
THE INFLUENCE OF TDR-ROD-INDUCED FLOW DISRUPTION 
ON MEASURED WATER CONTENT DURING STEADY-STATE FLOW 

by 

Andrew Charles Hinnell 

A Thesis Submitted to the Faculty of the 

DEPARTMENT OF HYDROLOGY AND WATER RESOURCES 

In Partial Fulfillment of the Requirements 
For the Degree of 

MASTER OF SCIENCE 

In the Graduate College 

THE UNIVERSITY OF ARIZONA 

2004 



STATEMENT BY AUTHOR 

This thesis has been submitted in partial fulfillment of requirements for an 

advanced degree at The University of Arizona and is deposited in the University Library 

to be made available to borrowers under rules of the Library. 

Brief quotations from this thesis are allowable without special permission, 

provided that accurate acknowledgment of source is made. Requests for permission for 

extended quotation from or reproduction of this manuscript in whole or in part may be 

granted by the head of the major department or the Dean of the Graduate College when in 

his or her judgment the proposed use of the material is in the interests of scholarship. In 

all other instances, however, permission must be obtained from the author. 

SIGNED: 

APPROVAL BY THESIS DIRECTOR 

This thesis has been approved on the date shown below: 

Date 

- 2-



ACKNOWLEDGEMENTS 

This thesis was made possible by funding provided by the Sustainability of semi

Arid Hydrology and Riparian Areas (SARRA). 

The original idea for this thesis was developed Alex Furman, Ty Ferre and 

myself. I would like to thank Ty Ferre (my academic advisor) for the learning experience 

that this thesis has become. His guidance helped maintain my focus while encouraging 

me to explore interesting research avenues. I still remember the last thing he told me 

before I left the University of Waterloo. "Let me know when you want to do a PhD". 

Thanks for the vote of confidence. Guess what. .. "I want to do a PhD". I appreciate the 

comments and suggestions of Art Warrick and Bart Nijssen (MS committee members). 

They helped tum a draft into a coherent document. 

My family has always been there to share in my successes, support my endeavors 

and encourage me in everything I do. I would not be the person I am today if not for 

their influence on my life. 

Finally, I owe a deep debt of gratitude to Kathleen McHugh for her never failing 

love and support. You kept me in one piece when everything seemed to be going wrong 

and the prospect of completing my MS seemed a spot on the horizon. My life will 

always be richer sharing it with you. 

- 3 -



· TABLE OF CONTENTS 

1 INTRODUCTION ...................................................................................................... 9 

2 THEORY .................................................................................................................. 15 

2.1 WATERFLOW .................................... ................................................................ 15 
2.1.1 Water Flow around Impermeable Objects .................................................. .. 15 
2.1.2 Water Content around Multiple Impermeable Inclusions ............................. 25 
2.1.3 Mat};lematical Description of Variably Saturated Water Flow ..................... 31 

2.2 TIME DOMAIN REFLECTOMETRY ....................................................................... 36 
2.2.1 TDR Theory and Assumptions ..................................................................... 36 
2.2.2 Bulk Dielectric Permittivity .......................................................................... 40 
2.2.3 Sample Area .......................................................... ..... ..................... .............. 44 

3 METHODOLOGY ........................................ ........................................................... 49 

3.1 COMPARISON CRITERIA ..................................................................................... 49 
3.2 FEMLAB .......................................................................................................... 50 
3.3 WATERFLOW MODEL ....................................................................................... 53 
3.4 TDR-MEASURED WATER CONTENT ...................................................... ............ 55 

3.4.1 Numerical Electrical Model .......................................................................... 55 
3.4.2 Computation of the TDR-measured Water Content. .................................... 57 
3.4.3 Evaluation of the Maximum Measurement Error ......................................... 58 
3.4.4 Computation of Sample Area ........................................................................ 61 

3.5 INVESTIGATION SCENARIOS ............................................................................... 61 
3.5.1 TDR Probe Properties ................................................................................... 62 
3.5.2 Soil Properties ............................................................................................... 63 

4 RESULTS ................................................................................................................. 68 

4.1 WATERFLUX ..................................................................................................... 68 
4.2 TDR PROBE pARAMETERS ................................................................................. 70 
4.3 SOIL pARAMETERS ............................................................................................. 79 

5 ANALYSIS ............................................................................................................... 85 

6 CONCLUSIONS ................................................. ...................................................... 94 

REFERENCES ................................................................................................................. 96 

APPENDIX 1 DERIVATION OF VAN GENUCHTEN WATER CAP A CITY ............ 99 

APPENDIX 2 DIFFERENCIATION OF SOIL CHARACTERISTIC CURVE 
TO FIND INFLECTION POINT ............................................................ 102 

APPENDIX 3 FEMLAB MODELS AND MATLAB PROGRAMS ........................... 105 

-4-



LIST OF FIGURES 

Figure 2.1. Vertical steady state saturated flow in a homogeneous medium. 
Figure 2.2. Vertical steady state saturated flow in a homogeneous medium under unit 

gradient conditions. 
Figure 2.3. Pressure head dependence of hydraulic conductivity and water content for 

unsaturated soils. 
Figure 2.4. Vertical steady state unsaturated flow in a homogeneous medium. 
Figure 2.5. Vertical steady state unsaturated flow in a homogeneous medium under unit 

gradient conditions. 
Figure 2.6. Steady state saturated flow around a circular impermeable object in a 

homogeneous medium under unit gradient flow conditions. 
Figure 2.7. Steady state unsaturated flow around a circular impermeable object in a 

homogeneous medium under unit gradient flow conditions. 
Figure 2.8. Water content in the vicinity of an impermeable object located in a unit

gradient flow field. 
Figure 2.9. Water content along the edge of an impermeable inclusion starting at the top 

and rotating clockwise. 
Figure 2.10. Water content around two and three impermeable inclusions with diameters 

of0.005 m and separations of 100*D, 20*D and 4*D. 
Figure 2.11. Water content around two and three impermeable inclusions with diameters 

of 0.005 m and separations of 1 O*D. 
Figure 2.12. Saturation dependent anisotropy models. 
Figure 2.13 TDR weighting function with the 25 %, 50% 75 %and 90% sample areas. 
Figure 2.14. 90% sample areas for two and three-rod probes with diameters of 0.005 m 

and 0.01 m, at separations of5*D and 10*D in a homogenous media. 
Figure 2.15. Sample areas for TDR probes in an air water system with the air-water 

interface in close proximity to the TDR probe. 

Figure 3 .1. Graphical representation of maximizing algorithm. 
Figure 3.2. TDR probe configurations and geometry. 
Figure 3.3. Soil characteristic curves for sand defined by Carsel and Parrish (1988) and 

class based PTF using ROSETTA. 

Figure 4.1. TDR measurement error vs. relative flux. 
Figure 4.2. TDR measurement error vs. relative flux for four configurations with D = 

0.005 m and S = 0.05 m and the rods located in coarse grained sand. 
Figure 4.3. Log of the maximum measurement error for the three rod horizontal 

configuration. 
Figure 4.4. Log of the maximum measurement error for the two rod vertical 

configuration. 
Figure 4.5. Log of the maximum measurement error for the two rod horizontal 

configuration. 

- 5 -



LIST OF FIGURES CONTINUED 

Figure 4.6. Log of the maximum measurement error for the three rod vertical 
configuration. 

Figure 4.7. Maximum-error relative fluxes for the three-rod horizontal configuration. 
Figure 4.8. Maximum-error relative fluxes for the two-rod vertical configuration. 
Figure 4.9. Maximum-error relative fluxes for the two-rod horizontal configuration. 
Figure 4.1 0. Maximum-error relative fluxes for the three-rod vertical configuration. 
Figure 4.11 . Log of TDR measurement error vs. soil class at the inflection point flux 

using the three rod horizontal configuration with D = 0.005 m and S = 0.05 
m. 

Figure 4.12. Log ofTDR measurement error for coarse grained soils at the inflection 
point flux using the three rod horizontal configuration with D = 0.005 m and 
S = 0.05 m. 

Figure 4.13. Measurement error versus relative flux for 11 anisotropy values. 
Simulations completed with coarse grained sand, three rod horizontal probe 
and D = 0.005 m, S = 10. 

Figure 4.14. Anisotropy versus maximum measurement error for four TDR probe 
configurations. 

Figure 5.1 Two and three rod vertical and horizontal probe configurations showing the 
water content around the probes (color flood and blue contours) and the 75 
% and 90 % sample areas. 

Figure 5.2 Area enclosed by the % sample area for homogeneous dielectric distribution 
and a heterogeneous dielectric distribution due to water flow around a three 
rod horizontal probe in sand with a diameter of0.005 m and a separation ten 
times the diameter. 

Figure 5.3 TDR measured water content and average water content within integrated 
over the area encompassed by the x% of the weighting function. Two-rod 
vertical probe in sand with a diameter of 0.005m and a separation ten times 
the diameter. 

Figure 5.4 TDR measured water content and average water content within integrated 
over the area encompassed by the x% of the weighting function. Two-rod 
horizontal probe in sand with a diameter of 0.005m and a separation ten 
times the diameter. 

Figure 5.5 TDR measured water content and average water content within integrated 
over the area encompassed by the x% of the weighting function. Three-rod 
vertical probe in sand with a diameter of 0.005m and a separation ten times 
the diameter. 

- 6 -



LIST OF FIGURES CONTINUED 

Figure 5.6 TDR measured water content and average water content within integrated 
over the area encompassed by the x% of the weighting function. Three-rod 
horizontal probe in sand with a diameter of0.005m and a separation ten 
times the diameter. 

Figure 5.7 TDR measured water content and average water content within integrated 
over the area encompassed by the x% of the weighting function plotted 
versus the area enclosed by x% of the weighting function.. Three-rod 
horizontal probe in sand with a diameter of 0.005m and a separation ten 
times the diameter. 

- 7-



ABSTRACT 

Intrusive measurement techniques require placing a sensor within the sample, 

possibly changing the conditions under which the measurement is collected. Time 

domain reflectometry (TDR) is an intrusive water content measurement method. TDR 

rods are impermeable and thus water is forced to flow around the rods. In an unsaturated 

medium, this changes the water content distribution in the vicinity of the probe. TDR is 

most sensitive in the region that experiences the greatest change in water content due to 

flow disruption. A numerical approach was used to examine the changes in water content 

in the vicinity ofTDR rods during steady-state unsaturated flow. For common TDR 

probe designs in the wide range of soils examined, flow disruption gives rise to a water 

content measurement error that is less than 0.005 cm3 /cm3
. This is smaller than the 

reported accuracy of the TDR method ofO.Ol cm3/cm3 (Topp, 1982). However, custom 

TDR probes with small separations and larger diameters or probes attached to 

impermeable probe bodies could lead to significant errors in water content measurement 

during steady-state unsaturated flow. 
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1 INTRODUCTION 

Water content measurements have applications in agricultu~e, forestry, engineering, 

and climatology, as well as hydrology. In agriculture, water content measurements are 

used for soil mapping and characterization, and irrigation scheduling. Engineering 

applications include slope stability studies, road construction, and leak detection. 

Measurements of water content in near-surface soils are necessary for soil and 

atmospheric flux studies in climatology. Measuring changes in water content gives a 

direct measure of the change in water stored in the vadose zone. Transient water flow 

(e.g. the advance of a wetting front) in the vadose zone can be monitored by measuring 

water content distribution through time. The distribution and movement of water in the 

unsaturated zone is required for solute transport studies. In addition to these direct uses, 

water content measurements can be used indirectly for other scientific and engineering 

applications. Specifically, temporal and spatial changes in water content can be used to 

calibrate unsaturated flow models, and can be used to infer soil properties through inverse 

models. 

The ideal water content measurement method should be non-destructive, non

invasive, and scaleable. This ideal method should also provide a simple average of the 

water content within a constant sample volume with no need for site-specific calibration. 

Non-destructive measurements are a prerequisite for monitoring temporal changes in 

water content. If the medium being monitored is destroyed during measurement, then 

repeated measurements in time cannot be completed. Non-invasive methods do not 

require placing instruments within the medium being sampled, and thus do not change the 
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properties of the medium being measured and are more amenable to rapid ground-based 

measurement over large areas. Measurement techniques that are scaleable can be applied 

to a broader range of applications because they allow for data collection at a user-defined 

scale of interest. In contrast, methods that only provide point scale water content 

measurements may not provide measurements that are representative of the water content 

at a larger scale. On the other hand, larger-scale measurements may not capture small

scale variability of water content that is necessary to constrain certain problems. 

Regardless of the measurement scale, all measurements represent some average water 

content within their sample volume. The preferred averaging scheme is an arithmetic 

average within a constant sample volume because the average water content can then be 

related to the total change in water stored in a known sample volume. Many methods 

have sample volumes and even averaging schemes that vary with changes in the 

properties of the medium being measured. This condition leads to difficulty in defining 

the sample volume and in upscaling or downscaling water content measurements. Site

specific calibration hampers the ability to compare data between sites and thus limits the 

usefulness of the data. In addition, water content measurements should be rapid and easy 

to conduct and automate, which lead to inexpensive monitoring. Minimal sample 

analysis or data processing is also advantageous to reduce analysis time and costs. 

The standard water content measurement method is gravimetric sampling. 

Gravimetric water content (Be) measurements traditionally require traveling to a site, 

collecting soil samples, returning to the laboratory, weighing the wet samples (M w ), 

drying the samples in an oven at 105 F for twenty-four hours, and weighing the dry 
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samples (MD) . The difference in the weight of the sample is directly related to the mass 

of the water evaporated from the sample by drying. The gravimetric water content is then 

calculated from e c = M w -MD . If the volumetric water content ( Bv ) is desired, then 
MD 

the bulk density and the particle density of the sample are required: Bv = Pb Be. The 
Pw 

bulk density of the soil can be calculated if the total volume of the soil sample is known. 

But, this requires more rigorous and time-consuming soil sampling techniques. The 

gravimetric sampling method is very simple and does not require expensive equipment. 

However, gravimetric sampling has many disadvantages. The method is both invasive, 

and destructive. The technique takes time to collect the sample and analyze the sample in 

the laboratory. Gravimetric sampling returns the mass weighted average of the water 

content within the sample and the technique is scalable from very small samples to as 

large a sample as is feasible to oven dry, which is a small volume, in practice. 

Increasingly, alternative measurement methods are being applied to measure 

volumetric water content in the field. Geophysical techniques are often borrowed from 

their original application and altered and improved to better suit their application in 

hydrogeology. Electrical and electromagnetic methods are particularly suitable since the 

electrical properties of porous media (electrical conductivity and dielectric permittivity) 

are affected strongly by the volumetric water content. Examples of electrical and 

electromagnetic methods in wide use in hydrogeology include time domain reflectometry 

(TDR), ground penetrating radar (GPR), and electrical resistivity tomography (ERT). 
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The growth in use and development of geophysical techniques is driven by their 

advantages. Geophysical techniques can provide high spatial and/or temporal resolution 

of hydrogeological processes. They are non-destructive, and good for temporal 

monitoring of water content changes. The sample volumes can vary from 10' s of cm3 for 

TDR to 1000's of cm3 for ERT. For small-scale high-resolution measurements, TDR is 

increasingly preferred over gravimetric sampling. 

The application of geophysical instruments to measure water content requires an 

understanding of the method's limits and sensitivities, and how the method interacts with 

the measurement environment. TDR is the most developed and understood of the 

geophysical techniques. Twenty-five years of research has lead to a good understanding 

of the method and the ability to define what is being measured and where it is being 

measured. Work has also been completed to understand how spatial variability of 

medium properties near TDR probes affects the TDR-measured water content. For 

example, Knight et al. (1997) showed that partial air gaps surrounding TDR rods are not 

likely to affect the probe response significantly. Rothe et al. (1997) showed that changes 

in soil structure caused by the installation of TDR probes could lead to a difference in 

water content from pre compaction of up to O.Olcm3/cm3
, with the greatest effect close to 

saturation. While these studies have investigated the effects of structural changes in the 

porous medium that may be associated with TDR rods, there are no published studies on 

the effects ofTDR rods on water flow processes. 

This thesis focuses on the effects that measurement instruments can have on 

hydrologic processes of interest. Specifically, changes in the water content distribution 
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around TDR probes during steady-state unsaturated flow are examined. When an 

impermeable object is placed in a steady-state water flow field, the pressure head 

distribution changes to a new steady state that reflects water flow around the object. The 

pressure head increases up gradient of the object and decreases down gradient of the 

object. If flow conditions are unsaturated, then the water content also changes with 

increasing water content up gradient and decreasing water content down gradient. TDR 

rods are impermeable to flow and will alter the water flow field and water content 

distribution in the medium. These changes will be greatest immediately adjacent to the 

rods. TDR measures a weighted average of the water content distribution around the 

TDR probe with the greatest sensitivity near the rods. The overall objective of this thesis 

is to quantify the water content measurement errors that are likely to occur due to local 

changes in water content distribution near TDR rods during steady-state unsaturated flow. 

This overall question is addressed through the following objectives: 

1. Develop a numerical variably saturated water flow model and couple it with a 

numerical TDR spatial sensitivity model; 

2. Compare the TDR-measured water content to the water content that would occur 

in the soil during steady-state flow with no TDR rods present to determine the 

water content measurement error; 

3. Quantify the effects of soil and probe parameters on the water content 

measurement error; 
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4. Determine if the level of error introduced due to the disturbance of the water flow 

field by the rods is significant in relation to other documented sources of 

uncertainty in TDR water content measurement; and, 

5. Relate the observed trends in the measurement error to physical process to 

develop guidelines to minimize the impact ofTDR rods on the measured water 

content. 
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2 THEORY 

The analysis of the effect of TDR rods on water flow requires a quantitative analysis 

of water flow in variably saturated media. The analysis of the resulting effect of the 

changed water content distribution on the TDR-measured water content requires 

quantitative analysis of the response of TDR to a spatially heterogeneous dielectric 

medium. The theoretical bases of these subjects are summarized in the following 

sections. Mathematical models that describe water flow around impermeable objects and 

the response ofTDR under heterogeneous conditions are presented. 

2.1 WATER FLOW 

2.1.1 Water Flow around Impermeable Objects 

Water flow through porous media can be described as several classes of flow of 

increasing complexity. The simplest case describes hydrostatic conditions, for which no 

flow occurs. Steady-state conditions do not vary in time, while transient conditions 

describe the time-varying response of a system to temporal changes in applied stress. 

Analysis of flow through homogeneous media is simpler than analysis of flow through 

heterogeneous media. Finally, fully saturated conditions can be described with linear 

equations while unsaturated flow typically requires nonlinear equations, making analysis 

of unsaturated flow more complicated. In this thesis, we limit ourselves to analyses of 

steady-state flow in homogeneous media under saturated and unsaturated conditions. 

Furthermore, we limit analyses to two-dimensional solutions in the vertical plane. 

Vertical steady-state saturated flow through a homogeneous porous medium is 

characterized by Darcy's law, which states that the water flux is linearly proportional to 
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the hydraulic head gradient. The constant of proportionality in Darcy's Law is called the 

hydraulic conductivity [L/T], and depends on properties of the medium and the fluid. 

The hydraulic head [L] is an expression of the potential energy per unit weight of the 

fluid, and is the sum of the potential due to elevation (elevation head) and pressure 

(pressure head). The elevation head has a constant vertical gradient equal to one. Figure 

2.1 shows the hydraulic head, elevation head and pressure head for a column filled with a 

homogeneous medium undergoing steady-state flow in the vertical, downward direction. 

The top of the column has a prescribed pressured head of0.5 m and the base of the 

column has prescribed pressure head ofO m. For the special case where the pressure 

head is constant ('!' = 0.5m) throughout the column, the pressure head gradient is zero. 

The hydraulic head gradient equals the elevation head gradient, which equals one (Figure 

2.2). This special case is called unit gradient flow, since the hydraulic head gradient is 

equal to one. Unit gradient flow has the special property that the flux through the system 

is equal to the hydraulic conductivity. 

Unsaturated flow is fundamentally different than saturated flow because the 

hydraulic conductivity is a function of the pressure head as well as of the medium and 

fluid properties. The unsaturated hydraulic conductivity decreases from the saturated 

hydraulic conductivity at full saturation to zero at residual saturation. Combining this 

relationship with the pressure head - saturation relationship gives a hydraulic 

conductivity that decreases with increasingly negative pressure heads above the air entry 

pressure (Figure 2.3). The dependence of hydraulic conductivity on pressure head can 

result in a nonlinear hydraulic head gradient in a homogeneous medium during 
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Figure 2.1. Vertical steady state saturated flow in a homogeneous medium. 
Prescribed pressure head of 0.5 m at the top of the column. Prescribed pressure head of 0 
m at the base of the column. Elevation datum at base of the column. 
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Figure 2.2. Vertical steady state saturated flow in a homogeneous medium under unit 
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pressure head of 0 m at the base of the column. Elevation datum at base of the column. 
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Table 1. Boundary conditions and soil properties for flow examples. 
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Figure 2.3. Pressure head dependence of hydraulic conductivity and water content for 
unsaturated soils. The two curves shown are for a coarse sand. 
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Figure 2.4. Vertical steady state unsaturated flow in a homogeneous medium. 
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0 m at the base of the column. Elevation datum at base of the column. The plot on the 
right shows the variable water content with depth. 
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steady-state flow. Figure 2.4 shows the pressure head and hydraulic head distributions 

for a column undergoing steady-state unsaturated flow. The pressure head at the top of 

the column has been changed to -0.5 m and the pressure head at the base of the column is 

maintained at 0 m. The flux is constant everywhere. But, the hydraulic conductivity is 

smaller at more negative pressure heads than at less negative pressure heads. To counter 

this, the pressure head gradient must be higher in areas of lower hydraulic conductivity 

(more negative pressure head) than in areas of higher hydraulic conductivity (less 

negative pressure head) to maintain the same flux through the system, giving rise to a 

nonlinear variation in pressure head with depth. Because water content varies with 

pressure head, the water content also varies nonlinearly with depth. Finally, consider a 

case where the pressure head is maintained at -0.5 mat the top of the column and 

changed to -0.5 mat bottom of the column. This unit gradient condition results in a 

constant flux throughout the column that can be described using Darcy's law. However, 

the flux is lower than that of the saturated case because the hydraulic conductivity at a 

pressure head of -0.5 m is less than the saturated hydraulic conductivity. Since the 

pressure head is constant, water content is also constant throughout the column (Figure 

2.5). 

Many objects located in the subsurface are impermeable to water flow under 

unsaturated conditions (e.g. crystalline rocks, root holes, tunnels, and pipes). Some of 

these objects can become conduits for flow under saturated conditions (e.g. root holes). 

If an impermeable object is located within an otherwise homogeneous medium, the 

steady-state flow field will be different in the region surrounding the object than in the 
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homogeneous background material. Under saturated flow conditions the pressure head 

up gradient of the object increases and the pressure head down gradient of the object 

decreases (Figure 2.6) causing water to flow around the impermeable object. Flow is no 

longer one-dimensional; the water flow near the impermeable object has both vertical and 

horizontal components. There are stagnation points at the up gradient and down gradient 

ends of the object, and the largest fluxes are along the sides of the object. The pressure 

head distribution around an impermeable object located in an unsaturated porous medium 

has the same basic characteristics: increase in pressure up gradient, decrease in pressure 

down gradient, and maximum flux along the sides of the object. However, the 

dependence of the hydraulic conductivity on pressure head results in a more complicated 

flow field around the impermeable object (Figure 2.7). The increase in pressure head up 

gradient of the object leads to increased water content and hydraulic conductivity. 

Similarly, the decrease in pressure head down gradient of the object leads to decreased 

water content and hydraulic conductivity. These changes tend to allow water to drain 

more easily from above an impermeable object and impede flow of water into the region 

immediately beneath the object. These responses can cause water that is forced to flow 

along the sides of the object to form lobes of water that persist beyond the base of the 

object (Figure 2.8). The largest changes in water content occur along the edge of the 

inclusion. The change in water content from the background water content is greatest at 

the top of the inclusion (above background) and the bottom of the inclusion (below 

background). Plotting water content difference versus angle starting from the top and 
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rotating clockwise along the edge of the inclusion (Figure 2.9) shows that a greater 

portion of the circumference is above the background water content (approximately 60 % 

of the circumference). The magnitude of the water content change is a function of the 

relative flux (J{,at). The greatest difference between the maximum and minimum 

water content generally occurs if the flux is close to the hydraulic conductivity at the 

pressure head associated with the inflection point of the soil characteristic curve (Figure 

2.1 0). The actual flux that generates the maximum difference in the water content is a 

function of the van Genuchten parameters and the inclusion diameter. High fluxes result 

in saturation above the rod and a smaller difference between the maximum and minimum 

water content. Low fluxes result in drier conditions where the change in water content 

for a given change in pressure head is smaller. 

2.1.2 Water Content around Multiple Impermeable Inclusions 

If multiple inclusions are present, the pressure head and water content distribution 

around any single inclusion also depends on its proximity to nearby inclusions. If 

inclusions are sufficiently far apart, the water content around each inclusion is the same 

as shown for an individual inclusion, and the disturbed flow fields do not interact. As the 

separation between the inclusions in reduced, the disturbed flow fields interact more 

strongly, causing more complex water content distributions. Figure 2.11 presents the 

water content distribution around two inclusions aligned vertically and three inclusions 

aligned horizontally at separations of 100, 20, and 4 times the inclusion diameter. As the 

separation decreases, the water content distribution around two inclusions aligned in the 
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direction of flow shows an increase in water content above and beside the up gradient 

inclusion, a decrease in water content below the up gradient inclusion, a smaller increase 

in water content above the down gradient inclusion, and a larger decrease in water 

content below the down gradient inclusion. Adding a third impermeable inclusion 

between the two inclusions vertically aligned inclusions amplifies these effects (Figure 

2.12a vs. Figure 2.12b ). The water content distribution around three inclusions oriented 

perpendicular to the direction of flow interact in a way that generates a larger build up of 

water above the inclusions. If the inclusions are sufficiently close together, the water 

build up forms a bridge among the three inclusions. Water content between the 

inclusions is increased, and the region of increased water content is larger than the region 

of increased water content for the inclusions oriented parallel to water flow. Removing 

the center inclusion reduces the bridging effect and results in a smaller water content 

increases above the inclusions (Figure 2.12c vs. Figure 2.12d). 

As with a single inclusion, the water content distribution around multiple 

inclusions depends on the inclusion diameter, soil properties, and background flux. In 

addition, the relative positions of the inclusions affect the magnitude of flow disruption. 

For an investigation of the impacts ofTDR probes on water flow, the number, size, and 

locations of inclusions can be described in terms of the design of TDR probes, as 

discussed in detail below. 

The shape of the pressure head distribution around the impermeable circular 

inclusion depends on the water flux past the inclusion, the radius of the inclusion, and 

properties of the soil surrounding the inclusion (Philip et al., 1989, and Warrick et al. 
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2002). Increasing the flux past the inclusion generates a larger pressure head increase 

above the inclusion and a larger pressure head deficit below the inclusion. The lobes of 

elevated pressure extend farther at elevated water flux. Philip et al. and Warrick et al. 

develop solutions for pressure head around impermeable inclusions using Gardner's soil 

model (K(lf) = Kseal{/). Gardner's soil model was used to enable linearization of 

Richards' equation. Their solutions are developed in terms of a dimensionless parameter 

(s) that incorporates the soil properties (capillary length ( 11 a)) and the inclusion radius 

(r). Ass is increased (larger radius and smaller capillary length) the pressure head above 

the inclusion increases, and pressure head below the inclusion decreases, and the lobes of 

elevated pressure head extending down the sides of the inclusion increase in size and 

pressure head. Since the water content is a function of the pressure head, it has a similar 

distribution around an impermeable inclusion and similar dependence on the flux, soil 

properties, and inclusion radius. 

The analysis of the TDR response requires a quantitative description of the water 

content distribution around the impermeable inclusions. The Gardner formulation does 

not have an associated description of the water content as a function of the pressure head. 

The van Genuchten- Mualem soil model (VG-M) (van Genuchten, 1980, Mualem, 1976) 

is a closed form relationship with expressions for both hydraulic conductivity and water 

content as functions of the pressure head. Therefore, the VG-M model was used instead 

of the Gardner soil model. In addition, the VG-M model generally provides a better fit to 

experimental data over a wide range of pressure heads than Gardner based soil models 
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(Ferrante et al. , 2002). However, the VG-M model does not permit linearization of 

Richards' equation forcing a numerical approach to solve Richards' equation. 

In this study, we are interested in the changes in water content distributions around 

TDR rods during steady-state unsaturated flow. Previous researchers (Knight, 1992) 

have shown that the spatial sensitivity of a TDR probe can be analyzed in two dimensions 

in the plane perpendicular to the long axis of the TDR rods. We limit our analyses to two 

dimensions, specifically a vertical cross section through TDR probes that are placed with 

their long axes parallel to the ground surface. We further limit our analyses to unit 

gradient steady-state unsaturated flow conditions. These conditions were chosen because 

the undisturbed condition (no TDR probe present) gives rise to a constant water content, 

allowing for a more direct measure of the impacts of the TDR rods on the water content 

distribution and on the TDR-measured water content. 

2.1.3 Mathematical Description of Variably Saturated Water Flow 

Two-dimensional saturated water flow in a porous medium is described 

mathematically by the diffusion equation: 

V•(KvH)=s aH 
~ s at (2.1) 

where t is time [T], H is hydraulic head [L], K is the two-dimensional saturated 

hydraulic conductivity tensor [LIT], K = [ ~x 0 J , and S s is the specific storage of the 
Kz 

porous medium [L-1
]. The specific storage is defined as the volume of water that a unit 

volume of aquifer releases from storage under a unit decline in hydraulic head: 
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Ss = pg(a + nf3) (2.2) 

where a is the compressibility of a porous medium [LT2M- 1
], n is the porosity [-],and 

f3 is the compressibility ofwater[LT2M-1
] (Freeze and Cherry, 1979). 

Unsaturated water flow is described mathematically by Richards' Equation: 

(2.3) 

where If/ is pressure head [L ], e is volumetric water content [L3 /L3
], and K(lf/) is the 

pressure head dependent hydraulic conductivity tensor [L/T]. The pressure head form of 

Richards' equation is: 

where C(lf/) is water capacity [L- 1
], which equals ae . 

alf/ 

(2.4) 

The water capacity is zero where the pressure head is greater than the air entry pressure 

(saturated soils) and at residual water content. Combining Eqs. 2.1 and 2.3 to describe 

variably saturated flow gives: 

v • (K(\if )v H)= ( c(\'/ )+ s, (s.)) 8\'/ at (2.5) 

where the specific storage depends on the effective saturation (se) of the porous media: 

(2.6) 

and Se is defined in terms ofthe water content (e), the residual water content(er), and 

the saturated water content ( es ) : 
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(2.7) 

To account for saturated and unsaturated water flow in a medium with a specific air entry 

pressure (IJ' ae)' a piecewise continuous form of the hydraulic conductivity is used: 

The van Genuchten- Mualem model is used for the constitutive relationships 

(K('Jf) and 8('1')) in Eq. 2.5. The VG-M model relates K to 'I' and 8 to 'If through the 

effective saturation (Se): 

If/ < If/ ae 

If/ ~ If/ ae 

where a and n are soil-specific constants. The exponent m is often related ton as 

(2.8) 

1 
m = 1--. The hydraulic conductivity is defined in terms of the effective saturation as: 

n 

(2.9) 

Combining Eq. 2.9 with Eq. 2.8 gives the K(IJI) relationship: 

(2.10) 

Rearranging Eq. 2.7 and combining with Eq. 2.8 gives the B(IJ') relationship: 

(2.11) 
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The water capacity term is derived by differentiating Eq. 2.11 with respect to pressure 

head (derivation in Appendix 1 ): 

(2.12) 

Anisotropy is often implemented in the saturated zone to characterize direction

dependent hydraulic conductivity. Anisotropy is generally defined as the ratio of the 

hydraulic conductivity in the principal directions of flow (a=~:). Anisotropy is used 

to account for structures smaller than the scale of the model (e.g. thinly layered beds of 

sediment). Researchers over the last twenty years have shown that anisotropy in 

unsaturated soils varies with the water content. However, no consistent mathematical 

description of this dependency has been developed. Mualem (1984) developed an 

anisotropy model using many thin parallel layers that showed the anisotropy initially 

decreasing to a minimum then rapidly increasing with continued desaturation (Figure 

2.13). Yeh and Gelhar (1985 a, b, c) use a stochastic approach to develop a similar 

relationship. Stephens and Heermann ( 1988) present laboratory data supporting this 

model. Friedman and Jones (2004) present a pore scale anisotropy model suggesting 

anisotropy initially increases with desaturation followed by a decrease approaching 

residual water content. They measure electrical conductivity anisotropy, using it as an 

analogue to unsaturated hydraulic conductivity anisotropy. The model of Friedman and 

Jones is supported by an early investigation by Bear et al. (1987) who developed a simple 

pore scale model. It is clear that no general consensus has been reached within the 

research community about the anisotropy of unsaturated hydraulic conductivity. The 
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comment by Neuman ( 1973) defending his use of the saturated definition of anisotropy is 

still valid: 

"this representation need not be strictly correct but it may be presently justified in view of 
our limited knowledge about the functional relationship between unsaturated hydraulic 
conductivity and the degree of saturation." 

For ease of automated sensitivity analysis, we define anisotropy as: 

(2.13) 

By this definition, the anisotropy is 0 for an isotropic medium (K x = K z) and reciprocal 

values of a are equal in magnitude but opposite in sign. For example Kx = 2Kz is 

defined by an anisotropy of a= 0.3 and Kx =! Kz is defined by an anisotropy of 
2 

a = -0.3 . To automatically change from K x = ~ K , to K x = K , to K x = 2K, is simpler 

to program by varying a between -0.3 and 0.3 at increments of 0.3 than defining an 

algorithm that increments at uneven steps. 

2.2 TIME DOMAIN REFLECTOMETRY 

2.2.1 TDR Theory and Assumptions 

The TDR method provides an indirect measurement of the volumetric water 

content. TDR measures the velocity (v) of an EM step pulse (square wave) traveling 

along a probe inserted in the soil. The velocity of the EM pulse traveling along the probe 

is determined by measuring the time (t) for the pulse to travel down the probe of a known 

length (L), reflect off the end and travel back up the probe (two way travel time): 
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2L 
v=- (2.14) 

t 

The EM step pulse used in TDR is assumed to be a transverse electromagnetic 

(TEM) wave. TEM waves have the special property that no components of the electrical 

or magnetic fields are oriented in the direction of propagation. In addition, the electric 

and magnetic energy distributions of TEM fields in the transverse plane are the same as 

the corresponding two dimensional electrostatic fields (Seshadri, 1971 ). The 

heterogeneous form of Laplace's equation describes the electrical potential distribution in 

an electrostatic field: 

V •(&VV)= 0 (2.11) 

where Vis the electrical potential (volts) and£ is the dielectric permittivity (F/m). 

The velocity of a TEM plane wave is proportional to the magnetic permittivity (JL) and 

dielectric permittivity (&)of the homogeneous medium through which the plane wave is 

traveling: 

1 1 c v - -- - - ----==== 

- 5i- ~ Jlo&o ~ Jlr&r - ~ Jlr&r 
(2.15) 

where f..1
0 

is the magnetic permeability of free space, Jlr is the relative magnetic 

permeability (usually one for most earth materials), &
0 

is the dielectric permittivity of 

free space, & r is the relative dielectric permittivity, and c is the velocity of light in a 

vacuum (c = ;h;]. The two-way travel time of the TEM wave along the probe is 
f..1o 5 o 

defined in terms of the relative dielectric permittivity by combining 2.10 and 2.12: 
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2Lj;: 
t=--- (2.16) 

c 

The dielectric permittivity has a strong dependence on the volumetric water content. 

This dependence can be demonstrated using a mixing model (Ferre et al., 1996), which 

weights the component dielectrics by volume fraction and incorporates the electrical 

geometry of the system: 

I 

cr = (ec~ + (1- n)cf + (n- e)c~ )!i (2.17) 

where cr is the local relative dielectric permittivity, &w is the relative dielectric 

permittivity of water ( ~80), & A is the relative dielectric permittivity of air (1 ), £ s is the 

relative dielectric permittivity of mineral soil (3 to 5), e is the volumetric water content 

[cm 3 I cm 3
], and n is porosity [cm 3 I cm 3

]. Since the dielectric permittivity of water is 

much greater than that of air or of mineral soil, changing the water content in Eq. 2.17 

has a much greater effect on the dielectric permittivity than changing the porosity or the 

dielectric permittivity of the soil within common ranges for unconsolidated media. As a 

result, the relative dielectric permittivity is sensitive to water content and insensitive to 

soil type, making soil-specific calibrations generally unnecessary. 

The dielectric permittivity in 2.14 is composed ofboth real (c') and imaginary 

( c") parts. The dielectric permittivity of a homogeneous material is frequency ( ro) 

dependent and a function of the electrical conductivity (cr) (Seshadri, 1971): 

& = &'-{ &"+ (};· J (2.18) 
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Based only on the travel time, the real and imaginary part of the dielectric permittivity 

cannot be separated, nor can the frequency and electrical conductivity dependence of the 

dielectric permittivity. Simplifying assumptions are required. Topp (1980) assumed a 

low-loss condition ( &'>> &" and conduction losses are negligible along the length of the 

TDR probe) and a nondispersive condition ( &' is not frequency dependent in the TDR 

frequency bandwidth). Using these assumptions, Eq. 2.16 can be used to define the 

apparent dielectric permittivity (c A) in terms of the travel time measured using TDR. 

(2.19) 

The apparent dielectric permittivity is a function of the local dielectric 

permittivity distribution, which in tum is a function of the water content distribution. The 

term "apparent" is used to signify that the low-loss and nondispersive assumptions are 

made. In this thesis, "apparent" is dropped; the term dielectric permittivity is used to 

refer to the apparent relative dielectric permittivity. Topp (1982) developed an empirical 

relationship relating the dielectric permittivity determined from travel time measurements 

using Eq. 2.19 to the water content for four mineral soils: 

(2.20) 

Ferre et al. (1996) present a linearized form ofEq. 2.20 developed based on averaging 

theory: 

e = o.1181F. -0.1841 (2.21) 

£ =(0+0.1841)
2 

A 0.1181 
(2.22) 
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For a homogeneous water content distribution in a homogeneous medium, Eq. 2.20 

returns the correct water content. Other calibration equations have been developed (e.g. 

Robinson et al, 2003). However, the choice of calibration equation will not impact the 

results of the study since the same equation is used to convert from water content to 

dielectric permittivity and back to water content. 

If the water content varies along the probe, but is homogeneous in the plane 

transverse to the probes, TDR returns the length-weighted average of the water content 

along the probe (Topp et al. 1982). Knight et al. (1997) and Ferre et al. (1996, 2000, 

2002) discuss in detail the response of TDR to spatially variable water contents in the 

plane transverse to TDR rods. Relevant aspects of this discussion are presented in the 

following section. 

2.2.2 Bulk Dielectric Permittivity 

The TDR-measured bulk dielectric permittivity is a weighted average of the local 

dielectric permittivity values in the transverse plane: 

(2.23) 

where w(x,z) is the weighting function in the x-z plane (direction of propagation is y), A 

is the area in the x-y plane where w(x, z) > 0. The weighting function gives the apparent 

dielectric permittivity as a weighted average of the spatially distributed dielectric 

permittivity. Knight (1992) develops an expression for the weighting function by 

equating the total electric energy of the electromagnetic field of a homogeneous medium 
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to that of a homogeneous medium with a single small perturbation in the dielectric 

permittivity at one point. 

The energy density (energy per unit volume - u) in an electrostatic field is 

proportional to the square of the gradient of the electric potential (Serway, 1992): 

(2.24) 

where 8 0 is the dielectric permittivity of free space, 8 r is the relative dielectric 

permittivity of the soil, and ¢ is the electrical potential. The total electric energy of the 

electric field per unit length along the probe is then: 

(2.25) 

In the special case where £r has the uniform value £A and V ¢0 defines the corresponding 

electric field, Eq. 2.25 becomes: 

(2.26) 

Equating Eq. 2.25 and 2.26 and rearranging to solve for £A gives: 

Jfsr!V¢(x,z~ 2 

dA 
A 

& A = f]v ¢o (x, z r dA 
(2.27) 

A 

The weighting function is defined by comparing Eq. 2.27 to 2.23: 

(2.28)* 
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For a homogenous medium with homogeneous water content, the weighting function has 

the property: 

JL w(x,z )dA = 1 (2.29) 

Since the electromagnetic energy density in the transverse plane is not spatially uniform, 

the sensitivity of the TDR measurement and the weighting function are spatially variable. 

The weighting function for a homogeneous dielectric permittivity distribution for two-

and three-rod TDR probes is shown in Figure 2.14 and 2.15. TDR has the greatest 

sensitivity close to the TDR rods, diminishing quickly away form the rods. The 

weighting factor depends on \7 ¢(x,z) which depends on Er, which depends on water 

content. Therefore, the weighting function changes as the water content distribution 

changes. However, the weighting function for homogeneous() and Er is independent of 

the values of() and Er. That is, \7¢0 (x, z) varies as the magnitude of() and Er varies, but 

the weighting function is normalized by JJ(v ¢oY dA, removing its dependence on the 
A 

absolute values of() and Er. The water content that TDR would measure for a 

heterogeneous water content distribution (e(x, z )) can be determined by combining Eq. 

2.23 with Eq. 2.28 to determine the TDR measured dielectric perrhittivity, and then use 

Eq. 2.21 to compute the TDR measured water content. 
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Figure 2.14 TDR weighting function for a two rod probe in a homogenous dielectric. 
Red indicates high sensitivity and dark blue low sensitivity. 
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Figure 2.15 TDR weighting function for a three rod probe in a homogenous dielectric. 
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2.2.3 Sample Area 

The sample volume of a measurement device, as defined by Ferre et al. (1998), is 

the region of the porous medium that contributes a defined fraction of the total probe 

response containing those regions of highest local sensitivity. The properties of the 

porous medium outside the sample volume contribute the remaining response of the 

instrument. For TDR, the sample area can be defined in the plane perpendicular to the 

rods. The sample volume is then determined by integrating the sample area along the 

rods. The sample area is defined uniquely by including those areas that have the highest 

weighting factors that sum to give a desired percent (f) of the total instrument sensitivity. 

That is, the sample area is determined by summing the local weighting factors, from 

highest to lowest, until the desired percent of the total weighting function is reached: 

(2.30) 

(Ferre et al., 1998) where OJ is a vector with the property that OJ1 is the largest value of 

the weighting function and OJi decreases with increasing i, and} is the value of i where 

Eq. 2.30 is satisfied for a specified value off Defined in this way, the elements included 

in the summation define the smallest possible area contributing the chosen fraction of the 

total instrument response. 

In infinite space, electrical potential fields are of infinite extent, meaning that they 

are to some degree sensitive to medium property changes everywhere. The 100% sample 

area is also of infinite extent. An arbitrarily large fraction of the total sample area must 
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be chosen to describe a finite sample area. Fern~ et al. (1998) suggest the 90% fractional 

sample area be used to define the sample area. Lower fractional areas can be used to 

describe the distribution of probe sensitivity within the sample area. For bounded 

systems (e.g. numerical models) the model domain size is chosen such that increasing the 

domain sizes does not change the 90% sample area. Like the weighting function, the 

sample area for homogeneous dielectric permittivity distributions has a constant shape 

that is related to the number of rods in the probe, the rod diameters, and the rod 

separation(s). The 25 %, 50%,75% and 90% sample areas are shown in Figure 2.16. 

The area of the sample area versus the fraction of the total weighing function varies 

exponentially with the greatest change in the area between 90% and 100%. The 7 5 % 

and 90% sample area for a homogeneous dielectric permittivity distribution are shown 

for two- and three-rod TDR probes in Figure 2.17. The sensitivity of the TDR instrument 

is centered on the rods. Probes with more rods have a smaller 90% sample area. As the 

separation is increased the sensitivity is increasingly focused immediately around the 

TDR rods. For very large separations, the 90% sample area can become separated into 

two or three regions of high sensitivity centered on each rod. As the diameter is 

increased, the 90% sample area becomes smaller and focused on the rods and the region 

between the rods. Heterogeneous dielectric permittivity distributions result in weighting 

functions that differ from the homogeneous weighting function. Similarly, the sample 

area in a medium with a heterogeneous water content distribution can vary markedly 

from that in a medium with a homogeneous water content. For example, Nissen et al. 
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(2003) show the sample area for a two-rod horizontal probe in a layered air (cr = 1), 

water (cr ~ 80) system (Figure 2.18). The presence ofthe low dielectric permittivity 

medium close to the TDR rods results in the sample area that is significantly different 

from the homogeneous case. 
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Figure 2.18. 90% sample areas (blue lines) for TDR probes in an air water system with 
the air-water interface in close proximity to the TDR probe. (Nissen et al. 2003) The 
purple lines are the homogeneous 90 % sample area (e.g. the probe is entirely in air or 
water). 
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3 METHODOLOGY 

A numerical approach is used to determine the disruption that TDR rods cause to a 

steady-state unsaturated flow field and the resulting TDR measurement error. A 

variably-saturated flow model is used to compute the steady-state water content 

distribution both with and without impermeable TDR rods in the domain. The TDR 

spatial sensitivity is then computed from the energy distribution around the TDR rods for 

the computed water content distributions. The sensitivity distribution is used to compute 

the TDR measured water content. Finally, the TDR measured water content, computed 

with rods present, is compared to the uniform water content with no rods present to 

quantify the measurement error. The sample area is compared to the homogeneous 

sample area. The sensitivity of the measurement error to the soil and probe parameters is 

then established by varying each parameter (e.g. rod diameter, rod separation, soil type, 

flux) individually. 

3.1 COMPARISON CRITERIA 

We quantify the effect of water flow field disturbance caused by TDR rods on 

TDR-measured water content by comparing the TDR- measured water content 

accounting for the effects ofTDR rods on water flow (eTDR )to the background water 

content assuming no impact on the water flow by the TDR rods (eBKG). The value of 

8ToR reflects the actual response of TDR in a steady-state unsaturated flow field. It is 

standard practice to assume that the TDR-measured water content is equal to 8BKG· To 
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quantify the error introduced by flow disruption, we calculate the measurement error (Er) 

as the difference between the TDR-measured and the background water contents: 

(3.1) 

Er can be either positive or negative. A positive error indicates that the TDR measured 

water content is an over estimation of the background water content and a negative error 

indicates that the TDR ·measured water content is an under estimation of the background 

water content. 

We also investigate the effects of change in the water content distribution on the 

sample area of the TDR probes. The sample areas calculated from the heterogeneous and 

homogeneous weighting functions are compared visually to determine if there is a 

significant change in the shape or extent of the sample area due to the heterogeneous 

water content distribution around the TDR rods. 

3.2 FEMLAB 

A two-dimensional finite element numerical model was developed in FEMLAB 

3.0a (Comsol Inc, Los Angeles, CA). FEMLAB is a general finite element solver, which 

allows full coupling of multiple physical processes and efficient numerical solutions. 

Within FEMLAB, the user defines the physical process by specifying the partial 

differential equation, model domain, boundary condition and initial conditions in an 

application mode. Three application modes were written for use in the model developed 

for this study: (1) water flow (WATER); (2) electrical flow using the water content 

dependent dielectric permittivity (TDR); and, (3) electrical flow using the homogeneous 
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dielectric permittivity (TDR _HOMO). The WATER mode computes the distribution of 

water content around the TDR rods. The TDR mode computes the electrical potential 

around the TDR rods for the heterogeneous dielectric permittivity distribution that is 

associated with the solution of the WATER mode. TDR_HOMO computes the electrical 

potential around the TDR rods using a homogenous dielectric permittivity distribution 

associated with the water content distribution that would occur if no TDR rods were 

present. 

The calculations made in this investigation used the general partial differential 

solver in FEMLAB. The water flow and TDR sensitivity models were developed using 

the solution to the general form of the partial differential equation: 

au 
d -+V•r=F 

a at ' (3.2) 

where u is the dependent variable (pressure head or voltage for this study), F is the 

source term set equal to zero since no source terms are present for water flow or electrical 

flow, d a is the inverse of the diffusion coefficient, and r is the spatial flux vector in 

terms of u. 

FEMLAB allows for three general boundary conditions. Interior boundaries 

defined between subdomains are continuity boundaries where flux is continuous across 

the boundary. On exterior boundaries, either Neumann of Dirichlet boundaries can be 

specified. Neumann boundary conditions specify the flux normal to the boundary: 

(3.3) 
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where n is the unit vector normal to the boundary pointing inwards, G is the flux across 

the boundary. Zero flux boundaries are represented in FEMLAB as G = 0 . Dirichlet 

boundary conditions specify the potential on the boundary. FEMLAB defines the 

Dirichlet boundary condition as a generalized boundary condition because this form lends 

greater flexibility. The general equation for the mixed boundary condition is: 

(aRJT 
-n•r=G+ au f.1 (3.4) 

where - n • r = G is the Neumann part of the mixed boundary, R is the expression for 

the specified potential on the boundary, T signifies the transpose of aR , and, f.1 is the au 

Lagrangian multiplier. R is defined as a function of the dependent variable u , and can 

be defined as a function of time or space variables. A constant potential of h on the 

boundary is represented as R = h - u . 

Constitutive relationships are defined as global expressions, which are applied 

throughout the model domain. Constants are defined as subdomain expressions, allowing 

them to vary among subregions within the domain. This capability could be used to 

represent spatially variable van Genuchten parameters for modeling heterogeneous soils. 

Alternatively, constants can also be defined as FEMLAB constants if they do not vary 

throughout the domain. For example, gravitational acceleration would typically be 

applied identically across the domain. FEMLAB has the ability to integrate an 

expression numerically over the model domain. For example, the weighting function is 

determined using numerical integration of the square of the gradient of the electrical 

potential. FEMLAB performs the integration over each element using numeric 
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quadrature of user-selected order. All integration was completed using a high order 

numeric quadrature (1oth) to ensure that the numerical integration procedure did not 

introduce inaccuracies. 

3.3 WATER FLOW MODEL 

The water flow model solves the variably saturated flow equation (Eq. 2.5). The 

spatial flux vector (r) is : 

r = {- K a lf/ - K (a lf/ + 1]} 
X ax Z az 1 (3.5) 

Kz is hydraulic conductivity in the z direction and is defined by K z = K(fj/). Kx is 

hydraulic conductivity in the X direction and is defined by K X = 1 oa K(fj/)' where a is the 

anisotropy. The hydraulic head gradient in the horizontal direction is defined in terms of 

the pressure head gradient ( ~: J and the elevation head gradient ( :: = 0 J . The 

hydraulic head gradient in the vertical direction is defined in terms of the pressured head 

gradient ( ~~ J and the elevation head gradient ( :: = 1 J . For variably saturated flow: 

(3 .6) 

C(lf/) is the water capacity term, Ss is the specific storage, and Se is the effective 

saturation of the porous medium. During unsaturated flow, filling and draining of pores 

is the dominant mechanism for storage change, thus the water capacity dominates da. For 

saturated flow, compression of the water and the matrix are the main mechanisms for 
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storage change. Under saturated conditions the water capacity is zero and the specific 

storage term defines the change in storage. 

The van Genuchten soil model is defined in FEMLAB as a global equation that 

applies throughout the model domain. The hydraulic parameters ( Br, Bs, K s), and van 

Genuchten parameters (a, n, m), are defined as subdomain expressions. Defined in this 

way, the parameters can be varied from one subdomain to another, permitting future 

implementation of heterogeneous soils. 

The model domain is square, oriented vertically, and centered at the origin. The 

lateral boundaries are zero flux, Neumann type boundaries. Unit gradient flow conditions 

are established by defining the upper and lower boundaries as Dirichlet type boundaries 

with equal pressure heads. The TDR probe is centered at the origin with the desired 

orientation, separation, and diameter of two or three circular subdomains. For the flow 

simulations with TDR rods present, the boundaries of the subdomains are defined as 

exterior boundaries with zero flux Neumann type boundaries. For the flow simulations 

without rods, these subdomains are filled with the same soil properties as the main model 

domain and the boundaries are continuous flux boundaries. The pressure head is fixed on 

the upper and lower boundaries using G = 0 and R = lf/ 0 -lj/ , where lf/ 0 is the specified 

constant pressure head. This condition substituted into 3.4 results in a standard Dirichlet 

boundary condition. 

The model domain approximates an infinite flow field. The domain size was 

determined by shrinking the outer dimensions of the domain until the boundary location 

caused a change in the water content distribution in the vicinity of the TDR rods. The 
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smallest dimensions of the model domain that did not affect the water content distribution 

within the TDR sample area was used. The model domain was square, four meters to a 

side. 

3.4 TDR-MEASURED WATER CONTENT 

The TDR-measured water content was calculated following the approach developed 

in Knight et al. (2000). The steady-state dielectric permittivity distribution is calculated 

from the water content distribution using the linear approximation of the Topp equation 

(Topp et al., 1980) presented by Ferre et al. (1996). The electrical potential distribution 

around the TDR rods is solved using a steady-state electrical flow model. Following the 

procedure of Knight et al. ( 1992), TDR weighting factors were determined throughout the 

domain. The apparent dielectric permittivity was then calculated from the sum of the 

product of the weighting factor, the local dielectric permittivity, and the element area 

over the entire domain. The bulk dielectric permittivity was then converted to water 

content using the linearized Topp equation. 

3.4.1 Numerical Electrical Model 

The electrical potential distribution associated with the heterogeneous water 

content is determined by solving Laplace's equation with the heterogeneous dielectric 

permittivity. The general form of the PDE (Eq. 3.2), is modified to represent the electrical 

flow as: 

r=[-&av -&av] d =O F=O ax az ' a ' ' 
(3.7) 
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where Vis the electrical potential, 8 is the dielectric permittivity defined as a function of 

water content (e) by the linearized form of the Topp equation: 

B+ 0.1841 8=----
0.1181 

(3.8) 

The electrical potential distribution for the related homogeneous scenario is defined by: 

r=[-8haw -8haw] d =O F=O ax az ' a ' ' 
(3.9) 

where W is the electrical potential with no rods present (8h). The homogeneous 

dielectric is defined as a function of the background water content (ebkg) by the linearized 

form of the Topp equation: 

ebkg + o.1841 8h = _;:,..__ __ _ 
0.1181 

(3 .10) 

The background water content is the water content associated with the prescribed 

background pressure head by the van Genuchten soil model and the soil-specific van 

Genuchten parameters. 

The same model domain and finite element grid used for the steady-state water 

flow model were used for the electrical flow models. For electrical flow, the boundary 

conditions are set to zero flux for the four sides of the domain. The circles representing 

the TDR rods are set as constant potential of ±1 volt. For the two-rod probe, V = 1 volt 

for the left or upper rod and V = -1 volt for the right or lower rod. For the three-rod 

probes V = 1 volt for the center rod and V = -1 volt for the outer rods. Within FEMLAB 

the boundaries are defined by R = ± 1 - V . 
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The model domain approximates an infinite flow field. The domain size was 

determined by varying the outer dimensions of the domain until further increases in the 

domain size did not affect the shape or the extent of the 90% sample area. 

3.4.2 Computation of the TDR-measured Water Content 

Calculating the TDR measured water content in FEMLAB is a four-step process. 

First, the electrical field for homogeneous dielectric permittivity distribution is integrated 

over the area using a coupling integration expression: 

ih2 = JJ(absWxYdA (3 .11) 

where ih2 is the integration variable, and abs Wx is the magnitude of the gradient of the 

homogeneous electrical potential field at each point. Second, the weighting functions for 

the homogeneous and heterogeneous cases are calculated as global expressions: 

w~'(x z)= (absVxY 
'J ' ih2 

(3.12) 

wn..(x z)= (absWxY 
')It ' ih2 (3.13) 

where wf is the heterogeneous weighting function, wjh is the homogeneous weighting 

function, and abs Vx is the magnitude of the gradient of the heterogeneous electrical 

potential field at each point. Third, the apparent dielectric permittivity values are 

calculated by integrating the product of the local weighting function and local dielectric 

permittivity using FEMLAB coupling integration expressions: 

(3 .14) 

-57-



(3.15) 

where & m is the apparent dielectric permittivity calculated for a heterogeneous water 

content distribution, and &hm is the apparent dielectric permittivity calculated for a 

homogeneous water content distribution. Fourth, the TDR-measured water content and 

the actual water content with no rods present are calculated using the linear 

approximation of the Topp equation defined as global expressions: 

em= 0.1181&m -0.1841 

ehnr =0.1181&hm -0.1841 

3.4.3 Evaluation of the Maximum Measurement Error 

(3.16) 

(3.17) 

One of the objectives of this investigation is to identify the probe and soil 

parameters that lead to the largest measurement error. The maximum error is determined 

for each parameter independently. For example, the flux through the system is varied 

while maintaining the soil and probe parameters constant. The maximum error is 

determined using a simple search algorithm that reduces the number of model simulations 

required to find the local maximum with a defined region. The maximum error is 

determined by the following steps: 

1. Define initial limits within which the maximum is know to exist; 

2. Calculate the measurement error for 5 equally spaced points (i1, i2 , i3 , i4 , i5 ) 

between the lower limit and the upper limit (Figure 3.1); 

3. Search for the point where the slope of the line switches from positive to negative; 
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4. Determine if the difference in the measurement error between the three points 

identified in step 3 (say, i1 ,i2 ,i3 ) is less than the specified convergence criterion 

and the increment in the parameter of interest is less than the specified 

convergence criterion. 

If both criteria are met, h is identified as the condition that is associated with the 

maximum error. If the convergence criteria are not met, then (1) through (3) are repeated 

with new outer limits defined as i1 and h, until the accuracy conditions are satisfied. This 

process is automated in FIND_ MAX.m (Appendix 2). 
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Figure 3.1. Graphical representation of maximizing algorithm. 
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3.4.4 Computation of Sample Area 

The sample areas for the TDR rods are calculated using SAMPLE_ AREA.m 

(Appendix 2). This program imports the weighting factors and the areas of each element 

in the finite element grid, sorts the data from highest weighting factor to lowest weighting 

factor, and sums the area-weighted weighting function until the specified fraction of the 

total weighting function is achieved. The magnitude of the last weighting factor included 

in the summation is recorded and used as a contour interval on the spatial sensitivity plot 

to identify the sample area. 

3.5 INVESTIGATION SCENARIOS 

TDR measures a weighted average of the dielectric permittivity in the sample 

volume of the probe. The spatial sensitivity is a function of the probe geometry and the 

water content distribution. The water content distribution around TDR rods is a function 

ofTDR probe configuration and geometry, soil properties, and flow conditions. For 

steady-state unit-gradient flow, there are seven parameters that may affect the TDR

measured water content (number of rods forming the probe, orientation of the probe 

relative to the direction of flux, diameter and separation of the rods, soil type, degree of 

anisotropy, and water flux past the probe). The sensitivity ofTDR measurement error 

was quantified using the results from the analysis of water flow around multiple 

impermeable objects. The problem was approached by first investigating the effects of 

TDR probe proprieties and then investigating the effects of soil properties. 
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3.5.1 TDR Probe Properties 

Commonly, TDR probes are made with either two or three parallel stainless steel 

rods. Water content measurements are made by inserting the probes in the soil, either 

vertically from the ground surface, or horizontally from a trench, or at some intermediate 

angle. Vertical TDR probes do not present an impediment to vertical water flow because 

water flow is parallel to the rods. We limit this investigation to horizontal probes. 

One of the advantages of TDR is the ability to design custom probes for specific 

measurement applications by varying the diameter of the rods, the rod separation, and the 

orientation of probe installation. TDR probe properties were divided into TDR probe 

configuration and probe geometry. The probe configuration refers to the number of rods 

in the probe and the orientation of the rods, while the probe geometry refers to the rod 

diameter and the separation of the rods. TDR probes oriented with their long axis 

perpendicular to the direction of water flow can be configured with the rods in a plane 

that is oriented vertically, horizontally, or at some angle between these extremes. If all of 

the rods are in the vertical plane, the up gradient rods shadow the down gradient rods. If 

all of the rods are in the horizontal plane, the interference from adjacent rods is more 

likely to combine to further impede water flow, as shown during the discussion of the 

effects of multiple inclusions on unsaturated flow. We limit our investigation to these 

extreme cases. Four probe configurations were investigated: two- and three-rod probes 

with the rods in the vertical or the horizontal plane. These cases are referred to as the 

two-rod vertical, two-rod horizontal, three-rod vertical, and three-rod horizontal probe 

configurations (Figure 3.2). 

- 62-



S*D 
~ 

0 

2 rod vertical 2 rod horizontal 3 rod vertical 3 rod horizontal 

S - rod seoaration D - rod diameter 

Figure 3.2. TDR probe configurations and geometry. 

For two-rod probes, the separation is defined as the distance between the center of 

the two rods. For three-rod probes, the separation is defined as the distance between the 

centers of the outermost rods. A maximum error surface for each configuration was 

developed using 279 diameter, separation pairs. Diameters ranged from 0.001 m to 0.05 

m and the separations ranged from 2.5 D to 500 D. The separation was limited to a 

maximum of0.5 m. Any separation, diameter pair that resulted inS> 0.5 m was not 

investigated. Separations larger than 0.5 m started to be impacted by the edges of the 5 m 

by 5 m model domain. In addition, TDR probes with separations larger than 0.5 mare 

uncommon for practical applications. Although the large probe geometries are generally 

not used, they were included in the study to help define where the magnitude of the 

maximum error approached the TD R method accuracy. 

3.5.2 Soil Properties 

Soil properties also influence the flow of water around impermeable objects and 

thus may influence the magnitude of the TDR water content measurement error. Soil 
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properties of interest include the residual and saturated water contents, the saturated 

hydraulic conductivity, van Genuchten parameters a and n, and the anisotropy (a). 

Rather than varying each parameter independently, which leads to some unrealistic soil 

descriptions, the parameters were lumped together and varied based on a range of soil 

classifications. In all, 1326 different soil classes were defined by varying the sand I silt I 

clay ratios at two percent increments. The hydraulic and van Genuchten parameters that 

correspond to these soils were identified using a simple petotransfer function (PTF) 

provided in ROSETTA (Schaap et al. 1998). 

The soil properties for 100% sand defined using the ROSETTA PTF represents 

fairly fine sand with a capillary fringe height of 15 em. Carsel and Parrish (1988) define 

hydraulic and van Genuchten parameters for the twelve major classes of soil. Their 

representation of sand has a smaller capillary fringe height (2.5 em) and represents 

coarser sand (Figure 3.3). Since TDR is often used in coarse porous media, the 

examination of the effects of soil properties was extended to include the Carsel and 

Parrish sand. The soil hydraulic and van Genuchten parameters were linearly 

interpolated independently in ten increments between values computed by ROSETTA 

and the values reported by Carsel and Parish. Values for the parameters were also 

extrapolated 10 increments past the Carsel and Parish along the same trend line to define 

the properties of coarser soils. 

The maximum change in water content around an impermeable object occurs at a 

flux in the vicinity of the hydraulic conductivity at the inflection point of the soil 
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characteristic curve (Figure 3.4). The inflection point for a soil described using the van 

Genuchten soil model equals (Appendix 1): 

(3 .18) 

and (3 .19) 

The effect of soil type on measurement error was examined for 1346 soils using the flux 

associated with the inflection point of the soil characteristic curve. Relative fluxes in the 

vicinity of the inflection point should lead to some of the largest changes in water content 

distribution around the TDR rods because a small change in pressure head in this region 

results in the largest change in water content for a given soil. 

Most naturally-occurring soils are anisotropic. The primary cause of small-scale 

anisotropy is the preferential orientation of clay minerals. Freeze and Cherry ( 1979) 

report that anisotropy of saturated soils seldom exceeds 10: 1, or K x < 1 OK z • The effect 

of anisotropies ranging from 0.1 to 10 is investigated. Using the definition of anisotropy 

in Eq. 2.13, anisotropy is varied from -1 to 1 at increments ofO.l. The impact of 

anisotropy on the flux versus measurement error is investigated using coarse sand and the 

three rod horizontal probe by varying the relative flux between 0 and 1. The water 

content and water flow fields are different for the four configurations. The impact of 

changing the anisotropy on the maximum error is determined for each configuration at 

anisotropies between -1 and 1 at increments of 0.1. 
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4 RESULTS 

One objective of this study is to define the combination of parameters that lead to 

the largest measurement error of water content using TDR due to disruption of the steady 

state flow field. The total number of possible combinations of parameters is too large to 

examine completely. Because TDR is sensitive to water content, the water flow 

scenarios that lead to the largest differences in water content around multiple 

impermeable inclusions were used to focus the investigation. TDR probes with large 

diameters and small separations placed in coarse-grained, well-sorted soils have the 

largest difference between the maximum and minimum water content around the TDR 

rods. 

4.1 WATER FLUX 

The TDR measurement error varies non-linearly with background water flux. All 

plots of TDR measurement error versus relative flux have the same characteristic shape 

(Figure 4.1 ). The measurement error is zero at relative fluxes close to 0 and 1. At low 

water fluxes (large negative pressure heads) the background water content is close to 

residual. Changes in the pressure head around the rod result in small changes in water 

content around the rod (see Figure 2.11). At water fluxes approaching the saturated 

hydraulic conductivity (small negative pressure heads) the water content around the rods 

is close to saturation. The increased water content above the rod is limited to the 

saturated water content, minimizing the possible water content differential between the 

- 68-



0.0014 

- 0.0012 ~ e 
u - 0.001 ~a 
u -J,.; 0.0008 
Q 
J,.; 
J,.; 

~ 0.0006 
~ = QJ 0.0004 e 
QJ 
J,.; 

= 0.0002 f'-l 
~ 
~ 

~ 0 

-0.0002 

Relative Flux ( q/Ksat) 

Figure 4.1. TDR measurement error vs. relative flux for a three-rod horizontal probe 
with a diameter of 0.005 m and a separation of 0.05 min coarse sand. The black 
diamond indicates the location of the maximum error. 
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maximum water content and the background water content. The region below the probe, 

which is drier than the background, is still fully developed. The water content in 

this range of fluxes is underestimated (negative error). The maximum over estimation 

(largest error) occurs at a relative flux between 0.1 and 0.2. This range of relative flux 

includes the flux associated with the inflection point on the soil characteristic curve. 

Changes in the pressure head in this region of the soil characteristic curve lead to the 

largest changes in water content for a given change in pressure head distribution around 

the TDR probes. The magnitude of the maximum error and the flux at which the 

maximum error occurs are functions of the probe and soil parameters. 

4.2 TDR PROBE PARAMETERS 

Philip et al. ( 1989) showed that the pressure head distribution around an 

impermeable cylinder depends on the diameter of the cylinder and the soil hydraulic 

properties. If multiple cylinders are present, the pressure head is also a function of the 

relative positions of the cylinders. The effect of changing the TDR probe configuration 

and geometry are investigated: first, the simple case of two or three rod probes with a 

constant diameter, and separation over a range of fluxes; and, second the effect of varying 

the diameter and separation on the maximum error are investigated. Over the full range 

of relative flux (0 to 1 ), the three rod horizontal configuration produces the largest 

measurement error, and the two rod vertical configuration produces the smallest 

measurement error (Figure 4.2). The maximum errors are indicated by a black diamond 

on each curve in Figure 4.2. The different probe configurations interact with the water 

flow past the probes in different ways. The two and three rod vertical configurations 
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have a cross sectional area perpendicular to flow of one rod diameter. The build up of 

water is largest at the up gradient rod and diminishes for the down gradient rods. The 

water content deficit is largest below the down gradient rod and smaller below the up 

gradient rods. The two and three rod horizontal probe configurations have a cross 

sectional area perpendicular to flow of two or three rod diameters. The increased area 

perpendicular to flow results in a build up of water between the probes. The 90% sample 

area of the two rod probe extends beyond the region immediately around the probe where 

the greatest change in water content occurs to include a region of background water 

content. The 90% sample area of the three rod probe is smaller than the two rod probe 

and more strongly weighted to the area around the rod. Three rod probes are primarily 

sensitive in the region of greatest water content change. 

The maximum error for each configuration (Table 1) occurs at a different relative 

flux. The relative flux at which the maximum error occurs is referred to as the 

maximum-error flux. The maximum errors for the two- and three-rod horizontal probes 

occur at similar relative fluxes, while the maximum error for the two-rod vertical probe 

occurs at a smaller relative flux, and the maximum error for the three-rod vertical probe 

occurs at a higher relative flux. A smaller relative flux is associated with a lower 

background water content, and a larger relative flux is associated with a higher 

background water content. The range of the maximum-error flux is relatively small (0.1 

to 0.2). The variation in the maximum- error flux is attributed to the complex 

interaction between the unsaturated flow field and the multiple rod TDR probes. 
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The measurement error varies with the flux. The impact of changing the diameter 

and the separation is investigated using the maximum-error flux. Figures 4.3 through 4.6 

present the log of the maximum error for the four configurations at different diameters 

and separations. Because many TDR probe designs include small rods with small 

separations, the results are shown as log( diameter) versus log( separation) to permit better 

visualization in this region of interest. The color scale is consistent among the four plots. 

Red zones show larger measurement errors (overestimates) and blue zones show smaller 

measurement errors. The smallest separation simulated is 2.5 D for the three-rod probes 

and 1.5 D for the two-rod probes. The minimum separation occurs when the TDR rods 

touch. This occurs at separations of2*D for three rod probes and D for two rod probes. 

The smallest separation modeled is limited to a value slightly larger than the minimum 

separation because the numerical model has difficulty converging if the rods are 

touching. The upper bound of the plots is defined by a maximum separation of0.5 m. 

This separation is much larger than is commonly used for TDR probes. The red region 

where the measurement error exceeds 0.01 cm3/cm3 (bold black contour) defines the 

diameter, separation pairs that result in a measurement error larger than the method 

uncertainty ofTDR defined by Topp (1980). The range of diameters and separations that 

produce errors in excess of the method uncertainty is greatest for the three-rod horizontal 

configuration. The other configurations exceed the method accuracy for only a small set 

of large diameters and small separations. The largest error is observed for large probe 

diameters and small separations, and the smallest error is observed for small diameters 

and large separations. The measurement errors increase with increasing diameter and 
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decrease with increasing separation. The slope of the maximum error surface is greater 

parallel to the diameter axis than the separation axis. That is, the measurement error is 

more sensitive to the probe diameter than the probe separation. The larger diameter rods 

are a greater impediment to flow. The build up of water above the rods and deficit of 

water below the rods increases as the rod diameter increases. The change in water 

content within the sample area is greater for larger rod diameters. In addition, the rod 

diameter affects the instrument sensitivity and the sample area. As the rod diameter 

increases the sensitivity is more focused between the rods, and the sample area becomes 

smaller. The instrument sensitivity is increased in the region where the water content 

change is greatest. These two factors combine to cause the measurement error to have a 

strong dependence on rod diameter 

Increasing the rod separation has the opposite affect of increasing the diameter. 

Increasing the separation for horizontal probes results in a decrease of water build up 

between the rods. However, as the separation is increased the instrument sensitivity 

becomes increasingly focused around the probes. For large separations, the 90% sample 

area becomes discontinuous with discontinuous local sample areas around the individual 

rods. The reduction of the water content in the vicinity of the rods has a greater effect 

than the change in the sample area, and acts to reduce the error with increased separation. 

The observed trends can be explained by the water content distribution in the vicinity of 

the TDR probe. Changing the rod diameter alters the water content immediately around 

the TDR rod, while changing the separation alters the water content between the rods. 

Because TDR is more sensitive to water content changes close to the rods than farther 
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from the rods, TDR measurement error is more sensitive to the probe diameter than the 

separation. 

Figures 4. 7 through 4.10 present the maximum-error fluxes for diameters between 

0.001 m and 0.02 m and separations between 2.5*D and 500*D. A common color scale is 

used for the four plots. Red zones show configurations that have high maximum-error 

fluxes and those that plot in blue zones have low maximum-error fluxes. The maximum 

error flux varies non-uniquely with separation and diameter. Varying the separation at a 

constant diameter, the maximum error flux is initially low, then it increases to a 

maximum at an intermediate separation, and then it decreases with further increases in 

separation. Larger diameter probes have a larger change in the maximum-error flux with 

changes in separation. The largest and smallest observed maximum-error fluxes ( qe = 

0.183 and qe = 0.114 7) both occur forD = 0.05 m. For small diameter probes (e.g. 0.001 

m) the maximum error flux varies over a smaller range ( qe = 0.14 to qe = 0.15 5). The 

solid contour line is the flux associated with the water content at the inflection point of 

the soil characteristic curve for unit gradient flow in an undisturbed homogeneous flow 

field. The range of diameters and separations where the flux exceeds the flux at the 

inflections point is greatest for the three-rod vertical probe, and smallest for the two rod 

horizontal probe. 
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4.3 SOIL PARAMETERS 

Building on the results from the investigation of the effects of the probe parameters on 

measurement error, the effects of the soil parameters on the TDR measurement error were 

investigated for three-rod horizontal probes. The effect of soil was analyzed using a 

background flux equal to the flux at the inflection point of the soil characteristic curve. 

Because most of the soils have small measurement errors, the log of the measurement 

error is shown to better identify soil-related error patterns. The largest error is observed 

for sand (0.000351 cm3 /cm3
) and the smallest error for silt loam (0.0000020 cm3 /cm3

). 

Red zones in Figure 4.11 show soil types with larger maximum measurement errors and 

blue zones indicate those soils with smaller maximum measurement errors. Coarse

grained, well-sorted soils have the largest measurement errors and fine-grained, poorly 

sorted soils have smaller measurement errors. The measurement error is more sensitive 

to the degree of sorting than to the grain size of the principal component of the soil. For 

example, clay is well sorted and fine-grained, while silt loam is poorly sorted with a 

larger average grain size, and yet clay has a larger error (0.000011 cm3/cm3
) than silt 

loam (0.0000020 cm3 /cm3
). 

Soils coarser than sand fit the observed trend of increasing error with grain size. 

Measurement error for soils between the sand defined using ROSETTA, and the coarse 

sand defined by Carsel and Parrish increase with increasing grain size (Figure 4.12). The 

slope of the soil class versus error curve decreases with increasing average grain size. 

TDR has the advantage that for most mineral soils, soil specific calibrations are not 

required, however changing the soil type does result in different TDR measurement 
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Figure 4.12. Log ofTDR measurement error for coarse grained soils at the inflection 
point flux using the three rod horizontal configuration with D = 0.005 m and S = 0.05 m. 
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errors due to the interaction of the TDR rods on fluid flow. There are two factors that 

affect the distribution of water around the TDR rods. First, finer grained soils have 

smaller pore sizes and stronger capillary forces. As a result, water tends to be distributed 

more evenly around the probe. The maximum and minimum water contents above and 

below the rods are smaller. Second, the absolute flux flowing at a given pressure in a 

coarser grained material with a larger saturated hydraulic conductivity is greater than for 

a fine grained material. If the measurement error is compared for a fine grained soil (e.g. 

clay) and a course grained soil (e.g. sand) at the same absolute flux, then it is possible for 

the clay to have a larger error measurement than the sand does at the same low flux. For 

example at high fluxes (e.g. flux that leads to maximum error in sand) the error in the 

clay is small, since the clay is near saturation. At low fluxes (e.g. the flux that leads to 

the maximum error in clay) the error in the sand is smaller than the error in the clay 

because at these low fluxes sand is effectively at residual saturation and the error is very 

small. The analysis of TDR measurement error sensitivity to soil class focused on the 

error produced by the flux associated with the inflection point of the soil characteristic 

curve because the largest changes in water content from the background water content 

occur at fluxes close to the inflection point flux. However, the TDR probe parameter 

sensitivity analysis showed that the flux associated with the maximum error deviates 

from the inflection point flux for different probe configurations and geometries. Due to 

the complex geometry of the system, it is reasonable to expect that the maximum-error 

flux is close to the inflection point flux, but not equal to the inflection point flux. Both 

coarse sand (Carsel and Parrish) and sand (Rosetta) have fluxes at the inflection point that 
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are very similar to the flux associated with the maximum error. For all cases investigated 

using a probe is a diameter of 0.005 m and a separation of 1 O*D, the error is less than 

1 o-3 cm3 /cm3 and frequently in the range of 1 o-4 cm3 /cm3 to 1 o-6 cm3 /cm3
• 

Because conditions that are associated with large measurement errors are of 

primary interest, the sensitivity of instrument error to the anisotropy of the soil is 

examined for coarse-grained sand. As defined previously, we use a logarithmic 

definition of anisotropy. A soil that has a vertical hydraulic conductivity that is ten times 

the horizontal hydraulic conductivity has an anisotropy of -1. An isotropic soil has an 

anisotropy of 0. A soil that has a horizontal hydraulic conductivity that is ten times the 

vertical hydraulic conductivity has an anisotropy of 1. The largest measurement error is 

observed for an anisotropy of -1 and the smallest measurement error is observed for an 

anisotropy of 1 over the full range of relative fluxes (Figure 4.13). The thick black line in 

Figure 4.13 is the isotropic case (a = 0). The difference between the isotropic 

measurement error and the measurement error for a = 1 is smaller than the difference 

between the isotropic case and a = -1. The range of the error for anisotropies between -1 

and 1 (~E = 0.0032 cm3/cm3
) is greater than the magnitude of the error for the isotropic 

case (E = 0.0013 cm3/cm3
). Horizontal anisotropy reduces the error by enhancing the 

lateral flow of water away from the probes resulting in a smaller change in the water 

content close to the TDR rods. Vertical anisotropy increases the measurement error by 

accentuating the vertical flow of water by the rods. Strong vertical anisotropy limits the 

ability for water to dissipate horizontally away from the rods leading to a large change in 

the water content in the region of greatest sensitivity to the change in water content. 
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The degree of anisotropy has a strong influence on the water flow around the 

TDR probes. As observed previously, the vertical and horizontal probe configurations 

cause different changes in the water content distribution around the probe. The 

maximum measurement error for each configuration in coarse grained sand with 

anisotropies ranging from -1 to 1 is presented in Figure 4.14. The points forming the 

three rod horizontal probe configuration series are the maximum error points from Figure 

4.13. The largest difference between the measurement error for the two rod horizontal 

probe and the two rod vertical probe occurs in isotropic soil. Similarly, the largest 

difference between the measurement error for the three rod horizontal and three rod 

vertical probe occurs in isotropic soil. At large negative anisotropies the difference in the 

measurement error between the two or three rod vertical probes and the two or three rod 

horizontal probes is at a minimum. At large positive anisotropies, the three rod vertical 

and the two rod horizontal have very similar errors. For all observed anisotropies, the 

three rod horizontal probe has the largest measurement error. 
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5 ANALYSIS 

Water content in a porous media during vertical steady-state unit gradient flow 

around TDR rods varies with the TDR rod diameter, separation, rod configuration, soil 

properties and water flux. The TDR measured water content differs from the background 

water content causing a measurement error. The magnitude of the measurement error 

also varies with the TDR rod diameter, separation, rod configuration, soil properties and 

water flux. The TDR measured water content is derived from a weighted average of the 

local water content distribution. The water content distribution with the TDR rods 

present differs from the background homogeneous water content distribution. Since the 

TDR weighting scheme changes as the water content distribution changes, the weighting 

scheme for the heterogeneous water content distribution also differs from the weighting 

scheme for the background homogeneous water content distribution. The two factors that 

lead to the difference between the TDR measure water content and the background water 

content are (1) the TDR sensitivity distribution (weighting scheme) and (2) the physical 

change in the water content around the TDR rods. 

TDR is most sensitive to the water content adjacent to the TDR rods. The region 

that incorporates 90 % of the instrument sensitivity coincides with the region of greatest 

change in the water content. Figure 5.1 shows the 7 5% and 90% sample areas for two 

and three rod probes in a homogeneous dielectric permittivity medium (referred to as the 

7 5 % and 90% homogeneous sample areas) overlain on the water content distributions 

surrounding these probes previously shown on Figure 2.11. However, the weighting 

function changes in a medium with a heterogeneous dielectric permittivity distribution 
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due to a heterogeneous water content distribution. TDR probes used in a medium with a 

heterogeneous water content distribution will not have the same instrument sensitivity as 

a TDR probe used in a homogenous medium. Large changes in dielectric permittivity 

(e.g. ~40- Nissen et al., 2003) result in significant changes in the weighting function 

distribution and the 90% sample area (see Figure 2.18). The small changes in the water 

content (:S0.01 cm3/cm3
) observed in most scenarios examined in this study result in 

smaller changes in dielectric permittivity. These changes in the dielectric permittivity 

cause only small changes in the weighting function. The heterogeneous 90 % sample 

area is almost identical to the homogeneous 90% sample area. For a three rod horizontal 

probe in sand with a diameter of 0.005 m and a separation of 10 times the diameter, the 

area within the heterogeneous 90% sample area is 0.00148 m2 and the area within the 

homogeneous 90% sample area in 0.00149 m2
, a difference of0.00001 m2

. Figure 5.2 

shows that the areas of the homogeneous and heterogeneous sample areas are almost 

identical. In addition, the TDR measured water content using both the homogeneous 

weighting function and the heterogeneous weighting function differ by 0.00003 cm3 /cm3
, 

which is an order of magnitude smaller than the difference between the TDR measured 

water contents and the background water content (homogenous- 0.00025 cm3/cm3
, 

heterogeneous 0.00028 cm3/cm3
). For the case of water flow around the TDR probes, the 

change in water content distribution around the TDR rods is sufficiently small as to cause 

no significant change in the in the weighting function and the 90 % sample area. The 

homogeneous weighting function is a reasonable approximation of the TDR sample area. 
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The TDR measured water content can be computed for the region enclosed by any 

fraction of the total sensitivity of TDR by integrating the pertcent of the weighting 

function and the dielectric permittivity over the area within the sample area and 

normalizing by the sample area. Figures 5.3 through 5.6 show the TDR measured water 

content (purple line) versus the percent of the weighting function over which the water 

content was calculated for the four TDR probe configurations. The blue lines in Figures 

5.3 to 5.6 are the background water content that TDR would measure if the TDR rods did 

not interfere with the flow of water. The noise in the TDR measured water content is 

associated with insufficient discretization of the finite element mesh due to computer 

memory limitations. Small percentages of the weighting function cover very small areas 

(tens to hundreds of elements) in the immediate vicinity of the rods. Any small variation 

in the area is transposed as a large oscillation in the TDR measured water content since 

the TDR measured water content within a region contributing x% of the sensitivity is 

normalized by the area. At large percent weighting factors, the TDR measured water 

content reaches a constant water content that is larger than the background water content. 

The TDR measured water content stabilizes by the 90% sample area and is constant 

between the 90 % sample area and the 100% sample area. 

The average water content within the sample area can be defined as the area 

weighted arithmetic average of the water content within the sample area. The average 

water content within the percent of the weighting function (red line on Figures 5.3 to 5.6) 

is compared with the TDR measured water content to differentiate the effect of changing 

the water content around the TDR rods and the effect of the non-uniform sensitivity of 
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TDR. Within the 100% sample area, the average water content is equal to the 

background water content. For the 100% sample area, the change around the probe is 

overwhelmed by the uniform water content away from the probe. The average water 

content for small percentage of the weighting function is greater than the background 

water content, reflecting the buildup of water beside and above the TDR rods. The 

change in the average water content versus the percent weighting function is greatest for 

large percent weighting function (90% to 100%). This region coincides with the most 

rapid increase in area of the sample area (Figure 5 .2). The fact that the 90% and 100% 

sample areas for the two and three rod probes return the same TDR measured water 

content confirms the assumption that the 90% sample area is a good definition of the 

probe sample area. However, averaging over the 90% sample area for either the 

arithmetic average or the TDR average does not return the background water content. 

The TDR measured water content is slightly larger than the average water content, 

suggesting that the greatest portion of the error is due to the change in water content in 

the vicinity of the probes and only a small error is due to the change in the spatial 

sensitivity of TDR associated with the change in the water content. TDR sensitivity is 

greatest near the probes and the last 10 % of the sensitivity which covers 99.99% of the 

area of the solution domain does not contribute significantly to the TDR measured water 

content (Figure 5.7). This effectively limits the area over which TDR measures to a 

region close to the probes that corresponds to the region of greatest change in the water 

content due to the presence of the TDR rods in the flow field. 
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the water content around the probes (color flood and blue contours) and the 75 % and 90 
% sample areas. 
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Figure 5 .2 Area enclosed by the % sample area for homogeneous dielectric 
distribution and a heterogeneous dielectric distribution due to water flow around a three 
rod horizontal probe in sand with a diameter of 0.005 m and a separation ten times the 
diameter. 
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Figure 5.3 TDR measured water content and average water content within integrated 
over the area encompassed by the xo/o of the weighting function. Two-rod vertical probe 
in sand with a diameter of 0.005m and a separation ten times the diameter. 
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Figure 5.4 TDR measured water content and average water content within integrated 
over the area encompassed by the xo/o of the weighting function. Two-rod horizontal 
probe in sand with a diameter of 0.005m and a separation ten times the diameter. 
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Figure 5.5 TDR measured water content and average water content within integrated 
over the area encompassed by the x% of the weighting function. Three-rod vertical probe 
in sand with a diameter of 0.005m and a separation ten times the diameter. 
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Figure 5.6 TDR measured water content and average water content within integrated 
over the area encompassed by the x% of the weighting function. Three-rod horizontal 
probe in sand with a diameter of 0.005m and a separation ten times the diameter. 
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Figure 5.7 TDR measured water content and average water content within integrated 
over the area encompassed by the x% of the weighting function plotted versus the area 
enclosed by x% of the weighting function.. Three-rod horizontal probe in sand with a 
diameter of 0.005m and a separation ten times the diameter. 

- 93 -



6 CONCLUSIONS 

Water flow around impermeable inclusions (e.g. a TDR probe) in a homogeneous 

unsaturated flow field produces a heterogeneous water content distribution in the medium 

around the inclusion. In the case ofTDR this may affect the measured water content 

since the weighting function is dependent on the local dielectric permittivity, which 

depends on this local water content distribution. If the local water content distribution 

changes, then the sample area will change due to changes in the dielectric permittivity 

distribution and the TDR-measured water content will change due both to changes in the 

spatial weighting and due to changes in the average water content in the sample area. 

The sensitivity of the TDR-measured water content and the 90% sample area to probe 

parameters (configuration and geometry) and soil parameters (soil class and anisotropy) 

was determined through a sequential sensitivity analysis. 

The three-rod horizontal probe consistently has the largest error. Coarse-grained, 

well sorted soils cause greater error than finer grained soils. Strong vertical anisotropy 

increases the error and strong horizontal anisotropy decreases the error. Large diameter 

probes with small separations have the highest errors. The magnitude of the largest 

observed error associated with the different system parameters shows that the rod 

geometry (D,S) has a greater control on the error than the soil parameters. 

The probe geometry was examined using coarse-grained, well sorted soil. If the 

soil properties are changed to a finer grained, poorly sorted soil, the measurement error 

for any constant geometry is reduced. Similarly, the probe geometry was examined using 

the three-rod horizontal configuration. Other probe configurations consistently result in a 
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lower measurement error. The largest observed measurement error (0.04 cm3/cm3
) is 

four times the accuracy limit of the TDR method (Topp, 1982). However, if we limit 

ourselves to reasonable probe geometries (D < 0.01 m and S = 10*D), the largest 

observed error is 1 o-3 cm3 /cm3
, which is an order of magnitude smaller than the accuracy 

limits ofTDR. 

TDR measurement errors are the combined result of water content changes in the 

vicinity of the TDR probes and the TDR specific spatial weighting function. Steady state 

flow past the TDR probe results in an over all increase in the water content around the 

probe. TDR is most sensitive to the water content close to the TDR rods, and the 

sensitivity diminishes quickly with distance away from the TDR probe. The spatial 

weighting function distribution acts to limit the area over which TDR measures the water 

content to the region immediately around the TDR probe. While the change in the water 

content is insufficient to change the weighting function significantly, it does result in 

TDR measuring a water content that is not equal to the background water content. The 

largest observed TDR measured water contents are always positive indicating that TDR is 

biased towards over estimating the water content. However, excluding TDR probes with 

large diameters and small separations, the TDR measurement error due to steady state 

unit gradient flow around TDR probes is smaller than the accuracy of the TDR method. 

There fore for practical applications ofTDR under steady state flow conditions in a 

homogeneous soil, the effect of changing the water flow field by introducing TDR probes 

does cause a significant error. 
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APPENDIX 1 DERIVATION OF VAN GENUCHTEN WATER CAP A CITY 

Starting with the Van Genuchten soil model 

Then taking the derivative with respect to \jf 

Removing the brackets: (u + v )'= v'+u' 

Then splitting the derivative of a product: (uv )' = uv'+vu' 

ae ( I In ~-m) a ( ) ( a (( v-m)J alf/ = I+ alf/ J X alf/ B, - B, + B, - B, )x alf/ I+ !alf/1" J 

Since _j_ (e - (} ) = 0 alf/ s r 

Now evaluating the derivative of an exponent: (u v )= v(u v-l )xu' 
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Evaluating the remaining derivative of a sum: 

Since ~(1)= 0 
alf/ 

(u + v )'= v'+u' 

Evaluating the derivative of an exponent: (u v )= v(u v- I )xu' 

Evaluating the derivative the product.of a constant and dependent variable: (au)'= ax u' 

Since the Van Genuchten equation is written in terms of jalf/j and a is always positive 

and for unsaturated pressure heads \jl is always negative we can replace llfl with -\jl. 

Simplifying gives 

for lf/ < 0 
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The form used in the model was 

Combining the lf/-1 term and the ijalj/ln) term gives - aijalj/ln-l) which when inserted 

back in to the equation results in the same equation as above. 
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APPENDIX 2 DIFFERENCIATION OF SOIL CHARACTERISTIC CURVE 
TO FIND INFLECTION POINT 

The inflection point of the water content vs. pressure head curve is equivalent to 

the point where the second derivative of water content vs pressure head with respect to 

pressure head equals zero. 

Van Genuchten soil characteristic curve (water content vs. pressure head): 

The first derivative with respect to pressure head is: 

ae mn ( \r I In )(-m-l)l In -a = -- es - er )\1 + afj/ afj/ 
lf/ lf/ 

and the second derivative with respect to pressure head is: 

ae
2 

mn ( {( I In )(-m-2)l l2n ( ) ( I In )(-m-l)l In ( )] -2- = -2 es - er 1 + afj/ afj/ n m + 1 + 1 + afj/ afj/ 1- n 
alf/ lf/ 

ae 2 

The inflection point is defined at -
2
- = 0 . 

alf/ 

Solving for \jf gives ... 

mn ( f( I In )(-m-2)1 12n ( ) ( 
1 

In )(-m-1) n ( )] 0 = lf/2 es - er t 1 + afj/ afj/ n m + 1 + 1 + afj/ lafj/1 1- n 

( 
I l

n)(-m-2)
1 1

2n ( ) ( 
1 

ln)(-m-1) n( ) 1 + afj/ afj/ n m + 1 =- 1 + afj/ lalf/1 1- n 

lafj/ln (n-1) 
(1 + lafj/ln) = n(m + 1) 
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n(m + 1~afj/1 11 

= (n -1)+ (n- qafj/1 11 

lalflln = (n-1) 
nm+1 

Substituting using a relationship for m in terms of n allows further simplification: 

1) 

2) 

1 
m=1--

n 

2 
m=1--

n 

n 

11 
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Find the slope of the soil characteristic curve at the inflection point: 

The slope is given by: 

ae mn ( \r I In )(-m-l)l In -
8 

=--es-Br)\l+alf/ alj/ 
If/ If/ 

and the pressure head at the inflection point is given by llf/1 = m n 

a 

Then 

a 

ae m+l 

- - -(e - e ) anm 
81f/ s r (l + m)m+l 

2n-l 

(
n -lJ-n 

ae =-(e -e )an - n-
a s r 2n-l 

~ (2nn-1J-n 

2n-l 

ae ( )a ( n -1 J-n - =- es - er n --
alf/ 2n -1 
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APPENDIX3 FEMLAB MODELS AND MATLAB PROGRAMS 

TDR SENSITIVITY.m This program generates the geometry, and sets the 

parameter values used to calculate the TDR measured water content. 

TDR SENS R.m 
- - This program contains the script that runs the FEMLAB 

model. It is the script form of a FEMLAB model in FEMLAB version 3. Oa. 

TDR_SENS_R.m is called by TDR_SENSITIVITY.m and returns the TDR 

measured water content to TDR SENSITIVITY.m. 

TDR SAMPLE AREA.m - - This program is called by TDR SENS R.m and returns the 
- -

weighting function value associated with the x% sample area specified in 

TDR _ SENSITIVITY.m for use in plotting the sample areas. 

FIND MAX.m This program finds the value of the input parameter that 

results in the largest error. It runs TDR_SENSITIVITY.m providing it with 

parameter value inputs, and checking the returned error output to determine if the 

maximum point has been located within the defined accuracy. 
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"A\thesis\tdr_sensitivity model\sample area\tdr_sensitivity.m 
!r 2, 2004 

TOR error 

=>rogram written by: Andrew Hinne/1 
'nitial code written: Apr. 28, 2004 
~ast editted: Oct. 02, 2004 

Jsing FEMLAB, the TOR measured water content is calcualted from 
1eterogeneous dielectric and homogeneous dielectric. Associated files 
hat are required: 

TOR_SENS_R.M femlab model with TOR rods cut out 
ROSETTA_SOIL.MAT soil properties library 
MOOOO.MA T basic geometry 

~ar; 

.. , 
:lear fem; 
lUSe(1 ); 
obal handles 

.OAO INPUT FILES 
load md1 01 O.mat 
load rosetta_soil.mat 

%grid file 
%soil file 

% number of rods (2 or 3) 
%orientation of probe (h or v) 

%rod radius 

Page 1 
11:10:43 AM 

)EFINE TOR PROBE SETUP 
handles.numrods=2; 
handles.orientation='h'; 
handles.diameter=0.005; 
handles.separation=0.05; % distance between the centers of the outermost rods 

)EFINE SAMPLE AREAS 
handles.sa.wf = [0 0 0]; 
handles.sa.wfh = [0 0 0]; 

>EFINE SOIL PROPERTIES 
soil.soilcount = 1336; % soil catalogue number 
handles.anisotropy = 0; % anisotropy 
handles.psi_bkg= soil.psiinflec(soil.soilcount); %pressure head 
pressure= [-1 -0.95-0.9-0.85-0.8-0.75-0.7-0.65-0.6 -0.55-0.5-0.45-0.4-0.35-0.3 -0.28 -0.26 ... 

-0.24 -0.23 -0.21 -0.20 -0.19 -0.18 -0.17 -0.16 -0.15 -0.14 -0.13 -0.12 -0.11 -0.10 -0.0975 ... 
-0.095 -0.0925 -0.09 -0.0875 -0.085 -0.0825 -0.08 -0.0775 -0.075 -0.0725 -0.07 -0.0675 -0.065 -0.0 

-0.06 -0.0599 -0.0598 -0.0597 -0.0596 -0.0595 -0.0594 -0.0593 -0.0592 -0.0591 .. . 
-0.059 -0.0589 -0.0588 -0.0587 -0.0586 -0.0585 -0.0584 -0.0583 -0.0582 -0.0581 .. . 
-0.058 -0.0579 -0.0578 -0.0577 -0.0576 -0.0575 -0.0574 -0.0573 -0.0572 -0.0571 .. . 
-0.057 -0.05675 -0.0565 -0.05625 -0.056 -0.055 -0.0525 -0.05 -0.0475 -0.045 ... 
-0.0425 -0.04 -0.0375 -0.035 -0.0325 -0.03 -0.0275 -0.025 -0.0225 -0.02 ... 
-0.0175 -0.015 -0 .0125 -0.01 -0.0075 -0.005 -0.004 -0.003 -0.002 -0.001 -0.0005]; 

NTER OUTPUT FILE NAME 
=ilename=[num2str(handles.numrods) handles.orientation '_d' num2str(handles.diameter*1 0000) '_sp' num2str( ~ 



r A\thesis\tdr _sensitivity model\sample area\tdr _sensitivity.m 
~r 2, 2004 

Page 2 
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jles.separation/handles.diameter*1 0) '_sl' num2str(soil.soilcount) '_a' num2str(handles.anisotropy*1 0000) '.txt']; 

OPEN OUTPUT FILE 
fidout=fopen(filename, 'wJ; %output file 
fprintf(fidout, 'Number of Rods\tOrientation\tSample Area\tDiameter\tSeparation\tBackground pressure\tRel 1£' 

~ flux\tAnisotropy\tTheta bkg\tTheta TDR\tTheta TOR homo\tTheta error\tTheta TDR_sa\tTheta TDR_sah\tThe 1£' 
ve_sa\tArea\tArea_sa\tArea_homosa\nJ; 

fprintf('Number of Rods\tOrientation\tSample Area\tDiameter\tSeparation\tBackground pressure\tRelative f 1£' 
Anisotropy\tTheta bkg\tTheta TDR\tTheta TOR homo\tTheta error\tTheta TDR_sa\tTheta TDR_sah\tTheta Ave 1£' 
tAre a \tAre a_ sa \tAre a_ homos a \n J; 

SETUP LOOPS 
for i=1 :1; handles.numrods = 2; %number of rods (2 or 3) 
for i=1 :1; handles.orientation = 'h'; %orientation of probe (h or v) 
for i=1 :1; handles.diameter = 0.005; %rod radius 
for i=1 :1; handles.separation = 0.05; %distance between the centers of the outermost rods 
for i=1 :1; soil.soilcount = 1336; %soil catalogue number 
for i=1 :1; handles.anisotropy = 0; %anisotropy 
for i=1 :1; handles.psi_bkg = soil.psiinflec(soil.soilcount); %pressure head 
for i=90:90; handles.sa.pc = [5 75 i]; 

handles.sa.pc_actual = 0; 

)ET VAN GEBUCHTEN SOIL PROPERTIES 
handles.theta_r=soil.theta_r(soil.soilcount); 
handles.theta_s=soil.theta_s(soil.soilcount); 
handles.Ksat=soii.Ksat(soil.soilcount); 
handles.alpha=soil.alpha(soil.soilcount); 
handles.n=soil .n(soil.soilcount); 

;ALCULATE HOMOGENEOUS BACKGROUND WATER CONTENT AND FLUX 
if handles.psi_bkg < 0 

handles.theta_bkg=handles.theta_r+(handles.theta_s-handles.theta_r).* ... 
(1 +(abs(handles.psi_bkg. *handles.alpha))."handles.n)."( -(1-1./handles.n)); 

Se=( 1 +abs(handles.psi_bkg. *handles.alpha )."handles.n )"-( 1-1./handles.n ); 
handles.flux_bkg=handles.Ksat. *Se."0.5. *(1-(1-Se."(1 /(1-1./handles.n))) ."(1-1./handles.n))."2; 

else 
handles.theta_bkg = handles.theta_s; 
Se=1; 
handles. flux_ bkg=hand les. Ksat; 

end 

>EFINE GEOMETERY 
if handles.numrods == 2 

if handles.orientation == 'v' 
mdr = md - circ2(0,-handles.separation/2,handles.diameter/2)- circ2(0,handles.separation/2,handles. 1£' 

eter/2); 
mdnr = mdr + circ2(0,-handles.separation/2,handles.diameter/2) + circ2(0,handles.separation/2 ,handl 1£' 

3meter/2); 
elseif handles.orientation == 'h' 

mdr = md - circ2(-handles.separation/2,0,handles.diameter/2)- circ2(handles.separation/2,0,handles. 1£' 
eter/2); 

mdnr = mdr + circ2(-handles.separation/2,0,handles.diameter/2) + circ2(handles.separation/2,0,handl 1£' 
3meter/2); 

end 
elseif handles.numrods == 3 



r A\thesis\tdr_sensitivity model\sample area\tdr_sensitivity.m 
~r 2, 2004 

if handles.orientation == 'v' 

Page 3 
11:10:43 AM 

mdr = md - circ2(0,-handles.separation/2,handles.diameter/2)- circ2(0,0,handles.diameter/2)- circ2(0 ~ 

dles.separation/2,handles.diameter/2); 
mdnr = mdr + circ2(0,-handles.separation/2,handles.diameter/2) + circ2(0,0,handles.diameter/2) + eire ~ 

landles.separation/2,handles.diameter/2); 
elseif handles.orientation == 'h' 

mdr = md - circ2(-handles.separation/2,0,handles.diameter/2)- circ2(0,0,handles.diameter/2)- circ2(h ~ 

es.separation/2,0,handles.diameter/2); 
mdnr = mdr + circ2( -handles.separation/2,0,handles.diameter/2) + circ2(0,0,handles.diameter/2) + eire ~ 

Jndles.separation/2,0,handles.diameter/2); 
end 

end 

numsd_r = geominfo(mdr, 'out' ,{'nmr'} ); 
numsd_nr = geominfo(mdnr,'out' ,{'nmr'} ); 

'JEFINE BOUNDARY CONDITIONS 
if handles.orientation == 'v' 

if handles.numrods == 2 
watbnd=[122111111111]; 
tdrbnd = [1 1 1 1 2 2 3 3 2 2 3 3]; 

elseif handles.numrods == 3 
watbnd = [1 2 2 1 1 1 1 1 1 1 1 1 1 1 1 1 ]; 
tdrbnd = [1 1 1 1 2 2 3 3 2 2 2 2 3 3 2 2]; 

end 
elseif handles.orientation == 'h' 

if handles.numrods == 2 
watbnd = [1 2 2 1 1 1 1 1 1 1 1 1 ]; 
tdrbnd = [1 1 1 1 2 2 2 2 3 3 3 3]; 

elseif handles.numrods == 3 
watbnd = [1 2 2 1 1 1 1 1 1 1 1 1 1 1 1 1 ]; 
tdrbnd = [1 1 1 1 2 2 2 2 3 3 3 3 2 2 2 2]; 

end 
end 

JEFINE SUBDOMAIN PROPERTIES 
sd_r=ones(1 ,numsd_r); 

set domain matrix 
sdequ_r = sd_r; 

Coupling variable elements 

% number of subdomains in geometry 
% number of subdomains in geometry 

couple_r = struct('elem' ,{'elcplscalar'},'var' ,{fih2','E_m', 'E_mh', 'E_bkg', 'E_sa', 'E_sah', 'theta_ave', 'area', 'area ~ 
'area_ sah'}} ,'g', { f 1 '}} ,'src', { { { {}, {} ,struct('expr', { { {'( absWx_ tdr _homo )A2'}, fwf*E1, fwfh *E'}, fwfh *Eh'}, fwfsa *E'}, fwfh ~ 
'},ftheta*wftheta'},fwfall'},fwftheta'},fwfhtheta'}}},'ipoints',{{{'1 O'},f1 O'},f1 O'},f1 O'},f1 O'},f1 O'},f1 O'},f1 O'},f1 O'},f1 0' ~ 
d',{{{'11}} )}}},'geomdim',{{{}}}, 'global' ,{f1', '2', '3', '4', '5','6', '7', '8','9', '1 0'}} ); 

for i=1 :numsd_r 
couple _r.src{1 }{3}.ind{i}=num2str(i); 

end 

~UN FEMLAB MODELS TO CALCULATE WATER CONTENTS 
output= TDR_SENS_R(mdr, watbnd, tdrbnd, sd_r, couple_r, sdequ_r); 
pause(1 ); 
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WRITE OUTPUT TO SCREEN AND FILE 
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fprintf('%8.6g\t %s\t %8.6g\t %8.6g\t %8.6g\t %8.6g\t %8.6g\t %8.6g\t %8.6g\t %8.6g\t %8.6g\t %8.6g\t %8.6 tL' 
ti8.6g\t %8.6g\t %8.6g\t %8.6g\t %8.6g\n', ... 

handles.numrods, ... 
handles.orientation, ... 
handles.sa.pc_actual, ... 
handles.diameter, ... 
handles.separation/handles.diameter, ... 
handles.psi_bkg, ... 
handles.flux_bkg/handles.Ksat, ... 
handles.anisotropy, ... 
handles.theta_m.bkg(1 ), .. . 
handles.theta_m.tdr(1 ), .. . 
handles.theta_m.tdr_homo(1 ), ... 

. handles.theta_m.error(1 ), ... 
handles.theta_m.sa_ TDR(1 ), ... 
handles.theta_m.sa_ TDR_homo(1 ), ... 
handles.theta_m.sa_theta(1 ), ... 
handles.theta_m.area(1 ), ... 
handles.theta_m.area_sa(1 ), ... 
handles.theta_m.area_sah(1 )); % 
fprintf(fidout, '% 16. 12flt %s\t %16. 12flt % 16. 12flt % 16. 12flt %16. 12flt % 16. 12flt % 16. 12flt %16. 12flt %16. tL' 

%16.12flt %16.12flt %16.12flt %16.12flt %16.12flt %16.12flt %16.12flt %16.12fln', ... 
handles.numrods, ... 
handles. orientation, ... 
handles.sa.pc _actual, ... 
handles. diameter, ... 
handles. separation/handles. diameter, ... 
handles. psi_ bkg, ... 
handles. flux _bkg/handles. Ksat, ... 
handles. anisotropy, ... 
handles.theta_m.bkg(1), .. . 
handles.theta_m.tdr(1 ), .. . 
handles.theta_m.tdr_homo(1), ... 
handles.theta_m.error(1 ), ... 
handles.theta_m.sa_ TDR(1 ), ... 
handles.theta_m.sa_ TDR_homo(1 ), ... 
handles.theta_m.sa_theta(1), ... 
handles.theta_m.area(1 ), ... 
handles.theta_m.area_sa(1 ), ... 
handles.theta_m.area_sah(1 )); % 

pause(1 ); 
----------------------------------------------------------------------
----------------------------------------------------------------------
:NO LOOPS 
end 
end 
end 
end 
end 
end 
end 
end 

NO PROGRAM 
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fclose('all'); 
fprintf('\n\n\nEND OF PROGRAM'); 
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r A\thesis\tdr _sensitivity model\sample area\tdr _sens_r.m 
!r 2, 2004 

:tion theta = TDR_SENS_R(mdr, watbnd, tdrbnd, sd_r, couple_r, sdequ_r) 

,al handles 

EMLAB Model M-file 
enerated by FEMLAB 3.0a (FEMLAB 3.0.0.228, $Date: 2004/04/05 18:04:31 $) 
orne geometry objects are stored in a separate file. 
he name of this file is given by the variable 'ffbinaryfile'. 

9mlab version 
r vrsn 
.name= 'FEMLAB 3.0'; 
.ext= 'a'; 
.major= 0; 
.build = 228; 
.res = '$Name: $'; 
.date= '$Date: 2004/04/05 18:04:31 $'; 
version = vrsn; 

eometry 
r draw 
ndr; 
r.s.objs = {g1}; 
r.s.name = {'mdr'}; 
r.s.tags = {'g1 '}; 
draw= draw; 
geom = geomcsg(fem); 

itialize mesh 
mesh=meshinit(fem, .. . 

'hmaxfact',0.5, .. . 
'hgrad', 1.2, .. . 
'hcurve',0.2, .. . 
'hcutoff,0.0001 ); 

'efault values are not included) 
~onst={'psi_ bkg', handles. psi_ bkg, ... 

'sa_wf,handles.sa.wf(3), ... 
'sa_wfh',handles.sa.wfh(3), ... 
'sa_pc' ,handles.sa.pc(3)}; 

>plication mode 1 
appl 
mode.class = 'FIPDEG'; 
dim = {'H', 'H_t]; 
sdim = {'x','z','z2); 
name= 'water_vg'; 
assign= {'abscu1x','abscu1x_water','absga1x','absga1x_water','absux','absHx_water'}; 
bnd 

· = {'-H', 'psi_bkg-H'}; 
ype = {'neu', 'dir'}; 
nd = watbnd; 
bnd = bnd; 
equ 
nit= {fpsi_bkg';O}}; 
ja = 'C+Se*Ss'; 
= 0; 
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ga = {{{'-Kx*Hx';'-Kz*(Hz+1 )'}}}; 
ind = sd r· -' 
.equ = equ; 
appl{1} = appl; 

pplication mode 2 
r appl 
.mode.class = 'FIPDEG'; 
.dim= {'V','V _t'}; 
.sdim = {'x','z','z2]; 
.name= 'tdr'; 
.assignsuffix = '_tdr'; 
r prop 
'.weakconstr=struct('value' ,{'otr},'dim' ,{flm3', 'lm4'}} ); 
.prop = prop; 
r bnd 
r = {'-V', '-1-V', '1-V]; 
type = {'neu', 'dir', 'dir'}; 
ind = tdrbnd; 
.bnd = bnd; 
'equ 
init = {{0;0}}; 
da = 0; 
f = 0; 
ga = {{{'-E*Vx';'-E*Vz]}}; 
ind = sd_r; 
.equ = equ; 
appl{2} = appl; 

Jplication mode 3 
· appl 
mode.class = 'FIPDEG'; 
dim= {'W','W_t'}; 
sdim = {'x','z','z2]; 
name= 'tdr_homo'; 
assignsuffix = '_tdr_homo'; 
prop 

.weakconstr=struct('value' ,{'otr},'dim' ,{flm5', 'lm6'}} ); 
prop= prop; 
bnd 

· = {'-W' ,'-1-W' ,'1-W'}; 
ype = {'neu','dir','dir'}; 
nd = tdrbnd; 
bnd = bnd; 
equ 
nit = {{0;0}}; 
la = 0; 
= 0; 

Ja = {{{'-Eh*Wx';'-Eh*Wz'}}}; 
nd = sd_r; 
~qu = equ; 
lppl{3} = appl; 
;dim= fx','z'}; 

'bdomain expressions 
equ 
1d = sdequ_r; 
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.dim= fH','V','W'}; 

.expr = {'theta_r' ,handles. theta_r, ... 
'theta_s' ,handles.theta_s, ... 
'Ks',handles.Ksat, ... 
'alpha',handles.alpha, ... 
'n',handles.n, ... 
'ae',O, ... 
'A',1 OA(handles.anisotropy), ... 
'Ss' ,0.0001 }; 

.equ = equ; 

•lobal expressions 
expr = {'m','1-1/n', ... 

'Se','(H>=ae)*1 +(H<ae )*(1 +(abs(alpha*H))An)A(-m)' , ... 
'Kus','Ks*SeA0.5*(1-(1-SeA(1/m))Am)A2', ... 
'K', '(H>=ae )*Ks+(H<ae )*Kus', ... 
'Kx','K*A', ... 
'Kz','K', ... 
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'C', '(H>=ae )*O+(H<ae )*( -m*n/H*(theta_s-theta_r)*(1 +abs(alpha*H)An)A( -m-1 )*(abs(alpha*H))An )', ... 
'theta' ,'theta_r+Se*(theta_s-theta_r)' , ... 
'E','((theta+0.1841 )/0.1181 )A2', ... 
'wf,'(absVx_tdr)A2fih2', ... 
'theta_m','(E_m)A(0.5)*0.1181-0.1841' ... 
'Seh','(psi_bkg>=ae)*1 +(psi_bkg<ae)*(1 +(abs(alpha*psi_bkg))An)A(-m)', ... 
'thetah' ,'theta_r+Seh*(theta_s-theta_r)' , ... 
'Eh','((thetah+0.1841 )/0.1181 )A2', ... 
'wfh', '(absWx_tdr_homo )A2fih2', ... 
'theta_mh','(E_mh)A(0.5)*0.1181-0.1841 ', .. . 
'theta_bkg' ,'(E_bkg)A(0.5)*0.1181-0.1841', .. . 
'wfsa','(wf<sa_wf)*O+(wf>=sa_wf)*wf , ... 
'wfhsa ', '(wfh<sa _ wfh) *0+ ( wfh >=sa_ wfh )*wfh', ... 
'wftheta','(wf<sa_wf)*O+(wf>=sa_wf)*1', ... 
'wfhtheta','(wf<sa_wfh)*O+(wf>=sa_wfh)*1', ... 
'wfall','(wf<sa _ wf)* 1 +(wf>=sa _ wf)* 1', ... 
'theta_sa_ TDR','((E_sa*1 OO/sa_pc)A(0.5)*0.1181-0.1841 )', ... 
'theta_sa_ TDR_homo','((E_sah*1 OO/sa_pc)A(0.5)*0.1181-0.1841 )' , ... 
'theta_sa_ave','theta_ave/area_sa'}; 

Jupling variable elements 
·elem 
{1} = couple_r; 
~lemcpl = elem; 

Jltiphysics 
multiphysics(fem); 

:tend mesh 
cmesh=meshextend(fem); 

>lve problem 
;ol=femnlin(fem, ... 

'solcomp',{'H','V','W'}, .. . 
'outcomp',{'H','V','W'}, .. . 
'non lin' ,'on', .. . 
'hnlin','on', .. . 
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'linsolver', 'umfpack'); 

:we current fem structure for restart purposes 
)=fern; 

alculate the 75% and 90% sample areas 
= TDR_SAMPLE_AREA(fem); 

3t the fem lab constant for the 90% sample area 
m.const{4} = handles.sa.wf(3); 
m.const{6} = handles.sa.wfh(3); 
m.const{8} = handles.sa.pc(3); 

Jive problem 
sol=femnlin(fem, ... 

'solcomp',{'H', 'V', 'W'}, ... 
'outcomp',{'H', 'V', 'W'}, .. ; 
'nonlin','on', .. . 
'hnlin','on', .. . 
'linsolver', 'umfpack'); 

~ve current fem structure for restart purposes 
l=fem; 

dract data 
lles.theta_m.tdr = postinterp(fem,'theta_m',[0.25 0.25; 0.25 0.25]); 
lles.theta_m.tdr_homo = postinterp(fem,'theta_mh' ,[0.25 0.25; 0.25 0.25]); 
lles.theta_m.bkg = postinterp(fem,'theta_bkg' ,[0.25 0.25; 0.25 0.25]); 
lles.theta_m.error = handles.theta_m.tdr- handles.theta_m.bkg; 
lles.theta_m.sa_ TOR= postinterp(fem,'theta_sa_ TOR' ,[0.25 0.25; 0.25 0.25]); 
lles.theta_m.sa_ TDR_homo = postinterp(fem, 'theta_sa_ TDR_homo',[0.25 0.25; 0.25 0.25]); 
les.theta_m.sa_theta = postinterp(fem,'theta_sa_ave',[0.25 0.25; 0.25 0.25]); 
les.theta_m.area = postinterp(fem,'area',[0.25 0.25; 0.25 0.25]); 
les.theta_m.area_sa = postinterp(fem,'area_sa',[0.25 0.25; 0.25 0.25]); 
les.theta_m.area_sah = postinterp(fem,'area_sah' ,[0.25 0.25; 0.25 0.25]); 
=1; 
rot solution 
plot(fem, ... 
'geom','on', ... 
'tridata' ,{'theta', 'cont', 'internal'}, ... 
'trimap','jet(1024)', ... 
'tribar', 'on', ... 
'contdata',{'wf, 'cont', 'internal'}, ... 
'contlevels', [handles.sa.wf(2) handles.sa.wf(3)], ... 
'contstyle',[O.O,O.O,O.O], ... 
'contbar','off, ... 
'title',", ... 
'refine',2, ... 
'axis',[-1,1,-1,1,0,1]), hold on; 
;:>lot(fem, ... 
'geom', 'off, ... 
'contdata',{'theta', 'cont', 'internal'}, ... 
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'contlevels', [0.318 0.319 0.320 0.321 0.322 0.323 0.324 0.325 0.326 0.327 0.328 0.329 0.330 0.331 0.332 tt' 
I 0.334 0.335 0.336 0.337 0.338 0.339 0.34], ... 
'contstyle',[0.0,0.2,0.8], ... 
'contbar','off, ... 
'title',", ... 
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'refine',2, ... 
'axis' ,[-1, 1 ,-1, 1 ,0, 1 ]), hold off; 
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:tion sa = TDR_SAMPLE_AREA(fem) 

)al handles 
~alculates the contour interval that represents the sa(1 ), sa(2), sa(3) 
:ample areas, and returns them to calling program for plotting. 

;ave= posteval(fem, 'wf); 
_save= posteval(fem,'wfh'); 
1_save= posteval(fem, 'dvol/2'); 
=[wf_save.p(1 ,:); wf_save.p(2,:); wf_save.d; area_save.d]; 
_h=[wfh_save.p(1 ,:); wfh_save.p(2,:); wfh_save.d; area_save.d]; 
=xyz'; 
_h=xyz_h'; 

ort recharge from lowest to highest 

ort_wf=sortrows(txyz,3); 
ort_wfh=sortrows(txyz_h,3); 

'Jm recharge to find the cells used in percent recharge 
Jmcalc=size(txyz); 

=_tot=O; 
h_tot=O; 
ea=O; 
r i=1 :numcalc(1) 
wf_tot = wf_tot + tsort_wf(i,3)*tsort_wf(i,4 ); 
wfh_tot = wfh_tot + tsort_wfh(i,3)*tsort_wfh(i,4); 
area = area + txyz(i,4 ); 
ld 

r j=2:3 
i=numcalc(1 ); 
k=numcalc(1 ); 
sum_wf=O; 
sum_wfh=O; 
while ((handles.sa.pcU)/1 OO)*wf_tot*1 0"1 0 > (sum_wf*1 0"1 0)) & (i > 0); 

sum_ wf=sum_ wf+tsort_ wf(i,3)*tsort_ wf(i,4 ); 
cell_numberU)=i; 
i=i-1; 

end 
tsaU)=tsort_wf(cell_numberU),3); 
handles.sa.pc_actual = sum_wf ./ wf_tot *1 00; 

while ((handles.sa.pcU)/1 OO)*wfh_tot*1 0"1 0 > (sum_wfh*1 0"1 0)) & (k > 0); 
sum_ wfh =sum_ wfh +tsort _ wfh ( k, 3 )*tsort _ wfh (k,4); 
cell_number_hU)=k; 
k=k-1; 

end 
tsahU)=tsort_wfh(cell_number_hU),3); 
handles.sa.pc_actual_h = sum_wfh ./ wfh_tot *1 00; 
d 

ndles.sa.wf=tsa; 
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mdles.sa.wfh=tsah; 
~=1; 

r:=:ND OF SUBROUTINE 
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r A\thesis\tdr _sensitivity model\max\find_max.m 
~r 2, 2004 

TOR MAX 

Program written by: Andrew Hinne/1 
fnitial code written: Oct. 13, 2004 
Last editted: Oct. 15, 2004 

F=inds the maximum error for from TDR_SENS_MAX 

ear; 
c; 

9EFINE SYSTEM VARIABLES 
n = 4; 
global handles 

~OOP DIAMETER OR SEPARATION 

% number of point to check at once 
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~paration = [2.5 3 3.5 4 56 8 10 12 14 17 20 25 30 40 50 65 80 100 120 140 170 200 250 300 400 500]; 
Jmber = [27 25 24 23 22 20 19 17 16 14 13 12 11 9 8]; 
ameter = [0.001 0.0015 0.002 0.0025 0.003 0.004 0.005 0.0075 0.01 0.015 0.02 0.025 0.03 0.04 0.05]; 
n_num = 24; 

r k=1 :3 

limit= [-0.075 -0.045]; % limits of pressure head 

DEFINE TOR PROBE SETUP 
handles.numrods=3; % number of rods (2 or 3) 
handles.orientation='h'; % orientation of probe (h or v) 
handles.diameter=diameter(k); % rod diameter 
handles.separation=separation(run_num)*diameter(k); % distance between the centers oft -L' 

'Jtermost rods 
fprintf('DIAMETER = %g, SEPARATION= %g\n', handles.diameter, handles.separation); 

CALCULATE INITIAL PRESSURE VALUES 
for i=1 :n+1 

pressure(i)=limit(1 )+(limit(2)-limit(1 ))/n*(i-1 ); 
end 

CALCULATE INITIAL ERROR VALUES 
for i=1 :n+1 

DEFINE SOIL PROPERTIES 
handles.soilcount = 1336; 
handles.anisotropy = 0; 
handles.psi_bkg= pressure(i); 

RUN TDR_SENS_MAX 
error(i) = TDR_SENS_MAX(handles, i); 

end 

DEFINE NEW LIMITS 

% soil catalogue number 
% anisotropy 

% pressure head 

% calculate error 
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for j=2:n 
if errorU-1 )<errorU) & errorU+1 )<errorU) 

limit= [pressureU-1) pressureU+1 )]; 
error( 1 ) = errorU-1 ) ; 
error(n/2+1) = errorU); 
error(n+1) = errorU+1 ); 

end 
end 

FIND MAX ERROR 
acc_e = -7; %accuracy of error 
acc_p = -5; %accuracy of pressure 
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while (max(error)-error(1) > 10"acc_e) 1 (max(error)-error(n+1) > 10"acc_e) 1 (pressure(2)-pressure(1) > 10"a IL' 
) ) 

for i=1 :n+1 
pressure(i)=limit(1 )+(limit(2)-limit(1 ))/n*(i-1 ); 

end 

for i=2:2:n 
handles.psi_bkg= pressure(i); 
error(i) = TDR_SENS_MAX(handles, i); 

end 

for j=2:n 
if errorU-1 )<errorU) & errorU+ 1 )<errorU) 

limit= [pressureU-1) pressureU+1 )]; 
error(1) = errorU-1 ); 
error(n/2+1) = errorU); 
error(n+1) = errorU+1 ); 

end 
end 

end 

"JALCULA TE HOMOGENEOUS BACKGROUND WATER CONTENT AND FLUX 
load rosetta_soil.mat %soil file 
handles.psi_bkg = pressure(n/2+1 ); 

SET VAN GENUCHTEN SOIL PROPERTIES 
handles.theta_r=soil.theta_r(handles.soilcount); 
handles.theta_s=soil.theta_s(handles.soilcount); 
handles.Ksat=soii.Ksat(handles.soilcount); 
handles.alpha=soil.alpha(handles.soilcount); 
handles.n=soil.n(handles.soilcount); 

if handles.psi_bkg < 0 
handles.theta_bkg=handles.theta_r+(handles.theta_s-handles.theta_r).* ... 

( 1 +(abs(handles.psi_bkg. *handles.alpha))."handles.n)."( -(1-1./handles.n)); 
Se=(1 +abs(handles.psi_bkg. *handles.alpha). "handles.n)"-(1-1./handles.n); 
handles.flux_bkg=handles.Ksat. *Se. "0.5. *(1-(1-Se. "(1 /(1-1./handles.n))). "(1-1./handles.n))."2; 

else 
handles.theta_bkg = handles.theta_s; 
Se=1; 
handles.flux_bkg=handles.Ksat; 

end 

ENTER OUTPUT FILE NAME 
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filename=['MAX_error_d' num2str(1 OOOO*handles.diameter) '.txt']; 

OPEN OUTPUT FILE 
fidout=fopen(filename, 'a'); % output file 
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% set file name 

fprintf(fidout, 'Diameter \t Separation \t Relative flux \t pis_bkg \t anisotropy \t theta_dif \n'); 
fprintf(fidout,'%16.12f\t %16.12f\t %16.12f\t %16.12f\t %16.12f\t %16.12f\t %16.12f\t %16.12f\n', ... 

handles.diameter,handles.separation,handles.flux_bkg/handles.Ksat,handles.psi_bkg,handles.anisotro IL' 
-rror(n/2+1 )); 

fclose('all'); 
nd 
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