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ABSTRACT 

A new analytical solution is presented for the delayed response process characterizing 

flow to a partially penetrating well in an unconfined aquifer. Our solution generalizes that 

of Neuman (1972, 1974) by accounting for unsaturated flow in a manner similar to that of 

Kroszynski and Dagan (1975). Unsaturated soil properties are characterized by an 

exponential Gardner model. 

In typical cases corresponding to Kn ~ 10 , unsaturated flow is found to have little 

impact on early and late dimensionless time behaviors of drawdown. In the limit as 

K D ~ oo unsaturated flow becomes unimportant and our solution reduces to that of 

Neuman (1972, 1974). 

The new solution was used to analyze field data from a pumping test conducted by 

USGS. Our parameter estimates from the simultaneous fit are very close to those 

obtained previously by Moench et al. (2001) with the exception of specific storage and 

K, the latter being unique to our solution. 
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CHAPTER! 

INTRODUCTION 

Pumping tests are commonly used to obtain hydrological properties of unconfined aquifer 

systems. The data, such as a change in drawdown with time, resulting from the pumping 

of water are interpreted using analytical solutions. Several analytical solutions describing 

such systems were obtained in the past. 

1.1 Theis solution. Jacobs formula. Walton (1960) observation of S-shape 

draw down. 

One of the first analytical solutions has been derived by Theis in 1935 (Theis 1935) for 

the case of a fully penetrating well of zero radius pumping at a constant rate in a 

homogeneous confined aquifer of constant thickness and infinite lateral extent. His 

solution is often applied to unconfined aquifers based on the Dupuit (1848) assumptions 

of horizontal flow and a linearization of the resultant Bousinesq (1904) equation that 

entails treating the saturated thickness as if it was a constant: 

82s 1 OS Sy OS 
-2 +--=--, 
8r r 8r T 8t 

where 

- 1 ,; 
s(r,t) =b-h(r,t) =b---f h(r,z,t)dz' 

t;(r,t) 0 

(1.1) 

(1.2) 
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h( ) 
_ P(r, z,t) 

r,z,t - + z is total head in the saturated zone, P is pressure, r is radial 
pg 

distance from the pumping well, z is elevation above an arbitrary datum, <; is elevation 

of the water table, b is the initial saturated thickness, sand h are vertically-averaged 

drawdown and head, respectively, and T is transmissivity (horizontal hydraulic 

conductivity times saturated thickness). 

The specific yield ( drainable porosity), Sy, substitutes storativity S in equation (1.1 ), 

ignoring compressive internal (artesian) aquifer storage. Equation (1.1) satisfies the 

initial condition 

s(r,0)=0, 

boundary condition at infinity 

s(oo,t)=O 

and boundary condition at the well 

limr os = _ _SL_ 
HO Br 2trT 

(1.3) 

(1.4) 

(1.5) 

Initial condition (1.3) means that average drawdown is equal to zero before pumping. 

Boundary condition (1.4) implies that drawdown at large distances from the pumping 

well does not change. Boundary condition (1.5) equates the rate of water flow from the 

aquifer into the well with the rate of pumping. To satisfy the Dupuit assumptions, the 

pumping rate Q must be small. As (1.1) - (1.5) are linear, their solution is equivalent to 

that of Theis (1935), 

(1.6) 
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where E1 is the exponential integral. For large values of the dimensionless time Tt/Sr
2 

( ~ 25) the latter 1s given approximately by the logarithmic expression 

Ei(-1/u)=-lnu+y where y=0.577 is the Euler constant, yielding Jacob's formula 

(Cooper and Jacob, 1946): 

s(r,t)=_lLln( 4Tt )=l1n(2.25Tt) 
41rT er Sr2 41rT Sr 2 

(1.7) 

This formula is often used to interpret late-time drawdown data from the pumping 

well. The two arbitrary points on the straight part the drawdown-time curve on the semi-

log paper (Figure l. la) can be selected and transmissivity and storativity (specific yield) 

can be found from (1.7): 

(1.8) 

and 

Sy = 2.25Ttc I r 2
• (1.9) 

It is convenient to choose points A and B to be separated by a log cycle so that the log 

term drops out. The values of the depth average drawdown may significantly deviate 

from point drawdown at the water table, s r; , especially near the pumping well where 

drawdown is the largest. Jacob (1944) proposed a correction for the drawdown 

2 
- Sr; 
s ~ s - -. 

r; 2b 
(1.10) 

This correction can be obtained by comparing the total flux in the aquifer at a distance r 

from the pumping well written in terms of point drawdown: 
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( ) ( )
2 ( 2 ) a b - s a b - s a s - s 1 2b 

Q(r)=2n-rKr(b-s;) ; =1rrKr ; =-2,rrKrb ; ; 
ar ar ar 

(1.11) 

with that obtained from average drawdown: 

(1.12) 

To take into account early time drawdown data the Theis solution (1.6) can be fitted 

to the field data on log-log paper (Figure I.lb). Experience has shown (e.g. Walton 1960) 

that drawdown data observed in the field do not always follow a single Theis curve. 

Instead, early time data appear to follow a Theis curve corresponding to a relatively small 

storativity and later data to follow another Theis curve corresponding to a larger 

storativity (Figure 1.2). 

According to Walton (1960) "Three distinct segments of the time-drawdown curve 

may be recognized under water table conditions. Unconfined stratified sediments often 

react to pumping for a short time after pumping begins, as would an artesian aquifer. 

Gravity drainage is not immediate but water is released instantaneously from storage by 

the compaction of the aquifer and its associated beds and by the expansion of the water 

itself.... The second segment of the time-draw down curve represents the intermediate 

stage in the decline of water levels when the cone of depression slows in its rate of 

expansion as it is replenished by gravity drainage of the sediments. The slope of the 

time-drawdown curve decreases as it reflects the presence of 'recharge' in the form of 

interstitial storage in the vicinity of the pumped well. Test data deviate markedly from 

the nonequilibrium theory during the second segment ... The third segment, which may 

start from several minutes to several days after pumping starts, depending largely upon 
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aquifer conditions, represents the period during which the time-drawdown curves 

conform closely to the nonequilibrium type curve." 

One interpretation of this "delayed yield" phenomenon was that the storativity of an 

unconfined aquifer changes with time. Another interpretation was that (e.g. Ferris et al. 

1962) the two-dimensional Theis model of horizontal flow fails to capture the full three-

dimensional nature of the problem. 

1.2 Classical free surface solutions of Boulton (1954a) and Dagan (1967) 

Boulton (1954a) was the first to formulate and solve the problem of unconfined flow to a 

fully penetrating well of zero radius in an isotropic unconfined aquifer in three 

dimensions. His formulation, which disregards internal ( artesian) aquifer storage, 

considers flow to be governed by 

a2h 1 ah a2h 
-+--+-=0 
8r2 r ar 8z2 

subject to the initial condition 

h(r, z, 0) = h0 • 

(1.13) 

(1.14) 

The water table is treated as a moving material boundary subject to a static condition 

h(r,z,t) = z z = <; (1.15) 

and a dynamic condition 

D 
-(h(r,z,t)- z) = 0 
Dt 

(1.16) 

where the material derivative is defined as 



n a Kah a Kah a 

Dt 8t Sy Br Br Sy 8z 8z 

Boundary condition (1.16) can be rewritten in the form 

8h _ K ( 8h )
2 

_ K ( 8h )
2 

+ K 8h = O . 
8t Sy Br Sy 8z Sy 8z 

The aquifer rests on an impermeable boundary, 

8h =0 . 
az 

Drawdown at infinite radial distance r = oo remains unchanged, 

h(oo,z,t) = h0 • 

At the pumping well, 

limr 8h =-_2_. 
HO Br 2trKh 
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(1.17) 

(1.18) 

(1.19) 

(1.20) 

Dagan (1967) extended Boulton's formulation to the case of a partially penetrating 

pumping well upon replacing boundary condition (1.20) by 

(1.21) 

otherwise 

where h and It are the upper and lower boundaries of the pumping well screen. 

In order to solve these highly non-linear problems, both Boulton and Dagan 

linearized them by disregarding second-order gradients in the free-surface boundary 

condition (1.17) and applying it at the initial position of the free surface, yielding 

z= ho. (1.22) 
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Dagan has shown that this is equivalent to a perturbation expansion in a small parameter 

(pumping rate) Q < < Kho 2• 

Both Boulton's (1954a) and Dagan's (1967) solutions reproduce qualitatively the 

intermediate and late segments of the S-shaped time-drawdown curve that is so typical of 

unconfined flow to a well, but neither reproduces the early segment of this curve. Instead, 

as illustrated by Dagan's (1967) solution in Figure 1.3, both solutions exhibit an 

instantaneous step-like increase in drawdown as soon as pumping starts. 

1.3 Delayed yield solutions of Boulton (1954b, 1963) and Streltsova (1972) 

Boulton (1954b, 1963) was the first to propose a mathematical formulation and solution 

that reproduces all three segments of the S-shaped time-drawdown curve observed during 

pumping tests in unconfined aquifers. His "delayed yield" formulation assumed that as 

the water table falls, water is released from storage (through drainage) gradually, rather 

than instantaneously as in the classical free surface solutions of Boulton (1954a) and 

Dagan (1967). More specifically Boulton (1954b) assumed that under horizontal flow to 

a fully penetrating well, the amount of water released from storage per unit horizontal 

area of the aquifer per unit drop in vertically-averaged head at time r consists of two 

parts: a volume S released instantaneously from artesian storage below the water table, 

and a volume aSYe- a(t-.) released gradually by drainage where 1/a is an empirical 

constant called "delay index" by Boulton. This yielded an integro-differential flow 

equation 
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B
2s 1 os S os S f1 os -aci-,)d -+--=--+a --e ' 

Br2 r Br T Bt Y
O 

Br 
(1.23) 

which Boulton linearized by treating saturated thickness, and hence T, as a constant. 

Figure 1.4 shows dimensionless time-drawdown curves based on Boulton's solution 

which are seen to reproduce fully the characteristic S-shape observed under field 

conditions. The limitation of Boulton's (1954b, 1963) model which disregards vertical 

flow was relaxed in subsequent work of Boulton (Boulton 1970, Boulton and Pontin 

1971) where vertical flow component was also considered. Boulton ( 1963) noticed that 

the time at which effect of delayed yield becomes insignificant is approximately equal to 

1/a, leading to the term "delay index" for 1/a. Prickett (1965) used this concept and 

through analysis of large volume of field drawdown data established a " ... consistent 

relationship between delay index and the character of the material through which gravity 

drainage takes place ... " Prickett proposed a methodology for estimation of storativity, 

specific yield, conductivity and delayed index of the unconfined aquifers via analysis of 

field data with Boulton 1963 solution. Prickett's tests in the vicinity of Lawrenceville, 

Illinois showed that specific storage in unconfined aquifers can be much grater than 

typically observed values in confined aquifers, leading one to conclude that elastic 

properties of the unconfined aquifers may be too important to be disregarded. Prickett's 

approach consists of plotting the Boulton type curves on two separate log-log sheets, one 

(Type A curves) representing the early Theis plus long horizontal (intermediate) 

segments, the other (Type B curves) representing the late Theis plus long horizontal 

segments. One plots time-drawdown data on a third sheet and matches them with the two 
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sets of type curves by moving the latter closer or farther apart till the data match both 

( except some horizontal tails); T and S are then obtained from match with Type A, Sy 

from match with Type B, and a from horizontal match. 

One problem with Boulton's model is the artificial, non-physical nature of the "delay 

index". For example Boulton (1963) acknowledged that although his "delay index" 

" ... allows for the apparent variation in the coefficient of storage with time during the 

early part of a pumping test..., [it] does not.. .predict the variation in the coefficient of 

storage with distance from the well ... which has been noted by [Wal ton and] other 

investigators". In addition, the empirical Boulton model does not explain the physical 

mechanisms controlling the release of water from storage at and above the water table. 

Streltsova (1972 a) developed approximate solutions for the decline of the water table 

and the vertically averaged drawdown s, for fully penetrating pumping and observation 

wells. Like all previous authors, Streltsova treats the water table as a sharp material 

boundary, ignoring flow in the overlying unsaturated zone. Instead, she writes a 

horizontal flow equation 

a2s 1 os s os sy a~ 
-+--=-----ar2 r ar T at T at ' (1.24) 

in which the rate of water table decline is assumed linearly proportional to the difference 

between the water table elevation ~ and the vertically averaged head b - s according to 

(1.25) 
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where K2 is vertical hydraulic conductivity and bz = b I 3 is a constant effective aquifer 

thickness through which water is transferred from the water table to the aquifer. Equation 

(1.25) can be viewed as a quasi-algebraic approximation of the linearized free-surface 

boundary condition (1.22) of Boulton (1954a) and Dagan (1967). Initial conditions were 

s(r,O) = 0, i;(r,O) = b. (1.26) 

The boundary conditions at r ~ 0 and r = oo were similar to the ones used in Theis and 

Boulton 1963 analyses (equations (1.4) and (1.5)). Equation (1.25) is an ordinary 

differential equation in time whose solution is (Streltsova 1972b) 

oi; - s' - a<r- ,) as d ---a e - r 
ot O or 

(1.27) 

where a= Kz l(SYbJ. Substituting (1.27) into (1.24) yields (1.23) of Boulton (1954a, 

1963), implying that the two models are equivalent. This equivalence in tum implies that 

Boulton's delayed yield theory (like that of Streltsova) does not account for flow in the 

unsaturated zone (as claimed erroneously in many publications) but instead treats the 

water table as a material boundary moving vertically downward under the influence of 

gravity. In her later work Streltsova (1973) used field data (Meyer 1962) to demonstrate 

that unsaturated flow had virtually no impact on the observed delayed yield process. Even 

though Streltsova's solution related Boulton's "delay index" 1/ a to physical properties of 

the aquifers (horizontal conductivity, specific yield and initial saturated thickness), it did 

not address the variability of 1/ a with time and distance from the pumping well (Herrera 

et al., 1978; Neuman, 1979). As the delayed yield solutions of Boulton and Streltsova 

account directly for horizontal flow but only indirectly for vertical flow (through various 
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simplifying assumptions), they are not capable of considering partially penetrating wells 

or aquifer anisotropy. 

1.4 Delayed gravity response solution of Neuman (1972, 1974, 1975) 

Neuman (1972, 1974) replaced the Laplace-type flow equation (1.13) of Boulton (1954a) 

and Dagan (1967) by the more general diffusion-type flow equation 

(1.28) 

where Kr and K2 are hydraulic conductivities in radial and vertical direction and Ss is 

specific storage. Like Boulton and Dagan, Neuman treated the water table as a moving 

material boundary and flow beneath it as being fully three dimensional with axial 

symmetry. Like Dagan, Neuman accounted for vertical to horizontal anisotropy and 

partial penetration. He linearized the free-surface boundary condition in the same way as 

did Boulton and Dagan. By including internal (specific) storage in his governing equation 

(1.25) Neuman was able to reproduce analytically all three parts of the observed S-shaped 

time-drawdown curve, as illustrated for the fully penetrating case by Figure 1.5. Figure 

1.6 compares Neuman's 1974 solution with Dagan's 1972 solution for a partially 

penetrating pumping well; the corresponding solution of Hantush (1964) for a confined 

aquifer is included for reference. 

To analyze drawdown data obtained upon pumping water from a fully penetrating 

well, Neuman (1975) used his solution to develop type A and type B curves similar in 
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principle to those of Boulton (1967) and Prickett (1969). With these, one determines 

aquifer parameters using the following 3-step procedure: 

1. One plots drawdown s versus time ton log-log paper. By superimposing the field data 

on the type B curves and matching late time-drawdown data to a particular type curve 

one obtains a value of p = (Kz I KJ(r 2 I b2
), the transmissivity T and the specific 

yield Sy . 

2. By superimposing the field data on the type A curves and matching the earliest time-

drawdown data to a particular type curve the corresponding value of pis obtained 

together with the transmissivity T and the storativity S. These values of T and p must 

be the same as those obtained from the type B curves. 

3. Knowing Tone calculates Kr= TI band knowing p one obtains K0 and/or Kz. 

Neuman (1979) showed that Boulton's "delay index" 1/a can be related to 

measurable aquifer parameters via 

a= :,/J [3.063-0.567log( K;:') l (1.29) 

demonstrating that a is not a characteristic constant of the aquifer, as was assumed by 

Boulton, but decreases linearly with the logarithm of r, the radial distance from the 

pumping well. Upon ignoring the logarithmic term in this equation one recovers the 

relationship a= 
3

Kz proposed by Streltsova (1972a). 
Syb 
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1.5 Solution of Kroszynski and Dagan (1975) 

Kroszynski and Dagan (1975) extended the solution of Dagan (1967) by accounting for 

unsaturated flow above the water table. They expressed three-dimensional unsaturated 

flow with axial symmetry above the water table using Richards' equation 

;<z<b+L (1.30) 

where lj/ is pressure head, er= h0 -h = b + lf/
0 
-h is drawdown in the unsaturated zone 

(Figure 1.7), h0 =h(r,z,O)=b+lj/
0

, lj/
0

is air entry pressure head, Osk(lf/)sl is 

relative hydraulic conductivity , C ( lf/) = d (} I dlf/ and (} is volumetric water content. 

They described flow in the underlying saturated zone in the same way as did Dagan 

(l 967a,b) via the Laplace equation 

Osz<; (1.31) 

The two flow equations were coupled through interface conditions expressing continuity 

of heads and normal fluxes across the water table, 

z=; (1.32) 

z=; (1.33) 

To solve the unsaturated flow equation (1.30) Kroszynski and Dagan adopted the 

Gardner parameter characterizing water retention capacity of the soils) and linearized the 
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resultant flow equations in a manner that will be described later. In the limit as kappa 

approaches infinity (the relationship between pressure head and water content takes the 

shape of a step function) their solution reduces to that of Dagan (1967). Figure 1.8 

compares their analytical solution for a = "'1b = 20. 7 with a corresponding numerical 

solution and the analytical solution of Dagan ( 1967). The good match between the 

analytical and numerical solutions of Kroszynski and Dagan indicates that their method 

of linearization was accurate. Figure 1.8 also shows that Dagan (1967) solution 

( corresponding to a = Kb ~ oo) systematically underestimates drawdown to a small 

degree. Taking unsaturated flow into account without considering the effect of artesian 

storage caused the solution of Kroszynski and Dagan to exhibit a jump at the start of 

pumping, which is generally not observed under field conditions. 

1.6 Approach of Moench (1995) and Moench et al. (2001) 

Given that all other models resorted to simplifications of the underlying physics, the 

solution of Neuman (1972, 1974) was accepted by many hydrologists "as the preferred 

model ostensibly because it appears to make the fewest simplifications ... " (Moench et 

al., 2001). At the same time Nwankwor et al (1984) and Moench (1995) pointed out that 

significant difference might exist between measured data and modeled drawdowns, 

especially at locations near the water table, causing specific yield to be significantly 

underestimated by Neuman's method of analysis. Moench attributed the inability of 

Neuman models to capture observed behavior near the water table to his disregard of 
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"gradual drainage." In an attempt to resolve this problem Moench (1995) replaced the 

instantaneous drainage boundary condition (1.22) used by Neuman with one containing a 

Boulton-type convolution integral, 

ft ah -a<t-,)d K ah O a --e r+--= . 
0 
a, Sy az 

(1.34) 

In addition, Moench (1995) allowed the pumping well to have finite radius. In all 

other respects, his definition of the problem was similar to that of Neuman (1974). His 

solution resulted in improved fit with experimental data and yielded more realistic 

estimates of specific yield (Moench et al, 2001 ). A further improvement was obtained 

upon replacing (1.30) with a model containing more than one delay parameter a, 

ft ah ~ -a <t-,)d K ah O -L.Jame m r+--= . 
0 a, m=1 Sy az 

(1.35) 

Moench et al (2001) used this model with M = 3 to evaluate the hydraulic parameters 

of an unconfined aquifer at the Cape Cod Toxic Research Site in Falmouth, MA, based 

on 1990 U.S. Geological Survey (USGS) aquifer test. Figure 1.9 compares field data with 

fitted analytical solutions corresponding to instantaneous drainage and gradual drainage 

corresponding to M = 1, 2 and 3. It is clear that by including 3 extra empirical parameters 

the model of Moench can be fitted to the data more closely than the model of Neuman 

(1974). The physical meaning of these parameters is however not made explicitly clear. 



36 

1. 7 Solution of Mathias and Butler (2005) 

Recently, Mathias and Butler (2005) have reportedly improved upon Moench's solution 

by introducing a "drainage function" derived by solving a one-dimensional linearized 

version of Richards' equation for vertical flow through an unsaturated zone of finite 

thickness above the water table. The water table is treated as a lower boundary at which 

flow conditions are known, thus effectively decoupling the unsaturated solution above it 

from saturated flow beneath it. Their solution incorporates separate exponential 

relationships between relative hydraulic conductivity and water content and between 

saturation and water content. Mathias and Butler used pumping test data sets from 

Borden (Nwankwor et.al., 1984) and Cape Cod (Moench et.al., 2001) to demonstrate the 

applicability of their model. The limited information regarding their work available at the 

time of writing this thesis prevents us from discussing their approach in more detail. 

1.8 Motivation for our work 

There is mounting evidences that drawdown in an unconfined aquifer may be influenced 

by unsaturated flow above the water table. No comprehensive physically-based model of 

saturated-unsaturated flow to a well in an unconfined aquifer presently exists. Whereas 

the three-dimensional model ofKroszynski and Dagan (1975) disregards artesian storage, 

the model of Mathias and Butler (2005) considers only one-dimensional unsaturated flow 

and decouples it from the underlying saturated flow regime. The purpose of this thesis is 
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to develop a comprehensive, physically-based analytical model of unsaturated-saturated 

flow to a well in an unconfined aquifer. This is accomplished by combining the delayed 

response solution of Neuman (1974) with the unsaturated flow formulation, and 

linearization approach, of Kroszynski and Dagan (1975). We explore the nature of our 

new solution and use it to interpret pumping test data from an unconfined aquifer at the 

Cape Cod Toxic Research Site in Falmouth, MA (Moench et al, 2001). 



CHAPTER2 

ANALYTICAL SOLUTION 

2.1 Problem definition 

38 

We consider a compressible unconfined aquifer of infinite lateral extent having initially a 

constant saturated thickness b. The aquifer is homogeneous and anisotropic with a fixed 

ratio between vertical and horizontal hydraulic conductivities in both the saturated and 

the overlying unsaturated zones. The aquifer rests on an impermeable horizontal bottom 

boundary (Figure 1. 7). The saturated thickness b includes a capillary fringe whose top 

coincides with the lj/ = 'f/a isobar where 'f/ is pressure head and 'f/a is its air entry value. 

In the capillary fringe pressure head is negative, 

(2.1) 

Prior to the onset of pumping at time t = 0, static conditions prevail throughout the 

aquifer and the unsaturated zone. Hence hydraulic head throughout the system, h = z + 'f/ 

where z is elevation above the aquifer bottom, is equal to the initial elevation of the zero

pressure ( 'f/ = 0) isobar (the traditional "water table") and is given by 

h0 = h { r, z, 0) = b + lj/ a • (2.2) 

Starting at time t = 0, water is withdrawn at a constant volumetric rate Q from a well 

of zero radius that partially penetrates the saturated zone, i.e., is in hydraulic contact with 
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this zone between depths l and d below the initial water table. Under these conditions 

flow in the system is governed by the following equations: 

Saturated zone: 

K _!_~(r as)+ K a
2

s = S as 
r r ar ar z az2 s at ' 

O~z<i; (2.3) 

where s ( r, z, t) = h0 - h ( r, z, t) is the drawdown. The elevation of the water table ( top of 

the saturated zone or If/a isobar) is given by 

i; =b-s(r,i;,t). 

The initial condition for equation (2.3) is 

s(r, z, 0) = s0 = 0 

or, 

i;(r,O)=b, 

and boundary conditions are 

s(oo,z,t)=O, 

z=O 

1
. as 
1mr-=O 

r->0 ar 
O~z~b-l 

and 

• min( b- d ,;) as Q 
hm J r-dz = ---
HO ar 2,rKr 

b- / 

b-l~z~b-d 

where l and d are depths of the well screen bottom and top, respectively, below b. 

(2.4) 

(2.5) 

(2.6) 

(2.7) 

(2.8) 

(2.9) 

(2.10) 
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Unsaturated zone: 

(2.11) 

where (J = h - h = b + IIF - h 0 'I' a 1s the drawdown m unsaturated zone, 

h0 = h ( r, z, 0) = b + lf/ a , 

0 ~ k ( lf/) ~ 1 is the relative hydraulic conductivity and C is the specific moisture capacity 

(2.12) 

where () is volumetric water content. The top of the unsaturated zone is set at b + L . 

The unsaturated flow equation (2.11) also known as Richards' equation, is subject to the 

initial condition: 

a0 = a(r,z,O) = 0 

and boundary conditions: 

a( oo,z,t) = 0, 

aa =0 
az ' 

and 

(2.13) 

(2.14) 

z=b+L (2.15) 

;<z<b+L. (2.16) 

Unsaturated and saturated flow equations (2.3) and (2.11) are coupled trough interface 

conditions at the water table, located at 

;=b-s(r,;,t) (2.17) 
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The interface conditions include head continuity 

S = CY z = c; (2.18) 

and flux continuity 

Vs·n=v'CY·D. z = c; (2.19) 

2.2 Linearization 

The system of equations (2.3) - (2.19) is highly non-linear due to the presence of a 

moving interface. To solve it we restrict ourselves to systems in which the pumping rate 

Q is much smaller than Krb2 (Kroszynski and Dagan, 1975). Following these authors all 

variables in (2.3) - (2.19) can then be expanded into perturbation series 

s = s<o) + Qs(I) + Q2 s<2
) + ... 

CY = CY(O) + QCY(I) + Q2 CY(2) + .. . 

lf/ = lf/(0) + Qlf/(1) + Q2lf/(2) + .. . 

() = ()<o) + QBc1) + Q2 ()<2) + .. . 

<; = <;(O) + Qc;(i) + Q2 <;(2) + .. . 

where 

S(O) = 0 

CY(O) = Q 

lf/(O) = b + lf/a - Z (2.20) 

()<o) = B(t = 0) = 0 

<;(O) = b 

Substituting series (2.20) into equations (2.3) - (2.19), neglecting terms of second and 

higher orders (in Q) and approximating horizontal flux into the well as being vertically 

uniform leads to the following first-order approximations: 

Saturated zone: 

K _!_~(r as)+ K a
2s = S as 

r r ar ar z az 2 s at 
Osz<b (2.21) 

s(r,z,t) = h0 -h(r,z,t) 



t = b-s(r,b,t) 

t(r,O)=b 

s(oo,z,t)=O 

as =0 
az 

1
. as 
1mr-=O 
r~O Br 

z=O 

Oszsb-l b-dszsb 

b-lszsb-d. 

Unsaturated zone: 

K k z -- r- + K - k (z)- = C (z)-( ) 1 a ( arrJ a ( arrJ arr 
r 

O r Br Br z Bz O Bz O Bt 

rr = b + f// a - z - f// = drawdown in unsaturated zone 

rr0 = rr(r,z,O) = 0 

rr(oo,z,t)=O 

arr= O 
az 

1. arr O 1mr-= 
r~O Br 

Free surface: 

s-rr=O 

b<z<b+L 

b<z<b+L 

z=b+L 

b<z<b+L. 

z=b 
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(2.22) 

(2.23) 

(2.24) 

(2.25) 

(2.26) 

(2.27) 

(2.28) 

(2.29) 

(2.30) 

(2.31) 

(2.32) 

(2.33) 

(2.34) 

(2.35) 

(2.36) 



43 

as_ a(J = 
0 az az z=b (2.37) 

2.3 Decomposition of saturated zone solution 

In a manner analogous to Neuman (1974) we decomposes into two parts, 

(2.38) 

where sH is Hantush's (1964) solution for a partially penetrating well in a confined 

aquifer, satisfying 

Osz<b 

( K D = Kz I Kr and as = Kr I ss) subject to initial and boundary conditions: 

asH =0 
az 

1. asH 0 1m-= 
r~O ar 

1. asH . Q 
1mr-=-----
HO ar 2trKr(l -d) 

z = 0 and z = b 

Oszsb-l b-dszsb 

b-lszsb-d. 

(2.39) 

(2.40) 

(2.41) 

(2.42) 

(2.43) 

(2.44) 

and su is a correction due to saturated-unsaturated unconfined conditions, satisfying 

_!_~(r asu) + K a2su = _!_ asu 
r ar ar D az2 as at Osz<b (2.45) 



su(r,z,O) = 0 

Su ( oo,z,t) = 0 

asu =0 
az 

1. asu 0 1m-= 
r~O ar 

subject to the coupling free surface conditions 

SH +Su -(Y = 0 

where a- satisfies (2.29) - (2.35). 

2.4 Laplace and Hankel transformation 
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(2.46) 

(2.47) 

z=O (2.48) 

Oszsb (2.49) 

z=b (2.50) 

z=b (2.51) 

Equations (2.38) - (2.51) can be solved via sequential application of the Hankel 

transform 

(/(a))= fo°.() rJ
0
(ar)f(r)dr (2.52) 

and Laplace transform 

(2.53) 

which reduce (2.38) - (2.51) to one-dimensional time-independent ordinary differential 

equations. Here a and p are Hankel and Laplace parameters, respectively, and Jo is zero-

order Bessel function of the first kind. 



Double transform of s H : 

Hantush (1964, pp. 347-350) showed that 

where sT is the Theis (1935) solution 

Q oo e-y 
ST=-- f -dy, 

41CT 114t
5 

Y 

45 

(2.54) 

(2.55) 

in which T = Krb and ts = ai I r 2 is dimensionless time with respect to as. 11s ts a 

correction due to partial penetration given by 

(2.56) 

Neuman (1974, p. 309) showed that the double (Laplace and Hankel) transform of 

(2.55) and (2.56) is 

s ___ Q __ 
T - 21CTK Dp1,2 

(2.57) 

(2.58) 

respectively and 17 2 = ( a 2 I K0 ) + (p I asKD). 

The Laplace transform of (2.29) - (2.35) is 
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1 a ( aac) a ( aac) C0 ( z) _ b<z<b+L (2.59) k0 (z)-- r- +K0 - k0 (z)- = p--a 
r 8r 8r 8z 8z K, 

a=( oo,z,p) = 0 (2.60) 

aa= =O z=b+L (2.61) 
8z 

r aa= 1mr-=O b<z<b+L. (2.62) 
r~O 8r 

Laplace transform of(2.45)-(2.51): 

!~(/Tsu )+K a2su -Ls 
r 8r 8r O 8z2 

- as u 
Osz<b (2.63) 

su ( oo, z, t) = 0 (2.64) 

osu = 0 z=O (2.65) 
8z 

1· osu 1mr-=O Oszsb (2.66) 
r~O 8r 

sH +~ -a== o z=b (2.67) 

OSH + OSu - aa= = 0 z=b (2.68) 
8z 8z 8z 

2.5 Unsaturated characteristics 

To solve the unsaturated flow equation, C and k must be specified as functions of 'lj). Like 

Kroszynski and Dagan (1975), we adopt the exponential model of Gardner (1958) 
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according to which k ( lf/) = eK(f//- f//a), K > 0, B ( lf/) - Br = S yeK(f//- f//a) , so that 

the latter into (2.59) linearizes this equation according to 

b<z<b+L (2.69) 

Taking the Hankel transform of (2.69) and (2.60) - (2.68) upon setting L ~ oo ( as do 

Kroszynski and Dagan, 1975) and using the relationship (e.g. Neuman, 1974) 

H{I a ( os)} 2= 1. os -- r- =-as - 1mr-r ar ar HO ar 

leads to 

2- -
2= K a ct K act KD = -a CY+ --- K-=p-CY Da2 D 8 , 

z z aY 

Kb 
where KD = Kb and a = _r_ and 

y s 
y 

arr =O 
az ' 

2= 
2= K a Su p = -a Su+ D-2-=-su, az as 

fffu = 0 
az ' 

b<z<oo 

Z = 00 

O~z<b 

z=O 

z=b 

(2.70) 

(2.71) 

(2.72) 

(2.73) 

(2.74) 

(2.75) 
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jffH + jffU - a~ = 0. 
az az az z=b (2.76) 

The solution of (2.71) subject to (2.72) and (2.76) is (Appendix A) 

(2.77) 

A general solution of (2.73) subject to (2.74) is 

Su= pcosh( 17z), (2.78) 

where 172 
= ( a 2 I KD) + (p I asKD) and p is determined on the basis of (2.75): 

(2.79) 

resulting in 

dsH (K ~2 

,,2J-
1 

= 
1 

- - - -+A -S 
dz 2 4 H z=b 

- { ) z=b Su = cosh 17z _1 • 

cosh(17b)-17sinh(11b{ ;-~:
2 

d J 
(2.80) 

From (2.57) - (2.58) it follows that 
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dsHI = o 
dz z=b 

(2.82) 

From Neuman [1974, p. 309] it follows that the infinite sum in (2.81) can be 

represented in closed form as 

= 
sinh[ b17(1- ln) ]- sinh[ b17(l - d n)] 

172 (ID -d D) Sinh(b17) 

Substituting (2.83) into (2.81) yields: 

s I -H z=b -

Q sinh [ b17(l - l D)] - sinh [ b17(1- d n)] 

2trTK nP 17 2 (l D - d D) sinh( b17) 

Substituting the latter into (2.80) gives: 

Su= Q cosh{17z)[cosh(17b)-17sinh(17b)(K -~K' +A'J-
1

] -

1 

2trTKDp 2 4 

. sinh [ b17(l - l D)] - sinh [ b17(1- d D)] 

172 
( f D - d D) Sinh( b17) 

Substituting into (2. 77) yields: 

(2.83) 

(2.84) 

(2.85) 



50 

"ti= QT/ sinh( rJb )[cosh( 7Jb )-TJsinh( T]b )(K - JK' + A' J-·i-• 
21rTKDp 2 4 

sinh [ brJ(l - l D)] - sinh [ brJ(l - d D)] 

TJ 2 
( / D - d D) Sinh( bTJ) 

(2.86) 

Since sH is given in real space-time by (2.54) - (2.56), all that needs to be done to 

compute s = sH + Su is inverting the double transform Su in (2.85). The inverse Hankel 

transform of the latter is 

Su= Q J cosh(77z)[cosh(7Jb)-TJsinh(7Jb)(K -JK' +A. 2J-
1

] - • 
21rTKDp O 2 4 

sinh [ brJ(l - l D)] - sinh [ brJ(l - d D)] ( ) 
• 

2 
aJ0 ar da 

TJ (l D - d D) Sinh( bTJ) 
(2.87) 

With new variable y = ar I p112 and p = K Dr~, (2.87) transforms into 

Su = __lL J cosh(µz0 )[cosh(µ )- µsinh(µ )(Kv -JK~ + v' J-·i-• 
21rTp O 2 4 

sinh[µ(l-lv)]-sinh[µ(l-dv)] ( 112 ) 

. µ2(/D -dD)sinh(µ) ylo y/3 dy (2.88) 

or 
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Su =__Q__ f cosh(µzv)(KD - ~Jlcosh(µ)(KD - ~J-µsinh(µ)] -i 
21rTp 

O 
2 V4+v 2 V4+v 

(2.89) 

2 K r2 
where µ 2 = y 2 +-r-p and v 2 = y 2 +-D-p 

asfl a y/J 

The latter can be rewritten as 

cosh(µzD)[Kv -~K~ +v'] 
- Qt 00 2 4 

su (rD,zD,PD)= J [ FJ 21rTpD O K K 2 

cosh(µ) f- : +v
2 

- µsinh(µ) 

(2.90) 

p p at S 
where µ 2 = y 2 +--12.... v 2 = y 2 +-D- t = _s (f) = -- and p = tp 

tsfl ' t/p/J' s r 2 
' KDSy D . 

The inverse Laplace transform of (2.90) is given by Mellin's inversion formula as 

(2.91) 

where r > 0 is a real constant and p D is now a complex variable. Assuming that the 

order of integration with respect to PD and y is interchangeable, (2.91) can be rewritten 

as 

(2.92) 
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or 

(2.93) 

where 

(2.94) 

is the inverse Laplace transform of g(r0 ,z0 ,p0 ;y), which in tum is given by 

(2.95) 

We evaluate g(r0 ,z0 ,ts;y) by numerical inversion of g(r0 ,z0 ,p0 ;y). Note that 

whereas inversion with respect to p is done for a time interval [ 0, t], inversion with 

respect to pd is done for a unit time interval [ 0, 1], regardless of what ts is. The 

FORTRAN code for numerical evaluation of drawdown s including numerical inversion 

of (2.95) is given in Appendix B. 
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2.6 Vertically-averaged drawdown in the observation well 

If the observation well is perforated between elevations z1/b and z2/b (Figure 1.7), the 

recorded drawdown can be found as the average of the point drawdown: 

(2.96) 

Q CX) l r+iCX) - f ~ ( /311 z ) f - ( r . ) d d 
- 21rT( Zz I b- Z1 I b) o y o y 2tri r-iCX) g z2z1 o,Po,Y Po y 

where 

g(ro,Zo,Po;y) 

(
Ko -~Ki, +v' J(sinh(µz 2 )-sinh(µz1)) 

= eP0 -1 2 4 sinh[µ(l-/0 )]-sinh[µ(l-d0 )] (2.97) 

Po [ (K ~J l µ
3
(/0 -do)sinh(µ) 

cosh(µ) ; -~rf +v
2 

- µsinh(µ) 

The average Hantush solution is given by 

(2.98) 

where sr is the Theis (1935) solution given by (2.55) (Theis solution remains unchanged 

since it is independent of z) and 
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11s = Q 2 
Z2Z1 4,rT ,r2 (ID -dD )( Z2 - Z1) 

·t[ {sin[ mr(l- z, )]-sin[ mr(l-n:,) ]} [ sin( mrlD )-sin( nn:dD )] 
(2.99) 

. J exp[-y- /3( n,r )2] dyj 
l / 4ts 4y Y 
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In this chapter we study the effects of flow in the unsaturated zone on the variation of 

dimensionless drawdown, sD = 4trKrbs IQ, with dimensionless time, t8 = Krbt l(Sr2
), in 

any observation well. Unsaturated soil properties are characterized by an exponent K 

having the dimension of inverse length and a dimensionless exponent KO = Kb where b is 

the initial saturated thickness. 

Figure 3.1 shows how dimensionless drawdown varies with dimensionless time at 

dimensionless elevation z/b = 0.8 in an observation well located at a dimensionless radial 

distance rib = 0.5 from a pumping well penetrating the upper 20 % of the (initial) 

saturated thickness. The aquifer is isotropic (K2 = Kr) and the artesian storativity S is 

1/100 of the specific yield Sy. Unsaturated flow is seen to have significant impact on 

behavior when ~D is less than 1 (the aquifer has large retention capacity and/or small 

initial saturated thickness). Its impact is most pronounced at intermediate time and least 

pronounced at early time. The impact of unsaturated flow on drawdown diminishes as ~D 

increases, becoming small or insignificant at ~D greater than 10 (small retention capacity 

and/or large saturated thickness). As ~D increases to infinity our solution approaches that 

of Neuman (1974) which disregards flow in the unsaturated zone. 
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Figures 3.2 show dimensionless time-drawdown at dimensionless elevation z/b=0.8 

and dimensionless distance rib= 0.5 from a pumping well penetrating upper 20% of the 

aquifer for SISy= 0.0025, 0.01 and 0.04. Dimensionless drawdown increases with 

increasing SISy. The transition period from the artesian to water table dominated flow 

increases as SISy decreases. The flow in unsaturated zone increases drawdown at the 

intermediate time and decreases drawdown at the late time. 

Figure 3 .2 shows dimensionless point drawdown versus dimensionless time under 

conditions similar to those in Figure 3 .1 but for a fully penetrating pumping well. 

Comparison with Figure 3.1 indicates that the influence of the unsaturated zone 

diminishes as the degree of penetration increases. This is due to the fact that as the degree 

of penetration increases the vertical velocity component decreases and the effect of 

elastic storage becomes more pronounced. 

In Figure 3.3 we illustrate dimensionless time-drawdown in a fully penetrating 

observation well located at a distance rib= 0.5 from a fully penetrating pumping well. As 

in the case of point drawdown, the effect of unsaturated flow is most pronounced at 

intermediate time, decreases with increasing K,D and approaches Neuman's (1974) 

solution as K,D increases. Comparison of Figures 3.2 and 3.3 shows that unsaturated flow 

has a smaller effect on the average drawdown than on the point drawdown measured in 

the upper part of the aquifer (zlb = 0.85). 

Figures 3.4 show dimensionless time-drawdown at dimensionless elevation z/b=0.8 

and dimensionless distance rib = 0.5 from a pumping well penetrating upper 20% of the 
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aquifer for SISy = 0.0025, 0.01 and 0.04. Dimensionless drawdown increases with 

increasing SISy. The transition period from the artesian to water table dominated flow 

increases as SISy decreases. The flow in unsaturated zone increases drawdown at the 

intermediate time and decreases drawdown at the late time. 

The effect of unsaturated flow on average drawdown at different distances and on 

point drawdown at different depths is investigated in the following figures. Figures 3.5 

show dimensionless time-drawdown curves averaged over the entire thickness of the 

aquifer at distances rib = 0.1, 1 and 10 from the fully penetrating pumping well. The 

drawdown decreases with distance from the observation. The effect of flow in the 

unsaturated zone is insignificant regardless of distance from the pumping well. The effect 

of aquifer storage on drawdown increases as one approaches the pumping well. Near the 

pumping well horizontal gradients are largest, causing more water to be released at early 

time. Hence the time lag between early drawdown and water table response must increase 

as radial distance decreases. 

Figures 3.6a and 3.6b show dimensionless time-drawdown at dimensionless 

elevations zlb=0.1, 0.9 and 1 at dimensionless distances rib = 0.1 and rib = 1 from a fully 

penetrating pumping well. Dimensionless drawdown decreases with dimensionless 

distance from the pumping well and, at early dimensionless time, with dimensionless 

elevation. At early time the rate of drawdown at the water table lags behind the rate of 

drawdown in the rest of the aquifer, reflecting the phenomenon of delayed yield or 

delayed water table response. The effect of the K,D on point drawdown is most pronounced 
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at the water table and least pronounced near the aquifer bottom. A decrease in ~D leads to 

an increase in point drawdown. The effect of unsaturated flow is most pronounced at the 

water table near the pumping well. 

All previous results were obtained for isotropic porous media (K2 = Kr). Figures 3.7a 

and 3.7b show drawdown for conditions similar to those in Figure 3.6a-b but for an 

anisotropic aquifer with K2 = 0.1 Kr. Here unsaturated flow is seen to have only a minor 

effect on drawdown regardless of distance from the pumping well or vertical location 

within the aquifer, including the water table near the pumping well (rib = 0.1 ). A 

comparison of Figures 3.6 with Figures 3.7 shows that a decrease in K2 I Kr enhances the 

effect of elastic storage and reduces the effect of unsaturated flow due to an increase in 

horizontal flux relative to vertical flux. 

Figures 3.8 depicts contours of dimensionless drawdown around a partially 

penetrating pumping well at fsr
2 /b2 = 1, 10 and 100 for ~D = 10, 100 and 1000. The effect 

of pumping is seen to propagate into the unsaturated zone ( z I b > 1) at a rate that 

increases with decreasing K v everywhere except for the small zone above pumping well. 

As K v increases, the unsaturated zone provides less water to the well, causing drawdown 

in the saturated zone to increase. Even in the vicinity of the well where the pressure 

gradient slightly increases with increasing K v the water fluxes in unsaturated zone 

dramatically decreases with increasing Kv because unsaturated hydraulic conductivity 

decreases as exp(-Kv). We also found that for the fsr
2/b2 < 1 (results not shown) our 
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solution becomes numerically unstable. The numerical instability is mainly due to 

inaccurate evaluation of the Hantush part (expression (2.56)) of the solution for small t5 • 
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CHAPTER4 

ANALYSIS OF FIELD DATA 

The new solution was used to analyze field data obtained from an aquifer test conducted 

in a Glacial Outwash Deposit at Cape Cod, Massachusetts (Moench et al, 2001 ). The 

aquifer, composed mainly of sand and gravel deposits, was pumped at a constant rate of 

320 gallons per minute for 72 hours. Changes in hydraulic head were observed by means 

of twenty piezometers installed at different locations, distances and depths around the 

pumping well (Figures 4.la-b). The pumping well is screened from 13.2 ft to 60 ft below 

the initial water table. The initial position of the water table was approximately 19ft 

below land surface and 46.8 ft above mean sea level. Detailed information about the 

observation wells is given in Table 1. The thickness of the aquifer was estimated to be 

170 ft (Moench et al, 2001 ). The aquifer is bounded by fine-grained, relatively low 

permeability material (Le Blanc, 1984: Le Blanc et al, 1986; Masterson, et al, 1997). 

The solution was fitted simultaneously to drawdown data from 20 wells. The 

dimensionless solution depends on a combination of three dimensionless parameters: KD 

= Kz I Kr, L = Ss b I Sy and KD. To compare dimensionless solution with measured 

drawdown two additional parameters are needed: Kr and Ss. Each of the five parameters 

was assigned 10 values. Solutions for all possible combinations of these parameters (total 

of 105 solutions) for each well were calculated creating a family of curves for each well. 

Then each curve from the family was compared with drawdown data from the 
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corresponding well n (n = 1,20) and the sum of squared differences calculated according 

to 

(4.1) 

where K~, i = 1, 10 were (0.2, 0.3, 0.4 ... 1.1); K~,j = 1, 10 were (0.1, 2.1,4.1. .. 18.1); 

Lk, k = 1, 10 were (0.008, 0.013, 0.018 ... 0.053); K:, l = 1,10 were (0.1, 0.15, 

0.2 ... 0.55); s;, m = 1, 10 were (0.00001, 0.00002, 0.00003 ... 0.0001); rn is distance 

from the pumping well to the observation well n; sa,n is drawdown at time t° observed at 

well n and A is number of measurements available for well n. 

An optimal set of parameters K~,Kb,L\K:,s; for the aquifer was found by 

identifying the smallest sum of squared errors for all N wells: 

N 

min L cijk/m,n • (4.2) 
n=I 

Figures 4.2 - 4.21 compare the corresponding analytical solutions with measured 

drawdowns. The figures also show curves fitted to one well at a time. Theoretical curves 

were also fitted simultaneously to several wells corresponding to each cluster in Figures 

4.1 a-b: In addition to drawdown calculated by fitting type curves to all 20 wells, Figures 

4.2- 4.4 show curves that are the best fit to the cluster of wells F505-059, F505-080 and 

F505-032 and Figures 4.5- 4.7 for the cluster of wells F504-080, F504-060 and F504-

032. 
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Table 2 presents a summary of parameters obtained by fitting the analytical solution 

(a) simultaneously to drawdowns from all 20 wells, (b) simultaneously to drawdowns 

from three wells in a cluster, and ( c) individually to drawdown from each well. All fits 

resulted in a value of Kr close to 0.2 ft/min. All other parameters exhibit considerable 

variability depending on location and depth of the observation well or piezometer. 

It can be seen that analytical solutions for parameters obtained from individual fits 

describe the data fairly well. This illustrates that our solution captures realistically flow in 

an unconfined aquifer toward a pumping well. The effective aquifer parameters found 

from fitting the solution simultaneously to all data from 20 wells show excellent fits with 

measured drawdowns in all wells at late time. In some wells fit to the early time 

drawdown data is not as good as the fit to the late time data. In observation wells located 

close to the pumping well the difference between analytical solution and observed data 

may be due to the effect of the finite radius of the well and well storage that were 

disregarded in our analytical solution. In distant wells where the effects of finite radius 

and well storage of the pumping well are insignificant, the difference between analytical 

solution and observed data may be due to vertical heterogeneity of the aquifer that would 

affect vertical flow. At late time flow becomes horizontal and the effect of vertical 

heterogeneity is less pronounced. Hess et al ( 1992) estimated the variance of log 

conductivity in the aquifer consisted of the sand and gravel sediment layers to be 0.24 

and a vertical correlation scale of 0.62-1.25 feet. 

Table 2 shows that parameters obtained from fitting to the cluster of wells F505-059, 

F505-080 and F505-032 and to the cluster of wells F504-080, F504-060 and F504-032 
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and the parameters obtained from fitting to all 20 wells are also close to each other. The 

largest deviations are found in unsaturated parameter KD (30% for 505 wells cluster) and 

KD (12% for both clusters). Figures 4.2- 4.7 show that solutions for parameters obtained 

from the local and global fitting are very close to each other. All the wells in these two 

clusters are located close to the pumping well. Results depicted in Figures 4.2- 4. 7 show 

that drawdown near the pumping well is not sensitive to variations in these two 

parameters. 

Table 3 compares aquifer parameters determined by Moench et al (2001) based on 

the data from the 20 wells and results of our study. The model with three relaxation 

parameters was used in Moench et al (2001) study. A brief description of the model 

employed for this purpose by Moench et al (2001) is given in the Introduction. All 

aquifer parameters with the exception of specific storage Ss found with our analytical 

solution are very close to those found by Moench et al (2001 ). Specific storage found 

from our solution is 2.3 times larger than that found by Moench et al (2001). There is no 

clear explanation for the difference in specific storage values obtained from different 

studies, especially because Moench et al (2001) analysis is based on artificial "delay 

indexes" concept. Given that our solution physically accounts for flow in the unsaturated 

zone it is reasonable to conclude that our results are more reliable than that of Moench et 

al (2001) which are based on empirical model. Explicitly accounting for flow in 

unsaturated zone also allowed us to estimate Gardner's parameter K describing water 
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retention capacity of the soil in unsaturated zone, that cannot be found from Moench et al 

(2001) analysis. 



Figure 1.la Drawdown versus time found from Jacob's formula plotted 
on a semilog paper. (After de Marsily, 1986) 
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Figure 1.lb Pumping test interpretation using Theis' method. (After de 
Marsily, 1986) 
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Figure 1.2 Theis' solutions corresponding to different values of storativity (dashed 
lines) and typical drawdown observed in a field (solid line) on a log-log paper. (After 
de Marsily, 1986) 
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Figure 1.3 The analysis of Weeks (1964) data with Dagan (1967) solution (After 
Dagan, 1967). 
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Figure 1.4 Boulton 1954b solution reproducing S-shape drawdown. (After Boulton 
1954b) 
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Figure 1.5 Neuman 1972 drawdown curves. (After Neuman, 1972). 
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Figure 1.6 Neuman 1974, Dagan 1967, and Hantush 1964 drawdown curves for 
partially penetrating wells. (After Neuman 1974) 
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Figure 1. 7 Sketch of the aquifer and pumping and observation wells. 
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Figure 1.8 Comparison of drawdowns obtained analytically and numerically for 
shallow observation wells located at different distances from the pumping well. (After 
Kroszynski and Dagan, 1975) 
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Figure 1.9 Measured drawdowns and drawdowns simulated for piezometer F3 77-03 7 
using (A) the assumption of instantaneous drainage, (B) gradual drainage using a 
single empirical parameter, ( C) gradual drainage using two empirical parameters, and 
(D) gradual drainage using three empirical parameters (After Moench et al, 2001). 
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Figure 3.1 Dimensionless drawdown, SD= 41rTs!Q, versus l s = Tt/Sr2
. Pumping well 

penetrates upper 20 %. Observation well is located at rib = 0.5. Drawdown is 
measured at zlb = 0.8. K2 = Kr, Sf Sy= 0.01. 
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Figure 3.2. Dimensionless drawdown, sD = 41rTs/Q, versus ts = Tt/Sr2 observed in the 

observation well located at the distance rib= 0.5. Kz = Kr, S!Sy = 0.01. 
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Figure 3.3. Dimensionless drawdown, sn = 41rTs/Q, versus ts= Tt/Sr2 observed in the 

fully perforated observation well located at the distance rib= 0.5. K2 = Kr, S!Sy = 0.01. 
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Figure 3.4. Dimensionless drawdown, SD = 41rTs/Q, versus ts = Tt/Sr2 for S!Sy = 
0.0025, 0.01 and 0.04. Pumping well penetrates upper 20 %. Observation well is 
located at rib= 0.5. Drawdown is measured at zlb = 0.8. K2 = Kr. Solid line denotes 

drawdown with K,D = 1000 and asterisks denote drawdown with K,D = 10. 
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Figure 3.5. Dimensionless drawdown, SD= 41rTslQ, versus ts= TtlSr2 observed in 

the fully perforated observation wells located at the distance rib= 0.1, rlb=l and rib 
= 10 from the fully penetrating pumping well. Solid line denotes drawdown with 

KD = 1000 and asterisks denote drawdown with KD = 10. Kz = Kr, S!Sy = 0.01. 
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Figure 3.6. Dimensionless drawdown, sD = 41rTslQ, versus ts= TtlSr2 observed at the 

dimensionless elevation zlb=0.1, 0.9, and 1 in the observation well located at the 
distance a) rib = 0.1 and b) rib = 1 from a fully penetrating pumping well. Solid line 

denotes drawdown with KD = 1000 and asterisks denote drawdown with KD = 10. Kz 

= Kr, Sf Sy= 0.01. 
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Figure 3.7. Dimensionless drawdown, sn = 41rTslQ, versus ts = TtlSr2 observed at 

different elevations in the observation well located at the distance a) rib = 0.1 and b) 

rib= 1 from a fully penetrating pumping well. Solid line denotes drawdown with t,,D 

= 1000 and asterisks denote drawdown with t,,D = 10. Kz = O.lKr, S!Sy = 0.01. 
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Figure 4.la. Regional location and local plan view showing the positions of the 
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Figure 4.1 b. Vertical cross section of the aquifer at the study site showing the lengths 
and positions of the piezometers and observation wells. 
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Observation well 505-059, mid depth piezometer 
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Figure 4.2. Normalized drawdown sn = 41rbs IQ versus normalized time 

tn = t I r 2 in the observation well F505-059. r is a distance from the 

pumping well to the observation well. The shown curves depicted the 

observed drawdown ( data), analytical solutions with parameters KD, KD, E, 

Kr and Ss obtained from the best fit to the data from well F505-059, the best 
fit to the data from 3 wells belonging to 505 cluster (Figure 4. la) and the 
best fit to the data from 20 wells. 
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Observation well F505-080, deep seated piezometer 
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Figure 4.3. Normalized drawdown sn = 41rbs IQ versus normalized time tn = t I r 2 

in the observation well F505-080. r is a distance from the pumping well to the 
observation well. The shown curves depicted the observed drawdown ( data), 

analytical solutions with parameters f'i,D, Ko, E, Kr and Ss obtained from the best fit to 

the data from well F505-080, the best fit to the data from 3 wells belonging to 505 
cluster (Figure 4. la) and the best fit to the data from 20 wells. 



Observation well F505-032, shallow, close-in piezometer 
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1.E-05 1.E-04 1.E-03 1.E-02 1.E-01 1.E+OO 1.E+01 1.E+02 

Figure 4.4. Normalized drawdown sn = 4:rbs IQ versus normalized time tn = t I r 2 

in the observation well F505-032. r is a distance from the pumping well to the 
observation well. The shown curves depicted the observed drawdown ( data), 

analytical solutions with parameters K,D, KD, E, Kr and Ss obtained from the best fit to 

the data from well F505-032, the best fit to the data from 3 wells belonging to 505 
cluster (Figure 4.1 a) and the best fit to the data from 20 wells. 
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Observation well F504-080, deep seated piezometer 
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Figure 4.5. Normalized drawdown sn = 41rbs IQ versus normalized time tn = t I r 2 in 

the observation well F504-080. r is a distance from the pumping well to the 
observation well. The shown curves depicted the observed drawdown ( data), 

analytical solutions with parameters K,D, KD, E, Kr and Ss obtained from the best fit to 

the data from well F504-080, the best fit to the data from 3 wells belonging to 504 
cluster (Figure 4. la) and the best fit to the data from 20 wells. 



Observation well F504-060, mid depth piezometer and well 
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Figure 4.6. Normalized drawdown sn = 41rbs IQ versus normalized time 

tn = t I r2 in the observation well F504-060. r is a distance from the pumping well 

to the observation well. The shown curves depicted the observed drawdown (data), 

analytical solutions with parameters ~D, KD, E, Kr and Ss obtained from the best fit 

to the data from well F504-060, the best fit to the data from 3 wells belonging to 
504 cluster (Figure 4. la) and the best fit to the data from 20 wells. 
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Observation well F504-032, shallow,close-in piezometer 
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Figure 4.7. Normalized drawdown sn = 41rbs IQ versus normalized time tn = t I r 2 

in the observation well F504-032. r is a distance from the pumping well to the 
observation well. The shown curves depicted the observed drawdown ( data), 

analytical solutions with parameters KD, KD, E, Kr and Ss obtained from the best fit to 

the data from well F504-032, the best fit to the data from 3 wells belonging to 504. 
cluster (Figure 4. la) and the best fit to the data from 20 wells. 
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Observation well F384-033, shallow, distant piezometer 
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Figure 4.8. Normalized drawdown sn = 41rbs IQ versus normalized time tn = t I r 2 in 

the observation well F384-033. r is a distance from the pumping well to the observation 
well. The shown curves depicted the observed drawdown ( data), analytical solutions 

with parameters f'{,D, Kv, E, Kr and Ss obtained from the best fit to the data from well 

F384-033 and the best fit to the data from 20 wells. 
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Observation well F381-056,shallow, distant piezometer 
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Figure 4.9. Normalized drawdown sn = 41rbs IQ versus normalized time 

tn = t I r2 in the observation well F381-056. r is a distance from the pumping well 

to the observation well. The shown curves depicted the observed drawdown 

( data), analytical solutions with parameters KD, KD, E, Kr and Ss obtained from the 

best fit to the data from well F381-056 and the best fit to the data from 20 wells. 
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Observation well F476-061, long-screened well 
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Figure 4.10. Normalized drawdown sn = 41rbs IQ versus normalized time tn = t I r 2 

in the observation well F476-061. r is a distance from the pumping well to the 
observation well. The shown curves depicted the observed drawdown ( data), 

analytical solutions with parameters K,D, KD, E, Kr and Ss obtained from the best fit to 

the data from well F476-061 and the best fit to the data from 20 wells. 
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Observation well F478-061, long-screened well 

1.E+02 ~--------------------------. 

1.E+01 0 data 

--- - ---1 well 

--20wells 
1.E+OO 

1.E-01 ------.----.....------.--------.-----.....------1 
1.E-05 1.E-04 1.E-03 1.E-02 

fn=t// 

1.E-01 1.E+OO 1.E+01 1.E+02 

94 

Figure 4.11. Normalized drawdown sn = 4trbs IQ versus normalized time tn = t I r 2 

in the observation well F478-061. r is a distance from the pumping well to the 
observation well. The shown curves depicted the observed drawdown ( data), 

analytical solutions with parameters K,D, KD, E, Kr and Ss obtained from the best fit to 

the data from well F478-061 and the best fit to the data from 20 wells. 
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Observation well F347-031, shallow, distant piezometer 

1.E+02 

.E+01 

~ 0 data C','.) .E+OO 
~ / ¢'0 - - - - - 1 well 
~ / 

~ 

II / 
/ --20wells 

s.: / 
C','.) I.E-01 I 

I 

1.E-02 --+-----,----------.--------r------,-------.------r-----------1 

1.E-05 1.E-04 1.E-03 1.E-02 1.E-01 1.E+OO 1.E+01 1.E+02 

Figure 4.12. Normalized drawdown sn = 41rbs IQ versus normalized time tn = t I r 2 

in the observation well F34 7-031. r is a distance from the pumping well to the 
observation well. The shown curves depicted the observed drawdown ( data), 

analytical solutions with parameters ""D, KD, E, Kr and Ss obtained from the best fit to 

the data from well F34 7-031 and the best fit to the data from 20 wells. 
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Observation vvall F383-129, deep-seated piezometer 
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Figure 4.13. Normalized drawdown sn = 41rbs IQ versus normalized time tn = t I r 2 

in the observation well F383-129. r is a distance from the pumping well to the 
observation well. The shown curves depicted the observed drawdown ( data), 

analytical solutions with parameters K,D, KD, E, Kr and Ss obtained from the best fit to 

the data from well F383-129 and the best fit to the data from 20 wells. 



Observation well F383-082, deep-seated piezometer 

1.E+02 ~-------------------------, 

1.E+01 

1.E+OO 

¢ data 

--- - ---1 well 

--20wells 

1.E-01 4--------,.--------....------.----~-----.---~ 
1.E-05 1.E-04 1.E-03 1.E-02 1.E-01 1.E+OO 1.E+01 1.E+02 

Figure 4.14. Normalized drawdown sn = 41rbs IQ versus normalized time 

tn = t I r2 in the observation well F383-082. r is a distance from the pumping well 

to the observation well. The shown curves depicted the observed drawdown 

( data), analytical solutions with parameters KD, KD, E, Kr and Ss obtained from the 

best fit to the data from well F383-082 and the best fit to the data from 20 wells. 
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Observation vvell F383-032, shallow, close-in piezometer 
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Figure 4.15. Normalized drawdown sn = 41rbs IQ versus normalized time tn = t I r 2 in 

the observation well F383-032. r is a distance from the pumping well to the 
observation well. The shown curves depicted the observed drawdown ( data), 

analytical solutions with parameters r--,D, KD, E, Kr and Ss obtained from the best fit to 

the data from well F383-032 and the best fit to the data from 20 wells. 



~ 
~ 
-.:::t" 
II 

ii:: 
~ 

99 

Observation well F377-037, shallow, close-in piezometer 
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Figure 4.16. Normalized drawdown sn = 41rbs IQ versus normalized time 

tn = t I r2 in the observation well F377-037. r is a distance from the pumping well 

to the observation well. The shown curves depicted the observed drawdown (data), 

analytical solutions with parameters r;,0 , K0 , E, Kr and Ss obtained from the best fit 

to the data from well F377-037 and the best fit to the data from 20 wells. 
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Observation well F385-032, shallow,distant piezometer 
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Figure 4.17. Normalized drawdown sn = 4trbs IQ versus normalized time 

tn = t I r 2 in the observation well F385-032. r is a distance from the pumping well 

to the observation well. The shown curves depicted the observed drawdown ( data), 

analytical solutions with parameters ~D, KD, E, Kr and Ss obtained from the best fit 

to the data from well F385-032 and the best fit to the data from 20 wells. 
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Observation well F450-061, long-screened wells 
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Figure 4.18. Normalized drawdown sn = 41rbs IQ versus normalized time 

tn = t I r2 in the observation well F450-061. r is a distance from the pumping well 

to the observation well. The shown curves depicted the observed drawdown (data), 

analytical solutions with parameters K,D, KD, E, Kr and Ss obtained from the best fit 

to the data from well F450-061 and the best fit to the data from 20 wells. 



Observation well F376-037, shallow, distant piezometer 
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Figure 4.19. Normalized drawdown sn = 41rbs IQ versus normalized time tn = t I r 2 

in the observation well F3 7 6-03 7. r is a distance from the pumping well to the 
observation well. The shown curves depicted the observed drawdown ( data), 

analytical solutions with parameters K,D, KD, E, Kr and Ss obtained from the best fit to 

the data from well F376-037 and the best fit to the data from 20 wells. 
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Observation well F434-060, long-screened well 
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Figure 4.20. Normalized drawdown sn = 41rbs IQ versus normalized time tn = t I r 2 

in the observation well F434-060. r is a distance from the pumping well to the 
observation well. The shown curves depicted the observed drawdown ( data), 

analytical solutions with parameters K,D, KD, E, Kr and Ss obtained from the best fit to 

the data from well F434-060 and the best fit to the data from 20 wells. 
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Figure 4.21. Normalized drawdown sn = 4:rbs IQ versus normalized time tn = t I r 2 

in the observation well F383-061. r is a distance from the pumping well to the 
observation well. The shown curves depicted the observed drawdown ( data), 

analytical solutions with parameters ""D, KD, E, Kr and Ss obtained from the best fit to 

the data from well F383-061 and the best fit to the data from 20 wells. 
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Table 1. Locations of observation wells and piezometers. 

Location 
Well Radial 

number distance* Depth ** (feet) Screen length 
number 

(feet) (feet) (feet) 
1 F507-080 0.333 13.2 47 

2 F505-032 23.9 10.7 2 
3 F505-059 19.5 30.6 9 
4 F505-080 21.6 58.4 2 

5 F504-032 46.6 9.6 2 
6 F504-060 49.8 30 9 
7 F504-080 53.1 57.5 2 

8 F377-037 85.1 13.3 2 

9 F383-032 93 12.1 2 
10 F383-061 92.9 39.9 2 
11 F383-082 94.8 61.8 2 
12 F383-129 96.7 107.8 2 

13 F384-033 137.3 15.8 2 
14 F381-056 159.8 20 2 
15 F347-031 225.7 14.8 2 

16 F434-060 38.6 2 39 
17 F450-061 66.3 1.7 39 
18 F476-061 65.6 2.2 39 
19 F478-061 101.3 2.2 39 

20 F385-032 224.6 10 2 
21 F376-037 227.6 13.2 2 

* Distance from center of pumping well 

** Depth below the initial water table to the top of the screen 
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Table 2. Parameters estimated by fitting analytical solution to drawdowns from 20 wells 
simultaneously, from 3 wells in two clusters, and from individual wells. 

Error, c t'l,D fl, (lift) Ko E Kr (ft/min) Ss (lift) Sy 

20 wells 0.89 12.1 0.071 0.8 0.023 0.2 3E-05 0.22 
F505-032 
F505-059 1.82 IO.I 0.059 0.9 0.028 0.2 3E-05 0.18 
F505-080 
F504-032 
F504-060 0.88 14.1 0.083 0.7 0.023 0.2 3E-05 0.22 
F504-080 
F505-032 0.429 IO.I 0.059 0.8 0.053 0.2 5E-05 0.16 
F505-059 0.974 13 0.076 0.8 0.018 0.2 3E-05 0.28 
F505-080 2.67 9 0.053 0.9 0.01 0.18 3E-05 0.51 
F504-032 0.147 IO.I 0.059 0.8 0.048 0.2 4E-05 0.14 
F504-060 0.384 8.1 0.048 0.8 0.023 0.2 2E-05 0.15 
F504-080 0.29 18.1 0.106 0.6 0.038 0.25 3E-05 0.13 
F383-061 0.13 14.1 0.083 0.8 0.023 0.2 3E-05 0.22 
F434-060 0.35 16.1 0.095 1.0 0.033 0.2 3E-05 0.15 
F376-037 0.128 18.1 0.106 0.7 0.033 0.3 3E-05 0.15 
F450-061 0.139 8.1 0.048 0.9 0.053 0.2 5E-05 0.16 
F385-032 0.04 10.1 0.059 0.8 0.053 0.25 6E-05 0.19 
F377-037 0.1 6.1 0.036 0.9 0.033 0.2 3E-05 0.15 
F383-032 0.0832 IO.I 0.059 0.8 0.048 0.2 7E-05 0.25 
F383-082 0.0678 8.1 0.048 0.7 0.023 0.2 3E-05 0.22 
F383-129 0.0326 6.1 0.036 0.9 0.033 0.2 5E-05 0.26 
F384-033 0.0732 12.1 0.071 0.8 0.023 0.2 3E-05 0.22 
F381-056 0.0588 IO.I 0.059 0.8 0.013 0.25 IE-05 0.13 
F476-061 0.3036 8.1 0.048 0.9 0.053 0.2 5E-05 0.16 
F478-061 0.1196 6.1 0.036 0.9 0.038 0.2 4E-05 0.18 
F347-031 0.016 6.1 0.036 0.9 0.038 0.2 5E-05 0.22 
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Table 3. Parameters estimated by fitting our analytical solution to drawdowns from 20 
wells simultaneously compared with those estimated by Moench et al (2001 ). 

Sy K2 (ft/min) Kr (ft/min) Ss (lift) K,D K, (lift) 

Moench 0.26 0.14 0.23 1.3E-05 - -
Tartakovsky 0.22 0.16 0.2 3E-05 12.1 0.071 
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CHAPTERS 

SUMMARY AND CONCLUSIONS 

A new analytical solution was developed for drawdown in an unconfined aquifer due to 

pumping from a partially penetrating well. Our solution accounts for soil and water 

compressibility in a manner similar to Neuman (1974) and flow in the unsaturated zone 

in a manner similar to Kroszynski and Dagan (1975). The non-linear governing equations 

were linearized by perturbation. 

The analyses of our solution show that: 

• delayed drainage from the unsaturated zone 1s significant when dimensionless 

Gardner parameter KD is much smaller than 1 O; 

• effect of unsaturated flow causes dimensionless drawdown to mcrease at early 

dimensionless time (artesian dominated flow); 

• drawdown increases with a decrease in Kn at intermediate dimensionless time 

(transition from early artesian to late water table dominated flow). The increase in 

drawdown during this transition period is caused by delayed drainage from the 

unsaturated zone, whose relatively small effect is superimposed on the more 

pronounced phenomenon of delay in water table decline relative to artesian head 

drops below it; 
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• drawdown decreases with increasing K,D at late dimensionless time (water table 

dominated flow); 

• effect of unsaturated flow diminishes with degree of pumping/observation well 

penetration and horizontal anisotropy; 

• the effect of unsaturated flow on point drawdown is most pronounced at the water 

table. The effect of unsaturated flow on drawdown decreases with increasing rib at 

the water table. Below the water table effect of the unsaturated flow on the drawdown 

in the aquifer increases with increasing distance from the pumping well; 

• effect of unsaturated flow is insignificant in typical aquifers with K,D > I 0. 

The new solution was used to analyze field data obtained from an aquifer test 

conducted in a Glacial Outwash Deposit at Cape Cod, Massachusetts. We found that the 

solution fits data very well at all times during pumping regardless of well location and 

depth of piezometers. It shows that unlike the solution of Kroszynski and Dagan (1975), 

our solution accounts realistically for drawdown at early time; unlike the solution of 

Neuman (1974), our solution predicts accurately change in drawdown at intermediate 

time. Aquifer parameters were found by fitting our solution to the field data. Table 3 

gives aquifer parameters obtained from our study and obtained by Moench et al (200 I) 

through interpretation the same data using their approach. With exception of specific 

storage, the aquifer parameters predicted with our analytical solution are very close to 

those found by Moench et al (2001 ). Unlike the solution of Moench et al (200 I) that 

gives the estimate of the delay indexes (that are not characteristics of the aquifer since 
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they depend on flow conditions and locations of the wells), our solution allows 

determining the Gardner exponent relating hydraulic conductivity to pressure head. 



APPENDIX A 

SOLUTION OF EQUATION (2.71) 

Solution of 

subject to 

df =0 
dz 

is given by 

Check: 
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(A.1) 

(A.2) 

(A.3) 

(A.4) 

(A.5) 

(A.6) 
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d 2 f - OJ. df - OJ. f = ( ~ - ~ ~2 + (i) J2 f - OJ, ( ~ - ~ ~2 + (i) J f - OJ. f 
dz2 1 dz 2 2 4 2 1 2 4 2 2 

=! _1 -m _1 +w. +-1 +w. __ 1 +m _1 +w. -OJ. =0:. 
[ 

m2 JF::2 ai OJ.2 JF::2 J 
4 1 4 2 4 2 2 1 4 2 2 (A.7) 



APPENDIXB 

FORTRAN CODE 

!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!! 
! Program calculates drawdown in the aquifer. 
! 
! dimensionless time and drawdown is saved into file fort.44 
implicit none 
!c********Parameter specified by users************* 
real* 8 time max 
integer ntime 
parameter(ntime=35) !Number of timesteps 
EXTERNAL El, bessiO, besskO, w_table, well_func, bessjO 
real*8 El, bessiO, besskO, w_table, well_func, bessjO 
real*8 dd 
real* 8 U, betta 
real*8 depth, radius 
real* 8 dim_ time, coef, coefl , part 1, sum, part2 
real* 8 pi, sigma 
real*8 n 
real*8 Cl,C2, CD, CB, sum_old, sum_very_old, eps 
real*8 ad,akd, al,ld 
real*8 dal, alstart, alend 
integer*4 i, j 
real*8 tstart, tend, delt,bs,fi 
real*8 sl(ntime),s2(ntime), albesdal 
!cccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccc 
!c Parameters for inverse Laplace transform !c 
!c !c 
!c !c 
!c********Parameters used for inverse Laplace transform********* !c 
integer max_lap, i_lap !c 
real* 8 abs_ epson, pai, time_ inv ! c 
parameter(max _lap=25,abs_ epson=l.Oe-6,pai=3.141592654) !c 

double precision inversion !c 
real*8 pO !c 
double complex p_i(max_lap),s_lap !Discretized Laplace parameters !c 
double complex lap_func(max_lap), fcom !Laplace transformed function !c 
real*8 time(ntime) !Inverse time !c 
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real*8 invert(ntime) !Inverted solutions !c 
!CCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCC 
data pi I 3.141592654d00 /, eps/0.0000000000000000ldOO/ 

!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!! 
! AQUIFER PARAMETERS SPECIFIED BY USER ! 

!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!! 
! geometrical data 
data dd/0.0dO/ 
data ld/0.2d00/ 
data radius/0.5d00/ 
data depth/0.8d00/ 
! hydrological parametes 
data ad/0. ldOO/ ! gardener parameter 
data akd/1.dOO/ ! akd=Kd=Kz/Kr 
data sigma/0.01/ !sigma= S/Sy ! 
!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!! 
bs = akd*radius*radius 
fi = sigma/ ad 
!Calculate s2(j) at the time time(j) 
!c********Estiamte time when inversion is needed************* 
!c Note:t(i) should be not more than 0.8*time max 
!c to obtain stable inverted solutions for a complicated 
! c simulation. 
!c Comment: solution is obtained for dimensionless 
!c laplace parameter and inversion should be done for interval 
!c [0,1] regardless of what ts (dimensionless time) is. 
!c time max= 1.2 
!c****************************************************** 
time inv = 1.dOO 
time max = l .2d00 
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!c dimensionless drawdown is estimated for the domensionless time interval (tstart, tend) 
tstart = 0 .1 dOO 
tend = 10000.dOO 
delt = (dlog(tend)-dlog(tstart))/ntime 
do i=l, ntime 
time(i) = dexp( dlog(tstart)+(i-1 )*delt) 
end do 
!c********Calcualte discretized Laplace parameters********** 
pO=-dlog(abs _ epson)/(1.6dO*time _ max) 
do i _ lap= 1,max _lap 
p _i(i_ lap )=dcmplx(pO,(i_lap-1 )*pai/(0.8dO*time _ max)) 
end do 



!c function s2 is calculated at the radius= radius 
!c hankel parameter al changes from alstart to alend 
alstart = O.dOO 
alend = 100.dOO 
!c dal is a grid size in numerical integral calculation 
dal = O.OldOO 
!c calculate number of intervals in integral calculation 
N = int((alend-alstart)/dal) 
!c calculate integral - inverse Hankel transform 
s2 = O.dOO 
al= 0.5dOO*dal 
do i = 1, N 
albesdal = al*bessjO(radius*al)*dal 
do j=l,ntime 
dim_time = timeG) 
do i_ lap= I ,max_ lap 
s_lap = p_i(i_lap) 
lap_func(i_lap) & 
= fcom( s _ lap,ad,al,dd,ld,depth,dim _ time,bs,fi) 
end do 
invertG)=inversion(lap _ func,time _inv,time _ max) !Inverted solution 
end do 
do j = 1, ntime 
s2G) = s2G) + invertG)*albesdal 
end do 
al= al+ dal 
end do 
!end of s2 calculation 
do j = 1, ntime 
dim_ time=timeG) 
! partl: Theis solution 
u = 0.25d00/dim time 
coefl = 2.dOO/( pi * (Id - dd)) 
partl =well_func(U,O.dOO) 
! part 2: hantush solution 
sum old= O.dOO 
sum_very_old = O.dOO 
sum= O.dOO 
n=l.dOO 
cl= pi*ld 
c2 = pi*dd 
cD = pi*(l .dOO-depth) 
cB = dsqrt( aKd)*radius*pi 
1 continue 
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betta = cB*n 
sum_ very_ old = sum_ old 
sum old=sum 
sum= sum+dcos(n*Cd)*( dsin(n*c 1 )-dsin(n*c2))*well_ func(U,betta)/n 
n=n+l.dOO 
if(dabs((sum-sum_very_old)/sum)>eps) goto 1 
part2 = coefl *sum 
slG) = partl + part2 ! End of calculating sl 
write(44,*) time(j), & !saves dimensionless time and 
slG)+s2G) !dimensionless drawdown s=sl +s2 into file "fort.44 

part 1, part2 
end do 
stop 
end 

function fcom(s,ad,al,dd,ld,z,ts,bs,fi) 
!c s2 - part of the solution in lap lace and hankel space 
implicit none 
complex*l6 fcom, s, mu,musq,zc,zl,z2,z4,ql,sl 
complex* 16 zsinh, zcosh, nu 
real* 8 ad,al,dd,ld,pi, ts,bs,z,fi 
pi= 3.141592654d00 
musq = al**2+s/(ts*bs) 
mu=cdsqrt( musq) 
nu= al**2+s/(ts*bs*fi) 
zc=0.5dOO*ad-cdsqrt(0.25dOO*ad*ad+nu) 
zl =mu*(l .OdO-ld) 
z2=mu*(l .Od0-dd) 
z4=musq*(ld-dd)*zsinh(mu) 
q1=2.d00/s 
sl =q 1 *(zsinh(zl)-zsinh(z2))/z4 
fcom=sl *zc*zcosh(mu*z)/(zc*zcosh(mu)-mu*zsinh(mu)) 
return 
end 

function zsinh(z) 
implicit complex*16 (a-h,o-z) 
tz=cdexp( z) 
zsinh=0.5dO*(tz-l .OdO/tz) 
return 
end 
!c 
function zcosh(z) 
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implicit complex*16 (a-h,o-z) 
tz=cdexp( z) 
zcosh=0.5dO*(tz+ 1.0dO/tz) 
return 
end 

FUNCTION well_ func(U,S) 
! function to calculate well function is 
! modified after W. Walton, Groundwater pumping tests. Design and Analysis, 
! Lewis Publishers, 1988. 
IMPLICIT NONE 
real*8:: u,s,ws, wu, A,B,C,L,V,H,N,M,F,wup,np, wn, wnp, well_func 
ws=O.dOO; wu=O.dOO; A=O.dOO;B=O.dOO;C=O.dOO;L=O.dOO 
V=O.dOO;H=O.dOO;N=O.dOO;M=O.dOO;F=O.dOO; wup=O.dOO; np=O.dOO 
wn=O.dOO; wnp=O.dOO; well_func=O.dOO 
1310 IF (U>5 .dOO) THEN 
WS=O.dOO; GOTO 1790 
END IF 
1320 IF (S>2.d00) GOTO 1690 
1330 IF (U>= l.dOO) GOTO 1360 
1340 WU=-DLOG(U)-0.5772156600000009d00+0.9999919300000017 dOO*U-
0.24991055dOO*U*U 
1350 WU=WU+0.0551997dOO*U**3-0.00976004dOO*U**4+0.00107857dOO*U**5; 
GOTO 1420 
1360 
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WU=U**4+8.573328740100025dOO*U**3+ 18.059016973d00*U**2+8.6347608924999 
99d00*U 
1370 WU=WU+0.2677737343d00 
1380 
WUP=U**4+9.573322345400009dOO*U**3+25.6329561486dOO*U**2+21.0996530827 
dOO*U 
1390 WUP=WUP+3.95849692280001d00 
1400 WU=WU/WUP 
1410 WU=WU/(U*DEXP(U)) 
1420 L=S/3.75d00 
1430 
V=1+3.5156229dOO*L**2+3.0899424dOO*L**4+1.2067492dOO*L**6+0.265973dOO*L* 
*8+0.0360768dOO*L ** 10 
1440 V=V+0.0045813d00*L**12 
1480 IF (S==O.dOO) THEN 
WS=WU;GOTO 1790 
end if 
1450 F=S/2.dOO 
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1460 H=-DLOG(F)*V-
0.5772156600000009d00+0.422784dOO*F**2+0.23069756dOO*F**4+0.0348859dOO*F* 
*6 
1470 H=H+0.00262698dOO*F**8+0.0001075dOO*F**10+0.0000074dOO*F**12 
1490 N=S**2/(4.dOO*U) 
1500 IF (N>5.d00) THEN 
WS=2.d00*H; GOTO 1790 
END IF 
1510 IF (U<=0.9d00) GOTO 1540 
1520 A=U+0.5858dOO;B=U+ 3.414dOO;C=S*S/4.dOO 
1530 WS=l .5637dOO*DEXP(-A-C/ A)/ A+4.54dOO*DEXP(-B-C/B)/B;GOTO 1790 
1540 IF (U<0.05d00) GOTO 1580 
1550 IF (U>S/2.dOO) GOTO 1570 
1560 C=-((1. 75dOO*U)**-.448)*S; WS=2.dOO*H-4.8dOO* 1 O.dOO**C; WS=DABS(WS); 
GOTO 1790 
1570 WS=WU-(S/(4.7dOO*U** .6))**2;GOTO 1790 
1580 IF (U>O.OldOO.AND.S<O.ldOO) GOTO 1570 
1590 IF (N<l.dOO) GOTO 1660 
1600 
WN=N**4+8.573328740100025d00*N**3+ 18.059016973d00*N**2+8.6347608924999 
99dOO*N 
1610 WN=WN+0.267773734300001d00 
1620 
WNP=N**4+9.573322345400009dOO*N**3+25.6329561486dOO*N**2+21.0996530827 
dOO*N 
1630 WNP=WNP+3.958496922800012d00 
1640 WN=WN/WNP 
1650 WN=WN/(N*DEXP(N)); GOTO 1680 
1660 WN=-DLOG(N)+0.9999919300000017 dOO*N-0.5772156600000009D00-
0.24991055DOO*N**2 
1670 WN=WN+0.0551997DOO*N**3-0.00976004DOO*N**4+0.00107857DOO*N**5 
1680 WS=2.dOO*H-WN*V;GOTO 1790 
1690 M=-((S-2.dOO*U)/(2.DOO*U** .5)) 
1700 IF (M<O.dOO) THEN 
M=DABS(M) 
NP=l .d00+0.0705230784DOO*M+0.0422820123DOO*M**2+0.009270527200000026DO 
O*M**3 
NP=NP+l .52014E-04*M**4+2.76567E-04*M**5+4.30638E-05*M**6 
IF (NP> 100) GOTO 1 
IF (N==l.d00/NP**l6) GOTO 1780 
1 N=O.dOO; GOTO 1780 
END IF 
1710 CONTINUE 
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1720 
NP=l .d00+0.0705230784dOO*M+0.0422820123dOO*M**2+0.009270527200000026DO 
O*M**3 
1730 NP=NP+ 1.52014E-04*M**4+2.76567E-04*M**5+4.30638E-05*M**6 
1740 IF (NP>lOO) GOTO 1760 
1750 N=l.d00/NP**16; GOTO 1770 
1760 N=O.dOO; goto 1770 
1770 WS=(3.141592654d00/(2.d00*S))**.5*EXP(-S)*N; GOTO 1790 
1780 WS=(3.141592654d00/(2.dOO*S))** .5*EXP(-S)*(2.d00-N) 
1 790 continue 
well func = WS 
return 
end 

FUNCTION BESSJO(X) 
implicit none 
real*8:: bessjO,x,ax,Z, XX 
! zero-order Bessel function of the first kind 
REAL* 8 Y ,P 1,P2,P3 ,P4,P5, Q 1, Q2, Q3, Q4, Q5 ,R 1,R2,R3 ,R4,R5 ,R6, & 
S 1,S2,S3,S4,S5,S6 
DATA Pl ,P2,P3,P4,P5/1.D0,-.1098628627D-2,.2734510407D-4, & 
-.2073370639D-5,.2093887211D-6/, Ql ,Q2,Q3,Q4,Q5/-.1562499995D-1, & 
.1430488765D-3,-.6911147651D-5,. 7621095161D-6,-.934945152D-7 I 
DATA Rl ,R2,R3,R4,R5,R6/57568490574.D0,-13362590354.D0,651619640. 7DO, & 
-11214424.18D0,77392.33017D0,-184.9052456DO/, & 
S 1,S2,S3,S4,S5,S6/57568490411.DO, 1029532985.DO, & 
9494680. 718D0,59272.64853D0,267.8532712DO, l .DO/ 
IF(DABS(X).LT.8.)THEN 
Y=X**2 
BESSJO=(Rl + Y*(R2+ Y*(R3+ Y*(R4+ Y*(R5+ Y*R6))))) & 
/(S 1 +Y*(S2+Y*(S3+Y*(S4+Y*(S5+Y*S6))))) 
ELSE 
AX=DABS(X) 
Z=8./AX 
Y=Z**2 
XX =AX-. 785398164 
BESSJ0=DSQRT(.636619772/AX)*(DCOS(XX)*(Pl+Y*(P2+Y*(P3+Y*(P4+Y & 
*P5))))-Z*DSIN(XX)*(Q 1 + Y*(Q2+ Y*(Q3+ Y*(Q4+ Y*Q5) ))) ) 
END IF 
RETURN 
END 
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!CCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCC 
!C This subroutine for inversion of Laplace transform is modified after D. Tartakovsky 
!C 
!C 
!C 
!C 
! CCCBeginning of the function - inversion()CCCCCCCCCCCCCCCCCCCCCCCCCCC 
double precision function inversion(conc_lap,time,max_time) 
implicit none 
integer max_lap,i 
parameter (max_lap=l5) 
real*8 pi, max_time, pO 
parameter (pi=3.141592654) 
real*8 time 
double complex record(max_lap), conc(max_lap),conc_lap(max_lap) 
common /transform/ cone 
double complex temp_time, AM, BM 
p0=8.634694/max _ time 
do i=l, max_lap 
cone( i )=cone_ lap( i) 
end do 
call coeff _ QD(record) 
temp_time=dcmplx(O.O, pi*time/0.8/max_time) 
temp_ time=exp( temp_ time) 
call ab( am,bm,record, temp_ time) 
if ( (am.eq.O).and.(bm.eq.O)) then 
inversion=O 
else if (bm.eq.O) then 
write(*,*)'ERRORS EXIST IN THE INVERSION CALCULATIONS' 
stop 'INVERSION ERROR' 
else 
inversion= exp(pO*time )/0. 8/max _ time*Dreal( AM/BM) 
end if 
return 
end 

subroutine coeff _ QD(record) 
implicit none 
integer max_ lap 
parameter (max_lap=15) 
double complex record(max _lap) 
integer count 
integer i, j, trafic 
common /trafic/trafic 



double complex epsilon(max_lap, 2), Term 
count=l 
do j=l,2 
do i=l,max_lap 
epsilon(i,j)=(0.0,0.0) 
end do 
end do 
record( count )=Term(O) 
do while ( count.It.max _lap) 
call add( count, epsilon) 
count=count+ 1 
record( count )=-epsilon( 1, 1) 
end do 
return 
end 

subroutine ab(am,bm,record,z) 
implicit none 
integer max _lap, i 
parameter (max_lap=15) 
double complex record(max _lap) 
double complex z, am, bm 
double complex temp_l(max_lap), temp_2(max_lap), h 
temp_ 1 ( 1 )=record( 1) 
temp_ 1 (2)=record( 1) 
temp_ 2(1 )=(1.0,0.0) 
temp_2(2)=1 +record(2)*z 
do i=3, max_lap 
if (i.lt.max_lap) then 
temp _l(i)=temp _ l(i-l)+record(i)*temp _ l(i-2)*z 
temp_ 2(i)=temp _ 2(i-1 )+record(i)*temp _ 2(i-2)*z 
else if (i.eq.max_lap) then 
h=0.5+0.5*z*( record(i-1) - record(i) ) 
h=-h*( 1 - sqrt(l +z*record(i)/h**2) ) 
temp_ 1 (i)=temp _ 1 (i-1 )+h*temp _ 1 (i-2)*z 
temp_ 2(i)=temp _ 2(i-1 )+h*temp _ 2(i-2)*z 
end if 
end do 
am=temp _ 1 (max_ lap) 
bm=temp _ 2(max _lap) 
return 
end 

subroutine add( count, epsilon) 
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implicit none 
integer max_ lap 
parameter (max_lap=15) 
double complex epsilon(max_lap, 2) 
integer count 
integer trafic, i, switch 
common /trafic/trafic 
double complex Term 
if (trafic.eq.1) then 
!c 
epsilon( count,2)=Term( count)/Term( count-1) 
switch=l 
do i=count-1,1,-1 
if (switch.gt.O) then 
epsilon(i,2)=epsilon(i+ 1, 1 )+epsilon(i+ 1,2)-epsilon(i, 1) 
else if (switch.lt.O) then 
epsilon(i,2)=epsilon(i+ 1, 1 )*epsilon(i+ 1,2)/epsilon(i, 1) 
end if 
switch=-switch 
end do 
do i=l, count 
epsilon(i, 1 )=epsilon(i,2) 
end do 
!c 
end if 
return 
end 

double complex function Term(l) 
implicit none 
integer max_ lap 
parameter (max_lap=15) 
double complex conc(max _lap) 
common /transform/ cone 
integer 1, trafic 
common /trafic/trafic 
if (l.eq.O) then 
Term= 0.5*Conc(l) 
else 
Term=Conc(l+ 1) 
end if 
if ( abs(Term).lt.exp(-50.0) ) then 
trafic=O 
else 
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trafic=l 
end if 
return 
end 
!C C 
!C C 
!C THE END OF THE SUB-PROGRAM: inversion() C 
!C C 
!CCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCC 
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