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ABSTRACT 

Metamaterials are artificially designed composite materials which can exhibit unique 

and unusual properties such as the negative refractive index, negative phase velocity, etc. 

The concept of metamaterials becomes prevalent in the electromagnetic society since the 

first experimental implementation in the early 2000s. Many fascinated potential 

applications, e.g. super lens, invisibility cloaking, and novel antennas that are electrically 

small, have been proposed based on metamaterials. However, most of the applications still 

remain in theory and are not suitable for practical applications mainly due to the intrinsic 

loss and narrow bandwidth (large dispersion) determined by the fundamental physics of 

metamaterials.  

In this dissertation, we incorporate active gain devices into conventional passive 

metamaterials to overcome loss and even provide gain. Two types of active gain negative 

refractive index metamaterials are proposed, designed and experimentally demonstrated, 

including an active composite left-/right-handed transmission line and an active volumetric 

metamaterial. In addition, we investigate the non-Foster circuits for broadband matching 

of electrically small antennas. A rigorous way of analyzing the stability of non-Foster 

circuits by normalized determinant function is proposed. We study the practical factors that 

may affect the stability of non-Foster circuits, including the device parasitics, DC biasing, 

layouts and load impedance. A stable floating negative capacitor is designed, fabricated 

and tested. Moreover, it is important to resolve the sign of refractive index for active gain 

media which can be quite challenging. We investigate the analytical solution of a gain slab 

system, and apply the Nyquist criterion to analyze the stability of a causal gain medium. 
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We then emphasize that the result of frequency domain simulation has to be treated with 

care.  

Lastly, this dissertation discusses another interesting topic about THz spectroscopy 

of live cells. THz spectroscopy becomes an emerging technique for studying the dynamics 

and interactions of cells and biomolecules, but many practical challenges still remain in 

experimental studies. We present a prototype of simple and inexpensive cell-trapping 

microfluidic chip for THz spectroscopic study of live cells. Cells are transported, trapped 

and concentrated into the THz exposure region by applying an AC bias signal while the 

chip maintains a steady temperature at 37 ̊C by resistive heating. We conduct some 

preliminary experiments on E. coli and T cell solution and compare the transmission 

spectra of empty channels, channels filled with aqueous media only, and channels filled 

with aqueous medium with un-concentrated and concentrated cells.   
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Chapter 1. Introduction 

1.1. Metamaterial 

Metamaterial (MTM) is artificially engineered composite material to achieve 

unconventional and advantageous properties. The name of “material” comes from the 

effective medium theory based on the homogeneous approximation. It often consists of 

periodically arranged unit cells for which the physical size should be much smaller than a 

wavelength (e.g. < 𝜆/4 ). The earliest study of artificial materials for manipulating 

electromagnetic waves dates back to more than 100 years [1]. Recently, the concept of 

MTM becomes prevalent since the first practical implementation of negative refractive 

index metamaterial in the early 2000s [2].  

The theoretical concept of negative refractive index metamaterial (NIM) was firstly 

proposed by Veselago in 1967, who showed that a medium with simultaneous negative 

permittivity and permeability features a negative refractive index [3]. Veselago also 

predicted some abnormal phenomena associated with NIMs, such as the left-handed wave 

propagation, the reversed Snell’s law, and the reversed Doppler effect. In 2001, the first 

experimental demonstration of NIM is reported at microwave frequency (near 10.5 GHz) 

[2]. The designed NIM comprises a 2D array of metal wires and split ring resonators 

(SRRs), as shown in Figure 1-1(a). The metals wires provide negative permittivity (-e), 

while the SRRs can provide negative permeability (-µ). MTM has also been implemented 

using microwave transmission line (TL) theory. A simple analogy between the circuit 

model and the effective permittivity and permeability is firstly illustrated in [4], [5]. Figure 

1-1(b) shows an example of composite left-/right-handed transmission line (CLRH TL). 

The unique properties of NIM and other MTMs lead to many exciting potential applications, 
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such as “invisible cloaking” [6], “perfect lens” [7], nano-plasmonics [8], electrically small 

antennas [9], highly directional antennas [10], leaky wave antennas [11], novel microwave 

circuits [12], etc.  

CLLR

CR LL

(a) (b)  

Figure 1-1 Two most commonly studied MTM examples: (a) A wire (provides -e) / 
SRR (provides -µ) array (figure adapted from [2]); (b) A unit cell of composite left-
hand / right-hand transmission line (CLRH-TL) based MTM that can be viewed as 

having negative index property. 

1.2. Loss and dispersion 

The intrinsic loss and narrow bandwidth associated with existing passive MTMs are 

the main problems that significantly preventing many interesting applications from 

becoming reality. A typical example is the “perfect lens” [7], which is a MTM slab that 

can potentially overcome the diffraction limit of traditional lens. The predicted “perfect 

image” cannot be realized unless the NIM slab is completely lossless and with a refractive 

index of −1 [13]. For the invisibility cloaking, if the object inside the MTM layers is only 

invisible for a single frequency, it would be much less useful compared to a broadband 

cloaking. For wireless communication applications, broad bandwidth is highly desirable 

for high data rate, however, some MTM-inspired antenna designs, such as the zeroth order 

antenna, suffer from narrow bandwidth [5].  
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In general, all experimentally demonstrated passive MTMs have large loss, 

especially for resonant-type MTMs, such as SRRs. The loss may come from the dissipative 

material loss or the radiation loss due to the shape and geometry of the unit cell structure. 

The material loss becomes more severe at higher frequencies, especially at optical 

frequencies. For example, a typical low loss optical NIM reported in experiment has a 

figure of merit (FOM) of 3.5 [14], where FOM is defined as |Re(𝑛)/Im(𝑛)|. A theoretical 

reported FOM for optical MTM is of the order of ~25, and maximally ~200 thus far [15].  

MTMs also suffer from narrow bandwidth. The desired medium property (e.g. 𝑛 =

−1) usually exists only at a single frequency. This is similar to the impedance matching in 

circuit theory that the maximum achievable bandwidth for a passive network is constrained 

by the Bode-Fano limit [16]. Common dispersion models are used to describe the medium 

properties within a certain frequency range. For example, the metal wires (-e media) 

follows the Drude model, and the SRRs (-µ media) can be modeled with the Lorentz model.  

In fact, dispersion and loss always accompanies with each other [17]. According to 

Kramers-Kronig relations, the only dispersion-less and lossless medium is vacuum. It can 

be proved that the loss and dispersion are actually induced by the unique MTM properties. 

Physical limits on loss and dispersion exist for passive MTMs.  

1.3. Active MTM 

The idea of incorporating gain devices or gain media into passive MTM structure 

to compensate loss is quite natural and attractive. First, loss associated with conductors, 

dielectrics and radiation can be compensated by the availability of gain. Second, with the 

additional gain as a design tradeoff, more bandwidth may be realized [18]. In recent years, 

the discussion on active MTMs has attracted increasing interests in both microwave and 
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optic fields. The added design degree of freedom may enable new and rich physical 

phenomena and insights. Active MTM is expected to enable new applications [19], such 

as plasmonics, spasers, optical data processing and quantum information applications. It 

also helps us to explore abnormal physical phenomena, such as superluminal group 

velocity, loss-free propagation, and unusual dispersions. 

The term “active metamaterial”, from an engineering point of view, is used to 

distinguish it from the conventional MTM constructed only from passive constituents, i.e., 

metals and dielectrics. The word “active” can be either noted as embedding an energy 

source to ameliorate some undesirable properties, such as loss and dispersion, or adding an 

external control to realize tunable or other special functionalities. Some examples of the 

latter category include varactors-controlled impedance surfaces [20], [21], electronically 

reconfigured magnetic-resonant MTM for phase modulator [22], transistor based 

nonreciprocal MTM for isolating functionality [23], etc. In this dissertation, we focus on 

the first category of active MTMs for the purpose of loss compensation and dispersion 

control. 

In the microwave regime, negative differential resistance elements can be 

implemented into the passive unit cell structure of MTM to achieve loss compensation and 

even amplification [24]–[28]. Such negative resistance elements can be simply 

implemented by active devices such as resonant tunneling diodes, Gunn diodes, lambda 

diodes, negatron and other transistor based circuits. With additional gain as a design 

tradeoff, more bandwidth can be realized.  

In the optical regime, active gain media are well established in lasers and optical 

amplifiers. Loss compensation, steady-state net amplification, and nanoscopic lasing in 
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optical frequencies become possible via the incorporation of gain materials adjacent to or 

within NIM structures [29]–[34]. Xiao et al. [32] demonstrates an extremely low-loss 

optical NIM using organic dye molecules pumped by a laser pulse. A delicate “double-

fishnet” structure is fabricated from two layers of silver with air or solvent as the spacer 

and alumina pillars as support. The associated FOM is increased from 1 to 26 with the 

pump wavelength of 737 nm, and to the order of 10] with the pump wavelength of 738 nm. 

However, the whole system still remains in lossy state and the reported structure only 

consisted of a single unit cell layer. A more detailed review on active optical MTM can be 

found in [35], [36].  

Incorporating active devices into MTM unit cells may also enable desired 

broadband performance. Recently there have been increasing interests in designing non-

dispersive MTMs using so-called “non-Foster” elements [37]–[44]. A non-Foster element 

can be a negative inductance or negative capacitance, which can be realized by active 

electronic circuits. Such circuits have already been widely investigated in the designs of 

voltage controlled oscillators, active filters, amplifiers, and more recently electrically small 

antennas [45]–[47].  

1.4. Electrically small antennas 

Similar to the MTM, an electrically small antenna also suffers from narrow 

bandwidth and low efficiency. An electrically small antenna can be defined by satisfying 

𝑘𝑎 ≪ 1, where 𝑎 is the radius of the smallest sphere enclosing the antenna, and 𝑘 is the 

wavenumber in the free space. An electrically small antenna has the advantage of 

compactness compared to a half-wavelength dipole antenna (𝑘𝑎 = 1.57). However, the 

Chu limit predicts a fundamental tradeoff between the size of the antenna and its 
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performance [48]–[50]. The radiation quality factor for a lossless electrically small antenna 

follows 

 𝑄 ≥
1

𝑘f𝑎f +
1
𝑘𝑎. 

(1.1) 

The 3-dB fractional bandwidth of electrically small antenna is calculated as 

 𝐵𝑊fij =
1
𝑄. 

(1.2) 

Then the maximum fractional bandwidth for a lossless electrically small antenna becomes 

 𝐵𝑊fkl,mno =
𝑘f𝑎f

1 + 𝑘p𝑎p ≈ 𝑘𝑎 f, for	𝑘𝑎 ≪ 1. (1.3) 

The bandwidth can be improved with additional matching network. The large quality factor 

of a small antenna results in a large reactive part and a small radiation resistance for the 

antenna input impedance. Note that the radiation efficiency of the antenna is low due to the 

small radiation resistance becomes comparable to the loss resistance. Bode-Fano limit 

shows that the maximum achievable bandwidth for a load of quality factor Q is limited by 

[51] 

 𝐵𝑊 ≤
1
𝑄

𝜋

ln 1
𝛤z{|

		, (1.4) 

when a lossless matching network is utilized with infinite number of stages, where Γz{| is 

the maximum reflection coefficient in the matching bandwidth.  

One way to overcome the Chu’s and Bode-Fano limit is to use negative impedance 

(ZNIC) based on active devices in the matching network.  Figure 1-2 shows an example of 

using the negative impedance (ZNIC) to match an electrically small monopole antenna.  
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Figure 1-2 A diagram of a short monopole antenna loaded with non-Foster 
matching network for broad bandwidth. 

1.5. Non-Foster element and its applications 

Foster’s reactance theorem states that the reactance of a passive and lossless network 

always strictly monotonically increases with frequency [52]. Figure 1-3 shows an example 

to illustrate the Foster’s theorem, i.e., the reactance of passive lossless networks (parallel 

and series LC) have positive 𝑑𝑋/𝑑𝜔  as a function of frequency. However, an active 

network containing a power source may not obey Foster’s theorem. Figure 1-4 shows that 

the reactance of conventional capacitor and inductor has positive 𝑑𝑋/𝑑𝜔. In contrast, a 

negative capacitor and inductor show a negative 𝑑𝑋/𝑑𝜔. A non-Foster element, i.e. the 

negative capacitor or negative inductor, can be implemented with active devices.  
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Figure 1-3 Reactance of passive lossless networks (series and parallel LC) obeying 
Foster’s reactance theorem. 

 

Figure 1-4 Reactance behavior of negative capacitance and negative inductance 
compared with normal positive capacitance and inductance that obeys Foster’s 

reactance theorem. 

 
In recent years, there are a number of interesting applications reported using non-

Foster elements. One attractive application is to overcome the Chu’s limit [49] and achieve 

broadband electrically small antennas [47], [53]–[59]. Another interesting topic is 

controlling the intrinsic dispersion of various electromagnetic artificial media [18], [37]–

[39], [43], [44], [60] to realize a number of attractive applications such as low-dispersion 

MTMs, wideband artificial magnetic conductors, active cloaking, etc. Figure 1-5 shows 

parallel LC Series LC



 
 

24 

some concepts of using non-Foster elements to reduce the dispersion of 𝜖-near-zero TL 

MTM and the SRR -𝜇 MTM.  

 

Figure 1-5 A diagram of using non-Foster elements to reduce the dispersion of (a) 𝝐-
near-zero TL MTM and (b) −𝝁 MTM.  

1.6. Stability of non-Foster circuit 

Non-Foster circuits may be highly desired in antenna impedance matching and 

metamaterial dispersion control. However, they are prone to be unstable so that it can be 

quite challenging to implement non-Foster circuits in practice. To realize a non-Foster 

reactance element, negative impedance converters (NICs) and negative impedance 

inverters (NIIs) are commonly used. Essentially they all apply positive feedbacks to 

manipulate the voltage-current relation at the output port and convert or invert the internal 

passive reactance element into a non-Foster element. Brownlie [61] had shown that a 

negative impedance circuit is inevitably open-circuit unstable or short-circuit unstable. 
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Therefore, the stability issue makes non-Foster element quite difficult to implement in 

practical applications.  

Some simple stability criterion (such as the overall reactance should be positive in 

series case) for Linvill’s NIC was derived in [62], however, oscillations and instabilities 

are still commonly observed in the practical implementation and few reported works have 

shown successful tackling of the stability issue. The stability not only depends on the load 

impedance, but is also sensitive to the device parasitics, the biasing networks, the 

distributed effect from the layout design, etc. 

1.7. Sign ambiguity of active MTMs 

Although there are many progresses on experimental verification of gain-assisted 

MTMs in recent years. To resolve the sign of refractive index for active gain media is still 

not a trivial problem [63]–[114]. The debate on the sign choice for gain medium can date 

back to 50 years ago. The center of the controversy lies in whether 𝜂� < 0	(negative 

average Poynting vector) medium can physically exist and be stable in the linear regime. 

In this dissertation, we clarify the viewpoints on sign choice for gain media in the literature. 

We study the gain slab system and analyze the stability of the gain slab based on Nyquist 

analysis., A 45̊ wedge is taken as an example to illustrate how to treat the frequency-domain 

simulation result with care. 

1.8. THz cell spectroscopy using microfluidics 

In recent years, terahertz (THz = 10�pHz) technologies have developed rapidly, e.g., 

in cancer diagnosis, body imaging, biological and medical applications [115], [116]. 

Materials such as plastic and fabric, which are opaque to visible light, can be transparent 
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in the THz range, so that THz can be applied to detect the hazardous substances hidden in 

the packages. Strong absorption by polar molecules, such as water (the absorption 

coefficient is approximately 220 cm��  at 1 THz), at THz frequency can be utilized to 

differentiate normal tissues and cancer tissues accurately because their water contents are 

different. Moreover, studies show that the low-frequency collective vibrational modes of 

many large biomolecules (e.g., proteins and DNAs) and biological cells have a time scale 

on the order of picoseconds, which corresponds to the THz frequency range, i.e., 0.1 THz 

to 10 THz [117]–[123]. The low energy photons of THz radiation (1-10 meV) make it 

suitable for non-invasive real-time imaging and diagnosis without causing ionization 

damage. Therefore, THz spectroscopy may become a powerful label-free and non-invasive 

tool for studying the structure and behavior of a wide range of biological systems from 

molecular to organism levels.  

However, the experimental study of live cells in aqueous medium is still a challenge 

mainly due to the large absorption of water, the lack of proper THz sources, and the sample 

preparation difficulties. The aqueous environment in which cells live has an important 

effect on both THz absorption and biological function. However, biological samples in 

earlier studies of THz spectroscopy are usually dehydrated due to the considerable 

absorption of water at THz frequencies [117], [118]. Such dehydrated samples would lead 

to low vibrational mode intensity and poor reproducibility. Most works have underscored 

the importance of developing novel microfluidic sample holders to improve the 

measurement reproducibility and efficiency [119]–[127].  

Microfluidics is a powerful technique used in the analysis of biological particles 

within an extremely small volume of liquid. A microscale channel can avoid excessive 
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water absorption by the aqueous environment, thus enabling the spectroscopy 

measurement of live cells in aqueous media at THz frequencies. Microfluidics can also 

manipulate bioparticles for in situ sample preparation [128]–[132]. Biological samples, 

such as DNA, large proteins and individual cells, can be concentrated or trapped within a 

small region of the channel. Figure 1-6 presents the microfluidic chip proposed in this 

dissertation. The microfluidic channel width is 5 mm and the channel thickness is 300 µm. 

It consists of a pair of electrodes. By adding an AC signal on the electrodes, we can 

concentrate and trap the cells or small bio-particles within the channel. Figure 1-6(c) shows 

an experiment of trapping T cells (~7-8 µm in diameter) nearby the outer edges of the 

electrodes. 

 

Figure 1-6 A prototype of the microfluidic chip: (a) a picture of the chip; (b) the 
schematic top view of the chip (an AC signal is applied on the electrodes to control 
the fluid flow and concentrate cells); (c) a microscopic view of T cells (circles seen 
from white light microscope) concentrated near the outside edge of the electrodes. 

Microfluidic devices have been applied in liquid characterization and bio-sensing 

at microwave frequencies [133]–[136]. The dielectric properties of liquid mixtures and cell 

solutions are characterized by measuring either the shift of resonant frequency or the 

waveguide impedance. In addition to microwave spectrum, THz band is very intriguing 

because of the existence of low-frequency vibrational modes from biomolecule-solvent 
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dynamics and interactions, which play an important role in biological functions [117]–

[123]. Some efforts have been reported on using microfluidic devices at THz frequencies 

[124]–[127], however, mostly for sensing liquid mixtures [125]–[127]. George, et al. 

proposed a PDMS-Zeonor microfluidic device and measured THz absorption spectra of 

bovine serum albumin [124]. In this dissertation, we will present the application of 

microfluidic chip in the THz cell spectroscopy measurement. More details will be given in 

Chapter 6.  

1.9. Contributions 

This dissertation studies the potentials and challenges of utilizing active gain device 

and non-Foster element to overcome the loss and bandwidth limits on conventional passive 

MTMs and electrically small antennas.  

We prove that a passive NIM cannot be completely lossless and non-dispersive. 

The theoretical limits on the loss and dispersion of passive MTMs are reviewed. Two types 

of active gain NIMs including an active CLRH TL and an active volumetric MTM are 

proposed, designed, and experimentally verified. Both have shown the simultaneous 

negative refractive index with gain. This part of works are mainly contributed from my lab 

colleagues, Tao Jiang, Dexin Ye, Kihun Chang, et al., and have been published in [28], 

[137]. Next, we investigate the non-Foster circuits for broadband matching of electrically 

small antennas.  

We propose a rigorous way of analyzing the stability of non-Foster circuits by 

normalized determinant function (NDF) method. A stable floating negative capacitor is 

designed, fabricated and measured. We study practical factors that may affect the stability 

of non-Foster circuits. The factors include the device parasitics, the choice of DC biasing, 
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the length of TLs in the layout, and the realistic load impedance. Moreover, we try to 

resolve the controversy of the sign choice in active gain media. Nyquist criterion is used to 

analyze the convergence of the analytical solution. We observe that the stability region is 

slightly larger than the conventional condition i.e. 𝐿𝐺 < 1. By analyzing a slab made of 

dispersive gain medium with two-level inverted Lorentzian model, we observe the gain 

medium with the possible choice of 𝜂� < 0 at certain frequencies can be stable for large 

slab thickness in the linear regime. We highlight the numerical frequency domain 

simulation must be treated with care.  

Lastly, we present a prototype of simple and inexpensive cell-trapping microfluidic 

chip for THz spectroscopic study of live cells. Cells are transported, trapped and 

concentrated into the THz exposure region by applying an AC bias signal while the chip 

maintains a steady temperature at 37 ̊C by resistive heating. We conduct some preliminary 

experiments on E. coli and T cell solution and compare the transmission spectra of empty 

channels, channels filled with aqueous media only, and channels filled with aqueous 

medium with un-concentrated and concentrated cells. 

1.10. Dissertation organization 

The remaining chapters of this dissertation will be organized as follows: 

Chapter 2 reviews the theoretical limits on passive MTMs. It explains the reason 

why dispersion-less NIM with negligible loss cannot be achieved. It also estimates the 

bound of loss and bandwidth on passive MTMs. Two examples of active MTMs at 

microwave frequencies are discussed, including an active CLRH TL and an active 

volumetric NIM. Both the theoretical model and experimental demonstration are presented 

in the examples.   
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Chapter 3 introduces the equivalent circuit model for the impedance of electrically 

small antennas. Negative image modeling technique is applied to design a non-Foster 

matching network for a monopole antenna. Two types of non-Foster circuits are described, 

including a negative-resistor based NII circuit and a transistor-based Linvill’s NIC circuit.  

Chapter 4 describes the method of using NDF and Nyquist plot to analyze the 

stability of non-Foster circuit and antenna systems. It discusses various factors in practical 

design that influence the stability of the system, including the device parasitics, DC biasing 

networks, transmission lines (TLs) in the layout and distributed load impedance. Finally, a 

stable negative capacitor is designed, fabricated and tested. The analysis result is verified 

by experiment. A HF helical antenna is then matched with a non-Foster circuit. The input 

reflection and the improvement on received power are simulated and measured.  

Chapter 5 discusses the problem of sign ambiguity of refractive index in active gain 

media. It explains the methods of choosing the sign of refractive index. The analytical 

solution of a gain slab system is studied. The Nyquist criterion is then applied to measure 

the stable region of the gain slab with different dispersive medium models. A 45º wedge is 

studied analytically and by frequency domain simulation.  

Chapter 6 presents the cell-trapping microfluidic chip for THz spectroscopic study 

of live cells. The chip configuration and fabrication are discussed. Cell-concentration 

capability and the temperature distribution of the chip are shown. The experimental setup 

and test procedure for the THz spectroscopic measurement are described. The experimental 

results of E. coli and T-cell solutions are presented.  

Finally, the conclusions and future works are discussed in Chapter 7. 
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Chapter 2. Active gain MTM: theory and experiments 

2.1. Poynting theorem 

In this section, we start from the Maxwell’s equations to derive Poynting theorem. 

We clarify the important concept and assumptions of stored field energy for general media 

by referring to Jackson’s textbook, Classical Electrodynamics [138]. We then classify the 

gain and lossy medium by the energy conservation theorem.  

Using the Ampère-Maxwell law to replace the term 𝑱 in 𝑱 ∙ 𝑬, we have 

 𝑱 ∙ 𝑬 = 𝑬 ∙ (∇×𝑯) − 𝑬 ∙
𝜕𝑫
𝜕𝑡 . 

(2.1) 

If we apply the vector identity: 

 ∇ ∙ 𝑬×𝑯 = 𝑯 ∙ ∇×𝑬 − 𝑬 ∙ ∇×𝑯 , (2.2) 

and use Faraday’s law, Eq. (2.1) becomes 

 𝑱 ∙ 𝑬 = −∇ ∙ 𝑬×𝑯 − 𝑬 ∙
𝜕𝑫
𝜕𝑡 − 𝑯 ∙

𝜕𝑩
𝜕𝑡 . 

(2.3) 

The instantaneous energy flux density called Poynting vector is defined as 

 𝑺 = 𝑬×𝑯. (2.4) 

The rate of change of the energy flowing out of a unit volume is ∇ ∙ 𝑺. Eq. (2.3) can be re-

written as  

 −∇ ∙ 𝑺 = 𝑯 ∙
𝜕𝑩
𝜕𝑡 + 𝑬 ∙

𝜕𝑫
𝜕𝑡 + 𝑬 ∙ 𝑱. 

(2.5) 

For an active gain medium, the sources may consist of  

 𝑱 = 𝑱𝒄 + 𝑱𝒔 = 𝜎�𝑬 + 𝑱𝒔, (2.6) 
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where 𝑱𝒄 is a (loss) conduction current density, 𝜎� is the Ohmic conductivity, and 𝑱𝒔 is an 

external-field-induced (source) current density. For a linear gain medium, 𝑱𝒔  should 

depend on the external field rather than being an independent self-driven source. In this 

case, the field is amplified. This is in analog to the amplifier rather than oscillator in the 

circuit design. In a small-signal assumption, 𝑱𝒔 can be equivalently expressed as   

 𝑱𝒔 = 𝜎�𝑬, (2.7) 

where 𝜎� is an effective “negative” conductance, which compensates 𝜎�  and/or provides 

gain. 

Eq. (2.5) always holds for any general media and arbitrary waveforms. However, 

to interpret Eq. (2.5) with physical meanings, we need to properly define the energy of 

electromagnetic field.   

To further proceed, we firstly assume a medium is linear with no dispersion and 

losses (i.e. both 𝜖  and 𝜇  are real constants).Based on such assumption, the total 

electromagnetic energy is the sum of the electric and magnetic energy defined in quasi-

static fields. The total energy density of the electromagnetic field is then denoted by  

 𝑢 =
1
2 𝑬 ∙ 𝑫 + 𝑯 ∙ 𝑩 =

1
2 𝜖 𝑬 p + 𝜇 𝑯 p , (2.8) 

Then we obtain the simplified Poynting theorem for a linear medium with no dispersion 

and losses, i.e. 

 −∇ ∙ 𝑺 =
𝜕𝑢
𝜕𝑡 + 𝑬 ∙ 𝑱, 

(2.9) 

The physical meaning of Eq. (2.9) is the energy flowing into a unit volume per unit time is 

equal to the time rate of change of electromagnetic energy within the unit volume plus the 

work done by the fields on the sources (the induced conduction current and / or the 
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generated source currents) within the volume. However, the assumptions of lossless and 

dispersionless medium property (i.e. ϵ and µ are real constants) limits the applicability of 

Eq. (2.9). 

 For a general linear dispersive medium with loss, the stored field energy cannot be 

easily well-defined. As Landau and Lifshitz have pointed out [17], in the general case of 

arbitrary dispersion, the electromagnetic energy cannot be rationally defined as a 

thermodynamic quantity. This is because a dispersive medium is also an absorbing (or 

maybe gain) medium that leads to non-steady process and is thermodynamic irreversible. 

There are still different views on definitions of field energy for arbitrary dispersive media 

in the literature.  

However, we can still consider the case that |𝜖′′| ≪ |𝜖′| and |𝜇′′| ≪ |𝜇′|, so that we 

can ignore the gain or loss and define the internal stored energy. Define permittivity as 𝜖 =

𝜖� − 𝑗𝜖′′ and permeability as 𝜇 = 𝜇� − 𝑗𝜇′′. Suppose that the field is dominated by a single-

tone (carrier) frequency 𝜔�, then 

 
𝑬 = 𝑬 𝑡 cos	(𝜔�𝑡 + 𝛼) 

𝑯 = 𝑯 𝑡 cos 𝜔�𝑡 + 𝛽 , 
(2.10) 

where the field amplitude 𝑬(𝑡) and 𝑯 𝑡  are slowly varying compared to both 1/𝜔� and 

the inverse of the frequency range over which 𝜖(𝜔) changes appreciably. By taking Fourier 

decomposition, the time-averaged electromagnetic energy density term in Eq. (2.5) over a 

period of time of 1/𝜔� can be expressed as  

 𝑬 ∙
𝜕𝑫
𝜕𝑡 + 𝑯 ∙

𝜕𝑩
𝜕𝑡 = 𝜔�𝜖′′ 𝑬 p + 𝜔𝜇′′ 𝑯 p +

𝜕𝑢���
𝜕𝑡 , 

(2.11) 

where the effective stored energy density is  
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 𝑢 =
1
2
𝑑 𝜔𝜖′
𝑑𝜔 𝑬 p +

𝑑 𝜔𝜇′
𝑑𝜔 𝑯 p . (2.12) 

If 𝜖 and µ are real and independent of frequency, we recover the form of 𝑢 in Eq. (2.8). To 

re-emphasize, the assumption of Eq. (2.11) is based on small loss or gain in certain 

frequency range |𝜖"| ≪ |𝜖′| and |𝜇"| ≪ |𝜇′|, which is also called transparent range.  

We can apply the time-harmonic form in the above derivations. We assume all 

fields have a time dependence of 𝑒¢£¤, so that we can write 

 𝑬 𝒙, 𝑡 = Re 𝑬 𝑥 𝑒¢£¤ =
1
2 𝑬 𝒙 𝑒¢£¤ + 𝑬∗ 𝒙 𝑒�¢£¤  (2.13) 

Then Eq. (2.1) can be written as  

 𝑱 ∙ 𝑬 =
1
2Re 𝑱

∗ ∙ 𝑬 =
1
2Re −∇ ∙ 𝑬×𝑯

∗ + 𝑗𝜔 𝑬 ∙ 𝑫∗ − 𝑩 ∙ 𝑯∗ . (2.14) 

Define the complex Poynting vector  

 𝑺 =
1
2 𝑬×𝑯∗ . (2.15) 

Eq. (2.14) can be written as 

 1
2 𝑱

∗ ∙ 𝑬 = −∇ ∙ 𝑺 + 𝑗𝜔 𝑬 ∙ 𝑫∗ − 𝑩 ∙ 𝑯∗ . (2.16) 

Since  

 
𝑫 = 𝜖(𝜔)𝑬 

𝑩 = 𝜇(𝜔)𝑯 

(2.17) 

Substitute Eq. (2.8) and (2.9) to Eq. (2.16) becomes  

 ∇ ∙ 𝑺 − 𝑗𝜔𝑬 ∙ 𝜖���𝑬 ∗ + 𝑗𝜔𝜇𝑯 ∙ 𝑯∗ = 0, (2.18) 
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where 𝜖��� 𝜔 = 𝜖���� 𝜔 − 𝑗𝜖����� 𝜔 = 𝜖 𝜔 − 𝑗 𝜎�(𝜔) + 𝜎¨(𝜔) /𝜔  can be regarded as 

the effective permittivity of a new artificial medium that consists of conductive and 

dielectric loss. The real part of Eq. (2.18) is 

 𝑄 = −𝑅𝑒[∇ ∙ 𝑺] = 𝜔�𝜖����� 𝑬 p + 𝜔𝜇′′ 𝑯 p. (2.19) 

It shows the dissipation (loss) or amplification (gain) of power in a medium.  

Eq. (2.19) can be used to classify the loss and gain medium at single frequency. For 

𝑄 > 0, the power of the fields is dissipated into the medium and transferred to heat, which 

indicates a loss medium. Conversely, Q < 0 denotes to the amplification of the fields, which 

indicate a gain medium.  Furthermore, a “passive” medium must be loss or lossless for all 

frequencies, i.e.  

 ϵ(ω)≥0,  µ(ω) ≥ 0	for	all	ω. (2.20) 

In summary, we find the definitions of the stored field energy for dispersionless 

and dispersive media in Eq. (2.8) and Eq. (2.12), both of which assume the medium is 

either lossless or negligible loss. We also derive the Eq. (2.19) for classification of lossy 

and gain medium.  

2.2. Physical bounds on passive MTMs 

Suppose we have a passive lossless NIM with no dispersions, i.e. both 𝜖 and 𝜇 are 

negative real constants. Then Eq. (2.5) shows  

 𝑢 =
1
2 𝜖 𝑬 p + 𝜇 𝑯 p < 0, (2.21) 

Since no negative stored energy can exist in a passive medium, we have proved that a 

passive lossless and dispersionless NIM cannot exist.  



 
 

36 

Assume we have a dispersive passive MTM with negligible loss. Eq. (2.12) can be 

applied to represent the stored energy. A more stringent condition on passive medium 

requires both the electric and magnetic stored energy in passive media cannot be less than 

the those in vacuum [17], therefore, 

 𝑑 𝜔𝜖′
𝑑𝜔 > 𝜖�,

𝑑 𝜔𝜇′
𝑑𝜔 > 𝜇�.	 (2.22) 

The formulas can be changed to  

 𝜖� + 𝜔
𝑑𝜖�

𝑑𝜔 > 𝜖�, 𝜇� + 𝜔
𝑑𝜇′
𝑑𝜔 > 𝜇�.	 (2.23) 

We can see that negative 𝜖′ and 𝜇� medium with negligible loss can exist if the dispersion 

is included. In fact, Eq. (2.23) draws a further conclusion that any passive epsilon-near-

zero (0 < 𝜖¯ < 1), mu-near-zero (0 < 𝜇¯ < 1), ENG (𝜖¯ < 0), or MNG (𝜇¯ < 0) MTM 

with negligible loss or gain has to be dispersive. Furthermore, we may presume that the 

dispersion slope of 𝜖′ and 𝜇′ for passive MTMs should also be positive.  

As far as the author knows, negative stored energy (𝑢��� < 0) can be physical and 

does not violate energy conservation if additional energy comes from the active medium 

[139]. It has been physically illustrated in some active transmission line (e.g. a slow-mode 

electron beam) [140]. There are a few papers that discusses the possibility to reduce or 

eliminate the dispersion of passive MTMs by incorporating active components, such as 

non-Foster elements [18], [37], [39], [93].  

Since passive MTMs with negligible loss has been proved to be dispersive, some 

may wonder what is the maximum achievable bandwidth for passive MTMs? It would be 

interesting to know the physical bound of loss and dispersion for passive MTMs. 
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However, to derive an explicit and useful formula for such bound is a non-trivial 

problem. Gustaffson et al. [141] and Skaar et al. [78][93] have tried to solve this problem 

by following the mathematical expressions of the physical constraints of causality and 

passivity, i.e. Kramers-Kronig relation, high frequency asymptote, symmetric property, etc.  

Passivity also guarantees causality and positivity of the energy density [142]. It 

means that the dispersion of the constitutive parameters have to follow certain rules, e.g. 

K-K relation. The expression of passivity used in [141], [142] is defined as the net work 

done on the polarization density of the medium by the fields (i.e. the stored energy density 

term in Eq. (2.5)) are non-negative  

 𝑬 𝑡′ ∙
𝜕𝑫 𝑡�

𝜕𝑡� 𝑑𝑡′
¤

�°

≥ 0,  (2.24) 

 𝑯 𝑡′ ∙
𝜕𝑩 𝑡�

𝜕𝑡� 𝑑𝑡′
¤

�°

≥ 0  (2.25) 

for all times t and all fields. Gustaffson et al. [141] analyzed that the constraints of passivity 

in Eq. (2.24) and (2.25) enforce on the dispersion of the constitutive parameters (𝜖 and 𝜇) 

such that ℎ² = 𝜔𝜖 is a Herglotz function, i.e. an analytical complex function on the upper 

half plane and has non-negative imaginary part.   

The Kramers-Kronig relation states that the function of 𝜖 𝜔 − 1 has to be analytic 

in the upper half ω-plane (Im ω > 0), so that its real and imaginary part follows 

 𝜖"(𝜔) =
2𝜔
𝜋 Р

𝜖� 𝜔� − 1
𝜔p − 𝜔�p 𝑑𝜔′

°

�

, (2.26) 

 𝜖� 𝜔 − 1 =
2
𝜋 Р

𝜖" 𝜔� 𝜔�

𝜔′p − 𝜔p 𝑑𝜔′
°

�

, (2.27) 
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where P denotes the Cauchy principal value.  

By applying the Kramers-Kronig relation and the passivity constraints in Eq. (2.24-

2.25), a lower bound of loss within a finite bandwidth (or an upper bound of bandwidth 

with a fixed loss) is derived for a passive medium. The bandwidth measures how close a 

material parameter 𝜖 𝜔  can be to a target value 𝜖z  over a frequency interval. For a 

medium with static conductivity (e.g., Drude model), the bound is 

 max
£∈l

𝜖 𝜔 − 𝜖z ≥
𝐵

1 + 𝐵/2 (𝜖° − 𝜖z)
1/2	, 𝑙𝑜𝑠𝑠𝑦	𝑐𝑎𝑠𝑒,
1, 𝑙𝑜𝑠𝑠𝑙𝑒𝑠𝑠	𝑐𝑎𝑠𝑒,	 (2.28) 

where 𝜖° is the high-frequency asymptote which usually equals to 1, and B is the relative 

bandwidth. Figure 2.1 plots the maximum achievable bandwidth for different values of 

targeted permittivity with a maximum deviation of ±0.01 and ±0.05. For example, for 𝜖z =

−1, the maximum achievable bandwidth is 1% (lossy) or 0.5% (lossless) for a 1% deviation. 

For a passive medium without static conductivity (e.g., Lorentz model), i.e., an 

insulator, the bound becomes 

 max
£∈l

𝜖 𝜔 − 𝜖z
𝜖 𝜔 − 𝜖°

≥
𝐵

1 + 𝐵/2
|𝜖¨ − 𝜖z|
𝜖¨ − 𝜖°

1/2	, 𝑙𝑜𝑠𝑠𝑦	𝑐𝑎𝑠𝑒,
1, 𝑙𝑜𝑠𝑠𝑙𝑒𝑠𝑠	𝑐𝑎𝑠𝑒,	 (2.29) 

where 𝜖¨ is the static permittivity, i.e. 𝜖(𝜔 = 0).  
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Figure 2-1 Maximum achievable bandwidth for passive MTMs (with conductivity 
case) as a function of the targeted permittivity with 1% and 5% in-band maximum 

deviation.  

The above consideration and analysis have led to the conclusion that a passive 

MTM cannot be simultaneously lossless and non-dispersive. The lower bound of loss and 

upper bound of bandwidth exist for passive MTMs. However, with the incorporation of 

active gain device / medium (or effectively, external energy source) in a MTM structure, 

the passivity constraints in Eq. (2.26) and (2.27) are not valid. Thus, the limits of bandwidth 

may be overcome.   

Although there have been some debates on the existence of an effective medium 

with negative refractive index and gain simultaneously [89], [143]–[145], many theoretical 

and experimental studies have been reported with the goal to achieve complete or even 

over compensation (i.e., gain) of loss for NIM over a wide frequency spectrum from 

microwave to optics [28], [32], [37], [38], [137], [146]–[148]. In the following sections, 

some of the interesting microwave loss-compensated / gain MTMs utilizing active devices 

are reviewed. 
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2.3. Gain-assisted CLRH TL 

2.3.1. Basics of CRLH TL 

Microwave TL can be regarded as a 1-D homogeneous medium. A TL can be 

modeled by cascaded unit cells of distributed circuit elements. Figure 2-2 shows a T-shaped 

unit cell with series distributed impedance 𝑍 and shunt distributed admittance 𝑌.  

 

Figure 2-2 A unit cell of the equivalent circuit model of TL. 

 
When the length of unit cell is much smaller than the guided wavelength, i.e. 𝑑𝑥 ≪

𝜆¼, the propagation constant and the characteristic impedance can be approximated with 

[149] 

 𝛾 = 𝛼 + 𝑗𝛽 = 𝑍𝑌,	 (2.30) 

 𝜂 = 𝑍/𝑌.	 (2.31) 

The effective permittivity and permeability can be calculated by  

 𝜖 𝜔 = 𝑌/𝑗𝜔,	 (2.32) 

 𝜇 𝜔 = 𝑍/𝑗𝜔.	 (2.33) 

Phase velocity is then calculated as 

 𝑣¿ =
𝑗𝜔
𝛾 =

1
𝜖𝜇
,	 (2.34) 
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A conventional TL consists of a series distributed inductance 𝐿À (H/m) and a shunt 

distributed capacitance 𝐶À	(F/m) such that 𝑍 = 𝑗𝜔𝐿À and 𝑌 = 𝑗𝜔𝐶À. Substitute 𝑍 and 𝑌 

into the above equations, we obtain 𝜖 = 𝐶À, 𝜇 = 𝐿À, 𝛾 = 𝑗𝜔 𝐿À𝐶À, 𝜂 = 𝐿À/𝐶À, 𝑣¿ =

1/ 𝐿À𝐶À. We can see that the phase velocity is positive which means the phase velocity 

shares the same direction as the energy flows. Such TL is also named as right-handed TL.  

We assume a new type of TL exists with a series distributed capacitance 𝐶Ã (F·m) 

and shunt distributed inductance 𝐿Ã  (H·m), then 𝑍 = 1/𝑗𝜔𝐶Ã  and 𝑌 = 1/𝑗𝜔𝐿Ã . Again 

substitute 𝑍  and 𝑌  into Eq. (2.30) – (2.34), we obtain 	𝜖 = −1/(𝜔p𝐿Ã), 𝜇 = −1/

(𝜔p𝐶Ã), 𝛾 = −𝑗/𝜔 𝐿Ã𝐶Ã, 𝜂 = 𝐿Ã/𝐶Ã,	 and 𝑣¿ = −𝜔p	 𝐿Ã𝐶À . We see that the phase 

velocity is negative. Therefore, the phase velocity propagates in the opposite direction of 

the energy flow. Such TL is called left-handed (LH) TL which can be equivalent to a 1-D 

NIM.  

The series capacitance and inductance of the LH TL can be implemented by either 

stubs, slots, etc. or lumped-element components. A pure LH TL, however, does not exist 

in reality, due to the parasitics and/or the distributed effect of the elements. Instead, a 

CLRH-TL is commonly used that can exhibit left-handedness at low frequency and right-

handedness at high frequency.  

Figure 2-3(a) shows a unit cell of a CLRH-TL. The distributed series impedance 

and distributed shunt admittance of the 1-D CLRH TL are given by 

 𝑍 = 𝑅 + 𝑗 𝜔𝐿À −
1
𝜔𝐶Ã

, (2.35) 

 𝑌 = 𝐺 + 𝑗 𝜔𝐶À −
1
𝜔𝐿Ã

.	 (2.36) 
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(a) 

 

(b) 

Figure 2-3 (a) Equivalent circuit model of a unit cell of a CLRH-TL MTM; (b) 
Dispersion relation for unbalanced and balanced case. 

Consider a lossless case, i.e. 𝑅 = 0 and 𝐺Ä = 0, then 

 𝛽 = − 𝜔𝐿À −
�

£ÅÆ
𝜔𝐶À −

�
£ÃÆ

< 0	 for 𝜔 < 𝜔�, (2.37) 

 𝛽 = + 𝜔𝐿À −
�

£ÅÆ
𝜔𝐶À −

�
£ÃÆ

> 0	 for 𝜔 > 𝜔p, (2.38) 

where 𝜔� = min	[𝜔¨È, 𝜔¨É] and  𝜔p = max	[𝜔¨È, 𝜔¨É], and  

 𝜔¨È = 1/ 𝐿À𝐶Ã,  𝜔¨É = 1/ 𝐿Ã𝐶À. (2.39) 
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A band gap generally exists between the LH and RH frequency region, in which case the 

TL is named as unbalanced CLRH TL, as shown in Figure 2-3(b). If the cutoff frequencies 

of LH and RH coincide, the gap would disappear, in which case the TL is named as 

“balanced” CLRH-TL. Such unique properties of CLRH-TLs are utilized in a number of 

applications, including leaky-wave antennas, compact coupled-line coupler, phase shifters, 

sub-wavelength resonators, distributed mixer / amplifiers, etc. [5], [149], [150] 

When the frequency increases, losses in conductor and dielectric and due to 

radiation will inevitably increase. Moreover, lumped elements are essential components 

for this kind of transmission lines. At higher frequencies (i.e., higher than a few GHz), high 

quality lumped elements (especially inductors) are rare and limited in their achievable 

values. If a negative resistance and / or a negative conductance can be incorporated in the 

unit cell (i.e., R < 0 and / or G < 0), a CLRH-TL with loss compensation and even 

amplification could be realized.  

Figure 2-4 plots the complex propagation constant of a CLRH-TL design with 𝐿À =

𝐿Ã = 1𝑛𝐻 , 𝐶Ã = 𝐶À = 1𝑝𝐹 , 𝐺 = 0	𝑆  and 𝑅 ∈ −100,100 	Ω . It shows that positive 𝑅 

leads to loss while negative 𝑅 provides gain. According to this simple example, we can 

achieve negative index of refraction and gain simultaneously by incorporating an ideal 

negative resistance into the unit cell. Note that the stability of such TL is not considered in 

this analysis.  
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Figure 2-4 Calculated attenuation constant α (α > 0 – loss, α = 0 – lossless, α < 0 – 
gain) and phase constant β (β > 0 – RH, β < 0 – LH).  

2.3.2. Implementation and experiment 

Germanium tunneling diode (TD) acts as a current source controlled by an applied 

voltage, and shows a negative differential resistance (NDR) at certain bias range. Figure 

2-5 shows the current-voltage (I-V) curve of a typical TD. The negative differential 

resistance (NDR) region appears from 0.08 to 0.4 V. In the NDR region, TD can be 

modeled with a negative resistance −𝑅k and some parasitic elements including 𝑅¿, 𝐿¿, and 

𝐶¿. We find the values of the parameters for General Electric TD261 as 𝐶¿ = 7	Ω, 𝐿¿ =

1.5	𝑛𝐻, 𝐶¿ = 0.65	𝑝𝐹 and  −𝑅k = −250	Ω, at the bias voltage of 0.2 V. 
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Figure 2-5 The I-V curve of the Germanium TD with the differential negative 
resistance from 0.08 to 0.4V.  

In the design procedure, a passive CLRH-TL is firstly designed and optimized to 

guarantee the left-handedness in the interested frequency band. Then the TD is added into 

the unit cell design to compensate for loss and provide gain while maintaining left-

handedness of the transmission line.  

Jiang et al. [137] has firstly demonstrated this concept of active CLRH-TL at 

microwave frequencies. Figure 2-6(a) shows the design of the layout of an asymmetric 

CLRH unit cell with a series inter-digital capacitance (CL), a shunt stub with a shorting via 

(LL), and the series TD. Figure 2-6(b) and (c) shows its equivalent circuit model and the 

photo of the fabricated TL with one unit cell. The S-parameters are both simulated and 

measured for this design, as presented in Figure 2-7. When the magnitude of 𝑆p� is bigger 

than unity, it indicates the gain. The simulation and measurement result are mostly 

consistent while the simulation shows larger gain than the measurement which is probably 

due to the accuracy of the TD model.  
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(a) 

 

(b) 

 

(c) 

Figure 2-6 (a) Schematic of a designed active CLRH-TL unit cell incorporating the 
TD, where a = 2.5 mm, d = 1.5 mm, l = 9.7 mm, w = 1 mm, s = 0.2 mm, ls = 5.9 mm, r 
= 0.3 mm; (b) Equivalent circuit model; (c) A photo of a fabricated one unit cell of 

the active CLRH-TL [137]. 



 
 

47 

 

Figure 2-7 S-parameters of the simulated and measured one unit cell active CLRH 
TL. 

The complex propagation constant γ can be extracted from the S-parameters by [16] 

 𝛾 = ±
1
𝑁𝑝 cosh

�� 1 + 𝑆�p𝑆p� − 𝑆��𝑆pp
2𝑆p�

, (2.40) 

where p is the unit cell length and N is the number of unit cells of the CLRH-TL. Here, it 

is not evident whether we should take the + sign or the – sign, especially for active gain 

MTMs. A conventional criterion is to let 𝑅𝑒 𝑍� > 0 so that the power flow is in the same 

direction as the wave front, then we can say α < 0 for gain medium and α > 0 for loss 

medium. A more detailed discussion on the sign choice will be presented in Chapter 5.  

We can see from Figure 2-8(a) that α is negative from 1.75 GHz to 2.75 GHz while 

β is also negative, indicating left-handedness with gain. For the case of one, two and three 

unit cells, the simulated propagation constants are identical with simultaneous negative β 

(negative index) and negative α (gain) from 1.75 GHz to 2.75 GHz. The measurement 

results of two and three unit cell cases are also shown in [137], yielding good consistency 

with simulation predictions. 
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(a) 

 

(b) 

Figure 2-8 (a) simulated and measured propagation constant of the active CLRH-
TL; (c) extracted refractive index from the measured result. 

The corresponding effective refraction index is calculated from the measurement 

data and plotted in Figure 2-8(c). From 1.75 GHz to 2.75 GHz, the real and imaginary part 
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of n is negative and positive correspondingly (both 𝑛′ and 𝑛" are negative for 𝑛 = 𝑛� −

𝑗𝑛"), indicating negative index with gain.  

An interesting aspect of this active MTM transmission line is to control the level of 

loss compensation / gain by tuning the bias voltage. Figure 2-9 plots the measured S21 of 

the single cell structure under different bias voltages from 0.21 to 0.25 V. It is observed 

that with different bias voltage the level of loss compensation / gain can be controlled.  

  

Figure 2-9 Measured transmission S21 of the one-unit cell active CLRH-TL with the 
TD biased from 0.21 to 0.25V [150].  

Besides demonstrating the existence of NIM with gain in a finite bandwidth, we 

evaluate the nonlinear power dependence and harmonics generation of the active CLRH-

TL. We apply Harmonic Balance simulation in ADS to simulate the nonlinearity of this 

active CLRH-TL. A large-signal model of the TD is built by a user-defined voltage 

controlled current source. The current is a polynomial function of the voltage. The 

polynomial function is obtained by curve fitting the measured I-V curve of the TD. Figure 

2-10 shows the simulated and measured output power from the 2nd port as a function of 

input power. The measured result is taken from the spectrum analyzer. We can see that the 
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measured 3rd harmonic output power is flattened at -110 dBm which is because the signal 

power is closed to the noise floor of the spectrum analyzer. The active CLRH TL behaves 

linearly at low input power level (< -30 dBm). Nonlinearity clearly sets in that leads to gain 

compression and harmonics generation at higher input power.  

 

Figure 2-10 Simulated (solid curve) and measured (circle) output power of one unit 
cell active CLRH TL at the fundamental (𝒇𝟎), second (𝟐𝒇𝟎), and third (𝟑𝒇𝟎 ) 

harmonic frequency as a function of the input power (The slope = 1 curve in black is 
plotted as a reference). 

2.4. Volumetric gain MTMs 

2.4.1. Modeling volumetric gain MTMs 

Wire medium and SRR structures have been demonstrated from microwave to 

optical frequencies. Similar to the active 1-D CLRH TL, Ye et al. [28] incorporated TDs 

into conventional volumetric MTMs to compensate the loss and provide gain. Figure 2-11 

shows examples of embedded TD in sub-wavelength wire and SRR cells.  
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Figure 2-11 Schematic of TD embedded MTM unit cells. 

For the wire array under a plane wave incidence with E-field parallel to the wires, 

the voltage across the sub-wavelength wires can be expressed as  

 𝑉 = 𝐸Ô𝑑 = 𝑅𝐼 + 𝑗𝜔𝐿 𝐼 +
𝐼
𝑗𝜔𝐶 + 𝑉k, (2.41) 

 𝑉k = −𝐼𝑅k, (2.42) 

where I is the induced current, R and L are the distributed resistance and inductance of the 

wire (the coupling between adjacent wires is neglected), C is the total series capacitance 

caused by the open-ends of the wire and the gap used to mount the TD, and 𝑉k is the voltage 

across the TD. Then, the volume current density	𝐽×	in each cell can be homogenized as 

 𝐽× =
𝐼
𝑑p =

−𝑗𝜔

𝑑𝐿(𝜔p − 𝑗𝜔 𝑅 − 𝑅k /𝐿	 −
1
𝐿𝐶)

𝐸Ô, (2.43) 

where d is the periodicity of the cell, and the effective permittivity can be calculated as  

 𝜖ÈØØ = 1 + 𝜖� + 𝜖k	 (2.44) 

 𝜖� = −
−[𝜔p − 1/(𝐿𝐶)]/(𝑑𝐿𝜖�) − 𝑗𝜔𝑅/(𝑑𝐿p𝜖�)

𝜔p − 1/(𝐿𝐶) p + 𝜔(𝑅 − 𝑅k)/𝐿 p 	 (2.45) 
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 𝜖k = −
𝑗𝜔𝑅k/(𝑑𝐿p𝜖�)

𝜔p − 1/(𝐿𝐶) p + 𝜔(𝑅 − 𝑅k)/𝐿 p	 (2.46) 

We can also derive the effective permeability with a potentially negative imaginary 

part for the SRR array embedded with TDs as shown in Figure 2-11. 

 𝜇ÈØØ = 1 + 𝜇� + 𝜇k = 1 −
𝐹

1 − 1
𝜔p𝐿𝐶 − 𝑗𝑅

𝜔𝐿 +
𝑗𝑅k
𝜔𝐿

	,	 (2.47) 

 𝜇� =
−𝐹 1 − 1

𝜔p𝐿𝐶 − 𝑗𝐹𝑅/𝜔𝐿

1 − 1
𝜔p𝐿𝐶	

p
+ 𝑅 − 𝑅k

𝜔𝐿
p 	, (2.48) 

 𝜇k =
𝑗𝐹𝑅k/𝜔𝐿	

1 − 1
𝜔p𝐿𝐶	

p
+ 𝑅 − 𝑅k

𝜔𝐿
p 	,	 (2.49) 

where 𝑅 and 𝐿 are the distributed resistance and inductance of each ring, respectively, and 

𝐹 is the mutual inductance coefficient between different rings [151]. Similarly, we find that 

the sign of the imaginary parts of 𝜇�	and 𝜇k	depends on the positive distributed resistance 

R and the negative resistance −𝑅k  of the TD. A negative imaginary part of 𝜇���	would 

appear when 𝑅k > 𝑅, meanwhile the real part of 𝜇��� still exhibits a traditional Lorentzian 

dispersion. 

2.4.2. Implementation and experiment 

For demonstration, Ye et al. [28] designed a single-layer cell that combines the wire 

and SRR resonators in the same plane and place the TD into the gap of the wire (see Figure 

2-12(a)). In the design, the dimensions of the metallic pattern are optimized to align the 

electric and magnetic resonance regions, achieving double negative bands of permittivity 
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and permeability within the same frequency range. The unit cell periodicity is less than λ/5 

at 2 GHz. Consequently, the MTM can be considered as an effective medium.  

 

 

(a) 

 

(b) 

Figure 2-12 (a) Photograph of the fabricated single-layer active MTM placed in a 
standard WR-430 rectangular waveguide. (b) Measured 𝑺𝟏𝟏 and 𝑺𝟐𝟏 of the passive 

(same structure without the TD) and active MTM.  
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A standard WR-430 waveguide fixture is used to experimentally characterize the 

effective constitutive parameters of the designed MTM. The measurement setup is shown 

in Figure 2-12(a). A single layer sample consisting of 4 unit cells is used in the parameter 

retrieval. Figure 2-12(b) plots the measured S-parameters of the passive (same structure 

without the TD) and the active gain case with the bias voltage at 0.378 V. It is seen that in 

the no TDs case, the measured S-parameters shows a dip of 𝑆�� near 2 GHz. For the active 

biased TDs case, while the impedance matching can still be observed at an adjacent 

frequency, the amplitude of 𝑆p� shows a gain at 1.98 GHz. 

Figure 2-13 plots the retrieved refractive index of the active MTMs with TDs. We 

can see that the result has a simultaneous negative real and imaginary part, which indicates 

a negative refractive index medium with gain. Also the imaginary part crosses zero at 1.96 

GHz, which indicates a lossless negative refractive index at that single frequency.  

 

Figure 2-13 The retrieved refractive index of the active gain volumetric MTMs from 
measurement result showing a negative refractive index with gain near 2 GHz. 

For further analysis, the retrieved constitutive parameters are shown in Figure 2-14. 

It is observed that after introducing the TDs, the real parts of 𝜖¯Ô and  𝜇¯| are both negative 
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within an overlapped bandwidth from 1.95 GHz to 2.0 GHz, while the imaginary part of 

permittivity is always negative and the imaginary part of permeability is positive. Since the 

TD is incorporated on the wire component, it mainly provides a current amplification to 

the electric response, rather than the magnetic response of the SRR.  

 

Figure 2-14 The retrieved permittivity and permeability from the measured S-
parameters.  

2.5. Summary 

In this chapter, we prove that a passive NIM cannot be completely lossless and non-

dispersive. Theoretical limits on the loss and dispersion of passive MTMs can be derived. 

We show that by judiciously placing an active gain device, e.g., a TD, into a MTM unit 

cell, the loss can be eliminated and even gain can be obtained while the property of negative 

refractive index maintains. Two examples at microwave frequencies are reviewed, 

including an active CLRH TL and an active volumetric MTM. Theoretical models and 

experimental demonstration of both examples are presented.  
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Chapter 3. Non-Foster matching circuit 

3.1. Impedance model of electrically small antenna 

We take a short monopole antenna as an example of electrically small antenna and 

study its equivalent circuit model. The length of the monopole is 10 cm. The self-resonant 

frequency is near 750 MHz. The equivalent circuit model for antennas can be very different 

in terms of its topology and complexity depending on the specific application. Since we 

focus on the broadband matching, the model should be valid in a wide range of frequencies. 

We choose the equivalent circuit model as shown in Figure 3-1. We use the ANSYS HFSS 

commercial software [152] to simulate a 10 cm monopole antenna on a finite ground plane. 

The ground plane has a size of 1.5 by 1.5 meter. We optimize the parameters in the 

equivalent circuit model to fit the simulated input impedance. The optimized parameter is 

𝑅 = 40	Ω, 𝐿 = 41	nH, 𝐶� = 1.16	pF, and	𝐶p = 1.16	pF. 

C1

R
Zant

C2

L

 

Figure 3-1 The equivalent circuit model of a short monopole antenna.  

Figure 3-2 shows the measured, simulated, and modeled antenna input impedance. 

The corresponding input reflection coefficient (𝑆��) is plotted in Figure 3-3. We can see 

that the model can fit well up to above the first resonance. The measured antenna 

impedance is less capacitive than the simulation. In other words, the quality factor (𝑄 =

𝑋/𝑅, where	𝑍 = 𝑅 + 𝑗𝑋) of the antenna for the measured result is less than the simulation. 
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One reason may be that the conductive loss from the wire and metal ground in the realistic 

scenario is larger than that in the simulation. In addition, the measurement was taken on 

the roof of a building. Some nearby objects, including walls and constructions in the near 

field may affect the measured impedance, especially at low frequencies.  

 

Figure 3-2 The impedance of a 10 cm monopole antenna on a 1.5 m x 1.5 m ground 
plane from measurement, simulation and equivalent circuit model.   

 

Figure 3-3 The 𝑺𝟏𝟏 of the monopole antenna and its equivalent circuit model. 
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3.2. Ideal non-Foster matching for electrically small antenna 

Negative-image modeling [47] is a common approach to design the non-Foster 

matching network to match an electrically small antenna in a broad bandwidth. The first 

step of the procedure is to develop an equivalent circuit model of the antenna impedance. 

Then, a non-Foster matching network is formed to be the exact negative image of the circuit 

model.  

Figure 3-4 shows a non-Foster matching network designed by the negative-imaging 

modeling technique. The example in the figure is to match a small monopole antenna. The 

equivalent circuit model of the antenna impedance is given in Figure 3-1. As a result, the 

matching network contains three non-Foster elements, i.e. −𝐶�,−𝐶p, and − 𝐿. The values 

of the elements are exact negative of the original parameters in the equivalent circuit model.  

 

Figure 3-4 Non-Foster matching design via negative-imaging modeling. 

Next, we connect the designed non-Foster matching circuit (the left part in Figure 3-

4) to the numerically simulated antenna impedance (as plotted in Figure 3-2), and simulate 

the input reflection coefficients (𝑆��) (as shown in Figure 3-5). It can be seen that the 

matching bandwidth is still finite. This is because the accuracy of the equivalent circuit 

model is limited by certain bandwidth. Ideally, the antenna can be matched with much 
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larger bandwidth by non-Foster elements, however, it requires more accurate equivalent 

circuit model which leads to more complex non-Foster matching circuit.  

A 6-dB bandwidth of 780 MHz is achieved by the non-Foster matching circuit (see 

the red solid curve in Figure 3-5), while the original bandwidth of the antenna (without 

matching case) is only 170 MHz. We try to tune some element parameters (i.e., C1, C2, L) 

of the non-Foster matching network nearby the designed values and improve the in-band 

reflection coefficient. A 10 dB bandwidth of 700 MHz is achieved (see the dashed curve 

in Figure 3-5).  

There is no loss in the matching network, since only negative reactance elements are 

used. Therefore, the improvement on input reflection can directly contribute to increasing 

the overall efficiency of the antenna system.  

The design in Figure 3-4 requires a number of negative capacitors and negative 

inductors, which is quite challenging to implement in practice. There are many practical 

problems need to consider, including the transistor selection, device parasitics, biasing, 

noise and most importantly stability. Usually, for simplicity, we only use a single negative 

capacitor to replace the complex non-Foster matching network for the small monopole 

antenna matching, which can provide sufficient improvement of the matching performance. 

The details will be discussed in the next chapter.  
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Figure 3-5 The comparison of the monopole antenna loaded with non-Foster 
matching, with tuned non-Foster matching, and without any matching case. 

3.3. Negative impedance converter and inverter 

Negative impedance converter (NIC) and inverter (NII) are commonly used to realize 

non-Foster element. Many different ways have been proposed to achieve non-Foster 

element with different NICs or NIIs, e.g., positive-feedback operational amplifier, cross-

coupled pair of transistors (e.g., Linvill’s NIC [153]), and negative resistor (Verman’s NII 

[154]). They have been commonly applied in regenerative circuit (e.g., wideband oscillator 

and latch) [45]. Figure 3-6 displays three ways of realizing NICs or NIIs. 𝑍ÜÝ¤ is a passive 

positive component which can be either a positive capacitor or inductor. The internal 

impedance can be converted or inverted to −𝑍ÜÝ¤	or − �
ÞÜÝ¤

 at the output port of NIC or NII. 
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Figure 3-6 The schematic of different ways of realizing non-Foster elements: a) a 
cross-coupled pair of transistors; b) an operational amplifier with positive feedback; 

c) a negative resistor based NII (also named as j-transformation). 

3.4. Negative-resistor NII 

The concept of using negative resistor to realize a NII was firstly proposed by Van 

der Pol [155] and Verman [154] in 1930s. An example of the configuration is presented in 

Figure 3-6(c) in which the input impedance 𝑍ÜÝ can be expressed as 

 𝑍ÜÝ = −
𝑅p

𝑍ÜÝ¤
 (3.1) 

Let 𝑍ÜÝ¤ 	= 	1/𝑗𝜔𝐶 , then 𝑍ÜÝ  is equivalent to a negative inductance 𝐿	 = 	−	𝑅p𝐶ÜÝ¤ . 

Similar configurations have been proposed to achieve non-Foster elements [156]. Carlin 

and Youla proved that any non-Foster n-port network can be composed of lossless reactive 

components together with at most n positive and n negative resistors [157].  

The negative resistance can be realized by tunneling diodes or other active gain 

devices such as transistor pairs, however, the parasitic elements and the value variance of 

the devices have to be taken into account. Here we take an example of using the negative-

resistor NII to match the reactance of a certain load impedance (see Figure 3-7 and Figure 
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3-8). The load is set up as a 50 Ω resistor series with a 𝐿 and 𝐶, the reactance of which can 

mimic a simplified model of the reactance part of a monopole antenna.  

Figure 3-7 and Figure 3-8 display two types of configurations of negative-resistor 

NIIs, which are proposed to cancel the reactance of the load impedance by inverting a 

parallel 𝐶ÜÝ¤ and 𝐿ÜÝ¤ into a negative series 𝐿 and 𝐶 [154],[156].   

 

Figure 3-7 Verman’s negative-resistor NII to cancel the reactance of the load 
impedance. 

 

 

Figure 3-8 Stearns’ negative-resistor NII to cancel the reactance of the load 
impedance. 

Take the 50 Ω load resistance as the 2nd port of the network, Figure 3-9 plots the 

reflection (𝑆��) and transmission (𝑆p�) coefficients with the non-Foster matching network 

as shown in Fig. 3-7, and compared to the case without adding the non-Foster matching. 

The circuit parameters are set as 𝑅z� = 𝑅zp = 𝑅z = 301	Ω,−𝑅ÝÈ¼ = −300	Ω, 𝐿Ã =

83.4	𝑛𝐻, 𝐶Ã = 3.4	𝑝𝐹. It can be seen that the input reflection coefficient and transmission 
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coefficient have been greatly improved by applying the non-Foster matching network. We 

also see a spike at low frequency, where both 𝑆p� > 1 and 𝑆�� > 1.  

 

Figure 3-9 The S-parameters of the network in Figure 3-7 (solid) with non-Foster 
matching network and (dashed) without matching network.  

Figure 3-6(c) shows the negative and positive resistors have exactly the same value 

so that the output impedance can be exactly the inverted value of the internal impedance 

(as shown in Eq. (3.1)). In practice, the circuit parameters in the NII cannot be exactly the 

same as needed. For example, the parameter 𝑅z�, 𝑅zp	and	𝑅ÝÈ¼ are not the same in Figure 

3-7. If there is a small deviation on the circuit parameter, Eq. (3.1) needs to be modified as 

 𝑍ÜÝ ≈ −
𝑅p

𝑍ÜÝ¤ + δ𝑅
 (3.2) 

where 𝛿 is the percentage deviation between the absolute value of positive (R) and negative 

(-R) resistors. Let 𝑅 = 100, 𝛿 = ±1%,	and consider the case of 𝑍ÜÝ¤ = 𝑗𝜔𝐿	and 𝑍ÜÝ¤ =

1/𝑗𝜔𝐶, where 𝐿 = 100	𝑛𝐻 and 𝐶 = 5	𝑛𝐹.  

Figure 3-10(a) shows the performance degradation from a small deviation of the 

circuit parameters. The dashed red curve shows the expected value of an ideal negative  
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(a) Negative capacitance  

 

(b) Negative inductance  

Figure 3-10 (a) (Solid curve) the input impedance of a negative capacitor based on a 
non-ideal negative-resistor NII with	𝜹 = ±𝟏%, and (Dashed curve) the reactance of 

the corresponding negative capacitance (-10 pF); (b) (Solid curve) the input 
impedance of the negative inductor based on the non-ideal negative-resistor NII 
with	𝜹 = ±𝟏%, and (Dashed curve) the reactance of the corresponding negative 

inductance (-50 𝝁H).  
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capacitance (-10 pF). We can see that the negative capacitor works for frequencies above 

2 MHz, but no longer works at low frequencies where a large parasitic resistance also exists. 

The sign of the parasitic resistance can be either positive or negative depending on the plus 

or minus sign of the deviation percentage (𝛿).  

Figure 3-10(b) shows the case of negative inductor. In contrast to the negative 

capacitor, the negative inductor only works for low frequencies (below 20 MHz). A large 

parasitic resistance exists at high frequencies. In summary, we have seen that the non-

Foster element achieved by the NII circuit is always bandwidth-limited due to the deviation 

of circuit parameters. In practice, more factors, e.g. the device parasitics and biasing 

networks, would impact on the overall performance of the non-Foster elements.  

3.5. Linvill NIC 

A Linvill NIC configuration consisting of a cross-couple pair transistors [153] is 

commonly applied in designing non-Foster elements in literature [37], [47], [54], [158], 

[159]. Figure 3-11 presents the schematic of a floating-version Linvill NIC connected with 

a capacitive load. Assume an ideal transistor model with a transconductance gm and a 

junction capacitance 𝐶ã�  between node b and c. The input impedance of the NIC is 

approximately 

 𝑍ÄäÅ =
1

−𝑗𝜔(𝐶ÜÝ¤ + 2𝐶ã�)
+

2
𝑔z
, (3.3) 

which is equivalent to a negative capacitance series with a parasitic resistance. Since 𝑔z 

is proportional to the bias current, we can reduce the parasitic resistance by increasing the 

bias current, however, at the expense of consuming more DC power. Another way to reduce 

2/𝑔z is by adding a series positive resistor 𝑅ÜÝ¤ with the positive capacitor 𝐶ÜÝ¤.  
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Figure 3-11 The schematic of a Linvill NIC with source and load admittance. 

Eq. (3-3) is a simplified approximation that ignores the influence from practical 

implementation, such as the biasing network, device parasitics, and other junction 

capacitances. Therefore, we investigate the performance degradation of NIC in practice by 

Keysight ADS simulation. Figure 3-12 shows the ADS schematic of the design which can 

simulate the input impedance of the non-Foster circuit. The SPICE model of a real BJT 

lumped component (Rohm Semiconductor 2SC5662) is used. The biasing networks are 

considered.  

YS

1 2

3 4

c
b

e

c
b

e

YL

5

Cint

CL

ZNIC 



 
 

67 

 

Figure 3-12 The ADS schematic of a Linvill’s NIC (with biasing networks included) 
to simulate the input impedance of the non-Foster circuit.   

We study two examples here, including a negative C design with 𝐶ÜÝ¤ = 4.7	𝑝𝐹 

and a negative L design with 𝐿ÜÝ¤ = 100	𝜇𝐻. Circuit parameters adopted in this simulation 

are 𝑅� = 1.8	𝑘Ω , 𝑅ã = 38	𝑘Ω , and 𝑅È = 50	Ω.   Figure 3-13(a) and (b) plot the input 

impedance of the designed NIC and the corresponding reactance of ideal negative 

capacitance and inductance. We can see that the practical NIC is always bandwidth-limited 

and accompanied with a parasitic resistance. Figure 3-13(a) shows that the NIC has a 

negative capacitance of about -7.1 pF above 2 MHz, and Figure 3-13(b) shows that the NIC 

has a negative inductance of -100 𝜇H below 11 MHz. The estimated  negative capacitance 

by Eq. (3.3) is −5.7 pF. The resonance in Figure 3-13(b) is due to −2𝐶ã�  which is in 

parallel with the negative inductance.  In summary, the results can prove Eq. (4.3) is a 

reasonable accurate approximation for negative capacitor at high frequency and negative 

inductor at low frequency.  
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(a) Negative capacitance  

 
 

(b) Negative inductance  

Figure 3-13 (Solid curves) The simulated input impedance of Linvill NIC with 
SPICE model and biasing network, and (Dashed curve) the reactance of the 

corresponding ideal negative C (-5.7 pF) or L (-100 𝝁H).  
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3.6. Summary 

We apply the negative imaging modeling technique to design the non-Foster 

matching network for a short monopole antenna. The method firstly requires an accurate 

equivalent circuit model of the electrically small antenna in a broad bandwidth, and then 

ideal non-Foster elements are applied into the matching network without a consideration 

of practical implementations. The performance shows a large improvement of matching 

bandwidth. We then introduce the NII and NIC to realize the required non-Foster elements, 

including a negative-resistor NII circuit and a Linvill NIC circuit. We show that in practice 

the non-Foster elements are always bandwidth-limited and accompanied with parasitic 

resistance, either due to the practical deviations of the circuit parameters or the device 

parasitics and biasing networks. Both the NII and NIC circuits show that a negative 

capacitor (inductor) is consistent with the expectation at high (low) frequency region where 

the parasitic resistance is relatively low. However, the stability issue has not been 

considered in this chapter. In the next chapter, we will present a rigorous way to analyze 

the stability of non-Foster circuits and non-Foster antenna systems.  
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Chapter 4. Stability of non-Foster circuit 

4.1. Methods of stability analysis 

A rigorous and effective method of stability analysis should always be a priority in 

the design of a non-Foster network. However, no simple criterion is available in analyzing 

the stability of non-Foster circuit. Some commonly used stability criterions in circuit design 

such as K-Δ factor and µ-factor, assume Rollet’s proviso that no internal RHP zeros or 

poles exist in the network, which is usually not valid for non-Foster circuit. Examples that 

these stability criterion fail can be seen in [160], [161].  

Two types of analysis methods are considered robust to determine the stability of a 

non-Foster circuit. One is doing transient simulation by exciting a pulse in the circuit 

network. The stability is determined by checking the voltage and current response at each 

node of the network [162]. However, it is not time efficient, especially in the design phase, 

since parametric studies are necessary to find out the stable region. In addition, it cannot 

easily identify where the instability comes from or predict the degrees of instability. The 

other type is analyzing network functions in the frequency domain. In a linear circuit 

network, either nodal admittance matrix or mesh impedance matrix can be used for finding 

the voltages across and current through every component in the network. Network 

functions such as the return ratio and NDF are usually defined in the form of the ratio of 

determinants of the network matrices. For a physically realizable stable network, 

restrictions are imposed upon the location of zeros and poles of the network functions. 

Return ratio (i.e. the open-loop transfer function) is commonly used in stability analysis in 

circuit design but usually limited to a single-loop feedback circuit. On the contrary, NDF 

can easily deal with the stability analysis of the multiple-feedback circuit, including the 
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feedbacks due to parasitic elements within each device model. NDF also has some 

mathematical properties that are convenient for Nyquist plot [51]. In addition, NDF 

analysis can be easily implemented with simple coding and also compatible with SPICE 

tools [163]. 

4.2. Procedure of NDF analysis 

The procedure of NDF analysis is as follows: 1) Write down the admittance matrix 

by Kirchhoff's rules; 2) Calculate the determinant Δ of the matrix; 3) Deactivate all the 

active devices in the matrix that is let the transconductance gm = 0 for transistors or let the 

differential negative conductance g = 0 for tunneling diodes; 4) Calculate the determinant 

of the deactivated matrix as Δ0. NDF can be defined as 

 𝑁𝐷𝐹 =
Δ
Δ�

=
𝑠 − 𝑧� 𝑠 − 𝑧p 𝑠 − 𝑧f ⋯
𝑠 − 𝑝� 𝑠 − 𝑝p 𝑠 − 𝑝f ⋯, 

(4.1) 

where z1, z2, z3,… and p1, p2, p3, … are the zeros and poles of NDF, respectively, and 𝑠 =

𝜎 + 𝑗𝜔 is the complex frequency in Laplace transform.  

The zeros of NDF are also known as the natural frequencies of the network, which 

can be solved by 𝑁𝐷𝐹(𝑠) = 0. The circuit is determined to be stable if and only if none of 

the zeros lies in the RHP, and the zeros on the real frequency axis must be simple [51].  

Figure 4-1 illustrates a way to determine the stability region of the circuit. The real 

part of zeros of NDF vary as a function of some circuit parameter, such as gain, bias current, 

and values of internal capacitance. The circuit network is determined to be stable if the 

maximum real part of zeros is negative. If the maximum real part of the zeros is exactly 

equal to zero, i.e. at least one of the zeros lies on the real frequency axis, then one should 
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check the order of the zeros on the real frequency axis and make sure it is simple, i.e. no 

multiple roots at the same location.  

Re(z1)

Re(z2)

Circuit	
parameter

Re(z)

Max[Re(z1),	Re(z2)]

0
Unstable

Stable

 

Figure 4-1 The real parts of zeros of NDF as a function of  circuit parameter. The 
stability region can be checked by the sign of the maximum real parts of zeros 

(labeled in circles).  

To find the zeros of NDF, one can either directly solve the roots of the equation 

𝑁𝐷𝐹(𝑠) = 0 or plot the Nyquist plot of NDF. For the method of solving the equation, the 

stability can be determined by checking the sign of the real part of the zeros, as shown in 

Figure 4-1. However, when a network has distributed elements, such as transmission lines 

and antenna load impedance, NDF cannot be expressed by a rational function. Then, 

Nyquist plot can be applied to check the number of RHP zeros of NDF without solving the 

equation. According to Cauchy’s argument principle, the difference between the number 

(Z) of zeros and the number (P) of poles is equal to the number of times that the complex 

function NDF(s) encircles the origin of the complex-NDF-plane in the clockwise direction 

(N), i.e.  
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 𝑁 = 𝑍 − 𝑃 (4.2) 

Since the passive (deactivated) network is always stable, Δ0 has no zeros or poles in the 

RHP. Therefore, NDF by nature has no RHP poles, i.e. 𝑃 = 0. The number of encirclement 

of the origin in clockwise direction is equal to the number of RHP zeros. Equation (4.2) 

becomes 𝑁	 = 	𝑍 for NDF. As a result, Nyquist plot of NDF shows the number of RHP 

zeros without ambiguity.  

Some other mathematical properties of NDF can simplify the Nyquist plot [51]. 

First, since NDF is symmetric with respect to the real frequency, it is sufficient to compute 

the NDF path only for positive frequencies. The total number of encirclement just doubles 

the number of encirclement for positive frequencies when negative frequencies are also 

considered. Second, NDF approaches to 1 as ω→∞ or as σ→∞, so that one can apply only 

a finite range of frequencies to count all the encirclement. The knowledge of whether the 

range is large enough is by checking whether NDF is approaching to 1. 

In some cases, the polar plots of NDF can be complex and difficult to follow. For 

the ease of usage, the phase can be unwrapped and displayed as a logarithmic function of 

positive frequency as an example shown in Figure 4-2. The unraveled phase is plotted with 

only positive frequency. The number of RHP zeros (i.e. the number of clockwise circles 

encircling the origin) should be doubled when the negative frequency is also counted due 

to symmetry.   
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Figure 4-2 (Left) Nyquist diagram of a rational function 𝒇 𝒔 = 𝒔𝟐�𝟒𝒔ë𝟑
𝒔𝟐ë𝟐𝒔ë𝟏

	 for 𝝎 ∈
(−∞,∞) and (right) number of circles of CCW encirclement of origin (i.e. unraveled 

phase/2π) as a logarithmic function of positive frequency. Two RHP zeros can be 
counted by either checking the Nyquist diagram or doubling the number of CW (i.e. 

the negative value of the number of CCW) circles in the unraveled phase plot. 

4.3. An example of NDF analysis 

We take an example of the Linvill NIC to illustrate the procedure of NDF analysis. 

Figure 4-3 shows the schematic of a floating Linvill NIC connecting with a positive load 

capacitor Cî . We assume the transistor is an ideal voltage controlled current sources 

(VCCS). The transconductance of the VCCS is gm. 
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Figure 4-3 Circuit schematic of the Linvill NIC circuit with a simplified small signal 
model of the transistor. 

The admittance matrix of the circuit network and its determinant is written as 
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Next, let 𝑔z = 0 and deactivate the circuit network, we get Δ� 
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Let Δ/Δ� = 0, and assume 𝑔ï → 0 for simplicity of expression without affecting much on 

the conclusion. The zeros of NDF can be expressed as 
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Therefore, we can explicitly get the stability region of 𝐶ñòó as 

 𝐶ñòó > 𝐶Ã, (4.6) 

which is a well-known stability condition for an ideal NIC case (i.e. open circuit stable). 

However such condition is almost of no use for practical NIC design. In the following 

sections, important practical effects on the NIC stability will be studied. 

4.4. Stability analysis for practical non-Foster circuits 

4.4.1. The effect of device parasitics 

To evaluate the effect of device parasitics, we replace the ideal VCCS with a small 

signal model of bipolar junction transistor (BJT) as shown in Figure 4-4, including all 

junction capacitances and parasitic elements. Note that a FET model can also be used with 

little difference. 
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Figure 4-4 A small signal model of BJT.  

Numerical values are assigned to the element parameters instead of symbolic study. 

Figure 4-5 shows the result of stability region by sweeping the parameter Cint to check the 

influence from parasitic elements of the device. The stable condition of Eq. (4.6) is shifted 

down by 1.13 pF when device parasitics are taken into account. The blue solid curve, which 

is the without-parasitics case, shows zero value for the maximum real part of zeros with 

Cint greater than 𝐶Ã =4 pF. The zero value corresponds to z1 in Eq (4.5) and therefore the 

circuit is stable. For the 1.13 pF down shift, 1 pF comes from 2Cbc. 

 

Figure 4-5 The maximum real part of zeros as a function of 𝑪𝒊𝒏𝒕 for the non-Foster 
circuit with and without all parasitic elements in the device model, where 𝑪𝑳 = 4 pF, 

𝑪𝒃𝒄 = 0.5 pF, 𝑪𝒃𝒆 = 2 pF, 𝒈𝒎 = 0.3 S, 𝒓𝝅 = 210 Ω, 𝑹𝒈 = 10 Ω and 𝒓𝟎 = 1.2 kΩ. 
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4.4.2. The effect of DC biasing network  

The transistor has to be properly biased for normal operation. The biasing network 

needs to be RF-isolated so that it does not influence the RF performance. Figure 4-6 shows 

a schematic of NIC with two types of DC biasing networks at the emitters of transistors, 

including an inductor-resistor bias and active current source bias. A self-biasing network 

(including 𝑅�  and 𝑅ã) is chosen to bias the base and collector (node 1-4) of the cross-

coupled transistors. The selection of the biasing network at node 5 and 6 shows a large 

impact on the stability, since the admittance of the biasing network 𝑌ãÜ{¨ along with the 

source and load impedance are directly connected with the output of the NIC circuit.  

 

Figure 4-6 The schematic of the non-Foster circuit with two possible DC biasing 
networks. 
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A bias inductor is usually needed with large inductance and high self-resonant 

frequency. However, such inductor is difficult to implement in practice. Thus, a large 

resistor is sometimes placed in series to alleviate the requirement on inductors even though 

the power consumption is increased. 

Figure 4-7 re-analyzes the stability of the new schematic, which takes both the 

device parasitics and DC biasing network into account. A positive resistor Rint is added in 

series with Cint to compensate the loss at the output port of NIC. Each curve in Figure 4-7 

represents a different configuration of biasing network. It shows that the circuit will always 

be unstable for any values of Cint when an inductor-resistor bias is selected (up to 100 nH 

and 10 kΩ). The circuit becomes stable by further increasing the inductance and resistance 

to 100 nH and 11 kΩ. However, such large resistance is not practical for current biasing, 

because it consumes large amount of power.  

An alternative way of biasing is to use an active current source bias, of which the 

active impedance is capacitive rather than inductive. The active current source bias is 

commonly applied in analog circuit design. For more information, one can refer to Razavi’s 

book, Chapter 5 [164]. The result shows the circuit can be stable when Cint > 3 pF.  
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Figure 4-7 The maximum real part of zeros as a function of 𝐂𝐢𝐧𝐭 for different DC 
biasing networks where 𝑹𝒄 = 1.8 kΩ, 𝑹𝒃 = 38 kΩ, and 𝑹𝒊𝒏𝒕 = 50 Ω.  

4.4.3. The effect of short transmission line 

The interconnections between discrete components in the layout are usually 

negligible, because these lines (or strictly speaking, TLs) are extremely short (≪ 𝜆 ) 

compared to the operational wavelength. However, it is found that for the NIC in Figure 

4-6, even a short section of TL in the layout may impact the stability, especially for the 

TLs in the feedback loop of the cross-coupled BJTs, i.e., the connection between nodes 1 

and 4, and nodes 2 and 3. 

Because TLs are distributed elements, the NDF becomes an irrational function of 

s. A two-port admittance matrix is applied to represent the distributed TL. Figure 4-8 shows 

a schematic of the transmission line, where Y0 is the characteristic admittance, γ is the 

propagation constant, l is the length, and YS and YL are the source and load admittance 

respectively. Eq. (4.7) gives the admittance matrix in the form of hyperbolic functions. 

Ideal	bias
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 Figure 4-8 Schematic of a short section of TL connecting a source and load 
impedance.  
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To solve the roots of the NDF function with the above matrix is a non-trivial 

problem. There would be infinite number of roots and it would be difficult to find an 

analytical solution. One way is to use the Padé approximation to simplify the hyperbolic 

functions in Eq. (4.7) with rational functions. However, such approximation may lead to 

pseudo RHP zeros or poles that may impact the precision of the stability analysis. Instead, 

Nyquist diagram can be used to determine the number of RHP zeros without any 

approximations and there is no need to solve the roots.   

Figure 4-9 shows the results of unwrapped phase/2π of NDF. The pair of TLs 

between nodes 1 and 4 and nodes 2 and 3 is taken into consideration. The length is varied 

from 0 to 15 mm, while gm is swept from 0.01 to 1.01 S with a step value of 0.1. Cint is 

fixed as 4.7 pF. When gm is equal to 0, the circuit becomes passive and NDF would be 

equal to 1 for all frequencies. It can be seen from Figure 4-9(a) that for the length of 0 mm 

case (i.e. without any TLs) the circuit is always stable for all values of gm, because no 

encirclements of the origin in Nyquist plot of NDF are found within the whole frequency 

range. In Figure 4-9(b), for the case of 1 mm length, one circle of the encirclement is found 

Y0, γ, l
YLYS l ≪ λ 
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to exist for gm = 0.81, 0.91 and 1.01 S and RHP zeros appear which indicates the circuit 

can be unstable if the transistor has large enough gm (gain). The instability happens because 

of the discontinuity near 1010 Hz in the plot. The length of the TL is very short compared 

to the wavelength (<0.001λ0 at 300 MHz). Therefore, the TL in the feedback loop has an 

impact on the stability.  

By further increasing the length of TL, Figure 4-9(c) and (d) show that the circuit 

is more prone to be unstable. Also, the frequency of the discontinuity starts to shift down. 

Especially for the case of a length of 15 mm, the circuit is unstable for most values of gm 

unless gm is as small as 0.01 S. Note that smaller gm means that the transistor has lower 

gain, which results in a larger parasitic resistance accompanied with the negative capacitor. 

Therefore, the tradeoff between the degree of potential instability and the parasitic 

resistance of non-Foster element can be indicated here. From Figure 4-9(c), it is observed 

that the circuit is stable at low and high gain case, but unstable at medium gain case of gm 

= 0.21 and 0.31 S. Hence, the greater value of gm does not necessarily indicate instability. 

The stability region of 𝑔z is dependent on the length of the TL. 

 
(a) l = 0 mm 
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(b) l = 1 mm 

 
(c) l = 3 mm 

 
(d) l = 15 mm 

Figure 4-9 Number of circles of CCW encirclement of origin as a logarithmic 
function of positive frequency for (a)-(d) different TL length 𝒍 and 𝒈𝒎. 
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One way to stabilize the circuit is to insert small resistors (𝑅¨¤ã) into the feedback 

loops which are between nodes 2 to 3 as well as nodes 1 and 4 in Figure 4-6. Figure 4-10 

presents the stability analysis of the TL of a length 15 mm, the same as shown in Figure 

4-9(d) with the exception that a small resistor is inserted in series to the TL. The result 

shows that the circuit becomes stable across all values of gm. However, the transmission 

coefficient (between the Zs port and ZL port) drops about 3 dB and the parasitic resistance 

of the non-Foster element increases by about 30 Ω. The performance of the negative 

capacitor is sacrificed when the resistor for stabilization is inserted.  

 
 

Figure 4-10 Number of circles of CCW encirclement of origin as a logarithm 
function of positive frequency for different 𝒈𝒎 when the length is 15 mm and 𝑹𝒔𝒕𝒅 is 

50 Ω.  

4.4.4. The effect of realistic load impedance 

In the preceding sections, a small positive capacitor with a series 50 Ω load is 

connected to the load of the negative capacitor. This setup can be used to characterize the 

impedance of the designed non-Foster element in experiment while the circuit is stable. 
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The impedance of the non-Foster circuit can be characterized from the measured two port 

S-parameters. In practice, the load impedance depends on the real applications. For 

example, the non-Foster element can be part of the matching circuit of an electrically small 

antenna. Then the load impedance is the antenna’s input impedance. As the NDF is based 

on the matrix of the complete network, it is necessary to check the impact of changing the 

load impedance on the stability of the system.  

Figure 4-11 shows the example of using a negative capacitor to match an 

electrically small monopole antenna (the monopole length d ≪ λ0). The input impedance 

of a short monopole antenna has a large capacitive reactance and a small resistance (i.e., 

high quality factor due to the small physical size compared to wavelength) at low frequency. 

The maximum achievable bandwidth by conventional passive matching circuit is limited 

by the Bode-Fano limit. Therefore, the negative capacitor is used to cancel the large 

reactance and lower the quality factor of the electrically small antenna.  

 

 Figure 4-11 Diagram of a non-Foster circuit loaded with a short monopole antenna. 

There are several methods to model the small monopole antenna. The test of 

stability not only depends on the modeling accuracy at in-band frequencies but also on the 

out-of-band impedance. In fact, the model should be physical that meets the requirement 

of causality and passivity (for a passive antenna case) and may need to follow the low- and 

Einc
ZNIC

Monopole 
impedance

U
ZNIC
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high- frequency asymptote. For example, an electrically small monopole can be simply 

expressed as a small capacitor in series to a positive frequency-dependent resistor, thus the 

input impedance can be replaced with 

 𝑍ÀÅ 	=
1
𝑠𝐶 	– 	𝑘𝑠

p, (4.8) 

where k is a constant factor depending on the structural dimensions of the antenna. The 

model works effectively well in the low frequency range, when the frequency is much less 

than its self-resonant frequency of the first order. However, Eq. (4-6) have RHP zeros 

caused by the unphysical approximation of the frequency-dependent resistor.  

An equivalent circuit model of the small monopole antenna as discussed in Section 

3.1 is selected. The impedance of the equivalent circuit model is again compared to the 

result of a full-wave numerical simulation from ANSYS HFSS from 30 MHz to 10 GHz 

(see Figure 4-12). The simulation result shows multiple resonant peaks which corresponds 

to the self-resonances of the monopole at various orders. The model shows a high-

frequency asymptote as the numerical results and fits reasonably well up to 10 GHz.  

 

Figure 4-12 The impedance of a 10 cm monopole antenna from simulation and 
equivalent circuit model in a wide range of frequencies. 
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One reason of using equivalent circuit model instead of the numerical result directly 

is that in some case the simulation and measurement cannot cover large enough frequency 

range, and an equivalent circuit model with a low- and high- frequency asymptote of the 

numerical result can help predict the stability easier.  

Next, we test the stability of the non-Foster antenna. A -4 pF negative capacitor is 

built from the design in Figure 4-10. The non-Foster circuit is then loaded with the 

impedance of a 10 cm monopole antenna, as plotted in Figure 4-11. The Nyquist diagram 

of NDF using the circuit model and numerical result are plotted in Figure 4-13. The 

numerical results follow the equivalent circuit model results. It can be seen that the 

monopole antenna with non-Foster matching circuit is stable.  

 

Figure 4-13 Nyquist diagram of NDF for non-Foster circuit matched monopole 
antenna with an equivalent circuit model and simulated numerical impedance. 
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4.5. Experimental verification of stability analysis 

Based on the results of Figure 4-9(d) and Figure 4-10, experiments are conducted 

to verify the NDF analysis. A prototype of the non-Foster circuit as shown in Figure 4-6 is 

fabricated with current source biasing. A Duroid 5880 substrate with 31 mil thickness is 

used in the fabrication. Figure 4-14 shows a photo of the fabricated circuit. The circuit 

parameters include 𝑅� = 1.8 kΩ, 𝑅ã = 38 kΩ, 𝑅ÜÝ¤ = 0 Ω, 𝑅¨ = 50 Ω. 

The first test is to verify the prediction of instability as shown in Figure 4-9(d). The 

transmission line length is 15 mm and no stabilization resistor is added (𝑅¨¤ã = 0 Ω). A 

spectrum analyzer is connected to the port 2 of the circuit to check the oscillations of the 

circuit. A 50 Ω load is connected to port 1. No external signal sources are connected. In 

Figure 4-9(d), the analysis shows that the circuit is unstable for the case of l = 15 mm 

without adding resistor for stabilization. In experiment, strong oscillations are observed 

when the DC supplies are turned on. The spectrum measured at the port 2 is given in Figure 

4-15. It can be seen that the fundamental frequency of the oscillation is 2.14 GHz and the 

corresponding harmonics are also observed.  

 

Figure 4-14 A photograph of the fabricated non-Foster circuit for the design in 
Figure 4-5.  
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Figure 4-15 Spectral observation of an unstable non-Foster circuit for verifying the 
analysis result in Figure 4-8(d).  

The second design is to verify the case in Figure 4-10, in which 50 𝛺	resistors for 

stabilization are inserted into both the feedback loops. No oscillations are observed over 

all frequencies (from DC to 26.5 GHz) in the measured spectrum. This result indicates that 

a stable non-Foster circuit is achieved and agreement with the prediction of the stability 

analysis using NDF is obtained. 

To verify the performance of the negative capacitance NIC, its S-parameters are 

measured using a vector network analyzer. Figure 4-16 compares the measured and 

simulated S-parameters. It can be seen that the agreement between measurement and 

simulation is very well. The designed operating frequency ranges from 30 to 500 MHz. 

The measured S21 is about -3 dB which is due to the parasitic resistance of the negative 

capacitor. The negative capacitance and series parasitic resistance are extracted from the 

measured S-parameters, as presented in Figure 4-17. The negative capacitance is about -4 
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pF from 50 to 500 MHz. A negative parasitic resistance is observed below 20 MHz. The 

parasitic resistance is about 30 Ω above 80 MHz.  

 

Figure 4-16 The simulated and measured S-parameters of the non-Foster circuit 
with a 50 Ω source and load impedance at port 1 and port 2. 

 

Figure 4-17 The extracted negative capacitance and parasitic resistance from the 
measured S-parameters of the NIC circuit.  
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Next, a 10-cm monopole antenna load is also tested. As shown in Figure 4-11, the 

port 2 of the negative capacitor is connected to the input of the monopole antenna to cancel 

the large reactance of the antenna’s impedance at low frequencies. Port 1 is connected to 

the spectrum analyzer. No oscillations are observed in the spectrum analyzer when the DC 

bias is tuned on. The non-Foster circuit and antenna system is still stable, as predicted by 

the NDF analysis in Figure 4-13. The S11 of the non-Foster circuit matched antenna is then 

measured and compared with the S11 of the monopole itself without any matching circuit. 

The results are plotted in Figure 4-18. It can be observed that the S11 of non-Foster antenna 

is below -5 dB over all frequencies. For the without matching case, S11 is totally 

mismatched except of at the self-resonant frequency near 700 MHz. Figure 4-19 plots the 

comparison between the input reactance of the antenna loaded with and without the 

negative capacitor. It can be seen that the reactance of the antenna’s impedance has been 

largely cancelled by the negative capacitor.  

 

Figure 4-18 The measured S11 of the non-Foster monopole antenna (w/ neg C) and 
the passive monopole antenna without any matching circuit (w/o matching).   
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Note that the improvement on the matching at low frequencies does not only come 

from the cancellation of the reactance but also the parasitic resistance (~ 30 Ω as shown in 

Figure 4-17) in the NIC circuit. The parasitic resistance degrades the total efficiency of the 

antenna. Therefore, it is important to examine not just the matching improvement, but also 

the additional loss introduced by the NIC. From simulation, we estimate that the overall 

radiated power increases about 5 – 12 dB from 30 to 300 MHz by the non-Foster matching 

circuit compared to the without matching case.  

 

 

Figure 4-19 The input reactance of the antenna with negative capacitor (w/ neg C) 
and without any matching case (w/o matching).  

4.6. Non-Foster helical antenna at high frequency (HF) 

In this section, we present a complete design procedure of a compact non-Foster 

helical antenna matching circuit for wideband improvement of received signal power of a 

compact helical antenna at HF band. A -40 pF negative capacitor is proposed to cancel the 

large reactance of the input impedance of the antenna (see Figure 4-20). The stability of 
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the non-Foster antenna system is first analyzed by NDFs. A stable negative capacitor (~ -

40 pF) based on Linvill’s negative impedance converter (NIC) is designed, fabricated and 

tested. An outdoor test of the non-Foster antenna prototype is performed to measure the 

input reflection coefficient 𝑆��and the improvement of received signal power level against 

the case of without matching and a commercial well-matched 4m-height whip antenna at 

HF.  

 

Figure 4-20 A schematic of a 2m-height helical antenna loaded with non-Foster 
circuit (~ -40 pF) to cancel the large capacitive input reactance of the antenna for 

broadband matching.   

4.6.1. Stability analysis of non-Foster antenna matching system 

A helical antenna with 12 turns, 2-meter height, and 45-mm radius is designed, 

simulated and tested. The antenna is electrically short, i.e. 1/50 to 1/5 λ from 3 to 30 MHz, 

where λ is the free space wavelength. Figure 4-21 shows the measured 𝑆�� of the helical 

antenna without any matching circuit. The antenna’s lowest self-resonant frequency is near 

24 MHz, below which the input impedance has a large capacitive reactance and a small 

resistance. The corresponding quality factor is about several hundred below 15 MHz. The 

𝑆�� in Figure 4-21 is measured from 2MHz to 6GHz. The test frequencies go far above the 

Pin
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HF band due to the property of stability analysis by NDF because all frequencies need to 

be checked for stability analysis in the NDF method.  

 

Figure 4-21 The measured input reflection coefficient (𝑺𝟏𝟏) of the 2m-height helical 
antenna from 2MHz to 6GHz. 

4.6.2. Stability analysis 

Next, a non-Foster circuit is designed to achieve a -40 pF negative capacitor. Figure 

4-22 shows the circuit schematic of the non-Foster antenna system. The non-Foster circuit 

consists of a floating Linvill’s negative impedance converter that transforms the internal 

positive capacitor (𝐶ÜÝ¤) and resistor (𝑅ÜÝ¤) into negative values. A pair of current source 

transistors are applied to bias the emitters of the cross-coupled transistors. The circuit is 

found to be unstable if the TLs in the feedback loop are taken into account, despite the 

short TL length. Therefore, small resistors (𝑅¨¤ã ) are inserted into the cross-coupled 

feedback loops to stabilize the circuit.  
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Figure 4-22 The circuit schematic of the non-Foster matching network. 

Figure 4-23 shows the Nyquist plot of the NDF for the whole system, including the 

antenna (measured antenna input impedance is used), biasing networks, and TLs in the 

layout. A 15mm-length microstrip TL is represented by a hyperbolic-function-based 

admittance matrix and considered in the NDF calculation. The figure shows two cases, 

with and without adding a stabilization resistor 𝑅¨¤ã in the feedback loops, illustrating the 

influence of 𝑅¨¤ã on the stability. To clearly show the encirclement in the polar plot of the 

Nyquist diagram, the phase of NDF is unwrapped (see the bottom plots in Figure 4-23). 

These results show that the non-Foster antenna system with 𝑅¨¤ã = 10	Ω is stable while 

the system is unstable for the without 𝑅¨¤ã case. The phase for the without 𝑅¨¤ã case goes 

across -2π and -4π line near 1.7 and 2.3 GHz, therefore there exist two pairs of RHP zeros.  
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Figure 4-23 The stability analysis of the non-Foster antenna using the measured 
antenna’s impedance: (Top) the Nyquist plot of the NDFs with and without 

stabilization resistors; (Bottom) the unwrapped phase of the corresponding NDFs 
(frequencies swept from 2 MHz to 6 GHz). 

4.6.3. Measurement result 

The non-Foster circuit is fabricated and tested. The two-port S-parameter of the 

non-Foster circuit is measured (see Figure 4-24). Compared to the -4 pF experiment in 

Figure 4-16, the S21 is improved from -3 dB to -0.18 dB. due to the use of smaller value of 

stabilization resistance (𝑅öó÷ ). The input impedance of the NIC is obtained by de-

embedding the 39 pF capacitor and microstrip lines.  
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Figure 4-24 The measured S-parameters of the negative capacitance non-Foster 
circuit loaded with a 39 pF positive capacitor.  

 

The measured input impedance of the non-Foster circuit is shown in Figure 4-25, 

which agrees well with the ADS simulation result. The reactance part shows a negative 

slope as a function of frequency, which indicates a wide-band negative capacitance (-42 

pF at 15 MHz). The resistance part is negligible at high frequencies, but increases to a large 

negative value and deviates from the simulated result when frequency decreases. Such 

phenomenon can be also observed in other non-Foster circuits [37], [165]. 
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(a) 

 

(b) 

Figure 4-25 (a) The real and imaginary part of the output impedance of the non-
Foster circuit from experiment and simulation, and (b) the retrieved negative 

capacitance.   
 

The simulated and measured input reflection coefficients (𝑆�� ) of the helical 

antenna with different matching setups are presented in Figure 4-26. Firstly, the yellow 

curve shows the 𝑆�� of the helical antenna without any matching circuit. The antenna is 

self-resonant at 24 MHz. Second, we simulate the 𝑆�� of the antenna loaded with an ideal 

-39 pF negative capacitor (as shown in the dashed blue curve). The matching can be 

improved at the low frequency. Third, the ideal negative capacitor is replaced by the design 

of non-Foster circuit. The simulated 𝑆�� plotted as the solid blue curve is closed to the ideal 
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negative capacitance case. Lastly, the measured 𝑆�� of the antenna loaded with the practical 

non-Foster circuit is shown as the red curve. We can see that the simulation shows a good 

consistency as the measurement except of a few MHz frequency shift. The non-Foster 

matching shows an improvement of 𝑆�� near 7 MHz. We have also seen the magnitude of 

S�� is greater than the unity right near 5 MHz.  

 

Figure 4-26 The simulated and measured S11 of the helical antenna with / out the 
non-Foster matching circuits.  

 
The improvement of return loss, however, does not guarantee the increase of the 

overall gain. The loss introduced by the matching network can also improve the reflection 

coefficient but with a degradation of the overall efficiency. A field test was conducted to 

examine the gain improvement of the received signal power by the non-Foster circuit. The 

complete experimental setup is shown in Figure 4-27.   

A commercial HF whip antenna with 4 meter height (from AlphaAntenna.com) is 

used as the transmitter antenna and the same is used as a reference receiver antenna. A 
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spectrum analyzer (SA) is connected with the receiver antenna under test to measure the 

received power and monitor the environmental interference signals. A continuous wave 

signal is transmitted with an output power of 15 dBm at the signal generator. The distance 

of the link is 54 meter (about 0.5 to 5 λ from 3 to 30 MHz). Therefore, the measurement 

environment is not far field at low frequency. Buildings, shelters, and vehicles nearby may 

impact the field patterns and matching of the antennas at low frequency. However, the 

results would be still meaningful to estimate the power improvement by non-Foster 

matching circuit compared to the no-matching and the commercial antenna case. 

 

Figure 4-27 (a) A schematic of test setup; (b) a top view of the test environment; (c) 
a photograph of the field test of the helical antenna at the receiver end. 

 

Figure 4-28 plots the received power spectrum for different setups of receiver 

antennas. The large spectral fluctuation comes from the multipath interference. By 
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comparing the power level of the antenna with and without non-Foster matching case, it 

can be clearly observed about 20-30 dB received signal power enhancement by non-Foster 

matching circuit at 3-13 MHz, and about 15 dB improvement compared to the commercial 

antenna. Figure 4-29 plots the received power difference between with and without the 

non-Foster matching case. This result agrees well with the simulation prediction. The 

simulation is done by firstly transforming the measured 1-port input reflection coefficient 

(𝑆��) of the helical antenna into a 2-port model, so that the 𝑆p� represents the realized gain 

of the antenna system assuming antenna’s efficiency is unity [53]. We then simulate a new 

𝑆p�  for the two-port model loaded with the non-Foster circuit. The received power 

difference is calculated as the difference between the two 𝑆p�s.   

This non-Foster helical antenna shows much more improvement than the previous 

design, which shows a 5-12 dB improvement by simulation for the non-Foster monopole 

antenna at VHF. One reason of the difference is a smaller stabilization resistance (𝑅¨¤ã =10 

Ω instead of 50 Ω) in the circuit, and use an internal resistance (𝑅ÜÝ¤ = 5	Ω	) to compensate 

loss. Another possible reason is the helical antenna has a larger radiation resistance than 

the monopole antenna, although the electrical size of the two antennas are comparable. 
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Figure 4-28 The received power test of the non-Foster matched helical antenna, 
helical antenna without any matching, and a commercial 4-meter monopole 

antenna.  

 

 

 

Figure 4-29 The improvement of the received power by the non-Foster matching 
compared to that of  for the without matching case, including the simulated and 

measured data.  
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4.7. Summary 

This chapter proves NDF analysis is an effective and rigorous method to analyze 

the stability for non-Foster circuits. A stable floating-version negative capacitor element is 

achieved by thoroughly considering several factors in the design, including the device 

parasitics, choice of DC biasing, length of TLs in the layout, and the realistic load 

impedance. The active current source biasing is preferred compared to inductor-resistor 

biasing due to stability consideration. TLs of the layout in the feedback loops have a 

significant impact on the stability of the circuit despite of very short electrical length (≪ 

λ). Small resistors can be inserted in series with the TLs in the feedback loops to ensure 

the circuit stability and increase its robustness, while the overall performance of the non-

Foster element is degraded. Because the base current in a BJT is very small, the power 

consumption in the resistor can be ignored. Furthermore, the Nyquist plot shows that a 10 

cm electrically small monopole loaded with the non-Foster circuit is stable. Experimental 

results verify very well the NDF stability analysis. The measurement result shows that a 

stable ~ -4 pF capacitor from 50 to 500 MHz is achieved. This NDF analysis can also be 

applied to more complex networks, e.g., those having multiple non-Foster elements. It 

demonstrates more advantages of accuracy and efficiency for more complex networks 

compared to the method of loop gain and transient simulation. Lastly, we fabricated a -40 

pF non-Foster circuit and applied it to match a 2-meter helical antenna at HF. The test 

shows that the non-Foster matched helical antenna can receive 20-30 dB more signal power 

from 3 to 13 MHz than without matching case, and 15 dB more than commercial off-the-

shelf HF whip antenna.  
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Chapter 5. Sign choice of refractive index in active MTMs 

5.1. Introduction 

Refractive index is an important parameter that describes how wave propagates 

through the host medium and predicts the angle of refraction on the interface between two 

distinct media. However, there is a mathematical ambiguity of which sign, i.e., the + sign 

or the – sign, to be chosen in the calculation of refractive index by 𝑛 = ± 𝜖𝜇, where 𝜖 and 

𝜇 are the relative permittivity and permeability.  

Veselago in 1967 discovered that the refractive index is negative when the 

permittivity ε and permeability μ are both negative real numbers [3], which refers to a 

lossless medium. For a passive lossy MTM, the sign can be unambiguously selected by 

requiring 𝑛" > 0 (or equivalently 𝜂� > 0, the proof of which will be shown in the next 

section). This simple criterion holds for all passive media, however, to resolve the sign for 

active gain media is a non-trivial problem.   

A common criterion of sign choice designates 𝑛" > 0 for lossy media and 𝑛" < 0 

for gain media, which will be proved in the next section that it is equivalent to requiring 

𝜂� > 0 . Therefore, the refractive index can be monochromatically determined by the 

following formula [73], [166], [167]: 

 𝑛 = + 𝜖𝜇 ⋅ sign[−Im( 𝜖𝜇)] ⋅ sign(𝜖"/ 𝜖 	+ 𝜇"/|𝜇|). (5.1) 

The sign function outputs +1 if the argument is a positive value and −1 if it is negative. 

The first sign function outputs +1 if 𝑛" > 0 and −1 if 𝑛" < 0.	The second sign function 

outputs +1 if it is lossy medium and −1 for gain medium. The multiplication of the sign 

functions generates +1 if 𝑛" follows the criterion and −1 if 𝑛"	violates the criterion. Note 
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that 𝑛 = 𝑛� − 𝑗𝑛"  and 𝜂 = 𝜂� − 𝑗𝜂" , 𝜖 = 𝜖� − 𝑗𝜖"  and 𝜇 = 𝜇� − 𝑗𝜇"  in our time 

convention. 

In 2005, Chen, Fischer and Wise (CF&W) proposed [75] a non-magnetic (𝜇 = 1) 

medium with double-resonance inverted-Lorentz permittivity model that they claimed to 

have a frequency region that 𝑛" > 0 and	𝜂� < 0. Since the poles and zeros of the CF&W 

model of the constitutive parameters of the medium are all located at the left-half complex 

s-plane, the medium is analytic and causal. The sign choice is based on the analytical 

property of the refractive index [138]. The sign can be uniquely determined by following 

analytical continuation, which requires the information of the dispersion property of the 

medium. Such method of sign choice firstly unwraps the phase of permittivity and 

permeability (i.e. 𝜙² and 𝜙ü) across all frequencies and chooses only the principle value 

of the square root function. The refractive index can be calculated by 

 𝑛 = + 𝜖 𝜇 𝑒¢
ýþÿýþ

! . (5.2) 

Note that Eq. (5.2) does not eliminate the possibility of the existence of 𝜂� < 0  gain 

medium. Therefore, the sign choice by Eqs. (5.1) and (5.2) can be different when 𝜂� < 0. 

However, the two methods would agree with each other for the sign choice of 𝜂� > 0, 

which would happen in most gain media, such as our designs of active gain MTMs in 

Chapter 2. The sign choice method in Eq. (5.1) can determine the sign uniquely at each 

single frequency, however, the second method in Eq. (5.2) requires the knowledge of the 

entire frequency response of the dispersive medium property which is usually unavailable 

in practice. 

The 𝜂� < 0 medium was disputed by [80], [90], but has not yet been disproved [82], 

[85]. Ramakrishna points out such medium is always unstable therefore physically 
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inaccessible [90], however, no arguments or proofs are provided. In contrast, Skaar tries to 

prove the existence of such medium by FDTD simulation with a dispersive model of such 

gain medium [168]. However, the paper does not present a complete simulation result, 

because the out-of-band high gain of such medium leads to the numerical instability and 

the discretization errors in numerical method cause artificial reflections. Until now, the 

existence of η� < 0  medium is still controversial and not clearly resolved. The author 

chooses not to focus on the debate in this dissertation but provide only our analysis and 

explanations of the relationship between the sign choice and the stability of finite gain 

system.  

The remaining of this chapter is organized as follows. Section 5.2 will revisit the 

time-averaged Poynting vector and clarify the relationship between the power flow and the 

sign choce of 𝑛" and 𝜂′. It will explain the sign ambiguity of active gain media in more 

details. Section 5.3 discusses the relationship between the sign choice and the stability of 

a gain slab system. It also applies Nyquist criterion to analyze the stability of slabs made 

of different gain media, including the CF&W model. Section 5.4 will show the analytical 

solution and the frequency domain simulation of a 45˚ gain wedge system. Section 5.5 will 

summarize this chapter.  

5.2. The relationship between the sign choice and power density flow 

In this section, we clarify the relationship between the power density flow and the 

sign choice of 𝜂′ and 𝑛". Assume a plane wave propagating in the +z direction in a lossy 

or gain medium. The electric field has an x component and magnetic field has a y 

component, i.e. 
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 𝑬 𝑧 = 𝑥𝐸�e�#Ô and 𝑯 𝑧 = 𝑦(𝐸�/𝜂)e�#Ô, (5.3) 

where 𝛾 = 𝛼 + 𝑗𝛽 = 𝑗𝑘�𝑛	is the complex propagation constant, 𝜂 is the wave impedance 

that is equal to the intrinsic impedance of the medium [169].  

The time-averaged Poynting vector describes the directional average power flow 

density of the electromagnetic field. With the plane wave propagating in the +z direction, 

it can be expressed by  

 𝑺𝒂𝒗 =
1
2𝑅𝑒 𝑬×𝑯

∗ = 𝑧
𝜂�

2 𝜂 p 𝐸�
pe�pÝ"&'Ô, (5.4) 

where k0 ≡  ω /c and c is the speed of light in vacuum. The sign of η′ determines the flow 

direction of the average power density, while the sign of n″ determines whether the field is 

spatially increasing or decaying in the z-direction.  

Furthermore, substitute E and H, i.e. Eq. (5.4), into the energy conservation 

theorem given by Eq. (2.19), we obtain the time-averaged dissipated or gained power 

density 

 𝑄 = 𝜔 𝜖 𝑬 p 𝜖′′/ 𝜖 + 𝜇′′/|𝜇| . (5.5) 

As discussed in Section 2.1, the power is dissipated into the medium, i.e. 𝑄 > 0, for a lossy 

medium. The field is amplified, i.e. 𝑄 < 0, for a gain medium. The classification of the 

lossy and gain medium can be therefore defined as 

 1)	
𝜖��

𝜖 	+
𝜇��

𝜇 > 0, for	lossy	medium, (5.6) 

 2)	
𝜖��

𝜖 	+
𝜇��

𝜇 < 0, for	gain	medium. (5.7) 

Since we have 𝜂p = 𝜇/𝜖, Eq. (5.7) is equivalent to  
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 0"""" 2 <+=+ µehµe
e
µ

   (5.8) 

We also can derive  

 
𝜇" = −𝐼𝑚(𝜂p𝜖) = −𝐼𝑚[(𝜖′ − 𝑗𝜖")(𝜂�p − 𝜂"p − 2𝑗𝜂�𝜂")]

= (𝜂�p − 𝜂"p)𝜖" + 2𝜂′𝜂"𝜖′. 
  (5.9) 

Substitute 𝜇" into Eq. (5.8),  

 0'"'2")"'(" 222 <+-+ ehhehheh    (5.10) 

Since 222 "' hhh += , Eq. (5.10) becomes 

 0'"'2"'2'"'2")"'(")"'( 22222 <+=+-++ ehhehehhehhehh ,   (5.11) 

 which is simplified as  

 0'"'"'2 <+ ehheh .   (5.12) 

We also have the relation between refractive index and intrinsic impedance of the 

medium, i.e. 𝑛 = 𝜂𝜖/𝑐. Therefore, Eq. (5.12) can be rewritten as 

 𝜂�p𝜖+η'η"ϵ'=η'(ϵ"𝜂� + ϵ'𝜂") = −η'Im(ηϵ)=cη'n"<0.   (5.13) 

Finally, we get 

 η'n"<0, for gain medium   (5.14) 

Similarly, we can derive  

 η'n">0, for lossy medium   (5.15) 

Together with Eq. (5.6) and (5.7), we have proved 
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 1)	
𝜖��

𝜖 	+
𝜇��

𝜇 > 0, if	and	only	if	𝜂′𝑛′′ > 0; (5.16) 

 2)	
𝜖��

𝜖 	+
𝜇��

𝜇 < 0, if	and	only	if	𝜂�𝑛�� < 0. (5.17) 

 For a passive lossy medium, since the only source of energy comes from the 

excitation, the time-averaged Poynting vector always directs in the positive z direction (i.e. 

away from the excitation source) [170], [171], so that 𝜂� > 0. Since the medium is lossy, 

the field intensity is always decaying along with the direction of time-averaged Poynting 

vector, so that 𝑛�� > 0. Therefore, the sign choice for a passive lossy medium can be 

unambiguously determined by 𝜂� > 0 and/or 𝑛�� > 0, which is consistent with Eq. (5.16). 

Eq. (5.17) only guarantees the negative sign of 𝜂�𝑛- for gain medium, but cannot 

determine the sign of each term 𝜂′ and 𝑛′′. For an active gain medium, if the power of the 

fields is amplified in the positive direction, we have n″ < 0 and η′ > 0. However, the source 

of energy does not only come from the excitation but also from the medium itself. The 

main argument of the existence of 𝜂� < 0 medium is that the direction of Poynting vector 

is not necessarily positive. The so-called “backward” wave can possibly accumulate energy 

from far away in the medium toward the excitation source, which leads to field intensity 

decay along the positive direction, with 𝑛" > 0 and 𝜂′ < 0. As a result, for active gain 

media, the wave may either amplify or damp along the positive direction, and the sign 

choice of n becomes ambiguous.  

5.3. A gain slab system 

We take an example of a gain slab system to analyze the relationship between sign 

choice and stability. Such analysis may help us find out whether the instability restricts the 
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physical existence of 𝜂� < 0 medium. The gain slab system has been commonly studied in 

the literature [81], [169], and widely applied for characterization of material properties 

[172], [173]. The solutions of the system parameters, i.e. the total reflection and 

transmission coefficients, have been readily derived.  

Figure 5-1 shows a slab made of general lossy / gain medium inside a vacuum 

environment. A normal-incident plane wave propagates along the +z direction through the 

slab with a thickness of d. Reflections are induced due to the mismatch between the slab 

medium and the vacuum.  

 

 Figure 5-1 The schematic of wave propagation in a slab system 

The overall reflection coefficient R and transmission coefficient T of the field can 

be calculated as  

 𝑅 = −Γ + 1 − Γp Γ𝑒�p#k Γp𝑒�p#k z°
z.� , (5.18) 

 𝑇 = 1 − Γp 𝑒�#k Γp𝑒�p#k z
°

z.�

, (5.19) 

where 

 

 hh
hh

+
-

=G
0

0  (5.20) 

	ε,	μ	 	ε0,	μ0		ε0,	μ0	
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where η0 is the intrinsic impedance of vacuum. Both R and T have an infinite series 

summation term inside the expression. The convergence of the series summation is 

important so that the value of R and T do not blow up to infinity.  

We define the internal term of the summation as the loop gain (𝐿𝐺) parameter 

 𝐿𝐺 = Γp𝑒�p#k. (5.21) 

LG has a physical meaning that denotes the overall gain of the field in a round trip of 

internal reflections inside the slab. If the summation series in Eqs. (5.18) and (5.19) are 

converged, we have  

 𝐿𝐺z =
1

1 − 𝐿𝐺 .
°

z.�

 (5.22) 

Substitute (5.22) into (5.18) and (5.19), we have 

 
d

d

e
eR g

g

G
GG

22

2

1 -

-

-
+-

= , (5.23) 

 d

d

e
eT g

g

G
G

22

2

1
)1(
-

-

-
-

= , (5.24) 

5.3.1. A simple stability criterion for monochromatic analysis 

A sufficient condition for the convergence of the summation series is  

 |𝐿𝐺| < 1. (5.25) 

Therefore, we introduce the parameter of critical length 𝑑� such that 𝐿𝐺 𝑑 = 𝑑0 = 1. 

Let |𝐿𝐺| = 1, and solve d in Eq. (5.21), 

 𝑑� =
𝑐
𝜔𝑛" ln(

𝜂 − 𝜂�
𝜂 + 𝜂�

). (5.26) 
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For a lossy medium, 𝑛″ > 0 and 𝜂′ > 0, then 𝑑� < 0. We have |𝐿𝐺| < 1 for 𝑑 > 𝑑� . 

Therefore, the series is always converged since d is always positive. Therefore, the 

solution of a lossy slab is always converged and a slab of lossy medium is always a stable 

system, which is intuitively correct. We can easily prove, if 𝜂� < 0, 2�2'
2ë2'

> 1, thus 

ln 2�2'
2ë2'

> 0. At the same time 𝑛" > 0, therefore 𝑑� > 0.	Similarly, we can prove if 𝜂� >

0 and 𝑛" < 0, 𝑑� > 0. Therefore, for a gain medium, i.e. 𝑛-𝜂� < 0 according to Eq. 

(5.14), we have 𝑑� > 0.  

 We firstly test the region of convergence using the criterion of 𝐿𝐺 < 1. Without 

loss of generality, we assume a medium has 𝜖 = −1.18 + 𝑗0.23, 𝜇 = −1.20 − 𝑗0.12 . 

According to Eq. (5.6) and (5.7), 

 	
𝜖��

𝜖 	+
𝜇��

𝜇 = −0.0949 < 0. (5.27) 

Therefore, this is a gain medium and 𝜂�𝑛�� < 0. The critical length is calculated to be 

𝑑� = 7.45𝜆�, no matter which sign has been chosen.  

Substitute both the sign choices of n and 𝜂	into Eq. (5.21), Figure 5-2 plots the 

magnitude of 𝐿𝐺 as a function of the slab thickness for different sign choice. It can be seen 

that different sign choices correspond to different region of convergence. For 𝜂� > 0 gain 

media,	the slab is stable under the condition of	𝑑 < 𝑑�. For 𝜂� < 0 gain media, the slab is 

stable for large thickness, i.e. 𝑑 > 𝑑�. The choice is usually made in favor of 𝜂� > 0, e.g., 

consistent with Eq. (5.1), so that the gain slab is stable when the thickness is small and 

becomes unstable when the thickness is large (note that we are assuming linear system 

throughout the entire Chapter 5). 



 
 

113 

In Figure 5-2, the loop gain function for the two different sign choices intersects 

at the same thickness 𝑑 = 𝑑� when |LG| = 1. Therefore, the stable regions for the two 

different sign choices exclude each other. If we have the prior knowledge of the stability 

of the linear gain system, it can be used to determining the sign of the medium. The sign 

can be uniquely determined from Figure 5-2 by knowing the slab thickness of the gain 

slab and the slab is stable. Note that it doesn’t mean the sign choice should depend on the 

size of the slab, since the refractive index is a physical parameter which solely depends 

on the material property of the medium. In other words, stability of a slab should be a fact 

and we may be able to use this fact to decide the sign. 

 

Figure 5-2 The loop gain as a function of thickness d for gain medium.  

5.3.2. Nyquist stability criterion for an example of 𝜂� > 0 gain medium model 

If we have prior knowledge of the complete dispersion response of the material 

property of a gain medium, we can also apply Nyquist criterion [174] to test the stable 

region of the system, which requires the information across the whole frequency range 

from 0 to ∞. We will present two examples of analytical models of gain media. The first 
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example considers an inverted Lorentzian gain medium, which can be modeled with the 

function of 

 𝜖 𝜔 = 1 −
𝐹𝜔¿p

𝜔¿p − 𝜔p + 𝑗𝜅𝜔, (5.28) 

where 𝜔¿  is the resonant frequency, 𝐹 > 0  indicates gain. Let 𝜇 = 1 , 𝐹 = 0.5 , 𝜅 =

0.05𝜔¿ , 𝜔¿ = 2×107  rad/s. By substituting 𝜖  and 𝜇  into Eq. (5.1) and (5.2), we can 

calculate the refractive index and impedance. Figure 5-3 plots the calculated real and 

imaginary parts of the refractive index and impedance. The results of the sign choice by 

two methods are consistent for all frequencies.  

 

Figure 5-3 The real and imaginary part of the impedance and refractive index 
calculated by Eqs. (5.1) and (5.2) which yield the same result. 

Next, we apply Nyquist criterion to check the stability of the gain system. The 

system parameters, i.e. R and T in Eq. (5.23) and (5.24), share the same denominator (1 −

𝐿𝐺). To check whether the gain slab is stable, we can count the number of RHP zeros in 

the denominator. The number of RHP zeros can be counted by checking the number of 

clockwise encirclement of the point (1, 0) by the contour in the LG-complex plane. Figure 

5-4 shows the Nyquist plot of the 𝐿𝐺 functions for different slab thicknesses. It shows that 
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the gain slab system is stable for small thicknesses (d = 2 and 4 mm) because there is no 

encirclement of point (1, 0). The system becomes unstable for larger thicknesses d = 6, 8, 

10 mm. By sweeping the thickness with a smaller step, we find that the threshold of stability 

is 𝑑 = 4.785	mm.  

 

Figure 5-4 Nyquist plot of the loop gain with different thickness d. 

We can also check the system stability by our previous monochromatic analysis, 

i.e., |𝐿𝐺| < 1. The critical thickness 𝑑� can be calculated by Eq. (5.26). Figure 5-5 plots 

𝑑� as a function of frequencies from 1 to 3 GHz, in which the dispersion of the model is 

large. For other frequencies, 𝑑� is even larger than the plotted values. It is interesting to see 

that the function is convex with a minimum 𝑑� of 3.1 mm. Since the 𝜂� > 0 gain medium 

is stable for d < d0, we can conclude that the stable threshold for such gain medium found 

by the monochromatic analysis is d < min 𝑑� , that is d < 3.1	mm. 
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Figure 5-5 The critical length as a function of frequency. 

We find that the margin of the stable region is slightly different for the two stability 

tests. One reason could be that the simple convergence condition of the series summation 

term in the calculation of the system parameter (i,e. the total reflection and transmission 

coefficient) is only a sufficient condition for the stability of the system. One can refer the 

Nyquist’s original paper [174] and others [175], [176] for more detailed explanations of 

the discrepancy between the simple criterion |𝐿𝐺| < 1 and the Nyquist criterion. The case 

of 𝑑 = 4	mm is selected when the result of the two stability tests is different. We plot the 

magnitude and phase of LG function in Figure 5-6. We can see that the magnitude of LG 

is slightly bigger than the unity from 1.8 to 2 GHz, while the phase is approaching, but not 

equal, to zero. We can also observe it in Figure 5-4, in which the red contour (d = 4 mm) 

across the Im(LG) = −1 line at certain region which indicates LG > 1, while this contour 

does not encircle the (1, 0) point. If there was a phase shift in LG function so that the 

contour would rotate in the complex plane, the slab system becomes unstable. The phase 

shift can be induced from the deviation of the impedance function and dispersion function 
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of permittivity in practice. Overall, the stable regions found by the two methods are 

consistent, despite of the slight difference on the margin. There is no question on the sign 

choice for such gain medium with the dispersion function in Eq. (5.28), because η� > 0 for 

all frequencies. 

 

Figure 5-6 Loop gain magnitude and phase for 𝒅 = 𝟒	mm. 

5.3.3. Nyquist criterion for an example of 𝜂� < 0 dispersive gain medium 

A second example of gain medium has a nonmagnetic (𝜇 = 1) two-level inverted 

Lorentzian model (i.e., the CF&W medium in [75]). The permittivity function can be 

expressed as 

 𝜖 𝜔 = 1 +
𝛼�𝜔�p

𝜔�p − 𝜔 − 𝑗𝛽�𝜔� p +
𝛼p𝜔pp

𝜔pp − 𝜔 − 𝑗𝛽p𝜔p p. (5.29) 

Let 𝛼� = 2.44 , 	𝛼p = −0.14 , 𝛽� = 0.03 , 𝛽p = 0.02 , 𝜔� = 2.6×107	 rad/s, and 𝜔p =

3.7×107	rad/s. Figure 5-7(a) plots the permittivity as a function of frequency. We can see 

the medium has two resonant peaks. One is at 0.4 GHz with loss (𝜖" > 0) and the other is 

at 0.6 GHz with gain (𝜖" < 0). The permittivity has a negative region between the two 
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resonance frequencies. It is interesting to see that 𝜖′ is less dispersive near 0.5 GHz because 

of the existence of the gain resonance. The poles and zeros of the permittivity are all located 

at the left-half complex s-plane, as shown in Figure 5-7(b), which indicates that the gain 

medium with this permittivity model is analytic in the RHP which follows the Kramers-

Kronig relations, therefore a causal medium. 

 

(a)                                                                  (b) 

Figure 5-7 (a) the plot of the permittivity function in Eq. (5.29); (b) the poles and 
zeros of the permittivity function in the complex s-plane (𝒔 = 𝝈 + 𝒋). 

Figure 5-8 plots the refractive index and impedance of the medium calculated by 

the two methods by Eqs. (5.1) and (5.2). It can be seen that the sign choice near 0.6 GHz 

is different by the two methods. We highlight the region in which 𝜂� < 0 and 𝑛" > 0. The 

results in all the other regions are consistent by two methods. 
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Figure 5-8 Calculated 𝒏 and 𝜼 for CF&W gain medium by (upper row) Eq. (5.1) 
and (bottom row) Eq. (5.2) (𝜼� < 𝟎 region is highlighted). 

Again, we apply the Nyquist criterion to analyze the stability of a gain slab system 

made of such gain medium. The Nyquist diagram of 𝐿𝐺  is plotted in Figure 5-9. The 

Nyquist criterion shows that the stable threshold of the slab made of such gain medium is 

d > 283 mm. In addition, Figure 5-9 indicates that the slab is stable for large thickness, 

while it is unstable for small thickness, because the contour size becomes smaller when the 

slab thickness increases.  This result is consistent with our prediction by monochromatic 

analysis in Section 5.3.1 for the sign choice of 𝜂� < 0.  
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Figure 5-9 The Nyquist diagram of loop gain with different thickness.  

Again, we perform monochromatic analysis to test the stability of the system. 

Figure 5-10 plots the critical length as a function of frequency. It can be seen that 𝑑� < 0 

for the frequencies when the medium is lossy. The 𝑑�  is a concave function with the 

maximum 𝑑� of 287.9 mm. If we chose the sign by the 𝜂� > 0 method in Eq. (5.1), d <

min	(d0) which would be a negative value. Then, there would be no stable region for this 

medium. However, if we chose the sign by the method in Eq. (5.2), the stable region for 

the gain slab should be 𝑑 > max 𝑑� = 287.9	mm, which is close to the stable threshhold 

found by Nyquist analysis, i.e., d > 283 mm. The stable region found by the Nyquist 

criterion again is slightly larger than the monochromatic analysis.  
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Figure 5-10 The critical thickness as a function of frequency calculated by Eq. (5-
26).  

In summary, we can analyze the stable thickness threshold of a gain slab system by a 

simple criterion of |𝐿𝐺| < 1 for monochromatic analysis and the Nyquist stability criterion 

for dispersive model. The stable region of the two criterions are consistent but with a slight 

difference on the margin. The Nyquist criterion shows a slightly larger stable threshold 

when 𝐿𝐺 > 1 the slab can still be stable. In both criteria, we find that the 𝜂� > 0 medium 

is stable when the thickness is small, and the 𝜂� < 0 medium is stable when the thickness 

is large.  

5.4. Frequency domain simulation of a 45º wedge system 

A wedge or prism is commonly applied for characterizing the sign of refractive 

index for passive MTMs. Figure 5-11 shows the configuration of a wedge system. The 

wedge is made of the medium under test and the surrounding environment is vacuum. As 

one might expect, there are two outgoing beams (A and B) from the hypotenuse of the 

wedge, because of the internal multi-reflections. Beam A is the main (primary) beam which 

includes the first beam (in either positive or negative direction depending on the sign of n’) 



 
 

122 

that directly comes out of the hypotenuse without experiencing any internal reflections. 

Beam B is the secondary output beam which only consists of the beams caused by internal 

reflections. For a lossy passive medium, we can characterize the sign of refractive index 

by comparing the strength of the two output beams. Due to the power dissipation for the 

wave propagating inside the wedge, beam A is always stronger than beam B. Therefore, 

the sign can be chosen positively or negatively depending on the direction of the stronger 

beam (i.e. Beam A).  However, for a wedge made of active gain medium, such method may 

not be feasible.  

     

Figure 5-11 The schematic of output beam directions in the 45º wedge system for (i) 
negative and (ii) positive refraction. 

We derive the expressions of the transmission coefficients for the output beams by 

ray-tracing method. For simplicity, we assume a TM mode homogeneous plane wave 

normally incident on the left short side of the wedge. E field is normal to the xy-plane. The 

excitation wave is propagating in the positive z-direction. Beam C is the output beam from 

the bottom side and Beam D is the reflected beam. Parameter d is defined as half of the 

length of the short side. 
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where r1 and r2 are reflection coefficients, and t1 and t2 are transmission coefficients at the 

side and hypotenuse boundary, respectively, 𝜃ó is the refraction angle of the output beam 

(either A or B) at the hypotenuse boundary. We define the internal term in the series 

summation as the loop gain parameter. Interestingly, we find that the loop gain equals to 

the ratio of the field intensity ratio between beams B and A  

derr
A
BLG g2

21||
|| -==      (5.36) 

Again, we can define a critical length 𝑑� so that 𝐿𝐺 𝑑� = 1. A simple stable condition 

of the gain wedge is |𝐿𝐺| < 1. 
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For a wedge made of passive lossy medium, the power is dissipated when the wave 

propagates inside the wedge, and beam A is always stronger than beam B, i.e., 𝐿𝐺 =

𝐵 / 𝐴 	< 1. Thus, lossy media are always stable. For a wedge made of gain medium, 

however, the relation between the beam strength of beam A and beam B is not 

straightforward.   

We conduct a frequency-domain analysis to analyze the gain wedge case by a 

commercial numerical simulation software COMSOL. The numerical simulation only 

requires the input of ϵ and µ, and it does not need n and η. Table 5-1 gives a list of examples 

of gain / lossy media. The positive sign choice of n, i.e., η� > 0, is given in the table. The 

critical thickness 𝑑� is also calculated. For Gain Medium I and II, we get 𝑑� = 33.5	λ�. 

Table 5-1 The 𝜼′ > 𝟎 sign choice for various combinations of ε and µ. 

  𝝐 𝝁 𝒏 𝜼/𝜼𝟎 𝒅𝒄/𝝀𝟎 

I Gain 1.32+0.16j 1.08-0.11j 1.2+0.01j 0.9-0.1j 33.5 

II Gain -1.32-0.14j -1.08+0.13j -1.2+0.01j 0.9-0.1j 33.5 

III Loss 1.32+0.14j 1.08-0.13j 1.2-0.01j 0.9-0.1j <0 

IV Loss -1.32-0.16j -1.08+0.11j -1.2-0.01j 0.9-0.1j <0 

 

Figure 5-12 shows the simulation results of a wedge made of Medium I and II with 

different wedge sizes, i.e. 𝑑 = 15𝜆�  and 𝑑 = 40𝜆�. It can be seen that the stronger output 

beam changes its refraction direction when the size of the wedge is different. We cannot 

distinguish beam A and beam B by comparing the output beam strength as we have done 

for the lossy medium case.  
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We also find that the internal field distribution is different for different wedge size. 

For the small wedge size, i.e. 𝑑 = 15𝜆� , the internal field is amplified along the 

propagation and the strong beam is consistent with the	sign choice of 	𝜂� > 0 and 𝑛" < 0 

as shown in Table I. For the large wedge size, i.e. 𝑑 = 40𝜆�, the internal field intensity is 

decaying and the stronger beam changes its direction. If the 	𝜂� < 0 medium can exist, then 

the result is consistent with the sign choice of  𝜂� < 0 and 𝑛" > 0.  

Here, we emphasize that the result of the numerical frequency domain simulation 

must be treated with care. The numerical frequency domain simulation does not consider 

the stability of the gain system. The wedge may not be stable although the simulation result 

always shows converged finite values. For a practical gain system, the sign of the refractive 

index of the medium is pre-determined by the constitutes of the medium itself. Similarly, 

we can derive the stable region for the gain wedge system, which is the 𝜂� > 0/< 0 

medium will be un-stable when the size of the wedge is large/small.  
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Figure 5-12 The E field distribution of Medium I (positive refraction with gain) in 
the upper row with size (a) 𝒅 = 𝟏𝟓𝝀𝟎 and (b) 𝒅 = 𝟒𝟎𝝀𝟎, and Medium II (negative 
refraction with gain) in the bottom row with size (c)	𝒅 = 𝟏𝟓𝝀𝟎 and (d)	𝒅 = 𝟒𝟎𝝀𝟎. 

5.5. Summary 

We discuss two methods for determining the sign of refractive index for general 

lossy and gain media by Eqs. (5.1) – (5.2). The inconsistency of sign choice between the 

two methods only happens for 𝜂� < 0 gain media if it possibly exists. We take a finite gain 

slab system as example and derive the analytical solution of the system parameter, i.e. total 

reflection and transmission coefficient. The parameter of loop gain (𝐿𝐺) and critical length 

(𝑑�) are used to characterize the stability of the slab. For monochromatic analysis, a simple 
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sufficient convergence condition 𝐿𝐺 < 1 can be used. The analysis shows that a passive 

slab is always stable since 𝑑� < 0. It also shows that a slab made of 𝜂� > 0 gain medium 

is stable only when 𝑑 < 𝑑�, while for the 𝜂� < 0 gain medium the slab can be stable when 

𝑑 > 𝑑�. Because of the exclusiveness of the stable region by different sign choice, the 

result can help to determine the sign choice for practical material characterization at each 

single frequency with the assumption that the system is linear.  In an experiment, we can 

test the stability of the gain system, if we assume the system remains in linear regime. 

Therefore, the sign may be uniquely determined at each single frequency with the prior 

knowledge of stability and slab thickness.  

We then study two examples of dispersive gain media with inverted-Lorentzian 

models. The first example shows the sign choice is consistent by two methods in Eq. (5.1) 

and (5.2). In the second example, the analytical continuation method by Eq. (5.2) shows a 

frequency region of 𝜂� < 0. We then apply the Nyquist criterion to test the stability of the 

slab made of the dispersive gain media. The stability region found by the Nqyuist criterion 

is consistent with monochromatic analysis, i.e. 𝜂� > 0 (	< 0) gain slab is stable for small 

(large) thickness. We observe the stable region by Nyquist criterion is slightly larger than 

the simple criterion 𝐿𝐺 < 1.  

Lastly, we study a 45̊ gain wedge system and conduct the frequency domain 

numerical simulation. For a lossy passive medium, we can characterize the sign of 

refractive index by comparing the strength of the Beam A and Beam B. However, for a 

wedge made of active gain medium, such method may not be feasible. We cannot 

distinguish the two beams by comparing the output beam strength as we have done for the 
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lossy medium case, since the stronger beam changes its direction as the size of the wedge 

change.  



 
 

129 

Chapter 6. Microfluidic Devices for Terahertz Spectroscopy of Live 
Cells  

In this chapter, we will present another interesting topic of THz cell spectroscopy 

measurement. This chapter is organized as follows: Section 6.1 presents the microfluidic 

chip configuration and performance, including the cell-concentration capability and the 

temperature distribution. Section 6.2 discusses the experimental setup and test procedure 

for the THz spectroscopic measurements. Section 6.3 presents the experimental results of 

E. coli and T-cell solutions. Section 6.4 discusses potential future directions. Section 6.5 

summarizes this chapter.  

6.1. Microfluidic chip 

6.1.1. Polydimethylsiloxane (PDMS) 

PDMS is the most common elastomeric material used in microfluidic devices for 

biological applications because of its tunable surface properties, transparency to visible 

light, nontoxic property to cells, and the ease of fabrication. In this work, the PDMS is 

made from the Sylgard 184 silicone elastomer kit (Dow Corning). The prepolymer and 

curing agent are mixed with a weight-to-weight ratio of 10:1. The mixture is placed in a 

vacuum chamber to degas for 5 min, and then poured into a Petri dish with its weight 

measured for volume control. The Petri dish is then placed on the hot plate and cured at 

65 ̊C for 4 hours. The dielectric property of PDMS is firstly characterized at THz 

frequencies. The results are given in Figure 6-1. The relative dielectric constant and the 

loss tangent are about 2.5 and 0.05 respectively at 0.3 THz. 



 
 

130 

 

(a) 

 

(b) 

 

Figure 6-1 Measured dielectric properties of PDMS in THz frequencies: (a) relative 
permittivity and (b) loss tangent. 
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6.1.2. Chip design and fabrication 

A schematic view of the design of microfluidic chip is shown in Figure 6-2(a) and 

(d). The device consists of a glass substrate, a pair of parallel gold electrodes for 

dielectrophoretic cell manipulation, and a bonded PDMS microchannel. The pair of 

electrodes are deposited onto the quartz substrate by lift-off. The PDMS channel is then 

fabricated by soft lithography [127]. One of the major concerns in the design of 

microfluidic device is the absorption and multireflection losses in the transmission 

spectroscopy measurement. So the thickness of PDMS layer should be as thin as possible 

while maintaining its mechanical strength. In this study, the PDMS layer thickness is 

reduced to 1.44 mm. Channel thickness is another key parameter to reduce the loss of 

aqueous medium. In this study the channel thickness is 300 µm, which is small enough for 

reducing absorption loss and large enough for cell transportation. The channel width is 5 

mm. The width of the electrode is 100 µm, and the gap distance between the electrodes is 

50 µm. 

6.1.3. Cell trapping experiment 

Dielectrophoresis (DEP) arises from the interaction between a non-uniform electric 

field and the induced dipole of a polarizable object (see Figure 6-2(b)).  The 

dielectrophoretic force can transport the object toward the high electric field region or low 

electric field region depending on the effective polarizability difference between the object 

and the medium.  If the object has a higher polarizability, the force will push the object 

toward the high electric field strength region (positive DEP); otherwise, the force will point 

toward the low electric field strength region (negative DEP). An electric potential 
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distribution of the chip is shown in Figure 6-2(c). DEP has been demonstrated to effectively 

manipulate various types of biomolecules, particles and cells. 

 

Figure 6-2 (a) The schematic top view of the microfluidic chip: before and after 
applying voltage on the electrodes.; (b) Principle of dielectrophoresis. (c) Simulation 

result: electric potential distribution from the cross-sectional view of the 
microfluidic chip. (d) The schematic side view of the chip.  
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The time-averaged dielectrophoretic force on a spherical object is given by: 

 𝐹;<= = 2𝜋𝑅f𝜀z𝑅𝑒 𝐾 𝜔 ∇|𝐸¯z¨|p                             (6.1) 

where R is the particle radius, Erms is the root mean square electric field, ω is the angular 

frequency, and K(ω) is the Clausius-Mossotti factor, which describes the frequency 

variation of the effective polarizability of the particle in the medium. The Clausius-

Mossotti factor is defined by:  

 𝐾 𝜔 =
𝜖¿ − 𝜖z
𝜖¿ + 2𝜖z

, (6.2) 

where 𝜖¿ and 𝜖z are the complex permittivities of the particle and medium, respectively. 

For a homogenous material, the complex permittivity is given by:   

 𝜖 = 𝜖� +
σ
jω (6.3) 

where 𝜖′ is the permittivity and 𝜎 is the conductivity of the particle and medium.  

In the experiment, the cell solution was pipetted into the microfluidic channel. 

Firstly cells distributed evenly in the microchannel before a voltage was applied to the 

parallel electrodes. Then a 1 MHz square wave AC signal with a peak-to-peak voltage 

(Vpp) up to 7V was applied across the electrodes. In our observation, cells moved toward 

the center of the channel and aggregated near the electrodes within a few minutes (Figure 

6-2(a)). Figure 6-3 shows the bright field image of low-density E. coli bacteria in Luria 

Bertani (LB) medium and T-cells in RPMI medium (4.7 × 10^3 cells/mL). The E. coli 

bacteria were concentrated inside the parallel electrodes due to positive DEP. In contrast, 

T-cells were pushed away from the electrodes by negative DEP. This ability potentially 

allows cell separation and selective detection of cells in different regions of the channel. 



 
 

134 

The separation is primarily due to the intrinsic difference in dielectrophoretic responses of 

the cells, which have different Clausius-Mossotti factors [131]. 

 

Figure 6-3 Microscopic views of cell concentration process as a function of time: 
(Upper row) E. coli bacteria (bright dots) are concentrated in between the metal 

electrodes (black part); (Bottom row) T cells (circles seen from white light 
microscope) are concentrated near the outside edge of the electrodes. 

6.1.4. Thermal distribution 

The temperature of the cell solution is another important consideration in biological 

experiments. Either a too high or a too low temperature would lead to the inactivation of 

cells or biomolecule analytes. It is especially a problem for long-term experiments, e.g., 

the study of THz induced biological effect, and the spectroscopy measurement needing 

large number of averages. For example, for the DNA damage assessment study, the 
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operation time can last from 1 to 24 hours depending on different requirement [116]. An 

incubator is normally used for maintaining a constant temperature.  

For our microfluidic chip, the AC bias of the chip generates a dielectrophoretic 

force inside the channel, and also leads to a Joule heating-induced temperature increase. 

Fortunately, the temperature of the cell solution can be controlled steadily by applying an 

appropriate bias voltage in a solution with known conductivity. Figure 6-4 presents infrared 

thermometry results of the microfluidic device filled with the cell solution under different 

bias conditions. The device shows a rather uniform temperature distribution near 35 °C 

with 7 V bias voltage, which is close to the physiological temperature. For a 10 V bias case, 

the temperature at the region of concentration can increase to over 50 ̊C. Figure 6-5 plots 

the maximum temperature in the channel as a function of the peak-to-peak voltage. A 

curving fitting is applied and plotted in the inset of Figure 6-5. The maximum temperature 

near the electrodes increases as a quadratic function of the bias voltage, as expected. 

 

Figure 6-4 Thermal images of the microfluidic chip at different bias voltage with the 
solution conductivity of 1.36 S/m (captured by IR Camera-FLIR 6000). 
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Figure 6-5 The maximum temperature near the electrodes within the microfluidic 
channel as a function of the AC bias voltage Vpp. 

6.2. THz spectroscopy measurement system 

Two different THz measurement systems are used in this work, i.e., a pulsed time-

domain spectroscopy (TDS) system and a frequency-domain continuous wave (CW) 

amplified multiplier chain system. In the TDS system, THz pulses are emitted and detected 

using near-infrared femtosecond laser pulses by a coherent and time-gated method [177]. 

It has advantages of high temporal resolution (broadband), fast response, and high SNR. It 

is very efficient in spectral measurement due to its simultaneous acquisition of signals in a 

broad bandwidth. However, the TDS system usually has a limited spectral resolution 

(usually ~10 GHz) because of the trade-off between the spectral resolution Δf and the 

temporal measurement window T (Δf=1/T). The maximum duration of the temporal 

window is limited by the repetition rates of the laser source, the length of the scanning 

delay, and fundamentally the noise level in the system [178]. The output power of TDS 
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system is also limited at the level of µW. The frequency-domain CW system based on 

amplified multipliers has higher spectral resolution and larger transmitted power compared 

to the TDS system. However, the CW system takes much longer time in the spectroscopy 

measurement, and the bandwidth is usually limited for a certain system setup.  

In this work, we apply both types of THz spectroscopy systems. A TDS system (T-

Ray 2000 from Picometrics) is firstly used for measuring the E. coli solution. The spectral 

resolution is 10 GHz. Secondly, an amplifier multiplier chain based CW system (VDI-

AMC-S156, from Virginia Diodes, Inc) is used for the measurement of the T cell solution. 

The spectral resolution is 1 GHz. The bandwidth is from 0.14 to 0.22 THz. The output 

power is about 0.5 to 3.5 mW. 

6.2.1. Experimental setup  

Figure 6-6 illustrates the details of the experimental setup. A perpendicular optical 

path is configured so that the microfluidic chip can be placed horizontally. Photographs of 

the TDS and CW system setup are also presented in Figure 6-6 (b) and (c). The beam width 

of the THz wave is about 1 cm. A sample holder with a small aperture is used to secure the 

chip. The aperture size is 4 mm in diameter so that the THz radiation is confined within the 

channel. 
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(a) 

 

(b) 

 

(c) 

Figure 6-6 (a) The diagram of the experiment configuration of THz spectroscopy 
measurement with cell trapping microfluidic channel, and the photograph of (b) the 

TDS system (T-Ray 2000 by Picometrics) and (c) the CW system (VDI-MixAMC-
S117: Multi-band Amplified Multiplier Chain), where M1 and M2 are two parabolic 

mirrors. 

 

6.2.2. Measurement procedure 

The measurement procedure is as follows: (1) measure the transmission spectrum 

of the aperture as a reference; (2) measure the spectrum of an empty chip on the holder; (3) 

pipette the LB medium for the E. coli bacteria measurement or the RPMI medium for the 
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T-cell measurement (without any cells) into the chip and measure the spectrum; (4) inject 

E. coli or T-cell solutions and measure the spectrum without the AC bias being applied; (5) 

turn on the AC bias and wait for certain period of time until the cells are concentrated as 

shown in Figure 6-3; (6) measure the spectrum of cell-trapping case. For each experiment, 

we repeat the same procedure with independent setup for three times to reduce manual 

alignment errors and system uncertainties. The averaged measurement results for the above 

sequential experiments will be presented as: (a) the aperture only (aperture), (b) the empty 

chip with the aperture (empty chip), (c) the chip filled with medium without any cells 

(medium), (d) the chip filled with cell solution without biasing (Voff), and (e) the chip 

filled with concentrated cell solution (Von). 

6.3. THz spectroscopy of live cell microfluidic chip 

6.3.1. E. coli solution 

Figure 6-7 shows the measured time-domain signals of E. coli in LB medium with 

the TDS system. Figure 6-8 plots the corresponding spectra obtained by Fast-Fourier 

Transforms (FFT) with a 30 ps truncation of the temporal window to reduce the influence 

from multiple reflections. The noise level is at about −30 dB in the scale of Figure 6-8, 

which is measured by blocking the detector and turning off the THz source. 
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Figure 6-7 Measured THz time-domain signals of E. coli bacteria in LB medium (8.3 
× 10−8 CFU/mL) for different cases: (a) Aperture; (b) Empty chip; (c) LB medium; 

(d) Voff; and (e) Von. 

 

Figure 6-8 The FFT spectra of the measured THz time-domain signals of E. coli 
bacteria in LB medium (8.3 × 10−8 CFU/mL) with 7 V bias voltage. Note that the cell 

density in this experiment is much larger than the trapping experiment shown in 
Figure 6-3. 
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Figure 6-9 The spectral difference between the medium and Von case and between 
the medium and Voff case. 

 
From Figure 6-8, we can see that the empty chip results in a 4-20 dB loss of 

transmission, mainly due to the PDMS absorption, reflections by the microfluidic chip, and 

scattering loss from the electrodes. The aqueous medium in the 300 µm channel leads to 

an additional few dB of loss at low frequencies and up to 10-22 dB loss at high frequencies 

above 0.3 THz. It can be observed that the transmission loss for the Voff cell solution case 

is consistently higher than that of the medium only case, indicating THz response due to 

the un-concentrated cells. Moreover, the transmission loss for the Von cell solution case is 

mostly higher than that of the Voff cell solution case, indicating higher THz absorption by 

the concentrated cells. 

In particular, we observe a 2 dB absorption increase near 0.11 THz, and similarly a 

7 dB absorption peak in the spectral difference between the medium and Von case (see 

Figure 6-9) at the same frequency. There are also some transmission peaks at higher 
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frequencies for both curves in Figure 6-8, especially for the concentrated cells (Von case).  

However, due to the relatively low signal to noise ratio, it is not clear whether those are 

THz resonances from the cells.  

6.3.2. T cell solution 

Figure 6-10 presents the measured transmission spectra of T-cells in RPMI medium 

(4.7 × 103 cells/mL) using the CW system. The cell solution case has about 10 dB higher 

THz transmission loss compared to the empty channel case. Figure 6-11 plots the spectral 

difference between the case of Von and Voff. The average transmission of the concentrated 

T-cell sample is still slightly lower up to 0.19 THz before the signal to noise ratio becomes 

much worse. Comparing to the E. coli bacteria case, the spectral difference between the 

un-concentrated and concentrated T-cell samples is much smaller. One of the reasons is 

that the trapping position for T-cells is at the outer edges of the electrodes (as shown in 

Figure 6-3) where the THz field intensity is smaller than that at the inner gap. In addition, 

the cell density of the T-cell sample is much smaller than that of the E. coli sample. It might 

also be possible that the intrinsic THz properties of T-cells are close to the RPMI medium, 

although further investigation is necessary to be conclusive. 
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Figure 6-10 The measured transmission spectra of T-cells in RPMI medium (4.7 × 
103 cells/mL) using CW systems. 

 

Figure 6-11 The spectral difference between the un-concentrated and concentrated 
T-cell sample. 

6.4. Chip optimization discussion  

The output power of THz source is usually limited. From Figure 6-8 and Figure 

6-10, we can see that there is still large loss of the signal due to multi-reflections, scatterings 
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and material absorptions from the microfluidic chip itself. The majority loss still comes 

from the aqueous media which limits the discriminative capability of such device. The 

presented 300 µm microfluidic channel already shows the advantage of reducing the 

absorption at THz frequencies. Chips with 800 and 600 µm channel thickness were also 

tested, but no detectable output signals were measured due to the large absorption of the 

excessive aqueous media. On the other hand, the channel thickness should be large enough 

for cell passing. 

There are other solutions to further improve the SNR and to extend the spectral 

measurement to higher frequencies, e.g., by reducing the substrate thickness or utilizing 

low refraction index material for the substrate [179]. It can also help increase the signal 

intensity by using dielectric lens instead of using the aperture to focus the THz beam. THz 

sources, waveguides, and field enhancement structures can also be integrated to the chip to 

increase the interactions between cells and THz waves [127], [180].  

6.5. Summary 

The work in this chapter demonstrates an initial proof-of-concept for cell 

concentration, steady temperature control and THz spectral measurement of live cells. The 

DEP-based cell manipulation capability has been successfully demonstrated. The 

microfluidic chip also provides the desired steady controllable temperature environment. 

Both time-domain and frequency-domain THz spectroscopy systems are used, each having 

its own advantages. Our experimental results on empty channels, channels filled with 

aqueous media only, and channels filled with un-concentrated and concentrated cell 

solutions show different THz transmission responses. In general, the concentrated cell 

samples are more absorptive than the un-concentrated case. An absorption peak is observed 
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near 0.11 THz for both the un-concentrated and concentrated E. coli bacteria sample, which 

might indicate an absorption signature of E. coli bacteria. No absorptive signatures are 

observed for T-cell case. The ultimate goal of this work is to develop lab-on-a-chip devices 

at THz frequencies integrating functions including sample preparation, bio-particle 

transportation and concentration, and effective THz bio-sensing and spectroscopic study. 

This work not only shows encouraging results but also helps identify improvements needed, 

including the optimization of the chip design and THz source. 
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Chapter 7. Summary and Future Works 

First, this dissertation has discussed the theoretical limits on the loss and dispersion 

of passive MTMs. The loss can be compensated by judiciously placing the active gain 

device, e.g. TD, into a MTM unit cell. Over-compensation (gain) is achieved without losing 

the unique property of negative refractive index. Experimental demonstrations of an active 

CLRH TL and an active volumetric MTM are presented. The problem of sign ambiguity 

of active gain metamaterial is then discussed in Chapter 5. Based on the Nyquist criterion, 

we have analyzed the stability of a gain slab system made of different dispersive gain 

media. We also present a 45̊ wedge example to illustrate the frequency-domain simulation 

must be treated with care. The potential instability cannot be observed from the numerical 

simulation result.  

The concept of non-Foster element, such as the negative capacitor and negative 

inductor, is introduced to improve the matching bandwidth of electrically small antennas. 

A negative-resistor NII circuit and Linvill NIC circuit are used to realized non-Foster 

elements, however, the non-Foster elements are shown to be bandwidth-limited in practice. 

We discuss the stability problem of the practical implementation of non-Foster element. 

We propose a rigorous stability analysis method by NDF for non-Foster circuits. Practical 

factors that influence the stability of the non-Foster circuit have been analyzed, including 

the device parasitics, DC biasing, TLs in the layout, and load impedance. Experiments have 

verified the stability analysis results. By carefully design of the non-Foster circuit, we then 

achieved a stable negative capacitor in practice. A -40 pF non-Foster circuit is then applied 

to match a 2-meter helical antenna at HF band. The result shows that the non-Foster 
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matched helical antenna received 20-30 dB more signal power from 3 to 13 MHz than 

without matching case, and 15 dB more than commercial HF whip antenna. 

In the future works, with the proof of the existence of active gain NIMs in practice, 

one can study its potential applications by taking advantages of its unique properties. By a 

deep understanding of the behavior of gain MTMs at microwave frequencies, one may 

scale down the size and build up active gain MTMs at THz or optical frequencies, which 

have more severe material losses than microwave frequencies. Such active MTMs can help 

realize novel device, such as active antennas, nanoscale or cavity-free lasers, active 

imaging, etc.  

Another interesting topic to work on is the nonlinear active MTM. The large 

enhancement of nonlinear effects has been observed in many nonlinear active MTMs, 

which is not common in ordinary nonlinear optical media. Various specific and novel 

phenomena are also predicted or observed in nonlinear active MTMs, including bistability, 

tuning and switching, nonlinear chirality, frequency conversion and parametric 

amplification, phase matching and phase conjugation, etc. 

Although we have proved the benefit from non-Foster matching circuit for 

electrically small antennas, there are still many challenges in this area. For example, we 

have only proposed the method of analyzing the stability, however, there are still no 

definite design rules showing how to stabilize the active circuit without sacrificing the 

performance. A synthesis method of non-Foster network also needs to be developed. In 

addition, for practical communication application, the power capacity and the DC-power 

consumption of the non-Foster matching circuit need to be taken into consideration for a 
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transmit antenna. At the receiver end, the noise figure of the non-Foster matching circuit 

also needs to be considered. 

Lastly, we demonstrate a proof-of-concept of lab-on-a-chip microfluidic device for 

cell concentration, steady temperature control and THz spectral measurement of live cells. 

Our experimental results on empty channels, channels filled with aqueous media only, and 

channels filled with un-concentrated and concentrated cell solutions show different THz 

transmission responses. In general, the concentrated cell samples are more absorptive than 

the un-concentrated case. Potential improvements include optimizing the chip design and 

increasing the power and frequency resolution of THz sources. 
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