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Abstract

Electric power is one of the most critical parts of everyday life; from lighting, heating,
and cooling homes to powering televisions and computers. The modern power grids
face several challenges such as efficiency, sustainability, and reliability. Increase in
electrical energy demand, distributed generations, integration of uncertain renewable
energy resources, and demand side management are among the main underlying reasons of such growing complexity. Additionally, the elements of power systems are
often vulnerable to failures because of many reasons, such as system limits, poor
maintenance, human errors, terrorist/cyber attacks, and natural phenomena. One
common factor complicating the operation of electrical power systems is the underlying uncertainties from the demands, supplies and failures of system components.
Stochastic optimization approaches provide mathematical frameworks for decision
making under uncertainty. It enables a decision maker to incorporate some knowledge of the uncertainty into the decision making process to find an optimal trade
off between cost and risk. In this dissertation, we focus on application of three riskaverse approaches to power systems modeling and optimization. Particularly, we
develop models and algorithms addressing the cost-effectiveness and reliability issues
in power grids with integrations of renewable energy resources.
First, we consider a unit commitment problem for centralized hydrothermal systems where we study improving reliability of such systems under water inflow uncertainty. We present a two-stage robust mixed-integer model to find optimal unit
commitment and economic dispatch decisions against extreme weather conditions
such as drought years. Further, we employ time series analysis (specifically vector
autoregressive models) to construct physical based uncertainty sets for water inflow
into the reservoirs. Since extensive formulation is impractical to solve for moder-
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ate size networks we develop an efficient Benders’ decomposition algorithm to solve
this problem. We present the numerical results on real-life case study showing the
effectiveness of the model and the proposed solution method.
Next, we address the cost effectiveness and reliability issues considering the integration of solar energy in distributed (decentralized) generation (DG) such as microgrids. In particular, we consider optimal placement and sizing of DG units as
well as long term generation planning to efficiently balance electric power demand
and supply. However, the intermittent nature of renewable energy resources such as
solar irradiance imposes several difficulties in decision making process. We propose
two-stage stochastic programming model with chance constraints to control the risk
of load shedding (i.e., power shortage) in distributed generation. We take advantage
of another time series modeling approach known as autoregressive integrated moving
average (ARIMA) model to characterize the uncertain solar irradiance more accurately. Additionally, we develop a combined sample average approximation (SAA)
and linearization techniques to solve the problem more efficiently. We examine the
proposed framework with numerical tests on a radial network in Arizona.
Lastly, we address the robustness of strategic networks including power grids and
airports in general. One of the key robustness requirements is the connectivity between each pair of nodes through a sufficiently short path, which makes a network
cluster more robust with respect to potential disruptions such as man-made or natural
disasters. If one can reinforce the network components against future threats, the goal
is to determine optimal reinforcements that would yield a cluster with minimum risk
of disruptions. We propose a risk-averse model where clusters represents a R-robust
2-club, which by definition is a subgraph with at least R node/edge disjoint paths
connecting each pair of nodes, where each path consists of at most 2 edges. And,
develop a combinatorial branch-and-bound algorithm to compare with an equivalent
mathematical programming approach on random and real-world networks.
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Chapter 1

Introduction

In this chapter, the research motivation and the contributions of the dissertation are
introduced first. Then, the organization of the dissertation is outlined.

1.1

Motivation

Recently, there has been an increasing attention regarding the security, reliability and
robustness of power systems while integrating renewable energy resources (RERs).
Due to uncertain nature of RERs, stochastic optimization approaches are popular
methods to generate and distribute power in a reliable and cost effective fashion.
Amongst many power system operations, unit commitment (UC) and microgrid design and dispatch (MGDD) problems play an important role in achieving this goal.
Regarding unit commitment problem (centralized), as compared to short-term
forecasting (e.g., 1 day), it is often challenging to accurately forecast the volume of
precipitation in a medium-term horizon (e.g., 1 week). As a result, fluctuations in
water inflow can trigger generation shortage and electricity price spikes in a power
system with major or predominant hydro resources. In this dissertation, our first work
studies a two-stage robust scheduling approach for a hydrothermal power system. We
consider water inflow uncertainty and employ a vector autoregressive (VAR) model
to represent its seasonality and accordingly construct an uncertainty set in the robust
optimization approach. We design a Benders’ decomposition algorithm to solve this
problem. Results are presented for the proposed approach on a real-world case study.
Regarding solar microgrid design and dispatch problem (decentralized), it is im-
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portant to consider optimal power flow (OPF) and energy storage systems (ESS)
simultaneously. In the second work, we study a two-stage stochastic program for
solar microgrids to see how effective chance constraints are in controlling load shedding in distributed generation (DG). In order to increase prediction accuracy, we
employ time series analysis specifically ARIMA modeling to characterize uncertainty
of solar irradiance. We develop a combined sample average approximation (SAA)
and linearization techniques to reformulate chance constraints and solve the problem
more efficiently. We validate the proposed approach with numerical experiments on
a real-world case study in Arizona.
Last but not least, network robustness issues are crucial in a variety of application
areas, such as energy, defense, communications, and so on. Unpredictable failures
of network components (nodes and/or edges) can be caused by a variety of factors,
including man-made and natural disruptions, which may significantly affect or inhibit
network’s functionality. In many situations, one of the key robustness requirements
is that every pair of nodes are connected, with the number of intermediate links
between them being as small as possible. Additionally, if nodes in a cluster are
connected by several different paths, such a cluster will be more robust with respect
to potential network component disruptions. In the third work, we study the problem
of identifying error- and attack-resilient clusters in graphs, particularly power grids.
It is assumed that the cluster represents a R-robust 2-club, which by definition is
a subgraph with at least R node/edge disjoint paths connecting each pair of nodes,
where each path consists of at most 2 edges. Uncertain information manifests itself
in the form of stochastic number of errors/attacks could happen in different nodes.
If one can reinforce the network components against future threats, the goal is to
determine optimal reinforcements that would yield a cluster with minimum risk of
disruptions. A combinatorial branch-and-bound algorithm is developed and compared
with an equivalent mathematical programming approach on simulated and real-world
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networks.

1.2

Contributions

The primary purpose of this dissertation is to use stochastic optimization approaches
to address reliability and sustainability issues of power grids with renewable energy
resources. In the following, we present the main contributions of this dissertation.

1.2.1

Two-stage Robust Hydrothermal Unit Commitment

• We address the weekly hydrothermal scheduling problem using an adaptive
robust optimization framework. First, we propose a two-stage mixed-integer
model for optimal unit commitment problem. To the best of our knowledge,
this is the first work that takes into account a physically based methodology to
construct realistic uncertainty sets for uncertain water inflow and more specifically via incorporating time series modeling into robust optimization approach.
In particular, the proposed multiple time-scale VAR uncertainty set is tailored
to the natural water inflows and drastically different from the classical polyhedral uncertainty sets (e.g., the ones considered in Zhao et al., 2013). In the first
stage, unit commitment decisions (i.e., which generators to turn on) through
binary variables and in the second stage, economic dispatch decisions (i.e., how
much to generate using on generators) are made such that under worst case scenario, electricity demand is met in a reliable and cost effective approach. The
benefit of two-stage robust optimization approach is that scheduling is robust
to extreme weather conditions such as drought months threatening the stability
and reliability of power grids.
• Second, we design a decomposition based algorithm to solve this problem for
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hydrothermal power systems. The extensive formulation, which is a large-scale
mixed-integer program, is intractable when the power system is large. The
algorithm takes advantage of strong duality of linear programs to reformulate
second stage problem. Then, we apply the alternating direction method to deal
with bilinear terms in the objective function. Computational time and quality
of solution are compared with existing methods.
• Third, we carry out a comprehensive out-of-sample simulation on a real-world
case study spanning one year and using weekly steps assessing the effectiveness of our approach. Numerical experiments demonstrates the robust model
under proposed Vector Autoregressive (VAR) based uncertainty sets is less conservative than the one under existing budget-constrained uncertainty sets as a
benchmark.

It is worth mentioning the models and results developed here are quite general.
in other words, they can be adapted with slight modifications to other applications
concerning the reliability of hydro power systems due to the uncertainty of renewable
energy resources.

1.2.2

Two-stage Stochastic Microgrid Design and Dispatch with Solar
Energy Integration

• We consider the solar microgrid design and dispatch problem using an adaptive stochastic optimization framework. First, we propose a two-stage mixedinteger model for optimal placement and planning of distribution generation
(DG) and energy storage system (ESS) units. We incorporate time series modeling into stochastic optimization approach to characterize the solar irradiance
uncertainty. In the first stage, design decisions (i.e., location and sizing of DGs)
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using binary and continuous variables and in the second stage, dispatch decisions (i.e., how much to generate, how much to store) are made such that
electricity demand is met in a reliable and cost effective approach.
• Chance constraints are employed to control the real load shedding withing a
predefined probability level.
• Then, we propose a combined sample average approximation (SAA) and linearization techniques to solve this problem more efficiently than traditional
SAA approach. The advantage of this approach is that no additional binary
variables introduced while reformulating the chance constraints. Computational
time, quality of solution, and load shedding percentage is compared with traditional SAA.
• Moreover, we perform a comprehensive out-of-sample simulation on a real-world
case study in Arizona assessing the effectiveness of our approach. Numerical
experiments demonstrate the chance constraints are effective tools to control
load shedding in distributed generation and the proposed approach outperforms traditional methods both in terms of true load shedding percentage and
computational time.

1.2.3

Error-and Attack-Resilient Clusters in Networks Under Uncertainty

• We study the problem of identifying error- and attack-resilient clusters in graphs,
particularly power grids. It is assumed that the cluster represents a R-robust
2-club, which is defined as a subgraph with at least R node/edge disjoint paths
connecting each pair of nodes, where each path consists of at most 2 edges.
• Uncertain information manifests itself in the form of stochastic number of errors/attacks that could happen in different nodes. If one can reinforce the
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network components against future threats, the goal is to determine optimal
reinforcements that would yield a cluster with minimum risk of disruptions.
• A combinatorial branch-and-bound algorithm is developed and compared with
an equivalent mathematical programming approach on simulated and real-world
networks.

1.3

Dissertation Organization

This dissertation includes 6 chapters and the remaining 5 chapters are organized as
follows. In Chapter 2, we provide a concise review of relevant stochastic programming
techniques applied to electric power systems with uncertain renewable energy. We
focus on exploring the solution methods for two-stage stochastic linear programs and
two-stage stochastic mixed-integer programs with integer and continuous recourse.
In particular, we review (i) two-stage stochastic programs, (ii) chance-constrained
stochastic programs, (iii) robust optimization, and (iv) models with risk measures.
In Chapter 3, we propose a robust unit commitment for hydrothermal power
systems. First, a review of unit commitment with renewable energy integration is
provided. Then, the mathematical formulation of the two-stage robust generation
scheduling problem is provided. We present uncertainty set definitions and propose
a VAR model for analyzing the random water inflow data and generating confidence
intervals (CIs). We describe a Benders’ decomposition framework to solve the proposed two-stage robust optimization formulation. Lastly, we report the case studies
we conducted based on a IEEE 60-bus system incorporating six hydro reservoirs.
In Chapter 4, we study stochastic microgrid design and dispatch in distributed
generation with solar energy integration. First, we review the literature regarding
distributed generation (DG) planning under uncertainty. The two-stage stochastic
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microgrid design and dispatch model is presented. We employ chance constraints to
control real power load shedding (i.e., real power shortage) probability to increase
power system reliability. The ARIMA modeling is used to characterize the photovoltaics (PV) output uncertainty. The combined SAA and linearization techniques
are developed to solve the problem. At the end, the numerical experiments are performed on a real-life case study in Arizona.
The main focus of Chapter 5 is on the network robustness in general including
power system networks. We introduce a risk-averse stochastic programming approach
to identify robust clusters for reinforcement purposes in networks. We address the
general representation of risk-averse R-robust 2-club (RA-R2) problem and discuss its
properties. We provides a mathematical programming formulation and a combinatorial branch-and-bound method for solving the RA-R2 problem. Finally, We report
numerical studies demonstrating the computational performances of the developed
CBnB method and the mathematical programming approach on problems where risk
is quantified using the CVaR measure as a special case of higher-moment coherent
risk measures (Krokhmal, 2007).
We conclude the dissertation in Chapter 6 with a summary of contributions and
a discussion of future research directions.
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Chapter 2

Stochastic Programming Techniques in Electric
Power Systems with Uncertain Renewable
Energy

In this chapter, various stochastic programming techniques (i.e., mathematical modeling and solution methodologies) in power systems operations with uncertain renewable energy resources (RERs) is reviewed. Main RERs considered in this work include
hydro, wind and solar energies. Both centralized and decentralized electric power systems are studied. Specifically, stochastic programming models for unit commitment
problem and microgrid design and dispatch are studied.

2.1

Introduction

Stochastic programming (SP) is a framework to find optimal decisions in real-life
problems which involve uncertainty. Some of the challenges in SP include but are
not limited to uncertainty modeling, design of objective of the decision process, the
constraints on those decisions, and their relationship to the uncertain or random elements. The interested reader is referred to Kall and Wallace (1994), Ruszczynski and
Shapiro (2003), Birge and Louveaux (2011), Prekopa (2013), Shapiro and Dentcheva
(2014), and the references therein for a comprehensive review of models and methods
for stochastic programming. These optimization techniques and their various applications are also briefly reviewed by Sahinidis (2004). The focus of the rest of this
chapter is on the popular SP models and solution methodologies in power systems
operations with uncertain renewable energy resources.
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2.2

Stochastic Mathematical Models

In this section, we provide a brief introduction to four popular stochastic optimization
models: 1) two-stage stochastic program, 2) chance-constrained stochastic program,
3) robust optimization, and 4) models with risk measures.

2.2.1

Two-stage Stochastic Programming

Definition 2.1. Two-stage stochastic program with recourse is defined as
˜
min cT x + E[Q(x, ξ)]
x

(2.1)

s.t. Ax ≥ b
x∈X
where
˜ = min q̃ T y
Q(x, ξ)
y

(2.2)

s.t. W̃ y ≥ h̃ − T̃ x
y∈Y
where Am1 ×n1 , Wm2 ×n2 , Tm2 ×n1 , are real-valued matrices, and bm1 ×1 , c1×n1 , q1×n2 ,
hm2 ×1 , are real-valued vectors. To explain the two-stage stochastic linear programs,
let ξ˜ = (q̃, T̃ , W̃ , h̃) denote the random vector used to model uncertainty, and ξ denote
˜
one realization of ξ.
A decision maker should choose first stage decisions x such that the consequences
˜ are accommoof the second stage decisions (evaluated under several outcomes of ξ)
dated within an optimal choice model. The consequences of the first-stage decisions
are measured through an optimization problem (called the ”recourse” problem) which
allows the decision-maker to adapt to an observation of the random variable. The
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consequences of choosing x under a particular outcome ξ is modeled as in (2.2). Typical decision maker uses his/her attitude towards risk to order alternative choices of x.
While several alternative ”risk preferences” have been incorporated within SP models
(discussed in 2.2.3, 2.2.4), we introduce the vastly used approach in the SP literature, the ”expected value” (risk neutral) model. Therefore, the two stage stochastic
program can be stated as in (2.1).
A two-stage model is said to have a fixed recourse when the matrix W is deterministic. If the matrix T is deterministic, the stochastic program is said to have fixed
tenders. When the second-stage problem is feasible for all choices of x ∈ Rn1 , the
model is said to possess the complete recourse property. Moreover, if the second-stage
problem is feasible for all first stage feasible solutions, then it is said to possess the
relatively complete recourse property. When the matrix W has the special structure
that W = (I, −I), then it is called to have simple recourse.
Depending on conditions of set X and/or Y , and structure of objective function
and constraints the two-stage stochastic program can be categorized as:
1) Two-stage linear program (TS-LP)
where, X = {x ∈ Rn1 : l1 ≤ x ≤ u1 }, Y = {y ∈ Rn2 : l2 ≤ y ≤ u2 },
2) Two-stage mixed integer program (TS-MIP)
where, X = {x ∈ Zn1 : l1 ≤ x ≤ u1 }, Y = {y ∈ Rn2 : l2 ≤ y ≤ u2 },
3) Two-stage mixed integer nonlinear program (TS-MINLP)
where, X = {x ∈ Zn1 : l1 ≤ x ≤ u1 }, Y = {y ∈ Rn2 : l2 ≤ y ≤ u2 },
and, nonlinear terms exist in the objective function or constraints.
A number of researchers addressed power system operations with uncertain renewable energy resources (RER) using two-stage stochastic programming. Bazmi
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and Zahedi (2011) provided a comprehensive review of important and valued researches on different aspects of decentralized power systems from 1990 to 2010, as
well as potential researches in power and supply sector from 2000 to 2011 and future
prospective of optimization modeling (including two-stage stochastic programming)
as a tool for sustainable energy systems. Milligan et al. (2012) overviewed stochastic
modeling challenges in operations, generation planning, and transmission planning integrating large amounts of variable wind and solar power with references to industry
and academic works. They also discuss different stochastic problem formulations and
approximations. Next, we briefly introduce unit commitment and microgrid design
and dispatch problems, where two-stage stochastic programming is commonly used
to capture uncertainty of RER.

Unit Commitment and Economic Dispatch

Unit commitment (UC) and economic dispatch (ED) are at the heart of power system operations. The UC problem is defined as the decision for scheduling a set of
generating units to be on, off, or in start-up, shutdown, or standby mode for a defined
period of time to meet a certain objective. The objective varies depending on the
applications. For a power system operated by a vertically integrated utility company
or by an independent system operator (ISO), the objective is to minimize the total
production cost subject to meeting all demand and reserve requirements within the
geographic footprint. In a market environment, the objective of a generation company
is to maximize its profit by scheduling its available generation units subject to its contracts and bids into the electricity market. In both cases, the scheduling decisions are
subject to physical constraints of generation technologies, including ramping rates,
start-up and shutdown time period, etc. The ED problem is defined as the scheduling
of production of a set of online units to satisfy a specific demand and other system
operating constraints with its total production cost minimized or profit maximized.
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The set of online generation units is usually the result of solving the UC problem for
the same system. The output of the ED problem includes the amount of generation
dispatched from each on-line unit at each time step. The prices of energy and reserves
at each time step at each location can also be derived from the ED problem.
In power system operations, the results of UC and ED depend on forecasts of
load (demand) and RER. The closer to the operating time, the more accurate the
forecast is. For the UC of a given day, the earliest scheduling can be as early as
one week ahead to determine the use of slow units (e.g., nuclear plants), whereas UC
adjustment decisions may be made less than an hour ahead of operations. The time
resolution of the UC problem is usually one hour, although a finer time resolution
may be used close to operations. The time horizon is usually at least 24 hours, to
account for all the temporal constraints in the system (Zhou et al. (2016)). Fig. 2.1
depicts UC problem in two stages and shows an example of deregulated electricity
market timeline.

(a)

(b)

Figure 2.1: (a) UC and ED with uncertain RER. (b) Day-ahead UC and bid clearance
decisions timeline. Source: Wu (2011)

The main objective for power system operators is to ensure that demand for
electricity is met and to maintain system reliability in a cost-efficient manner. This
is the case regardless of whether it is a traditional regulated utility system or a
restructured electricity market.

24

The similarity between power systems’ real operation process (i.e., UC and ED)
and the two-stage SP formulation naturally leads us to employ the two-stage SP for
UC problems. In practice, random variables in the second stage are represented by
various scenarios that describe the distribution of uncertain parameter, such as load,
wind and solar output. Padhy (2004), Dai et al. (2015) and Zhou et al. (2016) gave a
structured bibliographic survey of SP formulations and applications in UC problems.

Microgrid Design and Dispatch

Distributed generation (DG) promotes the development of a new grid paradigm, called
microgrid, which is seen as one of the cornerstones of the future smart grids (SG).
A microgrid is a localized grouping of electricity generations, energy storages, and
loads. In the normal operation, it is connected to a traditional power grid (macrogrid). The users in a microgrid can generate medium or low voltage electricity using
distributed generation, such as solar panels, wind turbines, and fuel cells. The single
point of common coupling with the macrogrid can be disconnected, with the microgrid functioning autonomously. This operation will result in an ”islanded” microgrid,
in which distributed generators continue to power the users in this microgrid without
obtaining power from the electric utility located in the macrogrid (Lasseter, 2002;
Fang et al., 2012). Fig. 2.2 shows an example of the microgrid. Thus, the multiple
DG and the ability to isolate the microgrid from a larger network in disturbance will
provide highly reliable electricity supply (Lasseter, 2007). Hatziargyriou et al. (2007)
outlined the ongoing research, development, and demonstrates the microgrid operation currently in progress in Europe, the United States, Japan, and Canada. Lasseter
(2011) focused on DER-based distribution, the basics of microgrids, possibility of
smart distribution systems using coupled microgrids (MGs) and the current state of
autonomous microgrid technology.
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Figure 2.2: Microgrid. Source: Berkeley Lab (2015)

Microgrid design and dispatch (MGDD) problem refers to siting and sizing of
distributed generators (i.e., solar panels, wind turbines, batteries, etc) in a microgrid,
as well as dispatching the power over a time horizon with uncertain load and RER.
Control of real and reactive power, voltage deviation, and energy loss are important
aspects of reliable and cost-effective MGDD (Lasseter, 2002).
Su et al. (2014) formulated a two-stage stochastic microgrid energy scheduling
model to make an optimal decision on the day-ahead energy transactions in the first
stage while mimicking the real-time operations with the wind/solar power variability
in the second stage. Their objective is to identify the optimal amount of electricity
to be purchased from/sold to the utility grid and the commitment of DG units over
the next 24 hours.
Wang et al. (2015) proposed a novel control strategy for coordinated operation
of networked microgrids in a distribution system. In order to take into account
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the uncertainties of DG outputs, they formulate the problem as a stochastic bi-level
problem with the distribution network operator (DNO) in the upper level and MGs in
the lower level. Each level consists of two stages. The first stage is to determine base
generation set-points based on the load and non-dispatchable DG output forecasts and
the second stage is to adjust the generation outputs based on the realized scenarios.

2.2.2

Chance-constrained Programming

In chance-constrained programming (CCP), some of the constraints or the objective
are expressed in terms of probabilistic statements about decisions. This is particularly
useful when the cost and benefits of second-stage decisions are difficult to assess. For
some probabilistic constraints, it is possible to derive a deterministic linear formulation (Charnes and Cooper, 1959; Miller and Wagner, 1965; Shapiro and Dentcheva,
2014).
Definition 2.2. Chance-constrained two-stage problem, for α ∈ [0, 1], is defined as
min cT x + E[Q(x, ξ)]

(2.3)

s.t. P{∃y ∈ Y (x) : W̃ y ≥ h̃ − T̃ x} ≥ 1 − α
x∈X

where, probability of obtaining feasible second-stage solutions under all scenarios
is at least 1 − α.
Wang et al. (2012) formulated a unit commitment problem with uncertain wind
power output as a chance-constrained two-stage (CCTS) stochastic program. Their
model ensured that, with high probability, a large portion of the wind power output
at each operating hour will be utilized. Pozo and Contreras (2013) presented a CCTS
program for the joint energy and reserves scheduling and unit commitment with
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n − k reliability constraints for the day-ahead market. In other words, under load
and wind output uncertainty demand must be met with a specified probability under
any simultaneous loss of k generating units. Wang et al. (2013) studied the stochastic
unit commitment problem with uncertain demand response to enhance the reliability
of unit commitment process for independent system operators (ISOs). They applied
CCP to ensure the loss of load probability to be lower than a predefined risk level.
Wu et al. (2011) dealt with the problem of economic optimal operation of combined heat and power system integrating renewable energy resources (RERs). They
utilized CCP to consider the random wind, solar power, thermal and electric load.
The model gave suggestions on optimal deployments of RERs and dynamic economic
dispatch of microgrid to reduce the running cost. Liu (2011) utilized CCP framework
to handle uncertainies of RERs on optimal siting and sizing of DG units in distribution system planning. Security limitations, i.e., permitted current magnitude in
the network, represented as chance constrains. Cao et al. (2013) formulated a chance
constrained optimization-based multi-objective optimal power flow model to consider
the forecast errors of RERs in the short-term operation of radial unbalanced distribution networks. In their model, expected total active power losses of distribution lines,
expected overload risk and voltage violation risk with respect to n − 1 contingencies
are minimized, and inequality constraints in the normal state are satisfied with a
predefined probability level. Guo et al. (2014) employed CCP to carry out optimal
planning of island microgrid with DG units considering uncertainties of wind speed,
clearness index and load demand.

2.2.3

Robust Optimization

Robust optimization (RO) is a more recent approach to optimization under uncertainty, in which the uncertainty model is not stochastic, but rather deterministic and
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set-based. Instead of assuming probabilistic sense (i.e., probability density functions)
to stochastic uncertainty, here the decision-maker constructs a solution that is feasible
for any realization of the uncertainty in a given set. The motivation for this approach
is twofold. First, the model of set-based uncertainty is an appropriate notion of parameter uncertainty in many applications. Second, computational tractability is also
a primary motivation and goal (Mulvey et al., 1995; Ben-Tal and Nemirovski, 1998;
Takriti and Ahmed, 2004; Bertsimas et al., 2011).
Definition 2.3. Two-stage robust optimization problem, is defined as
min cT x + max f [Q(x, u)]
u∈U

(2.4)

s.t. x ∈ {x : ∀u ∈ U, ∃y ∈ Y (x) : W (u)y ≥ h(u) − T (u)x}

where, U is the uncertainty set for random parameter u, and f represents worstcase cost regarding all possible outcomes of the uncertain parameters. Due to highlighting reliability more than cost-effectiveness, this type of models might produce
conservative solutions, but computationally it can avoid incorporating a large number
of scenarios (Bertsimas and Sim, 2004). A comparison between two-stage stochastic programing and robust optimization for UC problem is provided by Zheng et al.
(2015). Also, tractability and links between robust optimization and chance constrained programming with stochastic data are presented in Ben-Tal and Nemirovski
(2008). User needs to have some understanding of the structure of the uncertainty set
in order to intelligently use RO techniques. Some of popular forms for uncertainty set
U are 1) ellipsoidal sets, 2) polyhedral sets, 3) cardinality constraints, and 4) general
norms (Bertsimas et al., 2011).
Jiang et al. (2012a) proposed a two-stage robust optimization (TSRO) model
to accommodate wind output uncertainty, with the objective of providing a robust
unit commitment schedule for the thermal generators in the day-ahead market that

29

minimizes the total cost under the worst wind power output scenario. Pumped storage units are considered to reduce the total cost, as well as a variable to control
conservatism of the model. Jiang et al. (2013) introduced a minimax regret unit commitment model aiming to minimize the maximum regret of the day-ahead decision
from the actual realization of the uncertain real-time wind power generation. They
compare the performances of three different approaches (robust optimization, minimax regret, and stochastic optimization) through case studies. Jiang et al. (2014)
utilized a TSRO model to address the network constrained unit commitment problem under demand uncertainty. They studied cases with and without transmission
capacity and ramp-rate limits. Dashti et al. (2016) proposed a TSRO approach for
weekly unit commitment and economic dispatch of hydrothermal power system. They
considered water inflow uncertainty and employ a vector autoregressive (VAR) model
to represent its seasonality and accordingly construct an uncertainty set.
Zhang et al. (2013) considered distributed economic dispatch for a microgrid with
high renewable energy penetration and demand-side management operating in gridconnected mode. Worst-case transaction cost stemming from the uncertainty of RERs
was formulated using RO framework. Wang et al. (2014) employed a TSRO model
for microgrid planning to decide optimal locations, sizes and mix of dispatchable and
intermittent DGs and load. Case studies of a MG with wind turbines, solar panels
and microturbines were considered to minimize long-term costs in the proposed planning and maximize revenue from microgrid loads and utility grid. Kuznetsova et al.
(2015) performed an extended analysis of a microgrid energy management framework
based on robust optimization. Uncertainties in wind power generation and energy
consumption were described in the form of prediction intervals. PV panels and wind
power plants were intermittent DGs in the microgrid. Wang et al. (2015) leveraged
chance constraints and RO approach to schedule energy generations for microgrids
equipped with intermittent RERs and CHP generators under fluctuating heat and
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electricity demand.

2.2.4

Risk-averse Optimization

Since traditional two-stage stochastic programming considers the expectation as the
preference criterion by comparing the random variables (e.g., expected total cost) to
identify the best decisions, it is considered a risk-neutral approach. However, in the
presence of uncertainty, some dispersion statistic can be incorporated as a measure
of risk into decision making model in order to take into account its effects. Artzner
et al. (1999) justified a set of four desirable properties for measures of risk, and call
the measures satisfying these properties coherent.
There are some well-known means of risk aversion in the literature such as meanvariance, value-at-risk, expected shortfall, conditional value-at-risk, and second-order
stochastic dominance (Krokhmal et al., 2011; Ruszczynski, 2013). In this section,
we consider risk-averse two-stage stochastic programming (RATS) models, so-called
mean-risk models, where the conditional value-at-risk (CVaR) is the coherent measure
of risk (Ahmed, 2006; Schultz and Tied, 2006). It is worth mentioning that Miller
and Ruszczynski (2011) considered an extended two-stage model in which there is
still unresolved uncertainty after the second-stage decision is made. Hence, they used
a risk-averse version of the second-stage problem.
CVaR was characterized by Rockafellar and Uryasev, 2000, 2002, and Pflug (2000).
It is widely used for in finance (Krokhmal et al., 2002), and applied to other areas
such as disaster management (Noyan, 2012).
Definition 2.4. Risk-averse two-stage stochastic problem, is defined as
min cT x + E(Q(x, ξ))
s.t. x ∈ X

(2.5)
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CV aRα [Q(x, ξ)] ≤ ρ

where the parameter ρ is set by the decision maker, and by introducing an extra
variable η ∈ IR, the CVaR constraint in the above problem can be formulated as
η+

1
E([Q(x, ξ) − η]+ ) ≤ ρ
1−α

where [z]+ = max{0, z} denotes the positive part of a real number. E([Q(x, ξ) − η]+ )
can be interpreted as expected shortfall with respect to the target η.
Garcia-Gonzalez et al. (2007) presented a profit-based model for short-term hydro scheduling adapted to pool-based electricity markets. Their objective was to
determine a feasible and realistic unit commitment of a set of coupled hydro units
belonging to a small or medium-size hydroelectric company in order to build the generation bids for the next 24 hourly periods. In order to be protected against low prices
scenarios, they utilized CVaR criteria. Tajeddini et al. (2014) addressed the optimal
operation of a virtual power plant considering the risk factors affecting its daily operation profits. They utilized RATS model in both day-ahead and balancing markets.
The uncertain parameters, including the PV power output, wind power output and
day-ahead market prices were modeled through scenarios, and CVaR was used as a
risk measure in order to control the risk of low profit scenarios. Asensio and Contreras (2016) formulated a risk-averse two-stage unit commitment model with high
renewable energy penetration. In order to account for the uncertainty of load, wind,
and PV generation, they included a CVaR term in the model formulation. Recently,
Peng et al. (2017) proposed the risk-limiting unit commitment. They utilized CVaR
to limit the loss of load probability in a smart grid with uncertain load and wind
power. They mathematically prove validity of using CVaR for the UC problem.
Safdarian et al. (2013) presented a risk-averse two-stage model for a distribution
company exposed to volatile real-time prices and uncertain loads, to minimize cost
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of commitment and dispatch of DG units. They integrated CVaR constraints into
the developed model to control the risk of higher costs within a predefined level.
Bazrafshan and Gatsis (2015) proposed a risk-averse two-stage model for placement
and sizing of PV inverters in radial distribution networks under solar irradiance and
load uncertainty. They employed CVaR risk measure in the objective to penalize risk
of high cost. Farzan et al. (2015) modeled a risk-averse two-stage program for dayahead scheduling and control of microgrids under load, price and RER uncertainties.
They included CVaR, as a measure of cost variation, in the objective function.
In the next three chapters, we extend and apply some of the aforementioned riskaverse approaches to power systems and networks for different purposes.
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Chapter 3

Two-Stage Robust Generation Scheduling for
Hydrothermal Power Systems

In this chapter, we propose a robust unit commitment (UC) for hydrothermal power
systems. First, a review of Unit Commitment with renewable energy integration is
provided in Section 3.1. Then, Section 3.2 contains the mathematical formulation of
the two-stage robust generation scheduling problem. Section 3.3 presents uncertainty
set definitions and proposes a VAR model for analyzing the random water inflow data
and generating confidence intervals (CIs). Section 3.4 describes a Benders’ decomposition framework to solve the proposed two-stage robust optimization formulation.
Section 3.5 reports the case studies we conducted based on a IEEE 60-bus system
incorporating six hydro reservoirs. Finally, Section 3.6 concludes this chapter.

3.1

Introduction

This chapter considers the generation scheduling problem for a power system with
predominant or major hydro resources (hereafter denoted as a hydrothermal power
system). Hydrothermal power systems can be found worldwide, e.g., in Brazil (ONS,
2014), New Zealand (EANZ, 2014), and Norway (Fosso et al., 1999). Unlike conventional energy resources (e.g., coal, oil, and gas), the generation capacity of a hydro
plant depends on the amount of stored water in the reservoir and the random natural
water inflow. Also, since the water reservoirs are often interconnected along a river
basin, the generation capacity can considerably depend on the operations of the upstream hydro plants as well. Because of these distinctive features, the system operator
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of a hydrothermal power system needs to consider temporal and spacial coordinations
of the hydro plant operations. On the one hand, it needs to ensure sufficient capacity
for future generation needs. On the other hand, it needs to carefully balance the water
stock and power generation among interconnected hydro plants to respect the corresponding operational restrictions and to minimize the operational costs. However,
due to the random nature of water inflow, it is challenging for the system operator to
accomplish these two tasks in an accurate manner. For example, without correctly
predicting a low water inflow in one month, the system operator can deplete the water
stock now and consequently resorts to the more expensive thermal generation later.
As compared to the short-term forecasting, it is often more challenging to accurately
forecast water inflow in a medium-term horizon. As a result, fluctuations in water
inflow can trigger generation shortage and electricity price spikes in a hydrothermal
power system.
The existing literature on generation scheduling of hydrothermal power systems
can be categorized into centralized and decentralized approaches. In the centralized approaches, the system operator schedules the generation of each hydro plant
in the system to optimize the system payoff (e.g., the total operational cost). A
number of deterministic and stochastic optimization approaches have been studied
in this category. For the deterministic approaches, Carneiro et al. (1990) proposes
a hydrothermal scheduling formulation and a primal decomposition algorithm. Also,
Yan et al. (1993) develops a detailed formulation for the hydrothermal power system
scheduling problem and applies a Lagrangian relaxation algorithm to obtain nearoptimal solutions. More recently, Conejo et al. (2002) utilizes integer programming
techniques to accurately model the hill chart of a hydro plant, and Borghetti et al.
(2008) extends the hill chart modeling of Conejo et al. (2002) by adopting a threedimensional interpolation approach describing the relationship among the net head,
turbined water volume, and electricity generation amount. In contrast to Conejo et
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al. (2002) and Borghetti et al. (2008), Zhu et al. (2013) approximates the hill charts
by using quadratic functions and solves the hydro-thermal coordination problem to
global optimality by considering tight semidefinite programming (SDP) relaxations.
Later, Paredes et al. (2015) further extends the study of the SDP relaxations by accounting for the ac power flow constraints. Taking the Itaipú hydroelectric plant as
a case study, Arce et al. (2002) employs a dynamic programming approach to optimize the commitment and dispatch of the turbines. In contrast, Li et al. (2014)
focuses on the Three Gorges Project of China and elaborates a mixed-integer linear
programming (MILP) formulation based on Conejo et al. (2002) and Borghetti et al.
(2008). For the stochastic approaches, Pereira and Pinto (1985) considers a multistage stochastic problem for scheduling generation and models the random water
inflow via a scenario tree. Fosso et al. (1999) considers a generation scheduling model
that emphasizes the electricity price uncertainty in the deregulated Norwegian market. More recently, Almeida and Conejo (2013) formulates the generation scheduling
problem as an equilibrium problem with equilibrium constraints, and models the water inflow uncertainty by using a set of scenarios together with their probability of
occurrence. From the perspective of coordination, Khodayar et al. (2013) proposes
a stochastic MILP model to co-optimize the dispatch of wind power and pumpedstorage hydro units. In the decentralized approaches, different market players (e.g.,
hydro generating companies) schedule their own hydro plants and submit supply offer
bids to various electricity markets to optimize their own payoff (e.g., profit), while
the system operator clears the markets and coordinates the operations of the players.
For price-taking players, Pritchard et al. (2005) develops a target-oriented model that
guides the generation scheduling and offer bid submissions to meet a target mean and
variance of the water release amount, and Wu et al. (2008) models the water inflow
and electricity price uncertainty based on a set of scenarios, and considers a riskaverse formulation that contains a risk measure of the payoff. Different from the
MILP formulations proposed in Conejo et al. (2002) and Borghetti et al. (2008), Diaz
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et al. (2011) adopts a continuous and nonlinear approximation of the hill charts and
optimizes the scheduling of a price-taker based on a mixed-integer nonlinear programming formulation. For price-making players, De la Torre et al. (2002) optimizes the
generation scheduling by using a detailed model of the step-wise price quota curve,
and Baslis and Bakirtzis (2011) adopts the modeling techniques of De la Torre et
al. (2002) and incorporates the water inflow uncertainty by considering a multi-stage
scenario tree. Later, Pousinho et al. (2012) considers both uncertain residual demand
curves and the hill charts of hydro generators and proposes a stochastic MILP model
that is successfully applied to a Portuguese hydro system.
In this chapter, we propose a two-stage robust optimization approach for scheduling a hydrothermal power system. Our approach focuses on a centralized power
system. For deregulated electricity markets, our approach can also be applied by the
system operator to the reliability unit commitment (RUC) runs for maintaining the
system robustness. In this approach, we consider the unit commitment (UC) and
economic dispatch (ED) for both hydro plants and additional thermal generators.
UC decisions are determined in the first-stage problem for all generators, while ED
decisions are determined in the second-stage problem for each realized water inflow
scenario. Meanwhile, we model the random water inflow by using a distributionfree uncertainty set. That is, we do not assume a specific probability distribution
of the random water inflow, but require only that it is within a confidence interval
(CI) centered at the forecasted value. In this approach, we aim to make good UC
decisions in order to accommodate the worst-case water inflow scenario within its
uncertainty set. In comparison, the stochastic optimization approach needs a large
number of scenarios to approximate the water inflow uncertainty. In a weekly generation scheduling problem as considered in this chapter, this approximation results in a
large-scale formulation whose computational burden can be significantly higher than
that of the robust optimization (RO) approach. In the literature, RO approaches
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have recently been applied in various problems, including UC (see, e.g., Thiele et al.,
2009, Jiang et al., 2014, and Bertsimas et al., 2013), system security (see, e.g., Wang
et al., 2013), plug-in hybrid electric vehicles (see, e.g., Hajimiragha et al., 2011), and
offering strategies (see, e.g., Baringo and Conejo, 2011 and Fan et al., 2014). A key
feature separating our approach from the classical RO ones is that we employ a vector autoregressive (VAR) model to analyze the seasonality of the water inflow, and
accordingly generate the forecasted value and CI. Time series models, e.g., VAR models and autoregressive integrated moving average (ARIMA) models, have been used
for load forecasting (see, e.g., Gross and Galiana, 1987 and Hagan and Behr, 1987),
electricity price prediction (see, e.g., Nogales et al., 2002 and Contreras et al., 2003),
and wind speed forecasting (see, e.g., Soder, 2004, Matevosyan and Soder, 2006, and
Wangdee and Billinton, 2012). We summarize the main contributions of this chapter
as follows:
1. We address the weekly hydrothermal scheduling problem using an adaptive robust
optimization framework;
2. We provide a physically based methodology to construct realistic uncertainty sets;
3. We carry out a comprehensive out-of-sample simulation spanning one year and
using weekly steps.
In particular, the proposed multiple time-scale VAR uncertainty set is tailored
to the natural water inflows and drastically different from the classical polyhedral
uncertainty sets (e.g., the ones considered in Zhao et al., 2013).
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3.2
3.2.1

Mathematical Formulation
Nomenclature

The sets, indices, parameters, and decision variables used in the model are defined in
the Tables 3.1, 3.2, and 3.3, respectively.
Table 3.1: Sets and indices for two-stage robust hydrothermal UC model
Symbol
B = {1, . . . , B}
I = {1, . . . , I}
IH ⊆ I
Gb ⊆ I
K = {1, . . . , K}
Ik ⊆ I
L
T = {1, . . . , T }
Uk
W

Description
Set of buses
Set of hydro and thermal generators
Set of hydro generators
Set of hydro/thermal generators at bus b
Set of hydro reservoirs
Set of hydro generators at reservoir k
Set of transmission lines
Set of operating time intervals
Set of immediate up-stream reservoirs of hydro reservoir k
Uncertainty set of the volume of natural water inflow
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Table 3.2: Parameters for two-stage robust hydrothermal UC model
Symbol
αip
βip
cG
iq
dG
iq
Cmn
cUi /cD
i
Dbt
fkt
/hMIN
hMAX
k
k
b
Kmn
Li
MDi
MUi
NLi
P
RDi
RUi
SDi
SUi
τjk
Ui
wiMAX /wiMIN

Description
Slope coefficients of linear piece p in approximating the performance curve
of hydro reservoir i (MW/(m3 /s))
Coefficients of linear piece p in approximating the performance curve of hydro
reservoir i (MW)
Unit cost of electricity generation from generator i in the q th piece of its
approximate fuel cost function ($/MW)
Constant term in the q th piece of the approximate fuel cost function ($)
Capacity of the transmission line linking bus m and bus n (MW)
Unit cost of upward/downward reserve of generator i ($/MW)
Load at bus b in time period t (MW)
Volume of natural water inflow into hydro reservoir k during time period t (Mm3 )
Upper/lower limit of the volume of water in hydro reservoir k (Mm3 )
Line flow distribution factor for the transmission line linking bus m and bus n
due to a net injection at bus b
Minimum power output if generator i is on (MW)
Minimum-down time for generator i (h)
Minimum-up time for generator i (h)
No-load cost for generator i ($)
Number of linear pieces used to approximate the performance curve
Ramp-down limit for generator i (MW)
Ramp-up limit for generator i (MW)
Shut-down cost for generator i ($)
Start-up cost for generator i ($)
Time delay between hydro reservoir j and hydro reservoir k (h)
Maximum power output if generator i is on (MW)
Upper/lower limit of the volume of turbined water from hydro generator i (m3 /s)
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Table 3.3: Decision variables for two-stage robust hydrothermal UC model
Symbol
eit
git
hkt
U
D
rit
/rit
skt
uit
vit
wit
yit

3.2.2

Description
Scheduled amount of electricity for generator i in period t (MW)
Actual amount of electricity generated by generator i in period t (MW)
Total volume of water in hydro reservoir k at the end of time period t (Mm3 )
Upward/downward reserve amount allocated to generator i in time period t (MW)
Volume of water spilled from hydro reservoir k during time period t (m3 /s)
Binary decision variable to indicate if generator i is started up at the beginning
of period t
Binary decision variable to indicate if generator i is shut down at the beginning
of period t
Volume of turbined water from hydro reservoir i during time period t (m3 /s)
Binary decision variable to indicate if generator i is on in time period t

Two-stage Robust Model for Hydrothermal Scheduling Under Uncertainty

We present the two-stage robust generation scheduling model for hydrothermal power
systems as follows.
min

y,u,v,e,r

T X
X

(SUi uit + SDi vit + NLi yit + cUi ritU + cDi ritD )

t=1 i∈I

+ max [Q(e, r, f )]
f ∈W

s.t. yi(t−1) − yit + uit ≥ 0, ∀i ∈ I, ∀t ∈ T ,
vit = yi(t−1) − yit + uit , ∀i ∈ I, ∀t ∈ T ,

(3.1a)
(3.1b)
(3.1c)

yit − yi(t−1) ≤ yiτ , ∀i ∈ I, ∀t ∈ T ,
∀τ = t + 1, . . . , min{t + MUi − 1, T },

(3.1d)

yi(t−1) − yit ≤ 1 − yiτ , ∀i ∈ I, ∀t ∈ T ,
∀τ = t + 1, . . . , min{t + MDi − 1, T },

(3.1e)

eit + ritU ≤ Ui yit , ∀i ∈ I, ∀t ∈ T ,

(3.1f)

eit − ritD ≥ Li yit , ∀i ∈ I, ∀t ∈ T ,

(3.1g)
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yit , uit , vit ∈ {0, 1}, eit , ritU , ritD ≥ 0,
∀i ∈ I, ∀t ∈ T ,

(3.1h)

where Q(e, r, f ) represents the operating cost for given scheduled generation eit , upward/downward reserve ritU /ritD (note that notation r subsumes rU and rD ), and realized
water inflow fkt , and equals to the optimal objective function value of the following
problem
Q(e, r, f ) = min

g,h,w,s

T X
X

FiG (git )

t=1 i∈I

s.t. eit − ritD ≤ git ≤ eit + ritU , ∀i ∈ I, ∀t ∈ T ,

(3.2a)

gi(t+1) − git ≤ min{RUi , Ui },
∀i ∈ I, ∀t = 1, . . . , T − 1,

(3.2b)

git − gi(t+1) ≤ min{RDi , Ui },
∀i ∈ I, ∀t = 1, . . . , T − 1,
X

git =

i∈I

B
X

Dbt , ∀t ∈ T ,

(3.2c)
(3.2d)

b=1

− Cmn ≤

B
X

!
b
Kmn

b=1

X

git − Dbt

≤ Cmn ,

i∈Gb

∀(m, n) ∈ L, ∀t ∈ T ,
!
X
hkt = hk(t−1) + fkt −
wit + skt +

(3.2e)

i∈Ik


X


X


j∈Uk

w`(t−τjk ) + sj(t−τjk )  , ∀k ∈ K, ∀t ∈ T ,

(3.2f)

`∈Ij

hk0 = hinitial
, hkT = hfinal
, ∀k ∈ K,
k
k

(3.2g)

git ≤ αip wit + βip yit ,
∀i ∈ IH , ∀t ∈ T , ∀p = 1, . . . , P,
, ∀k ∈ K, ∀t ∈ T ,
hMIN
≤ hkt ≤ hMAX
k
k

(3.2h)
(3.2i)
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wiMIN yit ≤ wit ≤ wiMAX yit , ∀i ∈ IH , ∀t ∈ T ,

(3.2j)

git , hkt , wit , sit ≥ 0, ∀i ∈ I, ∀k ∈ K, ∀t ∈ T .

(3.2k)

In formulation (3.1)-(3.2) described above, we seek to minimize the worst-case
total cost including the scheduling cost (i.e., costs for startup, shutdown, and upward/downward reserves) and the operating cost Q(e, r, f ). The upward/downward
reserve costs in centralized power systems are generally low. As a result, it provides relatively large flexibility for generation scheduling. In this chapter, we set
the costs of reserves based on historical time series of reserve prices. Note that f
can run adversely within the uncertainty set W so that the operating cost is maximized. Constraints (3.1b) (respectively, (3.1c)) describe the generator start-up (respectively, shut-down) operations, constraints (3.1d) (respectively, (3.1e)) describe
the generator minimum-up time (respectively, minimum-down time) restrictions, and
constraints (3.1f) (respectively, (3.1g)) describe bounds of upward (respectively, downward) reserve amounts and scheduled generation amounts. (Note that both thermal
and hydro units are subject to the UC logic.) In formulation (3.2), FiG (git ) represents the fuel cost of generator i in period t incurred by generating git amount
of electricity. We use piece-wise linear functions to approximate fuel cost FiG (git )
such that FiG (git ) ≥ cGiq git + dGiq for all q = 1, . . . , Q, where Q represents the number of pieces. Constraints (3.2a) describe bounds on actual generation amounts,
constraints (3.2b)-(3.2c) describe the ramp-rate limit restrictions of generation, constraints (3.2d) describe the system balance between generation and load, constraints
(3.2e) describe transmission line capacity restrictions based on the dc approximation
(see, e.g., Bergen and Vittal, 1999 and Exposito et al., 2008), constraints (3.2f) describe the system dynamic of the water volume in each hydro reservoir, constraints
(3.2g) designate the total volume of water in hydro reservoirs at the beginning and
end of the operating time intervals (note that hinitial
and hfinal
can be different), conk
k
straints (3.2h) approximate the performance curve of each hydro generator by using
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a (concave) piecewise linear function, and constraints (3.2i)-(3.2j) describe the upper
and lower bounds of total water volume and turbined water volume in each hydro
reservoir, respectively.
For the piecewise linear approximation of performance curves as described in constraints (3.2h), we observe that at least one piece out of all P pieces are active at
optimality for all committed hydro generators, i.e., the hydro generators with yit = 1.
We summarize this observation as follows and present a proof of it in 3.7.
Observation 1. There exists an optimal solution to formulations (3.1)-(3.2), such
that for all i ∈ IH and t ∈ T with yit = 1, there exists a p∗ (i, t) ∈ {1, . . . , P } such
that git = αip∗ (i,t) wit + βip∗ (i,t) , i.e., constraints (3.2h) are active.
In this chapter, we call formulation (3.1) the first-stage problem, and (3.2) the
second-stage problem. Note that the second-stage problem is a linear program parametrized
by the first-stage variables (e, r) and random variables f . For brevity of notation, we
present (3.2) in a compact form as follows:
Q(e, r, f ) = min cTx x
x

s.t. W x ≥ Te e + Tr r + Tf f + z,

(3.3a)
(3.3b)

where x represents the second-stage decision variables that subsume variables (g, h, w, s),
and cx represents the corresponding coefficients in the objective function. Constraints
(3.3b) subsume constraints (3.2a)-(3.2k), where matrices W , Te , Tr , and Tf represent
the coefficients of variables x, e, r, and f respectively, and vector z subsumes the
given constants.
Before moving on to the discussions on uncertainty sets, we remark that the
proposed robust generation scheduling model (3.1)-(3.2) can be extended to model
the dependency of the generation level with the reservoir head with higher fidelity.
In particular, we can introduce additional binary variables and the corresponding
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mixed-integer linear constraints proposed by Conejo et al. (2002) and Borghetti et
al. (2008) to formulation (3.2), in order to provide a non-concave piecewise linear
approximation of the head dependency. However, this detailed model will lead to
a two-stage robust optimization model with mixed-integer recourse and significantly
increase the computational efforts. Indeed, as reported in Borghetti et al. (2008),
a deterministic generation scheduling model with a single turbine can incorporate
more than 2,000 additional binary variables, and can take up to 2 hours to obtain an
optimal solution. Similarly, nonlinear approximation of the hill charts (see, e.g., Zhu
et al., 2013, Paredes et al., 2015, and Diaz et al., 2011) results in nonlinear recourse
in the proposed model (3.1)-(3.2), which can also be computationally challenging. In
this chapter, we focus on modeling the uncertain natural water inflow and obtaining
good UC solutions (i.e., good first-stage solutions) in the two-stage robust generation
scheduling model, for which we might accept reasonable approximations of the secondstage problem to better balance the modeling fidelity and the resulting computational
burdens. Meanwhile, we emphasize that it is an important future research direction to
explore the possibility of extending formulation (3.2) for higher fidelity while keeping
practical computational burdens.

3.3

Uncertainty Sets and a VAR Model for the Natural Water Inflow

In order to guarantee operation robustness, formulations (3.1)-(3.2) protect against
all possible scenarios of the natural water inflow amount f within uncertainty set W.
Uncertainty sets can be conveniently constructed based on the CIs of the corresponding random variables, which can further be statistically inferred from the historical
data of water inflow. For example, following Bertsimas and Sim (2004) and Jiang et
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al. (2014), we can define a budget-constrained uncertainty set for f as follows:
Wbudget

n
:= f : ft` ≤ ft ≤ ftu , ∀t ∈ T ,
X
ξt` ≤
fkt ≤ ξtu , ∀t ∈ T ,

(3.4a)
(3.4b)

k∈K

ε`k ≤

X

o
fkt ≤ εuk , ∀k ∈ K ,

(3.4c)

t∈T

where ft represent a vector of water volumes during time period t, i.e., ft := [fkt ]k∈K ,
and inequalities (3.4a) describe lower and upper bounds of each fkt based on, e.g., a
95% CI of fkt . Likewise, based on the corresponding CIs, inequalities (3.4b) bound
the total water volume of the system in each time period and inequalities (3.4c)
bound the total water volume of each water reservoir throughout the operating time
intervals, respectively.
By bounding total water volumes, the budget-constrained uncertainty set (3.4)
reflect the spacial dependence among water reservoirs (see inequalities (3.4b)) and the
temporal dependence within each water reservoir (see inequalities (3.4c)). However,
such dependence only relies on the total water volumes and is rather implicit. For
example, Wbudget allows any patterns of spacial and temporal dependence among
fkt as long as they satisfies inequalities (3.4b)-(3.4c). This drawback becomes more
significant when we model the water inflow uncertainty.
In addition to the budget-constrained uncertainty sets in the form of (4), many
other polyhedral uncertainty sets can be formulated and applied in the robust UC
framework, including norm-constrained Bertsimas et al. (2013) and cardinality-constrained
ones (Bertsimas and Sim, 2004 and Baringo and Conejo, 2011). Similar to (4), these
classical uncertainty sets do not explicitly represent seasonality in their formulations
and so can become over-conservative when applied to model water inflows. In this
chapter, we mention (4) as an example to motivate and benchmark the proposed
VAR-based uncertainty set.

Volume of water inflow (×104)

Volume of water inflow (×104)
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Figure 3.1: Weekly total volume of water inflow during years 2004-2007
For example, Fig. 3.1 depicts the weekly total volume of water inflow at a series
of three water reservoirs along a major river basin in the U.S. during years 20042007. From this figure, we can observe (i) a positive correlation among the three
water inflow time series, and (ii) a seasonal pattern repeating itself in each year at
each water reservoir. Hence, if we know the time of prediction in a year as well as
the recent water inflow data, the estimation of water volume can become much more
accurate. This observation motivates us to employ a multivariate time series model
to analyze the water inflow uncertainty, in order to obtain a tighter uncertainty set
as compared to the budget-constrained ones.
Specifically, we construct the uncertainty set W by using a VAR model. In general,
the VAR model assumes that each random variable is a linear function of past lags
of itself and past lags of the other random variables. In general, for each t ∈ T , the
VAR model for the hourly water volume can be presented as
φmax

ft = fconst + λt +

X

Φφ ft−φ + ωt ,

φ=1

where vector fconst represents the constant benchmark, vector λ represents the trend,

47

Φφ represents the matrix describing the dependence of ft upon up to pervious φmax
time periods, and vector ωt represents the white noise in the VAR model. In practice,
ωt is typically modeled as a multivariate zero-mean Normal random vector. A number
of statistical toolboxes (e.g., the R package, Team R.C., 2014) can be applied to obtain
the aforementioned coefficients in the VAR model and the covariance matrix of ωt .
Based on the VAR model, we construct the uncertainty set W as follows:
φmax
n
X
Φφ ft−φ + ωt ,
WVAR := f : ft = fconst + λt +
φ=1

∀t ∈ T ,


ψmax
X
X
X
ft = Fconst + Λt +
Ψψ 
f t  + δs ,
t∈Ts

ψ=1

(3.5a)

t∈Ts−ψ

∀s = 1, . . . , S,
||ωt ||1 ≤ Ω1t , ||ωt ||∞ ≤ Ω∞
t , ∀t ∈ T ,

(3.5b)
(3.5c)

||δs ||1 ≤ ∆1s , ||δs ||∞ ≤ ∆∞
s ,
o
∀s = 1, . . . , S .

(3.5d)

In (3.5), we incorporate two VAR models on two time scales. First, (3.5a) follows
the hourly VAR model as described above. Second, in (3.5b), T1 , T2 , . . ., TS represent
subsets of consecutive time periods in chronological order and form a partition of the
operating time intervals, i.e., T = T1 ∪ T2 ∪ · · · ∪ TS . For example, if T represents all
operating hours in a week and S = 7, then T1 represents operating hours in day 1, T2
represents operating hours in day 2, and so on. Hence, (3.5b) describes another VAR
model in a different time scale. Note that (3.5b) can further narrow the uncertainty
set W and reduce the conservatism of the robust model (3.1). Other constraints in
the form of (3.5b), possibly defined in other time scales, can also be added to (3.5) to
further reduce the model conservatism. Finally, (3.5c) and (3.5d) restrict the white
1
∞
noises in terms of the `1 - and `∞ -norms, where the values of Ω1t , Ω∞
t , ∆s , and ∆s

can be changed to adjust the robustness level. We note that Lorca and Sun (2015)
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proposed a time-series-based approach to model the temporal and spatial correlations
of wind power. This approach models the seasonal patterns of wind power based on
predictions pre-estimated from historical data, while our uncertainty set WVAR directly
models the seasonality of water inflows by using a multiple time-scale VAR model (see
(3.5a)–(3.5b)).
In practice, the covariance matrices of ωt and δs can be obtained from the R pack1
∞
age and the parameters Ω1t , Ω∞
t , ∆t , and ∆t can be selected based on numerical

simulations of the corresponding Normal random vectors. More specifically, we can
N

ωt
generate a set of independent samples of each ωt and δs (denoted as {ω̂tn }n=1
and

N

δs
, respectively, where Nωt and Nδs represent the sample sizes), and select Ω1t ,
{δ̂sn }n=1

N

N

N

ωt
ωt
δs
n
n
n
∞
1
Ω∞
t , ∆t , and ∆t to be the 90% quantiles of {||ω̂t ||1 }n=1 , {||ω̂t ||∞ }n=1 , {||δ̂s ||1 }n=1 ,

N

δs
and {||δ̂sn ||∞ }n=1
, respectively.

3.4

Solution Methodology

In this section, we develop a Benders’ decomposition (BD) framework to solve the
two-stage robust generation scheduling formulation (3.1)-(3.2). Our BD framework
is similar to the one described in Jiang et al. (2014) (see Section 4 for the heuristic
separation approach). For brevity of notation, we derive the BD framework based
on the compact form (3.3). First, we note that formulation (3.3) can be infeasible
with some given first-stage decisions (y, u, v, e, r) and realizations of f . In this case,
we call the first-stage decisions (y, u, v, e, r) infeasible and cut them off by identifying
feasibility cuts. More specifically, we detect the feasibility of formulation (3.3) by
formulating the following linear program
QFC (e, r, f ) = min 1T ζ
x,ζ

s.t. W x + ζ ≥ Te e + Tr r + Tf f + z, (πFC )

(3.6a)
(3.6b)
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where ζ represent slack variables of constraints (3.6b), 1 represents a vector of all
ones, and π FC represent dual variables associated with constraints (3.6b). We note
that formulation (3.3) is infeasible if and only if QFC (e, r, f ) > 0 at optimality, i.e.,
∗
∗
represent the dual optimal solutions. Hence,
(Te e + Tr r + Tf f + z) > 0 where πFC
πFC

we can cut off the infeasible solutions (y, u, v, e, r) by adding the following feasibility
cut:
∗
πFC
(Te e + Tr r + Tf f + z) ≤ 0.

(3.7)

Second, we take the dual of the linear program in formulation (3.3) to yield
Q(e, r, f ) = max π T (Te e + Tr r + Tf f + z)
π

s.t. π ∈ Π := {π≥ 0 : W T π=cx }.

(3.8a)
(3.8b)

where π represents the dual variables associated with primal constraints (3.3b),
constraints (3.8b) are associated with primal variables x, and Π represents the feasible
region of variables π described by constraints (3.8b). Note that when the first-stage
decisions (y, u, v, e, r) are feasible, the equality in (3.8a) holds due to the strong
duality of linear programs (see, e.g., Luenberger and Ye, 2015). Then we obtain a
reformulation of the worst-case operating cost as
max Q(e, r, f ) = max π T (Te e + Tr r + Tf f + z)
f ∈W

f,π

s.t. π ∈ Π, f ∈ W.

(3.9a)
(3.9b)

Third, we substitute the dual formulation (3.9) into formulation (3.1) to obtain a
reformulation as follows:
min

y,u,v,e,r

T X
X

(SUi uit + SDi vit + cUi ritU + cDi ritD )

t=1 i∈I

+ max

f ∈W,π∈Π



π T (Te e + Tr r + Tf f + z)

s.t. (3.1b) − (3.1h)
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=

min

y,u,v,e,r,θ

T X
X

(SUi uit + SDi vit + cUi ritU + cDi ritD ) + θ

t=1 i∈I

s.t. (3.1b) − (3.1h),
θ ≥ π T (Te e + Tr r + Tf f + z),
∀f ∈ W, ∀π ∈ Π,

(3.10a)

where θ represents the value of maxf ∈W Q(e, r, f ), and constraints (3.10a) follows from
formulation (3.9). For any given pair of (f, π) ∈ W × Π, we call inequality (3.10a) a
Benders’ cut pertaining to (f, π). In our BD framework, we start from a relaxation
of the above reformulation by incorporating only a subset of Benders’ cuts pertaining
to all f ∈ W0 ⊆ W and π ∈ Π0 ⊆ Π. The BD framework then iteratively increments
W0 and Π0 by adding in more Benders’ cuts, and obtains stronger relaxations till the
stopping criterion is satisfied. We summarize the BD framework as follows.
0. Input: lower bound LB := −∞, upper bound UB := +∞, optimality gap tolerance , iteration number limit L, set of Benders’ cuts CUT := ∅.

1. For ` = 1, . . . , L, repeat the following steps:

(a) Solve the master problem
min

y,u,v,e,r,θ

T X
X

(SUi uit + SDi vit + cUi ritU + cDi ritD ) + θ

t=1 i∈I

s.t. (3.1b) − (3.1h)
with θ as a decision variable, and the current set of Benders’ cuts in CUT as
additional constraints. Record optimal solutions (y ∗ , u∗ , v ∗ , e∗ , r∗ , θ∗ ), and set
LB equal to the optimal objective function value.
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∗
and optimal objec(b) Solve formulation (3.6). Record dual optimal solutions πFC

tive function value QFC (e∗ , r∗ , f ∗ ). If QFC (e∗ , r∗ , f ∗ ) > 0, then add a feasibility
cut (3.7) into set CUT and go to Step 1.(a). Otherwise, go to Step 1.(c).
(c) Solve formulation (3.9). Record optimal solutions (f ∗ , π ∗ ) and optimal objective function value V2SP , and set UB equal to LB − θ∗ + V2SP .
(d) If |UB − LB|/LB <  or θ∗ ≥ V2SP , then return and output (y ∗ , u∗ , v ∗ , e∗ , r∗ )
as an optimal solution; otherwise, go to the next step.
(e) Add a Benders’ cut
θ ≥ (π ∗ )T (Te e + Tr r + Tf f ∗ + z)
into set CUT.
Note that formulation (3.9) is a bilinear program because of the bilinear product
π T Tf f in the objective function (3.9a). In general, a bilinear program in the form
of problem (3.9) is NP-hard. In practice, bilinear heuristic (see, e.g., Konno, 1976
and Jiang et al., 2014) has been very helpful to find local optima of problem (3.9) in
a short time, which can then be used in Step (b) above to generate a Benders’ cut. In
this chapter, we apply the alternating direction method in Konno (1976) for solving
problem (3.9) and summarize this approach as follows.
0. Input: a starting point f 0 ∈ W, optimality gap tolerance . Set iteration counter
j = 1.
1. Fix variable f to be f j−1 and solve problem (3.9) as a linear program. Record
optimal solution π j and optimal objective function value Qj1 .
2. Fix variable π to be π j and solve problem (3.9) as a linear program. Record
optimal solution f j and optimal objective function value Qj2 .

52
3. If |Qj2 − Qj1 |/Qj2 < , then a local optimum is reached. Fix variable f to be f j and
solve problem (3.9) as a linear program, record optimal solution π ∗ , return and
output (f j , π ∗ ) as a locally optimal solution to problem (3.9). Otherwise, update
j to be j + 1 and go to Step 1.

3.5

Computational Results

In this section, we conduct a computational case study on a hydrothermal power
system to demonstrate the proposed robust approaches and solution algorithm. We
describe the experiment setup in Section 3.5.1 and present detailed results in Section
3.5.2.

3.5.1

Experiment Setup

The case study is based on the IEEE 30-bus system that contains 30 nodes and 41
transmission lines (see http://www.ee.washington.edu/research/pstca/ for the
data set). First, in this case study, we duplicate the 30-bus system to make a 60-bus
one, and place 12 thermal generators and 6 hydro reservoirs in this system (see Table
3.4). We assume that these six hydro reservoirs are interconnected as displayed in Fig.
3.2. We also assume that each hydro reservoir is equipped with a hydro generator,
and that the time delay between each pair of reservoirs is τjk = 2. We have tested
various selections of τjk ∈ {1, 2} and the results and conclusions obtained are similar.
We only report the results for τjk = 2 for presentation brevity.
We provide generator characteristics in Tables 3.4-3.7. In particular, generators
1-12 are thermal and generators 13-18 are hydro. In this case study, we approximate
the fuel cost functions of the thermal generators by using linear functions (i.e., Q = 1),
and assume that hydro generators are predominant in the power system and take up
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a major portion of the electricity generation capacity as summarized in Tables 3.43.5. Moreover, the hydro reservoir characteristics are summarized in Tables 3.6-3.7.
Finally, we assume that the initial and final volumes of water in each hydro reservoir
are designated as
[80% + 0.5% sin((` − 1)(2π)/52 − π/4)],
= hMAX
hinitial
k
k`
MAX
hfinal
[80% + 0.5% sin((`)(2π)/52 − π/4)]
k` = hk

for all k ∈ K, where ` = 1, . . . , 52 represents an index for weeks.
13

14

15

16

17

18

Reservoir
Plant

Figure 3.2: Topology of the hydro reservoirs
Table 3.4: Generator characteristics - part I
Generator Bus
Ui Li RUi
1,2
1,31 200 50 75
3,4
3,33 100 10 40
5,6
7,37 120 15 50
7,8
9,39 120 10 50
9,10
12,42 150 20 60
11,12
20,50 300 60 80
13,14
26,56 500 25 400
15,16
11,41 600 25 500
17,18
4,34 600 25 600

RDi
75
40
50
50
60
80
400
500
600

MUi
5
1
1
2
2
4
4
5
8

MDi
5
1
1
2
2
4
4
5
8
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Table 3.5: Generator characteristics - part II

Generator
1,2
3,4
5,6
7,8
9,10
11,12
13,14
15,16
17,18

SUi
20
50
50
50
50
25
10
15
20

SDi
20
50
50
50
50
25
10
15
20

NLi
5
10
5
10
10
5
5
5
10

cGi1
10
20
35
40
50
10
5
4
3

cUi
8
15
17
20
25
10
2
2
1

cDi
8
15
17
20
25
10
2
2
1

Second, we construct uncertainty sets Wbudget and WVAR based on the hourly
natural water inflow data collected at a series of three hydro reservoirs along a major
river basin in the U.S. during years 1999-2007. The hourly water inflow data is reverse
engineered from the Supervisory Control and Data Aquisition (SCADA) data. We
apply the data analytic results and the obtained uncertainty sets from the first hydro
reservoir to hydro reservoirs 13 and 14, the second one to hydro reservoirs 15 and
16, and the third one to hydro reservoirs 17 and 18, respectively. More specifically,
we construct Wbudget by computing the empirical 95% CIs of the hourly, daily, and
weekly total water inflow for each water reservoir, respectively. Also, we consider
the seasonality of the water inflow by focusing on similar relative time windows in
previous years. For example, to construct the CI of the weekly total water inflow in
week 2 of year 2007, we consider the data in weeks 1-3 of years 1999-2006. Also, we
construct WVAR by analyzing the VAR models of the hourly, daily, and weekly total
water inflow in the six hydro reservoirs. All time series analyses are conducted using
the R package Team R.C. (2014), and the time lags we use for the hourly, daily, and
weekly VAR models are 96 hours, 28 days, and 52 weeks respectively.
Finally, we generate loads spanning one whole year based on the IEEE RTS-96
system (Force, 1999), taking into account the load seasonality and the weekday-
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weekend load difference. All problem instances were solved by using CPLEX 12.3 at
a Linux server with Intel Xeon Quad Core 2.93 GHz and 2GB memory.
Table 3.6: Hydro reservoir capacities
Reservoir hMAX
k
13,14
122
15,16
143
17,18
240

hMIN
k
4
5
6

Table 3.7: Performance curve coefficients
Generator αi1 αi2
13,14
0.8 0.5
15,16
0.75 0.6
17,18
0.7 0.4

3.5.2

αi3
0.3
0.35
0.2

βi1
0
0
0

βi2
βi3
31.13 142.37
35.38 154.05
38.51 157.62

Experiment Results

In this case study, we simulate to schedule the hydrothermal power system for 52
weeks (i.e., 1 year) from Mar. 5th , 2006 to Mar. 4th , 2007. In each week during
this year, we make weekly scheduling decisions for the hydrothermal power system
by solving the proposed two-stage robust optimization model (3.1) with T = 168
hours. For each weekly scheduling problem, we (i) conduct data analyses based on
the historical data available up to the time point of making schedules, (ii) construct
uncertainty sets Wbudget or WVAR based on the data analyses, and (iii) employ the
Benders’ decomposition algorithm described in the BD framework to obtain a robust
optimal schedule. Based on whether uncertainty set Wbudget or WVAR is used, we
denote the schedule obtained as the budget-robust (BR) schedule or the VAR-robust
(VR) schedule, respectively.
To benchmark BR and VR schedules and evaluate the conservativeness of the
robust approach, we consider a perfect-information problem by assuming that the
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actual water inflow in the incumbent week is known before we make the schedule.
In other words, the perfect-information problem is a special case of formulation (3.1)
by setting W = {freal }, where freal represents the actual data during the week under
investigation. Note that the perfect-information problem provides the actual optimal scheduling decisions one can obtain if the natural water inflow can be perfectly
predicted beforehand, and so is guaranteed to outperform any other approaches. We
denote the schedule thus obtained as the perfect-information (PI) schedule. In this
case study, we compare the BR, VR, and PI schedules by computing the following
values:
1. VBR , representing the optimal objective value of formulation (3.1) with budgetconstrained uncertainty set Wbudget .
2. VVR , representing the optimal objective value of formulation (3.1) with VAR uncertainty set WVAR .
3. VPI , representing the optimal objective value of the perfect-information problem.
4. RO-GapBR = (VBR − VPI )/VPI × 100%, representing the worst-case relative gap
between the budget-robust and the perfect-information schedules.
5. RO-GapVR = (VVR − VPI )/VPI × 100%, representing the worst-case relative gap
between the VAR-robust and the perfect-information schedules.
Based on VPI , RO-GapBR and RO-GapVR indicate the amount of additional operational cost to be incurred if the worst-case scenario in the corresponding uncertainty set realizes. As the worst-case scenario is not likely to occur, RO-GapBR and
RO-GapVR roughly measure how conservative the two robust schedules are when we
consider Wbudget and WVAR , respectively. To provide a more direct and intuitive measure of conservativeness, we also conduct a post-optimization simulation to evaluate
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the BR and VR schedules. In this simulation, we fix the binary scheduling decisions
(i.e., on/off status, start-up, and shut-down) to be the optimal first-stage binary decisions obtained from the robust approaches, and resolve the second-stage problem
(3.2) by fixing the water inflow f to be the real data freal . More specifically, for the BR
schedule, we denote the obtained budget-robust optimal binary solution as (y ∗ , u∗ , v ∗ ).
Then we resolve the second-stage problem (3.2) by replacing constraints (3.2a) to be
Li yit ≤ git ≤ Ui yit for all i ∈ I and t ∈ T , and fixing (y, u, v) = (y ∗ , u∗ , v ∗ ). We
let SBR represent the optimal objective value of the resolved second-stage problem,
P P
plus the first-stage fixed cost Tt=1 i∈I (SUi u∗it + SDi vit∗ + NLi yit∗ ). We note that SBR
reflects how the budget-robust schedules perform in practice using the real water inflows, and we can similarly obtain SVR to evaluate the VAR-robust schedules. In this
case study, we evaluate the conservativeness of the two robust approaches in practice
by computing the following values:
6. S-GapBR = (SBR − VPI )/VPI × 100%, representing the actual relative gap between
the budget-robust and the perfect-information schedules.
7. S-GapVR = (SVR − VPI )/VPI × 100%, representing the actual relative gap between
the VAR-robust and the perfect-information schedules.
First, we report the CPU time needed to solve each problem instance in Fig. 3.3
and the corresponding statistics in Table 3.8. We observe that the robust weekly
schedules can be found within 2 hours for both models and within 50 minutes for
the VAR-robust approach, in all 104 problem instances. This demonstrates the effectiveness of the proposed BD framework to solve the two-stage robust optimization
formulation.
Second, we report the worst-case relative gaps RO-GapBR and RO-GapVR throughout all 52 weeks in Fig. 3.4, and the corresponding statistics in Table 3.9. From Table
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Figure 3.3: CPU time used to solve problem instances
Table 3.8: CPU time in seconds
BR
VR
Average 1832.67 1322.26
St.Dev. 929.40 472.86
Min
580.50 737.49
Max
4767.05 2939.14
3.9, we observe that the worst-case relative gaps between the BR and the PI schedules
are above 40% on average, and the ones between the VR and the PI schedules are
around 20% on average. In other words, the total operational cost of the hydrothermal power system can increase by more than 40% if the worst-case natural water
inflow takes place under the BR schedules, and this relative increase drops to around
20% if the VR schedule is implemented instead. From Fig. 3.4, we observe that the
VR schedules tend to perform less conservatively than the BR schedules throughout
the 52 weeks. More specifically, we have RO-GapVR < RO-GapBR during 43 weeks,
or 83% of the year.
This conclusion can also be confirmed by our observations that (i) WVAR is often
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tighter than Wbudget , and (ii) WVAR is more likely to correctly predict the real water
inflow freal , i.e., freal ∈ WVAR . For example, we depict in Fig. 3.5 the CIs of the
weekly water inflow of the hydro reservoir at bus 26, predicted by Wbudget and WVAR
respectively. From this figure, we observe that the CIs obtained from WVAR are often
tighter than the ones obtained from Wbudget (compare the two curves with specifier
‘+’ and the two curves with specifier ‘o’). Similar observations can be made from the
other five hydro reservoirs. Furthermore, the CIs obtained from WVAR also outperform
in correctly predicting freal (e.g., the curve with specifier ‘×’ should lie in between the
other two curves in Fig. 3.5). More specifically, freal ∈ WVAR in 50 out of 52 weeks
(i.e., 96.15% of the year), as compared to freal ∈ Wbudget in 41 out of 52 weeks (i.e.,
78.85% of the year).
Table 3.9: Worst-case relative gaps of the robust schedules
RO-GapBR
Average
41.67
St.Dev.
18.57
Min
6.17
Max
87.37

RO-GapBR

90

RO-Gaps (%)

RO-GapVR
20.70
13.10
1.26
48.50

RO-GapVR
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Figure 3.4: Worst-case relative gaps between the robust and perfect-information
schedules
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Figure 3.5: CIs of the weekly water inflows of a hydro reservoir from Wbudget and WVAR

Third, we report the actual relative gaps S-GapBR and S-GapVR throughout all 52
weeks in Fig. 3.6, and the corresponding statistics in Table 3.10. We observe that
the actual relative gaps between the BR and the PI schedules are within 25% in all
52 weeks, and are 6.72% on average. In comparison, the VR schedules have smaller
actual relative gaps (within 15% in all 52 weeks, and 2.20% on average). In particular,
the actual relative gaps for the VR schedules are within 5% in 46 out of 52 weeks (i.e.,
88.46% of the year, see Fig. 3.6). Again, this observation can be confirmed by the
tight uncertainty set WVAR as depicted in Fig. 3.5. Hence, we can conclude that the
VR schedules are less conservative than the BR schedules in general, and can perform
very similarly to the PI schedules in a majority part of the year. Meanwhile, as the
PI approach is guaranteed to perform the best in this problem, small gaps S-GapVR
indicate that the VR schedules can compare favorably with other alternatives, e.g.,
the schedules obtained from stochastic optimization approaches.
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Figure 3.6: Actual relative gaps between the robust and perfect-information schedules

Table 3.10: Actual relative gaps of the robust schedules
Average
St.Dev.
Min
Max

3.6

S-GapBR
6.72
5.94
0.00
20.86

S-GapVR
2.20
2.53
0.00
10.85

Discussions

In this chapter, we proposed a two-stage robust optimization model for scheduling
a hydrothermal power system in a weekly horizon. In particular, we focus on the
uncertain water inflows and consider two types of robust approaches, one based on the
classical budget-constrained uncertainty set and the other based on a VAR time series
model. Based on real data, we conducted a 52-week case study on a hydrothermal
power system and applied the robust schedules obtained from these two approaches.
The experiment results indicated that the VAR-robust schedules can take longer to
obtain, but they are less conservative than the budget-robust schedules in general,
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and perform comparably well as compared with the perfect-information schedules in
a majority part of the year.
This chapter is based our published work in Dashti et al. (2016).

3.7

Appendix A. Proof of Observation 1

Proof. Let (y ∗ , g ∗ , w∗ , s∗ ) represent a part of an optimal solution to formulations (3.1)(3.2), and suppose that there exists an i1 ∈ IH and t1 ∈ T with yi∗1 t1 = 1, but gi∗1 t1 <
αi1 p wi∗1 t1 + βi1 p for all p = 1, . . . , P . We define $ = min{wi∗1 t1 + βi1 p /αi1 p − gi∗1 t1 /αi1 p :
p = 1, . . . , P } and let p1 ∈ {1, . . . , P } represent an index where the minimum is
attained. Furthermore, we define ŵi1 t1 = wi∗1 t1 − $, ŵit = wit∗ for all i 6= i1 or t 6= t1 ,
ŝk1 t1 = s∗k1 t1 + $ for i1 ∈ Ik1 , and ŝkt = s∗kt for all k 6= k1 or t 6= t1 . Now we generate a
new solution by replacing w∗ and s∗ with ŵ and ŝ, respectively, in the optimal solution.
It follows that constraints (3.2f) remain satisfied under this replacement because
P
P
P
∗
∗
∗
∗
i∈Ik ŵit1 + ŝk1 t1 =
i∈Ik wit1 − $ + sk1 t1 + $ =
i∈Ik wit1 + sk1 t1 . Meanwhile,
1

1

1

constraints (3.2h) remain satisfied because
αi1 p ŵi1 t1 + βi1 p yi∗1 t1 − gi∗1 t1
= αi1 p wi∗1 t1 + βi1 p − gi∗1 t1 − αi1 p $
≥ αi1 p wi∗1 t1 + βi1 p − gi∗1 t1
− αi1 p (wi∗1 t1 + βi1 p /αi1 p − gi∗1 t1 /αi1 p ) = 0
for all p ∈ {1, . . . , P }, where the first equality is due to the definition of ŵi1 t1 and
yi∗1 t1 = 1, and the inequality is due to the definition of $. In particular, if p = p1 , then
αi1 p1 ŵi1 t1 + βi1 p1 yi∗1 t1 − gi∗1 t1 = 0 and so constraint (3.2h) is active. Furthermore, we
observe that the objective function value remains the same under this replacement.
Therefore, this replacement results in another optimal solution to formulation (3.1)(3.2) with constraint (3.2h) being active at at least one pieces for i = i1 and t = t1 .
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The proof is completed in view that we can perform similar replacement for all other
i, t indices where constraints (3.2h) are inactive for any pieces.
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Chapter 4

Chance-Constrained Optimization-Based Solar
Microgrid Design and Dispatch for Radial
Distribution Networks

In this chapter, we study stochastic microgrid design and dispatch in distributed
generation with solar energy integration. First, we review the literature regarding
distributed generation (DG) planning under uncertainty in Section 4.1. The two-stage
stochastic microgrid design and dispatch model is presented in Section 4.2. We employ
chance constraints to control real power load shedding (i.e., real power shortage)
probability to increase power system reliability. Additionally, the ARIMA modeling
is used to characterize the photovoltaics (PV) output uncertainty. In Section 4.3,
the combined SAA and linearization techniques are developed to solve the problem.
Then, in Section 4.4 numerical experiments are performed on a real-life case study in
Arizona. Finally, Section 4.5 concludes this study.

4.1

Introduction

As the endeavor toward renewable energy integration in power systems receives more
attention around the world, distributed generation (DG) plays a vital role in achieving
this goal. The International Energy Agency (IEA) defines distributed generation as
a generating plant, transfer a customer on-site or providing support to a distribution
system connected to the grid at distribution-level voltages (Yadav and Srivastava,
2014). Distributed generation units (also referred to as decentralized generation) are
small generating plants connected directly to the distribution network or on the cus-
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tomer side such as households. In the last decades, the penetration of renewable
and non-renewable distributed generation resources is encouraged by national and
international policies aiming to increase the share of renewable energy sources and
highly efficient microgrids in order to reduce greenhouse gas emissions. Moreover, to
promote diversification of energy resources, reduction of peak demand and on-peak
operating costs, improve voltage profile and voltage stability, reactive power control,
lower energy losses and lower transmission and distribution costs, and potential increase of service quality to the end-user. Also availability of DGs in modular units
makes it easier to find sites for smaller generators, shorter construction times, and
lower capital costs (Georgilakis and Hatziargyriou, 2013).
Decision about DG placement normally takes place by their owners and investors,
depending on site and primary fuel availability or climatic conditions. The location
and size of DG units should be carefully selected in order to take advantage of DG
and limit its negative impacts on system operations. Placement of DG is typically a
mixed-integer optimization problem. A variety of objectives has been investigated in
the literature, such as energy loss reduction, reliability improvement, voltage reduction, and economic considerations (Wang et al., 2015). Interested reader is referred
to Georgilakis and Hatziargyriou (2013), and Prakash and Khatod (2016) for comprehensive taxonomy of optimal DG placement models.
Optimal power flow (OPF) is an important tool for the active management of
distribution networks. The OPF was first introduced by Carpentier (1962) based on
the economic dispatch (ED) problem. Deterministic approaches to OPF problems
have been well developed and widely used in the power systems literature (e.g., see
Dommel and Tinney, 1968; Momoh et al., 1999a,b; Abido, 2002; Geidl and Andersson,
2007). Plenty of research has been conducted in the area of distribution systems OPF.
Baran and Wu (1989b,a) considered placement and sizing of capacitors along with
OPF equations on a radial distribution system. Zhu and Tomsovic (2007) provided an
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OPF model and sectioning algorithm to dispatch the capacitors and reactive outputs
of DGs. Ochoa and Harrison (2011a) proposed a multiperiod OPF model to minimize the energy losses and reactive power and reactive power support for distributed
generation was studied by Ochoa and Harrison (2011b). Moradi and Abedini (2012)
developed a combined genetic algorithm (GA) and particle swarm optimization (PSO)
for optimal location and sizing of DGs in distribution systems to minimize network
power loss. Hung and Mithulananthan (2013) investigated the problem of DG placement to reduce loss and achieve optimal power factor. Dall’Anese et al. (2013) studied
OPF model for microgrids with the objective of minimizing power losses or the cost
of power supplied by DG units. They advocated a semidefinite programming (SDP)
technique to solve the problem in polynomial time complexity. Levron et al. (2013) incorporated energy storage systems in microgrids to obtain optimal power flow solution
and optimize overall power consumption at the microgrid point of common coupling.
Zhang et al. (2015) studied the problem of voltage regulation in power distribution
networks with penetration of distributed renewable energy resources (RERs). They
also provided a distributed algorithm to solve the SDP relaxation of OPF problem.
However, many uncertain factors exist during power system operations such as
fuel prices, energy availability, and power demand. An overestimation of the uncertainties can lead to conservative operations with excessively high operating costs. In
contrast, aggressive operations will probably lead to constraint violations. Different
kinds of approaches have been proposed in the last few decades to deal with uncertainties in power systems. Among them probabilistic methods which consider uncertain
input variables as random inputs with known probability density functions (PDFs)
are prominently popular. In particular, none of the aforementioned works took into
account the uncertainty of RERs (i.e., wind speed, solar irradiance) in optimal power
generation problem which can significantly impact the performance, reliability and
cost effectiveness of distributed systems. There are a few studies that address this
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issue via stochastic optimization approaches. Atwa et al. (2010) proposed a probabilistic generation-load model for optimal allocation of renewable distributed generation
units to minimize annual energy loss. Wang et al. (2014) employed a two-stage robust
optimization based approach for optimal DG placement in microgrids to maximize
profit where they defined deterministic uncertainty sets, rather than a probability
distribution of uncertain power output of wind or solar. They used a column and
constraint generation (CCG) framework to solve the mixed integer program (MIP).
In a related work, Wang et al. (2015) considered stochastic optimal DG placement
with the purpose of conservation voltage reduction. They used a combined sample
average approximation (SAA) and multiple replication procedure (MRP) technique
to solve the two-stage problem. Bazrafshan and Gatsis (2015) used a risk-averse
strategy for optimal placement and sizing of photovoltaic (PV) inverters in distribution networks under solar irradiance uncertainty. Although they solved a small-scale
static problem where dispatching stage does not have any time horizon.
Chance constrained programming (CCP) which was introduced by Charnes and
Cooper (1959) has been an effective method for solving optimization problems under uncertainty. The main feature of CCP is that some inequality constraints in the
system under uncertainty will be satisfied with a predefined probability level. Hence,
it can be used to balance the profitability and reliability (Li et al., 2008). Recently,
CCP-based methods have been applied to power systems for different purposes. A
solution to a stochastic unit commitment problem with chance constraints was considered by Ozturk et al. (2004), in which they required the load be met with a specified
high probability over the time horizon. Liu (2011) proposed a CCP-based framework
for optimal siting and sizing of DGs in distribution systems under uncertain RERs,
volatile fuel prices and future load growth. Chance constraints were leveraged to control the current limit violations in the feeder as a security measure. They employed
a Monte Carlo simulation-embedded genetic-algorithm-based approach to solve the
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developed CCP model. Zhang and Li (2011) introduced the CCP approach to OPF
under load power uncertainty and implemented a back-mapping approach and a linear
approximation of the nonlinear model equations. By adopting their approach, Cao
et al. (2013) formulated a CCP-based multi-objective OPF model under wind power
output uncertainty to minimize active power loss, overload and voltage violation risk
with respect to N − 1 contingencies. Because it is hard to deal with joint chance
constraints in the OPF problem, both studies consider single-chance constraint formulation for state variables. Jin et al. (2013) presented a multi-criteria optimization
model to design and operate a wind-based DG system under power intermittency and
load uncertainty. A genetic algorithm was used to obtain optimal design and maintenance schedules where total loss of load probability was controlled with single chance
constraint. Recently, Hejazi and Mohsenian-Rad (2016) proposed a non-parametric
chance-constrained optimization approach to operate and plan energy storage systems
(ESS) in power distribution girds. Chance constraints were leveraged to control the
current and voltage limit violations. In this chapter, we formulate the stochastic microgrid design and dispatch problem with OPF and ESS under RERs uncertainty for
radial distribution networks as a multi-season two-stage joint chance constrained optimization problem. The main goal is to control real power load shedding to increase
system reliability.
The major contributions of this chapter are summarized as follows:
1. proposed a two-stage solar microgrid design and dispatch problem with OPF
and ESS where first stage denotes siting and sizing of PV and ESS units, and
second stage represents generation planning with multi-season horizon;
2. uncertainty and variability of PV outputs are characterized using seasonal ARIMA
models;
3. chance-constrained programming is employed to control load shedding in dis-
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tributed generation;
4. developed a combined SAA and linearization technique to solve the problem
more efficiently.

4.2

Mathematical Formulation

4.2.1

Nomenclature

The sets, indices, parameters, and decision variables used in the model are defined in
the Tables 4.1, 4.2, and 4.3, respectively.
Table 4.1: Sets and indices for two-stage chance-constrained MGDD model
Symbol
N + = {1, . . . , N }
T = {1, . . . , T }
Ts = {1, . . . , Ts }
B = {1, . . . , B}
M = {1, . . . , M }
Ai
Ci
C0

Description
Set of all nodes except substation (i.e., node 0)
Set of all time periods
Set of time periods in season s
Set of all years in planning horizon
Set of all scenarios
Ancestor node of node i
Set of child nodes of node i
Set of child nodes of substation
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Table 4.2: Parameters for two-stage chance-constrained MGDD model
Symbol
BP V
as1 /as2 /as3
csetup
i
carea
i
cESS
i
T
cM
i
cLS
cb
pmax
i
RUi /RDi
Ri /Xi
v0
γ
h̃it
c
pcit /qit
r
η
IC min /IC max
qis

Description
Maximum number of available Photovoltaic (PV) units
Small / medium / large size modules for PV units
Setup cost of installing PV unit at node i
Area cost of installing PV unit at node i
Capacity cost of installing energy storage system (ESS) in node i
Fuel cost of generation using micro-turbine (MT) in node i
Penalty of load shedding
Annual cost factor for year b
Maximum power output of micro-turbine i
Ramp-up / ramp-down rate of micro-turbine in node i
Resistance / reactance on line i
Nominal substation voltage
Small voltage deviation threshold
Solar irradiance at node i at period t
Real/reactive power load (demand) at node i at period t
Solar panel yield or efficiency
ESS charge / discharge rate
Minimum / Maximum capacity for ESS units
Reactive power injected by the shunt capacitor at node i

Table 4.3: Decision variables for two-stage chance-constrained MGDD model
Symbol
xsi 1 /xsi 2 /xsi 3
ICi
g
pgit /qit
vit
Pit /Qit
Iit
zit
Zit

Description
Binary variables equal to one if PV unit is installed at node i is small / medium / large,
zero otherwise
ESS inventory capacity installed at node i
Real/reactive power generated by the PV unit at node i at period t
Magnitude of voltage phasor at node i at period t
Real/reactive power flow into node i at period t
ESS storage level at node i at period t
Real load shedding (≥ 0) or real power curtailment (≤ 0) at node i at period t
Real load shedding at node i at period t
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4.2.2

Two-stage Stochastic Model for DG Placement and Planning Under
Uncertainty

We present the two-stage stochastic microgrid design and dispatch (MGDD) problem
as follows.
min

X

ICi
(xsi 1 as1 + xsi 2 as2 + xsi 3 as3 ) + cESS
csetup
(xsi 1 + xsi 2 + xsi 3 ) + carea
i
i
i



i∈N +

+ E[f (x, IC, h̃)]

(4.1a)

s.t. xsi 1 + xsi 2 + xsi 3 ≤ 1, ∀i ∈ N +
X
xsi 1 + xsi 2 + xsi 3 ≤ B P V ,

(4.1b)
(4.1c)

i∈N +

(xsi 1 + xsi 2 + xsi 3 )IC min ≤ ICi ≤ (xsi 1 + xsi 2 + xsi 3 )IC max ,
xsi 1 , xsi 2 , xsi 3 ∈ {0, 1}, ICi ≥ 0,

∀i ∈ N + ,

∀i ∈ N + ,

(4.1d)
(4.1e)

where, f (x, IC, h̃) represents the operating cost for given PV and ESS installation,
capacity (i.e., xsi 1 , xsi 2 , xsi 2 , ICi ), and realized solar irradiance hit which equals to the
optimal objective function value of the following problem
!
X
XX
T MT
f (x, IC, h̃) = min
cb
cM
pit + cLS Zit
i
b∈B

s.t.

X

(4.2a)

t∈T i∈N +
T
Pjt = Pit − pcit + pPit V − (Ii,t − Ii,t−1 ) + pM
+ zit , ∀i ∈ N + , t ∈ T ,
it

j∈Ci

(4.2b)
X

Qjt = Qit − qitc + qitg + qis ,

∀i ∈ N + , t ∈ T ,

(4.2c)

j∈Ci

X

Pjt = P0t ,

∀t ∈ T ,

(4.2d)

Qjt = Q0t ,

∀t ∈ T ,

(4.2e)

j∈C0

X
j∈C0

vit + (Ri Pit + Xi Qit )/v0 = vAi t ,
− γ 2 ≤ vit − v0 ≤ γ 2 ,

∀i ∈ N + , t ∈ T ,

∀i ∈ N + , t ∈ T ,

pPit V = (xsi 1 as1 + xsi 1 as2 + xsi 3 as3 )h̃it ri ,

∀i ∈ N + , t ∈ T ,

(4.2f)
(4.2g)
(4.2h)

72
Iit ≤ ICi ,

∀i ∈ N + , t ∈ T ,

− ηICi ≤ Ii,t+1 − Iit ≤ ηICi ,
T
pM
≤ pmax
,
it
i

(4.2i)
∀i ∈ N + , t = 1, . . . , T − 1, (4.2j)

∀i ∈ N + , t ∈ T ,

T
MT
− RDi ≤ pM
≤ RUi ,
i,t+1 − pit

Zit = max{0, zit },

(4.2k)
∀i ∈ N + , ∀t = 1, . . . , T − 1,
(4.2l)

∀i ∈ N + , t ∈ T ,

g
T
PV
pM
it , pit , qit , vit , lit , Pit , Qit ≥ 0,

∀i ∈ N + , t ∈ T ,

(4.2m)
(4.2n)

In formulation (4.1)-(4.2) described above, we seek to minimize the total capital
cost such as solar panel and energy storage system installation and capacity cost as
well as expected multi-year operating cost including the micro-turbine generation cost
and the real load shedding penalty f (x, IC, h̃). Constraints (4.1b) restrict the investor
to choose only one size option for nodes where a PV is going to be installed at. Constraint (4.1c) describes the budget on total number of PV installations. Installation of
ESS units in node i depends on PV installation through constraints (4.1d). Integrality constraints of first stage variables are shown in (4.1e). Constraints (4.2b)-(4.2f)
are DC relaxation of AC power flow (i.e., DistFlow Baran and Wu, 1989a) equations
in distributed systems. Note that pPit V is the power generated by PV units which
g
are subject to uncertainties. Also, qitm
is reactive power generated by the PV and

qis is reactive power injected by var compensation devices, such as shunt capacitors.
T
pM
is the power generated by auxiliary micro-turbines and (Ii,t − Ii,t−1 ) is power
it

charge (if ≥ 0) or discharge (if ≤ 0) of ESS units. Without loss of generality, we
only consider real load shedding in this network. The linearized DistFlow equations
are widely used and justified for distributed networks and microgrids in the literature
(Baran and Wu, 1989c; Yeh et al., 2012; Wang et al., 2014, 2015, 2016) based on the
fact that the nonlinear terms represent the losses which in practice should be much
smaller than the branch power terms Pi and Qi . Turitsyn et al. (2010) verified this by
showing that the nonlinear terms in DistFlow equations are much smaller than the
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linear terms as well as a minimal change in the results for using the linear equations
instead of nonlinear ones. A one line diagram of radial network in depicted in Fig.
4.1. A meshed network can be converted to a radial network by breaking the loops

Figure 4.1: Diagram of a radial distribution network. Source: Baran and Wu (1989c)
through adding dummy nodes. Also, v0tm is the squared magnitude of the voltage
phasor at the substation and is fixed to 1 p.u. Constraints (4.2g) guarantee that the
voltage deviation along the feeder is within a predefined range and remain close to
nominal substation voltage at all time, where γ is typically 0.03 to 0.05 p.u. Constraints (4.2h) represent simplified PV power output equations based on PV panel size
and solar irradiance which are adopted from Koutroulis et al. (2006), Boyson et al.
(2007), and Dall’Anese and Giannakis (2013). Constraints (4.2i) (respectively, (4.2j))
describe bounds of stored power (respectively, charge and discharge) for ESS units.
Constraints (4.2l) describe the ram-rate limit restrictions of micro-turbines. Real
load shedding and power curtailment relationship is presented in (4.2m). Finally,
nonnegativity constraints of second stage variables are presented in (4.2n).
In this chapter, we call formulation (4.1) the first-stage problem, and (4.2) the
second-stage problem. Note that the second-stage problem is a linear program parametrized
by the first-stage variables (x, IC) and random variables h̃.
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4.2.3

Chance-Constraints for Load Shedding

Due to the random solar irradiance h̃, the solar output variables are also random.
Therefore, in some cases, extra high expenses need to be paid to hold the real powerload balance constraints in (4.2b) for sure. For example, in practice purchasing slack
real power from utilities at node 0 where the network is connected to a grid would
be one option. Therefore, the method of chance constraints can be a useful tool to
control real load shedding. By solving a CCP problem, decisions can be achieved
such that a predefined probability level will be satisfied. Let us use axillary variables
ui = (xsi 1 as1 + xsi 1 as2 + xsi 3 as3 ) to represent size of PV units. Then, solar output
equation (4.2h) would be equivalent to pPit V = ui h̃it ri ,

∀i ∈ N + , t ∈ T . Now, if we

replace this in equations (4.2b) we get
X

T
(Pjt + Rj ljt ) = Pit − pcit + ui h̃it ri − (Ii,t − Ii,t−1 ) + pM
+ zit ,
it

∀i ∈ N + , t ∈ T ,

j∈Ci

(4.3)
For brevity of notation, we use variables Oit to replace

P

j∈Ci (Pjt

+ Rj ljt ) − Pit +

T
(Ii,t − Ii,t−1 ) − pM
it . Then, equations (4.3) will take the form

ui h̃it ri − pcit + zit = Oit ,

∀i ∈ N + , t ∈ T ,

(4.4)

Note that zit ≥ 0 represents load shedding while zit ≤ 0 shows power curtailment.
Therefore, joint chance constraints to control real load shedding with a given probability level can be defined as
n
o
Pr ui h̃it ri − pcit − Oit ≥ 0, ∀i ∈ N + , t ∈ T ≥ 1 − α

(4.5)

In other words, using chance constraints we can control the probability of real load
shedding to be less that α.
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4.2.4

Uncertainty of Solar Irradiance and a SARIMA Modeling Approach

According to the literature (Niknam et al., 2012; Atwa et al., 2010; Wang et al., 2015),
in the operational phase of the distribution network, it is assumed that h̃ can be
characterized by a finite number of M plausible scenarios that represent the possible
combinations of solar irradiance. Specifically, in node i ∈ N + at time period t under
scenario m ∈ M, solar irradiance will take values hitm . Moreover, assume probability
P
of occurrence for scenario m to be πm , such that
πm = 1, 0 ≤ πm ≤ 1.
m∈M

In stochastic programming approaches it is common to take advantage of a probability distribution for the random variables. It is often assumed that solar irradiance
at a user node in each time period follow a Beta distribution (Karaki et al., 1999;
Niknam et al., 2012; Sun et al., 2015; Wang et al., 2015) given by the following two
parameter Beta (α, β) probability density function (PDF):
β−1
hα−1
it (1 − hit )
B(α, β)
α
µit =
α+β
αβ
σit2 =
2
(α + β) (α + β + 1)

f (hit ) =

(4.6a)
(4.6b)
(4.6c)

However, in order to capture uncertainty of solar irradiance more accurately, we
can employ adaptive forecasting techniques such as time series instead of assuming a
distribution for the corresponding random variables, which can further be statistically
inferred from the historical data of solar irradiance. For example, following MoraLopez and Sidrach-de-Cardona (1998), Boland (2008), and Reikard (2009), we can
construct a predictive seasonal autoregressive integrated moving average (SARIMA)
model (Box et al., 2015) for h as follows. Using standard notation, let φ(L) be the
autoregressive operator, represented as a polynomial in the lag operator: φ(L) = 1 −
φ1 L − · · · − φp Lp , and let Φ(L) be the seasonal autoregressive operator. Additionally,
let θ(L) be te moving average operator: θ(L) = 1 + θ1 L + · · · + θq Lq , and let Θ(L)
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be the seasonal moving average operator. Let superscript d and D denote order of
differencing and seasonal differencing, respectively. Lastly, let S represent time span
of cyclical pattern; for example S = 24 in hourly solar irradiance data. The general
SARIMA model for h at a user node would be of the form:
(1 − L)d (1 − LS )D ht = (θt (L)Θt (L)/φt (L)Φt (L)) εt

(4.7a)

where εt denote the error terms or white noise and εt ∼ N (0, σt2 ).
One shorthand notation for the model is ARIMA(p, d, q) × (P, D, Q)S . The model
coefficients and variance of the white noise (i.e., σt2 ) can be estimated using maximum likelihood techniques. The hourly direct normal irradiance (DNI) data can be
obtained using the solar prospector by the National Renewable Energy Laboratory
(NREL) (NREL Solar Prospector, 2012) for a network in Arizona as visualized in Fig.
4.2. We apply the statistical package R (Team R.C., 2014) to the 3-years data to estimate the aforementioned coefficients and the variance of error terms in the SARIMA
model. The models for the hourly data were fit as ARIMA(1, 0, 0)(0, 1, 0)24 . In other
words, they are differenced at the 24-h time span, but not first-differenced. This fit
was selected with the coefficient of determination R2 = 0.96 which represents a good
fit in practice (Mellit and Pavan, 2010). Figure 4.3 shows a typical segment (a week)
of the normalized series with fitted model. The model to predict solar irradiance at
period t for a node i can be written as
hit = hi,t−24 − θ(hi,t−25 − hi,t−1 ) + εit

(4.8)

In this case, one can obtain estimates of the coefficients from the SARIMA models
to generate solar irradiance scenarios at different nodes.
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Figure 4.2: Solar Prospector for Direct Normal Irradiance (DNI) in USA.

4.3

Solution Approach

Since formulation (4.1)-(4.2) combined with chance constraints (4.5) is impractical
to be solved directly. Thus, in this section, we develop a combined sample average
approximation (SAA) and linearization techniques to solve the two-stage chanceconstrained model more efficiently. Following Atwa et al. (2010) and Ochoa et al.
(2010), a selected study period of one year is divided into four seasons, and a typical
day is generated for each season in order to represent the random behavior of the solar
irradiance during each period. The day representing each season contains 24-h time
segments, each referring to a particular hourly interval for the entire season. Thus,
there are 96 time segments for the year (24 for each season). Furthermore, in order
to to diminish the number of chance constraints to be evaluated while preserving the
behavior and inter-relationships between resource and demand, we follow Ochoa and
Harrison (2011a) and aggregate the load-generation for each season. Obviously, with
this process the obtained solution to OPF will be an approximation but it will make
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Figure 4.3: The ARIMA model fit for hourly DNI data.
it possible to solve the problem within reasonable time. As a result, the aggregated
chance constraints for season s ∈ S are as follow
o
n
Pr ui h̃si ri − pcsi − Osi ≥ 0, ∀i ∈ N + ≥ 1 − α,

∀s ∈ S

(4.9)

where h̃i , pci , and Oi represent aggregated solar irradiance, real load, and power flow
at node i for season s, respectively.
There are many methodologies to solve a chance constrained stochastic optimization problem, among which, sample average approximation (SAA) (Pagnoncelli et
al., 2009) is shown to be an easy and effective method with applications in unit commitment (Wang et al., 2012) and distributed generation planning (Wang et al., 2015)
. The idea behind SAA is to approximate the expectation term in the objective
function (4.1a) by sampling random variable h̃. Based on the law of large numbers,
when the sample size is large enough, the value of the reformulated objective function
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converges to the value of the original one. Meanwhile, the feasible region of the reformulated problem would be equivalent to the feasible region of the original problem.
One popular way to reformulate chance constraints (4.9) with SAA is using big-M
method. This approach requires introducing binary variables ym for each scenario
m ∈ M. Then, one can replace chance constraints (4.9) with following inequalities
in problem (4.2) for each season s ∈ S to control the real load shedding at α:
zsim ≤ M̄ ysm , ∀s ∈ S, ∀i ∈ N + , ∀m ∈ M,
P
ysm
m∈M
≤ α, ∀s ∈ S,
M
ysm ∈ {0, 1}, ∀s ∈ S, ∀m ∈ M

(4.10a)
(4.10b)
(4.10c)

where M̄ is a sufficiently large number. In this method, we can generate samples
{ĥsim }m∈M of h̃si from the ARIMA model in (4.8). The drawback of this method
is the increasing number of binary variables as the number of scenarios increases to
get a better approximation of the expected value in objective function. Also, choice
of M̄ value can significantly affect computational time. In this chapter, we mention
(4.10) as an example to motivate and benchmark the proposed combined SAA and
linearizion technique which is free of binary variables and M̄ .
Assuming independence among solar irradiance in different nodes, and introducing
auxiliary variable wi , we follow Cheng and Lisser (2012) to rewrite chance constraints
(4.9) as
n
o
Pr ui h̃si ri − pcsi ≥ Osi ≥ (1 − α)wsi ,
X
wsi = 1, ∀s ∈ S,

∀s ∈ S, ∀i ∈ N + ,

(4.11a)
(4.11b)

i∈N +

wsi ≥ 0,

∀s ∈ S, ∀i ∈ N + ,

With the seasonal aggregation h̃si =

(4.11c)
P

t∈Ts

h̃it , ∀s ∈ S, one can show that h̃si ∼

N (µsi , σ̄si ), where µsi , σ̄si can be calculated from the ARIMA estimates of (4.8) based
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on the fact that sum of Normal random variables follows a Normal distribution as
well. Therefore, we can rewrite the chance constraints (4.11a) as
)
(
c
−psi − Osi + ui µsi ri
−ui h̃si ri + ui µsi ri
≤
≥ (1 − α)wsi , ∀s ∈ S, ∀i ∈ N + ,
Pr
ui σ̄si ri
ui σ̄si ri
(4.12)
which is equivalent to F (

−pcsi −Osi +ui µsi ri
)
ui σ̄si ri

≥ (1 − α)wsi ,

∀s ∈ S, ∀i ∈ N + , where F (·)

is the cumulative distribution function (CDF) of standard normal random variable.
By taking inverse of this function, we get the inequalities
−pcsi − Osi + ui µsi ri
≥ ui F −1 ((1 − α)wsi ) ,
σ̄si ri

∀s ∈ S, ∀i ∈ N + ,

(4.13)

Since F −1 ((1 − α)wsi ) is a convex function in wsi for α ≤ 0.5 (see Cheng and Lisser,
2012), we can take advantage of piecewise linear approximation (see Fig. 4.4) to this
end as follows
−pcsi − Osi + ui µsi ri
≥ ui max(āk wsi + b̄k ),
k∈K
σ̄si ri

∀s ∈ S, ∀i ∈ N + ,

(4.14)

where K is a set of line segments, āk and b̄k are slope and intercept, receptively.
Therefore, inequalities (4.14) are equivalent to
−pcsi − Osi + ui µsi ri
≥ ui (āk wsi + b̄k ),
σ̄si ri

∀s ∈ S, ∀i ∈ N + , ∀k ∈ K,

(4.15)

Recall that ui = (xsi 1 as1 + xsi 1 as2 + xsi 3 as3 ), hence, right hand side of inequalities
(4.15) contains bilinear terms xsi 1 wi , xsi 2 wi , xsi 3 wi . We can linearize these terms based
on the fact that variables xi are binary and variables wi are lower and upper bounded
due to constraints (4.11b)-(4.11c). Let us introduce variables dsi 1 , dsi 2 , dsi 3 such that
dsi 1 = xsi 1 wi , dsi 2 = xsi 2 wi and dsi 3 = xsi 3 wi , respectively. Thus, one can linearize
inequalities (4.15) as follows
−pci − Oi + ui µi
≥ āk (dsi 1 as1 + dsi 1 as2 + dsi 3 as3 ) + b̄k (xsi 1 as1 + xsi 1 as2 + xsi 3 as3 ),
σ̄i

∀i ∈ N + , ∀k ∈ K,
(4.16a)
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Figure 4.4: Piecewise linear approximation of F −1 ((1 − α)wsi ) with α = 0.05.
0 ≤ dsi 1 ≤ xsi 1 ,

∀i ∈ N + ,

(4.16b)

0 ≤ dsi 2 ≤ xsi 2 ,

∀i ∈ N + ,

(4.16c)

0 ≤ dsi 3 ≤ xsi 3 ,

∀i ∈ N + ,

(4.16d)

wi − (1 − xsi 1 ) ≤ dsi 1 ≤ wi ,

∀i ∈ N + ,

(4.16e)

wi − (1 − xsi 2 ) ≤ dsi 2 ≤ wi ,

∀i ∈ N + ,

(4.16f)

wi − (1 − xsi 3 ) ≤ dsi 3 ≤ wi ,
X
wi = 1,

∀i ∈ N + ,

(4.16g)
(4.16h)

i∈N +

wi ≥ 0,

∀i ∈ N + ,

(4.16i)

Now, one can replace chance constraints (4.9) with linearized inequalities (4.16) in
second stage problem (4.2) to control load shedding. Next, we describe the numerical
tests setup and results.
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4.4
4.4.1

Case Study
Numerical Experiment Setup

In this section, we conduct a computational case study on a radial network in Arizona
to demonstrate the effect of the proposed approach in controlling load shedding in
distributed generation to increase reliability of microgrids. We also compare the
performance of SAA and the proposed approach both in terms of solution quality
and computational time.
The IEEE 34-bus test feeder1 (Kersting, 1991) with a nominal voltage of 24.9
kV is employed here for numerical experiments. A one line diagram of this feeder is
shown in Fig. 4.5.

Figure 4.5: IEEE 34-BUS test feeder under study.

Line impedances, peak real and reactive loads of the original network are slightly
modified and the corresponding per unit (p.u.) values for the resulting single-phase
network are listed in Table 4.4. There are two shunt capacitors on nodes 21 and 23
with capacity of 0.6 and 0.9, respectively. We place three auxiliary micro-turbines in
1

Data available online at http://ewh.ieee.org/soc/pes/dsacom/testfeeders/index.html
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node 3, 8, and 16 to help balance the load-generation because of zero solar irradiance
during night hours. Characteristics of PV, ESS, and MT units are provided in Tables
4.5-4.7. In this study, we use piecewise approximation for right hand side of chance
constraints. The coefficients for α = 0.05 are provided in Table 4.8.
Table 4.4: Per unit line impedances, peak real and reactive load.
Line
1
2
3
4
5
6
7
8
10
11
12
13
14
15
16
17
18
19
20
21
22
23
24
25
26
27
28
29
30
31
32
33

Ri
0.0005
0.0004
0.0065
0.0012
0.0076
0.0060
0.0001
0.0007
0.0059
0.0030
0.0013
0.0002
0.0060
0.0000
0.0017
0.0008
0.0014
0.0003
0.0001
0.0004
0.0011
0.0002
0.0000
0.0108
0.0002
0.0068
0.0014
0.0006
0.0001
0.0007
0.0109
0.0021

Xi
Bus
pci
qic
0.0005
2
0.11 0.058
0.0004
4
0.032 0.016
0.0066
9
0.068 0.034
0.0013 10
0.27 0.14
0.0077 11
0.01 0.004
0.0061 12
0.08 0.04
0.0001 13 0.008 0.004
0.0004 14 0.064 0.034
0.0031 17 0.164 0.086
0.0022 18 0.056 0.028
0.0007 19 0.134 0.082
0.0002 21 0.828 0.64
0.0044 22
0.09 0.046
0.0000 23 0.166 0.118
0.0013 27 0.008 0.004
0.0006 28
0.03 0.014
0.0011 29 0.412 0.242
0.0002 31 0.004 0.002
0.0001
0.0003
0.0008
0.0001
0.0000
0.0080
0.0001
0.0053
0.0011
0.0004
0.0001
0.0004
0.0408
0.0022

Table 4.5: Per unit solar PV Characteristics.
csetup
i
12000

carea
cLS
i
6000 5.0

as1
0.7

as 2
1.0

as 3
1.3

ri
0.406
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Table 4.6: Per unit ESS Characteristics.
cESS
i
1000

η
0.10

IC min
0.05

IC max
0.16

Table 4.7: Per unit micro-turbine (MT) Characteristics.
T
MT cM
i
3
0.9
8
1.0
16
1.1

RUi
0.04
0.05
0.06

RDi
0.04
0.05
0.06

pmax
i
0.22
0.23
0.24

Table 4.8: Piecewise approximation coefficients.
Segment
1
2
3
4

āk
-6.9352
-2.0566
-0.9492
-0.6463

b̄k
2.9053
2.4478
2.1068
1.9165

Finally, from the hourly peak load data for the system under study the seasonal
load profiles created based on IEEE RTS-96 system (Pinheiro et al., 1998) are shown
in Fig. 4.6 as percentage of the daily peak load. In order to account for the weekdayweekend load difference, we use the maximum load to consider the worse case scenario.
All problem instances were implemented in AMPL (Fourer et al., 1993) and solved
by using CPLEX 12.6 solver on a Windows based machine with Intel Core i7 CPU @
3.60 GHz and 8 GB memory.
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Figure 4.6: Seasonal load profiles for the system under study.

4.4.2

Numerical Experiment Results

In this case study, we simulate to install up to 5 PV units with different sizes and
control real load shedding while dispatching energy for 1 year (i.e., 4 seasons) with
T = 96 and Ts = 24, and extend the operation cost to a horizon of 10 years. For
micro-grid design and dispatch problem, (i) we conduct time series analysis based on
historical data for the years 2012-2015 from a station near Tucson,, Arizona. The data
is normalized to [0,1] with hmax
= 1 kW/m2 , (ii) we construct the ARIMA models
i
(4.8) for each season, and (iii) employ the combined SAA and linearization techniques
described in Section 4.5 to solve the two stage chance-constrained problem with α =
0.05 under 3 different scenario sizes M = 100, 200, and 300. For demonstration
purposes, we also solve the two-stage problem with and without chance constraints
(CC) using the traditional SAA method under the same problem settings.
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In this work, we evaluate the effect of chance constraints in controlling real
load shedding to increase the reliability of the system under study as well as costeffectiveness and performance of the two solution approaches. We report results of
objective value, its increase, CPU time within 2 hours limit, and seasonal load shedding percentage for the two-stage problem without chance constraints (I), with chance
constraints and traditional SAA method (II), and with chance constraints and combined SAA-linearization approach (III) in Table 4.9. Note that in order to capture
true load shedding probability one has to run the obtained solution against sufficiently large number of scenarios. Hence, load shedding probabilities LS1, . . . , LS4
represent the true load shedding under 10,000 Monte Carlo (MC) simulation runs.
This way we evaluate the solution of three models under different scenarios to obtain
the true values of the real load shedding percentage. We observe that without chance
constraints (model I) load shedding probability is over 100% in season 1 (i.e., winter)
due to lower solar irradiation and over 62% in season 3 (i.e., summer) due to higher
load profile. This issue is addressed using chance constraints (models II and III) to
control the load shedding within α = 0.05 threshold with a slight increase in objective
function value which is due to installation of more PV and/or ESS units as well as
possibly additional sizes. Please note that even though objective value increase in
model III is higher than model I but this gap is much smaller than total cost of additional PV and ESS units that are installed in model III compared to model II. For
example, in optimal solution of model II under 200 solar irradiance scenarios we have
4 PV and 4 ESS units installed on nodes {2, 14, 16, 21} whereas model III suggests
installation of 5 PV and 5 ESS units in nodes {2, 6, 14, 16, 21}. The actual cost of
such a difference is over 20,800 while we can see that objective function increased only
by 5705. Additionally, the load shedding percentage under model III remains below
1%. This demonstrates that model III is promoting solar PV installation and reduces
load shedding significantly in a cost effective manner. Also, the solution of model III
is obtained faster by one order of magnitude which further demonstrates effectiveness
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of proposed combined SAA and linearization techniques. It is worth mentioning that
optimality gap for all problem instances was set to 0.001 and reported values are
averaged over 5 instances for each scenario set.
Table 4.9: Objective value, CPU time, and seasonal load shedding percentage with
and without chance constraints.
I
Scen. obj.
cpu
LS1
100 114560 331.23 100%
200 114657 1403.23 100%
300 114713 3436.56 100%

4.5

II
LS2 LS3 LS4 obj.
cpu
LS1 LS2
0% 65.99% 0% 116045 908.02 49.75% 0%
0% 62.69% 0% 116137 6066.95 49.43% 0%
0% 62.69% 0% 116228 9640.17 48.85% 0%

LS3
0%
0%
0%

III
LS4 obj. inc. obj.
cpu
LS1
0% 1.3% 121746 702.37 0.25%
0% 1.29% 121842 2295.27 0.19%
0% 1.32% 121924 4256.09 0.01%

LS2
0%
0%
0%

LS3
0%
0%
0%

LS4 obj. inc.
0% 6.27%
0% 6.27%
0% 6.29%

Discussions

In this paper, we proposed a two-stage chance-constrained optimization model for
solar microgrid design and dispatch. In particular, we focus on the solar irradiance
uncertainty and consider time series modeling instead of making assumptions on
distribution of solar irradiance. Additionally, we proposed a combined SAA and
linearization techniques to solve the problem more efficiently. Compared to traditional
SAA this method does not require additional binary variables. Based on real data,
we conducted a case study on a radial network in Arizona. The numerical results
indicated that the chance constraints are an effective way to control real power load
shedding and the proposed approach outperformed traditional SAA method both in
terms of computational time and real load shedding controllability.
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Chapter 5

Identifying Error-and Attack-Resilient
Clusters in Networks Under Uncertainty

In this chapter, after a brief introduction to network robustness in Section 5.1, a
risk-averse stochastic programming approach to identify robust clusters in networks
is introduced. In section 5.2, we address the general representation of RA-R2 problem
and discuss its properties. Section 5.3 provides a mathematical programming formulation and a combinatorial branch-and-bound method for solving the RA-R2 problem.
Section 5.4 reports numerical studies demonstrating the computational performances
of the developed CBnB method and the mathematical programming approach on
problems where risk is quantified using the CVaR measure as a special case of highermoment coherent risk measures (Krokhmal, 2007). Finally, section 5.5 concludes our
study.

5.1

Introduction

Many communication, energy, and transportation systems of the real world can be
represented as complex networks, in which the nodes are the elementary components
of the system and the edges connect pairs of nodes that interact by exchanging information or resources. For instance, in a telecommunication system the nodes are
the routers and the edges (or arcs) are the cables connecting couples of routers; in an
electrical power grid the nodes are the substations (generators or distribution substations) and the edges are the transmission lines; in airline transportation systems
the nodes are the airports and the edges are the flights connecting a couple of cities
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(Albert et al., 2000; Crucitti et al., 2004).
Network robustness issues are crucial in a variety of application areas. In many
situations, one of the key robustness requirements is the connectivity between each
pair of nodes through a sufficiently short path, which makes a network cluster more
robust with respect to potential network disruptions. These disruptions can be caused
by a variety of factors, including man-made and natural disasters, and may result in
large-scale failures of nodes and/or edges in the network. Well-documented examples
include the Northeast blackout of 1965, when a significant disruption left over 30
million people and 80,000 square miles without electricity for up to 13 hours, and the
more recent Northeast blackout of 2003, which affected an estimated 10 million people in Ontario and 45 million people in eight U.S. states. Human error and software
bug were reported as the primary cause of these two disruptions, respectively. Similarly, cyber-attacks or natural phenomena could potentially lead to similar disruptions
(e.g., Hurricane Sandy in 2012 Vassell, 1990; Andersson et al., 2005; Halverson and
Rabenhorst, 2013).
A natural approach to taking into account potential multiple network component failures is to construct robust network clusters that ensure a sufficient degree
of ”robust connectivity” between the nodes. Note that the conventional definition of
connectivity (e.g., the existence of a path between every two nodes) may not provide
the required robustness characteristics, since a long path between a pair of nodes can
make the connection vulnerable, especially if every node and/or edge in the path can
potentially fail. In this context, the shorter the path between every pair of nodes
is, the more ”robust” the corresponding network structure becomes (although special
cases of ”vulnerable” networks with short connectivity paths can still exist). However,
the robustness characteristics can be substantially improved if there are multiple distinct paths between every pair of nodes. This would ensure that cohesive subgraphs,
referred to as clusters, stay connected even if multiple nodes and/or edges are deleted
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or incapacitated.
One of the well known problems in the literature involves finding the largest
completely connected subgraph within a network, also known as the maximum clique
(complete subgraph) problem, for which a number of solution approaches have been
proposed in the literature over the years (Gavril, 1973; Carraghan and Pardalos, 1990;
Pardalos and Xue, 1994; Johnson and Trick, 1996; Bomze et al., 1999; Ostergard,
2002; Tomita and Seki, 2003; Zhang et al., 2005; Konc and Janezic, 2007; Tomita
et al., 2010; Prosser, 2012; Batsyn et al., 2014). In many practical applications,
the completeness requirement may be excessively restrictive, prompting an interest
in studies of network structures that can be obtained by relaxing the condition of
“perfect” connectivity of the complete subgraph (clique). To this end, a number of
clique relaxations have been proposed and studied in the literature, including k-club,
k-plex, R-robust k-club, k-block, quasi-clique, etc. In these models, the completeness
property is relaxed with respect to the degree of the vertices, their distance from each
other, or the density of the subgraph (Balasundaram et al., 2011; Pattillo et al., 2013;
Veremyev et al., 2014); see Balasundaram and Pajouh (2013) for a comprehensive
review of clique relaxation models.
In this work, we focus on a specific type of clique relaxation, known as the R-robust
2-club due to its attractive properties of error and attack tolerance: for example, removing up to R − 1 nodes/edges from such a subgraph still yields a connected 2-club
Veremyev and Boginski (2012). By definition, R-robust 2-club is a subgraph with at
least R node/edge disjoint paths connecting each pair of nodes, where each path consists of at most two edges. The R-robust 2-club effectively represents a low-diameter
cluster with multiple short paths between vertices, which makes such a structure
naturally suitable for a quick and effective post-disruption response. Several studies
proposed mathematical programming based formulations and presented complexity
results associated with finding maximum or minimum R-robust k-clubs in graphs
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(Veremyev et al., 2014; Pastukhov et al., 2014; Balasubramaniam and Butenko, 2015).
Recently, a significant attention has been garnered by network problems with
exogenous uncertainty that influences the overall network topology. Several studies considered uncertainty associated with edges which influences different functions
of the network, such as travel time, flow distribution and costs, as well as robustness in graphs (Aneja et al., 2001; Glockner and Nemhauser, 2000; Laporte et al.,
1992; Atamturk and Zhang, 2007; Pajouh et al., 2015; Yezerska et al., 2016; Ma et
al., 2016). However, fewer works addressed decision making process pertaining to
an optimal allocation of resources over a subgraph topology with certain properties
when uncertainties are associated with network vertices (Rysz et al., 2014, 2016). For
instance, the uncertainties in functionality of vertices of a power grid (e.g., generation/distribution stations) can be attributed to random errors, physical damage, or
cyber-attacks. Similarly, uncertainties regarding associated with airports as nodes of
a transportation network can be related to weather events, terrorist attacks, and so
on.
In this study, we extend the techniques introduced in Rysz et al. (2014) and
Rysz et al. (2016) to address the problem of finding clusters of minimum risk that
represent an R-robust 2-club. A probabilistic framework utilizing the distributional
information of stochastic disruptions in vertices by means of coherent measures of risk
as in Artzner et al. (1999) and Delbaen (2002) and, specifically, Conditional Valueat-Risk (CVaR) (Rockafellar and Uryasev, 2000, 2002), is employed to define a riskaverse R-robust 2-club (RA-R2) problem. Since strategic networks mentioned in this
study are typically relatively sparse, we focus on instances where R = 2, 3. Obviously,
larger R values can be used in denser networks for an increased measure of robustness.
We adopt mathematical the programming formulation of maximum R-robust 2-club
problem introduced by Veremyev and Boginski (2012) in our mixed integer nonlinear
problem (MINLP). A combinatorial branch-and-bound (CBnB) method for finding
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maximal R-robust k-clubs is then proposed to improve the computational efficiency
of the RA-R2 model via risk-based branching and bounding schema. We compare the
numerical performance of the developed CBnB algorithm with that of an approach
based on solving the MINLP formulation for the RA-R2 problem using a state-ofthe-art commercial solver.

5.2

Risk-averse R-robust 2-club Problem

Given an undirected graph G = (V, E) and any subset of its vertices S ⊆ V, let G[S]
represent the subgraph of G induced by S, i.e., G[S] = (S, E ∩ (S × S)). Additionally,
let Q be a desired connectivity property which should be satisfied by the cluster G[S].
For example, if Q represents completeness, then G[S] is a clique.
In this study, Q denotes a special generalization of a distance-based relaxation
of completeness property. Hence, G[S] represents a clique relaxation, referred to as
R-robust 2-club. Let dG (i, j) be the distance between nodes i, j ∈ V in graph G,
defined as the smallest number of edges in a path connecting i and j in G. Then the
subset S of G induces a 2-clique on G if
max dG (i, j) ≤ 2.
i,j∈S

(5.1)

Note that vertices from G[V \ S] can be part of the shortest path between i, j ∈ S in
2-clique. If the shortest path between i, j ∈ S is required to be entirely included in
the cluster G[S], then subset S represents a 2-club such that
max dG[S] (i, j) ≤ 2.
i,j∈S

(5.2)

By definition, 1-clubs are cliques and 2-clubs are also 2-cliques. Let rG (i, j) denote
the number of distinct paths made up of two edges between i and j in G. Then, if
one requires at least R distinct short paths between i, j ∈ S, the induced subgraph
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G[S] represents a R-robust 2-club if
max dG[S] (i, j) ≤ 2 and
i,j∈S

min rG[S] (i, j) ≥ R.

i,j∈S

(5.3)

It is easy to see that the concept of R-robust 2-club addresses some robustness concerns associated with 2-clubs, and ensures additional error-and attack-resiliency properties of the network cluster in question. For example, a distance-based relaxation of
the clique (Fig. 5.1a) such as 2-club may contain nodes with high centrality, whose
deletion or incapacitation will render the entire subgraph disconnected (Fig. 5.1b).
By comparison, removal of a component (a node or an edge) in a R-robust 2-club will
result in a (R − 1)-robust 2-club. Moreover, removal of up to R − 1 components will
still yield a connected subgraph (Fig. 5.1c).

Clique

2-club

2-robust 2-club

Figure 5.1: Examples of clique and two of its relaxations. Source: Veremyev and
Boginski (2012).

A R-robust 2-club is considered to be maximal if it is not strictly contained in
another R-robust 2-club; a maximum R-robust 2-club has the largest cardinality
in graph G. There is a class of problems in the graph theory literature known as
maximum weight subgraph problems, where one is interested in finding a subgraph
G[S] with largest weight that satisfies a given property Q. Typically, the subgraph’s
weight is defined as the sum of weights wi of its vertices i ∈ S (Balas and Yu, 1989;
Alvarez-Miranda et al., 2013). Then, maximum weight R-robust 2-club problem takes
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the form
max

nX

o
wi : S ∈ ΓG (R, 2) ,

(5.4)

i∈S

where ΓG (R, 2) denotes the set of all R-robust 2-clubs in G:

ΓG (R, 2) = S ⊆ V : max dG[S] (i, j) ≤ 2, min rG[S] (i, j) ≥ R, ∀i, j ∈ S .
i,j∈S

i,j∈S

(5.5)

It is evident that an optimal set S in problem (5.4) would be maximal but not
necessarily maximum satisfying property Q. Obviously, if wi = 1, ∀i ∈ V the problem
reduces to the maximum R-robust 2-club problem (Veremyev and Boginski, 2012;
Veremyev et al., 2014). Recently, Rysz et al. (2014, 2016) studied an extension of
problem (5.4) where vertex weights are assumed to be stochastic and property Q
defined clique and k-club, respectively. Since maximization of the expected weight of
desired subgraph reduces the problem to its deterministic version of the form (5.4),
in Rysz et al. (2014, 2016) it is argued that a more suitable approach could be to
minimize the risk of the subgraph using an appropriate risk measure, a nonlinear
statistical functional that employs distributional information about the weights of
vertices.
In this work, uncertainties associated with vertices are random errors/attacks that
can happen anytime at different parts of the network but their effect depends on our
reinforcement decisions. Hence, we adapt the risk-averse approaches in Rysz et al.
(2014, 2016) to find the cluster G[S] with minimum risk that satisfies property Q, i.e.,
forming a R-robust 2-club. Let Xi represent the stochastic weight associated with
vertex i ∈ V in graph G, assuming the joint distribution of vector XG = (X1 , . . . , X|V | )
is known. It is assumed that the random weight Xi of node i ∈ G represents the
uncertain loss or cost incurred at node i due to an unpredictable future event (e.g.,
an adversarial attack). Then, the problem of finding a minimum risk cluster with
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property Q, referred to as risk-averse Q problem is as follows:

min R(S; XG ) : S ⊆ V, G[S] satisfies Q ,

(5.6)

where R(S; XG ) is the risk associated with cluster G[S] given the distributional information about losses XG . In our study, property Q requires the selected cluster
G[S] to be a R-robust 2-club which leads to risk-averse R-robust 2-club problem as
follows:

min R(S; XG ) : S ∈ ΓG (R, 2)

(5.7)

In order to formally define the risk function R(S; XG ), we utilize concept of risk
measures that is well known in stochastic optimization literature (Krokhmal et al.,
2011). Namely, given a probability space (Ω, F, ¶), where Ω is a set of random
events, F is a σ-algebra, and ¶ is a probability measure, a risk measure ρ is defined
as a mapping ρ : X 7→ R, where X is a linear space of F-measurable functions
X : Ω 7→ R.
For the remainder of this chapter, the space X is assumed to possess the properties
necessary for the risk measures introduced below to be well-defined. To be specific,
loss functions X should be expectation-bounded, i.e., E|X| < ∞, and risk measure ρ
considered to be proper function on X , i.e., ρ(X) > −∞ ∀X ∈ X , {X ∈ X : ρ(X) <
∞} =
6 ∅. Lastly, risk measure ρ assumed to be lower semi-continuous (l.s.c.), i.e., sets
{X ∈ X : ρ(X) ≤ a} are closed for all a ∈ R; moreover, we assume that ρ(0) = 0.
Then, one can define the risk R(S; XG ) in (5.6) as the optimal value of the following stochastic programming problem:
n X
 X
o
R(S; XG ) = min ρ
u i Xi :
ui = 1, ui ≥ 0, i ∈ S
i∈S

(5.8)

i∈S

Rationale behind this definition is that (5.8) allows for risk reduction through diversification. In other words, similar to the portfolio optimization problem investing in a
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diverse portfolio reduces the risk of large loss (see, e.g., Krokhmal et al., 2002). The
following proposition from Rysz et al. (2014) formalizes this property:
Proposition 1. Given a graph G = (V, E) with stochastic loss function Xi associated
with vertex i ∈ V , and a risk measure ρ with aforementioned properties, the risk R
defined in (5.8) satisfies
R(S2 ; XG ) ≤ R(S1 ; XG ), ∀S1 ⊆ S2 .

(5.9)

As a result, following observation about the the problem (5.6) with the risk
R(S; XG ) defined in (5.8) can be derived from the diversification property (1):
Corollary 1. There exists an optimal solution of the risk-averse Q problem (5.6)
with the risk R(S; XG ) defined in (5.8) that is a maximal set satisfying property Q
in G.

Additionally, it is assumed that the risk measure ρ belongs to the class of coherent
measures of risk Artzner et al. (1999), i.e., satisfies the following axioms:
(A1) monotonicity: ρ(X) ≤ ρ(Y ) for all X, Y ∈ X such that X ≤ Y ;
(A2) subadditivity: ρ(X + Y ) ≤ ρ(X) + ρ(Y ) for all X, Y ∈ X ;
(A3) positive homogeneity: ρ(λX) = λρ(X) for all X ∈ X and λ > 0;
(A4) transitional invariance: ρ(X + a) = ρ(X) + a for all X ∈ X and a ∈ R.
The second and third axioms yield the convexity property which is important from
optimization and computational standpoint:
ρ(λX + (1 − λ)Y ) ≤ λρ(X) + (1 − λ)ρ(Y ), ∀X, Y ∈ X , λ ∈ [0, 1].
Then, the risk R(S; XG ) defined in problem (5.8) satisfies similar properties with
respect to stochastic vector XG as follows (Rysz et al., 2014):
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(G1) monotonicity: R(S; XG ) ≤ R(S; YG ) for all XG ≤ YG ;
(G2) positive homogeneity: R(S; λXG ) = λR(S; XG ) for all XG and λ > 0;
(G3) transitional invariance: R(S; XG + a1) = R(S; XG ) + a for all XG and a ∈ R.
Note that in general R(S; XG ) violates the subadditivity requirements with respect
to the stochastic XG . However, risk reduction via diversification is guaranteed by
(5.9), which ensures that including additional vertices in the current feasible solution
is always beneficial as long as the resulting set satisfies the required property Q.

5.3

Mathematical Model and Solution Approaches

In this section, we propose a mathematical programming formulation for the riskaverse R-robust 2-club problem (5.7), where the risk R(S; XG ) defined as in (5.8)
utilizes a risk-averse framework based on CVaR risk measure. We adapt the recent formulation of maximum R-robust 2-club problem introduced by Veremyev and
Boginski (2012). Next, we propose a combinatorial branch-and-bound (CBnB) algorithm to solve the problem more efficiently, which follows principles similar to those
in Rysz et al. (2014, 2016).

5.3.1

Computational Complexity

Since he deterministic maximum R-robust 2-club problem is proven to be N P-hard
(Veremyev and Boginski, 2012; Veremyev et al., 2014; Veremyev and Boginski, 2012),
then the decision version of risk-averse R-robust 2-club is also N P-hard due to the
following theorem in Rysz et al. (2016):
Theorem 5.1. Given a risk measure ρ that is proper, l.s.c., and expectation-bounded,
if property Q is such that deterministic Q problem is N P-hard, then the decision
version of risk-averse Q is also N P-hard.
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which as a special case leads to our earlier statement about risk-averse R-robust
2-club problem that we are focused on:
Corollary 2. The decision version of risk-averse R-robust 2-club problem is N Phard, provided that risk measure ρ is proper, l.s.c., and expectation-bounded.
Note that expectation-boundedness requirement excludes ρ(X) = E[X] from consideration. can be considered a special case of the risk measures described in this
chapter, and R(S; XG ) = min E(Xi ). Moreover, unlike the completeness (clique)
i∈S

property adopted in Rysz et al. (2014), R-robust 2-club property is not hereditary
with respect to induced subgraphs (see, e.g., Yannakakis, 1978).

5.3.2

Mathematical Programming Formulation

In this section we formulate the risk-averse R-robust 2-club problem as a nonlinear
mixed integer programming (MINLP) problem. Let binary decision variables yi indicate whether node i ∈ V is included in cluster S ⊆ V (yi = 1) or not (yi = 0). And,
variables ui denote proportion of resource investment in node i if included in S. In
addition, let A = {aij }V ×V represent the adjacency matrix of graph G = (V, E), i.e.,
aij = 1 if there is an edge connecting vertex i and j. Lastly, the parameter R stands
for the number of distinct paths with distance of at most 2 between every pair of
vertices in the selected cluster. Taking advantage of binary integer programming formulation of maximum R-robust 2-club problem proposed in Veremyev and Boginski
(2012), we can formulate the risk-averse R-robust 2-club problem as follows:
X

min ρ
ui Xi

(5.10a)

i∈V

s. t.

X

ui = 1,

(5.10b)

i∈V

ui ≤ yi ,

∀i ∈ V

(5.10c)
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aij +

X

aik akj yk ≥ R(yi + yj − 1),

∀i ∈ V, ∀j ∈ V, i < j

(5.10d)

k∈V

yi ∈ {0, 1}, ui ≥ 0,

∀i ∈ V,

(5.10e)

where constraints (5.10d) require at least R distinct short paths between every pair
of vertices in the cluster. Note that nonlinearity in the formulation (5.10) stems from
the risk measure ρ, which we are going to describe next.

5.3.3

Coherent Risk Measures

The class of higher-moment coherent risk (HMCR) measures are nonlinear measures
of risk that quantify the risk of loss distribution X via its tail moments. These
measures were introduced in Krokhmal (2007) as the optimal values to the following
stochastic programming problem:
HMCRα,p (X) = min η + (1 − α)−1 k(X − η)+ kp , α ∈ (0, 1), p ≥ 1
η∈R

(5.11)

1

where X + = max{0, X}, kXkp = (E|X|p ) p , and α is confidence level. A very popular special case of (5.11), also know as Conditional Value-at-Risk (CVaR) measure
(Rockafellar and Uryasev, 2000, 2002) corresponds to the case of p = 1:
CVaRα (X) = min η + (1 − α)−1 E(X − η)+ , α ∈ (0, 1)
η∈R

(5.12)

In this work, we utilize decision-dependent CVaR framework to quantify the risk
measure ρ(X) in problem (5.10). Traditionally to stochastic programming, the set
of random events Ω is considered to be discrete, i.e., Ω = {w1 , . . . , wN }, with the
corresponding scenario probabilities P(ws ) = πs > 0, ∀s ∈ N , such that π1 +· · ·+πN =
1. Let pi and Li be (initial) survival probability and strategic value (e.g., possible
loss) associated with vertex i ∈ V , respectively. Suppose Kis is the realization of
the random number of errors/attacks at vertex i ∈ V under scenario s ∈ N , then
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is
probability of failure at node i after Kis independent errors/attacks would be 1 − pK
i

Kis )

and will result in possible loss of Li (1 − pi

.

In order to model the survival probability after some investment ui that would
reinforce the vertex i ∈ V , we follow the intuitive law of diminishing returns (Spillman
and Lang, 1924; Shephard and Fare, 1974; Rabin, 2000) from economic and utility
theory literature, which states that as more units of a variable input are added to
fixed amounts of land and capital, the change in total output will first rise and then
fall. In our case, it is assumed that the survival probability after Kis independent
errors/attacks at node i, given the investment ui ∈ [0, 1] into reinforcement of the
node i, has the form
(pi (2 − e−ui ))Kis .
The negative exponential utility functions have been justified in the literature (Lambert and McCarl, 1985; Kraus and Litzenberger, 1976; Bell, 1982). Note that for
values of pi ≥ (2 − e−1 )−1 , one has to require that the investment ui cannot exceed
the amount − ln(2 − 1/pi ).
Then, the loss function at node i can be written as the relative change in the
expected loss at node i due to Kis independent attacks/errors, given reinforcement
ui :


Li 1 − (2pi − pi e

−ui Kis

)



− Li 1 −

is
pK
i



=



is
Li pK
i

− (2pi − pi e

−ui Kis

)


,

in such a way that no reinforcement yields a zero loss, whereas a nonzero reinforcement
results in a negative loss. It is important to note that the above loss function is convex
in ui when Kis takes values of 0,1,or 2, which is a reasonable estimate of, for example,
the number of possible terrorist attacks, or WMD attacks affecting a single node.
Then, the mathematical programming formulation (5.10) with risk measure ρ(X)
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selected as CVaRα takes the form of a MINLP problem as follows:
1 X
πs w s
1 − α s∈N
X

is
s. t. ws ≥
L i pK
− (2pi − pi exp(−ui ))Kis − η,
i

(5.13a)

min η +

∀s ∈ N ,

(5.13b)

i∈V

ui ≤ − ln(2 − 1/pi ),
X
ui ≤ 1,

∀i ∈ V : pi > 1/2,

(5.13c)
(5.13d)

i∈V

ui ≤ yi , ∀i ∈ V,
X
aik akj yk ≥ R(yi + yj − 1),
aij +

(5.13e)
∀i ∈ V, ∀j ∈ V, i < j

(5.13f)

k∈V

yi ∈ {0, 1}, ui ≥ 0,
ws ≥ 0,

∀i ∈ V,

∀s ∈ N ,

(5.13g)
(5.13h)

where constraints (5.13b) and (5.13h) represent the standard reformulation of CVaRα
risk measure in the objective function of (5.10). Appropriate MINLP solvers can be
used to solve formulation (5.13). Next, we propose a combinatorial branch-and-bound
algorithm that allows one to solve this problem efficiently.

5.3.4

Combinatorial Branch-and-Bound Algorithm

The combinatorial branch-and-bound (BnB) algorithm for solving problem (5.13)
processes solution space by traversing “levels” of the BnB tree to find a subgraph
G[S] that represents a maximal R-robust 2-club of minimum risk in G. The algorithm
begins at level l = 0 with a partial solution Q := ∅, incumbent solution Q∗ :=
∅, and an upper bound on risk L∗ := +∞ (risk induced by Q∗ ). Partial solution
Q is composed of vertices that may potentially become a R-robust 2-club during
latter stages of the algorithm, while Q∗ contains vertices corresponding to a maximal
R-robust 2-club whose risk, L∗ , is the smallest up to the current stage. A set of
”candidate” vertices Cl is maintained at each level l, from which a certain branching

102

vertex vl is selected and added to the partial solution Q, or simply deleted from set
Cl without being added to Q. Note that the initial candidate set is C0 := V . To
ensure proper navigation between the levels of the BnB tree, the notation Sl+ or Sl−
is used to indicate whether the last node of the BnB tree at level l was created by
adding vl to Q, or by deleting vl from Cl without adding it to Q, respectively.
As soon as the partial solution Q is updated after branching at level l, the corresponding candidate set at level l + 1 is constructed by removing all vertices from
Cl whose pairwise distances from the vertices in Q exceed 2 or there are less than R
distinct paths connecting them:

Cl+1 := j ∈ Cl : dG[Q∪Cl ] (i, j) ≤ 2, rG[Q∪Cl ] (i, j) ≥ R, ∀i ∈ Q .
Note that if the removed vertices serve as intermediaries (i.e., are part of the shortest
paths) between the vertices in Q, then refinement of Cl may disrupt the structural
integrity of the partial solution Q. In other words, the distance between at least
one pair of vertices in Q exceeds 2 or number of distinct short paths between pair of
vertices falls below R upon removal of one or more vertices from Cl while constructing
Cl+1 . Whenever creating a BnB node by either adding or removing a vertex vl (i.e.,
Sl+ or Sl− , respectively), additional necessary considerations about Q and Cl+1 are as
follows:
(C1) Q is a 2-clique in G[Q ∪ Cl+1 ], and
(C2) dG[Q∪Cl ] (i, j) ≤ 2, rG[Q∪Cl ] (i, j) ≥ R, ∀i ∈ Q, j ∈ Cl+1 .
Note that after constructing set Cl+1 (i.e., condition (C2) is satisfied by definition
of Cl+1 ), if vertices in Cl \ Cl+1 serve as distance or short path intermediaries, their
removal imposes violations with respect to condition (C1). In such cases, Q cannot
become a R-robust 2-club by exploring deeper levels of the tree and the corresponding
node of the BnB tree is fathomed by infeasibility.
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As soon as condition (C1) is satisfied as well, the next step is to evaluate the
quality of the solution that can be obtained from the subgraph induced by vertices
in Q ∪ Cl+1 . An exact approach for directly finding a R-robust 2-club with the lowest
risk contained in G[Q ∪ Cl+1 ] would involve solving problem (5.13)) with xi = 0 for
all i ∈ V \ (Q ∪ Cl+1 ). We denote the corresponding solution by <(Q ∪ Cl+1 ; XG ).
Solving such a MINLP problem at every node of the BnB tree is clearly impractical.
Instead, the following relaxation problem is utilized to obtain a valid lower bound on
the risk <(Q ∪ Cl+1 ; XG ):
L(Q ∪ Cl+1 ) := min η +
s.t. ws ≥

X

1 X
πs w s
1 − α s∈N

is
L i pK
− (2pi − pi exp(−xi ))Kis − η,
i

(5.14a)
∀s ∈ N (5.14b)

i∈V

xi ≤ − ln(2 − 1/pi ),
X
xi ≤ 1

∀i ∈ V : pi > 1/2

(5.14c)
(5.14d)

i∈V

xi ≥ 0,

∀i ∈ (Q ∪ Cl+1 )

(5.14e)

xi = 0,

∀i ∈ V \ (Q ∪ Cl+1 )

(5.14f)

ws ≥ 0,

∀s ∈ N .

(5.14g)

As for the bounding step of the BnB algorithm, if L(Q ∪ Cl+1 ; XG ) ≥ L∗ , then
the corresponding node of the BnB tree is fathomed because a subsequent refinement
cannot achieve a further reduction in risk; on the other hand, if L(Q ∪ Cl+1 ; XG ) < L∗
and G[Q∪Cl+1 ] is a R-robust 2-club, the new incumbent solution will be Q∗ = Q∪Cl+1
and the global upper bound on risk updated to L∗ = L(Q ∪ Cl+1 ). In this case, the
current BnB node is fathomed by feasibility. However, if L(Q ∪ Cl+1 ; XG ) < L∗ but
Q ∪ Cl+1 is not a R-robust 2-club, a branching vertex vl+1 is selected at the next level
l + 1 and BnB node Sl+ will be processed.
Backtracking step of the algorithm after fathoming a BnB node is as follows. If
the current BnB node is of type Sl+ , then the vertex vl is removed from Q, and the

104
node of type Sl− (i.e., associated with deletion of vl ) is created. Otherwise, if the BnB
node is already of type Sl− , the algorithm sequentially backtracks to the last level
l0 < l, associated with a node of type Sl+0 . Then, the node Sl−0 is constructed by
removing the branching vertex vl0 from Q. Note that a BnB node can only be of form
Sl− , after Sl+ has been processed (i.e., fathomed).
Empirical studies suggests that branching on vertex vl with smallest value of
Lvl E[Kvl ] can significantly boost computational performance of the algorithm. Thus,
vertices in C0 = V are sorted in descending order with respect to their expected
risk, i.e., Lvl E[Kvl ] during initialization step of the algorithm, and last vertex in Cl
is selected when adding vertex vl to the partial solution Q. The outlined CBnB
procedure for risk-averse R-robust 2-club problem (5.13) is formalized as Algorithm
1.
It is worth mentioning the number of leaf nodes in the BnB search tree of Algorithm 1. The upper bound O∗ (β |V | ) on the running time as observed by Chang et al.
(2013) also applies for the R-robust 2-club search tree (Ort, 2015), where β = 1.618 is
the golden ratio. Additionally, we solve a nonlinear program to obtain a lower bound
on the optimal solution of the subtree rooted at that node.
Last but not least, evaluation of the lower bound by solving the relaxed problem
(5.14) can be relatively expensive and be a major contributor to the overall computational cost of the proposed algorithm. Then, certain efficiencies in computing the
lower bound value via (5.14) can be implemented by taking into account the properties
00
of the subgraph risk function R. Particularly, if at any point (Q ∪ Cl+1 ) ⊆ (Q00 ∪ Cl+1
)

where Q00 and C 00 are a partial solution and a candidate set for which the lower
00
bound value L(Q00 ∪ Cl+1
) is known to exceed the current global upper bound, i.e.,
00
00
L(Q00 ∪Cl+1
) ≥ L∗ , then we will have L(Q∪Cl+1 ) ≥ L(Q00 ∪Cl+1
) ≥ L∗ by Proposition

1. As a result, the branching vertex vl is removed from Q and corresponding BnB node
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Algorithm 1 Combinatorial Branch-and-Bound algorithm
1: Initialize:
l := 0, C0 := V, Q := 0, Q∗ := 0, L∗ := ∞, node := P0+ , fathom
:= False;
2: while l ≥ 0 do
3:
if node = Pl+ then
4:
select a vertex vl ∈ Cl ;
5:
Cl := Cl \ {vl };
6:
Q := Q ∪ {vl };
7:
else
8:
Q := Q \ {vl };
0
9:
G := G[Q∪Cl ]
P
10:
Cl+1 := {j ∈ Cl : dG0 (i, j) ≤ 2, aij + k∈G0 aik akj ≥ R, ∀i ∈ Q}
11:
G00 := G[Q∪Cl+1 ]
P
12:
if Q is a 2-clique in G00 and aij + k∈G00 aik akj ≥ R, ∀i, j ∈ Q then
13:
if L(G00 ) < L∗ then
14:
if G00 is a R-robust 2-club then
15:
Q∗ := Q ∪ {Cl+1 };
16:
L∗ := L(G00 );
17:
fathom := True;
18:
else
19:
fathom := True;
20:
else
21:
fathom := True;
22:
if fathom = True then
23:
while l ≥ 0 and node = Pl− do
24:
l := l − 1;
25:
node := Pl− ;
26:
fathom := False;
27:
else
28:
l := l + 1;
29:
node := Pl+ ;
return Q∗ , L∗ ;
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00
00
) ≥ L∗
) with L(Q00 ∪ Cl+1
is fathomed. However, retaining the list of sets (Q00 ∪ Cl+1
00
and checking whether current is a subset of some (Q00 ∪ Cl+1
) has proven to be com-

putationally expensive in practice. Therefore, we consider a more modest approach
where only the vertices from incumbent solutions Q∗ are retained and tested against
fathomed sets (Q ∪ Cl+1 ).

5.4

Numerical Experiments

In this section, we report the results of computational experiments that were conducted to evaluate the effectiveness of the considered formulation (5.13) for riskaverse R-robust 2-club problem when solved directly with a state-of-the-art commercial solver as well as with the proposed combinatorial branch-and-bound (CBnB)
algorithm.
All numerical experiments were run on a Windows OS based computer with Intel(R) Core(TM) i7-4790 3.60GHz processor and 16 GB of RAM. Mathematical programming formulation (5.13) was implemented using AMPL (Fourer et al., 1993),
and Artelys Knitro 10.2 solver was used to solve (5.13). The CBnB algorithm has
been coded in C++ language and relaxation problem (5.14) was solved by MOSEK
7.1 solver (MOSEK, 2014) at BnB nodes when needed. We consider three sets of
network instances. Particularly, we conducted the experiments on Erdös-Rényi (ER)
random graphs (Erdos and Renyi, 1959), instances from the second and the tenth DIMACS1 implementation challenges (Johnson and Trick, 1996; Bader et al., 2013), and
real-life case studies such as standard IEEE 118-Bus and 300-Bus

2

(see, for example

Fig. 5.2(c)-5.2(d)) and U.S. major airports networks. The random graphs are based
on G(|V |, d) model, where |V | = 100, 150, 200 represents the number of vertices and
d = 0.025, 0.05, 0.1 denotes average edge density (see, for example fig. 5.2(a)-5.2(b)).
1
2

Center for Discrete Mathematics and Theoretical Computer Science.
See http://www.ee.washington.edu/research/pstca/ for the IEEE data sets
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The specified densities were chosen due to empirical observations indicating that a
graph of order |V | ≥ 50 commonly reduces to a large 2-club when the density is in
the range [0.15, 0.25]. Also, strategic network of interest for this study such as power
grids and airline transportation networks are sparse and have densities in the range
[0.02,0.15]. Note that in the case of denser networks, a higher value of R can chosen
to increase robustness.

(a) Random graph, |V | = 100, d = 0.025

(b) Random graph, |V | = 100, d = 0.05

(c) IEEE 118-Bus

(d) IEEE 300-Bus

Figure 5.2: ER random graphs and IEEE 118-Bus and 300-Bus networks.

The scenarios for the stochastic number of errors/attacks at network nodes were
generated as i.i.d. samples from the discrete uniform U {0, 2} distribution. Additionally, we generated equiprobable scenario sets with N = 100, 200 scenarios for each
combination of graph order and density. The confidence level α = 0.90 has been
selected for the CVaR measure. Initial survival probability pi is randomly generated
from uniform distribution U (0.5, 0.9) for all i ∈ V . Similarly, strategic values of nodes
Li are randomly generated from the uniform distribution U (0, 1).
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The performance of the developed CBnB algorithm was compared with that of
the mathematical programming formulation (5.13) of the risk-averse R-robust 2-club
problem for R = 2, 3 in terms of quality of solution and computational time. Figures
5.3 and 5.4 present the computational time and the optimal objective values for each
graph configuration and set of scenarios within a 3600 seconds time limit.

(a)

(b)

(c)

(d)

Figure 5.3: Compared CPU time using the CBnB algorithm and the MINLP solver.

Figure 5.3 demonstrates that the CBnB algorithm significantly outperforms the
Knitro MINLP solver over all the listed graph configurations when R = 2 and 3,
achieving up to an order of magnitude of improvement in computational time. Further, observe that the quality of the best objective value obtained by the CBnB

109

algorithm was superior whenever MINLP solver failed to reach an optimal solution
within the time limit as illustrated in Fig. 5.4.

(a)

(b)

(c)

(d)

Figure 5.4: Compared objective values: expected large loss reduction, using the CBnB
algorithm and the MINLP solver.

Observe that as network size |V | and the number of scenarios N increase, the
computational time for MINLP solver (Knitro) increases at a much faster rate, further
demonstrating the applicability of the proposed CBnB method.
In order to demonstrate the applicability of our algorithms on more real-life
graphs, table 5.1 present the results obtained from solving various DIMACS graph
instances and some major airport networks under N = 250 scenarios for R = 2, 3, and
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4 within a 2 hour running time limit. If time limit reached then best feasible solution
is reported otherwise it is denoted by “infeasible”. Lastly, symbol “NA” corresponds
to cases where no cluster with the desired property found. Table 5.1 demonstrates
that the CBnB algorithm significantly outperforms the Knitro MINLP solver over all
the listed graph configurations, with up to an order of magnitude of improvement in
computational time. Also, in some cases Knitro fails to find a feasible solution due
to running out of memory. Note that the performance of both algorithms decreases
for higher values of |V | and/or density. This becomes particularly pronounced for
instance ”email.clq” in 5.1, where Knitro could not manage any of the corresponding
instances due to the increased problem size associated with its conventional branchand-bound algorithm for MINLP formulation. This observable disadvantage associate
with model 5.13 stems from the fact that the number of constraints (5.13f) rapidly
increases with |V |, thus overwhelming the solver in many cases. Based on results
from Table 5.1, it is worth mentioning that as R increases for same graph the computational time decreases. This is due to the fact that once the R is large enough, the
graph G tends to have fewer candidate clusters whose risk has to be evaluated. This
justifies ranges of R values used in this work and suggests that bigger R values can
be selected if networks of interest are high density such as social networks and so on.

5.5

Discussions

In this work, we have studied a risk-averse R-robust 2-club problem where we seek
to find a cluster of minimum risk that comprises a R-robust 2-club. CVaR risk
measure was utilized for quantifying the distributional information of the stochastic
error/attacks associated with vertices. It is shown that the decision version of riskaverse R-robust 2-club problem is N P-hard for any fixed positive integer R, and the
optimal solutions are maximal R-robust 2-clubs. A mathematical programming for-
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Network

Characteristics

Instance

Vertices Edges Density

football.clq

115

613

0.0935

adjnoun.clq

112

425

0.0684

dolphins.clq

62

159

0.0684

jazz.clq

198

2742

0.1406

polbooks.clq

105

441

0.0808

celegansneural.clq

297

2148

0.0488

celegansmetabolic.clq

453

2025

0.0198

anna.col

138

493

0.0522

david.col

87

406

0.1085

homer.col

561

1629

0.0103

miles250.col

128

387

0.0476

MajorAirports

500

2980

0.0238

USAir

332

2126

0.0386

1133

5451

0.0085

email.clq

Output

time
obj.
|Q∗ |
time
obj.
|Q∗ |
time
obj.
|Q∗ |
time
obj.
|Q∗ |
time
obj.
|Q∗ |
time
obj.
|Q∗ |
time
obj.
|Q∗ |
time
obj.
|Q∗ |
time
obj.
|Q∗ |
time
obj.
|Q∗ |
time
obj.
|Q∗ |
time
obj.
|Q∗ |
time
obj.
|Q∗ |
time
obj.
|Q∗ |

R=2

R=3

R=4

MINLP

CBnB

MINLP

CBnB

MINLP

CBnB

40.13
0.222425
9
86.80
0.2861
15
8.95
0.222425
9
7200.00
0.379769
55
54.36
0.28547
15
7200.00
infeasible
infeasible
7200.00
infeasible
infeasible
338.67
0.376298
26
65.11
0.398741
29
7200.00
infeasible
infeasible
37.44
0.295349
14
7200.00
0.30431
26
7200.00
0.206434
5
7200.00
infeasible
infeasible

19.93
0.222425
10
17.53
0.2861
16
4.27
0.222425
9
793.12
0.38237
66
12.88
0.28547
16
1628.43
0.35298
56
4815.27
0.430986
104
31.98
0.376519
26
45.56
0.398741
32
369.38
0.36584
22
15.36
0.295349
14
1972.07
0.456672
99
464.27
0.253571
6
1429.98
0.354198
19

34.47
0.211776
12
114.17
0.172522
7
7.58
0.211776
7
7200.00
0.274934
29
83.11
0.229014
12
7200.00
0.186684
13
7200.00
infeasible
infeasible
116.28
0.357245
21
51.67
0.398741
23
7200.00
0.337613
24
36.98
0.295349
13
7200.00
0.30431
27
7200.00
0.192429
4
7200.00
infeasible
infeasible

12.59
0.211776
12
21.94
0.172522
7
2.85
0.211776
7
191.97
0.374183
63
19.55
0.229762
14
628.06
0.350072
40
397.30
0.396583
40
11.80
0.357245
27
9.17
0.398741
24
317.94
0.337613
26
15.37
0.295349
13
1251.11
0.440047
92
366.29
0.222593
5
1489.10
0.282054
19

35.97
0.211776
12
56.84
0.119028
6
10.11
0.211776
6
5341.34
0.372669
49
56.13
0.210729
12
6181.98
0.325255
29
7200.00
infeasible
infeasible
50.80
0.351422
18
86.19
0.34856
18
7200.00
0.3217
19
32.27
0.291496
11
7200.00
0.30431
27
NA
NA
NA
7200.00
infeasible
infeasible

11.80
0.211776
12
15.71
0.119028
6
4.34
0.211776
6
58.17
0.373397
57
13.52
0.210729
12
358.75
0.326145
33
253.63
0.329441
30
8.44
0.351422
21
11.47
0.34856
21
239.42
0.3217
23
13.69
0.291496
11
537.98
0.42812
76
NA
NA
NA
1287.52
0.263468
8

Table 5.1: Optimal objective value (with inverse sign), optimal cluster size, and computational time for DIMACS clique, coloring, and clustering instances using CBnB
and MINLP approaches with N = 250 scenarios.
mulation is proposed and subsequently a Combinatorial BnB is developed to solve the
problem efficiently. Numerical experiments on randomly generated graphs of various
configurations, DIMACS challenge instances, and real-life networks suggest that the
proposed BnB algorithm can significantly reduce solution times in comparison with
the mathematical programming model solved using a state-of-the-art MINLP solver.
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Chapter 6

Conclusions

In this dissertation, we focused on the application of stochastic optimization approaches to address reliability and sustainability issues of power grids. First, we
review a summary of this dissertation. Next, we discuss some future research directions.
Summary. In Chapter 3, we proposed a two-stage robust optimization model
for scheduling a hydrothermal power system in a weekly horizon. In particular, we
focused on the uncertain water inflows and considered two types of robust approaches,
one based on the classical budget-constrained uncertainty set and the other based on
a VAR time series model. Based on real data, we conducted a 52-week case study on
a hydrothermal power system and applied the robust schedules obtained from these
two approaches. The experiment results indicated that the VAR-robust schedules
can take longer to obtain in some cases, but they are less conservative than the
budget-robust schedules in general, and perform comparably well as compared with
the perfect-information schedules in a majority part of the year.
In Chapter 4, we proposed a two-stage chance-constrained optimization model for
solar microgrid design and dispatch. In particular, we focused on the solar irradiance uncertainty and considered time series modeling instead of making assumptions
on distribution of solar irradiance to improve prediction accuracy. Additionally, we
proposed a combined SAA and linearization techniques to solve the problem more
efficiently. Compared to traditional SAA the proposed method does not require additional binary variables. Based on real data, we conducted a case study on a radial
network in Arizona. Out-of-sample simulations results indicated that the chance con-
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straints are an effective way to control real power load shedding and the proposed
approach outperformed traditional SAA method both in terms of computational time
and real load shedding controllability.
Finally, in Chapter 5, we studied a risk-averse R-robust 2-club problem where we
sought to find a cluster of minimum risk that comprises a R-robust 2-club. CVaR risk
measure was utilized for quantifying the distributional information of the stochastic
error/attacks associated with vertices. It is shown that the risk-averse R-robust 2club problem is N P-hard for any fixed positive integer R, and the optimal solutions
are maximal R-robust 2-clubs. A mathematical programming formulation is proposed
and subsequently a Combinatorial BnB is developed to solve the problem. Numerical
experiments on randomly generated graphs of various configurations, DIMACS challenge instances, and real-life networks suggest that the proposed BnB algorithm can
significantly reduce solution times in comparison with the state-of-the-art MINLP
solvers.
Future Research Directions. There are several important extensions of the
research presented in this dissertation as follows:
• A few important future research directions for the study in Chapter 3 are:
to explore the possibility of extending formulation (3.2) for higher fidelity by
adopting a non-concave piecewise linear approximation of the hill charts (such
as the ones proposed by Conejo et al. (2002) and Borghetti et al. (2008));
moreover, to explore Linear Decision Rules (LDR) as another effective solution
approach; and, to test the scalability of our model by the large-scale problems.
• Future research directions for the study in Chapter 4 are: to extend the formulation (4.1)-(4.2) for economic considerations by buying and selling power to a
utility grid at the connection point; additionally, develop a Benders’ decomposition algorithm to speed up our solution approach for large-scale problems.
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• Lastly, in the future studies for Chapter 5 the random errors/attacks can be
extended to edges in order to capture more real-life uncertainties existing in networks; also, other types of nonlinear risk measures can be employed in model
5.13; furthermore, sensitivity analysis on the node survival probability assignment could be insightful for decision makers in allocating the budget.
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