 𝑅C_
`,Q, 𝐿_C

`,Q, and 𝐿_ represent the extrinsic message to be sent from the check 

c to variable v message, the variable v to check c at k-th iteration and l-th layer extrinsic 

message, and the LLR from the channel, respectively; where 𝑘 = 1,… , 𝐼���  and 𝑙 =

1,… , 𝛾. The scaled min-sum algorithm is adopted in this chapter for single parity check 

codes, while a posteriori probability (APP) decoding algorithm is used for the local 

codes. The data flow can be summarized as follows: 

• Initialization:  

𝑅C_
`,Q = 0 for 𝑘 = 1, 𝑙 = 1,… , 𝑐                                   (3.4) 

• Bit decision step:  

𝐿_
`,Q = 𝐿_ + 𝑅C_

`,Qg
Qg                                             (3.5)  

𝑐_ =
0,					if	𝐿_

`,Q ≥ 0
1,					otherwise

                                            (3.6) 

• Variable node processing rule: 

𝐿_C
`,Q = 𝐿_ + 𝑅C_

`,Qg
QgsQ                                          (3.7) 

• Check node processing rule: 

• If it is local code: Bahl-Cocke-Jelinek-Raviv (BCJR) algorithm is applied, in 

which maximum a posteriori probability (MAP) updating rule is used: 

𝑅C_
`,Q = MAP(𝐿_C

`,Q)                                             (3.8) 

• Else: scaled min-sum updating rule is applied: 
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𝑅C_
`,Q = 𝛼 sign(𝐿_gC

`,Q )min
_gs_

|𝐿_gC
`,Q |_gs_                                  (3.9) 

The index 𝑘  in Equations (3.5) and (3.7) is set to 𝑘 − 1  when 𝑙 < 𝑙¨  while set to 𝑘 

otherwise. The criterion of early termination is achieved when decoded bits converge to 

transmitted codeword, since only 1/𝛾 portion of check nodes involved in each layer. The 

map decoder of Equation (3.8) is based on BCJR algorithm [41], which can summarized 

as follows: 

• Initialization: 

𝛼© 𝑠 = 0,							𝑠 = 0
−∞, 𝑠 ≠ 0                                             (3.10) 

𝛽� 𝑠 = 0,							𝑠 = 0
−∞, 𝑠 ≠ 0                                              (3.11) 

• Update forward metric and back metric: 

𝛼6 𝑠 = max∗
°g

[𝛼6P0 𝑠¨ + 𝐼6 𝑠¨, 𝑠 ]                                  (3.12) 

𝛽6P0 𝑠¨ = max∗
°

	[𝛽6 𝑠 + 𝐼6 𝑠¨, 𝑠 ]                                  (3.13) 

      where the max∗-operator is defined as 

max∗ 𝑥, 𝑦 = log 𝑒f + 𝑒´ = max 𝑥, 𝑦 + log	(1 + 𝑒P|fP´|)               (3.14) 

• Determine the output LLRs from forward metric and back metric by: 

𝑂6 = max¶·
∗ 𝛼6P0 𝑠¨ + 𝐼6 𝑠¨, 𝑠 + 𝛽6 𝑠  

−max¶¸∗ 𝛼6P0 𝑠¨ + 𝐼6 𝑠¨, 𝑠 + 𝛽6 𝑠                       (3.15) 

      where 𝑈R denotes the set of pairs 𝑠¨, 𝑠  for the state transitions which 
corresponding to the bit 1, while 𝑈P denotes the set of pairs 𝑠¨, 𝑠  for the state 
transitions which corresponding to the bit 0. 
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Using BCJR algorithm to decode linear block codes [42], the states in the trellis 

represent the partial syndrome vector defined as the sum of accumulated columns of 

parity-check matrix of the local code. Such definition also implies that the trellis is not 

fully connected and is determined by its parity-check matrix. For a simple Hamming (15, 

11) code, the number of states can be calculated as 2d��� � = 16. In addition, at first time 

instance, the transitions are from 𝛼© 𝑠 = "0000"  to 𝛼0 𝑠 = "0000"  or 𝛼0 𝑠 = "1000" , 

which is determined by the first column of the parity-check matrix. 

3.3 FPGA Architecture of RC GLDPC Decoder 

In this Section, we first provide the overall architecture of our FPGA emulation 

platform. After that we provide the details of the proposed FPGA architecture for the 

proposed RC LDPC decoder, followed by the implementation analysis and BER 

performance analysis.  

3.3.1 Overall architecture 

The performance of the proposed RC LDPC codes is demonstrated using a set of 

FPGAs, whose high-level diagram is presented in Figure 3.1. This high level verification 

tool is similar to others reported in the literature [43, 44] and consists of three main parts: 

a set of Gaussian noise generators, a partially pipelined LDPC decoder, and an error 

counter block. The Gaussian noise generator generates noise samples using a 

combination of the Box-Muller algorithm and the central limit theorem. Such generated 

sequence of noise samples is multiplied with standard deviation of noise 𝜎 and fed to the 

LDPC decoder with quantized LLRs. There are three types of software reconfigurable 
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registers to be initialized in the high-level diagram. The first set of registers are 

instantiated to define the noise variance and the codeword to be transmitted, the second 

set of registers to configure the rate adaptive LDPC decoder, including the number of 

layered iterations, the number of bits to be punctured, and the number of generalized 

check nodes; and the third set of registers stores the number of uncoded errors, coded 

errors, and transmitted codewords. It is worth noting that we assume that all zero 

codeword is transmitted in this section. 

 

Figure. 3.1 High level schematic of the FPGA-based evaluation platform. 

3.3.2 Rate compatible GLDPC decoder architecture 

Figure 3.2 (a) presents the overview of the reconfigurable binary GLDPC decoder, 

which consists of two parts; namely, memories and processors. The processors can be 

classified into following categories: (i) variable-node unit (VNU) corresponding to 

Equations (3.5) and (3.7); (ii) scaled min-sum check-node unit (SMS-CNU) 

corresponding to Equation (3.9), (iii) MAP based CNP (MAP-CNP, also referred as 

generalized-CNP) corresponding to Equation (3.8), and (iv) early termination unit (ETU) 

corresponding to Equation (3.6). Four sets of block RAMs are used in the implementation 

of RC GLDPC decoder: (i) block RAM with size of 𝑛×𝑊�¼ stores the channel LLRs, (ii) 

block RAM with size of 𝛾×𝑛×𝑊��¼ stores the messages from check-nodes to variable-
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nodes, (iii) block RAM with size of 𝑛 stores the decoded bits, and (iv) additional block 

RAM inside each CNP stores the intermediate values. In discussion above, 𝛾 denotes the 

column weight, 𝑛 is the codeword length, 𝑊�	¼ and 𝑊��¼ represent the bit-widths for 𝐿_ 

and 𝑅C_ , respectively. There are two types of reconfigurable routers used in the 

implementation as well: (i) the puncturing-mux is used to select the input either be the 

outputs of VNP or the largest positive LLR, and (ii) the generalized-mux selects either 

the outputs of SMS-CNP or MAP-CNP. 

 
(a)         (b)          (c) 

Figure. 3.2 Rate-adaptive LDPC decoder architecture: (a) overall architecture, (b) architecture of 
regular CNP, and (c) architecture of BCJR-based generalized CNP.  

The architecture of SMS-CNP is implemented based on Equation (3.9), which is 

illustrated in Figure 3.2 (b). We first calculate the absolute value and the sign value of the 

input. Then we find the first and the second minimum values of the absolute values and 

trace back to find the position of first minimum via binary search tree (BST). It is worth 

noting that the number of muxes involved in BST and the latency associated with BST 

are proportional to the number of inputs. With this technique, we can write back three 
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values and 𝜌 sign bits to the 𝑅C_ memories instead of 𝜌 values. The implementation of 

generalized-CNP is based on Equation (3.8), in which MAP function is realized by 

bidirectional Bahl-Cocke-Jelinek-Raviv (BCJR) algorithm. As shown in Figure 3.2 (c), 

we first calculate forward- and backward-recursion likelihoods, 𝛼6(𝑠) and 𝛽6(𝑠), using 

the input 𝐼6(𝑠, 𝑠¨), where 𝑠, 𝑖 represent the state and length in the BCJR trellis that is 

proportional to the number of check nodes in linear block code and number of the check 

node degree 𝜌. The calculated intermediate values 𝛼6(𝑠) and 𝛽6(𝑠) are then written into 

the forward and backward block RAMs. The outputs	𝑂 𝑢6  are generated by add-max 

operations, which properly combine forward-likelihood 𝛼6(𝑠), backward-likelihood 𝛽6(𝑠), 

and input LLRs 𝐼6(𝑠, 𝑠¨). The time-variant trellis of a linear block code implies that a pre-

calculated routing scheme should be implemented so that current recursion likelihood can 

be updated by appropriate previous recursion likelihood. Furthermore, the max-star-

operation is replaced by max-operation due to its high memory consumption as well as 

additional one cycle needed. The bidirectional recursion scheme is adopted to further 

reduce the latency of generalized-CNP. For a (15, 11) Hamming code, there are in total of 

16 states and the length of trellis is 16 including the initial stage. The timing diagram is 

illustrated in Figure 3.3, where 𝜶6 , 𝜷6  represent the forward and backward recursion 

likelihood vectors of size 16 at time instance 𝑖. Once half of the forward and backward 

recursion likelihood have been updated and written into their associate block RAMs, the 

output 𝑂6  is calculated based on current 𝜶Á  and current 𝜷� . Immediately after, two 

outputs will be generated in each cycle based on current 𝜶 with previous 𝜷 and current 𝜷 

with previous 𝜶. Thus, the latency of the generalized-CNP can be estimated by 𝑇 =

𝑇ÃÄ + 𝑇Q�CeQ,� + 𝑇ÄÃ , where 𝑇ÃÄ , 𝑇Q�CeQ,� , 𝑇ÄÃ  represent the latency of parallel-to-serial 
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conversion of the input, the latency related to the length of linear block codes, and the 

latency of serial-to-parallel conversion of the output. In summary, the complexity of both 

SMS-CNP and generalized-CNP are reasonable low, which makes the proposed rate-

compatible GLDPC code very promising solution for future OTNs.  

 

Figure. 3.3 Timing diagram of the BCJR processor. 

3.3.3 Implementation analysis 

Before implementing the proposed RC GLDPC codes in hardware, quantization is 

an important issue that needs to be addressed. Although a non-uniform quantization and 

different quantization methods can be used to represent 𝑅C_
`,Q, 𝐿_C

`,Q and 𝐿_; we employ the 

uniform quantization scheme for all three types of messages. We choose 6-bit resolution 

to ensure that the error-floor phenomenon is due to the code-design itself instead of finite 

precision representation, while keeping the complexity reasonably low. Given the overall 

architecture described in previous subsections, we implement a (34635, 27710) 

puncturing based RC LDPC decoder as well as a generalized based RC LDPC decoder 

using (15, 11) Hamming code, in which a set of reconfigurable registers are employed to 

achieve the rate-adaptive purpose. The utilization reports from Xilinx xc6vsx475t of the 

two designs are summarized in Table 3.1. There are additional 6% in occupied slice 
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usage and 4% in RAMB18E1 usage in the proposed RC GLDPC decoder compared to 

that of the puncturing-based RC LDPC decoder, because the generalized RC LDPC 

decoder requires one more APP-based CNP to process the data involved in the linear 

block code.  

	

Table. 3.1 Utilization summary of RC punctured and proposed RC LDPC decoders. 
Resources Puncturing RC LDPC Proposed RC LDPC 

Occupied Slices 2,969 out of 74,400 (3%) 7,180 out of 74,400 (9%) 
RAMB36E1 113 out of 1,064 (10%) 113 out of 1,064 (10%) 
RAMB18E1 14 out of 2,128 (1%) 127 out of 2,128 (5%) 

With above utilization report, six RC LDPC decoders can be implemented in one 

FPGA and with four FPGAs available in our rapid prototyping platform, in total 24 

decoders are employed. Each decoder consists of 3 CNPs and 45 VNPs in the 

implementation, hence the throughput of the decoder can be calculated by 𝐹(��×𝑛/

[(𝑏 𝑝 + ∆)×𝐼def], where 𝐹CQ` = 200	MHz is the FPGA running frequency, 𝑛 is number 

of bits per codeword, 𝑏 = 2309 is the block size, 𝑝 = 3 is the pipeline depth, ∆= 7 is the 

latency of VNP and CNP, 𝐼def = 45 is the maximum number of layered iterations. It is 

worth noting that the decoder will converge fast in high SNR regime (20-27 iterations, 

verified by simulation). The aggregate throughput of the mother code will be ~4.8 Gb/s at 

low SNR regime and ~9.6 Gb/s at high SNR regime; while the throughputs of decoder for 

code of code rate of 0.6858 will be ~3.2 Gb/s and ~6.4 Gb/s, respectively. 
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3.4  Emulation Results 

3.4.1 BER performance of GLDPC codes 

To prove the advantages of the proposed rate adaptive GLDPC codes, we start 

from a well-designed LDPC code, as the global code, which is a quasi-cyclic (3, 15)-

regular, girth-10 (34635, 27710, 0.8) binary LDPC code; and choose a simple (15, 11) 

Hamming code as a component code. For the purpose of ease of implementation, we 

sweep different parameters d in the rage of {∞, 127, 63, 31, 15}, which corresponds to 

the code rates of {0.8, 0.7953, 0.7906, 0.7807, 0.7601}. The precisions of LLRs, 

variable-to-check message, and check-to-variable message are set to 5-bit, 5-bit, and 6-bit 

respectively; and the maximum number of layered iterations is set to either 30 or 45. The 

BER performances vs. Q-factor are presented in Figure 3.4 with 30 iterations and Figure 

3.5 with 45 iterations, where we used Q-factor in this chapter instead of SNR. Q-factor is 

defined as for on-off keying modulation and it related to BER as	𝐵𝐸𝑅 = 0
1
𝑒𝑟𝑓𝑐( |

1
), 

Thus Q-factor is related to SNR by  Q dB = SNR[dB] + 3dB. The net coding gain of the 

designed mother is 11.61 dB and 11.71 dB for 30 and 45 iterations, which demonstrates 

its fast convergence. One can clearly observe that the BER performance is enhanced as d 

decreases, thus fine-tuning of code rate can be achieved. 
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Figure. 3.4 BER performance vs. Q-factor with layered iterations set to 30. 

 
Figure. 3.5 BER performance vs. Q-factor with layered iterations set to 45. 

3.4.2 BER performance of RC GLDPC codes 

Given a mother code of girth-10 regular (34635, 27710) constructed using the 

method discussed in Section 3.2, a set of RC LDPC codes can be obtained with code rates 

of {0.8, 0.7953, 0.7906, 0.7857, 0.7807, 0.7756, 0.7692, 0.7638, 0.7583, 0.75, 0.7442, 

0.7382, 0.7273, 0.7209, 0.7144, 0.7, 0.693, 0.6858} by software-based reconfiguration of 

puncturing-mux and generalized-mux registers in FPGA. 
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The FPGA-based BER vs. Q-factor performance of the proposed RC LDPC code 

is presented in Figure 3.6, in which the parameters in the legend represents the column-

weight, row-weight, and the distance of two uniformly distributed generalized check-

nodes and with number of layered iterations set to 45. It is worth mentioning that we 

puncture the entire block from (3, 15) mother LDPC code for the coarse-tuning and 

replace every d-th check-node with a simple (15, 11) Hamming code, where 𝑑 ∈

{INF, 127, 63}, for the fine-tuning. The mother code with code rate of 0.8 and the lowest 

code rate of 0.6858 can achieve a Q-limit of 5.32 dB and 4.2 dB at BER of 10-15, which 

corresponds to the coding gains ranging from 12.68 dB and 13.8 dB. 

 

Figure. 3.6 FPGA-based BER performance of proposed RC GLDPC codes. 

3.5 Conclusion 

In this chapter, we have demonstrated a novel class of reconfigurable RC GLDPC 

codes with overhead ranging from 25% to 46% for high-speed optical transmission 

systems. The BER performance has been verified through FPGA emulation system and it 
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has been shown that the proposed RC GLDPC codes exhibit a superior waterfall 

performance and excellent error floor performance down to BER of 10-15. The coding 

gains of the proposed RC GLDPC codes, with overheads between 25% and 46%, range 

from 12.67 dB to 13.8 dB at the BER of 10-15. The efficient unified hardware architecture 

as well as the good error performance proves that the proposed class of RC GLDPC 

codes is one of the promising candidates for the next generation of optical transmission 

systems. 
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Combined non-binary LDPC codes with higher modulation formats has been 

demonstrated with significantly increased NCG but at the expense of extremely high 

complexity caused by the large Galois field (GF) size [45], in which a ~0.9 dB NCG 

improvement is observed for 16QAM compared with its counterpart binary case with rate 

of 0.8. Thus, it is desirable to design an efficient hardware architecture that enables such 

scheme to be employed with lower power consumption. 

In this chapter, we provide the details of an FPGA-based non-binary QC LDPC 

decoder architecture design and demonstrated the improved coding gain compared to 

binary counterpart via emulation study. In addition, we investigate the rate adaptive non-

binary LDPC decoder with a unified hardware architecture.  

The rest of this chapter is organized as follows. In Section 4.1, we present the 

construction method of non-binary QC LDPC code. Then the corresponding decoding 

algorithm is provided in Section 4.2. In Section 4.3, we provide a detailed description of 

implemented scheme as well as the thorough implementation analysis on different 

decoder algorithms. We present the emulation results of the concatenated non-binary 

LDPC codes in Section 4.4. Later, we extend the rate adaptive scheme discussed in 

Chapter 3 to non-binary LDPC codes in Section 4.5. Finally, we provide some important 

concluding remarks in Section 4.6. 

4.1  Construction of Non-binary LDPC Codes 

There exist various algebraic and combinatorial methods to construct structured 

non-binary LDPC codes [46, 47]; however, we adopt the two-stage construction method 

described as follows. We first design a binary QC LDPC code of girth-8 or girth-10 
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following the guidelines in Chapter 2. Then we replace the 1’s in binary parity-check 

matrix with non-zero elements in Galois field GF(q) selected at random. Thus, the parity-

check matrix 𝐇o¢ of a (γ, 𝜌)-regular non-binary QC LDPC code can be represented by 

																𝑯o¢,)*×,* = 𝑴)*×,* ∙ 𝑯¢,)*×,* 

=
𝑴(𝑝0,0) ⋯ 𝑴(𝑝0,,)

⋮ ⋱ ⋮
𝑴(𝑝4,0) ⋯ 𝑴(𝑝4,,)

∙
𝑨(𝑝0,0) ⋯ 𝑨(𝑝0,,)

⋮ ⋱ ⋮
𝑨(𝑝4,0) ⋯ 𝑨(𝑝4,,)

                   (4.1) 

where 𝑴(𝑝6,7) is a 𝑏×𝑏 matrix over GF(q), which is a mask matrix and 𝑨(𝑝6,7)is a 𝑏×𝑏 

circulant permutation matrix over GF(2). Operation ∙ is element-wise multiplication over 

GF(q). For the sake of efficient implementation, we chose 	𝑴(𝑝𝑖,𝑗)  such that every 

element in submatrix is the same.  

4.2 Proposed Decoding Algorithm for Non-binary LDPC Codes 

Several algorithms were proposed for decoding of non-binary LDPC codes, such 

as Q-ary sum-product algorithm (QSPA) [48], Log-domain FFT-QSPA (Log-FFT-QSPA) 

[49], mixed-domain FFT-QSPA [50], Max-Log QSPA [51], extended min sum algorithm 

[52], and min-max algorithm (MMA) [53]. Due to the low complexity, we adopt the 

MMA and some modifications have been made to further make it suitable for the 

implementation. A partial parallel layered decoding for (𝛾, 𝜌)-regular non-binary QC 

LDPC code over 𝐺𝐹(𝑞)  is employed due to the low memory requirement and fast 

convergence speed. In this method, the rows (i.e., the check nodes) of parity-check matrix 

are divided into groups (layers), where the size of each group is 𝑏. Let 𝑅C_
`,Q, 𝐿C_

`,Q, and 𝐿_
`,Q 

represent the check c to variable v message vector, the variable v to check c message 

vector, and the log-likelihood ratio at k-th iteration and l-th layer respectively; where 𝑘 =
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1,… , 𝐼def  and	𝑙 = 1,… , 𝛾 . The modified layered min-max algorithm (LMMA) can be 

formulated as follows: 

• Tentative decisions:  

𝐿_
`,Q(𝑎) = 𝐿_(𝑎) + 𝑅C_

`,Qg(𝑎)Qg                                         (4.2) 

𝑐_ = arg min
e∈{Ø(B)

𝐿C_
`,Q(𝑎)                                               (4.3) 

• Variable node processing step:  

𝐿_C
`,Q(𝑎) = 𝐿_(𝑎) + 𝑅C_

`,Qg(𝑎)QgsQ                                        (4.4) 

𝐿_C
`,Q(𝑎) = 𝐿_C

`,Q(𝑎) − min
eg∈{Ø(B)

𝐿_C
`,Q(𝑎¨)                                (4.5) 

• Check node processing step: 

𝑅C_
`,Q(𝑎) = min

Ù¼g∈ℒ(C|Ù¼Ûe)
( max
_g∈o(C)\_

𝐿C_
`,Q(𝛼_g))                      (4.6) 

Equations (4.2) and (4.4) are different from conventional layered decoding 

algorithm, where instead of updating 𝐿_ and 𝑅C_
`,Q in each layer, we only update 𝑅C_

`,Q while 

keeping 𝐿_  untouched. The benefits of this modification are twofold. Firstly, the 

unwanted earlier saturation of 𝑅C_
`,Q than 𝐿_ can be avoided without introducing additional 

operations. Secondly, updating 𝑅C_
`,Q’s is more routing-friendly than updating both 𝐿_ and 

𝑅C_
`,Q. The Equation (4.5) is necessary for numerical reasons to ensure the non-divergence 

of the algorithm, while Equation (4.6) is realized by trellis-based recursive approach.  

4.3 FPGA Architecture of Concatenated Non-binary LDPC Decoder 

In this Section, we first provide the fixed point simulation results of non-binary 

LDPC decoder with the purpose to identify the required number of bits. After that we 
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provide the details of the proposed FPGA architecture of non-binary LDPC decoder 

together with comparison with corresponding binary counterpart. We also provide the 

details of Reed-Solomon decoder implementation, which serves as an outer decoder. 

4.3.1 Fixed-point simulation results 

Before implementing the layered min-max decoding algorithm in hardware, 

quantization is an important issue that needs to be addressed. In this section, we have 

simulated different types of quantization schemes to find the best tradeoff between the 

hardware complexity and the decoding performance. Let (𝐼, 𝐹) represent a fixed-point 

scheme with 𝐼 bits used for the integer part and 𝐹 bits for the fractional part. The layered 

min-max algorithm have been simulated with fixed-point precision for GF(4) 

(16935,13550) non-binary LDPC code over binary-input continuous-output AWGN (BI-

AWGN) channel. Different fixed point representations for initial LLR, variable-to-check 

node extrinsic messages, and check-to-variable node extrinsic messages have been 

investigated. Although a non-uniform quantization and different quantization methods 

can be used to represent 𝐿_, 𝑅C_
`,Q, and 𝐿_C

`,Q; we employ the uniform quantization scheme 

for all three types of messages (reliabilities). The results shown in Figure 4.1 indicate that 

at least 5 bits (including sign bit) are required to achieve good decoding performance. 

However, we will use 6 bits precision to represent 𝐿_, 𝑅C_
`,Q, and 𝐿_C

`,Q for the purpose of 

consistency in comparison of both binary and non-binary LDPC decoders. 
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Figure. 4.1 Fixed-point simulation of non-binary LDPC code. 

4.3.2 Architecture of non-binary LDPC decoder 

Figure 4.2(a) presents the architecture of the LMMA-based non-binary LDPC 

decoder, which consists of two parts; namely, memories and processors. The processors 

can be divided into several categories: the variable node unit (VNU) corresponding to 

Equations (4.2), (4.4), and (4.5); the check node unit (CNU) corresponding to Equation 

(4.6), and the early termination unit (ETU) corresponding to Equation (4.3). 
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Figure. 4.2 Non-binary LDPC decoder architecture: (a) overall architecture, (b) architecture of CNU, 
and (c) architecture of BCJR-based min-max processor.  

There are four types of memories used in implementation: (i) memory for 𝑅C_
`,Q 

with size of 𝛾×𝑛×𝑞×𝑊��¼ stores the extrinsic information from check nodes to variable 

nodes, (ii) memory for 𝐿_ with size of 𝑛×𝑞×𝑊�¼ stores the initial log-likelihood ratios, 

(iii) memory for 𝑐_  with size 𝑛×log1(𝑞)  stores the decoded bits, and (iv) memories 

inside each CNU store the intermediate values. In discussion above, 𝛾  denotes the 

column weight, 𝑛 is the codeword length, 𝑞  is the size of Galois field, 𝑊��¼  and 𝑊�¼ 

represent the word-lengths (in number of bits) of 𝑅C_
`,Q and 𝐿_.  

As shown in Figure 4.2(b), it is obvious that CNU is the most complex part of the 

decoding algorithm, which consists of 𝜌  inverse permutators, 𝜌  BCJR-based min-max 

processors and 𝜌  permutators, as well as two types of the first-in-first-out (FIFO) 

registers. The inverse permutator block shifts the incoming message vector cyclically. 

The first FIFO is used to perform the parallel-to-serial conversion as required in min-max 

processor. In Figure 4.2(c), the min-max processor is described, consisting of one 
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forward recursion block, one backward recursion block, two memories storing 

intermediate values, and one merge block. Then FIFO block is used again to perform 

serial-to-parallel conversion, followed by the permutator block. In order to reduce the 

latency of min-max processor, we adopted the bidirectional recursion technique. In 

conventional BCJR processor, it takes 𝜌 cycles to update forward metric and backward 

metric recursively and additional 𝜌 cycles to combine them. However, the combining 

process can proceed once half of the recursion is done, which saves up to 𝜌  cycles. 

Because of high complexity of CNU design and high memory requirements of non-binary 

decoder than that of binary decoder, reduced-complexity architectures and selective 

version of MMA have been widely studied [54, 55, 56]. 

4.3.3 Implementation analysis 

The utilization results for hardware implementation of the QC (3, 15)-regular, girth-8 

(16935, 13550, 0.8) LDPC code over GF(2) and GF(4) are summarized in Table 4.1. In 

order to make fair comparison, we adopt the 6 bits precision (including the sign bit) for 

both decoders, the maximum number of layered iterations is set to 45;  the 15 variable 

node units and one check node processor are employed. One can clearly notice that 

LMMA consumes 3.6 times larger memory than layered attenuated min-sum algorithm 

(LAMSA) because of large field size, while occupied number of slices for LMMA is five 

times of that of LAMSA because of higher complexity involved in CNU. On the other 

hand, Max-Log algorithm has larger logic usage than Min-Max algorithm as they are 

both based on the BCJR algorithm while the min operation is replaced by addition. 
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Table. 4.1  Utilization Summary of LDPC Decoders and Reed-Solomon Decoder. 

Resources LAMSA Log-FFT Max-Log Min-Max RS 
Occupied 

Slices 
3,086 
(4%) 

12,020 
(16%) 

18,070 
(24%) 

13,832 
(18%) 

12,336 
(6%) 

RAMB36E1 38 (3%) 38 (3%) 38 (3%) 38 (3%) 38 (3%) 
RAMB18E1 89 (4%) 782 (32%) 512 (24%) 512 (24%) 84 (3%) 

4.3.4 Architecture of Reed-Solomon (RS) decoder 

When designing a Reed-Solomon decoder, we first have to implement adder and 

multiplier over finite field GF(q). Addition in GF(q) is realized by bitwise exclusive-OR 

(XOR) gate while multiplication is implemented by a set of AND gates and XOR gates 

[57]. As shown in Figure 4.3, an RS decoder consists of three stages. First is the 

syndrome calculator block that computes the syndrome polynomial 𝑆(𝑥) based on the 

received polynomial 𝑅(𝑥). The Euclidean divider and multiplier block implement the 

Euclidean algorithm stage that solves the key equations and provides an error-location 

polynomial 𝜎(𝑥) and error-evaluation polynomial 𝜔(𝑥). The third stage is the Chien 

search block that finds the roots of 𝜎(𝑥) and Forney algorithm block that calculates the 

error values. Thus errors found in Forney algorithm block are corrected in Error 

Correction block. For more details of the implementation of Euclidean Algorithm, an 

interested reader is referred to [58, 59]. The last column of Table 4.1 shows the utilization 

summary of RS (1023, 1007) decoder. Clearly, the logic utilization is twice larger than 

that of binary LDPC decoder, while the memory utilization is comparable. Thus a well-

designed LDPC code represents an alternative solution to combat the error floor 

phenomenon. 
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Figure. 4.3 Overall architecture of Reed-Solomon decoder. 

4.4 Emulation Results 

Before presenting the BER performance of concatenated non-binary LDPC codes, 

we first studied the performance of various decoding algorithms for non-binary LDPC 

codes. The LDPC codes under investigation were constructed following the two-stage 

procedure as discussed above, which are QC (3, 15)-regular, girth-8 (16935, 13550, 0.8) 

LDPC code over GF(2) and GF(4). By computer search, we found the number of 8-cycles 

of this code to be 118,545. We adopted layered attenuated min-sum algorithm for 

decoding of binary LDPC codes, while layered Log-FFT algorithm, Max-Log algorithm, 

and Min-Max algorithm for decoding of non-binary LDPC codes. Both binary and non-

binary decoders employ 6 bits precision (including sign bit) and maximum number of 

layered iteration is set to 45. As shown in Figure 4.4, the binary code exhibits an error 

floor at BER of 10-13, while non-binary decoders exhibit error floors at BER of 10-7, 10-8, 

and 10-9 for Log-FFT, Max-Log, and Min-Max algorithms, respectively. One can notice 

that the shape of error floor is different than the binary one; which could be contributed to 

the existence of the trapping sets that highly depend on decoding algorithms in addition 

to the fixed point representation of decoding algorithms.  
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Figure. 4.4 BER performances of various non-binary LDPC decoders. 

A better, longer, non-binary LDPC code is designed and investigated in proposed 

concatenated scheme, which is QC (3, 15)-regular, girth-10 (34635, 27710, 0.8) LDPC 

code over GF(4). While the RS (988, 972) is obtained by shortening from RS (1023, 1007) 

over GF(10). We adopted layered min-max algorithm and Euclidean algorithm for 

decoding of non-binary QC-LDPC codes and RS code, respectively. Table 4.2 provides 

the utilization summary of non-binary LDPC decoder with 6 bits precision, RS decoder 

with 10 bits precision, and the proposed concatenated decoder. The better non-binary 

LDPC decoder consumes 1.5 times larger memory than the short one since the codeword 

length has been doubled with comparable logic utilization. The proposed concatenated 

scheme requires lower memory usage than the combined non-binary LDPC decoder and 

RS decoder because an efficient mapping has been achieved.  
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Table. 4.2 Utilization Summary of Proposed Concatenated Decoder. 

Resources Min-Max RS Concatenated 
Occupied Slices 17,540 (23%) 12,336 (6%) 19,975 (26%) 

RAMB36E1 338 (31%) 38 (3%) 352 (33%) 
RAMB18E1 212 (9%) 84 (3%) 215 (10%) 

 

The purpose of the outer RS code is to eliminate unwanted error floor. However, 

we should carefully choose the outer code in order to correct all the residual errors after 

the non-binary LDPC decoder as well as to avoid the introduction of unnecessary 

overhead (OH). Thus we investigate the post-LDPC decoder behavior by FPGA 

emulation. Figure 4.5 shows the emulated histogram of the residual error bits in LDPC 

codeword for a post-FEC BER of 10-10, the simulated number of codewords is ~1.3´109. 

Noticing that two-error bits are dominant after LDPC decoding, we observe that this is 

well matched with the error floor phenomenon caused by the decoding algorithms and 

fixed point representation. Theoretically speaking, we can construct an outer code with 

OH of ~0% if we have infinite encoder interleaver depth and decoder de-interleaver depth. 

However, this is not feasible as we fixed the size of de-interleaver to be of the same 

length as that of the LDPC codeword. In our case, the maximum number of error symbols 

in one LDPC codeword was at most 10 and each LDPC codeword consists of 7.01 RS 

codewords. Thus we can conclude that, if we choose RS codes able to correct more than 

8 symbols, almost all of the residual error symbols will be corrected for. 
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Figure. 4.5 Error bits histogram of the post-LDPC decoder. 

The BER vs. Q-factor performances of the concatenated non-binary LDPC code 

are presented in Figure 4.6. The FPGA-based simulation was conducted over BI-AWGN 

channel with 5 and 6 bits precisions being used in binary and non-binary LDPC decoders, 

respectively. The results for 15, 30, and 45 maximum layered decoding iterations prove 

the fast convergence of the layered decoding algorithm. The concatenated non-binary 

QC-LDPC code of overall rate 0.787 can achieve a Q-limit of 5.05 dB at BER of 10-15, 

which corresponds to NCG of 11.91 dB, while the binary LDPC code of rate 0.8 can 

achieve a Q-limit of 5.2dB at 10-15, which corresponds to NCG of 11.83dB. The 

performance of binary LDPC code is provided here as reference. In addition, combined 

non-binary LDPC code with higher level modulation schemes can bring more benefits 

than binary LDPC code. 
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Figure. 4.6 BER performances of concatenated non-binary LDPC codes. 

4.5 FPGA-based Rate Adaptive Nonbinary LDPC Coding 

Similarly to the rate adaptive binary LDPC decoder architecture discussed in 

Chapter 3, the puncturing based rate adaptive scheme can be applied to non-binary LDPC 

code as well. The FPGA architecture of the LMMA-based rate adaptive non-binary 

LDPC decoder is presented in Figure 4.7. The functions of the processing units is 

identical with the one discussed in Section 4.3, while there exists an additional 

reconfigurable router in the design, which enables to puncture several columns of 

circulants in the parity-check matrix. 
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Figure. 4.7 Schematic architecture of rate adaptive non-binary LDPC decoder. 

With the description in previous sections, we implement and compare three rate 

adaptive schemes based on binary LDPC codes, non-binary LDPC codes, and binary 

generalized LDPC codes (GLDPC). These three architectures can be software-defined by 

initializing configurable registers in FPGA. In order to make a fair comparison, we first 

design a (3, 15)-regular quasi-cyclic binary and non-binary LDPC codes with length of 

34,635 and select (15, 11) Hamming codes as local code in generalized LDPC codes. The 

required precision is 6-bit for binary LDPC decoder and binary GLDPC decoder while 8-

bits are required for non-binary LDPC decoder. At the same time, we implement 15 

VNUs and 1 CNU in order to keep the same throughput in three cases. The resource 

utilization is summarized in Table 4.3. One can clearly notice that the binary GLDPC 

decoder has a slightly increased number of occupied slices and memories since one more 

APP-based CNU is required to process the simple linear block code. On the other hand, 

LMMA-based non-binary LDPC codes consumes 3.6 times larger memory size than the 

binary one because of large field size and high quantization precision, while the occupied 
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number of slices is five times larger than that in binary case because of higher complexity 

of CNU. 

Table. 4.3 Logic resources utilization for different LDPC decoders’ implementations. 

 Binary LDPC 
decoder 

GLDPC 
decoder 

Non-binary 
LDPC decoder 

Occupied Slices 
(74,400) 

2,969 (3%) 7,180 (9%) 16,842 (22%) 

RAMB36E1 (1,064) 113 (10%) 113 (10%) 338 (31%) 

RAMB18E1 (2,128) 14 (1%) 127 (5%) 4221 (9%) 

The BER vs. Q-factor performances of the rate adaptive binary and non-binary 

LDPC code are summarized in Figures 4.8 and 4.9. The FPGA-based emulation was 

conducted over binary (BI)-AWGN channel and 6 and 8 bits precision are used in binary 

and non-binary LDPC decoder, respectively. Unlike there are error floor phenomenon 

observed in previous section for non-binary LDPC code, we have not observed any error 

floor here due to the increased number of bits representing the extrinsic messages (𝐿_, 

𝑅C_
`,Q , and 𝐿_C

`,Q ). We can conclude that the LLRs’ precision affects the error floor 

phenomenon of the non-binary LDPC decoders. A set of column weight and row weight 

configurations of {(3, 15), (3, 14), (3, 13), (3, 12), (3, 11), (3, 10)}, which corresponds to 

the code rates of {0.8, 0.786, 0.77, 0.75, 0.727, 0.7}, can be achieved by software-based 

reconfiguration of specific register in FPGA. The girth-10 regular (34635, 27710, 0.8) 

binary and non-binary mother code can achieve a Q-limit of 5.2 dB and 5.14 dB at BER 

of 10-15, which corresponds to NCG of 11.83 dB and 11.89 dB. The rate adaptive non-

binary LDPC codes outperform the binary LDPC codes by approximated 0.06 dB in all 

range of rate from 0.7~0.8. In addition, we believe this gap will be larger when combined 



69	
	

with higher modulation schemes enabling 100Gbits/s (with QPSK) and 400Gbits/s (with 

16QAM) optical communication systems. 

 

Figure. 4.8 BER performance of rate-adaptive binary LDPC codes (for BPSK). 

 

Figure. 4.9 BER performance of rate-adaptive non-binary LDPC codes (for BPSK). 
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4.6 Conclusion 

In this chapter, we have discussed an efficient FPGA implementation of the non-

binary LDPC decoder as well as its rate adaptive architecture. The LDPC emulator with a 

unified FPGA architecture can provide good error rate performance and excellent code 

rate flexibility. Compared to binary LDPC codes, the non-binary LDPC codes provide 

additional ~0.06dB gain for BPSK and we believe a larger gain can be achieved when 

combined with high order modulations. In Figure 4.10, we plot the net coding gain 

performance of the proposed classes of binary LDPC codes over BPSK transmission and 

compare with existing works in the literature [60]. On average, these classes of LDPC 

codes are proved to have capacity approaching performance. Thus they represent the 

promising technologies enabling the next generation optical transport network and 

beyond. 

 

Figure. 4.10 Emulated NCG of LDPC codes with comparison to soft-decision and hard-decison 
capacity.  
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CHAPTER 5  

FPGA-BASED RATE-ADAPTIVE LDPC-CODED MODULATION 
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With the advance of analog-to-digital converter technologies, high order modulation 

formats up to 64-QAM with symbol rate up to 72-Gbaud have been demonstrated 

experimentally with Raman amplification [ 61 ]. While it is essential to design an 

optimized FEC code offering the best coding gain, determining the optimal tradeoff 

between high-order modulation formats and the overhead of FEC codes is of high 

importance for the next generation 400 Gb/s technology and beyond. Most recently, DP-

QPSK, DP-16QAM, DP-64QAM, with varying code rates have been studied to achieve 

the highest generalized mutual information (GMI) at a given signal-to-noise ratio (SNR) 

and this study explored a total of 10 modulation formats to find the best combination of 

spectral efficiency and highest span loss budget [62, 63]. 

In the first half of this chapter, we first propose an adaptive FPGA-based LDPC-

coded modulation for the next generation of optical communication systems. Our 

motivation is to have a unified architecture of LDPC decoder together with various 

modulation formats have been shown to allow a wide range of performances for OTN, 

where large number of parameters can be reconfigured in order to cope with the time-

varying optical channel conditions and service requirements. The contribution of this 

chapter can be summarized as follows. (i) To the best of our knowledge, this is the first 

work on real-time implementation of rate-adaptive LDPC codes with overhead ranging 

from 25% to 42.9% in BPSK, QPSK, 8-QAM, 16-QAM, 32-QAM, and 64-QAM 

transmissions over spontaneous emission noise (ASE) scenario. (ii) We provide detailed 

hardware architecture implementation and its explicit resource utilization and power 

analysis to help researcher better access its figure of merit. (iii) We provide detailed 

analysis of rate-adaptive LDPC codes when applied to the higher-order modulation 
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formats and demonstrate that an enhanced net coding gain (NCG) can be achieved with 

proposed rate-adaptive LDPC coded modulation schemes. 

In the second half of this chapter, we study a class of rate adaptive irregular 

LDPC codes as a candidate to deal with time-varying optical channel conditions and 

compare them against regular LDPC codes in a wide range of code rates, from 0.4 to 0.9. 

By computer simulation, we first optimize the variable node degree distribution with 

concentrated check node degree. Then we show via numerical simulation that the 

irregular LDPC codes can actually outperform regular ones over BI-AWGN channel, 

which a suitable channel model for ASE noise dominate scenario. Meanwhile, we 

propose an effective mapping scheme, which assigns the less reliable bits to higher 

degree variable node, and the simulation results indicate that additional 0.3 dB can be 

achieved in low code rate regime in 16QAM transmission. 

The rest of this chapter is organized as follows. In Section 5.1 we first present the 

data flow and the corresponding unified FPGA-based architecture of the LDPC-coded 

modulation emulator as well as a comprehensive analysis on implementation results and 

performances. In Section 5.2, we then evaluate the performance of a set of irregular 

LDPC codes with code rate ranging from 0.4 to 0.9. In addition, an improved SNR limit 

gain is demonstrated with Monto Carlo simulation when assigning the less reliable bits to 

higher degree variable nodes. Finally, the Section 5.3 concludes this chapter. 
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5.1. FPGA-based LDPC Coded Modulation 

5.1.1. Emulator description 

We denote 𝐿𝐿𝑅°ß, 𝐿𝐿𝑅*àas the symbol LLR of symbol 𝑖 and bit LLR of bit 𝑗 in 

one symbol, and let 𝑃 𝑠6|𝑟  represent a posteriori probability of the symbol i given the 

received symbol 𝑟. For the LDPC decoder, let 𝑅C_
`,Q, 𝐿_C

`,Q, and 𝐿_ represent the check c to 

variable v extrinsic information (message), the variable v to check c at k-th iteration and l-

th layer extrinsic message, and the LLR from the channel, respectively; where 𝑘 =

1,… , 𝐼defand 𝑙 = 1,… , 𝛾. The layered scaled min-sum algorithm (with scaling factor 𝑠 

set to 0.75) is employed as in [64]. The emulation processors can be summarized with the 

help of Equations (5.1)-(5.6), where Equations (5.1)-(5.3) correspond to symbol LLRs 

calculation (Equation (5.1)) and bit LLRs calculation (Equation (5.3)). On the other hand, 

Equations (5.4)-(5.6) describe the layered decoding algorithm.  

𝐿𝐿𝑅°ß = log	(𝑃 𝑠6|𝑟 /𝑃 𝑠©|𝑟 )                                     (5.1) 

𝐿𝐿𝑅*à = log Ã °ß|â
Ã °ß|âãß(äà)ååæ

°ß(*à)ÛÛ©                                 (5.2) 

𝐿𝐿𝑅*à = 𝑚𝑎𝑥∗ 𝐿𝐿𝑅°ß°ß(*à)ÛÛ© − 𝑚𝑎𝑥∗ 𝐿𝐿𝑅°ß°ß(*à)ÛÛ0             (5.3) 

𝐿_
`,Q = 𝐿_ + 𝑅C_

`,Qg
Qg                                              (5.4) 

𝐿_C
`,Q = 𝐿_ + 𝑅C_

`,Qg
QgsQ                                             (5.5) 

𝑅C_
`,Q = 𝑠× sign 𝐿_gC

`,Q min
_gs_

𝐿_gC
`,Q

_gs_                            (5.6) 
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5.1.2. FPGA-based LDPC-coded modulation architecture 

We study the performance of the proposed rate-adaptive LDPC-coded modulation 

in an FPGA platform, whose high-level diagram is illustrated in Figure 5.1. The platform 

consists of three parts: a set of PRBS generators (the generator polynomial 𝑥�0 + 𝑥1� +

1), a M-QAM mapper, two Gaussian noise generators, a symbol log-likelihood ratio 

calculator, a bit log-likelihood ratio calculator, a rate-adaptive LDPC decoder based on 

layered scaled min-sum algorithm, and an error counter circuit. The PRBS generator is 

based on linear feedback shift register with a 31-bit initial value. A M-QAM mapper is 

stored in two read only memories (ROMs). The Gaussian noise generator is implemented 

by using two linear feedback shift register (LFSR)-based uniform generators combined 

with Box-Muller algorithm. Such generated sequence of white Gaussian noise samples is 

multiplied with standard deviation σ and fed to the symbol log-likelihood ratio block 

which is implemented based on Equation (5.1). It is worth noting that the max-star (max*) 

operation is replaced by max operation due to its low complexity and low latency. Then 

the quantized bit LLR is obtained based on Equation (5.3) and fed to LDPC decoder 

based on Equations (5.4)-(5.6). In addition, a microblaze-based software configuration 

interface is implemented to set up initial configuration and to read from register. The 

setup process includes configuring noise variance, the number of iterations, and the 

length of shortening. Meanwhile, the BER is obtained by accessing registers storing the 

number of errors and the number of codewords that have been emulated. For more details 

on the implementation architecture of binary LDPC decoder, we refer the interested 

readers to Chapter 3 and to [65]. 
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Figure 5.1 FPGA architecture of rate-adaptive LDPC-coded modulation. 

5.1.3.  Emulation results and analysis 

The mother (3, 15) (34635, 27710) LDPC code is constructed based on 

permutation matrices due to its efficient implementation [66], and the rate adaptation is 

achieved by eliminating several blocks from a mother code by setting the initial LLR into 

largest integer value. We employ the 8-bit uniform quantization scheme for messages (𝐿_, 

𝐿_C
`,Q , 𝑅_C

`,Q ) to ensure that the error floor phenomenon is due to the code-design itself 

instead of finite precision representation, while keeping the decoding complexity 

reasonably low.  
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Figure 5.2 BER performance curves for LDPC coded modulation with various code rates and 

modulation formats.  

The BER vs. SNR performance of the proposed rate-adaptive LDPC code with 

number of layered iterations set to 45 is summarized in Figure 5.2, in which we have 

shown a set of LDPC component codes of code rates {0.8, 0.786, 0.77, 0.75, 0.727, 0.7} 

in which rate-adaptation is performed via puncturing, combined with a set of modulation 

formats, namely, BPSK, QPSK, 8-QAM, 16-QAM, 32-QAM, and 64-QAM. Table 5.1 

presents coding gains at BER of 10-15, obtained via extrapolation (the point 

corresponding to BER of 10-15 is extrapolated). One can clearly observe that a flexible 

NCGs ranging from 11.83dB to 12.25dB can be achieved by employing the proposed 

rate-adaptive LDPC coding. Additionally, when combined with higher-order modulation 

formats, the proposed rate adaptation when applied to both component code rates and 

modulation format size can offer extremely flexible performance by adapting to time-



78	
	

varying optical channel conditions. It is worth noting that the coding gain decreases as 

the constellation size increases. We will explain and address this observation in the next 

section. 

Table. 5.1 Net coding gains (in dB) of LDPC-coded modulation scheme. 

Code Rate BPSK QPSK 16-QAM 64-QAM 
0.7 12.25 12.25 11.89 11.76 

0.727 12.11 12.11 11.77 11.70 
0.75 12.05 12.05 11.67 11.65 
0.77 12.01 12.01 11.61 11.61 
0.786 11.90 11.90 11.49 11.48 
0.8 11.83 11.83 11.53 11.47 

Apart from error correction performance of the rate-adaptive LDPC-coded 

modulation, logic utilization, power consumption, and latency represent another 

important aspect. We compare the logic utilization and power consumption of six LDPC-

coded modulation schemes, which have been implemented in Xilinx Virtex 6 xc6vsx475t. 

Each emulator comprises log	1(𝑀) PRBS generators (𝑀 is the signal constellation size), 

one or two Gaussian noise generator for BPSK and others modulation formats, 

respectively, one symbol LLR calculator, one bit LLR calculator, and one reconfigurable 

LDPC decoder. The resource utilization is summarized in Table 5.2. One can clearly 

notice that the usage of occupied slices increases as the modulation format size increases, 

while the memory utilization is almost the same due to negligible amount of memory 

utilization except inside of the LDPC decoder. In addition, the on-chip power 

consumption from clocks, logics, signals, BRAMs, DSPs, MMCMs, and IOs are shown 

in the last column in Table. 5.2. The power consumption increases as we increase 

modulation format size, while this increase is reasonably low. 
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Table. 5.2 Logic Utilization and Power Consumption Summary of LDPC-coded 
modulation Schemes. 

Modulation 
Formats 

Occupied Slices 
(74,400) 

RAMB36E1 
(1064) 

RAMB18E1 
(2128) 

Power 
(W) 

BPSK 7724 (10%)  113 (10%) 137 (6%)  1.205 
QPSK 7860 (10%) 113 (10%) 137 (6%) 1.223 
8QAM 8758 (11%) 113 (10%) 137 (6%) 1.267 
16QAM 9181 (12%) 113 (10%) 137 (6%) 1.357 
32QAM 10,465 (14%) 113 (10%) 137 (6%)) 1.538 
64QAM 15,182 (20%) 113 (10%)) 137 (6%) 2.024 

As we discussed above, we duplicate four LDPC-coded modulation emulators in 

one FPGA and with four FPGAs available in our rapid prototyping platform, in total 16 

emulators are employed. Each decoder consists of 3 CNUs and 45 VNUs in the 

implementation, hence the throughput of the decoder can be calculated by 𝐹(�� ∗

𝑛/[(𝑏 𝑝 + ∆) ∗ 𝐼���] , where 𝐹(�� = 200	MHz  is the FPGA running frequency, 𝑛  is 

number of bits per codeword, 𝑏 = 2309 is the block size, 𝑝 = 3 is the pipeline depth, ∆=

7  is the latency of VNP and CNP, 𝐼��� = 45  is the maximum number of layered 

iterations. It is worth noting that the decoder will converge fast at high SNR regime (~24 

iterations verified by simulation). The aggregation throughput of the mother code will be 

~3.17 Gb/s in low SNR regime and ~5.94 Gb/s in high SNR regime, while the 

throughputs of code of code rate of 0.7 will be ~2.11 Gb/s and ~3.96 Gb/s respectively. 

5.1.4. Proposed rate-adaptive LDPC-coded modulation 

The uncoded and coded BER performance vs. SNR of each bit in BPSK, QPSK, 

8-QAM, 16-QAM, 32-QAM, and 64-QAM are shown in Figure 5.3 and Figure 5.4, 

respectively. A close look at Figure 5.3 reveals that each bit in higher order modulation is 

protected unequally. For instance, the first bit and second bit have the same performance 

(the same applies for the third and the fourth bits) in 16QAM. Additionally, at input BER 
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threshold of 4.2´10-2 of LDPC code with code rate of 0.75, the corresponding SNR limits 

of first and second bit in 16QAM are 9.37dB and 11.72dB, respectively. This 

phenomenon is illustrated in Figure 5.4 as well since the SNR gap of coded BER is 

approximately 2.4 dB. The overall SNR limit of post-FEC BER of 10-15 will be limited 

by the worst bit performance, which inspires us to use our proposed rate-adaptive LDPC 

codes for different component bits combined with higher-order modulation formats. 

Another interesting observation is the best bit performance in 64-QAM is comparable to 

the worst bit performance in 16QAM. In addition, there are slightly different slopes of 

performance curves associated with different bits in high-order modulation formats since 

the distribution of bit LLRs is not Gaussian anymore. 

 

Figure 5.3 LDPC coded BER vs. SNR performance. 
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Figure 5.4 Uncoded BER vs. SNR performance. 

In order to bridge the performance gap among different bits in high-order 

modulation formats, non-binary LDPC codes can be employed [67]. Due to its extremely 

high implementation complexity [68], we propose to apply different error correction 

performance codes to different bits within the symbol in high-order modulation format. 

Namely, instead applying code rate of 0.75 to all four bits in 16-QAM and six bits in 64-

QAM, we employ code rate of 0.7 to first and third bit and code rate of 0.8 to second and 

fourth bits in 16-QAM. Meanwhile, we apply code rate of 0.7, 0.75, 0.8 to the first and 

fourth pair, second and fifth pair, and third and sixth pair bit in 64-QAM; both 

configurations will result in the same average code rate of 0.75. As shown in Figure 5.5, 

the BER vs. SNR performance reveals the existence of coding gain improvement of 

proposed scheme compared to the conventional scheme. More specifically, the proposed 

scheme provides additional 0.5 dB gain at the BER of 10-15 compared to the 
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corresponding (3, 12)-regular QC-LDPC (27708, 20781) code, when 16-QAM and 64-

QAM are used.  Meanwhile, there is no error floor phenomenon observed at BER of 10-15 

after ~1016 bits that have been emulated, which implies the effectiveness of designing 

high-girth QC-LDPC code. It is worth noting that we can further bridge the gap between 

different bits in large constellation by more flexible component codes, however, 

addressing the difference of latency and the throughput of different component decoder 

will be very interesting. 

 

Figure 5.5 BER performance vs. SNR of regular LDPC-coded modulation. 

To summarize the first half of this chapter, we proposed a novel class of 

reconfigurable rate-adaptive LDPC codes with overhead ranging from 25% to 42.9% for 

high-speed optical transmission systems. The BER performance has been verified 

through FPGA emulation system and it has been shown that the proposed LDPC-coded 

modulation schemes exhibit a superior waterfall performance and excellent error floor 

performance down BER of 10-15. Moreover, additional SNR gain of 0.5 dB can be 
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achieved by applying the rate-adaptive LDPC codes to 16-QAM and 64-QAM. To the 

best of our knowledge, this is the first FPGA implementation results of flexible LDPC-

coded modulation. We believe that the proposed rate-adaptive QC-LDPC codes together 

with six modulation formats is one of the promising candidates for the next generation of 

optical communication systems. 

5.2. Irregular LDPC Coded Modulation 

In this section, we first discuss a method of constructing a class of dynamic code-rate-

adaptive irregular LDPC codes. 

5.2.1 Design of irregular LDPC codes 

This design procedure consists of two steps: we first find an optimized node 

degree distribution for variable nodes based on density evolution (DE) given a 

concentrated degree, then using progressive edge growth (PEG) algorithm to construct a 

check node degree concentrated irregular LDPC code given the pre-calculated variable 

node degree distribution [69, 70]. It is worth noting that a curve fitting method based on 

extrinsic information transfer (EXIT) chart analysis can also be employed to determine 

the optimized degree distribution [71]. However, in this section, we prefer the use of the 

density evolution with Gaussian approximation for irregular LDPC design since it is 

more accurate and compare such obtained irregular LDPC code design against a quasi-

cyclic regular LDPC code design based on permutation matrices, which have been 

demonstrated in real-time with high implementation efficiency in Chapter 2. 

Let 𝜆 𝑥 = 𝜆ê𝑥êê  and 𝜌 𝑥 = 𝜌ê𝑥êê  be the polynomial representations of 

variable-/check node-degree distributions, where 𝜆ê  and 𝜌ê  are fractions (edge 
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perspective) of degree-𝑑 variable nodes and check nodes, respectively. The optimization 

procedure for variable node degree distribution can be described as follows: 

• Step 1) A concentrated check node degree (𝑑C, 𝑑C + 1) is selected with 

probability (𝜌ê, 1 − 𝜌ê). 

• Step 2) The linear programming is used to maximize the code rate 1 −

, fæ
ë êf

ì fæ
ë êf

 under the constraints: 𝑟 > ℎ 𝑠, 𝑟 , for all 𝑟 ∈ (0, 𝜙(𝑠)) ,  𝜆êê =

𝜌êê = 1, where 

 ℎ 𝑠, 𝑟 = 𝜆6ℎ6 𝑠, 𝑟
ê¼,� ð
6Û1  

= 𝜆6𝜙(𝑠 + (𝑖 − 1) 𝜌7𝜙P0(1 − (1 − 𝑟)7P0)
ê�R0
ê� )ê¼,� ð

6Û1            (5.7) 

For additional details of the above equations, an interested reader is referred to [71],[72]. 

Instead of maximizing the noise variance for a given rate and 𝜌 𝑥 , we are trying to 

maximize the code rate for a given noise variance and 𝜌 𝑥 , then slowly increase the 

variance until the design rate is barely achievable. 

Table 5.3 lists the degree distributions optimized by the DE-based design method 

for the code rates of {0.4, 0.5, 0.67, 0.75, 0.8, 0.9}, where the last three columns is the 

Eb/No (bit energy-to-power spectral density ratio) threshold for irregular LDPC ensemble, 

regular LDPC ensemble with column weight of 3, and the Shannon limit. It can be seen 

that the optimized distributions are different depending on the code rate. The Eb/No 

thresholds are better than those for regular QC LDPC code and the gap decreases as code 

rate increases due to more connections in the Tanner graph. 
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Table. 5.3  Degree distribution optimized by density evolution. 

Code rate Variable degree distribution 𝑇ℎñ� 𝑇ℎ� 𝑇ℎÄ� 

0.4 𝜆 𝑥 = 0.5355𝑥1 + 0.1115𝑥� + 0.2397𝑥ò
+ 0.1133𝑥0ó 

0.11 1.03 -0.27 

0.5 𝜆 𝑥 = 0.5008𝑥1 + 0.1346𝑥� + 0.2378𝑥ò
+ 0.1268𝑥0ó 

0.57 1.19 0.16 

0.67 𝜆 𝑥 = 0.4640𝑥1 + 0.2260𝑥� + 0.1280𝑥ò
+ 0.1820𝑥00 

1.43 1.82 1.1 

0.75 𝜆 𝑥 = 0.4436𝑥1 + 0.2224𝑥� + 0.0819𝑥ò
+ 0.1143𝑥ô + 0.1378𝑥0ó 

1.92 2.33 1.66 

0.8 𝜆 𝑥 = 0.4149𝑥1 + 0.3457𝑥� + 0.2394𝑥0ó 2.35 2.65 2.07 

0.9 𝜆 𝑥 = 0.4241𝑥1 + 0.1905𝑥� + 0.1943𝑥ò
+ 0.1911𝑥0ó 

3.36 3.71 3.19 

 

The above-described method for variable degree distribution can tell us how good 

the irregular LDPC code ensemble is over the regular LDPC ensemble. However, the 

density evolution analysis assumes an infinite length of codeword, infinite number of 

iterations and independent message passing along Tanner graph. In order to demonstrate 

the effectiveness of described irregular LDPC codes with optimized node degree 

distribution, we first construct a parity-check matrix of finite-length LDPC codes using a 

PEG algorithm [72], which maximizes a minimum length of cycle, in the Tanner graph. 

Since number of cycles usually essential to reduce an error floor and increase the 

minimum distance. In this section, we consider a codeword length of 38400 bits as it is 

used for a state-of-art LDPC code achieving a net coding gain (NCG) of 12dB [43]. 

Figure 5.6 shows BER performance of the LDPC codes designed by PEG according to 

the optimized degree distributions listed in Table 5.3. As expected in the threshold 
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analysis, the optimized irregular LDPC codes by density evolution outperform QC-LDPC 

codes with circulant permutation matrices by {0.35, 0.38, 0.38, 0.44, 0.2, 0.15} dBs, 

corresponding to code rates of {0.4, 0.5, 0.67, 0.75, 0.8, 0.9}. This gap must be much 

more significant at a BER of 10-15. Note that in most optical communication systems, a 

very low BER around 10-15 is preferred. Since no error floor is observed in Figure 5.6 

above a BER of 10-7, it is expected that the irregular LDPC codes investigated in this 

section can achieve a BER of 10-15 using an outer code to cope with a potential error floor. 

        
Figure 5.6 Bit error rate performance of optimized irregular LDPC codes and regular LDPC codes 

over BI-AWGN. 

5.2.2 Bit loading algorithm 

There are two methods of soft demodulation schemes to extract bit LLR from 

received symbol. One way is based on the chain rule of mutual information, which can be 

written as  

𝐼(𝑏©, … , 𝑏dP0; 𝑌) = 𝐼(𝑏6; 𝑌|𝑏©, … , 𝑏6P0)dP0
6Û©                                 (5.8) 

the other one is to demodulate in parallel, where 
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𝐼(𝑏©, … , 𝑏dP0; 𝑌) ≥ 𝐼(𝑏6; 𝑌)dP0
6Û©                                           (5.9) 

Theoretically, using Equation (5.8) will preserve the mutual information. 

However, as 𝐼(𝑏6; 𝑌|𝑏©, … , 𝑏6P0) implies that the demodulation of 𝑏6 will depend on the 

previously demodulated bits. Using Equation (5.9) as de-mapping rule is practically 

preferred option as it is more implementation friendly by treating each bit independently. 

Moreover, an improved coding gain can be achieved when bit-interleaved coded 

modulation (BICM) employed [ 73 ]. The mutual information of each bit for 

4PAM/16QAM (since 16QAM can be represented as Cartesian product of two 

orthogonal 4-PAMs) over AWGN channel is shown in Figure 5.7. The numerical results 

show that there are two types of bits in 16QAM, each containing different mutual 

information at the same SNR level and the combined mutual information is smaller than 

the symbol mutual information, which comes from the imperfect de-mapping rule. 

Meanwhile, the difference in mutual information implies the difference in noise level on 

the bits, which is referred to as the unequal error protection (UEP) property.  

 

Figure 5.7 Symbol and bit mutual information of 4-PAM. 
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On the other hand, different variable node degrees imply different reliabilities 

after decoder of an irregular LDPC code. The columns in a parity-check matrix can be 

considered as repetition codes with the number of repetitions equals to the number of 

ones in that column. The higher degree of a variable node, the more correction capability 

of corresponding coded bit is. Based on the consideration above, we believe that there 

will be additional SNR gain of the LDPC-coded modulation scheme by assigning the less 

reliable bits to the higher degree variable nodes while assigning the more reliable bits to 

the lower degree variable nodes, and we call this algorithm as the bit-loading algorithm. 

     
Figure 5.8 BER of optimized bit-loading irregular LDPC coded 16-QAM. 

Figure 5.8 shows the numerical BER performance of the proposed irregular 

LDPC codes in 16-QAM transmission. As expected, irregular LDPC coded 16-QAM 

outperforms the regular LDPC coded 16-QAM for different code rates of {0.4, 0.5, 0.67, 

0.75, 0.8, 0.9}, while the error floor is found for very high code rate. At the same time, 

with the proposed bit-loading scheme, there is an additional 0.3 dB gain in Eb/No at a 

BER of 10-7 for both code rates of 0.4 and 0.5. However, the gain is not preserved in 



89	
	

other simulated irregular LDPC coded 16-QAM (for high code rates). This phenomenon 

can be explained by the fact that more connections are involved in the corresponding 

Tanner graph for high code rates. In general, we can adopt the bit-loading scheme to low 

code rates while we can still gain from the irregular LDPC codes in high spectral 

efficiency transmission. 

5.3. Conclusion 

In this chapter, we have first proposed a novel class of reconfigurable rate-

adaptive LDPC codes with overhead ranging from 25% to 42.9% for high-speed optical 

transmission systems. The BER performance has been verified through FPGA emulation 

system and it has been shown that the proposed LDPC-coded modulation schemes exhibit 

a superior waterfall performance and excellent error floor performance down BER of        

10-15. Moreover, additional SNR gain of 0.5 dB can be achieved by employing the rate-

adaptive LDPC codes to 16-QAM and 64-QAM.  

Then we have demonstrated the advantages of irregular LDPC codes in wide 

range of code rates. Further, we proposed the bit mapping (loading) method associated 

with high-order modulation formats and demonstrated, by numerical simulation, the 

effectiveness of the bit loading scheme in irregular LDPC coded 16-QAM for lower code 

rates.  

In conclusion, we believe that the rate-adaptive LDPC coding together with high 

order modulation formats is one of the promising candidates for the next generation of 

optical communication systems.  
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In previous chapters, we have discussed the FPGA-based binary QC LDPC coding, non-

binary QC LDPC coding, and an efficient hardware architecture of rate adaptive schemes 

in order to meet the time-varying optical channel conditions and the service requirements. 

Then we have investigated the LDPC-coded performance in high order modulation 

formats scenario, and the feasibility has been demonstrated with FPGA-based regular 

LDPC coded-modulation emulation as well as a set of irregular LDPC coded-modulation 

simulator. The above technologies can facilitate the implementation of the next 

generation optical transport networks with a single carrier.  

In this chapter, we will discuss a real-time transceiver based on the direct 

detection orthogonal frequency division multiplexing (DD-OFDM), with the FPGA 

system being employed simultaneously as an OFDM transmitter and an OFDM receiver. 

The real-time transceiver is successfully demonstrated with a sampling rate of 3.2 

Gsamples/s (GSa/s) in an electrical back-to-back configuration.  

The rest of this chapter is organized as follows. In Section 6.1, we describe the 

BEE4 rapid prototyping hardware system used in OFDM transceiver implementation. 

Then the detailed description of the real-time DD-OFDM transceiver is provided in 

Section 6.2. In Section 6.3, we provide the experimental results related to received 

constellation diagrams for adaptive OFDM, in which several QAM and OSCD 

constellations are used. Finally, we provide some important concluding remarks in 

Section 4.6. 
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6.1. Description of Experimental Setup 

The OFDM transceiver is implemented using BEE4 rapid-prototyping platform. 

The BEE4 consist of four Xilinx Virtex-6 FPGAs, Intel Atom PC module, and 128G 

DDR3 RAM onboard. Additionally, there are two analog-to-digital converters (ADCs) 

with 10-bit resolution and two digital-to-analog converters (DACs) with 12-bit resolution, 

both are with sampling rate of 5 GSa/s. As shown in Figure 6.1, FPGAs A is used as 

OFDM transmitter; while FPGAs D is used as OFDM receiver. The recovered signal will 

be written to a pre-defined RAM, which will be then accessed by a remote desktop 

computer. 

 

Figure 6.1 BEE4 rapid-prototyping system diagram. 

6.2. FPGA Architecture of DD-OFDM Transceiver 

Figure 6.3 shows the transmitter (top) and receiver (bottom) architectures 

implemented onto two FPGAs. Although the maximum running clock frequency of 

FPGA design can achieve up to 400 MHz, we choose the clock rate of 200 MHz in order 

Transmitter

Receiver

DAC

ADC

External 
Clock
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to accommodate the 16 de-multiplexed channels lowering from ADC sampling rate of 

3.2 GSa/s, as well as alleviate the timing requirements of the design. The remaining two 

FPGAs are predicted for adaptive LDPC encoders and decoders. 

In the OFDM transmitter, binary parallel data sequences are fed to 16 adaptive 

modulators, which generate the complex data for the information subcarriers. To achieve 

a real-valued inverse fast Fourier transform (IFFT) output, the inputs of subcarriers are 

arranged to satisfy the Hermitian symmetric property with respect to their complex 

conjugate counterparts [74]. The signed, 64 real-valued IFFT outputs are clipped, biased 

and quantized to 10 bits. A cyclic prefix of 16 samples is added to each OFDM symbol, 

resulting in 80 samples per OFDM symbol. Sample reordering is then performed to 

match the interface of DAC.  

	

Figure 6.2 Block diagram of real-time DD-OFDM transceiver 

For efficient computation purpose, we set the cyclic prefix length to be equal to 

the number of the de-multiplexed channel, e.g. 16. This allows any of the first 16 points 

to be used as the starting point of an OFDM frame. Meanwhile, we replicated the 

synchronization pattern by the number of the de-multiplexed channels, in this case 32, as 
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well so that we can efficiently down-sample the incoming signals by 16 and still can 

access to the synchronization pattern at any one of the de-multiplexed channel. Figure 6.2 

shows the serial organization of one OFDM frame. The blank and synchronization 

samples of size 288 are used for window synchronization, followed by 16 OFDM 

symbols for channel estimation and 256 data OFDM symbols. Each OFDM symbol 

consists of 64 samples for subcarriers and 16 samples for cyclic prefix. 

 

Figure 6.3 OFDM frame structure in serial representation. 

In the OFDM receiver, the window synchronization is achieved by detecting 

blank samples followed by fixed synchronization samples [75]. Then a large portion of 

FPGA’s on-chip memory was used on the first in first out (FIFO) register to convert the 

parallel samples into natural sample order, in which a group of 80 samples is used to 

form an OFDM symbol. After removing the cyclic prefix, 64-point fast Fourier transform 

(FFT) for each channel is performed. Once the signal is converted to the frequency 

domain, the channel estimation and compensation is carried out to reduce the filtering 

effect incurred by DAC and ADC, which is performed in the same fashion as explained 

in [76, 77], namely 

𝑅(𝑘) ≥ 𝐻(𝑘)𝑇(𝑘)                                                   (6.1) 

where 𝑘  is the subcarrier index. In Equation (6.1), 𝐻(𝑘) denotes the channel transfer 

function of the 𝑘th subcarrier that we can assume to be constant for the entire frame. 

𝑇(𝑘)  is the transmitted modulated signal, which is adaptable to five implemented 

modulation formats and 𝑅(𝑘) is the corresponding received signal. 

16x16 2x16 16x(64+16)

90ns 10ns 400ns

256x(64+16)

6.4us

Blank (B) Sync (S) Training Symbol (TS) Data Symbol (DS)
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Channel transfer function can be estimated by comparing the received OFDM 

symbols with the training OFDM symbols and averaging over all training symbols per 

frame. In our setup, 16 OFDM symbols are used for training purpose. We can estimate 

the inverse of the transfer function so that we can use it for later compensation such that 

𝐻P0(𝑘) ≈ 0
où

F(`)
�(`)

6Ûoù
6Û0                                         (6.2) 

Finally, the channel compensated data OFDM symbols are stored in RAMs and 

have been read remotely through a MicroBlazer Processor. 

6.3. Experimental Results 

For the developed real-time OFDM transceiver discussed above, we provide the 

constellation diagrams obtained in the electrical back-to-back configuration. With a 

sampling rate of 3.2 GSa/s, we can achieve information data rate of 2.48 Gb/s, 3.72 Gb/s 

and 4.95 Gb/s using QPSK, 8QAM (8OSCD) and 16QAM (16OSCD) respectively. 

Clearly, both conventional QAM and the optimal signal constellation design (OSCD) 

constellation, reported as capacity approaching constellation diagrams in [78], have been 

implemented. The recovered constellation diagrams (at 5th subcarrier) are shown in 

Figure 6.4 to confirm the capability of the developed adaptive OFDM transceiver for up 

to 4.95 Gb/s real-time serial transmission using QPSK, 8QAM (8OSCD) and 16QAM 

(16OSCD), respectively. The recovered constellation diagrams indicate the suitability of 

the developed OFDM transceiver for use in high-speed DD-OFDM data transmission to 

deal with time-varying channel conditions. 
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(e) 
Figure 6.4 Recovered constellation diagrams (at 5th subcarrier) of (a) QPSK, (b) 8QAM, (c) 

16QAM, (d) 8OSCD, (e) 16OSCD 

6.4. Conclusion 

In this chapter, we have demonstrated the real-time DD-OFDM transceiver in 

electrical back-to-back configuration. The experimental results demonstrate the 

feasibility for modulation format adaptation for both conventional QAM and OSCD 

modulation formats. 
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Advanced forward error correction (FEC) coding with powerful error correction 

capability has been extensively investigated over the past decades, and represents one of 

the key technologies enabling the development of 400Gb/s, 1Tb/s Ethernet and beyond. 

In this dissertation, we investigated various real-time implementations of LDPC coding 

and adaptive LDPC coded modulation enabling the next generation optical transport 

networks. 

In Chapter 2, we introduced fundamental concepts on binary LDPC codes 

including definitions, construction methods, encoding algorithms, and decoding 

algorithms. We primarily focus on QC LDPC codes due to their structural properties, 

which lead to efficient encoder and decoder hardware architectures. We have provided a 

comprehensive discussion on the implementation results, including logic utilization, 

latency, and throughput. Lastly, we have presented the performance of a class of designed 

QC-LDPC codes with 25% overhead and the emulation results demonstrated the superior 

waterfall and error floor performance.  

In Chapter 3, we proposed a rate-compatible FEC scheme based on generalized 

LDPC codes together with its software reconfigurable unified FPGA architecture. By 

FPGA emulation, we demonstrated that the proposed class of rate-compatible LDPC 

codes based on puncturing and generalized LDPC coding with an overhead from 25% to 

46% is capable of providing the coding gain ranging from 12.67 dB to 13.8 dB at a post-

FEC BER of 10-15. 

In Chapter 4, we initially proposed concatenation of a girth-10 non-binary QC-

LDPC code and a RS code with the overall overhead of 27%, suitable for high-speed 

optical transmission systems. The BER performance was verified through FPGA 
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emulation system. Superior waterfall and error floor performance, compared to binary 

counterparts, has been demonstrated at a post-FEC BER of 10-15. No error floor of the 

concatenation scheme has been found and 5.05dB in Q-limit is achieved, corresponding 

to NCG of 11.91dB. Additionally, we have proposed a rate adaptive non-binary LDPC 

scheme and demonstrated its excellent rate flexibility. Compared to binary LDPC codes, 

the non-binary LDPC codes provide additional ~0.06dB gain for BPSK and we believe a 

larger gain improvements can be achieved when combined with high order modulations. 

In Chapter 5, we have evaluated real-time implementation of rate-adaptive LDPC 

coding with overhead ranging from 25% to 42.9% combined with different modulation 

formats including BPSK, QPSK, 8-QAM, 16-QAM, 32-QAM, and 64-QAM over ASE 

noise dominated channel. Then we proposed a rate-adaptive LDPC coding scheme, which 

combined with the higher-order modulation formats in unequal error protection fashion is 

capable of providing the enhanced NCG, and implement it in FGPA. Finally, we 

demonstrated the advantages of irregular LDPC coding in wide range of code rates. We 

proposed the bit mapping (loading) method combined with high-order modulation 

formats, and demonstrated the effectiveness of this scheme by numerical simulations. 

In Chapter 6, we described the implemented real-time FPGA-based direct 

detection orthogonal frequency division multiplexing (DD-OFDM) transceiver, and 

evaluated its performance in electrical back-to-back configuration. The possibility for 

modulation format adaptation has been demonstrated. Both conventional QAM and 

OSCD modulation formats have been studied.  

A natural extension of this work can be the real-time demonstration of adaptive 

binary/nonbinary LDPC-coded modulation by employing the transmission loop 
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experimental setup available in the Lab. After that, the real-time demonstration of 

adaptive LDPC coded OFDM should be conducted. Additionally, the detailed hardware 

implementation description of the high performance rate adaptive FECs discussed in this 

dissertation can be extend to a real-world communication applications in addition to 

fiber-optics communications, including free-space optical communications [79], wireless 

communications, and secure quantum communications.  
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