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Abstract
Experiments using electrical resistivity tomography (ERT) have shown promising results in reducing the uncertainty of solute plume
characteristics related to estimates based on the analysis of local point measurements only. To explore the similarities and differences between
two cross-borehole ERT inversion approaches for characterizing salt tracer plumes, namely the classical smoothness-constrained inversion and a
geostatistically based approach, we performed two-dimensional synthetic experiments. Simplifying assumptions about the solute transport
model and the electrical forward and inverse model allowed us to study the sensitivity of the ERT inversion approaches towards a variety of basic
conditions, including the number of boreholes, measurement schemes, contrast between the plume and background electrical conductivity, use of
a priori knowledge, and point conditioning. The results show that geostatistically based and smoothness-constrained inversions of electrical
resistance data yield plume characteristics of similar quality, which can be further improved when point measurements are incorporated and
advantageous measurement schemes are chosen. As expected, an increased number of boreholes included in the ERT measurement layout can
highly improve the quality of inferred plume characteristics, while in this case the benefits of point conditioning and advantageous measurement
schemes diminish. Both ERT inversion approaches are similarly sensitive to the noise level of the data and the contrast between the solute plume
and background electrical conductivity, and robust with regard to biased input parameters, such as mean concentration, variance, and correlation
length of the plume. Although sophisticated inversion schemes have recently become available, in which flow and transport as well as electrical
forward models are coupled, these schemes effectively rely on a relatively simple geometrical parameterization of the hydrogeological model.
Therefore, we believe that standard uncoupled ERT inverse approaches, like the ones discussed and assessed in this paper, will continue to be
important to the imaging and characterization of solute plumes in many real-world applications.
© 2016 Hohai University. Production and hosting by Elsevier B.V. This is an open access article under the CC BY-NC-ND license (http://
creativecommons.org/licenses/by-nc-nd/4.0/).
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Subsurface heterogeneity has a significant effect on various
subsurface flow and transport processes. A finite number of
local measurements in boreholes can only provide limited
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information about subsurface heterogeneity and thus can lead
to uncertain process prediction. For example, characterization
of transport processes based solely on local concentration
measurements from groundwater observation wells or multilevel samplers is difficult, even if the spatial sampling density is high (Mackay et al., 1986; LeBlanc et al., 1991; Boggs
et al., 1992; Vereecken et al., 2000). However, synthetic,
laboratory, and field experiments have yielded promising results helpful to overcoming these limitations by incorporating
geophysical tomographic data in the delineation of salt tracer
plumes (Rubin and Hubbard, 2005; Vereecken et al., 2006;
Binley et al., 2015). In particular, studies have shown that
time-lapse electrical resistivity tomography (ERT) is a suitable
tool for characterizing water saturation (Ganz et al., 2015;
Chou et al., 2016) and transport processes at various scales
(Kemna et al., 2006; Revil et al., 2012; Singha et al., 2015).
Binley et al. (1996), Koestel et al. (2009a,b), and Persson et al.
(2015), amongst others, have shown the benefit of ERT in the
course of laboratory-scale solute tracer experiments. At the
scale of tank experiments, Daily et al. (1995) and Slater et al.
(2002), and at the field scale, Kemna et al. (2002), Singha and
Gorelick (2005), Looms et al. (2008), Nguyen et al. (2009),
Müller et al. (2010), and Haarder et al. (2015) have demonstrated the advantage of ERT to imaging and characterization
of transport processes. These studies utilized a standard regularization approach in the ERT inversion with a smoothness
constraint to overcome the inherent ill-posedness of the inverse problem. However, ERT inversion schemes with a geostatistically based constraint have also been proposed (Linde
et al., 2006; Hermans et al., 2012) and found to be superior
to deterministic approaches such as the smoothnessconstrained inversion if local point measurements of the
sought parameter distribution are used to condition the inverse
solution (Hermans et al., 2012, 2016).
In subsurface hydrology, inverse problems are well known,
starting from classical pumping test analysis. Here, homogeneity in the hydraulic conductivity is assumed and, therefore,
the inverse problem can be solved using an analytical solution.
To overcome the assumption of homogeneity, hydraulic tomography, which represents a hydraulic analog of ERT, has
been developed (Butler and Liu, 1993; Gottlieb and Dietrich,
1995; Illman et al., 2015). While a smoothness-constrained
regularization approach is commonly used in ERT, the
groundwater flow inverse problem is often solved using geostatistical approaches (Zimmerman et al., 1998). In particular,
the hydraulic tomography inverse problem has been solved by
Yeh and Liu (2000), Wu et al. (2005), and Zhu and Yeh (2005)
using geostatistical approaches. Due to the similarity between
water flow and electric current flow in saturated porous media,
the corresponding forward and inverse problems for the two
processes are similar. Yeh et al. (2002) developed an inverse
approach, the sequential successive linear estimator (SSLE), to
deal with electrical resistivity data based on the geostatistical
inverse approach developed for hydraulic tomography (Yeh
and Liu, 2000).
Although many studies have shown the potential of ERT in
better characterization of flow and transport in the subsurface,
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there are a couple of challenges associated with ERT. Importantly, electric current flow in the subsurface is governed by two
different mechanisms: electrolytic conduction in the pore fluid
and surface conduction along mineral-fluid interfaces. The
imaging of a solute salt plume facilitates primarily electrolytic
conduction, but surface conduction affects the relationship between measured bulk conductivity and solute concentration.
Therefore, if the subsurface is not well described in terms of the
spatial distribution of material characteristics contributing to
the different conduction mechanisms (e.g., clay content), in
general the signal of interest cannot be extracted (Kemna et al.,
2002). This difficulty, however, is less critical in ERT
monitoring surveys of solute transport where observed
changes are preliminary due to the changes in electrolytic
conductivity associated with salinity variations, particularly
when difference-inversion schemes are applied (LaBrecque and
Yang, 2000; Kemna et al., 2002). Although connected to
extensive coring, the petrophysical relationships, here the bulk
electrical conductivity as a function of the solute salt concentration, can be determined in laboratory experiments at the
column scale. However, since these petrophysical relationships
are generally determined at a scale beyond the spatial resolution
of field-scale ERT, the quality of field-scale inversion results
based on such relationships is dependent on the correct
upscaling of the relationships from the laboratory scale to the
field scale (Moysey et al., 2005).
Smoothness-constrained ERT inversion procedures are
potentially inappropriate if significant spatial variations are
present in the subsurface, which may result from the heterogeneous nature of a tracer plume in a heterogeneous aquifer.
Accordingly, Kemna et al. (2002), Vanderborght et al. (2005),
Day-Lewis et al. (2005), Pidlisecky et al. (2011), and
Korteland and Heimovaara (2015) have found that transport
properties inferred from smoothness-constrained ERT results
are sensitive to the amount of smoothing imposed by the
inversion procedure. This in turn can lead to biased spatial
moments of the plume, including an underestimation of the
zeroth moment and an overestimation of the second centered
spatial moment (Vanderborght et al., 2005; Day-Lewis et al.,
2007). We further recognize that, while a solute plume in a
heterogeneous aquifer can be highly irregular, it can be
characterized in a geostatistical sense, for example in terms of
its mean position, lateral spreading, and spatial correlation
structure. If the heterogeneity of the hydraulic conductivity
distribution is well determined at a site, the existing stochastic
theories of solute transport processes can estimate plume
statistics based on the statistics of the hydraulic conductivity
field (Vanderborght, 2001). These plume statistics can serve as
a priori knowledge about the plume. Therefore, we hypothesized that a geostatistically based ERT inversion approach, the
SSLE in this study, incorporating a priori knowledge of the
geostatistical characteristics of a plume and optionally in
addition some direct point measurements of the plume concentration, can lead to an improved image of the subsurface
electrical conductivity distribution associated with the plume.
The work presented here aims at providing a better understanding of the suitability, similarities, and differences of
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the two ERT inversion approaches outlined above, i.e., a
classical smoothness-constrained inversion and a geostatistically based approach. This work is based on synthetic, crossborehole ERT experiments, in order to image a synthetic solute
salt plume. For the sake of simplicity, it is assumed that, based
on a homogeneous background bulk conductivity distribution,
solute concentration is linearly related to bulk electrical conductivity changes. Transport modeling and ERT simulation are
performed two-dimensionally, which is considered sufficient
for providing qualitative insight into the targeted issues
addressed here. We examined the effects on the quality of the
estimated electrical conductivity distribution using the
different ERT inversion procedures for different sets of
statistical and deterministic (point conditioning) a priori
knowledge, amount of noise in the measurement data, and
concentration contrast between solute plume and background
electrical conductivity. As it is well known that ERT measurement schemes and electrode layout have a strong impact
on the quality of ERT inversion results (Loke et al., 2015), we
also included two different cross-borehole measurement
schemes and three different electrode layouts.
The paper is organized in the following manner: First, the
two approaches for electrical inverse modeling are outlined.
Then, the layout of the synthetic experiments is presented.
Finally, an integrated analysis of the results of the ERT inversions based on the two approaches is provided.
2. Electrical inverse modeling
The imaging of electrical conductivity (sb) in the subsurface by ERT is based on the inversion of a set of resistance
measurements, i.e., the ratios of measured voltage to injected
current strength, on a given array of electrodes. Given the
nonlinearity of the underlying forward problem, i.e., the solution of the Poisson equation, electrical inversion schemes
proceed in iterations through modeling runs looping forward,
comparing predicted and measured data, and updating the
estimate of the electrical resistivity distribution with a view to
reducing data misfit. This section outlines the principles of the
smoothness-constrained inversion and the SSLE approaches,
as implemented in this work, to accomplish the iterative
inversion.
2.1. Smoothness-constrained inversion
Smoothness-constrained inversion is based on the idea of
searching for the model with the simplest structure, i.e., the
smoothest model, which is used to fit the measurements. This
is accomplished by solving an optimization problem in which
the roughness of the model is minimized subject to fitting the
data to a pre-defined degree (Constable et al., 1987;
LaBrecque et al., 1996; Koestel et al., 2008).
In this study, the finite element-based two-dimensional
smoothness-constrained inversion scheme proposed by Kemna
(2000) was used. The log resistances were used as data and log
conductivities of the finite elements as model parameters. The
objective function that is minimized by means of a series of

Gauss-Newton type inverse steps comprises the L2 norm (the
least squared deviation) of the error-weighted data misfit and
the L2 norm of the first-order model roughness, with both
terms being balanced by a regularization parameter. At each
iteration step, a univariate search was performed (deGrootHedlin and Constable, 1990) to find the maximum value of
the regularization parameter (implying the smoothest model),
which locally minimizes the data misfit or, in the final iteration, yields the data misfit target value according to the error
present in the data.
In this study, the data errors were assumed to be Gaussian
and uncorrelated, which results in a diagonal data weighting
matrix in the data misfit term containing the inverse standard
deviations of the data in diagonal entries (we note that a
relative Gaussian resistance error of 5%, for example, corresponds to a standard deviation of the log resistance datum of
0.05 due to the involved log transformation).
Optionally, the weighting of model roughness in the horizontal and vertical directions, respectively, can be adjusted
separately in the objective function through two additional
smoothing parameters, the horizontal and vertical smoothing
parameters (Ellis and Oldenburg, 1994; Kemna et al., 2002),
and the ratio of the two parameters defines an anisotropy of
smoothing. Importantly, this smoothing anisotropy ratio corresponds directly to the ratio of the horizontal to vertical
correlation lengths of the a priori model covariance function as
assumed in a geostatistical inverse formulation (Kitanidis,
1999). More details on the inversion algorithm, as well as
the solution of the underlying forward problem, can be found
in Kemna (2000).
2.2. Sequential successive linear estimator (SSLE)
The SSLE is a geostatistical inverse approach that conceptualizes the parameter field as a stochastic process in space.
Given available observed ERT data, the estimated parameter
field approximates the conditional mean of the stochastic
process, based on the spatial structure and spatial crosscorrelation of the parameter and process fields. Using this
conditional stochastic concept, the SSLE addresses uncertainty of the estimates due to both spatial variability and errors
in measurements. Detailed description of the SSLE for
groundwater hydrological applications is available in Yeh and
Liu (2000) and for ERT applications in Yeh et al. (2002), Liu
and Yeh (2004), and Yeh et al. (2006).
Briefly, the SSLE treats log electrical conductivity as a
primary variable and voltage as a secondary variable (in this
study a unity current strength was assumed). The SSLE starts
with the classic cokriging method using direct measurements
of the primary variable and measurements of the secondary
variable to obtain the first estimate of the primary variable:
c ¼ ac* þ bv*

ð1Þ

where c* and v* are nc  1 and nv  1 vectors of measured
primary and secondary variables, respectively, and a and b are
m  nc and m  nv vectors of weights associated with the
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measurements (m is the total number of primary variables to
be estimated in a domain). The weights are calculated based
on spatial moments (means and covariances) of the primary
variable, the spatial covariances of secondary variables, and
spatial cross-covariances between primary and secondary
variables. These covariances are determined by first-order
approximations.
Cokriging is a linear estimator. To consider the nonlinear
relation between the electrical conductivity and voltages, a
linear estimator is used iteratively and this approach is called
the successive linear estimator (SLE) technique. This technique uses the first estimates of the primary variable as inputs
into the forward model to approximate the conditional mean of
the secondary variables. The differences between calculated
and observed secondary variables (v* and vr, respectively,
where the superscript r is the iteration index) are subsequently
used in conjunction with associated weights, ur, to improve
the estimate, crþ1, iteratively. That is,

ð2Þ
crþ1 ¼ cr þ ur v*  vr
Similar to cokriging, these weights in SLE represent contributions of the differences to the estimate at a given location.
These weights are obtained by solving a system of equations
that involve conditional covariances and cross-covariances,
which are derived from the previous iteration. After
improved estimates are obtained, the conditional covariance,
Lrþ1
cc , is updated using a first-order approximation:
rþ1
Lcc
¼ Lrcc  ur Lrcv*

ð3Þ

where Lrcv* denotes the conditional cross-covariance
between c and v* at observation locations. The resultant
updated conditional covariance is then used in the next iteration. The aforementioned steps are continued until the variance of the primary variables stabilizes and the differences
between the observed and calculated voltages are smaller than
a prescribed tolerance.
The secondary information collected from each ERT survey
is added into the inverse process sequentially. This approach is
then called SSLE. The SSLE uses a loop iteration scheme to
sequentially incorporate the different current injections and
corresponding voltage (resistance) measurements given in the
ERT data set (see Zhu and Yeh (2005) for the hydraulic inverse problem). To account for equal weighting of each current injection in the present study, we fixed the number of
iterations per injection. The SLE is similar to the Kalman
filter, but the Kalman filter updates the estimate and covariances when new measurements at new time steps become
available (Hao et al., 2008).
3. Synthetic experiments
In section 3.1 we present the generation of a synthetic twodimensional solute plume, based on flow and transport
modeling. We further present the transformation of the twodimensional concentration field (salt plume) into a corresponding two-dimensional electrical conductivity field. These
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two-dimensional fields serve as the true solute tracer plume and
its corresponding electrical conductivity field, respectively. In
section 3.2 we present the procedures and layouts of synthetic
cross-borehole ERT surveys to map the true salt plume. Our
primary objective was to compare different inversion methods.
Although our synthetic example was designed to represent a
realistic case, we made some simplifying assumptions in order
to speed up the model inversion (a two-dimensional simulation
domain without density-driven flow). These simplifications
should not influence the comparison of the two inversion
methods.
3.1. Flow and transport modeling
The first step of the synthetic experiment was the generation
of a single realization of a heterogeneous and statistically
anisotropic hydraulic conductivity field (Fig. 1). In Fig. 1,
Y ¼ lnK, where K is the hydraulic conductivity (m/s). Using a
Kraichnan generator (Kraichnan, 1970), a two-dimensional
hydraulic conductivity field with a length (x) of 30 m and a
height ( y) of 5 m was generated. The grid size was 0.5 m in the x
direction and 0.25 m in the y direction, resulting in a 1200element grid. The geometric mean of the hydraulic conductivity was 2.89  103 m/s and the variance of the log-transformed
hydraulic conductivity was 1. Choosing an exponential model,
the correlation length was 5 m in the horizontal direction and
1 m in the vertical direction. A constant porosity of 0.25 was
assumed for the entire modeling domain.
In the second step, we used the generated hydraulic conductivity field to solve the flow equation numerically with the
finite-element code TRACE (Vereecken et al., 1994, 1996).
The left and right boundaries of the field were assigned as
constant head boundaries resulting in a mean hydraulic
gradient of 0.001 from left to right. The top and bottom
boundaries were assigned as no flux boundary conditions. The
resulting flow field shows a mean flow direction from left to
right.
In the third step, the calculated flow field was used to
simulate transport of a non-reactive salt tracer after injection,
which was parallel to the vertical axis, 4.75 m from the left
boundary (Fig. 1). An open borehole tracer injection was
simulated. The transport modeling was carried out using the
particle tracking code PARTRACE (Seidemann, 1996;
Neuendorf, 1996; Vereecken et al., 1996). With this procedure 2 million particles were injected, and the local dispersivity
was set to 0.1 m in the longitudinal direction and 0.01 m in the
transversal direction. The transport modeling resulted in twodimensional concentration fields for every time step of the
modeling procedure. For the synthetic ERT study, we chose
the concentration distribution eight days after injection and
used it as the true concentration field, which was then
equipped with synthetic boreholes for ERT, implying that the
general location of the plume is known a priori.
Assuming that tortuosity, porosity, and electrical surface
conduction are space-invariant, and the electrical surface
conduction is concentration-independent, the relationship between bulk electrical conductivity and salt concentration
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Fig. 1. Log hydraulic conductivity field and location of tracer injection.

becomes linear and space-invariant (Nguyen et al., 2009).
Based on these assumptions, we converted the simulated
concentration distribution after a transport time of eight days
into an electrical conductivity distribution based on the linear
relationship sb ¼ 0.01 þ 0.18C, where C is the dimensionless
concentration. This led to an electrical conductivity distribution with a maximum value of 0.1 S/m and a background
electrical conductivity value of 0.01 S/m (Fig. 2(a)). Subsequent synthetic ERT experiments were conducted for this twodimensional electrical conductivity distribution. Based on this
distribution we also determined our a priori knowledge, i.e.,
the mean and the variance of the log-transformed electrical
conductivity distribution with the values of 0.014 S/m and
0.31, respectively, the horizontal and vertical correlation
lengths with the values of 2.36 m and 0.56 m, respectively, and
the point measurements of the distribution. The a priori
knowledge can be used to condition the inverse procedure.
The described electrical conductivity distribution exhibits a
maximum contrast of 10 between the salt plume and the
background. To study the influence of the contrast we generated synthetically modified electrical conductivity distributions using a linear relationship:

smod ¼ sbg þ N sdes  sbg
ð4Þ
where smod is the modified electrical conductivity, sbg is the
background electrical conductivity, sdes is the described
electrical conductivity, and N is a factor defining the contrast
of the modified electrical conductivity distribution. In our
synthetic experiment, we set N to be 0.1, 0.2, 0.5, 2, and 5.
This results in five additional true electrical conductivity
fields, with their maximum contrasts between the salt plume
and the background ranging from 1.9 to 46.
As presented, the generation of the electrical conductivity
fields is the result of flow and transport modeling, which neglects density effects. This is not a very realistic assumption in
terms of transport of salt plumes, which can be crucially
influenced by density-driven flow. However, the previously
generated electrical conductivity fields allow for an integrated
analysis of ERT for electrical conductivity fields of the same
shape, but different values of contrast between plume and
background.
3.2. Electrical modeling
We conducted ERT surveys with three different electrode
layouts: (1) three vertical boreholes at positions 5 m, 15 m,
and 25 m away from the left-hand boundary (Fig. 2(b)); (2)

five boreholes at positions 5 m, 10 m, 15 m, 20 m, and 25 m
away from the same boundary (Fig. 2(d)); and (3) nine boreholes at positions 5 m, 7.5 m, 10 m, 12.5 m, 15 m, 17.5 m,
20 m, 22.5 m, and 25 m away from the boundary (Fig. 2(f)).
Along each of these boreholes ten electrodes with a separation
distance of 0.5 m were assumed. These electrodes were used
for current injection and electric voltage measurements.
The forward modeling subroutines in the SSLE (Yeh et al.,
2002) and the smoothness-constrained regularization approach
(Kemna, 2000) were used to calculate the electric potential
fields caused by current injection at selected locations of the
generated electrical conductivity distribution.
In principle, all possible pairs of electrodes could be used
for current injection and electric voltage measurement, and
with more measurements the result will be better. However, in
practice, one has to compromise between the number of
measurements performed and the time of the ERT survey as
well as the duration of the processing of the ERT measurements. In this study, we used two different types of injection
and measurement schemes: a regular skip-one dipole-dipole
measurement scheme (hereafter simply referred to as skip-one
scheme), which is a common layout for cross-borehole ERT
(Kemna et al., 2002), and, alternatively, a dipole-dipole measurement scheme with cross-borehole current injection (hereafter simply referred to as cross-borehole scheme). The skipone measurement scheme consisted of current injection dipoles and measurement dipoles with electrodes at an interval
of 1 m in the vertical direction, respectively. This scheme led
to 24, 40, and 72 current injections for the three-, five-, and
nine-borehole layouts, respectively. In the same manner, the
voltage measurements were undertaken at measurement dipoles in the borehole where current was injected and in the
neighboring boreholes. The cross-borehole measurement
scheme consisted of current injection dipoles with electrodes
located in neighboring boreholes. The depth of the electrode
position was identical in the two boreholes. Thus, ten current
injections were performed in a pair of neighboring boreholes.
This scheme led to 20, 40, and 80 current injections for the
three-, five-, and nine-borehole layouts, respectively. Other
than the current injection electrodes, the electrodes of the
measurement dipoles were located in the same borehole with a
dipole length of 0.5 m in the vertical direction.
The quality of an ERT inversion result is strongly dependent on the measurement error. To test the effect of data noise
in the present study, 5%e20% noise was added to the synthetic ERT voltage measurements. The added noise was lognormally distributed, uncorrelated, and unbiased.
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Fig. 2. Original electrical conductivity distribution and inversion results for cross-borehole measurement scheme based on measurement data at
5% noise level.

The synthetic data sets, including different noise levels,
were used as inputs to the two inverse modeling procedures.
For the SSLE approach and the smoothness-constrained
inversion approach, we used the same boundary conditions

as in the forward model. There were no flux boundaries on the
right, left, and top boundaries, and constant potential at the
bottom. In addition to the inversion runs without any conditioning, electrical conductivity values at six different depths at
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a distance of 20 m in the horizontal direction were assumed to
be known and used in the SSLE to condition the inverse
procedure (Fig. 3). These known electrical conductivity values
simulate local in situ measurements of electrical conductivity
as they can be obtained from multi-level groundwater sampling. In Fig. 3, the conditioning points are shown together
with SSLE inversion results including estimation variances
(s2) of the log-transformed electrical conductivity.
4. Results and discussion
The results of the synthetic studies are visualized and
analyzed in terms of statistics and spatial moments of the salt
plume (Delleur, 1999). Although the images show the entire
electrical conductivity distribution, statistics and spatial moments focus on the area between boreholes, i.e., between 5 m
and 25 m along the length axis.
4.1. Number of boreholes
In Fig. 2 the electrical conductivity distribution of the
true salt plume is shown together with inverted electrical
conductivity distributions of the salt plume, based on noisy

measurement data (at 5% noise level). As expected, with an
increasing number of boreholes, the results of the inversions
are improved. This holds for both inversion approaches, and
the correlation coefficient, R, between original and inverted
electrical conductivity distributions increases significantly
with an increasing number of boreholes (Table 1).
As expected, increasing contamination of the synthetic
measurement data with noise decreases the quality of the
inversion results (Table 1). It is important to note that an
increasing number of repeated measurements, no matter which
measurement scheme, layout, or inverse procedure is used,
also improve the quality of the results when noisy measurement data are inverted. This is due to an overall improved
signal-to-noise ratio. For this reason, it is also worth using
reciprocal measurements in the inversion, as included here in
the skip-one measurement scheme (section 3.2).
The quality of the estimated electrical conductivity distributions has a significant effect on the inferred plume characteristics: Although the mean electrical conductivity of the
estimated plumes is in good agreement with the original
plume, even for sparse electrode layouts, the variance of the
electrical conductivity is increasingly underestimated with the
decreasing number of boreholes (Table 2). The spatial

Fig. 3. Effect of conditioning at six points in inversion based on SSLE with ERT data at 5% noise level.
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Table 1
Quality of inverse modeling.
Inversion method

Regularizationa

Number of
boreholes

Measurement
scheme

R
At 1%
noise level

At 5%
noise level

At 10%
noise level

At 20%
noise level

3

Skip-one
Cross-borehole
Skip-one
Cross-borehole
Skip-one
Cross-borehole
Skip-one
Cross-borehole
Skip-one
Cross-borehole
Skip-one
Cross-borehole
Skip-one
Cross-borehole
Skip-one
Cross-borehole
Skip-one
Cross-borehole

0.53
0.60
0.84
0.84
0.90
0.90
0.55
0.60
0.80
0.83
0.90
0.89
0.70
0.75
0.81
0.85
0.90
0.90

0.53
0.55
0.77
0.82
0.86
0.89
0.54
0.60
0.80
0.83
0.90
0.89
0.70
0.76
0.81
0.85
0.90
0.89

0.54
0.53
0.75
0.81
0.81
0.88
0.53
0.60
0.79
0.83
0.88
0.87
0.69
0.76
0.81
0.84
0.89
0.88

0.46
0.52
0.71
0.80
0.81
0.86
0.49
0.60
0.76
0.81
0.83
0.83
0.68
0.76
0.79
0.82
0.83
0.84

5
9
SSLEb

3
5
9

SSLE conditionedc

3
5
9

Note: a indicates the smoothness-constrained regularization approach,

b

indicates the SSLE without conditioning, and

c

indicates the SSLE with conditioning.

Table 2
Bulk electrical conductivity statistics based on original plume and different inversions.
Number of
boreholes

Inversion method

3

Regularization
SSLE
SSLE conditioned
Regularization
SSLE
SSLE conditioned
Regularization
SSLE
SSLE conditioned

5

9

Original

Entire distribution
m

Plume only
s2

m

Background only
s2

m

s2

5%*

20%*

5%*

20%*

5%*

20%*

5%*

20%*

5%*

20%*

5%*

20%*

4.17
4.25
4.21
4.21
4.22
4.22
4.22
4.23
4.23

4.15
4.23
4.18
4.20
4.22
4.22
4.19
4.22
4.23

0.08
0.05
0.09
0.20
0.20
0.21
0.26
0.26
0.26

0.08
0.06
0.10
0.19
0.22
0.23
0.23
0.29
0.30

4.06
4.15
4.04
4.00
3.99
3.99
3.97
3.99
3.99

4.05
4.13
4.02
3.99
3.99
4.00
3.96
3.98
3.98

0.07
0.05
0.08
0.21
0.20
0.21
0.27
0.27
0.28

0.07
0.05
0.08
0.19
0.22
0.24
0.23
0.31
0.32

4.31
4.39
4.43
4.51
4.52
4.53
4.55
4.56
4.57

4.29
4.37
4.41
4.48
4.52
4.53
4.51
4.55
4.57

0.05
0.03
0.02
0.05
0.04
0.04
0.04
0.05
0.04

0.06
0.03
0.03
0.05
0.06
0.06
0.05
0.07
0.06

4.27

4.27

0.31

0.31

4.02

4.02

0.39

0.39

4.61

4.61

0

0

Note: m is the mean of log-transformed electrical conductivity, and * indicates the noise level.

correlation in the vertical direction of the inverted plumes
(Figs. 4 and 5) shows a less significant decrease with distance
when the number of boreholes is reduced. This reflects an
increased blurring of the inverted plumes when the number of
boreholes is reduced (Fig. 2). The spatial correlation in the
horizontal direction is only slightly affected by the number of
boreholes (Figs. 4 and 5). While the first spatial moment,
which is a measurement of the location of the center of the
plume, is slightly affected by the number of boreholes, the
zeroth moment, which is a measurements of the overall solute
mass in the plume, is increasingly underestimated when the
number of boreholes is reduced (Table 3). The second spatial
moment, which is the measurement of the plume extensions in
horizontal and vertical directions, is slightly overestimated
when the number of boreholes is reduced.

4.2. ERT measurement schemes
A comparison between the skip-one and the cross-borehole
measurement schemes in Table 1 shows better inversion results for the given shape of the plume when using the crossborehole measurement scheme. This holds for both inversion
approaches. The improvement of the results with the crossborehole measurement scheme is more distinct with use of
fewer boreholes. The effect diminishes with an increasing
number of boreholes and can be neglected for the SSLE in the
nine-borehole layout. Here, using the regularization approach,
the cross-borehole measurement scheme still improves the
result when dealing with high noise levels. A decrease in R
reflects the increasing underestimation of the variance of the
electrical conductivity and the zeroth moment of the plume.
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Fig. 4. Spatial correlation of original electrical conductivity distribution and inversion results using SSLE and SSLE conditioned methods in
cross-borehole measurement scheme at 5% noise level.

Fig. 5. Spatial correlation of original electrical conductivity distribution and inversion results using smoothness-constrained regularization
method in cross-borehole measurement scheme at 5% noise level.

4.3. Contrast between plume and background
For a five-borehole layout at 5% noise level and use of the
cross-borehole measurement scheme we evaluated the effect of
different contrasts between plume and background on the
quality of the inversion results. We utilized the modified electrical conductivity fields as described at the end of section 3.1.
Furthermore, we ran the same procedures on the modified
electrical conductivity fields as pointed out in section 3.2 and
analyzed the quality of the results in terms of the correlation
coefficient, R.
To highlight the effects of different contrasts, we compared
the R values of the inversions based on the modified electrical
conductivity fields with those based on the primary electrical
conductivity field as presented in Table 1. There the contrast
was 10 between the maximum electrical conductivity within
the plume and the background electrical conductivity. In
Table 4, R values are shown for contrast factors ranging from
1.9 to 46. Comparing the two inversion approaches, SSLE and

smoothness-constrained regularization behave similarly with
regard to different contrasts. Increasing the contrast to a factor
of 19 or even 46 shows no significant change in the quality of
the inversion results. However, decreasing the contrast to
factors of 1.9, 2.8, and 5.5 shows a decrease in R. Although not
included in this study, the results suggest that further decrease
of the contrast factor leads to even worse estimates. This
behavior was to be expected for noisy data since at one point
the response of the plume starts to be masked by the noise. On
the other hand, the quality of the inversion results is saturated
with the increasing contrast between the plume and the
background.
4.4. Inversion approaches and their robustness
An integrative comparison of inversion results of the SSLE
and the smoothness-constrained regularization approach
shows only slight differences in the quality of the results if
input parameters for the inverse procedure are chosen properly
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Table 3
Spatial moments based on original concentration distribution and different inversion results.
Number of Inversion method
boreholes

3

5

9

Regularization
SSLE
SSLE conditioned
Regularization
SSLE
SSLE conditioned
Regularization
SSLE
SSLE conditioned

Original

Normalized zeroth spatial moment

First spatial moment (m)

Plume

Second spatial moment (m2)

Entire distribution

Horizontal direction

Vertical direction

Horizontal direction

Vertical direction

5%*

20%*

5%*

20%*

5%*

20%*

5%*

20%*

5%*

20%*

5%*

20%*

0.63
0.49
0.67
0.86
0.84
0.85
0.95
0.92
0.92

0.65
0.53
0.70
0.84
0.86
0.87
0.94
0.98
0.99

0.86
0.65
0.79
0.95
0.92
0.92
1.01
0.97
0.98

0.89
0.70
0.84
0.95
0.95
0.96
1.02
1.06
1.07

14.8
14.8
16.2
16.2
16.4
16.4
16.1
16.2
16.2

14.7
14.6
16.0
16.2
15.9
15.9
16.0
16.0
16.1

3.05
2.94
2.94
3.26
3.29
3.27
3.32
3.34
3.32

3.10
3.08
3.04
3.30
3.37
3.37
3.33
3.43
3.40

20.9
20.7
19.8
18.0
17.5
17.3
19.0
18.1
18.0

21.3
22.0
21.5
19.1
20.1
19.7
19.4
20.0
19.9

1.87
1.80
1.53
1.46
1.50
1.46
1.43
1.40
1.39

1.92
1.87
1.60
1.51
1.58
1.56
1.46
1.42
1.41

1.00

1.00

1.00

1.00

16.1

16.1

3.28

3.28

18.9

18.9

1.29

1.29

Note: * indicates the noise level.
Table 4
Quality of inversions with respect to various contrast factors.
Inversion method

SSLE
Regularization

R
At contrast 1.9

At contrast 2.8

At contrast 5.5

At contrast 10

At contrast 19

At contrast 46

0.77
0.74

0.80
0.77

0.82
0.80

0.83
0.82

0.84
0.83

0.84
0.84

Note: Inversions are performed at a 5% noise level, with a five-borehole layout, and with a cross-borehole measurement scheme.

(Figs. 2, 4, and 5, and Tables 1e3). This is in accordance with
Kitanidis (1999): “Philosophical differences aside, the stochastic and deterministic approaches share common objectives
and may yield similar estimates.” To evaluate the two approaches when the input parameters are not known completely
but deviate from the correct input parameters, we conducted
synthetic ERT experiments using wrong input parameters. We
chose the exemplary five-borehole layout with 5% data noise
to evaluate the robustness of the two approaches. We found
that, for the SSLE approach, the a priori given input of the
variance of the electrical conductivity has no significant
impact on the quality of the inversion results, at least if the
deviation from the true variance is smaller than a bias factor of
three. This finding was already recognized when the SSLE is
used for hydraulic tomography (Yeh and Liu, 2000). For the
regularization approach, we found that a deviation of the input
mean electrical conductivity influences the quality of the
inversion results in a range of mismatch below a factor of
three.
However, the results of the SSLE are influenced by the a
priori given correlation lengths in the horizontal and vertical
directions, lh and lv, respectively, as well as the mean of the
log-transformed electrical conductivity, m. The results of the
regularization approach are influenced by the a priori given
anisotropy ratio, e ¼ lv/lh. It can be seen from Table 5 that both
inversion approaches are quite robust when the input parameters
are overestimated, at least up to a factor of 3. We found that the
regularization approach was also robust when e was underestimated at least down to a factor of 0.33. Using the SSLE such
robust behavior can only be found for the cross-borehole measurement scheme. For the skip-one measurement scheme, the
underestimation of the mean or of all a priori given input

parameters together yields results of lower quality (Table 5).
These findings indicate that the a priori knowledge of a set of
correct statistical input parameters as utilized in the SSLE improves the quality of the inversion result only marginally
compared to the inversion results based on a smaller set of input
parameters as utilized in the regularization approach (Table 5).
On the other hand, the results also suggest that for reliable estimates of the plume's spatial statistics from ERT inversion results a rough idea of the statistical input parameters is sufficient.
4.5. Point conditioning
Using the SSLE, additional information from point measurements of electrical conductivity can be used for point
conditioning of the inverse procedure. In Fig. 3, the results of
inversions including point conditioning are shown together
with the estimation variances. Here, in the three-borehole
layout the improvement of point conditioning becomes significant. In the nine-borehole layout no improvement can be
observed. These results are also expressed in a quantitative
way, based on R values in Table 1. No matter which kind of
measurement scheme (skip-one or cross-borehole) is used, R is
improved by point conditioning when using a small number of
boreholes, but R is only slightly affected by dense electrode
layouts. The improvement of the quality of the inverted
electrical conductivity distribution by conditioning results in
improved estimation of the statistics and spatial moments of
the salt plume. This is again more pronounced in layouts with
low electrode densities (Tables 2 and 3).
The estimation of the spatial correlation of the inverted
electrical conductivity distributions is only slightly improved
by point conditioning with the five- and nine-borehole layouts

284

Andreas Englert et al. / Water Science and Engineering 2016, 9(4): 274e286

Table 5
Influence of incorrect a priori information on inversion results.
Bias factor

0.33
0.5
1
2
3

Measurement
scheme

Skip-one
Cross-borehole
Skip-one
Cross-borehole
Skip-one
Cross-borehole
Skip-one
Cross-borehole
Skip-one
Cross-borehole

R
SSLE

Regularization

Alla

lh

lv

m

e ¼ lv/lh

0.26
0.71
0.54
0.84
0.80
0.83
0.77
0.81
0.75
0.80

0.73
0.78
0.76
0.80
0.80
0.83
0.81
0.82
0.81
0.81

0.82
0.84
0.82
0.84
0.80
0.83
0.74
0.80
0.69
0.76

0.58
0.84
0.70
0.84
0.80
0.83
0.76
0.81
0.71
0.80

0.81
0.85
0.80
0.84
0.77
0.82
0.74
0.80
0.72
0.79

Note: For the five-borehole layout and a noise level of 5%, the quality of the
inversion results based on the correct input parameters (bias factor 1) are
shown together with biased input parameters. a means lh, lv, and m are biased
simultaneously.

(Fig. 4). There is improvement with point conditioning in the
three-borehole layout for the correlation in the horizontal direction, but not for the correlation in the vertical direction. In
Fig. 3(b) the estimation variances are shown for the threeborehole layout. Through point conditioning, the estimation
variances are reduced in the area where point measurements
are available. The amount of reduction of the estimation
variances is highlighted with comparison of the areas around
10 m and around 20 m along the horizontal axis. The same
comparison for the nine-borehole layout (Fig. 3(d)) shows
very little difference in estimation variances. This illustrates
the improvement through point conditioning with use of only
sparse electrode layouts and the diminishing of the improvement with use of dense electrode layouts.
5. Conclusions
On the basis of two-dimensional synthetic experiments we
simulated ERT cross-borehole surveys and a limited number
of point samplings of electrical conductivity for a heterogeneous electrical conductivity distribution representing a salt
plume distribution in a heterogeneous aquifer. This study
included different ERT layouts, measurement schemes, and
inversion approaches. Assuming the relation of electrical
conductivity changes against a homogeneous background and
concentration to be linear and known, the measurements were
utilized to estimate heterogeneous electrical conductivity distributions in order to map the synthetic salt plume. Comparison of the estimated and the true salt plume allowed for an
integrated analysis of a geostatistical (SSLE) and a widely
used deterministic (smoothness-constrained regularization)
inverse modeling approach. This study furthermore provided
insights into how ERT inversion results from these two
different inversion approaches impact the estimation of salt
plume characteristics. Even though various aspects and phenomena may need to be additionally taken into account in real
field experiments, the following conclusions from this study
can provide understanding of the degree to which the quality

of the mapped salt tracer plume depends on the inversion
approach for given cross-borehole electrode layouts, noise
levels, and conditioning strategies:
Inversions based on the SSLE and smoothness-constrained
regularization can provide estimations of plume characteristics
of similar quality. Some of the plume characteristics
(including the mean concentration, and first and second spatial
moments) can be inferred from ERT surveys more easily.
Other characteristics of the salt plumes (i.e., concentration
variance and zeroth spatial moment) cannot be easily inferred
from ERT surveys, and success depends on the density and
number of electrodes used in the ERT survey.
The choice of the ERT measurement scheme has a significant impact on the quality of the inferred plume characteristics. For the specific geometry of the salt tracer plume
considered in this study, the SSLE and the smoothnessconstrained regularization approach yielded better results for
the cross-borehole scheme (with a higher signal-to-noise ratio)
compared to the commonly used skip-one measurement
scheme. In general, the adequacy of a particular measurement
scheme depends on the noise level and a compromise between
potential resolving power (configurations with large geometric
factors) and signal strength (configurations with small geometric factors) of the employed measurement configurations
needs to be found.
The contrast between the salt plume and background
electrical conductivity on the one hand, and the noise level on
the other hand, are crucial to the quality of the results of an
ERT survey. This suggests that mapping of high-concentration
regions of a plume, as is typically the case in the center of the
plume, might still be feasible while low-concentration first
arrival and tailing of a plume might be masked by data noise.
In this respect, both inversion approaches used in this study
showed similar behaviors, i.e., a decreasing quality of the
mapped salt plume with an increasing noise level and with a
decreasing level of contrast.
The conditioning by a priori known statistical parameters in
both approaches showed only marginal improvement of the
inversion results. However, in real-world ERT surveys such
statistical parameters are typically unknown and it is thus
beneficial that the quality of the mapped salt tracer plumes is
only marginally influenced by the input parameters of both
inversion approaches. The inclusion of in situ point measurements of electrical conductivity (concentration) during the
inversion, as shown here for the SSLE, can improve the estimation of plume characteristics significantly, especially if
sparse electrode layouts are used. This was also demonstrated
by Hermans et al. (2012) in the context of mapping saline
intrusion in a coastal aquifer with surface ERT.
Our findings indicate the general potential of integrating
different types of data, including geophysical and hydrological
measurements, integral and local (sampling) data, by means of
joint inversion procedures for the delineation and characterization of solute plumes. In situations where the geometry of
different layers in a groundwater model is known to a
reasonable degree, or where modeling with even homogeneous
(effective) parameters is justified, the inverse problem can be
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directly formulated in terms of flow and transport parameters
by coupling the hydraulic model with the geophysical forward
model through an appropriate petrophysical model (Ferre
et al., 2009). This way, the inverse solution is inherently
forced to respect the physics of the process under investigation, and regularization as in the classical uncoupled deterministic approach is no longer needed. These so-called
sequential or coupled hydrogeophysical inversion approaches
have seen increasing application over recent years (Kowalsky
et al., 2005; Lehikoinen et al., 2009; Beaujean et al., 2014).
However, such coupled inversion strategies are also difficult to
establish in a feasible manner for cases in which hydraulic
heterogeneity is so complex that a model representation in
terms of a few zones with constant effective properties is no
longer warranted. Therefore, standard uncoupled ERT inversion approaches, like the ones discussed and assessed in this
study, will remain important to the imaging and characterization of solute plumes in many real-world applications.
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