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Abstract

Solid-state Nuclear Magnetic Resonance (NMR)is one of the premiere biophysical
methods that can be applied for addressing the structure and dynamics of biomolecules,
including proteins, lipids, and nucleic acids. It illustrates the general problem of de-
termining the average biomolecular structure, including the motional mean-square
amplitudes and rates of the fluctuations. Lineshape and relaxtion studies give us a
view into the molecular properties under different environments.

To help the understanding of NMR theory, both lineshape and relaxation experi-
ments are conducted with hexamethylbezene (HMB). This chemical compound with
a simple structure serves as a perfect test molecule. Because of its highly symmetric
structure, its motions are not very difficult to understand. The results for HMB set
benchmarks for other more complicated systems like membrane proteins. After ac-
cumulating a large data set on HMB, we also proceed to develop a completely new
method of data analysis, which yields the spectral densities in a body-fixed frame
revealing internal motions of the system.

Among the possible applications of solid-state NMR spectroscopy, we study the
light activation mechanism of visual rhodopsin in lipid membranes. As a prototype of
G-protein-coupled receptors, which are a large class of membrane proteins, the cofac-
tor isomerization is triggered by photon absorption, and the local structural change
is then propagated to a large-scale conformational change of the protein. Facilitation
of the binding of transducin then passes along the visual signal to downstream effec-
tor proteins like transducin. To study this process, we introduce 2H labels into the
rhodopsin chromophore retinal and the C-terminal peptide of transducin to probe
the local structure and dynamics of these two hotspots of the rhodopsin activation
process.

In addition to the examination of local sites with solid-state 2H NMR spectroscopy,
wide angle X-ray scattering (WAXS) provides us the chance of looking at the overall
conformational changes through difference scattering profiles. Although the resolution
of this method is not as high as NMR spectroscopy, which gives information on atomic
scale, the early activation probing is possible because of the short duration of the
optical pump and X-ray probe lasers. We can thus visualize the energy dissipation
process by observing and comparing the difference scattering profiles at different times
after the light activation moments.
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Chapter 1

INTRODUCTION

1.1 Background and Overview

This dissertation describes the use of solid-state NMR spectroscopy for studies of
biomolecules, together with the fundamental theories upon which these applications
are based. Indeed it is the interplay of underlying concepts with experimental tech-
nology that makes biomolecular NMR such a vibrant and stimulating area of research
today [27,55,61,77,120,147]. There are important parallels to the molecular physics
of liquid crystals [36,83,128] and surfactant nanostructures [113], that are themselves
highly significant fields of scientific endeavor. Such NMR methods are applicable to
biomolecules that prove refractory to X-ray crystal structure analysis, as in the case
of membrane proteins, fibrous biopolymers, intrinsically disordered proteins, amyloid
fibrils, and membrane lipid bilayers [32,55,60,70,97,110,133]. Often this information
cannot be obtained by any other biophysical techniques–it can be decisive for explain-
ing biological function at the molecular level. To be sure, applications of NMR to
biomembranes and other biomolecular systems go well beyond providing structures
in cases where X-ray crystallography cannot be applied. Rather, it is the sensitivity
to both structure and dynamics that brings the full power of modern NMR methods
into play. Moreover, in those cases where complementary X-ray data are available,
the dynamical information from NMR spectroscopy renders both approaches even
more impactful for both structure and dynamics. Often this information cannot be
acquired with any other experimental methods–thus it can add to, or even supersede
current knowledge in far reaching new ways.

In considering the utility of NMR spectroscopy for biomolecules, the study of
membranes is particularly illuminating. That is because biomembranes contain both
proteins and lipids in a fluid bilayer matrix [15]. In fact they share many features in
common with the liquid-crystalline state of matter [14]. To investigate biomembrane
constituents, including phospholipids, cholesterol, peptides, and membrane proteins,
one needs to have information about the average structure, plus the fluctuations
within the lipid bilayer. Knowledge of the interactions over multiple scales of time
and space is required. For such a multiscale formulation of structure and dynamics,
measurements of solid-state NMR spectral lineshapes together with NMR relaxation
times is highly informative. It opens the possibility of obtaining site-specific infor-
mation about both the structure and dynamics of the membrane lipids and proteins
in a unified way.

It is here that the full power and versatility of modern NMR technology becomes
most evident. Averaged molecular structures are accessible via the NMR spectral
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lineshapes. Furthermore, the associated relaxation times encapsulate the dynamics,
due to local conformational fluctuations of the molecules, together with their col-
lective interactions. For biomembranes, a comprehensive viewpoint considers both
the long-range ordering and the dynamics of the molecules. By contrast, in mul-
tidimensional solution NMR spectroscopy, rapid tumbling of the molecules allows
the isotropic chemical shifts and scalar (through bond) J-couplings to be measured.
For membranes and other biomolecular systems, e.g., fibrous biopolymers [110] and
amyloids [60], isotropic reorientation does not occur on the NMR time scale, as in
the case of solution NMR spectroscopy [28]. Because membrane dispersions have
long-range ordering, however, they cannot be studied using solution NMR methods.
Solid-state NMR methods acquire an even greater utility and generality, inasmuch
as they enable the anisotropy of the chemical shift, direct (through space) dipolar
interactions, and quadrupolar couplings to be investigated. By appropriately label-
ing the biomolecular constituents, one can obtain novel information about spectral
assignments, together with distance and angular restraints that inform the confor-
mations and orientations of the membrane components. It follows that solid-state
NMR methods are complementary to solution NMR studies of isolated membrane
proteins in detergent micelles [3,39,57,61,112] and to single-crystal X-ray diffraction
of proteins [33, 43, 56]. Knowledge of high biochemical or biomedical significance is
captured in relation to molecular mechanisms and biological function.

Generally, two broad classes of approaches can be considered in solid-state NMR
spectroscopy. First, distance restraints are obtained through various dipolar recou-
pling schemes, as in the case of random membrane dispersions that involve magic-
angle spinning (MAS) [26, 60, 77, 94]. Second, angular restraints are provided for
aligned membrane samples [90, 92, 95, 109, 120, 123, 141, 146]. Together, they provide
knowledge of the membrane structure in connection to functional mechanisms. But
arguably, what is most innovative about NMR spectroscopy is the sensitivity to both
structure and molecular motions. Through a combined approach, involving analysis
of the NMR spectral lineshapes plus the corresponding nuclear spin relaxation times,
one can obtain new insights into biomolecular structure and dynamics.

1.2 Outline of the Dissertation

Considering the broad applications of NMR, it is crucial for researchers to understand
the underlying theory. The first part of this dissertation present an deep and compre-
hensive study of relaxation theory, where we start with the well-known perturbation
theory in quantum mechanics, and obtain the spectral density supermatrix. Theo-
retical expressions for any relaxation rate are easily derived with this supermatrix.
What is more, the spectral density matrix can guide the design of new experiments to
search for motions of various scales. On top of the general theoretical development of
relaxation expression, we derive an Generalized model-free (GMF) analysis method.
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Compared to traditional models, GMF is more broadly applicable with fewer restric-
tions about target systems. The result of GMF analysis of the cofactor retinal bound
to rhodopsin is similar to that of rotational diffusion models.

In the second part of this dissertation, we apply the NMR theory to a simple test
molecule Hexamethylbenzene (HMB), where we show the measurement of combined
solid-state 2H NMR lineshapes and relaxation rates. Moreover, a noval method of
extracting body-frame spectral density from relaxation studies was developed with
the assistance of the tilt theory. This creative technique is likely to see a future
application in rhodopsin experiments.

Next, the application of solid-state NMR on rhodopsin is discussed. Rhodopsin
is the prototype of the important membrane protein class of G-protein-coupled re-
ceptors, which are the largest superfamily of human genome. Our conclusions fit
in the framework of ensemble activation, and nicely explains the previous observa-
tions of contradicting structures. Lastly, to extend our study of rhodopsin and peak
into the early activation stage, the primary result of Wide Angle X-ray Scattering
(WAXS) is shown in the third part. Interpretation of the scattering profiles provide
us complimentary information about rhodopsin activation.
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Chapter 2

Theoretical background of solid-state NMR

spectroscopy

2.1 Elementary theory of solid-state NMR spectroscopy

In the following sections, we offer some firsthand knowledge about the formulation
of the coupling Hamiltonians that are fundamental to applying the theory of NMR
spectroscopy to biomolecular systems in general. We show how to systematically
formulate the Hamiltonians in NMR spectroscopy by use of an irreducible tensor rep-
resentation. Next, with such an irreducible representation in hand, we can utilize the
transformation of the irreducible tensor operators by introducing well known princi-
ples from angular momentum theory. Such an approach then allows us to consider
multiple type of motions that may occur in liquid-crystalline biomembranes, which
underlies the treatment of both the NMR lineshapes as well as the relaxation rates.
Introducing the closure property of the rotation group enables the transformation of
coordinates in NMR spectroscopy to be extended to include the possibility of multi-
ple motions that occur in liquid-crystalline biomembranes. Moreover, consideration
of the mean-squared amplitudes of the various motions is facilitated by use of the
Clebsch-Gordan series expansion in terms orientational order parameters of various
ranks that characterize the orientational distribution functions. Knowing how the
coupling Hamiltonians are expressed within a spherical basis, in terms of irreducible
tensor operators, we can readily derive the theoretical lineshape and relaxation rate
expressions. Thereafter the implementation of Redfield theory is fully detailed, where
quantum physics knowledge can be used to understand all the steps of the theoretical
procedures, without needing to consult additional sources.

2.1.1 Irreducible tensors operators and use of spherical basis

Here we introduce the use of irreducible spherical tensors to simplify the treatment of
the rotation of coordinates. If we denote R as the rotation operator, then the coordi-
nates are transformed according to X′ = RX, where X′ ≡ (x′, y′, z′) and X ≡ (x, y, z)
are both vectors in the 3-dimensional space of rectangular Cartesian coordinates.

Now in Cartesian coordinates the rotation operator is represented by a 3×3 square
matrix. Moreover R is a first-rank tensor, because it acts on vectors. If X′ = RX ,then
X = R−1X′ where R−1 is the corresponding inverse operator of R with 1 = R−1R.
Typically in this paper we are finding expression of vectors or matrices in a new frame,
whereby the vectors or matrices do not change, but the coordinates are rotated by
a unitary transformation. Thus we are dealing with passive rotation most often in
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this paper. We recall that active and passive rotations have equivalent effects: active
transformation with angles Ω is the same as passive transformation with the inverse
Ω−1 angles. Thus if we define the rotation of R as passive, the inverse operator R−1

is the active rotation, whereby the vectors themselves are rotated. Next, we will see
how the operators are transformed under the rotation operation.

Change of basis.Let us assume A is an operator acting upon a vector F that
produces another vector G, given by G = AF . If we rotate the coordinate system,
then the components of the vector G in the new coordinate system can be written
as [114]

RG = RAF = RAR−1RF (2.1)

Note that R stands for a unitary transformation in the above equation, and we have
inserted the unit matrix 1 = R−1R. (The physical meaning behind 1 = R−1R is
quite straightforward and intuitive; if we apply the inverse rotation operation R−1

immediately following the rotation operation R, the overall result is equivalent to
identical matrix 1.) Now we can interpret Eq. 2.1 in a different way. Before we apply
the operation A to vector F , the coordinates are rotated by R to the new system.
In this coordinate system, the vectors F and G are given by the new forms RF and
RG. Thus RAR−1 is the rotated form of the operator A in this new coordinate
system. That is to say, for any operator represented by a square matrix, RAR−1

is the corresponding form of the matrix in the new coordinate system, i.e., after
rotation. After the coordinate transformation, the values of the matrix elements of
the transformed operator in the new basis will be changed, which makes it challenging
if the problem involves multiple transformations of coordinates. That is where the
power of the irreducible tensor calculus comes into play.

Transformation of irreducible tensors under rotations. Now an irreducible tensor
operator of rank l will be defined as a set of the 2l + 1 functions Tlm (m = −l,−l +
1, ..., l) which transform under the 2l + 1 dimensional representation of the rotation
group [99].

RTlmR
−1 =

∑
m′

Tlm′D
l
m′m(α, β, γ) (2.2)

where R is the rotation operator, Dl
m′m is the Wigner rotation matrix rank of l, and

Ω ≡ (α, β, γ) designates the corresponding Euler angles. The physical meaning of
the above equation is straightfoward: for irreducible tensor operators, if the coordi-
nate frame is changed by the rotation operation, then the components in the new
coordinate frame can be expressed as a linear combination of the components in the
original frame (closure property of rotation group). If we rotate any one of these
operators, we obtain a linear combination of the same operators. Thus, any linear
combination of these operators is mapped into another linear combination by any
rotation. Equivalently, the space that is spanned by the operators is invariant under
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rotation. The coefficients in the linear combination are the corresponding Wigner
rotation matrix elements of rank l. Thus, once we find out all the components in one
frame, we can obtain the components in all the other coordinate frames simply by
rotating the original frame.

Closure property of rotation group. Furthermore, on account of the closure prop-
erty of the group of rotations, one can consider multiple coordinate rotations in a very
simple way. As already mentioned above, any rotation gives us a linear combination
of the irreducible tensor operators in the new system, weighted by the corresponding
Wigner rotation matrix elements. The Wigner rotation matrix is easy to use, espe-
cially for multiple coordinate transformations, because of the closure relationship:

D
(2)
n′n(ΩPL, t) =

∑
r,p,q

D
(2)
n′r(ΩPI)D

(2)
rp (ΩIM, t)D

(2)
pq (ΩMD, t)D

(2)
qn (ΩDL) (2.3)

Notably these intermediate coordinates can be suppressed or replaced according to
the properties of the systems considered. New frames can be inserted if necessary as
well.

Clebsch-Gordan series expansion. Apart from the convenience of changing coordi-
nates upon application of the rotation operation, it is also straighforward to construct
higher-rank irreducible tensors from lower-rank tensors by use of the Clebsch-Gordan
series:

TLM =
∑
m

〈l1m, l2M −m|LM〉Tl1mTl2M−m (2.4)

Here the angular brackets denote the Clebsch-Gordan coefficients, also known as
vector coupling coefficients [99].

From Eq. 2.4, we see that T00 is just a scalar, and thus it does not change
under the rotation operation. To obtain values of the higher-rank irreducible tensor
components, we need start with the first-rank tensor components. The latter are
straightforward to construct from the Cartesian coordinate components Vi (i = x, y,
z ) of vectors:

T1±1 = V±1 = ∓ 1√
2

(Vx ± iVy), T10 = V0 = Vz (2.5)

Note the difference compared with ladder operators is due to the factor of 1/
√

2.
Using the first-rank irreducible tensor components, that we obtain from Eq. 2.4, we
can then construct irreducible tensors of higher rank [99]. For example, a second-rank
irreducible tensor can be constructed from two first-rank tensors T1m and O1m (the
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two tensors can be different or identical) as follows:

T20 =

√
1

6
(T11O1−1 + T1−1O11 + 2T10O10) =

1√
6

(3T10O10 −T ·O) (2.6a)

T2±1 =

√
1

2
(T10O1±1 + T1±1O10) (2.6b)

T2±2 = T1±1O1±1 (2.6c)

The second-rank irreducible tensor operators of importance for NMR spectroscopy
typically correspond to various types of interactions and are gathered in appendix for
the convenience of the reader.

Sometimes if one is only interested to know the rank of the tensor that can be
obtained from two spherical (irreducible) tensors of ranks l1 and l2, in which case
we can apply the quantum mechanical triangle rule. The product of two irreducible
tensors Tl1m1 of rank l1 and Tl2m2 of rank l2 can result in a new tensor TLM , where
the rank L ranges in unit steps from L = |l1 − l2| up to L = |l1 + l2|. For example,
the product of two second-rank irreducible tensors can result in tensors having ranks
of 0, 1, 2, 3, or 4, which is important in the case of NMR spectroscopy.

To summarize at this point, with knowledge of irreducible tensor calculus, we can
now formulate the coupling Hamiltonians in NMR spectroscopy mainly using just
four mathematical properties: (1) change of Cartesian basis to spherical basis (Eq.
2.5); (2) transformation of irreducible tensor operators under rotations (Eq. 2.2); (3)
closure of rotation group (Eq. 2.3); and (4) application of Clebsch-Gordan series (Eq.
2.4).

2.1.2 Static coupling interactions in NMR spectroscopy

Now in NMR spectroscopy, the types of interactions are associated with two intrinsic
properties of the nuclei: they carry electrical charges, and they possess magnetic mo-
ments. Thus we sort the interactions into electric and magnetic couplings. For NMR
spectra, the spins of nuclei are mainly what concern us here. Intrinsic spin and spa-
tial angular momenta both give rise to the magnetic momenta, which yield magnetic
interactions that we can use to investigate biomolecular samples. Magnetic interac-
tions (chemical shifts; direct and indirect, i.e., electron-mediated dipolar couplings)
are typically investigated. In addition, electric interactions (quadrupolar coupling)
can also occur, as in the case of solid-state 2H NMR spectroscopy.

The various interactions that we frequently run into for the case of NMR spec-
troscopy are summarized in Table 2.1 [49]. For chemically stable molecules, the
electronic orbital angular momenta and the total electronic spin angular momenta
typically cancel in the lowest energy state. The various Hamiltonians are formulated
as: (1) the coupling of the nuclear spin with the external static magnetic field for the
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Zeeman interaction; (2) with the external radio frequency (rf) field for the rf inter-
action; (3) with the induced magnetic field originating from orbital motions of the
electrons for the chemical shift, and with the magnetic moment associated with the
molecular angular momentum for spin-rotation interactions; (4) with other nuclear
spins directly, through their magnetic dipole moments for the direct (through space)
dipolar interaction; (5) and with other nuclear spins, indirectly through the electron
spins for the indirect spin-spin (through bond) dipolar interaction. Representative
examples of the types of the coupling interactions in NMR spectroscopy are illus-
trated in Fig. 2.1(a). In the following section, we describe in detail how to formulate
the Hamiltonians for the various types of magnetic and electrical interactions.

Table 2.1: Interactions in magnetic resonance spectroscopy and corresponding cou-
plings

λ Designation Coupling of nuclear spins

Z Zeeman external static magnetic fields
CS chemical shift induced magnetic fields originating from motions of electrons
D direct dipolar each other, directly via magnetic dipole moments (through space)
Q quadrupolar electric field gradient
J indirect dipolar each other, indirect via electron spins (through bonds)
SR spin-rotation magnetic moment associated with the molecular angular momentum

Magnetic and electrical couplings. Broadly speaking, our aim is to use the nuclear
spin couplings to probe the structures and dynamics of biomolecules, with an emphasis
on proteins and lipids in biomembranes. Notably the coupling interactions in NMR
spectroscopy depend on magnetic or electrical interactions of the nuclei with each
other, or with the surrounding electrons. Referring to table 2.1, the interactions
considered in NMR spectroscopy include the chemical shift, the direct (through space)
and indirect (through bond, electron-mediated magnetic) dipolar couplings, the spin-
rotation interaction, and the electric quadrupolar coupling, Fig. 2.1(a). The principal
values and principal axes of the various coupling tensors are related to the average
molecular structure; and moreover relaxation, due to the tensor fluctuations gives us
an experimental avenue to investigating the molecular dynamics.

Clearly there are various types of magnetic interactions that present are in NMR
spectroscopy of biomolecular systems. Basically they all amount to coupling between
the nuclear spin and the local magnetic fields of the site of interest, e.g., as represented
by the Hamiltonian

Ĥλ = −µ ·B = −γ~I ·B (2.7)

However, the origins of the local magnetic fields B are different for the various mag-
netic interactions. Here we will often use the electric quadrupolar coupling as an ex-
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Figure 2.1: Nuclear spin interaction tensors in NMR spectroscopy yield knowledge
of biomolecular structure and dynamics and are related to the sample geometry. (a)
Illustrations of coupling studied with NMR spectroscopy. (b),(c) Example of 2H
powder type NMR spectra with different asymmetry parameter η = 1 and η = 0.
The 2H NMR spectrum for the two spectral branches (c) is graphed as a function of
the reduced frequency ξ±, where (d) ξ± = ±(3 cos2 θ̃− 1)/2 is the reduced frequency,
and θ̃ is the angle of the EFG tensor principal z-axis (assumed axially symmetric) to
the static external magnetic field B0.

ample of coupling interactions in general, Fig. 2.1(b)-(c). Because of the consequent
isomorphism of the coupling Hamiltonians, the approach is readily extended to other
nuclear spin couplings, such as the chemical shift and the direct-dipolar interaction.
It follows that the energy levels of the spin I = 1 system are then due to the Zee-
man interaction, together with the perturbing quadrupolar interaction. The Zeeman
Hamiltonian ĤZ represents coupling of the nuclear magnetic moment to the static
external magnetic field B0, and corresponds to the unperturbed Larmor frequency
ν0. The quadrupolar coupling (ĤQ) derives from the interaction of the non-spherical
nuclear charge distribution with the surrounding electric field gradient (EFG), which
is the curvature of the electrostatic potential. For a spin-1 system, the degeneracy
of the two single-quantum transitions is thus removed, giving two symmetric lines at
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frequencies ν+ and ν− about the central frequency.
Notably, the quadrupolar interaction depends on the angle θ̃ between the EFG and

the main magnetic field. For a random angular distribution of the coupling tensor over
the surface of a unit sphere, the NMR lineshape corresponds to a Pake doublet [111].
Fig. 2.1(c) shows the theoretical lineshape for such a random distribution (Pake
doublet) for the case of an I = 1 spin system. The problem is then to map the
geometrical distribution into the frequency distribution of the NMR lineshape. The
frequencies of the two spectral branches are ν±Q = ±3χQD

(2)
00 (ΩXL)/4 from which

reduced frequencies are defined as ξ± = ν±Q/(3χQ/4) = ±(3 cos2 θ̃−1)/2. The angular
dependence of the quadrupolar frequencies for the two spectral branches is shown at
Fig. 2.1(d). Conservation of probability in the two spaces means that p(ξ±)dξ± =
p(θ̃)dθ̃ = sin θ̃dθ̃/2. Lastly, evaluating the Jacobian |dξ±/dθ| to map between the
geometrical and frequency domains yields the probability distribution as a function
of reduced frequency, given by p(ξ±) ∝ 1/| cos θ̃| ∝ (1 ± 2ξ±)−1/2 corresponding to
the so-called powder-pattern line shape [19].

Returning to Fig. 2.1(c) illustrates that the prominent weak singularities are due
to the largest principal value of the coupling tensor aligned perpendicular to the
external magnetic field (θ̃ = 90◦). By contrast, the low intensity shoulders are due
to the parallel orientation (θ̃ = 0◦). Hence spectral discontinuities are observed at
θ̃ = 0, π/2 (weak singularities called ”edges” or ”horns” at θ̃ = π/2 and shoulders at
θ̃ = 0). The physical reason is that only a single orientation corresponds to θ̃ = 0◦

(pole), whereas for θ̃ = 90◦ the values are azimuthally distributed.
Lastly, one should recognize that for the case of static uniaxial samples (e.g.,

aligned biopolymers or integral membrane proteins in aligned bilayers in the low
temperature gel state), a semi-random distribution is obtained. By simulation of
the experimental semi-random lineshape for aligned membranes, the segmental or
functional group orientations with respect to the alignment axis can be obtained
[21,87,120], yielding important angular restraints for structure determination.

2.1.3 Formulation of coupling Hamiltonians for nuclear spin interactions

As we have discussed above, it is often advantageous to change from a Cartesian
basis to a spherical basis when considering rotations of coordinates. The reason is
that in biomolecular NMR spectroscopy, one is often confronted with the challenge
of multiple coordinate transformations, which in a Cartesian basis typically does not
lend itself to formulation of the results in simple analytical closed form. As we shall
see, however, by changing from a Cartesian basis to a spherical basis, the previously
complicated problem becomes relatively simple. It is then straightforward to connect
the theoretical results to spectroscopic observables in terms of the corresponding
unitary transformations.

In a spherical basis, the perturbing Hamiltonian for the spin system can be repre-
setned as the scalar product of the irreducible tensors due to the (rotated) coupling
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interaction and the angular momentum within the laboratory frame. The result is
given by [49]:

Ĥλ = ~Cλ
∑
l,m

(−1)mRλ
l−mT̂

λ
lm (2.8)

where Cλ is the coupling constant, with λ representing all possible interactions for
the NMR spin system (λ ≡ Z, CS, D, Q, J, or SR), and Rλ

l−m and T λlm are the
spin-independent and spin-dependent irreducible tensors of rank l. Though the cir-
cumflex (̂) is usually reserved for operators in quantum mechanics, we will suppress
the circumflex when convenient for the purpose of leaving the equations clean. In the
above formula and the rest of this paper, all operators are without circumflex, when
it is unambiguous to distinguish between operators and scalar quantities. Quanti-
ties represented by spin vectors are correspond to operators, and others will just be
scalars. For convenient easy description and understanding, we first introduce the
Hamiltonian as the scalar product in tensor form to clarify the approach. Then, we
explain how and why we formulate the coupling interactions in such a manner. The
irreducible tensor operators of applicability to NMR spectroscopy are summarized for
convenience in Table 2.2.

Before we proceed further, we would also like to clarify some potentially unfamiliar
aspects for the benefit of the general reader. We call T λlm a spin-dependent tensor
operator, but actually it is composed not only of the target spin I, also other magnetic
field-dependent vectors, like B0 for the Zeeman interaction and the radio frequency
interaction, and Ij in the case of magnetic dipolar coupling, as well J for spin-rotation
coupling due to the molecular rotational angular momenta. We combine all the
magnetic field-dependent vectors into an irreducible tensor operator, to avoid dealing
with transformation among different frames. Note also that the multipole expansion
does not range to infinity in the case of angular momentum, but rather it is restricted
by the quantum-mechanical triangle condition [99].

Wigner-Eckart theorem–for reduced matrix elements. To continue briefly, accord-
ing to the Wigner-Eckart theorem, the matrix elements of the irreducible tensor op-
erators are given by

〈I ′m′|TLM |Im〉 = 〈Im,LM |ILI ′m′〉〈I ′|TL|I〉 (2.9)

Here 〈Im,LM |ILI ′m′〉 are the Clebsch-Gordan coefficients, and the reduced matrix
elements are denoted by 〈I ′|TL |I〉. Conservation of angular momentum is included in
the Clebsch-Gordan coefficients, where the reduced matrix elements are independent
of the projection quantum numbers. Moreover, to obtain nonzero Clebsch-Gordan
coefficients, the values of I, L, and I ′ have to obey the quantum-mechanical triangle
condition ∆(ILI ′), meaning that − |L− I| ≤ I ′ ≤ L+ I and also m′ = M +m. The
Wigner-Eckart theorem says that the result of an irreducible tensor operator with
rank L acting on angular momentum eigenstates is like adding an angular momentum
state (L,M) to the initial state (I,m) ending up with a final state (I ′,m′). Thus we
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conclude that L ≤ 2I is a necessary condition in order to have nonvanishing matrix
elements for TLM operators.

From the relation Tl1⊗Tl1 =
∑l1+l2

L=|l1−l2| TL we know that the direct product of two
irreducible tensors ranks of l1 and l2 can be written as a sum of irreducible tensors
TL with L ∈ [|l1 − l2|, l1 + l2] with a step size of 1. Because the Hamiltonian of the
NMR spin system is written as product of two irreducible tensors (spin-independent
coupling tensor and spin-dependent tensor), it is just a sum of irreducible tensor
operators. If we consider that the Hamiltonian has to be invariant under rotation, it
must be in the form of T00 and other tensors with rank nonzero are not appropriate
for the formulation of the NMR Hamiltonian. This explains why the tensors Rλ

l−m
and T λlm in the Hamiltonian are of the same rank with opposite projection quantum
numbers m and −m, whereby the contraction is a scalar and is thus unaffected by
rotation.

Clearly the Hamiltonian operator H for the nuclear interactions is closely related
to the time evolution of the system of nuclear spins in accord with the time-dependent
Schrödinger equation. We recall that in the presence of an external magnetic field,
the total Hamiltonian can be written as H(t) = HZ +Hλ(t) where HZ represents the
Zeeman interaction of the nuclear magnetic moment with the B0 field, andHλ(t) is the
perturbing Hamiltonian, due to electrical or magnetic interactions of the nucleus (see
table 2.1). As further explained below, the time-dependent perturbing Hamiltonian is
written in terms of spherical tensor operators as Hλ(t) = ~Cλ

∑
l,m(−1)mRλ

l−m(t)T λlm.
In the following paragraphs, we will construct the corresponding irreducible tensor
operators for the various coupling interactions.

Spin-dependent irreducible tensor operators. Now, the perturbing Hamiltonian is due
to the coupling between nucleus and other fields, as we have already pointed out.
Below, we consider the formulation of the perturbation Hamiltonian as the irreducible
tensor product. First it is written as the coupling of two vectors, namely due to the
spin of the target nucleus and vectors giving rise to the coupled field:

Hλ = ~Cλ
3∑

α,β=1

IαR
λ
αβA

λ
β = ~Cλ

3∑
α,β=1

Rλ
αβT

λ
βα = ~Cλ

∑
l,m

(−1)mRλ
l−mT

λ
lm (2.10)

Note that we change from Cartesian frame (α, β) to spherical frame (l,m). And Aλβ
originates from the coupled field, which can be another nuclear spin, the angular
momentum of the orbiting electrons, or the external magnetic field. Note that we
use this equation to formulate the spin-dependent irreducible tensor operators that
are important for NMR spectroscopy. According to the above formula, the spin-
dependent irreducible tensors are the direct product of two vectors Iα and Aλβ (T λβα =

IαA
λ
β, α, β = 1, 2, 3). However, we do not construct T λβα in Cartesian coordinates, but

instead in a spherical basis by following the rules of constructing second-rank tensors
out of first-rank tensors (Eq. 2.5, 2.6a, 2.6b, and 2.6c). In the Table 2.2 we summarize
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the results for the spin-dependent irreducible tensor operators T λlm constructed in this
way.

The reason why the Zeeman interaction, dipolar, and quadrupolar couplings are
different will be shown explicitly in the following paragraphs. Briefly speaking, it
is because that these interactions are due to the direct coupling of the nucleus with
the external magnetic field, due to another nucleus, or to the electric field gradient
acting on the nuclear spin. Unlike these interactions, the others listed in Table 2.2
are between the nucleus and the induced field having different origins. Before we
discuss each of the perturbing interactions explicitly, the coupling tensors Rλ

lm are
first introduced.

Table 2.2: Spin-dependent irreducible tensor components for interactions in NMR
spectroscopy

λ T00 T10 T1±1 T20 T2±1 T2±2

Z I0B0 – – – – –

CS I0B0 – 1√
2
(±I±1B0)

√
2
3
I0B0

1√
2
I±1B0 –

D – – – 1√
6
(3I i0I

j
0 − Ii · Ij) 1√

2
(I i±1I

j
0 + I i0I

j
±1) I i±1I

j
±1

Q – – – 1√
6

[3I2
0 − I(I + 1)] 1√

2
(I±1I0 + I0I±1) I2

±1

J Ii · Ij 1√
2
(I i+1I

j
−1 − I i−1I

j
+1) 1√

2
(±I i±1I

j
0 ∓ I i0I

j
±1) 1√

6
(3I i0I

j
0 − Ii · Ij) 1√

2
(I i±1I

j
0 + I i0I

j
±1) I i±1I

j
±1

SR I · J 1√
2
(I+1J−1 − I−1J+1) 1√

2
(±I±1J0 ∓ I0J±1) 1√

6
(3I0J0 − I · J) 1√

2
(I±1J0 + I0J±1) I±1J±1

Irreducible representation of coupling tensors. The coupling tensor Rλ
lm cannot be

constructed ab initio from the components of known vectors, because is introduced
phenomenologically or semi-empirically. In addition, one should recall that NMR in-
teractions are formulated as a product of two irreducible tensors as mentioned above.
It follows that the coupling has to be expressed in a common coordinate system. The
spin-dependent irreducible tensor operators have their axis of quantization within the
laboratory frame, which means we must also express the spin-independent irreducible
tensor elements in the same system by transforming the coordinates. In NMR ap-
plications, we can recognize that only tensors up to second rank are considered, as
discussed above.

In general, a second-rank tensor can be represented by a 3× 3 matrix in a Carte-
sian coordinate system (basis), and so we start with the general features of 3 × 3
matrix to construct the coupling tensor. We assume that the nine matrix elements
are not independent, inasmuch as they span a reduced space, and that the tensor
corresponding to the matrix is reducible. Thus we have to decompose the matrix in
order to obtain the corresponding irreducible tensors, which are most convenient for
coordinate transformation.
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Now a 3 × 3 matrix can be decomposed into irreducible tensors of rank l =
0, 1, 2 corresponding to the isotropic part, the antisymmetric part, and the traceless
symmetric part, as shown by the following equations [49],

ρ = ρ(0) + ρ(1) + ρ(2) (2.11a)

ρ
(0)
ab =

1

3
Tr(ρ)δab = ρδab (2.11b)

ρ
(1)
ab =

1

2
(ρab − ρba) (2.11c)

ρ
(2)
ab =

1

2
(ρab + ρba)− ρδab (2.11d)

Here ρjab are the components of the irreducible tensor of rank j in Cartesian coordi-
nates, and δab is the Kronecker delta function. Readers should not confuse ρlab in the
Cartesian basis with the the irreducible tensor components ρlm in a spherical basis.
Note that for a symmetric matrix, which is usually the case for a NMR coupling
tensor, the first-rank irreducible tensor in Cartesian coordinates is zero. Hence in the
following development, we will typically treat ρ as symmetric, and ignore the anti-
symmetric constituents (ρ1

ab) such that ρ = ρ(0) +ρ(2). Nonetheless, for completeness
of this paper, we will include the contribution of the antisymmetric constituents for
the case of chemical shift, where antisymmetry plays a larger role compared with
other interactions.

Considering that now that the matrix is symmetric, there must exist a principal
axes system (PAS) with only the diagonal terms nonzero (ρxx, ρyy, and ρzz) in the
Cartesian coordinates. The PAS frame is fixed in the molecule that we are interested
with, and it will rotate with the molecules. Next, we will now change from a Cartesian
basis to a spherical basis. In the Appendix, we show in detail how to obtain the
components in a spherical basis from the Cartesian coordinates for any arbitrary
3× 3 matrix.

ρ00 = ρ (2.12a)

ρ20 =

√
3

2
δ, ρ2±1 = 0, ρ2±2 = −1

2
δη (2.12b)

Here we denote the largest principal value as δ = ρzz − ρ, and the asymmetry pa-
rameter as η = (ρyy − ρxx)/δ, where |ρzz| > |ρxx| > |ρyy|. Take note that not all the
coupling tensors are traceless, and so we will keep ρ in the expression for the general
case.

Knowing the elements of ρlm in the principal axes system, we can then calcu-
late their values in the laboratory frame, by considering how the irreducible tensors
transform using the Wigner rotation matrix:

ρlab
lm =

l∑
m′=−l

ρlm′D
l
m′m(ΩPL) (2.13)
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With the spin-dependent and spin-independent tensors formulated, now we can fur-
ther express the Hamiltonian with the assistance of Eq. 2.13. Also note that because
the irreducible components ρlab

1m are always zero in the laboratory axes system, the
ρ1m are likewise zero.

Now we are able to make a connection between the transformed elements of the
coupling tensors in the laboratory frame, we can start the evaluation of NMR Hamil-
tonians. Note that the irreducible tensor components Rλ

lm are examples of the tensor
ρ we just discussed. The frame transformation rules certainly apply for Rλ

lm.

Hλ = ~Cλ

(
Rλ

00T
λ
00 +

2∑
m=−2

(−1)mRλ
2−mT

λ
2m

)

= ~Cλ

(
Rλ

00T
λ
00 +

2∑
m=−2

(−1)mT λ2m
∑
m′

ρ2m′D
(2)
m′−m(ΩPL)

)

= ~CλRλ
00T

λ
00 + ~Cλ

2∑
m=−2

(−1)mT λ2m

[√
3

2
δD

(2)
0−m −

1

2
ηδ
(
D

(2)
2−m +D

(2)
−2−m

)]

= ~CλρT λ00 + ~Cλδ
2∑

m=−2

(−1)mT λ2m

[√
3

2
D

(2)
0−m −

η

2

(
D

(2)
2−m +D

(2)
−2−m

)]
(2.14)

According to Eq. 2.14, one can obtain the specific Hamiltonian expression just
by substituting the Wigner rotation matrix elements and the coupling parameters.
Furtheremore, one should note that the Wigner rotation matrix elements are related
to the more familiar spherical harmonics, or alternatively the associated Legendre
polynomials, by

Dl
m0(α, β, 0) =

√
4π

2l + 1
Y ∗lm(β, α) = (−1)m

√
(l −m)!

(l +m)!
Pm
l (cos β)e−imα (2.15)

In the above formula Ylm (β, α) are the spherical harmonics with rank l, and Pm
l (cos β)

are the associated Legendre polynomials of lth rank. Note that the time dependence of
the Hamiltonian is encapsulated by the Wigner rotation matrix elements. In addition,
the closure relationship of the rotation group makes it straightforward to conduct
multiple coordinate transformations, e.g., in order to include different amplitudes
and time scales of the motions.

2.1.4 Representation of nuclear spin Hamiltonian operators

Now that we have considered the spin-dependent and independent tensors in general,
in the following section we will explicitly formulate each of the interactions. We
then summarize all the coupling parameters after the various perturbations have been
introduced. As mentioned above, we are dealing with the problem in a spherical basis,
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which is most useful for problems involving rotational dynamics. The expressions
of spin-dependent and spin-independent irreducible tensor components have been
summarized in tables 2.2 and 2.3. In the following section, we are going to derive the
results in details.

Chemical shift. The chemical shift is the interaction of the nuclear magnetic moment
with the induced magnetic field. The origin of the induced field is the circulation of
electrons due to the external magnetic field in the case of NMR spectroscopy. The
external magnetic field will introduce motions of the electrons of the targeted nucleus,
and the moving electrons will in turn produce Bind = −σB0 the induced magnetic
field. The coupling Hamiltonian thus reads:

HCS = −µ ·Bind = γ~I · σB0

= ~γσisoI0B0 + ~γδ
2∑

m=−2

(−1)mTCS
2m

[√
3

2
D

(2)
0−m −

η

2

(
D

(2)
2−m +D

(2)
−2−m

)]

= ~γσisoI0B0 + ~γδ

{√
2

3
I0B0

[√
3

2
D

(2)
00 −

η

2

(
D

(2)
20 +D

(2)
−20

)]

− 1√
2
I+1B0

[√
3

2
D

(2)
0−1 −

η

2

(
D

(2)
2−1 +D

(2)
−2−1

)]

− 1√
2
I−1B0

[√
3

2
D

(2)
01 −

η

2

(
D

(2)
21 +D

(2)
−21

)]}

= ~γI0B0σiso + ~γB0I0δ

[
D

(2)
00 −

η√
6

(
D

(2)
20 +D

(2)
−20

)]
= ~γI0B0

{
σiso + δ

[
D

(2)
00 −

η√
6

(
D

(2)
20 +D

(2)
−20

)]}
(2.16)

In the above formulas B0 is in the z-direction, which means that B1±1 = 0 and
B10 = B0, and σ is the chemical shift tensor. We also applied the secular approxima-
tion, keeping only the diagonal terms which commute with the Zeeman Hamiltonian
of the chemical shift Hamiltonian. Note that the secular approximation is equivalent
to the first-order approximation in perturbation theory.

For the formulation of the chemical shift in the tensor product form, the spin-
dependent tensor TCS operator is composed of two vectors I and B according to
the method for constructing irreducible tensors expressed in Eqs. 2.6a-2.6c. The
reader should recall that for the above evaluation, we assume the that Hamiltonian
is symmetric, and ignore the antisymmetric part. Now let us take a closer look at
the effects of the antisymmetric components of the chemical shielding Hamiltonian.
Starting with Eq. 2.11c, we know that for the antisymmetric part, the matrix is
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antisymmetric with a zero diagonal. For its elements in terms of Cartesian coordinates
ρ

(1)
ab , we can obtain the corresponding elements in a spherical basis (see Appendix),

ρ10 = −i
√

2ρ(1)
xy (2.17a)

ρ1±1 = ρ(1)
xz ± iρ(1)

yz (2.17b)

Knowing the principal values of the antisymmetric part, we can readily derive the
antisymmetric Hamiltonian for the chemical shift:

Ha
CS = ~γ

1∑
m=−1

(−1)mTCS
1m

[(
−i
√

2ρ(1)
xy

)
D

(2)
0−m

−
(
ρ(1)
xz + iρ(1)

yz

)
D

(2)
1−m +

(
ρ(1)
xz − iρ(1)

yz

)
D

(2)
2−m

]
(2.18)

If we check Table 2.2 carefully, we find that there is no diagonal term for the TCS
1m

operator, which means Ha
CS has only nondiagonal terms. The result is similar to the

discarded terms in Eq. 2.16, where Ha
CS gives only a second-order perturbation of

the energy levels, which is usually difficult to measure for NMR spectroscopy of light
nuclei. That is why in the perturbation Hamiltonian Hλ we assume a symmetric
matrix of principal values for the coupling tensor. The results for the indirect (elec-
tron mediated, through-bond) spin-spin interaction and spin-rotation interaction are
similar to the chemical shift, only with different spin-dependent tensors. Hence we
just present the case of chemical shift.

Direct (through-space) magnetic dipolar coupling. The dipolar coupling is the direct
(through-space) magnetic interaction between two nuclei. The dipolar magnetic field
generated by an individual nucleus is

B =
µ0

4π

[
3n (n · µj)− µj

|x|3
+

8π

3
µjδ (x)

]
(2.19)

where x is the unit vector of the distance between two nuclei rij/rij, µ0 is the vacuum
permittivity, and µj is the magnetic dipole moment of nucleus j, which is the source
of magnetic field experienced by the i nucleus. The magnetic dipolar Hamiltonian
then takes the form:

HD = −µ0

4π

[
3 (rij · µi) (rij · µj)

r5
ij

− µi · µj

r3
ij

]
=
µ0γiγj~2

4π

[
Ii · Ij
r3
ij

− 3 (rij · Ii) (rij · Ij)
r5
ij

]
(2.20)
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Next, we recall that in order to formulate the dipolar interaction as a tensor
product form, we have to separate the above expression into spin-dependent parts
and geometrical parts that are independent of spin:

HD =
µ0γiγj~2

4πr5
ij

[
(Ii · Ij) r2

ij − 3 (rij · Ii) (rij · Ij)
]

=
µ0γiγj~2

4πr5
ij

[ (
−I i+1I

j
−1 + I i0I

j
0 − I i−1I

j
+1

)
r2
ij

− 3
(
−I i+1r−1 + I i0r0 − I i−1r+1

) (
−Ij+1r−1 + Ij0r0 − Ij−1r+1

) ]
=
µ0γiγj~2

4πr5
ij

{(
−I i+1I

j
−1 + I i0I

j
0 − I i−1I

j
+1

) (
−2r−1r+1 + r2

0

)
− 3
[
I i−1I

j
−1r

2
+1 + I i+1I

j
+1r

2
−1 −

(
I i−1I

j
0 + I i0I

j
−1

)
r+1r0

−
(
I i+1I

j
0 + I i0I

j
+1

)
r−1r0 +

(
I i−1I

j
+1 + I i+1I

j
−1

)
r+1r−1 + I i0I

j
0r

2
0

]}
(2.21)

In Eq. 2.21 we expressed the vectors I and r in a spherical basis (see Appendix).
Note that we are now only one step away from the desired tensor product form.
The second-rank coupling tensor R2m is formulated by identical internuclear distance
vectors rij, while the spin-dependent tensor T2m is formulated in terms of angular
momenta by Ii and Ij. It follows that R20 = 2 (r+1r−1 + r2

0) /
√

6, R2±1 = 2r±1r0/
√

2,
and R2±2 = r2

±1 (see r+, r−, and r0 in the Appendix) leading to:

HD =
µ0γiγj~2

4πr5
ij

[−3 (T22R2−2 + T2−2R22) + 3 (T21R2−1 + T2−1R21)

−
(
I i+1I

j
−1 + I i−1I

j
+1

)
r+1r−1 −

(
I i+1I

j
−1 + I i−1I

j
+1

)
r2

0 − 2I i0I
j
0r

2
0 − 2I i0I

j
0r+1r−1]

= −3µ0γiγj~2

4πr5
ij

[
T22R2−2 + T2−2R22 − (T21R2−1 + T2−1R21)

+
1

6

(
I i+1I

j
−1 + I i−1I

j
+1 + 2I i0I

j
0

) (
2r+1r−1 + 2r2

0

) ]
= −3µ0γiγj~2

4πr5
ij

2∑
m=−2

(−1)m T2mR2−m (2.22)

Though we use Ii and Ij to denote the spins of the nuclei, the above develop-
ment applies not only to the homonuclear dipolar coupling, but also to heteronuclear
dipolar interactions. The coupling paramenters and irreducible tensor operators are
summarized in Tables 2.2 and 2.3. Note that Tlm in lab frame and Rlm is in molecular
PAS.



31

Electric quadrupolar interaction. Furthermore, there is an additional coupling inter-
action that is not magnetic, but rather is the electric quadrupolar coupling in the
case of spin I ≥ 1 nuclei with a non-spherical charge distribution (electric quadrupole
moment). The quadrupolar interaction is the largest coupling interaction that we
consider when dealing with NMR spectroscopy. We start with the general expression
for the energy of a charged particle or body in an electric field [111]:

HE =

∫
ρ(r)V (r)dτ (2.23)

where ρ(r) is charge density function, and V (r) is the electric potential. Expanding
the electric potential in a Taylor series, and assuming a Cartesian basis, we obtain
that,

V (r) = V (r = 0) +
∑
i

xi
∂V

∂xi

∣∣∣∣
xi=0

+
1

2!

∑
i,j

xixj
∂2V

∂xi∂xj

∣∣∣∣
xi,xj=0

+ ...

= V (r = 0) +
∑
i

xiVi +
1

2!

∑
i,j

xixjVij + ... (2.24)

Here Vi = ∂V/∂xi|xi=0, and Vij = ∂2V/∂xi∂xj|xi,xj=0 in which i, j = 1, 2,or 3, and
(x1, x2, x3) ≡ (x, y, z). Thus with the Taylor series expansion of the potential, the
electric interaction can be written as

HE = V (r = 0)

∫
ρdτ +

∑
i

Vi

∫
xiρdτ +

1

2!

∑
i,j

Vij

∫
xixjρdτ + ... (2.25)

Now in Eq. 2.25, the first term is the energy obtained by taking the nucleus
as a point charge/mass. The second term vanishes, because the center of charge is
coincident with the center of mass, and the origin is taken as zero. The third term is
the quadrupolar term, which is thus the dominant electric interaction. Then, defining
Qij ≡

∫
(3xixj − δijr

2)dτ (where dτ stands for an infinitesimal volume element of
space) as the quadrupolar moment in Cartesian coordinates, we can further simplify
the above expression for the electric quadrupolar Hamiltonian to yield:

HQ =
1

6

∑
i,j

Vij(Qij + δij

∫
r2ρdτ) =

1

6

∑
i,j

VijQij (2.26)

where i, j =1, 2, or 3. Take note that the second term vanishes, because at the site of
the nucleus, the potential V satisfies the Laplace equation ∇2V = 0 (the divergence
of the electric potential is zero). From the nuclear physics viewpoint, the charges are
carried by discrete particles, instead of having a continuous distribution of the charge
density. Hence the quadrupole term becomes
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Qij = e
∑
k

(3xikxjk − δijr2
k) (2.27)

As discussed above, it is advangeous at this point to make a change of basis to
enable the more facile treatment of rotational coordinate transformations. We can
then represent Qij in the basis of the angular momentum with the quantum number
for the total angular momentum I, its projection M along the z-axis, and the other
quantum numbers corresponding to the energy levels in the absence of a magnetic
field denoted by α, as indicated below:

〈IMα|Qij(r) |IM ′α〉 = C 〈IMα|Qij(I) |IM ′α〉 (2.28)

where Qij (I) = C [3(IiIj + IjIi)/2− δijI2]. Eq. 2.28 holds under the condition that
our Qαβ is a spherical irreducible tensor or operator, in accord with to the Wigner-
Eckart theorem. The value of the constant C can be determined using the definition
of the quadrupole moment Q of the nucleus:

Q = 〈IMα|Qzz(r) |IMα〉 = C 〈IMα|Qzz(I) |IMα〉
= C 〈IMα| 3I2

z − I2 |IMα〉 = CI(2I − 1) (2.29)

It follows that C = Q/I(2I−1), and the quadrupolar Hamiltonian can thus be written
as,

HQ =
eQ

6I(2I − 1)

∑
i,j

Vij

[
3

2
(IiIj + IjIi)− δijI2

]
(2.30)

As a result the Hamiltonian can be expressed in the principal axis system (PAS),
where Vαβ = 0 for α 6= β, leading to

HQ =
eQ

6I(2I − 1)

[
Vxx(3I

2
x − I2) + Vyy(3I

2
y − I2) + Vzz(3I

2
z − I2)

]
=

eQ

4I(2I − 1)

[
Vzz(3I

2
z − I2) + (Vxx − Vyy)(I2

x − I2
y )
]

=
eQ

4
(2R20T20 + 2R22T2−2 + 2R2−2T22) (2.31)

This gives as the final result that

HQ = ~CQ

∑
m

(−1)mRQ
2−mT

Q
2m (2.32)

According to the above formulation, the quadrupolar Hamiltonian is represented
by the scalar product of the two irreducible tensors represented in a spherical basis,
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the first corresponding to the coupling parameters in the molecule-fixed principal
axes system (PAS), and angular momentum operators in the laboratory frame. The
reader should recall that we only know the coupling parameters in their principal axis
system instead of the laboratory frame. Thus we have to utilize Eq. 2.14 to obtain
an explicit expression for the quadrupolar Hamiltonian.

For convenience of the readers, specific expressions for the spin-dependent irre-
ducible tensor operators T λlm and the coupling parameters are summarized in table
2.2 and 2.3 [114].

Table 2.3: Irreducible coupling tensor components in the principal axis system
(PAS) frame ρλlm and coupling parameters for typical interactions in NMR spec-
troscopy

irreducible coupling tensor components ρλlm coupling parameters

λ ρ00 ρ10 ρ1±1 ρ20 ρ2±1 ρ2±2 Cλ Rλ δλ ηλ

Z 1 – – – – – −γi 1 – –

CS σiso −i
√

2σ
(1)
xy σ

(1)
xz ± iσ(1)

yz

√
3
2
δσ – −1

2
δσησ γi σiso

2
3
∆σ ησ

D 0 – –
√

3
2
δD – −1

2
δDηD −µ0γ

iγj~
2π 0 r−3

ij 0

Q 0 – –
√

3
2
δQ – −1

2
δQηQ

eQ
2I (2I − 1) ~ 0 eq ηQ

J Jiso −i
√

2J
(1)
xy J

(1)
xz ± iJ (1)

yz

√
3
2
δJ – −1

2
δJηJ 1 Jiso

2
3
∆J ηJ

SR ciso −i
√

2c
(1)
xy c

(1)
xz ± ic(1)

yz

√
3
2
δc – −1

2
δcηc 1 ciso

2
3
∆c ηc

a Asymmetry parameters are expressed as ∆σ = σzz − 1
2 (σxx + σyy) , ∆J = Jzz −

1
2 (Jxx + Jyy), and ∆c = czz − 1

2 (cxx + cyy).

2.1.5 Coupling parameters and solid-state NMR spectral lineshapes

Next we turn to the evaluation of the matrix elements of the coupling tensors with
in the laboratory coordinate frame, and how they correspond to the experimentally
measured solid-state NMR spectral lineshapes. With the mathematical expressions
for the irreducible tensors in hand, the eigenvalues of the perturbing Hamiltonian,
due to the different coupling interactions, can be obtained directly.

Perturbing Hamiltonian and time-independent Schrödinger equation. First we recall
that in the angular momentum basis of |I,m〉 , we have the well-known relations that

I2 |I,m〉 = I(I + 1) |I,m〉 (2.33a)

Iz |I,m〉 = m |I,m〉 (2.33b)
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for the eigenvalue equations. In terms of the raising/lowering operators we also have
that:

I± |I,m〉 =
√
I(I + 1)−m(m± 1) |I,m± 1〉 (2.34)

where the Dirac bra–ket notation is used. In this and the following sections, we
will mainly use the quadrupolar interaction to illustrate the lineshape development.
The reader should keep in mind, however, that Hamiltonian for the quadrupolar and
the homonuclear dipolar interactions take the same form (they are isomorphous, see
Table 2.2 and 2.3). Consequently, the following development applies not only for the
quadrupolar interaction, but also for the homonuclear dipolar interaction.

Then, taking the quadrupolar interaction as an illustrative example, we have that

HQ = ~CQ

∑
m

(−1)mRQ
2−mT

Q
2m

=
e2qQ

4

(
3I2
z − I2

){
D

(2)
00 (ΩPL)− ηQ√

6

[
D

(2)
20 (ΩPL) +D

(2)
−20(ΩPL)

]}
(2.35)

where we only keep the secular term (m = 0), which commutes with main Zeeman
Hamiltonian. Using Eqs. 2.33 and 2.2.1 to solve the time-independent Schrödinger
equation (H = HZ +HQ), we obtain the following energy levels for the stationary
states of the system [19,146]:

E+1 = −γ~B0 +
e2qQ

4

{
D

(2)
00 (ΩPL)− ηQ√

6

[
D

(2)
20 (ΩPL) +D

(2)
−20(ΩPL)

]}
(2.36a)

E0 = −e
2qQ

2

{
D

(2)
00 (ΩPL)− ηQ√

6

[
D

(2)
20 (ΩPL) +D

(2)
−20(ΩPL)

]}
(2.36b)

E−1 = γ~B0 +
e2qQ

4

{
D

(2)
00 (ΩPL)− ηQ√

6

[
D

(2)
20 (ΩPL) +D

(2)
−20(ΩPL)

]}
(2.36c)

The above expressions for the energy levels apply generally for a spin-1 system with
nonzero asymmetry parameter ηQ.

Spectral transition frequencies in relation to principal values of coupling tensor. The
aforementioned energy levels are obtained for the general case, but under the assump-
tion of axial symmetry of the electric field gradient tensor about the C–2H bond axis
(ηQ = 0), the result can be further simplified. Introducing the Bohr frequency condi-
tion, together with the single-quantum selection rule (∆m = ±1), the frequencies for
the resonant NMR absorptions are obtained as follows:

ν+ = − γ

2π
B0 −

3

4
χQD

(2)
00 (ΩPL) (2.37a)
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ν− = − γ

2π
B0 +

3

4
χQD

(2)
00 (ΩPL) (2.37b)

where χQ = e2qQ/h, is the static quadrupolar coupling constant, and eq is the
electric field gradient.

According to equations 2.37 we can clearly see that the frequencies of the two
single-quantum NMR spectral transitions are centered about the Larmor frequency
v0 = −γB0/2π. The chemical shift is a much smaller perturbation, and thus it
is not considered explicitly. However, instead of absolute transition frequencies, in
solid-state 2H NMR spectroscopy, we focus on the quadrupolar splitting, defined by:

∆vQ = ν− − ν+ =
3

2
χQD

(2)
00 (ΩPL) (2.38)

Note that the experimental splitting is related to the quadrupolar coupling constant
χQ, as well as to the Wigner rotation matrix for the PAS to the laboratory frame
transformation. Eq. 2.38 corresponds to the theoretical lineshape for a single orien-
tation. For powder-type samples, the molecules are possible in any orientation, which
means the lineshape will be a superposition of all the spectra with different orienta-
tions [23]. The spectrum is discrete for aligned samples with one specific orientation,
while spectrum is continuous for powder-type samples with all possible orientations.
Here we will briefly show how powder-type spectra have such lineshapes. Using the
spin I = 1 system as one example, first ξ± = ±(3 cos2 θPL − 1)/2 is the reduced
(dimensionless) frequency. The probability distribution p(ξ±) scales as 1/| cos θPL|,
where θPL is the angle of the EFG tensor principal z-axis (assumed axially symmetric)
to the static external magnetic field B0. Weak singularities are evident with intensity
maxima at θPL = 90◦ (equator) and intensity extending to a minimum at θPL = 0◦

(poles). An experimental solid-state 2H NMR spectrum for hexamethylbenzene-d18

is shown as an example.

Example of a single crystal. To gain a simple physical feel for these results, let us
consider as a simple illustrative example for the case that ηQ ≈ 0. Take an imaginary
single crystal, and start with an alignment of the magnetic field along one of the prin-
cipal axes of the coupling tensor, say the z-axis, which corresponds to the largest prin-
cipal value of the electric field gradient. According to Eq. 2.38, then the quadrupolar
splitting takes its maximum value of ∆νQ = 3χQ/2, where ∆νQ = 170 kHz for an
aliphatic C− 2H bond. Rotating the single crystal about the z-axis of the electric
field gradient (associated with the orientation of the C−2H bonds within the crystal
axes system) by the Euler angle αPL (φ in spherical polar coordinates) does nothing,
because the tensor is axially symmetric (ηQ ≈ 0). However, for a non-axially sym-
metric tensor the behavior is more complicated, as described by Eqs. 2.36. Next, the
single crystal is rotated about the new y′-axis by the Euler angle βPL (θ in spherical
polar coordinates). The quadrupolar splitting now becomes progressively smaller,
and reaches zero at the so-called magic angle (where β = cos−1(1/

√
3) = 54.7◦),
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beyond which the sign of the splitting changes. When β = 90◦, the magnetic field
is now aligned within the x−y plane of the axially symmetric coupling tensor, such
that ∆νQ = −3χQ/4. Rotation about the third Euler angle (γPL), i.e., about the
z′′-axis, is again immaterial, on account of the cylindrical symmetry around the main
magnetic field direction. The effect of these rotations is described by Eqs. 2.38 for an
axially symmetric tensor (ηQ = 0), and more generally by Eqs. 2.36 for the case of a
non-axially symmetric tensor (ηQ 6= 0). The reader should note that when motion is
present, the various rotation angles become time dependent, as discussed below.

The above discussion teaches us how the orientation of a single crystal within the
magnetic field can be altered to generate a rotation pattern for the quadrupolar split-
tings. It turns out that randomly oriented samples are often investigated, giving rise
to what are called powder or powder-type spectra. As an example, a random disper-
sion of membranes in water involves a spherical distribution, analogous to grinding
a single crystal to form a powder, with a random distribution of crystallite axes. In
such powder-type spectra, the three principal axes of the coupling tensor, i.e., static
or residual, have an arbitrary orientation relative to the external magnetic field. It
follows that a distribution of resonance intensity S(ν) is present, on account of the
orientation dependence of the quadrupolar frequencies ν± for the single quantum
|1, 0〉 → |1,−1〉 and |1, 1〉 → |1, 0〉 transitions. The axially symmetric powder-type
spectrum for a spin I = 1 system is known as a Pake doublet, and the process of
deconvoluting such a powder pattern to obtain the subspectrum due to a particular
orientation is called de-Pakeing.

Averaging by molecular motions–residual coupling tensor. More generally the treat-
ment of the effects of rotations is facilitated by application of a simple principle from
group theory known as closure (Eq. 2.3). This in effect states that any overall ro-
tation can be considered as the result of a sequence of rotations involving various
intermediate coordinate frames. In a spherical basis, we can easily use closure to
treat the effects of multiple internal motions on the averaging of the coupling param-
eters. It would be exceedingly complicated to deal with these composite rotations in
analytical closed form in a Cartesian basis.

Use of closure to formulate multiple coordinate transformations. How can we treat
the averaging due to such composite motions in general? When motions are present,
the static splitting in Eq. 2.38 is averaged to a residual quadrupolar coupling (RQC).
If we first consider the overall transformation to the laboratory frame system, then
for an axially symmetry tensor (ηQ =0) the RQC reads:

∆vQ =
3

2
χQ

〈
D

(2)
00 (ΩPL)

〉
(2.39)

Here the Euler angles ΩPLare for transformation from the principal axis to the labo-
ratory frame, and the brackets denote a time or ensemble average.
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For the case of lipid bilayers in the liquid-disordered (liquid-crystalline) phase,
the director axis is the bilayer normal. Furthermore, for molecules with multiple
degrees of freedom, as in the case of membrane lipids, it is often desirable to separate
the overall transformation into a sequence of partial transformations. For a lipid
bilayer, the overall rotation from the principal axis system of the coupling tensor to
the laboratory, described by the Euler angles ΩPL, can then be represented by the
effect of two consecutive rotations. The first, with Euler angles ΩPD, represents the
time-dependent rotation from the principal axis system to the director frame (whose
z-axis is the bilayer normal); whereas the second, with Euler angles ΩDL, represents
the rotation from the director to the laboratory frame, which is independent of time.
For the ensemble-averaged splitting 〈∆νQ〉, considering the multiple coordinate frame
transformations, we have that

〈∆νQ〉 =
3

2
χQ

∑
n

〈
D

(2)
0n (ΩPD)

〉〈
D

(2)
n0 (ΩDL)

〉
=

3

2
χQ

〈
D

(2)
00 (ΩPD)

〉
D

(2)
00 (ΩDL) =

3

2
χQSCDSθ (2.40)

Note that in Eq. 2.40, the axial averaging kills all the terms in the summa-
tion, except when the index n goes to zero, because of the cylindrical symmetry
about the director. With use of Eq. 2.40, a general relation can be derived be-
tween the residual quadrupolar coupling (RQC) and the C-2H order parameter as

SCD ≡ 〈D(2)
00 (ΩPD)〉 = 〈P2(cos βPD)〉 = 1〈3 cos2 βPD−1〉/2, thus giving ∆νQ ∝ χQSCD.

Though order parameter seems abstract at the beginning, it actually has physical
meaning: for example, when SCD = 1, it means that the segment is hundred percent
stiff and is not possible to move at all, while when SCD = 0 the segment can move
360 degrees.

Static and residual coupling tensors. As noted by Brown and Söderman [22], rapid
molecular fluctuations of the static coupling EFG tensor can lead to pre-averaging by
to yield a residual coupling tensor. Furthermore, even if the static tensor is axially
symmetric (ηQ = 0), the residual or effective tensor can be non-axially symmetric
(ηeff

Q 6= 0). The possibility of such pre-averaging accounts for the introduction of an
internal coordinate frame. Within this frame the residual coupling tensor is diagonal
in terms of a Cartesian basis, and the Euler angles that relate the PAS of the static
tensor to the residual tensor are designated ΩPI. The residual coupling parameters
are then given by [24,131]

χeff
λ ≡ 〈χλ〉 = χλ〈D(2)

00 (ΩPI)〉 (2.41)

and,

ηeff
λ ≡ 〈ηλ〉 = −

√
6〈D(2)

0±2(ΩPI)〉
D

(2)
00 (ΩPI)

= −3

2

〈sin2 βPI cos(2γPI)〉
D

(2)
00 (ΩPI)

(2.42)
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where λ = Q in the case of the quadrupolar interaction. Thus, one can consider
in a unified fashion various motional models, in which a static tensor is averagedor
modulated by local motions, or alternatively a residual tensor (pre-averaged by faster
motions) is further averaged by slower molecular motions or collective fluctuations
of the assembly. The usefulness of this approach will become further apparent with
regard to the treatment of NMR relaxation in terms of various motional models.

Residual coupling–example of a lipid bilayer. Representative examples of solid-state
2H NMR spectra are shown in Fig. 2.2 for a binary mixture of DMPC-d54. The
2H NMR spectrum of a random multilamellar dispersion of DMPC-d54 is shown as
the red line. The solid-state 2H NMR spectrum is an example of the powder-pattern
lineshape that is obtained for unoriented samples, in which all the possible bilayer
orientations contribute to the spectrum. Additionally, the blue curve shows the result
of numerically deconvoluting spectrum [118], a mathematical process known as de-
Pakeing. The de-Pakeing procedure yields the sub-spectrum corresponding to the θ =
0◦ bilayer orientation, thus enabling the accurate determination of the quadrupolar
splittings [24]. We also include the assignments to the corresponding carbon positions
as labels in the figure.

Figure 2.2: Examples of solid-state 2H NMR spectra (red) and de-Paked spectra
(blue) acquired for a random multilamellar dispersions of DMPC-d54. Assigned acyl
carbon numbers are labeled at corresponding peaks. Figure is from reference [75]
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Isomorphism of quadrupolar and dipolar interactions. One should note that among
all the perturbing interactions, the homonuclear dipolar interaction has almost the
same form as for the quadrupolar interaction; only the coupling parameters are dif-
ferent. If the dipolar coupling is homonuclear, we can take the sum of two spins
I = Ii + Ij, and all the conclusions we obtained about the quadrupolar lineshape
apply also to the dipolar coupling (see Table 2.2 and Table 2.3). On the other hand,
if the dipolar coupling is between two different nuclei, the results are different. Al-
though we do not include the results for the heternuclear dipolar coupling, our au-
dience can easily work them out by using the uncoupled representation for the two
nuclei |IiI iz〉 |IjIjz〉 following the procedure outlined here.

Table 2.4: Angular-dependent quadrupolar frequencies and discontinuities in
powder type 2H NMR spectra for various motional cases

Immobile principal axis system

νQ
± = ±3

4
χQ

[
3 cos2 βPL−1

2
− η

2
sin2 βPL cos 2αPL

]
(νQ
±)x = νQ

±(α = 0◦, β = 90◦) = ∓3
8
χQ(1 + η)

(νQ
±)y = νQ

±(α = 90◦, β = 90◦) = ∓3
8
χQ(1− η)

(νQ
±)z = νQ

±(β = 0◦) = ±3
4
χQ

Immobile principal axis system having cylindrical distribution with η = 0

(νQ
±)⊥ = ∓3

8
χQ

(νQ
±)θmin

= ±3
8
χQ [3 cos2(βDL − βPD)− 1]

(νQ
±)θmax = ±3

8
χQ [3 cos2(βDL + βPD)− 1]

Axial rotation about director

〈νQ
±〉 = ±3

4
χQ

[
3〈cos2 βPD〉−1

2
− η

2
〈sin2 βPD cos 2αPD〉

]
3 cos2 βDL−1

2

〈νQ
±〉⊥ = ∓3

8
χQ

[
3〈cos2 βPD〉−1

2
− η

2
〈sin2 βPD cos 2αPD〉

]
〈νQ
±〉‖ = ±3

4
χQ

[
3〈cos2 βPD〉−1

2
− η

2
〈sin2 βPD cos 2αPD〉

]
Axial rotation about director and cylinder axis

〈νQ
±〉 = ±3

4
χQ

[
3〈cos2 βPD〉−1

2
− η

2
〈sin2 βPD cos 2αPD〉

]
3〈cos2 βDC〉−1

2
3 cos2 βCL−1

2

〈νQ
±〉⊥ = ∓3

8
χQ

[
3〈cos2 βPD〉−1

2
− η

2
〈sin2 βPD cos 2αPD〉

]
3〈cos2 βDC〉−1

2

〈νQ
±〉‖ = ±3

4
χQ

[
3〈cos2 βPD〉−1

2
− η

2
〈sin2 βPD cos 2αPD〉

]
3〈cos2 βDC〉−1

2
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2.2 Theory of nuclear spin relaxation

2.2.1 Nuclear spin dynamics and relaxation theory

Clearly the Zeeman interaction with the main magnetic field is predominant among
all the couplings in NMR spectroscopy. We only consider a single spin I or equiva-
lent spins with HZ = −~γIIzB0, which simplifies the calculation considerably, though
systems with two different spins (due to nuclei i and j) can lead to a different Zee-
man interaction (HZ = −~γiI izB0 − ~γjIjzB0). The eigenfunctions and eigenvalues
are well defined for the Zeeman interaction, which is proportional to the projected
angular momentum Iz. For the consideration of relaxation, we will treat the other
coupling interactions as time-dependent perturbations of the spin system. The time-
dependency of the spin couplings is due to the angular and distance changes due to
the molecular motions. In what follows the perturbation problem is solved in the
basis of the eigenfunctions |I,M〉 of the unperturbed Hamiltonian due to the Zeeman
interaction.

In the following, three representations from quantum mechanics will be utilized,
where we denote the Schrödinger picture as S, the Heisenberg picture as H, and the
interaction (Dirac) picture as I [102]. Please note that we solve all problems in the
Schrödinger picture by default, unless clearly pointed out by subscript or superscript.

For the interaction representation, the Hamiltonian is separated into two parts: a
predominantly time-independent partH0S, and a smaller, time-dependent partH1S(t).
Here the subscript S denotes the Schrödinger picture. In the case of NMR spec-
troscopy, H0S is the (unperturbed) Zeeman interaction HZ, while H1S (t) ≡ Hλ is the
perturbing Hamiltonian, e.g., due to the chemical shift, magnetic dipolar coupling,
or electric quadrupolar coupling. Thus H = H0S + H1S = HZ + Hλ. Note that the
expressions for the wave function Ψ, operator A, and the density matrix ρ in the in-
teraction picture (I) are different from those in the Schrödinger (S) picture as shown
below [102].

|ΨI(t)〉 = eiH0St/~ |ΨS(t)〉 (2.43a)

AI(t) = eiH0St/~ASe
−iH0St/~ (2.43b)

ρI(t) = eiH0St/~ρS(t)e−iH0St/~ (2.43c)

Here ρ is the density matrix describing a quantum system in a mixed state (a statis-
tical ensemble of several quantum states) as given by ρ =

∑
i pi|ψi〉〈ψi|, where A is

any arbitrary operator. The time-dependent Schrödinger equation is well known and
is given by

i~
d

dt
|ΨS(t)〉 = HS |ΨS(t)〉 = (H0S +H1S) |ΨS(t)〉 (2.44)
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Time-dependent Schrödinger equation. Moreover, in the Schrödinger representa-
tion, the time evolution of the density matrix ρS is given by the Liouville-von Neumann
equation:

i~
∂ρS

∂t
= [HS, ρS] (2.45)

There are several things we need to point out about Eq. 2.45. First, though it
looks like the Heisenberg equation of motion in the Heisenberg picture, with a sign
difference, they are quite different. The Heisenberg equation of motion describes
how operators evolve in the Heisenberg picture (not the default Schrödinger picture),
where operators are time dependent. Eq. 2.45 describes the evolution of the density
matrix in the Schrödinger picture. Second, the Liouville-von Neumann equation is
equivalent as the Schrödinger equation, and one equation can be derived from the
other. The Schrödinger equation describes the time evolution of pure states, while
Eq. 2.45 is for a mixed state. According to this equation, we can obtain information
about the time evolution of the density matrix. Here the square brackets define the
commutator [A,B] = AB −BA as is familiar in quantum mechanics.

Liouville-von Neumann equation and density matrix in the interaction picture. If
one substitutes the wave function and density matrix into Eqs. 2.44 and 2.45, we then
obtain the corresponding equations for the wave function and the density matrix in
the interaction representation,

i~
d

dt
|ΨI(t)〉 = H1I|ΨI(t)〉 (2.46)

i~
∂ρI

∂t
= [H1I(t), ρI(t)] (2.47)

Starting with Eq. 2.13, we can obtain an approximate solution for the density
matrix by separating the variables and integrating. From here on, we switch the
notation for the density matrix from ρ to σ because it pertains only to the NMR spin
system, and not the surroundings.

∂σI

∂t
= − i

~
[H1I(t), σI(t)] (2.48)

σI(t) = σI(0)− i

~

∫ t

0

dτ [H1I(τ), σI(τ)] (2.49)

Here the integral is over time τ and runs up to the final time t. The above equation is
approximately correct, assuming the time duration t is shorter than the time it takes
for the density matrix to change significantly.

For the first-order approximation, we then replace σI(τ) by σI(0) leading to the
following results:

σI(t) = σI(0)− i

~

∫ t

0

dτ [H1I(τ), σI(0)] (2.50)
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For the second order approximation, we iteratively use the above expression for σI (t)
in place of σI(0) giving:

σI(t) = σI(0)− i

~

∫ t

0

dτ [H1I(τ), σI(0)]

+ (− i
~

)2

∫ t

0

dτ

∫ τ

0

dτ ′[H1I(τ), [H1I(τ
′), σI(0)]] (2.51)

Eqs. 2.50 and 2.51 are the first-order and second-order approximations for the density
matrix in the interaction picture obtained by successive approximations.

Next, taking the time derivative of Eq. 2.51 on both sides, then following Abragam
[1] we obtain

dσI

dt
= − i

~
[H1I(t), σI(0)] + (− i

~
)2

∫ t

0

dτ ′[H1I(t), [H1I(τ
′), σI(0)]] (2.52)

Introducing a new integration variable τ = t − τ ′ into the above formula, Eq. 2.52
becomes

dσI

dt
= − i

~
[H1I(t), σI(0)] + (− i

~
)2

∫ t

0

dτ [H1I (t), [H1I(t− τ), σI(0)]] (2.53)

However, one should note that in NMR we cannot measure instantaneous values of
observables, but rather the average values of statistical ensembles. Beginning from
Eq. 2.53, the result then reads:

dσI

dt
= − i

~
[H1I(t), σI(0)] + (− i

~
)2

∫ t

0

dτ [H1I(t), [H1I(t− τ), σI(0)]] (2.54)

where the overbar denotes an ensemble average of the quantum states.

Equation of motion for density matrix. At this point, one should remember that H1(t)
is a random perturbation, and that it fluctuates about its time average. In the case
of liquid-state NMR, the isotropically time averaged value is zero. But as soon as
we begin to consider more complicated, and dynamically rich systems, e.g., liquid
crystals, polymers, proteins, nucleic acids, lipid bilayers, and biomembranes, that is
no longer the case. In molecular solids and liquid crystals, the structure corresponds
to a non-zero time-averaged Hamiltonian. Consequently, we must consider both the
mean-squared amplitudes of the various possible motions over their characteristic
times scales, as well as the correlation times and the symmetry of the motions [11,
40,42,63,73,88,91,131]. The problem of biopolymer dynamics as studied with NMR
spectroscopy thus becomes even richer, more complex, and interesting [42,50,73].

More generally, we are interested in the mean-square amplitudes of the fluctu-
ations over the different time scales, within the context of a multi-scale picture of
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the rotational and translational dynamics of biomolecules. Consequently, for systems
with more than one dominant type of motion, i.e., for biomolecular systems, we must
address the types, amplitudes, and rates of the motions [17, 18]. Even for systems
that are isotropic on the NMR time scale, as in the case of globular proteins [73, 91]
and detergent micelles [142], the internal motions can have different amplitudes and
time scales. It follows that the fluctuating part of the Hamiltonian can adopt different
average values over the characteristic times–only the final Hamiltonian is averaged
to zero. This is true both for globular proteins and detergent micelles in solution,
which are equivalent as far as NMR is concerned, and have been investigated over
many years [63,73,142]. In a multi-scale picture, the types, rates, and amplitudes of
the motions are intimately connected to the intra- and intermolecular potentials, and
hence forces that govern the biomolecular structures and dynamics.

Introduction of average Hamiltonian. More generally, however, in solid-state
NMR, the motions are restricted in either orientation or distance. Because of the

residual interaction strength, the average Hamiltonian squared 〈H1〉2 must be sub-

tracted from 〈H2
1 〉 to give the mean square-amplitude 〈H2

1 〉−〈H1〉2 of the fluctuations.
For example, in 2H NMR of membrane lipids, the fluctuating part of the interaction
corresponds to the variance of the orientational distribution with respect to the pre-
ferred director axis. In the following development, H1(t) refers to the fluctuating
part of the interaction, with the time-averaged value 〈H1(t)〉 subtracted, i.e., it is
absorbed into the main Hamiltonian H0 with which it commutes. This is a little trick
to simplify the notation, and enables us to reintorduce the non-zero average at an
appropriate subsequent stage. In the perturbation analysis, we only deal with the
fluctuating part of the H1 Hamiltonian.

The reader may have noted that the density matrix σI(t) is not necessarily inde-
pendent of H1I(t), and that σI(t) depends on H1I(t

′) if t′ ≤ t. However we can assume
σI(0) is independent of H1I(t) for t > 0. It also makes sense physically: the density
function of a system at time 0 is independent of the later Hamiltonian. Thus, in Eq.
2.54 we have that [H1I(t), σI(0)] = [H1I(t), σI(0)] = 0, i.e. the perturbing Hamiltonian
at time t commutes with the initial density matrix on average. In this way, we find
that for the equation of motion of the density matrix becomes:

dσI

dt
= (− i

~
)2

∫ t

0

dτ [H1I(t), [H1I(t− τ), σI(0)]] (2.55)

As noted above, t is shorter than the time it takes for the density matrix to have some
significant changes. Therefore, we can also replace σI(0) by σI(t). Lastly, we extend
the upper limit of the integral to infinity for calculation of the correlation time, which
will become evident later.

Master equation for density matrix in the interaction picture. In this way, we
obtain the following master equation for the density matrix in the interaction repre-
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sentation, which reads:

dσI

dt
= (− i

~
)2

∫ ∞
0

dτ [H1I(t), [H1I(t− τ), σI(t)]] (2.56)

The above formula defines the time evolution of the density matrix. We will now
further develop the above equation to obtain the time evolution for the individual
density matrix elements. The first step is opening up the commutator brackets, using
the well-known double commutator formulas, leading to:

[H1I (t) , [H1I (t− τ) , σI (t)]] = H1I (t)H1I (t− τ)σI (t)−H1I (t)σI (t)H1I (t− τ)

−H1I (t− τ)σI (t)H1I (t) + σI (t)H1I (t− τ)H1I (t) (2.57)

Now we can work with the individual density matrix elements by inserting the
bra 〈α| at the left side of the density operator and the ket |α′〉 at the right side of
Eq. 2.57. Combining this result with Eq. 2.56 gives us the time dependence of the
density matrix elements σI

αα′ = 〈α|σI |α′〉 as shown below:

dσI
αα′

dt
= (− i

~
)2

∫ ∞
0

dτ 〈α| [H1I(t), [H1I(t− τ), σI(t)]]
∣∣α′〉

= (− i
~

)2

∫ ∞
0

dτ
[
〈α|H1I (t)H1I (t− τ)σI (t)

∣∣α′〉− 〈α|H1I (t)σI (t)H1I (t− τ)
∣∣α′〉

−〈α|H1I (t− τ)σI (t)H1I (t)
∣∣α′〉+ 〈α|σI (t)HI (t− τ)HI (t)

∣∣α′〉] (2.58)

In the next step, we use the completeness property of the orthonormal basis set
(closure) twice, by inserting

∑
β |β〉 〈β| = 1 and

∑
β′ |β′〉 〈β′| =1 to further expand

Eq. 2.57, yielding the result for the first term on the right hand side:

〈α|H1I (t)H1I (t− τ)σI (t) |α′〉 =
∑
ββ′

〈α|H1I (t) |β〉 〈β|H1I (t− τ) |β′〉 〈β′|σI (t) |α′〉

=
∑
ββ′

〈α| eiH0t/~H1 (t) e−iH0t/~ |β〉 〈β| eiH0(t−τ)/~H1 (t− τ) e−iH0(t−τ)/~ |β′〉σI
β′α′ (t)

=
∑
ββ′

ei(α−β+β−β′)tH1αβ (t)H1ββ′ (t− τ) ei(β
′−β)τσI

β′α′ (t) (2.59)

Note that in the above formulas, we have expressed the perturbing Hamiltonian
in the interaction picture by H1I (t) = eiH0t/~H1 (t) e−iH0t/~. In addition, we de-
fine H0/~ |α〉 = α |α〉 and analogously for the other terms. Lastly we define the
Hamiltonian matrix elements as H1αβ ≡ 〈α|H1|β〉.

After doing so for each of the four terms at the right of Eq. 2.57, we obtain the
following result for the time dependence of the density matrix elements:
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∂σI
αα′

∂t
= − 1

~2

∑
ββ′

∫ ∞
0

dτ
[
ei(α−β+β−β′)tσI

β′α′ (t)H1αβ (t)H1ββ′ (t− τ)ei(β
′−β)τ

− ei(α−β+β′−α′)tσI
ββ′ (t)H1αβ (t)H1β′α′ (t− τ)ei(α

′−β′)τ

− ei(α−β+β′−α′)tσI
ββ′ (t)H1αβ (t− τ)H1β′α′ (t)e

i(β−α)τ

+ ei(β−β
′+β′−α′)tσI

αβ (t)H1ββ′ (t− τ)H1β′α′ (t)e
i(β′−β)τ

]
(2.60)

We can now explain why we extended the integral upper limit to infinity. Recall that
the integrand is over the time variable τ from 0 to t, and t is shorter than the time
when the density matrix has some significant change. But in the above equation,
we have correlation function of the form H1αβ(t)H1αβ′(t− τ) and so forth. Thus the
integrand is only significant when τ is shorter than the correlation time τC of the
perturbating Hamiltonian. If follows that due to the decrease, we can extend the
upper limit from t to ∞.

Next, to further simplify the expression, we need to collect the complex exponen-
tial terms of Eq. 2.60. We can recast the first and fourth terms in above equation to
have the same multiplicative factor ei(α−β+β′−α′)t. Accordingly we make the substitu-
tions of β, β′ by γ, β which allows us to write:

∑
ββ′

ei(α−β+β−β′)tσ∗β′α′ (t)H1αβ (t)H1ββ′ (t− τ)ei(β
′−β)τ

=
∑
γβ′

ei(α−γ+γ−β′)tσ∗β′α′ (t)H1αγ (t)H1γβ′ (t− τ)ei(β
′−γ)τ

=
∑
γβ

ei(α−γ+γ−β)tσ∗βα′ (t)H1αγ (t)H1γβ (t− τ)ei(β−γ)τ (2.61)

Likewise for the forth term we substitute β, β′ by β′, γ, which gives∑
ββ′

ei(β−β
′+β′−α′)tσ∗αβ (t)H1ββ′ (t− τ)H1β′α′ (t)e

i(β′−β)τ

=
∑
βγ

ei(β−γ+γ−α′)tσ∗αβ (t)H1βγ (t− τ)H1γα′ (t)e
i(γ−β)τ

=
∑
β′γ

ei(β
′−γ+γ−α′)tσ∗αβ′ (t)H1β′γ (t− τ)H1γα′ (t)e

i(γ−β′)τ (2.62)

Substituting Eqs.2.61 and 2.62 into Eq.2.60 then leads us to the following equation
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of motion for the density matrix elements in the interaction picture

∂σ∗αα′

∂t
=

1

~2

∑
ββ′

ei(α−β+β′−α′)tσ∗ββ′ (t)∫ ∞
0

dτ
[
H1αβ (t)H1β′α′ (t− τ)ei(α

′−β′)τ +H1αβ (t− τ)H1β′α′ (t)e
i(β−α)τ

− δα′β′
∑
γ

H1αγ (t)H1γβ (t− τ)ei(β−γ)τ − δαβ
∑
γ

H1β′γ (t− τ)H1γα′ (t)e
i(γ−β′)τ

]
(2.63)

In Eq. 2.2.1 the terms on the right hand side correspond to the second, third, first
, and forth terms on the right of Eq. 2.60 in that order. Note also that to obtain the
above result, we did a little trick by introducing

ei(α−γ+γ−β)tσ∗βα′ (t) =
∑
β′

ei(α−α
′+β′−β)tσ∗ββ′ (t) δα′β′

for Eq. 2.61, and

ei(β
′−γ+γ−α′)tσ∗αβ′ (t) =

∑
β

ei(α−α
′+β′−β)tσ∗ββ′ (t) δαβ

for Eq. 2.62. In the next step to obtain the expression of relaxation rates, we just
have to evaluate the integral of the correlation function, which is actually the spectral
density we are going to show in the flowing section.

2.2.2 Redfield approach to time-dependent perturbation theory

In this section, we further develop the master equation derived in the previous section
to obtain expressions for the time-dependent density matrix elements. The Redfield
theory is time-dependent perturbation theory in the interaction representation, and
is used to calculate the nuclear spin relaxation rates [96]. Here we summarize the
theoretical steps in the Redfield approach. Specific expressions are obtained for the
density matrix elements that correspond to the experimentally measured relaxation
rates. At the end, we will see that the Redfield theory leads us to the same conclusions
as in the previous section. We then summarize the results in convenient useful form
for biomolecular applications.

The reader should remember that we work within the eigenbasis of the angular
momentum and its z-axis projection (units of ~ with quantum numbers I and m,
respectively), written as |I,m〉 or alternatively |α〉 or ψα. First, we recall that any
arbitrary wave function can be expanded as a linear combination of the basis func-
tions: Ψ =

∑
cαψα =

∑
aαe

−iEαt/~ψα =
∑
aαe

−iαtψα, where the frequencies are
defined as α ≡ Eα/~ to simplify the notation, and where cα and aα are the expansion
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coefficients in the Schrödinger and interaction pictures, respectively [34, 96]. Note
that the asterisk (∗) below denotes complex conjugation.

σS
αα′ = 〈cαc∗α′〉 (2.64a)

σI
αα′ = 〈aαa∗α′〉 (2.64b)

Reformulation of master equation of density matrix. Next, we use time-dependent
perturbation theory in the interaction representation to obtain an expression for the
expansion coefficients aα(t+∆t) from those at some previous time t. First, we assume
that the coefficients at any time can be approximated by:

aα(t+ ∆t) = aα(t) +
∑
n

anα(t+ ∆t) (2.65)

Here anα (t+ ∆t) is the nth order coefficient at time t + ∆t corresponding to the |α〉
basis vector. From the time-dependent perturbation theory (see Eqs. 2.48 and 2.49),
we then have for the coefficients that

an+1
α (t+ ∆t) =

1

i~

∫ t+∆t

t

dt′anβ(t′)H1αβ(t′)ei(α−β)t (2.66)

and for the zeroth order, a
(0)
α (t+ ∆t) = a

(0)
α (t). Thus, the expansion of the density

matrix to second order reads:

σI
αα′ (t+ ∆t) = σI

αα′ (t) +
〈
a
∗(1)
α′ (t+ ∆t) aα (t)

〉
+
〈
a∗α′ (t) a

(1)
α (t+ ∆t)

〉
+
〈
a
∗(1)
α′ (t+ ∆t) a(1)

α (t+ ∆t)
〉

+
〈
a∗α′ (t) a

(2)
α (t+ ∆t)

〉
+
〈
a
∗(2)
α′ (t+ ∆t) aα (t)

〉
(2.67)

As mentioned above, the integration interval ∆t is assumed to be much longer than
the correlation time of the perturbation, yet small enough that no substantial changes
occur for the density matrix (the so-called Redfield limit).

After evaluating the zero-, first-, and second-order terms (see Appendix), we can
then express the result in a relatively compact form as indicated below:

σI
αα′(t+ ∆t) = σI

αα′(t) +
∆t

~2

∑
ββ′

Rαα′ββ′σ
I
ββ′e

i(α−α′+β′−β)t (2.68)

In the above formula, the relaxation matrix elements are written expressly as:

Rαα′ββ′ ≡ Uαα′ββ′ + Uβ′βα′α − δβ′α′
∑
γ

Uγγβα − δβα
∑
γ

Uβ′α′γγ (2.69)

with

Uαα′ββ′ =

∫ ∆t

0

dτGαβα′β′ (τ) e−i(α
′−β′)τ e

i(α−α′+β′−β)(∆t−τ) − 1

i (α− α′ + β′ − β) ∆t
(2.70)
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whereGαβα′β′(τ) is the correlation function of the HamiltonianH I
αβ(t) andH I

α′β′(t−τ).
It follows that the master equation for the density matrix becomes:

∂σI
αα′

∂t
=

1

~2

∑
ββ′

Rαα′ββ′σ
I
ββ′e

i(α−α′+β′−β)t (2.71)

In the following development, we will only keep the terms with (α− α′ + β′ − β) τC �
1 in Uαα′ββ′ . For these terms, we can ignore the term (ei(α−α

′+β′−β)τ ) in

ei(α−α
′+β′−β)(∆t−τ) − 1

i (α− α′ + β′ − β) ∆t

Because the integrand is significant only for τ < τC (τC is the correlation time for the
perturbing Hamiltonian), it is reasonable to replace the upper limit of the integral by
infinity for ∆t� tC, which yields

Uαα′ββ′ '
ei(α−α

′+β′−β)∆t − 1

i (α− α′ + β′ − β) ∆t

∫ ∞
0

dτGαβα′β′ (τ) e−i(α
′−β′)τ

'
∫ ∞

0

dτGαβα′β′ (τ) e−i(α
′−β′)τ

=
1

2
Jαβα′β′ (α

′ − β′) (2.72)

where Jαβα′β′ (α
′ − β′) =

∫∞
−∞ dτGαβα′β′ (τ) e−i(α

′−β′)τ is the spectral density, which
is the Fourier transform partner of the correlation function. Note that other terms
that do not satisfy (α− α′ + β′ − β) τC � 1 are less than τC/∆t times those sat-
isfying the condition. If (α− α′ + β′ − β) τC is on the order of 1, it follows that
(α− α′ + β′ − β) ∆t � 1 will hold. Here, we recall that the magnitude of all the
terms of Uαα′ββ′ is 1/ (α− α′ + β′ − β) ∆t. Consequently the magnitude of the terms
Uαα′ββ′ satisfying (α− α′ + β′ − β) τC � 1 is much larger than τC/∆t, while the mag-
nitudes of all the other terms are much less than 1 (because (α− α′ + β′ − β) ∆t� 1
holds).

Redfield relaxation supermatrix elements. Before proceeding any further, let us
now discuss the symmetry of the correlation functions and the spectral densities. First
of all, we know that Gαβα′β′ (τ) = Gαβα′β′ (−τ) due to the time reversal symmetry.
If we consider that the Hamiltonian is hermitian, i.e., Hαβ = H∗βα, then we obtain
that Gαβα′β′ (−τ) = Gβ′α′βα (τ) as a result. Keeping the symmetry properties of the
correlation functions in mind, we then obtain the symmetry properties of the spectral
density analogously, leading to Jαβα′β′ (ω) = Jαβα′β′ (−ω) = Jβ′α′βα (ω). It follows
that the relaxations supermatrix reads:

Rαα′ββ′ =
1

2

[
Jαβα′β′ (α

′ − β′) + Jαβα′β′ (β − α)

− δβ′α′
∑
γ

Jγβγα (γ − α)− δβα
∑
γ

Jγα′γβ′ (α
′ − γ)

]
(2.73)
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In the above formula, we used exactly the same trick as for Eqs. 2.61 and 2.62.
Moreover, we applied the following symmetry properties: Gαβα′β′ (τ) = Gαβα′β′ (−τ) =
Gβ′α′βα (τ). Notably, the symmetry properties of the spectral densities lead to conclu-
sions about the symmetry properties of the relaxation supermatrix Rαα′ββ′ = Rβ′βα′α.
To summarize at this point we have obtained the equation of motion of the density
matrix as described by Eqs. 2.71 and 2.73 in the interaction (”I”) frame.

Equation of motion of density matrix in Schrödinger picture From the above develop-
ment, it follows that in the Redfield theory, the equation of motion in the Schrödinger
picture takes on the simplified form

∂σαα′

∂t
=
i

~
[σ,H0]αα′ +

1

~2

∑
ββ′

Rαα′ββ′ [σββ′(t)− σββ′(∞)] (2.74)

The imaginary term describes the spin precession and is only important for spin-spin
relaxation. The relaxation matrix Rαα′ββ′ are elements of the Redfield relaxation
supermatrix. [34] The density matrix σI

ββ′ (t) is replaced by σI
ββ′ (t)− σββ′ (∞) corre-

sponding to the deviation from the thermal equilibrium value. We can then use Eq.
2.74 to solve for the various nuclear spin relaxation rates.

Secular approximation. At this juncture, it is useful to introduce the secular ap-
proximation. Because the heat capacity of the lattice is relatively large, e.g. compared
to that of nuclear spins, the lattice remains in its thermal equilibrium all the times,
while the spin system will gradually undergo relaxtion to its thermal equilibrium
state. It follows that when (α − α′ + β′ − β) is large (Rαα′ββ′ � |α − α′ + β′ − β| ),
the corresponding terms will be oscillating rapidly (because of ei(α−α

′+β′−β)t) com-
pared to the relatively slow relaxation process (see Eq. 2.71). Effects from these
terms will be averaged to zero over the relaxation time scale. Consequently, we only
keep terms with α− α′ + β′ − β = 0 based on the secular approximation, which also
simplifies the expressions for Rαα′ββ′ . After considering the secular approximation
(α− α′ + β′ − β = 0), there remain two different types of relaxation matrix elements
Rααββ and Rαβαβ that can be distinguished. The diagonal matrix elements Rααββ

refer to the spin energy-level populations, and affect the longitudinal (spin-lattice)
relaxation processes. The spin-lattice relaxation rates are associated with the Rααββ

values, corresponding to the diagonal elements σI
αα of the density matrix (correspond-

ing to the population of α state). By contrast, the off-diagonal matrix elements Rαβαβ

pertain to the coherences among the individual spin states, and affect the transverse
(spin-spin) relaxation processes in NMR spectroscopy. Their effects do not involve
population changes, but only dephasing of the nuclear spin precession (σαβ is the
coherence of α and β states). Both types of relaxation processes are important in
NMR spectroscopy, as we illustrate by the examples given below.

Example of spin-1 system. Before evaluating the nuclear spin relaxation rates, let
us remind ourselves about the different possible spin relaxation mechanisms. Taking
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a spin-1 system as our example, two types of spin-lattice relaxation are possible.
They both correspond to changing the energy level populations, and hence involve
the exchange of energy between the spin system and the surroundings. Namely, R1Z

is the relaxation rate for Iz, longitudinal magnetization, which physically corresponds
to the population difference of the |1, 1〉 and |1,−1〉 states. Correspondingly R1Q is
the relaxation rate for IQ = I2

z −I2/3, which corresponds to longitudinal quadrupolar
operator.

In the case of transverse relaxation, the following rates are measurable: trans-
verse Zeeman relaxation (T2Z), transverse quadrupolar relaxation (T2Q), and double-
quantum relaxation (T2D). If we define the raising and lowering operators as I+ =
Ix + iIy and I− = Ix − iIy, then T2Z corresponds to Ix, Iy, I+, and I−. Quadrupolar
relaxation T2Q is for Jx, Jy, J+, and J−, where Jx = IyIz + IzIy and Jy = IzIx + IxIz.
Double-quantum relaxation T2D is for Jz = IxIy + IyIz and Kz = I2

x− I2
y . In what fol-

lows, among the different type of transverse relaxation, we will use transverse Zeeman
relaxation T2Z with the raising operator I+ to illustrate how we obtain the expressions.

In the eigenbasis of the unperturbed Hamiltonian |I,m〉, below we provide the
matrices for each of these operators using the label 1 to correspond to |1, 1〉, next
2 is |1, 0〉, and lastly 3 is |1,−1〉. With this in mind, we first give the matrix rep-
resentations of various operators. As for the matrix representation of the other op-
erators, they are straightforward to calculate from Ix and Iy as done below. For
example, the matrix representation of Iz in the eigenbasis of the Zeeman Hamiltonian
is 〈I,m|Iz|I,m〉 and for I = 1 it is given by:

Iz =


|1, 1〉 |1, 0〉 |1,−1〉

〈1, 1| 1 0 0
〈1, 0| 0 0 0
〈1,−1| 0 0 −1

 (2.75)

Correspondingly, the matrix representations in the eigenbasis of the Zeeman Hamil-
tonian, i.e., in the angular momentum |I,m〉 basis, for the other operators of interest
are given by:

IQ =
1

3

 1 0 0
0 −2 0
0 0 1

 (2.76a)

I+ =
1√
2

 0 1 0
1 0 1
0 1 0

+
i√
2

 0 −i 0
i 0 −i
0 i 0

 =
√

2

 0 1 0
0 0 1
0 0 0

 (2.76b)

I− =
√

2

 0 0 0
1 0 0
0 1 0

 (2.76c)
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From these matrix representations, we can then associate the various operators
with the different density matrix elements [34].

〈Iz〉 = σ11 − σ33 (2.77a)

〈IQ〉 =
1

3
(σ11 − 2σ22 + σ33) (2.77b)

〈I+〉 =
√

2(σ12 + σ23) (2.77c)

〈I−〉 =
√

2(σ21 + σ32) (2.77d)

Because the Hamiltonian is Hermitian, we have σαβ = σβα. Thus 〈I+〉 = 〈I−〉, and
from now on we will just use 〈I+〉 to illustrate how to obtain the T2Z relaxation rate.

Redfield relaxation supermatrix. In the following section, we will use the quadrupolar
interaction to illustrate how we can apply Eq. 2.74 to evaluate all the spectral density
matrix elements appearing in above formulas. We have already worked out specific
expressions for the quadrupolar Hamiltonian in Eq. 2.2.1. To keep the following
development as simple as possible, we work with the symmetric case (ηQ = 0). With
Eq. 2.74, we first start with the evaluation of the spectral density Jαβα′β′ (α

′ − β′),
which reads

Jαβα′β′ (α
′ − β′) =

∫ ∞
−∞

dτGαβα′β′ (τ) e−i(α
′−β′)τ

=
3

2
(~CQeq)

2
∑
m

〈α|T2m |β〉 〈α′|T2m |β′〉∗
∫ ∞
−∞

dτGm (τ) e−i(α
′−β′)τ

=
3

2
(~CQeq)

2
∑
m

〈α|T2m |β〉 〈α′|T2m |β′〉∗ Jm (α′ − β′) (2.78)

Here, we recall that because the non-zero time averaged Hamiltonian 〈H1〉 commutes
with the main Hamiltonian H0, it was absorbed into the static interaction. Corre-
spondingly, the averaged Wigner rotation matrix elements must be subtracted to give
the fluctuating part. It follows that the irreducible correlation functions are

Gm(τ) = 〈[D(2)
0m(ΩPL, t)− 〈D(2)

0m(ΩPL, t)〉]∗[D(2)
0m(ΩPL, t− τ)− 〈D(2)

0m(ΩPL, t− τ)〉]
= 〈|D(2)

0m(ΩPL, t)|2〉 − |〈D(2)
0m(ΩPL, t)〉|2 (2.79)

which are the Fourier transform partners of the irreducible spectral densities Jm(ω).
Note that the matrix elements encompass the selection rules and characterize the

allowed transitions in accord with the Wigner-Eckart theorem. The correlation func-
tions Gm(t) describe the time dependence of the fluctuating irreducible components
about their mean values within the laboratory frame. For the limit that ηλ = 0, only
the RPAS

20 irreducible component is non-zero. However, in general cross-terms involv-
ing the symmetric (δλ) and asymmetric (ηλ) irreducible components of the coupling



52

tensor may need to be considered [130]. The irreducible spectral densities Jm(ω) de-
scribe the amplitudes of the fluctuations of the irreducible components of the coupling
tensor at the frequency ω, which produce the observed nuclear spin relaxation.

With the spectral density described above, now we can move on to consider the
Rαα′ββ′ relaxation supermatrix. As an example, let us evaluate the following matrix
elements:

R1111 = J1111 (0)− 1

2

∑
γ

Jγ1γ1 (γ − 1)− 1

2

∑
γ

Jγ1γ1 (1− γ)

= J1111 (0)−
∑
γ

J1γ1γ (1− γ) (2.80)

Here we recall that label 1 is |1, 1〉, label 2 is |1, 0〉, and label 3 is |1,−1〉. In the
above formulas, γ = 1, 2, or 3, and the frequency γ − 1 corresponds in our notation
to α = Eα/~ meaning that γ− 1 = (Eγ −E1)/~ is the energy gap in frequency units.
We can also use the following symmetry properties Jγ1γ1 (1− γ) = Jγ1γ1 (γ − 1) =
J1γ1γ (1− γ) for the spectral densities, leading to

J1111(0) =
3

2
(~CQeq)

2
∑
m

〈+1|T (2)
m |+ 1〉〈+1|T (2)

m |+ 1〉∗Jm(0)

=
1

6
~2KQJ0(0) (2.81)

Here KQ = 3 (CQeq)
2 /2 = 3 (e2qQ)

2
/8~2 = 3π2χ2

Q/2, and Jm(0) are the irreducible
spectral densities of the motion evaluated at ω = 0.

Corresponding to Eq. 2.81, we can obtain the full expression for the relaxation
matrix element in the similar way. The result is:

∑
γ

J1γ1γ(1− γ) = J1111(1− 1) + J1212(1− 2) + J1313(1− 3)

=
1

6
~2KQJ0(0) +

1

2
~2KQJ1(ω0) + ~2KQJ2(2ω0) (2.82)

Combining Eqs. 2.81 and 2.82 then leads us to the result that

R1111 = −~2KQ(
1

2
J1(ω0) + J2(2ω0)) (2.83)

In a similar manner to the above example, we obtain the following for the elements
of the Redfield relaxation (super)matrix:

Rααββ = Rαβ = ~2KQ

−1
2
J1(ω0)− J2(2ω0) 1

2
J1(ω0) J2(2ω0)

1
2
J1(ω0) −J1(ω0) 1

2
J1(ω0)

J2(2ω0) 1
2
J1(ω0) −1

2
J1(ω0)− J2(2ω0)


(2.84)



53

2.2.3 Observable relaxation rates for I=1 spin system

Relaxation of Zeeman order (spin-lattice) relaxation. Now that the relaxation matrix
has been derived, we can consider the individual density matrix elements. Recall
that the diagonal elements are related to the populations of the eigenstates and the
off-diagonal elements to the coherence of the individual members of the quantum
statistical ensemble. The resulting equations of motion for the diagonal elements of
the density matrix are given by the following coupled differential equations:

∂σ11

∂t
=

1

~2
[R1111 (σ11 (t)− σ11 (∞))

+R1122 (σ22 (t)− σ22 (∞)) +R1133 (σ33 (t)− σ33 (∞))] (2.85)

∂σ22

∂t
=

1

~2
[R2211 (σ11 (t)− σ11 (∞))

+R2222 (σ22 (t)− σ22 (∞)) +R2233 (σ33 (t)− σ33 (∞))] (2.86)

∂σ33

∂t
=

1

~2
[R3311 (σ11 (t)− σ11 (∞))

+R3322 (σ22 (t)− σ22 (∞)) +R3333 (σ33 (t)− σ33 (∞))] (2.87)

Substituting Eqs. 2.85-2.87 into Eq. 2.77a, the resulting expression for the spin-lattice
(longitudinal) relaxation rate is thus obtained:

∂

∂t
〈Iz〉 =

∂

∂t
(σ11 − σ33)

=
1

~2
(R1111 −R1133) [σ11 (t)− σ11 (∞)− σ33 (t) + σ33 (∞)] (2.88)

Finally, the spin-lattice relaxation rate of the magnetization can then be expressed
in terms of the irreducible spectral densities of motion, corresponding to the irre-
ducible components of the coupling Hamiltonian. The longitudinal Zeeman relaxation
rate is given by:

∂

∂t
〈Iz〉 = −〈Iz〉 − 〈Iz〉∞

T1Z

(2.89)

where

R1Z =
1

T1Z

= −(R1111 −R1133)

~2
=
KQ

2
[J1(ω0) + 4J2(2ω0)]

=
3

4
π2χ2

Q [J1 (ω0) + 4J2 (2ω0)] (2.90)
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where χQ = e2qQ/h. Note that the relaxation matrix only include the diagonal
elements of the density matrix. Our readers might notice that there is a factor 2
different with some expressions for the relaxation rates. The reason is the definition
of spectral density: here the integrand is over the full axis, while for other expressions
with 3/2 instead of 3/4, the integrand of the spectral density is over the half axis.

Experimental measurement of irreducible spectral densities of motion. How can we
determine the irreducible spectral densities of motion using solid-state 2H NMR spec-
troscopy? As an experimental illustration at this point, the general strategy is to mea-
sure the experimental NMR relaxation rates using an inversion recovery quadrupolar
echo pulse sequence for the longitudinal (Zeeman) spin order [12]. The broad-band
Jeener-Broekaert pulse sequence is used for the quadrupolar spin order [143]. The
relaxation rates are then used to obtain the irreducible spectral densities of motion as
model-free experimental observables. Spectral density mapping in this way represents
a novel experimental approach to investigate the molecular dynamics. The results can
be further interpreted using analytical theories in closed mathematical form. As an
alternative, numerical molecular dynamics (MD) simulations that encapsulate the
complete force field due to the membrane lipid constituents [93] and can be used to
further interpret the spectral densities at an atomistic level.

Relaxation quadrupolar order relaxation. The corresponding rates for the decay
of quadrupolar order for spin I = 1, and the decay of dipolar order within the two
spin I = 1/2 approximation, are designated by R1Q and R1D, respectively, with T1Q

and T1D as the relaxation times. For example, the spin-lattice relaxation rate of the
quadrupolar order (see Eq. 2.77b) reads:

∂

∂t
〈IQ〉 =

1

3

∂

∂t
(σ11 − 2σ22 + σ33)

=
1

3~2
{(R1133 +R1111 − 2R2233)[σ11(t)− σ11(∞) + σ33(t)− σ33(∞)]

−2(R2222 −R1122)[σ22(t)− σ22(∞)]}

= −3

2
KQJ1(ω0)

(σ11 − 2σ22 + σ33)

3
(2.91)

Again only the diagonal density matrix elements are included in the relaxation matrix.
It follows that the relaxation rate for the decay of quadrupolar order is given by the
formula:

R1Q ≡
1

T1Q

=
3

2
KQJ1(ω0) =

9

4
π2χ2

QJ1(ω0) (2.92)

Relaxation of transverse coherence (spin spin) relaxation. The relaxation rate for
the decay of transverse single-quantum coherence (i.e. the spin-spin relaxation rate)
is given by R2, where T2 is the corresponding relaxation time. Using the Redfied
relaxation theory, one can obtain the analogous expressions for the relaxation of the
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Figure 2.3: Partially-relaxed solid-state 2H NMR spectra used to determine spin-
lattice and quadrupolar order relaxation rates. Data are for bilayers of DMPC-
d54/cholesterol (1:1) macroscopically oriented at θ = 90◦ in the liquid-ordered phase
at T = 40◦C (ν0 = 76.8) MHz. (a) Recovery of Zeeman order (R1Z); and (b) decay of
quadrupolar order (R1Q). In parts (a) and (b) the partially relaxed 2H NMR spectra
are plotted at different delay times. Figure is adapted from reference [132].

coherences due to the off-diagonal elements of the density matrix. The relaxation of
the transverse magnetization is given by:

∂σ12

∂t
= −iω0σ12 +

1

~2
[R1212 (σ12 (t)− σ12 (∞)) +R1223 (σ23 (t)− σ23 (∞))] (2.93)

∂σ23

∂t
= −iω0σ23 +

1

~2
[R2312 (σ12 (t)− σ12 (∞)) +R2323 (σ23 (t)− σ23 (∞))] (2.94)
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One can then obtain the time dependence of 〈I+〉 leading to:

∂

∂t
〈I+〉 =

√
2
∂

∂t
(σ12 + σ23)

= −i
√

2ω0(σ12 + σ23) +

√
2

~2
{R1212[σ12(t)− σ12(∞) + σ23(t)− σ23(∞)]

+R2312[σ12(t)− σ12(∞) + σ23(t)− σ23(∞)]}

= −i
√

2ω0(σ12 + σ23) +

√
2

~2
{(R1212 +R2312)[σ12(t)− σ12(∞) + σ23(t)− σ23(∞)]}

= −i
√

2ω0(σ12 + σ23) +
KQ

2
(−3

2
J0(0)− 5

2
J1(ω0)− J2(2ω0))

√
2(σ12 + σ23) (2.95)

Here, one should recall that T2Z is the relaxation time corresponding to the relax-
ation of 〈I±〉. Thus the resulting expression for the spin-spin (transverse) relaxation
rate reads:

R2Z ≡
1

T2Z

=
KQ

2

[
3

2
J0(0) +

5

2
J1(ω0) + J2(2ω0)

]
=

3

4
π2χ2

Q

[
3

2
J0(0) +

5

2
J1(ω0) + J2(2ω0)

]
(2.96)

Moreover, in systems undergoing isotropic averaging, e.g. phospholipid vesicles and
random multilamellar lipid dispersions [16], globular proteins in solution, or deter-
gent micelles, the dependence on the m index vanishes on account of the spherical
symmetry. The orientational averaging then leads to Jm(ωI) → 〈Jm(ωI)〉 ≡ J(ωI).
The transverse cross-relaxation rate must then be included, yielding

R2Z ≡
1

T2Z

=
3

4
π2χ2

Q

[
3

2
J(0) +

5

2
J(ω0) + J(2ω0)

]
(2.97)

For a spin I = 1 system the various possible relaxation rates are summarized for
the convenience of the reader in Table 2.5. The derivation of R2Q and R2D is shown in
the Appendix. Their expressions are obtained in a similar way as what we did here for
other relaxation rates. The various measurable relaxation rates for the quadrupolar
interaction (spin I = 1) are explicitly obtained from Table 2.5.

Relaxation due to heteronuclear dipolar coupling. Moreover, the case that I 6=
S can be considered, e.g., corresponding to the 13C −1 H direct magnetic dipolar
interaction. The various observable relaxation quantities are then given by

R1Z ≡
1

T1Z
=

3

2
Nπ2χ2

D

[
1

6
J0(ωS − ωI) +

1

2
J1(ωI) + J2(ωS + ωI)

]
(2.98a)

R2 ≡
1

T2
=

3

4
Nπ2χ2

D

[
1

6
J0(ωS − ωI) +

1

2
J1(ωI) + J2(ωS + ωI) +

2

3
J0(0) + J1(ωS)

]
(2.98b)
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Table 2.5: Relaxation rates expressions for quadrupolar interaction in
terms of irreducible spectral densities of motion

Relaxation rate Relaxation time Spectral densities

R1Z 1/T1Z
3
4
π2χ2

Q(J1(ω0) + 4J2(2ω0))

R1Q 1/T1Q
9
4
π2χ2

QJ1(ω0)

R2Z 1/T2Z
3
4
π2χ2

Q(3
2
J0(0) + 5

2
J1(ω0) + J2(2ω0))

R2Q 1/T2Q
3
4
π2χ2

Q(3
2
J0(0) + 1

2
J1(ω0) + J2(2ω0))

R2D 1/T2D
3
4
π2χ2

Q(J1(ω0) + 2J2(2ω0))

a Here in the expression of relaxation rates we use coupling parameter χQ,
which can be related to other notations, for example KQ = 3π2χ2

Q/2.

Table 2.6: Relaxation rate expressions for heteronucleardipolar interaction between
nucleus i and j with spin I and S

Rate Spectral densities

R1Z
3
2
Nπ2χ2

D

[
1
6
J0(ωS − ωI) + 1

2
J1(ωI) + J2(ωS + ωI)

]
R2

3
4
Nπ2χ2

D

[
1
6
J0(ωS − ωI) + 1

2
J1(ωI) + J2(ωS + ωI) + 2

3
J0(0) + J1(ωS)

]
ηIS

γS
γI

−1/6 J0(ωS − ωI) + J2(ωS + ωI)
1/6 J0(ωS − ωI) + 1/2 J1(ωI) + J2(ωS + ωI)

ηIS = (
γs
γI

)
−1

6J0(ωS − ωI) + J2(ωS + ωI)
1
6J0(ωS − ωI) + 1

2J1(ωI) + J2(ωS + ωI)
(2.98c)

where N is the number of directly bonded 1H nuclei. Here R1Z is the Zeeman (spin-
lattice) relaxation rate with relaxation time T1Z; next ηIS is the heteronuclear Over-
hauser effect arising from the fluctuating dipolar interactions; and lastly R2 is the
transverse (spin-spin) relaxation rate with R2 as the relaxation time. If orientational
averaging occurs, then the dependence on the m index vanishes on account of the
spherical symmetry, yielding Jm(ωI) → 〈Jm(ωI)〉 ≡ J(ωI). The various relaxation
rates for the direct dipolar coupling (I, S for spin 1/2 nuclei) are summarized in Table
2.6.

Together with the residual couplings, e.g., the residual quadrupolar couplings
(RQCs) or residual dipolar couplings (RDCs), the above relaxation rates (Table 2.5
and 2.6) allow one in principle to separate the irreducible spectral densities of motion,
and to determine their individual values. The spectral densities completely define
the problem, inasmuch as NMR spectroscopy of a spin I = 1 nucleus is concerned.
They represent the primary connection to molecular dynamics (MD) simulations of
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biomolecules.

2.3 Generalized model-free (GMF) analysis

2.3.1 Generalized model-free analysis of nuclear spin relaxation rates

A major advantage of NMR spectroscopy in membrane biophysics is that information
is obtained regarding both average structural properties and molecular motions. The
presence of motion leads to averaging of the solid-state NMR spectra, together with
relaxation of the nuclear spins. For example, the static coupling tensor is averaged by
molecular motions to yield a residual coupling tensor, whose principal values depend
on both the static coupling parameters, as well as the type of motion [22]. We now
consider how the effects of fluctuations of the coupling tensor are manifested in the
2H NMR spectral lineshapes and relaxation times.

Figure 2.4: Schematic depiction of transformations employed in dynamical models
for membrane constituents. Various motions are treated by a generalized expansion
in terms of coordinate-frame transformations. Euler angles Ω describing transfor-
mations between multiple reference frames invoked in solid-state NMR studies of
biomembranes are illustrated. The z-axes of the various coordinate frames are indi-
cated. Symbols are defined as follows: P, principal axes system of coupling tensor;
I, internal or intermediate segmental frame; M, molecular interaction frame; D, bi-
layer director or alignment frame; and L, laboratory frame. The Euler angles that
describe the various rotations are explained in further detail in the text. Figure is
from reference [146].

Pre-averaging of coupling tensor. As mentioned above and discussed by Brown
and Söderman [22], rapid segmental or molecular fluctuations can pre-average the
static coupling tensor to yield a residual coupling tensor. Furthermore, even if the
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static tensor is axially symmetric (ηQ = 0), the residual or effective tensor can be non-
axially symmetric (ηeff

Q = 〈ηQ〉 6= 0). The possibility of such pre-averaging accounts
for the introduction of an internal coordinate frame in Fig. 2.4. Within this frame,
the residual coupling tensor is diagonal in terms of a Cartesian basis, and the Euler
angles that relate the PAS of the static tensor to the residual tensor are designated as
ΩPI. The residual coupling parameters are then given by χeff

λ = 〈χλ〉 = χλ〈D(2)
00 (ΩPI)〉

[22, 131], where λ = Q in the case of the quadrupolar interaction. As a result,
one can consider in a unified fashion various motional models, in which a static
tensor is averaged by local motions, or alternatively a residual tensor (pre-averaged
by faster motions) that is further averaged by slower molecular motions, or collective
fluctuations of the aggregate. The usefulness of this approach will become evident
with regard to the treatment of motional models for NMR relaxation.

Generalized model-free analysis. The above development in terms of irreducible
tensor operators gives us a natural way of treating the rotational transformations of
coordinates due to the angular-dependent spin interactions, as in the chemical shift,
magnetic dipolar coupling, and electric quadrupolar coupling. The so-called gener-
alized model-free (GMF) analysis considers the angular fluctuations of the molecule-
fixed coupling tensor with respect to a preferred alignment (director) axis. The align-
ment axis (e.g., the normal to the membrane surface or the fiber axis of a polymer) is
inclined with respect to the applied external magnetic field (in the laboratory frame),
giving rise to an angular-dependent lineshape, and an orientational anisotropy of the
nuclear spin relaxation.

Although the GMF method is broadly applicable, it is simple and fits the ex-
perimental data for biomembranes very well. A minimum number of experimental
parameters are introduced, corresponding to the experimental NMR lineshape and
the nuclear spin relaxation rates. Representation of the system using a spherical basis
set, together with formulation of the physical observables by irreducible tensor op-
erators that transform according to the rotation group, and whose matrix elements
are described by the Wigner-Eckart theorem, justifies our referring to the method as
model-free. [17, 73].

To continue further, the GMF approach entails an irreducible representation of
the coupling interaction using a spherical basis set. The main assumption is that a
stationary Markov process is considered for the fluctuating irreducible components
relative to their averages. The resulting model-free parameter values can guide the
choice of more specific analytical models, or molecular dynamics (MD) simulations.
Notably, the relaxation depends on the mean-squared amplitudes and correlation
times for the Wigner rotation matrix elements, together with the orientation of the
alignment frame (crystal lattice or director for complex fluids; bilayer normal for
membrane lipids; or fiber axis for biopolymers) to the magnetic field direction (labo-
ratory frame). The fixed transformation between the alignment frame and laboratory
frame is set by the experimenter. Consequently, we are interested in the correla-
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tion functions and spectral densities that describe the structure and dynamics of
the molecules within the alignment frame [146]. The angular anisotropy of the re-
laxation depends on the symmetry, and in the present case of an axial alignment
frame (director), it is independent of the internal structure of the system. In terms
of the Wigner-Eckart theorem, the angular dependence corresponds to the Clebsch-
Gordan coefficients, whereby the principal features of the system are encapsulated by
the reduced matrix elements, including their transformation under multiple internal
rotations of the system.

Introduction of closure We next recall that transformation among multiple coordi-
nate systems is rendered straightforward by application of the closure property from
group theory (i.e. quantum mechanics) [10]. Because any rotation can be expressed
as a linear combination of other rotations, the corresponding rotation matrix elements
within an irreducible representation using a spherical basis set can be further decom-
posed into various sub-rotations. Alternatively, the sub-rotations can be suppressed
to yield the corresponding overall rotation. Thus, using the principles of group theory,
the Wigner rotation matrix elements for any rotation can be expressed as a linear
combination of the Wigner rotation matrix elements for the other rotations [10, 99].
By contrast, if one attempts to treat the problem of multiple coordinate rotations
using a Cartesian basis set, then the multiple unitary transformations would require
the use of computer simulations, with an attendant loss of physical insight.

Role of symmetry. The various Wigner rotation matrix elements (which can be
viewed as generalized spherical harmonics) together with the associated correlation
times for the fluctuations are related by the various symmetry operations. Most
obvious is that for a symmetric membrane, the up and down directions cannot be
distinguished. What one measures is invariant to application of the parity (inversion)
operation. In simple terms, this means flipping or inverting the molecule within the
magnetic field does not matter, or equivalently changing the magnetic field direction.
Indeed most NMR spectroscopists do not know which way their magnetic field is
actually pointing. It does not matter, because most of the interactions that we
measure in NMR spectroscopy have even parity [131].

Now in fluid bilayer membranes, the motions of the constituent molecules are
cylindrically symmetric on average about the bilayer normal, an axis known as the
director. The transformation of the various coordinate frames under rotations is
most easily handled using irreducible tensor calculus [10, 99, 145]. Treatment of the
rotations is facilitated by application of a simple principle from group theory known
as closure (see Appendix). In effect, this principle states that any overall rotation
can be considered as the result of a sequence of rotations involving various inter-
mediate coordinate frames. Using closure, we can expand the overall rotation into
various sub-rotations that manifest the structure and dynamics of the system of in-
terest. Conversely, we can suppress or absorb the various sub-rotations, giving other
combinations of rotations as the result.
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Multiple coordinate transformations and role of closure. For the case of biomem-
branes, the overall rotation is from the principal axis system of the coupling tensor to
the laboratory frame. The Euler angles ΩPL can then be decomposed into the effects
of multiple consecutive rotations. For example, applying closure, we can separate the
overall rotation into a part that depends on time, and a part that does not. The
first, with Euler angles ΩPD(t), represents rotation from the principal axis system
to the director frame (whose z-axis is the bilayer normal); whereas the second, with
Euler angles ΩDL, represents the fixed rotation from the director to the laboratory
axis system. In the present case, the time dependence is due to the molecular lipid or
protein fluctuations that occur within the director frame, which itself is static. The
time dependence corresponds to rotations with respect to the director (or crystal)
frame. On the other hand, the time-independent part corresponds to the static trans-
formation of the director frame to the laboratory axis system, defined by the applied
main magnetic field. In this way, the fluctuations are expressed with respect to the
director (or crystal) frame, that itself is spatially aligned within the laboratory axes
system.

Hierarchy of motions–energy landscape of membrane lipid bilayers. Let us now
consider a general formulation, which is capable of handling the various possible types
of motions of the lipid or protein molecules within the bilayer in a unified fashion.
In the liquid-crystalline state, a hierarchy of motions exists, e.g., as indicated by the
frequency dependence of the 1H, 2H, and 13C nuclear spin relaxation rates [13,24,66,
98, 108]. One can expect the presence of contributions from segmental motions, as
well as molecular motions and possibly collective fluctuations of the bilayer itself. The
general types of motional models that can be considered are indicated schematically
in Fig. 2.4. In the case of segmental motions, the C–2H bond vector reorientation
is described by the angles ΩPD(t) between the frame of the coupling tensor and the
director; the remaining transformations are collapsed. Likewise, molecular motions
are considered in terms of the angles ΩMD(t) between the molecular frame and the
director. lastly, the collective motions are formulated in terms of fluctuations of an
instantaneous director relative to the average director, and are represented by the
ΩND(t) Euler angles.

Referring now to Fig. 2.4, when motion is present, the irreducible components of
the electric field gradient tensor that are expressed within the laboratory frame be-
come time dependent, such that Rlab

2m → Rlab
2m(t). As also discussed in the Appendix,

one can then use the closure property of the rotation group [10] to express the Wigner

rotation matrix elements for the overall transformation, D
(2)
sm(ΩPL), in terms of the

various intermediate frames (Fig. 2.4). The reorientational dynamics of membrane
constituents can then be treated as a sequence of individual coordinate frame trans-
formations, in which the overall rotation angles ΩPL are substituted by various Euler
angles, using the above-mentioned closure property of the rotation group.

Multiple coordinate transformations for membrane lipid bilayers. The set of co-
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ordinates in Fig. 2.4 has proved useful in the describing the lipid bilayer dynamics
is illustrated [17, 131]. The Euler angles ΩPI(t) specify the transformation of the ir-
reducible components of the coupling tensor from the principal axis system (P) of
the static tensor to a segmental intermediate or internal (I) motional frame; next the
angles ΩIM(t) correspond to rotation from the internal frame to the molecular (M)
axis system; the angles ΩMN(t) to the transformation from the molecular frame to the
instantaneous director n(t), an axis of local cylindrical symmetry; ΩND(t) to rotation
from the instantaneous director to the average director n0 which is the macroscopic
bilayer normal; and lastly the angles ΩDL describe the fixed transformation from the
average director (D) to the laboratory frame (L) of the static external magnetic field.
In the latter transformation (αDL, βDL) = (φ, θ) are the spherical polar angles charac-
terizing the orientation of the the bilayer frame relative to laboratory magnetic field.
The reader should recognize that the Euler angles describing the various rotations in
Fig. 2.4 may be either time-dependent or fixed; by contrast the ΩDL transformation
is always fixed and can be set experimentally. The expansion can be further gener-
alized to include an arbitrary number of coordinate transformations; or alternatively
closure enables those transformations not included in a specific motional model to be
absorbed or suppressed through collapse of the summations. [131].

Irreducible correlation functions. In the previous section, we developed general
expressions for the nuclear spin relaxation rates. The relaxation rates are experimen-
tal observables that can be used to determine the spectral densities of the motions in
a model-free way. Now we will come up with a theoretical way to further interpret the
relaxation rates. With the assumption of a stationary Markov process, the irreducible
correlation functions read

Gm (τ) =
〈[R(2)lab

m (t)− 〈R(2)lab
m 〉]∗[R(2)lab

m (t− τ)− 〈R(2)lab
m 〉]〉

|R(2)PAS
0 |2

= 〈[D(2)
m0 (ΩPL, t)− 〈D(2)

m0 (ΩPL)〉]∗[D(2)
m0 (ΩPL, t−τ)− 〈D(2)

m0 (ΩPL)〉] (2.99)

The above formula can be further simplified as:

Gm(t) = [〈|D(2)
0m(ΩPL)|2〉 − |〈D(2)

0m(ΩPL)〉|2]g0m(t)

= Gm(t=0)g0m(t) (2.100)

where g0m(t) is a reduced correlation function. Here the time-dependent part is
expressed relative to the averaged spatial part of the irreducible correlation functions.

Average Hamiltonian and time-independent part of coupling interaction. In what
follows, an axially symmetric coupling tensor is assumed (ηλ = 0). As mentioned
above, it is useful to first separate the time-dependent part due to the internal struc-
ture and dynamics from the time-independent part. The latter corresponds to the
average orientation within the space-fixed laboratory system of the alignment frame.
Use of the closure property of the group of rotations then leads us to:
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D
(2)
0m(ΩPL, t) =

∑
n

D
(2)
0n (ΩPD, t)D

(2)
nm(ΩDL), (2.101)

According to the above result, we are able to separate the molecular motion (time
dependent) from the static orientation in the frame transformation. However, in the
case of spherical symmetry, there is no projection axis for the angular momentum,
and so there is only one correlation function for isotropic solutions, e.g., for aqueous
solutions of globular proteins or detergent micelles. To evaluate the correlation func-
tions in Eq. 2.99, for systems with rotational symmetry about a preferred direction
(temporal or spatial), the off-diagonal (cross-correlation) terms vanish. Only three
different correlation functions are found for the projections of the angular momentum
onto the quantization axis (alignment frame or magnetic field direction). In this way,
we obtain the irreducible correlation functions within the alignment frame (director
≡ dir in analogy with liquid crystals):

Gm(t) =
∑
n

[〈|D(2)
0n (ΩPD)|2〉 − |〈D(2)

0n (ΩPD)〉|2]|D(2)
nm(ΩDL)|2g0n(t) (2.102)

=
∑
n

Gdir
n (t)|D(2)

nm(ΩDL)|2

Now clearly, the internal structure and dynamics of the biomolecular system are
encapsulated by the irreducible correlation functions. In the preferred alignment
frame (director), they are denoted by

Gdir
n (t) = [〈|D(2)

0n (ΩPD)|2〉 − |〈D(2)
0n (ΩPD)〉|2]g0n(t)

= Gdir
n (t=0)g0n(t) (2.103)

Next, upon opening up Eq. 2.102, the full expression for the correlation functions in
the laboratory frame reads:

Gm(t) = d
(2)
0m(βDL)2Gdir

0 (t) + [d
(2)
1m(βDL)2 + d

(2)
−1m(βDL)2]G dir

1 (t)

+ [d
(2)
2m(βDL)2 + d

(2)
−2m(βDL)2]Gdir

2 (t) (2.104)

Note that the laboratory-frame correlation functions Gm(t) are linear combinations of
the correlation functions in the alignment (dir) frame. Our focus is on the molecular
structure and dynamics in the alignment frame. The mean-square amplitudes are
summarized by the relations below:

Gdir
0 (t=0) = 〈|D(2)

00 (ΩPD)|2〉 − |〈D(2)
00 (ΩPD)〉|2 (2.105a)

Gdir
±1(t=0) = 〈|D(2)

01 (ΩPD)|2〉 (2.105b)

Gdir
±2(t=0) = 〈|D(2)

02 (ΩPD)|2〉 (2.105c)
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As discussed above, there are three irreducible correlation functions, because of
the axial symmetry of the quadrupolar coupling tensor, together with the rotational
symmetry within the alignment frame.

Our readers should recall that the spectral density is the Fourier transform of the
correlation function. Thus the same relationship should apply also to the spectral
densities in laboratory and director frames, which we included in Table 2.7. Accord-
ing to the results in Table 2.7, by experimentally measuring the irreducible spectral
densities Jm(mω0) where m = 0, 1, 2 in the laboratory frame at a series of different

director tilt angles, and the inverted equation Jdir
n (mω0) =

∑
i J

lab
m (mω0, θi)d

(2)
mn(−θi)2

(where θi represents the tilt angles) we obtain three director-frame spectral densities
Jdir
m (ω) at each of the three frequencies ω = 0, ω0, 2ω0. In other words, we obtain
Jdir

0 (0), Jdir
0 (ω0), Jdir

0 (2ω0), and analogously for Jdir
1 (ω) and Jdir

2 (ω). In effect we use
the group property to express the result of the rotation operator as a linear com-
bination of the various irreducible spectral densities, which are summarized in the
Appendix.

Table 2.7: Irreducible spectral densities in laboratory frame expressed by spectral
densities in director framea.

Lab frame Director frame spectral densities

J lab
0 (0)

(
3 cos2 θ−1

2

)2

Jdir
0 (0) + 3

8
sin2 2βJdir

1 (0) + 3
8

sin4 βJdir
2 (0)

J lab
1 (ω0) 3

8
sin2 2βJdir

0 (ω0) +
(
cos2 β − 1−cosβ

2

)2
Jdir

1 (ω0) +
(

1+cosβ
2

)2
sin2 βJdir

2 (ω0)

J lab
2 (2ω0) 3

8
sin4 βJdir

0 (2ω0) +
(

1+cosβ
2

)2
sin2 βJdir

1 (2ω0) +
(

1+cosβ
2

)4
Jdir

2 (2ω0)

a Basic idea for field ramping experiment in order to obtain each spectral density J0, J1,
or J2 at different frequencies.

Mean-square amplitudes and Clebsch-Gordan series–order parameters. The next step
is to evaluate the mean-squared moduli of the Wigner rotation matrix elements, which
are related to the correlation functions of the coupling Hamiltonian by 〈|D(2)

mn(ΩPD)|2〉−
|〈D(2)

mn(ΩPD)〉|2. Notably, the Wigner rotation matrix elements are the eigenfunctions
of the angular momentum operators for a symmetric top [99].

Ψjmn =

√
2j + 1

8π2
Dj
−m−n(α, β, γ) (2.106)

Equivalently, the Wigner rotation matrix elements are the representation of the
infinitesimal Euler rotations in the angular momentum basis. The Wigner rota-
tion operator D(Ω) describes the three rotation operations. The dependence of the
Wigner matrix elements on the three Euler angles Ω = (α, β, γ) is expressed by
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D(Ω) = e−iγJz
′′/~e−iβJy

′/~e−iαJz/~ = e−iαJz/~e−iβJy/~e−iγJz/~ where {J} denotes the
generators of the infinitesimal rotations about the individual coordinate axes [99].
The Wigner matrix elements are represented in the angular momentum basis by
Dj
mn(Ω) = 〈jm|Dj(Ω)|jn〉 in terms of the quantum mechanical (Dirac) bra–ket nota-

tion.
Formulation of rotation matrix products using Clebsch-Gordan series. Next, in

formulating the correlation functions and spectral densities, we must calculate the
product of two rotation matrix elements, which involves the Clebsch–Gordan coeffi-
cients. Because the Wigner rotation matrices are the wavefunctions for a symmetric
top, their products represent the coupling of the associated angular momenta. It
follows that we can write the product of two Wigner rotation matrix elements as [99]

Dj1
m1n1

(Ω)Dj2
m2n2

(Ω)

=
∑
J,M,N

〈j1j2m1m2|j1j2JM〉〈j1j2JM |Dj1(Ω)Dj2(Ω)|j1j2JN〉〈j1j2JN |j1j2n1n2〉

=
∑
J,M,N

〈j1j2m1m2|j1j2JM〉DJ
MN〈j1j2JN |j1j2n1n2〉 (2.107)

The Clebsch–Gordan coefficients are for transformation either from the uncoupled
representation |j1j2m1m2〉 to the coupled representation |j1j2JM〉 , where M =
m1 + m2, or vice versa from the coupled to the uncoupled representation. In the
linear combination, the vector coupling coefficients 〈j1j2m1m2|j1j2JM〉 are the pro-
jections of the coupled states onto the uncoupled state (or vice versa), and their
squares give the corresponding probabilities. In accord with group theory, the prod-
uct representation is reducible, and so the representation space splits into invariant
irreducible subspaces, each spanned by only one of the allowed values of J , the total
angular momentum. Notably Eq. 2.107 is a coupling rule for the Wigner rotation
matrices, and it teaches us how the product of two Wigner rotation matrix elements
can be expressed in terms of the individual matrix elements.

Evaluation of Clebsch-Gordan coefficients and Wigner 3-j symbols. Referring to
the Appendix helps us to understand the evaluation of the Clebsch–Gordan coef-
ficients 〈j1j2JN |j1j2n1n2〉 that appear in the simplification of the Wigner rotation
matrix elements, as insightfully described by Brink and Satchler [10]. Addition of
the individual angular momenta with quantum numbers (j1, n1) and (j2, n2) yields
the coupled state with total quantum numbers (J,N) [146]. The evaluation uses
the triangle condition ∆(j1j2J), with |j1 − j2| ≤ J ≤ j1 + j2 in integer steps
for the total angular momentum J . Now to each value of J , there are 2J + 1
states, each with M = −J,−J + 1, ..., J . The additional Clebsch–Gordan coefficients
〈j1j2m1m2|j1j2JM〉 for the change from the coupled to uncoupled representation are
evaluated analogously.

To make the calculation simpler and even more convenient, we use 3-j symbols in
the following expressions, instead of the vector coupling (Clebsch–Gordan) coefficients
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[10]: (
j1 j2 J
m1 m2 −M

)
=

(−1)j1−j2+M

√
2J + 1

〈j1j2m1m2|j1j2JM〉 (2.108)

The reason is that the 3-j symbols have readily understood symmetry properties (see
Appendix A3). Inserting Eq. 2.108 in Eq. 2.107, we can then obtain the values for
the squared rotation matrix elements as follows:

Dj1
m1n1

(Ω)Dj2
m2n2

(Ω) =
∑
J

(2J + 1)

(
j1 j2 J
m1 m2 M

)(
j1 j2 J
n1 n2 N

)
DJ∗

MN(Ω)

(2.109)
Next, introducing the complex conjugates yields,

D
j∗1∗
m1n1(Ω)Dj2

m2n2
(Ω)

= (−1)m1−n1
∑
J

(2J + 1)

(
j1 j2 J
m1 −m2 −M

)(
j1 j2 J
n1 −n2 −N

)
DJ∗
MN (Ω) (2.110)

Notably, in the present case, we consider the squared moduli of the Wigner rotation
matrix elements.

As an illustration, we assume the alignment frame is coincident with the laboratory
frame (ΩPD = ΩPL). Taking the case of m = n = 0 as one example gives:

|D(2)
00 (ΩPD)|2 =

∑
J

(2J + 1)

(
2 2 J
0 0 0

)(
2 2 J
0 0 0

)
DJ∗

00 (ΩPD)

=

(
2 2 0
0 0 0

)2

d
(0)∗

00 (cos βPD) + 3

(
2 2 1
0 0 0

)2

d
(1)∗

00 (cos βPD)

+5

(
2 2 2
0 0 0

)2

d
(2)∗

00 (cos βPD) + 7

(
2 2 3
0 0 0

)2

d
(3)∗

00 (cos βPD)

+9

(
2 2 4
0 0 0

)2

d
(4)∗

00 (cos βPD) (2.111)

After evaluating the 3-j symbols [25], we obtain the following expression:

|D(2)
00 (ΩPD)| = 1

5
+

2

7
P2 +

18

35
P4 (2.112)

where Pj ≡ Pj(x) are the Legendre polynomials and x ≡ cos βPD. Here we have used
the relation for the rotation matrix elements Dj

mn(αβγ) = e−imαdjmn(β)e−inγ with
dj00(β) = Pj(cos β) as the reduced matrix elements.

Likewise, we can calculate the values for the other matrix elements. The expres-
sions for the mean-squared amplitudes of the correlation functions are then obtained.
Note that the squared modulus corresponds to M = N = 0 in the Clebsch–Gordan
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series. In each case, the mean-square amplitudes depend on both the second- and
fourth-rank order parameters 〈P2〉 and 〈P4〉. For the time-dependent part of the
irreducible correlation functions, we consider a stationary Markov process with an
exponential time dependence for the correlation functions g0n(t) = e−|t|/τn , where the
symbol τn denotes the correlation time for the nth irreducible component. The values
of the mean-squared amplitudes Gdir

n (0) are gathered for convenience in Table 2.8 and
complete tables of the mean-square Wigner rotation matrix elements are summarized
in Ref. [131].

Correlation functions and spectral densities–motional correlation times. Here the reader
should recall that Fourier transformation of the irreducible correlation functions
yields the corresponding spectral densities of the motions as given by Jm(ω) =∫∞
−∞Gm(t)e−iωtdt. The laboratory-frame spectral densities correspond to the director-

frame spectral densities by Fourier transformation of Eq. 2.104, leading to:

Jm(ω) = d
(2)
0m(βDL)2Jdir

0 (ω) + [d
(2)
1m(βDL)2 + d

(2)
−1m(βDL)2]Jdir

1 (ω)

+ [d
(2)
2m(βDL)2 + d

(2)
−2m(βDL)2]Jdir

2 (ω) (2.113)

Within the exponentially time-dependent assumption of a stationary Markov process,
the spectral densities are expressed within the director frame by:

Jdir
n (ω) =

∞∫
−∞

G dir
n (t)e−iωtdt =

∞∫
−∞

Gdir
n (t = 0)e−|t|/τne−iωtdt

= Gdir
n (t = 0)jn(ω) = Gdir

n (t = 0)
2τn

1 + ω2τ 2
n

(2.114)

In the above formulas, the reduced spectral densities jn(ω) are the Fourier trans-
form partners of the reduced correlation functions gn(t) ≡ g0n(t) given in Eq. 2.102.
Note that jn(ω) and gn(t) are related to the irreducible spectral densities Jn(ω) and
irreducible correlation functions Gn(t) by the mean-square amplitudes. Evidently,
the spectral densities in the director frame read:

Jdir
1 (ω0) = Gdir

1 (t = 0)
2τ1

1 + ω2
0τ

2
1

= [
1

5
+

1

7
〈P2〉 −

12

35
〈P4〉]

2τ1

1 + ω2
0τ

2
1

(2.115a)

Jdir
2 (2ω0) = Gdir

2 (t = 0)
2τ2

1 + 4ω2
0τ

2
2

= [
1

5
− 2

7
〈P2〉+

3

35
〈P4〉]

2τ2

1 + 4ω2
0τ

2
2

(2.115b)

Without any loss of generality, we can also consider that the temperature dependence
of the correction time for the nucleus of interest is given by τ = τ0e

Ea/kBT , where
Ea is the activation barrier. Clearly it is possible for Ea to have different values,
corresponding to different segments or functional groups of the molecule. Note that
for the limit of 〈P2〉 = 〈P4〉 = 1, only motion about the z-axis of the alignment
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frame occurs, and thus according to Eqs. 2.115a and 2.115b, there is no relaxation
as expected. For the convenience of the readers, the spectral densities for our GMF
approach are included in Table 2.8.

Table 2.8: Summary of general model-free
(GMF) method results

Spectral densities of motion

Jm(ω) =
∑

n J
dir
n (ω)d

(2)
nm(βPL)2

Jdir
n (ω) = Gdir

n (t = 0) 2τn
1+ω2τ2n

Mean-square amplitudes

Gdir
0 (t = 0) = 1

5
+ 2

7
〈P2〉+ 18

35
〈P4〉 − |〈P2〉|2

Gdir
1 (t = 0) = 1

5
+ 1

7
〈P2〉 − 12

35
〈P4〉

Gdir
2 (t = 0) = 1

5
− 2

7
〈P2〉+ 3

35
〈P4〉

τn = τ0e
Ean/kBT

a Here βPL ≡ θ, 〈P2〉 ≡ d
(2)
00 (βPL), and 〈P4〉 ≡

d
(4)
00 (βPL).

b Ean is the activation energy corresponding to
Jn(ω), kB is the Boltzman constant, and T is
temperature.

Summary of generalized model-free analysis. In magnetic resonance spectroscopy,
the spectral lineshapes and relaxation times depend on the alignment frame of the
molecule, together with the symmetries of the Wigner rotation matrix elements, the
mean-square amplitudes, and the associated correlation times. For the specific case of
solid-state NMR spectroscopy, the motional information is obtained from the mean-
square amplitudes and the rates of fast local motions. Through a connection to
angular momentum theory, we are able to apply the powerful theorems of group the-
ory to (bio)molecular dynamics in a model-free way [11, 131]. Our GMF analysis is
based on an irreducible representation of the nuclear spin Hamiltonian, together with
a change of basis from the more familiar Cartesian basis to a spherical basis. The
essential features are (i) use of an irreducible representation of the spin couplings and
frame transformations using the Wigner rotation matrix; (ii) the introduction of clo-
sure to expand or suppress intermediate frame transformations; and (iii) the use of the
Clebsch–Gordan series expansion for the mean-square amplitudes or moments of the
orientational distribution function. The mean-squared amplitudes are obtained from
the order parameters or moments of the spectral lineshapes, and inform us about the
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averaged structures. Analogously, the spectral densities of motion and the correlation
times reveal the molecular dynamics. The rotational dynamics are considered by a
stationary Markov process as mentioned above, giving rise to exponential relaxation
of the individual rotation matrix elements. The main additional assumption is the
point-group symmetry of the molecule or phase of interest. By induction, the same
treatment can be applied for the overall reorientation, yielding isomorphous theoret-
ical expressions for the experimental observables. The GMF method shown here is
simple and general, yet it has great potential to be used as a guide or introduction to
more detailed and insightful dynamical theorie or numerical mechanics simulations.

2.3.2 Generalized model-free (GMF) analysis applied to biomolecular
structure and dynamics

Generalized model-free (GMF) approach. The generalized model-free (GMF) ap-
proach considers the biomolecular structure and dynamics with respect to a pre-
ferred alignment (director) axis [17], as appropriate to membranes and biopolymers.
Clearly, the energy of the coupling depends on distances and angles that encapsulate
the structural and dynamical information in terms of the motional mean-square am-
plitudes, and the motional correlation times. The interaction strength is conserved
and so the questions are: how much of the interaction is fluctuating over which time
scales, i.e., what are the amplitudes and rates of the different motions that contribute
to the dynamics? Because the coupling interactions are represented by second-rank
tensors (either in a Cartesian basis or an irreducible basis), characteristic moments
of the distance or orientational distribution are involved, as well as the fluctuations
about the mean values. By introducing the well-developed theory of angular momen-
tum, the previously complicated problem in closed mathematical form becomes more
tractable and intuitive. The spectroscopic observables then correspond to the various
order parameters that characterize the motional mean-square amplitudes, together
with the associated correlation times and reduced spectral densities. We can thus re-
late the strength of the fluctuations to the intermolecular potentials that encapsulate
both the structure and the dynamics of the system.

Aligned and randomly oriented proteins. Next, we turn our attention to solid-state
NMR spectroscopy of membrane proteins. Often we are interested in obtaining an-
gular restraints, which requires the use of aligned membrane samples. Alternatively,
distance restraints are obtained in solid-state NMR studies of non-aligned rapidly
rotating samples at the magic angle [46, 77]. In the latter case, recoupling pulse se-
quences are introduced to obtain the direct magnetic dipolar couplings as the exper-
imental observables. Here, our focus is mainly on solid-state 2H NMR spectroscopy
of aligned biomolecular samples. Biopolymers such as DNA [86], or aligned bilayers
containing integral membrane proteins like rhodopsin [123] or bacteriorhodopsin [82],
are representative examples. The bond orientations with respect to the alignment
axis constitute the primary observables that can be obtained from such studies [103].
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In such cases, one typically deals with the mathematical problem of a semi-random
distribution of the bond orientations, as in the case of an aligned static sample. By
using the theory for a static uniaxial distribution, as developed by Nevzorov et al. [87],
one can simulate the tilt series of solid-state 2H NMR spectra. One can then obtain
the bond orientations, as well as the degree of alignment disorder (mosaic spread) of
the oriented membrane stack.

Figure 2.5: Illustration of the role of coordinate transformations in solid-state NMR
spectroscopy using the membrane protein rhodopsin as an example. (a) Cartesian
coordinate frame and (b) transmembrane helices H1-H7 shown as red rods and van
der Waals surface in light grey. Euler angles used for the frame transformations are
indicated by Ωij where i, j denotes P, I, M, D, L, corresponding to the principal axis
system (P), intermediate (I), molecular (M), alignment (D), and laboratory frames
(L). The z-axes of the various coordinate frames are shown explicitly. (c) Oriented-
sample NMR experiments for rhodopsin in lipid membranes are conducted with the
alignment z-axis (membrane normal) n0 tilted with respect to the magnetic field
(B0) direction. The aligned sample is contained within the radio-frequency coil of
the spectrometer . (Adapted from reference [125])

Solid-state 2H NMR spectroscopy of aligned membrane proteins. For example, in
solid-state NMR spectroscopy of aligned membrane proteins, the approach involves
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orienting the membrane stack within the static magnetic field (Fig. 2.5). Above the
lipid phase transition temperature, the protein molecules are rotating freely about the
bilayer normal (director axis) [67]. The off-axial fluctuations are then be described
by orientational order parameters, as in the case of membrane lipids. However, to
obtain an accurate measure of the bond orientation within the protein frame, one
must quench the protein motions, by studying the membrane below the phase transi-
tion temperature. For this purpose, static aligned samples at low temperature (below
the water melting point) are utilized [20, 81, 82, 120, 134]. Due to quenching of the
rotational motions, the membrane proteins in the aligned bilayers are uniaxially dis-
tributed. The longitudinal direction corresponds to the bilayer normal, along which
there is a preferred alignment of the quadrupolar coupling (electrostatic field gradient)
tensor. However, due to the static alignment disorder, there is a distribution of the
bond orientations with respect to the alignment axis. The end result is a semi-random
distribution, in which the probability density is symmetric about the alignment axis,
and is distributed in a band of values about the average orientation [87]. The bond
orientations comprise a semi-random distribution with respect to the magnetic field,
thus falling in between a static powder-type sample and the limit of isotropic av-
eraging on the NMR time scale [87]. In effect we have 1-dimensional order in the
z-direction, and a 2-dimensional power in the x-y plane.

The problem is then: how do we to map the semi-random distribution in the
angular or geometrical space of the membrane sample into the frequency space of the
NMR spectrum? This problem has been discussed by Nevzorov et al. [81, 86]. For
such problems, Jacobians are introduced as a general strategy for transforming the
probability density from one space to another. By stretching or compressing the new
space relative to the original space, we obtain the relationship between the volume
elements, and thus map the distributions between the two domains of interest. Effec-
tively, we use Jacobians for transforming from the geometric space of the NMR sample
to the frequency space of the corresponding NMR spectrum, thus giving information
about the bond orientations, as well as the alignment disorder of the sample.

Treatment of static uniaxial distribution. The example in Fig. 2.5 shows how the
theoretical solid-state 2H NMR spectra for the oriented samples can be calculated
by assuming a static uniaxial distribution about the average membrane normal. The
theoretical lineshapes depend on the methyl bond orientation θB with respect to the
membrane normal n0, together with the alignment disorder (mosaic spread), which
is assumed to be Gaussian with σ as the standard deviation. In addition, the 2H
NMR spectra depend on the tilt orientation of the average membrane normal n0 with
respect to the main B0 magnetic field. Now in the low-temperature gel (solid-ordered)
phase of a lipid bilayer, the membrane proteins do not undergo significant rotational
diffusion on the 2H NMR timescale (∼ 10 us) [67]. The quadrupolar frequencies of the

two spectral branches can be expressed as: ν±Q = ±3χQD
(2)
00 (ΩXL)/4 where χQ denotes

either the static or residual coupling constant. The symbol Dj designates the Wigner
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rotation matrix of rank j and ΩXL = (φ̃, θ̃, 0) are the Euler angles corresponding
to the overall transformation of the irreducible components of the coupling tensor
from its principal axes system (PAS; molecule fixed) to the laboratory coordinate
frame, defined by the B0 main magnetic field. Here ”X” varies according to different
motional models ”I” internal frame for segmental motion, ”M” molecular frame for
molecular frame, ”N” instantaneous director frame for collective motion). We assume
an axially symmetric coupling tensor, i.e., the asymmetry parameter 〈ηQ〉 = 0 for the
case of rotating methyl groups.

Application to rhodopsin in aligned membrane bilayers. The lineshape theory for
a static uniaxial distribution has been applied to various aligned biomolecules, in-
cluding DNA fibers [87] and membrane proteins such as bacteriorhodopsin [82] and
rhodopsin [123]. As one example, we can consider the visual protein rhodopsin, which
is a prototype for the large class of membrane proteins called G-protein-coupled re-
ceptors (GPCRs) [41, 68, 119]. The 3-D structure of rhodopsin and several of its
photointermediates are known from X-ray crystallography (Fig. 2.5). Light-induced
11-cis to all-trans isomerization of retinal yields less stable intermediates (Meta-I
and Meta-II) in conjunction with activating conformational fluctuations of the pro-
tein [74]. Solid-state 2H NMR relaxation gives a unique, site-directed approach to
study the local dynamics of retinal within the ligand-binding pocket of the photorecep-
tor. Here, the cofactor 11-cis-retinal is isotopically labeled with 2H at the individual
methyl groups [126], which is used to regenerate the protein. Site-specific 2H labels
are introduced into the methyl groups of retinal that significantly affect its function.
Thereafter, the rhodopsin-containing membranes are aligned on planar glass sub-
strates. Solid-state 2H NMR spectroscopy of the static aligned samples allows one to
investigate the orientation of the individual methyl groups with respect to the bilayer
normal, which provide key angular restraints for determining both the conformation
and the orientation of the ligand within the protein binding pocket [122].

General approach for aligned membrane proteins. For visual pigments and retinal
proteins, protein dynamics are inherent to their photophysical and photochemical
processes with a broad significance in biophysics. For the example of rhodopsin in
aligned bilayers, the solid-state 2H NMR lineshape analysis aims to establish the
conformation of the retinal cofactor, and to characterize the role of the ligand in the
photochemical reaction mechanism. Solid-state 2H NMR spectra for the C5-, C9-
, and C13-methyl groups of the retinal cofactor of rhodopsin indicate rapid 3-fold
spinning, with relatively large off-axial order parameters [122]. The analysis of the
solid-state 2H NMR spectral lineshapes yields the bond orientations of the C−C2H3

axes relative to bilayer normal, together with the alignment disorder (mosaic spread).
From the methyl-bond orientations, one is then able to model the structure of the
protein-bound retinal cofactor in the dark, Meta-I, and Meta-II states [120].

Experimental relaxation studies. Further information about the motions of the
retinylidene cofactor is given by solid-state 2H NMR relaxation measurements, in-
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Figure 2.6: Application of Generalized model-free (GMF) analysis describes methyl
group dynamics of retinal cofactor of rhodopsin in bound to lipid membranes. (a,
b) Semi-logarithmic plots of irreducible spectral densities J1(ω0) and J2(2ω0) versus
inverse temperature, showing matching of the stochastic fluctuations to the nuclear
Larmor frequency (ω0). Distinct minima are observed that depends on the 2H-labeled
methyl position of retinal. Figure is from reference [146].

cluding the changes upon light absorption. Spin-lattice relaxation measurements
(inversion-recovery and quadrupolar-order) have been conducted for the various methyl
groups of the retinal cofactor of rhodopsin, in the dark and light-activated states [123].
Experimental measurements of spin-lattice (T1Z) relaxation times utilize an inversion-
recovery pulse sequence, and the decay of quadrupolar order is measured by a Jeener-
Brokaert pulse sequence [54,143]. Solid-state NMR relaxation indicates the presence
of site-specific differences in the internal dynamics of retinal bound to rhodopsin.
In general, different T1Z times and activation barriers for the methyl spinning (Ea

energies) are observed for the various retinal C2H3 groups. By combining the R1Z
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and R1Q studies, the individual spectral densities of motions J1(ω0) and J2(2ω0) have
been determined. Representative examples are shown in Fig. 2.6 for the C5-, C9-,
and C13-methyl groups of the retinal cofactor of rhodopsin embedded in the mem-
brane. The spectral density plots in Fig. 2.6(a), reveal distinct minima for the C5-
and C13-methyl groups, but not for the C9-methyl position. Such minima imply an
optimal matching between the spectral density of the molecular fluctuations and the
energy gap for the nuclear spin transitions. At the minimum, an effective correlation
time τC ≈ 1/ω0 ≈ ns characterizes the motions at the corresponding temperature.
Displacement of the minimum to lower temperatures corresponds to faster motions,
and vice versa. Note that significant changes in the dynamics of the retinylidene
methyl groups are observed upon light absorption (Fig. 2.6).

Application of GMF analysis to NMR relaxation of rhodopsin. Application of
GMF analysis can guide more specific formulations of analytical models in closed
form, or aid the development of the force fields in numerical molecular dynamics
(MD) simulations. On the basis of experimental measurements of the spin-lattice
and quadrupolar-order relaxation rates, we obtain the experimental spectral densities
J1(ω0) and J2(2ω0) in the laboratory frame for various temperatures. The theoreti-
cal spectral density expressions using the GMF approach are given by Eqs. 2.115a
and 2.115b, along with the time-dependence assumption of τm = τ0 exp(Eam/kBT ).
Using these theoretical formulas, we can then fit the experimental spectral densities,
obtaining the values for Gm(0), τ0m, and Eam where m = 1, 2, 〈P2〉, and 〈P4〉. Know-
ing the values of G1(0) and G2(0), we can then obtain the values of the moments:
〈P2〉 = 1 − G1(0) − 4G2(0) and 〈P4〉 = 1 − 5

3
[2G1(0) + G2(0)]. The measured order

parameters (moments) can then be used to reconstruct the orientational distribution
function, even for nonaligned samples.

For rhodopsin in the dark state at low temperatures, the dynamics of retinal
within the rhodopsin binding-pocket can be summarized as follows. According to the
GMF analysis in Fig. 2.6, for rhodopsin, the C9-methyl group dynamics are fastest,
followed by the C13- and C5-methyl groups in that order. The C9-methyl (which is
crucial for the light activation of the rhodopsin and initiation of visual signaling) has
the fastest spinning motions. The C9-methyl group occupies a hole in the protein that
is essential to facilitating the ultrafast isomerization, leading to subsequent activation
of the receptor. The mid-portion of the polyene chain with the C9-methyl is free to
undergo the local movements associated with the cis-trans isomerization, whereas
the ends are constrained by the β-ionone ring and the protonated Schiff base with
its complex counterion Glu113/Glu181. Significant light-induced changes are evident
due to 11-cis to all trans isomerization of retinal [79, 122, 123]. Results of the GMF
method can then be used in MD simulations to improve the validity of the force fields
for rhodopsin and other retinal proteins [78,148].
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Chapter 3

Study of hexamethylbezene

Hexamethylbenzene (HMB) is a highly symmetric molecule with six methyl groups at-
tached to a benzene ring. There are two types of motions possible with HMB, methyl
group rotation along their individual symmetric axis, and benzene ring rotation with
respect to the symmetric axis of the ring. Because of low activation energy of the
methyl groups, their rotation can happen within a very broad range of temperature.
However, the ring motion joins the picture only at relatively higher temperatures. [64]
These two types of motions are not correlated among most of the temperatures we do
experiments at, except the intermediate temperature range, where exchange effects
take place.

Figure 3.1: Illustration of the hexamethylbenzene chemical structure.

Solid state 2H NMR spectroscopy is a powerful method to study molecular struc-
tures and dynamics. The HMB molecule has been studied a lot with solid state 2H
NMR, considering its simple chemical structure and embedded rich motions [53, 59,
106, 107, 127, 140, 144]. Here in this article we present our study of HMB-d18 where
static spectra and relaxation times have been acquired over an extremely broad tem-
perature range, which has never been covered before. Based on our results, we tested
the diffusion relaxation model [131], where we extract the values of several parameters
with physical meaning [127]. Moreover, we developed a new strategy of data analysis
based on tilt theory [11,146], from which we obtain the irreducible spectral densities
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at ω0 and 2ω0 in director frame. This will serve as a good comparison of spectral
densities that can be obtained with field ramping experiments.

3.1 Lineshape and relaxation measurements over a broad
temperature range

Lineshapes and relaxation times (T1Z, T1Q) were acquired over a broad temperature
range (120K to 330K) in order to cover both cases mentioned above (ring rotation
and methyl rotation).

From the 2H NMR lineshape results (Fig. 3.2) we can see an obvious change
in the lineshape splitting resulting from the change of quadrupolar coupling, static
or motional averaged. At an intermediate temperature range (160K to 180K), the
spectral lineshapes captured the exchange effects due to the co-existence of partial
ring rotation and partial methyl group rotation [107].

in
te
ns
ity
 / 
a.
u.

Figure 3.2: Lineshapes of HMB-d18 measured with a Bruker AMX-500 spectrometer
at high, medium, and low temperature ranges from left to right. The comparison
clearly shows the effect of thermal energy, where the splitting is reduced from ∼ 40
kHz to ∼ 20 kHz, corresponding to the emergence of benzene ring rotation. (Here
and afterwards a.u. stands for arbitrary units.)

Other than the 2H NMR spectral lineshapes, we also obtained the spin-lattice
relaxation time T1Z and the quadrupolar relaxation time T1Q [53, 144]. We chose the
inversion recovery method for T1Z due to the consideration of precision and accuracy.
Here we present our results of relaxation times at different temperatures and various
angle (the angle between director axis and the magnetic field direction, which is the
angle θ in the above development).

To show the angular dependence of relaxation times, we calculate the spin-lattice
relaxation time T1Z at various frequencies corresponding to different θ values. This
is the way that we obtain angular dependent information from powder-type samples.
Usually, we only calculate the relaxation time at the peak positions corresponding to
θ = 90°. But here we compute T1Z at various frequencies, and relate the frequency to
the angle θ by employing the relationship between ν+, ν− and D

(2)
00 (ΩDL).
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Figure 3.3: Zeeman order (a) and quadrupolar order (b) relaxation times measured
for HMB-d18. The angular dependence is extracted by utilizing angular dependence
of the splittings assuming 90◦ corresponds to the large spectral peaks.

Again we point out that, though we present relaxation times at different angles,
they are not measured from aligned samples. Instead we take advantage of the rela-
tionship between the spectral frequency and the angle θ, and get the relaxation time
information corresponding to different angles at different frequencies of the relaxation
spectra. Due to the complexity of T1Q experiments, the error associated with T1Q is
usually larger compared to T1Z at the same temperatures. Here in this plot (Fig. 3.3)
we did not plot the error bars to make the figure ease to read. Moreover, there are ex-
change effects happening at some intermediate temperatures. As discussed above, the
relaxation of the spins most likely would not follow a single-exponential relaxation.
Though we fit the relaxation intensity with a double exponential function and pick
the one that fit in the trend, we should realize that the relaxation time results here
have with more systematic errors, and with exchange effects, the angular dependence
of the relaxation spectra is not as clear as other temperatures.

It is also quite obvious in Fig. 3.3 that the angular dependence of relaxation times
in the high temperature range is more noticeable compared to the low temperature
range. Actually, the angular dependency of the relaxation times at temperatures lower
than 220 K is almost negligible. According to Szabo [129], in the extreme narrowing
limit, the spin-lattice relaxation time of methyl rotations is angular dependent for a
diffusion model, but angular independent for a jump model. But the ratio of 90°and
180°relaxation times is predicted to have a value of 2, but fluctuating a lot.

If we plot the relaxation times of the ring rotation part as a function of angle
theta, instead of inverse temperature, we would see a very big change of T1Q with
respect to angle, but not in the case of T1Z. Here we should keep in mind that T1Z

is expressed as the combination of J1(ω0) and J2(2ω0), but T1Q solely depends on
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Figure 3.4: Spin-lattice relaxation times T1Z of HMB-d18 measured at various fre-
quencies superimposed with quadrupolar-echo spectrum at room temperature. A
clear orientation dependence of the relaxation time is observed across the spectral
frequency range which resembles the powder-type HMB lineshape.

J1(ω0). Thus, to capture of the angular dependence of our system, we plot J1(ω0)
and J2(2ω0) versus angle, and see an opposite trend from them. This would explain
why the angular dependence of T1Z is very weak.

3.2 Test of diffusion relaxation models

3.2.1 Diffusion model for relaxation times

Starting from the Eq. 2.99 from the previous charter, we insert two intermediate
frames between P and L, which are the internal (I) and director (D) frames. Similar
to the cases of segmental and molecular motions, the expression for the spectral
density is:

Jm(ω) =
∑
n′

∑
n

|D(2)
0n′(ΩPI)|2

[
〈|D(2)

n′n(ΩID)|2〉 − |〈D(2)
n′n(ΩID)〉|2δn′0δn0

]
×j(2)

n′n(ω,ΩID)|D(2)
nm(ΩDL)|2 (3.1)

Next we relate the reduced spectral density functions j
(2)
n′n(ω,Ω), which are the Fourier

transform (F) partners of the time autocorrelation functions g
(2)
n′n(t,Ω), to the distri-
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Figure 3.5: Angular dependencies of T1Z (a), T1Q (b), J1(ω0) (c), and J2(2ω0) (d)
of HMB-d18. Spectral densities are calculated from the combination of T1Z and T1Q

utilizing the theoretical relaxation rate expressions. Note that for simplification of the
observing angular dependence we choose only the high temperate range (220 K-330
K), where the splitting is approximately 20 kHz corresponding to both methyl group
rotation and benzene ring rotation.

bution of dynamic diffusion modes:

F{g(2)
n′n(t,ΩID)} = F

{
e−(D‖−D⊥)n′2t

∞∑
k=1

c
(2,k)
n′n e

−α(2,k)

n′n D⊥t

}

= j
(2)
n′n(ω,ΩID) =

∞∑
k=1

c
(2,k)
n′n

2τ
(2,k)
n′n

1 + [ωτ
(2,k)
n′n ]2

(3.2)

In Eq. 3.2, the axial and off-axial rotational diffusion tensor elements are D‖ and D⊥

respectively, α
(2,k)
n′n is the kth eigenvalue of the diffusion operator, c

(2,k)
n′n is the relative

normalized weight, and τ
(2,k)
n′n is the correlation time for the kth relaxation component.
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Within a single-exponential approximation for the correlation functions, the ef-
fective correlation times τ

(2)
n′n are given by:

1/τ
(2)
n′n = [α

(2)
n′n + (ηD − 1)n′2]D⊥ (3.3)

The effective reciprocal time constants α
(2)
n′n are expressed by Eq. 3.4 and are obtained

from the moments µn′n to linear order for continuous diffusion, where ηD = D‖/D⊥
is the anisotropy of the rotational diffusion tensor:

α
(2)
n′n =

∞∑
k=1

c
(2,k)
n′n α

(2k)
n′n =

µn′n

〈|D(2)
n′n(Ω)|2〉 − |〈D(2)

n′n(Ω)〉|2δn′0δn0

(3.4)

After the reduction of correlation time expression with a single-exponential ap-
proximation, ultimately the reduced spectral densities in Eq. 3.1 are expressed as:

j
(2)
n′n(ω,ΩID) =

2τ
(2)
n′n

1 +
[
ωτ

(2)
n′n

]2 (3.5)

The above expression for the effective correlation times τ
(2)
n′n can be reduced to a

simper result with additional assumptions. Under the assumption of a strong collision
(symmetric top or rigid rotor) approximation, we would have:

1

τn′n
=

1

τn′
= 6D⊥ + (D‖ −D⊥)n′2 (3.6)

Roughly speaking, the first term of the above expression corresponds to the off-axial
motion, while the second term is for axial motion, which leads us to:

j
(2)
n′ (ω,ΩID) =

2τ
(2)
n′

1 +
[
ωτ

(2)
n′

]2 (3.7)

These are the theoretical spectral density expressions (in other words, relaxation
rates because spectral densities are directly related to the relaxation rates, which are
the experimental ovservables). When we are studying different systems, the various
motions can lead to more explicit relaxation expressions.

Limit of axial rotation diffusion model. Here one should keep in mind that for
the limit of axial rotation, there will be only one intermediate frame (I) between the
principal axis system (P) and the laboratory frame (L). This implies that ΩID = 0
and thus Eq. 3.1 can be written as:

Jm(ω) =
∑
n6=0

|D(2)
0n (ΩPI)|2j(2)

n (ω)|D(2)
nm(ΩID)|2 (3.8)
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where the reduced spectral density is expressed in Eq.3.7. If we consider the limit of
axial rotation, as in the case of methyl group rotation, the result for the molecular
diffusion model can be further reduced to:

1

τn′n
=

1

τn′
= D‖n

′2 (3.9)

where the off-axial motion was dropped, leaving the D‖ term in the expression.

3.2.2 Test of diffusion theory

To test the full capability of the diffusion model that we discussed in previous chapters,
the relaxation times T1Z and T1Q are measured over a very broad range of temper-
atures, and angular information is also extracted from the measurements. What is
more, the spin-lattice relaxation times are also measured in our lab at AMX300 and
AMX500 spectrometers to study the magnetic field dependence, i.e., the resonance
frequency, dependence. Moreover, we also include data from 200 MHz from published
literature [127]. The spin-lattice relaxation times for three magnetic fields are gath-
ered together and fitted with our diffusion model as shown in the plot below. Note
that the 200 MHz (proton frequency) data is corresponding to θ = 0◦ angle, while
300 MHz and 500 MHz (proton frequency) data are for θ = 90◦ angle. From the
fitting, we obtained that the activation energy of the HMB ring rotation is aobut 7.9
kcal/mol, which is almost the same value 7.8 ± 0.1 kcal/mol as reported by Tang et
al. [127].

From the Redfield relaxation time equation, we know that the spectral densi-
ties are the building blocks of the relaxation rates (or relaxation times) [70]. With
proper selection of pre-exponential factor and activation energy for D‖, we obtain
the theoretical prediction of J1(ω0) and J2(2ω0) as functions of inverse temperature
at different angles [131]. The order parameter calculated from the 2H NMR spectral
lineshape is about 0.9, which means the off-axial rotation is very tight, we assume
that the asymmetric ratio of diffusion tensor η is zero (1 × 10−8 as the input in the
program). By comparing these two plots (Fig. 3.7), we can clearly tell there is a shift
of the maximum, and the intensity of J1(ω0) and J2(2ω0) are different. These changes
actually fall into our expectation: though the formula for the spectral density is very
complicated, the reduced spectral density is a Lorentz function with a maximum oc-
curring when the correlation time is matching with the inverse of the frequency (ω0).
Thus roughly speaking, the maxima of J1(ω0) and J2(2ω0) should be around 1/ω0,
and 1/2ω0, which explains the shift of maximum.

With J1(ω0) and J2(2ω0), it is natural and easy to get the theoretical prediction
of T1Z and T1Q. Considering the inverse proportionality of the relaxation times and
spectral density, the maxima of J1(ω0) and J2(2ω0) are now minima of T1Z and T1Q.
Again there is a shift about the position of minimum, which we explain above. How-
ever, we can find a shift in the minimum in the T1Z curve. Here we remember that
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Figure 3.6: Semilogarithmic plot of spin-lattice relaxation time T1Z measured for
polycrystalline HMB-d18 at varous resonance frequencies versus inverse temperature
[127]. Note that the temperature corresponding to curve minimum shifts, which is
due to the different resonance frequency. The mininum is when the inverse correlation
time matches the resonance energy gap of the sample.

T1Z is a function of J1(ω0) and J2(2ω0). At different angles, portions of J1(ω0) and
J2(2ω0) vary according to their magnitudes. It follows that for an understanding of
the system from a fundamental level, the spectral density may be a better choice to
look at instead of the relaxation time [146].

Here we want to point out that, though it is not incorrect to claim that we can
obtain parameter values from fitting the experimental relaxation times or spectral
densities [131], the values are not unique. Almost the same fitting curves can be
generated with nearby values of parameters. We will discuss this problem later in the
summary section.

3.3 Kinetic decomposition of relaxation profiles and extrac-
tion of body-frame spectral densities

According to the tilt theory [11,146], the spectral densitiesJ1(ω0) and J2(2ω0) calcu-
lated from the relaxation times of all angles can be expressed as linear combination
of the irreducible spectral densities independent of the angle θ, where the squared



83

Figure 3.7: Semilogarithmic plot of spectral densities J1(ω0) (left) and J2(2ω0) (right)
versus the inverse temperature. Solid dots are experimental results for HMB-d18

calculated from the relaxation times, while the lines are the fitting outcomes from
the diffusion model. Again to reduce the complexity of data interpretation, we only
show the results at high temperature range. Different curves are for different angles,
but curves in the each plot all have the same overall shape.

moduli of the Wigner rotational matrix elements are the corresponding coefficients.
Now that we have the spectral density information at various angles and over a wide
temperature range, we can extract irreducible spectral densities utilizing the tilt the-
ory. If we force the coefficient to be the squared moduli of the Wigner rotational
matrix, we can obtain the irreducible spectral densities at different temperatures as
shown below in Fig. 3.8:

The roughness of the irreducible spectral density curves (Fig. 3.8) is due to the
coarse interval of the angle. If we have finer interval of angle θ, we can get better
curves of the spectral density in the director frame. But considering that we have to
extract relaxation times of different angles from the same relaxation spectra, there is
no meaning of decreasing the sampling interval of angle θ. From a broad view, this
result is a good prediction or a comparison of field ramping experiments, where we do
relaxation experiments with aligned samples at different magnetic field strength and
get spectral density of J1(ω0), J2(2ω0), and possibly J0(0) at different fields. Here
with the decomposition, we can only get J1(ω0) andJ2(2ω0) at two field strength, ω0

and 2ω0.

3.4 Summary

It is worthy of the effort to carry out experiments over a very broad temperature range,
where we can separate two types of motions of HMB: ring rotation, and methyl group
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Figure 3.8: Calculated alignment-frame (θ = 0) spectral densities J0, J1, and J2 at
the two frequencies ω0 and 2ω0 for HMB-d18 powder sample. These spectral densi-
ties describe the intrinsic motions of the system independent of the crystal-like axis
orientation.

rotation. Moreover the exchange is captured at the intermediate temperature range.
Though it makes more sense to get to lower temperatures to catch the matching
of the methyl group motion, our rough estimation says it would happen at below
100 K, approaching the limit of liquid-nitrogen temperature (77 K). Even though it
is reachable, temperature stability would be a problem. Moreover, we can already
acquire motional information just from the left part of the minimum. We have already
discussed the fitting or parameter extraction quality. The reason that parameter
values are not unique or clearly distinguished is that the model has many parameters
as input, while our experimental results can only set constrains on some of input
parameters. The model has redundant degrees of freedom than our experimental
result can set constraints on. Thus if it is possible, we should do more relaxation time
experiments to be able to put more constraints on the problem, and reduce the extra
degrees of freedom. Moreover, we develop a method of calculating the irreducible
spectral densities (spectral densities in the director frame) from the laboratory frame
spectral densities. If other types of relaxation time experiments are available, we can
get information about the laboratory frame J0(0) spectral density, which makes it
possible for us to obtain the irreducible spectral density curves J0(0), J1(ω0), and
J2(2ω0) at three different frequencies. More data points can be added to these curves
to increase the spectral density accuracy with experiments at different magnetic fields.

With the mapping of the spectral densities in the frequency domain, the deter-
mining correlation functions in the time domain is equally available, which contain all
the dynamics of the system. This new approach of data analysis can be an excellent
guide to additional field ramping experiments, where we perform various relaxation
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Figure 3.9: The weighting coefficients of the director frame spectral densities versus
angle θ. The top panel corresponds to the weighting coefficients for J1(ω0) and the
bottom panels correspond to J2(2ω0). The values we obtained from decomposing
spectral densities follows the trend of the theoretical prediction, which is related to
the Wigner rotation matrix elements |d(2)

i1 (θ)|2 and |d(2)
i2 (θ)|2, where i=1,2, or 3.
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time experiments at different magnetic fields. We extract relaxation times of different
angles from the relaxation spectra utilizing the frequency dependence on the angle θ,
with the assumption that the peak is always corresponding to θ = 90°. This method
can save us a lot of time, especially with precious protein samples with a few 2H
labels. But on the other hand, the angle we extract is associated with significant
amount of error, especially for the shoulder part due to their low intensities. Also at
low temperatures the anisotropy of the quadrupolar coupling tensor becomes more
obvious and dominant as is evident from the spectral lineshape at these temperatures.
This also contributes to the experimental error of the fitting.

Overall, we illustrate in this paper how we test the theory of diffusion model with
HMB relaxation times, and how the tilt theory can guide our data analysis. The
extraction of irreducible spectral densities in the director frame is highly significant
in terms of understanding the system dynamics.
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Chapter 4

Application of solid-state 2H NMR

spectroscopy to retinal cofactor of rhodopsin

4.1 Introduction

Knowledge of the high-resolution structures of GPCRs is a vital and crucial first
step in understanding their biological functions [30, 33, 117]. Recent X-ray crystal
structures of the opsin apoprotein with bound all-trans retinal [30] or a constitutively
active rhodopsin mutant (M257Y) [33] both indicate that in the active Meta-II state,
conversion of retinal from an inverse agonist to a powerful agonist entails a striking
rotation (flip) about the molecular long-axis of the ligand bound within the protein
core. However, different structural results are obtained for the active Meta-II state
by the reversed sequence of all-trans retinal binding to the opsin apoprotein, and
for constitutively active protein mutations, versus solid-state 13C NMR studies going
forward in the reaction sequence. The same results should be obtained for the active
Meta-II state in the forward reaction sequence, versus the back reaction starting from
opsin plus all-trans retinal. What is more, the possibility of a light-activated switch
from an unflipped to a flipped retinal conformation contradicts the proposal that
rhodopsin activation entails a light-activated ensemble of states that is biased by the
membrane lipid composition [122]. The results obtained using different biophysical
methods need to be addressed with regard to establishing general principles of GPCR
activation in membranes.

To address and resolve this controversy requires new approaches that go beyond
X-ray crystallography or high-resolution NMR spectroscopy of detergent solubilized
rhodopsin. The reversed sequence of obtaining active Meta-II (all-trans-retinal bind-
ing by opsin), or by constitutive protein mutations, suggests that new structural
approaches are needed to establish microscopic reversibility of the structural changes
in the forward transition, yielding the active Meta-II state. Here, we adopted a dif-
ferent approach to shed new light on our current understanding of GPCR activation
mechanisms. It is important to investigate the structure of retinal bound to rhodopsin
in a lipid membrane environment, because the crystallization conditions used in the
X-ray studies may restrict the protein conformational changes. Conversely, the frozen
DDM detergent micelles used in the solid-state 13C NMR studies may be more disor-
dered compared to lipid bilayers, and may affect the rhodopsin structure oppositely.
Here we used solid-state 2H NMR spectroscopy to study the structure and orientation
of the retinal ligand in the active state of rhodopsin. We discovered that in the active
Meta-II state of rhodopsin, two retinal orientations are possible, rather than a single
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conformation. The retinal polyene chain is rotated oppositely (flipped), whereas the
position of the β-ionone ring is the same (with slow exchange between the two ligand
conformations on the NMR time scale at cryogenic temperatures), Most significantly,
solid-state 2H NMR spectroscopy yields the sequence of activating retinal structural
changes (dark, Meta-I, and Meta-II states) for the first time, including the pre-active
(Meta-I) state, that is unavailable from X-ray crystallography.

Theoretical analysis of the retinal conformational changes revealed that the orien-
tation of the molecular axis with respect to the membrane plane changes from 19°in
the preactive Meta-I state to 3°in the active Meta-II state. However, it is not the
cause but a result of the activating helical motion. We show that displacement of the
β-ionone ring into the space between helices H5 and H6 occurs already in the pre-
active Meta-I state, thus playing a major role in the activation mechanism [123]. Even
so, it does not trigger the large-scale conformational changes of the protein, until ad-
ditional restraints stabilizing the inactive state (protonated Schiff base) are released.
It is also highly significant that solid-state 2H NMR spectroscopy of rhodopsin in
aligned membranes allows us to observe the changes in the global protein tilt versus
the membrane bilayer that occur upon light activation. The new structural data re-
vealed in this study thus give important new clues for greater understanding of the
rhodopsin activation mechanism as it occurs within the natural lipid membrane.

4.2 Methods summary

Bovine visual rhodopsin was regenerated with retinal 2H-labeled at the C5-, C9-,
or C13-Me groups and was recombined into phospholipid membranes (POPC:DOPE
mixture with 3:1 ratio and 50:1 lipid-to-protein ratio) followed by alignment on planar
glass slides [121]. Membrane alignment was tested with solid-state 31P NMR spec-
troscopy. To shift the equilibrium to the Meta-II state, the membranes with rhodopsin
at pH 5 were fully hydrated and bleached with actinic light at room temperature.
The membranes were then dehydrated under a stream of cold nitrogen gas for 20 s
to promote the alignment, and the Meta-II state was trapped by flash-freezing the
samples [121]. The solid-state 2H NMR spectra of the stack of about 20 aligned mem-
branes were measured at different orientations of the samples to the static external
magnetic field. Theoretical 2H NMR lineshapes were calculated [87,124] by assuming
a static uniaxial distribution [86]. By fitting the solid-state 2H NMR spectra, we
determined the orientation of the 2H-labeled methyl groups to the local membrane
normal. We used the orientations of the 2H-labeled methyl groups from NMR, and
the retinal transition dipole moment from linear dichroism (LD) data. We calculated
retinal structures using a three-plane model, [124] which were then investigated with
regard to steric hindrances imposed by the surrounding amino acids, to reveal those
that can be accommodated in the binding pocket. In this way, we discovered two
structures without any steric clashes in the binding pocket of the active rhodopsin.
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One of the two structures has a very similar conformation to the flipped X-ray struc-
tures [30, 33]. The other structure has the same position of the β-ionone ring, but
the polyene chain and β-ionone ring are not flipped, and the orientation of the chro-
mophore (roll angle) is similar to the dark state [3,33,62]. For complete details please
see Appendix.

4.3 Results

Rhodopsin was regenerated with retinal containing 2H-labeled methyl groups at car-
bon positions C5, C9, or C13, and was reconstituted in phospholipid bilayers, followed
by their alignment on planar glass slides (Fig. 4.1). The angular dependence of the
31P NMR chemical shift anisotropy (Fig. 4.1d) indicates a large (80-100%) fraction
of aligned membranes in the rhodopsin samples. What is more, the solid-state 2H
NMR spectra of rhodopsin with bound 2H-labeled retinal reproducibly show signifi-
cant changes in the lineshape upon rotating the aligned membrane stack (Fig. 4.1e).
For static aligned samples of membrane proteins, the solid-state 2H NMR spectral
lineshapes at low temperature (below the lipid order-disorder transition) correspond
to a static unniaxial distribution [120]. In the active Meta-II state cryo-trapped at
low temperature (for details see Appendix), there are notable differences in the 2H
NMR spectral line shape (Fig. 4.1e) versus the inactive dark state. These 2H NMR
spectral differences upon light-induced isomerization of the ligand and activation of
the receptor are related to the changes of the methyl group orientations with respect
to the membrane normal.

By theoretically simulating the angular dependent spectra, one can determine the
bond orientation together with the alignment disorder of the hydrated membrane
stack [87, 125]. Initially the long axis of rhodopsin is assumed to be parallel to the
membrane normal in the Meta-II state, as in the dark and Meta-I states (for details
see Appendix). In this way, the angles between the symmetry axes of the C5-, C9-,
and C13-Me groups and the membrane normal are thus found to be 48 ± 3, 51 ± 3,
and 52± 3°, accordingly, in the active Meta-II state.

Next, we used the orientations of the 2H-labeled retinylidene methyl groups, to-
gether with linear dichroism data [58] to calculate the structure and orientation of
the retinal chromophore bound to rhodopsin (for details see Appendix). Within the
framework of a three-plane model, where all the retinal carbon atoms, except for the
C1R-methyl and C1S -methyl groups, are located within three planes of unsaturation,
most of the dihedral angles are equal to 0 or 180°. Rotation is allowed only about the
C6–C7 and C12–C13 bonds, and additionally about the C11=C12 double bond in the
dark state. What is more, the bond orientations obtained from the 2H NMR spectra
lineshape simulations together with the additional angular restraints provided by the
transition dipole moment orientations can be used to establish families of allowed
retinal conformations and orientations with the ligand-binding pocket of rhodopsin
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Figure 4.1: Solid-state NMR spectroscopy of G-protein-coupled receptor rhodopsin
in aligned membranes reveals structures of the retinal cofactor in the active meta-
II state. (a) Illustration of the static aligned membrane on planar substrates in-
serted within the radiofrequency coil of the spectrometer. (b) Schematic depiction of
rhodopsin within the lipid bilayer. (c) The bound retinal ligand showing the angles
used in the theoretical solid-state NMR analysis for a statistic uniaxial distribution.
(d) Solid-state 31P NMR spectra of phospholipid membranes containing rhodopsin at
θ=0◦ and 90◦ orientations of the average membrane normal with respect to the mag-
netic field B0 reflect high degree of alignment of the lipid bilayers. (e) Solid-state 2H
NMR spectra of retinal with deuterium-labeled methyl groups at positions C5, C9, or
C13 bound to rhodopsin in the Meta-II state. The experimental spectra (black) are
superimposed with theoretical spectra (blue) calculated for a uniaxial distribution of
bond orientations relative to the local membrane normal, together with a Gaussian
distribution of the local membrane normal to the director of the sample.

(appendix). As further structural restraints, we used the distances between 13C atoms
in retinal doubly 13C-labeled at the C8–C16/C17, C8–C18, C10–C20, and C11–C20
carbon atoms in the dark and Meta-I states, as obtained by 1D-rotational resonance
13C NMR studies [115,116,135], together with circular dichroism (CD) data for locked



91

retinoids in the dark state [45]. The retinal structures calculated using the solid-state
2H and 13C NMR restraints for different states of rhodopsin are consistent with the
crystallographic structures reported for the dark [89] and active Meta-II states [30,33].
Currently, there is no X-ray structure available for the pre-active Meta-I state, but
instead a low-resolution structure from electron diffraction [100]. Because of the
smaller number of orientational 2H NMR restraints available for the active Meta-II
state (where 13C NMR distance restraints are not available), a greater number of
conformations of the bound ligand (16 solutions in total) is possible than for the dark
state and Meta-I state (see details in Appendix). The availability of X-ray structures
for the protein in the active state allowed us to reduce their number by inserting
them into the ligand binding pocket, and discarding those conformations with obvi-
ous steric clashes. In this way, we obtained two retinal structures that satisfy both
the solid-state 2H and 13C NMR data together with linear dichroism restraints, and
which fit into the rhodopsin ligand-binding pocket. One of those structures is flipped
and another is unflipped with respect to the dark state retinal.

4.4 Discussion

Rhodopsin is the G-protein-coupled receptor (GPCR) responsible for scotopic (dim-
light) vision in vertebrates. It is a representative of the large family A of GPCRs that
regulates many important physiological responses in the human body. In recent years,
X-ray structures of the putative active rhodopsin conformation have become available.
Here we investigated the structural changes going forward in the reaction transition
from the dark to the Meta-II state. We applied solid-state 2H NMR spectroscopy of
wild-type rhodopsin in aligned lipid membranes to study changes in the conformation,
orientation, and mobility of the retinal ligand due to its light-induced conversion from
an inverse agonist to a potent agonist for visual signaling. Although the published
X-ray structures proposed of the active receptor (Meta-II state) [9,47,121] are overall
quite similar, and correspond to solid-state 13C NMR dipolar-assisted rotational-
resonance (DARR) data [31], the orientation and conformation of the retinal cofactor,
which is the key component that triggers the rhodopsin activation, remain as subjects
of ongoing debate.

The reason this is generally significant within the general context of GPCR activa-
tion mechanisms is the following. It addresses the central questions of the changes in
structure and mobility of the activating cofactor that underlie its conversion from an
inverse agonist to a powerful agonist in the receptor activation mechanism. Knowledge
of such interactions may translate into understanding receptor activation mechanisms
as they occur in a natural lipid membrane environment. In the active Meta-II state,
various subdomains of the rhodopsin molecule are most likely structurally disordered
in accord with an entropy-driven energy landscape mechanism (ELM), involving dy-
namic allostery. Disordered regions are associated a volumetric expansion of the
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protein, and can be involve with dynamic interactions involving an equilibrium that
can entails multiple binding motifs. Structurally more disordered or flexible regions
of the protein can be associated with conformational selection, or dynamic interaction
motifs in a reversible conformational equilibrium.

Ultimately, the argument comes down to whether the proposed flip of the all-
trans retinal ligand occurs in the active state [9, 47]. A change of the roll angle of
the β-ionone ring, as well as the central part of the polyene chain may underlie the
rhodopsin activation. Perhaps most striking, according to this proposal, the C9- and
C13-methyl groups change their orientation from pointing towards the extracellular
side in the Lumirhodopsin [72] and Meta-I [29, 58] states, to pointing towards the
cytoplasmic side in the active Meta-II state. Additional crystallographic data for
the E113Q/N2C/D282 triple mutant show the ligand roll angle is unaltered in the
active state. In the mutant X-ray structure, where the chromophore is not covalently
bound to the protein, this proposal agrees with solid-state 13C NMR studies for Meta-
II in wild-type rhodopsin in frozen detergent micelles [31]. Moreover, a recent 13C
NMR study [35] also supports the conclusion that the orientation of the protein-
bound cofactor with respect to the membrane remains largely unaltered upon light
activation. A combination of different biophysical approaches is thus required to
address the controversy of the ligand structure in the active Meta-II state. Our
results of solid-state NMR spectroscopy is one important part which makes the whole
story.

Perhaps most surprising, more than one NMR structure of retinal can fit into
the ligand-binding pocket in the active Meta-II state, without steric clashes. In the
second conformation (Fig. 4.3) the retinal ligand is unflipped in agreement with solid-
state 13C NMR studies. The bound retinal conformation (unflipped) maintains the
roll angle of the polyene chain as in the dark and pre-active Meta-I states, in which it
is unflipped (neither the chain nor the β-ionone ring flip). Notably, for the unflipped
conformation, in the active Meta-II state, the main difference versus the inactive dark
and Meta-I states entails a change in the orientation of the retinal long axis (tilt angle).
For the unflipped and flipped structures of the active Meta-II state, the β-ionone ring
has nearly the same the position, despite that the orientations are opposite. What
is more, in the unflipped structure, the C5-Me group points toward the cytoplasmic
(extradiskal) side of the membrane. Yet in the rotated structure, it points oppositely,
toward the extracellular (intradiskal) side. For the C9- and C13-methyl groups, the
situation is the converse. In the active Meta-II state, the second (unflipped) structure
has the 6-s-cis conformation of the β-ionone ring, consistent with spin-lattice (T1Z)
NMR relaxation time data [2]. We note that the unflipped structure is similar to
the X-ray conformation of retinal in the E113Q/N2C/D282 rhodopsin triple mutant
(see Appendix). It also explains solid-state 13C NMR spectral data that show the
occurrence of cross-peaks due to an unflipped conformation [2, 62].

The occurrence of a second unflipped retinal structure resolves the discrepancy
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among the various X-ray structures and with the solid-state NMR results. In terms
of conformational mobility, at higher temperatures, an ensemble of retinal structures
can populate a high-dimensional energy landscape [122]. What is more, circular
dichroism (CD) and functional data for modified retinoids bound to rhodopsin sup-
port an unflipped conformation [44]. These results show that rhodopsin regenerated
with locked retinoids having a negative C5=C6-C7=C8 torsion angle is able to ac-
tivate the G-protein (transducin) nearly as effectively as the native receptor (80%
activity) [45]. In the active Meta-II state, for the unflipped NMR structure of reti-
nal, the 6-s-cis conformation likewise has a negative twist, consistent with an active
structure. Then again, locked retinoids with a positive C6–C7 torsion angle do not
activate transducin. Retinal bound to Meta-II rhodopsin with a flipped conformation
likewise has a positive twist about the C6–C7 bond, which may disfavor the flipped
conformation as the active one.Although this observation does not prove the flipped
retinal conformation is absent, the rhodopsin activity would be expected to be high
if the retinal ligand is indeed unflipped.

What is more, from X-ray crystallography, it has been concluded [30] that rotation
of retinal about its molecular long axis is unlikely to occur with the packing seen in
the Meta-II crystal, suggesting it occurs in the transition to the active state. In our
previous study [103, 125], we demonstrated that the retinal in the pre-active Meta-I
state adopts an orientation similar to the dark state, aside from the rotation of the
part of the polyene chain containing the C13-methyl group adjacent to the Schiff
base (due to 11-cis to all-trans isomerization). Bringing the NMR and X-ray data
together, evidently the retinal flip would occur in the Meta-I to Meta-II transition.
Under physiological conditions, rhodopsin is in a Meta-I/Meta-II equilibrium, with
the fraction of the Meta-I state about 5%. [74] The retinal flip can occur continually
all the time; whereas, it is less likely to occur in the more tightly packed Meta-I state.
If the X-ray data [30, 33] are applicable, and if retinal is indeed flipped in the active
state, then the second (non-flipped) retinal conformation (even if transient) should
also be present in the equilibrium under physiological conditions.

The correspondence of the NMR structure to the flipped X-ray structure requires
that we know how the rhodopsin molecule is oriented with respect to the membrane
plane. Let us first consider the correspondence of the NMR results to previous linear
dichroism (LD) data, and then we can return to the comparison of the NMR structures
to the X-ray structures of retinal bound to rhodopsin. For example, LD and X-ray
data for all-trans retinal crystals were used to calculate the orientation of the transi-
tion dipole moment to the retinal axis. This orientation combined with orientations
of the 2H-labeled methyl groups obtained from 2H NMR spectroscopy of rhodopsin
in aligned membranes and LD of rod outer segments allowed us to establish the 3D
structure, orientation, and mobility of retinal with respect to the membrane plane
in the Meta-II state. Comparison with X-ray crystallographic structure of rhodopsin
in the active state revealed the tilt of the protein to the membrane normal. Addi-
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tionally the 2H NMR retinal structures are justified by the X-ray, 13C NMR, circular
dichroism data, and molecular dynamics simulations.

Now according to LD data, the angle between the main transition dipole moment
of retinal and the membrane plane is just 5°in the active Meta-II state. Taking into
account the 4°angle between the electronic transition dipole moment and the retinal
axis, according to LD it follows that in the active Meta-II state, the retinal molecular
long axis should run parallel to the membrane plane. (1) If we first assume that
the rhodopsin molecule is aligned so that its principal inertial axis coincides with
the membrane normal (vertical line in Fig. 4.2), then the retinal long axis would
make a relatively large angle with the membrane plane. However, this finding is
contrary to the experimental LD observations. What is more, the NMR structure
is not superimposable upon the X-ray structure of retinal bound to rhodopsin (see
below).

(2) The alternative is to assume that the rhodopsin principal inertial axis is tilted
away from the normal to the membrane plane (Fig. 4.2). In the Meta-II state, analy-
sis of the rhodopsin inertial tensor reveals that the conformational changes contribute
4.5 ± 1.0◦ to the global tilt of the rhodopsin molecule with respect to the normal to
the membrane plane. The remaining tilt of the inertial tensor long principal axis
(≈ 5◦) is because of the mobile C-terminal amino acids that are missing in the X-
ray structures (residues 327-348) (see details in Appendix). Hence to correctly align
the retinal within the membrane, it follows that the rhodopsin molecule is tilted by
10 ± 1◦ for the 3PQR structure and 9 ± 1◦ for the 4A4M structure. Note that the
orientation of the retinal NMR structure with respect to the membrane plane remains
unchanged, however, because the NMR orientational constraints are determined ver-
sus the membrane normal, about which in the spectral simulation there is a static
uniaxial distribution [87].

Recent wide-angle X-ray scattering (WAXS) studies and MD simulations also indi-
cate that at higher temperatures, the rhodopsin structure upon photoactivation may
be different from the crystallographic structure obtained at cryogenic temperature.
Upon light activation, the structural changes could be effectively larger than predicted
by X-ray crystallography, and allow the retinal rotation to occur in the active state.
Another MD simulation study indicated that within the microsecond time scale, the
retinal polyene chain can flip in the Meta-II structure under Meta-I conditions, in
accord with microscopic reversibility of the flipped and unflipped structures. In our
current analysis of the retinal conformations, calculated from solid-state 2H NMR
data, we did not find any significant steric hindrances for the retinal flip between the
two conformations, apart from the β-ionone ring. This conclusion is based on the
crystal structures of rhodopsin in the Meta-II like state.

The flipped retinal NMR structure is very close to both of the X-ray structures for
active rhodopsin (2X72 and 4A4M) (Fig. 4.3). However this conclusion rests upon
the assumption of the proposed global protein tilt in the membrane. By assuming
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the protein is tilted with respect to the membrane plane, the X-ray structures [30,33]
now have the correct orientation of the retinal electronic transition dipole moment,
which is not the case otherwise. Evidently, we can conclude that for the Meta-II state
within the lipid membrane, the rhodopsin inertial long axis is tilted away from the
membrane normal and towards the retinal long axis. To arrive at this conclusion,
the investigation of rhodopsin in a lipid bilayer is essential, as opposed to crystals or
solubilized in frozen detergent micelles.

Furthermore, by calculating the methyl group orientations obtained from the Pro-
tein Data Bank (PDB) structures, we are then able to directly compare the X-ray
results to the experimental 2H NMR spectra for the 2H-labeled methyl groups of
the bound retinal ligand (Fig. 4.2). Theoretical solid-state 2H NMR spectra can be
calculated from the X-ray structures for retinal bound to rhodopsin with and with-
out assuming the global protein tilt. Comparison of the calculated and experimental
2H NMR spectra, assuming protein tilt, shows good agreement of the flipped retinal
NMR structure and the corresponding X-ray structures of retinal bound to rhodopsin.
Only small deviations are evident between the retinal NMR structure and the pro-
posed active Meta-II state [33] or all-trans-retinal regenerated opsin structures [30].
Even so, without the assumption of a protein tilt, the calculated 2H NMR spectra
for the methyl groups of retinal bound to either the constitutive M257Y mutant or
the E113Q/N2C/D282 triple mutant (see table in Appendix B) do not agree with the
experimental solid-state 2H NMR spectra, despite that the flipped NMR and X-ray
retinal structures are quite similar (Fig. 4.2). Moreover including the protein tilt is
consistent with the conclusions arrived at from the above analysis of the electronic
transition dipole moment results. The reader should also note that the methyl group
orientations are calculated from the 2H NMR spectra directly, and are unaffected by
the structural approximations of the three-plane retinal model.

The presence of two retinal conformations in the active state may also contribute
to an increased entropy of the Meta-II state, thus facilitating rhodopsin activation.
What is more, the unflipped Meta-II retinal structure appears to be intermediate
between the Meta-I retinal conformation and the flipped Meta-II retinal structure (the
tilt angle has already changed, however the roll angle has not changed yet) (Fig. 4.2).
Consequently, the two retinal conformations may be coupled to the Meta-I to Meta-II
equilibrium, and the ensemble of conformational Meta-II substates. The dynamics of
the receptor in the active state may thus play an important role in the next stages of
the signal transduction. Binding and activation of the G-protein is a common feature
of GPCRs, allowing them to activate G-proteins (such as transducin) more effectively.
In this picture, restructuring of the H5 transmembrane (TM) helix occurs together
with tilting of TM helix H6 away from the H1-H4 helical core. Opening a binding cleft
for transducin forms an aqueous channel to the Lys296-bound retinylidene cofactor
placed deep within the protein core [71]. Dynamical coupling of the retinal to the
C-terminal helix of transducin could then lead to rapid, high fidelity visual signaling.
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Figure 4.2: etinal structures obtained from solid-state 2H NMR spectroscopy and
X-ray analysis (PDB code 3PQR) [30] are consistent with flip of the retinal ligand
about its long axis, accompanied by changes in tilt of the protein in the active Meta-II
state. (a) Long axis of rhodopsin must be tilted with respect to the membrane normal
to satisfy linear dichroism data. About one-half of the tilt is due to the missing
amino acids in the X-ray structure (5◦); the remainder (5◦) is due to conformational
changes of the receptor upon activation. (b) After the tilt is implemented the NMR
structure is very similar to the crystal structure of retinal in the binding pocket of
rhodopsin. (c,d) Experimental solid-state 2H NMR spectra with the theoretical ones
calculated for the 2H-labeled methyl groups from X-ray crystallography for the retinal
structure [30]. The 2H NMR spectra calculated for retinal in the M257Y mutant [117]
or E113Q/N2C/D282 triple mutants [33] show clear deviations from the experimental
spectra.

4.4.1 Explanation for different conclusions from X-ray crystallography
and NMR spectroscopy

After the discussion of different results from X-ray crystallography and our solid-state
NMR spectroscopy, we may ask the question, why are different structures observed
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using various biophysical methods? How can we reconcile the contradictory data?
Here we suggest that both retinal orientations (unflipped and flipped) are present
in equilibrium near physiological temperature. The structure that is stabilized de-
pends on the experimental system, and the preparation conditions. In the X-ray
diffraction studies mentioned above, wild-type opsin crystals were either soaked with
all-trans retinal, or rhodopsin mutants were photobleached and then crystallized, or
recombinantly expressed rhodopsin was photoactivated in detergent micelles and then
frozen. In the present work, rhodopsin was regenerated with 2H-labeled retinal and
was studied in natural lipid bilayers. Most likely, in the active Meta-II state, none of
the methods can rule out the occurrence of additional retinal orientations, consistent
with an entropy-driven, energy landscape mechanism (ELM) [123].

The next question would be, how important is the retinal orientation (namely
roll angle about the long axis) in the rhodopsin activation mechanism? Both roll
orientations provide a similar retinal tilt angle and the same β-ionone ring position;
yet the roll (long axis retinal flip) could be quite important for disruption of the
hydrogen-bonding network around the retinal, and destabilization of the ionic lock
involving the protonated Schiff base (PSB) with its complex counterion. Alternatively
the flip could be a consequence rather than a cause of disrupting the hydrogen-bonding
networks. Moreover, two or more retinal orientations in a fluctuating equilibrium
could be essential if the retinal dynamics govern the rhodopsin activation. Exchange
could take place under physiological conditions, if not in the Meta-II state, then
in conjunction with the Meta-I/Meta-II equilibrium. Either way, it can affect the
rhodopsin activation, e.g., in accord with an ELM [123]. We are thus led to propose
that the retinal flip occurs in conjunction with the active state, and in the back
transition to the Meta-I state [38].

4.4.2 Activation mechanism of rhodopsin in natural lipid membranes
based on solid-state NMR experiments

Retinal structures calculated from solid-state 2H NMR restraints in the dark, Meta-I,
and Meta-II states show that in the transition from the dark to the Meta-I state, major
structural changes occur due to the 11-cis to all-trans isomerization. Rotation of the
part of the polyene chain proximal to the Schiff base, together with straightening
and elongation of the retinal leads to the displacement of the β-ionone ring towards
helix H5 (into the space between helices H5 and H6) by about 1.5 Å [125]. In the
Meta-I-to-Meta-II transition, the orientation of the retinal transition dipole moment
with respect to the membrane plane changes from 16◦ to 5◦ [29]. Reorientation
of the polyene chain (tilt angle) leads to displacement of the retinal β-ionone ring
towards the extracellular side of the membrane by about 3 Å. In the case of a retinal
flip, the polyene chain rotates about the retinal long axis by approximately 90◦ (roll
angle), and the β-ionone ring rotates about the C6–C7 bond by 180◦ resulting in
the negative 6-s-cis conformation. Notably in the dark state, the twist about 6-s-cis
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bond is positive [125]. Interestingly, the β-ionone ring rotation most likely occurs in
the opposite direction than the rotation of the polyene chain, because rotation in the
same direction is prohibited by the steric hindrances between the C5-methyl group
and the hydrogen on carbon C8. The rotation of the β-ionone ring is surprising,
because it happens in the relatively tight space between TM helices H5 and H6.
However, it may be explained by flexibility of the position and orientation of the
retinal, as well as the side chain of Lys296 to which the ligand is bound, which may
transiently accommodate such a β-ionone ring rotation [71]. Also the Meta-I-to-
Meta-II transition is characterized by a deprotonation of the retinylidene Schiff base.
Although the exact reason for deprotonation is not quite clear, the ionic lock could
be destabilized by the rotation of the part of the retinal containing the C13-methyl
group due to photoisomerization, accompanied by the rearrangement of the hydrogen-
bonding network formed in the ligand-binding pocket between the residues of the E2
extracellular loop and the retinal cofactor. Rotation of this part of the ligand already
takes place as a result of retinal isomerization in Lumirhodopsin [84], and it is not
related to the retinal flip occurring in the Meta-I to Meta-II transition.

The 1.5 Å ring displacement of the β-ionone into the space between helices H5
and H6 occurs near the kink of helix H6, and it is apparently involved in the activat-
ing motions of these helices. This conclusion is supported by studies with modified
retinals, which indicated that acyclic retinals are weak agonists [139]. Here analysis
of the possible retinal conformations in the active state may reveal the role of the
crucial C9-methyl group in the activation mechanism. In both structures the C9-
methyl group points away from transmembrane (TM) helix H6, thus enabling the
C6-C7 bond and the β-ionone ring to point toward the interface between TM helices
H5 and H6. Hence, the C9-methyl group can be responsible for maintaining the ap-
propriate position of the β-ionone ring (between helices H5 and H6) in the activation
process. This would explain why retinal demethylated at position C9 is also a weak
agonist [136, 137]. Notably, the above conclusions are valid for both the flipped and
unflipped retinal conformations.

Analysis of the structure and conformational changes in the retinal-binding pocket
shows that displacement of the β-ionone ring towards the extracellular side of the
membrane by about 3 Å occurs in the Meta-I to Meta-II transition, corresponding
to the change of orientation of the retinal axis (defined as a line connecting carbon
C6 and the nitrogen atom) from 19◦ to 3◦. This displacement cannot be caused
by anything other than rearrangement of TM helices H5 and H6. Evidently it is
not the reason for the activating motions of helices H5 and H6, but rather it is
the result. Then what are the reasons for activation? Some of them have been
discussed previously [2, 30, 62, 100, 105, 117, 122, 123, 125], e.g., destabilization of the
first ionic lock and hydrogen-bonding network about the chromophore due to its
isomerization. Dissipation of photon energy absorbed by the retinal to the receptor
facilitates overcoming of the potential barriers in the transition from the dark to the
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active Meta-II state. The other reason, as mentioned above, is related to the change
in the position of the β-ionone ring on going from the dark to the Meta-I state, due
to elongation of the ligand after isomerization and its displacement into the space
between helices H5 and H6. That may essentially change the interaction between the
helices and the chromophore, especially at physiological temperatures, where we have
to consider not just the energy-minimized conformation of the ligand that we obtain
from the NMR or X-ray data, but also take into account its thermal motion [69,71].
Previous solid state 2H NMR studies [103,125] have suggested that the β-ionone ring
is displaced towards H5 already in the Meta-I state. However it does not lead to
activating helical movement until the first ionic lock stabilizing the inactive protein
conformation is broken by the proton transfer from the retinylidene Schiff base to the
Glu113 complex counterion Glu113-Glu181.

4.5 Future directions

The conclusion emerging from these rhodopsin studies indicates that solid-state NMR
spectroscopy and X-ray crystallography at cryogenic temperatures give complemen-
tary views of the rhodopsin activation mechanism. Knowledge of the local structure
and dynamics of the retinal cofactor is provided by solid-state NMR, whereas infor-
mation about the entire protein in a crystalline environment is obtained from X-ray
diffraction. We show how the findings of various biophysical techniques can be forged
into a comprehensive picture that accounts for the rapid high fidelity signaling that
occurs in the process of visual perception. The combined information gives a synergis-
tic picture of the dynamical activation process as it occurs in a lipid membrane. The
possibility of multiple active structures of retinal in the agonist state points to the
role of conformational entropy in the ensemble-activation mechanism [123], whereby a
flood of water into the protein core occurs in conjunction with transducin binding and
unbinding [71]. The volumetric expansion is connected with rapid high-fidelity visual
signaling by two amplification stages involving activation of transducin followed by
stimulation of a cGMP phosphodiesterase that governs cGMP-gated cation channels
in the rod cell membranes. In future studies, an integrative approach using differ-
ent methods (including large-scale MD simulations) can further reveal the changes of
the protein at physiological conditions, as well as how the dynamics of the allosteric
interactions drive the activation as it occurs in a lipid membrane. Modulation of
intrinsically disordered regions of active rhodopsin has implications for understand-
ing how dynamical allostery can play a role in the interactions of other GPCRs with
agonist or antagonists, as well as their interactions with effector G-proteins. Clearly
in future work it will be important to establish whether the conformational disorder
due to the ligand mobility in the active state can lead to dynamic interaction motifs
or conformational selection by effector proteins.
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Figure 4.3: Solid-state NMR spectroscopy reveals the sequence of local structural
changes of the activating retinal ligand in the signaling mechanism for the GPCR
prototype rhodopsin in lipid membranes. The 2H NMR retinal structures in the
dark, Meta I, and Meta II states are superimposed with the X-ray structures. (a)
The 2H NMR retinal structure in the dark state overlapped with X-ray structure
(PDB code 1U19). (b) The 2H NMR retinal structure in the Meta-I state in the
rhodopsin binding pocket (PDB code 1U19). (c) The 2H NMR retinal structure in
the Meta-II state superimposed with X-ray Meta-II structure (PDB code 4A4M). (d)
The second possible retinal structure in the binding pocket of rhodopsin in the active
Meta-II state calculated from 2H NMR data is overlapped with the crystallographic
structure (PDB code 2X72). (e) Superposition of three NMR retinal structures in
the dark (red), Meta-I (blue) and Meta-II (purple) states. (f) Superposition of two
Meta-II NMR retinal structures.
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Chapter 5

Application of solid-state 2H NMR spectroscopy

to C-terminal peptide of transducin

Retinal isomerization is the first step of signal transduction, and the observation of
local structure and dynamics has been described and discussed in details in Chapter
four. We know that the isomerization of the bound retinal cofactor will result in
large-scale global conformational change of rhodopsin to accommodate the retinal
variation. But this is certainly not the end of the signal transformation. During
the global change of rhodopsin, its cytoplasmic side opens up due to the outwards
movement of H5 and H6 helix. In the next step, transducin comes into the picture,
where its C-terminal α helix binds with rhodopsin and passes the activation message
along.

Figure 5.1: Cartoon illustration of rhodopsin in a lipid bilayer showing its binding
of transducin which exchanges GTP for GDP. The yellow part depicts the retinal
cofactor.

X-ray structures of active state rhodopsin (Meta-II) are available [30, 33, 117],
yet the transducin activation mechanism by rhodopsin is still obscure due to lack of
atomistic dynamical information. Though the X-ray structure of Meta-II rhodopsin
and active opsin are similar, the fidelity of signal transformation is very different,
where Meta-II rhodopsin is much more efficient in transducin activation. Thus we
ask ourselves how the presence of the all-trans retinal agonist yields huge differences
in activation of transducin compared to opsin? Inspired by the Meta-II project, we
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designed this peptide project to examine how transducin gets activated by rhodopsin.
The goal is to answer two specific questions: first, are there different interactions as-
sociated with amino acids from different positions of peptide? Second, will hydration
play a role during transducin activation?

We choose the high-affinity GαCT2 peptide (ILENLKDVGLF) to mimic the bind-
ing behavior of transducin [7, 52]. To make the sample visible for our solid-state 2H
NMR spectrometer, we deuterated methyl groups of three Leucine residues respec-
tively. Three Leucine residues at various positions (2, 5, and 10) are present in this
segment of peptide, which makes Leucine a perfect target to study the difference in-
teractions at various positions. The methyl group at the end of Leucine’s side chain
is labeled. But due to the symmetry of Cδ methyl groups, we cannot distinguish the
two of them. The deuterated peptide was synthesized by Dr. Giri, and we appreciate
his great efforts.

In addition, the hydration effects on rhodopsin activation have been pulished in
the literatures [4,48,80]. Meta-II rhodopsin is the fully activated rhodopsin which can
bind with transducin. [65] Thus we conducted experiments with the peptide in three
environments: the dry peptide by itself, peptide mixed with water, and peptide mixed
with active opsin [138]. The Meta-II state is hard to trap and not stable, and this is
why we use active opsin* because of their very similar structures. Active opsin* is
the opsin state at a low pH value, which resembles Meta-II rhodopsin and can easily
bind with our peptide derived from transducin. By comparing their results, we can
draw conclusions about the hydration of the peptide within the binding pocket of
rhodopsin.

5.1 Material and methods

5.1.1 Sample preparation

Three GaCT2 peptides (sequence ILENLKDVGLF; Gαt340–350(K341L,C347V)) with
selectively deuterated methyl group of Leucine in positions 2, 5, and 10 have been
synthesized by Dr. Giri from the laboratory of Prof. Victor Hruby.

Figure 5.2: Chemical structure of the high-affinity GαCT2 peptide we used in this
project. The C2H3 labeled methyl groups are highlighted with different colors.
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The NMR sample of dry peptide was prepared by packing the peptide material
into NMR tube of 8 mm diameter. We packed in as much material as possible in order
to have a higher signal-to-noise ratio and save us accumulation time. We prepared
wet peptide sample by dissolving the peptide powder in deuterium-depleted water.
Note that though we mix peptide with water, the wet peptide sample is not in a
soluble state, it is more like a gel. Enough water is added to make sure the peptide
is in fully hydrated state.

The samples of GαCT2 peptide with selectively deuterated methyl group of Leucine
at position 2 bound to opsin were prepared by combining 2 mL of dispersion of reti-
nal disk membranes containing 40 mg of rhodopsin in 5 mM MES buffer (pH 4 at
room temperature) with 5 mM NaCl, 10 mM NH2OH-HCl, and 1.12 mg of GαCT2
peptide. The ultimate protein to peptide molar ratio is 4:3 [104]. The dispersion
was transferred onto glass slides, and dehydrated under a stream of N2 gas at 4 ◦C
for about 8 h to reduce the sample volume. Then the proteolipid membrane films
on glass slides were rehydrated at 100% relative humidity using deuterium-depleted
water. Next the membranes with rhodopsin on a glass slides were bleached for 1-2
min at room temperature using 150-W light source (FOSTEC; Auburn, NY) with
yellow filter (λ > 520 nm) [101]. The glass slides were stacked in 8 mm NMR tube
and cooled down to −60◦C. The procedure is practically the same as for preparation
and trapping the aligned membranes with metarhodopsin II, except that the disk
membranes do not align.

Please note that all three types of samples-dry peptide, wet peptide, and opsin*
bound peptide are not aligned, and they all are called powder-type sample to denote
orientation of the labeled methyl groups is random.

5.1.2 Experimental procedures

The 2H NMR lineshape, T1Z, and T1Q relaxation times were measured with a Bruker
AMX-500 spectrometer [122, 123]. Please refer to the previous chapter for the line-
shape and T1Z experimental details. Here we only describe the setup of quadrupolar
order spin lattice relaxation time. The T1Q time is for the relaxation of the quadrupo-
lar moment I2

z − I2/3, which is measured with a broadband Jeener-Broekaert pulse
sequence. The sequence is (π/2)x−2τ1−(3π/8)−y−2τ1−(π/4)y−2τ1−2τ1−(π/4)y−
τ1 − (π/4)y − t1 − (π/4)x − τ2 − (π/4)x − τ2−acquire. Spectral densities are fitted to
the function M(t) = M0e

−t/T1Q + C to extract relaxation time. The constant C is to
take into account incomplete decay.
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5.2 Effects of environment on peptide behavior

5.2.1 Lineshape measurements and temperature effects

Probing the structure is the first step of this project, where we utilize the 2H NMR
lineshape experiment to study the site-specific structure of the synthesized peptide.
Recall that we prepared three types of samples, dry peptide, wet peptide, and peptide
bound with opsin. Interactions of the labeled methyl group will modify methyl group
motions, and the lineshape we measured is a representation of the motional averaged
structure. Spectral lineshapes can not only tell us about the difference of the three
types of sample, but also site differences if the three positions that we choose to label
are in different higher level structures, or experiencing different interactions. Besides,
to illustrate the significant effect of thermal energy on the lineshape and demonstrate
the motional averaging, we also acquire a series of temperature-dependent lineshapes.

To set the benchmark, we first acquire the 2H NMR lineshape of the dry peptide
samples with the quadrupolar-echo experiment. The deuterium label is introduced to
the Leucine Cδ methyl group each of three samples. There is no obvious difference
among lineshapes of the 3 positions, where the splitting is about 40KHz. Recalling
the lineshape result of HMB-d18, 40 kHz splitting occurs when there is only methyl
group rotations and ring rotation is absent. Hence the motions of methyl group whose
rate fall into the NMR measurable range are restricted for dry peptide sample.

- 6 0 . 0 k - 4 0 . 0 k - 2 0 . 0 k 0 . 0 2 0 . 0 k 4 0 . 0 k 6 0 . 0 k - 6 0 . 0 k - 4 0 . 0 k - 2 0 . 0 k 0 . 0 2 0 . 0 k 4 0 . 0 k 6 0 . 0 k
 f r e q u e n c y  /  H z

 w e t _ L 2 _ 2 1 3 K
 w e t _ L 5 _ 2 0 8 K
 w e t _ L 1 0 _ 2 1 3 K

f r e q u e n c y  /  H z

 d r y _ L 2 _ 1 9 3 K
 w e t _ L 2 _ 2 1 3 K
 o p s i n _ L 2 _ 2 1 3 K

Figure 5.3: Solid-state 2H NMR lineshapes of three labeled high-affinity wet peptides
and the L2 labeled peptide with different conditions (dry, wet, and opsin* bound) all
at similar temperature.

Considering that the dry type sample is probably most safe at high temperatures,
we also obtained the temperature dependent lineshape sequence for the L2 position.
As we increase the experimental temperature, the 90◦ peaks are diminished, and a flat
top is showing up (Fig. 5.4). At higher temperatures, the labeled methyl groups are
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more flexible, and to some degree motions other than methyl group rotations occur.
The additional averaging effects make the peaks less sharp and obvious. However,
the highest temperature we tried is 40 ◦C, where the lineshape just shows a flat top
and no signs of a further reduction of the splitting (like HMB-d18 when ring rotation
emerged) are seen.

Figure 5.4: Solid-state 2H NMR lineshapes of L2 labeled high-affinity dry peptide as
a function of temperatures from 173K to 330K.

For wet peptide samples, we were expecting different lineshapes due to hydropho-
bic forces involving the hydrophobic methyl group and the hydrophilic water molecules.
At −60◦C, all three positions are again showing similar 40 kHz splittings again. Not
only the wet peptide sample, but also the L2 opsin*-bound peptide sample displays
similar lineshape. Comparing among the dry, wet, and opsin-bound peptide samples
at the L2 position, though similar, we can still notice small changes such as line
broadening, which may imply weak interactions between water and peptide, or opsin
and peptide. But overall, the motions of the targeted methyl groups are restricted,
even for dry peptide.

5.2.2 Relaxation time measurements

To investigate the dynamics of the methyl groups, two types of relaxation times are
performed, the Zeeman-order spin-lattice relaxation time (T1Z) and quadrupolar-order
spin-lattice relaxation time (T1Q). All relaxation experiments are done at tempera-
tures no higher than 0◦C to preserve the biological function of the peptide and opsin.

The overall shape of relaxation curve of all types of samples at different positions
are again similar with minor variation (Fig. 5.5). The minima of T1Z and T1Q occur at
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approximately −70◦C, corresponding to the matching between fluctuations and the
resonance energy gap. Minor variations for the wet peptide and opsin bound peptide
are observed (Fig. 5.5), where the minimum shifts to the higher temperature side,
and the curve slope at the high temperature side increases corresponding to a larger
activation energy. Hydration is possibly an important factor for protein function as
shown by the shift of the relaxation minimum. Also the relaxation curve shape of
the dry peptide is like smooth symmetric check mark, while the T1Z measurements
of the wet peptide at the L5 position displays an obvious skew. Its T1Z at −150◦C is
smaller than the prediction of the check mark trend. Similar behavior can be found
in the Zeeman order spin-lattice relaxation of the L10 wet peptide sample.

When we compare the relaxation curves of retinal in the Meta-II state [122, 123]
versus the high-affinity C-terminal α helical peptide of transducin, the measurements
of peptide samples resembles the behavior of the C5-methyl group, which is the least
mobile among the three positions we probed. Again our conclusion of restricted
motions of the peptide is confirmed. Site-specific changes of the peptide side chains
are not as noticeable as the results for retinal.

5.3 Discussion and Conclusions

5.3.1 Why is the site specificity is not obvious?

When we examine the peptide sequence carefully, we can notice that there are both
hydrophobic and hydrophilic residues present. There might be already an α helical
structure formed even with dry peptide. In that way, the peptide won’t be losing its
packing. Thus for the 100% hydrated wet peptide samples, the secondary structure of
the peptide will not likely change too much, which can explain the lack of appreciable
variation. The same reason can also well explain the similar behavior for the opsin*-
bound peptide. Besides, the methyl groups we labeled at peptide are the δ carbon,
which is far away from the peptide backbone chain. In the case of meta-II rhodopsin,
the labeled methyl groups are directly attached to the main chain of retinal, where the
changes of the retinal backbone like C11-C12 isomerization can be easily propagated
to them [124,125]. On the other hand, for Leucine we have to consider the additional
degrees of freedom of the carbon chains between Cα and Cδ, which can complicate
the interpretations of the experimental results.

The opsin-bound peptide we prepared are also in fully hydrated for the purpose of
keeping opsin active to mimic the Meta-II rhodopsin. Slight changes were observed
for the wet and opsin-bound peptide samples, which may imply that there is no
direct interaction or coupling between the opened-up binding pocket of opsin* and
the peptide side chain. However, the possibility of this explanation might be low,
considering that the peptide we use is high affinity. Motions of the methyl groups are
already restricted in the dry peptide sample. Interactions of methyl group with its
environment can thus play a substantial role in our measurement.
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Figure 5.5: Temperature dependence of relaxation rates T1Z and T1Q of L2, L5, or
L10 labeled high-affinity peptides at three different conditions-dry, wet, and opsin*
bound.

5.3.2 Comparison between the labeled retinal of Meta-II rhodopsin and
the labeled peptide of transducin

We were expecting similar result as found for the Meta-II project prior to starting
the peptide work. The solid-state 2H NMR lineshapes of the different sites for both
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retinal of Meta-II rhodopsin and the derived transducin peptide are both similar.
However, the results of the relaxation measurements are different, where the behavior
of three different sites is similar for the peptide. Let’s try to summarize why different
behaviors are shown for the methyl groups of retinal and the GαCT peptide. First,
as we discussed before, the methyl groups of retinal are much more closer to the
backbone, which makes it easier to propagate the changes. Second, the chemical
environments of the three Leucine methyl groups are more consistent by looking at
the peptide sequence by itself, while the β-ionone ring of retinal modifies the methyl
groups environments substantially. The retinal structural change initiates the whole
activation process, while there is no obvious structural change when the peptide binds
with opsin. Interactions between opsin* and the labeled methyl groups are likely to
be orientation dependent, where as the three labeled Leucines interact with specific
residues of opsin. But our sample is not aligned, and the lineshape and relaxation
times have contributions from all the possible orientations. Thus the orientation
dependence is not acquired for the non-aligned samples.

Figure 5.6: Lineshape (left), and logarithmic scale relaxation times T1Z and T1Q

(right) of C5, C9, and C13 labeled retinal at Meta-II state. Figure is adapted from
references [123,123].

5.3.3 Conclusions from the lineshape and relaxation measurements

Two questions were asked at the beginning: are there site specific changes, and will
hydration plays a role in transducin activation? Site specificity is not obvious from our
current measurements of the lineshapes and relaxation times. Yet we cannot conclude
that these three positions experience the same interactions due to the limitations of
our sample, where orientation information is missing. Hydration certainly affects the
transducin interaction as proved by the minima shift of the relaxation curves even
with our non-aligned samples.
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5.3.4 Future directions

Theoretical fitting of relaxation rates gives information about correlation times, ac-
tivation barriers, jump rates, and/or rotational diffusion coefficients. But they will
be challending to interpret due to the complex motions of the long side chain of
Leucine. To be able to see the site-specific difference of the peptide, aligned samples,
like Meta-II rhodopsin, are necessary to acquire the orientation information of the
three positions. Due to technique limitation, we cannot different the two δ carbons at
the end of the Leucine side chain. Either of the methyl groups carry deterium labels
or both carry the labels. Additional efforts can be dedicated to the sample synthesis
part to get uniquely labeled δ carbon methyl group. What is more, we choose Leucine
as our target amino acid for the purpose of studying the site specificity. By labeling
the same amino acid along the peptide, we do not investigate the additional effects of
the primary structure on the NMR measurements. It is certainly promising to intro-
duce the deuterium labels or other isotope labels at other positions. But ultimately
we need to acquire more measurements at various temperatures and reproduce all
measurements to confirm our observations about the lineshape similarity, the shift of
the relaxation curve minima, and their detailed shape as a function of temperature.
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Chapter 6

Time-Resolved Wide-Angle X-ray Scattering

(TR-WAXS) study of rhodopsin

6.1 Brief introduction

Crystallography is certainly one important field of biomolecular study. After crystal-
lizing the molecules, X-ray scattering method can be applied to probe the molecular
structures by reading the diffraction pattern. For the case of membrane proteins like
rhodopsin, a large fraction of the protein surface is hydrophobic, which naturally is in
contact with the supporting lipid bilayer. Membrane protein crystallization is not an
easy task at all. Even we successfully obtain the protein crystal [30, 33, 89], usually
structure has already been modified by the crystal packing. The protein function is
also questionable within the rigid crystal matrix, whereas our goal is to understand
how the protein accomplish its function. We would much like to study the diffrac-
tion patterns of proteins, not in crystal form, but in an environment more resembling
the bilayer matrix. We are not only interested into the snapshot picture of protein
crystals, but also the real-time structural changes. This is where wide-angle X-ray
scattering (WAXS) comes into the picture, where an X-ray laser is used to probe
the proteins in detergent buffer. Detergents form micelles surrounding membrane
proteins at their hydrophobic surface, which supply a similar environment as that
of a bilayer. Moreover, we don’t have to trap certain state of proteins beforehand.
Instead, activation in real time is a complishable by setting a pump laser at the corre-
sponding wavelengths. Control of the time delay between the optical pump laser and
the probe X-ray laser can give us time-resolved results regarding to the activation
process of rhodopsin [85]. In addition, the duration of the pump laser can be as short
as 20 fs, which is perfect for us to detect the early stage of rhodopsin activation [37].

6.1.1 Facility and experiment setup

Most of the results presented in this chapter were obtained at the ID9 station of
the European Synchrotron Radiation Facility (ESRF) under the lead of Dr. Richard
Neutze. Though WAXS experiments for three types of rhodopsin (bacterial rhodopsin,
channel rhodopsin, sensory rhodopsin, and visual rhodopsin) have been conducted,
here we will focus only on visual rhodopsin (Fig. 6.1), referred as rhodopsin elsewhere
in the dissertation.

At ESRF X-ray peak brilliance of the synchrotron light source is not as high as
available at the Linac Coherent Light Source (LCLS) at SLAC National Accelerator
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Figure 6.1: Rhodopsin activation sequences with corresponding time scales. Distinct
retinal structures are also plotted in the figure. With TR-WAXS experiments, we can
probe the early stages of the activation mechanism. Figure is from reference [37].

Laboratory [6]. Photon energy of X-ray is 18 keV with a frequency of 10 Hz, and
consequently more accumulation time is necessary for each setup of the experiments
as compared to our work at LCLS. Samples are delivered through a plastic pipe,
where a transparent glass tube is in the middle opening up a window for the pump
laser and the X-ray lase irradiating the following sample. Because the detector is
exposed to air, a cone with a constant helium flow is placed between the glass tube
carrying the sample and the detector to reduce the air turbulence effects. The pump
laser wavelength is set to 530 nm at the red edge of rhodopsin absorption band to
avoid secondary light absorbtion by later photointermediates of rhodopsin. We tried
different laser energies between 0.01 to 0.4 mJ/pulse. X-ray pulse length of 20 us and
1 us both have been tried. The shortest time delay available to us is 20 us, which
means the earliest rhodopsin intermediates (Photorhodopsin, Bathorhodopsin) are
not detectable during this experiment.

6.1.2 Sample preparation

The rhodopsin sample we prepared is 30 mg/mL bovine rhodopsin in 30 mL CHAPS
detergent buffer. Please refer to the literature for the detailed protocol of the rhodopsin
purification and characterization [121].
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Figure 6.2: Setup of WAXS experiment at LCLS, with X-ray laser in red and pump
laser in green. Demonstrative diffraction patters are shown as an example. Figure is
adapted from reference [6].

6.2 Primary results from European Synchrotron Radiation
Facility (ESRF) experiments

6.2.1 TR-WAXS data reduction and analysis

The first step of the data reduction is integrating the diffraction image obtained
from X-ray scattering to obtain a radial distribution of the scattering intensity. But
before integration, the dark curves are subtracted to obtain the light-dark difference
scattering profiles corresponding to rhodopsin activation. To probe the real-time
protein dynamics at different moments, we introduce time delays between pump laser
incidence and the probing X-ray laser pulse. For higher signal to noise ratio, curves of
the same time delay are merged together. By choosing proper time delays, we obtain
a time-resolved handle on the rhodopsin activation process [8, 76].

Note that the difference spectra are mapped on the scattering vector q, i.e., mo-
mentum transfer, where q = ks−ki = 4π/λ sin θ. Here θ is half of the deflection angle
of the X-ray beam, while λ is the X-ray wavelength.

Normalization. As we just discussed, we have to merge curves of the same time
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delay for high signal to noise ratio. However, the number of diffraction frames is
likely to be different for the various time delays. For the purpose of comparison, the
normalization has to be performed before calculating the difference spectra. Normal-
ization is applied based on the heating signal in the high q range, either over the large
range of the sinusoidal type oscillation, or the smaller isosbestic range.

Hot pixel removal. Sometimes, sudden unexpected jumps occur in the difference
spectra, which we call ’hot pixel’. This effect is an artificial manufacturing problem
of the X-ray detector. The abnormal scattering intensity is replaced by the average
intensity of the surrounding pixels to smooth the curve.

Heat signal isolation and removal Although light minus dark scattering pro-
files are plotted to display the sinal corresponding to activation, the difference spectra
still consist of components associated with the heating from pump laser. To isolate
the heat signal, and obtain pure protein activation difference profile, we did some mis-
aligned experiments on purpose, where the spatial separation of the pump laser and
the X-ray probe laser are not set according to the time delay, but are much larger
to mimic the situation of rhodopsin being fully activated (Fig. 6.3). The control
misaligned experiments are conducted with four different optical pump laser ener-
gies (fluence). Three light-dark spectra displays obvious bumps at the low q range
corresponding to the rhodopsin structural change. The spectrum produced by the
strongest pump laser is flat in the low-q range, but there is a strong sinusoidal oscil-
lation at the high q heating range. Thus we treat this spectrum as a pure heating
signal, and subtract it from other time-resolved difference profiles after scaling by
laser energies [8].

Interpretation of difference spectra. The q-range corresponding to displacement of
the rhodopsin secondary structural elements is usually less than q = 1Å−1, while
the large dip at the higher q-range represents the heat signal. Oscillatory features
can be noticed in the low q range, which indicates the occurrence of conformational
changes happening within the time scale of 20 ms. Actually, the oscillatory features
or ’humps’ appear at 20 us, picking up intensity at the ms time scale, and then
gradually disappear. Recalling that rhodopsin activation is irreversible, this means
this oscillatory feature cannot be the helical movements happening at the Meta-II
rhodopsin state. In fact this is called ’protein quake’, where rhodopsin dissipates the
energy absorbed by its chromophore retinal through quake-like structural motions.

To capture the evolution of the basis components that comprise the heat-free
difference spectra, we did a kinetic decomposition analysis (Fig. 6.5). Here we assume
that there are two components giving rise to the whole sequence of time-resolved
spectra with time-dependent weights. The weight of the fast component is more
the the beginning, and then exponentially decays to zero. Concurrently, the slow
component gradually picks up its population, and at the end of our time window we
can see the loss of the population for the slow component (Fig. 6.5). The results of
the kinetic decomposition arrives the same conclusion as we did from comparing the
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Figure 6.3: Difference spectra obtained with different pump laser energies when X-ray
and pump laser are misaligned.

difference scattering profiles, and confirms fact of the protein quake.

Raw analysis of LCLS result. At another beam time of August 2016 at LCLS, we
performed experiments at the fast time domain to probe rhodopsin at the early stages
of its activation utilizing the short duration X-ray free electron laser. In addition,
we performed control studies on the detergent buffer comprising 30 mM CHAPS.
CHAPS has a very low critical micelle concentration (CMC) value, which can reduce
the micelle size that solubilizes rhodopsin, and thus helps to simplify the data analysis
and interpretation.

We performed two-component kinetic decomposition analysis [8] on rhodopsin in
CHAPS detergent and CHAPS buffer sample. To remove the effects of buffer, we
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Figure 6.4: Light-dark X-ray difference scattering profiles of 30 mg/mL rhodopsin
in CHAPS detergent from European Radiation Synchrotron Facility (ESRF). Corre-
sponding time delays are labeled in µs, and n is the number of accumulated frames.

subtracted the slow component of the buffer from that of rhodopsin sample. From
the plot (Fig. 6.7) we can see that the humps in the low-q range are due to rhodopsin.
Though the comparison of fast components will inform us more about the early stage
of rhodopsin activation, their amplitudes are too big and mask the small-scale fluc-
tuations.

By conducting the buffer control experiments, we began to suspect interpretation
of sinusoidal-type oscillation signal, since it is present in both the protein and buffer
spectra. Perhaps it is not heat, or not purely heat. Molecular dynamics (MD)
simulations can help to interpret its source. Work of relating the difference scattering
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Figure 6.5: Kinetic decomposition result of time-resolved difference spectra from Fig.
6.4. We assume there are only two components which compose the spectra. In the
bottom panel, we can see the population variation of fast (red) and slow (green) basis
vectors.

profles to the exact protein structural changes are ongoing.

6.3 Future directions

The WAXS experiments are performed at room temperature, and rhodopsin is in
micelle, which is more similar to the bilayer environment than in the case of crystals.
The short duration of the X-ray pulses and the design of the time delays make it
possible to probe the real-time dynamics of the activation process. The observation of
a ’protein quake’ [5,8] from experiments can be further interpreted by MD simulations,
where researchers can utilize the experimental result to refine the force field, and
ultimately visualize the energy dissipation process. The setup of the force field is
critical with regard to the accuracy of molecular movies produced by MD simulation
[69,71]. Experimental results can validate and return force field parameters to obtain
better results. What is more, WAXS is a good complementary method to solid-
state NMR spectroscopy and X-ray crystallography. solid-state NMR spectroscopy
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Figure 6.6: Kinetic decomposition of LCLS results. We assume there are only two
components which comprise both rhodopsin and buffer spectra. In the bottom panel,
the population changes of the fast (red) and slow (green) vector are shown. It is
obvious that the slow components of rhodopsin is actually faster than that of buffer.

gives us site-specific local information, and overall crystal structures are available
from crystallographic study. These pieces of jigsaw puzzle can then come together
to serve as the input for molecular dynamics simulation, and the simulation movie
will tell us about the mystery of rhodopsin activation. This way of combining the
various methods to tackle the rhodopsin activation problem is also well suited for
other membrane proteins, especially the large family of G-protin-coupled receptors
(GPCRs). This study opens the door to investigating other GPCRs as well.
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Appendix A

Detailed NMR theoretical derivations and

summary tables

A.1 Irreducible tensor operators

The advantage of an irreducible tensor representation using a spherical basis is that
after coordinate transformation, the irreducible tensor components in the new co-
ordinates can by expressed as a combination of elements in the original coordinate.
Notably in the NMR world, first- and second- rank irreducible tensors are most fre-
quently involved. Here in this section, we will show how to obtain first-rank irreducible
tensors and construct a higher-rank tensor, explicitly a second-rank irreducible tensor.

As for the first-rank irreducible tensor, instead of an actual construction, the
process is more like changing the basis from Cartesian to spherical coordinates, as
shown in the main text by Eq. 2.5. Now that we have the first-rank irreducible
tensors, next question is how do we construct tensors of higher-rank from the lower-
rank tensor. To build up to higher rank irreducible tensors, we need to use the
relation TLM =

∑
m〈l1m, l2M −m|LM〉Tl1mTl2M−m, where 〈l1m, l2M −m|LM〉 is the

Clebsch-Gordan coefficient. Taking the irreducible tensor with L = 2 as one example,
the values of M range from −L to L (thus −2, −1, 0, 1, and 2). Considering the
quantum triangle rule embedded in the Clebsch-Gordan coefficient, l1 and l2 can only
be 1. The results for T2M are summarized in the main text by Eqs. 2.6a to 2.6c.
Though these processes have been shown in the main text, we are summarizing the
first and second rank irreducible tensors in Table A.1 for the convenience of readers.

Now with first and second rank irreducible constructed, we can obtain higher-
rank tensors easily. But we should note that during the process of constructing a
higher-rank irreducible tensor, the products of the tensor elements are frequently
involved, which also appears in the calculation of operator commutation. Also the
construction of irreducible tensors will help to simplify the expression of commutation
relationship. For the convenience of our readers, here we also include in the Table
A.2 the commutation relationships for the first and second rank irreducible tensor
elements.
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Table A.1: first- and second- rank irreducible tensors

tensor order tensor element tensor element expression

first order T10(≡ V0) Vz

T1±1(≡ V±1) ∓ 1√
2
(Vx ± iVy)

second order T20

√
1
6
(T11O1−1 + T1−1O11 + 2T10O10)

T2±1

√
1
2
(T10O1±1 + T1±1O10)

T2±2 T1±1O1±1

a Considering that we used different notations under various conditions,
here we put alternative notions we used for the first rank tensor ele-
ments.
b T1m and O1n are arbitrary first-rank irreducible tensor elements.

Table A.2: Commutation relationships for first- and second- rank irreducible tensors

first rank [T11, T1−1]
√

2T10

[T1±1, T10] ±
√

2T1±1

second rank [T22, T2−2] 2√
10

(T30 + 2T10)

[T21, T2−1] 2√
10

(2T30 − T10)

[T2±2, T2∓1] ± 2√
10

(
√

3T3±1 +
√

2T1±1)

[T2±1, T20] ± 2√
10

(
√

2T3±1 −
√

3T1±1)

A.2 Transformation from Cartesian coordinates to spherical
coordinates

In previous section, we described how to construct higher-rank irreducible tensors
from lower-rank tensors. But sometimes in NMR system, the second-rank irreducible
tensor is not built up from first-rank tensors, but instead it is calculated from the
corresponding components in the Cartesian coordinates. For example, the Hamiltoni-
ans for the dipolar and quadrupolar interactions are constructed directly without use
of first-rank tensor. In these cases, we have to calculate the second-rank irreducible
coupling tensor elements from the corresponding component values in the principle
axis system (PAS) frame. Here we also show the expressions of the second-rank ir-
reducible tensor elements in Cartesian components (Table A.3). Now we can always
obtain second-rank irreducible tensors elements, either constructed from first-rank ir-
reducible tensor or calculated from the Cartesian components. With the second-rank
tensors known, it will be straightforward to calculate higher-rank irreducible tensor
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in the way we have discussed in the previous section.

Table A.3: Tensor expression in spherical coordinates calcualted from Cartesian co-
ordinates

zeroth order T00
1
3
(Txx + Tyy + Tzz)

first order T10 − i√
2
(Txy − Tyx)

T1±1 −1
2

[Tzx − Txz ± i(Tzy − Tyz)]
second order T20

1√
6

[3Tzz − (Txx + Tyy + Tzz)]

T2±1 ±1
2

[Txz + Tzx ± i(Tyz + Tzy)]

T2±2
1
2

[Txx − Tyy ± i(Txy + Tyx)]

A.3 Wigner rotation matrices

As we have put forth in the above section, irreducible tensors are very convenient in
coordinates transformation. Irreducible tensor elements are the subject of rotations,
where rotation operation for irreducible tensors is done by the Wigner rotation matrix.

In this section, we summarize the properties of the Wigner rotation matrixDj
mn(αβγ),

including its definition, symmetry properties (including how the Wigner rotation ma-
trix elements can be reduced to spherical harmonics and Legendre polynomials), how
the Wigner rotation matrix facilitates multiple coordinate transformations, and how
to evaluate the products of two matrix elements.

First the rotation operator corresponding to coordinate rotations with Euler angles
Ω ≡ (α, β, γ) is expressed as R = e−iγJz′′e−iβJy′e−iαJz = e−iαJze−iβJye−iγJz . The
equivalence of the two expressions is shown by Rose [99]. Evaluation of this rotation
operator in the eigenbasis of the angular momentum and its z-component {J2, Jz} is
the Wigner rotation matrix, which reads:

Dj
mn(αβγ) = 〈jm|e−iαJze−iβJye−iγJz |jn〉 (A.1)

= e−imα〈jm|e−iβJy |jn〉e−inγ (A.2)

= e−imαdjmn(β)e−inγ (A.3)

In the above expressions djmn(β) indicates the elements of the reduced Wigner
rotation matrix. In fact, the Wigner rotation matrix elements are used to map the
wavefunctions in the new coordinates, after rotation, using the wave functions in the
original frame before the coordinate rotation:

R|jm〉 =
∑
m′

|jm′〉Dj
m′m(αβγ) (A.4)
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The Wigner rotation matrix elements can not only be used to relate quantities in the
new frame after rotation to their values in the original frame before rotaliton. They
also have a number of useful symmetry properties, including the following:

Dj
mn(−γ,−β,−α) = Dj∗

nm(αβγ) (A.5a)

Dj∗
mn(αβγ) = (−1)m−nDj

−m,−n(αβγ) (A.5b)

where the asterisk indicates complex conjugation. These symmetry properties men-
tioned above actually simply the problem solving process.

One should also note that the elements of the Wigner rotation matrix constitute
generalized spherical harmonics, just as the spherical harmonics are a generalization
of the Legendre polynomials. Setting m = 0 gives us the correspondence to the more
familiar spherical harmonics; where re-labeling the indices yields

Dj
m0(αβ0) =

√
4π

2j + 1
Y ∗jm(βα) = (−1)m

√
(j −m)!

(j +m)!
Pm
j (cos β)e−imα (A.6)

Here the connection to the spherical polar angles is given by (θ, φ) = (βα). Finally,
taking m = 0 in above equation, one obtains the familiar Legendre polynomials, given
by

Dj
00(αβγ) = dj00(β) = Pj(cos β) (A.7)

in which Pj(x) is a Legendre polynomial of rank j, and x ≡ cos β. At the end of this
section, we include the first- and second- rank Wigner rotation matrix elements for
convenience of our reader (Tables A.4, A.5). Here you can easily see the reduction
of the Wigner rotation matrix elements to the Legendre polynomials. Moreover, the
symmetry properties are also embedded in the tables.

Now that we have defined the Wigner rotation matrix, and already know about
its properties, next we will show how it facilate the transformation of the irreducible
tensor elements. Recall that tensor elements in the new coordinate system are ex-
pressed as a linear combination of the elements in the original coordinates. Now you
can see that in the linear combination, the Wigner rotation matrix elements are the
coefficients:

Rlab
lm =

l∑
m′=−l

RPAS
lm′ D

l
m′m(ΩPL) (A.8)

Still, usually we need to deal with multiple coordinates, and multiple coordinates
transformations. Considering that is the case, we can employ the closure properties
of the Wigner rotation matrix to make the multiple coordinate transformation easy.

D
(2)
n′n(ΩPL, t) =

∑
r,p,q

D
(2)
n′r(ΩPI)D

(2)
rp (ΩIM, t)D

(2)
pq (ΩMD, t)D

(2)
qn (ΩDL) (A.9)
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Here I (internal), M (molecular), and D (director) frames are all intermediate frames
between the PAS frame (P) and laboratory frame (L). Our readers should note that
these intermediate frames can vary according to the specific systems of interest. We
can alter, delete intermediate frame, or insert new ones according to our demands,
e.g., for globular proteins in solution, D can be ignored by considering tumbling of
proteins. In addition to what we have discussed previously, the evaluation of the
Wigner rotation matrix elements is frequently involved when we are dealing with
correlation functions and spectral densities. For example, the product of Wigner
rotation matrix elements correspond to the squared-amplitudes of fluctuations as
included in the main text by Eq. 2.105. To simplify the expression of the Wigner
rotation matrix element products, we use Wigner3-j to make the process easier:

Dj1
m1n1

(Ω)Dj2
m2n2

(Ω) =
∑
J,M,N

〈j1j2m1m2|j1j2JM〉〈j1j2JN |j1j2n1n2〉DJ
NM (Ω)

=
∑
J

(−1)M−N (2J + 1)

(
j1 j2 J
m1 m2 M

)(
j1 j2 J
n1 n2 N

)
DJ
MN (Ω)

(A.10)

Again for the convenience of audience, we include the first and second rank Wigner
rotation matrix elements at the end of this section (Table A.6), which are those mostly
involved in NMR spectroscopy.

Table A.4: rank-1 Wigner rotation matrix D
(1)
mn(αβγ)

m,n 1 0 −1

1 1+cosβ
2

e−i(α+γ) − 1√
2

sin βe−iα 1−cosβ
2

e−i(α−γ)

0 1√
2

sin βe−iγ cos β − 1√
2

sin βeiγ

−1 1−cosβ
2

ei(α−γ) 1√
2

sin βeiα 1+cosβ
2

ei(α+γ)

In Fig. A.1 we show how angular momentum theory underlies the analysis of
the nuclear spin relaxation rates in NMR spectroscopy. Figure A.1(a) shows how the
Euler angles characterize the results of solid-state NMR spectroscopic studies of phos-
pholipid membranes in terms of structure and dynamics. The geometrical relationship
is shown between the frame transformations conducted via Euler angle (α, β, γ) rota-
tions, e.g., from the principal axis system (PAS) to the laboratory. Following Rose,
the transformation is achieved by three consecutive rotations. We assume two in-
termediate frames: a primed frame (x′, y′, z′) and a double-primed frame (x′′, y′′, z′′).
The first step is rotation of the PAS frame about its own z-axis by the angle α to
the primed frame. Next, we rotate the primed frame about its y′-axis by the angle
β, which leads us to the double-primed frame. Finally, we rotate the double-primed
frame about the z′′-axis by the angle γ and thus we arrive at the (triple primed)
laboratory frame. Note the line of nodes extending along the y′, y′′-axes.
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In Fig. A.1(b) the semi-classical vector model for the coupling of two angular
momenta j1 and j2 is illustrated. The projections n1 and n2 onto the z-axis give J as
the total angular momentum. The final state is specified by quantum numbers J,N
for the total angular momentum. Note that the cone of possible orientations of j1 is
inverted with respect to the orientation of j2 to illustrate the vector addition. The
projection of the total angular momentum onto the z-axis is N = n1 + n2 which is
quantized in ~ units. Here the upper and lower bounds of |j1 − j2| ≤ J ≤ j1 + j2

correspond to the so-called triangle ∆(j1j2J) condition. The triangle with sides j1, j2,
and J is illustrated. Take note that the uncoupled representation of angular momenta
|j1j2n1n2〉 is related to the coupled representation |j1j2JN〉 in terms of the vector cou-
pling coefficients 〈j1j2JN |j1j2n1n2〉 (also known as Clebsch-Gordan coefficients). The
contributions (squared coefficients) of to the uncoupled states with quantum numbers
{j1, j2, n1, n2} the various coupled states {J,N} are given by |〈j1j2JN |j1j2n1n2〉|2.
The Clebsch-Gordan series accounts for the products of the Wigner rotation matrix
elements in terms of 〈P2〉 and 〈P4〉 as the second- and fourth-rank order parameters.
As already known to us, the Wigner rotation matrix elements can be reduced to
Legendre polynomials of corresponding ranks. Although rank-2 and rank-4 are most
frequently used, here we summarize the Legendre polynomials Pj(x) from j = 0 to
j = 6 in Table A.6.

A.4 Relaxation rates and spectral density super matrices

One of the emphases in this thesis is the development and derivation of various
relaxation rate expressions. In the main text, we start from the very beginning of
quantum time-dependent perturbation theory, then build on it we gradually obtain
the expression of various relaxation rates with the help of the density matrix. The
key step of the development is to obtain the large spectral density supermatrix. After
that, we just need to reduce the spectral density supermatrix elements to general
spectral density with

Jαβα′β′ =
3

2
(~CQeq)2

∑
m

〈α|T (2)
m |β〉〈α′|T (2)

m |β′〉∗Jm(α− β) (A.11)

Together with the density matrix we obtain the relaxation rate expressions easily. In
the next section, we will briefly describe how to obtain the relaxation rate expression
in general. Then, at the end we include tables for spectral density supermatrix
and relaxation rate supermatrix, from which we obtain the various relaxation rate
expressions (Tables A.7 and A.8).

Various types of relaxation rates describe the relaxation processes of specific quan-
tities e.g., T1Z for the case of Iz. Again, we remind our readers that the first term
on the right side of the equal sign is for the unperturbed motion of the system, while
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Figure A.1: Illustration of how observables are interpreted using angular momentum
theory. (a) Euler angles transform irreducible (spherical) tensors from an initial
(x, y, z) coordinate frame to a final (x′′′, y′′′, z′′′) system. The first rotation is about
the initial z-axis by the Euler angle α. The second rotation is about the new y′-axis
by the Euler angle β. The third rotation is about the penultimate z′′-axis by the
Euler angle γ. Consideration of the Euler angles allows one to formulate explicitly
various models for the rotational dynamics of membrane constituents, including both
lipids and proteins. (b) Angular momentum theory underlies the analysis of nuclear
spin relaxation data in NMR spectroscopy. The semi-classical vector model illustrates
the coupling of two angular momenta j1 and j2 with projections n1 and n1 onto the
z-axis to give the total angular momentum J . Figure is from reference [146]

the second term is for the relaxation of the system corresponding to the perturba-
tion, which we will focus on for the development of relaxation rate expressions. If
we want to obtain the relaxation rates for a specific quantity (observable) due to the
quadrupolar interaction, first we need to know the matrix form of the quantity in
the |I, Im〉 representation, which will lead us to the expression for the density matrix
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elements (σαα′) for this quantity. Once the corresponding density matrix elements
(σαα′) are known, we would know what are the elements of relaxation supermatrix
involved in the relaxation of this quantity (see next section for examples). With the
relaxation supermatrix expressions in hand, we can then obtain not only the already-
known relaxation rates, but also all possible new types of relaxation rates for the
quadrupolar interaction. In addition, this relaxation supermatrix also applies to the
direct dipolar interaction considering its isomorphism with the quadrupolar coupling
that we discussed in the main text, by just replacing χQ by χD which is the dipolar
coupling constant.

At the end of this section, besides the relaxation supermatrix A.8 we also include
the spectral density supermatrix Jαβα′β′ expressed by general spectral densities in
Table A.7. With these results our readers can calculate the relaxation supermatrix
by themselves since they are closely related by

Rαα′ββ′ = Jαβα′β′(α
′−β′)+Jαβα′β′(α−β)−δα′β′

∑
γ

Jγβγα(γ−α)−δαβ
∑
γ

Jγα′γβ′(γ−α′)

as shown in the main text. The results at Table A.8 are thus readily obtained.

A.5 Additional relaxation rates of spin-1 system and appli-
cation of relaxation supermatrix

In the previous Appendix sections we have presented the spectral density and relax-
ation rate super matrices (Tables A.7 and A.8). Here in this section we summarize
the expressions for relaxation rates. Considering that we have shown the development
of the spin-lattice, quadrupolar, and spin-spin relaxation rates in the main text, here
we show how to calculate the other two relaxation rate expressions R2Q and R2D.

First the matrix representations of corresponding angular momentum in the eigen-
basis of I, Iz.

Jx = 1√
2

0 −i 0
i 0 i
0 −i 0

 Jy = 1√
2

0 1 0
1 0 −1
0 −1 0

 Jz =

0 0 −i
0 0 0
i 0 0


With the matrix expressions, we could get their relaxation rete expressions in the

same way as in the main text for other relaxation rates. For example, with the matrix
form known to us, we know that σ13 and σ31 will appear in the expression of 〈Jz〉.
Thus we just need R1313 or R1313 to get the relaxation of T2D. Again for T2Q it is Jx
and Jy; and for T2D it is Jz. Thus we obtain that:

R2Q =
3

4
π2χ2

Q(
3

2
J0(0) +

1

2
J1(ω0) + J2(2ω0)) (A.12a)

R2D =
3

4
π2χ2

Q(J1(ω0) + 2J2(2ω0)) (A.12b)
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A similar approach can be used for calculating the relaxation rates and nuclear
Overhauser enhancement (NOE) for the heteromuclear direct dipolar interaction
which are also formulated in terms of irreducible spectral densities due to the di-
rect dipolar coupling Hamiltonian (not shown). The complete results for the various
measurable relaxation rates are summarized in the main text.

A.6 Irreducible spectral densities of motion in laboratory
and director frames

As we have stated in the main text, the correlation functions in the laboratory frame
can be expressed by the correlation functions in the director frame, which reads:

Glab
m (t) =

∑
n

Gdir
n (t)|D(2)

nm(ΩDL)|2 (A.13)

Because the spectral densities are the Fourier transform partners of the correlation
functions, the same relationships hold true for the spectral densities in the laboratory
and director frames. If we carry out the Fourier transformation of both sides of the
above equation, we obtain:

J lab
m (ω) =

∑
n

Jdir
n (ω)|D(2)

nm(ΩDL)|2 =
∑
n

Jdir
n (ω)d(2)

nm(θ)2 (A.14)

If we write this equation in a matrix representation, we will get:

(
J lab

0 (ω) J lab
1 (ω) J lab

2 (ω)
)

=
(
Jdir

0 (ω) Jdir
1 (ω) Jdir

2 (ω)
)d

(2)
00 (θ)2 d

(2)
01 (θ)2 d

(2)
02 (θ)2

d
(2)
10 (θ)2 d

(2)
11 (θ)2 d

(2)
12 (θ)2

d
(2)
20 (θ)2 d

(2)
21 (θ)2 d

(2)
22 (θ)2


(A.15)

Obviously, the irreducible spectral densities in the laboratory frame not only depend
on the frequency ω, but also on the tilt angle θ. Thus it is more accurate to write
J lab

0 (ω, θ) instead of just J lab
0 (ω). Moreover, the way we present Eq. A.14 in the matrix

form as in Eq. A.15 is confusing, because the spectral densities in the laboratory frame
are experimental observables, but only at three specific frequencies, meaning that we
can only obtain J lab

0 (0, θ), J lab
1 (ω0, θ), and J lab

2 (2ω0, θ). Thus the correct and exact
way to express Eq. A.14 is what we present in Table A.9.

Our readers may wonder that how could we get the spectral densities in the
director frame Jdir

0 , Jdir
1 , and Jdir

2 each at three different frequencies 0, ω0, and 2ω0 (in
total 9 spectral densities) from only 3 experimental observables J lab

0 (0, θ), J lab
1 (ω0, θ),

and J lab
2 (2ω0, θ). The solution is the tilt theory, where we carry out relaxation rate

experiments at a series of tilt angles θ1, ..., θn to obtain the corresponding spectral
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densities in the laboratory frame. For example,(
J lab

0 (0, θ1) J lab
0 (0, θ2) · · · J lab

0 (0, θn)
)

=
(
Jdir

0 (0) Jdir
1 (0) Jdir

2 (0)
)

×

d
(2)
00 (θ1)2 d

(2)
00 (θ2)2 · · · d

(2)
00 (θn)2

d
(2)
10 (θ1)2 d

(2)
10 (θ2)2 · · · d

(2)
10 (θn)2

d
(2)
20 (θ1)2 d

(2)
20 (θ2)2 · · · d

(2)
20 (θn)2


(A.16)

To summarize, Eq. A.16 can be written as J lab
0 (0, θi) =

∑
n J

dir
n (0)d

(2)
n0 (θi)

2.
With the irreducible spectral densities in the laboratory frame and the tilt angles

θi known to us, we can then solve for the irreducible spectral densities in the director
frame just by inverting the matrix of d2

n0(θi)
2, which leads us to:(

Jdir
0 (0) Jdir

1 (0) Jdir
2 (0)

)
=
(
J lab

0 (0, θ1) J lab
0 (0, θ2) · · · J lab

0 (0, θn)
)

×

d
(2)
00 (θ1)2 d

(2)
00 (θ2)2 · · · d

(2)
00 (θn)2

d
(2)
10 (θ1)2 d

(2)
10 (θ2)2 · · · d

(2)
10 (θn)2

d
(2)
20 (θ1)2 d

(2)
20 (θ2)2 · · · d

(2)
20 (θn)2


−1

(A.17)

The reason why we want to obtain the irreducible spectral densities or correlation
functions in the director frame is that they tell us about the fluctuation of the seg-
ments in the molecules, independent of the external factor of the experimental set up
of the tilt angle (which is the angle between the director axis and laboratory z-axis).
Though we can get the spectral densities in the director frame with Eq. A.17, it’s
quite formidable considering that we have to invert a large non-square matrix. Here
comes the advantage of the Wigner rotation matrix: assuming the rotation opera-
tion from the director frame to the laboratory frame is active (d

(2)
n0 (θi)

2 assumed as
active rotation), the corresponding inverse rotation will enable us to rotate from the
laboratory frame back to the director frame. The inverse rotation is accomplished by
performing the rotations through negative angles (about the same axes) but in the
opposite order. Thus in either case Eq. A.17 can be rewritten as:(

Jdir
0 (0) Jdir

1 (0) Jdir
2 (0)

)
=
(
J lab

0 (0, θ1) J lab
0 (0, θ2) · · · J lab

0 (0, θn)
)

×


d

(2)
00 (−θ1)2 d

(2)
01 (−θ1)2 d

(2)
02 (−θ1)2

d
(2)
00 (−θ2)2 d

(2)
01 (−θ2)2 d

(2)
02 (−θ2)2

...
...

...

d
(2)
00 (−θn)2 d

(2)
01 (−θn)2 d

(2)
02 (−θn)2

 (A.18)

As before we can summarize the above equation as Jdir
n (0) =

∑
i J

lab
0 (0, θi)d

(2)
0n (−θi)2.

Recall that we have already discussed the symmetry properties of the Wigner
rotation matrix elements, for example,

Dj
mn(−γ,−β,−α) = Dj∗

nm(αβγ) (A.19)
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where Dj
mn(αβγ) = e−imαdjmn(β)e−inγ. If we check the rank-2 Wigner rotation matrix

elements carefully, we will find out that d
(2)
nm(−β) = d

(2)
mn(β). Thus the final equation

for the irreducible spectral densities in the director frame is:

Jdir
n (0) =

∑
i

J lab
0 (0, θi)d

(2)
0n (−θi)2 (A.20)

For convenience, we list the explicit expressions for Jdir
n (0) with n = 0, 1, 2 in a table

of the main text.
The same relationships hold for the second and third rows in Table 2.7 of the main

text for Jdir
1 and Jdir

2 each at three frequencies. The general equation to summarize
the above development is:

Jdir
n (mω0) =

∑
i

J lab
m (mω0, θi)d

(2)
mn(−θi)2 (A.21)

where m = 0, 1, 2. In this way we obtain the irreducible director frame spectral
densities Jdir

0 (ω), Jdir
1 (ω), and Jdir

2 (ω) where ω = 0, ω0, 2ω0 as model-free experimental
observables.

A.7 First- and second- order perturbation terms in Redfield
theory

Here we will show that in evaluating the perturbation expression the two first-order
terms vanish, for the reason we show below:

〈a(1)∗
α′ (t+ ∆t)aα(t)〉 = − 1

i~
∑
β

∫ t+∆t

t

dt′〈a∗β(t)aα′(t)H
∗
1α′β(t′)〉ei(β−α′)t′ (A.22)

This step is analogous to the approximation we used in equation 2.50, because H1(t′)
is statistically independent of H1(t) for t < t′ < t + ∆t and ∆t � τc (because now
the integral duration ∆t is larger that the characteristic correlation time τC of the
perturbation interaction H1(t), thus 〈H1(t)H1(t′)〉 is not significant any more). It
follows that the expansion coefficients aα(t) in the density matrix, which only depend
on the Hamiltonian before t, are independent of H1(t′). As a result, we have that
〈a∗β(t)aα′(t)H

∗
1α′β(t′)〉 ' σ∗α′β〈H∗1α′β(t′)〉 = 0.

Next we are going to calculate the individual second-order terms.

〈a∗α′(t)a(2)
α (t+ ∆t)〉

= − 1

~2

∑
βγ

∫ t+∆t

t

dt′
∫ t′

t′−∆t

dt′′〈aβ(t)a∗α′(t)〉〈H1γβ(t′′)H1αγ(t
′)〉ei(γ−β)t′′ei(α−γ)t′

= −
∑
βγ

σ∗βα′

~2

∫ t+∆t

t

dt′
∫ t′

t′−∆t

dt′′Gγβγα(|t′ − t′′|)ei(γ−β)t′′ei(α−γ)t′ (A.23)
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From the first equal sign to the second we used H1αγ = H∗1γα because the Hamiltonian

matrix is Hermitian. Again our readers should note that ei(α−γ)t = e
i
~ (Eα−Eγ)t and

H0|α〉 = Eα|α〉. Substituting the integration variable τ = t′ − t′′, we obtain that

〈a∗α′(t)a(2)
α (t+ ∆t)〉

= −
∑
βγ

σ∗βα′

~2

∫ ∆t

0

dτGγβγα(τ)e−i(γ−β)τ

∫ t+∆t

t+τ

dt′ei(α−γ+γ−β)t′

= −
∑
βγ

∆tσ∗βα′

~2
ei(α−γ+γ−β)t

∫ ∆t

0

dτGγβγα(τ)e−i(γ−α)τ e
i(α−γ+γ−β)(∆t−τ) − 1

i(α− γ + γ − β)∆t

= −
∑
ββ′γ

∆tσ∗ββ′

~2
ei(α−α

′+β′−β)tδβ′α′Uγγβα (A.24)

Here we denote

Uγγβα =

∫ ∆t

0

dτGγβγα(τ)e−i(γ−α)τ e
i(α−γ+γ−β)(∆t−τ) − 1

i(α− γ + γ − β)∆t
(A.25)

Similarly, for the second-order term, we find that:

〈a∗(2)
α′ (t+ ∆t)aα(t)〉 = −

∑
ββ′γ

∆tσ∗ββ′

~2
ei(α−α

′+β′−β)tδβαUβ′α′γγ

Next, for the last second-order term, it is evaluated as follows:

〈a(1)∗
α′ (t+ ∆t)a(1)

α (t+ ∆t)〉

=
1

~2

∑
ββ′

∫ t+∆t

t

dt′
∫ t′

t′−∆t

dt′′〈a∗β′(t)aβ(t)〉〈H∗1α′β′(t′′)H1αβ(t′)〉ei(α−β)t′e−i(α
′−β′)t′′

=
∑
ββ′

σ∗ββ′

~2

∫ t+∆t

t

dt′
∫ t′

t′−∆t

dt′′Gαβα′β′(|t′ − t′′|)ei(α−β)t′e−i(α
′−β′)t′′

=
∑
ββ′

σ∗ββ′

~2

[∫ 0

−∆t

dτGαβα′β′(τ)ei(α
′−β′)τ

∫ t+∆t+τ

t

dt′ei(α−α
′+β′−β)t′

+

∫ ∆t

0

dτGαβα′β′(τ)ei(α
′−β′)τ

∫ t+∆t

t+τ

dt′ei(α−α
′+β′−β)t′

]
=
∑
ββ′

∆tσ∗ββ′

~2
ei(α−α

′+β′−β)t

[∫ ∆t

0

dτGαβα′β′(τ)e−i(α
′−β′)τ e

i(α−α′+β′−β)(∆t−τ) − 1

i(α− α′ + β′ − β)∆t

+

∫ ∆t

0

dτGβ′α′βα(τ)e−i(β−α)τ e
i(α−α′+β′−β)(∆t−τ) − 1

i(α− α′ + β′ − β)∆t

]
=
∑
ββ′

∆tσ∗ββ′

~2
ei(α−α

′+β′−β)t[Uαα′ββ′ + Uβ′βα′α] (A.26)
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Now, with above second-order terms we can turn back to the main text, and
continue our journey of getting the relaxation rates expressed.

A.8 Correspondence to dipolar interaction alphabet

Here we show how the dipolar coupling result we obtained in the main text corre-
sponds to the development in Slichter’s standard text. However, one should keep in
mind that in Slichter’s book, the notation compared with ours is I+ = Ix + iIy =
−
√

2I+1, I− = Ix − iIy =
√

2I−1 , and Iz = I0 (also analogously for the expression of
r, we have r+ = x+ iy = −

√
2r+1, r− = x− iy =

√
2r−1, r0 = z). Also, he inserts an

expression of the first-rank spherical harmonics into his equation,

Y −1
1 (θ, ϕ) =

1

2

√
3

2π
e−iϕ sin θ =

1

2

√
3

2π

x− iy
r

(A.27a)

Y 0
1 (θ, ϕ) =

1

2

√
3

π
cos θ =

1

2

√
3

π

z

r
(A.27b)

Y 1
1 (θ, ϕ) = −1

2

√
3

2π
eiϕ sin θ = −1

2

√
3

2π

x+ iy

r
(A.27c)

r−1 =
1√
2
r− =

re−iϕ sin θ√
2

(A.28a)

r0 = r cos θ (A.28b)

r+1 = − 1√
2
r+ = −re

iϕ sin θ√
2

(A.28c)

With the above result in hand, we can then directly relate our expression with
different terms of the dipolar alphabet in the books of Slichter and Abragam, denoted
as A,B etc.

A =
1

r2

(
−2I i0I

j
0r

2
0 − 2I i0I

j
0r+1r−1

)
= −2I i0I

j
0

(r2
0 + r+1r−1)

r2

= −2I i0I
j
0

(
cos2 θ +

1

2
sin2 θ

)
= I i0I

j
0

(
1− 3 cos2 θ

)
(A.29)

B =
1

r2

(
I i+1I

j
−1 + I i−1I

j
+1

) (
−r+1r−1 − r2

0

)
= −1

2

(
I+
i I
−
j + I−i I

+
j

) 1

2

(
1− 3 cos2 θ

)
= −1

4

(
I+
i I
−
j + I−i I

+
j

) (
1− 3 cos2 θ

)
(A.30)
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C =
1

r2
(3T21R2−1) =

3

r2

1√
2

(I i+1I
j
0 + I i0I

j
+1)
√

2 (r−1r0)

= 3(I i+1I
j
0 + I i0I

j
+1)

e−iϕ sin θ cos θ√
2

= −3

2
(I+
i I

0
j + I0

i I
+
j )e−iϕ sin θ cos θ (A.31)

D =
1

r2
(3T2−1R21) =

3

r2

1√
2

(I i−1I
j
0 + I i0I

j
−1)
√

2 (r+1r0)

= 3(I i−1I
j
0 + I i0I

j
−1) (−1)

eiϕ sin θ cos θ√
2

= −3

2
(I−i I

0
j + I0

i I
−
j )eiϕ sin θ cos θ (A.32)

E =
−3

r2
(T22R2−2) =

−3

r2

(
I i+1I

j
+1

) (
r2
−1

)
= −3

(
I i+1I

j
+1

) 1

2
e−2iϕ sin2 θ = −3

4

(
I+
i I

+
j

)
e−2iϕ sin2 θ (A.33)

F =
−3

r2
(T2−2R22) =

−3

r2

(
I i−1I

j
−1

) (
r2

+1

)
= −3

(
I i−1I

j
−1

) 1

2
e2iϕ sin2 θ = −3

4

(
I−i I

−
j

)
e−2iϕ sin2 θ (A.34)

Among all these terms, only term A will be kept for the secular approximation. This
term commutates with Zeeman Hamiltonian and governs the lineshape. The other
terms govern the relaxation as further described in the main text.
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Table A.6: Legendre polynomials Pj(x) from j = 0 to j = 6

j Pj(x)

0 1

1 x

2 3x2 − 1
2

3 5x3 − 3x
2

4 35x4 − 30x2 + 3
8

5 63x5 − 70x3 + 15x
8

6 231x6 − 315x4 + 105x2 − 5
16
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Appendix B

Sample preparation, data acquisition, and

analysis for Meta-II rhodopsin

B.1 Rhodopsin sample preparation, alignment of the lipid
membranes, and trapping of active Meta-II photointer-
mediate

Retinal disk membranes (RDM) were isolated from frozen bovine retinas (W. L.
Lawson Co., Lincoln, NE) as described [9, 121]. All procedures were done at 4 ◦C
unless mentioned otherwise. A suspension of RDM in 15 mM sodium phosphate
buffer at pH 6.8 was centrifuged at 30 min at 48,000 × g, resuspended in 10 mM
HEPES buffer at pH 6.8 containing 50 mM NH2OH and 10 mM MgCl2, and then
was bleached using a 150 W tungsten halogen light source (Schott-Fostec ACE light
source; Fostec, Auburn, NY, USA) with a yellow filter (λ > 500 nm) for about 30 min
at 0 ◦C. Hydroxylamine from the RDM suspension was removed by centrifugation for
30 min at 48,000 × g and subsequent resuspension in 10 mM HEPES buffer at pH
6.8 was repeated four times.

Rhodopsin was then regenerated with retinal containing selectively 2H-labeled
methyl groups at carbon positions C5, C9, or C13 (synthesized by the group of Prof.
K. Nakanishi at Columbia University) [126]. Thereafter, rhodopsin was solubilized
in 100 mM dodecyltrimethylammonium bromide (DTAB) containing 15 mM sodium
phosphate buffer, and was purified on a hydroxyapatite column using NaCl linear
gradient. Next, rhodopsin was recombined with a mixture of 1-palmitoyl-2-oleoyl-sn-
glycero-3-phosphocholine (POPC) and 1,2-dioleoyl-sn-glycero-3-phosphoethanolamine
(DOPE) (Avanti Polar Lipids, Alabaster, Alabama, USA) with a 3:1 POPC/DOPE
molar ratio and a 75:1 lipid to protein molar ratio by detergent dialysis [9,121]. The
lipids were dissolved in 300 mM DTAB buffer. The concentration of DTAB in the
eluted rhodopsin fractions was adjusted to 300 mM. The rhodopsin solution was mixed
with the detergent-solubilized lipids, incubated for 1-2 hr at 4 ◦C, transferred into
dialysis tubing with cutoff 1214 kDa, and dialyzed against dialysis buffer containing
5 mM HEPES and 1 mM EDTA, pH 6.8 [121]. After dialysis and centrifugation for
30 min at 48,000 × g, the sample was resuspended in 5 mM MES buffer containing
5 mM NaCl at pH 5.5 prepared with deuterium-depleted water (Sigma-Aldrich, St.
Louis, USA). A high-affinity, transducin-derived GCT2 peptide with the amino acid
sequence ILENLKDVGLF was procured from Biomatik and was added to the sus-
pension in a 1:5 protein/peptide ratio. The combination of low pH and addition of
the high-affinity peptide, which binds to rhodopsin upon photoisomerization, shifts
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the Meta-I to Meta-II equilibrium to the active state [30,121].
Phospholipid bilayers with rhodopsin were then aligned on ultrathin glass slides

(Marienfeld GmbH, Lauda-Knigshofen, Germany) using a spin-dry isopotential cen-
trifugation technique [31,47,121]. Solid-state 31P NMR spectra of oriented membranes
with rhodopsin indicate an aligned fraction of the membranes ranging from 80 to 100
percent. Proteolipid films on the glass slides were rehydrated at 100% relative hu-
midity by isopiestic transfer, using deuterium-depleted water at room temperature for
about 1 h. High temperature and fully hydrated membranes are also required to shift
the equilibrium to the Meta-II state. Each slide with a deposited proteolipid film was
exposed to yellow light (λ >500 nm; Schott-Fostec ACE light source; Fostec, Auburn,
NY, USA) at 20 ◦C for about 30 s until the rhodopsin was bleached. An example
of the electronic (UV-visible) absorption spectra of rhodopsin in aligned membranes
shows that more than 90% of rhodopsin was converted into the active Meta-II state
(Fig. B.1). Thereafter, each slide was dehydrated under a cold (4 ◦C) stream of
gaseous N2 for approximately 20 s, and fast-frozen on dry ice. All subsequent oper-
ations and measurements with the Meta-II samples were performed at temperatures
−60 ◦C and below.

Figure B.1: UV-visible absorption spectra of rhodopsin in POPC:DOPE bilayers be-
fore (red) and after (blue) photoactivation indicate almost complete conversion into
the active Meta-II state. Absorption at wavelengths below 300 nm is due to the
glass slide. Measurements were performed at 20 ◦C using rhodopsin reconstituted
in phospholipid membranes (3:1 POPC/DOPE lipid molar ratio and 75:1 lipid to
protein molar ratio) in 5 mM MES buffer containing 5 mM NaCl at pH 5.5. Mem-
branes were aligned on the glass slides and fully hydrated before illumination. We
added high-affinity transducin-derived GαCT2 peptide (ILENLKDVGLF) in the 1:5
protein:peptide ratio to shift Meta-I to Meta-II equilibrium to the active Meta-II
state.
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B.2 Solid-state 2H and 31P NMR spectroscopy of rhodopsin
in aligned lipid membranes

The 31P and 2H NMR spectra were recorded on a Bruker AMX-500 spectrometer with
a narrow-bore magnet (magnetic field 11.7 T). Our 31P and 2H NMR measurements
used locally constructed high-power probes, both having a 8-mm diameter transverse
solenoidal coil with high-voltage Polyflon capacitors. Radiofrequency powers corre-
sponding to 5.0 and 3.8 µs 90◦ pulse durations at 202.1 and 76.77 MHz were applied
accordingly. The sample with aligned membranes can be rotated in the NMR radiofre-
quency coil, which allows one to measure the solid-state 31P and 2H NMR spectra
at different orientations of the director of the sample (average membrane normal)
with respect to the magnetic field. Because the rhodopsin samples contain a single
2H-labeled methyl group of the ligand bound to a 40 kD receptor, the deuterium
signal is very weak. To improve the 2H NMR signal, the transmitter pulses were
amplified with a 2-kW Henry Radio amplifier (Henry Radio, Inc., Los Angeles, CA,
USA), providing a 3.8 to 4.2-µs 90◦ pulse depending on the temperature. Acoustical
ringing of the radiofrequency coil as observed in 2H NMR spectra was minimized by
increasing the delay τ (see pulse sequences below) up to 70 µs if required. We used
a repetition time for the pulse sequence in the range of 0.1-1.5 s depending on the
longitudinal (T1Z) relaxation time of the 2H-labeled methyl group. The number of
scans depends on the temperature, the T1Z relaxation time of the sample, and the
delay τ , and was in the range of ≈ 0.21 × 106. Solid-state 2H NMR spectra were
recorded using a quadrupolar-echo sequence with composite-pulses (135°−x90°x90°−x-
τ -90°y90°−y90°y-τ -acquisition). A Hahn echo (90°φ-τ -180°φ-τ -acquisition) pulse se-
quence was employed to acquire the solid-state 31P NMR spectra. Appropriate phase
cycling was applied in each case. The 2H NMR echo signals were apodized by expo-
nential multiplication, corresponding to a linebroadening of 500 Hz in the frequency
domain. Fourier transformation was implemented using locally-written data process-
ing software (MATLAB; The MathWorks, Inc., Natick, MA) and was initiated at the
top of the echo signal. The 2H NMR spectra of aligned lipid membranes were mea-
sured and subtracted from the spectra of the rhodopsin-containing samples, with the
amplitude adjusted accordingly to account for the natural abundance of deuterium
in phospholipids. Additionally, the 2H NMR powder-type spectra were subtracted
to account for the fraction of unaligned membranes and the natural abundance of
deuterium in the protein.

The solid-state 2H NMR spectra of the stack of approximately 20 aligned mem-
branes were measured at various orientations of the samples to the static external
magnetic field. Theoretical 2H NMR lineshapes were calculated [51, 58] by assuming
a static uniaxial distribution. The fitting parameters were the following: orientation
of the C− C2H3 methyl group with respect to the long axis of rhodopsin (bond ori-
entation); the width of the Gaussian distribution of the local membrane normal to
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the average membrane normal (director of the sample), due to imperfect membrane
alignment on the glass slides; the residual quadrupolar couplings of the deuterium
nuclei; and the line broadening due to other interactions (dipolar couplings, chemical
shift anisotropy). Examples of results of the fitting of 2H NMR spectra of aligned
rhodopsin samples with selectively deuterium labeled methyl groups are shown (Fig.
B.2) as 3-dimentional plots of root-mean-square deviation of experimental 2H NMR
spectra from the simulated ones in the active Meta-II state. For all methyl groups,
well-defined minima were obtained; indicating the accuracy of bond orientations was
about ±3◦. The values of the bond orientations for the C5-, C9-, and C13-methyl
groups with respect to the membrane normal in the Meta-II state are 48, 51, and 52°,
accordingly.

B.3 Modeling all-trans retinal conformation in the active
Meta-II states

Here we describe how the structures of the retinal bound to rhodopsin were calculated
based on the orientations of the 2H-labeled methyl groups obtained from the solid-
state 2H NMR spectroscopy. In addition the orientation of the main transition dipole
moment obtained from linear dichroism (LD) studies [29,72] was included as an added
angular restraint. We introduced the three-plane model of the ligand (Fig. B.2),
where plane A is defined as the β-ionone ring plane, plane B spans the part of the
polyene chain from carbon C6 to carbon C13 for all-trans retinal, and C6 to C12 for
11-cis retinal, and plane C spans the rest of the polyene chain from C12 to the Schiff
base nitrogen. We assumed ideal atomic orbital hybridization for all bonds within
the planes, except for the shared bonds C6-C7 (for planes A and B) and C12-C13 (for
planes B and C), about which torsional twisting was allowed. Additionally, for the
dark state we had to allow twisting about the C11=C12 double bond to accommodate
the 11-cis retinal into the ligand-binding pocket. In this model, the orientation of
plane B with respect to membrane normal is determined by the orientation of the
C9-methyl group and the orientation of the transition dipole moment.

The orientation of the main transition dipole moment to the membrane plane was
obtained from published LD studies of rhodopsin in the dark [72], Meta-I, and Meta-
II states [29]. In the dark and Meta-I states, the transition dipole moment makes
an angle of 16°to the membrane surface. In the Meta-II state, its value was reduced
to 5°. However, to align the retinal molecule according to these data, we also need
to know the orientation of the main transition dipole moment with respect to the
retinal molecular axis. For 11-cis retinal in the dark state, this angle is found to be
16°, where the chromophore molecular axis is chosen as the line connecting carbons
C6 and C12 [58]. For all-trans retinal in the Meta-I and Meta-II states, we calculated
this angle from LD [35] and crystallographic data [51]. Then, the orientation of plane
A can be calculated from the orientation of the C6–C7 bond, as determined by the
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Figure B.2: Global fitting of 2H NMR spectra reveals sequence of structural changes of
retinal cofactor of rhodopsin upon light activation. The χ2 error surfaces (a) represent
deviation of the simulated spectra (for the active state) from the experimental ones
plotted versus bond orientation and the parameter sigma, determining the mosaic
spread. The retinal structures in the (b) active Meta-II, (c) dark, and (d) pre-active
Meta-I states determined from 2H NMR spectroscopy using the three-plane model.
The major change in the Meta-I to Meta-II transition is the reorientation of the retinal
long axis, which becomes almost parallel to the membrane plane. Cross sections of
the χ2 error surfaces (e) for C5-, C9-, or C13-Me groups indicating structural changes
of the retinal upon light activation.

orientation of plane B and the C5-methyl group orientation. In the same way, the
orientation of plane C can be obtained from the orientation of the C12–C13 bond
common for planes B and C, plus the orientation of the C13-methyl group.

Note that on account of the even parity of the quadrupolar interaction in 2H
NMR spectroscopy, the angle between the C9-methyl bond and the membrane normal
θB (which we call the bond orientation), cannot be distinguished from its π − θB

supplement. In addition, the rotation of the methyl group symmetry axis about the
membrane normal does not change the methyl group bond orientation. The same is
valid for the transition dipole moment. That means that four different orientations
of plane B are possible for the same C9-methyl bond angle and the angle between the
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Figure B.3: Electronic transition dipole moment of retinal provides an extra angular
restraint for determining how cis-trans isomerization leads to changes in its confor-
mation and orientation that activate rhodopsin. Orientation of the main transition
dipole moment (shown as solid arrow line) with respect to the retinal axis before
and after 11-cis to all-trans isomerization of the chromophore is 16 [58] and 4◦ [126],
respectively. The ligand axis for the 11-cis conformation is chosen as the line con-
necting carbons C6 and C12, and for all-trans retinal it is the line connecting carbon
C6 and the nitrogen atom (indicated by dashed lines).

absorbing dipole and membrane plane, assuming the C9-methyl group points to the
extracellular side of the membrane. If the C9-methyl group points to the cytoplasmic
side of the membrane, that gives us four more possible orientations of plane B (8 in
total). For each of these orientations of the B plane, four orientations of the A plane
and four orientations of the C plane are possible, giving overall a total of up to 128
possible retinal structural solutions for the single set of four NMR and LD restraints.

To reduce the number of possible solutions, the additional restraints can be in-
troduced. Previously in the dark and Meta-I states, we applied intra-retinal distance
restraints from 1-D rotational-resonance, cross-polarization 13C NMR spectroscopy
of doubly 13C-labeled ligands, CD data, and the position of the β-ionone ring from
electron crystallography [100] to reduce the number of possible conformations [125].
In the active state, such data are currently unavailable. However, we were able to
eliminate many solutions for the retinal conformations based on steric restrictions
imposed by the ligand-binding pocket in the active state. Fig. B.4 shows the 16 pos-
sible solutions we obtained the using the solid-state 2H NMR and LD restraints. Note
that structures 1–3 have the same conformation and orientation of the polyene chain,
and only the β-ionone ring orientation is different. The same is true for structures
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6–8, 9–11, and 14–16. Also structures 1–4 are symmetric to structures 5–8, 9–12,
and 13–16, and one group can be obtained from another by a (vertical or horizontal
plane) reflection operation.

Figure B.4: Multiple structures and orientations of the retinal cofactor bound to
rhodopsin in the active state are calculated from orientations of the 2H-labeled C5-,
C9- or C13-methyl groups and the absorbing electronic transition dipole. Vertical
axis corresponds to the membrane normal. Numbers under the structures represent
the angle between the retinal transition dipole moment and the membrane plane and
the torsion angles for the C6-C7 and C12-C13 bonds, respectively.

The NMR structures 9–16 (having the C9- and C13-methyl groups pointing toward
helix H6 can be eliminated based on the X-ray structure of the binding pocket. The
β-ionone ring for these structures would point almost directly to helix H5, and make a
hard steric clash with it. The collision cannot be accommodated by rotating the ring
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away from TM helix H5, because the polyene chain and the C9-methyl group would
then have a steric clash with helix H6. For the remaining structures 1–8, the β-ionone
ring is positioned between helices H5 and H6. Note that conformations 1–4 have the
polyene chain orientation (roll angle) similar to the one obtained for the dark and the
Meta-I states [125], with the C9- and C13-methyl groups pointing to the extracellular
side of the membrane (Fig. B.4c,d,f). For conformations 5–8, the roll angle of the
polyene chain changes (retinal flip), and the C9- and C13-methyl groups now point to
the cytoplasmic side of the membrane (Fig. B.4e,f). That most likely explains why in
all the states the retinal has a roll angle such that the C9-methyl group always points
away from helix H6. In this case, the C6–C7 bond aligns to position the β-ionone
ring between helices H5 and H6. Although this roll angle changes for the Meta-II
state if the retinal flips, however, the flip for the polyene chain is limited. It is closer
to 90°rather than 180°; so the C9-methyl group may point up or down, yet in both
cases it points away from helix H6. Hence, we may suggest that the role of the C9-
methyl group is to maintain the correct orientation of the polyene chain to position
the β-ionone ring between helices H5 and H6. Deletion of the C9-methyl group would
then allow more flexibility for the polyene chain orientation, which would change the
interaction of the retinal with helix H6, and disrupt the activation. That explains
why modified retinal without the C9-methyl group is a weak agonist [139].

Figure B.5: Two retinal structures can be accommodated within the binding pocket of
rhodopsin in the Meta-II state without steric hindrances. Note that the structures are
not symmetric. The twist of the C6–C7 bond is different in both the sign and value, so
in both structures the orientation of the β-ionone ring plane is almost perpendicular
to the membrane plane.

Of the remaining solutions 1–8, we selected two of them (solutions 2 and 6) based
on the absence of steric clashes of the β-ionone ring with surrounding side chains.
Because the side chains can wiggle, those steric hindrances are not as restrictive as
the ones with the helical backbone. Nonetheless, they reduce the probability of such
orientations of the β-ionone ring to a minimum, even at high temperatures, as we
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can observe in molecular dynamics (MD) simulations [69, 71]. To summarize, at this
point, we found that only two of the possible solutions for the retinal structures fit
in the rhodopsin ligand-binding pocket (Fig. B.5).

One of the allowed structures (Fig. B.5 bottom) is similar to the X-ray struc-
tures [30,33], and flipped as compared to the dark and Meta-I states. The other (Fig.
B.5top) is unflipped, in agreement with 13C dipolar-assisted rotational-resonance
(DARR) NMR results [2] and other X-ray data [117]. It is different from the dark
state by the tilt angle for the retinal axis. If retinal flips during the transition from
the Meta-I to Meta-II state, the β-ionone ring rotates about the C6–C7 bond, so that
it changes its orientation to practically opposite to the one in the dark and Meta-I
states, while maintaining 6s-cis conformation. However, the sign of C5=C6–C7=C8
torsion angle changes (67◦ in the Meta-II versus −32◦ in the Meta-I and −65◦ in the
dark state), so that twisting about the C6–C7 bond becomes positive. The reason for
the β-ionone ring flip (if it occurs) is probably that the 6s-cis conformation is sterically
less prohibited for retinal bound to rhodopsin. However, MD simulations [69, 71] in-
dicate that in the dark state, and in the transition to the active state, there is enough
room in the ligand-binding pocket for the β-ionone ring to rotate about the C6–C7 at
physiological temperatures, and have different orientations (torsion angles), although
with different probabilities.

B.4 Tilt of rhodopsin within the membrane in the active
state

The 16 possible solutions (Fig. B.4) were obtained by considering the retinal orien-
tation with respect to the membrane normal, assuming that it is parallel to the long
axis of rhodopsin, as in both the dark and Meta-I states [125]. However, our analysis
indicated that this cannot be the case for the active state. First, elongation of helix
H5 and outward rotation of the cytoplasmic ends of helix H6 upon activation may
lead to a tilt of the inertial axis of rhodopsin in the Meta-II state. Complicating the
problem is the fact that all X-ray structures in the active state are lacking the last
22 C-terminal amino acids, making it almost impossible to calculate the rhodopsin
inertial axis.

Nevertheless, we used the following approach to estimate the tilt of the protein in
the active state. First, we aligned the X-ray structures so that the long inertial axis of
rhodopsin would be parallel to the membrane normal. As evident from Fig. B.6, this
results in a large angle between the retinal axis and the membrane plane, and an even
larger angle between the transition dipole moment and the membrane plane (which
is equal to 5◦ according to the LD data). The retinal structures calculated from
solid-state 2H NMR and LD data corresponds to the 5◦ angle for the transition dipole
moment. The retinal axis then makes an angle of 3◦ with respect to the membrane
plane. To produce the correct orientation of the retinal found in the X-ray structures,
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we tilted the rhodopsin molecule in the direction of the retinal long axis, until the
ligand in the crystallographic structure aligned with the retinal structure obtained in
our study. This procedure allowed us not only to adjust the orientation of the retinal
transition dipole moment according to the LD data, but also to take into account
the retinal roll angle determined in this work. The retinal roll angle in our model is
approximately equal to the angle which C9-methyl group makes with the membrane
plane (39± 3◦).

Figure B.6: Flipped and non-flipped 2H NMR structures of retinal in the Meta-II
state agree well with the corresponding X-ray structures, after the latter are rotated
to account for the global protein tilt. The retinal conformations obtained from 2H
NMR spectroscopy are superimposed with the X-ray crystallographic structures (PDB
codes 2X72, 4A4M, and 3PQR) before and after rhodopsin tilt.

One should note that, strictly speaking, the rhodopsin long inertial axis tilt may
not be exactly in the direction of the retinal axis. However, as a first approximation, it
seems quite reasonable, because the H5 and H6 helical motions occur in the direction
of the tilt, and the missing part of the C terminal loop is in the opposite direction.
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Hypothetically, as additional orientational restraints to calculate the protein tilt,
one could use the orientations of the methyl groups calculated from solid state 2H
NMR spectroscopy, and compare them with those from X-ray crystallography. Note
that the methyl group orientations are obtained directly from 2H NMR spectroscopy
(they are model-free). Their accuracy is not affected by the limitations of the three-
plane retinal model. However, the orientations of the methyl groups calculated for
various X-ray structures are different [30,33], and deviate appreciably from 2H NMR
data. Consequently, there is a large uncertainty in using them to determine the exact
direction of the protein tilt. Even so, the orientations of the methyl groups were
taken into account indirectly by adjusting the retinal axis orientation in the X-ray
crystallographic structures, instead of the transition dipole moment orientation. As
for the E113Q/N2C/D282 triple mutant, where retinal is not covalently bound to
the rhodopsin, we would not use this approach to estimate the rhodopsin tilt, due to
probable large error in the retinal orientation.

Table B.1: Bond angles with respect to the membrane normal for C5-, C9-, and C13-
methyl groups and torsional angles characterizing retinal twisting in the dark, Meta-I,
and Meta-II states of rhodopsin.

Rhodopsin state, method bond angle θB torsional angle

C5 C9 C13
C5=C6
-C7=C8

C10-C11
=C12-C13

C11=C12
-C13=C14

dark, 2H NMR (−150◦C) 70± 3 52± 3 68± 2 −65± 6
0

−25± 10
147± 4
176± 6

dark, X-ray 1U19 70 48 66 −32 −38 173
Meta-I, 2H NMR (−100◦C) 72± 4 53± 3 59± 3 −32± 7 0 173± 4
Meta-II, 2H NMR (−100◦C) 48± 3 51± 3 52± 3 67± 6 0 179± 4
Meta-II, 2H NMR (−100◦C) 48± 3 51± 3 52± 3 −41± 6 0 −179± 4

Meta-II, X-ray 3PQR 38 56 40
Meta-II, X-ray 4A4M 35 28 5
Meta-II, X-ray 2X72 35 24 56

a For data please see references [30,33,89,117,124].
b Crystallographic structures were aligned (tilted) to accommodate the retinal orientation
according to 2H NMR and LD data in the Meta-II state.

In order to take into account the effect of residues missing from the X-ray struc-
tures on the tilt of rhodopsin, we estimated the contribution of the missing part of
the loop by superimposing the Meta-II and the dark state crystallographic structures.
We then recalculated the inertial tensor for the Meta-II state, by using coordinates
of the missing atoms from the X-ray structure for the dark state. It turns out that
deletion of the last 22 residues on the C terminal loop changes the tilt value by about
5°. Using apparent tilt values 10 and 9°(corresponding to PDB structures 3PQR and
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4A4M) reported in the main article, we estimated the tilt of the long axis of rhodopsin
in the active state as 4.5± 1.0◦.

B.5 Orientation of transition dipole moment for all-trans
retinal versus molecular axis in the Meta-I and Meta-
II states

As already mentioned above, the orientation of the retinal transition dipole moment
(absorbing dipole) with respect to the retinal axis is needed for retinal modeling. Here
we show how this angle can be calculated for all-trans retinal from linear dichroism
(LD) data [35], in combination with the corresponding X-ray crystal structure [51].
Figure B.7a shows the projection of the retinal molecule within the crystal unit cell
onto the crystallographic plane, where the long axis of the retinal molecule is defined
as a line connecting the C6 and O atoms. The double-headed arrow represents the
electronic main transition dipole moment (m). The polyene chain plane is chosen as
passing through the molecular axis, with minimal distances to odd-numbered carbons,
including the C9- and C13-methyl groups from the plane. The transition dipole
moment was assumed to lie in this plane, and to form an angle γ with the long axis of
the retinal molecule. The acute angle θ is defined as the angle between the projection
of the transition moment m of the retinal molecule onto the (101̄) plane and the b⊥
axis (Fig. B.7a). It can be determined from LD data as:

θ = tan−1(mb/mb⊥) = tan−1
√

(P ) (B.1)

Here P ≡ m2
b/m

2
b⊥ is the polarization ratio of the directions of the b and b⊥ polariza-

tions.
To continue, a unit vector d collinear with the transition dipole moment can be

expressed by:
d = k cos γ + i sin γ (B.2)

Here i and k refer to orthogonal unit vectors spanning the plane of the polyene
chain, where the vector k is collinear with the long molecular axis. The axis b⊥ is
perpendicular to the monoclinic b-axis and is placed in the (101̄) plane. Next we can
write:

b⊥ = x cosα + z sinα (B.3)

where b⊥ is a unit vector, α is the angle of the b⊥-axis to the x-axis of the rectangular
Cartesian coordinate system, and x, y, z are unit vectors referred to the orthogonal
crystallographic axes (a, b, c∗). The angle α can be calculated from the parameters
of the unit cell (a = 15.270, b = 8.264, c = 14.942Å, β = 104.73◦), thus giving:

α = tan−1

(
c sin β

a+ c cos β

)
(B.4)
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Figure B.7: Crystal structure and linear dichroism data allows orientation of the
transition dipole moment to be determined for all-trans-retinal with respect to the
long molecular axis. Projection of the retinal molecule onto (a) the crystallographic
plane and (b) the (010) plane. The retinal long axis is indicated by the dashed line
and the transition dipole moment by the solid line with double arrows. The figure is
adapted from reference [126].

Combining Eqs. (1)-(3) and using mb = md · y and mb⊥ = md · b⊥ we have that:

tan θ =
(k cos γ + i sin γ) · y

(k cos γ + i sin γ) · (x cosα + z sinα)
(B.5)

In this way, we arrive at the following result:

γ = tan−1

(
ky − kx tan θ cosα− kz tan θ sinα

ix tan θ cosα + iz tan θ sinα− iy

)
(B.6)

Lastly, the projections of the unit vectors k and i can be calculated from the atomic
coordinates of the X-ray crystal structure of all-trans retinal [51]. Using the value of
the angle θ (24.1°) determined from polarized UV-absorption spectra [35], we calcu-
lated that γ = 4.4◦. Now we can determine the inclination of the retinal long axis to
the membrane plane from the orientation of the main transition dipole moment with
respect to the retinal long axis (angle γ) and the membrane plane, together with the
orientation of C9-methyl group. For the dark, Meta-I, and Meta-II states, we thus
obtain values of 28, 19, and 3◦ respectively.
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Magnetic Resonance Studies of the Conformation and Orientation of Melittin
Bound to a Water-Lipid Interface. Biophys. J., 37:319–328, 1982.

[12] M. F. Brown. Deuterium relaxation and molecular dynamics in lipid bilayers.
J. Magn. Reson., 35:203–215, 1979.

[13] M. F. Brown. Anisotropic nuclear spin relaxation of cholesterol in phospholipid
bilayers. Mol. Phys., 71(4):903–908, 1990.

[14] M. F. Brown. Curvature forces in membrane lipid-protein interactions. Bio-
chemistry, 51:9782–9795, 2012.

[15] M. F. Brown. UVvisible and infrared methods for investigating lipidrhodopsin
membrane interactions. In N. Vaidehi and J. Klein-Seetharaman, editors, Mem-
brane Protein Structure: Methods and Protocols, Methods in Molecular Biology,
volume 914, pages 127–153. Springer Science+Business Media, LLC, 2012.

[16] M. F. Brown and J. H. Davis. Orientation and frequency dependence of the deu-
terium spin-lattice relaxation in multilamellar phospholipid dispersions: Impli-
cations for dynamic models of membrane structure. Chem. Phys. Lett., 79:431–
435, 1981.

[17] M. F. Brown, A. J. Deese, and E. A. Dratz. Proton, Carbon-13, and
Phosphorus-31 NMR methods for the investigation of rhodopsin-lipid interac-
tions in retinal rod outer segment membranes. Methods Enzymol., 81:709–728,
1982.



153

[18] M. F. Brown, J. F. Ellena, and G. D. Williams. unpublished. page unpublished,
1984.

[19] M. F. Brown, N. J. Gibson, and R. L. Thurmond. Membrane Deformation
Energy, Curvature Frustration, and Rhodopsin Function. Biophys. J., 70:A442,
1996.

[20] M. F. Brown, M. P. Heyn, C. Job, S. Kim, S. Moltke, K. Nakanishi, A. A.
Nevzorov, A. V. Struts, G. F. J. Salgado, and I. Wallat. Solid-State 2H NMR
spectroscopy of retinal proteins in aligned membranes. Biochim. Biophys. Acta,
1768:2979–3000, 2007.

[21] M. F. Brown, G. F. J. Salgado, and A. V. Struts. Retinal dynamics during light
activation of rhodopsin revealed by solid-state NMR spectroscopy. Biochim.
Biophys. Acta, 1798:177–193, 2010.

[22] M. F. Brown, A. Salmon, U. Henriksson, and O. Söderman. Frequency Depen-
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