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Abstract 

Richards' equation is difficult to solve numerically because water flow in the 

unsaturated zone is complicated by the fact that the soil's permeability depends on its water 

saturation. The accuracy and computational efficiency of numerical solution are affected by 

the form of the governing equation, the estimation of the internodal hydraulic conductivity 

and the time-stepping scheme. In order to save computational time and improve efficiency of 

numerical techniques, two classical dimensionless numbers, Peclet and Courant numbers, and 

their combinations, Fourier and Advective Peclet numbers, are used as the criteria for 

estimating the spatial and temporal increments needed for the numerical solution of the linear 

Richards' equation (for example expo_nential hydraulic functions) and two new dimensi_onless 

numbers, Modified Peclet and Courant numbers for the non-linear Richards' equation (van 

Genuchten's hydraulic functions). In this way, we can get numerical solutions of Richards' 

equation not only with no oscillation and mass conservation, but also with adequate 

convergency speed and accuracy. These numbers are only related to the soil-hydraulic 

properties and grid size. 
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1. Introduction 

In many branches of soil science and engineering, for example groundwater 

hydrology, agricultural engineering, resource management and environmental engineering, 

modeling of water flow in unsaturated soils is an important problem. However, accurate 

mathematical models to describe water movement through the vadose zone are difficult 

because soil systems are quite complex and can not be always characterized by an accurate 

model. In general, the governing equation for water flow in the unsaturated zone is derived 

from combining the mass conservation equation and Darcy's law under the assumption that 

the air pressure equals the constant atmospheric at the surface. One-dimensional vertical flow 

of water in an unsaturated, homogeneous medium is described by the classical Richards' 

(1931) equation [Bear, 1978; Hillel, 1980]: 

ae = j_[K(h)( ah - 1)] 
at az az 

1-1 

where 

6 water content [VIV]; 

h pressure head [L]; 

K(h) hydraulic conductivity function [LIT]; 

z vertical coordinate(positive downward) [L]; 

t time [T]. 

This equation may be written in several forms with either pressure head h or moisture 

content e as a dependent variable [Celia et al, 1990]. The three classical standard forms of 

the Richards' equation for the 1-D geometry are: 

1) h -based form: 

c(h) ah =_E_[K(h) ah]- aK(h) 
at az az az 

1-2 



2) 6-based form: 

ae = .i_ [n(e) ae ]- aK(6) 
a, az az az 

3) mixed-form: 

where 

ae = .i.[K(h) ah]- aK(h) 
at az az az 

c(h) specific moisture capacity, c(h)= de [1/L]; 
dh 

D(6) unsaturated diffusivity D(e)=K(h) dh [V/T]. 
de 
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1-3 

1-4 

These various expressions of Richards' equation are parabolic partial differential equations 

with strong nonlinearities due to metric potential h(6) and moisture content e(h) 

dependencies in the specific moisture capacity c(h), hydraulic conductivity K(h) or K(e) and 

hydraulic diffusivity D(e) functions. An analytical solution is not possible except for very 

few special cases due to the nonlinear relationships between the soil properties and flow 

mechanisms. Consequently, numerical approximations are typically used to solve this 

equation. However, valid numerical solutions are difficult to obtain because of the strong 

nonlinearity inherent between K, c, D, and e or h. By using different methods of 

discretization in the numerical resolution of these equations, accuracy varies. 

Studies have demonstrated that the h-based form of the Richards' equation is generally 

inaccurate and conserves mass poorly due to the approximation of the term c(h) ah , unless a, 
time steps are very small in order to maintain stability and minimize truncation errors [Celia 
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et al, 1990]. As we know, the equation itself is nonlinear and implicit time-stepping schemes 

must incorporate an iterative procedure for advancing the approximate solution from one time 

step to the next. There then arises a problem regarding the proper time level at which to 

evaluate c(h) [Allen, 1985]. That is, the discrete analog of c(h) ah in Eq 1-2 is not equivalent 

to that of ae in Eq 1-1 because of the highly nonlinear natur!~f the specific capacity term at 
c(h), even though they are mathematically equivalent in the continuous sense. van Genuchten 

demonstrates that evaluating this coefficient in a fully implicit fashion can lead to material 

balance errors in certain schemes. The 6-based form is more accurate and has a significantly 

improved performance for modeling infiltration into very dry, heterogeneous soil [Hills et 

al., 1989]. Unfortunately, this model is not suitable for problems containing saturated regions 

since the soil-water diffusivity goes to infinity near saturation. In addition to this, when water 

content is plotted as a function of depth, there is normally a sharp discontinuity in the curve 

at the boundary between different materials. Therefore this model requires special treatment 

for material discontinuities. The alternative recommended by Allen, Murphy [ 1985, 1986] and 

Celia [ 198 7, 1990] is to represent the infiltration problem with a mixed form of Richards' 

equation. This method provides a solution in terms of pressure while avoiding the difficulties 

inherent in calculating c(h) ah, and has excellent mass balance, accuracy and efficiency in its at 
numerical solutions. 

Another common feature in water flow in unsaturated zone is that a moving interface, 

called a wetting front, occurs between the downward-moving zone of high moisture content 

and the zone yet uncontacted by the wave of infiltrating water. According to Darcy's law, 

water flux into unsaturated soils is equal to the product of head gradient and the hydraulic 

conductivity. 

q= -K(h)[ !:-1] 1-5 

The hydraulic conductivity in unsaturated soil is usually very small, especially for very dry 
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conditions. This requires a very large head gradient to move even a small amount of water. 

Consequently, under certain initial conditions the moving boundary can exhibit very steep 

spatial gradients in h , as well as in 6 . These sharp fronts pose considerable difficulties in the 

construction of numerical schemes: One is the convergence or the rate of convergence. The 

second is that the numerical solutions can exhibit numerical spatial oscillations near the 

wetting sharp front. These oscillations are physically unrealistic. The third is a material mass 

balance problem; and the last one is an accuracy problem. All of these difficulties can be 

overcome by using a dense grid of spatial and temporal increments. However, this generally 

takes a great deal of CPU time, which sometimes is so extreme that we cannot afford it. In 

other words, it is very expensive because of the computing costs. In order to save 

computational time and improve efficiency of numerical techniques, Daus [1985], Noorishad 

[1992], Perrochet [1992,1993] used Peclet and Courant numbers and their combination, 

advective Peclet number, as the criteria to estimate the spatial and temporal increment needed 

for the numerical solution of the linear advective-dispersion equation. Recently, El-Kadi 

[1994] proposed the use of the Peclet and Courant numbers as criteria for estimating the size 

of spatial and temporal mesh for solving nonlinear Richards' equation numerically. 

The purpose of this investigation is to compare the accuracy and computational 

efficiency of several numerical schemes for solutions of the governing 1-D infiltration in an 

unsaturated zone, and to find some criteria for estimating spatial and temporal mesh size on 

which we can get a numerical solution of Richards' equation not only with no oscillation and 

mass conservation, but also with adequate convergence speed and accuracy. 
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2. Numerical Solution of the Flow Equation 

The numerical approach employed in the calculation is a standard Galerkin linear finite 

element approximation with implicit time stepping ( Crank-Nicolson or fully implicit scheme), 

mass lumping, and a Newton-Raphson or Picard iteration, based on the mixed form of 1-D 

Richards' equation, 

LwCh) = j_[K(h) a(h-z)]- ae = 0 
az az at 

with boundary condition at the soil surface( at z = 0, t;?: 0): 

1. constant flux: 

or 

2.constant head: 

h=h 0 

boundary condition at the soil bottom ( at z = I, t ;?: 0): 

h=h 0 

with an initial condition through whole column (at O ~ z ~ I, t = 0 ): 

h=h 0 

2-1 

2-2 

2-3 

2-4 

2-5 



where z and q are positive downward. The hydraulic functions K(h) and 6(h) are 

1) Exponential Function: 

K(h)=Ksea.h 

e ( h) = er+( es - e ,) e a.h 

where 

Ks the saturated hydraulic conductivity; 

e, the residual moisture content; 

the saturated moisture content; 

15 

2-6 

reduction in 

negative. 

Or 

a soil pore-size distribution parameter, it represents the rate of 

hydraulic conductivity or moisture content as h becomes more 

2) van Genuchten Function: 

where 

K(h) = K,/.f.[ 1-( 1-m/.f.tr 

s. = [1 +(:lhl)T 
I m = 1--
n 

Ks the saturated hydraulic conductivity; 

e, the residual moisture content; 

es the saturated moisture content; 

a&.n the model parameters. 

2-7 

Two distinct steps are chosen to approximate this Richards' equation. The first 
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applies Galerkin's method to the space discretization, whereas the second discretizes the time 

derivative using finite differences. 

Galerkin Formulation for Space Discretization of the Approximate Solution 

form 

sense: 

In the finite element approach, the variable h is approximated by a finite series of the 

where 

N 

h(z, t)=h(z, t)= L <Piz)hit) 
j=l 

hit) the nodal values of pressure head at time t; 

<Piz) the linear shape function; 

n the number of nodes in the solution domain. 

2-8 

The Galerkin approach forces the residual Lw(h) to vanish in a weighted-average 

2-9 

where 

N; the weighting function of node I; 

I the soil depth( 0 ~ z~ /); 

i = 1, 2, 3, · · ·, n . 

The integration is performed over the soil depth I . 
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Using Green's theorem to remove the second derivatives and applying integration by 

parts to the spatial derivatives, the following matrix equation is achieved, 

2-10 

where 

"f dNd<'P . 1[K -KJ [A(,-]= L.; K(z,t)-' - 1 dz=- _ _ , this is the conductance matrix; 
e dz dz liz -K K 

e 

[Bij] = L f N/1>
1
dz=[

0
·
5 

!iz O ] is the diagonalized time matrix, 
e O 0.5/iz e . 

:;):~~::,: ::n: to[-;]e~::~:s:~::::ector; 
e dz K 

e 

[QJ =H;{-~J is the flux vector. 

n 

K(z, t) ~ K(z, t)= L Wiz)~.(t); 
j=I 

K is different weighting formula for estimating interblock quantities from the 

available grid point hydraulic conductivities. 

i ,j = 1 , 2, 3 , ... , n 

Equation 2-10 defines a set of n ordinary differential equations, whose solution provides 

values of h and de at each node in the finite element mesh. 
dt 
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Finite-Difference Formulation for Time-Derivative of the approximate Solution 

A finite difference scheme may be introduced to approximate the time derivative in 

the matrix equation, and the following set of n algebraic equation results: 

The dependent variables can be approximated by 

t+ flt 

{h .} 2 ""w{h.}t+I +(1-w){h .}t 
J J J 

2-12 

d b . et+ I m + I d T 1 . . h h b . an y expressmg 1 • as a truncate ay or senes wit respect to , we o tam: 

de t+l,m 
et+l,m+l = e~+l,m +-i (ht+l,m+l -h~+l,m) +0(o2) 

J J dh J J 
2-13 

where 

lit the time step; 

t the time level; 

m the iterative level; 

w a time integration weighting factor ( 0. 0 ~ w ~ 1. 0 ). 

Substituting Eq. 2-12 and 2-13 into Eq. 2-11 and neglecting higher-order terms, the 

following system of n algebraic equations is obtained: 

{8 }t+l,m+[c r1,m({h }t+l,m+l - {h }t+l,m)- {8f 
Y](w{hy•1.m•1 +(1-w){hy)+ [Byl i if 1 ~t 1 1 = {F;} + { 2-14 
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Depending on the choice of w, several different subsets of the finite difference 

formulation are defined: 

(a)=Q.5 ... time-centered difference, also Crank-Nicolson type algorithm; 

(a)= 1. 0 ... backward difference method, Full-Implicit time weighting scheme. 

Because the Richards' equation is nonlinear, the initial estimate must be improved by 

means of an iterative process. The iterative process continues until a satisfactory degree of 

convergence is obtained. The criterion of convergence is given by: 

2-15 

The most elementary iteration methods that can be used with Richards' equation are 

probably Picard and Newton-Raphson iterations. A theoretical analysis (Ames, 1977) shows 

that the convergence rate of the Newton-Raphson iteration is second order ( quadratically 

convergent) while that of the Picard scheme is only first order (linearly convergent). The 

former may converge faster than the latter and therefore is more efficient since the 

computational effort per iteration is nearly the same for the two methods. However the 

Newton-Raphson method is more likely to diverge if the initial guess is not close to the true 

solution, whereas the Picard is more stable. 
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Picard Iteration Formulation 

To develop the discrete approximation based on the mixed fonn ofRichards' equation, 

begin with a simple Picard iteration scheme, called a "modified Picard" (Celia et al., 1990) 

or "quasi-Newton" (Allen and Murphy, 1985, 1986) approximation. An element stiffness 

matrix equation is 

2-16 

where 
lit lit 

t+-,m t+-,m llz 
[O . .] 2 =w[A . .] 2 +-[c .. ]t+l,m. 

1J 1J 2/lt 1J ' 

lit 
t+-,m llz 

[P . .] 2 =-[c .. ]t+l,m . 
lJ 2/lt 1J ' 

The following global matrix equation ( 4 node example) is constructed by assembling 

element stiffness matrices: 
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- - m K1 dz K1 
0 0 W-+-c -w-

dz 2dt 1 
dz 

- - hl 
m+l 

bl 
m 

K1 K1+K2 dz K2 -w- w +-c
2 -w- 0 

h2 b2 ~ dz dt dz 
= 2-17 - -

h3 b3 K2 K2+K3 dz K3 0 -w- w +-c -w-
dz dz dt 3 dz h4 b4 

- -
0 0 K3 K4 dz -w- W-+-c 

dz dz dt 4 

where 

b .=(w- I)[A .J{h .}'+ dz [c .. ]t+t,m{h .}1+1,m_ dz {et+1,m _61} +{F.} +{Q .} 
2

_
18 I lJ J 2d/ lJ J 2d/ I I I I 
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Newton-Raphson Iteration Formulation 

The implementation of the Newton-Raphson iteration is usually based on the 

following equations: 

At At At At t+-,m t+-,m t+-,m t+-,m 
{G}'+l,m+l=[Olj.] 2 {h)t+1,m+1_[Plj.] 2 {h)t+l,m_[Qij.] 2 {h)t-{RJ 2 =O 2-19 

where 
At At 

t+-,m t+-,m ll.z 
[O .. ] 2 =w[A .. ] 2 +-[c .. ]t+I,m. 

1J 1J 2/l.t 1J ' 

At 
t+-,m ll.z 

[P . .] 2 =-[c .. ]t+I,m. 
I) 2/l.t 1J ' 

Let 

{G}t+l,m+l={G}t+l,m+ _ {/l.h.}'+I,m+l=O [aG]t+l,m 

ah 1 2-20 

Therefore we have 

[aG]
t+l,m 

_ {/l.h .}t+l,m+l=-{G}m 
ah 1 2-21 

where 

{ fl.h) t+ I,m+ I= { ht 1,m+ 1-ht l,m} ; 



aG1 

[
aGJ+1,m = ah1 

ah ac2 
ah1 

aG +1,m 
2 

ah2 

aG2 

ah2 

aG r+ l,m [K-t+ l,m ht+ l,m -ht+ l,m aK r+ l,ml A 1 aK r+ l,m 1 1 2 1 LJ.Z t+ l,m 1 , 
-- =w + -- +--c +---
ah1 az 2az ah1 2dt 1 

2 ah1 

aG2r+l,m - - [Kt+l,m htl,m -h;+l,m aK2 t+l,ml dz t+l,m 1 aKlr+l,m 
-- - W + -- + -- C - ---
ah2 dz 2dz ah2 2dt 

2 
2 ahl 

_,.~,,,, -
a1+l,1n = w~hl+l,1n_h1+l,1n)+~'+l,1n-l(h'+l,1n_hl+l,1n-l)+(}-w\£th '-h ')+-~-{e'•l,1n-l_e')+K'+l,1n 

1 ~l 2 21:,,.tl 1 1 ~12 2!:,,.tl 1 

K is the estimation of the intemode hydraulic conductivity. 

23 
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The global matrix equation ( 4 nodes example) is 

aG1 aG1 0 0 
ah1 ah2 

aG2 ac2 ac2 aG2 dhl Gl-QO 
--+-- 0 

ah1 ah1 ah2 ah2 dh2 G1+G2 
X = 2-22 

0 
aG3 aG3 aG3 --+--

aG3 ah3 G2+G3 

ah1 ah1 ah2 ah2 ah4 G4+Q1 

0 0 
aG4 aG4 

ah1 ah2 

These two global matrix equations, Eq. 2-17 and 2-22, are a tridiagonal nonlinear set of 

equations: 

A m m + 1 B m m + 1 C m m + 1 = R _m 
; X;-1 + ; X; + ; X;+1 , (i=I2··· N) 

' ' ' 
2-23 

where the coefficients A;m, B;m, C;m, and R;m are nonlinear functions of the variables hand 

h d d · bl m + 1 m + 1 m + 1 . d t e epen ent vana es xi are xi = hi for P1car or m+l hm+l h m £ 
xi = i - i or 

Newton-Raphson, U = i- I, i, i+ 1 ). 

For each iteration~ an estimate of the pressure head distribution (a guess forhim+I or 

the last iterative results h/) is used to evaluate A, B and C. Then, Eq. 2-23 is a linear 

tridiagonal system of equations. An economical solution is available using the Thomas 

algorithm. This new solution will be substituted into Eq 2-23 as an estimate of the pressure 

head distribution for the next iteration. This iterative process continues until Eq.2-15 is 

satisfied. 
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3. Linear Systems and Their Criteria 

Peclet and Courant numbers have been employed successfully as criteria for mesh 

design of the linear advective-dispersive equation for solute transport [Pinder and Gray, 

1977; Daus et al., 1985; Fletcher, 1991; Noorishad et al., 1992; Perrochet et al. 1993]. In the 

context of a one-dimensional, nonreactive solute transport in homogeneous porous saturated 

media without sources, the diffusion-convection equation may be written as 

where 

C = C (x, t) is the solute relative concentration; 

vis the average pore velocity [LIT]; 

D is the dispersion coefficient [L 2/T]. 

3-1 

When the space-time domain (x, t) is discretized, the size of the elementary grid defined by 

tu and !l.t characterizes the simulation by means of the dimensionless numbers, Peclet and 

Courant numbers, as well as their combinations, Fourier and advective Peclet numbers. 

1) Peclet Number (Pe) is the ratio between the length of the elementary trajectory and the 

total mixing length D = al + D m along the flow direction. It also indicates the relative 
V V 

importance of the convection versus dispersion process. It is defined as 

V 
Pe=-!l.x 

D 
3-2 

2) Courant Number (Cr) is the ratio between the convective distance covered by water 

particle during the time step !l.t and the space increment !l.x. It reflects the importance of the 

convection process. It is defined as 



t,.1 
Cr=v

t,.x 

26 

3-3 

3) Fourier Number (Fn) is the ratio between the Courant and Peclet numbers. It reflects the 

stability of numerical solutions, also called as stability factor. 

Cr t,.1 
Fn = - = D-

Pe t,.x2 

4) Advective Peclet Number (Pv) is the product of the Peclet and Courant numbers. 

v2 
Pv = Pe Cr = -t,.t 

D 

If diffusive transport is negligible, that isD=aLv and Eq. 3-5 simplifies to 

V 2 vt,.f 
Pv = Pe Cr = -t,.t = -

D aL 

3-4 

3-5 

3-6 

which expresses the ratio of the advection distance to the dispersion length of the 

concentration front. 
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The Criteria of Advective-Dispersive Equation 

Daus et al. presented these above numbers as criteria for the control of numerical 

accuracy in a solution using finite element approximation for the linear advective-dispersion 

equation. 

Eq. 3-1 is a linear, 1-D transport equation. Applying a space discretization to the 

right-hand side terms, Eq. 3-1 can then be written under the semi-discrete form 

D V D V 
0 0 -+- --+-

!:,.x 2 !:,.x 2 

D V 2D 0 

ti}= !:,.x 2 !:,.x 
3-7 · { C;} = A· { C;} 

0 
2D D V 

--+-
!:,.x !:,.x 2 

0 0 
D V D V -
!:,.x 2 !:,.x 2 

where Ci represents the concentration at a given point with coordinate xi. 

The behavior of the general solutions C(x;, t) depends on the eigenvalues of the 

coefficient matrix A. If the number of nodes n is sufficient ( for example n > 15), the 

tridiagonal coefficient matrix may be assimilated to a Toeplitz matrix ( a single value in each 

diagonal ) for which eigenvalues are 

(k=l 2 ... N) 
' ' ' 

3-8 

It can be seen that the condition D 
2 

- ~ ~ 0 is required for the eigenvalues to be real. llr 4 · 
In other words, the eigenvalues ofEq. 3-7 have complex values when the Peclet number is 

greater than 2. Then, according to Liapounov's stability theory, the general solutions are of 

a damped oscillatory nature, that is, the oscillatory solutions coincide with the occurrence of 
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complex eigenvalues. However, small disturbances at points with coordinates x; propagate 

in time according to periodic damped functions, it can thus be concluded mathematically that 

the general unknown functions C(x;, t) are unconditionally stable. 

The Courant number Cr is physically interpreted as the ratio of the advective distance 

during one time step to the spatial discretization. Stable solutions are obtained if 

!lt 
Cr=v-~I 

!lx 
3-9 

Physically, this Courant number condition indicates that a particle of fluid should not travel 

more than one spatial step-size !lx in one time-step !lt . Setting !lt to give Cr ~ I would 

avoid the artificial diffusivity problem. 

So far, we know that when both conditions Pe~ 2 and Cr~ I are fulfilled the 

numerical scheme of diffusion-convection equation is stable and no oscillations occur in 

numerical solutions. However it is very difficult to meet simultaneously the classical 

constrains (i.e., Pe~ 2 and Cr~ I) when simulating low diffusive transport problems. For 

high-flow velocities and/or low diffusion-dispersion effects, !lx has to be reduced to keep 

Pe ~ 2. With such a high space resolution, reducing the time step to very low values is then 

the only way to satisfy the constraint Cr ~ I . 
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Linear Richards' Equation and Peclet, Courant Numbers 

The Richards' equation can be transformed into an identical form of the transport 

equation Eq. 3-1. The two equations have the same problems associated with sharp front. 

ae = ~ K(e) ah] + aK(6) 
at . az az az 

= ~ K(B) ah ae] + aK(0) ae 
az ae az ae az 

= ~ D(6) ae] + V(6) ae 
az az az 

3-10 

where 

D(6) the soil-moisture diffusivity: 

D(6) = K(6) ah = K(h) = D(h) 
ae C(h) 

3-11 

V(6) the soil-moisture velocity: 

V(B) = dK(6) = _l_ dK(h) = V(h) 
d6 c(h) dh 

3-12 

-
Depending on the flow conditions, Eq.3-10 is parabolic when the dispersion dominates the 

convection, hyperbolic when the convection dominates the dispersion and of mixed type for 

intermediate conditions. 

For exponential hydraulic conductivity soil, substituting K(h) = Ks e a.h and 

6(h) = 6r + (6s - 6r) e a.h into Eq. 3-10, a linearized Richards' equation can be deduced 

3-13 
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where 

V = aK(6) = _1_ aK(h) = _K_s _ 
ae c(h) ah (6s -e,)° 

The parameters, soil-moisture diffusivity D and soil-moisture velocity V, are constant 

values if given soil properties. They are independent of pressure head and water content. So 

are the Peclet, Courant numbers and their combinations. 

V( h) 1 dKi(h) 
Pe = -' - !::.z = -- --- = a !::.z 

D(h) c(h) dh 

Cr _ V(h) !::.t _ aK(6) !::.t _ 1 aK(h) !::.t = 

t::.z ae !::.z c(h) ah !::.z 

Cr Ks!::.t 
Fn = - = ----

Pe a t::.6 (!::.z)2 

a Ks !::.t 
Pv = Pe Cr= --

t::.e 

3-14 

3-15 

3-16 

3-17 

In the unsaturated flow process with exponential hydraulic conductivity, the governing 

Equation, Eq. 3-13, is a linear water content transport equation. Like a linear solute transport 

system, Peclet and Courant numbers and their combinations, Fourier and advective Peel et 

numbers can be used as the criteria for estimating the spatial and temporal increments needed 
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for the numerical solutions of the Richards' equation, in order to save computational time and 

improved efficiency of numerical techniques. These numbers are only related to the soil

hydraulic properties. 

Water flow in the vadose zone is the occurrence of a moving boundary, called a 

wetting front, in the fluid system just as solute transport has a moving interface, called the 

concentration front, in the fluid system. This moving wetting front can exhibit steep spatial 

gradients in 6 and h depending on the ratio of soil moisture velocity to soil moisture 

diffusivity: 

µ(h) = V(h) = _1_ dK(h) _ dlnK(h) 
D(h) K(h) dh dh 

3-18 

For the linear Richards' equation, this ratio is a constant value if given soil properties: 

V 
µ = - = a 

D 
3-19 

In this case, the greater the value ofµ, the more arduous the gradients in 6 and h. These sharp 

wetting fronts pose considerable difficulties in the construction of numerical schemes since 

they require high spatial and temporal resolution to the model. The numerical solution usually 

exhibits numerical spatial oscillations, lags and smears around the front. These oscillations, 

lags and smears tend to be more severe as the front becomes sharper. 
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The Condition Number and Fourier Number 

The entries in the coefficient matrix of the mixed-form Picard approximation, Eq. 2-

17, can be linearly transformed into the following matrix: 

- - m 
flt K flt K1 W l +0.5 -w 0 0 
flz2 c1 flz2 cl 

- -

-w 
flt K1 flt K1 +K2 

w +1 -w 
flt K2 0 

az2 cl flz2 c2 flz2 c2 
A= 3-20 - -

0 -w 
atK2 flt K2+K3 

w +1 -w 
atK3 

flz2c2 flz2 C3 flz2c3 
- -

0 0 
fltK3 flt K4 

-w w--+0.5 
fl.z2c3 flz2 C4 

If for each element in the matrix A, there exists a limit with time step llt and spatial 

increment llz approaching zero, then 

Iim flt K; 
= Fn . 

(flt_....O,flz_....0) flz2 c . 1 

I 

3-21 

and 

3-22 

Thus, we have a coefficient matrix which is a function of the Fourier number with time steps 

and spatial increments approaching to zero. 
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wFn1 + 0.5 -wFn 
1 0 0 

lim -wFn w(Fn1 +Fn2) + 1 -wFn 0 1 2 
3-23 = (at---Oaz---O)A = 0 -wFn w(Fn2 +Fn3) + 1 -wFn 

2 3 

0 0 -wFn 3 wFn4 +0.5 

In Eq. 3-21, 3-22 and 3-23, at has to be a higher order infinitesimal than az ,( i.e., when at 
goes to zero, its convergent rate have to be faster than that of az ), so that each element in 

the matrix A is finite. 

For the linear Richards' equation Eq. 3-13, the Fourier number Fn is a constant value 

after given soil properties and determined grid size. A is similar, except for the values of the 

first and Nth diagonal terms, to the tri-diagonal Toepliz matrix T, like the coefficient matrix 

in Eq.3-7. 

/2 /3 0 0 

/1 /2 /3 0 
T= 3-24 

0 /1 /2 /3 

0 0 /1 /2 

The eigenvalues "-t of T are given by the analytical expression 

i = 1, 2, ···,N 3-25 

Let 

I = I = -wFn 1 3 
3-26 

/ 2 = 2wFn + 1 

............................ ---------111111111111111 
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-
The approximate eigenvalues of A are determined by 

i=l2···N) 
' ' ' 3-27 

and 

max A; = 2wFn + I + 2wFn = 4.wFn + 1 
3-28 

min A; = 2wFn + 1 - 2wFn = 1 

-
For all nonsingular A, the condition number, K(A), is just the ratio of the maximum 

magnification to the minimum magnification 

-
K(A) = maxmag(~) = 

minmag(A) 
max\ = 4wFn + 1 = 4wD flt + 1 
minA; flz2 

3-29 

- -
The condition number K( A) of a matrix A measures the sensitivity of the solution of a linear 

-
system A x = b to errors in the data. It gives an indication of the accuracy of the results 

from a matrix inversion and a linear equation solution. If this number is very large ( - 106 
), 

- -
the given matrix A is ill-conditioned and the solution of the linear system A x = b will be 

useless [Botha and Pinder, 1983]. 

From Eq. 3-29, a refinement of the mesh in space, generally intended to improve the 

accuracy, invariably causes the condition number of the coefficient matrix to increase. The 
-

matrix A tends towards an ill-condition. On the other hand, reducing the time step always 
-

develops the matrix A towards the well-condition. Therefore, decreasing fl z for an accurate 

solution has to have flt reduced much more to keep the matrix A well-condition and solution 

convergence. It is at the price of the computing cost. 
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The Numerical Tests of Linear Richards' Equation 

To investigate the criteria of the linear Richards' equation, three infiltration 

experiments in one-dimensional representation are employed. The mass balance error is 

defined as the ratio 

total additional mass in the domain 100 
MBE(t) = ----------X-

total net flux into the domain 100 
3-30 

where the additional mass is measured with respect to the mass initially in the system. 

We evaluated error sensitivity by comparing the numerical solutions, under various 

discretization schemes, to the corresponding analytical solution [Srivastava and Yeh, 1991]. 

The numerical error ( e ), errors' distribution along the test domain and the value of the relative 

root mean square error (RMS) were used in the analysis of accuracy. The error ( e) at a 

particular point in space and time is defined as the relative difference between the analytical 

and numerical solution: 

e = S numerical - S analytical 

S analytical 

3-31 

Error distributions are generated by plotting the numerical errors against the distance z. 

The RMS is defined as the square root of the average-squared relative-deviation with 

the analytical solution at reference spatial points, at a given time 

RMS = _!_ f [S numerical - S analytical r 
N 1 = 1 S analytical 

3-32 

where N is the total numbers of nodal in the test domain. 

The method of spatial moments is chosen as an auxiliary means to analyze and 
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interpret water movement in unsaturated zone. This method does not assume anything a priori · 

about water flow process and is nonparametric and model independent. This provides a 

physical characterization of the water plume which is conceptually appealing and easy to 

visualize. The spatial moments are defined in an analogous manner to the statistical moments 

of probability theory. The one-dimensional j-th absolute spatial moment of the water content, 

6(x,t), is 

+oo 

~ · = I: z/ e;(z, t) az 3-33 
i= - 00 

M 0 is the total mass of water content within the soil column at time t. 

M 
µ = -

1 is the position of the center of mass of the water plume at time t. 
Af.JJ 

a2 = -
2 

- µ2 is the water content dispersion, i.e., the degree of spreading of the water 
Mo 

plume profile at time t. 

M 
S = 3 is the skewness of the water content, i.e. the degree of asymmetry of the water 

(/Mi/ 
plume 

profile at time t. 

M 
K = -

4 
- 3 is the kurtosis of water content, i.e. the extent of peakedness or flatness of the 

M2 
4 

water plume distribution in the column at time t. 

1. Schemes and Computational Efficiency 

The first test is of input data for simulation in Table 3-1. The initial pressure head 

profile is the steady state infiltration profile at an infiltration rate is 0.05 cm/hr. Then, fort 

greater than O and less than 10 hr, the infiltration rate is increased to 0.3 cm/hr. After t greater 

than 10 hr, the rate comes back to 0.05 cm/hr. In this way, a water content plume is formed 

and moves downwards, as time increases, in the test soil columns. The simulations last 100 
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hours. The solutions are derived every 10 hours interval [Figure 3-2 or 3-3]. This water pulse 

infiltration is simulated by a Galerkin linear finite element approximation with Picard, 

Modified Picard and Newton-Raphson iteration techniques, and both Crank-Nicolson and 

Fully-Implicit time stepping. Three parameters, total iteration, CPU time and mass balance 

errors, which can be used to evaluate the computational efficiency for the different numerical 

schemes, with tu = 1.0 cm and flt = 1.0 hr are displayed in Table 3-2. The Newton

Raphson schemes (Newton-M), whether using either fully-implicit or Crank-Nicolson time 

stepping~ require the smallest total number of iterations, and have the fewest mass balance 

errors. This method converges faster than the Picard schemes (Picard-H and Picard-M) since 

the convergent rate of the Newton-Raphson method is close to second order, while that of 

the Picard schemes are only first order. Over and above this, Newton-M and Picard-M 

schemes based on the mixed form of Richards' equation have a much better mass balance than 

Picard-H, an h-based form of Richards' equation. Hence, the Newton-M scheme is more 

efficient than others although this method may take a little bit more CPU time than Picard-H 

since the algorithm ofNewton-M is much more complicated than that of Picard-H. However, 

Newton-M scheme is comparatively likely to. diverge if the initial guess is not close to the 

true solution, while the Picard schemes are more stable. 

As to time stepping, it is not easy to say which one is better. This depends on which 

scheme is used in computation. From Table 3-2, Fully-Implicit time stepping 1s 

recommended when Newton-Mand Picard-Hare employed and Crank-Nicolson for Picard

M. This topic will be given full analysis in the following chapters 

2. The Criteria for Linear Richards' Equation 

The second test has same input data for the test I in Table 3-1 . Newton-Mis used 

in the test 2 with fully-implicit stepping. There are 13 runs with different discretizations. A 

range of spatial and temporal discretization schemes are developed based on the grid Peclet 

and Courant numbers and their combinations shown in Table 3-3. This table lists also the 
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RMS's at time 20, 50, 80, 100 hours and three efficient parameters, which correspond to the 

various discretizations. A value of RMS~ 0.01 is considered here as the range of the 

acceptable accuracy and RMS~ 0.001 good accuracy. 

The Table 3-3 and Figures 3-1 indicate that the accuracy is much more sensitive to 

the Advective Peclet number, i.e., the size of the time step than the Peclet number, i.e., the 

size of the spatial increment. From run 1 to run 7, flt values are fixed and flz values are 

varied from 0.25 cm to 15.0 cm. And RMS's at 20 hr. are changed from 0.004606 to 0.01427 

cm, and the average ratio of the changing RMS to the changing flz is 6. 5 51864407£-4 

cm/cm; the other average ratios of the changing RMS to the changing flz are 4.084745763£-

4 cm/cm at 50 hr, 3.241355932£-4 cm/cm at 80 hr. and 2.914576271£-4 cm/cm at 100 hr. 

From run 8 through run 15, flz is fixed, while flt is changed from 0.05 to 5 hours. The 

average ratios of changing RMS to changing flt at 20, 50, 80, 100 hr. are 6.35076923 lE-3, 

5.159384615£-3, 4.656205128£-3 and 4.436307692£-3 cm/hr respectively. The average 

ratios of changing RMS to flt are usually 10 times greater than those to changing flz. And 

from the Figures 3-1, it is very clear that the RMS's drop down much quicker with reducing flt 

than with reducing /lz. Therefore, reducing flt must efficiently improve numerical accuracy, 

especially for the coarser mesh designs. 

In the cases of runs 1 to 7, the values of Pe are changed with flz changing, and Av 

is kept a constant value, 0.294118. In the cases of run 8 to 15, Pe is constant while the values 

of Av are changed with the variation of flt. These two variables can be used as criteria to 

assess the accuracy of numerical solution for linear Richards' equation. And these two 

numbers are a function of flz or flt respectively. It is simple for the numerical mesh design 

later. 

Let us first examine the later 8 runs in the Table 3-3. The numerical solutions of run 

14 and 15 are inaccurate and unacceptable because their RMSs are greater than the criterion 

value, RMS ~ 0.01. Figures 3-2 and 3-3 compare numerical solutions with analytical 

solutions in these two runs, respectively. As should be expected, these two results are 
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extremely hard to accept based on the visual inspection. The corresponding values of Av are 

0.588235 and 1.47059 respectively. The RMSs in run 13 are less than criterion RMS=0.01 

cm. The resulting suction and water content profiles are shown in the Figures 3-4a and 3-4b. 

The moment analysis are indicated in Figures 3-4c, 3-4d, 3-4e, 3-4f. All of these moments 

from numerical solutions are good agreement with the corresponding moments from 

analytical solution respectively. The mass balance is perfect. This numerical solution can be 

quite acceptable. The corresponding value of Av is 0.294118. In run 10, almost the all values 

of RMS are less than criteria RMS=O.001, except when simulation time is 20 hours. The 

numerical solutions match analytical solutions quite well, regardless of solution profiles or 

moment analysis [Figures 3-5]. These are excellent solutions and the value of Av is 0.036764. 

However, as Av continues reducing in run 9 and run 8, in which Av values are less than O. 03, 

the values of RMS either increase or decrease very slightly, while the CPU time required in 

the calculations shoots upward [Table 3-3 and Figure 3-1 b]. These results reveal that it 

doesn't help to reduce an Av value to below 0.03. 

Similar analysis are performed for the former 7 runs in Table 3-3. Although Pe is less 

sensitive to the numerical accuracy, of interest is run 6, in which the corresponding value of 

Pe is 1.0 and Cr =Fn =Pv = 0.294118. The RMS which is greater than 0.01cm appears in this 

run. The correlation coefficients ( r) between the moments of analytical and numerical 

solutions in the moment analyses are far from 1. 0 [Figures 3-6]. It implies that there are 
-

noticeable errors in the moments between the analytical and the numerical solutions. 

However, in run 5, Pe =0.5 and the correlation coefficients (r) in the moment analyses are 

close to 1.0 [Figures 3-7]. No RMS is over 0.01. The solution in run 5 is acceptable and 

unacceptable in run 6. Figures 3-8 compare the moments of numerical results with the 

moments of analytical solution in run 3. A good agreement with the true solution is observed 

when Pe~ 0.1 . 
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Table 3-1 Parameters for the first test 

Domain Column with a length of 600 cm 

Saturated Hydraulic Conductivity, Ks 1.0 cm/hr 

Saturated Moisture Content, es 0.4 

Residual Moisture Content, er 0.06 

a 0.1 

Boundary Conditions Constant flux of 0.05 cm/hr (z=O, t<O); 

Constant flux of 0.3 cm/hr (z=O, 05.15.10); 

Constant flux of0.05 cm/hr (z=O, t<IO); 

Constant head of -29.57 cm (z=600 cm) 

Initial Condition Uniform head of -29.57cm in profile. 

Numerical Method Picard-H, Picard-M, Newton-M* 

Block Weighting of K Arithmetic mean 

Nodal Spacing, az 0.25 ~ az s 15.0 cm 

. Time Increment, at 0.25 5. at s 5.o hr . 

Reference Solution Analytic solution[Srivastave & Yeh, 1991] 

* Picard-H: picard iteration with h-based form of Richards' equation. 

Picard-M: picard iteration with mixed form of Richards' equation. 

Newton-M: Newton iteration with mixed form of Richards' equation. 

-
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Table 3-2. Comparison of Computational efficiency for the different schemes 

Schemes Items Schemes Full Implicit Crank-Nicolson 

Newton-M Total Iteration 322.00 345.00 

CPU Time 150.55 156.04 

MBE% 0.000000 0.000000 

Picard-H Total Iteration 380.00 364.00 

CPU Time 124.02 122.60 

MBE% - -0.450128 -0.725183 

Picard-M Total Iteration 453.00 374.00 

CPU Time 189.44 173.35 

MBE% -0.000003 -0.000001 

Based on the results presented above as well as the results of many other numerical 

simulation tests, it is clear that the criteria for linear Richards' Equation are Pe~ 0.5 and Av~ 

0.3 for an acceptable numerical solution, Pe~ 0.1 and 0.03~ Av~ 0.04 for an accurate 

numerical solution . 

...................... ----------·111111111111111 



Table 3-3: RMS with respect to Pe, Cr, Fn and Av for the numerical test 2. 

No dz di RMS (cm) Total CPU l\1BE% Pe Cr Fn Av. 
cm hr. lteratio Time 

20hr. 50 hr. 80 hr. 100 hr. n (sec) 

1 0.25 1.0 0.004606 0.003531 0.003133 0.002973 322 389.36 -.322E-6 0.025 11.7647 470.588 0.294118 

2 0.5 1.0 0.006515 0.004994 0.004431 0.004203 322 258.42 -.322E-6 0.05 5.88235 117.647 0.294118 

3 1.0 1.0 0.009257 0.007093 0.006291 0.005966 322 150.55 -.322E-6 0.1 2.94118 29.4118 0.294118 

4 2.0 1.0 0.009313 0.007114 0.006303 0.005975 322 98.57 -.322E-6 0.2 1.47059 7.3529 0.294118 

5 5.0 1.0 0.009719 0.007285 0.006409 0.006057 321 60.89 -.363E-6 0.5 0.588235 1.17647 0.294118 

6 10.0 1.0 0.01132 0.00804 0.006887 0.006437 317 37.67 -.822E-6 1.0 0.294118 0.294118 0.294118 

7 15.0 1.0 0.01427 0.009556 0.007914 0.007272 313 29.77 -.112E-5 1.5 0.196078 0.130719 0.294118 

8 1.0 0.05 0.001084 0.00091 0.000777 0.00073 4506 1777.16 -0.5 0.1 0.147059 1.47059 0.014706 

9 1.0 0.10 0.00145 0.002029 0.001779 0.001535 2369 913.91 -.998E-5 0.1 0.294118 2.94118 0.029412 

10 1.0 .125 0.00132 0.000978 0.000861 0.000813 1912 735.23 -.159E-4 0.1 0.367647 3.67647 0.036764 

11 1.0 0.25 0.002565 0.001921 0.001692 0.0016 1035 395.30 -.466E-4 0.1 0.735294 7.35294 0.073529 

12 1.0 0.5 0.004935 0.003732 0.003296 0.003122 610 268.47 -.455E-6 0.1 1.47059 14.7059 0.147059 

13 1.0 1.0 0.009257 0.007093 0.006291 0.005966 322 150.55 -.322E-6 0.1 2.94118 29.4118 0.294118 

14 1.0 2.0 0.016601 0.012964 0.011569 0.010995 171 93.76 -.58E-6 0.1 5.88235 58.8235 0.588235 

15 1.0 5.0 0.03228 0.02613 0.02356 0.02244 84 58.27 -.315E-5 0.1 14.7059 147.059 1.47059 
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Figure 3-1. Variation of RMS values and CPU time with Peclet number (a) and Advective Peclet number (b) 

changing at t=20, 50, 80 and 100 hrs. 



Anll)ClcalSoUlon Ind tunertcelSoUlon by~ 
·12..-----~----~----

·14 

-18 

i::, -18 

l.20 

j-22 
-24 

·26 

·28 

-30l....-.,;;~~~~~~~~~~ 
0 100 200 300 400 500 800 

V1111cal DeJ)Ch 

a 

~l)llcal SoUlon Ind tunerlCII SclUlon by ~RAPHSON 
0.18..-----~--~------

0.15 

0.14 

i0.13 

'5 0.12 
0 I 0.11 

0.1 

0.09 

o.oaL-...dlll~~~~~~~ 
0·07 o.._-~100--200 ............ __ 30~0--400~-500~--ieoo 

VeltlcalOepll 

b 

2.58.------~--~----~ 

2.57 

2.58 

6 2.55 

i 2.54 

12.53 

12.52 

2.51 

2.5 

Pl().9997 

Y•-0.09275 + 1.037•x 

2·4f .48'----2~.5---2.~52 ___ 2_54~--2~.58--.....J2.58 

tunnlcal Sdulon 

C 
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moments of water content. 
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Figure 3-4. Comparison between analytical solutions (solid lines) and numerical solutions 
(dash lines) with Pe=O. I and Av=0.294118. a) suction profile, b) moisture profile, c) 0th 
moments of water content, d) I st moments of water content, e) 2nd moments of water 
content, f) 3rd moments of water content. 
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Figure 3-5. Comparison between analytical solution (solid lines) and numerical solutions (dash 
lines or stars) with Pe=0.1 and Pv=0.036764. a) suction profile, b) moisture profile, c) 0th 
moments of water content, d) I st moments of water content, e) 2nd moments of water 
content, f) 3rd moments of water content. 
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Figure 3-6. Comparison between analytical solution (solid lines) and numerical solutions (dash 
lines or stars) with Pe=l.O and Av=0.294118. a) suction profile, b) moisture profile, c) 0th 
moments of water content, d) I st moments of water content, e) 2nd moments of water 
content, t) 3rd moments of water contrent. 
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Figure 3-7. Comparison between analytical solution ( solid lines) and numerical solutions ( dash 
lines or stars) with Pe=0.5 and Pv=0.294118. a) suction profile, b) moisture profile, c) 0th 
moments of water content, d) I st moments of water content, e) 2nd moments of water 
content, t) 3rd moments of water content. 
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Figure 3-8. Comparison between analytical solution (solid lines) and numerical solutions (dash 
lines or stars) with Pe=0.1 and Av=0.294118. a) suction profile, b) moisture profile, c) 0th 
moments of water content, d) 1st moments of water content, e) 2nd moments of water 
content, t) 3rd moments of water contrent. 
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3. The Mesh Design for Numerical Solution of Linear Richards' Equation by Applying the 

Criteria 

The numerical test 3 is utilized for examining how the criteria work in estimating 

spatial and temporal mesh size for the numerical solutions of the linear Richards' equation. 

The parameters of the soil hydraulic properties are given in Table 3-4, together with other 

data input for the simulations. The 1800 cm column is discretized uniformly. 

Run 1 is for acquiring a numerical solution which reaches an acceptable accuracy. 

Based on the criteria from the above discussion, the mesh design is 

!lz ~ 0.5 = _Q2_ = 50 cm 
a 0.01 

3-34 
flt ~ o.3 ae = o.3 (0.45-0.2) = 7.5 hr 

aKs 0.01 1.0 

Run 2 is for gaining an accurate numerical solution. The mesh design is 

A 0.1 0.} 
10 

-
u.z~-=--= cm 

a 0.01 
3-35 

flt ~ 0.04 /l6 = 0.04 (0.45-0.2) = 1.0 hr 
a Ks 0.011.0 

Figures 3-9a and 3-9b depict the calculated pressure head and water content profiles 

with a virtual zero mass balance error at 10 times for run 1, respectively. The relationships 

between the moments (from O th to 3 rd order) of analytical and numerical solutions are 

explored in Figures 3-9c through 3-9f. Good overall associations exist with the correlation 

coefficient over 0.99 in these moment analyses. Therefore, the numerical solution of run 1 is 

good enough for an acceptable solution. 

For run 2, an excellent match is gained between the analytical and numerical solutions 

as shown in Figures 3-lOa and 3-lOb, with a virtual zero mass balance error. The correlation 

coefficients in the moments analyses [Figures 3-1 Oc, d, e, fJ are 1. 0 except for the O th 
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moment, which is 0.9999. A good accuracy exists in the numerical solution of run 2. 

Based on the above discussion, it is concluded that the criteria of the acceptable and 

accurate solutions are valid for estimating the size of spatial and temporal mesh for the linear 

Richards' equation, solved by the Newton-M, as well as Picard-m, either an infiltration or a 

drainage situation. 
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Table 3-4 Parameters for the third test 

Domain Column with a length of 1800 cm 

Saturated Hydraulic Conductivity, Ks 1.0 cm/hr 

Saturated Moisture Content, es 0.45 

Residual Moisture Content, er 0.20 

a 0.01 -

Boundary Conditions Constant flux of 0.05 cm/hr (z=O, t<O); 
Constant flux of 0.5 cm/hr (z=O, Os.ts. IO); 
Constant flux of 0.05 cm/hr (z=O, t<IO); 
Constant head of -299.57 cm (z=l800 cm) 

Initial Condition Uniform head of -299.57cm in profile. 

Numerical Method Newton-M 

Block Weightings of K Arithmetric mean 

Nodal Spacing, dz 50 cm for acceptable solution 
· l O cm for accurate solution 

Time Increment, flt 7.5 hr. for acceptable solution 
1.0 hr. for accurate solution 

Reference Solution Analytic solution[Srivastave & Yeh, 1991] 

-
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Figure 3-9. Comparison between analytical solution (solid lines) and numerical solutions 
(dash lines or stars) from run 1 of the mesh design (test 3). a) suction profile, b) moisture 
profile, c) 0th moments of water content, d) 1st moments of water content, e) 2nd moments 
of water content, t) 3rd moments of water contrent. 
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Figure 3-10. Comparison between analytical solution (solid lines) and numerical solutions 
(dash lines or stars) from run 2 of the mesh design (test 3). a) suction profile, b) moisture 
profile, c) 0th moments of water content, d) 1st moments of water content, e) 2nd moments 
of water content, f) 3rd moments of water contrent. 
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4. Non-linear Systems and Their Numerical Mesh Design 

It is well known that water flow through an unsaturated zone is difficult to model 

because of the steep wetting fronts. This moving interface can form between the downward

moving zone of high moisture content and the zone yet uncontacted by the wave of 

infiltration water. Under certain initial and boundary conditions this moving boundary can 

exhibit steep spatial gradients in e and in h. The resulting sharp fronts pose significant 

difficulty in the construction of numerical schemes, and often requires that very fine spatial 

and temporal discretizations be used to avoid numerical instabilities and to guarantee 

accuracy. This results in algorithms that are very CPU intensive. The sharpness of the wetting 

fronts depends on the ratio of soil moisture velocity to soil moisture diffusivity, Eq. 3-18. For 

linear Richards' equation, soil moisture velocity and soil moisture diffusivity are independent 

of pressure head and water content. µ is constant. Just the value of µ is utilized for indicating 

how sharp the wetting fronts are. The greater the value ofµ, the sharper the wetting fronts 

are. In other words, if the velocity dominates the diflusivity, the governing equation becomes 

a hyperbolic equation and the wetting front is acute. If the diffusivity dominates velocity, the 

wetting front is smooth. Therefore, the classical dimenssionless numbers, Peclet and 

Advective Peclet numbers, can be used as the criteria to estimate spatial and temporal mesh 

size for the numerical solutions. 

For the nonlinear Richards' equation, water flow in the unsaturated zone is 

complicated by the fact that the permeability of soil to water varies with the saturation of the 

water. Richards' equation is highly nonlinear with the relationships linking hydraulic 

conductivity and soil specific water capacity to the suction head or water content. The soil 

moisture velocity and soil moisture diffusivity are time and space dependent. The values of 

µ vary with time and space and µ(h) is a function of K(h) and dK(h). 
dh 
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h _ 1 dK(h) _ 
µ( ) - K(h) --;o;- - I (IX lhl)" (n-1) 1-Se-(l-Se)(•:t 5 Se (1-Set:

1

) 

2 
(-1 +(I-SJ/)) (!+(a lhl)")h(-1 +Se) 

where 

( 
1 ) Se -

1 +(a lhlf 

Different behavior of hydraulic conductivities has different behavior of µ(h) [Figures 4-1]. 

The problem, the sharpness of the wetting front, depends on the behavior of the function 

µ(h). As seen from Figures 4-1, the sharper wetting fronts coincide with the sharper K(h) 

and µ(h) functions. In addition to this, the range of the solution domain, that refers to the 

initial and boundary conditions, is of great significance for the sharpness of the wetting front. 

That is why it is more difficult to simulate very dry soils numerically than to simulate wet 

soils. In other words, if the µ(h) function varies extremely· in the solution domain, the wetting 

front will be arduous, and solving Richards' equation numerically will be equally arduous. 

Unlike solving a linear Richards' equation, there is no unique value of µ(h) which indicates 

how sharp the solution is in solving the nonlinear Richards' equation. As a matter of fact, 

simulating water flow numerically in van Genuchten soils is much more difficult than that in 

exponential soils, even if the maximum value of µ(h) function in the van Genuchten soils is 

much smaller than that in the Exponential soils. As we know, numerical simulation of the 

water flow in a fine-textured soil, for example, Beit Netofa Clay and Glendale Clay Loam, is 

much easier than that in a sand or coarser-textured soil, for example, Berino Loamy Fine 

Sand, Soil-A, or even Hygiene Sandstone. However the maximum value of µ(h) function in 

these fine-textured soils may be greater than that in those sands or coarser-textured soils, even 

though all of them are fitted to van Genuchten functions. Thus, it is impossible to use the 

classical numbers, Peclet and Courant numbers, as the criteria to estimate a mesh design of 

......... ________________ ___ 
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the numerical solution for the nonlinear Richards equation. 

Two new dimenssionless numbers, called modified Peclet and Courant numbers, have 

been created in this study, and have been successfully utilized instead of the classical Peclet 

and Courant numbers for the numerical mesh design to solve the nonlinear Richards' equation. 

The definitions of these two numbers are: 

where 

µ 
MPe = nPelog~ 

Pe = µ az· 
max ' 

flt Cr= V -· 
max dz' 

MCr = 

_ ~J 1 dK(h)) . 
µmax - m~ K(h) --:n;- ' 

_ mij 1 _dK(h)) , 
µmin - uu.ul K(h) --:o;- ' 

µmin 

µ 
nlog~ 

µmin 

2.239logCr 

4-1 

4-2 

V = m:l-1 dK(h)) . 
max C(h) dh 

n is one oft e van Genuchten soil parameters, which is an inverse measure of the 

breadth of the pore-size-density function; as n decreases, the width of the pore-size-density 

function increases and vice versa. Therefore, this parameter principally dominates the 

sharpness of the soil-water retention and the wetting front for the van Genuchten soil. 

These two numbers consider the classical numbers for the linear system, as well as the 

sharpness factor, n, and boundary and initial conditions for the nonlinear system . 

.................. ___ ... ________ 111111111111111 



Figure 4-1. Different behavior of 
hydraulic conductivities has different 
behavior of µ(h) function: the sharper 
wetting fronts coincide with the sharper 
K(h) and µ(h) functions. 
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The Criteria for van Genuchten Soils 

A numerical experiment is performed to find out the criterion values of Modified 

Peclet and Courant Numbers. This experiment is an infiltration in a column with Berino 

Loamy Fine Sand, the same problem solved by Hills et al.[1989]. Simulation information is 

summarized in Table 4-1. The dense-grid solutions obtained by the current formulation are 

adopted as the reference solutions. The mass balance errors, numerical errors' distribution 

along the test columns and the relative root mean square error, defined in the last chapter, are 

still used in the analysis of accuracy. A value ofRMS~0.05 is considered here as the range 

of good accuracy, as was also adopted by Maguson et al. [1990] and El-Kadi et al. [1994]. A 

total of 68 runs with the different spatial and temporal discretization have been done by the 

fully.;implicit scheme, in order to find out the critical values of the two new numbers for 

estimating the numerical mesh design size. Table 4-2 Summarizes the results obtained in the 

experiment. 

1. Stability. Convergence and Modified Courant Number 

The Modified Courant Number (MCr) controls the stability and convergence of the 

numerical solutions as seen from Table 4-2 and Figures 4-3. In the first 9 runs, with fixing 

dz = 0.4cm and reducing dt from 100 to 15 sec, the pressure heads (Hmax and Hmm), 

corresponding to the maximum and minimum values of µ(h) function in the numerical 

iterative procedure, converge to the true values, -81.9267 cm and-1000 cm, respectively. The 

Modified Peclet Number (MPe) approaches to 0.05144. In theory, for given soil properties, 

boundary and initial conditions, the true solutions should be restricted within a range of the 

pressure head or water content. Then the range of µ(h) function is determined by the range 

of the solution domain. Just as shown in Figure 4-2, the pressure heads at the maximum and 

minimum values of µ(h) function are the pressure heads at opposite ends of the solution 

domain for given conditions. Probably some iterative values in the numerical procedure 
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exceed this range because of numerical dispersion and numerical oscillation. They will, at last, 

fall within this theoretical range through finite iterations, otherwise, the solutions cannot reach 

the true solutions or even diverge. For example: 

1) In run 9 with flt = 100sec and MCr = -10.3116, the numerical dispersion and 

oscillation are so large that H = -28.963 cm, H . = 12912.3 cm, drawing far max rnm 

apart from the referential values, and numerical solutions are not convergent. 

2) In run 7 and 8, with flt = 80 sec and MCr = -4.29477, flt = 90 sec and 

MCr = -5.78382 respectively, then Hmax = -13.0901 cm, Hmm = 361.126cm for 

run 7 and Hmax = 33.5694cm, Hmm = 529.036cm for run 8. Serious numerical 

dispersion and oscillation occur in these two runs. Although the convergent numerical 

solutions are achieved, the mass balance errors are exceeding -2.0%, the RMS's are 

over the criteria ofRMS~0.05 cm. From the results shown in Figures 4-3a-3d, it is 

observed that a poor mass balance generally coincide with a minus value of the 

Modified Courant Number. The solutions from these two runs are not valid solutions. 

3) In run 6 with flt = 72. 0 sec. and MCr = 6.00148, the value of H max is -81. 9272 

cm, close to the true value, -81.9267 cm. The value of Hmm is 226.447 cm, still far 

from the true value, (-1000.0 cm). Apparent numerical dispersion and oscillation seem 

to appear in this run. However, the mass balance error and RMS's are small enough 

to consider the numerical solutions from this run to be acceptable. From the results 

shown in Figures 4-3a-3d, it is observed that when MCr > 1. 0, the numerical 

solutions at the sharp wetting fronts fluctuate just vertically around the true values 

and the conservative property is maintained perfectly, especially in Figure 4-Jd. This 

run reveals that the current numerical scheme can overcome the numerical dispersion 

and oscillation under MPe = 0.248755and MCr = 6.00148, and obtain an acceptable 

numerical solution. 

4) The values of the Modified Courant Number in run 5 through run 1 are close to or 

less than 1.0. The values of H and H . are very close to or even reach their true max rnm 
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values. Good agreements with the true solution are observed in Figures 4-3. Both 

the mass balance error and RMS's indicate that the numerical solutions from these 

runs are excellent. 

After similar analyses to the rest of the 59 runs in Table 4-2, the same results can be 

reached. It is clear that Modified Courant Number can be employed as a criterion to portray 

the stability and convergence of the numerical solutions of the nonlinear Richards' equation. 

The following critical values of the Modified Courant Number can be obtained: 

O. O < MCr ~ 1. 0 for an accurate numerical solution under an appropriate MPe value, 

MCr > 1. 0 for an acceptable numerical solution under an appropriate MPe value and 

MCr < 0. 0 for a bad solution. 

2) Accuracy and Modified Peclet Number 

The Modified Peclet Number (MPe) controls the accuracy of the numerical solutions 

as seen from Table 4-2, Figures 4-3 and Figures 4~4. Shown in Figure 4-4 is several 

pressure head profiles with fixedMCr around 1.0 and changedMPe from 0.052 to 1.321. It 

is obvious that as MPe increases, the error in the soluti_on increases. And the solution around 

the sharp wetting front approaches the true values horizontally with MPe decreasing. Under 

certain value of MPe, there exists a limited value of the RMS or the error, no matter how 

small lit is, as long as MCr > 0.0, [Table 4-2, Figures 4-3]. According to the RMS criterion, 

from Table 4-2 the critical value of the Modified Peclet Number for good accurate numerical 

solution of the van Genuchten soil is MPe ~ 1. 0 . 

To state succinctly, with reducing both the Modified Peclet Number (MPe) and 

Modified Courant Number (MCr), the accuracy of numerical approximate solution for the 

nonlinear Richards' equation can be improved in both the horizontal and vertical directions 

in the Suction-Depth graph [Figures 4-3, 4-4]. The numerical solution approaches to its true 

values horizontally and vertically, which guarantees that a good accurate numerical solution 
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can be obtained. In addition to this, the MPe and MCr criteria can be used in conjunction with 

the physical parameters to establish numerical mesh grid. The following formulae for 

estimating numerical mesh design are deduced: 

MPe 

. n µmax log µmax 
µmin 

µmax 
nlog-

- ~ 
10 2.239MCr 
----dz 

vmax 

where 0.05 ~ MPe~ 0.2 and 0.0 ~ MCr. 

4-3 

4-4 

Here, the author suggests that the value ofMPe should not be less than 0.05 generally. 

For a smooth wetting front case, it is not necessary for MPe to be less than 0.05, and for a 

very sharp front case, it is not significant because of too long CPU time for you to afford. 

When MPe = 0.05 and MCr = 1.0, an excellent numerical solution can be achieved. When 

MPe = 0.1 and MCr = 1.0, a good accurate numerical solution can be achieved and when 

MPe ~ 0.2 and MCr = 1.0, an acceptable solution can be reached. 
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T bl 4 1 P a e - : t ~ B . L arame ers or enno oamy F S d me an: 

Domain Column with a length of 100 cm. 

Saturated Hydraulic Conductivity, Ks 6.2646£-3 cm/sec 

Saturated Moisture Content, es 0.3658 

Residual Moisture Content, e - r 0.0286 

a 0.028 

n 2.239 

Boundary Conditions Constant flux of 2.32E-5 emfs at the top; 
Constant head of -1000.0 cm at the base. 

Initial Conditions -1000.0 cm, uniform in profile. 

Numerical Methods Newton-M 

Block Weightings of K Arithmetic mean 

Iterative Tolerance 0.001 

Nodal Spacing, flz 0.4 ~dz~ 10.0 cm 

Time Increment, flt 15.0 ~flt~ 2400.0 sec. 

Elapsed Time 86400, 259200 sec. 

Reference Solution Dense-grid: flz = 0.2 cm, flt = 15 sec. 



Errors Analysis for Serino Loamy Fine Sand with Full Implicit Scheme and Constant Flux at Top 

Dz Dt RMS1 RMS2 SAE1 SAE2 MPe MCo Hmax Hmin Cond. No. CPU MBE% 

0.4 15 1.19E-02 1.07E-02 3.36E-01 3.23E-01 0.051441 0.683514 -81.9267 -1000 5.58E+06 30110.8 -3.66E-05 

0.4 30 1.22E-02 1.10E-02 3.45E-01 3.31E-01 0.05144 0.852809 -81.9269 -1000 1.12E+07 15027.9 -1.62E-04 

0.4 40 1.23E-02 1.12E-02 3.52E-01 3.38E-01 0.051972 0.960336 -81.9269 -1024.97 1.49E+07 11289.5 -3.19E-04 

0.4 50 1.25E-02 1.14E-02 3.58E-01 3.44E-01 0.054663 1.10859 -81.927 -1161.42 1.86E+07 8970.38 -5.39E-04 

0.4 60 1.27E-02 1.16E-02 3.64E-01 3.50E-01 0.057536 -0.93443 -81.9271 -1327 .15 2.23E+07 6053.67 -8.30E-04 

0.4 72 1.29E-02 1.18E-02 3.71E-01 3.58E-01 0.248755 6.00148 -81.9272 226.447 2.68E+07 5944.58 -1.29E-03 

0.4 80 6.86E-02 6.13E-02 4.21 E+OO 4.01 E+OO 0.353567 -4.29477 -13.0901 361.126 2.98E+07 3429.49 -2.45088 

0.4 90 6.42E-02 5.72E-02 3.85E+OO 3.65E+OO 0.554887 -5.78382 -33.5694 529.036 3.35E+07 3058.2 -2.19606 

0.4 100 1.192175 -10.3116 -28.963 12912.3 3.72E+07 

0.5 15 2.51E-02 2.09E-02 3.02E-01 2.63E-01 0.064 0.642446 -81.9277 -1000 4.46E+06 24205.4 -2.95E-06 

0.5 30 2.54E-02 2.12E-02 3.06E-01 2.67E-01 0.064 0.789817 -81.9278 -1000 8.92E+06 12106.3 -1.18E-04 

0.5 60 2.60E-02 2.18E-02 3.14E-01 2.76E-01 0.065 1.04314 -81.928 -1043.38 1.78E+07 6030.27 -5.79E-04 

0.5 90 2.66E-02 2.24E-02 3.22E-01 2.84E-01 0.313 6.0369 -81.9282 229.041 2.68E+07 3781.12 -1 .51E-03 

0.5 100 8.16E-02 7 .27E-02 2.1 OE+OO 1.96E+OO 0.486 -4.62862 -12.907 364.318 2.98E+07 2215.2 -3.00386 

0.5 120 7.73E-02 6.95E-02 1.94E+OO 1.81 E+OO 0.646 -5.80997 -52.2695 634.115 3.57E+07 1856.26 -2.73988 

0.5 150 1.07E-01 9.77E-02 3.02E+OO 2.94E+OO 0.606 -4.86391 -90.7792 1036.94 4.46E+07 1500.46 -4.83221 

0.5 180 7.70E-02 6.94E-02 1.92E+OO 1.80E+OO 0.842 -5.56382 -49.9899 1437.53 5.35E+07 1270.1 -2.70104 

0.5 200 1.60E-01 1.46E-01 5.51 E+OO 5.35E+OO 0.976 -5.42117 -38.5165 1806.96 5.95E+07 1165.58 -10.0116 
0.5 240 1.577521 -6.97116 -30.0184 18269 7.14E+07 

0.8 15 3.42E-02 2.92E-02 6.29E-01 5.86E-01 0.102875 0.570264 -81.9311 -1000 2.79E+06 15363.4 -2.05E-05 
0.8 60 3.46E-02 2.97E-02 6.40E-01 5.99E-01 0.102875 0.852734 -81.9315 -1000 1.12E+07 3843.1 -2.72E-04 
0.8 90 3.49E-02 3.01E-02 6.48E-01 6.08E-01 0.103805 1.00622 -81.9317 -1000 1.67E+07 2568.32 -6.89E-04 
1 15 4.80E-02 4.59E-02 7.24E-01 7.03E-01 0.129 0.541377 -81.9338 -1000 2.23E+06 12450 -1.97E-05 
1 30 4.81E-02 4.60E-02 7.27E-01 7.06E-01 0.129 0.642384 -81 .9339 -1000 4.46E+06 6238.16 -5.42E-05 
1 60 4.83E-02 4.62E-02 7.33E-01 7.12E-01 0.129 0.789726 -81.9341 -1000 8.92E+06 3129.81 -1.96E-04 
1 90 4.85E-02 4.64E-02 7.39E-01 7.20E-01 0.129 0.914954 -81 .9343 -1007.49 1.34E+07 2145.34 -4.75E-04 
1 120 4.87E-02 4.67E-02 7.44E-01 7.26E-01 0.131 1.04104 -81.9345 -1038.66 1.78E+07 1608.28 -9.20E-04 



1 180 4.91E-02 4.71E-02 7.56E-01 7.39E-01 0.633 6.1066 -81.9349 234.277 2.68E+07 977.84 -2.34E-03 

1 360 2.55E-01 2.39E-01 1.13E+01 1.12E+01 1.842 -5.3988 -39.0662 1458.08 5.35E+07 351.25 -23.6836 

1 480 7.56E-01 5.27E-01 6.84E+01 3.87E+01 3.524 -7.19023 -29.0526 47123.6 7.14E+07 430.29 -16376.7 

1 600 1.88E+03 2.18E+03 1.90E+04 2.19E+04 5.459 -13.5301 -31.4565 1.89E+06 8.92E+07 365.64 -38636.7 

1 720 2.380209 -5.61214 -28.3748 3875.06 1.07E+08 

2 15 6.50E-02 8.68E-02 7.50E-01 9.30E-01 0.257 0.467725 -81.9498 -1000 1.12E+06 6533.55 -1.08E-05 

2 30 6.51E-02 8.68E-02 7.51E-01 9.31E-01 0.257 0.541258 -81.9499 -1000 2.23E+06 3269.61 -3.98E-05 

2 60 6.52E-02 8.69E-02 7.53E-01 9.34E-01 0.257 0.642223 -81.9501 -1000 4.46E+06 1639.09 -9.78E-05 

2 90 6.54E-02 8.70E-02 7.55E-01 9.37E-01 0.257 0.720883 -81.9503 -1000 6.69E+06 1096.31 -1.87E-04 

2 180 6.58E-02 8.74E-02 7.62E-01 9.45E-01 0.258 0.913548 -81.9509 -1004.6 1.34E+07 551.94 -7.10E-04 

2 360 6.68E-02 8.81E-02 7.76E-01 9.62E-01 1.273 6.13926 -81.9518 236.921 2.68E+07 250.57 -3.11E-03 

2 720 3.83E-01 3.70E-01 1.11 E+01 1.11 E+01 4.445 -6.11228 -37.1507 3050.14 5.35E+07 105.45 -54.0097 

2 900 3.43E+01 1.00E+OO 2.82E+02 3.50E+01 7.334 -7.28118 -29.0127 5.14E+04 6.69E+07 121.5 -1335.99 

2 1440 3.90E-01 3.77E-01 1.14E+01 1.15E+01 4.776889 -5.64784 -31.005 3.92E+03 1.07E+08 81.07 -56.0993 

2 2880 4.89E-01 4.91E-01 1.66E+01 1.75E+01 5.569682 -6.04761 -32.0201 8750.12 2.14E+08 60.09 -96.9603 

2 3600 4.35E+02 6.87E+02 4.08E+03 5.96E+03 9.446 -8.74847 -29.6698 4.28E+05 2.68E+08 42.68 -33878.7 

2 4800 9.979968 -10.0036 -34.3714 7 .86E+05 1.42E+09 

5 15 1.49E-01 1.66E-01 9.88E-01 1.17E+OO 0.642 0.396253 -82.0095 -1000 4.46E+05 2990.42 -3.43E-06 

5 30 1.49E-01 1.66E-01 9.89E-01 1.17E+OO 0.642 0.447805 -82.0097 -1000 8.92E+05 1497.27 -1.61E-05 

5 60 1.49E-01 1.66E-01 9.90E-01 1.17E+OO 0.642 0.514776 -82.0099 -1000 1.78E+07 822.23 -5.57E-05 
5 90 1.49E-01 1.66E-01 9.90E-01 1.17E+OO 0.642 0.564128 -82.0101 -1000 2.68E+06 502.18 -1.17E-04 
5 120 1.49E-01 1.66E-01 9.91E-01 1.17E+OO 0.642 0.605301 -82.0103 -1000 3.57E+06 377.51 -1.49E-04 
5 180 1.49E-01 1.66E-01 9.93E-01 1.17E+OO 0.642 0.674704 -82.0106 -1000 5.35E+06 252.93 -2.60E-04 
5 240 1.50E-01 1.66E-01 9.95E-01 1.18E+OO 0.642 0.734453 -82.011 -1000 7.14E+06 190.82 -3.93E-04 
5 360 1.50E-01 1.66E-01 9.98E-01 1.18E+OO 0.642 0.839193 -82.0116 -1000 1.07E+07 128.58 -7.46E-04 
5 480 1.50E-01 1.67E-01 1.00E+OO 1.18E+OO 0.644 0.935947 -82.0121 -1005.86 1.43E+07 97.83 -1.14E-03 
5 600 1.50E-01 1.67E-01 1 .OOE+OO 1.19E+OO 0.65 1.03542 -82.0124 -1029.44 1.78E+07 78.98 -1.66E-03 
5 720 1.50E-01 1.67E-01 1.01 E+OO 1.19E+OO 0.891 -1.06053 -90.1738 -1846.85 4.28E+07 45.1 -2.24E-03 
5 900 7.54E-01 4.98E-01 1.43E+01 7 .26E+OO 12.321 -5.51439 -29.6472 4556.52 2.68E+07 44.71 -387.526 
5 1152 3.00E-01 2.96E-01 3.05E+OO 3.1 OE+OO 7 .198922 -4.85993 -32.7502 584.918 3.43E+07 29.16 -27.4093 
5 1200 7.43284 -4.89457 -34.2403 650.881 3.57E+07 



10 15 2.31E-01 2.48E-01 1.12E+OO 1.27E+OO 1.282833 0.354959 -82.1151 -1000 2.23E+05 1793.27 -8.06E-07 

10 30 2.31E-01 2.48E-01 1.12E+OO 1.27E+OO 1.282833 0.395791 -82.1152 -1000 4.45E+05 897.27 -6.56E-06 

10 60 2.31E-01 2.48E-01 1.12E+OO 1.27E+OO 1.282833 0.447239 -82.1154 -1000 8.91E+05 448.85 -2.98E-05 

10 90 2.31E-01 2.48E-01 1.12E+OO 1.27E+OO 1.28282 0.484044 -82.1156 -1000 1.34E+06 300.77 -5.72E-05 

10 180 2.31E-01 2.48E-01 1.12E+OO 1.27E+OO 1.28282 0.563287 -82.1162 -1000 2.67E+06 151.154 -2.07E-04 

10 720 2.31E-01 2.49E-01 1.13E+OO 1.28E+OO 1.282808 0.83749 -82.1185 -1000 1.07E+07 39.349 -9.42E-04 

10 1200 2.32E-01 2.49E-01 1.13E+OO 1.29E+OO 1.320721 1.05073 -82.1189 -1073.1 1.78E+07 24.94 -1.25E-03 

10 1440 2.32E-01 2.49E-01 1.14E+OO 1.29E+OO 1.48886 -0.93952 -86.7625 -1381.39 4.28E+07 15.43 -1.28E-03 

10 1800 1.96E+OO 4.77E-01 1.36E+01 3.50E+OO 19.13077 -15.9594 -30.8745 10953.2 6.63E+04 14.06 223.888 

10 2400 8.08E+OO 4.86E-01 3.39E+01 3.69E+OO 19.27767 -7.19076 -31.006 11455 1.48E+05 10.55 442~501 
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Numerical Experimental Verifications 

Nine kinds of soils, whose parameters are listed in Table 4-3, are selected as the 

materials for the numerical experiments to calibrate and develop the above new numbers for 

estimating the spatial and temporal increments for the numerical solutions of the nonlinear 

Richards' equation. They are from Hills, Celia, El-Kadi and van Genuchten 's papers. The 

hydraulic properties of these media ·cover a broad range from clay to sandstone. The 

following numerical simulation tests involve one-dimensional vertical water content flow in 

these nine unsaturated homogeneous porous media against dense grid solution as reference 

solution. Each test consists of four runs for the excellent, good, acceptable and unacceptable 

solutions respectively. The results of these four runs can provide the calculation choice most 

appropriate to the purposes. All solutions are obtained on a uniform mesh design, both spacial 

increment and temporal step, obtained by using Modified Peclet Numbers and Modified 

Courant Numbers. The simulation input data given in Table 4-4. Figures 4-5 through 4-13 

compare the solutions from the four runs in each test with their dense grid solution. These 

Figures prove that the new criteria work very well with various soil media and different 

boundary, initial conditions. Based on visual inspection, the excellent and good solutions 

correspond very closely to dense grid solutions, except at the toe of the sharp front where 

there is a small amount of smearing, even for very steep fronts. The acceptable solutions, 

whenMPe~ 0.2 andMCr~I.o, produce more noticeable errors. And violation of the ¥odified 

Peclet Numbers results in larger numerical errors so that the numerical solutions are 

unacceptable. Conversely, the new criteria are valid for a variety of soils and all sorts of 

conditions. 

A numerical test is performed to illustrate how to do mesh design using new criteria. 

This test problem involves vertical moisture infiltration into an unsaturated Soil A column 

[Celia et al., 1990]. The soil properties are listed in Table 4-3 and shown in Figures 4-14. 

The parameters and simulation input data are given in Table 4-4. The theoretical solution 

domain in this test is from -7 5 cm to -1000 cm in accordance with the boundary and initial 
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conditions in Table 4-4. The corresponding values of µmax' µmin and Vmax are 0.053551, 

0.004497 cm1 and 0.001333 cm/sec., respectively, fro~ further calculation based on Figure 

4-14. The estimations of t::.z and tit for the various purposes are obtained by substituting these 

values of µmax, µmin and Vmax into Eq.4-3 and 4-4 with various criterion values of MPe and 

MCr. Figure 4-7 presents the numerical solution head profiles calculated by various mesh 

design sizes, together with the head profile calculated by the dense grid. This figure illustrates 

that Modified Peclet and Modified Courant Numbers are valid as criteria for estimating 

numerical mesh design . . 
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T bl 4 3 Th P a e - . e f h S ·1 P arameters o t e 01 . n M hD . T ropert1es or es es1gn ests: 

No Soil es er Ks a n 
m 2/cm m 2/cm cm/sec. cm-1 

1 Beit Netofa Clay 0.446 0.0 9.5E-6 0.00152 1.17 

2 Glendale Clay Loam 0.4686 0.1060 l.516E-4 0.0104 1.3954 

3 Soil-A 0.368 0.102 0:00922 0.0335 2.0 

4 Soil-B 0.47 0.17 8.7E-4 0.01 2.0 

5 Guelph Loam(Drying) 0.52 0.218 3.657E-4 0.0115 2.03 

6 Silt Loam G.E.3 0.396 0.131 5.741E-5 0.00423 2.06 

7 Berino Loamy Fine 0.3658 0.0286 6.2646E-3 0.028 2.239 
Sand 

8 Guelph Loam(Wetting) 0.434 0.218 3.657E-4 0.02 2.76 

9 Touchet Silt Loam 0.469 0.19 3.507E-3 0.005 7.09 
G.E.3 

10 Hygiene Sandstone 0.25 0.153 l.25E-3 0.0079 10.4 



Table 4-4 Numerical Simulation Input Data for the Criteria Verification 

BeitNetofa Glendale Soil-A Soil-B Guelph Silt Loam Guelph Touchet Hygiene 
Clay Clay Loam Loam(Dty) G.E.3 Loam(Wet) Silt Loam Sandstone 

Column Length (cm) 100.00 100.00 100.00 100.0 100.0 150.0 30.0 50.0 35.0 

Elapsed Time (sec.) 86400 432000 86400 64800 86400 86400 86400 86400 43200 

Boundary Top -15.0 2. 31E-5cmls -75.0 -75.0 -75.0 -10.0 -75.0 -300.0 -160.0 
Conditions 

Base -350.0 -1000.0 -1000.0 -1000.0 -1000.0 -2000.0 -1000.0 -1000.0 -500.0 

Initial Condition -350.0 -1000.0 -1000.0 -1000.0 -1000.0 -2000.0 -1000.0 -1000.0 -500.0 

Mesh Design !ll 2.0 1.0 0.4 1.0 0.9 2.0 0.25 0.25 0.07 
for Run 1 

!::,.t 900.0 400.0 36.0 72.0 160.0 100.0 50.0 25.0 1.0 

Mesh Design !ll 4.0 2.5 0.8 2.0 1.8 4.0 0.5 0.5 0.14 
forRun2 

!::.t 1728 800.0 60.0 144 .. 0 320.0 200.0 100.0 50.0 1.8 

Mesh Design !ll 8.4 5.0 1.75 4.0 3.6 8.0 1.0 1.0 0.28 
for Run 3 

!::.t 3600 1600.0 144.0 288.0 640.0 450.0 200.0 100.0 3.6 

Mesh Design t::.z 12.5 7.0 2.5 6.7 5.5 12.0 1.6 1.55 0.4375 
forRun4 

!::,.t 4800.0 2400.0 200.0 400.0 960.0 600.0 320.0 150.0 6.0 

Dense Grid !::,.z 1.0 0.5 0.2 0.5 0.4 1.0 0.13 0.1 0.025 
Mesh Design 

!::,.t 160.0 40.0 16.0 5.0 12.0 20.0 1.44 10.0 1.0 
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The Special Examinations 

The Boundary Conditions and The Criteria 

This test consists of 13 runs of infiltration into an unsaturated Soil A, with different 

criterion values and upper boundary conditions. Eight of the simulations are carried out at 

Dirichlet conditions ( constant pressure head) and nine at Neumann conditions ( constant rate). 

BothMPe andMCr examinations are performed with these two types of boundary conditions. 

Simulation information is summarized in Table 4-5. Figures 4-15, 4-16, 4-17 and 4-18 

present the results from these 13 runs. Comparison of Figures 4-16 and 4-18 shows that 

when the constraint on MPe is violated, the solutions from both the Dirichlet and Neumann 

boundary conditions exhibit similar numerical behavior. By contrasting Figure 4-15 with 

Figure 4-17, there is a pronounced difference between the numerical solutions at the first 

boundary condition and the second boundary condition when the constraint on MCr is 

violated. The errors increase much more in the first boundary condition than in the second 

boundary condition. For the first boundary condition [Figure 4-15], the solutions are 

insensitive to MCr values and even when MCr ~ 0. 0, both the conservative property and 

mass conservation are still maintained perfectly, while the solutions under the second 

boundary condition [Figure 4-17] exhibit strong dependence on MCr values with 

deteriorative accuracy and poor mass balance as ll.t increases and MCr ~ 0. 0 . These results 

agree with those of Kirkland and Hills [ 1992], who found that while the numerical algorithm 

based on Mixed Form of Richards' equation works well with fixed time steps involving 

boundary conditions of the first kind, very small time steps are required when boundary 

conditions of the second kind are used. In other words, the current numerical scheme 

(Newton-Raphson iteration based on Mixed form of Richards' equation) serves to greatly 

reduce the influence of the time truncation errors only to the simulation cases under the 

Dirichlet boundary conditions, not to those under the Neumann boundary conditions. This 

kind of mass balance errors in Figure 4-17 is attributable to the second kind of boundary 

conditions on the top. However, just as Celia pointed out, Figure 4-15 illustrates that the 

-
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T bl 4 5 P a e - : u b d d'( t t arameters or oun ary con 1 100 es s 

Domain Column with a length of 100 cm. 

Saturated Hydraulic Conductivity, Ks 9. 22E-3 cm/sec 

Saturated Moisture Content, 6 s 0.368 

Residual Moisture Content, 6 r 0.102 

a 0.0335 

n 2.0 

Boundary Conditions Constant head of -7 5 cm or Constant 
flux of 3 .4085E-5 cm/sec at the top; 
Constant head of -1000.0 cm at the base. 

Initial Conditions -1000.0 cm at other locations. 

Numerical Methods Newton-M 

Block Weightings of Hydraulic Arithmetic mean 
Conductivity 

Iterative Tolerance 0.00001 

Estimation of Nodal Spacing 0.5, 0.85, 1.5, 2.5 cm 
( uniform in the column) 

Estimation of Time Increment 30,60, 120,200,270,320, 800,1728 
( uniform during simulation time) sec. 

Elapsed Time 86400 sec. 

Reference Solution Dense-grid: dz = 0.2 cm, flt = 15 sec . 

....... -------------·lllllllllllmlll 



Figure 4-15 

Figure 4-16 

MCr Test for Soil A with CH at Top, tiz=1 .5 cm and MPe~0.2 by Fl Scheme 

0 -

-200 -

E 
..s. -400 -
"O 
(11 
Q) 

:::c 
~ 
::, 
(/) -600 -(/) 

~ 
Cl. 

-800 -

-1 000 
0 

0 

·200 

E 
..S. · 400 

i 
:::c 
!!! 
::, 
"' ·600 
~ 

Cl. 

-800 

~ --- Dense Grid Solutia, 

- - • - - 61=1201 MPe=0.173M0=1.108 

V 61=3201 MP.=0.174 M0=1.964 

p, 61=800 1 MP.=0.173 MO= 7.282 

• .....• ... . 61= 1728 1 MPe=0.175 MCr, •5.3tl7 

I 

f 
I 
I 
I 
l 

' I 
I 
I 

• ' 
' I 

I 
I 

' 1. 
I 
I 

• I I ... 
20 40 60 80 100 

Depth (cm) 

MPe Test for Soil A with CH at Top and MCo-1 .0 by Fl Scheme 

--- Oeise Grid Solutia, 

- ·- ·•-·- 6Z= 0.5an 61= 30 I MF'e-0.~9705 
... .. ~ . .. . . 6Z•0.85an 61=G01 MPe=O.OliUl8079 

- - • - - 6Z=1 .5an 61• 1201 MPe=0.173057 

- ··~ ··- 6Z=2.5 an 61• 200 t MPe=0.29782 

lj 

: \ :, \ 
:_1 i 

l i 
L ~ \ 

-1000 L......... ........................ --1 .............................. ......J. .................. __.___._ ... ________ _ 

0 20 40 60 80 100 
Depth (cm) 

81 



E 
.£. 

~ 
Q) 

:c 
~ 
::, 
(/) 
(/) 

~ 
a. 

Figure 4-17 

E 
.£. 

i 
Q) 

:c 
~ 
::, 

~ 
~ 
a. 

Figure 4-18 

0 

-100 

·200 

·300 

·400 

-500 

-600 

-700 

·800 

·900 

-1000 

0 

·200 

·400 

-600 

·800 

MCr Test for Soil A with CF at Top, tiz=l .5 cm and MPe<0.2 by Fl Scheme 

0 20 

I 

i 
I\ 
I I 

\ i 

l• I . 
I 
I 
I 
I I 

\ \ . \ 
\ \ 
I! •, 

40 60 
Depth (cm) 

I 
a, 
I 

---Dense Grid Solutia, 
- - 11 - - 61=120s MPe=0.1S7 MO=t.071 

- ·-·•-·- 61=200 I MPe=0.11082 M0•4.lil'.27 
..... • .... 61= 270 I MPe=2 .0811 MC,, -4.:127 

- ·~ ·-- 61=320 I MPe:2.3322 M0=-8.1173 

- - e - - 61= 1728 s MPe:3.lil'.23 MQ,-5.5'1 

80 100 

MPe Test for Soil A with CF at Top and MCo-1.0 by Fl Scheme 

jl 
ii 
ii 
jl 
jl 

~I 
11!) 
i 

I 
: i 
i 
I 

~ 
I 

\~ 

___ 0-eGrid Sdutia, 

- ··--- L\Z=0.5cm61:401 MPw=OJ)584e5' 

.. ... _. . .. .. L\Z•0.88 cm 6l=IIO I MPe=O.OSl&lil'.257 

-·-·•-·- 6Z=1 .5cm61•120s MPe=0.1SSS 
- - e- - L\Z=2.5cm61=200s MP .. 0.2821118 

-10001....-.i..-.i..-.i..-.1.-.1.-.1.-..i.......i.......i......,__-l!illl ............................. .. 

0 20 40 60 80 100 
Depth (cm) 

82 



83 

current scheme is still not sufficient to guarantee good approximations even for the Dirichlet 

problem. As seen in these Figures, the criteria of MPe and MCr can do it although the 

performance of MCr criterion in simulating the first boundary condition problems is not good 

as should expect. 

The Initially Very Dry Conditions and The Criteria 

This test uses the same soil as the above test, but with a much drier initial condition, 

h(z, 0) = -10000.00cm. The boundary conditions become h(O,t) = hT = -75 cm, and 

h(30,t) = hbottom = -10000.00cm. The test column length is 30 cm, and The elapsed time is 

14400 seconds, or 4 hours. This problem produces a very sharp pressure head front and an 

almost ten order-of-magnitude change in the hydraulic conductivity across this front, 

(K_75 = 2.817387x10-5 cm/secandK_
10000 

= 9.999137xl0-15 cm/sec). Thecomputationalgrid 

sizes are chosen in compliance with the criteria of MPe and MCr. From the results shown in 

Figure 4-19, it is observed that the criteria of MPe and MCr are quite satisfactory for 

simulating a very dry soil. 

The Initially Wet Conditions and The Criteria 

This test is performed to examine the effect of the criteria of MPe and MCr on a 

initially wet soil. The test soil is the same as the above. The initial condition is 

h(z,O) = -100.00cm, boundary conditions are h(O,t) =hT = -15cm, and 

h( 100,t) = hbottom = -100.00cm. The test column has a length of 100 cm. The infiltration 

process lasts 3600 sec. The computational grid sizes are obtained by Eq. 4-3 and 4-4. The 

numerical pressure head profiles are plotted in Figure 4-20. Analogous to the results in the 

above test, the criteria of MPe and MCr are valid for simulating a very wet soil. 

Time Weighting Factor and The Computational Efficiency 

For certain specific values of the time weighting factor w in the Eq. 2-14, the 

discretization equation reduces to one of the well-known schemes for parabolic differential 

equations. In particular, w= 0.5 to the Crank-Nicolson scheme, and w= 1 to the fully implicit 
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scheme. In this section, these schemes will be briefly discussed and we will finally show the 

fully implicit scheme as our preference. 

The different values of w can be interpreted in terms of the h ,..., t variations shown in 

Figure 4-21. The explicit scheme essentially assumes that the old value h(t) prevails 

throughout the entire time step except at time t +flt. The fully implicit scheme postulates that, 

at time t, h suddenly drops from h(t) to h(t +flt) and then stays at h(t+flt) over the whole the 

time step; thus the pressure head during the time step is characterized by h(t +flt), the new 

value. The Crank-Nicolson scheme assumes a linear variation of h. At first sight, the linear 

variation would appear more sensible than the other two alternatives and the Crank-Nicolson 

scheme is usually described as unconditionally stable. However, in practice, this scheme could 

produce oscillatory solutions if the time step is not small enough. The "stability" in a 

mathematical sense simply ensures that these oscillations will eventually die out, but it does 

not guarantee physically plausible solutions. 

Previous studies have already indicated that for the linear Richards' equation, the 

results by Crank-Nicolson time stepping are not always better than the full implicit scheme. 

The latter is suggested by the author ifNewton-M and Picard-H sachems are employed. 

The following two numerical tests are carried out at constant head and constant rate 

respectively by Crank-Nicolson and full implicit time stepping, to investigate the numerical 

performance of time weighting factor with the nonlinear Richards' equation. Soil A is used 

in these two tests. The soil hydraulic properties used in these tests are the same as in the 

previous tests on the Soil A. 

• Constant head infiltration test: This test is for infiltration into a uniform soil A column 

of L = I 00. 0 cm in depth. Elapsed time is 86400 seconds. The head boundary 

condition at the top of the column is -75.0 cm. The base boundary and initial 

conditions are -1000.0 cm. The computational results obtained by full implicit and 

Crank-Nicolson schemes are shown in Table 4-6 and Figure 4-22. Good agreement 

with the dense grid solution is observed and excellent mass balance accuracies are 

-
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displayed for both the schemes. Pressure head profiles calculated with these two 

methods are almost completely identical. However it should be noted that the time 

step in Crank-Nicolson scheme is 1.0 second, 100 times smaller than that in full 

implicit scheme (flt= 100.0 seconds), because of no convergence when flt> 1.0 sec. 

in this test problem. Therefore, the total iterations and CPU time for the Crank

Nicolson scheme are much more than those for the full implicit scheme. The total 

iteration is 61 times greater than that of full implicit scheme. CPU time is 56 times 

longer than that of the full implicit scheme. Mass balance error is 1/42 fewer than that 

of the full implicit scheme. In short, the computational efficiency of Crank-Nicolson 

time stepping is far lower than that of full implicit method for the constant head 

infiltration case. 

Table 4-6. 

Full Implicit Crank-Nicolson (b) Ratio 
(a) (b )/(a) 

Total Iteration 2836 173124 61.045 

CPU Time (sec.) 299.68 16772 55.966 

MBE% 1. 75917x 10·7 7.38022x 10-6 41.853 

llz 1.0 1.0 1.0 

flt 100.0 1.0 0.01 

MPe 0.117267 0.11777 1.0043 

MCr 1.11736 0.341607 0.3057 

• · Constant rate infiltration test: The constant rate infiltration tests in a Soil A column 

of 80 cm in depth are implemented by using full implicit and Crank-Nicolson time 

stepping methods. In these tests the constant rate at the top of the column is q = 

3.408502759x 10·5 cm/sec. Base boundary and initial conditions are still -1000.0 cm. 

Elapsed time is 86400 sec. The extreme value of the pressure head during the 

............... ___________ 111111111111111 
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simulation is-76.6835 cm. Figure 4-23 compares the dense grid solution and coarser 

mesh solutions demonstrating excellent agreement for both the two time stepping 

methods. Table 4-7 reports the values of total iteration, CPU time, mass balance 

error and mesh design information for these two schemes. From Figure 4-23 and 

Table 4-7 the computational efficiency of Crank-Nicolson is still a little worse than 

that of full implicit scheme for the numerical simulation of a constant rate infiltration. 

After these two tests, we arrive at the conclusion that a much bett~r overall accuracy 

is obtained with the full implicit time weighting factor, especially for a constant head 

infiltration case, in which Crank-Nicolson scheme is almost not valid. This behavior is briefly 

explained as below. 

Change Eq. 2-14 into following equation: 

( ~[A tf.m + l:u [c.]"1.m) {h.}'+1,m+1 = ( w-1 [A .. ]'+ ll.z [B..]') {h.}' + {y .}' 4_5 
ll.z 1J 2 ll.t 1J ' . ll.z lJ 2/l.t lJ ' ' 

and then 

4-6 

In general, the value of a dependent variable h/+1 is influenced by the values at 
. hb . "d . h t+ I h t+ I . . t ne1g ormg gn pomts, i- l and ; + 1 , and thetr values at the last time step, h; _ 1 , and 

h; ~ 1 , only through the processes of convection and diffusion. Then it follows that an increase 

in the value at one grid point and at a certain moment should, with other conditions remaining 

unchanged, lead to an increase ( or at least not a decrease) in the value at the neighboring grid 

point and at the next time step. In the above matrix equation, Eq 4-6, if an increase in h/ 
must lead to an increase in h/+ 1 

, it follows that the coefficient matrices [ aij] and [Pij] must 

have the same sign. We can, of course, select to make them all positive or all negative. For 

convenience, let us decide to write the matrix equations such that all coefficients are positive 

.................... -----------·~ 
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and call it as positive rule. If a numerical formulation violates this rule, usually the 

consequence is a physically unrealistic solution or no convergent solution. 

For Crank-Nicolson scheme, w= 0. 5, the coefficient of { h;}' becomes 

[ A ] = -~ [A ]' + !lz [B ] 
Pij flz ij 2/lt ij 

4-7 

Whenever the time step is not sufficiently small, this coefficient could become negative, with 

its potential for physically unrealistic or divergent results. The seemingly reasonable linear 

profile in Figure 4-21 is a good representation of the head-time relationship for only small 

time intervals. Over a large time increment, the assumptions made in the full implicit scheme 

are thus closer to reality than the linear profile used in the Crank-Nicolson scheme, especially 

for a very sharp front problem, in which the intrinsically nearly exponential decay of suction 

is akin to a steep drop in the beginning, followed by a flat tail. As shown above, the Crank

Nicolson method is much better convergence in a constant rate infiltration test than in a 

constant head infiltration test because there exists a much more sharper wetting front in a 

constant head infiltration problem at the beginning of simulation than in a constant rate 

problem. 

If we require that the coefficient of { h;}' in Eq 4-6 must never become negative, the 

only constant value of the time weighting factor that ensures this is I . 0. Thus, the full implicit 

scheme satisfies our requirements of simplicity and physically satisfactory behavior. It is for 

this reason that we shall adopt the full implicit scheme in this study. 

However, it must be admitted that for small time steps the fully-implicit scheme is not 

as accurate as the Crank-Nicolson scheme. 
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Table 4-7 

Full Implicit Crank-Nicolson Ratio 

(a) (b) (b )/(a) 

Total Iteration 2691 3567 1.3255 

CPU Time (sec) 480.0 575.89 1.1995 

MBE% -1.16455x 10-s -2.29439x 1 o-s 1.9702 

llz 1.0 1.0 1.0 

flt 100.0 100.0 1.0 

MPe 0.114424 0.114179 0.99785 

MCr 1.07141 1.06893 0.99768 
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Explicit 
h(t) 

Crank-Nicolson 

h(t+Llt) _________ J_...___,.... ________________ _ 

Full-Implicit 

t t+Llt 

Figure 4-21 Variation of pressure head with time for three different time weighting factors 
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Comparison between Numerical Solutions from Fl and CN Schemes under CH at Top 
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Summary and Conclusions 

This research has identified the validity of the Peclet and Courant numbers as the 

criteria for the mesh design of solving numerically linear Richards' equation and the Modified 

Peclet and Modified Courant numbers as the criteria for the mesh design of solving 

numerically nonlinear Richards' equation, in order to obfain an accurate numerical result. 

These criteria are established based on the ratio function of the soil moisture velocity to soil 

moisture diffusivity. This ratio function indicates the sharpness of the moving wetting front 

in water flow through an unsaturated zone. It is used as an index to evaluate how difficulty 

to solve Richards' equation numerically. A great deal of numerical tests concerning the 

integration of Richards' infiltration equation have been presented with many different soil 

materials, boundary and initial conditions, and various numerical schemes (Picard-H, Picard

M and Newton-M). It has been identified from these tests that the criteria are efficient, robust 

and easy to use in the practice. Some specified conclusions and recommendations are 

summarized below: 

I. The numerical difficulties of modeling water flow through a unsaturated soil result 

chiefly from the sharp moving wetting fronts in the fluid system because they require 

high spatial and temporal resolution to the numerical simulations. These steep spatial 

gradients in 6 and h are dependent on the ratio between the soil moisture velocity and 

the soil moisture diffusivity 

(h) _ V(h) _ I dK(h) _ dlnK(h) 
µ - D(h) - K(h) ~ - dh 

Consequently, different behavior of hydraulic conductivity causes different behavior 

of the ratio function and no uniform criteria can exist for estima~ing mesh size design 

to all kinds of soils. 

2. For an exponential hydraulic conductivity soil, Richards' equation becomes a linear 
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equation and its ratio function µ(h) is constant. The greater the value of this ratioµ 

is, the more acute the gradients in e and h are. And then, it leads to a very large Peclet 

number and many big troubles for the numerical modeling. Therefore, classical 

criteria, Peclet and advective Peclet numbers, are employed for estimating mesh size 

to the numerical modeling. The criteria for linear Richards' equation are Pe~ 0. 5 and 

Av~ 0.3 for an acceptable numerical solution, Pe~ 0.1 and 0.03~ Av~ 0.04 for an 

accurate numerical solution. 

3. For a van Genuchten hydraulic conductivity soil, Richards' equation is highly 

nonlinear due to relationships linking hydraulic conductivity, hydraulic diffusivity and 

soil-specific water capacity to suction head. The soil moisture velocity and the soil 

moisture diffusivity are strongly time and space dependent. The ratio function, which 

is a function of K(h) and dK(h) eventually, varies with time and space. The sharp 
dh 

wetting fronts rely on the whole behavior of the ratio function in the solution domain. 

If the ratio function varies extremely in the solution domain, the wetting front will be 

arduous and then the numerical simulation will be arduous too. As a consequence of 

this nonlinearity, the classical numbers, Peclet and Courant numbers, cannot be used 

as the criteria to estimate a mesh size for numerical modeling of nonlinear Richards' 

equation. The Modified Peclet number and the Modified Courant number are 

proposed in this study: 

µ 
MPe = nPelog~ 

MCr = 

µmin 

µ 
nlog~ 

µmin 

2.239 logCr 



where 

Pe = µmax flz; 

flt 

Cr= :max 1z; I dK(h)). 

µmax - m, K(h) ---;i;;- ' 
_ .j 1 dK.(h)). 

µmin - mt,t(h) ---;i;;- ' 
V _ 1 dK(h)). 

max - ma C( h) ---;i;;- ' 
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MPe = 0. 05 and MCr = 1. 0 are for an excellent accurate solution; 

MPe = 0. 1 and MCr = 1. 0 for a good accurate solution; 

MPe ~ 0.2 and MCr = 1.0 for an acceptable solution. 

4. Based on the linear Richards' equation and the Picard iteration, there exists a 

relationship between the condition number and the Fourier number: 

- flt 
K(A) =4wFn + 1 = 4wD- + 1 

flz2 

In order to improve the approximation, a refinement of the mesh in space must lead 

in an increment to the condition number of the coefficient matrix, unless decreasing 

much more time step while reducing spatial increment. 

5. The suggested time stepping in solving Richards' equation numerically is the full 

implicit scheme, especially for simulating very sharp wetting front cases and/or for 

simulating with a larger time step. 
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