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Abstract 
 

Structural health monitoring (SHM) is an emerging field in civil engineering in recent years. 

The main objectives of the SHM are to identify structural integrity issues at early stage and 

improve the structural safety through measuring and analyzing structural behaviors. 

Sensing systems for SHM can be used to identify applied vehicle loads for bridge structures. 

Bridge weigh-in-motion (BWIM) is one type of such vehicle load identification. As a tool 

to monitor the vehicle weight moving on the bridges, BWIM uses the structural responses 

induced by moving vehicle on the bridge to back-calculate vehicle information. In this 

thesis, optimized BWIM systems using multimetric measurements will be investigated. In 

Chapter 1, the concept and background of BWIM systems will be introduced. The objective 

of this research will be also demonstrated in this chapter. Chapter 2 is the literature review 

section. In Chapter 3, the finite element bridge model adopted for this study will be 

described. In this section, the moving-load time history analysis, sectional properties for 

bridge members, and other structural parameters of bridge model will be introduced. The 

methodology of BWIM systems used in this study will be demonstrated in Chapter 4. In 

Chapter 5, optimized sensor locations for BWIM using normal and shear strain 

measurements and acceleration measurement will be discussed for the case without 

measurement noise. In Chapter 6, sensor location optimization for the case considering 

measurement noises will be investigated. A new acceleration-based BWIM method is 

proposed in this section. Non-drift displacement reconstruction technique using 

acceleration measurement and FIR filtering is applied for BWIM. Finally, Chapter 7 is the 

conclusion part of this thesis. 
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1. Introduction 
 

1.1. Structural health monitoring 

 

Structural health monitoring (SHM) is an integrated process which involves structural 

sensing, data communication, signal processing to characterize structural behaviors, and 

identify structural health conditions of engineering structures. In recent years, SHM has 

become more and more important in evaluating and maintaining structural integrities in 

various engineering fields. The primary purpose of SHM is to give a diagnosis of 

structural status. Because of the time-dimension monitoring, it is possible to consider the 

whole history database of the structure, and it can also provide more time-related 

diagnosis of structures, such as evolution of damage, residual life, etc.  

 

Overweight vehicle is an important issue for bridge safety perspective, which should be 

appropriately informed to all transportation departments. Overweight vehicle can increase 

and accelerate the damages of bridges and roads, hence increase the maintenance cost, 

and results in many serious accidents. Focusing on the overweight vehicle issue, various 

technologies have been developed to monitor the vehicle weight. This study will elaborate 

an area-based BWIM approach in combination with multimetric measurements to provide 

more accurate, lower-cost, and easier-to-use BWIM framework for bridge structures 

through optimization process.  

. 
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1.2. Weigh-in-motion Background 

 

From the ASCE report card for American infrastructure in 2013, over two hundred million 

trips were taken across deficient bridges every day. In total, one in nine of the nation’s 

bridges was rated as structurally deficient. In 2009, The Federal Highway Administration 

(FHWA) estimated that for cost on highway and bridges, we needed to invest $70.3 billion 

annually for current spending, $78.8 billion annually to maintain current conditions, and 

$186 billion annually to improve to good conditions. 

 

As shown in the report, it is a huge investment in maintenance and improvement of 

bridges and roads. Overweight trucks are known to contribute significantly to the damage 

of the nation’s bridges and roads. A vehicle axle 20% overweight will consume more than 

twice as much pavement life as the normal load (SDDOT Briefing, 2003). Now trucking 

has become the most popular mode of transportation because of its low spending, 

efficiency and convenience, and it also has resulted in the maintenance costs increasing 

for highway and bridges. 

 

Information on truck weight is very important for transportation networks, especially in 

maintenance and improvement. Using the truck weight data is the key to improve 

functions of transportation, such as pavement design and maintenance, traffic monitoring, 

and tracking vehicle weight limits on bridges. Currently, there are two popular methods 

to evaluate the bridge response to traffic loads and assess their performance to overloads, 
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traditional pavement-based weigh-in-motion (WIM) and improved Bridge weigh-in-

motion (BWIM). 

 

WIM is a traditional method to estimate a moving vehicle’s gross weight, axle weight, 

axle spacing, and vehicle speed. WIM systems use pavement-based sensors installed on 

the road. The common challenge for WIM systems is their sensors should be installed in 

the road surface and embedded in the pavement, it requires pavement is cut or excavated. 

Due to pavement-based characteristics, the surrounding pavement conditions can have a 

great effect on results accuracy, for example, smoothness of pavement is very important 

for pavement-based WIM systems to acquire accurate results. However, in the real site, it 

is difficult to build and maintain pavements smooth enough for the WIM approach and 

installation. Other issues are that it is necessary to minimize the influence of vehicle 

dynamics, a traffic lane should be closed to safely install the pavement-based sensors, a 

considerable amount of work is needed to install the system in the pavement, and it is 

dangerous and costly to install and maintain. 

 

As an alternative to WIM systems, Bridge weigh-in-motion (BWIM) uses the response of 

an existing bridge to weigh vehicles. BWIM was first proposed by Moses in 1979 (Moses, 

1979), the idea of this approach is to measure the structural response of the bridge while 

a vehicle passes and use an algorithm to back-calculate the weight of the vehicle. 

Compared to WIM systems, BWIM has many advantages. All the instrumentation and 

equipment are installed under the bridge, so BWIM overcomes the challenges associated 
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with sensors in the pavement. Sensors installation of BWIM can be done without traffic 

lane closure and BWIM systems are also harder to detect by drivers since they are 

installed under the bridge. Also, BWIM is less sensitive to vehicle dynamic than 

traditional WIM due to the relatively large inertia of the bridge (Moses, 1979). The major 

disadvantage of BWIM is that the systems must be calibrated for each bridge since the 

different bridges have unique characteristic or parameters such as the superstructure type, 

span arrangement, number of lanes, and structural materials. Other limitations of BWIM 

are that it is recommended only for some types of bridges, it is good for gross vehicle 

weight but is poor for axle weight accuracy, it also has some problems with multiple 

presence of vehicles. 

 

1.3. Study Objective 

 

The BWIM approach has been developed and used for the last four decades, but the 

accuracy and effectiveness of existing BWIM is still in question. The BWIM has not been 

fully substituted for conventional Weigh-in-Motion (WIM), and the effectiveness has not 

been improved that much over last decades. This thesis aims to explore optimized BWIM 

systems with particular focus on how optimized systems can improve the accuracy of 

measuring moving vehicle loads on bridges by numerical simulation studies. In this study, 

optimized strain sensor locations and directions are explored to improve the BWIM 

accuracy. A new BWIM approach using acceleration measurement is proposed in this 

thesis. 
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2. Literature Review 
 

This chapter investigate previous studies about BWIM systems, and summarizes the 

significant developments of BWIM approach. 

 

2.1. Weight-in-Motion (WIM) Overview 

 

The Weigh-in-Motion (WIM) is the process of measuring the dynamic tire forces of a 

moving vehicle and estimating the corresponding tire loads of the static vehicle (ASTM 

E1318, 2009). Highway WIM systems are capable of estimating the gross weight of a 

vehicle as well as the portion of it, called axle load, which is carried by the tires of each 

wheel assembly, axle, and axle group on the vehicle (ASTM, 2009). The idea of WIM 

systems to obtain truck weight data in the United States can be traced back to the early 

1950s. One of the earliest examples of WIM systems was proposed by Norman and 

Hopkins in 1951 (Norman and Hopkins, 1951). In this WIM system, an embedded 

floating reinforced concrete platform was set in the roadway and the measurements were 

obtained by taking photographs of the traces from an oscilloscope. After that, the 

developments of the embedded sensors included different iterations on platform designs 

using steel plates and strain gage load cells, steel bending plates instrumented with stain 

gages and strip sensors. Lee and Garner (1996) successfully collected and analyzed the 

traffic loading date from an augmented WIM system, this methodology used the traffic-

volume and vehicle-class data, which were more commonly available than axle-load data, 



15 

 

to estimate equivalent single axle loads (ESALs), a common way of expressing traffic 

loading. 

 

The principle to operate WIM sensors is based on measuring axle loads through the 

signals recorded by sensors, such as voltage, strain, and resistance (Al-Qadi et al. 2016). 

Typically, WIM sensors are embedded in the pavement surface, it results the accuracy of 

signal is affected by the interaction between pavement and vehicle, which is dependent 

on pavement smoothness, vehicle suspension, and vehicle velocity. Common WIM 

sensors used to measure weight include polymeric, ceramic, and quartz piezoelectric 

systems; bending plates; and load cells (Al-Qadi et al. 2016). 

 

The ASTM E1318 standard (2009) for WIM systems classifies WIM systems as the 

following four types, depending on the intended application and functional performance 

requirements: 

• Type I system: Suitable for traffic data collection purposes. This type of WIM 

system shall be designed for installation in one or more lanes at a traffic data-collection 

site and shall be capable of accommodating highway vehicles moving at speeds from 10 

to 80 mph. 

• Type II system: Suitable for traffic data collection purposes. This type of WIM 

system shall be designed for installation in one or more lanes at a traffic data-collection 

site and shall be capable of accommodating highway vehicles moving at speeds from 15 

to 85 mph. 
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• Type III system: Suitable for screening vehicles suspected of weight-limit or load-

limit violations and have stricter functional performance requirements than Type I and II. 

This type of WIM system shall be designed for installation I none or more lanes at traffic 

data-collection sites and should be capable of accommodating highway vehicles moving 

at speeds from 10 to 80 mph. 

• Type IV system: This type of WIM system has not yet been approved for use in the 

United States, but for conceptual development purposes, it shall be designed for use at 

weight-enforcement stations to detect weight-limit or load-limit violations, Speeds from 

2 to 10 mph. 

 

2.2. Early Development of BWIM  

 

BWIM system was firstly proposed by Fred Moses in 1979. His idea is to use bridge 

response to estimate vehicle weight (Moses, 1979). In his study, a system is described by 

combining tape switches on the pavement and strain gages on the bottom flanges of bridge 

girders to measure the truck speed, axle spacing, gross vehicle weight of truck (GVW) 

and axle weight. The GVW was measured by solving the equations relating the measured 

strains data to the moment influence lines and the axle loads. Moses also derived a 

statistical smoothing algorithm to filter out the dynamic components of bridge responses 

and obtain the equivalent static axle weights. This algorithm overcome the dynamic 

effects which Moses claimed can cause 30-40% errors in weight predicting by pavement-

based method, and the dynamic effects would be greatly reduced by the relatively large 
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inertia of the bridges. The BWIM system developed by Moses had four important 

components: 

1) Button Box – There was button box located 100ft before the beginning of the 

testing bridge and an operator waited beside the box. When a truck was coming, 

the operator needed to press the button and alerted the system of a truck arrival. 

2) Strain Sensors – The strain gauges were placed on the bottom flange of each 

girder along a line to the direction of the testing bridge. The mid- span was 

suggested as most sensitive position, which could obtain the better strain 

response. The strain record for each gauge was recorder separately on magnetic 

tape.  

3) Tape Switches – Two tape switches were located, parallel in one lane, a precise 

distance from each other and were used to measure truck speed and axle spacing. 

A third tape switch was located before the bridge and to tell the system to begin 

taking strain readings for a set amount of time. The time was based on the lowest 

expected speed of a truck crossing the testing bridge. A tape switch consists of 

two metallic strips were held out of contact. Once a tire crossed over the switch, 

the metallic strips were forced into contact and a signal was obtained.  

4) Instrument Van – The signals from the traffic detectors and strain sensors were 

sent to a van which was located beneath the testing bridge to avoid being 

detected by drivers. The digital traffic signals would be sent directly into the 

computer while the strain signal would be sent to the signal conditioners. The 
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output signals were then sent to the analog-digital converter of a minicomputer 

system for recording on magnetic tape. 

 

Moses and Ghosn (1983) extended the original algorithm and developed a new one which 

weighted each vehicle regardless of the presence of vehicles in other lanes. This algorithm 

successfully separated the weight of trucks traveling in multiple lanes by using an 

influence surface derived from the strain data collected during the crossing of calibration 

trucks in each of bridge lanes. Ghosn and Xu (1988) improved the BWIM algorithm to 

calculate the dynamic amplitude of the bridge vibration in addition to the axle weights 

when truck crossing the instrumented bridge. This modified algorithm used a Fourier 

analysis of the record of an end girder that carried considerable dynamic effects, to find 

dominant dynamic frequencies, and the frequencies determined dynamic “influence lines” 

with amplitudes. Preliminary results showed that the modified algorithm was able to 

measure the response of a large number of bridges where many traditional methods fail 

to predict the dynamic effects. 

 

Later, BWIM approach was applied and a commercial BWIM system was developed in 

Europe known as SiWIM (Jacob 2002). A proposal for a large research project, ‘WAVE’ 

(Weigh in motion of Axles and Vehicles for Europe), was submitted in 1995 to the 

European Commission, and Jacob team was working on this WAVE project. In this 

project, BWIM algorithms were developed to increase the accuracy and to extend their 

applicability to a bigger range of bridge types. The new approach was developed with a 
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system that required no axle detector on the road surface (Free of Axle Detector). And in 

2002, Znidaric et al. (2002) proposed a free-of-axle detector (FAD) system by installing 

separate sets of strain sensors under bridges. The strain sensors were particularly used for 

detecting vehicle axles. Znidaric also presented criteria required for a bridge to install 

FAD system, difficulties to be tackled, and work to be done before successful 

implementation of the procedure. From Jacob (2002) study results, a better accuracy was 

achieved in BWIM systems than WIM systems, and with outstanding durability. Tests 

were carried out on different types of bridges and a user-friendly program interface was 

developed to facilitate the implementation of BWIM systems, either in real time or off 

line. Moreover, BWIM systems were relatively inexpensive, portable, durable and could 

be implemented on a large range of bridge types. They could be installed with minimal 

disruption to traffic. The FAD type involved nothing on the road surface and was safe to 

install, it also was hidden and could not be detected by drivers. One of the major 

disadvantage of traditional WIM systems is failing to estimate axle weights accurately 

due to vehicle and bridge dynamics of vehicle and bridge, and difference between 

theoretical models and measured bridge response. Gonzalez and O’ Brien (2002) 

developed a new calibration procedure, a dynamic algorithm, and a multiple sensor 

algorithm to reduce the effects of dynamics, and improve the accuracy of axle weights 

estimating.  

 

Quilligan et al. (2002) developed an alternative method to automatically determine the 

influence line, which successfully determined an accurate influence line without the need 

for human intervention or for dynamic analysis, and included the presence of multiple 
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vehicles on the bridge and the transverse position of the crossing vehicles. A Matrix 

Method had been developed in this study (Quilligan et al. 2002). The method could 

automatically and accurately calibrate influence line from the bridge response due to the 

known truck crossing. An objective function minimized the sum of the squares of the 

differences between the measured and theoretical strain data, denoted MM and MT 

respectively, had been defined by Moses (1979) as: 

                                  𝑂𝑏𝑗 = ∑ [𝑀𝐾
𝑀(𝑥𝑘) − 𝑀𝑘

𝑇(𝑥𝑘)]
2𝐾

𝑘=1                                                       (1) 

=∑[𝑀𝐾
𝑀(𝑥𝑘) −∑𝐴𝑖

𝑁

𝑖=1

𝑖(𝑥𝑘 −∑𝐿𝑗

𝑖−1

𝑗=1

)]

2
𝐾

𝑘=1

 

 

Where k is the scan number, xk is the location of the first axle of the vehicle from the first 

bridge support, K is the number of scans, N is the number of axles, A1…AN are the vehicle 

axle weights, L1…LN-1 are the axle spacing, and I(xk) is the influence line ordinate at 

location xk. 

As a simple example of a two-axle truck, Equation 1 can be expanded to: 

                   𝑂𝑏𝑗 = ∑ [𝑀𝑘
𝑀(𝑥𝑘) − (𝐴1𝐼𝑥𝑘 + 𝐴2𝐼𝑥𝑘−𝐿)]

2𝐾
𝑘=1                                                (2) 

                           = (𝑀1
𝑀(𝑥1) − 𝐴1𝐼1)

2 +⋯+ [𝑀𝑅
𝑀(𝑥𝑅) − (𝐴1𝐼𝑥𝑅 + 𝐴2𝐼𝑥𝑅−𝐿)]

2 +⋯

+ (𝑀𝐾
𝑀(𝑥𝐾) − 𝐴2𝐼𝑥𝐾−𝐿)

2 

The derivative of this objective function should be zero if we want to find a set of 

influence ordinates which minimizes this objective function. Differentiating with respect 

to each influence line ordinate therefore gives: 
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𝜕𝑂𝑏𝑗

𝜕𝐼𝑅
= 2[𝑀𝑅

𝑀(𝑥𝑅) − (𝐴1𝐼𝑥𝑅 + 𝐴2𝐼𝑥𝑅−𝐿)](−𝐴1)                                      (3) 

                 +2[𝑀𝑅
𝑀(𝑥𝑅 + 𝐿) − (𝐴1𝐼𝑥𝑅+𝐿 + 𝐴2𝐼𝑥𝑅)](−𝐴2) = 0 

 

The partial derivatives can be collected in matrix form: 

                                            𝐴(𝐾−𝐿,𝐾−𝐿)𝐼(𝐾−𝐿,1) = 𝑀(𝐾−𝐿,1)                                                                  (4) 

Where A is a matrix depends on the vehicle axle weights, I is a vector containing the 

influence line ordinates, and M is a vector depends on the vehicle axle weights and the 

measured stain readings. 

Through inversion of a square matrix A, the vector of influence ordinates I, can be found 

from: 

                                                                   𝐼 = 𝐴−1 𝑀                                                                                   (5) 

 

Kalin et al. (2006) developed the Nothing-On-The-Road (NOR) algorithm which was 

used in SiWIM system (Jacob 2002). NOR was the approach only using strain transducers 

attached to the bottom side of the bridge superstructure to estimate axle weight, axle 

spacing, and vehicle speed. The NOR system was also called FAD (Free-of-Axle Detector) 

system (Znidaric et al. 2002). The NOR algorithm in SiWIM calculated correlation 

between two time-shifted signals from these additional strain transducers. The position of 

the peak in the correlation function of the two signals determined the time-shifted between 

signals and then determined the vehicle speed. The estimated speed was also used in other 
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parts of the BWIM algorithm to determine the number of axles and axles spacing. Not all 

bridges were suitable for NOR algorithm. The ideal NOR bridges were either short or had 

secondary elements that divide the main span into several shorter spans, such as cross-

beams, because the bridge span length was always longer than the vehicle axle spacing, 

the measured strain signals always represented joint contributions of several axles which 

are on the bridge at the same time.  

 

Figure 1. Sensor installation under the bridge 

 

 

Figure 2. NOR (or FAD) system installation under the bridge 
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2.3. Recent Development of BWIM Methodologies 

 

In recent years, many BWIM systems have been developed such as moving-force 

identification (MFI) method (Law et al. 1997; Law et al. 1999; Yu and Chan 2003; Yu 

and Chan 2007; Deesomsuk and Pinkaew 2010), the area method to determine GVW 

(Ojio and Yamada 2002; Cardini and Dewolf 2009), and shear-strain-based method to 

measure truck axle weights, axle spacing, truck speed, and GVW (Bao et al. 2015). 

 

2.3.1. Moving-force Identification Method 

 

An important type of inverse problem in structural mechanics is force identification from 

the measured responses of structure. Particularly, the accuracy of moving forces 

identification in a bridge-vehicle system is a significant issue from the aspects of design, 

diagnosis and maintenance of bridges. The indirect force calculation is an attractive topic 

that the forces of moving wheel is hard to be measured directly while the bridge 

responses caused by the moving vehicles can be measured easily (Stevens 1987). 

 

A frequency-time domain method (FTDM) performed Fourier transformation on the 

equation of motion that was expressed in modal co-ordinates (Law et al. 1999). The 

relation between the responses and the forces was obtained in frequency domain. The 

basic theories of acceleration measurement and bending moments measurement will be 

shown as following (Yu and Chan 2003): 

• Equation of motion 
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The time-history moving force on a simply supported beam is shown in Figure 3. 

Considering a force P moving from left of beam to right at a speed c, and the span length 

is L, constant flexural stiffness EI, constant mass per unit length ρ and viscous 

proportional damping C. The bridge deck is modelled as a Euler beam (Fryba 1972). 

The equation of motion can be expressed as: 

                        𝜌
𝜕2𝑣(𝑥.𝑡)

𝜕𝑡2
+ 𝐶

𝜕𝑣(𝑥.𝑡)

𝜕𝑡
+ 𝐸𝐼

𝜕4𝑣(𝑥,𝑡)

𝜕𝑥4
= 𝛿(𝑥 − 𝑐𝑡)𝑃(𝑡),                             (6) 

 

Figure 3. A simply supported beam subjected to a moving force P(t). 

 

Where v(x, t) is the beam deflection at point x and time t, P(t) is the time-varying point 

force, E is Young’s modulus of the beam, I is the second moment of the beam cross-

section, and δ(x) is the Dirac delta function. Based on modal superposition, if the nth 

mode shape function of the beam Φn(x) = sin(nπx/L), the solution of Equation (6) is 

expressed as: 

                                           𝑣(𝑥, 𝑡) = ∑ 𝑠𝑖𝑛
𝑛𝜋𝑥

𝐿
𝑞𝑛

∞
𝑛=1 (𝑡),                                            (7) 

Where n is the mode number (MN), 𝑞𝑛(𝑡)  (N=1, 2,…, ∞) are the nth modal 

displacements. After substituting Equation (7) into Equation (6), integrating the resultant 

equation with respect to x between 0 and L, and then using the boundary conditions and 
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the properties of the Dirac delta function, the equation of motion in terms of the modal 

displacement 𝑞𝑛(𝑡) is given as: 

              
𝑑2𝑞𝑛(𝑡)

𝑑𝑡2
+ 2𝜉𝑛𝜔𝑛

𝑑𝑞𝑛(𝑡)

𝑑𝑡
+ 𝜔𝑛

2𝑞𝑛(𝑡) =
2

𝜌𝐿
𝑝𝑛(𝑡)    (𝑛 = 1, 2, … ,∞),                   (8) 

where 

                      𝜔𝑛 =
𝑛2𝜋2

𝐿2
√
𝐸𝐼

𝜌
,     𝜉𝑛 =

𝐶

2𝜌𝜔𝑛
,     𝑝𝑛(𝑡) = 𝑃(𝑡)sin (

𝑛𝜋𝑐𝑡

𝐿
)                             (9) 

are the nth modal frequency, the modal damping and the modal force, respectively. 

Performing the fast Fourier transform (FFT) on Equation (8), the Fourier transform of 

the dynamic deflection 𝑣(𝑥, 𝑡) is obtained as: 

                                   𝑉(𝑥, 𝜔) = ∑
1

𝑀𝑛
Φ𝑛(𝑥)𝐻𝑛(𝜔)𝑃𝑛(𝜔)

∞
𝑛=1 ,                                   (10) 

Where 𝑀𝑛 =
𝜌𝐿

2
, 𝐻𝑛(𝜔) is the frequency response function of the nth mode, and 

                                                        Φ𝑛(𝑥) = sin (
𝑛𝜋𝑥

𝐿
),                                               (11) 

                                                  𝐻𝑛(𝜔) =
1

𝜔𝑛
2−𝜔2+𝑖2𝜉𝑛𝜔𝑛𝜔

,                                            (12) 

                                              𝑃𝑛(𝜔) =
1

2𝜋
∫ 𝑝𝑛(𝑡)𝑒

−𝑖𝜔𝑡∞

−∞
𝑑𝑡.                                          (13) 

• Force identification from accelerations 

The Fourier transform of the acceleration of the beam at point x is obtained from 

Equation (10), as  

                           �̈�(𝑥, 𝜔) = −𝜔2∑
1

𝑀𝑛

∞
𝑛=1 Φ𝑛(𝑥)𝐻𝑛(𝜔)𝑃𝑛(𝜔),                                   (14) 
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Substituting Equation (11), (12), (13) into Equation (14) and rewriting in discrete terms, 

�̈�(𝑚) = −∑ ∑
∆𝑓3𝑚2

𝑀𝑛

∞
𝑛=1 Φ𝑛(𝑥)𝐻𝑛(𝜔)Ψ𝑛(𝑚 − 𝑘)𝐹(𝑘),   𝑚 = 0, 1, … , 𝑁 − 1𝑁−1

𝑘=0     (15) 

Where Ψ𝑛 and F are the Fourier transform of the nth mode shape and the moving force 

P(t) respectively. ∆𝑓 is the frequency resolution, N is the number of samples, k and m 

denote represent kth and mth term in the FFT, respectively. Considering the periodic 

property of the discrete Fourier transform (DFT), the Equation (15) can be rewritten in 

matrix form 

                                            �̈�(𝑁+2)×1 = 𝐴(𝑁+2)×(𝑁+2)𝐹(𝑁+2)×1,                                         (16) 

where  �̈� and F are Fourier transform of the acceleration vector �̈� and the force vector 

P(t), respectively. The matrix A is associated with the bridge-vehicle system. Dividing 

F into real and imaginary parts, FR and FI, respectively, Equation (16) can be expressed 

as: 

                                       �̈� = (𝐴𝑅𝑅 + 𝑖𝐴𝑅𝐼)𝐹𝑅 + 𝑖(𝐴𝐼𝑅 + 𝑖𝐴𝐼𝐼)𝐹𝐼.                                       (17) 

Dividing �̈� into real and imaginary parts �̈�𝑅  and  �̈�𝐼, above Equation can be expressed 

in the form of the real and imaginary parts as: 

                               {
�̈�𝑅
�̈�𝐼
}
(𝑁+2)×1

= [
𝐴𝑅𝑅 −𝐴𝐼𝐼
𝐴𝑅𝐼 𝐴𝐼𝑅

]
(𝑁+2)×(𝑁+2)

{
𝐹𝑅
𝐹𝐼
}
(𝑁+2)×1

                     (18) 

Due to the first and last elements of the Fourier transform of the imaginary parts of 

vectors �̈� and P are equal to zero. Then Equation (18) can be expressed into a set of Nth 

order simultaneous equation by deleting corresponding rows and columns as: 
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                                            �̈�𝑅𝐼(𝑁×1) = 𝐴𝐶(𝑁×𝑁)𝐹𝑅𝐼(𝑁×1),                                             (19) 

where  �̈�𝑅𝐼  consists of components �̈�𝑅  and �̈�𝐼 . 𝐹𝑅  and 𝐹𝐼 , which can be found from 

Equation (19) by solving the N order linear equations. The time history of the moving 

force P(t) can be obtained by performing the inverse Fourier transformation.  

Furthermore, the computation cost for solving Equation (19) is high in finding the 

inverse of a full matrix, and following procedure is developed to solve this difficulty (Yu 

and Chan 2003). 

If the DFTs are expressed in matrix form, the Fourier transform of the force vector F 

will be writer as follows: 

                                                           𝐹 =
1

𝑁
𝑊𝑃,                                                        (20) 

where  𝑊 = 𝑒−𝑖2𝑘𝜋/𝑁 and all terms in 𝐹 are real. 

                                𝑘 =

[
 
 
 
 
 

0 0 0
0 1 2
0 2 4

⋯
0 0

𝑁 − 2 𝑁 − 1
𝑁 − 4 𝑁 − 2

⋮ ⋱ ⋮
0 𝑁 − 2 𝑁 − 4
0 𝑁 − 1 𝑁 − 2

⋯
4 2
2 1 ]

 
 
 
 
 

𝑁×𝑁

                        (21) 

The matrix 𝑊 is an unitary matrix, which means 

                                                            𝑊−1 = (𝑊∗)𝑇,                                                                (22) 

where  𝑊∗ is the conjugate of W. Substituting Equation (20) into (19),  

                                                    �̈�𝑁×1 =
1

𝑁
𝐴𝑁×𝑁𝑊𝐵𝑁×𝑁𝐵

𝑃𝐵𝑁𝐵×1
,                                         (23) 
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Equation (23) connecting the Fourier transform of acceleration �̈� with the force vector 

𝑃𝐵 of the moving forces in the time domain. 𝑊𝐵 and 𝑃𝐵 are the sub-matrices of W and 

P, respectively. Using Equation (23) for identification has the advantage of weighting 

the response data in the frequency domain. Equation (23) can be expressed using 

Equation (20) to relate the accelerations and force vectors in the time domain as  

                                              �̈�𝑁×1 = (𝑊∗)𝑁×𝑁
𝑇 𝐴𝑁×𝑁𝑊𝐵𝑁×𝑁𝐵

𝑃𝐵𝑁𝐵×1
,                                (24) 

or  

                                            �̈�𝑁𝑐×1 = (𝑊∗)𝑁𝑐×𝑁
𝑇 𝐴𝑁×𝑁𝑊𝐵𝑁×𝑁𝐵

𝑃𝐵𝑁𝐵×1
,                              (25) 

Equation (24) and Equation (25) can be used for different situations. 

 

• Force identification from bending moments 

Similar with force identification from acceleration, the relationships among the bending 

moments m, its Fourier transform M, and the force vector of moving force P can be 

expressed as: 

                                                𝑀𝑁×1 =
1

𝑁
𝐵𝑁×𝑁𝑊𝐵𝑁×𝑁𝐵

𝑃𝐵𝑁𝐵×1
,                                    (26) 

                                               𝑚𝑁×1 = (𝑊
∗)𝑁×𝑁
𝑇 𝐵𝑁×𝑁𝑊𝐵𝑁×𝑁𝐵

𝑃𝐵𝑁𝐵×1
,                             (27) 

                                              𝑚𝑁×1 = (𝑊
∗)𝑁×𝑁
𝑇 𝐵𝑁×𝑁𝑊𝐵𝑁×𝑁𝐵

𝑃𝐵𝑁𝐵×1
,                              (28) 

The force vectors 𝑃𝐵 can be obtained from the above three sets of equations by using the 

least-squares method. 
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2.3.2. The Area Method 

 

Ojio and Yamada (2002) used two stringers, which located under the deck of plate girder 

in each lane to measure moving vehicles information. Vehicle speed was estimated by 

comparing strain response waves obtained for the two stringers, GVWs were estimated 

by integration of strain response wave and considering truck velocity. Axle spacing 

could also be estimated from strain response waves. Cardini and DeWolf (2009) also 

used this area method for BWIM systems, the difference from Ojio and Yamada analysis 

is they used the primarily loaded girders of the bridge, and not stringers. 

 

This method computes the GVW by integrating the strain response curve and the speed 

of known truck and unknown truck, and known truck weight. Here known truck is used 

for the calibration of system. The general principle is that as a load passes over a bridge 

at a certain speed it produces an influence area recorded by strain sensors. The unknown 

truck weight, GVW can be obtained as: 

                                                     𝐺𝑉𝑊 = 𝐴×
𝐺𝑉𝑊𝐶

𝐴𝐶
                                                         (29) 

                                            𝐴 = 𝐴𝑟𝑒𝑎𝑢𝑘 ∙ 𝑣𝑢𝑘 ,          𝐴𝐶 = 𝐴𝑟𝑒𝑎𝑘 ∙ 𝑣𝑘                        (30) 

where A (Ojio and Yamada (2002) for formula) = truck influence area for the truck 

crossing the bridge; Ac = truck influence area for the truck used to calibrate the system; 

and GVWc = known weight for the truck used to calibrate the system. The known 

influence area, Ac, is computed by multiplying the area under the strain plot for the know 
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truck by the speed of the know truck. Unknown truck GVW then can be estimated using 

its known influence area A. 

 

Firstly, the speed of the truck need to be determined in order to get the influence area A 

or Ac. When a truck moves on the bridge, peaks can be seen in the strain responses 

where groups of axle are. If the peaks are found at two strain sensors that are located in 

different locations, and the distance between two locations is known, the crossing time 

is also known and then truck speed can be determined. 

 

2.3.3. Shear-strain-based Method 

 

Bao et al. (2015) developed a new type of BWIM systems based on the measurement of 

shear forces near the supports of the bridges, which was different from the traditional 

flexural strain-based systems. In their study, the measurement were obtained by using 

the shear-strain rosettes on the girder webs. The formulations of this method were based 

on the establishment of shear influence lines in terms of axle weights and spacings. The 

primary methodology and basic equations will be shown as follow.  

• Developed methodology 

Implementation of this method (Bao et al. 2015) involves use of two sets of strain-rosette 

sensors for estimating truck speed, axle spacings, and shear-strain response of the bridge. 

The shear-stress-strain relationship is used for conversion of measured strains to stresses 

from which shear-force response of the bridge is computed. For linear systems, the effect 
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of truck axle weights on the shear-force response follows the superposition principle. 

The superposition principle is used to relate the measured shear response of the bridge 

to the summation of truck axle weights by using the influence line of the bridge.  

                                                            𝛾 = ∑ 𝑃𝑖 ∙ 𝐼𝐿(𝑥)𝑛
𝑖=1                                               (31) 

                                                              𝐺𝑉𝑊 = ∑ 𝑃𝑖𝑛
𝑖=1                                                          (32)   

where 𝛾 is shear strain, 𝑃𝑖 is axle loads, n is total number of truck axles, and 𝐼𝐿(𝑥) is 

shear-strain influence line. The solution to the system of equations that is formed by 

using the superposition principle for truck axles crossing over the strain rosettes yields 

the axle weights from which GVW is computed. 

• Basic equation for shear response measurement 

A two-strain-gauge rosette was used in this study (Bao et al. 2015) to measure the shear 

strain. Generalized strain-transformation equation are then used for the determination of 

strain along any direction. In this case, the shear strain 𝛾𝑥𝑦 is obtained from the strain 

gauges, 휀1 and  휀2, in the rosette oriented at an angle of 𝜃 with respect to the horizontal: 

                                                              𝛾𝑥𝑦 =
𝜀1−𝜀2

2 sin𝜃 cos𝜃
                                              (33) 

The stress-strain relationship is used for the computation shear stress 𝜏: 

                                                                     𝜏 = 𝐺𝛾                                                     (34) 

where  𝛾 =measured strain and G = shear modulus. Shear force V is computed from the 

relationship between shear force and shear stress: 

                                                                     𝜏 =
𝑄𝑉

𝐼𝑡
                                                              (35) 
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where I is the moment of inertia of the cross section; t is girder thickness; and Q is the 

first moment of the cross-sectional area above the section at which shear is being 

computed. Shear is maximum at the neutral axis, and big-amplitude shear-strain 

measurements are achieved when the shear rosettes are installed at the neutral axis level. 

By combining Equation (34) and Equation (35), the shear force can be estimated in terms 

of the measured shear strain:  

                                                                                𝑉 =
𝐺𝐼𝑡

𝑄
𝛾                                                        (36) 

Since Q, I, t, and G are only related to the geometric characteristics of the section and 

the material properties of the bridge, then shear force can be expressed in the following 

form: 

                                                                     𝑉 = 𝛼𝛾                                                     (37) 

Where  𝛼 =
𝐺𝐼𝑡

𝑄
 is a constant signifying the proportionality of the shear force and the 

measured shear strain. 

In this case, the truck has n axles with axle weights and spacings represented by P1, 

P2, …, Pn and L1, L2, …, Ln-1, respectively. Then shear force can be expressed by the 

following equation: 

          𝑉(𝑥) = 𝑃1𝐼𝐿
′(𝑥) + 𝑃2𝐼𝐿

′(𝑥 + 𝐿1) + ⋯+ 𝑃𝑛𝐼𝐿
′(𝑥 + 𝐿1 + 𝐿2 +⋯+ 𝐿𝑛−1)       (38) 

where  𝐼𝐿′(𝑥) is the influence line for shear force, and by using Equation (37), influence 

line for shear strain 𝐼𝐿(𝑥) can be obtained in terms of 𝐼𝐿′(𝑥) as: 

                                                     𝐼𝐿′(𝑥) = 𝛼 ∙ 𝐼𝐿(𝑥)                                                           (39)  
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and  

            𝛾(𝑥) = 𝑃1𝐼𝐿(𝑥) + 𝑃2𝐼𝐿(𝑥 + 𝐿1) + ⋯+ 𝑃𝑛𝐼𝐿(𝑥 + 𝐿1 + 𝐿2 +⋯+ 𝐿𝑛−1)       (40) 

 

3. Simulation Model 
 

This chapter describes the finite-element model of this numerical simulation, includes the 

moving load design, elements meshing, boundary condition, and material properties. In 

this study, we build the bridge model as the Pumphouse Wash Bridge, a real bridge which 

is located in Coconino County, Arizona. SAP2000 software is used for numerical 

simulation. 

 

3.1. Pumphouse Wash Bridge Introduction 

 

Pumphouse Wash Bridge was constructed in 1931, which located in US Highway 89 over 

Pumphouse Wash, Coconino County, Arizona. The Pumphouse Wash Bridge consists of 

five spans of steel stringers supported by steel bent piers on concrete pedestals. The span 

length is 40 feet, total length of bridge is 160 feet, and the roadway width is 28.5 feet. 

Superstructure consists of 6 steel stringers and concrete deck over steel stingers. 

Substructure consists of concrete abutments, wingwalls and pier pedestals with braced 

steel piers. Pumphous Wash Bridge is shown as Figure 4 and Figure 5. 
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Figure 4. Super/Substructure condition of Pumphouse Wash Bridge 

 

 

 

Figure 5. Pavement condition (Two-lane) of Pumphouse Wash Bridge 



35 

 

 

3.2. SAP2000 Software  

 

SAP2000 is a general-purpose finite-element-based structural software for the analysis 

and design of civil engineering structures, including bridges, towers, buildings, dams, 

piping systems and many other structures. Basic and advanced systems, ranging from 2D 

to 3D, of simple geometry to complex, may be modeled, analyzed, designed, and 

optimized using a practical and intuitive object-based modeling environment. SAP2000 

can generate a sophisticated finite-element analysis, and it also provides linear (or 

nonlinear) time-history analysis for moving load case, which is the key step in BWIM 

systems for this study. Anyway, SAP2000 is the ideal software for any experience level, 

designing any structural system. 

 

3.3. Time History Analysis 

 

3.3.1. Overview of Time History Analysis 

 

Time history analysis is a step-by-step analysis of the dynamical response of a structure 

to a specified loading which may vary with time. The analysis may be linear or nonlinear. 

In this study, we consider linear time history analysis, as we only handle linear-range 

structural behaviors for the BWIM. 
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Time history analysis is used to determine the dynamic response of a structure to 

arbitrary loading (CSI Analysis Reference Manual, 2007). The dynamic equilibrium 

equations to be solved are given by: 

                                        𝐾 ∙ 𝑢(𝑡) + 𝐶 ∙ �̇�(𝑡) + 𝑀 ∙ �̈�(𝑡) = 𝑟(𝑡)                                   (41) 

where K is the stiffness matrix; C is the damping matrix; M is the diagonal mass matrix;  

𝑢 , �̇� , and �̈�  are the displacement, velocities, and accelerations of the structure, 

respectively, and 𝑟 is the applied load varies with time. If the load includes ground 

acceleration, the displacement, velocities, and acceleration are relative to this ground 

motion. 

 

3.3.2. Time History Function Definition 

 

In BWIM systems, a time-history moving load function should be defined. Figure 6 

shows one of the time history functions defined in this study, in different time points. 

This time history moving load functions are generated by a truck moving on the bridge 

at speed of 35 mph, having 15 kips for front axle and 40 kips for rear axle (total weight 

of truck is 55kips). Here we assume that the initial time of time-history function is when 

the truck moves from 40ft in front of the beginning of bridge, and after approximate 4.5 

seconds, the truck will pass the bridge fully. The time step size of this time-history 

function is 0.001 second.  
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Figure 6. Time history functions in different time points 

 

3.4. Element Selection  

 

The choice of finite element type is important for accurate numerical simulation. Solid 

element is generally used to model 3D solid systems, which is known to be more accurate 

but require expensive (i.e. time consuming) calculation. In this feasibility test study, solid 

element modeling is not considered due to the limitation of available computing resources. 

The shell element or plane element are the choice for this study. 

 

3.4.1. Shell Element 

 

The shell element is a type of area object that is used to model membrane, plate, and 

shell behavior in planar and three-dimensional structures (CSI Analysis Reference 

Manual, 2007). The shell material may be homogeneous or layered through the thickness. 

Material nonlinearity can be considered when using the layered shell. 
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The shell element is a three-node or four-node formulation that combines membrane and 

plate-bending behavior. There are two distinct formulations are available:  

• Homogenous: The homogeneous shell combines independent membrane and plate 

behavior. The homogeneous plate-bending behavior include two-way, out-of-plane, 

plate rotational stiffness components and a translational stiffness component in the 

direction normal to the plane of the element. In SAP2000, thin-shell formulation is used 

that neglects transverse shearing deformation, and thick-shell formulation which 

includes the effects of transverse shearing deformation.  

• Layered: The layered shell allows any number of layers in the thickness direction, 

each with independent location, thickness, and material. Membrane deformation within 

each layer uses the same formulation as the homogeneous shell. 

 

The shell element may have either of the following shapes, quadrilateral and triangular, 

as shown in Figure 7 and Figure 8. The quadrilateral formulation is more accurate than 

triangular. The triangular element is recommended for transitions only. The stiffness 

formulation of the three-node element is reasonable, but the stress recovery is poor. 
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Figure 7. Four-node quadrilateral shell element 

 

Figure 8. Three-node triangular shell element 

 

3.4.2. Plane Element 

 

The plane element is used to model plane-stress and plane strain behavior in two-

dimensional solids (CSI Analysis Reference Manual, 2007). The plane element/object is 

one type of area object.  
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The plane element is a three-node or four-node element for modeling two-dimensional 

solids of uniform thickness. Structures that can be modeled with plane element: 

• Thin, planar structures in a state of plane stress 

• Long, prismatic structures in a state of plane strain 

The stress and strains are assumed not to vary in the thickness direction. For lane-stress, 

the element has no out-of-plane stiffness. For plane-strain, the element can support loads 

with anti-plane shear stiffness. The shapes of plane element are the similar with shell 

element, are shown in Figure 7 and Figure 8. 

 

3.4.3. Element Selection for the Bridge Modelling in This Study 

 

Compared with solid element, shell element, and plane element, the shell element (shell-

thick) is selected for this bridge area sections, includes stringer girders, cross beams, and 

bridge deck. 

 

3.4.3.1. Shell Element vs. Plane Element 

 

The shell element is with translational and rotational degrees of freedom, and is capable 

of supporting forces and moments. The plane element is a two-dimensional solid, with 

translational degrees of freedom, is capable of supporting forces but not moments. Here 

we select shell element for the basic element type. 
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3.4.3.2. Shell-thick vs. Shell-thin 

 

First of all, for shell sections, there are some options for choosing the type of behavior 

are shown as follows: 

• Membrane: Pure membrane behavior; only the in-plane forces and the normal 

moment can be supported; homogeneous material. 

• Plate: Pure plate behavior; only the bending moments and the transverse force can be 

supported; homogeneous material. 

• Shell: Full shell behavior, a combination of membrane and plate behavior; all forces 

and moments can be supported; homogeneous material. 

• Layered: Multiple layers, each with a different material, thickness, and location; 

provides full-shell behavior, all forces and moments can be supported. 

It is generally recommended that using the full shell behavior unless the entire structure 

is planar and adequately restrained. 

 

Two thickness formulation, thick-shell and thin-shell, are available for shell element 

(CSI Analysis Reference Manual, 2007): 

• Thick-shell: The thick-shell (Mindlin/Reissner) formulation includes the effects of 

transverse shear deformation. 
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• Thin-shell: The thin-shell (Kirchhoff) formulation neglects the effects of transverse 

shear deformation. 

Shearing deformations tend to be important when the thickness is greater than about 

one-tenth to one-fifth of the span. They can also be quite significant in the vicinity of 

bending-stress concentrations, such as near sudden changes in the thickness or support 

conditions, and near holes or re-entrant corners. 

Even for thin-shell bending problems where shearing deformations are truly negligible, 

the thick-shell formulation tends to be more accurate, although somewhat stiffer, than 

the thin-shell formulation. However, the accuracy of the thick-shell formulation is more 

sensitive to large aspect ratios and mesh distortion than thin-shell formulation. 

It is generally recommended that using the thick-shell formulation unless a distorted 

mesh and shearing deformations will be small. In this bridge modelling, we select shell-

thick behavior.  

 

3.5. Parameters of Bridge Model 

 

A finite-element model of a steel bridge finite-element model is built using SAP2000. 

The superstructure is designed as the same as the Pumphouse Wash Bridge, as shown in 

Figure 9. 5% modal damping is considered for the dynamic simulation. 
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Figure 9. 3D view of steel bridge model 

 

3.5.1. Dimension  

 

It is a 4-span, two-lane steel bridge, which consists of six stringers in the superstructure. 

The length of each span is 40 feet; the total length is 160 feet; the width of each lane is 

12.5 feet, and there are two sidewalks in each side, with 1.75 feet width for each; the 

total width is 28.5 feet. The spacing for each steel girder is 5 feet, and 10 feet for each 

cross beam. The dimensions are shown as Figure 10 and Figure 11. 

 

Figure 10. Vertical view of bridge model 
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Figure 11. Side view of bridge model 

 

3.5.2. Materials Properties 

 

The steel sections in the bridge model, including girder stringers, cross beam, and steel 

columns are designed using ASTM A992. ASTM A992, one type of structural steel is 

currently the most available steel type for structural wide-flange beams and I-beams. 

The density of ASTM A992 is approximately 0.2836 lb/in3 (7850 kg/m3), the tensile 

yield strength is 345 MPa (50 ksi), and the tensile ultimate strength is 450 MPa (65 ksi).  

 

4000 psi concrete is used for bridge slab. 4000 psi means the compression strength of 

the concrete is 4000 pounds per square inch. Based on the previous experience, 4000 psi 

concrete is good for heavy traffic pavement.  

 

3.5.3. Meshing 

 

SAP2000 automatically converts object-based model into an element-based model when 

we run an analysis (CSI Analysis Reference Manual, 2007). This element-based model 
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is called the analysis model, and it consist of traditional finite elements and joints (nodes). 

Results of the analysis are reported back on the object-based model. 

 

We have to control how the meshing is performed, such as the degree of refinement, and 

how to handle the connections between intersecting objects. It is mentioned above that 

the superstructure members of this bridge model are shell element. For shell element (or 

other types of area element) may have quadrilateral or triangular shapes, and The 

quadrilateral formulation is more accurate of the two. Although the stiffness formulation 

of the three -node (triangular) element is reasonable, its stress recovery is poor. The use 

of the quadrilateral element for meshing various geometries and transitions is shown as 

Figure 12.  

 

Figure 12. Mesh examples using the quadrilateral area element 
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Automatic mesh is used in this study, we divide the superstructure members into 1’ by 

1’ quadrilateral element. Obviously, reducing the element size can increase the accuracy 

of result, but that will consume much time, which is not efficient and is beyond the limit 

of workstation. 1’ by 1’ is good option for this study. The meshed model and whole 

structural deformation is shown as Figure 13. 

 

 

Figure 13. 3D Meshing view of bridge finite-element model 

 

4. BWIM Methodology 
 

The proposed BWIM methodology in this study uses normal-strain (x direction) 

measurements, shear-strain measurements, and acceleration measurements on a slab-on-

girder steel bridge to estimate the gross vehicle weight, axle weights, axle spacing, and 

vehicle speed. The estimated results will be compared and discussed among these three 

measurements. The unique aspect of BWIM methodology in this study is the non-intrusive 

calculation of truck characteristics for bridge, using only strain or acceleration 
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measurements of the steel girders beneath the bridge. The proposed methodology to 

determine gross vehicle weight is based on the area method, which was proposed by Ojio 

and Yamada (2002), described as Equation (29). In this method, a known truck is necessary 

to calibrate the bridge system, in order to get influence area of known truck, Ac. In the 

study of Ojio and Yamada, they used strain measurements located on the steel girders 

beneath the bridge to obtain bridge response. Axle weights and axle spacing are determined 

using second derivative of strain response, which is proposed by Wall et al. (2009). In this 

study, besides using normal strain measurements, the shear strain measurements and 

acceleration measurements are also used for area method to determine gross vehicle weight.  

 

4.1. Vehicle Speed  

 

The speed of the vehicle must be determined in order to get the gross vehicle weight, axle 

spacing, and axle weights. In this study, truck speed is determined from the time it takes 

the truck to pass two fixed points, specifically the point near the beginning of bridge and 

the point near the end of bridge. It can accurately get estimated speed. The strain response 

records the time the truck reaching the two fixed points, which is shown as the peak points 

of Figure 14 (a) and Figure 14 (b). the distance between these two fixed points is known. 

As such, the speed of truck can be determined as the distance d, divided by time t. the 

equation to calculate the speed of truck v can be written as: 

                                                                          𝑣 =
𝑑

𝑡
                                                                  (42) 
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Where v is the speed of truck, d is the distance between two measured points and t is the 

time the truck moving from the first point to second point. 

 

Figure 14. Strain versus time for a typical truck moving pass specific locations 
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4.2. Gross Vehicle Weight 

 

Gross vehicle weight can be determined from the area method once speed of truck v 

obtained. The strain response of the bridge can be defined mathematically as the strain at 

a specific location of the bridge due to multiple point loads moving over the bridge. The 

response is written as  

                                                     휀(𝑥) = ∑𝑃𝑛𝑓(𝑥 − 𝑥𝑛)

𝑁

𝑛=1

                                                     (43) 

Where Pn is the weight of the nth axle, xn is the distance between axles, and 𝑓(𝑥 − 𝑥𝑛) is 

the influence line. 

The influence area A, of a single truck passing over the bridge is defined as 

                                                       𝐴(𝑥) = ∫ 휀(𝑥)𝑑𝑥

∞

−∞

                                                             (44) 

Substituting Equation (43) into Equation (44) and A can be written as 

                                                𝐴(𝑥) = ∑𝑃𝑛 ∫ 𝑓(𝑥 − 𝑥𝑛)𝑑𝑥

∞

−∞

                                             (45)

𝑁

𝑛=1

 

Since GVW can be written as  

                                                           𝐺𝑉𝑊 = ∑𝑃𝑛

𝑁

𝑛=1

                                                                 (46) 

So Equation (45) can be expressed as 
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                                                 𝐴(𝑥) = 𝐺𝑉𝑊∑ ∫ 𝑓(𝑥 − 𝑥𝑛)𝑑𝑥

∞

−∞

                                      (47)

𝑁

𝑛=1

 

For trucks with the same axles configuration, the term in the summation is a constant, 

such that 

 

                                                     𝐶 = ∑ ∫ 𝑓(𝑥 − 𝑥𝑛)𝑑𝑥

∞

−∞

                                                 (48)

𝑁

𝑛=1

 

The constant C is also can be substituted into Equation (47), expressed as  

                                                             𝐶 =
𝐴

𝐺𝑉𝑊
                                                                       (49) 

 

If the GVW of test truck is known, the GVW of any unknown truck can be determined 

by 

                                                           
𝐴𝑘

𝐺𝑉𝑊𝑘
=

𝐴𝑢
𝐺𝑉𝑊𝑢

                                                               (50) 

or 

                                                            𝐺𝑉𝑊𝑢 =
𝐴𝑢
𝐴𝑘
𝐺𝑉𝑊𝑘                                                         (51) 

Where 𝐴𝑘 and 𝐺𝑉𝑊𝑘 are the influence area and gross vehicle weight from known truck, 

and 𝐴𝑢 and 𝐺𝑉𝑊𝑢 are the influence area and gross vehicle weight from unknown truck. 

Where A also can be written in terms of 휀(𝑡),  
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                                                           𝐴(𝑡) = 𝑣 ∫ 휀(𝑡)𝑑𝑡      

∞

−∞

                                                 (52) 

Where A can be computed by multiplying the area under the strain response plot for the 

moving truck by the speed of the moving truck. 

 

4.3. Axle Weight 

 

In this study, axle weights are determined using second derivative of strain response, 

which is proposed by Wall et al. (2009). In their study, a simply supported beam was 

considered, a schematic of the simply supported beam is shown in Figure 15. 

 

Figure 15. A simply supported beam with moving load 

The influence line for the moment at the mid-span and the corresponding equations are 

shown as Figure 16 and Equation (53). 

 

Figure 16. Influence line of moment for mid-span point 
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                                          𝑀𝑐 = {

𝑃𝑥

2
𝑃𝐿

2
(1 −

𝑥

𝐿
)

        
0 < 𝑥 < 𝐿/2
𝐿
2 < 𝑥 < 𝐿

                                          (53) 

Where Mc is the internal moment at point C, P is the magnitude of the point load, x is the 

distance from A to the location of the point load, and L is the total length of the beam. 

The internal moment at a cross-section results in a stress distribution that can be described 

by 

                                                                      𝜎 =
𝑀𝑐

𝐼
                                                                  (54) 

Where 𝜎 is the stress, M is the internal moment, c is the distance from the sensor location 

to the centroid of the cross-section, and I is the moment of inertia of the cross-section. 

According to Hooke’s Law, 

                                                                      휀 =
𝑀𝑐

𝐸𝐼
                                                                   (55) 

Where 휀 is the strain and E is the modulus of elasticity. In this study, the moment is not a 

measurement, it should be converted into strain. Substituting Equation (53) into Equation 

(55), 

                                               휀𝑐(𝑥) = {

𝑃𝑐𝑥

2𝐸𝐼
𝑃𝑐𝐿

2𝐸𝐼
(1 −

𝑥

𝐿
)

        
0 < 𝑥 < 𝐿/2

𝐿/2 < 𝑥 < 𝐿
                             (56) 

If the speed of the moving load is v, the moving distance can be expressed as x=vt. So the 

Equation (56) can be written as a function of time, 
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                                            휀𝑐(𝑡) = {

𝑃𝑐𝑣𝑡

2𝐸𝐼
𝑃𝑐𝐿

2𝐸𝐼
(1 −

𝑣𝑡

𝐿
)

        
0 < 𝑡 < 𝐿/2𝑣

𝐿/2𝑣 < 𝑡 < 𝐿/𝑣
                         (57) 

The first time derivation of the strain is 

                                          
𝑑휀𝑐
𝑑𝑡

(𝑡) = {

𝑃𝑐𝑣

2𝐸𝐼

−
𝑃𝑐𝑣

2𝐸𝐼

        
0 < 𝑡 < 𝐿/2𝑣

𝐿/2𝑣 < 𝑡 < 𝐿/𝑣
                                    (58) 

If the discrete samples of the strain are measured, at time interval ∆𝑡, the second time 

derivative of the strain measurement can be written as  

                                            
𝑑2휀𝑐
𝑑𝑡2

(𝑡) =

{
 
 

 
 
𝑃𝑐𝑣

2𝐸𝐼∆𝑡

−
𝑃𝑐𝑣

𝐸𝐼∆𝑡
0

        
𝑡 = 0, 𝑡 = 𝐿/𝑣

𝑡 =
𝐿
2𝑣

𝑒𝑙𝑠𝑒𝑤ℎ𝑒𝑟𝑒

                                  (59) 

The strain and its associated time derivatives are shown in Figure 17. 

 

Figure 17. The strain and associated derivations for a moving point load 



54 

 

 

Then axle weights can be determined from the GVW and strain measurement. For the 

point loads, Pn, are assumed to be equivalent to the axle weights. Distributing the GVW 

into axle weights is done by recognizing that amplitude of  
𝑑2𝜀𝑐

𝑑𝑡2
 is directly proportional 

to the axle load, Pn, where 

                                                              
𝑑2휀𝑐
𝑑𝑡2

(𝑡𝑛) = −
𝑃𝑛𝑐𝑣

𝐸𝑇∆𝑡
                                                    (60) 

If the constant 𝛼 = −
𝑐𝑣

𝐸𝐼∆𝑡
 is defined, then 

                                                                  
𝑑2휀𝑐
𝑑𝑡2

(𝑡𝑛) = 𝑃𝑛𝛼                                                        (61) 

The sum of this quantity over all axles results in 

                                                        ∑
𝑑2휀𝑐
𝑑𝑡2

(𝑡𝑛) = ∑𝑃𝑛𝛼

𝑁

𝑛=1

= 𝐺𝑉𝑊 ∙ 𝛼                             (62)

𝑁

𝑛−1

 

Dividing Equation (61) by Equation (62), we can obtain 

                                                               

𝑑2휀𝑐
𝑑𝑡2

(𝑡𝑛)

∑
𝑑2휀𝑐
𝑑𝑡2

(𝑡𝑛)
𝑁
𝑛=1

=
𝑃𝑛
𝐺𝑉𝑊

                                               (63) 

So the nth axle weight Pn can be determined by 

                                                       𝑃𝑛 = [

𝑑2휀𝑐
𝑑𝑡2

(𝑡𝑛)

∑
𝑑2휀𝑐
𝑑𝑡2

(𝑡𝑛)
𝑁
𝑛=1

] ∙ 𝐺𝑉𝑊                                          (64) 
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4.4. Axle spacing 

 

The second time derivative of the strain provides the times when each of the axle loads 

pass over the specific location of the bridge; t1, t2, t3, …, tn. the time difference between 

adjacent two axle loads multiplies truck speed, then axle spacing of truck,  𝑠𝑛, can be 

determined as  

                                              𝑠𝑛 = 𝑣(𝑡𝑛+1 − 𝑡𝑛),        𝑛 = 1, 2, … ,𝑁 − 1                             (65) 

Where 𝑠𝑛 is the distance between the n-1 and nth axles, and tn is the time it takes for the 

nth axle to reach the specific location of the bridge after the truck first enters the bridge, 

and N is the total number of axles on the truck. 

 

5. Sensor Location Optimization (without Measurement Noise) 
 

In this study, two situations will be discussed. One is ideal situation, which means only 

the pure structural response can be obtained, and environmental noise will be ignored. 

Another one is real situation, which means environmental noise will be considered, and 

the noise can affect the accuracy of structural response. Real situation is more closed to 

real site since we cannot ignore the influence of environment on actual response of bridge. 

In this chapter, we will discuss the ideal situation. Many factors that can affect the 

accuracy of estimated results will be discussed, in order to find the optimization of sensor 

locations. Three different measurements are mentioned and compared. The influence of 

testing truck weights on accuracy also be discussed. 
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5.1. Normal Strain (σx) Measurement 

 

Strain sensors will be arranged in many different locations of bridge. The testing bridge 

is a 4-span bridge, each span is divided to 4 equivalent parts by cross beams, and every 

part is 10 feet for length, as shown in Figure 18. 

 

Figure 18. Front view of bridge model 

 

The strain sensors will be arranged in specific part of each span, the beginning of span, 

1/4 of span, 1/2 of span, and the end of span. For each specific part, three locations will 

be simulated, they are web of girder, top flange of girder and bottom flange of girder, as 

shown in Figure 19 and Figure 20. Here 306 locations will be considered in this simulation 

totally.  

 

Figure 19. Locations of strain sensors in Span 2 (Front View) 
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Figure 20. Locations of strain sensor in girder (Side View) 

 

5.1.1. Sensor in Girder Web 

 

Different locations in girder can affect strain response in different way, for example, 

usually the strain sensor arranged in the middle of span can obtain bigger response than 

other location, it is effective in reducing the influence of noise to get more accurate 

results. This study one consider one truck moving on one lane, these six girders and 

moving lane are shown in cross view of bridge model as Figure 21. The normal strain 

responses from different locations of girder-3 web, caused by 55-kips truck moving on 

bridge, will be shown in Figure 22, Figure 23, Figure 24, and Figure 25. 

 

Figure 21. Location of moving lane and 6 girder strings (Cross View) 
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Figure 22. Strain response from the girder web, beginning of span 2 

 

Figure 23. Strain response from the girder web, 1/4 of span 2 
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Figure 24. Strain response from the girder web, 1/2 of span 2 

 

Figure 25. Strain response from the girder web, 3/4 of span 2 
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From the strain response above, they show for strain sensors are located in girder web, 

the beginning of span and middle of span can obtain bigger response than other locations; 

for most locations, the maximum peak of strain response occurs around 2.5s, it is the 

time when truck moving on span 2. 

 

5.1.2. Sensor in Girder Top Flange 

 

The normal strain responses from different locations of girder-3 top flange, caused by 

55-kips truck moving on bridge, will be shown in Figure 26. 

 

Figure 26. Strain responses from the girder top flange in span 2 
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From the train responses above, they show the strain sensors in beginning of span and 

middle of span can obtain bigger response than other locations when we consider sensors 

are located in girder top flange; it is obvious that the magnitude of strain response in 

girder top flange is smaller than response in girder web. The maximum sensor response 

located in girder top flange is around 3 με, but for strain sensor is located in girder web, 

the maximum response is around 30 με. 

 

5.1.3. Sensor in Girder Bottom Flange 

 

The normal strain responses from different locations of girder-3 bottom flange, caused 

by 55-kips truck moving on bridge, will be shown in Figure 27. 

 

Figure 27. Strain responses from the girder bottom in span 2 
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From the strain responses above, they show that the strain sensors in beginning of span 

can obtain biggest response, and the sensors in 1/2 of span also can get bigger response  

than other locations when we consider sensors are located in girder bottom flange. 

Comparing with sensors in top flange, the correspnding sensors in bottom flange can 

generate bigger response, but is smaller than the response generated in web. 

 

5.1.4. Sensor in Different Girders 

 

In this study, moving lane is located between girder 4 and girder 5, and near the girder 

5. The sensor’s distance away moving lane can be a factor which will have an influence 

on strain response, such as the noise and magnitude of response. The strain response of 

corresponding strain sensors located in girder 1 to girder 6 of span 1, will be shown in 

Figure 28, Figure 29, and Figure 30. 

 

Figure 28. Strain response from web of girder 1 in middle of span 1 
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Figure 29. Strain response from web of girder 5 in middle of span 1 

 

Comparing the response between Figure 28 and Figure 29, there is much noise in 

response from girder 1, which has the farthest distance to moving lane. The magnitude 

of response from girder 1 is also much smaller than response from girder 5. As shown 

in Figure 30, it is obvious that with the distance to moving lane decreasing, the 

magnitude of strain response increasing. Usually, the big magnitude of signal is better 

than small one in order to obtain accurate result since it will have less influence from 

external factors. 
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Figure 30. Strain responses from webs of girder 1 to girder 6 in middle of span 1 

 

5.1.5. Optimization of Normal Strain Sensor Location 

 

Considering different factors can affect the accuracy of estimated gross vehicle weight 

(GVW), 6 of 306 sensor locations have been selected as the best locations can get most 

accurate estimated GVW. All of these 6 results have error less than 1%, comparing with 

actual GVW. 
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Figure 31. Best 6 strain sensor locations 

 

Table 1. Actual GVW vs. estimated GVW of six strain sensors 

Strain sensor 

location 

Sensor 

number 

Actual GVW 

(Kips) 

Estimated GVW 

(Kips) 

Error 

(%) 

Girder 1/ web/ ¼ of 

span 3 

1 55 55.32 0.58 

Girder 1/web/ ½ of 

span 3 

2 55 55.41 0.76 

Girder 2/top flange/ 

beginning of span3 

3 55 54.77 0.42 

Girder 2/ top 

flange/ ¼ of span 3 

4 55 55.12 0.22 

Girder 4/ bottom 

flange/ ½ of span 3 

5 55 55.54 0.99 

Girder 5/ bottom 

flange/ ½ of span 3 

6 55 55.53 0.94 
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Figure 31 shows the optimal sensor locations in the bridge, we can see that all of these 

sensors are located in span 3. From the Table 1, the best one of these six sensors, is 

located in top flange of girder 2 in the 1/4 of span 3 (Sensor 4), the estimated error is 

0.22%. However, the strain responses from Figure 32 show that the magnitude of Sensor 

4 is very small. The responses from Sensor 5 and Sensor 6 are much bigger than others, 

they are the optimal sensor locations even if they have bigger estimated error than Sensor 

4, but less 1% error is acceptable. 

 

Figure 32. Strain responses from the best six sensor locations 
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5.2. Shear Strain Measurement 

 

The shear strain sensors will be arranged like normal strain sensors as shown in Figure 

19, and Figure 20. The shear strain sensors will also be arranged in the beginning of span, 

1/4 of span, 1/2 of span, and the end of span. For each specific part, three locations will 

be simulated, they are web of girder, top flange of girder and bottom flange of girder. 306 

locations will be considered in this simulation too. 

 

5.2.1. Sensor in Girder Web 

 

It is similar with normal strain measurement, we also consider different sensor locations 

of shear strain measurement. How the sensor locations in girder and sensor distance to 

moving lane affecting estimated GVW will be discussed. The shear strain responses 

from different locations of girder-3 web, caused by 55-kips truck moving on bridge, will 

be shown in Figure 33. 
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Figure 33. Shear strain responses from the girder web in span 2 

 

From the shear strain responses showing in Figure 33, the sensors in the beginning of 

span and 1/4 of span can obtain bigger response than other locations; the sensor located 

in the middle of span has small response. It is different from the normal strain 

measurement which has bigger strain response in middle of span. 

 

5.2.2. Sensor in Girder Top Flange 

 

The shear strain responses from different locations of girder-3 top flange, caused by 55-

kips truck moving on bridge, will be shown in Figure 34. 
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Figure 34. Shear strain responses from the girder top flange in span 2 

 

From the shear train responses showing above, the sensor located in the beginning of 

span can obtain bigger response than other locations; the sensor located in the middle of 

span has the smallest response. It is also can be seen that the magnitude of shear strain 

response in girder top flange is smaller than response in girder web, especially located 

in middle of span. The response in girder web, middle of span is 10 times bigger than 

the response in girder top flange, middle of span. 
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5.2.3. Sensor in Girder Bottom Flange 

 

The shear strain responses from different locations of girder-3 bottom flange, caused by 

55-kips truck moving on bridge, will be shown in Figure 35. 

 

Figure 35. Shear strain responses from the girder bottom flange in span 2 
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sensor arranged in bottom flange of girder can obtain bigger response than top flange 

and web. 

 

5.2.4. Sensor in Different Girders 

 

From the result shown in normal strain measurement, we know that strain sensors 

located in different girder will have different influence on response, such as the response 

noise and magnitude. The shear strain response of corresponding strain sensors located 

in girder 1 to girder 6 of span 1, will be shown in Figure 36, Figure 37, and Figure 38. 

 

Figure 36. Shear strain response from top flange of girder 1 in beginning of span 1 
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Figure 37. Shear strain response from top flange of girder 5 in beginning of span 1 

 

Comparing the responses between Figure 36 and Figure 37, there is much noise in 

response from girder 1, which has the farthest distance to moving lane. The magnitude 

of response from girder 1 is also much smaller than response from girder 5.  
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Figure 38. Shear strain responses from top flange of girder 1 to girder 6 in beginning of 

span 1 

 

As shown in Figure 38, it can be seen that with the distance to moving lane decreasing, 

the magnitude of shear strain response increasing. It is the same conclusion got from 

normal strain measurement. 
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5.2.5. Optimization of Shear Strain Sensor Location 

 

Like normal strain measurement showing, 6 of 306 sensor locations have also been 

selected as the best locations can get most accurate estimated GVW. All of these 6 results 

have error less than 1%, comparing with actual GVW, respectively. 

 

 

Figure 39. Best 6 shear strain sensor locations 

 

Figure 39 shows the optimal shear strain sensor locations to obtain accurate estimated 

GVW in the bridge, we can see that all of these sensors are located in span 3; all of them 

are located in the beginning of each span; most of them are closed to the moving lane; 

they have bigger response than other locations. 
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Table 2. Actual GVW vs. estimated GVW of six shear strain sensors 

Sensor location Sensor 

number 

Actual GVW 

(Kips) 

Estimated GVW 

(Kips) 

Error 

(%) 

Girder 3/ bottom flange/ 

beginning of span 3 

1 55 54.81 0.35 

Girder 4/top flange/ 

beginning of span 3 

2 55 54.87 0.24 

Girder 4/bottom flange/ 

beginning of span 3 

3 55 54.97 0.05 

Girder 5/ top flange/ 

beginning of span 3 

4 55 54.93 0.13 

Girder 5/ bottom flange/ 

beginning of span 3 

5 55 55.15 0.27 

Girder 6/ top flange/ 

beginning of span 3 

6 55 55.05 0.09 

 

From the Table 2, the best one of these six sensors is located in bottom flange of girder 

4, the beginning of span 3 (Sensor 3). The estimated error 0.05%, which is very close to 

the actual weight. The shear strain responses from Figure 40 show that the magnitude of 

Sensor 5 is the biggest. Sensor 1 and Sensor 3 have bigger response than others. The 

reason why the Sensor 1, Sensor 3, and Sensor 5 have bigger response is that they are 

located in bottom flange of girder, we have already discussed that bottom flange can 
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obtain bigger shear strain response. In summary, for shear strain measurement, the 

optimal sensor locations are located in the beginning of span 3, flange of girder. 

 

Figure 40. Shear strain responses from the best six sensor locations 
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noise, and next chapter will discuss how to eliminate the influence of noise on acceleration 

response.  

 

The accelerometers will be arranged in the beginning of span, 1/4 of span, 1/2 of span, 

and the end of span. For each specific part, three locations will be simulated, they are web 

of girder, top flange of girder and bottom flange of girder, as shown in Figure 19 and 

Figure 41. 306 locations will be considered in this simulation too. 

 

Figure 41. Locations of accelerometer in girder (Side View) 

 

Since the dynamic response is not easy to be used for estimating, in this thesis we convert 

acceleration response to displacement response, then the displacement response can be 

used in area method to estimate truck weights. Acceleration response can be convert to 

velocity response after integration with time, and velocity response can be convert to 

displacement after integration with time again. The conversions are shown in Figure 42, 

Figure 43, and Figure 44. 
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Figure 42. Acceleration response from accelerometer 

 

Figure 43. Velocity response from integration of acceleration response 
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Figure 44. Displacement response from double integration of acceleration response 

 

Now we can use accelerometer to obtain displacement response from moving truck, and 

displacement response can be used to estimate GVW. 

 

5.3.1. Accelerometer in Girder Web 

 

As the strain measurements, we also consider different accelerometer locations. How the 

accelerometer locations in girder and accelerometer distance to moving lane affecting 

estimated GVW will be discussed. The converted displacement responses from different 

locations of girder-3 web/span 2, caused by 55-kips truck moving on bridge, will be 

shown in Figure 45. 
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Figure 45. Displacement responses from the girder web in span 2 

 

From the converted displacement responses showing in Figure 45, the accelerometer in 

the middle of span can obtain bigger response than other locations; the accelerometer in 

the beginning of span has the smallest response. The maximum peak of these responses 

occurs around 2.5s, it is the time that truck moving on span 2. 

 

5.3.2. Accelerometer in Girder Top Flange 

 

The displacement responses from different locations of girder-3 top flange, caused by 

55-kips truck moving on bridge, will be shown in Figure 46. 
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Figure 46. Displacement responses from the girder top flange in span 2 

 

From the displacement responses showing above, the accelerometer in the middle of 

span can obtain bigger response than other locations; the sensor located in the 

beginhning of span has the smallest response. For corresponding locations, the 

magnitude of displacement response in top flange of girder is almost the same as 

response in web of girder. 

 

 

 

0 2 4 6 8 10 12 14 16 18 20
-0.04

-0.035

-0.03

-0.025

-0.02

-0.015

-0.01

-0.005

0

0.005

0.01

Time

(Second)

d
is

p
la

c
e
m

e
n
t 

(i
n
)

 

 

beginning of span

1/4 of span

1/2 of span

3/4 of span



82 

 

5.3.3. Accelerometer in Girder Bottom Flange 

 

The displacement responses from different locations of girder-3 bottom flange, caused 

by 55-kips truck moving on bridge, will be shown in Figure 47. 

 

Figure 47. Displacement responses from the girder bottom flange in span 2 

 

From the displacement responses showing above, the accelerometer in the middle of 

span can obtain bigger response than other locations; the sensor located in the 

beginhning of span has the smallest response. Comparing the responses from bottom 

flange and top flange, it can be seen that the responses are almost same. 
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5.3.4. Accelerometer in Different Girders 

 

From the result shown in strain measurements, we know that strain sensors located in 

different girder will have different influence on response, such as the response noise and 

magnitude. The converted displacement responses of corresponding accelerometers 

located in girder 1 to girder 6 of span 1, will be shown in Figure 48, Figure 49, and 

Figure 50. 

 

Figure 48. Displacement response from web of girder 1 in middle of span 1 
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from girder 1 is also much smaller than response from girder 5. The conclusion is the 

same as strain measurements. 

 

Figure 49. Displacement response from web of girder 1 in middle of span 1 

 

Figure 50. displacement responses from web of girder 1 to girder 6 in middle of span 1 
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As the shown in Figure 50, it can be seen that with the distance to moving lane decreasing, 

the magnitude of displacement response increasing. It is the same conclusion got from 

strain measurements. 

 

5.3.5. Optimization of Accelerometer Location 

 

6 of 306 accelerometer locations have also been selected as the best locations can get 

most accurate estimated GVW. Figure 51 shows the 6 locations in the bridge model. 

 

Figure 51. Best 6 accelerometer locations 

 

Figure 51 shows the optimal accelerometer locations to obtain accurate estimated GVW 

in the bridge. We can see that most of these accelerometers are located in girder 1. It is 

different from the sensors located in shear strain measurement. For shear strain 

measurement, the optimal strain sensors are located in these girders which near the 

moving lane, but for acceleration measurement, the optimal accelerometers are located 

in the girder which is far from moving lane.  
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Table 3. Actual GVW vs. estimated GVW of six accelerometers 

Accelerometer 

 location 

Accelerometer 

number 

Actual GVW 

(Kips) 

Estimated GVW 

(Kips) 

Error 

(%) 

Girder 1/ bottom flange/ 

1/4 of span 3 

1 55 55.32 0.58 

Girder 1/ bottom flange/ 

1/2 of span 3 

2 55 55.49 0.89 

Girder 1/ web / 

 3/4 of span 3 

3 55 55.47 0.85 

Girder 1/ bottom flange/ 

1/4 of span 2 

4 55 55.89 1.62 

Girder 1/ bottom flange/ 

1/2 of span 2 

5 55 55.86 1.57 

Girder 1/ web /  

3/4 of span 1 

6 55 56.07 1.95 

 

From the Table 3, the best of these six sensors is located in bottom flange of girder 1, 

1/4 of span 3 (Accelerometer 3). The estimated weight error 0.58%. The convert 

displacement responses from Figure 52 show that Accelerometer 2, Accelerometer 5, 

and Accelerometer 6 have the bigger response magnitude. But there is much noise in 

response of Accelerometer 6. In summary, for acceleration measurement, the 

accelerometer response in the bottom flange of girder 1, middle/ three quarters of span 

3 can obtain more accurate estimated truck weight. 
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Figure 52. Displacement responses from the best six accelerometer locations 
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location in normal strain measurement, shear strain measurement, and acceleration 

measurement. Here we make a comparison among these three measurements, the 

minimum error between actual GVW and estimated GVW for each measurement and 

number of locations in different error levels for three measurements will be compared, it 

is shown in Table 4. Total number of locations is 306. 
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Table 4. Number of locations in different error level for three measurements 

 Normal strain 

measurement 

Shear strain 

measurement 

Acceleration 

measurement 

Minimum Error 0.22% 0.04% 0.58% 

Total number of locations 

which error less than 1% 

7 16 3 

Total number of locations 

which error less than 3% 

28 42 16 

Total number of locations 

which error less than 5% 

72 85 57 

Total number of locations 

which error less than 10% 

254 249 232 

 

From Table 4, it shows that shear strain measurement has the smallest error, 0.04%, 

among three measurement, that is the estimated GVW is most closed to actual GVW when 

we consider the optimal sensor location of shear strain measurement; it also shows that in 

different error levels, shear strain measurement always has larger number of locations 

than other two measurements, especially in error less than 1% and error less than 3%. 

That means shear strain measurement can obtain more accurate estimated GVW than 

other two measurements. From this table, it can be seen that acceleration measurement is 

also can be used in BWIM systems once acceleration response is converted to 

displacement response. Accelerometer has some advantages over strain gauge. For 
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example, it is easy to arrange; one accelerometer can be re-used for different locations, 

but for strain gauge, once it is pasted in a location, it cannot be used for other locations 

any more. Until now, few people use acceleration measurement in BWIM systems, one 

of the reason is that acceleration response is difficult to be used for estimating truck 

weight in real site due to the external noise. But in this thesis, a new method will be 

developed by using acceleration response to estimate truck weight. It will be discussed in 

Chapter 6. 

 

5.5. Influence of Truck Weight on Accuracy of Estimating 

 

Truck with different weights may have an effect on the accuracy of GVW estimating. 

Different weights can cause different structural responses, which have different resistance 

for external factors. Here how the truck weights affect the accuracy of weight estimating 

will be discussed. Three trucks will be provided. Truck 1 is 10 kips with the speed of 45 

mph passing the bridge; Truck 2 is 55 kips with the speed of 30 mph passing the bridge; 

Truck 3 is 70 kips with the speed of 35 mph passing the bridge. Different type of sensors 

will be used for simulation. Table 5 and Table 6 show the shear strain measurement 

estimating result and acceleration measurement estimating result, respectively. Strain 

gauge and accelerometer are located in span 3/Girder 5/ bottom flange. 
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Table 5. Estimated error from shear strain measurement in span 3/girder 5/bottom flange 

Truck Weight 

Location 

10 kips 55 kips 70 kips 

Beginning of span 14.22% 0.27% 0.18% 

1/4 of span 11.94% 9.43% 9.12% 

1/2 of span 13.62% 5.13% 4.96% 

3/4 of span 13.67% 8.45% 8.37% 

End of span 14.36% 2.54% 2.31% 

 

From Table 5, it can be seen that with the truck weight increasing, the error of estimated 

weight decreasing, the estimated GVW much closer to actual GVW. One of the reason is 

that heavy truck can obtain bigger response and it has strong resistance for noise. 

 

6. Sensor Location Optimization (with Measurement Noise) 
 

The ideal situation has been discussed in Chapter 5. In this Chapter, another situation, real 

situation will be discussed. That means structural response with noise will be considered. 

Real situation is much closer to real site since we cannot ignore the influence of external 

noise on response of bridge when we act a real case. Three different measurements with 

noise will be discussed based on the conclusion from Chapter 5. The optimization of sensor 

locations can be different from Chapter 5 since we consider the response with noise. The 

main part of this chapter is a new method is developed using acceleration measurement.  
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6.1. Normal Strain (σx) Measurement with Measurement Noise 

 

The strain sensors will be arranged in specific part of each span, the beginning of span, 

1/4 of span, 1/2 of span, and the end of span. For each specific part, three locations will 

be simulated, they are web of girder, top flange of girder and bottom flange of girder, as 

shown in Figure 19 and Figure 20. Here 306 locations will be considered in this simulation 

totally.  

 

Figure 53. Normal strain response without noise 
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Figure 54. Normal strain response with 2με noise 

 

Figure 53 shows the strain response without noise from the 1/2 of span 3/ girder 1/ web, 

caused by 55-kips truck passing bridge; Figure 54 shows the strain response with 2με 

noise in the same conditions. The estimated weight from response without noise is 55.42 

kips, the error is 0.76%. It is one of the optimal sensor locations for normal strain 

measurement if we do not consider the external noise; however, the estimated weight from 

response with 2με noise is 52.74 kips, the error is 4.11%. The optimal sensor locations 

can change if external noise added. Now the new optimal sensor locations are shown in 

Figure 55 and Table 6. 
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Figure 55. Best 6 strain sensor locations 

 

Table 6. Actual GVW vs. estimated GVW of six normal strain sensors 

Sensor location Sensor 

number 

Actual GVW 

(Kips) 

Estimated GVW 

(Kips) 

Error 

(%) 

Girder 5/ bottom flange/ 

1/2 of span 3 

1 55 55.67 1.22 

Girder 4/ bottom flange/ 

1/2 of span 3 

2 55 55.69 1.26 

Girder 6/ bottom flange/ 

3/4 of span 1 

3 55 55.78 1.43 

Girder 3/ top flange/  

1/4 of span 2 

4 55 54.20 1.46 

Girder 4/ bottom flange/ 

1/2 of span 2 

5 55 55.91 1.65 

Girder 4/ bottom flange/ 

3/4 of span 2 

6 55 56.02 1.85 
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Comparing Figure 31 and Figure 55, the optimal sensor locations are much different. 

From Table 6, it can be seen that five of these six locations are located in bottom flange 

of girder, and half of them are located in middle of span. The best sensor location is 

located in the middle of span 3/ girder 5/ bottom flange, which has smallest error between 

estimated weight and actual weight.  

 

6.2. Shear Strain Measurement with Measurement Noise 

 

The shear strain sensors will be arranged in specific part of each span, the beginning of 

span, 1/4 of span, 1/2 of span, and the end of span. For each specific part, three locations 

will be simulated, they are web of girder, top flange of girder and bottom flange of girder, 

as shown in Figure 19 and Figure 20. Here 306 locations will be considered in this 

simulation totally.  

 

Figure 56. Shear strain response without noise 
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Figure 57. Shear strain response with 2με noise 

 

Figure 56 shows the shear strain response without noise from the beginning of span 3/ 

girder 4/ top flange, caused by 55-kips truck passing bridge; Figure 57 shows the shear 

strain response with 2με noise in the same conditions. The estimated weight from 

response without noise is 54.87 kips, the error is 0.24%. It is one of the optimal sensor 

locations for shear strain measurement if we do not consider the external noise; however, 

the estimated weight from response with 2με noise is 56.78 kips, the error is 3.23%. The 

optimal sensor locations can change if external noise added, it is the same as normal strain 

measurement. Now the new optimal sensor locations are shown in Figure 58 and Table 7. 
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Figure 58. Best 6 shear strain sensor locations 

 

Table 7. Actual GVW vs. estimated GVW of six shear strain sensors 

Sensor location Sensor 

number 

Actual GVW 

(Kips) 

Estimated GVW 

(Kips) 

Error 

(%) 

Girder 4/ bottom flange/ 

beginning of span 3 

1 55 55.31 0.56 

Girder 5/ bottom flange/ 

beginning of span 3 

2 55 54.65 0.64 

Girder 6/ top flange/ 

beginning of span 3 

3 55 54.56 0.80 

Girder 6/ bottom flange/ 

beginning of span 3 

4 55 55.58 1.06 

Girder 3/ bottom flange/ 

beginning of span 3 

5 55 54.23 1.40 

Girder 2/ bottom flange/ 

beginning of span 3 

6 55 54.14 1.56 
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Comparing Figure 40 and Figure 58, the optimal sensor locations are different but all 

them are located in beginning of span 3. From Table 7, it can be seen that five of these 

six locations are located in bottom flange of girder, and all of them are located in 

beginning of span. The best sensor location is located in the beginning of span 3/ girder 

4/ bottom flange, which has smallest error between estimated weight and actual weight. 

 

6.3. Acceleration-based BWIM approach 

 

Acceleration measurement is a new topic in BWIM systems. Acceleration response 

contain a lot of dynamic, it is difficult to be used for estimating truck weight. In ideal 

situation, no external noise in acceleration response, it can be converted to displacement 

then displacement response can be used for estimating, but in real case or experimental 

site, there is much noise in real response. When we convert acceleration to displacement 

by double integration, it is not easy to obtain effective displacement response, there is a 

trend in displacement response, shown in Figure 60. The trend is caused by the double 

integration of acceleration response, the unknown constants of integration will cause the 

trending line. Figure 59 shows the acceleration response with 1 milli-g external noise from 

the accelerometer in middle of span 3/ girder 5/ bottom flange. In this chapter 6.3, a new 

acceleration measurement is proposed by using FIR (finite impulse response) filter (Lee 

et al 2010, Moreu et al 2015) to eliminate the trend of converted displacement response. 
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Figure 59. Acceleration with 1 mg noise in a specific location 

 

 

Figure 60. Converted displacement from acceleration response 
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It can be seen that there is an obvious trending line in Figure 60 (b). This converted 

displacement response cannot be used for estimating with trend existing. A method will 

be developed to eliminate the trending line of displacement response using FIR filter, and 

then the filtered response can be used for estimating of truck weight. 

 

The trending line is resulted from the unknown constants of integration when double 

integration of acceleration. Lee et al. (2010) proposed minimizing the difference between 

the double derivative of the displacement and the acceleration within a finite time interval. 

The objective function to be minimized can be written as Equation (66): 

                                        𝑚𝑖𝑛𝑢Π −
1

2
‖𝐿𝑢 − (Δ𝑡)2𝐿𝑎�̅�‖2

2 +
𝜆2

2
‖𝑢‖2

2                                   (66) 

Where 𝑢, Δ𝑡, �̅�, 𝐿𝑎, 𝐿, and 𝜆  are estimated displacement, time increment, measured 

acceleration, integrator operator, diagonal weighting matrix, and optimal regularization 

factor, respectively. 

The optimal regularization factor 𝜆 proposed by Lee et al. (2010) is presented in Equation 

(67): 

                                                                     𝜆 = 46.81𝑁−1.95                                                   (67) 

N is the time window. 𝜆 depends on the number of data in the time window. The size of 

the time window is usually two or three times the longest estimated period of the target 

structure, which can be determined on the basis of structural properties and boundary 

conditions. Using the measured acceleration response and Equation (66), the estimated 

displacement (u) can be expressed in Equation (68):  
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                                        𝑢 = (𝐿𝑇𝐿 + 𝜆2I)−1𝐿𝑇𝐿𝑎�̅�(Δ𝑡)
2 = 𝐶�̅�(Δ𝑡)2                                 (68) 

Where I is identity matrix and C is coefficient matrix for the displacement reconstruction. 

 

Moreu et al. (2015) used this algorithm to estimate railroad bridge transverse 

displacements under live train loads and their research demonstrated the potential of using 

reference-free accelerations collected with wireless smart sensors to estimate 

displacements. In this study, FIR filter algorithm is developed and it demonstrates the 

potential of using acceleration response to estimate the GVWs; it also promotes the 

development of acceleration measurement in BWIM systems. The estimated 

displacement response directly from acceleration response is shown in Figure 61 (a), and 

estimated displacement response using FIR filter is shown in Figure 61 (b).  

 

Figure 61. Estimated displacement response using FIR filter 

 

From Figure 61, it can be seen that trending of original displacement response is 

eliminated by FIR filter. Using the filtered displacement response from the location in 
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middle of span 3/ girder 5/ bottom flange, the estimated GVW is 57.48 kips. The error is 

4.51%. There are some results from other location shown in Table 8. 

Table 8. GVWs estimating from other accelerations responses using FIR filter 

Accelerometer 

 location 

Accelerometer 

number 

Actual GVW 

(Kips) 

Estimated GVW 

(Kips) 

Error 

(%) 

Girder 5/ bottom flange/ 

1/4 of span 2 

1 55 51.86 5.72 

Girder 5/ bottom flange/ 

1/2 of span 2 

2 55 52.91 3.80 

Girder 4/ bottom flange/ 

1/4 of span 3 

3 55 47.57 13.51 

Girder 4/ bottom flange/ 

1/2 of span 3 

4 55 48.81 11.25 

Girder 5/ bottom flange/ 

1/4 of span 3 

5 55 57.54 4.62 

Girder 5/ bottom flange/ 

3/4 of span 3 

6 55 58.67 6.67 

 

From Table 8, it can be seen that measured acceleration response can well estimate GVW 

by using FIR filter. But it also shows that the estimating errors in Accelerometer 3 and 

Accelerometer 4 are bigger than other locations because the responses in these two 

locations are smaller. It should be pointed out that the new acceleration method in this 

thesis is not suitable for the location which has small acceleration response. This new 
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method can lay a foundation for the development of acceleration measurement in BWIM 

systems in the future. 

 

7. Conclusion 
 

The purpose of the research is to explore the efficacy of optimized BWIM through 

numerical simulation of a bridge model using different types of measured responses. In the 

study an alternative method based on acceleration measurement is newly proposed. By 

using FIR filter, it overcomes the challenge of typical integration error for double 

integrating acceleration response to get displacement, particularly with measurement noise. 

The optimization results from three different measurements are compared. The optimized 

sensor locations vary depending measurement conditions, i.e. with and without 

measurement noises. 

 

For normal strain measurement, the range of estimated error varies between estimated 

weight and actual weight from 0.22% to 12.20% with ideal situation (without measurement 

noise). Numerical simulations reveal that optimized sensors are located in middle of span 

3/ girder 5/ bottom flange, which is closed to the moving lane for the target bridge. The 

estimated GVW is 55.53 kips, the estimated error is 0.92%. Although location in one 

quarter of span 3/ girder 2/ top flange has smaller estimated error 0.22%, the response in 

this location is too small. In realistic situation (with measurement noises), the range of 

estimated error varies from 1.22% to 27.23%. The optimized sensors are located in middle 
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of span 3/ girder 5/ bottom flange. The estimated GVW is 55.67 kips, the estimating error 

is 1.22%.  

 

For shear strain measurement, the range of estimated error varies from 0.05% to 14.36% 

with ideal situation (without external noise). The optimized sensor location is in the bottom 

flange of girder 4, the beginning of span 3. The estimated GVW is 54.97 kips, and the 

estimated error is 0.05%. It is very closed to the actual GVW. From Table 2, it shows all 

of these six best locations are located in the beginning of span 3. In realistic situation (with 

external noise), the range of estimated error varies from 0.56% to 30.45%. The optimized 

sensors location is in the bottom flange of girder 4, the beginning of span 3. The estimated 

GVW is 55.31 kips, and the estimated error is 0.56%. From Table 7, it shows all of these 

six best locations are located in the beginning of span3, and five of them are located in 

bottom flange of girders. 

 

In summary, the shear strain measurement is better than normal strain measurement, 

combining the accuracy and magnitude of response from each measurement results. 

Responses from sensors located in bottom flange of girders, middle of span 3 are better for 

normal strain measurement; response from sensors located in bottom flange of girders, 

beginning of span 3 are better for shear strain measurement. 

 

For acceleration measurement, double integration of acceleration response has been used 

to obtain displacement response in general. The cases having no measurement noises show 
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that the range of estimated error varies from 0.58% to 16.98%. The optimization of 

accelerometer is located in bottom flange of girder 1, one quarter of span 3. The estimated 

GVW is 55.32 kips, and the estimated error is 0.58%. However, in the case considering 

measurement noises of acceleration, the integration errors become serious issue when 

converting it to displacement. This research proposed a new method to use acceleration for 

BWIM by eliminating such integration drift error with FIR filtering technique, and 

feasibility of using acceleration response has been proved to estimate GVW, as shown in 

Table 8. It should be pointed out that the developed FIR-filter acceleration method in this 

thesis is not suitable for the location which has small acceleration response. 

 

7.1. Future Work 

 

In the future, field study should be done to validate the results of the simulations. FIR-

filter based acceleration method should be modified to be suitable for small acceleration 

response cases. The thesis mainly discusses the optimization of sensor locations for GWV 

estimating in one lane and one truck moving. The situation that multiple lanes with 

multiple truck moving on bridge in the same time and optimization of sensor locations for 

axle weights should be discussed in the future work. 
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