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Abstract

Vertical external-cavity surface-emitting lasers are ideal testbeds for studying the
influence of the non-equilibrium many-body dynamics on mode locking. As we will
show in this thesis, ultra short pulse generation involves a marked departure from
Fermi carrier distributions assumed in prior theoretical studies. A quantitative model
of the mode locking dynamics is presented, where the semiconductor Bloch equations
with Maxwell’s equation are coupled, in order to study the influences of quantum well
carrier scattering on mode locking dynamics. This is the first work where the full
model is solved without adiabatically eliminating the microscopic polarizations. In
many instances we find that higher order correlation contributions (e.g. polarization
dephasing, carrier scattering, and screening) can be represented by rate models, with
the effective rates extracted at the level of second Born-Markov approximations. In
other circumstances, such as continuous wave multi-wavelength lasing, we are forced
to fully include these higher correlation terms. In this thesis we identify the key
contributors that control mode locking dynamics, the stability of single pulse mode-
locking, and the influence of higher order correlation in sustaining multi-wavelength
continuous wave operation.
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Chapter 1

Introduction

Vertical external-cavity surface-emitting lasers (VECSELs) have been an active area

of research for both continuous wave (CW) and mode-locked pulse operation [1–17].

Fig. 1.1 shows a diagram of a VECSEL cavity set up for CW operation. A few of

the milestones reached are: 23 W single frequency operation and 106 W multi-mode

operation [6, 7, 14]. For mode-locked pulse operation, there are many options for

saturable absorbers: semiconductor external saturable absorber mirrors (SESAMs)

[1, 2, 4, 8, 9], graphene and carbon nanotube saturable absorbers (GSAM) [10–12], and

integrated quantum well (QW) or quantum dot saturable absorbers [10]. The shortest

published experimental pulses have a temporal width of about 100 fs [3, 13, 16]. Where

published results include: a train of 60 fs pulses inside a longer picosecond envelope

[3]; and the shortest mode-locked pulse at 107 fs [13, 16] that was further externally

compressed to 96 fs [16].

Heat sink DBR QWs Pump

~5 μm gain chip ~10 cm external cavity

Figure 1.1. A typical VECSEL schematic. From the left one has a heat sink to
remove excess heat build-up in the gain chip, the distributed Bragg reflector (DBR)
that reflects the cavity field, the semiconductor quantum well (QW) gain region which
is optically pumped, an air gap, and a mirror on the right. A saturable absorber, that
will enable pulse formation, can also replace the right mirror. Figure from Ref. [44].
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The numerical models for mode-locking of a VECSEL have been steadily improv-

ing since their inception. Starting in 1975, Hermann A. Haus published a series of

papers that dealt with modeling of mode-locking in optical resonators [18–24]. His

work derived master equations that governed the mode-locking dynamics and demon-

strated the important role played by the saturable gain and absorption as well as

dispersion and Kerr nonlinearites. In order to simulate mode-locking in a VECSEL,

Sieber et al. would later propose a model based on the work of Paschotta [25, 26].

This model is based on decomposing the cavity components into a sequence of op-

erators that can then be modeled individually and applied to a cavity pulse. The

sequence of operations usually translates into a circuit diagram explaining the pulse

propagation through the cavity. These lumped models are popular and are used in

a variety of fields such as: climate science, electrical engineering, and heat transfer

[27–29]. A selling point for their model is to tie the mode-locking dynamics to ex-

perimentally measurable parameters, including saturation energies and gain. In this

process the microscopic QW polarizations are adiabatically eliminated, which leads

to rate equations for the gain dynamics. These assumptions might be justifiable if

the carriers are in an equilibrium distribution. However, for a typical mode-locked

VECSEL, the carriers are driven far into non-equilibrium distributions by the propa-

gating pulse. By virtue, these models have dozens of fit parameters, including the gain

shape, which is assumed to be parabolic and fitted to the measured peak gain. These

assumptions break down for ultrashort mode-locked pulses where the pulse spectrum

widens, the gain shape does not resemble a parabola away from the peak, and the gain

is dynamically changing shape in response to the pulse. An ultrashort mode-locked

pulse is neither weak nor does it have a narrow spectrum. The advantage of these

models is that they are relatively fast to execute on a standard desktop machine, but

because of the assumptions and many parameters, one cannot use this model on a

predictive level of studying the role of microscopic dynamics in mode-locking.

I will present the first mode-locking model of VECSELs with a SESAM based on
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microscopic many-body dynamics. I am interested in studying the role of the micro-

scopic theory in establishing and maintaining mode-locking and investigate questions

such as: how the non-equilibrium and nonlinear dynamics of the QWs influence the

mode-locked pulse stability, lead to pulse buildup from noise, facilitate a pulse spec-

trum which is wider than the net gain region, help determine the final mode-locked

pulse, induce transient changes in the nonlinear refractive index, and how the dynam-

ics limits the shortest mode-locked pulses.

A numerical study of mode-locking a VECSEL with a SESAM requires that one si-

multaneously simulates the electric field propagating in the cavity and the microscopic

dynamics. This is accomplished by coupling Maxwell’s equation to the semiconduc-

tor Bloch equations (MSBE) for the simulation of carrier dynamics in the optically

active QWs [30, 31]. The electromagnetic field is propagated in the time domain

through the various material layers constituting the VECSEL. Realistic modeling of

the gain chip also highlights how individual nonlinear and linear components, within

the VECSEL, can influence the final mode-locked pulse. A study of mode-locking

requires long simulations and including the SBE is non-trivial because of the high

CPU time involved in evaluating the equations. In general, higher order correlation

effects such as polarization dephasing and carrier scattering have to be computed at

the level of second Born-Markov approximation. We will show in this thesis that one

can extract rates from single pass carrier scattering calculations for pulse widths on

the order of 100 fs or shorter, and as long as these rates are consistently calculated,

the final mode-locked pulse will not depend too strongly on the rates. However, for

longer pulses or CW operation, carrier scattering will constantly refill the kinetic

holes, burned by the pulse or individual CW wavelength, thus amplifying the gain

and shifting the spectral peak [32, 33].

In this thesis I present a microscopic analysis of mode-locking in a VECSEL

with a SESAM and multi wavelength CW operation. This thesis is a summary of

several years of published works by myself and my coworkers found in Ref. [34–
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43], an unpublished book chapter in Ref. [44], a patent and patent application in

Ref. [45, 46], and additional unpublished work that expands on our research (for a

list of publications see Appendix A).

In the following few paragraphs, I will summarize a few of the results that can

be found inside this thesis. I have implemented a numerical solution for the MSBE,

in a realistic VECSEL cavity, and studied mode-locked pulse and CW dynamics.

This model includes the microscopic QW carrier dynamics and electromagnetic field

propagation. In the process, I have been able to study how many aspects of non-

equilibrium carrier dynamics influence the electromagnetic field.

The QW carrier inversion is useful for studying the mode-locked pulse dynamics

and the resulting pulse families. The inversion bleaching defines when a pulse has

extracted all inverted carriers from a spectral location. A single stable mode-locked

pulse will not be able to extract more carriers, but higher peak pulse intensities will

result in a breakup of the pulse. At this point, the pulse can re-shape in order to

extract more energy from inverted QW carriers at other spectral locations. This can

result in a pulse-molecule, but this is not a stable mode-locked pulse.

Higher-momentum carriers scatter into lower-momentum states simultaneously

as the pulse burns a kinetic hole into the carrier distributions. This replenishes the

available carriers and allows the pulse to further extract energy. This has implications

for two different pulse types based on their time duration relative to the timescale

of carrier scattering. First, a long duration pulse will extract more energy because

of the increased interaction time. Second, an ultrashort short pulse, that interacts

faster than carrier scattering timescales, will be less influenced by these effects.

The final mode-locked pulse depends on all cavity parameters including the sat-

urable and unsaturable cavity loss. I have found that, in order to generate the shortest

possible pulse, one has to control the amount of saturable- to total-loss in the cavity.

As a rule of thumb, I have found that a higher amount of saturable- to total-loss is

desirable for short pulse generation.
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A few important limitations on ultrashort pulse generation are: the QW arrange-

ment, the dispersion compensating coating, and the DBR stopband. The QW place-

ment inside the gain chip can be optimized for ultrashort pulse generation, where

QWs are placed at strategic locations in order to amplify a wide range of frequencies.

I have proposed several useful designs that easily produce ultrashort pulses. After

the cavity dispersion is optimized for ultrashort pulse generation, I have found that

it is possible to relatively easy to produce sub-100 fs pulses.

The stability of mode-locked pulses have been investigated from a global perspec-

tive. I have proposed a method that allows us to study the effects of various cavity

parameters on the mode-locked pulse. In this framework, mode-locked pulses appear

as fixpoints of a high dimensional mapping. For a given QW state, multiple fix-

points are possible, but only a stable fixpoint corresponds to the mode-locked pulse.

The method is shown to be reasonably accurate when compared to full mode-locking

simulations.

I have examined the multi-mode operation of a VECSEL using microscopic dy-

namics. The specific frequency filtering can help or restrict the stability of spectral

peaks. Here, I find that the QW carrier distributions respond to the cavity field

dynamics on multiple timescales. The carrier distributions respond to dual-mode op-

eration with both high- and low-frequency oscillations. In these calculations I find

that the microscopic dynamics has to be accurately modeled with carrier-carrier-,

carrier-phonon-scattering, and pump relaxation. However, evaluating the higher or-

der correlation terms is a significant problem because of the long computational time.

In this thesis I cover multiple topics and in the next few paragraphs you will find

a summary. In Chapter 2, I will give an overview of the past efforts to model mode-

locking in VECSELs. To date, modeling and time constraints have made it difficult to

model the influences of microscopic carrier dynamics on mode locking. This chapter

consists of background information and serves as an introduction to the important

properties related to mode-locking.
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In Chapter 3, I introduce the microscopic- and pulse-propagation models that are

used in this thesis, which are based on coupling the semiconductor Bloch equations

to Maxwell’s equation. I also provide an overview of relevant terms that are used

throughout this thesis (e.g. mode-locking, material dispersion, inversion, kinetic hole

filling, etc.).

In Chapter 4, I begin to introduce the efforts that have been made to model mode-

locking of VECSELs. There are many related topics here such as: the simulation

domain (i.e. our model for the gain chip and the SESAM); how I calculate the self-

consistent gain, absorption, and dispersion in a cavity; a discussion of the role of the

carrier recovery times versus the round trip time; how the initial noise builds up into

a mode-locked pulse; the method that is used to approximate the carrier scattering

times; the resonant periodic gain chip design and an overview of the range of mode-

locked pulses that have been observed; the role of loss in forming mode-locked pulses;

how to design the gain chip for ultrashort pulse generation; and the limitations on

ultrashort pulse generation and a hysteresis in the mode-locked pulse.

In Chapter 5, I will discuss a method used to study the global stability of the mode-

locked pulse dynamics. Using this method, I will discuss the asymptotic fixpoints (i.e.

mode-locked pulses) of the MSBE mapping. In this chapter, we get an overview of

how various parameters influence the mode-locked pulse. For each fixpoint, we are

also able to study the stability and thus find potential attractors.

In Chapter 6, I will investigate CW operation of the VECSEL. Here, we discuss

how these calculations differ from mode-locking simulations in terms of modeling and

computational effort. I investigate the various factors involved in getting a stable

CW output and the influence of non-equilibrium dynamics. I also investigate the

particular dynamics involved with dual-wave operation of a VECSEL.

In Chapter 7, I will give more details on the numerical implementation of the

simulation efforts. I discuss the numerical solvers and how the problem is parallelized

for modern shared memory computers. I also investigate how the parallelism scales
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under increasing amounts of work and test the numerical convergence of the model.

In Chapter 8, I consider future research and possible interesting unanswered ques-

tions.
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Chapter 2

Background

“ With four parameters I can fit an elephant, and

with five I can make him wiggle his trunk.

”
John Von Neumann1

2.1 Analytic theory of mode-locking with a saturable ab-
sorber

Hermann A. Haus started the analytical study of mode-locking with a saturable

absorber in 1975 [18, 19]. He analyzed the mode-locking dynamics in the presence of

fast- and slow-saturable absorbers and, for some parameter regions, found a closed

form solution for the mode-locked pulse. His analysis derived master equations for

the pulse shape that depend on parameters such as: the gain shape, gain recovery

rate, gain saturation power, cavity loss, and absorber saturation power. Haus later

worked with E. Ippen and J. Mark et al. to explore additive pulse mode-locking

in the same framework [20, 21]. Here the pulse shortening stems from using an

additional nonlinear resonator in the cavity. In the 90s they would further explore

higher order dispersion and Kerr lens mode-locking [22, 23]. The following discussion

and equations used are based on Ref. [24], which is a summary of Haus’ mode-locking

work.

When analyzing mode-locking, Haus derives master equations similar to Eq. 2.1.1

1Freeman Dyson “A meeting with Enrico Fermi” Nature 427, p. 297, 2004.
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where the pulse amplitude a(T, t) is the solution of

1

TR

∂

∂T
a(T, t) = (g − l)a(T, t) + g

(
1

Ωg

)2
∂2

∂t2
a(T, t) +

1

2
MΩ2

mt
2a(T, t). (2.1.1)

Here, g is the peak round trip gain, l is the round trip loss, Ωg is the frequency of peak

gain, and M is the modulation depth of the active modulator. The scaled time T is

a long term time variable which represents the slow evolution of the pulse envelope

over multiple round trip times TR. We can see on the right hand side that the first

term is a source that represents the pulse amplification (or absorption) due to the

difference in gain and loss. Note that the spectral shape of the gain is approximated

by a Lorentzian and the loss is treated as a scalar. The second term on the right comes

from the second order series expansion of the Lorentzian gain shape and is a diffusion

term that leads to pulse reshaping. The third term, when included, represents an

active modulator in the cavity. This is a device that locks adjacent frequencies in a

signal and it could be used for active control of mode-locking. In his analysis, Haus

indicates that an active modulator would not be good for ultrashort pulse generation

because the modulation frequency cannot be raised arbitrarily high.

This sets the stage for passive mode-locking. A saturable modulator is inserted

into the cavity, which can dynamically respond to the cavity field. A fast saturable

absorber is able to quickly respond to changes in the cavity field, while a slow sat-

urable absorber has a relaxation time that is considered long compared to the pulse

duration. Thus the saturable absorber dynamics must be considered in each case.

In order to get passive mode-locking, one first removes the active modulator (M =

0) and then, for a fast saturable absorber, adds a time dependent loss to Eq. 2.1.1 of

the form −s(t)a(T, t) where

s(t) =
s0

1 + |a(T, t)|2/Isat

. (2.1.2)

Here Isat is the saturation intensity of the loss. No closed form solution exists for

Eq. 2.1.1 with this term. In order to analyze this further, one can make a first order
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series expansion of the loss such that Eq. 2.1.1 changes into

1

TR

∂

∂T
a(T, t) = (g − l)a(T, t) + g

(
1

Ωg

)2
∂2

∂t2
a(T, t) + γ|a(T, t)|2a(T, t). (2.1.3)

Where γ is the self amplitude modulation (SAM) loss parameter that contains the

saturation intensity and the constant from the saturable loss has been absorbed into

the loss l. In this case, Haus notes that it is possible to find that the solution is a

hyperbolic secant, but because of the previous series expansion, this solution is not

stable unless the gain saturation is explicitly included.

When considering a slow saturable absorber, one has to consider the saturable

gain and absorption, which can be approximated by:

dg

dt
= −g |a(T, t)|2

Wg

,
ds

dt
= −s |a(T, t)|2

Ws

. (2.1.4)

Where Wg/Ws is the saturation energy of the gain or absorption. Here one only

considers the interaction with the pulse and neglects all other gain relaxation effects.

After formally integrating Eq. 2.1.4 with initial conditions g(0) = gi, s(0) = si, one

has g(t) and s(t) in terms of an integral of the amplitude. This can be inserted back

into Eq. 2.1.1 and, with the saturable loss, one will again find an equation for the

pulse amplitude. Haus showed that, under certain conditions, this integro-differential

equation has a stable hyberbolic secant solution. This solution is found to require

that si/Ws > gi/Wg (i.e. the saturable absorber should saturate more strongly than

the gain).

There are two other competing effects necessary for mode-locking stability: the

dispersion and the self phase modulation (SPM). These influence the phase of the

pulse, which in turn leads to a change in the pulse shape. In his work, Haus analyzes

the competing effects of constant group velocity dispersion with the SPM from a

Kerr element in the cavity. This analysis is involved and available in his papers for

interested parties. A couple of the conclusions are: the mode-locked pulse forms via

a balance of the SPM and the GVD; and that the shape of the mode-locked pulse is,

in one limit, a hyperbolic secant to a given power.
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2.2 Simulation of a mode-locked VECSEL using a lumped
model

For a numerical model of mode-locking in a VECSEL, one needs: specific dispersion

profiles for individual cavity components, a model for the gain and loss in the cavity,

and a model for the propagating cavity pulse. Sieber et al. first overcame these

challenges with a lumped model of the cavity components [25]. Their focus was

to produce a numerical model that was based on macroscopically measurable input

parameters. In this model, one considers a moving frame around the cavity pulse.

The assumption is that, at the end, one is interested only in the final mode-locked

pulse, and not additional cavity pulses. The propagation of the pulse through the

cavity and its interactions with various components are then modeled by applying the

corresponding operator to the pulse. This allows for the design of an arbitrary cavity,

assuming the operators are correctly modeled. The following is a short summary of

Ref. [25] where more details can be found. For a deeper discussion of the numerical

work I recommend the original paper by Paschotta, Ref. [26].

The gain chip of a VECSEL cavity is modeled using four components: the gain

amplitude, the filtering caused by the gain shape, noise and the dispersion from the

QWs, and the semiconductor mirror. The power gain amplitude, g(t), is simulated

numerically in the time domain using an ODE with both a saturable component and

a slow recovery time
dg(t)

dt
= −g(t)− gss

τg
− g(t)

P (t)

Esat,g
. (2.2.1)

Here, gss is the small signal gain of the gain chip, τg is the characteristic timescale

of the gain recovery, P (t) is the power of the cavity field, and Esat,g is the saturation

energy of the gain. This equation is similar to the one used by Haus in Eq. 2.1.4 for the

saturable gain, however it now also includes a recovery term that will cause the gain

to recover back to the value gss on a characteristic timescale τg. Further, a Linewidth

enhancement factor (LEF) is applied to the pulse phase. The LEF attempts to model
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the phase change in the pulse that originates from interactions with the QW carriers.

A strong cavity pulse will distort the QW carrier distribution that in turn changes

the real part of the refractive index and distorts the gain/absorption. This will then

cause a phase change in the pulse [47–49]. In addition to amplifying the pulse power,

the finite gain bandwidth will also reshape the pulse such as seen by Barnes et al.

[50]. Sieber et al. incorporates this by approximating the gain shape by a normalized

parabola, because the pulse amplification is simulated by Eq. 2.2.1. Lastly, adding

random complex amplitudes to the pulse simulates spontaneous emission noise.

The saturable absorption in the SESAM is implemented in an analogous way as

in Eq. 2.2.1, where the small signal gain is replaced by the modulation depth −∆R.

In order to fit the absorption model to an experimental SESAM, one introduces

parameters for a fast and slow timescale as well their relative amplitude ratio. For

more implementation information, one can examine Ref. [25]. The material dispersion

is added using a constant dispersion of 1/2D(ω − ω0)2. During a round trip this

phase change can be added to the spectral phase of the pulse. Similarly to dispersion,

output coupling loss and remaining effects are accounted for by applying the relevant

operators in the most convenient domain.

The numerical model presented by Sieber et al. in Ref. [25] contains about

18 parameters that include the cavity parameters such as: round trip time, cavity

loss, central wavelength, dispersion, and microscopic parameters such as gain and

SESAM relaxation times, LEF, gss, etc. In their paper they compare simulation to

experimental results and find a good agreement. They also note a significant influence

of the cavity dispersion on the pulse properties. Sieber et al. concludes that using a

constant LEF results in a good quantitative agreement with experiments.

In Ref. [50] Barnes et al. relate parameters for the curvature of a parabolic modal

gain to the filtering and stretching of a Gaussian pulse spectrum. They conclude

that it is not the gain bandwidth that is limiting the width of the pulses, but rather

a complex interplay of the gain curvature with the pulse shortening mechanisms of
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the SESAM. Their work assumes that the QW carrier populations are in equilibrium

such that the microscopic polarizations can be adiabatically eliminated, and that the

shape of the modal gain is well approximated by a parabola. Barnes et al. note that it

is difficult to apply their approach to experiments with ultra short pulse generation,

where pulse widths are on the same order of magnitude as the microscopic effects

such as carrier scattering.

In contrast, the theoretical studies by Agrawal et al. found that sub picosecond

pulses can cause significant carrier distortions, which makes the constant LEF model

less and less justifiable for shorter pulses [48]. Later, a study by Hader et al. found

that it is possible to engineer the carrier dependence of the LEF to some degree and,

as a consequence, get a nearly constant LEF under change of carrier density [49].

The study by Hader et al. did not include a pulse, but it is possible that the specific

experiment by Sieber et al. used a QW configuration where the LEF did not change

much, which could explain the different results.

In a recent paper by Waldburger et al., the same model is used in a newer experi-

ment with a mode-locked pulse of width 107 fs [16]. The updated model also includes

a parameter for constant third order dispersion implemented similarly to the second

order dispersion.

2.3 Microscopic theory

The microscopic theory is based on the Maxwell semiconductor Bloch equations (SBE)

[30, 31]. Here the carrier dynamics are simulated using the SBE and the electric field

is propagated using Maxwell’s equation. In a full microscopic simulation the band-

structure is calculated with non-parabolic and anisotropic bands using k · p theory

to approximate real QW banstructures [51, 52]. The simulation of the coupled equa-

tions allows for a full many-body theory of the optical interaction with the microscopic

dynamics and removes the dependence on experimentally predetermined parameters.



25

The downside is that the equations are very complex and take a long time to simulate

numerically.

The full microscopic multiband model for a semiconductor QW describes the time

dynamics of the microscopic polarizations pλ,ν,k(t) and the electron (hole) carrier

occupation numbers n
e(h)
λ(ν),k(t) in the conduction (valence) band λ (ν):

∂

∂t
pλ,ν,k = − i

~
∑

λ1,ν1

(
ee
λ,λ1,k

δν,ν1 + eh
ν,ν1,k

δλ,λ1

)
pλ1,ν1,k

−i
(
ne
λ,k + nh

ν,k − 1
)

Ωλ,ν,k +
∂

∂t
pλ,ν,k

∣∣∣∣
corr

, (2.3.1)

∂

∂t
n

e(h)
λ(ν),k = −2 Im (Ωλ,ν,k(pλ,ν,k)∗) +

∂

∂t
n

e(h)
λ(ν),k

∣∣∣∣
scatter

.

Where, ~ is the reduced Planck’s constant and k is the in-plane crystal momentum.

These equations have been adopted from Refs. [31, 53], with a change in notation

in order to match the rest of this thesis. In the Hartree-Fock limit, the Coulomb-

potential, V|q|, renormalizes the single particle energy and bare Rabi frequency as:

ee
λ,λ1,k

= εeλ,kδλ,λ1 −
∑

λ2,q

V λ,λ2,λ1,λ2

|k−q| ne
λ2,q

,

eh
ν,ν1,k

= εhν,kδν,ν1 −
∑

ν2,q

V ν,ν2,ν1,ν2

|k−q| nh
ν2,q

,

~Ωλ,ν,k = dλ,νk E(z, t) +
∑

λ1,ν1,q

V λ,ν1,ν,λ1

|k−q| pλ1,ν1,q .

(2.3.2)

Where εeλ,k, εhλ,k are the single particle energies and dλ,νk is the appropriate dipole

matrix element that couples the electric field E(z, t) to the carrier dynamics.

The correlation terms, ∂
∂t
pλ,ν,k

∣∣
corr

and ∂
∂t
n

e(h)
λ(ν),k

∣∣∣
scatter

, are responsible for the po-

larization dephasing, Coulomb screening, and carrier scattering dynamics. The elec-
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tronic carrier-carrier scattering can be written as

∂

∂t
ne
λ,k

∣∣∣∣
scatter

=
∑

λ1,λ2,λ3,q,k
′

V̂ λ,λ1,λ2,λ3

|q|

(
V̂ λ,λ1,λ2,λ3

|q| − V̂ λ,λ1,λ2,λ3

|k−k′|

)
·

δ
(
εe,λk + εe,λ1

k′−q − ε
e,λ2

k′ − εe,λ3

k−q

)
·

(
(1− ne

λ2,k
′)(1− ne

λ3,k−q)ne
λ,kn

e
λ1,k

′−q

−(1− ne
λ,k)(1− ne

λ1,k
′−q)ne

λ2,k
′ne
λ3,k−q

)
(2.3.3)

+
∑

λ1,ν1,ν2,q,k
′

∣∣∣V̂ λ,ν1,ν2,λ1

|q|

∣∣∣
2

δ
(
εe,λ1

k−q − εe,λk + εh,ν1

k′+q
− εh,ν2

k′

)
·

(
(1− ne

λ1,k−q)(1− nh
ν1,k

′+q)ne
λ,kn

h
ν2,k

′

−(1− ne
λ,k)(1− nh

ν2,k
′)ne

λ1,k−qn
h
ν1,k

′+q

)
.

Where λ1, λ2, and λ3 (ν1, ν2, and ν3) are sub-band indices of the electrons (holes),

V̂ i,j,k,l
|q| is the screened multiband Coulomb potential, ε

e(h),λ(ν)
k is the energy of the

electrons (holes) in the given band, and δ(·) is an energy conserving delta function.

For each k, the sum over momentum can be approximated by a double integral over

amplitude and angle, which results in at least four multiple integrals. For numerical

implementations, these integrals are by far the most demanding to evaluate. The

polarization correlation term has a similar expression and can be found in Ref. [53],

for the interested reader. In addition to carrier-carrier, the carrier-phonon scattering

can be included by adding:

∂

∂t
ne
λ,k

∣∣∣∣
scatter

=
∑

λ1,q

∣∣gλλ1
q

∣∣2 δ
(
εe,λk − εe,λ1

k+q + ~ωq

)
·

(
sqn

e,λ
k

(
1− ne,λ1

k+q

)
− (1 + fq)ne,λ1

k+q(1− f e,λ
k )
)

−
∑

λ1,q

∣∣gλλ1
q

∣∣2 δ
(
εe,λ1

k−q − εe,λk + ~ωq

)
· (2.3.4)

(
sqn

e,λ1

k−q

(
1− ne,λ

k

)
− (1 + fq)ne,λ

k (1− f e,λ1

k−q)
)
.

Where gλλ1
q are carrier-phonon coupling matrix elements. The phonon occupation

number and energy is given by sq and ~ωq.
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Hader et al. have investigated how a parabolic band structure influences the

calculated gain from a QW [33]. They find that the non-parabolic nature of the band

structure is important for a high accuracy calculation of the gain or absorption. The

different band structures change how the carriers are distributed and thus how the

spectral gain depends on the carrier density. Thus, for a given density, non-parabolic

bands result in a different gain bandwidth when compared to parabolic bands. For

absorbing QWs, Hader finds that the absorption increases faster as a function of

frequency for non-parabolic bands.

Böttge et al. studies the influence of non-equilibrium carrier scattering on pulse

amplification [39]. In this study, a numerical simulation of a single pass over 10 QWs,

arranged in a resonant periodic gain (RPG) pattern, was combined with a single pass

over an absorbing SESAM in order to model a mode-locked cavity. A single pass

analysis, simulating Eq. 2.3.1 with carrier scattering on the level of second Born-

Markov, leads to two preferred operation regimes for pulsed operation: one for pulse

widths below 100 fs, and the other for widths of multiple picoseconds.

In Ref. [54], Hader et al. analyzes the ultra fast carrier scattering rates in semi-

conductor QWs and finds that they play a significant a role in the amplification of

ultrashort pulses. Higher momentum carriers will scatter down and replenish the car-

riers that are being extracted by a pulse. This leads to significant pulse amplification,

even for sub-100 fs pulses.

Hader et al. compared numerical and experimental data for semiconductor- and

graphene saturable absorber mirrors (SESAM/GSAM) [55]. They find a very good

agreement between numerically calculated reflection and the experimental data. They

also find that the saturation energy of the SESAM has a strong dependence on

the pulse width and excitation energy, with a particularly strong variation near the

bandgap.

Hader et al. recently published a review of the microscopic modeling of VECSELs

[37]. An overview is presented of the modeling efforts and comparisons of numerical
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calculations to experiments are given.

The numerical integration of Eq. 2.3.1 coupled to Eq. 2.3.3 is difficult because of

the time invested in evaluating the high dimensional sums. A naive implementation

of these equations to simulate a single pass of a 100 fs pulse, assuming electrons and

holes only parabolic bands and no sub-bands, can easily exceed hours. There are

multiple bottlenecks inside this expression that have to be overcome and I will only

touch on a few here. The best speedup comes if the band structure is known. This will

allow one to analytically solve parts of the energy conservation. In order to exchange

memory for computational speed, as much as possible has to be precomputed and

stored. This will add many large arrays that have to be aligned in memory, in order

to reduce CPU cache misses. It is easy to parallelize these sums over the k, as all

evaluations are independent, however cache misses can become an issue that limits

speedup. With these speedups, it is possible to reduce the calculation time by a

factor of several thousands. This work is very involved and a quick solution to these

equations could become a thesis of its own. My own solution was developed with the

assistance of Jorg Hader, who offered invaluable insight.
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Chapter 3

Microscopic model of mode-locking in VECSELs

“ Education is not preparation for life, education is life itself.

”
John Dewey1

The microscopic theory enables the study of semiconductor laser systems driven far

from equilibrium. The stacked arrangement of QWs, where light propagates through

individual very thin (8-10 nm) QWs, provides an ideal testbed for exploring such

extreme non-equilibrium, nonlinear behavior in real-life practical laser devices. The

resulting infinite dimensional integro-differential equations, represented by Eq. 2.3.1

to Eq. 2.3.3 when coupled to Maxwell’s equations, present a huge computational

challenge. As pointed out by Hader et al. in Ref. [37], an accurate resolution of the

microscopic dynamics requires sub-femtosecond time resolution. However, the long-

term evolution of the intracavity field starting from noise and evolving to a final mode-

locked pulse, takes many thousands of cavity round trips or equivalently, many tens

of nanoseconds. The main objective of this thesis is to find a means to significantly

speed up simulations by invoking reasonable physically consistent approximations

derived from the microscopic dynamics and implement efficient parallel computing

schemes that takes advantage of modern supercomputing hardware.

The microscopic model, described by Eq. 2.3.1 to Eq. 2.3.3, is valid for multiple

bands, band shapes, etc. Here I will apply the theory to a simple parabolic band model

assuming strong confinement of electrons and holes. We assume that electrons (holes)

have effective masses me(h) and with a bandgap Eg, resulting in optical transitions

1Democracy and Education: An introduction to the Philosophy of Education, 1916, p.239.
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with energy ~ωk = Eg+ ~2k2

2me
+ ~2k2

2mh
. We consider that the active region of the VECSEL

consists of InGaAs QWs embedded between AlGaAs barriers and AlGaP confinement

layers. A further key observation, in the case of ultrashort pulse mode-locked pulses,

is that the higher order correlation terms, ∂
∂t
pλ,ν,k

∣∣
corr

and ∂
∂t
n

e(h)
λ(ν),k

∣∣∣
scatter

, can be

approximated using rates extracted from full microscopic calculations [37]. This is

justified later in Section 4.5.

The Maxwell Semiconductor Bloch equations, with the above simplifications in-

cluded in Eq. 2.3.1, describe the propagation of the electric field E(z, t) coupled

to the dynamics of the microscopic polarizations pk(t) and carrier numbers n
e(h)
k (t).

The macroscopic polarization P (z, t) =
∑

k d
cv
k pk, associated with each QW, couples

Maxwell’s equation
[
∂2

∂z2
− n2

c2
0

∂2

∂t2

]
E(z, t) = µ0

∂2

∂t2
P (z, t) ,

and the SBE:

∂

∂t
pk = −iωkpk − i

(
ne
k + nh

k − 1
)

Ωk + Γdeph + Λp
spont , (3.0.1)

∂

∂t
n

e(h)
k = −2 Im (Ωk(pk)∗) + Γ

e(h)
scatt + Γ

e(h)
fill + Λn

spont .

Where c0 is the speed of light in vacuum, n is the background index of refraction

in a material, and µ0 is the vacuum permeability. The higher order correlation con-

tributions are: the Coulomb screening, the dephasing of the polarization (Γdeph),

the carrier scattering (Γ
e(h)
scatt), and the kinetic hole filling (Γ

e(h)
fill ). For simulations of

spontaneous emission, I add the term Λ
p/n
spont into the equations.

3.1 Semiconductor Bloch equations

As the cumulative buildup of the field in the VECSEL cavity takes many thousands

of round trips, the carrier density in the inverted QWs changes very little during each

round trip. As we further discuss in Section 4.5, we can approximate the computation-

ally intensive higher order correlation times associated with the second Born-Markov
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treatment by effective rates when running full mode-locking simulations. As we shall

see, these rate assumptions approximate the correct dynamical behavior and allow us

to dramatically cut down the simulation times. In particular, we can speed up the

initial evolution from noise, or a low energy seed pulse, toward an established macro-

scopic pulse waveform and, if needed, turn on the full second Born-Markov scattering

terms toward the end of the simulation. In Chapter 4 we will show that these higher

order correlation terms can introduce deviations in pulse shape that are evident on

the tail of the pulse.
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Figure 3.1. Example of the inversion dynamics during interaction with a high
energy pulse. Curves are snapshots of the QW inversion at different times relative
the peak of the pulse (in units of femtoseconds) .(a) Around peak of pulse. (b) After
pulse peak.

The inversion, ne
k +nh

k−1, is a useful tool in explaining the microscopic dynamics.

This momentum dependent quantity relates the microscopic dynamics to the ampli-

fication of the propagating electric field. The inverted carriers, corresponding to the

momentum region where the inversion is positive, are responsible for amplification of

the electric field. Conversely, the momentum region with negative inversion causes

absorption. When a strong pulse interacts with the inverted carriers in a QW, some

carriers will be extracted by the pulse, which causes a distortion that resembles the

spectral shape of the pulse, as shown in Fig. 3.1(a). This kinetic hole will have a
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depth that is proportional to the pulse amplitude and a shape that resembles the

spectrum of the pulse. At the same time that the kinetic hole is formed by the pulse,

carrier scattering will start to scatter the surrounding carriers into the kinetic hole.

This process will continue until a quasi-Fermi distribution of the carriers is restored

and the carrier distortion is removed, as seen in Fig. 3.1(b). This whole process can

intuitively be referred to as kinetic hole burning and kinetic hole filling [37, 39, 43].

The effective rates are inserted into Eq. 3.0.1 after they have been determined

from single pass calculations. The carrier injection pumping is approximated by

Γ
e(h)
scatt = −(n

e(h)
k − f e(h)

k )/τscatt, where τscatt is the relaxation time and f
e(h)
k is a Fermi

distribution at the lattice temperature of a given background carrier density. The

polarization dephasing is approximated by Γdeph = −(1/τdeph)pk, where τdeph is the

characteristic dephasing time. The carrier scattering induced kinetic hole filling is

modeled using Γ
e(h)
fill = −(n

e(h)
k −F

e(h)
k )/τfill, where τfill is the kinetic hole filling time and

F
e(h)
k is a time dependent quasi-Fermi equilibrium distribution with the temperature

and density of the dynamic carrier distributions n
e(h)
k (see Appendix B). The last

term, Γ
e(h)
fill , is designed to result in a similar behavior, during interactions with a

pulse, to the full scattering found in Eq. 2.3.3, where the higher momentum carriers

are scattered into the free lower momentum states. In general, the timescales of the

kinetic hole filling are on the order of a hundred femtoseconds, much shorter than the

pump injection time. Thus one can interpret the above such that the carriers first

relax toward, F
e(h)
k , and then on a slower timescale relax toward f

e(h)
k .

A semiclassical model for the microscopic dynamics will not introduce in a term

for the spontaneous emissions of photons into the cavity. This is the process that,

in most cases, will start the lasing of a VECSEL cavity. In this case, I model the

random process using the term, Λ
p/n
spont, in the Eq. 3.0.1. There are various models

for the spontaneous emission noise in VECSELs and for more details one can look to

Refs. [56–58]. The model I am using was also used by Bäumner et al. in Ref. [57] and

is repeated here for completeness: Λn
spont = −Λspont

k nekn
h
k and Λp

spont = βΛspont
k nekn

h
k.



33

Where Λspont
k =

n3
bgr

π2ε~4c30
|dcv

k |2
(
Eg + ~2k2

2mr

)3

, β is a complex number with a random

phase factor, and ε is the permittivity. The modulus of β corresponds to the coupling

of noise into the cavity. Thus for simplicity and speed, we will assume that |β| = 1.

The optical gain (or modal gain) is a common laser property that relates how

each optical frequency is amplified when passing through a QW (or a gain chip with

multiple inverted QWs). The reason for focusing on the inversion, and not the gain, is

primarily that the gain does not enter into the microscopic theory directly (Eq. 3.0.1).

Additionally the inversion is more useful in explaining mode-locking behavior.
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Figure 3.2. Here I compare the computed gain from a few different inversions. The
solid (dashed) line in (a) shows the computed gain from the inversion of the same
color/shape as in (b). Figure from Ref. [44].

The inversion directly describes the microscopic dynamics while the gain is an

integrated quantity. It is always possible to compute the gain from the inversion

by recording the macroscopic polarization that results from the interaction of a QW

with a pulse of low energy and wide spectrum. The gain is computed by dividing out

the electric field spectrum from the resulting polarization [30]. With this method,

one can compute a gain spectrum that includes all many-body Coulomb effects. The

carrier distributions obviously cannot be extracted from a gain curve. To illustrate

this with an example, we computing a few gain spectra from a chip where the QW

carriers are in different states of inversion, as seen in Fig. 3.2(a) and (b). First the
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equilibrium gain is computed for carriers in an equilibrium Fermi distribution with a

density 1.9·1016 m−2. The inversion and gain are both represented by the black dashed

lines. Next one distorts the carriers and increases the density to about 2.0 · 1016 m−2,

as seen with the red and blue lines. The computed gain curves from the distorted

carriers are nearly the same as the equilibrium gain. These distributions were easily

chosen by hand, but a more refined example could of course be constructed using

numerical simulations. This means that it is very hard to conclude anything specific

about the carriers from the gain curves. As will become clear later in this thesis,

changing carrier distributions will lead to gain modification. However, it is not easy

to solve the inverse problem of going from the gain to the inversion. In order to

capture the role of the microscopic dynamics, I will simulate Maxwell semiconductor

Bloch equations, and, if required, compute the gain from the carrier distributions.

A term that will come up throughout this thesis is the bleaching of the inver-

sion, which refers to the case when the inversion reaches zero at some momentum

value. Once the inversion is bleached at a given momentum value, there will be no

amplification (or absorption) of the corresponding frequency. The inversion bleaching

indicates that a cavity pulse will begin to form during the initial buildup from noise.

As seen later, when a seed pulse is used, one can see how the inversion bleaching leads

to a reshaping of the spectrum, away from the absorbing region, into a pulse that can

extract more carriers.

These simulations use ten 8 nm wide InGaAs QWs that are placed in front of a

semiconductor mirror. The QWs have a bandgap that is tuned such that the gain

peak is centered at the desired wavelength. The absorbing QW in the SESAM is an

8 nm wide InGaAs QW that has a bandgap 100 meV below the absorbing SESAM.

The electron and hole confinement functions show how much of the carriers are lo-

cated inside the QWs. In a real system, the carrier wave functions will leak into the

barriers, and, as long as the QWs are separated by enough barrier material, the QWs

will remain uncoupled. Tests have shown that using either perfect or more realistic
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confinement functions will not significantly influence the mode-locking dynamics. If

two QWs are placed close enough, the electron wavefunctions could overlap and cre-

ate a superlattice where different QWs are electronically coupled. In the following

work, all QWs are considered to be uncoupled, however a single pass multiband band

analysis indicates that the resulting superlattice would have a wider gain, which could

be more favorable for mode-locking.

3.2 Maxwell’s equations

A model for the propagating field is the basis for a simulation of mode-locking in

a VECSEL. The specific mode-locked pulse shape will, if possible, strike a balance

between the material dispersion and the microscopic non-equilibrium interactions in

the optically active semiconductor QWs. These effects include the phase/amplitude

deformations that follow from: propagating through various material layers, reflection

by mirrors/output coupling, amplification in the gain chip, and absorption in the

SESAM. In order for the simulated cavity to represent results that can be found

in realistic VECSEL, one needs to be able to model similar cavity components. I

will consider a cavity field propagating along the z-axis perpendicular to the QW

planes. This simplification will reduce the full 3D Maxwell’s equations to a 1D-wave

equation and will allow for a numerically tractable one dimensional model for the

electromagnetic field, E(z, t), in the cavity as described by Eq. 3.0.1 [59].

The cavity field will propagate through a cross section of the material layers of

the VECSEL. The propagation speed of the cavity field will depend on the specific

material, and in a homogenous material, this is modeled by the refractive index n.

When the field passes between two different materials, some portion of the field is

reflected and transmitted. These, as well as dispersive effects, are all modeled by

Maxwell’s equation with the natural boundary conditions. Maxwell’s equation will

be solved simultaneously with the SBE in the time domain, where the spatial cavity is
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a one-dimensional cross-section of a gain chip and a SESAM. Care has been taken to

make each material layer match realistic designs of possible gain chip configurations,

where refractive indices represent the actual materials at the correct wavelength.

The SESAM initiates mode-locking, when the saturable absorber becomes trans-

parent, after the pulse has reached an appropriately high energy. At this stage the

absorber becomes much less effective. A stable mode-locked pulse is realized when

the output pulse shape repeats over a longer time. At this stage the amplitude and

width of the output pulse, as well as the general shape, should be invariant on each

successive pass. However, inside the cavity the pulse is deformed by the nonlinear

effects of the inverted and absorbing QWs, as well the linear dispersion of all cavity

material layers. Thus the final mode-locked pulse is a result of a balance of all the

reshaping effects of the cavity.

Material dispersion will influence the mode-locked pulse shape and will limit the

shortest possible width achievable in a mode-locked pulse. Thus one has to at-

tempt to control the material dispersion encountered in the various cavity compo-

nents [5, 16, 23, 25, 60, 61]. The specific dispersion encountered will depend on the

exact combination of materials and their respective lengths. In general, all orders

of dispersion, above first order, will elongate a pulse. Thus one generally wants to

remove all dispersion in the cavity. Fig. 3.3 shows the effects of adding frequency

dependent dispersion of various orders to the spectrum of a 100 fs pulse. For each

order of dispersion, above first, the time domain pulse width is elongated, while the

energy is constant. The pulse distortion is symmetric for even orders, (ω − ω0)2n for

n ≥ 1, while for odd orders the distortion leaves an anti-symmetric tail. The tail

of the pulse will flip to the opposite side of the peak if the sign of the dispersion is

changed. Ideally one would want to offset all dispersion in order to attain the short-

est possible mode-locked pulse. However, certain orders of dispersion will be more

prominent than others, and it is common to focus on the lowest orders of dispersion

first, such as: second order dispersion (i.e. group delay dispersion (GDD)) and, if
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Figure 3.3. Here we see examples of how each order of dispersion can reshape a
pulse 100 fs sech2 pulse. For (a) even- and (b) odd-orders. Figure from Ref. [44].

possible, third order dispersion. A change to the first order dispersion results in a

translation of the pulse in time and does not change the pulse shape.

The angle of incidence of the electric field onto a surface will change the dispersive

and reflective properties of the structure. A right angle onto a surface, or zero degree

angle of incidence, will result in the shortest propagation length through the series of

material layers. The propagation path length of the electric field will increase if the

angle of incidence is greater than zero. This will cause the electric field to experience

material layers of different thicknesses and thus the linear optical properties of the

material structure will also change. These effects are well known in the literature

and more details can be found in most optics textbooks or Ref. [62, 63]. A small

change in the angle of incidence will result in a translation of the dispersion to higher
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wavelengths. It is common for real VECSEL components to be designed for operation

at an angle greater than zero. It is not a problem to simulate structures at these

angles, or to re-design a structure for a given angle, in order to reduce dispersion.

However, the angle does not add anything new in relation to studying the general

aspects of mode-locking in VECSELs. Thus this document assumes that the angle is

zero, unless noted otherwise.
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Figure 3.4. A diagram of four VECSEL designs: the V-cavity (a), the Z-cavity (b),
the ring cavity (c), and the F-Cavity (d). The light propagation is indicated using
solid lines, while the output is shown is dashed lines after an output coupling mirror.
The grey path of the F-cavity is simply the first pass over the gain chip. Figure from
Ref. [44].

To date, mode-locked pulses have been produced from multiple different VECSEL

cavity configurations, and there does not appear to be a preferred configuration for

ultrashort pulse generation. A few diagrams are shown in Fig. 3.4 that illustrate some
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of the published designs. As the pulse propagates through a cavity roundtrip, it will

interact with each component at least once. During each interaction the pulse will

accumulate the relevant dispersion/amplification/absorption from the components.

Thus the placement of the components can be used as a means to balance the total

dispersion of the cavity, or increase the roundtrip amplification. In Fig. 3.4(a) one

can see the V-cavity where the pulse propagates between an output coupling mirror

in one end, through the gain chip and over to the SESAM on the other end of the

cavity [9, 64]. It is also possible to move either one of these components to the

center of the cavity, but the preferred option appears to be keeping the gain chip in

the center in order to amplify the pulse twice during each roundtrip. The length of

each arm is another complication that can complicate mode-locking. During a round

trip, when the arm lengths are uneven, the pulse will find the gain chip in different

states during each pass. The carrier dynamics that come from this feature have been

observed during experimental and numerical measurements [17, 41, 65]. In Fig. 3.4(b)

one can see the Z-cavity, which extends one of the V-cavity arms to increase control

over the focusing on the SESAM and gain chip [1]. The colliding pulse ring cavity

design can be seen in Fig. 3.4(c), and, as the name suggests, there are two counter

propagating pulses in the cavity. The pulses are synchronized such that they both

interact simultaneously with the SESAM. This cavity was reported to be favorable for

mode-locking of pulses [66]. Laurain et al. suggest that this stability might be due to

spatial interference of the cavity field on the SESAM. The folding cavity (F-cavity) is

shown in Fig. 3.4(d) where the pulse interacts with the gain chip four times during a

single round trip, which also gives a lower repetition rate and higher average output

power than other designs [67]. In the VECSELs seen in Fig. 3.4, one expects that the

SESAM is separate from the gain chip. However, a different design incorporates the

absorbing QW into the gain chip. This is the mode-locked integrated external-cavity

surface-emitting lasers (MIXEL) [68, 69]. These have recently gained popularity and

are shown to be capable of producing mode-locked pulses. When used with an output
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coupling mirror, the cavity will be linear, similar to the one seen earlier in Fig. 1.1.

The numerical model in Eq. 3.0.1 will be solved in the time/space domain and

thus the electric field will propagate through all material layers of the VECSEL.

In order to present a numerical model that can be used to describe the dynamics

of mode-locking, it is important that the propagation model closely approximates a

VECSEL.
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Figure 3.5. A typical AlAs/AlGaAs DBR based gain structure centered at 980 nm
without dispersion compensating coating. A comparison of the reflectivity (a), the
first (b), second (c) and third order of dispersion (d). The dashed (solid) lines are
computed using wavelength independent (dependent) refractive indices. Figure from
Ref. [44].

A constant refractive index representation for each material layer in the VECSEL

is itself an approximation, but not too far from a real cavity. Maxwell’s equation with

a constant refractive index is an excellent model for propagation of the electric field

in a VECSEL around the wavelength 1µm. This is because the refractive index in
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this range does not vary too much, and thus a constant refractive index model can

approximate the correct dispersion/reflection/transmission, as seen in a real cavity.

An obvious limitation is that it is not possible to model a material that changes with

the electric field. I will assume that the nonlinear interactions are limited to the

optically active QWs and all other material interactions are from linear optics (e.g.

reflection/transmission and dispersive effects). In order to test the influence of the

frequency dependent refractive index on the cavity field, I will simulate a distributed

Bragg reflector (DBR). This is a stack of semiconductor or dielectric materials that

are arranged such that a band of frequencies, called the stopband, of an incident

electric field is reflected.

Fig. 3.5 shows a comparison of computing the reflectivity and a few orders of dis-

persion using either a constant (dashed lines) or a realistic refractive index (solid lines)

that is frequency dependent. The structure that is used for this example contains the

passive materials of a typical gain structure with an AlAs/AlGaAs DBR centered

at 980 nm, but without a dispersion compensating layers, in order to emphasize dif-

ferences in the dispersion. This figure only shows a few orders of dispersion while

a propagating electromagnetic field would experience all orders of dispersive effects

and reflection/transmission present in the material structure. As one can see from

the figure, there will be a difference between propagating a mode-locking pulse using

a constant or frequency dependent refractive index. As one expects, because this is a

good approximation, this difference is not too large. One can estimate how the two

different models will influence a sech2 pulse, of full width half maximum (FWHM)

50 fs and 100 fs, by applying the dispersion to the spectral phase. The pulses get elon-

gated in both cases and the difference between the two models on the pulse lengths

are 0.3 fs and 0.06 fs respectively. A further expansion of the numerical solver to in-

clude the frequency dependent refractive indices could give a more accurate model.

However, as shown in Fig. 3.5, this difference is minor in this wavelength range, and

the computational time would become significantly longer. Another remark is that
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the material interfaces of real structures have transition regions, and as such there is

no clear cutoff that separates two materials. This will slightly alter the propagation

length through the material and thus the reflection/dispersion of a given structure.

This effect is also small and does not appear to lead to any significant changes in

mode-locking dynamics. The transition effect could be approximated using steps of

constant refractive indices. However, in this current document I will only consider

perfect separation of material layers.

Maxwell’s equation, in one dimension, will also not model effects that require

transverse dimensions such as interference patterns, or different transverse cavity

modes. However, including these influences will definitely increase computational

time and requires careful modeling.

1

(a) (b)

Figure 3.6. The change in refractive index as measured with the Kramers-Kronig
transformation. This is measured as the gain chip (a) and SESAM (b) is interacting
with the same pulse. Note the different color scales. Figure from Ref. [40].

The refractive index of a QW will vary based on the carrier density at a given time

and the time dynamics of the carriers will again depend on the given mode-locked

pulse. The imaginary part of the refractive index results in the gain or absorption in

Fig. 3.6, and for a given pulse, one can calculate the induced change in the refractive

index through the Kramers-Kronig transformation [30, 40]. This allows one to relate

the time dependent spectral gain (or absorption) into changes of the refractive index.
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First a pulse is used to distort the QW carriers in the gain chip or SESAM. The

pulse has energy and FWHM similar to a mode-locked pulse found by this cavity.

Next I use a low energy probe pulse to measure snapshots of the gain or absorption

during interactions with the high-energy pulse. Finally, one can use the Kramers-

Kronig transformation to relate the change in gain (or absorption) into a change of

the refractive index.

In Fig. 3.6 we can see the computed change in refractive index using the Kramers-

Kronig transformation for a RPG gain chip and a SESAM. The carriers are distorted

using a sech2 pulse centered at 1.265 eV with FWHM 220 fs and similar energy to

the mode-locked pulse found in Fig. 4.5. Note that the color schemes appear similar,

but the magnitudes are different in the gain chip and the SESAM. The higher carrier

density in the gain chip means that the pulse has much less of an influence on the

carriers, and thus less change in refractive index than in the SESAM. As seen in the

figure, the refractive index changes sign at the central wavelength of the pulse. The

transient positive refractive index will cause the front of the pulse to travel slower than

the remaining pulse. Thus the pulse will become further compressed by propagating

through the SESAM.

The linewidth enhancement factor (LWEF) has, in the past, been used as a mea-

sure for the linewidth broadening caused by microscopic many-body effects in the

QW. Changes in the QW carrier density, N, result in changes of the optical gain and

refractive index of the QW, thus resulting in a coupling of the electric field amplitude

to the phase. The LWEF can be found by measuring the change in susceptibility ,

χ(ω), during changes in carrier density: α(ω) = ∂NReal(χ)/∂N Imag(χ). Note here

that the real part of χ(ω) is proportional to the refractive index and the imaginary

part is proportional to the optical gain.

In general, the LWEF depends on the specific microscopic carrier dynamics and

thus, how the carriers are changed becomes important. I am interested in how the

microscopic dynamics influence a mode-locked pulse. Thus I will simulate Eq. 3.0.1
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Figure 3.7. A numerical measurement of the LWEF for of a single QW using both
low energy (solid lines) and high energy (dashed lines) 100 fs sech2 pulse for select
QW carrier densities given in units of 1016 m−2. The energy axis is relative to the
QW bandgap.

in order to measure the LWEF for two different pulse shapes. This effect is first

measured using a low energy pulse. This will cause almost no disturbances in the

carrier population. For each carrier density, we measure the macroscopic polarization

and the input field. From this we can calculate the susceptibility and use the above

expression to find the LWEF. Finally, I repeat this measurement for a higher energy

pulse that is capable of distorting the carriers. Fig. 3.7 shows the resulting LWEF as

a function of energy at multiple QW carrier densities. In each case, the carriers are

initialized as Fermi distributions at 300 K.

The LWEF is observed to be frequency dependent in Fig. 3.7 and depends on the

pulse shapes. In this context the LWEF is a derived quantity from the microscopic

many-body dynamics, and the factor itself is not directly included in simulations

for this thesis. The computed LWEF has approximately the expected magnitude,

however the shape differs from those reported by Hader et al., in Ref. [49]. These

differences are expected, as both the QW and the measuring method are different.
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Chapter 4

Influence of Non-equilibrium carrier dynamics

on ultrashort pulse generation and stability

The evolution of a mode-locked pulse, initially from noise or a weak seed pulse, over

thousands of cavity round trips sensitively depends on the interplay of microscopic

dynamics in the gain chip, the SESAM, and the dispersion contribution from other

linear optical components that constitute the complete cavity. In this chapter, I will

first describe the computational cavity layout and the important intracavity elements

that dictate the final asymptotic state of the mode-locked pulse train. Whether the

pulse evolves into a stable invariant shape, an unstable dynamically oscillating wave-

form or multiple individual pulses depends strongly on: kinetic hole burning/filling;

bleaching of the dynamically varying carrier inversion; nonlinear GDD from the in-

verted/absorbing QWs; and important linear GDD contributions from passive optical

components, such as mirrors, etc.

We will discuss: the simulation domain representing the VECSEL; the contribu-

tion of various sources of amplification, absorption, and dispersion; and the use of

a linearized gain lineshape extracted from a single pass pump-probe through the in-

verted gain chip QWs. As we pointed out earlier, the gain itself is not a very useful

predictive picture for establishing the optimum mode-locked pulse state, but it does

provide useful initial guidance on QW placement within the VECSEL. We will show

that QW placement within the gain chip is key to establishing sub 100 femotsec-

ond stable mode-locked pulses. The resonant periodic gain (RPG) arrangement of

QWs involves placing individual QWs in a periodic stack near the antinode of the

internal standing wave field in the semiconductor sub-cavity. This strongly favors

high power continuous wave or long pulse operation. We propose a redesign of the
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gain chip, with a non-uniform placement of QWs, in order to achieve the shortest

possible mode-locked pulse. The new designs are guided by our knowledge of the

non-equilibrium carrier dynamics in the QWs.

4.1 The simulation domain

The simulation domain is designed to resemble a realistic linear laser cavity with the

most important components included. A basic cavity should contain a gain chip, a

SESAM, an output coupler, and an air gap between them. The simplest possible

cavity realized with these components is a linear cavity. In the linear cavity we will

place two components that are separated by an air gap: the SESAM on top of an

output coupling mirror on the right side, and a gain chip on top of a DBR on the left.

This cavity features saturable gain and absorption, dispersive effects from propagating

through the components, and an air gap which will delay the cavity field between the

components. In terms of simplicity, this is the smallest cavity one can make that

represents the important features of a VECSEL. The propagation path of the cavity

field is essentially one dimensional, but it is possible to extend the 1D model to cover

cavities such as the V-cavity [41]. A limitation of this model is that simulations of a

one-dimensional cavity are unable to model transverse spatial effects, such as carrier

transport and interference of the cavity field.

Fig. 4.1 shows a typical simulation domain. The gain chip on the left consists of:

a multilayer DBR; a gain region that has, in this case, 10 QWs arranged on top the

antinodes of a standing wave in a resonant periodic gain (RPG) pattern; a cap layer;

and a dispersion compensating coating. The SESAM on the right has a dispersion

compensating coating and a single absorbing QW placed on top of an output coupler.

The DBR is centered at the wavelength of peak gain at 980 nm.

The gain chip is designed similarly to the ones used in past experiments [6, 7]. In

a mode-locking simulation the cavity field will propagate between the DBR mirror
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Figure 4.1. Here one can see a schematic of the simulation domain. The black
horizontal lines represent the refractive index and width of the material layers. Above,
the air gap has been cut off between the devices for visibility. (a) The gain chip with
10 QWs (red) arranged on top of the antinodes of a standing wave at 980 nm (blue).
(b) The SESAM with a single QW (red). Figure from Ref. [35].

on the left and the output coupling mirror on the right. As the cavity field passes

through the gain chip, it will experience spectral amplification from the optically

active inverted QWs. When the cavity field passes through the SESAM, it will expe-

rience spectral absorption in the absorbing QW as well as a frequency independent

output coupling loss. The propagation through the material layers will also result in

accumulated dispersion or even loss from the DBR.

The dispersion compensating coating, also known as anti-reflection (AR) coating,

found at the air interface of the gain chip and SESAM, facilitates a smooth transition

of the electric field into the device. These coatings can reduce dispersion and alter the

amplitude of the cavity field on the QWs inside the device. It is commonly used in

pulsed VECSELs, where a wide region of flat dispersion is desired to maintain a short

stable pulse. These coatings can consist of multiple material layers and are custom

made to fit each cavity component. Using a numerical simulation, it is possible to

calculate the dispersion from a given chip and then run optimization algorithms to

find the optimal AR coating for a given chip design. The goal is to generate ultrashort

mode-locked pulses. Thus, one wants to remove as much dispersion as possible (i.e.

it is desirable to have a flat dispersion over a wide spectral range). Another possible

approach, instead of trying to minimize each cavity component separately, could try

to balance the total dispersion of a cavity. From an experimental standpoint, it is not
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easy to build a dispersion compensating coating. The dispersion is sensitive to both

the thickness and refractive index of the layers and simulations show that deviations

of as little as 1% can double pulse lengths [16].

The SESAM provides the saturable absorption, facilitates the formation of a pulse,

and cleans up spurious noise in the cavity. A simple SESAM design is to place an

absorbing QW on top of an output coupling mirror, as can be seen in Fig. 4.1(b).

An experimentally accessible option would be to place the absorbing QW on top

of a DBR and put the output coupling mirror elsewhere, such as in a V-cavity or

Z-cavity in Fig. 3.4. This new DBR will have a stopband and additional dispersion

will naturally limit the mode-locked pulse in the cavity. The current SESAM will

still need to have an AR coating to reduce the dispersion from the air interface. An

additional DBR will complicate the dispersive profile of the cavity. However, it does

not add anything new about mode-locking and thus, for this thesis, only the simple

SESAM design is considered.

Lastly, in order to facilitate the pulse formation, it is common to have a tighter

focus of the electric field on the SESAM than on the gain chip. This increases the

energy of the pulse seen by the SESAM, and thus allows for the pulse to saturate the

SESAM at lower pulse energies. Higher focusing will generally help produce shorter

pulses, and in this thesis, I use 10 times tighter intensity focus on the SESAM unless

stated otherwise.

Table 4.1 contains a tabular overview of a simulation domain containing: a gain

chip with a RPG QW arrangement, AR-coating, an air gap, and a SESAM with an

output coupling.

4.2 Gain, absorption, and dispersion

The spectral amplification (loss) from the VECSEL gain chip (SESAM) plays a central

role in the buildup of the intra-cavity field, prior to reaching a final mode-locked or
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Description Repeats Material n(λ0,300 K) Width [λ0]

DBR x24

{
AlGaAs 3.43 0.25
AlAs 2.95 0.25

Barrier (RPG)
x10

{
GaAsP 3.46 0.5
InGaAs QW -

- GaAsP 3.46 0.125
cap layer - InGaP 3.20 0.5
AR coating - - 1.79 0.25
External cavity - Air 1.0 3200
AR coating - Si3O4 1.99 0.25

Barrier (SESAM)
InGaAs QW -

- GaAsP 3.5 0.75

Table 4.1. An overview of a simulation domain containing various material lay-
ers similar to Fig. 4.1. The DBR is designed to place the peak gain wavelength,
λ0, at the center of the DBR stopband. The refractive indices are at the design
wavelength/temperature and the lengths are in units of the design wavelength.

unstable pulsing state. Initially, during each round trip, the cavity field (noise or

weak seed pulse) will be amplified following the gain spectrum and reduced according

to the SESAM absorption spectrum. As the gain is a derived quantity from the

SBE, we can easily extract it using a simple single pass pump-probe simulation. In

order to capture the full gain spectrum, the weak probe pulse should be extremely

short (on the order of 10 femtoseconds). The QW carriers are inverted using a probe

pulse (or CW pump) and the short probe pulse investigates the inverted system. The

linearized gain can be computed from Log(E1(ω)/E0(ω)), where E1(ω) (E0(ω)) is

the spectrum of the output (incident) probe pulse. The probe being weak will not

significantly perturb the system. Fig. 4.2 shows the linearlized gain computed using

this technique together with the total loss (mirror loss + SESAM saturable loss). The

net gain, the difference between gain and loss, show a compact window where noise

(or a weak seed pulse) can be amplified. This data is for a RPG structure with a

DBR and an inverted QW carrier density of 1.9 · 1016 m−2. Of course, as the pulse

grows and begins to bleach out the carriers, this picture no longer holds.
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Figure 4.2. (a) A typical picture of the linearlized gain compared to the loss from
the SESAM. The spectral region where the gain is greater than the loss is the net
gain region. (b) The gain chip GDD in the same spectral range [40].

All sources of dispersion in the cavity tend to elongate the pulse and, if large

enough, can prevent mode-locking. It is therefore critically important to manage

all sources of dispersion over the entire range of frequencies needed to support an

ultashort mode-locked pulse. One can extract the dispersion (specifically GDD) of

the VECSEL gain chip in the same manner as described above for the gain.

The second order dispersion is shown in Fig. 4.2(b) for the same situation. In

order to reduce the dispersion, one can add dispersion compensating coatings to the

various external interfaces in the cavity. The specific coating can either be generated

to reduce the dispersion from each component separately, or in order to compensate

for dispersion contributions in other parts of the VECSEL. The optimal coating is

determined by numerical simulations and requires the detailed understanding of each

component in the cavity. Unfortunately, the DBR stopband edge (e.g. Fig. 3.5) will

generate a large phase change, which cannot be removed. However, it is possible

to significantly reduce the dispersion close to the center of the stopband. This can

be done by either single or more complicated multi-layer dispersion compensating

coatings [69].
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4.3 The recovery rates and the round trip time

The roundtrip time of a mode-locked VECSEL, or the inverse of the repetition rate,

will influence the mode-locked pulse dynamics. The length of the materials in a

VECSEL are small compared to the length of the external cavity, thus the round

trip time is approximately a measure of the length a pulse has to travel through the

external cavity between the gain chip and various cavity components. This distance

is an important factor in determining the mode-locked pulse dynamics, and can make

an incredible difference when searching for a single mode-locked pulse. The roundtrip

time, TRT, (i.e. the size of the cavity/length between successive output pulses) is

important compared to the gain recovery time, TG, and the SESAM recovery time,

TS. These rates can be determined from experimental measurements of a gain chip

and SESAM [37]. In order to illustrate this, we consider the extreme cases for the

gain chip and the SESAM in a linear cavity where there is net gain and one is trying

to generate a single mode-locked pulse. The linear cavity ensures that there is only

one interaction of the cavity pulse with the gain chip (or SESAM) in a round trip.

This is the simplest case, and when there are multiple interactions, these arguments

get more involved.

First for a gain chip, if the round trip time is much larger than the gain relaxation

time (i.e. TRT >> TG), then the pulse will find the same gain during each roundtrip.

Eventually, after many round trips, the pulse will become too strong and start to

saturate the gain, which will stunt the pulse growth. However, because the relaxation

time is too fast, the gain will quickly relax and, in the gap between pulses, there could

be an additional pulse. The spontaneous emissions in the VECSEL will thus form one

or more additional pulse(s) that can extract the excess carriers from the gain chip.

In this situation there cannot be only a single mode-locked pulse in the cavity. In the

other extreme, if the round trip time is much shorter than the gain relaxation time

(i.e. TRT << TG), a pulse will at first experience amplification until the gain becomes



52

saturated. Now, because of the slow relaxation time, the gain will be unable to recover

to a situation where there is a positive net gain. Thus the pulse will experience net

absorption during each round trip and eventually return to being noise.
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Figure 4.3. The noise buildup from a slow SESAM relaxation time. The grey
region represents the spectral range of the net roundtrip gain region in the cavity. (a)
A stable mode-locked pulse with two spectral peaks. (b) The SESAM relaxation is
reduced too far and a third spectral peak emerges. Figure from Ref. [36].

Secondly, the SESAM recovery time can easily destabilize the pulse if it becomes

too large. The ideal situation is that the SESAM recovery time is short compared

to the round trip time (i.e. TRT >> TS). In this situation a cavity pulse will see

the same saturable absorption during each round trip and the pulse energy will only

stop growing once the amount of energy absorbed becomes equal to the amount

gained from the gain chip. In the other extreme, where the SESAM recovery time

is too long compared to the round trip time (i.e. TRT << TS), the SESAM will be

unable to recover between each pulse interaction and the absorption becomes reduced.

Eventually, the SESAM loss becomes too low. As an example, consider Fig. 4.3(a)

that shows the spectrum of a mode-locked pulse molecule [36]. After stable mode-

locking is established we can increase the SESAM relaxation time, resulting in the

buildup of a third spectral peak. As seen in Fig. 4.3(b), this eventually destabilizes

the mode-locked pulse.
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A fast SESAM relaxation rate and a gain relaxation on the order of the roundtrip

time appear to be good starting points for generating ultrashort mode-locked pulses.

These are the relevant timescales in relation to the round trip time of the pulse, and,

while they are fixed for a given experiment, we are free to speed up simulations by

selecting shorter times as long as we do not make them too short. A round trip time

of tens of picoseconds and comparably short relaxation times will allow for faster

simulations without losing any relevant mode-locked dynamics.

4.4 Noise buildup into a pulse

1

t = 0

Number of round trips

|E(t)|

10�6

10�2

Figure 4.4. A schematic of the noise buildup into a final mode-locked pulse. This
is the typical behavior seen in these simulations [37, 41].

As soon as the gain chip QWs are inverted, spontaneous emission will start to emit

photons into the cavity. A simulation of Eq. 3.0.1 with the spontaneous emission terms

generates a random stream of photons in the cavity and, if one measures the frequency

distribution of the noise, it will resemble the photo luminescence spectra [53]. Fig. 4.4

shows selected snapshots of the cavity field evolving from noise into a mode-locked

pulse. This data was generated with a RPG gain structure, but the behavior is typical

for all structures. On the back surface one can see the field amplitude as a function

of simulation time and the grey cutouts are amplifications of the cavity field at the

indicated positions.
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As the low amplitude noise propagates throughout the cavity, some frequencies

will be amplified in the gain chip and some will be absorbed in the SESAM. The

specific frequencies that are amplified/absorbed during a round trip will depend on the

gain/absorption curves, but there will be a region where there is more amplification

than loss. This is the net gain region. The cavity field is amplified until stimulated

emission dominates, and, after even more amplification, becomes strong enough to

bleach the inversion in the QWs. At this stage the propagating cavity field cannot

extract more carriers from the QWs, and any field that follows will be absorbed.

Simultaneously, the gain chip is recovering carriers from the pump, and will become

inverted again. The process of transiently bleaching the QW inversion eventually

reshapes the cavity field, into a pulse, in order to better extract carriers from the

QWs. This transient dynamical behavior eventually leads to the formation of a pulse

in the cavity that can be a stable mode-locked pulse.
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Figure 4.5. A time trace of pulse amplitude (a), FWHM (b), and spectrum (c) of
a pulse building up into a mode-locked pulse. The solid line is for the seed pulse,
and the dashed line is a simulation started with noise. In (c) the max color value has
been truncated in for clarity. Figure adapted from Ref. [40, 41].

Another way to obtain a mode-locked pulse is to initialize with a seed pulse. A

typical seed pulse has a low energy and a FWHM of 400 fs, but the final mode-locked

pulse does not depend on the exact initial condition. Fig. 4.5 shows the buildup of a

mode-locked pulse in terms of the amplitude, FWHM, and snapshots of the spectrum

[40, 41]. In this simulation, I used a RPG gain structure with QW background

density 1.9 · 1016 m−2. The equilibrium gain and absorption in the cavity can be
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seen in Fig. 4.2. The dashed lines show the amplitude and FWHM of the simulation

that starts from noise. Note that the pulse forms around 400 ns and this is where the

FWHM measurements start. In another simulation the same cavity is initialized from

noise, but the final mode-locked pulse is the same regardless of the initial condition.

In Fig. 4.5(c) we can see snapshots of the cavity spectrum around 400 ns where the

cavity noise transitions into a mode-locked pulse. At this time the cavity noise has

accumulated enough energy to bleach the inverted QWs and the spectrum widens to

the final mode-locked pulse. The central frequency of the spectrum also shifts after

the pulse has mode-locked, similar spectral behavior was also noted in experiments

by Turnbull et al. [70]. The direction and magnitude of this shift can vary with the

given gain or absorption.

4.5 Microscopic electron and hole dynamics

In principal the rigorous inclusion of higher order second Born-Markov scattering

terms (Eq. 2.3.3) introduces many more orders of computational complexity and

would make mode-locking simulations impractical. As pointed out earlier, it is feasible

to extract effective carrier scattering rates from select second Born-Markov short

single pass simulations and use these in longer mode-locking simulations. When a

strong ultrashort laser pulse interacts with the QWs, it firsts depletes carriers around

a central frequency by burning a kinetic hole in the carrier distributions, as shown

in Fig. 3.1. This kinetic hole will be filled by carrier scattering from the surrounding

carriers, which will continue after the ultrashort laser pulse has left the gain region.

Eventually the hot carriers begin to cool down and the carrier distribution returns to

a Fermi distribution.

Fig. 4.6(a) shows the microscopically computed momentum dependent electron

(blue) and hole (black) scattering times using a background carrier density 1.9 ·
1016 m−2. In order to calculate the rates, τfill at each momentum value k, I aver-



56

1

0 1 2 3

50

100

150

200

k [1/a0]

⌧ fi
ll

[fs
]

Kinetic Hole filling
Electron scattering
Hole scattering

(a)

�2 �1 0 1 2
0

0.5

1

t [ps]

|E
(t

)|
[V

/µ
m

]

2nd Born
rate fill
no fill

(b)

Figure 4.6. (a) The momentum dependent carrier scattering timescales (blue and
black) approximated from a QW with background carrier density 1.9 · 1016 m−2. The
kinetic hole filling time used in simulations is shown in green. (b) A comparison of
the final mode-locked pulses that result from Eq. 3.0.1 using the full second Born-
Markov, a constant kinetic hole filling time of 100 fs, or without carrier scattering.
Figure adapted from Ref. [35].

age over multiple carrier distortions that come from a distortion by a sech2 pulse

centered at a given momentum value. The pulse shape is parameterized over a range

of widths (W ) and amplitudes (E0) and, for each distortion, we record the carriers

scattering back into equilibrium. Next, we fit an exponential e−t/τfill(W,E0,k) to each

momentum value and record τfill(W,E0,k). Finally, we average over all the distortions

to produce the scattering time τfill(k). Fig. 4.6(b) shows the computed mode-locked

pulse using: no carrier scattering or kinetic hole filling rate; with the full carrier scat-

tering; and with kinetic hole filling using a constant value for the time τfill = 100 fs (as

shown by the green curve in Fig. 4.6(a)) for both the electrons and holes [35]. Note

that using no kinetic hole filling results in a pulse that has lower amplitude. This is

expected as carrier scattering causes a transport of carriers into the spectral region

where the pulse is centered. The main difference between the mode-locked pulses

calculated using full carrier scattering and with a kinetic hole filling rate appears in

the tail of the pulse. Obviously, the rate approximation does not capture the full

complexity of the carrier scattering, especially after the pulse peak. The final mode-
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locked pulse obtained using the rate approximation gives faster simulation times and

a pulse shape that resembles the pulse calculated using the full carrier scattering in

Eq. 2.3.3. However, because the carrier scattering dynamics are more complex than

a simple rate can capture, one has to use the full carrier scattering to verify that the

results are not simply a product of the approximations.

4.6 Ultrashort pulse mode-locking in a resonant periodic gain
chip

The resonant periodic gain (RPG) design has been universally employed as the gain

structure for VECSELs operating in CW and pulsed mode. By placing the individual

QWs near the anti-nodes of the standing wave in the semiconductor micro-cavity, the

already low gain arising from propagation though a sequence of very thin (8-10 nm)

QWs is further resonantly enhanced due to strong optical feedback. This gain chip

design resulted in record high powers when operated in continuous wave mode [6, 9].

The RPG resonant design, when studied for pulse mode-locking, exhibited impressive

high peak and average power output, but pulse durations were typically limited to

around 400 fs or longer [1, 4, 8, 9]. Tropper et al. recognized that the gain bandwidth

could be further broadened if the RPG structure was modified to have a node, rather

than an anti-node at the end of the gain chip [5, 9]. Fig. 4.7(a) and (b) contrasts a

traditional resonant RPG with an anti-resonant design.

Note that the anti-resonant intensity standing wave pattern in blue has a node at

the final layer (cap layer) in Fig. 4.7(a). This has the effect of suppressing the resonant

enhancement of the micro-cavity field as evident from the reduced amplitude of the

field oscillations in the structure. The anti-resonant design can be achieved either

by adding an AR-coating (not shown here) or deliberately shortening the final cap

layer by over-etching at the chip processing stage. On the other hand, the resonant

RPG has an anti-node at the end cap layer and shows enhanced field oscillations,
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Figure 4.7. A demonstration of the difference between resonant and anti-resonant
RPG structure. (a) Anti-Resonant (b) Resonant (c) The computed gain from the two
structures (blue anti-resonant, black resonant). Refractive index n=1 represents air.

as seen in Fig. 4.7(b). The gain spectra for each structure is shown in Fig. 4.7(c).

The RPG (resonant) has a sharp peak sitting on the DBR stopband while the anti-

resonant structure has a broad relatively flat pedestal. It is easy to see from these

pictures that the RPG is favorable for narrow band high power CW lasing while the

anti-resonant gain chip favors broad bandwidth short pulse generation. It should also

be noted that the anti-resonant structure also tends to reduce and flatten the GDD,

further favoring short pulses.

The limits on the gain bandwidth of the RPG structure, either resonant or non-

resonant, have been recognized by others. As shown in Fig. 4.8(a), Klopp et al.

modify the placement of the QWs by placing 2 QWs at a single field anti-node while

symmetrically displacing both a short distance to the left and right of the pulse

antinode peak [13]. This allowed them to observe a 107 fs duration mode-locked pulse

train but with a very low few milli-watt average power. Later Waldburger et al.
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Figure 4.8. Here are anti-resonant realizations of the structures produced by (a)
Klopp et al. with 4 QWs from Ref. [13]. (b) Waldburger et al. with 10 QWs from
Ref. [16]. The vertical red bars are the QWs, while the blue line represents a standing
wave at 980 nm.

used a similar idea, but with more double QWs displaced from each field antinode,

as seen in Fig. 4.8(b), and achieved about 100 mW of average power in 107 fs pulses

[16]. These gain chip modifications for short pulse generation were slight departures

from the RPG design and thus we keep them within this category. Considerable

amount of effort has to be expended in either reducing or balancing the overall cavity

GDD as well as increasing the gain bandwidth. Typically, such modifications are

either based on prior experimental gain measurements on existing structures or use

linear gain profile calculations to guide QW placement. Unfortunately, even linear

gain properties such as the amplitude, width, and position of gain peak are strongly

modified by the microscopic physics described in Chapter 2.

In sections 4.6-4.8 we focus on studying variants of the RPG structure that yield

stable mode-locked pulses, pulse molecules, and unstable multi-pulsing. The goal is

to understand the full nonlinear pulse dynamics from noise or a seed pulse to a final

asymptotic state representing one of the above behaviors. The microscopic theory

affords new key insights absent from a traditional gain picture. In addition, we find

that a dual rate approximation to the computationally intensive full second Born-
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Markov treatment suffices to capture the qualitative dynamics, at least for pulses of

duration 100 fs or shorter. In most cases we employ this approximation, but we also

include results at the full second Born-Markov level to validate the former and also

highlight the impact of nonuniform kinetic hole filling on modifying detailed pulse

shapes.

The mode-locked pulse is the asymptotic state that balances input energy from

the gain chip against the loss in the SESAM plus output coupler. The pulse takes on

a shape that will attain as much energy in the gain chip as is lost in the SESAM, while

the pulse is elongated by the dispersion. This will stabilize the nonlinear interactions

in the QWs versus the linear loss and material dispersion. For each level of inversion

there will be a different optimal pulse shape (i.e. by varying the pump continuously

we can find different mode-locked pulses).

A systematic study of various VECSEL configurations has shown that there are

primarily three different single mode-locked pulses: the single stable mode-locked

pulse, the single semi-stable mode-locked pulse, and a semi-stable pulse molecule. In

each of these classes there are variations in parameters, such as: amplitude and width

of the pulses; spectral location; or deformations in shape such as a tail. There are

also cases that result in two or more pulses in the cavity, but in these cases each

of these pulses appear as one of the above. The stable mode-locked pulses have, in

general, near constant shape and very small fluctuations are also considered stable.

Semi-stable pulses are characterized by a small periodic oscillation (i.e. breathing)

of amplitude and/or width, while unstable pulses usually have some substructure

and/or a non-periodic oscillation in amplitude or width. Fig. 4.9 shows an overview

of typical samples from each of these families [35]. These pulses were generated with

a RPG gain structure using the initial gain and absorption found in the first row, but

changing to different gain structures/SESAM/cavity configurations have not resulted

in any new pulse families.

In order to generate these pulse samples, we used a RPG structure where the
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Figure 4.9. The different types of mode-locked pulses that have appeared. The
columns represent from the left: the single stable mode-locked pulse, the semi-stable
mode-locked pulse, and the semi-stable pulse molecule. For each pulse type the rows
provide different data. From top we see for each pulse: the linear gain and absorption
that was used to initialize the system with the net gain region in grey, the normalized
spectrum, the amplitude, and the auto correlation trace. Figure from Ref. [35].
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inverted carriers had a carrier density of 1.9 · 1016 m−2. The SESAM absorption and

output coupling was varied over a wide range of parameters (as can be seen later

in Fig. 4.12) and these representative pulses were selected from that collection of

data. For a given output coupling and saturable absorption from the absorbing QW,

we define Rα as the ratio of saturable absorption (i.e. the ratio of the saturable

absorption over the total loss in the cavity). For a constant gain chip, and each pair

of parameters (Rα, loc) where loc is the output coupling loss, we run simulations until

the mode-locked pulse can be determined. The single pulse, semi-stable pulse, and

pulse molecule were found at their respective parameter pairs: (40%, 0.15%), (80%,

0.65%), and (80%, 0.15%). The resulting initial gain and absorption can be seen in

Fig. 4.9(a), (e), and (i).

Fig. 4.9 showing the single stable mode-locked pulse (a-d) has a spectrum that is

contained almost entirely inside the net gain region (marked in grey), the semi-stable

single pulse (e-h) has a larger portion of its spectra outside the net gain region, and the

pulse molecule (i-l) has half of its spectra outside the net gain region. We can see that

linear gain/absorption does not give a good representation for the final mode-locked

pulse behavior, as the pulse spectrum can exist largely outside of the net gain region.

Another feature is that the auto-correlation trace of each pulse will average out any

defects in the pulse shape, leaving a misleading impression that pulses are similar

or close to perfect. The auto-correlation trace of the single stable and semi-stable

pulses are almost identical, which would hide any substructure in the actual pulse. If

the spectrum of the two pulses were also included in the analysis, one could start to

suspect the semi-stable pulse was not as clean as the other single pulse. Note that

carrier scattering supplies energy to the second spectral peak of the pulse molecule.
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4.7 The role of the inversion

The inversion found in Eq. 3.0.1 is important for determining the type of pulse family

that becomes available from a mode-locked VECSEL. For a given level of inversion,

one can get one of three mode-locking scenarios. First, a low level of inversion will give

rise to a single mode-locked pulse that is unable to bleach the inversion. Secondly, a

medium level of inversion gives rise to a mode-locked pulse molecule that bleaches the

inversion, but redistributes its spectrum in order to take advantage of more carriers.

Finally, a high level of inversion gives a pulse that bleaches the inversion, However,

in this case, there is too much inversion such that redistributing the spectrum is not

enough to keep a single mode-locked pulse. Multiple pulses appear to take advantage

of all the inversion and no single mode-locked pulse can be found [36].
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Figure 4.10. A comparison of the gain/inversion dynamics of a single stable mode-
locked pulse (row 1) versus a pulse molecule (row 2). Column 1 shows the gain
before (blue) and during (red) interaction with the pulse. The black line is the cavity
absorption. Column 2 shows the inversion before (blue), at the peak (black), and
after (red) interaction with the pulse. Finally, Column 3 shows the spectrum of the
mode-locked pulses over the net gain region (grey). Note: Kinetic hole filling is not
included in these pictures. Figure adapted from Ref. [36].

In order to study how the pulses are formed, it is instructive to study a simpler
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case where we solve Eq. 3.0.1 without kinetic hole filling. Fig. 4.10 shows the mode-

locking dynamics that results for a RPG structure without a kinetic hole filling, the

equilibrium gain and non-equilibrium gain that arises during interactions with the

mode-locked pulse, and finally the mode-locked pulse spectrum. The low level of

inversion, coming from a QW background carrier density 1.75 · 1016 m−2, gives rise

to the single mode-locked pulse that can be seen in Fig. 4.10(a), (c), and (e). In

(c) it is clear that the pulse cannot bleach the QW inversion during a round trip,

this distortion results in significant gain deformation, as can be seen in (a), during

interactions with the mode-locked pulse. The pulse spectrum is mostly contained

inside the net gain region, as seen in (e).

A medium level of inversion, coming from a QW background carrier density 2.4 ·
1016 m−2, will give rise to a pulse molecule as shown in Fig. 4.10(b), (d), and (f).

The pulse is able to bleach the inversion, during the transient pulse formation, and

the pulse spectrum has been redistributed in order to extract more carriers. The

resulting double pulse spectrum and interaction with the inversion can be seen in (d)

and (f). The two kinetic holes that the mode-locked pulse creates will also deform

the gain as seen in (b), but now the gain deformation is different than for a single

pulse. In general, the deformed gain will depend on the shape of the inversion and

thus the shape of the mode-locked pulse. Note that in Fig. 4.10(f) the two spectral

peaks try to fit mostly inside the linear gain region. There is no way for a stable

pulse to have a significant spectrum outside of the net gain region because there is

no carrier scattering. There will be multiple pulses in the cavity for a higher level of

inversion. This is unavoidable at some level of inversion, as the number of carriers

that a given pulse can extract is limited. Thus, in this situation, multiple pulses will

be needed to extract all carriers from a gain chip.

The formation of the pulse molecule is instructive, here a seed pulse with a single

spectral peak transitions into a mode-locked pulse with two spectral peaks. The dual

spectral peaked pulse molecule can be seen in Fig. 4.9 or 4.10. In Fig. 4.11 we can see
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Figure 4.11. Samples of the inversion at select times after initialization. This
system shows how a single spectral peak is transformed into a pulse molecule over
multiple round trips. Note: Kinetic hole filling is not included in this picture. Figure
from Ref. [36].

snapshots of the inversion at select times after initialization. The system is initialized

with a seed pulse and we can see how the amplitude has grown, over multiple round

trips, from 0 ns to 6.5 ns. Now the field is strong enough to bleach the inversion and

we can see that the inversion has become slightly negative. At this point the cavity

pulse will experience absorption at the central frequency where it is impossible to

extract more carriers from the QWs. However, the spectrum is about to adapt to the

situation in order to extract more carriers. From 6.5 ns to 18 ns the pulse undergoes

a spectral reshaping, reducing the amplitude at the central wavelength and splitting

the spectrum into two peaks. The final mode-locked pulse is shown in Fig. 4.10(b),

(d), and (f).

When carrier scattering is activated, through inclusion of either a kinetic hole

filling rate or on the level of second Born-Markov, in Eq. 3.0.1, the kinetic holes will

start to relax back into a quasi-Fermi distribution between pulse interactions. This

will scatter higher momentum carriers into available lower momentum states, which

results in an equilibration of the carriers into quasi-Fermi distributions. The higher
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inversion, at lower momentum values, will increase the pulse amplification and the

stronger pulse could then be capable of bleaching the inversion, which will destabilize

the pulse molecule. Therefore, with carrier scattering activated, it is unlikely that

the net gain region will become wide enough to support two spectral peaks without

making the pulse too strong to bleach the inversion. However, the carrier scattering

can contribute in another way by transporting carriers from higher momentum states

into the lower states. In this way, carrier scattering can supply energy to spectral

regions that are not covered by the net gain region. This is the case for Fig. 4.9(j)

where one of the spectral peaks is located outside the net gain region. For the given

example, the pulse FWHM is slowly oscillating and thus the pulse is only semi-stable.

4.8 The role of loss

The loss of the cavity will also influence the mode-locked pulse in a VECSEL. This

happens in an indirect way: changing the overall loss will also change the amount

of net gain in the cavity and thus the level of inversion, as previously described.

In addition, the mode-locked pulse will change even if we keep the amount of loss

constant and only change the ratio of saturable absorption to total loss. Another

consideration would be the output power of the pulse: a higher output coupling tends

to give a higher output power and also a larger intra-cavity loss. Yet another change

happens for longer pulses. A stronger saturable absorber will absorb more energy

from a longer pulse and could also be beneficiary to ultrashort pulse generation. In

experiments, Klopp et al. in Ref. [64], found that one has to try multiple output

couplings and levels of saturable absorption in order to find the shortest possible

pulse. Through numerical simulations, we can study whether our numerical model

produces similar behavior as seen in experiments.

There are two sources of loss in the cavity: the unsaturable output coupler and

the saturable absorber. Two useful parameters are: the total loss and the ratio of
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(a) (b)

Figure 4.12. A phase diagram of the mode-locked pulse properties: (a) output pulse
FWHM. (b) output pulse fluence. The parameters that change are the total loss in
the cavity and Rα. The black dots are simulation results where there are stable single
mode-locked pulses, except for in the clear region where the results are semi-stable.
The colors are interpolations between results of numerical simulations giving stable
pulses. Figure from Ref. [35].

saturable absorption over the total loss, Rα. Naturally, the choice of variables is not

critical for the results. One can study the output coupling loss versus the saturable

loss or some other combination and get similar results. However, using Rα leads to

more readable plots than other combinations. A high Rα indicates that most of the

loss in the cavity is saturable (i.e. either the output coupling is low or the saturable

loss is very large). On the other side, a low Rα tells us that the unsaturable output

coupling loss is dominating the system.

Fig. 4.12 shows the result of scanning over multiple values of Rα and total loss

[35]. For each pair of parameters the mode-locked pulse stability is verified and the

pulse amplitude and FWHM are recovered. The simulations for pulses that are semi-

stable take a longer time to identify, compared to simulations with stable mode-locked

pulses. Thus simulations are run for 48 hours to differentiate the stable versus semi-

stable simulations. The VECSEL gain chip is chosen to be a 10 QW RPG structure

with a QW background carrier density of 1.9 · 1016 m−2. Only the total loss and the
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amount of saturable absorption are varied by scaling the feedback from the absorbing

QW of the SESAM. This results in an effective QW of a given strength. Fig. 4.12(a)

shows the pulse intensity FWHM for each of the parameters while 4.12(b) shows the

output pulse fluence of the same parameters. The semi-stable single pulse and pulse

molecule solutions, from Fig. 4.9, are both found inside the uncolored region, while

the single stable pulse is found inside the colored region. For even lower levels of

absorption, the net gain becomes too high and multiple pulses appear. From the

figures, one can see that the shortest pulses emerge around Rα ≈ 50% combined with

low net gain, and around Rα ≈ 95% combined with a medium gain. However, only

the first case has high output pulse fluence, because of the relatively large output

coupling for Rα ≈ 50%. The shortest pulse that was found in this scan had an

intensity FWHM of 140 fs. Interestingly, the shortest pulses are both found near the

region of semi-stable pulses.

While the data generated in Fig. 4.12 is specific to a given structure and level of

inversion. The main purpose of this section is to show that the influence of loss is

non-trivial and important. It is important to vary the output coupler and saturable

absorption in order to find the shortest and strongest mode-locked pulse in a VECSEL

setup. By experimenting with different structures we have found that a typical rule

of thumb is to try to use a high Rα (i.e. a high saturable absorption to other losses)

to generate shorter pulses.

4.9 Toward sub-100 fs pulses: multiple quantum well gain
design

With lessons learned from the RPG study, we developed a new design strategy for

the placement of QWs in the VECSEL gain chip. Multiple designs were studied and

details appear in two patents, one published [46] and the other filed [45]. It became

evident from the study of the RPG structures that we needed to distribute the QWs
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within the gain chip so as to “uniformly” amplify all frequency (momentum) depen-

dent colors making up the desired final ultrashort pulse. The dynamically changing

carrier distributions during the pulse indicate that many of the carriers lying outside

the kinetic holes are unused and are potential sources of destabilization, especially

under strong pumping. This was discussed in the previous section for the RPG.

Ideally, the ultimate shortest and ultra-stable pulse would be one that empties the

entire inversion as it transits the gain chip. This is easier said than done primarily

due to the strong dynamical modifications of carrier distributions during interactions

with the pulse and, importantly, the strong difference in carrier (electron and hole)

momentum dependent scattering as exemplified by Fig. 4.6. During this thesis work,

I engaged with the group of Professor Wolfgang Stolz, a VECSEL materials grower

at the University of Marburg in Germany in designing feasible and practical VEC-

SEL devices. Although we theoretically studied many possible QW arrangements,

relatively few were realized due to growth restrictions.

Besides the gain, another crucial ingredient to achieve very short pulses is the

control of the overall dispersion in the cavity. The leading order contribution to

dispersion is the group delay dispersion (GDD) that is proportional to the second

derivative of the frequency dependent refractive index. In practice all higher order

dispersion terms contribute and will adversely affect the pulse width (see Fig. 3.3). A

shorter time duration pulse requires a flat dispersion over a larger spectral bandwidth.

There are multiple contributors to GDD in a VECSEL cavity. First, there is a

transient nonlinear dispersion of the multiple inverted QWs in the gain chip and of

the QW passive saturable absorber (SESAM). Additionally, there are contributions

to linear GDD from all optical components included in the cavity such as mirrors,

Brewster plates, etalons etc. Finally, there is the GDD related to the DBR stopband

(see Fig. 3.5). If the pulse center wavelength is not near the center of the DBR

stopband, the pulse spectrum can broaden out and feel the strong dispersion from its

edges. As we will see in Section 4.10, the limited stopband provided by semiconductor
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materials can limit the ultimate pulse duration to about 50 fs. Ideally one would like

to have a flat and wide region of near zero GDD, but this is not possible. By using AR-

coatings and optimal VECSEL chip and SESAM designs, one can offset the overall

GDD.

The challenge lies in designing the gain chip with optimal QW placement so

to uniformly amplify all colors while ensuring there is sufficient gain to overcome

inevitable losses in the cavity (i.e. mirror output coupler losses, etc.). By moving

QWs away from the anti-nodes, we reduce the amplification of the light as it traverses

the gain chip. Thus we must seek a compromise in designing the QW placement.

Obviously, there are many permutations and combinations of QW placement that

could potentially achieve the same outcome.

As an extreme, in the beginning of our investigations into different QW placement,

we found that packing the QWs close together around a single antinode would both

amplify the peak pulse amplitude and reduce the pulse width. This is, by definition,

a low gain structure. At this stage we were not including kinetic hole filling into our

mode-locking simulations, but rather we employed a simple rate model that allowed

the carriers to relax to the lattice temperature. As it turns out, for ultra-short pulses

with a FWHM below 100 fs, kinetic hole filling only changes the pulse energy without

major influences on the FWHM. We confirmed subsequently that this important

observation still holds true, even when one includes the full carrier scattering.

Fig. 4.13 shows two possible realizations of the gain region after the DBR. In (a)

the QWs are arranged in a RPG fashion, while in (b) the QWs are arranged in a

multiple QW (MQW) layout. The 10 QWs placed around the first anti-node are

offset to the left to allow for strong nonlinear shifts in the central lasing wavelength

as the pulse develops. In order to reduce influences from the DBR, the refractive

index of AlAs has been artificially changed to 2.1. This gives a wider DBR stopband

capable of supporting shorter pulses, and using this for both the RPG and MQW

structures provides a fair comparison of the dynamics without becomming limited
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Figure 4.13. Two possible gain region designs on top of the same DBR. Included are:
QWs (red), standing wave at 980 nm (blue), and material refractive indices (black).
(a) A traditional RPG structure. (b) A 10 QW MQW structure with 16.35 nm be-
tween center of QW.

by the stopband width. A more elegant way of extending the DBR is to switch to

dielectric materials in the DBR that can have a much larger refractive index contrast

than semiconductor materials.

Fig. 4.14 dramatically shows a marked and profound difference between the dy-

namics of mode-locking in a RPG VECSEL and a MQW VECSEL. It also shows the

limitations of the usual gain picture especially when applied to the MQW results.

Fig. 4.14(a) summarizes a series of simulations for the RPG and MQW structures in

Fig. 4.13 when the inversion (proportional to the carrier density) is varied.

Fig. 4.14 shows the buildup of the final mode-locked pulse when starting from a low

energy seed pulse. At first the mode-locked pulses, of the MQW (RPG) structures,

are simulated until stability is obtained at a density of 3.86 ·1016 m−2 (2.10 ·1016 m−2).

At these densities the spectral width of the net gain regions is comparable for both

structures, thus allowing for a fair comparison. Also, at these densities we are well

above threshold for lasing in each structure. The mode-locked pulses peak amplitudes

are shown in (a), but not shown is the FWHM of each pulse. The pulses produced by
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Figure 4.14. Here is an overview over multiple simulations comparing the 10 QW
MQW and RPG structures. For each structure, the numbers indicate the density of
the background carrier distributions. (a) The pulse peak during simulations. (b) The
initial background gain and loss for the RPG structure. Each number indicates the
background carrier density. (c) Same as in (b), but for the 10 QW MQW structure.
Note that kinetic hole filling is not included in these simulations.
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the MQW structures have FWHM of 60 fs or more, while the mode-locked pulses from

the RPG structure are all longer than 165 fs. When stable mode-locking is confirmed,

the density is incrementally reduced to values given in the figure legend, until mode-

locking is lost. The gain picture would indicate that lasing would shut off when the

gain drops below the loss line. As shown in (b) and (c), the peak gain calculated,

from the reduced carrier densities is less than or equal to the loss. At each density

level we ensure that the mode-locked pulse is stable by visual inspection of the pulse

peak, as seen in (a). The mode-locking in the MQW structure persists even when

the density is reduced to 3.02 · 1016 m−2, well below the loss line. Note that for such

densities, where there is apparently no net gain in (c), the mode-locked pulse remains.

Had we incrementally moved upward in carrier density, we would expect the MQW

VECSEL to turn on at a carrier density around 3.65 ·1016 m−2. Therefore, we observe

a strong hysteresis effect for the MQW mode-locked laser. The range of the densities

that support a mode-locked pulse is also greater for the MQW structure. Thus the

MQW structure is not only increasing the pulse peak amplitude, but also has stable

mode-locking over a wider range of background carrier densities (i.e. pump powers).
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In the next example, I study a 16 QW structure where there are 8 individual

QWs packed around each of 2 anti-nodes. The layout is shown in Fig. 4.15(a). As

we pointed out above, the MQW structure allows us to move to pulses much shorter

than 100 fs as long as we control the overall cavity GDD. A 4-layer AR coating is

applied for this purpose. The resulting mode-locked pulse has a FWHM of 43 fs and

was obtained at a background carrier density of 2.4 · 1016 m−2.
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Figure 4.15. (a) A schematic of the 16 QW MQW structure over two antinodes.
Included are: QWs (red), standing wave at peak gain (blue), and material refractive
indices (black). (b) The resulting mode-locked pulse (black) with a phase (blue).
Note that kinetic hole filling is not included in these simulations.

I now return to address the key importance of optimizing the gain chip design to

most efficiently extract as much of the inversion as possible. Fig. 4.16 shows how the

ultrashort pulse in Fig. 4.15 extracts almost all inverted carriers during a single pass.

Indeed, there is a portion of the inverted region that has become absorbing. This

does not destroy the single stable mode-locked pulse because other QWs are adding

amplification into this spectral region. On the other hand, the shorter mode-locked

pulse from the RPG structure is not able to extract carriers as efficiently, leaving

many residual lower and higher momentum carriers available to seed instability or

multi-pulsing.
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(a) (b)

Figure 4.16. Snapshots of the QW inversion around the pulse peak during mode-
locking for: (a) A RPG structure similar to Fig. 4.13 (b) An 16 QW MQW structure
seen in Fig. 4.15. For both structures we display the inversion from a single QW closest
to the antinode. Note that kinetic hole filling is not included in these simulations.

The next MQW structure, seen in Fig. 4.17, was actually grown by the Marburg

group and processed into a working mode-locked laser by our experimental group

in the College of Optical Sciences at the University of Arizona. This produced the

shortest measured pulse of 95 fs duration for any type of VECSEL to date [private

communication A. Laurain]. The design is predicated on the need to extract the

inversion as completely as possible while also distributing the QWs taking into ac-

count the fact that colors on the extrema of the anticipated bandwidth (blue and red

oscillations in the figure) move rapidly out of phase as one traverses through multiple

anti-nodes. Therefore, as we move away from the interface with the DBR, on the

left of Fig.4.17(a), while in phase at this boundary, each color rapidly moves apart

as we move right. Consequently, the spacing between the blue and red oscillations

increases as we move over each antinode grouping. The QWs are now placed un-

evenly in groups of 3-4 around each anti-node so as to efficiently drive each color. For

example, the QWs around the point z = 4.2µm are spaced furthest apart. Finally,

we add a booster QW next to the DBR interface as all colors being in phase at this

unique point are amplified equally. We designate this MQW as 3x121+1.
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Figure 4.17. (a) This diagram shows a cross section of the gain chip and the
placement of QWs referred to as “MQW 3x121+1”. The grey vertical bars indicate
the QW location, the black lines show the material refractive index. The blue, black
and red solid curves show standing waves at respective wavelengths 1000 nm, 1030 nm,
and 1060 nm (rescaled for visibility). (b) The resulting mode-locked pulse.

The structure in Fig. 4.17(a) has 12 QWs spread over three anti-nodes. Further-

more, the minimum spacing between adjacent QWs avoids the cumulative buildup of

material strain during growth of the structure. The two central QWs are separated

by a minimum of 8 nm of barrier material, while the QWs on the side have three

times more barrier material.

A realistic dual layer AR coating is placed on top of the gain chip in order to

reduce the gain chip dispersion. For this situation, the real materials Si3N4 and SiO2

are used with respective refractive indices 1.98 and 1.47. These are realistic materials,

with refractive indices extracted from tables [71, 72], where the thickness has been

numerically fitted to result in a low dispersive profile. Fig. 4.17(b) shows the mode-

locked output pulse, with an intensity FWHM of 79 fs, that results from using a QW

background carrier density of 2.75 · 1016 m−2. This mode-locked pulse comes from

using a realistic AR coating and I note that it is possible to further reduce the pulse

widths down to at least 60 fs with an optimized multilayer AR coating. The difficulty

with experimentally demonstrating such a short pulse originates from the inability so
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far to balance out the GDD over all cavity elements.
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Figure 4.18. A comparison of the gain in the MQW 3x121+1 (with a booster
QW), MQW 3x121 (without a booster QW), and a 12 QW RPG structure. In this
simulation, the DBR stopband is wider, such that the influence the QW placement
is clear.

The importance of the booster QW next to the DBR is best exemplified by

Fig. 4.18. Here, we have matched the gain from the MQW 3x121+1 structure to

the peak gain of a 12 QW RPG structure. The QWs of the RPG structure have a

background density of 2.25 ·1016 m−2 while the MQW structure has a background car-

rier density of 2.75 ·1016 m−2 in all QWs. The maximum gain of the RPG structure is

naturally higher than the peak gain of a MQW structure. However, this amplification

happens at the expense of a narrower gain profile, as shown by the red curve. Shifting

to a MQW 3x121 structure without the booster causes the gain to drop (black curve)

as expected, but the gain is broadened appreciably relative to the RPG. This spectral

width would facilitate supporting a short pulse, but would need to have enough gain

to overcome the cavity loss. Adding the booster essentially lifts the peak gain while

retaining the broad gain bandwidth of the MQW structure. Actually, the gain (blue

curve) is now flatter near the peak which is more favorable for short pulse generation.

The results presented in this section represent one of the main contributions to

my thesis. We devised a new approach for designing ultrashort mode-locked pulse
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sources with durations much less than 100 fs. While the traditional gain picture used

by the broad research community proves useful in establishing lasing thresholds, it

fails to capture the full nonlinear dynamical behavior or provide key insights into

designing such short pulsed lasers. We are confident that the final MQW 3x121+1

design discussed above will be the key enabler for pushing the short pulse limit well

below the current observed 95 fs.

4.10 The hysteresis effect and limits on the shortest pulse
width

There are multiple factors in the VECSEL cavity that influence the pulse length and

also complicate the search for a shortest pulse. The first of which are the tunable

parameters such as cavity loss and pump strength, but we will see later that even

scanning through parameters is not straightforward because some solutions depend

on how parameters are changed. Next there are design limitations such as: the QW

arrangement, the DBR stopband, and the cavity dispersion. These factors can be

much more expensive to change in experiments, but can also be the most rewarding.

The goal is to find the shortest possible pulse and the procedure that is used to

scan through the tunable parameters is described as follows: First we settle on a gain

chip design (i.e. the DBR, the gain region, QW arrangement, dispersion compensating

coating). The simulation domain will remain fixed as we vary the background carrier

density, the total cavity loss, and the Rα. This is one place where having access to

a large computational cluster is very advantageous, because in order to perform this

search efficiently, one has to be able to utilize 100s of CPU cores in parallel. Finding

the stable mode-locked pulse for a single parameter setting can take between 12-48

hours, thus the entire search can take a substantial amount of time. The material

design choices also influence the final mode-locked pulse and taking these into account

would dramatically increase the search time.
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A dispersion compensating coating is applied to the surface of the gain chip and

SESAM such that we can reduce the dispersion and produce an ultrashort pulse.

In an experimental setup this can be a very delicate, often trial-and-error process,

where small deviations in material layer thicknesses can result in substantially longer

pulses. Multiple layer coatings are also possible, but require even more attention to

detail. However, for our simulations, we will keep to simplicity and try to reduce the

GDD as far as possible with a single layer of dispersion compensating coating using a

refractive index that results in a wide and flat dispersion over a wide spectral range.

Dispersion compensating coating applied at the air interface can help flatten the

dispersion in a limited way. This is most useful close the center of the DBR stopband

where the dispersion is close to flat, and the least effective near the edges of the

DBR stopband, where the dispersion is strongest. A typical AlAs/AlGaAs DBR

stopband centered at 980 nm will have a theoretical width of about 96 nm. This can

be found using the refractive indices 2.946 and 3.435 together with textbook formulas

found in Ref. [62]. This width represents the maximal width of the stopband as the

number of layers increases, thus in a specific realization of a DBR, the width will

be shorter. In order to observe how the DBR stopband width is a limiting factor,

and at the same time how a QW arrangement can produce even shorter pulses, we

will consider a wider DBR stopband. Another example would be a dielectric DBR

composed of Nb2O5/SiO2 centered at 980 nm that has a theoretical width of 280 nm,

when calculated using the refractive indices 2.26 and 1.45. For simplicity we will

consider a DBR where we lower the AlAs index of refraction down to 1.9. This will

give us a stopband width of about 377 nm, and because the dispersion is now different,

we will also change the dispersion compensating coating. With this wide DBR and

a decent dispersion compensation, we can now observe how limiting the DBR is for

ultrashort pulse generation and that the given QW arrangement can produce sub

20 fs pulses.

To date, the shortest mode-locked pulses that have been produced from a VECSEL
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experiment are close to 100 fs, and were produced using non-RPG QW arrangements

[13, 16]. Naturally, there are multiple ways to arrange the QWs, as seen previously

in Fig. 4.8: In Ref. [13], Klopp et al. used 4 QWs arranged over a few antinodes to

produce a 107 fs mode-locked pulse and in Ref. [16] Waldburger et al. demonstrated

a 107 fs mode-locked pulse using a different 10 QW arrangement.
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Figure 4.19. (a) A MQW10 structure with standing waves at 980 nm (black),
930 nm (blue), and 1030 nm (red) that are scaled for visibility. (b) The gain from
the MQW structure (dashed blue) as compared to a RPG structure (black). (c) The
computed GDD change for the MQW (dashed blue) and RPG (black) structures.
Figure adapted from Ref. [34].

Fig. 4.19(a) shows an example of a 10 QW MQW structure, where all the QWs

were moved into a single antinode of the standing wave at 980 nm [34]. The standing

waves of two other frequencies are shown, demonstrating how each QW is placed

close to the antinode of a standing wave of a different wavelength and thus provides

a wider range of spectral amplification. In a MQW structure the gain will be much

broader than for a RPG structure. However, the peak gain will be reduced because

of the reduced amplification on the peak gain frequency. Fig. 4.19(b) compares the

gain from a 10 QW RPG and this 10 QW MQW structure, where the wider gain

bandwidth and flatter peak gain is apparent. In this comparison, the background

carrier density is different in order to make the peak gain the same. The QWs of

the RPG structure have a background density of 2.22 · 1016 m−2 while the MQW

structure has a background carrier density of 3.25 · 1016 m−2 in all the QWs. The

anti-resonant QWs have a reduced influence on the dispersion. In Fig. 4.19(c) we
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can compare the change in GDD when the background density is increased from

absorbing at 5.0 · 1014 m−2 up to the respective values used above. This specific

change was chosen, because experimental restrictions make it difficult to observe

the GDD for inverted QWs. Thus one will observe a dip in the dispersion around

the QW band gap. However, this fluctuation in the dispersion disappears when the

QWs become inverted and, if this change is not taken into account, the dispersion

compensating coating of the structure would be based on wrong assumptions. The

QWs of the MQW structure are further out of resonance with the central wavelength,

thus reducing the influence on the pulse spectrum from each QW. The QW placement

of the 10 QW MQW structure is chosen in order to create a substantial contrast to

the traditional RPG structure. In order to build the above structure, one would need

to overcome problems with the material strain and reduced pump absorption in the

barriers. There are many potential QW arrangements over multiple antinodes that

will give similar benefits (e.g. see Fig. 4.17).
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Figure 4.20. For the 10 QW MQW structure in Fig. 4.19 (a) Snapshots of inversion
in all QWs sampled right after the pulse peak when the total number of carriers are
at their lowest. The blue curves each represent a single QW, and the black dashed
line is the background Fermi distribution. (b) The stable mode-locked pulse for both
a wide (solid) and a narrow (dashed) DBR stopband. Figure adapted from Ref. [34].

In Fig. 4.20 we can see the resulting QW inversion and mode-locked pulses from the

10 QW MQW structure shown in Fig. 4.19 [34]. In Fig. 4.20(a) we see the inversions
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(blue) for all QWs, right after interacting with the mode-locked pulse, at the time

when the total carriers are at the lowest. The background inversion is shown in the

black dashed line. The pulse has an intensity FWHM of 19 fs and is thus very short.

The wide spectrum coupled with strong amplitude leads to large carrier deformation

in the QWs. First one notices that each QW is depleted differently, which is very

different from a RPG structure. This behavior is characteristic of MQW structures

where placement of each QW relative to the DBR will result in a QW preferentially

amplifying a frequency based on its location (see Appendix C). The most depleted

inversion comes from the QWs that are closest to the antinode of the standing wave

at 980 nm, as seen from Fig. 4.19. Conversely, the least depleted inversions come from

the QWs that are located closer to the nodes. One can also notice that there is a dip

in the inversions that appears to change location for each QW. This pattern is very

similar to the one seen in Fig. C.1 where the QW locations influence the spectrum of

the pulse.

The pulses in Fig. 4.20(b) are generated from two cases. Either there is a normal

AlAs/AlGaAs DBR with a narrow stopband or by using the artificial DBR with a

wider stopband. A different dispersion compensating coating is also applied to the

structure with the narrow stopband DBR. For a fair comparison, we use a different

dispersion compensating coating to set the GDD of the narrow DBR structure similar

to the GDD of the wide DBR structure. The change in dispersion compensating

coating unfortunately leads to gain amplification. Therefore, we also reduce the

carrier density to get similar peak gain from both structures. The pulse from the wide

DBR stopband was generated with a background carrier density of 3.25 · 1016 m−2,

which results in an intensity FWHM of 19 fs and a peak intensity of 5.7 MW/cm2.

Correspondingly, the pulse from the narrow stopband DBR was generated with a

background carrier density of 2.9 · 1016 m−2, which results in an intensity FWHM of

46 fs and a peak intensity of 1.7 MW/cm2.

It might be reasonable to first assume that there is a set of parameters that will
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Figure 4.21. A trace of the single mode-locked pulse peak intensity (a) and intensity
FWHM (b), for the 10 QW MQW structure, as the background carrier density is
changed. The black curve corresponds to values found when starting from a low
energy seed pulse, while the red curve corresponds to values found when incrementally
decreasing the carrier density starting from the highest value. (c) Shows samples of
gain curves at select background carrier densities. Figure from Ref. [34]

result in the shortest possible mode-locked pulse (i.e. all other parameters will give

either the same or a longer pulse). The set of parameters would include tunable

parameters, as well as the cavity design itself with dispersion compensation, QW

arrangement, etc. Searching this phase space is probably unfeasible, but the outlook

is not much better when only searching the tunable parameters. For a fixed cavity

configuration, and starting from a low energy seed pulse or noise, one can vary the

background density, output coupling loss, and Rα to find: no pulse, if the round trip

loss is greater than the amplification; a single pulse, that could be stable or unstable;

multiple pulses circulating if the gain is too high; or finally continuous wave output if

there is no saturable absorption. However, if one only considers the pulsed solutions,

there are additional branches. For each set of parameters that results in a single pulse

or multiple pulses we can find another branch of pulses by incrementally tuning the

background carrier density after mode-locked has been established. This indicates

the presence of memory effects in the mode-locked pulse solutions and thus one can

find a hysteresis. Waldburger et al. has observed this memory effect experimentally

[73].

In order to observe this effect in a VECSEL, we use the same 10 QW MQW
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structure with a wide DBR as previously described. Fig. 4.21(a) and (b) shows

how the pulse peak intensity and pulse intensity FWHM of the mode-locked pulse

changes as we vary the background carrier density [34]. When following the dashed

red line we are tracking the mode-locked pulse as we incrementally reduce the carrier

density from the highest value. First, along the solid black curve, we start with a low

energy seed pulse and let it build up to a mode-locked pulse at the given background

carrier density. The gain and absorption for select densities are noted in Fig. 4.21(c).

When the density is below the threshold, there will be no mode-locked pulse because

there is no net ground trip gain. A single mode-locked pulse appears when the net

gain becomes positive and multiple pulses appear in the cavity when the background

carrier density is increased beyond 4.0 · 1016 m−2. At the density 5.0 · 1016 m−2, we

begin to incrementally decrease the background carrier density, which will reduce the

available gain. When the density gets below 4.0 · 1016 m−2 a single pulse is recovered

with nearly the same width and amplitude, but as we keep reducing the density

something unexpected happens near the threshold. Here the pulses produced along

the two branches have slightly different FWHMs and, as the density is reduced further,

the mode-locked pulse unexpectedly persists. As seen in Fig. 4.21, it is possible to

have a mode-locked pulse in a parameter region that is inaccessible when starting

from noise. Thus the trajectory though parameter space will matter for the final

mode-locked pulse. Indeed, the shortest pulse is found when reducing the carrier

density along the red branch, near the threshold, with a slightly shorter intensity

FHWM of 18 fs. It is thus not clear how to scan the parameter space for the globally

best solution, since two different paths through parameters space, ending at the same

value, could potentially give two different minima.
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Chapter 5

Asymptotic stability of mode-locked pulses

The stable mode-locked pulse appears as a fixpoint that balances the entire VEC-

SEL system, which consists of the nonlinear many-body interactions in the gain and

absorbing QWs as well as the linear optical contributions of the gain and SESAM

chips (i.e. the Maxwell semiconductor Bloch equations combined with a laser cav-

ity (MSBE)). In general, it is impossible to find an exact analytical solution to the

MSBE because they constitute thousands of nonlinear ordinary differential equations

coupled to a partial differential equation. Even the numerical evaluations, needed to

obtain a single mode-locked pulse, are a significant problem and the time required is

measured in hours up to days. In this chapter I will propose a method that can be

used to quickly find and analyze the global stability of all fixpoints.

First, I will describe the method, which is simply named balance approach, where

we parameterize the possible mode-locked pulses. Second, I will apply the method

for a mapping where I already know the fixpoint from a direct calculation. Finally, I

will use the method to study the stability of all possible fixpoints and the influence

of the various cavity components on the mode-locked pulse.

5.1 Methodology

Besides the full numerical evolution of the MSBE, there is a need to study the dy-

namics of mode-locking solutions from a more global perspective. It is practically

impossible to purely numerically scan over all parameter combinations in order to

find the shortest possible pulse. Furthermore, a more global approach helps us to

understand the influence of the output coupling, SESAM focus, and gain on the

mode-locked pulse.
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It is a requirement for stable mode-locking that the state of the SESAM and

gain chip QWs are reproduced each round trip. Furthermore, we note that a stable

mode-locked pulse closely resembles a sech2 shape (e.g. see Haus [24]). This has

been true for all pulses found in numerical or analytical solutions, with long or short

FHWM, except for the pulse molecule solutions. The main deviation from the sech2

shape comes from a possible tail, or oscillations, in the pulse envelope that primarily

happens for semi-stable pulses.

Since the pulse shape is constant during mode-locking, we can formulate a few

simple and intuitive conditions. For this purpose, we will parameterize the mode-

locked pulse, E(t), using a sech2 shape with two parameters: the FWHM and the

energy. Furthermore, we demand that the change in pulse energy, ∆F (E), and pulse

FWHM, ∆W (E), over a round trip should be zero. We know that all influences on

the pulse must come from the gain chip and the SESAM with an output coupling

mirror. Hence we formulate the balance equations

∆F (E) = ∆gain chipF (E) + ∆SESAM+o.c.F (E),

∆W (E) = ∆gain chipW (E) + ∆SESAM+o.c.W (E).
(5.1.1)

These equations express that during mode-locking the pulse amplitude and energy

should remain constant. In order to find the mode-locked pulse satisfying, ∆F (E) = 0

and ∆W (E) = 0, we have to optimize the two free parameters (i.e. the FWHM and

energy).

5.2 Mode-locked pulse parametrization

In order to use the balance approach, we scan over a range of pulse parameters for

both the gain chip and SESAM. In other words, we propagate the pulses through the

two elements of the VECSEL using only single pass simulations. We choose a range

of pulse energies and pulse intensity FWHM and, for each pulse shape, compute the

change in pulse energy and FWHM that results from passing through each device.
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As a test, we use the data from the 10 QW MQW structure described previously

in Fig. 4.19, 4.20, and 4.21. As a recap, the QWs are arranged in a MQW structure

on top of a wider DBR stopband that supports ultrashort mode-locked pulses. The

final mode-locked pulse found in this situation had a FWHM of 19 fs and peak power

of 5.7 MW/cm2.

1

(a) (b)

Figure 5.1. The sampled round trip change in (a) pulse energy (∆F (E(x, y)))
and (b) pulse FWHM (∆W (E(x, y))) for different pulse parameters. Where (x, y)
coordinate corresponds to the probe pulse (FWHM, energy) and the figure color
indicates the change in either pulse energy (units of µJ/cm2) or pulse FHWM (units of
fs). The black equilibrium curves correspond to the zero intersection (i.e. ∆F (E) = 0
and ∆W (E) = 0).

In order to determine the carrier distributions from mode-locked simulation, that

produced a 19 fs pulse, we extract the gain chip QW carrier density and temperatures

measured at a point immediately before the pulse interacts with the gain chip. In the

MQW structure, the QW carrier density and temperature is different for each QW,

which creates a problem for the initialization of Eq. 5.1.1. However, for simplicity it

is assumed that all QWs have the same carrier density and temperature. These are

chosen such that they are equal to the average QW carrier temperature and density.

We evaluate Eq. 5.1.1 for a range of pulse energies and FWHM to generate Fig. 5.1.

Here, we plot the round trip change in (a) energy (∆F ) and (b) FWHM (∆W ) for

different pulse parameters. In (a), ∆F (E(x, y)) > 0 indicates that a pulse, with
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parameters (x, y), will increase in energy. Similarly, a pulse with parameters such

that, ∆F (E(x, y)) < 0, will decrease in energy. However, any pulse with energy and

FWHM such that, ∆F (E(x, y)) = 0, (black line in Fig. 5.1(a)) will experience no

change in energy. In Fig. 5.1(b), we can see the round trip change in FWHM and the

interpretation of this surface is similar to the change in energy, seen in Fig. 5.1(a).

A pulse with energy and FWHM that satisfies, ∆W (E(x, y)) = 0, (black line in

Fig. 5.1(b)) will experience no change in FWHM during a round trip. The pulse

parameters that satisfy both ∆F = 0 and ∆W = 0 represent the possible mode-

locked pulses that will preserve energy and FWHM during a round trip of the cavity.

5.3 Phase space flow

The surfaces in Fig. 5.1 describe the change in round trip (a) pulse energy and (b)

pulse FWHM. Thus the combined surfaces describe how a given pulse will change in

both energy and FWHM.

To test Eq. 5.1.1, we compare the results to a full mode-locking simulation. For

this purpose, we extract the instantaneous carrier density and temperatures from a

full mode-locking simulation and use them in the single-pass solution of Eq. 5.1.1. As

an example, we use three stable mode-locked pulses calculated with full mode-locking

simulations by changing the background carrier density, similar to Fig. 4.21.

In Fig. 5.2, we show the phase space for three gain chip configurations where both

the energy (red) and FWHM (blue) curves are superimposed. The location where

the two curves intersect indicates a common fixpoint for the system. The fixpoints

turn out to be good approximations to the final mode-locked pulse (indicated with a

white dot). In general, I have found about 10% difference between the mode-locked

pulse and the fixpoint, by using this method for different QW configurations. There

are a few more details that one can extract from these maps. First, an estimate for

the region with multiple pulses is given by the saturation fluence of the gain chip
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Figure 5.2. Here is the balance approach map for three different gain chip con-
figurations. The red equilibrium curve (∆F = 0) and the blue equilibrium curve
(∆W = 0) are found from Fig. 5.1. The white dots indicate the final mode-locked
pulses that were found using full mode-locking simulations. The grey region on top
is an estimate of the parameter region that gives multiple pulses. The flow in the
background is generated using Line Integral Convolution (LIC), with the green/blue
color map indicating the strength of the flow field gradient.

QWs. The saturation fluence is defined by the e−1 point of ∆gain chipF (E(x, y)) for

each pulse FWHM (defined in Eq. 5.1.1). The saturation fluence gives an estimate

for the energy for which the gain chip will saturate and when multiple pulses start to

propagate in the cavity. The multi pulse region is plotted as a solid grey region.

It is possible to generate a phase space flow by repeated application of Eq. 5.1.1.

This flow approximates how a pulse changes during a round trip under at a constant

gain QW carrier density. Thus, the repeated application of ∆F and ∆W on a given

pulse will generate a trajectory through phase space. A flow field is superimposed on

Fig. 5.2 in order to illustrate how the mode-locked pulse is attracted toward the dual

intersection of the two equilibrium curves.

5.4 Stability and convergence

To investigate the stability and convergence of Eq. 5.1.1 let us recap that during a

full round trip of the cavity, the pulse will interact with both the gain chip and the
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SESAM. In general, the pulse that enters the SESAM will be different from the pulse

that enters the gain chip and vice versa. This is because the SESAM and gain chip

will each modify the pulse during propagation. Thus, it is not immediately clear if a

common fix point even exists (i.e. a mode-locked pulse that is described by Eq. 5.1.1).

Let x denote a probe sech2 pulse FWHM and energy. The action of the gain chip

(SESAM) is then: x → x + δG/S(x) (i.e. the gain chip (SESAM)) will modify the

energy and FWHM of the pulse). The order of operations will matter as there are two

possible orders that we can produce with two operators: x→ x+δG(x)+δS(x+δG(x))

or x→ x + δS(x) + δG(x + δS(x)). In general, we note that the two operators do not

commute and it might not be possible to find a common fixpoint under the above

constraints. However, the change in pulse energy and FWHM is small (as seen in

Fig. 5.1) such that it is possible to approximate the round trip change in energy and

FWHM by x → x + δG(x) + δS(x). A comparison (not shown here) of the three

possible round trip operations listed above show that they all give very similar results

and δG(x) + δS(x) gives a result that lies in the middle of the other two.

The stability of a fixpoint, x0, is given by the shape of the equilibrium curves

and the sign of ∆F (x0) and ∆W (x0). Any point in the phase space will follow

this flow, assuming the carrier dynamics remains constant. Let j and i be two unit

vectors oriented along the energy and FHWM axis, and nF = −∇(∆F )x0/|∇(∆F )x0|,
nw = −∇(∆W )x0/|(∇∆W )x0| be unit vectors at x0. The vectors are oriented such

that they point in the direction of decreasing energy or FWHM. We can use the

gradients to determine a stability condition for a fixpoint: A fixpoint, x0, is stable

when 0 < a1 < 1 and 0 < a2 < 1, where a1 and a2 refers to the two components of

the vector a(x0) = (−i · nW ,−j · nF )|x0 . In this case, all phase space points in the

neighborhood of x0 will drift toward the fixpoint.

We can use a(x0) to determine if a fixpoint will be stable (i.e. if there is a possible

mode-locked pulse at that point). In Fig. 5.2 we can see that the fixpoint is stable

by comparing with Fig. 5.1(a) and (b) and that there is only a single fixpoint for
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this range of parameters. Later in Fig. 5.4(a), it is possible to see three intersections

where only one is stable (located close to the y-axis).

In the balance approach, the self consistent mode-locked pulse solution is only

approximated. As seen in Fig. 5.2, there are some deviations from the predicted

mode-locked pulse. I have found that we can make approximations that are reason-

ably accurate, but there are potential sources of error. The specific shape of the

carrier distributions should naturally depend on the mode-locked pulse, but this will

indirectly make an assumption about the pulse shape because the spectral shape of

the mode-locked pulse is imprinted on the carrier distributions. Thus we assume the

QW carriers are in Fermi distributions. The bleaching of the QW carriers is also not

captured using this parameterization and this will limit the highest energy that can

be achieved in a mode-locked cavity. In addition, there are no spontaneous emissions

in the balance approach. If noise was allowed to build up to yet another mode-locked

pulse, then this method would not capture this effect. Hence, these are limitations

caused by the simplicity of this model and it is important to be aware of them.

5.5 Influence of loss, gain, and focus on a mode-locked pulse

The balance approach approximates the mode-locked pulse that will appear in a given

VECSEL. This solution appears as the intersection between the energy and FWHM

equilibrium curves (i.e. a fixpoint of the combined maps). Since each stable fixpoint

describes a possible mode-locked pulse, we can use this to study what effect certain

parameters have on the location of the fixpoints and thus on the possible mode-locked

pulses.

First, I will choose a larger range of pulse FWHM in order to get a global overview

of the parameter space. This example is calculated for the 10 QW MQW structure and

SESAM with an output coupler, shown in Fig. 4.19. We will use the QW background

carrier density 3.25 · 1016 m−2, output coupling 1.9%, and a ten times intensity focus
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on the SESAM. In this case, we use a mode-locked QW carrier density of 2.9·1016 m−2

and dynamic electron (hole) temperature 505 K (325 K).

3

(a) (b)

Figure 5.3. The sampled round trip change in (a) pulse energy (∆F (E(x, y))) and
(b) pulse FHWM (∆W (E(x, y))), for the 10 QW MQW structure and SESAM. The
coordinate (x, y) corresponds to the probe pulse (FWHM, energy) and the figure
color indicates the change in either pulse energy (units of µJ/cm2) or pulse FHWM
(units of fs). The black equilibrium curves correspond to the zero intersection (i.e.
∆F (E) = 0 and ∆W (E) = 0).

Fig. 5.3 shows (a) ∆F and (b) ∆W where each respective color bar displays the

surface elevation around zero. The black curves indicate the equilibrium curves of

this system and indicate a continuous set of fixpoints for each map. A simultaneous

fixpoint of both maps, ∆F = ∆W = 0, (i.e. a mode-locked pulse) will only be

possible if both the energy and FWHM remains unchanged over a round trip. Thus

it is important to find the intersections of the two contours given in the round trip

energy and FWHM maps.

As seen in Fig. 5.3, there are regions of each surface with substructure that re-

quires a higher resolution, and other regions that are slowly changing. We implement

a quadratic interpolation scheme on top of an adaptive triangular mesh in order to

efficiently sample the entire parameter range and accurately resolve these different

scale phenomena. This mesh is iteratively refined in order to ensure that the in-
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terpolation error inside each triangle face falls within acceptable tolerances. With

this, the computational time is reduced, and the processing is focused on important

regions. The computational time for such a scan depends on the number of points in

the mesh and the number of computational resources used. These simulations can be

executed in parallel over multiple CPUs. A low resolution scan usually gives a decent

representation of the surface, however, for publication purposes, I ran multiple itera-

tions and added gaussian smoothening to the final surface to improve image quality.

Note, edge effects from the smoothing are outside the plotted parameter range. The

high-resolution parameter scan in Fig. 5.3 generated over fifteen-thousand points and

took about a day to complete using only ten simultaneous computations. Depending

on the desired resolution, one can complete a full scan, and in the process gain a

global perspective, in tens-of-minutes (i.e. much faster than a single mode-locking

simulation!).
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Figure 5.4. An overview of how the equilibrium curves in the balance approach
changes with various parameters. An energy curve, ∆F , is shown in red, while a
FWHM curve, ∆W , is shown in blue. (a) The gain chip background carrier density
is either 3.25 · 1016 m−2 (solid) or 4.0 · 1016 m−2 (dashed). (b) The SESAM focus is
changed. (c) The output coupling loss is changed.

Fig. 5.4 shows an overview of the energy (red) and FWHM (blue) equilibrium

curves from Fig. 5.3 versus various parameters. In Fig 5.4(a) we can see how, when

the carrier density of the gain chip is increased, the equilibrium curve also changes.

∆W is mostly unchanged, reflecting that the width of the solution is determined by

other parameters, such as the material dispersion. The increasing carrier density also
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results in more energy transferred into the probe pulse, thus ∆F is moved upward.

It is interesting to note that, while all intersections of ∆F and ∆W correspond to a

possible mode-locked pulses, ∆W is less sensitive to the gain chip carriers than ∆F .

As a consequence, ∆W gives an approximation for all possible mode-locked pulses.

The actual mode-locked pulse from the full simulation, if it is a single stable pulse,

will lie somewhere on this curve. Generally, it might not be possible to reach all the

solutions suggested by the balance equation. This could be the case if the fixpoint is

unstable.

Fig. 5.4(b) shows how the focus on the SESAM transforms ∆W . In this coordinate

system, the focus translates to a scaling of the y-axis. When the focus is decreased,

∆W moves toward higher pulse widths. Thus the focus will directly change the

mode-locked pulse FWHM. In general, a higher focus will result in shorter pulses.

Fig. 5.4(c) shows how ∆F changes when the output coupling is increased or de-

creased. The output coupling adds a loss to the cavity, that is a fraction of the pulse

energy and this is represented as a linear surface −ry where r is the output coupling

loss. The output coupling loss causes ∆F to move along ∆W , and it is clear that

if the loss is too great there will be no intersections. A lower output coupling loss

will in general move the fixpoint to higher energies and thus a shorter pulse FWHM.

However, eventually the pulse energy will become too high and cause the QW car-

riers to bleach. This relationship to the pulse parameters, between saturable- and

unsaturable-loss, is in general very complicated, as we found in Fig. 4.12.

In summary, solving Eq. 5.1.1 allows for a numerically less demanding compu-

tations of stable mode-locking in a VECSEL. We can obtain reasonable insight on

the dependence of the mode-locked solutions for a wide range of sample parameters.

However, since this approach relies on a range of assumptions, we will have to check

the approximate solution by full numerical evaluation of the MSBE.
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Chapter 6

Non-equilibrium dynamics in continuous wave

operation of VECSELs

Continuous wave (CW) operation of a VECSEL generates an intracavity field with

high peak power that is the asymptotic balance between non-equilibrium microscopic

dynamics, the cavity modes, and the output coupling loss. In this chapter I will:

review the important VECSEL cavity aspects that will appear during CW operation;

highlight the specific computational challenges in simulations of CW mode operation;

investigate the many-body dynamics during multi-wavelength operation; investigate

dynamics during single- and dual-mode operation using carrier scattering on the level

of second Born-Markov; and finally show a first simulation of multi-wavelength oper-

ation with a longer external cavity that is similar to experimental setups.

In general, there are numerous applications for dual wavelength output (CW and

pulsed) such as: spectroscopy [74, 75], differential absorption LIDAR used in fields

ranging from detection of geological fault lines to measuring the concentration of CO2

in the atmosphere [76, 77], semiconductor laser parameter measurement [78, 79], THz-

imaging used in applications ranging from security applications to brain cancer cells

[80–83], and THz signal generation [84, 85]. In particular, VECSELs have been used

to generate tunable THz radiation at room temperature [86].

In order to study microscopic many-body dynamics in multi-mode operation of

VECSELs, I will first consider a situation where the cavity constitutes an excellent

spectral filter. The allowed cavity modes are, in this case because of a shorter cavity,

restricted to single- or dual-frequencies. This will allow us to study the microscopic

dynamics without disruptive influences that emerge in a longer cavity. An analogous

option for a longer cavity would be to utilize a spectral grating with a narrow band-
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width. The short cavity has two advantages that are important. First, the cavity

frequency is restricted to a specific value that reduces the amount of spectral drift and

thus increases the stability of the cavity. Secondly, the computational time to obtain

a stable CW output is significantly reduced. The increased computational time from

calculation of carrier scattering can thus be offset using the shorter cavity.

6.1 The simulation domain and computational challenges

A VECSEL enjoys wide frequency flexibility, from both the QW design and flexible

cavity setup, as experiments have demonstrated [87, 88]. This, coupled with relatively

low development cost, sets the stage for an excellent tool in the study of microscopic

dynamics under the influence of CW cavity fields. A VECSEL can be configured for

CW output by replacing the SESAM with a high reflectivity mirror. In comparison

to the simulation domain shown in Fig. 4.1, the SESAM has been replaced by an

output coupling mirror. Later, for a long external cavity, we will also insert an etalon

into the cavity for a better frequency selectivity.
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Figure 6.1. (a) Diagram of the simulation domain (parts of the DBR are outside
this figure). The horizontal black bars indicate the refractive index, the blue wave is a
standing wave at 1µm, the red bars indicate the location of the QWs, and the vertical
blue bar on the right is the output-coupling mirror. (b) Cavity modes calculated
without the optically active QWs (red) superimposed on the equilibrium gain (solid
blue), instantaneous gain (dashed blue) from the QWs, and output coupling loss
(black).

In Fig. 6.1(a), the external cavity length is short, which results in only a few cavity
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cavity modes inside the QW gain. These cavity modes, shown in Fig. 6.1(b) as red

vertical lines, determine the frequencies that will experience constructive interference

inside the cavity and are calculated using the full VECSEL cavity including the DBR.

In order to establish CW lasing, the cavity mode must overlap with the net gain region

(i.e. the gain must be able to amplify this frequency). The length of the external

cavity will determine the cavity mode spacing and locations. A longer cavity will

result in dense cavity modes, while a short cavity will allow only a few modes to

amplify.

During CW operation, the gain will amplify the intracavity noise, with frequen-

cies determined by the cavity modes, into a high intensity field. This amplification

depends on the gain and thus the carrier inversion, of the gain chip. Initially, the low

intensity noise, produced by spontaneous emission of the cavity field, will not signifi-

cantly influence the carriers. However, after propagating for multiple round trips, the

intracavity field intensity will increase. Eventually, the field becomes strong enough

to reduce the QW carrier density and thus the gain from the QWs. This process

will stop once the amplification from the gain chip, at the cavity modes, is equal to

the cavity loss (i.e. gain clamping). At this stage, the clamped mode will receive no

further round trip amplification. Gain relaxation oscillations can be observed if the

cavity field intensity becomes even higher. In this case, the higher intensity cavity

field extracts even more carriers and thus reduce the gain, which in turn creates a

net loss in the cavity. This loss would lower the cavity field intensity, which allows

the QW carrier density to increase, and in turn increase the gain, thus increasing

the cavity field intensity. This oscillation of high and low cavity field intensity can

contribute to stable dual mode operation, as we will see later.

As seen in Fig. 6.1(b), it is possible to extract the equilibrium- and instantaneous

gain from a given VECSEL configuration using methods that we developed in Chap-

ter 4.2. The equilibrium gain refers to a gain chip that has QWs with carriers in Fermi

distributions at the background carrier density. This is in contrast to the instanta-
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neous gain that is calculated from the instantaneous QW carrier distributions. The

instantaneous gain represents the spectral amplification of the gain chip during CW

operation with QW carriers in their respective non-equilibrium distributions. When

the carriers are far from quasi-Fermi distributions, the instantaneous gain will become

severely distorted, as seen previously during mode-locked operation (e.g. Fig. 4.10).

The nonlinear interaction with the QW gain medium will also cause a laser phe-

nomenon called frequency pulling. This is where the cavity field interaction with the

dynamically changing QW carriers will cause the refractive index to change and, as a

result, will dynamically change the cavity modes. Thus the exact cavity modes, seen

in red in Fig. 6.1(b), also depend on the state of the QW carriers.

A frequency selective component can be included into a long cavity in order to

increase frequency selectivity. This is necessary in a longer cavity if the goal is to

control the CW output. An additional VECSEL element such as an etalon or a

frequency selective grating will cause the cavity to preferentially amplify some modes.

These have been used in experimental setups and produce good frequency selectivity

[87, 88]. Fig. 6.2 shows the frequency selectivity of two etalons around 1µm. The

frequency selectivity (finesse) can be increase with a higher refractive index material

or by using reflection coatings on the etalon surface.

The final CW intracavity field has high intensity and is propagating throughout

the cavity. In this situation, the amplification from the inverted QW carriers will bal-

ance the cavity loss. The instantaneous gain does not have to resemble the equilibrium

gain shape, but can become distorted if the non-equilibrium carrier distributions are

far from quasi-Fermi distributions. The final QW carrier distributions are determined

from a balance of the various term of the SBE, seen in Eq. 3.0.1. During CW operation

the QW carrier density does not change much and thus we use a rate approximation

for the polarization dephasing. In the SBE, the spontaneous emission terms create

a loss of carriers and excite random photons into the cavity. The carrier scattering

will cause higher momentum carriers to scatter into lower momentum states, which
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Figure 6.2. The mode selectivity of a glass etalon (n = 1.5) and an etalon with a
higher index material (n = 2) resulting in a higher frequency selectivity (finesse).

will cause kinetic holes in the carrier distributions to equilibrate toward quasi-Fermi

distributions (e.g. see Fig. 3.1). Carrier scattering rates have previously been found

to depend on frequency and the QW carrier density (see Fig. 4.6). In this chapter, I

will simulate the carrier scattering on the level of second Born-Markov, unless stated

otherwise. This is in order to study the influence of carrier scattering with all the

relevant microscopic physics. This study is difficult to accomplish using a kinetic

hole filling rate because it is constant and has to be fitted to a carrier distribution,

which makes an initial assumption on the final state of the system. However, using

carrier scattering on the level of second Born-Markov increases the simulation time

considerably because the scattering is expensive to evaluate and has to be calculated

at all times during stable dual-mode output.

The VECSEL output can be configured for dual-mode operation and then THz-

radiation can be generated using difference frequency generation (DFG). In order to

use DFG to generate THz radiation (0.3-3 THz) from two wavelengths near 1µm, their

separation should be about 1-10 nm. The kinetic holes formed in the QW inversions

are wide enough to support such a narrow separation if a suitable frequency filter can

be produced. When the goal is a longer wavelength (e.g. at 3µm) the separation
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should be around 9-93 nm. For a wide spacing, the limitation could be the width of

the inverted region or the DBR stopband. A solution to the former could be a higher

carrier density, while the latter could be solved with a double-band mirror (DBM)

that has two stopbands at separate central wavelengths [62, 89, 90].

In order to simulate CW output with carrier scattering, on the order of second

Born-Markov (see Eq. 2.3.3), I had to increase the parallelism of the code beyond

what was necessary for calculations of mode-locked pulses. At this time, carrier-

phonon scattering (see Eq. 2.3.4) is not explicitly included. The evaluation of carrier

scattering, from Eq. 2.3.3, is very expensive and naive implementations can increase

simulation times by a factor of several thousands or more. Past numerical simulations

of resonator cavities have demonstrated that single- and dual-wavelength operation

is possible, but these did not include carrier scattering at this level [57]. One of

my coworkers, Jorg Hader, was a big help in creating a fast parallel algorithm for

carrier scattering. Hader has long been an active researcher in numerical many-body

dynamics and is capable of solving Eq. 2.3.3 with multiple bands in a reasonable

timeframe. In order to speed up our many-body code we narrowed down the scope to

two parabolic bands, with no sub-bands. With numerous smaller numerical speedups,

and the help of advanced parallel algorithms, we were able to increase the calculation

speed by a factor of several thousand. In this chapter, unless stated otherwise, we

present results that have been calculated using carrier scattering on the order of

second Born-Markov. For longer simulations that are starting from noise, it is still

too computationally intensive to utilize the full carrier scattering. In these cases we

use kinetic hole filling rates, described in Section 3.1, to simulate the cavity field

until a stationary situation has been achieved. At this stage we switch to computing

carrier scattering on the level of second Born-Markov by restarting the simulation

and allowing a self-consistent solution to take form. The non-equilibrium QW carrier

dynamics can be unpredictable and simulations that are initially multi-mode can

sometimes become single-mode or only experience small perturbations on the multi-
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mode amplitudes.

6.2 Single-mode operation

A single CW mode is the simplest output that we can analyze in a VECSEL and,

even here, we find that non-equilibrium carrier dynamics can become important. I

will restrict the external cavity length to a few wavelengths, which will only allow for

a single mode inside the net gain region. In this section we compare the influence of

the cavity loss, the gain relaxation rate, and the QW carrier density on single-mode

VECSEL operation.
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Figure 6.3. Single-mode operation of a VECSEL where each row has a different QW
background relaxation time. In the first (second) row the QW background relaxation
rate is τscatt = 30 ps (τscatt = 0.2 ps). Column 1: The initial modal gain (solid blue),
the cavity modes (red) resulting from a given cavity length, instantaneous modal
gain (blue dashed) during CW operation, and the logarithm of the final CW output
field (magenta) for the shown cavity modes. In Columns 2-3 we vary the external
cavity length to move the cavity modes around the gain region. The asymptotic field
frequency from each cavity length is shown with black circles. Note, the ordering
of the black circles, from left to right, is the same in Columns 2-3. Column 2: The
final output field intensity for each cavity length (black circles) and an interpolation
(blue) to guide the eye. For each cavity length, we see in Column 3: Snapshots of
the asymptotic instantaneous QW inversion of a single QW (blue) and the initial
equilibrium QW inversion (black).
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In Fig. 6.3, I simulate a VECSEL with a gain chip, an air gap, and a 0.5 % output

coupler. The gain chip design is similar to the one shown in Fig. 6.1 with a RPG QW

arrangement. In order to select a specific output frequency, I set the external cavity

length such that only a single cavity mode is located inside the net gain region. The

round trip time of the cavity is about 0.1 ps, when computed up to the first layer

of the DBR. The selected cavity mode will build up from noise until it reaches a

stationary state. However, due to frequency pulling, the final mode does not have

to overlap exactly with the given cavity mode. We will study how the microscopic

carrier dynamics change the CW output of the VECSEL under two conditions. We

fix the QW background carrier density to 1.9 · 1016 m−2 and use a background carrier

relaxation time of either τscatt = 30 ps or τscatt = 0.2 ps.

Column 1 of Fig. 6.3 shows the gain that the stationary field experiences during

stable operation. The intersection of gain, loss, and cavity modes is, as expected, the

location of the spectral peaks of the final output field. In the same figure we can see

the logarithm of output spectrum (magenta), which is a single frequency as expected.

Column 2 of Fig. 6.3 shows the final cavity field intensity for different cavity

lengths. When the cavity length is adjusted, the cavity mode will also change, result-

ing in the output field spectrum shifting to a different frequency. As seen in Column 2,

the highest output intensity is found near the peak gain frequency of the dynamic

gain. Interestingly, this does not have to be located near the equilibrium gain peak.

The instantaneous inversion a single QW is shown in Column 3 of Fig. 6.3, where

the other QWs have the same inversion in a RPG QW arrangement. The equilibrium

inversion (black) limits the possible cavity field frequencies, where the highest and

lowest frequencies correspond to the intersection of the equilibrium gain with the

cavity loss. The highest output field intensity corresponds to the deepest depletion of

inversion. The level of inversion depletion is proportional to the cavity field amplitude

and thus also on the output coupling loss.

An increased gain relaxation time will result in both a higher field intensity and
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more non-equilibrium carrier distributions. In the second row of Fig. 6.3, we see the

non-equilibrium inversions when reducing the background relaxation time from 30 ps

to 0.2 ps. Here, the non-equilibrium effects are much more prominent compared to the

first row. As can be seen: the instantaneous gain is highly deformed, the peak field

intensity has shifted closer to the peak gain frequency, and the kinetic holes burned in

the inversions at each spectral location are much more prominent. The shorter QW

background carrier relaxation time results in a higher cavity field intensity, which

in turn results in highly distorted QW carrier distributions with deep kinetic holes.

This is in contrast to the carriers seen in Fig. 6.3(c) where the longer QW background

carrier relaxation time results in shallow kinetic holes.

In the first column of Fig. 6.3, the instantaneous gain is deformed when a deeper

kinetic hole is burned into the carrier distributions. This is expected since the equi-

librium gain shape is only preserved when the carriers are in Fermi distributions. A

distortion in the inversion will create a distorted gain shape, as seen for pulses in

Fig. 4.10. Note that the QW background relaxation time has to be short because

the carrier scattering is on the order of 100 fs and will thus quickly equilibrate the

carriers.

In the second column of Fig. 6.3, we can see that the cavity mode with the highest

peak intensity does not have to be located at the peak equilibrium gain frequency.

When the output coupling is low, the carrier density will decrease, in order to clamp

the gain to the loss and thus shift the peak gain to a lower energy. A high output

coupling moves the peak amplification close to the peak equilibrium gain frequency.

In the third column of Fig. 6.3, we can see that the instantaneous inversion is

sandwiched between two values. The maximum inversion is given by the equilibrium

gain in black, while the lowest inversion value is related to the strongest field intensity

(i.e. the strongest field depletes the most carriers). Since the strength of the cavity

field is related to the output coupling loss, this also influences the lowest QW carrier

density.
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6.3 Dual-mode operation

During dual-mode operation the cavity field will beat with the difference frequency

and this will cause additional high frequency non-equilibrium carrier dynamics. These

oscillations increase the computational challenge and could make the final solution

unstable. The following example is representative for multi-mode operation when

using high frequency selectivity. With more than two modes, the additional modes

will increase the complexity of the carrier dynamics.

When two simultaneous modes are desired, it is important that both are amplified

and thus their respective locations should be carefully selected. Carrier scattering

will cause higher momentum carriers to equilibrate to lower momentum values. This

energy transport makes it difficult to force two specific frequencies into the cavity,

because the lower momentum modes can effectively steal carriers from the higher

momentum mode. In order to create two stable modes one has to find spectral location

that offer a balance between the carrier equilibration and the carrier replenishing.

We can take advantage of the non-equilibrium carrier dynamics in order to sub-

stantially improve the performance of multi-mode operation. Fig. 6.4 shows an exam-

ple where the size of the cavity length has been adjusted to only amplify two modes

inside the net gain region. In this simulation we set the background carrier relaxation

time to 1 ps and the background carrier density to 5.0 · 1016 m−2. This increases the

influence of non-equilibrium carrier dynamics on the two mode operation. This ex-

ample is one realization of multi-mode operation and serves to illustrate some of the

non-equilibrium dynamics that are present during multi-mode CW operation.

In Fig. 6.4(a), we can see the instantaneous net gain (blue dashed) has been

reduced compared to the equilibrium net gain (solid blue). The stationary output

field (magenta) has two spectral peaks centered around ~ωL = 1.227 eV and ~ωH =

1.262 eV. This is where the instantaneous gain clamps to the cavity loss as expected.

The peak spectral amplitudes can be changed by adjusting the output coupling loss
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Figure 6.4. Dual-mode operation in a VECSEL with an output coupling. Similar
cavity setup as used in Fig. 6.1 with a QW background carrier density at 5.0·1016 m−2,
loss at 3%, and recovery time τscatt = 1 ps. (a) The initial modal gain (solid blue), the
cavity modes resulting in the shown spectra (red), the instantaneous modal gain for
the given cavity field (blue dashed), the logarithm of the spectra from the output field
(magenta). (b) Snapshots of the instantaneous QW inversion (blue), the equilibrium
QW inversion (black), and the logarithm of the spectra from cavity field (magenta).
(c) The instantaneous net gain at the center of the two stationary field modes ~ωL =
1.227 eV and ~ωH = 1.262 eV. (d) The stationary field intensity as seen at the position
of a QW. (e) Snapshots of the instantaneous change in net gain, where the colors
indicate the percentage net gain. (f) Snapshots of the change in inversion in a QW,
where the colors indicate the magnitude.

and gain parameters. Note that during dual-mode operation, the instantaneous gain

is not constant, because it is oscillating with the beating frequency of the cavity field.

Fig. 6.4(c) shows a time resolved picture of the net gain at the frequency of the

two cavity modes. In (e) we see the resulting change in net gain over a wider spectral

range. At the two cavity mode frequencies, we first note that the instantaneous net

gain is not constant, but is oscillating with the cavity field. The cavity field is a sum

of two spectral peaks, and thus the intensity will oscillate at the difference frequency.

In (e) we show snapshots of the change in instantaneous net gain, and observe that

it is also oscillating with the cavity field. The strongest change in gain is seen at the
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peak, however the two cavity modes are found on the edges. Observe that the average

net gain during stable operation is slightly negative and thus the cavity field should

be unstable. However, this is a transient behavior and is explained further below (see

Fig. 6.5).

Fig. 6.4(b) shows a snapshot of the inversion from all ten QWs (blue) and the

spectra of the cavity field (magenta). Here we observe that, in contrast with the single

mode examples, the inversion of each individual QW are slightly different (resulting in

a thick plot line). The cavity field is burning one deep and one shallow kinetic hole in

the QW inversions, which is consistent with the different spectral amplitudes. Other

factors that will influence the non-equilibrium dynamics are: the QW placement will

cause a single wavelength to burn a kinetic hole at different momentum values as seen

before (e.g. Fig. C.1); a different cavity configuration can move the spectral location

to a different momentum value that will cause each mode to amplify differently; or

changing the carrier amplification through the background carrier density or recovery

rate.

Fig. 6.4(d) shows the cavity field intensity at the location of the QW closest to

the air interface. The cavity field is a superposition of two narrow spectral peaks that

result in the given interference pattern for the intensity. The oscillating cavity field

results in a dynamically changing inversion, as shown in Fig. 6.4(f). In a stationary

state the QW carrier scattering and pump relaxation balances the carriers extracted

by the cavity field. However, the interference between two cavity modes creates a

dynamic beating of the carriers.

It is possible to observe relaxation oscillations during stable operation in the sim-

ulation shown in Fig. 6.4. Indeed, if one considers Fig. 6.4(c) as a stable case, then

one should assume that the cavity field will experience an average net round trip

loss and eventually return to zero. However, this is not the case, as demonstrated in

Fig. 6.5. Here we can see that the cavity field oscillates around an average value and

has to be transiently reduced and amplified. This oscillation is only visible on a long
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Figure 6.5. Gain relaxation oscillations for the situation in Fig. 6.4. The y-axis
shows the relative deviation of each parameter from the average, the dots represent
the data while the lines are interpolations to guide the eye. In (a) we see the maximal
spectral amplitude in a region near ωL and ωH over several round trips. The spectral
peaks are calculated with the cavity field sampled for 10 ps (i.e. it is a moving average
over multiple round trips). (b) The carrier density of the QW closest to the DBR
(the other QWs have similar behavior).

timescale of thousands of round trips. In Fig. 6.5(a) we can see the relative change in

the amplitude of each spectral peak, which is out of phase with the change in carrier

density, seen in (b). This is a signature of gain relaxation oscillations, where the in-

creasing cavity field intensity reduces the number of carriers, which in turn creates a

net loss in the cavity. This will reduce the cavity field intensity, which next allows the

carriers to relax to a higher value, thus giving net gain in the cavity. This oscillation

is usually seen in the switch-on phase of a laser however, in this case, the oscillations



108

persist.

The two spectral peak amplitudes seen in Fig. 6.5(a) are oscillating in phase

because they are moving with the gain in relaxation oscillations. In experiments,

Baker et al. observed that the cavity field is out of phase, see Ref. [67]. The authors

attribute this behavior to “mode competition” between the two modes (i.e. the

two lasing modes are constantly competing for the same gain). The anti-correlated

oscillations of the spectral peaks (in Fig. 8 of Ref. [67]) could also be caused by

relaxation oscillations. In Fig. 6.4, we have strong mode selectivity caused by the

cavity, but in the experiments this selectivity comes from an etalon. Thus it is possible

that the relaxation oscillations are causing the spectral peaks to shift in frequency.

However, it is impossible to confirm at this time as the authors did not measure the

relaxation oscillations in Ref. [67].

1

(a)

(b) (c)

(a) (b) (c)

Figure 6.6. A simulation resulting in 3-mode operation. Here we see the background
carrier inversion (black), the instantaneous carrier inversions (blue), and the cavity
field spectra (magenta). (a) Calculated without carrier scattering. (b) Starting from
(a) after enabling carrier scattering. (c) Starting from (a) after enabling carrier
scattering, but with a longer gain relaxation time than in (b).

The next example demonstrates the influence of microscopic dynamics in main-

taining multi-mode operation. In Fig. 6.6(a), a VECSEL is simulated until multi-

mode operation is established, but without including carrier scattering in the SBE.

This allows the cavity field to burn multiple deep kinetic holes into the distributions

and still maintain multi-mode operation. Next we enable carrier scatting, during
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the multi-mode operation seen in (a), which will cause higher momentum carriers to

equilibrate into lower momentum states. In Fig. 6.6(b) we see that the scattering

has redistributed the carriers and one mode has almost disappeared. The new carrier

distribution still has support for two modes, but this can change depending on the

gain relaxation time. In Fig. 6.6(c) we turn on carrier scattering and double the gain

relaxation time. As a result, the carrier density is reduced including the amplitude

of the two higher momentum modes.

In Fig. 6.6(b) and (c), we can see how the gain relaxation time can change the

cavity field dynamics and how multi-mode operation can become a delicate balance

of various cavity components. This problem could have been created, in this case,

because I forced the output field to have spectral peaks inside very narrow frequency

ranges, given by the short cavity. The QW carrier dynamics can compensate by

deforming, as seen in Figs. 6.3(f) or 6.4(b), but only with a fast enough gain recovery

times. An alternative, that is often used in experiments, is to utilize a longer cavity

with a dense set of available cavity modes. This extra degree of freedom allows the

spectral peaks to adapt to the carrier dynamics.

6.4 Long cavity dual-mode generation

Dual-mode operation has been experimentally realized in various configuration of

VECSEL components [67, 87, 88]. In contrast to Chapters 6.2 and 6.3, the external

cavity used in experimental setups is usually long. The long external cavity produces

a small cavity mode spacing, which results in greater freedom for the spectral location

of the final CW output field. However, in order to produce a stable dual-mode output,

the experimentalists include etalons (or frequency gratings) in the VECSEL. Here, I

will examine how a long external cavity influences the CW dynamics.

I will utilize an etalon in order to approach experimental conditions. The goal

is to produce dual-mode CW output, however the etalon offers a limited amount
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of frequency selectivity, as seen in Fig. 6.2. In Chapter 6.3, we found that during

dual-mode operation the QW carriers oscillate on multiple scales. In that case, the

fast carrier oscillations were a result of the beating frequency between the two field

modes and the long timescale came from gain relaxation oscillations. The wide range

of dynamics combined with low frequency selectivity will result in a slow convergence

of the cavity field, which will require significant simulation time.

In order to reduce the simulation time we start the simulation using kinetic hole

filling with a constant time of τfill = 100 fs. This produces QW carrier dynamics that

are similar to computations of carrier scattering on the level of second Born-Markov,

which is enabled after a cavity field has been stabilized. This procedure has been

useful for mode-locked pulses and will be tested here. This switch could destabilize

the two cavity modes, similar to Fig. 6.6(b) and (c), but I expect that the cavity

field will stabilize over some number of round trips. It is preferable to initialize with

kinetic hole filling rates, because I have found that running simulations from noise

with full carrier scatting will significantly increase the computational time of a single

simulation to months.
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Figure 6.7. The transmission of two glass etalons (n = 1.5) with lengths 98µm
(blue) and 5µm (red).

I will include two etalons into the cavity in order to increase frequency selectivity.
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The etalons are placed at one- and two-thirds of the external cavity length. The

transmission from each individual etalon is shown in Fig. 6.7. The long etalon (blue)

establishes a short wavelength separation and the other (red) will focus on a specific

wavelength. This will help us to establish a two-wavelength operation in the VECSEL

cavity.
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Figure 6.8. (a) The stable dual-mode electric field output. (b) The spectrum of
the final CW field. Spectral peaks are located at 1.225 eV and 1.251 eV. Note: This
simulation is computed using kinetic hole filling rates in the SBE.

Fig. 6.8(a) shows the final cavity field from a simulation where the cavity round

trip time is 22 ps, which gives a frequency separation of about 0.27 meV (or about

0.25 nm). Here, the gain chip configuration is the same as described in Chapter

6.1 with a carrier density of 1.9 · 1016 m−2, a QW carrier relaxation time of 0.2 ps,

and an 1% output coupling. In this cavity the etalon transmission peaks with a

separation that corresponds to about 1.0 THz. However, stable dual-mode operation

is difficult to obtain because of the low frequency selectivity of the etalon. As seen

in Fig. 6.8(b), the final spectral peaks are located at 1.225 eV and 1.251 eV, which

results in a separation of about 6 THz.

It is fully possible to have more cavity modes where some of them are caused by

four wave mixing. This can be seen, in Fig. 6.8(b), as a small spectral peak around

1.2 eV, which comes from the nonlinear interplay of the cavity field with the QWs.
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For a high intensity multi-mode cavity field, centered at ωa and ωb with ∆ω = ωb−ωa,
we observe spectral peaks at ωa−k∆ω and ωb+k∆ω for k = 1, 2, . . .. The amplitude

of these additional peaks increase with higher cavity field intensities and they can

become amplified if they overlap with the inverted carriers.

In summary, by parallelizing the time consuming carrier scattering equations we

have been able to study dual-mode operation in a VECSEL. The microscopic many-

body dynamics is found to influence the cavity field dynamics on multiple time scales.

I find that further careful modeling of the ultrafast QW carrier dynamics is required

to fully understand the role of microscopic dynamics in CW operation of VECSELs.
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Chapter 7

Numerical implementation

“ Simplicity is prerequisite for reliability.

”
Edsger W. Dijkstra1

A numerical computation of mode-locking a VECSEL that includes microscopic dy-

namics is computationally demanding on both CPU time and memory. Mode-locking

requires the solution of thousands of nonlinear ODEs coupled to a PDE (MSBE). This

computational demand of the SBE increases significantly when carrier scattering is

computed on the level of second Born-Markov. The computation of the mode-locked

pulse necessitates a program that takes advantage of modern super computing capa-

bilities.

In this chapter, I will describe the program that I have developed in order to simu-

late mode-locking in a VECSEL; the programming strategies that were the foundation

of my numerical solver; the parallel algorithms that allow for good performance on

computational clusters; and provide a demonstration of the numerical accuracy for a

few select cases.

7.1 Programming strategy

The numerical solution to the MSBE involves simultaneously solving the SBE, for

each QW, and Maxwell’s equation at each time-step. When the QWs are assumed to

be electronically uncoupled, and thus only communicate through the electric field, the

1“How do we tell truths that might hurt?”, 1975.
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resulting SBE for a QW is uncoupled from all other QWs. This suggests an efficient

parallelization scheme, where Maxwell’s equation is solved in serial and each QW

has its own memory and all QWs are computed in parallel. The resulting algorithm

will decrease the total computational time by distributing the QW calculations over

multiple threads. Ideally, this will ensure that the computational time for each time-

step is approximately the time taken to iterate the Maxwell solver plus the time to

compute a single QW, because there is a similar amount of time spent on each QW.

In a mode-locked VECSEL it is possible to use a rate approximation for the full

carrier scattering, which will reduce the computational time to integrate the SBE. In

addition, the memory required to compute the approximate rate terms is much less

than for the computation of the carrier scattering. Thus, it is efficient to compute

multiple QWs in parallel using many threads. As we will see later, the parallel

scaling for this case is close to linear, but will start to saturate when using a high

number of computational cores. However, the low memory footprint allows for a fast

implementation that is easy to parallelize using OpenMP alone.

A self-consistent solution to the SBE (e.g. during dual-wavelength operation) re-

quires the computation of the full carrier scattering. The computational time and

memory footprint increases significantly when the QW dynamics include carrier scat-

tering. In order to overcome this hurdle, a hybrid parallelization algorithm is imple-

mented. Here, MPI and OpenMP are combined to spread the workload over multiple

CPUs such that each CPU is allocated one or more QWs with the relevant mem-

ory required to solve the SBE. In addition, the evaluation of the carrier scattering is

computationally demanding. Thus a nested parallelization using OpenMP is imple-

mented. This allows one to use two levels of OpenMP on a single CPU to compute

multiple QWs in parallel and simultaneously use multiple threads for computations

inside each QW. The distribution of threads is changed depending on what gives the

shortest total computational time for each situation.

The total simulation time required to obtain a single stable mode-locked pulse
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can take as long as 40 hours, however simulation times can change based on VECSEL

parameters such as: gain chip QW configuration, amount of pumping, roundtrip time,

and cavity loss. A restart option is important in order to facilitate efficient studies

of how the microscopic QW dynamics, or other cavity components, influences mode-

locked pulses. This can be accomplished by saving the dynamic state of the VECSEL

system to binary files at given time intervals. With this, we can restart a simulation

in order to determine how certain changes influence the final mode-locked pulse. As

an example, this can be very useful when one wants to compute a mode-locked pulse

using full carrier scattering. However, it is usually not interesting to spend too much

time simulating the full buildup from noise at this accuracy. Thus, one can first

simulate using a kinetic hole filling rate and then, once a mode-locked pulse has been

established, restart the simulation with carrier scattering on the level of second Born-

Markov. When such a restart is used, one should expect a small transient region

where the system adapts to the changes and then quickly stabilizes.

In a mode-locking simulation, one is looking for a stable asymptotic solution that

results from a slowly changing system. The simulation time-step is orders of magni-

tude smaller than the total simulation time. Therefore, the output cannot be contin-

uous unless one has unreasonably large storage space. Thus it is enough to sample

the state of the VECSEL cavity in continuous blocks at discrete times. There are

multiple sources of output such as: information about the carrier density, temper-

atures, polarizations, carriers, and other QW variables; the cavity field sampled at

various locations; and various diagnostic outputs. It is also natural that the output

from each source has to be both synchronized and compressed to increase speed and

save storage.

At the start of this project, the goal was to study mode-locking in an arbitrary

VECSEL cavity (i.e. an arbitrary design of the gain chip, SESAM, and air gap).

There was also a desire to be able to simulate both a linear- and a V-cavity at a later

stage, as well as simulations of both mode-locking and continuous wave problems.
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Lastly, I wanted to be able to efficiently parallelize the computations in order to solve

the most demanding many-body integrals. The last step was particularly important

to implement since I had access to a high power shared memory machine with up to

400 cores. The numerical solution is implemented in C++ in order to provide both

speed and modularity that the project requires.

I collaborated with Ada Bäumner, who was working at the Phillips Universitet of

Marburg at the time. She was kind enough to send me a sample of a program she

had been working on for simulations of non-equilibrium dynamics in VECSELs for

Ref. [57]. This program served as the starting point for my research and worked well

for simple simulations, but it quickly ran into limitations that required a complete

reworking for such as: cavity setup, parallelism, increased memory, and speed. The

original code was implemented in C for the simulation of the coupled Maxwell and

polarization equations for a simple resonator cavity. I am grateful for the collaboration

that started this work and I am currently pouring the knowledge I have gained from

this experience back into their modeling efforts.

7.2 Numerical solvers

The numerical solution for the coupled system in Eq. 3.0.1 is based on the transfer

matrix method for solving Maxwell’s equation and a standard fourth order Runge-

Kutta (RK4) method for solving the semiconductor Bloch equations. The transfer

matrix method was also used in Ref. [57] and is repeated here only for reference.

Assuming a constant refractive index, nj, one can use the method of characteristics

to expand the solution of the 1D Maxwell’s equation into a forward and backward

moving wave E+
j (z, t) and E−j (z, t). Applying standard Maxwell’s boundary conditions

for TE polarized light at the interface of two material layers results in a matrix
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equation:

(nj + nj+1)

[
E+
j+1

E−j

]
=

[
2nj nj+1 − nj

nj − nj+1 2nj+1

] [
E+
j

E−j+1

]
− µ0c0

[
∂tP(t)
∂tP(t)

]
.

(7.2.1)

Where the macroscopic polarization P(t) from a QW is only applied if a QW is present

at an interface. At this point, it is now advantageous to apply a slowly-varying-

envelope approximation for the electromagnetic field and macroscopic polarization.

In Eq. 7.2.1, one has assumed that the QW width is small compared to the carrier

frequency of the pulse, which is the case for wavelengths around 1µm and QW widths

around 10 nm.

The cavity field and polarization response have to be evaluated at the same time

in order to integrate Eq. 3.0.1. This is most easily accomplished by using the same

time-step, dt, for both the field propagation and RK4. An iteration scheme in time

can be constructed from Eq. 7.2.1 by observing that the unknown variables are the

amplitudes for the propagating field. In order to complete the iteration scheme, we

need to store the left/right propagating electromagnetic field amplitudes. The chosen

time-step results in a discretization of the cavity field amplitudes propagating inside

each material layer, with constant refractive index, at a fixed propagation speed

given by the refractive index. Thus, this method requires one to keep track of the

time history of the electromagnetic field amplitudes at each material interface. In

order to properly resolve the electric field amplitudes in each material layer, one has

to ensure that the time-step is sufficiently small.

As a further expansion to increase accuracy, one could replace the RK4 with an

adaptive step method. However, fixed time-step methods have been found to be faster

and generally easier to work with.
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7.3 Program layout and modularity

Algorithm 1 Simulate a VECSEL cavity

1. Setup design of gain chip, SESAM, output coupling, and air cavity.
2. Find desired operation parameters: pump, output coupling, loss, etc.
3. Initialize VECSEL cavity, file output, memory, and check for errors.

a) Initialize program variables: t = 0, initialize output files.
b) Initialize QW memory, initial carriers, etc.
c) Initialize cavity memory, set E(0) = 0 and P (0) = 0.

4. Run simulation.
a) Load variables from file, if required.

while t < Tmax do
b) Output variables to file.
c) Save program state to file.
d) Iterate VECSEL cavity: Use E(t) and P (t).

i. Iterate Maxwell’s equation to compute E(t+ dt).
1. Transfer matrix method moves E(t) forward through all surfaces.
2. Compute response from QW using P (t).
3. Compute possible reflections/transmissions at domain boundaries.

ii. Transfer work to all parallel workers: iterate SBE to compute P (t+ dt) for
all QWs.

1. Compute carrier scattering, relaxation and other effects as needed.
2. Use RK4 to iterate SBE one time-step using E(t).
3. Calculate instantaneous macroscopic polarization.

iii. Synchronize parallel workers.
e) t← t+ dt.

end while
5. Finalize output to files, clean up memory, stop parallel workers.

A pseudocode of the numerical implementation is shown in Alg. 1. Here one

can see the program flow that covers the majority of important functions. First, in

Steps 1-2, the user has to choose a design for the VECSEL cavity. The components

are designed separately and characterized in Step 1, and then later combined to a

cavity to run mode-locking simulations. In Step 2 the parameters are chosen: we

pick a carrier density for the pump, a loss level for the output coupler, and any other

settings that are required for a mode-locking simulation. In Step 3 the design and

setup is ready and thus memory arrays can be initialized. There are arrays to store
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the time evolution of the electric field, as well as the various arrays that are required

for simulation of each single QW. In Step 4 we are ready to run a mode-locking

simulation using the specified VECSEL cavity. Finally, in Step 5 we have completed

the simulation and are ready to clean up.

The run time of the simulation is not known beforehand. However, using a few

test calculations, one can find the correct simulation time for a given cavity. This

number is usually around 100 ns, but factors such as cavity length, loss, pump density,

etc., will influence this number. Once the simulation has started, one has to write

output files and save the program state at specified time intervals. The number of

outputs, as well as their frequency and length, is determined at the user’s discretion

based on the simulation length/available storage space. The algorithm used lends

itself to quickly print output from an established boundary. However, the user has to

determine what material boundaries should print output to file. The common choice

is the last boundary of the output coupling and the center of the air cavity. With

both of these we can simultaneously monitor the internal cavity- and output field.

Maxwell’s equations are iterated using the transfer matrix method between in-

terfaces, where the time history of the left and right moving electric field have to

be stored. The propagation in each material layer is linear, with the notable excep-

tion of the QWs, allowing for a simulation of the back- and forwards-moving electric

field through each material layer. The transfer matrix algorithm correctly applies the

boundary conditions to the propagating fields, which is accomplished with a single

2x2 matrix-vector multiplication at each interface (see Eq. 7.2.1). The specific matrix

depends on the refractive indices of the material layers, but can be computed once

and stored for further use. The Maxwell part of the simulation is relatively fast and

is computed in serial by a single CPU.

After Maxwell’s equations have been updated it is now possible to compute the

electric field at the location of each QW. In a serial implementation, the macro-

scopic polarization response will be computed for each QW in sequence. However,
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in a parallel implementation, the polarization response from each QW is computed

simultaneously. The macroscopic polarization response from each QW will be dif-

ferent because each QW will, at a given time, have carriers at different states and

experience separate electric fields. This simulation method is only possible with a

spatial resolution of the electric field inside the gain chip or SESAM.

The general program setup (as seen in Alg. 1) can easily be used to simulate either

a mode-locked pulse, CW operation, or pump-probe measurements. For example, if

a pulsed mode-locking experiment is desired, then a gain chip, SESAM and air cavity

should be included. A pump probe experiment on either device can be accomplished

by importing a given device with an air cavity into a domain where one boundary is

made absorbing. Thus a probe pulse can be initialized to travel from the absorbing

boundary into the device and become absorbed when returning. The implementation

of absorbing/transmitting boundaries is trivial in a transfer matrix formalism.

7.4 Parallelization and parallel performance

A solution of the SBE for a single QW is relatively challenging to compute. In

Eq. 3.0.1, the number of discretized momentum points, Nk, is usually around one-

hundred for each QW. There are at least three variables that have to be stored: pk,

nek, and nhk where the microscopic polarization is a complex number that requires

twice the storage amount of the other two real-numbered variables. Thus one has

to store and solve at least four hundred coupled ordinary differential equations for

each QW. At each time-step one has to compute Coulomb effects such as screening

and renormalization of the field/energy, as well as full carrier scattering/kinetic hole

filling rates. All these additional effects also need storage, in order to increase speed,

such as: the Coulomb matrices, background carrier occupation numbers, temporary

energy/field renormalization arrays, temporary arrays for RK4, and carrier scattering

arrays, etc. The computational time and memory usage can easily become an issue
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when one wants to implement a numerical solution.

The basis for an efficient numerical implementation is a solid parallel scheme and,

in this situation, we have a large shared memory cluster, the SGI UV2000, with 4TB

of memory and almost 400 threads at our disposal. An efficient network topology,

the All-to-All NUMAlink, allows for a high memory transfer bandwidth and thus the

computational load to be distributed over multiple CPUs. For this reason there is

little communication overhead in this network, which can be a serious issue on many

clusters. The bottleneck, for simulation of non-equilibrium many-body effects, on

this machine will be the memory in the various CPU caches. In order to minimize

memory loading delays, we use dplace to pin OpenMP threads to specific CPUs. In

addition, one can try to align arrays to reduce the amount of cache misses.
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Figure 7.1. (a) A parallel scheme using only OpenMP for QWs. (b) Parallel scaling
with dplace using a total of 96 QWs.

The variables that are used to compute the solution to the SBE, for all QWs, can

be stored separately in memory. This situation supports most parallel schemes such

as: pthreads, OpenMP/Cilk++, MPI, etc. Initially as seen in Fig. 7.1(a), I settled

on OpenMP to compute the solution for each QW in parallel. This is sufficient for a

fast parallel implementation that uses only the kinetic hole filling rates. The memory

separation ensures that, during integration, the threads that work on different QWs
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will not compete for access to a memory region. The parallel scaling of this setup is

shown in Fig. 7.1(b). Here, we can see the speedup that OpenMP offers and it is clear

that pinning threads to specific CPUs with dplace is a valuable tool. The speedup

is linear while the number of utilized cores is less than the max number of cores on

a single motherboard. It is also possible to add nested parallelism on the level of

the momentum points inside each QW. Here we will also utilize OpenMP, but with a

careful note that the total number of threads used does not exceed the total number

of threads available. In practice, I find that the inner parallelism is only needed when

the computational load is sufficiently high.

In order to compute simulations with full carrier scattering, I implement a hybrid

parallel scheme with MPI and OpenMP that will spread the work load over multiple

CPUs. In this case we utilize another pinning function omplace, which is a wrapper

for dplace with additional support for hybrid implementations. When we restrict the

computation of a QW to a specific CPU, we also reduce the number of cache misses.

Thus we can reduce the memory load times that will increase the computational speed

significantly.

The final parallel scheme is thus to compute the Maxwell solver in serial and com-

pute the QWs in parallel. Maxwell’s equation could also be parallelized for additional

speed, but these computations take little time compared to a single QW. For a given

cavity configuration with a given number of QWs, we next distribute the QWs over

multiple MPI nodes. A single MPI node can have many QWs, and these are com-

puted in parallel using OpenMP. Inside each QW there is a level of nested paralellism

over the discretized momentum points that is also computed using OpenMP. Fig 7.2

shows a diagram of the parallel implementation, and one can see the program flow

when each MPI node is a single CPU.

First the number of QWs are distributed over the number of available nodes in

the system. Here, each node is responsible for computing the solution to the SBE

for a certain number of QWs. The first CPU, designated as “master,” computes the
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Figure 7.2. A flow diagram of the hybrid parallel setup. Time flows along solid
black lines from top to bottom. Important calls are noted along the path.

pulse propagation and calculates the fields at each QW. Next the master will send the

current field to all other nodes, designated “workers,” using MPI_Scatterv(..). This

is where all worker nodes will wait for the master node to distribute the work. When

all nodes reach this point, they will all compute the material response from QWs. Fi-

nally, all the material responses are gathered up using MPI_Gatherv(..). The master

node will then wait until all the material responses are gathered before returning to

compute the next iteration. All the workers return to waiting at MPI_Scatterv(..)

for the next field from the master node.

On our machine there are two natural options for MPI nodes: a single CPU or
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two CPUs on a single motherboard. Each CPU has 6 threads, and by utilizing two

CPUs, then one can have 12 threads on a single motherboard. In order to find the

optimal configuration of MPI nodes and threads OpenMP thread per level, we simply

experiment with a few settings. First we find that there is a slight disadvantage if the

number of threads per QW is not a factor of 12. If the number of threads used per

QW is 4-5, then one could have a QW computed on the 5th and 6th thread of CPU1,

as well as the 1st and 2nd thread of CPU2. Similarly if the number of threads used

per QW are 7-11 then there will be some number of threads that go unused. These

situations either cause a delay or leave threads unused and are avoidable if we simply

restrict ourselves to using a single CPU as a MPI node or use 1, 2, 3, 6, or 12 threads

per QW. If we use 6 threads for our computations, then we are already in a situation

where we only use a single CPU. Finally, we could use 12 threads for a single QW,

but for the following tests we restrict ourselves to using the threads available to a

single CPU.
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Figure 7.3. The parallel scaling of a sample simulation versus number of CPUs
for two situations: a) A large number of QWs (162) that are simulated using a fast
kinetic hole filling rate approximation. b) A realistic number of QWs (12) that are
simulated using carrier scattering on the level of second Born-Markov. In both cases
the number of threads used for the parallel processing is noted in the legend.

As an example, I simulate a few cavity round trips using the setup suggested

in Fig. 7.2. I set up a VECSEL cavity with 161 QWs in a RPG shape and 1 QW



125

in the SESAM and run the simulation for 10 round trips with a low energy seed

pulse propagating in the cavity. At first we use a kinetic hole filling rate, which

will allow for faster execution times of the QWs. The total number of QWs is 162,

which is a multiple of 1, 2, 3, 6, 9, 18, and 27. We set these as the number of MPI

nodes in order to distribute the QWs equally over all nodes. In all these cases, we

simply set the number of threads used in the nested OpenMP loop to 1. Next we

measure the simulation time for each configuration of nodes where the number of

QWs computed in parallel is 1, 2, 3 or 6. The resulting speedup is computed and

shown in Fig. 7.3(a). Here we compare the ratio of the computational time for 1 CPU

to multiple CPUs. The figure shows how increasing the number of CPUs provides

super-linear speedup. In most parallel applications this is a sign of efficient memory

usage and in this case, as the number of QWs/CPU is reduced, the memory loading

decreases. Note that, when the number of QWs computed simultaneously increases,

this speedup is reduced. Multiple simultaneous QWs will of course also require more

memory. However, the saturation seen in Fig. 7.3(a) is mostly because the amount of

work is being reduced. When using 27 CPUs there are only 6 QWs/CPU and thus all

computations will complete in a single iteration when using 6 threads. In this case,

the saturation of the speedup comes in part from the reduction in work per CPU.

In Fig. 7.3(b) we can see a VECSEL simulation with 12 QWs and carrier scattering

calculated on the level of second Born-Markov (Eq. 2.3.3). In these computations, we

only compute a single QW at a time in the outer OpenMP loop, while the number of

threads used per QW is varied from 1 to 6, as shown in Fig. 7.3. The number of MPI

nodes is varied between: 1, 2, 3, 4, 6, and 12 and as a result, the number of threads

used for the solution is varied from 1 (1 node with 1 thread) all the way up to 72 (12

nodes using 6 threads each), still showing close to linear speedup.

Finally, the computational time for a single mode-locking simulation is on the

order of tens of hours to days. Thus, it is not enough to only compute a single mode-

locking simulation fast, but one wants to compute multiple simulations simultaneously
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with different parameters. Therefore, one needs a large computer cluster that allows

one to run many simulations using multiple CPUs.

7.5 Integration of the SBEs

It is the numerical solution of the SBE from Eq. 3.0.1 that requires the most CPU

time, because it has to be solved for each single QW for all time and momentum

points. For each QW we discretize momentum space into Nk points, which transforms

the SBE into a system of 4Nk coupled first order differential equations in time. In

this discretization, it is important to resolve all relevant momentum values. Thus,

one has to make sure that there are no carriers at the higher momentum values.

A standard value for carriers at room temperature is 15 a−1
0 and Nk = 100, which

results in about four hundred coupled equations. This system is initialized with the

background equilibrium carrier distributions.

A macroscopic polarization is generated when an electric pulse interacts with a

QW or from spontaneous emissions. This polarization will in turn reshape the electric

field. A high carrier density will amplify the pulse and a low carrier density results

in pulse absorption. In either case, the specific amplification depends on: the central

frequency of the pulse, the pulse amplitude, and the spectral width of the pulse. The

spectral location is probably the most important, because the pulse will be absorbed

if it is located outside the momentum range with inverted carriers. The spectral

width of the pulse will determine the momentum range of carriers that are directly

influenced by the pulse. However, the other carriers are indirectly influenced by

carrier scattering. Finally, the amplitude of the pulse will determine how strongly

the pulse distorts the carriers. For a QW where the carriers are initially in equilibrium,

the spectral shape of the distortion is equal to the traditional gain (or absorption)

spectrum when the pulse amplitude is low. When the pulse amplitude is low, the

envelope of the macroscopic polarization will follow the envelope of the electric pulse.
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However, this need not be the case when the energy amplitude is strong and carrier

dynamics become significant.
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Figure 7.4. Here we can see an example of a nonlinear interaction of the QW
carriers with a strong pulse: (a) The normalized absolute value of the microscopic
polarization. (b) The carrier inversion. (c) The normalized pulse shape E(t) and
resulting macroscopic polarization P (t). Figure adapted from Ref. [42].

A simple example that shows the influence of a high energy pulse on the QW car-

riers is shown in Fig. 7.4 (from Ref. [42]). Here, we launch a high energy sech2 pulse

with 130 fs FWHM and the SBE are solved without kinetic hole filling and Coulomb

screening. In Fig. 7.4(a) and (b), we can see how the microscopic polarization and

inverted carriers respond to the pulse. The pulse is centered near k = 3 a−1
0 and

extracts enough carriers to both bleach the inversion and cause Rabi flopping. This

nonlinear interaction can also be seen in the macroscopic polarization in Fig. 7.4(c).

After the pulse has passed the QW, the carriers relax back toward the background

Fermi distribution and the polarization relaxes toward zero. In a VECSEL the ab-

sorbing carriers can destabilize a single mode-locked pulse and turn it into multiple

pulses or a pulse molecule.

7.6 Numerical convergence

The numerical methods used to solve the Maxwell Semiconductor Bloch equations

(SBE) found in Eq. 3.0.1 have to converge, but, in mode-locking, we are more con-

cerned with stability than a high degree of numerical accuracy. Maxwell’s equations
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are solved using a transfer matrix method and the SBE is solved using a fourth-order

Runge-Kutta.

The transfer matrix method is well known and can be used as a pulse or CW

propagator, but there are some sources of errors that we will investigate in this section.

In order to resolve the time propagation of a pulse through a material layer one has

to discretize the time domain, by choosing a time-step dt, and then iterate in order

to transport the pulse. The time it takes a pulse to travel a distance, L, through a

material of refractive index n is T = Ln/c0. However, if T 6= k dt for some integer

k, then an iteration will not propagate the pulse the full distance. This results in a

deviation in the pulse propagation length and reduces the accuracy. Two methods

that can be used to increase the accuracy of the transfer matrix iterations are: pick

the time-step to be a multiple of the propagation distance, or, if the propagation

distance is very long, shorten the requested cavity length to a whole multiple of dt.

Both method would ensure a perfect fit of the time-step to a cavity length. However,

neither method is ideal for a real VECSEL cavity because it has multiple layers of

varying refractive index and lengths.

As a simple example, I propagate a pulse inside an air cavity of similar length

to the external cavity of the mode-locking simulations found in this thesis. This will

establish the propagation errors of the transfer matrix method and the convergence

of the algorithm. Fig. 7.5(a) shows how the mismatch of time-step to material layer

length affects the propagation. Here, we compare the propagation of three sech2 pulses

of amplitude E0 = 1 and FWHM 10 fs (red), 100 fs (black), and 500 fs (blue) over a

propagation length 10 ps in a material with refractive index n = 1. The material

layer is either taken to be a perfect fit (marked in the legend as “pf-”) to a whole

number of time-steps or using a small perturbation from the perfect fit. This is the

simplest test where an analytical solution is known because the pulse propagation in

a material of constant refractive index is a simple multiplication by a phase. A linear

fit of the data gives respective error decays as a function of time-step proportional
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Figure 7.5. A comparison of the error (circles and crosses) and linear fits of the
error (solid lines) when changing the time-step, dt, for: (a) Propagating pulses of the
given FWHM a distance of 10 ps. The crosses represent a cavity where the time-step
is a whole multiple of the distance. The circles show where the cavity has a slightly
different length. (b) The energy deviation of the pulses used in (a). (c) The energy
deviation of the 100 fs pulse after 1, 100, and 1000 round trips of 20 ps in the cavity.
(d) Comparing the error from the SBE at various time-steps.

to: dt1.74 (red), dt2.0 (black), and dt1.94 (blue).

In Fig. 7.5(b) we measure the energy deviation of the pulses by comparing F =
∫
|E(t)|2dt for the numerical and analytic solutions found in Fig. 7.5(a). The linear

fits show dependence proportional to the time-step of dt1.65 (red), dt2.0 (black), and

dt1.94 (blue). This is for the pulse FWHM 10 fs (red), 100 fs (black), and 500 fs (blue)

used in (a). As long as the time-step is small enough, this effect is constant during

each round trip of propagation, as shown in Fig. 7.5(c). Here we compare the energy

error when propagating the 100 fs pulse for Nrt = 1, 100 and 1000 round trips of
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duration 20 ps. This propagation is now computed using perfect reflecting boundary

conditions on either side of the domain. The linear fit of the data is proportional to

dt1.93.

The semiconductor Bloch equations are integrated using a fourth order Runge-

Kutta method. The error of the resulting macroscopic polarization, P (t), from pulses

of FWHM 10 fs and 100 fs and an amplitude E0 = 2.0 · 105 V/m is compared in

Fig. 7.5(d). The linear fits give a time resolution dependence proportional to dt4.04

(red) and dt4.03 (black). In this comparison, there is no analytical solution, but I com-

pared all macroscopic polarizations to the polarization calculated for dt = 10−4. At

this time-step, the error has saturated and the solution is not getting more accurate.

In Fig. 7.5(a) and (d), the error measure takes into account any phase error

that results from the propagation. However, this phase does not contribute much

to the overall error, which can be seen when we compute the energy error shown by

Fig. 7.5(b). Here we see that the error correlates well with a loss in pulse energy

and in (c) we compare this change over multiple round trips of propagation in the

cavity. Thus the error comes from the resolution of the envelope function. From this,

we notice that the numerical propagation results in a constant energy loss for each

round trip. This energy loss is only about 10−4% for dt = 0.1 and thus will not be

a major concern in our simulations. Note that the given pulses are under resolved,

when the time-step is 100 fs, however the pulse is still propagated by the numerical

method. When the pulse is under resolved we also note that the cavity energy loss is

closer to 0.1% and increases with each round trip, this case must be avoided in real

simulations.

The integration accuracy of the SBE seen in Fig. 7.5(d) follows the convergence

rate of a fourth order method and saturates with an error of 10−8% around dt = 10−2.

In this we compare the macroscopic polarization that results from the given pulse.

This comparison is sensitive to any phase errors that could occur and shows that

the implemented integration works well. The specific SBE equations used in this
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comparison follows those of Eq. 3.0.1 without the spontaneous emissions term.

Table 7.1 is an overview of variables that can be used to reproduce simulations in

this paper. Over the past few years, some variables have become more accurate and

thus I present the values used in the newest simulations.

Description Variable Value
Electron effective mass me 0.06085 m0

Hole effective mass mh 0.234 m0

Dipole matrix element dcv 5 · 10−10 eV
Band gap energy Eg 1.227 eV
Rel. dielec. const. eps 10.97
Max momentum value Kmax 15 a−1

0

Momentum resolution Nk 100
Lattice temperature Tlattice 300 K
Kinetic hole filling time τfill 0.1 ps
Inverted carrier density n 1.9 · 1016 m−2

Pump filling time τscatt 30 ps
Absorbing carrier density n 5.0 · 1014 m−2

Absorber relaxation time τscatt 2 ps
Cavity round trip time TRT 21 ps
Times step dt 0.1 fs
Output coupling - 1 %
Intensity focus on SESAM - 10

Table 7.1. Typical laser parameters used in this thesis
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Chapter 8

Outlook

In order to study the effects of mode-locked pulses in real cavities, there are many

more effects that can be considered. The pump spot has a width and shape according

to a desired cavity mode, which creates a transverse profile of inverted carriers inside

the QWs. This cannot be modeled using a one-dimensional model, and thus one has

to expand the numerical model to include at least one more transverse spatial dimen-

sion. The additional dimension(s) would also give rise to a transverse cavity pulse

profile that, in turn, complicates the pulse propagation model. With the extra dimen-

sion, one could also expand simulation domains to include complicated geometries or

simulate the propagation through a pin hole.

For each QW, the transverse QW plane has to be discretized when transverse

dimensions are included. At each point one has to solve the SBE, and then couple

all points together using transverse carrier transport. This can quickly become a

significant computational challenge, but one can predict how this will scale as each

transverse point is equivalent to one QW of the one-dimensional model. With only a

single transverse dimension, one can expect hundreds of points and thus significant

computational work. In this project, I have developed a parallel framework that

scales super linearly for a given number of QWs. Thus, this framework appears to be

ideally suited for this expansion.

In a real VECSEL one would expect to use a variety of cavity configurations

(i.e. V-cavity, Z-cavity, etc.) and for each cavity there are multiple setups for each

component (i.e. the dispersion compensating layers, output coupling, the placement of

QWs, angles, temperatures, etc.). In order to design a cavity that produces a desired

output, one would have to simultaneously optimize all parameters. At first sight this
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appears to be an impossible task, but the work in this thesis has narrowed down the

number of important parameters. However, there is still a significant challenge to

find an efficient optimization scheme.

The simulation of dual wavelength operation in a VECSEL has shown that the

final cavity field depends on the highly nonlinear carrier scattering in combination

with carrier replenishing. I find that further careful modeling of the ultrafast carrier

dynamics is required to fully understand the role of microscopic dynamics.
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Appendix A

Published work

Parts of this dissertation are based on previously published work from myself and

my co-workers, Here I will give an overview of my own contribution to each of these

papers. The citations are abbreviated and a complete reference with authors can be

found in Ref. [34–46]. In all these works, I have naturally been involved with the

proof reading/editing stage, and thus I will only list contributions beyond that.

First, here are the published peer reviewed papers where I am first author:

[34] Non-equilibrium ultrashort pulse generation strategies in VECSELs, Optica,

2017

Over the years I have simulated mode-locking using gain structures with QWs

in various configurations where the goal has been to find what influences pulse

length and how these changes influence the carrier dynamics. The 10 QW MQW

structure is a particular example of this analysis, where I examined the role of

kinetic hole filling on ultrashort pulses. I did the modeling/setup/analysis of

the hysteresis effect as well as all other simulations used in this paper. I also

produced the figures. The first draft of the paper was written by myself, after

which I got plenty of input from co-workers during editing etc.

[35] Fully microscopic modeling of mode-locking in microcavity lasers, JOSA-B, 2016

This paper was a result of my desire to explore the role of loss on the mode-

locked pulse. I was inspired by Klopp et al., who showed in Ref. [64] how output

coupling loss/SESAM temperature would influence the mode-locked pulse du-

ration. I modeled/implemented the kinetic hole filling algorithm used in this

paper and studied the influence of loss on the mode-locked pulse. The first
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draft of the paper was also written by myself, after which I got plenty of input

from co-workers during editing etc. I also created a separate program to orga-

nize/automate simulations and to assist in the analysis of results and I produced

the figures from these datasets.

[36] Ultrafast nonequilibrium carrier dynamics in semiconductor laser mode-locking,

Optica, 2014

I programmed a solver for the model equations specifically made for simulation

of VECSELs in parallel, this solver was based on our work in [38]. The initial

mode-locking simulations clearly showed that the QW inversion was a major

influence on the mode-locked pulse. I put considerable analysis into verifying

the physics in the model. At this time, kinetic hole filling was not included in

the SBE. I worked on finding representative examples, after we had identified

the critical variables (the inversion), and I creating figures using these results.

Second, here are the published peer reviewed papers where I am listed as co-

author:

[37] Ultrafast non-equilibrium carrier dynamics in semiconductor laser mode-locking,

Semiconductor Science and Technology, 2016

This is a broader review paper where I wrote the first draft of the numerical

modeling of mode-locking dynamics, and produced the related figures. My

investigations also led to the simulations related to the dynamic dispersion and

gain in Figure 23.

[39] Ultrafast pulse amplification in mode-locked vertical external-cavity surface-emitting

lasers, APL, 2014

In this work I was involved in extracting a simpler model for the mode-locking

that could be used in these very time demanding simulations.
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[38] Nonequilibrium and thermal effects in mode-locked VECSELs, Optics Express,

2014

This was our first publication on the numerical modeling of mode-locking VEC-

SELs, and my own introduction to this specific problem. At this early stage

I was involved in learning about the numerical models and performed simple

simulations. These simulations were run using the solver, from Ada Bäumner,

with modifications by me to fit our problem setup. I also ran the simulations

and produced data for the simulation figures.

Here are published contributions that have not been peer reviewed, but where I

am either first- or a co-author:

[40] Non-equilibrium effects in VECSELs, SPIE, 2017

In this paper I implemented the required modifications to measure the self phase

modulation, and set up the simulation runs that are described here. I wrote the

first draft of the paper and made all figures.

[41] Modeling of ultrashort pulse generation in mode-locked VECSELs, SPIE, 2016

In this paper I modeled/implemented the V-cavity modification of the one di-

mensional model, and performed all simulations. I wrote the first draft of the

paper and made all figures.

[42] Ultrafast non-equilibrium carrier dynamics in semiconductor laser mode-locking,

SPIE, 2015

In this paper I explored the influence on a mode-locked pulse from: a sim-

ple model for the kinetic hole filling rate approximation, resonant versus anti-

resonant RPG gain chip design. I also showed a simple example of non-linear

polarization dynamics during interaction with a pulse. I wrote the first draft of

the paper and made all figures.
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[43] Influence of non-equilibrium carrier dynamics on pulse amplification in semi-

conductor gain media, SPIE, 2015

In this work I was involved in extracting a simpler model for the mode-locking

that could be used in these very time demanding simulations.

Finally, here is a book chapter that is to date unpublished:

[44] Vertical External Cavity Surface Emitting Laser Technology and Applications,

Wiley, N.D.

I wrote the first draft of a chapter to summarize the work on mode-locking

VECSELs that our group has previously published.

In addition, on this grant we have also a patent and another application

[45] Nonequilibrium pulsed femtosecond semiconductor disk laser with non-equidistant

MQW structure, US Patent App. PCT/US2017/048348, 2017

This patent application expands the range of designs based on new knowledge

and experience with the MQW structures. Here, I was responsible for mode-

locking simulations, analysis of results, and generation of pictures.

[46] Nonequilibrium pulsed femtosecond semiconductor disk laser, Patent No. 9.466.908,

2016

This patent is based on our work, over many years, to generate ultrashort pulses

from QW structures. Here, I was responsible for mode-locking simulations,

analysis of results, and generation of pictures.



138

Appendix B

Calculation of kinetic hole filling background

distribution

The calculation of the kinetic hole filling rate approximation has to be solved with

care. In order to find the background distribution F
e(h)
k we have to find the Fermi

distribution that has the same energy, E, and density, N , as the current QW carriers.

N e(h) =
∑

k

F
e(h)
k , Ee(h) =

∑

k

E
e(h)
k F

e(h)
k .

We approximate the sums as integrals and using parabolic band approximations for

both the electrons and holes to get

N =
1

π

∫ ∞

0

dk kFk, E =
~2

2πm

∫ ∞

0

dk k3Fk. (B.0.1)

Using Fermi distributions we can integrate the number density to get

βµ = log
(

e~
2Nπβ/m − 1

)
,

where β−1 = kBT . The problem is now reduced into finding the temperature, T , that

will give the correct chemical potential. We can transform the energy integral over

the half line to an interval using

E =
~2

2πm

∫ ∞

0

dk
k3

eβ(Ek−µ) + 1

= − m

~2πβ2
Li2
(
−eβµ

)

= − m

~2πβ2
Li2

(
1− e~

2Nπβ/m
)
.

Where Lin(z) is the polylogarithm function of order n. A special case, for order 2, is

called the dilogarithm. In this case the function can be transformed1 into

E =
m

~2πβ2

∫ eβµ

0

dx
ln(1 + x)

x
.

1Abramowitz & Stegun 1972.



139

A bit of scaling will give

ηE

NkBT 2
=

∫ e1/(ηT )−1

0

dx
ln(1 + x)

x
, (B.0.2)

where η = kBm/(~2πN). This can now be solved for the temperature, T , using a

Newton iteration or bisection. There is a limit where there exists no Fermi distribution

with a positive temperature that gives the desired combination of energy and particle

density. This happens when the carrier distributions become very distorted. By

taking the limit of Eq. B.0.2 as T → 0 we can find the condition for finding a solution

is

E ≥ 1

2
NkB/η

3.

If the energy becomes lower, then we cannot solve Eq. B.0.1 with a Fermi background

distribution. When this happens, a simple fix is to keep the estimated temperature

constant until the carriers have relaxed enough to find a background distribution.
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Appendix C

The influence of QW placement on the

mode-locked pulse

A closer look at how the QW placement influences the mode-locked pulse is now

in order. Studying the full cavity will be very messy, thus I will replace the DBR

with a reflecting mirror. Assume the QWs are located at zn : n ≥ 1, such that

0 < z1 < . . . < zN where the mirror is located at z0 = 0. The electric field E(t) is

propagating through the QWs with an envelope E0(t) centered at ω0. Next consider

the total electric field at nth QW, given by the superposition of the incoming and

outgoing field:

En(t) = Ein(t) + Eout(t).

Using the phase, it is possible to relate both the incoming and outgoing field to the

field incident on the Nth QW:

En(t) = E(t−∆tN→n) e−iω0∆zN→n/c

+E(t−∆t0→n −∆tN→0) e−iω0(∆z0→n+∆zN→0)/c.

Where ∆tx→y is the time it takes for the field to propagate from zx to zy. Next, by

using ∆z = c0∆t/n we can write the spectrum as:

En(ω) = E0(ω − ω0) e−iω∆tN→n

+E0(ω − ω0) e−iω(∆t0→n+∆tN→0)

=
(
1 + e−2iω∆t0→n

)
E0(ω − ω0) e−iω∆tN→n .

By dividing away the envelope we get:

Γn(ω) =
(
1 + e−2iω∆t0→n

)
e−iω∆tN→n . (C.0.1)
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Thus the pulse will interact with the nth QW and the superposition of the incoming

and outgoing field will modulate the spectrum by Γn(ω).

As an example, consider the 10 QW RPG and MQW structures (e.g. see Figs. 4.1

and 4.19) with a central wavelength λ = 2πc/ω0. In the RPG arrangement, the QWs

are placed at zRPG
n = nλ/2 and in the MQW arrangement, the QWs are placed at

zMQW
n = λ/2+δ(n− (N +1)/2) where δ is the QW spacing. The spectral modulation
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Figure C.1. A comparison of the spectral modulation for the RPG (black) and
MQW (blue) structures with δ = 10 nm. (a) Γn(ω) given by Eq. C.0.1. (b) A sample
pulse spectrum in momentum space using this spectral modulation. Figure from
Ref. [44].

for the nth QW, Γn(ω), and the effect this has on a pulse in momentum space is

demonstrated in Fig. C.1.

Here, the RPG structure amplifies the central wavelength as expected, while the

MQW structure shifts the frequency that is maximally amplified and, in the process,

lowers the amplification of other frequencies. The electric field is strongest in the

resonant QWs, where the peak amplitude shifts to higher or lower frequencies for off

resonant placements.

As can be seen, a MQW structure has at least two advantages for ultra short pulse

generation: extracting carriers from a wider spectral range than the envelope and

extracting carriers at different magnitude from each of the QWs. The first gives more

pulse amplification because a wider spectrum can reach more carriers. The second
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can allow for a situation where, even if the most resonant QWs become absorbing,

others will still be inverted, and the system can remain stable. In addition, because

of the spectral modulation, the system can provide even more amplification. Later

we will see that the pattern of inversions seen in Fig. C.1(b) are very similar to the

pattern seen in mode-locked simulations from Fig. 4.20.

In the derivation of Eq. C.0.1, we only considered the field amplitude. However,

one should also include the macroscopic polarization, P (t), from each QW. The in-

teraction of the cavity field with a QW generates a polarization that also propagates

with the original cavity field. The total electric field will then generate more fields

in the following QW and this continues through the structure. First, we neglect the

backward propagating fields. Second, if we assume that the electric field is weak then

we can assume ε0P (ω) = α(ω)E(ω). By using the same phase shift as above, we get

that the full expression for the spectral modulation is:

Γn(ω) =
(
1 + (1 + α)2n−1 e−2iω∆t0→n

)
(1 + α)N−n e−iω∆tN→n .

From this we see that the polarization response will give additional amplification or

absorption, however the general behavior remains the same.
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[39] C. N. Böttge, J. Hader, I. Kilen, J. V. Moloney, and S. W. Koch. Ultrafast pulse
amplification in mode-locked vertical external-cavity surface-emitting lasers. Ap-
plied Physics Letters, 105(26):261105, 2014.

[40] J. Hader, I. Kilen, J. V. Moloney, and S. W. Koch. Non-equilibrium effects in
vecsels. In Proc. of SPIE Vol, volume 10087, pages 1008706–1, 2017.

[41] I. Kilen, S. W. Koch, J. Hader, and J. V. Moloney. Modeling of ultrashort
pulse generation in mode-locked vecsels. In SPIE OPTO, pages 97420H–97420H.
International Society for Optics and Photonics, 2016.
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