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ABSTRACT 

 

Infiltration and downward percolation of water in the vadose zone are important 

processes that define the availability of water resources in many areas of the world. Flow 

in the vadose zone can vary spatially and temporally because of the complex exchange of 

water and energy between the land surface and atmosphere. Precipitation and infiltration 

forcings at the surface are filtered in the vadose zone in terms of the lag time between the 

forcing at the land surface and a response at any depth, and the damping of the magnitude 

of flux variability with depth. Climate projections call for changes in both the timing and 

magnitude of precipitation and land surface forcings, which increases the importance of 

understanding how the vadose zone filters these forcings to predict the impacts of climate 

variability and change on groundwater resources.  

This dissertation research presents a theoretical framework for assessing how 

cyclical variations in one-dimensional, vertical flow are filtered in the vadose zone. The 

filtering properties are described using analytical and numerical solutions. The analytical 

solution linearizes Richards equation by representing the diffusive properties of the soil 

as constant through time. The numerical solution uses the full Richards equation.  

Three implications for filtering in the vadose zone using a linearized and full 

Richards equation are investigated in three modeling experiments. In the first experiment, 

the analytical solution is used to identify subregions of aquifers where infiltration 

variations are sufficiently damped so that recharge can be approximated to be steady 
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through time. The linearized solution overestimates the diffusive properties of soils, thus 

the amount of damping and the area of subregions of steady recharge are both under 

predicted. In the second experiment, the linearized analytical solution is superimposed 

vertically to represent the lag time and damping in layered soils. The superposed 

linearized solutions do not represent transitions of soil-water properties that occur 

between real soil layers. As a result, the filtering can be over or under predicted because 

of systematic errors in the estimated water capacity in the analytical solution. The 

filtering in homogenous and layered soils (first and second experiments) is more accurate 

when the water content and diffusivity variations are small, and when soil layers are 

relatively thick compared to the depth over which the damping occurs. In the third 

configuration, a numerical solution which solves the full Richards equation is used to 

evaluate how multiple asynchronous infiltration cycles interfere constructively and 

destructively in homogeneous soil. A new cyclical variation in infiltration is generated 

within the vadose zone through the nonlinear interaction of cycles with similar 

frequencies. The emergent cycle may result in prolonged periods of both enhanced and 

decreased recharge. 

INTRODUCTION 

 
Research motivation 

Infiltration and downward percolation of water in the vadose zone are important 

processes that define water resources in many areas of the world. Episodic and periodic 

flux forcings at the land surface can produce time-varying water content and downward-
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moving wetting fronts in the vadose zone (Kurtzman and Scanlon, 2011; Rimon et al., 

2007; Dickinson et al., 2014). The vadose zone filters surface forcings, leading to water 

content and flux responses that are time-lagged and damped with increasing depth. 

Surface forcings that reach the water table can lead to temporal variations in recharge, 

ultimately affecting the availability of groundwater resources. Climate projections call for 

changes in both the magnitude and timing of surface forcings, and predictions of 

hydroclimatic impacts on groundwater resources requires an understanding of how the 

vadose zone filters infiltration forcings.  

It is simple to imagine that temporal recharge variations are a muted version of 

hydroclimatic forcing, leading to water content and flux responses that are time-lagged 

and damped with increasing depth. Thus, natural variability in groundwater levels is often 

attributed to seasonality and quasi-periodic climate cycles such as ENSO, NAO, and 

PDO (Hanson et al., 2004, 2006; Dickinson, et al., 2004; Gurdak et al., 2007; Peters, et 

al., 2005; Holman et al. 2009, 2011; Mishra and Singh, 2010; Kuss and Gurdak, 2014; 

Velasco et al., 2016). However, the relations between water flow and filtering of flow 

variability in the vadose zone are highly nonlinear (Bakker and Neiber, 2009, and vadose 

zone flow and recharge to aquifers are some of the most poorly-defined fluxes in 

hydrologic models at local and regional scales (Lerner et al., 1990; Carrera et al., 2005; 

Healy, 2010; Ajami et al., 2011). 

Vadose zone fluxes can be uncertain because of nonlinear relations between flow 

and hydraulic properties of soils, which are inherently heterogeneous. Numerical models 

that represent nonlinear soil-water relations among heterogeneous soils and represent flux 
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responses to all observed hydroclimatic forcings can be computationally expensive. An 

alternative approach for estimating the impacts of surfacing forcings on vadose zone flow 

is the use of analytical solutions to the Richards equation. Analytical solutions, however, 

might not resolve key flow dynamics and processes because of the simplified 

representation of soil-water properties through linearization of the Richards equation. 

In nonlinear physical systems, such as ocean-wave systems on shorelines 

(Gallagher, 1971, Bowen and Guza, 1978, Madsen et al., 1997, Baldock, 2006), optical 

filters (Silberberg and Bar-Joseph, 1984, Morgner et al., 2001), and traffic flow (Lee et 

al., 1998), nonlinear filtering and the interference between multiple cycles can produce 

unexpected cycles in outputs that are not contained in the inputs. Infiltration varies 

temporally at many synchronous and asynchronous frequencies because of applied 

irrigation, and naturally because of seasonal, annual, and longer-term climatic variability. 

Thus, emergent cycles in the vadose zone through interference of asynchronous cycles 

may be possible.  

Research questions 

This research focuses on three aspects of the filtering of cyclical infiltration in the 

vadose zone.  

1. How does a linear or nonlinear representation of soil-water properties affect 

predictions of filtering of cyclical infiltration in the vadose zone?  

2. How do transitions in soil-water properties, which result in increases and 

decreases of diffusive properties between soil layers, affect filtering with depth? 
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3. How can constructive and destructive interference between multiple 

asynchronous infiltration cycles affect the preservation or damping of cyclical 

infiltration variability?  

Dissertation structure 

This dissertation consists of three original research papers—one of which has been 

published, and two of which are in preparation. The three manuscripts have been included 

in Appendices A, B, and C of this dissertation. The bibliographic information and status 

for each of the manuscripts are as follows: 

Dickinson, J.E., Ferré, T.P.A., Bakker, M., and Crompton, B., 2014, A screening tool for 

delineating subregions of steady recharge within groundwater models, Vadose Zone 

Journal, 13(6), doi:10.2136/vzj2013.10.0184. 

 

Dickinson, J.E., Ferré, T.P.A., 2016, Filtering of cyclical infiltration forcings in a layered 

vadose zone, in preparation for submission to Water Resources Research. 

 

Dickinson, J.E., Ferré, T.P.A., Gurdak, J.J., and Velasco, E., 2016, Recharge beat cycles 

can prolong groundwater droughts and surpluses, in preparation for submission to 

Science. 

PRESENT STUDY 
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The methods, results, and conclusions of this study are described in three manuscripts in 

the appendices. The following is a summary of the important findings described in the 

manuscripts and the candidate’s contribution to each manuscript. 

 

 Summary of “A Screening Tool for Delineating Subregions of Steady Recharge 

Within Groundwater Models” 

Infiltration and flow in the vadose zone can vary spatially and through time 

because of episodic and periodic variations at the land surface. Time-varying recharge is 

often uncertain, and this uncertainty can reduce the confidence in model predictions of 

hydraulic head, water budgets, solute concentrations, and groundwater ages. Numerical 

models that can represent nonlinear relations among flow, hydraulic diffusivity, and 

water contents may be used to reduce this uncertainty, but these models can be 

computationally expensive. An alternative to simulating all observed atmospheric and 

land surface variations is to first identify subregions of regional aquifers where recharge 

may be approximated to be steady.  

This paper presents a screening tool for delineating subregions of steady recharge. 

The screening tool is based on an analytical solution for the damping of sinusoidal 

variations in vertical fluxes in homogenous unsaturated soils. The solution, described by 

Bakker and Nieber (2009), is based on a linearization of the Richards equation that 

approximates diffusivity to be a constant. The damping depth is defined as the depth 

below which the flux variation damps to 5% of the variation at the land surface. 

Groundwater recharge may be considered steady when the damping depth is above the 



 

13 
 

depth of the water table. The analytical solution is evaluated for representing the damping 

depth in more realistic nonlinear systems through comparison of the damping depth 

computed by a numerical model that solves the full Richards equation. 

This paper addresses the first posed research question: 

1. How does a linear or nonlinear representation of soil-water properties affect 

predictions of filtering of cyclical infiltration in the vadose zone?  

The conclusions of this study are as follows. 

A. Infiltration variations in the vadose zone damp with depth and the depth below 

which flux variations can be approximated to be steady are a function of the 

soil properties, the period of the variations, and the amplitude and mean of the 

flux. Flux variations are more preserved with depth and the damping depth is 

deeper when the time-average of hydraulic diffusivity is relatively high. 

B. The analytical solution for the filtering of cyclical infiltration, based on a 

linearized Richards equation, is more accurate for systems where the water 

content variations and diffusivity are relatively constant. Thus, the analytical 

solution will be more accurate when the amplitude of the infiltration 

variations are relatively low and in soils where flux variations result in small 

changes in water content. In the examples presented in this paper, the damping 

depth predicted by the analytical solution was more accurate in clay than sand, 

and when both the period and the amplitude of the flux variations were 

smaller. 
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C. The analytical solution overestimates the time-average of hydraulic 

diffusivity. As a result, the analytical solution under predicts damping and the 

screening tool is a conservative estimator of the damping depth and 

subregions where recharge is can be approximated to be steady. 

D. The analytical solution indicates that recharge to the regional aquifer in 

Central Valley, California, varies at time periods of one year or longer across 

over half of the regional aquifer. That is, variations related to seasonal and 

shorter-term variability can be approximated to be steady across 60% of the 

aquifer. Numerical water resource models may be simplified by 

approximating shorter, high frequency flux variations at the land surface to be 

steady through time. However, shorter, high frequency variations in 

infiltration are preserved in parts of Central Valley where the water table is 

relatively shallow. Thus, some modeling resources can be saved by 

simplifying processes in some parts of the aquifer, but complexity may be 

needed to characterize the transient recharge from longer infiltration and 

climatic cycles. 

This manuscript was written by the candidate with guidance and editorial 

contributions by Dr. Ferré and Dr. Bakker. The ideas presented in this paper, experiment 

design, and the overall design of the manuscript were developed collaboratively by the 

candidate and Dr. Ferré. Dr. Bakker provided guidance in deriving of the mathematical 

solution. The candidate extended the analytical solution for the lag time between a 
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surface forcing and response at depth. The modeling, interpretation, and analysis were 

performed by the candidate with guidance from Dr. Ferré.  

 

Summary of “Filtering of Cyclical Infiltration Forcings in a Layered Vadose Zone” 

Vadose zone flow can be uncertain because of nonlinear relations between flow 

and hydraulic properties of soils, which are inherently heterogeneous. In addition to the 

inevitable impacts of soil heterogeneity on vadose flux patterns and uncertainty, there can 

be additional complexities and uncertainties of flow because pressure head gradients and 

water contents can change abruptly at boundaries between soils under variably saturated 

conditions. 

This paper describes how variations in soil water properties at soil layer 

boundaries can affect the filtering of cyclical infiltration with depth in the vadose zone. 

The analytical solution for the damping of vertical sinusoidal variations (Bakker and 

Nieber, 2009) is extended for heterogeneous soils.  Heterogeneity is represented by using 

multiple, superimposed analytical solutions for each layer. The analytical solution 

approximates diffusivity to be constant within each layer, thus the average pressure head 

and diffusivity are approximated to be constant through time and at all depths within a 

layer. However, pressure heads and diffusivity vary nonlinearly and can change with 

depth at boundaries between soils and vary through time in response between soils. This 

paper identifies the flux and soil conditions under which the effects of the linearization on 

the lag time and damping of flux variations are acceptable. 
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This paper addresses the second posed research question: 

2. How do transitions in soil-water properties, which result in increases and 

decreases of diffusive properties between soil layers, affect filtering with depth? 

The conclusions of this study are as follows. 

A. The filtering of flux variations is affected by the heterogeneity of soils in the 

vadose zone because of transitions in soil-water properties between soil 

layers. Flux variations damp more quickly with depth and the damping depth 

is shallower when the pressure head increases with depth in a transition 

between soil layers. As the pressure head increases, the water capacity also 

increases. When flux variations damp in transitions where the water capacity 

increases, flux variations are more filtered because there is less resistance to 

changes in water content per change in pressure head and water will more 

easily go into storage. Flux variations are more preserved and the damping 

depth is deeper when pressure head decreases in the transition between soil 

layers. In this case, the water capacity decreases in the transition, and flux 

variations are less damped because there is more resistance to changes in 

water, and less water will enter storage.   

B. The analytical solution generally overestimates the damping, the damping 

depth, and the lag time between a surface forcing and response at any depth. 

These are overestimated because the constant hydraulic diffusivity in the 
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analytical solution is higher than the time-varying diffusivity in the full 

Richards equation.  

C. The approximated diffusivity in the analytical solution may be more 

presentative of layered soils where transitions in soil-water properties between 

soil layers result in higher diffusivities at the soil transition. This can occur 

when a fine-textured soil overlies a coarser-textured soil. It can also be less 

representative of systems where the diffusivity is lower at soil transitions, 

which can occur when a coarse-textured soil overlies a fine-textured soil. 

Thus, the analytical solution may be more accurate when diffusivity is higher 

between transitions, and less accurate when the diffusivity decreases between 

layers. The analytical solution can even underestimate the damping if pressure 

head and diffusivity are continuously increasing with depth.  

This second manuscript was written by the candidate with editorial guidance from 

Dr. Ferré. The candidate derived the extension of the analytical solution to homogeneous 

soils. The experiment design, modeling and analysis of results were performed by the 

candidate in collaboration with Dr. Ferré.  

 

Summary of “Recharge Beat Cycles Can Prolong Groundwater Droughts and 

Surpluses” 

The relations between water flow and filtering of flow variability in the vadose 

zone are highly nonlinear (Bakker and Neiber, 2009; Dickinson et al., 2014). Like other 
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nonlinear physical systems, such as those in ocean-wave dynamics on shorelines 

(Gallagher, 1971, Bowen and Guza, 1978, Madsen et al., 1997, Baldock, 2006), optical 

filters (Silberberg and Bar-Joseph, 1984, Morgner et al., 2001), and traffic flow (Lee et 

al., 1998), we show that nonlinear filtering in the vadose zone can generate unexpected 

cycles in outputs that are not contained in the inputs. Specifically, vadose-zone processes 

may give rise to groundwater droughts and surpluses that are not observed in 

hydroclimatic forcing. These emergent cycles add complexity to interpreting climatic 

signals from groundwater levels and to predicting water resource availability from future 

climate projections. 

This paper presents the results of numerical experiments and statistical analyses 

of groundwater level variations which demonstrate the existence of a previously 

unrecognized phenomenon in hydrology: recharge beat cycles. The recharge beat cycle is 

often a dominant lower-frequency recharge variation that is generated within the vadose 

zone through the nonlinear interaction of synchronous infiltration forcings with similar 

frequencies. This paper illustrates how recharge beat cycles are generated using models 

of idealized one- and two-dimensional (1D and 2D) hydrologic systems in which water 

infiltrates at the land surface and percolates downward through the vadose zone. 

This paper addresses the third posed research question: 

3. How can constructive and destructive interference between multiple 

asynchronous infiltration cycles affect the preservation or damping of cyclical 

infiltration variability? 
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The conclusions of this study are as follows. 

A. Recharge beat cycles are generated through the constructive and destructive 

interface of forced infiltration cycles. The interference creates sustained wet 

times separated by high-frequency, very-wet, very-dry cycles. After the 

sustained wet time, infiltration pulses propagate downward more rapidly and 

with less attenuation than pulses that follow drier times. Over time, the wetter 

pulses overtake the slower pulses. As the wetter pulses assimilate slower 

pulses, they incorporate the available water of the slower pulse, sustaining 

them to greater depth. Ultimately, the wetter pulses merge to become the wet 

phase of the recharge beat cycle 

B. A numerical experiment shows that the recharge beat cycle can prolong 

periods of high and low recharge, which can lead to extended periods of 

enhanced groundwater storage, or longer periods of groundwater droughts. 

Our experiment shows that these wetting and drying periods are longer when 

the water table is relatively deep and when infiltration fluxes are higher. 

C. Statistical analysis, using the singular-spectrum analysis method, identified 

possible evidence of groundwater responses to recharge beat cycles in 

approximately one third of 70 wells in wells in principal aquifers of the 

United States. The frequency of the recharge beat cycles in these wells do not 

correspond to frequencies of variations in nearly precipitation time series. At 

one site, a recharge beat cycle may prolong the average groundwater drought 

by over 500 percent and the average groundwater surplus by 175%. 
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The ideas, analysis, and conclusions described in this third paper were developed 

and written by the candidate with editorial guidance from Dr. Ferré. The layout of the 

paper was designed collaboratively with Dr. Ferré. Ideas about regional groundwater 

responses to climate were developed during discussions with Dr. Gurdak. The modeling 

and statistical analysis of model results were performed by the candidate. The statistical 

analysis of groundwater responses to climate were performed by Ms. Velasco and Dr. 

Gurdak.  
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ABSTRACT 

 
A screening method is developed for simplifying groundwater models by 

delineating areas within the domain that can be represented using steady state 

groundwater recharge. This simplification may reduce the cost of model development and 

computation time typically needed to obtain transient recharge rates from complex 

models of the interactions of atmospheric, land surface, and groundwater flow processes.  

Alternatively, this simplification may allow for the strategic introduction of transient 

recharge in selected areas within the domain. The screening method is based on an 

analytical solution for the damping of sinusoidal infiltration variations in homogeneous 

soils in the vadose zone. The damping depth is defined here as the depth at which the flux 

variation damps to 5% of the variation at the land surface. Groundwater recharge may be 

considered steady where the damping depth is above the depth of the water table. The 

analytical solution approximates the vadose zone diffusivity as constant, and we evaluate 

when this approximation is reasonable. We evaluate the analytical solution through 

comparison of the damping depth computed by the analytic solution with the damping 

depth simulated by a numerical model that allows for variable diffusivity. Through this 
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comparison, we show that the screening method conservatively identifies areas of steady 

recharge and is more accurate when water content and diffusivity are nearly constant. 

Nomograms of the damping factor (the ratio of the flux amplitude at any depth to the 

amplitude at the land surface) and the damping depth are presented for clay and sand for 

periodic variations between 1 and 365 days and flux means and amplitudes from nearly 0 

m/d to 1E-3 m/d. A MATLAB© script is provided to compute the damping factor for any 

soil and any sinusoidal flux variation. 

1. INTRODUCTION 
 

Recharge is one of the most poorly defined fluxes in many models of groundwater 

flow (Lerner et al., 1990, Carrera et al., 2005; Healy, 2010; Ajami et al., 2011). Episodic 

and periodic variations in fluxes at the land surface result in time-varying water content 

and transient vertical fluxes within the vadose zone that can result in time-varying 

recharge. Given the nonlinear relations among flow, hydraulic diffusivity, and water 

content, fluxes through the vadose zone can be highly uncertain. This uncertainty 

regarding the location, rate, and temporal variability of recharge can lead to extensive 

computational effort and introduce uncertainty in transient flow and solute-transport 

models. 

Uncertainty of time-varying recharge in watershed-scale models reduces the 

confidence in model predictions such as hydraulic heads, water budget components, 

solute concentrations, and groundwater ages (e.g. Scanlon, 2000). Computationally- or 

data-intensive efforts for quantifying time-varying recharge are often used to reduce this 

uncertainty. Current research-level modeling approaches use large scale, detailed models 
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and extensive computing resources to simulate the interactions of atmospheric, land 

surface, and groundwater flow processes at fine spatial and temporal scales (e.g.; 

Therrien et al., 2006; Kollet et al., 2010; Maxwell et al., 2011). Time-varying recharge 

rates may be obtained by using combined watershed and groundwater models with linked 

surface and subsurface processes such as HydroGeoSphere (Therrien et al., 2006), 

SWAT/MODFLOW (Sophocleous and Perkins, 2000), MIKE-SHE (Graham and Butts., 

2006), GSFLOW (Markstrom et al., 2008), and ParFlow (Maxwell and Miller, 2005; 

Kollet and Maxwell, 2006; Schmid et al., 2009; Ferguson and Maxwell, 2010). 

Approaches for simulating recharge and infiltration in regional models include the 

kinematic wave approximation (Niswonger et al., 2006; Morway et al., 2012), and one-

dimensional numerical solution of the Richards equation (Twarakavi and Simunek, 2008; 

Zhu et al., 2012). Watershed-scale estimates can be obtained from a calibrated transient 

saturated groundwater-flow model where long-term head and discharge measurements 

are widely available. However, in the interest of reducing computational efforts, many of 

these large scale models greatly simplify unsaturated flow processes, limiting the use of 

the model for understanding the role of the vadose zone in mediating atmospheric and 

surface forcings as time-varying recharge to the saturated zone. 

Data-intensive methods for quantifying time-varying recharge often require long-

term time series data over the temporal range of interest. There has been some 

investigation of estimating recharge based on long-term time series of groundwater levels 

(e.g. Dickinson et al., 2004; Knotters and van Walsum, 1997; Crosbie, 2005). There has 

also been extensive use of environmental tracers to estimate recharge fluxes (e.g. Scanlon 
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2000; Wahi, et al., 2008; Gurdak et al., 2007). The water-level approaches are limited by 

scarcity of the necessary long-term data sets in many areas. The tracer approaches 

provide recharge estimates that are averaged over the time between the introduction and 

measurement of a tracer at a specific location (Healy, 2010), limiting their use for 

obtaining watershed-scale recharge distributions for transient models.  

In addition to their use in scientific studies, watershed-scale groundwater models 

are commonly used to assess the transient effects of groundwater development, 

management practices, and climatic trends on water resources. Because of the complexity 

of the rates and timing of vertical fluxes through thick vadose zones, groundwater models 

for resource investigations rarely represent fluxes through the vadose zone directly. 

Rather, recharge rates are derived from regional water budgets, time-averaged over the 

temporal discretization of the model, and spatially-averaged over large sub regions of the 

model (tens to thousands of square kilometers). In some cases, a long-term steady-state 

recharge rate is used because time series of groundwater levels are too sparse to infer any 

realistic temporal variability.  

At watershed scales, rapid and episodic variations in fluxes and water content in 

the vadose zone are commonly approximated to have negligible effects on the heads and 

water budget (e.g. Pool and Dickinson, 2007). At these scales, the vadose zone is often 

presumed to smooth out most water content variations from consecutive events of 

episodic infiltration at the surface. This damping is a justification for assigning slowly-

varying or constant recharge rates to watershed-scale models. In some cases, the 

assumption of steady flow may be valid because the variations in fluxes and water 
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content damp with depth in the vadose zone. Bakker and Nieber (2009) present an 

analytical solution for such damping that assumes that the water content variations are 

small enough that hydraulic diffusivity can be approximated as constant. We examine the 

limits of this approximation for predicting the damping of fluxes with depth and discuss 

how their solution can be used as a practical screening method for identifying where 

recharge can be approximated as steady state in groundwater models.  

Site-specific assessment of the time-varying component of recharge across all 

anticipated hydroclimatological conditions can be computationally expensive (Kollet et 

al., 2010). We present a new approach, whereby we delineate sub regions within the 

model domain for which recharge can be simplified as steady state. This simplification 

may reduce the cost of model development and computation time that is typically needed 

to obtain transient recharge rates from complex hydrologic models. We propose that on 

watershed and larger scales, infiltration from the land surface to the water table is 

predominantly vertical and that recharge can be considered to be the sum of a steady, 

average component and a single periodic, sinusoidal perturbation (Dickinson et al., 

2004).  Further, for this analysis, we assume that the single sinusoidal component 

controls whether recharge can be considered to be steady state: this could be a monthly, 

seasonal, or annual perturbation. The sinusoidal component of infiltration damps to a 

degree that is a function of the variable flux, soil type, and depth from the land surface 

(Bakker and Nieber, 2009).  A future study will consider multiple, interfering sinusoidal 

infiltration perturbations that represent a range of coincident hydroclimatological 

conditions.  
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This paper presents a screening method for identifying areas of steady recharge 

that is based on the analytical solution of time-varying infiltration presented by Bakker 

and Nieber (2009).  The screening method uses the analytical solution to delineate areas 

within a watershed where the damping depth is above the water table—recharge in these 

areas can be adequately represented as steady state while other areas will experience 

time-varying recharge.  

This paper is organized as follows. The analytical model from Bakker and Nieber 

(2009) for periodic flow in the vadose zone is summarized in the second section. Their 

solution is based on a linearization of the Richards equation by setting the vadose zone 

diffusivity equal to a constant. In the third section, we provide illustrative examples of 

how the amplitude of sinusoidal fluxes damps with depth in sand and clay for periods of 

30 and 90 days. In the fourth section, we present two- and three-dimensional nomograms 

that show the damping depth as a function of the mean flux, amplitude and period of 

sinusoidal forcings, and soil type. The period lengths range from 1 to 365 days in order to 

capture a range of cycles such as artificial irrigation patterns to seasonal and annual 

cycles in precipitation, runoff, and evapotranspiration. We evaluate whether the constant 

diffusivity in the analytical solution is reasonable for different perturbations in infiltration 

across a range of soils in the fifth section. We compare the damping depth from the 

analytical model to the damping depth from a numerical model that allows for variable 

diffusivity, and describe how the soil, mean flux, amplitude of the flux variation, and 

period of the flux variation control the accuracy of the analytical predictions of damping. 

In the sixth section we present an application of the screening method to the Central 
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Valley of California, USA, and maps of the fraction of vertical infiltration that is 

preserved at the water table. The seventh section includes a discussion of the limitations 

of the screening tool and our conclusions. The appendix describes a MATLAB® program 

that can be used to generate nomograms for any user-selected soil, mean flux rate, flux 

period, and water table depth. 

2. ANALYTICAL MODEL 
 

Analytical solutions for periodic groundwater flow conditions, based analogously 

on the periodic heat flow solutions by Carslaw and Jaeger (1959), have wide application 

for estimating hydraulic head and flux responses to imposed periodic boundary 

conditions. These solutions commonly include a term that describes the response in head, 

water content, or flux as a function of the distance from the boundary. The amplitude of 

the response damps with distance from the boundary, and the shape of the damping 

function can be used to either infer aquifer properties or predict some transient behavior. 

Notable examples are the applications by Jacob (1950) and Ferris (1951) to estimate 

diffusivity and by Carr and Van der Kamp (1969) to infer hydraulic conductivity and the 

specific storage from the responses to tidal fluctuations of a one-dimensional 

homogeneous aquifer.  

Townley (1995) presented a general set of solutions for estimating aquifer 

responses to any combination of periodic specified head, specified flow, and mixed 

boundary conditions in a one-dimensional homogeneous confined aquifer. The shape of 

the response in these solutions for saturated flow is controlled by the aquifer length, 

saturated diffusivity, and period of the boundary variation (Townley, 1995). Swanson and 
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Bahr (2008) applied Townley’s (1995) solutions for periodic areally-distributed recharge 

to explain how seasonal variations in recharge can dampen to a constant discharge rate at 

distant springs. Hughes et al. (1998) applied a periodic head boundary on one side of a 

one-dimensional aquifer to estimate the potential dampening of variable heads from tidal 

forcings into an estuary. Bakker (2004) presented analytical element solutions for 

periodic flow that can be applied to simulate periodic flow in general settings. Dickinson 

et al. (2004) applied a periodic specified head boundary condition to represent time-

varying water levels and infer the saturated diffusivity and time-varying recharge   rates. 

Dickinson et al. (2004) demonstrated that water-level variations can be used to infer 

climatic forcings similar to the El Niño-Southern Oscillation (Cayan et al., 1999) and 

Pacific Decadal Oscillation (Dettinger et al., 2001; Hanson et al., 2004; Hanson et al., 

2006) in unconfined alluvial aquifers in the southwestern United States. Bakker (2006) 

presented a characteristic length beyond which periodic variations in the discharge of a 

pumping well can be neglected. Bakker and Nieber (2009) derived solutions for vertical 

periodic and steady flow in the vadose zone and to demonstrate how flux, water content, 

and pressure head variations dampen with depth from a sinusoidal flux boundary at the 

land surface. 

We present a screening method for identifying regions of groundwater models 

that can be approximated by steady-state recharge that is based on an analytical solution 

for periodic vadose flow presented by Bakker and Nieber (2009). The solution is 

summarized here to review all pertinent approximations, and is written into the more 
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common form of a simple wave; a full derivation may be found in Bakker and Nieber 

(2009). 

Consider one-dimensional periodic flow in the vadose zone. The z-axis points 

vertically downward. Flow is governed by the one-dimensional Richards equation, which 

may be written as 

 𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

= 𝜕𝜕
𝜕𝜕𝜕𝜕
�𝐾𝐾 𝜕𝜕𝜕𝜕

𝜕𝜕𝜕𝜕
� − 𝜕𝜕𝜕𝜕

𝜕𝜕𝜕𝜕
 [1] 

where 𝜃𝜃 [-] is the water content, 𝜓𝜓 [L] is the pressure head, 𝐾𝐾(𝜓𝜓) [LT-1] is the hydraulic 

conductivity, and t is time. The vertical flux 𝑞𝑞𝜕𝜕 [LT-1] at the surface is specified to consist 

of a steady component qs [LT-1] plus a sinusoidal component with amplitude qp [LT-1] 

and period P [T] 

 𝑞𝑞𝑧𝑧(𝑧𝑧 = 0, 𝑡𝑡) = 𝑞𝑞𝑠𝑠 + 𝑞𝑞𝑝𝑝 sin(𝜔𝜔𝑡𝑡)  [2] 

where 𝜔𝜔 = 2𝜋𝜋 𝑃𝑃⁄  is the angular frequency; the vertical flux at infinite depth is qs. The 

steady and periodic components of 𝑞𝑞 can represent the net infiltration below the root zone 

that results from the infiltration of precipitation, runoff, and the uptake of water by 

evapotranspiration. Alternatively, time-varying evapotranspiration can be represented as 

a negative sinusoidal flux with daily or seasonal periods. These components may 

represent steady and sinusoidally-varying infiltration in basin floors, stream channels, and 

areas of conjunctive water use. The steady component may represent a long-term average 

flux and the periodic component may represent variations from the steady component. 

The vertical flux 𝑞𝑞(𝑧𝑧 = ∞, 𝑡𝑡) at infinite depth is defined as the constant steady 
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component 𝑞𝑞𝑠𝑠. Thus, the water content is constant at infinite depth and the screening tool 

is meant to represent the vadose zone above the capillary fringe and the water table. 

The hydraulic conductivity function is approximated with the Gardner model 

(Gardner, 1958)  

 𝐾𝐾 = 𝐾𝐾𝑠𝑠 exp[𝛼𝛼(𝜓𝜓 − 𝜓𝜓𝑒𝑒)]         𝜓𝜓 < 𝜓𝜓𝑒𝑒  [3] 

where 𝐾𝐾𝑠𝑠 [LT-1] is the hydraulic conductivity at saturation, 𝜓𝜓𝑒𝑒 [L] is the air entry 

pressure, and α [L-1] is a fitting parameter based on the pore size distribution.  The water 

content 𝜃𝜃 [-] is a function of the pressure head and is approximated with the Gardner-

Kozeny model (Mathias and Butler, 2006) 

 𝜃𝜃 = 𝑛𝑛0exp [𝜇𝜇(𝜓𝜓 − 𝜓𝜓𝑒𝑒)]        𝜓𝜓 < 𝜓𝜓𝑒𝑒 [4] 

where 𝑛𝑛0 is the porosity [-] and  𝜇𝜇 is a fitting parameter [L-1]. 

An analytical solution may be obtained by writing the Richards equation in terms 

of Kirchoff potentials and through linearization of the resulting differential equation by 

setting the vadose zone diffusivity 𝐷𝐷 [L2T-1] equal to a constant (full details are given in 

Bakker and Nieber, 2009) 

 𝐷𝐷 = 𝜕𝜕
𝐶𝐶

= 𝜕𝜕𝑠𝑠
𝑛𝑛0𝜇𝜇

(𝜃𝜃𝑠𝑠𝜕𝜕 𝑛𝑛0⁄ )(𝛼𝛼 𝜇𝜇⁄ −1) [5] 

where 𝐶𝐶 is the water capacity [L-1] and 𝜃𝜃𝑠𝑠𝜕𝜕 is the water content corresponding to steady 

flow 𝑞𝑞𝑠𝑠  

 𝜃𝜃𝑠𝑠𝜕𝜕 = 𝑛𝑛0 �
𝑞𝑞𝑠𝑠
𝜕𝜕𝑠𝑠
�
𝜇𝜇 𝛼𝛼⁄

 [6] 
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The resulting solution is  

 𝑞𝑞 = 𝑞𝑞𝑠𝑠 + 𝑞𝑞𝑝𝑝δsin(𝜔𝜔𝑡𝑡 − 𝑘𝑘𝑧𝑧)  [7] 

where δ is the damping factor and k is the wave number. The damping factor decreases 

with depth: 

 𝛿𝛿 = exp (−𝑧𝑧/𝜆𝜆)  [8] 

where 𝜆𝜆 [L] may be computed as 

𝜆𝜆 =
2

𝛼𝛼 �1 + � 8𝜋𝜋
𝛼𝛼2𝐷𝐷𝑃𝑃�

2
�
1 4⁄

cos �12 arctan � 8𝜋𝜋
𝛼𝛼2𝐷𝐷𝑃𝑃�� − 𝛼𝛼

 

 [9] 

The damping is controlled by the Gardner (1958) soil parameter 𝛼𝛼 and the non-

dimensional term 8𝜋𝜋 𝛼𝛼2𝐷𝐷𝑃𝑃⁄ , and is independent of the amplitude of the flux variation 𝑞𝑞𝑃𝑃. 

We define the damping depth as the depth 𝑧𝑧 below which less than 5% of the applied 

variation is preserved. This means that 𝛿𝛿 = 0.05, which corresponds to a depth of  𝑑𝑑 =

3𝜆𝜆 (Fig. 1). However, for any specific application, it would be a simple matter to change 

this threshold value.  

The wave number 𝑘𝑘 [L-1] may be computed as  

𝑘𝑘 =
𝛼𝛼
2
�1 + �

8𝜋𝜋
𝛼𝛼2𝐷𝐷𝑃𝑃

�
2

�
1 4⁄

sin �
1
2

arctan �
8𝜋𝜋

𝛼𝛼2𝐷𝐷𝑃𝑃
�� 

 [10] 
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Figure 1 Plot of the damping factor δ as a function of the ratio between depth and the damping depth 
3λ=d. The damping factor is equal to 1 at z⁄3λ=0 and decreases exponentially to 0.05 at z=3λ=d. 
 
 

The wave speed, 𝑣𝑣 [L/T], is the velocity at which a wetting or drying front propagates 

downward.  It may btae computed as 

 𝑣𝑣 = 2𝜋𝜋/(𝑃𝑃𝑘𝑘) [11] 

Note that the damping and wave speed in the analytical model are independent of the 

amplitude of the flux variation 𝑞𝑞𝑃𝑃. 

The term 8𝜋𝜋 (𝛼𝛼2𝐷𝐷𝑃𝑃)⁄  in Eqs. [9] and [10] is a non-dimensional ratio that is 

analogous to the non-dimensional term 𝐿𝐿2 𝐷𝐷𝑠𝑠𝑃𝑃⁄  presented by Townley (1995), where 𝐿𝐿 is 

the length of a one-dimensional aquifer [L] and 𝐷𝐷𝑠𝑠 is the diffusivity of the aquifer under 

saturated conditions [L2/T]. Townley (1995) demonstrated that 𝐿𝐿2 𝐷𝐷𝑠𝑠𝑃𝑃⁄  controls the 

aquifer response to periodic boundary conditions in a confined aquifer, and is related to 𝑢𝑢 
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in the Theis well function 𝑊𝑊(𝑢𝑢) (Theis, 1935). Large values of 𝐿𝐿2 𝐷𝐷𝑠𝑠𝑃𝑃⁄  result in rapid 

damping of responses near the boundary, while the responses are less damped with 

distance from the boundary when this ratio is small (Townley, 1995; Dickinson et al., 

2004).  Similar insights about the persistence of infiltration variations with depth in the 

vadose zone can be gained from the damping factor (Bakker and Nieber, 2009). 

3. DAMPING OF SINUSOIDAL FLUX RESPONSES WITH DEPTH 
 

The manner in which the soil hydraulic properties and the 𝑞𝑞𝑝𝑝, 𝑞𝑞𝑠𝑠, and 𝑃𝑃 

characteristics of the infiltration flux control the damping is demonstrated below. We 

show responses for clay and sand soils and a range of periodic vertical fluxes typical of 

arid and semi-arid regions that may result from natural infiltration of precipitation and 

runoff, or from infiltration in areas of conjunctive water use. This region presents 

challenging conditions for evaluating the screening method because long drying periods 

between episodic infiltration events can result in highly-variable water contents and 

diffusivities. The Appendix describes a code for extending this to different soils, fluxes, 

and periods in other hydrologic settings.  In the following examples, the steady 

component of the flux, 𝑞𝑞𝑠𝑠, is held constant through time, with values ranging from 0.1E-3 

m/d (3.65 cm/y) to 1.0 E-3 m/d (36.5 cm/y). The amplitude of the sinusoidal component 

𝑞𝑞𝑝𝑝 is chosen to be either equal to 𝑞𝑞𝑠𝑠 or equal to 0.1E-3 m/d (Fig. 2A). The 30-d period 

might represent an irrigation pattern, and the 90-d periods might represent seasonal 

cycles in precipitation and runoff. We show these periods to demonstrate how flux 

variations may damp over a depth of 200 m. Interannual and interdecadal variations in 

water levels in arid and semiarid regions (Dickinson et al., 2004; Hanson et al, 2004, 
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2006) suggest that infiltration, and recharge, is often transient at these longer periods. The 

magnitudes of 𝑞𝑞𝑠𝑠 and 𝑞𝑞𝑝𝑝 are independent, with the limitation that 𝑞𝑞𝑝𝑝 never exceeds 𝑞𝑞𝑠𝑠, 

resulting in a flux that is always either zero or positive in the downward direction. This 

range of flux rates was chosen to represent the range of recharge rates inferred at focused 

sites in stream channels and across basin floors in the arid and semi-arid southwestern 

United States (Pool, 2005; Stonestrom et al., 2007; Faunt et al., 2010).  

 The unsaturated flow properties of the sand and clay soils shown in the 

nomograms and used in the evaluation of the screening method are defined by the 

Gardner (Gardner, 1958) and Gardner-Kozney (Mathias and Butler, 2006) soil models 

(Table 1). Values of 𝐾𝐾𝑠𝑠 are taken from the Rosetta soil catalog (Schaap, et al., 2001).  

The Gardner α and Gardner-Kozney 𝑛𝑛0 and 𝜇𝜇 parameter values are estimated by a linear 

regression with the van Genuchten α and assuming a constant value of van Genuchten 𝑛𝑛0 

= 4 for each soil based on the soil properties reported in Bakker and Nieber (2009).  For 

site specific applications, Gardner and Gardner-Kozeny soil properties can be estimated 

using ROSETTA or the fitting procedure of Wraith and Or (1998). 

 

Table 1 Gardner (G) (Gardner, 1958) and van Genuchten (vG) (van Genuchten, 1980) 

parameters for clay and sand in the examples. 

Soil vG α (m-1) Ks (md-1) vG θs = n0 (-) G α (m-1) G μ (m-1) ψe (m) 
clay 1.50 0.15 0.459 6.87 2.05 -0.37 
sand 3.52 6.43 0.375 14.39 4.28 -0.12 
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In all cases, the flux amplitudes are largest at the land surface and damp with 

depth (Figs. 2 and 3) as described by Eq. [8], while the mean flux rate 𝑞𝑞𝑠𝑠 remains 

constant with depth. The flux variations damp more in clay than sand over the same depth 

interval. For example, the flux variations in clay when 𝑃𝑃 = 30 d, 𝑞𝑞𝑠𝑠 = 0.5E-3 m/d, and 

𝑞𝑞𝑝𝑝 =0.5E-3 m/d damp to 5% of the applied flux variation at depth 𝑧𝑧 = 1.04 m—in sand 

the flux amplitude damps to 5% at depth 𝑧𝑧 = 6.42 m (Fig. 2B and 2C). 

The analytical solution results in a symmetrical pattern of maximum and 

minimum values around the mean flux (Fig. 2).  For example, for a flux variation with 

period of 30 days in the sand, four peaks in the flux pattern can be identified within 10 m 

depth at time 3𝑃𝑃 4⁄ , indicating that the prior four pulses of infiltration at the surface are 

preserved. In the clay, only one maximum peak in the flux is preserved at time 3𝑃𝑃 4⁄ .  

For further discussions, we will represent the damping of the flux peaks with depth using 

an envelope that connects the maximum (and minimum) flux at each depth through all 

times (Fig. 2). 

The damping of the periodic fluxes with depth is controlled by the soil type, 

period and the mean flux [Eq. 9]. In the examples shown in Fig. 3, 𝑞𝑞𝑝𝑝 and 𝑞𝑞𝑠𝑠 are 0.5E-3 

m/d or 1.0E-3 m/d, and the period of the variation is 30 d or 90 d, resulting in four 

different periodic flux patterns at the land surface in which the flux varies between 0 m/d 

and 2𝑞𝑞𝑠𝑠. The flux envelope resulting from a 30-d period is shaded dark gray and the 

envelope from the 90-d period is shaded light gray (Fig. 3A). The damping depth 𝑑𝑑 and 

the area contained by the envelope are larger when the flux boundary varies with the 
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longer (90 day) period than the shorter (30 day) period. The damping depth and area of 

the envelope increase when the mean flux 𝑞𝑞𝑠𝑠 increases from 0.5E-3 m/d to 1.0E-3 m/d. 

For groundwater modeling, we are ultimately concerned with the flux across the 

water table. Therefore, it is useful to consider how the amplitudes of the flux time series 

differ at a common depth for different flux boundary configurations (Fig. 3B). Taking a 

depth of 40 meters as an example, the amplitude variation is largest when the mean flux 

is higher and the period of variation is longest. At this depth, the amplitude variation is 

effectively zero for both mean fluxes when the flux varies at 30-d periods. That is, 

recharge could be considered to be steady state despite the temporal variations in 

infiltration. 
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Figure 2 Damping of a sinusoidal flux (A) applied at the land surface (z=0) in clay (B) and sand (C). 
Profiles of the flux with depth at four different times (0, P⁄4, P, and 3P⁄4) show how the flux varies 
with depth at different times. 
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Figure 3 (A) Plot of the envelope that surrounds the range of flux variations with depth in a sand soil 
and the damping depth from four different configurations of the flux boundary, and (B) the resulting 
flux time series at a depth of 40 meters. The diffusivity is constant in each of the four cases. 

 

4. NOMOGRAMS FOR DAMPING FACTOR AND DAMPING DEPTH 
 

Nomograms of the damping factor δ and damping depth 𝑑𝑑 are presented as a 

simple screening tool to identify the conditions for which recharge can be approximated 

as steady or must be treated as transient. The damping factor nomogram (Fig. 4) can be 

used to estimate the damping of the amplitude of a periodic flux between depths of 0 m 

and 10 m in sand or clay. The damping depth nomogram (Fig. 5) provides the depth at 

which a periodic flux is damped to 5% of its amplitude at the land surface. These 

nomograms indicate the damping due to a single periodic flux cycle where 𝑞𝑞𝑝𝑝 = 𝑞𝑞𝑠𝑠 in a 

vertically-homogenous clay or sand. 
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The damping factor nomogram (Fig. 4) indicates how the damping factor 

decreases with depth 𝑧𝑧, but it also shows how the damping factor at the same depth 

increases as the mean flux and period of the flux variation increases. For example, at a 

depth of 2 m in clay, the damping factor for the same 365-d period increases from 

approximately 0.4 when the mean flux equals 2E-4 m/d to nearly 0.9 for a mean flux of 

1E-3 m/d. That is, more of the flux variation is preserved at the same depth at a higher 

mean flux. At a depth of 6 m in sand, the damping factor at a mean flux of 6E-4 m/d 

increases from 0.1 for a 30-d period, to 0.7-0.8 for a 90-d period, and to 0.9-1.0 for a 365-

d period. In other words, more of the flux variation is preserved at a single depth as the 

period increases. 

The damping depth nomogram (Fig. 5) indicates that the damping depth increases 

for longer periods and larger mean fluxes. The nomogram shows the log10 of the damping 

depth as the mean flux increases from nearly 0 to 1E-3 m/d and the period increases from 

nearly 0 d to 365 d. The damping depth in clay increases to greater than 10 m for periods 

greater than 300 d and mean fluxes greater than 6E-4 m/d. In sand, for the same range of 

flux periods and means, the damping depth increases to over 1,000 m, and recharge 

should be considered as transient for all practical purposes. 
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Figure 4 Damping factor nomogram for estimating the damping at depths from 0 to 10 meters in a 
homogenous sand or clay soil. The damping factor is the fraction of the flux variation at depth z and 
the surface flux variation at z = 0. Areas in blue indicate that almost all of the surface flux variation 
is damped, red indicate that most of the variation is preserved, while green, yellow, and orange 
indicate that some of the variation is preserved. The top panel shows the damping for clay and the 
bottom shows damping for sand. Each two dimensional plot shows the damping at depth for a mean 
flux from 0 to 1E-3 m/d for periods of 30, 90 and 365 d. 

 

5. EVALUATION OF THE SCREENING METHOD 
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 The screening method for identifying steady recharge is evaluated for clay and 

sand soils and a range of periodic vertical fluxes typical of arid and semi-arid regions. 

The variable fluxes are representative of monthly, seasonal, or annual variations that may 

be observed in frequently-collected time series data or in longer term monitoring. The 

damping depths and flux variations are evaluated for sand and clay through comparison 

with the results of numerical simulations using HYDRUS-1D (Šimůnek et al., 2005).  

The numerically derived damping depth 𝑑𝑑𝑛𝑛𝑛𝑛𝑛𝑛 is the depth in the numerical model 

where the ratio of the flux variation at any depth 𝑧𝑧 over the flux variation at 𝑧𝑧 = 0 is 

reasonably equal to 0.05.  The numerical solution is assumed to be the more accurate 

solution because HYDRUS -1D computes a variable diffusivity based on a nonlinear 

relation between diffusivity and water content rather than assuming a constant diffusivity. 

The Gardner and Gardner-Kozney models are used to define the pressure head-hydraulic 

conductivity and pressure head-water content relations, respectively, for sand and clay 

soils simulated by the numerical model. A specified flux is defined at the top boundary 

and free-drainage is defined as the bottom boundary condition. For this analysis, the 

damping depth from the analytical model is defined to be acceptable when it over 

predicts the damping depth by no more than a factor of two. The factor of two is chosen 

such that it provides a conservative estimate without excessively overestimating the 

damping depth. If the damping depth is overestimated, it also underestimates the damping 

factor. That is, an overestimate of the damping depth would result in identifying some 

areas that could be treated as steady-state as requiring the consideration of transient 

recharge. For example, if the analytical model suggests that the entire domain can be 



 

47 
 

treated as steady state, then a user can make this assumption with confidence, despite the 

simplifications adopted in the analytical model. 

5.1. COMPARISION OF FLUX RESPONSES WITH DEPTH 
 

The flux, water content, diffusivity, and wave speed profiles from the analytical 

and numerical models are compared at times 3𝑃𝑃 4⁄  and 𝑃𝑃 4⁄  in sand (Fig. 6). The soil and 

fluxes shown in Fig. 6 are identical to those shown in Fig. 2C. In Fig. 6, the pattern and 

damping of the flux variability begins to differ between the analytical and numerical 

models with increasing depth.  

The profiles include symmetrical and asymmetrical patterns around the steady 

values below approximately 6 m. In the analytical model, the vertical flux profiles (Fig. 

6A) are symmetrical around the mean value, whereas the water content (Fig. 6B) is 

asymmetrical and the diffusivity (Fig. 6C) and wave speed (Fig. 6D) are constant. In 

contrast, the vertical profiles of flux, water content, diffusivity, and wave speed from the 

numerical model are all asymmetrical around the steady values. For example, in the 

numerical model, the first flux minimum is below the surface at 𝑧𝑧 = 0.85 m while the first 

flux maximum occurs at z = 1.3 m, while in the analytical model they both occur at 𝑧𝑧 = 

1.1 m. 

The numerical model produces a smaller envelope surrounding the range of flux 

and water content variations (Fig. 6A and 6B). The water content is skewed towards 

lower water contents near the land surface.  As a result, the water content decreases more 

during low flux than it increases during high flux at any given depth. This skew toward 
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lower water contents results in a lower time-averaged diffusivity than the diffusivity 

associated with the mean flux, which is used in the analytical model. The lower time-

averaged diffusivity in the numerical model increases the damping and reduces the 

damping depth. Thus, a higher time-averaged diffusivity in the analytical model results in 

deeper propagation of flux variations, and the analytical model is conservative because it 

over predicts the damping depth. For the purposes of using the analytical model as a 

screening tool, it is important to note that, for the reasons detailed above, the numerical 

model will always result in a lower damping depth—in this example, 𝑑𝑑 𝑑𝑑𝑛𝑛𝑛𝑛𝑛𝑛⁄ = 6.42 

m/4.82 m = 1.33 (Fig. 6A).   

In the analytical model, the diffusivity is too high during dry conditions, and too 

low during wet conditions. In the numerical model, the water content minimum below the 

surface near 𝑧𝑧 = 1 m corresponds to a diffusivity (3.23E-3 m2/d) that is lower than the 

diffusivity in the analytical model (5.20E-3 m2/d). The lower diffusivity has the effect of 

reducing the wave speed of this flux minimum as indicated by Eqs. [10] and [11]—this 

slowing is observed in the profile at time 𝑃𝑃 4⁄  as the flux minimum near 𝑧𝑧 = 1 m in the 

numerical model travels a shorter vertical distance from the surface than the 

corresponding minimum in the analytical model over the same amount of time. A higher 

water content, near 𝑧𝑧 = 1.25 m in the profile at time 3𝑃𝑃 4⁄ , results in a higher diffusivity 

(6.75E-3 m2/d) than the diffusivity in the analytical model (5.20E-3 m2/d) at the same 

depth. This increase in diffusivity also increases the wave speed of this flux maximum, 

and the flux maximum from the numerical model travels a greater vertical distance than 

the flux maximum from the analytical model over the same time.  
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Figure 5 Damping depth nomogram for estimating the damping depth in a homogenous sand or clay 
soil, which is the depth at which a periodic flux boundary at the land surface is damped to 5% of its 
original amplitude. Areas in blue indicate that the damping depth is relatively shallow (less than 1 
m), red indicates that the damping depth is deep (up to 1000 m), while green, yellow, and orange 
indicate that the damping depth is generally between 1 m and 10 m. 
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Figure 6 Comparison of (A) flux, (B) water content, (C) diffusivity, and (D) wave speed profiles at 
times P⁄4 and 3P⁄4, and the envelopes encompassing the variations in the profiles produced by the 
analytical model and the numerical model HYDRUS-1D. The outputs are for a sand soil, period of 30 
days, and mean flux of 0.5E-3 m/d. The numerical model simulated a more shallow damping depth 
and more narrow range of flux and water content variations than the analytical model. All profiles 
from the numerical model and the water content from the analytical model are asymmetrical around 
the mean value at depths greater than 6 m. The diffusivity and wave speed are constant in the 
analytical model, which results in symmetrical flux variations around the mean flux. 
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Figure 7 Error of the damping depth computed by the analytical model, expressed as the ratio of the 
analytical damping depth to the “true” numerical damping depth for clay and sand soils. Values near 
1 indicate that the damping depths are similar, and values near 5 indicate that the analytical 
damping depth is nearly overestimated by a factor of 5 times. The heavy black line along the ratio of 
2 indicates the limit above which we consider the damping depth to be acceptable. In the top panels, 
the amplitude of the flux boundary 𝒒𝒒𝒑𝒑 in the numerical model is held constat at 0.1E-3 m/d. In the 
bottom panels, the amplitude of the flux boundary 𝒒𝒒𝒑𝒑 at the surface is equal to the mean flux 𝒒𝒒𝒔𝒔. The 
error is less in all configurations when the period of the flux variation is shorter, and increases with 
longer periods. The error is less in both clay and sand when 𝒒𝒒𝒑𝒑 is less than 𝒒𝒒𝒔𝒔, which occurs for 
nearly all cases in the top panels. The error increases as 𝒒𝒒𝒑𝒑 and 𝒒𝒒𝒔𝒔 become larger. 
 

The differences in damping produced by the analytical and numerical models can 

be further explained through the physical processes that result in damping, and how these 

processes are represented in the models. The key assumption of the analytical solution is 

that the diffusivity, the ratio of 𝐾𝐾 to the water capacity, is constant. The analytical and 

numerical models use the Gardner model for 𝐾𝐾 as a function of 𝜓𝜓 (Gardner, 1958). 



 

52 
 

Therefore, 𝐾𝐾 varies in both time and space in both models as 𝜓𝜓 varies. The effect of 

approximating a constant diffusivity with a variable 𝐾𝐾 is to introduce systematic errors in 

the water capacity, which can be inferred by Eq. [5]. During dry conditions, the water 

capacity is underestimated to balance the decrease in 𝐾𝐾. As the system wets, the water 

capacity is overestimated to offset the increase in 𝐾𝐾. In the numerical model, water 

capacity is equal to 𝑑𝑑𝜃𝜃 𝑑𝑑𝜓𝜓⁄  from the Gardner-Kozeny model (Mathias and Butler, 2006). 

These differences in how the water capacity is represented in the analytical and numerical 

models lead to differences in the damping factor and damping depth. 

5.2. COMPARISON OF DAMPING DEPTHS 
 

To compare the analytical and numerical damping depths, the flux components 

are defined two ways: 1) 𝑞𝑞𝑝𝑝 and 𝑞𝑞𝑠𝑠 are equal and range from 0.1E-3 m/d to 1.0E-3 m/d, 

or 2) 𝑞𝑞𝑝𝑝 is held constant at 0.1E-3 m/d and 𝑞𝑞𝑠𝑠 ranges from 0.1E-3 m/d to 1.0E-3 m/d. 

These flux conditions are used to investigate how sensitive the analytical solution 

estimation error is to the amplitude of the flux variability, and to find the conditions 

where the screening tool can be considered to be both conservative and acceptably 

accurate. We express the relative error of the screening method using a ratio of 𝑑𝑑 𝑑𝑑𝑛𝑛𝑛𝑛𝑛𝑛⁄ , 

which is the factor that the analytical model overestimates the damping depth—a ratio of 

2 indicates that the analytical model overestimates by a factor of 2. Higher values 

indicate greater overestimation of the damping depth and underestimation of the damping 

by the analytical solution. The ratio 𝑑𝑑 𝑑𝑑𝑛𝑛𝑛𝑛𝑛𝑛⁄  is closest to 1 in clay when the flux 

boundary variations have small periodic component 𝑞𝑞𝑝𝑝 and small steady component 𝑞𝑞𝑠𝑠, 
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and shortest periods (blue areas in Fig. 7). The analytical damping depth is least accurate 

(𝑑𝑑 𝑑𝑑𝑛𝑛𝑛𝑛𝑛𝑛⁄ greater than 5) in sand when 𝑞𝑞𝑝𝑝, 𝑞𝑞𝑝𝑝, and the period 𝑃𝑃 are large (red areas in Fig. 

7). In both clay and sand, the accuracy decreases as 𝑞𝑞𝑝𝑝, 𝑞𝑞𝑠𝑠, and 𝑃𝑃 increase. In clay, 𝑑𝑑 is 

within a factor of 2 for all flux configurations, suggesting that the analytical solution 

adequately predicts the damping depth in clay for these fluxes. In sand, however, 𝑑𝑑 is 

greater than 2 when 𝑞𝑞𝑝𝑝 = 0.1 E-3 m/d and 𝑞𝑞𝑠𝑠 > 0.8 E-3 m/d, and for most of the flux rates 

when the period is greater than 100 d. These results indicate that the screening tool is 

more conservative (greater overestimation of the damping depth and underestimation of 

the damping factor) for both larger periods and mean fluxes. The screening tool will more 

accurately predict the depth at which low fluxes with short periods of variation are 

damped. Thus, the screening tool can be used with most confidence to examine if small, 

rapidly varying infiltration that may result from low, frequent precipitation or irrigation 

variations results in transient recharge. 

5.3. SOIL AND FLUX CONTROLS ON DAMPING ACCURACY 
 

The manner in which the soil and flux components 𝑞𝑞𝑝𝑝, 𝑞𝑞𝑠𝑠, and 𝑃𝑃 control the 

accuracy of the damping depth from the analytical model are explored by identifying how 

these properties control the diffusivity and its variability (Fig. 8). Because the analytical 

model uses a single value of diffusivity, it is more representative of real soil and flux 

configurations in which the variation of the diffusivity is relatively small. In the 

numerical model, and in real systems, variable fluxes produce variations in the water 

content, which, in turn, change the diffusivity. Consequently, the damping depth from the 
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analytical model was expected to be more accurate in systems where the diffusivity is 

less variable.  

Variations in diffusivity owing to changes in water content can be estimated by 

the nonlinear relation between water content and diffusivity (Fig. 8) as indicated by Eq. 

[5]. In the Gardner-Kozeny soil model, diffusivity increases monotonically and 

exponentially as the water content increases. Furthermore, both relative and absolute 

changes in the water content under drier conditions result in smaller variations in 

diffusivity than the same changes in water content at higher water contents. The amount 

of variation in diffusivity, given a change in water content, differs between clay and 

sand—the diffusivity varies more in sand than clay for a given change in water content. 

The relation between water content and diffusivity provides insight into why the 

analytical solution is more accurate at lower mean flux 𝑞𝑞𝑠𝑠 and flux variation 𝑞𝑞𝑝𝑝. For clay 

and sand soils in which the mean flux 𝑞𝑞𝑠𝑠 = 0.5E-3 m/d and the flux variation was either 

𝑞𝑞𝑝𝑝 = 𝑞𝑞𝑠𝑠 (Fig. 8, light gray areas) or  𝑞𝑞𝑝𝑝 = 0.1E-3 m/d (Fig. 8, dark gray areas), the water 

content is always less than 0.1. In sand when 𝑞𝑞𝑝𝑝 = 𝑞𝑞𝑠𝑠 = 0.5E-3 m/d, the water content 

varies between 0.012 and 0.026 and diffusivity varies from 1.21E03 m2/d to 8.29E-3 

m2/d. As the flux variation 𝑞𝑞𝑝𝑝 decreases to 0.1E-3 m/d, the water content variation (0.021 

to 0.023) and diffusivity variation (4.48E-3 m2/d to 5.83E-3 m2/d) both decrease. In clay, 

for these same values of 𝑞𝑞𝑠𝑠 and 𝑞𝑞𝑝𝑝, the water content is higher and varies more than in 

sand, but the diffusivity varies less. In clay when 𝑞𝑞𝑝𝑝 = 𝑞𝑞𝑠𝑠, the water content varies from 

0.067 and 0.097 and the diffusivity varies between 1.70E-3 m2/d and 3.97E-3 m2/d. As 𝑞𝑞𝑝𝑝 

decreases to 0.1E-3 m/d, both the water content variations (0.082 to 0.087) and 
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diffusivity variations (2.67E-3 m2/d to 3.11E-3 m2/d) decrease (Fig. 8). These relations 

suggest that for the same mean flux and variation, the analytical solution will be more 

accurate in clay than sand. More generally, the analytical solution will be more accurate 

over a range of fluxes that give rise to a smaller change in diffusivity through time. This 

includes most areas of fine soils, which typically have fairly constant water contents, or 

areas of coarser soils in relatively wet regions where water contents also tend to be more 

constant through time.  

Within the limitations of the analytical solution discussed above, we have 

developed a screening tool that can be applied to regional scale models.  The tool takes as 

input the steady state and expected primary periodic recharge, soil type, and water table 

depth at each location.  The output is the damping factor at the depth of the water table 

for each cell.  Based on this output, the user can identify areas of constant recharge.  

Further consideration of soil type, steady flux, and flux variation amplitude can be used 

to refine estimates of damping for those areas that are identified as receiving transient 

recharge. 
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Figure 8 Ranges of water content and diffusivity variations from the numerical model (shown as 
dashed and dotted lines in shaded areas) showing that a constant diffusivity in the analytical model 
(solid dot) is a more representative of the diffusivity of the numerical model when the diffusivity 
variation and flux amplitude 𝒒𝒒𝒑𝒑 are lower. Diffusivity is shown as a function of water content for 
sand and clay. The diffusivity variations in the numerical model result from a variable flux boundary 
of period 30 days. The constant value of diffusivity in the analytical model is based on the water 
content that is associated with the mean flux 𝒒𝒒𝒔𝒔. The amplitude of the flux variation 𝒒𝒒𝒑𝒑 is either equal 
to 0.1E-3 m/d or equal to the mean flux 𝒒𝒒𝒔𝒔= 0.5E-3 m/d. In both soils, the diffusivity varies less when 
𝒒𝒒𝒑𝒑 = 0.1E-3 m/d than when 𝒒𝒒𝒑𝒑 = 𝒒𝒒𝒔𝒔= 0.5E-3. The range of diffusivity, for the same flux boundary, is 
less in clay than in the sand. The diffusivity variation for which 𝒒𝒒𝒑𝒑 = 𝒒𝒒𝒔𝒔 in sand is identical to the 
diffusivity variation shown in figure 8 at z = 0. 

 

6. IDENTIFYING AREAS OF STEADY RECHARGE IN CENTRAL VALLEY, 
CALIFORNIA 

 
The screening tool for identifying areas of steady recharge is demonstrated for the 

Central Valley in California, USA. This example demonstrates how areas of steady 

recharge can be identified if the available data are limited to maps of soil type and depth 

to groundwater, and estimates of the period and mean value of infiltration. This simple 
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screening approach does not require the extensive data necessary for complex models of 

the interactions of atmospheric, land surface, and groundwater flow processes. This 

example is not intended to represent the variations of infiltration and recharge that result 

naturally or from conjunctive use in the groundwater flow model of the Central Valley by 

Faunt et al. (2010) and Hanson et al. (2012), but to demonstrate the use of the screening 

tool for a well-characterized system. Because the analytical model is conservative in 

defining areas of constant recharge, the screening tool can be applied with some 

confidence to eliminate sub regions within a model from consideration of time-varying 

recharge. Data- and computationally-intensive modeling approaches can then be limited 

to the remaining areas in the domain.  

The damping factor maps are created by calculating the damping factor from the 

analytical model for each 1.6 km-by-1.6 km cell for which the appropriate data are 

available. The extent of the spatial grid and colored area of the maps coincide with the 

soil texture map of Faunt (2010) and the domain of simulated groundwater flow in the 

three dimensional groundwater flow model by Faunt et al. (2009). Depths to the water 

table are obtained from a grid of simulated water table depths during the year 1961 by the 

groundwater flow model (Faunt et al., 2009). In study areas that do not have these grids 

available, continuous maps of soil type and contour maps of water table depths can be 

interpolated and used similarly. 

The surface flux boundary has mean 𝑞𝑞𝑠𝑠 and variation 𝑞𝑞𝑝𝑝 both equal to 1.0E-3 m/d 

and periods of 30-, 90-, and 365-d. The 30-d period might represent an irrigation pattern, 

and the 90- and 365-d periods might represent seasonal and annual cycles in precipitation 
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and runoff. While the long-term average recharge rates vary spatially in Central Valley 

(Faunt et al., 2010), this example uses the same flux boundary in each cell to demonstrate 

how areas of steady or transient recharge can change for different periods. In a real 

application of the screening tool, spatially variable estimates of the mean infiltration 

could be used. Differences in the distribution of steady recharge in the model by Faunt et 

al. (2009) and the distribution predicted by the screening tool are likely due to different 

fluxes in the model and the manner in which the flux controls the damping (Fig. 4) and 

damping depth (Fig. 5). 

Three maps of the damping factor in Central Valley (Fig. 9) indicate the amount 

of a surface flux variation that is preserved at the depth of the water table for the three 

investigated periods. On the maps, areas in blue indicate that the damping factor is low 

and that most of the surface flux variation is damped in the vadose zone—this means that 

recharge could be considered to be steady at the depth of the water table. Areas in red 

show where the damping factor is high, meaning that a small amount of the surface flux 

variation is damped in the vadose zone and that the recharge should be considered to be 

transient. Intermediate amounts of damping are indicated by areas in orange, yellow, and 

green. 
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Figure 9 Maps of the damping factor at the water table in Central Valley, California, United States 
computed by the analytical model. The damping factor is the fraction of the surface flux variation 
that is preserved at any depth. The white lines indicate that the damping factor is equal to 0.05 and 
separate areas where recharge is either steady or transient. The periods of the flux variation are 30 
days (left map), 90 days (middle map), and 365 days (right map) and the mean flux 𝒒𝒒𝒔𝒔 and flux 
variation 𝒒𝒒𝒑𝒑 are both equal to 0.5E-3 m/d in all cases. Blue areas indicate that nearly all of the flux 
variation is damped at the water table and that recharge is steady. Red areas indicate that most of 
the variation is preserved at the water table and that recharge is transient. Green, yellow, and orange 
areas indicate that some of the variation is preserved, and that recharge is transient, but the 
amplitude of the recharge variations is damped. The flux amplitudes are more damped (blue areas) 
for the shorter 30-day period and along the basin margins where the water table is deep. The flux 
amplitudes are preserved (red areas) as the period becomes longer and within the center of basin 
where the water table is more shallow. 

 

The damping factor is smaller along the margins of the aquifer where the 

unsaturated zone is thick and the water table depths are deepest—up to 150 meters in the 

southern part of Central Valley (Faunt, 2009). Large damping factors along the northwest 

axis coincide with shallow water tables (Faunt et al., 2009), where flux variations are 
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barely damped by the thin unsaturated zone. The damping factor from the 30-d period is 

less than 0.1 in most of the domain, indicating that most variations damp in the 

unsaturated zone, and that recharge at this period damps out (blue areas) in most of 

Central Valley. As the period increases to 90 d, the damping factor increases to up to 0.8 

along the northwest axis through the center of Central Valley indicating that variations at 

this period results in transient recharge. The damping factor for the 365-d period is 

between 0.9 and 1.0 along most of the northwest axis, indicating that nearly all of the 

variations at the surface are preserved at the depth of the water table and recharge is 

transient. Despite the deep water table in the southern part of the valley, the damping 

factor for the 365-d period is greater than 0.5 (more variation is preserved) in several 

isolated areas because of coarser soils that preserve more infiltration variation.   

The damping factor in Central Valley is likely to be accurate in areas of finer soils 

and for shorter periods when 𝑞𝑞𝑠𝑠 and 𝑞𝑞𝑝𝑝 are both equal to 1.0E-3 m/d. The soils in Central 

Valley grade texturally between clay and sand and are generally finer in the northern half 

of the domain (Faunt et al., 2010). The evaluation of the damping depth accuracy for 

these two soils provides insight into whether the mapped damping fractions in Central 

Valley are within our threshold for accuracy. Fig. 7 indicates that at our values of 𝑞𝑞𝑠𝑠 and 

𝑞𝑞𝑝𝑝, the damping depth is accurate for the 30-d period for both clay and sand. For periods 

of 90 and 365 d, the damping depths are accurate for clay. In sand, 𝑑𝑑 𝑑𝑑𝑛𝑛𝑛𝑛𝑛𝑛⁄  for the 90-d 

period is slightly greater than the limit of 2, and greater than 5 for the 365-d period, 

which means that the analytical solution is underestimating the amount of damping for 

these periods. Thus, some areas indicated by green or orange could be treated as having 
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steady state recharge. The damping factor for all three periods is likely to be accurate in 

many parts of the northern half of Central Valley because of its finer textured soils. In the 

southern half, the damping factor for the 30-d and 90-d periods may be accurate, but the 

results for the 365-d period may benefit from additional screening using a numerical 

solution.  

The screening tool indicates that the shorter infiltration periods, and the fluxes in 

this example, recharge can be simplified as steady across much of the Central Valley. The 

30-d and 90-d periods become steady across approximately 80 and 60 percent of the 

model, respectively. Both shorter periods are likely to result in transient recharge in the 

center of the system where conjunctive water use is important for groundwater 

simulations (Hanson et al., 2012). This conservative estimate of the area indicates that 

recharge from short infiltration periods may be averaged through time and simplified as a 

mean recharge rate in these areas of a groundwater model. This simplification may allow 

for the use of longer model time steps or fewer interactions of atmospheric, land-surface, 

and groundwater-flow processes in the model. The 365-d period becomes steady in 

approximately 10 percent of the model area, indicating that while some modeling 

resources can be saved, complex modeling methods may be necessary to characterize the 

transient recharge from this longer component. However, a groundwater model is likely 

to require less computational effort to represent this slowly-varying recharge component 

than more rapid fluctuations. 

The screening tool may also indicate where fewer data are needed to develop and 

calibrate a groundwater model.  Efforts for inferring infiltration components that vary at 
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30-d periods may involve hydrometeorological measurements at daily and weekly 

intervals in order to characterize its variability. Infiltration components that vary at 90-d 

intervals may be inferred from measurements at longer monthly intervals. Both of these 

infiltration components are damped along the basin margin, which suggests that data 

collection, as well as modeling of land-atmosphere interactions, along the basin margin at 

daily, weekly, and monthly intervals, may not be useful for inferring time varying 

recharge. However, recharge from the 30-, 90-, and 365-d infiltration components are 

transient along the central axis of the system, suggesting that data intensive, and perhaps 

computationally intensive, approaches to inferring recharge may be necessary to 

characterize time-varying recharge at these periods. The map of the damping factor for 

the 365-d period indicates that infiltration variations at this longer period results in 

transient recharge across much of Central Valley. The preservation of longer periods 

across most of the domain indicates that data collection or data-intensive modeling efforts 

at monthly intervals may be necessary to characterize time-varying recharge cycles at the 

365-d and longer interannual to interdecadal periods related to climate variability (e.g. 

Hanson et al., 2004, 2006; Dickinson et al., 2004). 

7. CONCLUSIONS 
 
 This paper presents a screening tool for identifying areas of steady recharge 

within watershed scale models. The screening tool is based on the analytical solution by 

Bakker and Nieber (2009) which describes the time-varying flux through a homogeneous 

unsaturated zone in response to sinusoidal infiltration. Variations in flux and water 

content damp with depth, leading to effectively steady fluxes below some depth. The 
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damping factor is the ratio between the amplitude of the flux variation at a specific depth 

and the amplitude of the flux variation at the land surface. The damping factor is equal to 

one at the land surface and decreases exponentially with depth. The damping depth is 

defined here as the depth at which the damping ratio is equal to 0.05, below which we 

consider the flux to be effectively steady. We consider recharge to be approximately 

steady if the water table is below this damping depth. The damping factor at any depth, as 

well as the damping depth, increases as the mean and the period of the sinusoidal 

infiltration increase. Both the damping factor and depth are larger in sand than in clay 

when the same period and mean flux is applied. 

The analytical solution by Bakker and Nieber (2009) is based on a constant 

hydraulic diffusivity through time. We evaluate the limits of this approximation by 

comparing the damping depth from the analytical model to that of a numerical model that 

allows diffusivity to vary in time. The damping depths are compared in clay and sand 

examples where the mean flux 𝑞𝑞𝑠𝑠 and variation 𝑞𝑞𝑝𝑝 range from 0.1E-3 m/d to 1E-3 m/d 

and the period of the variation ranges from 1 to 365 d. As expected, the damping depth 

obtained from the analytical model is most accurate when the diffusivity in the numerical 

model is least variable. The diffusivity variability decreases when the mean, amplitude, 

and period of the sinusoidal surface flux boundary are reduced. The analytical solution 

over predicts the damping depth in all cases, making it a conservative indicator of regions 

experiencing steady recharge.  We consider the analytical solution to be an acceptable 

estimator of the damping depth if it overestimates the damping depth by less than a factor 

of 2. Using this criterion, the analytical solution is acceptable in clay for all cases and 
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acceptable in sand for nearly all cases when 𝑞𝑞𝑝𝑝 was small (equal to 0.1E-3 m/d) and 𝑞𝑞𝑝𝑝 = 

1E-3 m/d.  

 Nomograms of the damping factor and the damping depth are presented as a 

screening tool for identifying if the sinusoidal flux variation effectively damps to zero at 

the depth of the water table. The damping factor nomogram (Fig. 4) identifies the amount 

of damping between the depths of 0 m and 10 m. The damping depth nomogram (Fig. 5) 

provides the depth at which a flux variation damps below 5%. In the damping factor 

nomogram, the flux varies at 30-, 90-, and 365-d periods and the mean ranges from 0 to 

1E-3 m/d. In the damping depth nomogram, the period of the flux variations ranges from 

1 to 365 d and the mean ranges from 0 to 1E-3 m/d. The damping for a real system can be 

estimated by identifying the damping factor for a period and mean flux between these 

ranges. If the damping factor at the depth of the water table is less than 0.05, or if the 

damping depth is above the depth of the water table, then recharge is effectively steady. 

 An application of the screening tool to Central Valley, California, is used to 

demonstrate how to apply the tool for a well-characterized system with extensive soil 

texture and water table data. Such an application can be used to identify where a 

groundwater model can be simplified, potentially leading to more efficient computation 

time and data collection. The screening tool identified areas of steady recharge, where 

periodic infiltration at the land surface is effectively damped to zero at the depth of the 

water table. The infiltration varies at periods of 30-, 90-, and 365-d, and maps of the 

damping factor for each period indicate the amount of damping of the flux variation at 

the depth of the water table (Fig. 9). Most of the variation at the 30-d period is damped 
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throughout the domain, suggesting that the recharge from this infiltration pattern is 

generally steady. The maps of damping factor from the 90- and 365-d periods indicate 

that recharge is mostly transient in areas of shallow water tables and coarse soils and 

steady where the water table is deep along the margins. The extent of the areas where 

recharge is interpreted to be steady is likely smaller than the areas that may be 

determined by a numerical model with coupled surface and subsurface processes (Faunt 

et al, 2009). Consequently, recharge from the three periodic infiltration components 

might be steady over a larger portion of the domain. The results from the screening tool 

suggest that data are not needed to characterize the shorter periods, but may be necessary 

to quantity the longer periods of infiltration variations. For example, observations of 

short-term changes in soil moisture may not be necessary in many areas because the 

recharge may vary at longer time frames.  

The screening tool indicates where a groundwater model can be simplified by 

treating recharge as steady.  This can reduce computation effort and may indicate that 

fewer data are needed to characterize recharge in some areas. Hydrometeorological 

measurements at short intervals may not be needed to characterize infiltration variations 

that damp to a steady flux at the water table. Groundwater models may be simulated 

using longer time steps if rapid flux changes are damped in areas of the model of interest. 

For assessments of time-varying recharge, the complex interactions between atmospheric, 

land-surface, and groundwater flow processes may not be necessary if their effects on 

fluxes in the vadose zone, and on recharge, are sufficiently damped. These 

simplifications can reduce the time and cost of data collection, model development and 



 

66 
 

computation time. Further investigations will examine the influence of multiple 

interacting time-varying infiltration patterns and the impacts of layered heterogeneities on 

the screening accuracy. 

8. APPENDIX A-1. 
 
 A MATLAB® computer program DAMP creates two dimensional nomograms of 

the damping factor by using the analytical model by Bakker and Nieber (2009). The 

nomograms indicate the amount of damping at a single depth or between a range of 

depths in any user-specified soil and configuration of the period and mean of the 

sinusoidal flux boundary. The purpose of this program is to create nomograms for any 

combination of these inputs that can be applied to real systems in order to identify areas 

where recharge is steady. This appendix provides a brief overview of how to use the 

program. 

 DAMP is executed by running the MATLAB® .m file named DAMP.m within 

the MATLAB® environment. DAMP requires the MATLAB® software which is 

available at www.matlab.com. The program was written and tested using version 

R2012a, and it may run on previous and future versions of MATLAB®. No compilation 

or installation of DAMP is necessary. The script can be downloaded at 

http://az.water.usgs.gov/software/damp.html. 

8.1. USER INTERFACE 
 

http://www.matlab.com/
http://az.water.usgs.gov/software/damp.html
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 The user interface contains menus of options for computing the nomograms. The 

“main menu” is displayed upon executing the program. The main menu contains the 

following list of options:  

1. Select and Define Soils 

2. Define Infiltration Period 

3. Define Infiltration Flux 

4. Define Water Table Depth 

5. Calculate and Display Results 

Other. Exit Program 

8.2. SELECT AND DEFINE SOILS 
 

Selecting option 1 will display a table that shows a list of soil types and 

parameters that are preloaded in the program. The soils are preloaded from an external 

ASCII file named SoilsTable.txt containing tab-delimited soil names and parameter 

values. The units of the parameters of the default list of soils are meters and days. A list 

of options for modifying the soil list is displayed below the soil table. The list can be 

modified within the program by using the menu to add or remove soils, rename the soils, 

and change the values of the soil parameters of any preloaded or new soil. The soil list 

can also be edited directly in the ASCII file before executing the program. 

Nomograms are generated for only the soils listed on the table that are active. 

Soils are activated and deactivated by selecting the option “1. Activate/Deactivate Soils,” 

which displays a list of the active and inactive soils. Soils are activated and deactivated 

by entering the number of the soil in the list. 
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8.3. DEFINE INFILTRATION PERIOD 
 

Selecting option 2 will prompt the minimum and maximum periods that define the 

range of periods included on the nomograms. Default values of 1 d for the minimum and 

10 d for the maximum will be assigned if blank values are entered. The nomogram will 

compute the damping depth at 11 periods at equal increments defined by the minimum 

and maximum periods. 

8.4. DEFINE INFILTRATION FLUX 
 

Selecting option 3 will prompt the minimum and maximum mean infiltration 

values that define the range of infiltration means included on the nomograms. Default 

values of 0.1E-3 m/d for the minimum and 1E-3 m/d for the maximum will be assigned if 

blank values are entered. The nomogram will compute the damping depth at 11 mean 

flux values at equal increments defined by the minimum and maximum mean fluxes. 

8.5. DEFINE WATER TABLE DEPTH 
 

Selecting option 4 will prompt the minimum and maximum depth values that 

define the range of depths included on the nomograms. Default values of 1 m for the 

minimum and 10 m for the maximum will be assigned if blank values are entered. The 

nomogram will compute the damping depth at 11 depths at equal increments defined by 

the minimum and maximum mean fluxes. 

8.6. CALCULATE AND DISPLAY RESULTS 
 
 Selecting option 4 will prompt the value (period, flux, and depth) of the axes in 

the nomograms. The damping factor nomogram (Fig. 4) can be replicated by selecting 
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flux for the x axis and depth for the y axis. The value that is not displayed on an axis is 

fixed to the midpoint of its range. For example, if period is not displayed, the midpoint 

value is 183 d for the default with minimum and maximum values of 1 d and 365 d, 

respectively. 

The nomograms are displayed as are color-filled plots of the damping factor for a 

specific soil, and are automatically saved as .jpg files in the working directory that 

contains the DAMP.m file. A nomogram is displayed for each active soil. The 

nomograms can be displayed with different values along the axes by entering “1”—the 

nomograms will not be recalculated if this option is selected, which saves computation 

time. 
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APPENDIX B. FILTERING OF CYCLICAL INFILTRATION FORCINGS IN A 
LAYERED VADOSE ZONE 

ABSTRACT 

 
Infiltration and downward percolation of water in the vadose zone are important 

processes that may define the availability of water resources in many areas around the 

world, but estimates of these fluxes are often very uncertain. Climate projections call for 

changes in both the timing and magnitude of rainfall, which increases the importance of 

understanding how the vadose zone filters these infiltration time series to better predict 

the impacts of climate change on groundwater resources. In this paper, we present a 

simplified analytical approach that provides insight into how cyclical infiltration forcings 

at land surface are filtered in a layered vadose zone in terms of changes in the timing and 

magnitude of hydrologic responses. Our approach may be an alternative to simulating 

vadose zone flow using computationally-expensive numerical models that solve the 

Richards equation in investigations of the possible impact of climatic forcings. To 

represent geologically-realistic systems, we use superposition of one-dimensional 

analytical solutions for sinusoidal infiltration where each solution represents a single soil 

in a layered profile. The analytical solution is based on a linearized Richards equation 

and assumes that the effects of continuous pressure head changes on flow that occur at 

soil interfaces are negligible. We evaluate the limit of these approximations by 

comparison of results from the numerical model HYDRUS-1D, which uses the full 

Richards equation. We compare (1) the depth at which flux variations become steady, 

and (2) the travel time of wetting fronts to reach a depth of 3 m. Our solution is 
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reasonably accurate (error less than a factor of 2) for infiltration cycles with periods from 

30 days to 365 days, and for fluxes common in arid and semiarid environments (0 mm/d 

to 2 mm/d). We provide an example of the filtering properties of the vadose zone in 

Central Valley, California by using either layered soils or only the soil texture near the 

land surface. We identify areas where surface forcings are essentially damped and 

recharge can be approximated as steady, and found that estimates using only surface soils 

can underestimate the total area with steady recharge by about 25 %. 

1. INTRODUCTION 
 

Infiltration and downward percolation of water in the vadose zone are important 

processes that define water resources in many areas of the world. Flow in the vadose zone 

can vary spatially and temporally because of the complex exchange of water and energy 

between the land surface and atmosphere (Liang et al., 1994; Famiglietti and Wood, 

1994; Ferguson and Maxwell, 2010]. Episodic and periodic flux forcings at the land 

surface can produce time-varying water content and downward-moving wetting fronts in 

the vadose zone [Kurtzman and Scanlon, 2011; Rimon et al., 2007; Dickinson et al., 

2014]. The vadose zone filters surface forcings, leading to water content and flux 

responses that are time-lagged and damped with increasing depth. Surface forcings that 

reach the water table can lead to temporal variations in recharge, ultimately affecting the 

availability of groundwater resources. Climate projections call for changes in both the 

magnitude and timing of surface forcings, and predictions of the effects of climate change 

on groundwater resources requires an understanding of how the vadose zone filters 

infiltration forcings. 
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Vadose zone flow and recharge to aquifers are some of the most poorly-defined 

fluxes in hydrologic models at local and regional scales [Lerner, 1990; Scanlon 2002; 

Healy, 2010]. These processes can be uncertain because of nonlinear relations between 

flow and hydraulic properties of soils, which are inherently heterogeneous [Yeh and 

Harvey, 1990; Warrick and Nielson, 1980]. In addition to the inevitable impacts of soil 

heterogeneity on vadose flux patterns and uncertainty, there can be additional 

complexities and uncertainties of flow because pressure head gradients and water 

contents can change abruptly at boundaries between soils under variably saturated 

conditions [Zaslavsky, 1964; Yeh, 1989]. 

Current numerical approaches for assessing the impact of climatic variability on 

water resources at the watershed (10s to 100s of km2) and continental scales (millions of 

km2) can represent vadose-zone responses to hydroclimatic surface forcings based on 

atmospheric observations. Examples of models of physically-based integrated surface and 

subsurface processes include SWAT/MODFLOW [Sophocleous and Perkins, 2000], 

Mike-SHE [Graham and Butts, 2005], HydroGeoSphere [Therrien et al., 2006], Parflow 

[Maxwell and Miller, 2005; Kollet and Maxwell, 2006], GSFLOW [Markstrom et al, 

2015], and CATHY [Niu et al., 2013]. However, efforts to represent all heterogeneities, 

nonlinear soil-water relations among heterogeneous soils, and hydroclimatic forcings in 

numerical models can be computationally expensive [Kollett et al., 2010], and require 

large datasets to identify model parameters. Kinematic wave approximations of the 

Richards equation [Smith, 1983; Niswonger et al., 2006; Morway et al., 2012] simplify 

soil-water relations to resolve vadose zone flow that results from surfacing forcing more 
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efficiently. Other approaches use conceptual hydrologic models that can fit observations 

[Liang et al., 1994, Markstrom, 2015], but by simplifying physical processes, can be 

limited for investigating the role of the vadose zone for transmitting or damping 

atmospheric forcings.  

An alternative approach for estimating the impacts of surfacing forcings on 

vadose zone flow is the use of analytical solutions to the Richards equation. Analytical 

solutions can be advantageous because predictions can be made without requiring 

solution for all preceding times, large datasets are not necessary for model parameter 

identification, and an exact solution is obtained without long computational time 

[Haitjema, 1995]. Analytical solutions, however, might not resolve key flow dynamics 

and processes because of the simplified representation of soil-water properties through 

linearization of the Richards equation [Phillip, 1968; Pullen, 1990] and boundary forcings 

may be restricted to few functional forms. For example, solutions are available for steady 

flow in homogeneous [Phillip, 1968; Raats, 1970] and heterogeneous soils [Warrick and 

Yeh, 1990; Yeh et al., 1985; Yeh, 1989; Rockhold et al., 1997; Warrick and Knight, 

2003]. Solutions for transient flow are mainly available for homogeneous soil [Warrick, 

1975; Lomen and Warrick, 1978] and for heterogeneous soil, boundary forcings may 

vary as a step change [Srivastava and Yeh, 1991]. Heterogeneity and boundary conditions 

can also be represented stochastically [Lu et al., 2007]. Despite these limitations, 

analytical solutions that adequately match system boundaries and processes can provide 

understanding into predictions of interest, which may be difficult to obtain with more 

computationally-expensive numerical approaches.  
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We present an analytical solution for quantifying how cyclical surface forcings 

are filtered in a heterogeneous vadose zone and how these forcings affect groundwater 

recharge. We propose that infiltration and percolation in the vadose zone are 

predominantly vertical and can be represented by the sum of a steady, long-term 

component and a variable, sinusoidal component [Dickinson et al, 2004; Dickinson et al., 

2014]. Our solution is an extension of the analytical model for sinusoidal infiltration in 

homogeneous soils presented by Bakker and Nieber [2009]. Our solution can be used to 

estimate how flux variability due to cyclical forcing, such as seasonal or climatic 

variability, is filtered in terms of lag time and damping. For example, the solution can be 

used to test if a surface forcing results in flux variability at the depth of the water table. In 

that case, recharge would be considered to be transient. But, if the surface forcing is 

effectively damped above the depth of the water table, recharge may be considered to be 

steady [Dickinson, et al., 2014]. The solution also estimates the lag time between a 

forcing and flux response at any depth, which can be used to identify if time lags are 

needed between surface forcing and recharge events in models [e.g. Niswonger et al., 

2006; Markstrom et al., 2015], or if recharge variations can be approximated to be 

synchronous with surface forcings [e.g. Prudic et al., 1989, 2004; Hughes, 2015]. For 

field scale applications, where flow is assumed to be mainly vertical, the solution can be 

used to evaluate if changes in pressure head and water content at layer boundaries affect 

the filtering of infiltration pulses. For regional applications, the solution can be used to 

predict how climatic forcings are filtered through layered soils and may affect water 

storage through time in aquifers. 
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Surface forcings are represented in the solution by a sinusoidally-varying flux at 

the surface, and variably-saturated flow is represented by the linearized Richards 

equation [Phillip, 1968; Pullen, 1990]. We represent the surface forcing as a specified 

flux below the depth of the root zone. However, the flux can be specified as upward to 

represent water uptake by evapotranspiration processes, and solutions may be 

superimposed to approximate multiple cyclical forcings [Bakker and Nieber, 2009].  

To represent layered heterogeneity in a vertical flow solution, we propose that 

one-dimensional, cyclical flow in a layered vadose zone can be represented with 

reasonable accuracy using multiple, superimposed analytical solutions for each layer. 

That is, each soil layer is represented by a single analytical solution. To linearize the 

Richards equation, Bakker and Nieber [2009] approximated soil diffusivity as a constant 

within each soil layer. A consequence of the linearization is that the average pressure 

head and diffusivity are approximated to be constant through time and at all depths within 

a layer. However, pressure heads and diffusivity vary nonlinearly and can change with 

depth at boundaries between soils [Zavalasky, 1964; Bear, 1972], and can vary through 

time in response to transient fluxes. We identify the flux and soil conditions under which 

the effects of the linearization on the lag time and damping of flux variations are 

acceptable. 

This paper is organized as follows. We first summarize the analytical model and 

the superposition of solutions for the filtering of cyclical surface forcings in layered soils. 

We illustrate how vertical fluxes from superimposed solutions can vary in response to 

cyclical infiltration within a two-layer system composed of fine and coarse soils. Then, 



 

85 
 

we describe how pressure heads and transitions of soil properties at layer boundaries can 

affect the damping and identify the conditions where the analytical approach may be 

acceptably accurate. We compare results of the analytical model to those of a numerical 

model that allows for variable diffusivity within each layer and at the transition between 

layers.  

We then provide nomograms for predicting the filtering properties of the vadose 

zone for those conditions where the analytical approach is acceptable. The nomograms 

show how soil texture, mean infiltration flux, and period of infiltration flux variation 

affect the damping at different depths (the damping factor). We also provide nomograms 

of the depth where the flux variability is effectively damped (the damping depth). The 

damping factor and damping depth nomograms can be used to determine if a surface 

forcing of any period and mean flux, and any water table depth, may result in transient or 

steady recharge. We show nomograms of the lag time between a surface forcing and the 

arrival of a resulting wetting front between depths of 0 to 10 m. The lag time nomogram 

can be used to estimate if surface forcings and recharge pulses are effectively 

synchronous, or if a lag time may be needed to accurately represent recharge timing in 

groundwater models.  

Finally, we apply the analytical solution to identify areas of steady recharge in the 

regional aquifer system of Central Valley, California. In this application, we demonstrate 

that soil heterogeneity affects the filtering by comparing of areas of steady recharge 

determined from a homogeneous or heterogeneous representation of soils in the vadose 

zone. In the appendix, we describe freely-available software for generating nomograms 
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of the damping factor, damping depth, and lag time at any depth for any combination of 

layered soils and sinusoidal infiltration. 

2. ANALYTICAL SOLUTION 
 

2.1. FLOW IN LAYERED SOILS 
 

Consider vertical flow in the vadose zone where the z axis is downward positive. 

Flow is governed by the 1D Richards equation, which can be written as 

 𝐶𝐶 𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

= 𝜕𝜕
𝜕𝜕𝜕𝜕
�𝐾𝐾 𝜕𝜕𝜕𝜕

𝜕𝜕𝜕𝜕
� − 𝜕𝜕𝜕𝜕

𝜕𝜕𝜕𝜕
 [12] 

where 𝜃𝜃 (dimensionless) is the water content, 𝜓𝜓 [L] is pressure head, 𝐾𝐾(𝜓𝜓) [LT-1] is the 

hydraulic conductivity, 𝑡𝑡 [T] is time, and 𝑧𝑧 [L] is depth. The water capacity 𝐶𝐶 [L-1] is 

defined as  

 𝐶𝐶 = 𝜕𝜕𝜃𝜃 𝜕𝜕𝜓𝜓⁄ .  [13] 

The relation between hydraulic conductivity and pressure head can be approximated by 

the Gardner model [Gardner, 1958]: 

 𝐾𝐾 = 𝐾𝐾𝑠𝑠exp[𝛼𝛼(𝜓𝜓 − 𝜓𝜓𝑒𝑒)]        𝜓𝜓 < 𝜓𝜓𝑒𝑒 [14] 

where 𝐾𝐾𝑠𝑠 [LT-1] is the hydraulic conductivity at saturation, 𝛼𝛼 [L-1] is a fitting parameter 

based on the pore-size distribution, and 𝜓𝜓𝑒𝑒 [L] is the air-entry pressure head. The 

Kirchhoff potential 𝐻𝐻 [L2T-1] for the Gardner model is [Phillip, 1968; Bakker and 

Nieber, 2009] 

 𝐻𝐻 = ∫ 𝐾𝐾(𝑠𝑠)𝑑𝑑𝑠𝑠𝜕𝜕
−∞ = 𝐾𝐾 𝛼𝛼⁄         𝜓𝜓 < 𝜓𝜓𝑒𝑒 [15] 
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The relation between water content and pressure head is approximated by the Gardner-

Kozney model [Mathias and Butler, 2006]: 

 𝜃𝜃 = 𝑛𝑛0 exp[𝜇𝜇(𝜓𝜓 − 𝜓𝜓𝑒𝑒)]        𝜓𝜓 < 𝜓𝜓𝑒𝑒 [16] 

where 𝑛𝑛0 is the porosity, and 𝜇𝜇 [L-1] is a fitting parameter.  

At steady flux 𝑞𝑞𝑠𝑠 [LT-1], pressure head varies with depth 𝑧𝑧 as [Bear, 1972; Yeh, 1989; 

Lu and Griffiths, 2004): 

 𝜓𝜓 = 1
𝛼𝛼

ln �exp[𝛼𝛼(𝑧𝑧 − 𝑧𝑧𝑏𝑏𝑏𝑏𝜕𝜕 + 𝜓𝜓𝑏𝑏𝑏𝑏𝜕𝜕 − 𝜓𝜓𝑒𝑒)] − 𝜕𝜕
𝜕𝜕𝑠𝑠

exp[𝛼𝛼(𝑧𝑧 − 𝑧𝑧𝑏𝑏𝑏𝑏𝜕𝜕)] + K
𝜕𝜕𝑠𝑠
� +

𝜓𝜓𝑒𝑒 [17] 

in which 𝜓𝜓𝑏𝑏𝑏𝑏𝜕𝜕 [L] is the specified pressure head at 𝑧𝑧𝑏𝑏𝑏𝑏𝜕𝜕 [L], the depth of a layer bottom 

(fig. 1), and 𝐾𝐾 = 𝑞𝑞𝑠𝑠. Above 𝑧𝑧𝑏𝑏𝑏𝑏𝜕𝜕, the pressure head transitions to 𝜓𝜓𝑠𝑠 [L], which is 

uniform with depth:  

 𝜓𝜓𝑠𝑠 = 1
𝛼𝛼

ln �𝜕𝜕
𝜕𝜕𝑠𝑠
� + 𝜓𝜓𝑒𝑒   [18] 

The thickness 𝑧𝑧𝑇𝑇 [L] of the transition (fig 1.) can be approximated by: 

 𝑧𝑧𝑇𝑇 = 𝑧𝑧𝑏𝑏𝑏𝑏𝜕𝜕 −
1
𝛼𝛼

ln �
exp{𝛼𝛼[𝜕𝜕𝑠𝑠(1−𝑟𝑟)+𝑟𝑟𝜕𝜕𝑏𝑏𝑏𝑏𝑏𝑏−𝜕𝜕𝑒𝑒]}−𝑞𝑞𝑠𝑠𝐾𝐾𝑠𝑠

exp[𝛼𝛼(−𝜕𝜕𝑏𝑏𝑏𝑏𝑏𝑏+𝜕𝜕𝑏𝑏𝑏𝑏𝑏𝑏−𝜕𝜕𝑒𝑒)]−𝑞𝑞𝑠𝑠𝐾𝐾𝑠𝑠
exp(−𝛼𝛼𝜕𝜕𝑏𝑏𝑏𝑏𝑏𝑏)

� [19] 

where 𝑟𝑟 [unitless] is the ratio 

 𝑟𝑟 =  𝜕𝜕𝑧𝑧−𝜕𝜕𝑠𝑠
𝜕𝜕𝑏𝑏𝑏𝑏𝑏𝑏−𝜕𝜕𝑠𝑠

        0 < 𝑟𝑟 ≤ 1    [20] 

If 𝑟𝑟 = 0.01, only 1% of the transition remains at distance 𝑧𝑧𝑇𝑇 above the layer bottom 𝑧𝑧𝑏𝑏𝑏𝑏𝜕𝜕, 

and 𝜓𝜓 is reasonably equivalent to the uniform pressure head 𝜓𝜓𝑠𝑠 (fig. 1). If the thickness 
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of the soil layer is less than 𝑧𝑧𝑇𝑇, then the transition to 𝜓𝜓𝑠𝑠 is truncated and 𝜓𝜓 at depth 𝑧𝑧 at 

the top of the soil layer can found using eq. 6. 

 
Figure 1 Example of the transition of pressure head 𝝍𝝍 with depth z in layered silty clay and sandy 
loam soils using the Gardner soil parameters in table 1. The pressure head transitions over thickness 
zT from 𝝍𝝍𝒃𝒃𝒃𝒃𝒃𝒃 at the depth zbot of the layer bottom to a steady 𝝍𝝍𝒔𝒔 in each layer. In this example, qs = K 
= 1E-4 m/d and zT = 0.84 m in the silty clay and zT = 0.41 m in the sandy loam. 
 

The pressure head transitions in a continuous manner within layered soils such that the 

pressure heads are equivalent at layer boundaries [Zavalasky, 1964; Bear, 1972; Yeh, 

1989]. To determine 𝜓𝜓 in layered soils, Eq. 6 is first applied to the lowest layer and 𝜓𝜓𝑏𝑏𝑏𝑏𝜕𝜕 

can be equal to 0 to represent the water table, or specified as the uniform 𝜓𝜓𝑠𝑠 (eq. 7) to 

represent steady flow at depth. The pressure head in overlying layers is determined by 

applying eq. 6 recursively using 𝜓𝜓 at the top of an underlying layer as 𝜓𝜓𝑏𝑏𝑏𝑏𝜕𝜕 for the 

overlying layer. Our superposition approach omits the continuous transition between 

layers and pressure head is approximated as the uniform 𝜓𝜓𝑠𝑠 in each layer. We evaluate if 

this approximation is reasonable by comparing the filtering results to those of a numerical 

model that simulates 𝜓𝜓 transitions within layers, including the effects of layer boundaries. 
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2.2. CYCLICAL FLOW IN LAYERED SOILS 
 
We use superposition of solutions for vertical, sinusoidal flux in homogeneous soil by 

Bakker and Nieber [2009] to represent layering in series. We summarize their solution to 

review all pertinent approximations and describe the extension to layered soils.  

Bakker and Nieber [2009] presented a periodic solution for vertical flux 𝑞𝑞𝜕𝜕 [LT-1] that 

superimposes a steady component 𝑞𝑞𝑠𝑠 [LT-1] and a sinusoidal component with amplitude 

𝑞𝑞𝑝𝑝 [LT-1]: 

 𝑞𝑞(𝑧𝑧 = 0, 𝑡𝑡) = 𝑞𝑞𝑠𝑠 + 𝑞𝑞𝑝𝑝 sin(𝜔𝜔𝑡𝑡) [21] 

where, 𝜔𝜔 = 2𝜋𝜋 𝑃𝑃⁄  [radians per cycle] is the angular frequency of the variation, and 𝑃𝑃 [T] 

is the period of the variation. The flux 𝑞𝑞(𝑧𝑧 = ∞, 𝑡𝑡) at infinite depth is equal to 𝑞𝑞𝑠𝑠.  

The flux can also be written with a sinusoidal component which is damped and shifted in 

phase 

 𝑞𝑞 = 𝑞𝑞𝑠𝑠 + 𝑞𝑞𝑝𝑝 𝛿𝛿 sin(𝜑𝜑 + 𝜔𝜔𝑡𝑡) [22] 

where 𝛿𝛿 [-] is the damping factor and 𝜑𝜑 [radians] is the phase shift. Bakker and Nieber 

[2009] showed that the damping factor reduces the amplitude of the sinusoidal 

component with increasing depth and is the ratio of flux variability at any depth in the 

vadose zone to the variability of infiltration at 𝑧𝑧 = 0. The phase shift is the lag time of 

the sinusoidal component relative to an initial time. Bakker and Nieber [2009] provide 

solutions for 𝛿𝛿 and 𝜑𝜑 in terms of a complex constant: 

 𝑎𝑎 = 1
2
− 1

2
�1 + 4𝑖𝑖𝑖𝑖

𝐷𝐷𝛼𝛼2
�
1 2⁄

 [23] 
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where 𝐷𝐷 is the diffusivity [L2T-1]. To linearize the Richards equation, 𝐷𝐷 is approximated 

as a constant [Bakker and Nieber, 2009]: 

 𝐷𝐷 = 𝜕𝜕
𝐶𝐶

= 𝜕𝜕𝑠𝑠
𝑛𝑛0𝜇𝜇

�𝜕𝜕𝑠𝑠𝑏𝑏
𝑛𝑛0
�
𝛼𝛼 𝜇𝜇⁄ −1

 [24] 

where 𝜃𝜃𝑠𝑠𝜕𝜕 is the water content at steady flow 𝑞𝑞𝑠𝑠: 

 𝜃𝜃𝑠𝑠𝜕𝜕 = 𝑛𝑛0 �
𝑞𝑞𝑠𝑠
𝜕𝜕𝑠𝑠
�
𝜇𝜇 𝛼𝛼⁄

 [25] 

In homogenous soil, the damping factor 𝛿𝛿 at depth 𝑧𝑧 is written using 𝑎𝑎1, the real part of 

𝑎𝑎: 

 𝛿𝛿 = exp(𝑎𝑎1𝛼𝛼𝑧𝑧) [26] 

The phase shift is written using 𝑎𝑎2, the imaginary part of 𝑎𝑎: 

 𝜑𝜑 = 𝑎𝑎2𝛼𝛼𝑧𝑧 [27] 

In heterogeneous soil, the damping and phase lag at depth 𝑧𝑧 within layer 𝑖𝑖 are affected by 

the damping and phase shift which occurs within the overlying layers 𝑗𝑗 =  1 to 𝑗𝑗 = 𝑖𝑖 − 1, 

where layer 𝑗𝑗 = 1 is the top layer (fig 2). The damping within layers 𝑗𝑗 =  1  to 𝑗𝑗 = 𝑖𝑖 − 1 

with thickness 𝑏𝑏𝑗𝑗 can be accumulated into a single term 𝛾𝛾𝑖𝑖: 

  𝛾𝛾𝑖𝑖 = ∑ 𝑎𝑎1𝑗𝑗𝛼𝛼𝑗𝑗𝑏𝑏𝑗𝑗
𝑖𝑖−1
𝑗𝑗=1   [28] 

The accumulated phase shift from overlying layers 𝑗𝑗 =  1 to 𝑗𝑗 = 𝑖𝑖 − 1 is 

 𝜙𝜙𝑖𝑖 = ∑ 𝑎𝑎2𝑗𝑗𝛼𝛼𝑗𝑗𝑏𝑏𝑗𝑗
𝑖𝑖−1
𝑗𝑗=1  [29] 
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Figure 2 Schematic showing the soil layers, parameters, and boundary conditions along a one-
dimensional flow path through the vadose zone represented by the analytical solution. The damping 
and phase shift at depth z in layer i are computed using the accumulation of the damping and phase 
shift over overlying layers 1 to i - 1 and over the depth z – ztop in layer i.  
 

The damping factor 𝛿𝛿 at depth 𝑧𝑧 in layer 𝑖𝑖 can be determined from the accumulated 

damping in the overlying layers and the damping which occurs within layer 𝑖𝑖 from depth 

of the top of layer 𝑖𝑖, 𝑧𝑧𝜕𝜕𝑏𝑏𝑝𝑝𝑖𝑖, to depth 𝑧𝑧:   

 𝛿𝛿 = exp �𝛾𝛾𝑖𝑖 + 𝑎𝑎1𝑖𝑖𝛼𝛼𝑖𝑖 �𝑧𝑧 − 𝑧𝑧𝜕𝜕𝑏𝑏𝑝𝑝𝑖𝑖�� [30] 

The phase shift 𝜙𝜙 within layer 𝑖𝑖 at depth 𝑧𝑧 is determined as 

  𝜑𝜑 = 𝜙𝜙𝑖𝑖 + 𝑎𝑎2𝑖𝑖𝛼𝛼𝑖𝑖 �𝑧𝑧 − 𝑧𝑧𝜕𝜕𝑏𝑏𝑝𝑝𝑖𝑖� [31] 



 

92 
 

If 𝑖𝑖 = 1, 𝛾𝛾𝑖𝑖=1 = 0 and 𝜙𝜙𝑖𝑖=1 = 0 because there is no accumulated damping and lag from 

overlying layers.  

Eqs. 17 and 18 can be substituted into eq. 11 to provide the flux 𝑞𝑞 within layer 𝑖𝑖: 

𝑞𝑞 = 𝑞𝑞𝑠𝑠 + 𝑞𝑞𝑝𝑝 exp �𝛾𝛾𝑖𝑖 + 𝑎𝑎1𝑖𝑖𝛼𝛼𝑖𝑖 �𝑧𝑧 − 𝑧𝑧𝜕𝜕𝑏𝑏𝑝𝑝𝑖𝑖� � sin �𝜙𝜙𝑖𝑖 + 𝑎𝑎2𝑖𝑖𝛼𝛼𝑖𝑖 �𝑧𝑧 − 𝑧𝑧𝜕𝜕𝑏𝑏𝑝𝑝𝑖𝑖� + 𝜔𝜔𝑡𝑡� [32] 

which is the same equation for 𝑞𝑞 by Bakker and Nieber [2009], but also includes the 

accumulation terms 𝛾𝛾𝑖𝑖 and 𝜙𝜙𝑖𝑖 for the overlying layers. 

Eqs. 17 and 18 can also be substituted into the periodic solution for the Kirchhoff 

potential 𝐻𝐻 presented by Bakker and Nieber [2009] in order to account for the 

accumulated damping and lag. In layer 𝑖𝑖, 𝐻𝐻 can be written as 

 𝐻𝐻 = 𝑞𝑞𝑠𝑠
𝛼𝛼𝑖𝑖

+ |𝐴𝐴𝑖𝑖|exp �𝛾𝛾𝑖𝑖 + 𝑎𝑎1𝑖𝑖𝛼𝛼𝑖𝑖 �𝑧𝑧 − 𝑧𝑧𝜕𝜕𝑏𝑏𝑝𝑝𝑖𝑖� � sin �𝜙𝜙𝑖𝑖 + 𝑎𝑎2𝑖𝑖𝛼𝛼𝑖𝑖 �𝑧𝑧 − 𝑧𝑧𝜕𝜕𝑏𝑏𝑝𝑝𝑖𝑖� +

𝜔𝜔𝑡𝑡� [33] 

where 𝐴𝐴𝑖𝑖 is a complex constant determined for layer 𝑖𝑖: 

 𝐴𝐴𝑖𝑖 = 𝑞𝑞𝑝𝑝
𝛼𝛼𝑖𝑖(1−𝑎𝑎𝑖𝑖)

 [34] 

Note that eq. [23] is a correction of an error in eq. [28] presented in Bakker and Nieber 

[2009]. The pressure head 𝜓𝜓 can be determined by using 𝐻𝐻 from eq. [2] in eqs. [4] and 

[7]: 

 𝜓𝜓 = 1
𝛼𝛼𝑖𝑖

ln �𝛼𝛼𝑖𝑖𝐻𝐻
𝜕𝜕𝑠𝑠𝑖𝑖
� + 𝜓𝜓𝑒𝑒   [35] 
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The damping depth 𝑑𝑑 [L] is the depth below which the variability of 𝑞𝑞 is sufficiently 

damped so that the flux can be reasonably approximated to be steady. The damping depth 

can be written in terms of the e-folding depth for the flux variability 𝜆𝜆 [L] presented by 

Bakker and Nieber [2009]. Dickinson et al. [2014] specified 𝑑𝑑 as the depth 𝑧𝑧 where 5% 

of the flux amplitude 𝑞𝑞𝑝𝑝 is preserved. For layer 𝑖𝑖, 𝜆𝜆 can be computed as 

 𝜆𝜆𝑖𝑖 = −1
𝑎𝑎1𝑖𝑖𝛼𝛼𝑖𝑖

= 2

𝛼𝛼𝑖𝑖�1+�
8𝜋𝜋

𝛼𝛼𝑖𝑖
2𝐷𝐷𝑖𝑖𝑃𝑃

�
1 4⁄

cos�12 arctan�
8𝜋𝜋

𝛼𝛼𝑖𝑖
2𝐷𝐷𝑖𝑖𝑃𝑃

���−𝛼𝛼𝑖𝑖

  [36] 

In a homogeneous system, 𝛿𝛿 = 0.05 when 𝑑𝑑 =  3𝜆𝜆. In layered soils, the damping depth is 

not known a priori and is determined by recursively computing a potential damping depth 

for each layer 𝑖𝑖 beginning with 𝑖𝑖 = 1 (fig 3). A potential damping depth is tested for each 

layer 𝑖𝑖 using the expression 

 𝑑𝑑𝑖𝑖 = 𝜆𝜆𝑖𝑖(3 + 𝛾𝛾𝑖𝑖) + 𝑧𝑧𝜕𝜕𝑏𝑏𝑝𝑝𝑖𝑖 [37] 

The actual damping depth occurs in the shallowest layer (smallest 𝑖𝑖) where 𝑑𝑑𝑖𝑖 is less than 

the depth 𝑧𝑧𝑏𝑏𝑏𝑏𝜕𝜕𝑖𝑖 to the bottom of layer 𝑖𝑖.  

The wave speed 𝑣𝑣 [LT-1], or celerity, is the velocity at which wetting and drying fronts 

that develop from the cyclical surface forcing propagate downward. The wave speed 

[Dickinson et al., 2014] in layer 𝑖𝑖 is 

 𝑣𝑣𝑖𝑖 = −2𝜋𝜋
𝑃𝑃𝑎𝑎2𝑖𝑖𝛼𝛼𝑖𝑖

= 4𝜋𝜋
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 [38] 
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The cyclical infiltration at the surface produces wetting fronts (peaks) in water content 

that percolate with depth. The time 𝜏𝜏𝜕𝜕 [T] for a wetting front to reach a depth 𝑧𝑧 can be 

written as 

 𝜏𝜏𝜕𝜕 =  −1 𝜔𝜔 �𝜙𝜙𝑖𝑖 + 𝑎𝑎2𝑖𝑖𝛼𝛼𝑖𝑖 �𝑧𝑧 − 𝑧𝑧𝜕𝜕𝑏𝑏𝑝𝑝𝑖𝑖���  [39] 

The time 𝜏𝜏𝑑𝑑 [T] for a wetting front to reach the actual damping depth in layer 𝑖𝑖, below 

which the wave is essentially dissipated, can be determined as 

 𝜏𝜏𝑑𝑑 =  −1 𝜔𝜔 �𝜙𝜙𝑖𝑖 + 𝑎𝑎2𝑖𝑖𝛼𝛼𝑖𝑖 �𝑑𝑑𝑖𝑖 − 𝑧𝑧𝜕𝜕𝑏𝑏𝑝𝑝𝑖𝑖���  [40] 

 
Figure 3 Illustration of the procedure for computing the damping depth in layered sandy loam and 
silty clay soils. The heavy black line is the damping factor at depth z in each layer i. The long-dashed 
line is the damping factor that would extend below layer i = 1 if the underlying layers did not exist. 
The short-dashed line is the damping factor that extends below layer i = 2 if the bottom layer i = 3 
did not exist. The potential damping depth for each soil occurs when the damping factor equals 0.05. 
Because the potential damping depths for i = 1 and i = 2 are below the layer bottoms, neither are the 
damping depth. The damping depth for i = 3 is within layer i = 3, so it is the actual damping depth.  
 



 

95 
 

3. FILTERING OF SURFACE FORCINGS WITH DEPTH IN A LAYERED SOIL 
 

We illustrate how surface forcings in a layered vadose zone are lagged in time and 

damp with increasing depth. We show examples of filtering in layers of relatively fine 

and coarse soils and cyclical surface fluxes typical of arid and semi-arid environments 

[Dickinson et al., 2004; Stonestrom et al., 2007; Coes and Pool, 2007]. We first 

demonstrate how fluxes and other soil water properties are filtered in systems where 𝜓𝜓 

transitions between soil layers using the numerical model HYDRUS-1D [Šimůnek et al., 

2005]. We assume the results of numerical model are more representative of filtering in 

real layered systems than those of the analytical solution. Then, we use the analytical 

solution to show examples where 𝜓𝜓 does not transition between layers and the filtering is 

determined as the linear sum of solutions for each layer.  

In the examples, the surface forcing is represented as a downward, sinusoidal flux 

at the land surface, and flow in the vadose zone is represented to be vertical. The period 

of the forcings may be representative of irrigation cycles or seasonal or annual climatic 

variability identified through time series analysis of atmospheric or hydrologic data [e.g. 

Hanson et al., 2004; Gurdak et al., 2007; Dickinson et al., 2014; Velasco et al., 2016]. 

The fine soil is a silty clay and the coarse soil is a sandy loam, which have differing soil-

hydrologic parameters (table 1) that produce complex flow and water content responses 

at the layer boundary. The soil hydraulic properties of the soils were defined by the 

Gardner [1958] and Gardner-Kozney [Mathias and Butler, 2006] soil models (Table 1). 

We translated van Genuchten parameters for the soils described in the Rosetta soil 
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catalog [Schaap et al., 2001] to Gardner soil parameters by following the procedure 

described by Wraith and Or [1998] and implemented by Dickinson et al. [2014]. 

3.1. EFFECT OF PRESSURE-HEAD TRANSITION ON DAMPING 
 

We explore how the transition in 𝜓𝜓 and other soil-water properties at the layer 

interface can affect the damping depth using results from the numerical model. We use an 

example with two soil layers where 𝜓𝜓 transitions between different pressure heads in the 

layers. The steady component of the flux, 𝑞𝑞𝑠𝑠, is held constant at 0.5E-3 m/d, and the 

amplitude of the variation, 𝑞𝑞𝑝𝑝, is equal to 0.45E-3 m/d. That is, the surface flux ranges 

between 0.025E-3 m/d (9.125 mm/year) and 0.975E-3 m/d (355.88 mm/year). The 

infiltration at the surface varies cyclically at a period 𝑃𝑃 of 90 d to represent wet and dry 

seasons. The ranges of the computed variations of flux, 𝜓𝜓, 𝜃𝜃, and 𝐶𝐶 with depth are 

indicated by shaded envelopes, which are widest (most variable) near the land surface (𝑧𝑧 

= 0) and narrow (damp) with increasing depth (fig 4). 
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Figure 4 Comparison of profiles of A. flux, B. pressure head, C. water content, and D. water capacity 
and envelopes that surround the variations simulated by the numerical model. The soil has layered 
silty clay where the upper soil has air-entry pressure head ψe = 0 m (dashed lines and dark-shaded 
envelopes) or ψe = -0.66 m (solid lines and light-shaded envelopes). ψe = -0.33 m in the lower layer. 
The flux at z = 0 varies with period of 90 d and the steady flux qs is 0.5E-3 m/d. The flux variations 
are more damped at the soil interface (0.19E-3 m/d) when ψe = 0 m because the water capacity C 
increases at the interface, but are less damped at the interface (0.3E-3 m/d) when ψe = -0.66 m 
because the water capacity C decreases at the interface. 
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To examine the specific effects of the transition, the soil properties are selected so 

that all properties in the soil that affect the damping (𝐷𝐷, 𝜃𝜃, and 𝛼𝛼 in eqs. 19 and 26) are 

the same in areas above and below the transition. The upper and lower layers are both 

silty clay with identical Garder and Gardner-Kozney soil properties (Table 1), but to 

obtain different 𝜓𝜓, the layers have different air-entry pressure heads 𝜓𝜓𝑒𝑒. That is, the 

system is essentially homogeneous, but the resolved 𝜓𝜓 at the specified flux is different in 

each layer (fig 4B) and time-average of the soil-water properties in the upper and lower 

soil layers outside of the 𝜓𝜓 transitions are the same. When 𝜓𝜓 increases with depth in the 

transition, the time-average of 𝜃𝜃 (eq. 5), 𝐷𝐷, and 𝐶𝐶 (eq. 13) also increase with depth in the 

transition. When 𝜓𝜓 decreases in the transition, the time-average of the soil-water 

properties also decrease. The upper layer has 𝜓𝜓𝑒𝑒 = -0.33 m while the lower layer has 𝜓𝜓𝑒𝑒 

equal to 0 m or -0.66 m. Darker shading surrounds the variations with depth when 𝜓𝜓𝑒𝑒 = 0 

m in the lower layer, and lighter shading indicates that 𝜓𝜓𝑒𝑒 = -0.66 m. At the specified 

flux, the pressure head transitions from 𝜓𝜓𝑠𝑠 = 1.05 m in the upper layer to 𝜓𝜓𝑠𝑠 = -0.72 m 

over distance 𝑧𝑧𝑇𝑇 = 0.83 m when 𝜓𝜓𝑒𝑒 = 0 m in the lower layer. When 𝜓𝜓𝑒𝑒 = -0.66 m in the 

lower layer, 𝜓𝜓 transitions to -1.38 m over 𝑧𝑧𝑇𝑇 = 0.5 m.  

Table 1 Gardner (G) (Gardner, 1958) and van Genuchten (vG) (van Genuchten, 1980) parameters 
for silty clay and sandy loam in the examples. 

Soil 
vG α 
(m-1) Ks (md-1) 

vG θs = n0 (-
) G α (m-1) G μ (m-1) ψe (m) 

Silty clay 1.62 0.096 0.48 7.34 2.18 -0.33 
Sandy 
loam 2.67 0.38 0.39 11.21 3.33 -0.18 
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The damping either increases or decreases because of the transition in the soil-

water properties over distance 𝑧𝑧𝑇𝑇 (fig. 4). The damping increases within the transition 

(narrowing of the flux variations) when 𝜓𝜓 increases in the transition (fig. 4A, dark shaded 

area). Conversely, when 𝜓𝜓 decreases, the damping also decreases, which can be seen as 

less narrowing of variations within the transition (fig. 4A, light shaded area). The 

damping depth is shallower, 2.11 m, when 𝜓𝜓𝑒𝑒 = 0 m in the lower layer (light shading) 

and 2.47 m when 𝜓𝜓𝑒𝑒 = -0.66 m. For these same soils and surface flux, the analytical 

solution, which neglects the 𝜓𝜓 transition, predicts a damping depth of 2.55 m. 

The transition affects the damping because of changes in the water capacity 𝐶𝐶. 

The water capacity can be viewed as a resistance to change in 𝜃𝜃 per change in 𝜓𝜓. If 𝐶𝐶 is 

large, then there is low resistance to changes in 𝜃𝜃 per change in 𝜓𝜓. That is, for a given 

change in 𝜓𝜓, water will more easily go into storage, and the medium is more absorbing of 

the flux variability and the variability is more damped. If 𝐶𝐶 is small, there is more 

resistance to water going into storage, and the soil absorbs less of the flux variability, 

leading to amplification of flux variations. Thus, 𝜓𝜓 transitions between soils can result in 

either more damping if 𝜓𝜓 increases with depth in underlying soils, or amplification of 

flux variability if 𝜓𝜓 decreases with depth in underlying soils. These effects are more 

pronounced when the time-averaged pressure head and water capacity difference of the 

soils are large, and in highly heterogeneous systems where the time-averaged pressure 

head and the water capacity are continuously transitioning within different soils. The 

pressure head and water capacity do not transition in the analytical solution, thus the 

analytical solution may further overestimate the damping in systems where the pressure 
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head transitions to higher values in underlying soils, or even underestimate the damping 

if the pressure head is continuously decreasing with depth. 

The manner in which the transition affects the damping is explored further by 

examining how depth of the layer boundary in relation to the damping depth, and how the 

transition in 𝜓𝜓 and other soil-water properties affects the damping depth. We examine the 

same soils and flux in the example in fig. 5, but the depth of the layer boundary ranges 

from 0.25 m to 4.5 m. As a result, the depth range of the 𝜓𝜓 transition also varies. Thus, 𝑞𝑞𝑠𝑠 

and 𝑃𝑃 are held constant and changes in the damping depth result from differences in the 

soil-water properties from the 𝜓𝜓 transition. Here, the thickness of the transition 𝑧𝑧𝑇𝑇 = 0.83 

m when 𝜓𝜓𝑒𝑒 of the lower layer equals 0 m, so the top of the transition is at depth 3.67 

when the depth to the lower layer is 4.5 m. When the depth to the layer is 0.25 m, the top 

of the transition is truncated at the land surface. The transition thickness 𝑧𝑧𝑇𝑇 = 0.50 m 

when 𝜓𝜓𝑒𝑒 of the lower layer equals -0.66 m. Fig. 4 shows a specific example when the 

layer depth is 1 m. 

The damping depth depends on its location relative to the 𝜓𝜓 transition. In fig. 5, 

the ranges of depths where the damping depth can occur in the transition are shaded grey, 

while the depth ranges where the damping depth is either above or below the transition 

are shaded white. When the damping depth is above the transition (i.e. the flux variations 

are already damped), the transition has no effect on the damping depth and the damping 

depth is constant at 2.37 m (upper white area, fig 5). If the layer interface is shallower 

and the damping depth occurs in the transition, then the damping depth becomes either 

deeper or shallower (gray areas, fig. 5). If 𝜓𝜓 and 𝐶𝐶 increase in the transition (𝜓𝜓𝑒𝑒 = 0 m in 
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figs 4 and 5), the damping depth decreases overall to approximately 2.1 m when the 

damping depth occurs both within and below the transition. The damping depth decreases 

because 𝐶𝐶 is larger and there is less resistance to water entering and leaving storage (a 

change in 𝜃𝜃). If 𝜓𝜓 and 𝐶𝐶 decrease in the transition (𝜓𝜓𝑒𝑒 = -0.66 m in figs. 4 and 5) the 

damping depth increases to approximately 2.45 m when it occurs within and below the 

transition because there is more resistance to water entering and leaving storage.  

The damping depth in systems where 𝜓𝜓 and soil-water properties transition 

between soil layers is dependent on the thickness of the soil layers relative to the 

thickness of transition. As a result, the analytical superposition approach, may be more 

representative of systems where the layers are thick relative to the 𝜓𝜓 transition so that the 

soil-water properties are effectively uniform within the layer. However, the example here 

show that the difference between the possible damping depths (0.35 m) resulting from 

different locations of the transition 𝜓𝜓 can be relatively small (approximately 15%) 

compared to the damping depths. This suggests that an approximation of a constant 𝜓𝜓 

between layers may be acceptable and that the superposition approach is reasonably 

accurate. 
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Figure 5 Effect of the relative location of the pressure head transition on the damping depth in silty 
clay simulated by the numerical model using the example shown in fig. 9. The air-entry pressure 
head ψe of the upper layer is -0.33 m and ψe of the lower layer is either 0 m or -0.66 m. The layer 
depth ranges from 0.25 m to 4.5 m, which moves the transition of pressure head ψ vertically relative 
to the damping depth. If the damping depth is above the ψ transition, then the transition has no 
effect on the damping depth. The damping depth decreases when it occurs within and below the ψ 
transition when ψe of the lower layer equals 0 m. Conversely, the damping depth increases when it 
occurs within and below the ψ transition when ψe of the lower layer equals -0.66 m. 
 

3.2. FILTERING OF FLUX VARIATIONS FROM THE ANALYTICAL 
SOLUTION 

 
We demonstrate the filtering of cyclical infiltration in layered soils by 

superimposing the analytical solution for each layer using eq. 21. One example has an 

upper layer of silty clay and lower layer of sandy loam (fig. 6). The other example has the 

soil layers switched. The steady component of the flux, 𝑞𝑞𝑠𝑠, is held constant at 1E-4 m/d 

and the amplitude, 𝑞𝑞𝑝𝑝, is equal to 0.95𝑞𝑞𝑠𝑠. That is, the surface flux ranges between 0.05E-
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4 m/d (1.83 mm/year) and 1.95E-4 m/d (71.2 mm/year). The flux varies with a period 𝑃𝑃 

of 365 d to represent annual wet and dry seasons (fig 6A). In both examples, the depth to 

the soil interface (bottom of the upper soil) is 1.66 m, which is approximately half the 

damping depth for this flux in a homogeneous silty clay. 



 

104 
 

 
Figure 6 Flux profiles from the analytical solution at times t = P/4, P/2, 3P/4, and P resulting from a 
sinusoidal flux (A) applied at the land surface (z = 0) in a layered vadose zone with (B) silty clay over 
sandy loam (C) and sandy loam over silty clay. The period of the imposed flux cycle at z = 0 m is 365 
days. The layer interface is at a depth 1.66 m for both cases. The gray shaded area encompasses the 
flux variations. The damping of flux variations is greater in the silty clay than the sandy loam. 
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Profiles of the flux with depth at times 𝑃𝑃/4, 𝑃𝑃/2, 3𝑃𝑃/4, and 𝑃𝑃 illustrate how the 

flux varies within each soil and with depth (fig. 6). In both examples, the flux varies 

symmetrically around the mean flux. The flux variability damps more with depth in the 

silty clay than the sandy loam, and the rate of damping with depth changes at the layer 

boundary. When the upper soil is a relatively fine silty clay (fig 6B), about 22% of the 

surface forcing is preserved at the layer boundary at depth 1.66 m, and the flux variations 

damp to 5% of the surface forcing in the underlying sandy loam at 8.59 m. Thus, most of 

the damping occurs in the sandy loam. When the upper soil is sandy loam (fig. 6C), a 

larger amount of surface forcing, 65%, remains at the layer boundary. Then, flux 

variations damp over a shallower depth range in the lower fine soil, and the damping 

depth is 4.8 m. In these examples, the damping depth is deeper when the upper soil is 

finer textured, indicating that surface soil information alone may be inadequate for 

predicting how surface forcings are preserved with depth and affect recharge. 

In the analytical solution results, the rate of the damping is constant with depth 

and does not amplify or diminish because 𝜓𝜓 and 𝐶𝐶 transitions at the layer boundary are 

not represented. Thus, the effects of layering on soil-water properties between the layers 

are not used, and damping is determined using only the thickness and soil-hydraulic 

parameters of the overlying soil layers. For example, the amount of damping is the same 

in both figs. 6B and 6C at depth 3.32 m (dashed horizontal line), twice the thickness of 

the upper layer. At this depth, the damping is summed over equal depth ranges using 

linearized solutions for damping in both soils, and the order of the soil sequence does not 
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affect the damping. That is, the filtering of surface forcings for any soils at any depth can 

be computed by considering each soil independently, which may simplify investigations 

of the filtering properties of real systems. 

Cyclical variations in infiltration at the land surface (𝑧𝑧 = 0) result in wetting 

fronts which propagate downward through time. Wetting fronts from prior infiltration 

cycles can be identified as peaks in the flux at different depths. When the upper soil is 

silty clay, the uppermost wetting front at time 3𝑃𝑃/4 remains in the silty clay and has 

propagated to a depth of 1 m, while the next lower peak moved to depth 4.5 m in the 

sandy loam. When the upper soil is sandy loam, the first wetting front propagated deeper, 

near the soil transition at 1.6 m, but the second peak in the silty clay moved less far (4 m). 

That is, over the same time interval, the wetting fronts propagate deeper while in the 

sandy loam, indicating that the wave speed is greater in the sandy loam, which can be 

seen as a slight steepening and elongation of the flux profiles in sandy loam. But, the total 

lag time for a wetting front to have reached a depth of 4 m would be less if the upper soil 

is silty clay. 

4. EVALUATION OF THE ANALYTICAL SOLUTION 
 

We evaluate the analytical solution for layered soils and a range of cyclical fluxes 

that are typical of arid and semiarid environments. Conditions in these environments are 

challenging for evaluating the solution because water contents during long drying periods 

and episodic infiltration events can be highly variable, and the soil-water properties of the 

soils vary nonlinearly between the resolved water contents and at layer boundaries. The 
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infiltration fluxes are similar to seasonal, annual, or irrigation cycles observed in 

hydrologic time series. 

We evaluate the damping depth and variations in flux and other soil-water 

properties in silty clay and sandy loam through comparison to numerical results using 

HYDRUS-1D [Šimůnek et al., 2005]. The damping depth from the numerical model, 

𝑑𝑑𝑛𝑛𝑛𝑛𝑛𝑛, is computed as the depth where the variation in the flux from the numerical model 

is reasonably equal to 5% of the imposed variation at depth 𝑧𝑧 = 0 m. The lag time for 

wetting fronts (waves) to reach a depth of 𝑧𝑧 = 3 m from the analytical solution, 𝜏𝜏3 m, is 

compared to that of the numerical model, 𝜏𝜏3 m𝑛𝑛𝑛𝑛𝑛𝑛. The travel time for a wetting front to 

reach depth 𝑧𝑧 = 3 m is computed from the numerical results by tracking the downward 

movement of flux peaks through time from depth 𝑧𝑧 = 0 m to depth 𝑧𝑧 = 3 m. In these 

comparisons, 𝑞𝑞𝑠𝑠 ranges from 1E-4 m/d and 1E-3 m/d and 𝑃𝑃 ranges from 30 d to 365 d. 

We compare against the numerical model results because we assume that the 

numerical model provides a more accurate solution for transient flow through layered 

soils. The numerical model computes diffusivity based on a nonlinear function of 𝜃𝜃 

[Dickinson et al., 2014], which can vary through time at any depth and at 𝜓𝜓 transitions 

between soil layers. In contrast, the analytical solution approximates diffusivity to be 

constant within each layer based on the time-averaged water content (eq. 10). We define 

the analytical solution to be acceptably accurate if the error of the damping depth is 

within a factor of 2. Thus, the damping depth is not excessively overestimated by the 

analytical solution. Dickinson et al. [2014] evaluated whether the approximation of 

constant diffusivity was reasonable for predictions of the damping depth in homogeneous 
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soil. They used the same threshold for homogeneous soils and found that the analytical 

solution overestimates the damping depth but the error is acceptable for fine-textured 

soils and flux cycles that produce smaller changes in water content and diffusivity 

through time. Because the diffusivity is also changing with 𝜓𝜓 between layers in the 

numerical model, the same evaluation applied here also tests if diffusivity can be 

approximated as a constant at soil-layer boundaries. 

4.1. COMPARISON OF VARIATIONS WITH DEPTH 
 

We compare vertical profiles of the flux, pressure head 𝜓𝜓, water content 𝜃𝜃, 

diffusivity 𝐷𝐷, and water capacity 𝐶𝐶 at times 𝑃𝑃/4 and 3𝑃𝑃/4 (fig. 7) in the upper 10 m of the 

vadose zone. At these times, the flux at 𝑧𝑧 = 0 m is at its maximum and minimum, 

respectively. The flux and soil configuration (fig. 7) is the same shown in figs. 6A and 

6B.  

The profiles from the analytical and numerical solutions differ the most near the 

soil layer interface at depth 1.66 m. In the numerical model results, the pressure head 

increases smoothly above the bottom of the lower layer [Zaslavsky, 1964; Bear, 1972] as 

it transitions between 𝜓𝜓 values of the lower and upper layers over a thickness 𝑧𝑧𝑇𝑇 = 0.84 

m. In the lower layer, 𝜓𝜓 varies around a mean value of -0.92 m. The build-up of 𝜓𝜓 at the 

bottom of the upper layer is accompanied by gradual increases in 𝜃𝜃 (eq. 14), 𝐷𝐷, and 𝐶𝐶 

(eq. 13) (fig. 7) as determined by the Gardner [1958] and Gardner-Kozney [Mathias and 

Butler, 2006] soil-water relations. Then, 𝜃𝜃, 𝐷𝐷, and 𝐶𝐶 decrease abruptly to the resolved 

values at 𝜓𝜓 in the lower layer. Water capacity varies more in the analytical model and is 

systematically overestimated during wet times when the flux and water content are 
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higher, and underestimated during dry times. This overcompensation of the variability of 

water capacity results from approximating diffusivity to be a constant in the analytical 

model [Dickinson et al., 2014].  

The flux profiles are nearly identical near the land surface, but the flux variability 

from the numerical model damps more quickly with depth than the variability from the 

analytical solution, resulting in a shallower damping depth from the numerical model 

(6.06 m) than that of the analytical solution (8.59 m). Dickinson et al. [2014] found that 

the water content calculated by the numerical model (fig 7D) decreases more during dry 

times of the flux cycle than it increases during the wet times. That is, the water content 

skews toward lower values and the time-average of the water content at any depth is 

lower than the average of water content in the analytical solution. Thus, the time-average 

of diffusivity, based on the water content (eq. 13), is reduced in the numerical model. 

Diffusivity is constant (not skewed) in the analytical solution results, so the time-average 

of diffusivity in the analytical model is higher than that of the numerical model. A higher 

diffusivity in eqs. 25 and 26 indicate that the analytical solution overestimates the 

damping depth. The damping depth is reasonably accurate if the water content variation 

is relatively small and constant diffusivity through time is realistic [Dickinson et al., 

2014].  
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Figure 7 Comparison of profiles of A. flux, B. pressure head, C. water content, D. diffusivity, E. 
water capacity, and envelopes that surround the variations produced by the analytical (light gray 
shading) and numerical (dark gray shading) models. The profiles occur in a silty clay that overlies a 
sandy loam, flux period P 365 d, and steady flux qs 1E-4 m/d. The flux profiles from the analytical 
model are the same as those shown on figure 3A. The depth of the soil interface is 1.66 m. The 
numerical model computes a continuous transition in pressure head at the bottom of the upper layer 
(e.g. fig. 1), while the pressure head in the analytical model does not transition near layers. The 
pressure head transition in the numerical model is accompanied by discontinuous shifts in water 
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content, diffusivity, and water capacity. The diffusivity produced by the analytical solution is 
constant within each layer. The water capacity is systematically overestimated and underestimated in 
the analytical solution as a consequence of approximating diffusivity to be a constant.  
 

4.2. COMPARISON OF DAMPING DEPTHS 
 

We identify the soil and flux conditions where the analytical solution is reasonably 

accurate by comparing the damping depths computed by the analytical model and the 

numerical model in layered silty clay and sandy loam soils. We show contours of the 

relative error of the analytical model using the ratio of the damping depth produced by 

the analytical and numerical models, 𝑑𝑑 𝑑𝑑𝑛𝑛𝑛𝑛𝑛𝑛⁄  (fig 11). This ratio is the factor by which 

the analytical model overestimates the damping depth. For example, a ratio of 2 indicates 

that the analytical model overestimates the damping depth by a factor of 2. In these 

examples, the steady component of the flux 𝑞𝑞𝑠𝑠 ranges from 1E-4 m/d to 1E-3 m/d and the 

period 𝑃𝑃 ranges from 30 d to 365 d. In the numerical model, 𝑞𝑞𝑝𝑝 is equal to 95% of 𝑞𝑞𝑠𝑠, 

while the damping depth computed by the analytical solution is independent of 𝑞𝑞𝑝𝑝 

[Bakker and Nieber, 2009; Dickinson, et al., 2014]. 

In fig. 8A, the upper soil is silty clay and the lower soil is sandy loam. In fig. 8B, 

the soils are switched. The depth to the soil interface is fixed at 10 m, thus the damping 

depth can occur in either the upper or lower layer as show in fig. 6. The heavy white line 

(fig. 8) follows the contour where the damping depth is at 10 m. The ratios 𝑑𝑑 𝑑𝑑𝑛𝑛𝑛𝑛𝑛𝑛⁄  that 

plot to the lower left side of the white line are the error when the damping depth occurs in 
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upper layer, while the ratios on the opposite side are the errors of the damping depth in 

the lower layer. 

The error generally increases as the both the steady flux 𝑞𝑞𝑠𝑠 and 𝑃𝑃 increase in both 

soil configurations. The error is also shown along sections that cross the plots at 𝑞𝑞𝑠𝑠 = 0.55 

m/d and 𝑃𝑃 = 197.5 d. When silty clay is the upper soil (fig 8A), the ratio 𝑑𝑑 𝑑𝑑𝑛𝑛𝑛𝑛𝑛𝑛⁄  is 

relatively small (less than 1.1) when the damping depth is in silty clay. As 𝑞𝑞𝑠𝑠 and 𝑃𝑃 both 

increase, the damping depth moves in the sandy loam and the error increases to around 2 

when 𝑞𝑞𝑠𝑠 = 1E-3 m/d and 𝑃𝑃 = 365 d. When the soils are switched (fig. 8B), the ratio is 

higher in the upper sandy loam—greater than 1.2, and increases to 1.5 in the silty clay. 

Thus, error is within the defined threshold of 2—the damping depth is not more than 

twice the depth from the numerical solution. The damping depth is generally 

overestimated in layered soils, indicating that for the fluxes and periods tested here, the 

analytical solution is a conservative estimator of the damping depth. That is, it can only 

identify areas of steady recharge to be transient, and cannot identify areas of transient 

recharge to be steady. 

A closer look at the error near the soil interface shows how the transition of 𝜓𝜓 and 

the soil-water properties can affect the accuracy of the analytical solution. The error can 

either increase or decrease when the damping depth is just below the layer interface 

(along the upper right side of the white line). These changes in the error are visible as 

sharp changes in the error along the sections. In fig. 8A, the ratio 𝑑𝑑 𝑑𝑑𝑛𝑛𝑛𝑛𝑛𝑛⁄  increases 

abruptly from approximately 1.2 at the interface to about 1.8 in the lower sandy loam 

(white areas in sections in fig. 8A). In this case, pressure head 𝜓𝜓 and water capacity 𝐶𝐶 
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both increase as 𝜓𝜓 transitions between the silty clay and sandy loam (fig. 1). The 

damping decreases just below the layer interface as 𝐶𝐶 increases, leading to a lower 

damping depth in the numerical model results and greater difference between the 

analytical and numerical models. In fig. 8B, the ratio 𝑑𝑑 𝑑𝑑𝑛𝑛𝑛𝑛𝑛𝑛⁄  decreases sharply from 

1.25 for damping depths at the interface to less than 1.1 just below the interface. Both 𝜓𝜓 

and 𝐶𝐶 decrease at the 𝜓𝜓 interface when moving from sandy loam to silty clay (fig. 1), 

leading to a deeper damping depth in the numerical results and less difference between 

the analytical and numerical models. 

 
Figure 8 Error of the damping depth of the analytical model, computed as the ratio of the damping 
depth of the analytical model to the "true" damping depth of the numerical model. The upper layer 
thickness is fixed at 10 m, and the lower layer is 250 m thick, which is the same configuration in fig. 
6. Values near 2 indicate that the damping depth of the analytical model is twice the damping depth 
of the numerical model. Overall, the analytical model is more accurate when the period of surface 
forcing is shorter and the mean flux is smaller. The error increases when the damping depth is below 
the layer interface when A. silty clay is the upper layer. In A., the pressure head (fig 1) increases at 
the layer interface, which increases the water capacity and results in a shallower numerical damping 
depth and increases the difference (larger error) between the analytical and numerical damping 
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depths. In B., the pressure head (fig 2) decreases at the layer interface, which reduces the water 
capacity and increases the numerical damping depth, leading to less difference (smaller error) 
between the analytical and numerical damping depths. 
 

4.3. COMPARISON OF LAG TIME 
 

We use the same fluxes and soil layers shown in fig. 8 to evaluate the lag time 

computed by the analytical solution (fig 9). We compared the lag time from an 

infiltration pulse at depth 𝑧𝑧 = 0 to reach a depth 𝑧𝑧 = 3 m. Because the soil interface is at 

1.66 m, the pulses travel nearly equal distances through silty clay and sandy loam. The 

error is indicated as the ratio of the lag time computed by the analytical to that of the 

numerical model, 𝜏𝜏3 m, is compared to that of the numerical model, 𝜏𝜏3 m 𝜏𝜏3 m𝑛𝑛𝑛𝑛𝑛𝑛⁄ . The 

ratio cannot be computed for some cases where both 𝑃𝑃 and 𝑞𝑞𝑠𝑠 are relatively small 

because flux variations can be effectively damped out prior to reaching a depth of 3 m—

these combinations of 𝑃𝑃 and 𝑞𝑞𝑠𝑠 are indicated as white areas in fig. 9.  

The wave speed error is greater than one in all cases, indicating that the analytical 

solution overestimates the velocity of the wetting front. The wave speed increases with 

higher diffusivity (eq. 27), thus the faster wave speed in the analytical model can be 

attributed to its higher time-average of diffusivity. The error is larger when silty clay 

overlies sandy loam because 𝜓𝜓 and diffusivity both increase at the layer interface. Thus, 

the time-average of diffusivity is even higher in the transition between silty clay and 

sandy loam, which further increases the difference in lag times of the analytical and 

numerical models. When sandy loam overlies silty clay, 𝜓𝜓 and diffusivity both decrease 

at the layer transition. The lower diffusivity slows the wave speed, which reduces the bias 
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in lag time between the analytical and numerical models. Thus, the accuracy of the lag 

times is affected by the 𝜓𝜓 transitions, and the analytical solution is likely to be more 

accurate in systems where the soil layers are thick relative to the thickness of the 𝜓𝜓 

transitions. 

 
Figure 9 Error of the downward velocity of wetting fronts (wave speed) the analytical model 
expressed as the ratio between the time for wetting fronts to reach 3 meters depth by the analytical 
and numerical models. Irregular contours result from discretization of the numerical model. The 
interface between the layers is at 1.66 meters, which is the same interface depth shown in fig. 3. Areas 
in blue indicate that the error is small (ratio) close to 1.0), and areas in yellow indicate that the error 
is larger (ratio up to 1.3). The analytical model is more accurate for shorter periods and smaller 
mean fluxes tested here. In white areas, the flux was steady or nearly steady by a depth of 3 m and 
wetting front (wave) speeds from the numerical model could not be calculated. 

5. NOMOGRAMS OF THE FILTERING OF FLUX VARIABILITY 
 

We present nomograms of the damping factor, damping depth, and lag time as 

tools for predicting how a cyclical flux forcing of any period and mean flux is filtered in 

the vadose zone. The nomograms are briefly described here and in more depth below. 

The damping factor nomogram (fig. 10) can be used to estimate the amount of damping 

of the flux variability with depth. The damping factor, computed using eq. 22, is the ratio 

of the amplitude of flux variation at any depth to the amplitude of the variation of the 
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surface forcing. Thus, a damping factor of 1 indicates that 100% of the variation remains, 

and damping factor of 0.5 indicates that 50% remains. The damping depth nomogram 

(fig. 11), computed using eq. 23, shows the depth below which the damping factor is 0.05 

and the flux can be approximated to be steady [e.g. Dickinson et al. 2014]. The lag time 

nomogram (fig. 12), computed using eq. 25, shows the time between a surface forcing 

and a response at any depth. The damping factor, damping depth, and lag time 

nomograms can be recreated for any soil, layering geometry, and sinusoidal flux using 

the software described in the appendix. 

5.1. DAMPING FACTOR 
 

We use damping factor nomograms calculated using eq. 19 to show how 𝑞𝑞𝑠𝑠 and 𝑃𝑃 

of the infiltration cycle and soil heterogeneity affect the damping factor 𝛿𝛿 and damping 

depth 𝑑𝑑 (fig. 10) in the upper 10 m of soil. The top 1.66 m of the soil is either silty clay 

underlain by sandy loam (fig. 10 top) or sandy loam underlain by silty clay (fig. 10 

bottom), which are the same soil configurations shown in fig. 6. Contours of the damping 

factor are shown between depths 0 to 10 m as a function of 𝑞𝑞𝑠𝑠, which ranges between 1E-

4 m/d and 1E-2 m/d, and 𝑃𝑃, which ranges between 30 d and 365 d. The top and bottom 

parts of fig. 10 each have three panels. In the left panel, 𝑞𝑞𝑠𝑠 increases from 1E-4 m/d to 

1E-3 m/d and 𝑃𝑃 is constant at 365 d. In the center panel, 𝑞𝑞𝑠𝑠 is constant at 1E-3 m/d and 𝑃𝑃 

decreases from 365 d to 30 d. The flux 𝑞𝑞𝑠𝑠 increases from 1E-3 m/d to 1E-2 m/d and 𝑃𝑃 is 

constant at 30 d in the right panel.  

For these soils and ranges of 𝑞𝑞𝑠𝑠 and 𝑃𝑃, the damping factor 𝛿𝛿 approaches zero (blue areas) 

when 𝑞𝑞𝑠𝑠 and 𝑃𝑃 are relatively small, meaning that most of the variability at those depths is 
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damped. The damping depth (indicated by the white line) becomes shallower as either 𝑞𝑞𝑠𝑠 

or 𝑃𝑃 decreases. Most of the variability is preserved (the damping factor approaches a 

value of one) near the land surface (z = 0). The damping factor decreases more quickly 

with depth in silty clay than over the same depth interval in sandy loam because of the 

lower diffusivity D and Gardner 𝛼𝛼 in silty clay, as indicated by eq. 19 for 𝛿𝛿 and eq. 12 for 

𝑎𝑎. As a result, the damping factor increases (contours flatten) at the soil interface when 

moving from sandy loam to silty clay and decreases (contours steepen) when moving 

from silty clay to sandy loam. Based on our evaluation (fig. 8), the damping factor 

nomogram is likely to be less accurate at the layer boundary when 𝜓𝜓 increases in an 

underlying sandy loam (fig 10A), and more accurate when 𝜓𝜓 decreases in an underlying 

silty clay (fig. 10B) 
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Figure 10 Nomograms showing contours of the damping factor between depths 0 to 10 m in layered 
soils with A. silty clay over sandy loam and B. sandy loam over silty clay. The damping factor is the 
fraction of the flux variation at depth z to the flux variation at depth z = 0. The depth to the bottom 
of the upper layer is 1.66 m, which is the same depth in fig. 4. The period of the sinusoidal infiltration 
ranges from 30 days to 365 days. The mean flux ranges from 1E-4 m/d to 1E-2 m/d. Areas in yellow 
indicate that most of the flux variability is preserved at that depth, while areas in blue indicate that 
most of the flux variability is effectively damped and the flux is nearly steady. The white line follows 
the depth where the damping factor is 0.05, which is the damping depth. The damping increases with 
depth more in sandy loam than silty clay, which can be seen as steepening of the vertical contours in 
sandy loam at the layer interface, or flattening of the lines in silty clay. 
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5.2. DAMPING DEPTH 
 

Damping depth nomograms (fig. 11) calculated using eq. 26 are presented as tools 

for identifying the conditions where the flux variability is sufficiently damped at the 

water table so that recharge can be approximated to be steady. The nomograms indicate 

the manner in which 𝑞𝑞𝑠𝑠, 𝑃𝑃, and soil heterogeneity affect the damping depth. In fig. 11A, 

the upper soil is silty clay and the lower soil is sandy loam. The soil order is switched in 

fig 11B. The heavy white line follows the contour where the damping depth is at the 

depth of the soil interface, which is 10 m in both soil configurations. The damping depth 

occurs in the upper soil for 𝑞𝑞𝑠𝑠, 𝑃𝑃 combinations that plot to the lower left of the white line, 

and in the lower soil above and to the right of the white line. 

The damping depth nomograms indicate that the damping depth is relatively 

shallow (blue areas) and remains in the upper layer when 𝑞𝑞𝑠𝑠 and 𝑃𝑃 are small. As 𝑞𝑞𝑠𝑠 and 𝑃𝑃 

increase, the damping depth is deeper (green and yellow areas) and occurs in the lower 

layer. Because the rate of damping with depth is lower in the silty clay, the damping 

depth remains in the upper silty clay layer over larger ranges and values of 𝑞𝑞𝑠𝑠 and 𝑃𝑃. For 

the combinations of 𝑞𝑞𝑠𝑠 and 𝑃𝑃 evaluated here, the damping depth can be four times as 

deep when the upper layer is silty clay, the finer-textured soil, instead of the coarser-

textured sandy loam. At the lower ranges of 𝑞𝑞𝑠𝑠 and 𝑃𝑃, the damping depth is deeper when 

the sandy loam overlies the silty clay. However, it is deeper for the higher ranges of 𝑞𝑞𝑠𝑠 

and 𝑃𝑃 when the silty clay is the soil at the land surface. The nomograms show that the 

damping depth may be incorrectly estimated with only knowledge of the surface soil 

type.  
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Sections across the middle of the nomograms where 𝑞𝑞𝑠𝑠 = 0.055 m/d and 𝑃𝑃 = 

197.5 d show how 𝑞𝑞𝑠𝑠 and 𝑃𝑃 affect the damping depth within each layer and at the layer 

interface. The damping depth 𝑑𝑑 is in the silty clay in the gray shaded parts of the sections. 

The sections are steeper (greater change in damping depth) in the sandy loam when both 

𝑞𝑞𝑠𝑠 and 𝑃𝑃 increase. That is, the damping depth is deeper in sandy loam because of its 

higher diffusivity 𝐷𝐷 and 𝛼𝛼 for obtaining 𝑑𝑑 (eq. 26) and 𝜆𝜆 (eq. 25). In fig 11A, the sections 

are relatively flat when the damping depth is in the upper silty clay, and steepen at the 

layer interface as the damping depth moves into the sandy loam. The damping depth 

occurs in the lower sandy loam layer when 𝑞𝑞𝑠𝑠 is greater than 0.6E-3 m/d and P is greater 

than 200 d. In fig 11B, the sections are steep when the damping depth is in the upper 

sandy loam layer, but become flatter at the layer interface as the damping depth moves 

into the underlying silty clay when 𝑞𝑞𝑠𝑠 and 𝑃𝑃 are greater than 0.2E-3 m/d and 90 d, 

respectively. 

The evaluation of the damping depth (fig. 8) indicates that the damping depths 

here are generally overestimated, and the nomograms are less accurate when the damping 

occurs mainly in the finer sandy loam (white areas along sections). The error is also 

larger at the layer boundary when the underlying soil is sandy loam (fig 11A), so overall, 

the damping depths for sandy loam overlying silty clay (fig. 11B) are more accurate. 
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Figure 11 Nomograms showing contours of damping depths from the analytical solution in layered 
soils with A. silty clay overlying sandy loam and B. sandy loam over silty clay. The thicknesses of the 
upper and lower layers are fixed at 10 m and 250 m, respectively. The period P of the flux variation 
ranges from 30 to 365 d, and the steady flux qs ranges from 1E-4 m/d to 1E-3 m/d. The damping 
depth increases with increasing P and qs from areas in blue to areas in green and yellow. The heavy 
white line indicates the depth of the layer interface at 10 m. The damping depth is in the upper layer 
for P and qs combinations below and left of the white line, and in the lower layer on the opposite side 
of the line. Sections through the nomograms show that the damping depth increases more quickly 
with increasing P and qs when flux variations, and the damping depth, are in the sandy loam (white 
shading) than in silty clay (gray shading) 

5.3. LAG TIME 
 

Lag time nomograms (fig. 12) show contours of the lag time between a surface 

forcing and a response at any depth in the vadose zone as a function of 𝑞𝑞𝑠𝑠 and 𝑃𝑃. The lag 

time is determined using the wave speed (eq. 25), which the analytical solution represents 

to be constant within each soil. Here we show the lag time, in years, for a forcing to reach 

a depths from 0 to 10 m in layered silty clay and sandy loam where 𝑞𝑞𝑠𝑠 and 𝑃𝑃 have the 

same range shown in figs. 10 and 11. The layer interface is at depth 1.66 m.  
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The nomograms indicate that the lag time is shorter (blue areas) as 𝑞𝑞𝑠𝑠 increases, 

and relatively constant as 𝑃𝑃 increases. That is, at higher 𝑞𝑞𝑠𝑠 the wetting fronts (waves) 

move downward more quickly as the soil becomes wetter and more diffusive. The lag 

time to reach a depth of 10 m is as long as 3 years (green and yellow areas) when the soil 

is relatively dry (low 𝑞𝑞𝑠𝑠). These results match findings by Smith [1983] that wetting 

fronts during higher antecedent water contents percolate more quickly than wetting fronts 

during drier conditions. The wave speed is less dependent on the period, which is similar 

to linear systems in which the wave speed and wave properties are independent.  

The lag times are generally shorter at all depths when silty clay is the upper soil for the 

ranges of 𝑞𝑞𝑠𝑠 and 𝑃𝑃 examined here. That is, at the soil interface, the wetting fronts move 

downward more quickly in sandy loam because of the larger 𝐷𝐷 and 𝛼𝛼 of sandy loam. As a 

result, the contours of the lag times at the soil interface steepen slightly in the sandy loam 

and flatten in the silty clay. 

The evaluation of the lag time (fig. 9) indicates that the lag time nomograms 

overestimate the lag time because the time-average of diffusivity is higher in the 

analytical model. The nomograms are more accurate for depths below the layer boundary 

when 𝜓𝜓 and 𝐷𝐷 increase, such as in sandy loam overlying silty clay (fig. 12B). In those 

soils, 𝐷𝐷 in the analytical solution is more similar to the diffusivity in the transition, and 

the error in lag time is lower.  
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Figure 12 Nomograms showing contours of the lag time to reach depths from 0 to 10 m in layered soil 
with A. silty clay over sandy loam and B. sandy loam over silty clay from the analytical solution. The 
lag time is the time for a infiltration pulse to reach any depth z. The interface between the layers is at 
z = 1.66 m depth, which is the same interface depth shown in fig. 3. The period of the sinusoidal 
infiltration ranges from 30 days to 365 days. The mean flux ranges from 1E-4 m/d to 1E-2 m/d. 
Depths shown as blue indicate that the lag time for a wetting front to reach that depth is less than one 
year, while depths shown as yellow indicate a lag time of up to 3 years. Overall, the lag time is longer 
during lower steady flux qs and to a lesser degree, when the period is shorter. The lag time at any 
depth is shorter in sandy loam than silty clay, indicating that wetting fronts propagate downward 
more quickly in sandy loam. A transition in the lag time occurs as a steepening of the vertical 
contours in sandy loam at the layer interface, or flattening of the lines in silty clay. 
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6. APPLICATION TO CENTRAL VALLEY, CALIFORNIA 
 

We apply the analytical solution to the regional aquifer in Central Valley in 

California, USA, to quantify how cyclical surface forcings are filtered in the vadose zone 

and identify where these forcings affect groundwater recharge (fig 13). Maps of the 

damping factor at the water table depth indicate the amount that forcings are damped in 

the vadose zone prior to reaching the regional aquifer. Groundwater recharge may be 

approximated to be steady in subregions of the aquifer where the damping factor is less 

than 0.05. We demonstrate that these subregions can be identified when data are limited 

to soil texture, depth to water table, and estimates of the steady and periodic components 

of the flux. This example also demonstrates that soil heterogeneity can affect regional-

scale estimates of damping by comparing areas of steady recharge based on either a 

homogeneous [Dickinson et al., 2014] representation of the vadose zone using only 

surface soils, or using detailed soil layering based on extensive subsurface information. 

That is, we identify the conditions where surface soil information may be adequate, or if 

detailed soil data with depth are needed to assess how surface forcings from climate 

variability and change may affect recharge and groundwater resources. 

We show maps of the damping factor using soil texture information described in 

the groundwater water availability assessment by Faunt et al. [2009, 2010]. Their soil 

texture model of the Central Valley regional aquifer describes the percentage of coarse 

material at 1.6 by 1.6 km grid cells of 1-m thickness in the upper 100 m of the aquifer. 

We calculated the damping factor with depth at 100 soil layers at each spatial location in 

the texture model. Thus, the amount of damping at the depth of the water table is the 
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result of the accumulated damping over the 1-m thick soil layers in the texture model 

between the land surface and the water table. Water-table depths are defined at each cell 

for the year 1961 from output of the numerical groundwater flow model by Faunt et al., 

[2010]. In applications to other study areas with limited data, spatially-distributed soil 

texture and water-table depths can be obtained by interpolating subsurface data from 

driller’s logs and water table data from wells.  

The surface forcing has a steady component ,𝑞𝑞𝑠𝑠, equal to 0.5 E-3 m/d and periodic 

component, 𝑞𝑞𝑠𝑠, equal to 0.45E-3 m/d. Thus, the surface flux varies between 0.025E-3 m/d 

(9.125 mm/year) and 0.975E-3 m/d (355.88 mm/year). The forcing varies with either 30-, 

90-, and 365- day periods to represent possible irrigation, or seasonal or annual cycles. A 

map of the damping factor is shown for each of the three cycles (fig. 13). The steady 

component, 𝑞𝑞𝑠𝑠, may be viewed as a long-term average of infiltration that does not vary 

spatially or through time. Other periods can be used to estimate the filtering of other 

infiltration cycles, such as interannual climatic variability, and other values of 𝑞𝑞𝑠𝑠 could 

represent long-term wet or dry conditions. The damping is independent of 𝑞𝑞𝑝𝑝, thus 

changes in extreme wet and drought conditions, indicated by greater variability, are 

already accounted for in any application. 

Three damping factor maps for 30-, 90- and 365-day cycles indicate that surface 

forcings of shorter periods are more damped (eqs. 12 and 19), and that damping at the 

water table varies spatially. The damping factor varies spatially because of different 

depths to the water table and soil heterogeneity. Surface forcings are least damped (high 

damping factors) at shallow water tables where the vadose zone thins along the northwest 
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axis through the center of the Central Valley [Faunt et al., 2010]. Forcings are most 

damped (low damping factors) along basin margins where the water table is deeper (up to 

150 m) [Faunt et al., 2010] and the vadose zone is thicker. 

The damping factor approaches zero in blue areas, indicating that nearly all of the 

surface forcing is damped in the vadose zone and recharge may be approximated to be 

steady. In other areas, indicated from light blue to yellow, surface forcings are preserved 

at the water table and recharge should be considered to be transient. The heavy white line 

delineates areas of steady and transient recharge. The 30-day cycle is essentially damped 

across 65% of the regional aquifer except where water tables are shallow in the Valley 

center. The 90-day cycle is damped over 30% of the regional aquifer mainly along the 

margins. The 365-day cycle is damped in only 4% of the aquifer in isolated subregions 

where water tables are deep and soil textures are relatively coarse. 
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Figure 13 Maps of the damping factor and areas of steady and transient recharge in Central Valley, 
California, determined using the analytical solution. The damping factor is the fraction of the surface 
flux variation that is preserved at depth. Here, we compute the damping factor at the depth of the 
water table to delineate areas where the flux variation is essentially damped and recharge can be 
approximated to be steady. The steady component of the flux, 𝒒𝒒𝒔𝒔, is equal to 0.5E-3 m/d and the 
periodic component, 𝒒𝒒𝒑𝒑, is equal to 0.45E-3 m/d. The flux varies at 30-, 90-, and 365-day periods. 
Recharge can be considered to be steady in a larger portion of the total area when layered soil 
textures are used than when only surface soil textures are used because soils are finer and damping is 
greater at depth.  
 

Heterogeneous and homogeneous representations of the vadose zone result in 

subregions of steady recharge in separate areas in the Central Valley. That is, the 

heterogeneous model identified some subareas as having steady recharge, while recharge 

in those same areas is identified as transient by the homogeneous model. The subregions 

where only the heterogeneous model indicates steady recharge are purple (fig. 13). The 
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reverse situation, where homogeneous model indicates steady recharge but the 

heterogeneous model does not, are shown as orange. The 365 day cycle is damped in 

25% more areas of the regional aquifer when layered soil information is used instead of 

only the surface soil, and damped over 14% more area when only surface soil textures are 

used. The 30 day cycle is damped in essentially the same area regardless if layered or 

surface soil information are used. The longer 365 day cycle damps over a deeper 

thickness of the vadose zone in a larger variety of soils, thus soil texture at depth become 

important. The 30-day cycle is typically damped in shallow soil near the surface so 

subsurface data are not needed. 

The maps of damping and subregions of steady recharge are likely to be more 

accurate in areas with relatively homogeneous fine soils, and for cyclical infiltration with 

shorter periods and low 𝑞𝑞𝑠𝑠. Soil textures range across the Central Valley from few coarse 

sediments (near 30%) in the northern part of the Valley to larger amounts of coarser 

sediments (more than 80%) in the southern areas [Faunt et al., 2010]. Thus, damping is 

likely to be accurate in the northern areas and for shorter infiltration cycles. The 

evaluation of the damping depth (fig. 8) provides insight into the accuracy of the 

damping maps. The analytical solution is acceptably accurate for silty clay and sandy 

loam soils at the long-term flux used here (0.5E-3 m/d) and the tested periods. However, 

the error is likely to increase where 𝜓𝜓 increases over thick transitions (𝑧𝑧𝑇𝑇, eq. 8) between 

fine soils, which often have lower (more negative) 𝜓𝜓𝑒𝑒, to a coarser underlying soil. That 

is, when soils coarsen with depth. The error decreases when 𝜓𝜓 transitions to lower values 

in soils that become finer with depth. Thus, the estimates of damping in Central Valley 
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are likely to be more accurate where the damping occurs over soil sequences that become 

finer textured with depth. 

Our analysis provides insight into which surface forcings are filtered and which 

produce time-varying flow and water content in the vadose zone and transient recharge in 

Central Valley. Short-term variations in infiltration are sufficiently damped prior to 

reaching the water table across much of the regional aquifer. Thus, monthly or even 

seasonal flux variations from surface and subsurface processes along the margins of the 

aquifer may not be necessary in integrated hydrologic models to assess the impact of 

surface forcings at these frequencies. In the center of the regional aquifer where water 

tables are shallow, shorter cycles are preserved at the water table, thus feedback 

processes between land surface processes and the vadose zone, as well as the effects of 

conjunctive water use, may be essential to characterize recharge and water resource 

variability.  

7. CONCLUSIONS 
 

We present an analytical approach for estimating the impacts of surfacing 

forcings on vadose zone flow, groundwater recharge, and water resources. We describe 

how cyclical variations in one-dimensional infiltration, resulting from the complex 

exchange of water and energy at the land surface, are filtered with depth in a 

heterogeneous vadose zone. Filtering is defined in terms of the damping of the variability 

of the forcing, and a lag time between the surface forcing and a response at depth.  

Our approach identifies which surface forcings propagate through the vadose zone 

and affect water resources, or if forcings are effectively damped in the vadose zone prior 



 

130 
 

to reaching the water table. That is, we can identify which frequencies, such as episodic 

flooding, or seasonal or interannual variability, result in time-varying infiltration and 

recharge. Another benefit is the ability to assess if the magnitude of forcings, such as 

high-intensity from flooding, or if small fluctuations in wetting in drying conditions in 

humid or arid areas, drive changes in the vadose zone. Knowledge of the filtering 

beforehand may be used to simplify inputs and reduce the complexity of 

computationally-expensive numerical approaches. In addition, our approach may be used 

to evaluate simulations of the impacts of irrigation practices, managed aquifer recharge, 

and climatic variability on vadose zone flow and water resources.  

We found that surface forcings that vary at annual or longer cycles are less 

filtered and likely result in time-varying recharge even when the depth to the water table 

is relatively deep. Shorter forcings are likely to be damped in the upper parts of the 

vadose zone and may not affect time-varying recharge. However, surface forcings that 

vary with monthy, seasonal, and annual periods are likely to be preserved at shallow 

water tables. Our analysis provides insight into how atmospheric and land surface 

processes are filter in the vadose zone, and which forcings may be needed to assess their 

impact on groundwater recharge and water resources. 

The filtering of flux variations is affected by the heterogeneity of soils in the 

vadose zone because of transitions in soil-water properties between soil layers. We define 

the relation between pressure head 𝜓𝜓 and hydraulic conductivity using the Garder [1958] 

model, and the relation between 𝜓𝜓 and water content 𝜃𝜃 using the Gardner-Kozney model 

[Mathias and Butler, 2006]. Pressure heads transition continuously between soils, 
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resulting in abrupt changes in water content, diffusivity, and water capacity 𝐶𝐶 at layer 

boundaries. If 𝜓𝜓 increases (decreases) with depth at the transition, 𝐶𝐶 also increases 

(decreases). When flux variations damp in transitions where 𝐶𝐶 increases, flux variations 

are more filtered because there is less resistance to changes in 𝜃𝜃 per change in 𝜓𝜓 and 

water will more easily go into storage. As a result, flux variations damp more quickly and 

the damping depth is shallower. When damping occurs in transitions where 𝐶𝐶 decreases, 

flux variations are less filtered because there is more resistance to changes in 𝜃𝜃, and less 

water will enter storage. Thus, flux variations are more preserved and the damping depth 

is deeper. 

We use the superposition of analytical solutions by Bakker and Nieber [2009] to 

approximate the filtering of surface infiltration forcings with depth in layered soils. 

Separate analytical solutions represents the damping in each layer. The solutions are 

based on a linearized Richards equation that approximates diffusivity to be a constant in 

each layer. Thus, transitions of 𝜓𝜓, water content, diffusivity, and water capacity between 

soil layers [Zavalasky, 1964; Bear, 1972; Yeh, 1989] are not represented. We evaluate 

the limits of the approximations in analytical solution by comparing the damping depth 

and lag time to the results of a numerical model [HYDRUS-1D, Šimůnek  et al., 2005] 

which uses the full Richards equation and simulates 𝜓𝜓 transitions between soil layers. We 

define the analytical solution to be acceptably accurate if the damping depth error is 

within a factor of 2. The analytical solution is reasonably accurate when the soil layers 

are a relatively fine silty clay and coarse sandy loam where the flux varies with periods 

from 30 to 365 days, and the steady component of the flux, 𝑞𝑞𝑠𝑠, is between 0.1E-3 m/d and 
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1E-3 m/d. It is more accurate when the water content variations are relatively small, 

which can occur when the surface forcing varies at a short period and the magnitude of 

the flux variation is relatively small. The analytical solution overestimates the damping 

depth, thus it is a conservative indictor of subregions that experience steady recharge.  

We present nomograms of the damping factor, damping depth, and lag time as 

tools for predicting how surface forcings in infiltration are filtered in any system. The 

damping factor nomogram provides the amount that the variation of the surface forcing is 

damped between the land surface and 10 m depth. The damping depth nomogram 

provides the depth below which a surface forcing may be approximated to be essentially 

damped. If the water table is below the damping depth, groundwater recharge may be 

approximated to be steady through time. The lag time nomogram indicates the time 

required for a wetting front to reach depths from the land surface to 10 m. The lag time 

nomogram can be used to assess if infiltration and recharge can be considered 

synchronous in hydrologic models, or if a lag is needed between infiltration and recharge 

at the water table. The appendix describes a Matlab program for generating nomograms 

for any cyclical infiltration and any soil properties and number of layers.  

An application of the analytical solution to the Central Valley in California, USA, 

is used to demonstrate that the filtering properties of the regional aquifer system and 

subareas of steady recharge can be estimated if available data are limited to soil texture, 

period and 𝑞𝑞𝑠𝑠 of the flux, and water table depth. Surface forcings that vary at 30-d 

periods are damped in the vadose zone prior to reaching the water table across 65% of the 

regional aquifer. Thus, recharge resulting from the 30-day cycle can be approximated to 
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be steady in most of the Central Valley. Forcings from the 365-d period are preserved at 

the water table over most the regional aquifer (96%) That is, the 365-d variations in 

recharge may be needed to accurately represent variability in recharge and water 

resources. We compare the subregions of steady recharge obtained by using a highly-

detailed distribution of the soil texture at 1-m vertical increments, or by using only soil 

information at the land surface. The area of the subregions is 25% different when the 

infiltration forcing varies at a 365-d period because the damping occurs over a thicker 

range of the vadose zone in a larger variety of soils. The subregions are nearly identical 

when infiltration varies at 90- and 30-day cycles because the damping is shallower and 

occurs soils mainly near the surface. Thus, heterogeneous soil information may be needed 

when the filtering from longer cycles and higher fluxes occurs over a thick range of the 

vadose zone. Otherwise, surface soil information may be adequate to characterize the 

filtering if the surface forcing from shorter periods and relatively low fluxes are damped 

near the surface.  
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9. APPENDIX B-1 
 

The Matlab computer program DAMPLayers produces two-dimensional 

nomograms of the damping factor, damping depth, and lag time for any number of layers 

and any soil. The program uses the analytical solution presented in this paper for the 

filtering of vertical sinusoidal infiltration through layered soils. The nomograms can be 

created for any period and flux configuration of the sinusoidal infiltration. This appendix 

describes how to obtain and use the program. 

DAMPLayers is executed by running the MATLAB.m file named DAMPLayers.m 

within the MATLAB environment. The program was written and tested using version 

R2015a, and it may run on previous and future versions of MATLAB. The program 

DAMPLayers can be downloaded at 

http://az.water.usgs.gov/software/DAMPLayers.html. MATLAB is available at 

www.matlab.com. 

9.1. USER INTERFACE 
 

The user interface contains a list of options for creating the nomograms. The main 

menu is displayed on executing the program. The main menu contains the following list 

of options: 

1. Define Soil Layers 

2. Define Soil Parameters 

3. Define Infiltration Period 

4. Define Infiltration Flux 

5. Define Water Table Depth 

http://az.water.usgs.gov/software/DAMPLayers.html
http://www.matlab.com/
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6. Calculate and Display Results 

other. Exit Program 

9.2. DEFINE SOIL LAYERS 
 

Selecting option 1 allows the user to add new layers, delete layers, and edit the 

depth to the bottom of existing layers. When this option is selected, the program displays 

a table with rows that correspond to each defined layer, and columns for the soil type and 

the bottom elevation of each layer. The program loads a default table of layers defined in 

a tab-delimited text file called LayersTable_meters.txt which is in the same directory as 

the DAMPLayers.m file. This file can be edited so that different soils and layers are 

loaded upon program execution. The units of values in the text file is meters. 

9.3. DEFINE SOIL PARAMETERS 
 

Selecting option 2 allows the user to add, remove, and soils. When this option is 

selected, the program displays a table where the defined soils are listed in rows, and the 

soil parameters are listed in columns. The program loads a default table of soils defined 

in a tab-delimited text file called SoilsTable_meters.txt which is in the same directory as 

the DAMPLayers.m file.  The units of values in the text file are meters and days. 

9.4. DEFINE INFILTRATION PERIOD 
 

Selecting option 3 provides options for specifying a minimum and maximum of 

periods 𝑃𝑃, in days, that will be used to create the nomograms. The program calculates the 

nomograms using 11 different periods between the specified minimum and maximum 

periods. 
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9.5. DEFINE INFILTRATION FLUX 
 
Selecting option 4 provides options for specifying the range of the mean flux (steady 

component of the flux, 𝑞𝑞𝑠𝑠) that will be used to create the nomograms. The program 

calculates the nomograms using 11 different mean fluxes between the minimum and 

maximum fluxes. 

9.6. DEFINE WATER TABLE DEPTH 
 

Selecting option 5 provides options for specifying the range of the depths that will 

be used to create the nomograms. The program calculates the nomograms using 11 

different depths that are inclusive the maximum and minimum depths specified. Default 

values of 0 m for the minimum and the bottom of the lowest layer specified in the option 

“Define Soil Layers” for the maximum will be assigned if blank values are entered. 

9.7. CALCULATE AND DISPLAY RESULTS 
 

Selecting Option 4 will prompt the value (period, flux, and depth) of the axes in 

the nomograms. The damping factor nomograms (Fig. 4) can be replicated by selecting 

either flux or period for the x axis and depth for the y axis. The value that is not displayed 

on an axis is fixed to the midpoint of its range. For example, if period is not displayed, 

the midpoint value is 197.5 d for the default with minimum and maximum values of 30 

and 365 d, respectively. The nomograms are displayed as color-filled plots of the 

damping factor (left), damping depth (middle), and lag time (right) for a specific soil and 

are automatically saved as .jpg files in the working directory that contains the 

DAMPLayers.m file. If depth is selected for either of the axes, one axis in the damping 
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depth nomogram will follow the other axis (period or flux) that was not selected. The 

nomograms can be displayed with different values along the axes by entering 1; the 

nomograms will not be recalculated if this option is selected, which saves computation 

time. 
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APPENDIX C. RECHARGE BEAT CYCLES CAN PROLONG GROUNDWATER 
DROUGHTS AND SURPLUSES 

ABSTRACT 

 
We present a new phenomenon in hydrology, recharge beat cycles, which can 

prolong groundwater droughts and surpluses. The recharge beat cycle is a cyclical 

groundwater recharge pattern generated within the vadose zone that may give rise to 

groundwater droughts and surpluses that are not observed in hydroclimatic forcing. We 

found that the recharge beat cycle can prolong groundwater drought duration by about 

200% in groundwater flow simulations and 550% in groundwater level observations, and 

prolong groundwater surplus duration by about 150% in the simulations and 175% in the 

observations. Recharge beat cycles may have implications for interpretations of current 

and future impacts of climatic cycles on global groundwater resources. 

1. INTRODUCTION 
 

Recharge is the process of filling aquifers by the flow of water through the vadose 

zone to the water table (Healy, 2010). Groundwater droughts and surpluses occur from 

natural variations of recharge (Van Lanen and Peters, 2000; Mishra and Singh, 2010; Li 

and Rodell, 2015). It is simple to imagine that temporal recharge variations are a muted 

version of hydroclimatic forcing. This view, supported by recent papers (Wu et al., 2002; 

Gurdak et al., 2007; Holman et al., 2009, 2011; Dickinson et al., 2014; Velasco et al., In 

Press), presents the vadose zone as a low-pass filter, such that variations of groundwater 

levels in aquifers have the same low-frequency content of hydroclimatic forcings, but 
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damped high frequency variability. Thus, natural variability in groundwater levels is 

attributed to seasonality and quasi-periodic climate cycles such as ENSO, NAO, and 

PDO (Hanson et al., 2004, 2006; Dickinson, et al., 2004; Gurdak et al., 2007; Peters, et 

al., 2005; Holman et al. 2009, 2011; Mishra and Singh, 2010; Dickinson, et al., 2014; 

Kuss and Gurdak, 2014; Velasco et al., 2016). 

The relations between water flow and filtering of flow variability in the vadose 

zone are highly nonlinear (Bakker and Neiber, 2009; Dickinson et al., 2014). Like other 

nonlinear physical systems, such as ocean-wave dynamics on shorelines (Gallagher, 

1971, Bowen and Guza, 1978, Madsen et al., 1997, Baldock, 2006), optical filters 

(Silberberg and Bar-Joseph, 1984, Morgner et al., 2001), and traffic flow (Lee et al., 

1998), we show that nonlinear filtering in the vadose zone can generate unexpected 

cycles in outputs that are not contained in the inputs. Specifically, vadose-zone processes 

may give rise to groundwater droughts and surpluses that are not observed in 

hydroclimatic forcing.  These emergent cycles add complexity to interpreting climatic 

signals from groundwater levels and to predicting water resource availability from future 

climate projections. 

We demonstrate the existence of a previously unrecognized phenomenon in 

hydrology: recharge beat cycles. The recharge beat cycle is often a dominant lower-

frequency recharge variation that is generated within the vadose zone through the 

nonlinear interaction of synchronous infiltration forcings with similar frequencies. 

Groundwater is globally important in sustaining ecosystems and supplying freshwater for 

humans, and viewed as a critical resource that enables human adaptation to climate 



 

149 
 

change (Taylor et al., 2012). There is growing concern about unsustainable groundwater 

use and depletion of many regionally important aquifers (Famiglietti, 2014). Therefore, 

recharge beat cycles could have profound impacts on sustainable groundwater 

management and plans for adaptation and mitigation of climate change. 

We illustrate how recharge beat cycles are generated using models of idealized 

one- and two-dimensional (1D and 2D) hydrologic systems in which water infiltrates at 

the land surface and percolates downward through the vadose zone (supporting online 

material). Percolating water becomes recharge when it crosses the water table. Prior 

observations indicate that hydroclimatic forcings can result in quasi-sinusoidal cycles in 

percolation in the vadose zone (Gurdak, 2007). This approximation of hydroclimatic 

forcing has been shown to explain most of the variability of groundwater levels and 

recharge (Shun and Duffy, 1999; Hanson et al., 2004; 2006, Dickinson et al., 2004; 

Ghanbari and Bravo, 2011; Almanaseer and Sankarasubramanian, 2012; Kuss and 

Gurdak, 2014, Velasco et al., 2016). 

We examine the case where the total infiltration is a hydroclimatic forcing 

composed of two sinusoidal cycles of similar period—0.83 year and 1 year (Fig. 1A). 

The constructive and destructive interference of these two forcing cycles produces a beat 

in infiltration amplitude that repeats with period of 5 years. In the supporting online 

material, we demonstrate that numerous simultaneous recharge beat cycles can generate 

when the infiltration contains multiple asynchronous cycles of similar frequency. 

2. RESULTS 
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With increasing depth, the atmospheric forcings dampen and the recharge beat 

cycle comes to dominate the total flux variance (Fig 1B and 1C). Profiles of the flux at 

two times (Fig 1B)—when the flux at the land surface is at its maximum and minimum—

indicate that, with depth, the flux variability coalesces to the recharge beat cycle. This 

effect is shown in terms of the percent explained variance, or relative importance, of the 

cycles from depths 0-100 m (Fig 2C). For the example shown, the 0.83-year and 1-year 

cycles each explain 50% of the flux variance at the surface because they have equal 

amplitude. At 10 m depth, the recharge beat cycle emerges, and it explains 39% of the 

total variance at 30 m and 85% at 50 m. The 0.83 year and 1 year cycles are effectively 

damped at 40 m and 70 m, respectively, leaving only the recharge beat cycle, which 
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explains 96% of the variance below 70 m. 

 

Figure 1 Illustration of the generation of recharge beat cycles in a 1D system showing A. surface 
infiltration pattern in the simulation of the generation of recharge beat cycles, B. vertical profiles of 
flux with depth, and C. cumulative fraction of total variance explained by the forced cycles and 
recharge beat cycle. The total infiltration (A) (black) is the sum of two synchronous sinusoidal cycles 
of 0.83 year (dotted grey) and 1 year (dashed grey) periods and has amplitude that varies at the beat 
period of 5 years. Sustained wetter areas occur between the flux amplitude beats. Only the 0.83 year 
and 1 year cycles are present in flux variability at the surface (B and C). Below 10 m, the recharge 
beat cycle increases in fraction of total variation until it explains nearly all variance below depth of 
70 m.  

 

Recharge defines how groundwater resources are being replenished with time. 

But, measurements aimed at monitoring groundwater-level responses relate more directly 

to water pressure (water level in monitoring wells). In our example, the damping of the 

flux with depth is similar to the damping of the pressure head variations (Fig. 2). Unlike 
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the flux, however, the pressure variations amplify immediately above the water table. 

Amplification occurs because the water capacity, which is resistance to change in 

pressure head, decreases as the water content increases above the capillary fringe. As a 

result, even small changes in the flux can result in significant changes in the water table 

elevation that would be observed in monitoring wells. This amplification can lead to 

overestimation of the magnitude of forcing amplitudes (e.g. the strength of climatic 

signals) based on observed water levels. 

 
Figure 2 Illustration of the damping of pressure head variations with depth in the vadose zone and 
amplifying above a water table at 50 m depth below land surface in a 2D system. 

 

We explain the generation of recharge beat cycles as follows. The constructive 

and destructive interference of the forced cycles create sustained wet times separated by 

high-frequency, very wet-very-dry cycles (Fig. 1A). After the sustained wet time, 

infiltration pulses propagate downward more rapidly and with less attenuation than pulses 

that follow drier times. Over time, the wetter pulses overtake the slower pulses 

(supporting online material). As the wetter pulses assimilate slower pulses, they 

incorporate the available water of the slower pulse, sustaining them to greater depth. 

Ultimately, the wetter pulses merge to become the wet phase of the recharge beat cycle. 

Groundwater surpluses occur when the wet phase of the recharge beat cycle reaches the 
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water table, and groundwater droughts occur between the wet phases. The recharge beat 

cycle has the same period as the beat of the surface infiltration because the recharge beat 

cycle develops at the wetter times, which repeat between the beats in infiltration 

amplitude. 

To examine whether the flux variations associated with beat cycles would be 

measurable in monitoring wells, we simulated water-table variations that would occur if 

the water table were at depths of 10 m, 30 m, and 50 m (Fig 3, black line). Based on these 

results, we calculated the duration of droughts and surpluses that occur naturally with the 

imposed cycles with and without the recharge beat cycle. At a water table depth of 10 m, 

the recharge beat cycle prolonged the average drought by 20% and average surplus by 

15%. At a depth of 30 m, the droughts were prolonged by 213% and surpluses were 

prolonged by 167%. By a depth of 50 m, droughts and surpluses were prolonged by 

208% and 143%, respectively. Although the simulated storage change may be small 

relative to storage depletion by groundwater pumping, the prolonged changes might 

adversely impact groundwater-dependent ecosystems. 

In addition to our model-based analyses, we used SSA to identify cyclical water-

level variations in 70 wells in the United States. (Kuss and Gurdak, 2014; Velasco, et al., 

2016). We found over one third of the sites to be possibly affected by beat cycles. One 

example is USGS well 312206093311001, in the southeastern United States, which was 

minimally affected by groundwater pumping and appears to have groundwater droughts 

and surpluses that were prolonged by a beat cycle (Fig. 4). The average depth to the water 

table was about 7.5 m below land surface. Water-level variations (online supporting 
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material) were dominated by a 24.3-year cycle (explains 68% of total variance). Two 

other cycles in the groundwater level (periods of 9.7 years and 7.0 years) explain nearly 

all the remaining variance (27% and 4 %, respectively). The 9.7 and 7.0 year cycles 

match cycles in precipitation records in nearby gages, suggesting that these resulted from 

hydroclimatic forcings. The 24.3-year cycle was not present in precipitation records, 

suggesting that this groundwater cycle may have resulted from a recharge beat cycle 

generated by the interaction of the two cycles. At this site, the beat cycle prolongs the 

average drought by 555% and average surplus by 175%. 
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Figure 3 Illustration of groundwater level variations (black), beat cycle (dashed red), and remaining 
variation with no beat cycle (blue) at depths of approximately A. 10 m, B. 30m, and C. 50 m below 
land surface. At 10 m depth, the variations are dominated by the 0.83 year and 1 year forcings, but at 
30 m and 50 m depth the variations are dominated by the induced recharge beat cycle. Groundwater 
droughts and surpluses are defined as 1.5 standard deviations below and above the mean. At each 
depth, groundwater droughts and surpluses are prolonged due to the recharge beat cycle.  
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Figure 4 Example of prolonged drought and surplus in groundwater levels (black) at USGS well 
312206093311001. The 24.3 year cycle (dashed red) is not present in nearby gaged precipitation, and 
may have been generated by a recharge beat cycle through interaction of 9.7- and 7.0 year-cycles in 
infiltration, which are also present in the groundwater levels. 

 

3. CONCLUSION 
 

We present recharge beat cycles as a new phenomenon in hydrology that produces 

unexpected and prolonged droughts and surpluses in groundwater. Our results suggest 

that prior studies may have misinterpreted the beat cycle in observed groundwater-levels 

as a low-frequency hydroclimatic forcing and overestimated the importance of low-

frequency (interannual or interdecadal) climatic cycles on groundwater. Large-scale land 

surface models that simplify vadose zone flow processes through linearization cannot 

generate recharge beat cycles, potentially leading to incorrect projections of future 

groundwater availability from climate projections. Future assessments of groundwater 

responses to climate forcing can only include recharge beat cycles if nonlinear flow 

properties of the vadose zone are considered. Prolonged groundwater drought and 

surpluses from recharge beat cycles add uncertainty to projections of water resources, and 
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may complicate plans for adapting to future climate. Thus, recharge beat cycles can 

further add to the uncertainty of fresh groundwater sources from future climate. 
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5. APPENDIX C-1 
 

Infiltration and water redistribution at the water table was simulated using 

numerical models of one-dimensional (1D) unsaturated flow (HYDRUS-1D, Šimůnek et 

al., 2005) and two-dimensional (2D) (FEFLOW, Diersch, 2013) and. Water flow is 

represented in the models using the Richards equation. The 2D numerical models 

simulate the downward movement of the percolation pulses from the land surface to an 

unconfined water table, which rises and falls in response to cyclical recharge. The 1D 

models represent the lower boundary as free drainage. The flux boundary at the land 

surface represents the net infiltration below the root zone from the infiltration of 

precipitation, runoff, and the uptake of water by evapotranspiration. The 2D vertical 

section models have width of 200 m and depths 60 m, 40 m, and 20 m. The boundary 

conditions were no flow at the bottom and specified flux at the top. On the left side, the 

boundary conditions were specified head of 12 m at model cells from the model bottom 

to 12 meters above the bottom, and no flow at the remaining overlying cells. On the right 

side, the boundary conditions were specified head of 10 m at the cells from the model 

bottom to 10 m above the bottom, and no flow at the remaining cells. In the 2D model, 

pressure head was observed at model cells along a depth profile in the middle of the 

section. The water table elevation was inferred from the pressure head at the shallowest 

cell that remained saturated along the same section. 
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In our example, the mean of the sum of both flux cycles is 1E-3 m d-1 (36.5 cm yr-

1) and the amplitude of both flux cycles is 0.5E-3 m d-1 (18.25 cm yr-1), which results in a 

total flux that varies between 0 and 2E-3 m d-1 (73 cm yr-1). We examine different cases 

where the water table is at average depths of 10 m, 30 m, and 50 m below land surface. 

We computed the frequency content of flux at model locations at different depths using a 

discrete Fourier transform. 

The model includes nonlinearity by using the Mualem-van Genuchten (Mualem, 

1976; van Genuchten, 1980) function to represent diffusivity, the ratio of hydraulic 

conductivity to water capacity, as a nonlinear function of soil water content. The 

diffusivity controls the spatial and temporal propagation of wetter pulses. Prior research 

indicates that water content perturbations from cyclical forcings propagate to greater 

depth and travel downward faster when water content and diffusivity are larger, and 

dampen at shallower depths and travel slower when water content and diffusivity are 

smaller (Dickinson et al., 2014). We used soil hydrologic parameters for a loam soil in 

the HYDRUS-1D soil catalog (Šimůnek et al., 2005). 

In our example, we used singular spectrum analysis (SSA) (Broomhead and King, 

1986; Vautard and Ghil, 1998; Ghil and others, 2002) in the software HydroClimATe 

(Dickinson et al., 2014) to extract a time series that represents the recharge beat. The 

contribution of the recharge beat cycle (Fig 3, dashed red line) was subtracted from the 

water table variations to produce the water table variation that would exist if the recharge 

beat cycle did not exist (blue line). Groundwater droughts and surpluses were quantified 
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as occurring above and below 1.5 standard deviations from the mean groundwater level 

(Peters et al., 2006). 

We examined 70 groundwater wells and co-located precipitation gages in 

principal aquifers of the U.S. that have long-term water level records (Kuss and Gurdak, 

2014; Velasco et al., 2016). First, each time series was standardized and detrended to 

remove possible long-term effects of groundwater use in the level data (Hanson et al., 

2004). The precipitation data were transformed into cumulative departure, which mimics 

the temporal persistence of groundwater levels (Hanson et al., 2004). We used SSA, 

(Vautard and Ghil, 1989; Ghil et al. 2002), implemented in the software HydroClimATe 

(Dickinson, 2014), to simplify the precipitation and groundwater time series into quasi-

sinusoidal time series, called reconstructed components (RCs). The period of the 

variability of each RC was estimated using a discrete Fourier transform (Dickinson et al., 

2014). Each groundwater-level RC was assumed to be the result from a single 

hydroclimatic forcing (Hanson et al., 2004; 2006; Dickinson et al., 2004; Gurdak et al., 

2007; Kuss and Gurdak, 2014; Velasco, et al., 2016). We identified RCs that possibly 

resulted from a recharge beat cycle by computing a hypothetical beat period that would 

occur from the sum of any RC pair—a possible groundwater beat cycle had a period 

within 20% of the hypothetical beat period. Finally, we checked that the potential 

groundwater beat cycles had a period that was at least 20% different from the period of 

any precipitation cycle. Of the 70 sites, 26 sites had a possible recharge beat cycle. 

We demonstrate that multiple recharge beat cycles can be generated when the 

input contains multiple asynchronous cycles (Fig. S1). Fig S1 can be interpreted in the 
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same manner as Fig 1. We simulated vertical infiltration in a 1D system using HYDRUS-

1D using the loam soil. The bottom boundary at depth 300 m was free drainage. The 

hydroclimatic forcing is composed of four sinusoidal cycles of ENSO-like periods 

(Dettinger et al., 1998)—2.5, 3.0, 3.5, and 4.0 years (Fig. S1A). Because all of the input 

cycles have periods that are within half of the others, six combinations of the four cycles 

result in six possible beat cycles of periods 6.67, 8.75, 12, 14, 21, and 28 years using the 

formula 

𝑇𝑇𝑏𝑏𝑒𝑒𝑎𝑎𝜕𝜕 =
1

� 1
𝑇𝑇1
− 1
𝑇𝑇2
� 

 

where 𝑇𝑇𝑏𝑏𝑒𝑒𝑎𝑎𝜕𝜕 is the beat period, and 𝑇𝑇1 and 𝑇𝑇2 are two superimposed cycles. We computed 

the frequency content of flux variability with depth using a discrete Fourier transform. 

The results indicate that the input cycles dominate the variance near the land surface (Fig 

S1B and S1C), and beat cycles are generated with periods that range within the expected 

beats. 
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Figure S1 Illustration of the generation of six recharge beat cycles when the hydroclimatic forcing is 
composed of four cycles of periods 2.5, 3, 3.5, and 4 years. A. surface infiltration pattern, B. vertical 
profiles of flux with depth, and C. Cumulative fraction of total variance explain by the forced cycles 
and the generated beat cycles. Values are the period in years of the cycles. Grey areas indicate the 
cumulative variance of the forced cycles, and light red to red areas are the cumulative variance of the 
generated beat cycles. 

 

 
Figure S2 Illustration of the merging of pulses with depth. 
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