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ABSTRACT 

Analytical solutions of groundwater flow equations for relatively simple domains, 

consisting of one or at most a few geologic units having uniform hydraulic properties, 

have traditionally been used to analyze pumping tests. Attention has recently been 

shifting toward methods that characterize subsurface heterogeneities in greater detail 

using geostatistical and stochastic concepts. In this study, the natural logarithm Y = lnT of 

aquifer transmissivity Tis viewed as a statistically homogeneous, multi-variate Gaussian 

random field with an isotropic exponential spatial correlation function. Monte Carlo 

simulations are used to explore the manner in which drawdowns evolve during a 

pumping test and to help develop a graphical procedure of inferring the geometric mean 

transmissivity T c and spatial correlation (integral scale) A, as well as variance a; of log 

transmissivity from pumping test data. It does not appear possible to accomplish the latter 

on the basis oftime-drawdown data. However, a conjecture by Neuman eta!. [2004] that 

a quasi-steady state eventually develops in a randomly heterogeneous aquifer (in the 

mean and in individual random realizations) is shown to be valid. A graphical method 

developed by these authors for quasi-steady state is therefore applicable to late time 

drawdown data. The method yields accurate estimates of statistical log-transmissivity 

parameters for fields having either a Gaussian or an exponential spatial correlation 

function, significantly outperforming a time-drawdown method proposed for this purpose 

by Copty and Findikakis [2003]. 



Chapter 1. INTRODUCTION 

1.1 Modeling subsurface flow 
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Reliable predictions of groundwater flow and contaminant fluxes require accurate 

characterization of subsurface hydrogeologic features. Hydraulic conductivity, K, (or 

transmissivity, 1) and specific storage, Ss, (or storativity, S) are important parameters 

which govern the movement of water at various scales. Hydraulic conductivity [L/T] is 

proportional to the intrinsic permeability and specific gravity, and inversely proportional 

to the viscosity of water. Specific storage [ 1/L] is a parameter describing how well the 

aquifer stores and releases water and depends on porosity, the compressibility of the fluid 

and of the solid matrix, and the specific weight of the fluid. At the field scale, these two 

properties are most often determined from water flow induced by one or more pumping 

tests in an aquifer. The difference in piezometric head observed before the pumping starts 

and at different time intervals during the pumping is called drawdown; this is what one 

generally monitors during a test. Typically the parameters of interest in pumping tests are 

transmissivity, T, and storativity, S, which are hydraulic conductivity and specific storage 

times the saturated thickness of the aquifer, respectively (assuming that both K and Ss are 

uniform). Theis [1935] developed a solution for transient flow to a well of zero radius 

that fully penetrates a uniform, horizontally isotropic confined aquifer of infinite lateral 

extent and pumps at a constant rate. A common method of pumping test analysis is that 

of Cooper and Jacob [1946] which is based on a late-time approximation of the Theis 

solution and utilizes a straight line fit of late-time drawdown data plotted versus the 

logarithm of time. 
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It has been shown that hydraulic conductivities may vary erratically by orders of 

magnitude from one point in an aquifer to another (e.g. Clifton and Neuman, 1982; 

Dykaar and Kitanidis, 1993; Neuman and Di Federico, 2003). Storativity has also been 

shown to vary in space although to a much lesser extent (Dagan, 1982, 1989). The 

traditional method of pumping test analysis disregards spatial variability, yielding single 

"equivalent" values of transmissivity and storativity1
• The purpose of this thesis is to 

explore the manner in which random spatial variability in transmissivity affects 

drawdowns during a standard pumping test and to propose a way of inferring key 

geostatistical parameters of this variation from measured drawdowns. The tools 

employed are those of geostatistics and stochastic subsurface hydrology ( Gelhar, 1993; 

Dagan and Neuman, 1997). 

1.2 Stochastic subsurface hydrology 

To account for variability in hydraulic properties and quantify the uncertainty in 

hydrologic predictions stemming from imperfect knowledge of their spatial distribution, 

stochastic subsurface hydrology assumes that these properties are random functions of 

space and that the corresponding partial differential equations of subsurface flow and 

transport are stochastic. In view of the evidence that storativity is less spatially variable 

than transmissivity, many studies treat the former as a deterministic constant and the 

latter as a random space function (e.g. Tartakovsky and Neuman, 1998a and references 

therein). More specifically, (natural) log transmissivity Y(x) = lnT(x) is modeled as a 

multivariate, spatially correlated function of space that is an indexed collection of random 

1 Determinism implies lack of uncertainty about any aspect of the system .. 
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variables. The random variables are actual values or measurements of Y(x) at a given set 

of points x = Xi (i = 1,2, ... ,n), defined on the scale of a support volume ol, that are 

viewed as a random sample out of such a multivariate distribution. At each point in space 

Y(x) has a univariate distribution, the joint distribution of values at multiple points being 

multivariate. On the basis of numerous field studies, transmissivity and hydraulic 

conductivity are often modeled as if they had a univariate log-normal distribution (e.g. 

Hoeksema and Kitanidis, 1985; Dagan, 1989). This is often used to justify treating Y(x) 

as being multivariate Gaussian, though the latter does not follow from the former. Spatial 

correlation arises from the fact that geologic media are created in a manner which is not 

purely random but inter-related in space. The more closely points are located to one 

another the more likely are the corresponding Y values to be related, leading to a spatial 

structure represented by statistical correlation (and potentially higher statistical 

moments). It is common to assume (but not universally true, e.g. Guadagnini and 

Neuman, 1999a-b; Neuman and Di Federico, 2003) that the (spatial auto )-correlation 

between log transmissivities at a pair of points dies out with distance between these 

points. It is likewise common to treat log transmissivity as being second-order (weakly) 

stationary and isotropic implying that it's mean, my, and variance, cr~ , are the same at all 

points and its correlation structure is only a function of distance, not of location or 

direction within the aquifer. Since a multivariate Gaussian distribution is defined 

completely by its first two joint statistical moments (mean and variance-covariance), 

weak stationarity becomes equivalent to strict stationarity or statistical homogeneity (so 

2 This scale is small in comparison to the size of the domain but large enough so that Darcy's law is 
applicable. 
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that all joint distributions and statistical moments corresponding to a set of points depend 

merely on the geometric arrangement of these point, not on their actual locations). The 

same is assumed in this thesis. A common measure of spatial correlation is the integral 

scale Ay. , defined as the separation distance obtained upon equating the area under the 

correlation function to that of a rectangle of unit height and side equal to Ay. . 

Equivalently, the integral scale can be defined in terms of the covariance function C(r) as 

(1.1) 

As log transmissivity is random, there is an infinite set of equally likely Y(x) 

fields, each of which forms a realization and all of which form an ensemble. Since in 

reality there is only one aquifer (one realization), one cannot sample log transmissivity 

across an ensemble (which exists only in probability space) but only across a given 

aquifer (which exists in real space). To derive ensemble moments (such as mean and 

variance-covariance) from their spatial equivalents, one must invoke the hypothesis of 

ergodicity according to which ensemble and spatial moments are interchangeable. Since a 

Gaussian field is completely characterized by its first two ensemble moments (mean and 

variance-covariance), only ergodicity in these two moments is required of the log 

transmissivity Y(x). 

1.3 Pumping test analysis of randomly heterogeneous aquifers 

A recent development has been the use of geostatistical inversion to assess the 

spatial variability of parameters, such as permeability (or hydraulic conductivity) and 

porosity, on the basis of multiple cross-hole pressure interference tests. The approach 
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yields detailed "tomographic" estimates of how parameters vary in two- and three

dimensional space, as well as measures of corresponding estimation uncertainty. The 

approach, originally proposed by Neuman [1987], has been used to interpret three

dimensional cross-hole pneumatic interference test in unsaturated fractured tuff using a 

numerical inverse model by Vesselinov eta/. [2001a, 2001b]. 

As numerical inverse modeling is computationally demanding, we focus in this 

thesis on simple graphical methods to infer key statistical aquifer parameters from 

pumping test data. In particular the interest is in the statistical description of local log

transmissivity, which is a function that varies randomly over horizontal distances which 

are small compared to the characteristic spacing between observation and pumping wells. 

1.4 Previous studies on radial flow to a well in a randomly heterogeneous aquifer 

1.4.1 Apparent transmissivity 

Shvidler [1964] and Matheron [1967] conducted pioneering analytical studies of 

steady state radial flow to a well in a randomly heterogeneous aquifer with the objective 

of deriving an effective transmissivity for the aquifer in terms of suitably averaged flux 

and hydraulic gradient. Here effective hydraulic conductivity K eff is understood to be a 

constant tensor or scalar relating the expected values of specific discharge and head 

gradient according to a generalized form of Darcy's law, 

(q) =-Kerf V(h) (1.2) 

where ( ) denotes ensemble mean in the probability space of hydraulic conductivity. 

Shvidler and Matheron found that a single effective transmissivity could not be derived 

for convergent flow to a well; however an apparent conductivity, Ka, relating the 
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ensemble mean hydraulic gradient a (h)/ 8r in the radial direction r to the corresponding 

ensemble mean flux (qr) , via Ka = -(q)j(a(h)jar), could be defined as a function of 

radial distance from the pumping well. 

Dagan [ 1982] analyzed three dimensional flow to a well pumping at a constant 

rate in an unbounded aquifer subject to slow temporal variations in the mean head 

gradients. He modeled log-conductivity YK =InK as a statistically homogeneous and 

isotropic Gaussian random field having a small variance (less than unity) and an 

exponential covariance function. Dagan found the apparent conductivity depended on 

time (as well as on radial distance from the pumping well) but not on the deterministic 

storativity of the aquifer. At early times during the pumping test, the apparent 

conductivity is equal to the ensemble arithmetic mean, K A = ( K) = ( erK), and relaxes 

gradually with time to a value typical of steady-state. This temporal evolution was also 

verified for two dimensional convergent flow (Dagan, 1989). The spatial evolution of 

apparent transmissivity, Ta (defined equivalently to Ka) in two dimensional flow to a well 

pumping at a constant deterministic rate was found to be equal to the ensemble harmonic 

mean, TH = ( e -r ), in the immediate vicinity of the pumping well and to increase toward 

the ensemble geometric mean, T G, far from the pumping well. This finding was 

confirmed by numerous other studies (e.g. Desbarats, 1992; Neuman and Orr, 1993; 

Indelman and Abramovich, 1994; Sanchez-Vi/a, 1997; Riva eta!., 2001; Indelman, 2001 , 

2003). 
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Neuman and Orr [1993] generated high resolution Monte Carlo solutions of 

steady state two dimensional flow to a point sink in a stationary log normal K(x) field3 

with an isotropic exponential covariance in a bounded domain. These simulations 

confirmed Dagan 's [1989] finding that apparent conductivity Ka tends toward the 

harmonic mean, KH = ( e-rK), near the pumping well and increases towards the geometric 

mean, Kc, as radial distance from the pumping well increases. The simulations also 

showed that the rate at which the sample variance of the specific flux decreased with 

radial distance from the well was approximately proportional to I/ r 2 
• The same result 

was found analytically by Ntiff [1991] who used it to conclude that the best estimates of 

apparent conductivity would be obtained at some distance from the pumping well. 

Neuman and Orr [1993] observed that Ka approached the geometric mean conductivity 

Kc ( Ka / K0 ~ 1 ) at radial distances of two to three integral scales for (]"~ = 1 and at 

(normalized) radial distances r/ .Ay ~ 4 when(]"~ = 4. This is consistent with the first

order (in (7~ ) analytical results of Dagan [1989] that apparent conductivity would be 

equivalent to the ensemble geometric mean conductivity far from the pumping well for 

small (7~, thus extending the validity of Dagan's conclusions to relatively large (7~ 

values. 

lndelman and Abramovich [1994] derived expressions for apparent conductivity 

Ka close to and far from a pumping well under steady state mean radial flow in two- and 

three-dimensional unbounded domains characterized by statistically homogeneous and 

3 K(x) is used rather than T(x) based on the notation in the article 
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isotropic Gaussian random log-conductivity fields having exponential and Gaussian 

covariance functions. Results confirmed the spatial trend of limiting values (KH and Kc) 

for Ka proposed by Dagan [1989]. The study presented equations for different covariance 

functions for two and three dimensional flows which gave minimum distances from the 

pumping well, r; , such that at any radial distance greater than this, r > r; , the mean 

radial flow could be modeled as uniform in the mean (Indelman and Abramovich, 1994, 

p. 3391). 

Sanchez-Villa [1997] derived analytical expressions for the apparent 

transmissivity, Ta, under radially convergent two dimensional steady state flow to a well 

pumping at a constant rate in a bounded domain. The log-conductivity was modeled as a 

stationary multivariate Gaussian random space field. The author derived Ta as a function 

of distance to a pumping well of finite radius and for any type of isotropic, second order 

stationary correlation structure (although it was evaluated only for exponential and 

Gaussian covariances). The study also showed, analytically and numerically, that Ta is a 

monotonic increasing function of radial distance, r, from the pumping well which rises 

from the ensemble harmonic mean, T H, close to the well towards the ensemble geometric 

mean, T c, as the radial distance increases far from a boundary. This asymptotic value was 

reached at a radial distance of 1.5-2 integral scales for a Gaussian covariance and 3-5 

integral scales for the exponential model. The results of the study were tested by 

comparing the shape of the curves of apparent transmissivity versus normalized radial 

distance, r/ Ay , to those in Neuman and Orr [1993]. The results from these two studies 
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showed significant congruence at (J2=1 y except for short distances 

for Ka I K0 versus r I Ay . This congruence did not extend to fJ~ = 4 for Ka I K H versus r I Ay . 

The first analytic solution that formally considers the effect of domain boundaries 

on flow to a well in a randomly heterogeneous aquifer was that of Riva et al. [2001]. The 

authors considered log transmissivity Y = lnT to be a statistically homogeneous random 

field with an isotropic Gaussian correlation function. They prescribed a constant pumping 

rate, Q, at a zero-radius well deterministically and a constant hydraulic head at a circular 

outer boundary of radius L from the pumping well4
• The authors based their analysis on 

recursive nonlocal moment equations given by Guadagnini and Neuman [1999a] and 

develop a second-order (in cry) analytical solution for the expected values of vertically-

averaged steady state hydraulic head and flux, yielding also apparent transmissivity as a 

function of distance from the pumping well. Results of numerical Monte Carlo 

simulations were taken to represent "ground truth" against which the analytical solution 

was compared. The comparison showed that the solution was applicable at fJ~ at least as 

large as 4. Their analysis confirmed the same variation of Ta with radial distance from the 

well as proposed by Dagan [1989] and the observations of Neuman and Orr [1993] and 

Sanchez- Vila [ 1997] that Ta ITa = 1 at rIA ~ 2 . 

1.4.2 Cooper-Jacob method in relation to apparent transmissivity 

Meier et al. [1998] analyzed the validity of using the Cooper-Jacob method to 

determine aquifer properties from constant rate pumping tests in heterogeneous aquifers. 

4 This is unlike the study of Neuman and Orr (1993) which applied a Dirichlet boundary condition to a 
finite radius welL 
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Specifically, they reviewed a number of field studies in which the interpretation of large

time drawdown data from various observation wells within a given aquifer using the 

Cooper-Jacob method, has yielded a narrow range of transmissivity estimates and a 

relatively wide range of storativity estimates (Schad and Teutsch, 1994; Sanchez- Villa et 

a/., 1999). The authors conjectured that this might have been an artifact of applying the 

Cooper-Jacob method, developed for uniform aquifers, to the interpretation of pumping 

tests in heterogeneous aquifers. To test their conjecture the authors carried out a two part 

test. First they examined what impact spatial correlation and variance of log

transmissivity had on T and S estimates obtained with the Cooper-Jacob method. For this 

the authors applied the method to data from observation wells in both real and simulated 

aquifers. The second part of the test used numerical simulations to compare values of 

transmissivity estimated by the Cooper-Jacob method to apparent transmissivity 

calculated for parallel flow. The results from the real and simulated data showed that the 

Cooper-] acob method yielded a narrower range, i.e. less variation, of estimated 

transmissivity values, T est, than those of the estimated storativity values, S est· The results 

demonstrated that the T est values were all very close to the apparent transmissivity values 

for parallel flow based on the numerical results, even in non-multivariate Gaussian fields. 

According to the authors "this implies that the Cooper-Jacob method can be used for 

estimating effective T (i.e. Ta that is independent of position) values in many, if not most, 

formations" (Meier eta!. , 1998, p. 1011). They did however specify that this was 

constrained to late time data. They also found, similarly to Schad and Teutsch [1994] , 

that the S est values depended mainly on how well the heterogeneous areas surrounding 
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observation well(s) and the pumping well were connected (e.g. part of the same 

formation or not). The Cooper-Jacob method yielded high storativity estimates if the area 

surrounding the observation well had an appreciably different degree of heterogeneity 

than the area surrounding the pumping well and vice versa. In summary, their suite of 

numerical simulations has led to the following key results: (1) for a given test the 

estimated transmissivities derived from several observation wells coincide; (2) this value 

is equal to the equivalent parameter (independently evaluated) for all cases analyzed; and 

(3) the estimated storativity provides qualitative information about the degree of 

hydraulic connectivity between the pumping and observation well. 

Similar results were obtained in Butler [1990], Butler and Liu [1993] , Wu et al. 

[2005], and Tumlinson et al. [2006]. Assuming that storativity values estimated using the 

Cooper-Jacob method were an indication of the degree of interconnection of high 

hydraulic conductivity lenses between pumping and observation wells, the authors 

suggest that the range of S est values from single-hole pumping tests at different locations 

could be used to characterize natural heterogeneity near the pumping well. 

The first and third conclusions of Meier et al. [ 1998] have been corroborated by 

Sanchez- Vila et al. [1999] who provided a perturbation-based analytical random solution 

for convergent flow taking place within a single realization of a heterogeneous two

dimensional aquifer. 

The above studies lead us to the following observations: (1) the constant value 

which the estimated transmissivity values from different observation wells converge to is 

the geometric mean of point transmissivity values, T G, of a multi-log Gaussian field; (2) 
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the geometric mean of estimated storativity values can be adopted as an estimate of S 

assuming the latter is a deterministic constant. Sanchez- Vila et a!. [ 1999] caution that 

transmissivity estimates obtained using the Cooper-Jacob method are weighted averages 

of transmissivity values from the entire affected area, not representative values on the 

support scale of the well and should not be treated as such. 

1.5 Inference of local Y(x) spatial structure 

A few recent studies have examined the feasibility of inferring the spatial 

structure of the (geo )statistical parameters characterizing a randomly heterog-eneous 

aquifer from constant rate pumping test data. Most studies considered inferring from 

pumping test analysis some information about the mean ( Y) , variance a-; and integral 

scale A-y of log transmissivity. Neuman et a!. [2004] proposed a graphical method of 

interpreting quasi-steady state data, while Copty and Findikakis [2003, 2004] described 

two methods to interpret transient data, one graphical and the other based on numerical 

inverse analysis. The approaches are summarized briefly below. 

1.5.1 Quasi steady state flow: Neuman et al. [2004] 

Neuman et a!. [2004] based their analysis on numerical Monte Carlo (Neuman 

and Orr, 1993; Riva eta!., 2001) and analytical (Riva eta!., 2001) results corresponding 

to convergent steady state flow in a randomly heterogeneous aquifer. They conjectured 

that their analysis should also apply to quasi-steady state conditions of the kind expected 

to develop around a pumping well in such an aquifer as time progresses. More 

specifically, the Theis [1935] solution implies that under two-dimensional flow toward a 

well in an infinite uniform aquifer a steady state never develops. Instead in such an 
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aquifer a quasi-steady state region develops inside a circular region concentric with the 

well which increases radially with the square root of time. Within this quasi steady state 

region drawdown varies logarithmically with radial distance at a rate that does not 

depend on time. Hence, the drawdown cone maintains a steady logarithmic shape even as 

the drawdown continues to drop at a temporal rate proportional to the logarithm of time. 

Flow within this region is thus quasi- or pseudo-steady state. Inside the quasi-steady 

region an equation proposed by Thiem [ 1906] applies and can be used to infer the aquifer 

(uniform) transmissivity. Two important questions that this thesis attempts to answer are 

whether or not a quasi-steady flow regime is in fact established, as conjectured by 

Neuman et al. , when the aquifer is randomly heterogeneous, both in each random 

realization and in the sample mean. 

Neuman et al. [2004] considered two-dimensional mean steady flow in a 

randomly heterogeneous aquifer within a circular region with prescribed head boundary 

at radial distance R from a well of zero radius pumping at constant rate Q, expressed as 

Q = 2JrrTa (r )d (h(r )) jdr (1.3) 

Based on numerical and analytical investigations (Neuman and Orr, 1993; Riva eta/. , 

2001) the authors considered apparent transmissivity to behave differently at radial 

distance below and above two integral scales of (natural) log transmissivity. They 

represented this variation by an approximate formula that led them to the following 

expression for dimensionless ensemble mean drawdown expressed as 

W ( a,a-:) = [ H( a -1)2.303log10 a-H(l-a )F( a,a-;) J (1.4) 
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(1.5) 

(1.6) 

They used this formula to plot type curves describing the variation of dimensionless 

mean head and its standard deviation with dimensionless radial distance from the 

pumping well. These semi-empirical type curves compared very well with the results of 

high resolution Monte Carlo simulations of steady state flow to a constant rate pumping 

well in a multivariate Gaussian stationary random Y(x) field with an isotropic Gaussian 

variogram. Their graphical method of test interpretation utilizes these type curves in 

conjunction with quasi steady state head values measured at specific locations, 

hi= h(lf ,Bi ) (e.g. distinct radial and angular positions) within the domain. It allows 

inferring the geometric mean transmissivity, T G, from the slope of a straight line fitted to 

such data, h;, when plotted against r; on semilogarithmic paper as shown in Figure 1.1. 

The integral scale is obtained from the radial distance at which the head data start 

deviating from the straight line (shown by the dashed red line in Figure 1.1) as well as 

from a match between semilogarithmic plots of dimensionless head expressed as 

(1 .7) 

versus r; with corresponding type curves of dimensionless mean head versus 

dimensionless mean radius as shown in Figure 1.2. The variance is obtained upon 

examining the dispersion of single-realization drawdowns about their dimensionless 

ensemble equivalents ( drawdowns) expressed as 
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(1.8) 

versus the dimensionless radius 'i j2Ay within envelopes of ±2 standard deviations of 

dimensionless mean head about the mean as shown in Figure 1.3. The graphical method 

was tested using steady state data (Figures 1.1, 1.3) and transient data (Figure 1.2) 

generated by Monte Carlo simulations. During quasi steady state it is expected that the 

behavior of apparent transmissivity expressed as 

Ta (r,t) = (q(r,t))j( a(h(r,t))jar) (1.9) 

will be similar to Ta(r). If this is shown to be true, it is also expected that dimensionless 

type curves generated from the transient data would match those of the steady state. 

These comparisons are given in the results section. 

1.5.2 Transient flow: Copty and Findikakis [2003, 2004] 

Copty and Findikakis [2004] evaluated the impact of local scale heterogeneity of 

log-transmissivity, Y(x) = lnT(x), on drawdown caused by two dimensional transient flow 

to a pumping well in a confined aquifer. The purpose of the study was to determine 

whether drawdown data from a pumping test could be used to infer the local scale 

statistics of Y(x). They used the Monte Carlo method to simulate pumping tests in 

heterogeneous aquifers modeling log-transmissivity as a multivariate Gaussian stationary 

random field with an isotropic exponential variogram. The results focused on the 

difference between the drawdown rates of a heterogeneous aquifer versus that of an 

equivalent homogenous aquifer with transmissivity equal to the geometric mean of the 

former. A variable denoted as normalized drawdown rate, which is the drawdown rate at 
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an observation point of the heterogeneous aquifer divided by the drawdown rate of the 

equivalent homogeneous aquifer at the same location, was used to delineate the 

difference. The authors found that the integral scale impacted the time needed for the 

drawdown of the heterogeneous system to approach that of the equivalent homogeneous 

system. Variance of log-transmissivity influenced the drawdown rate at early time within 

or near the pumping well. The authors set up their approach to the problem based on what 

they had found from their Monte Carlo simulations. The method was investigated and the 

results of its application to data from this thesis will be presented in Chapter 5. 

In Copty and Findikakis [2003], the results of the previous study were used to 

create a three-step procedure to calculate the geometric mean, variance, and integral scale 

of local log-transmissivity. In their method the transmissivity and storativity are 

determined using the Cooper and Jacob [1946] straight-line method on semi logarithmic 

late-time drawdown data as demonstrated in Figure 1.4 with given log-transmissivity 

statistical parameters /l.y = 2 , CT; = 0.5. The integral scale is determined from the 

equation 

(1.1 0) 

where th is the time it takes for drawdown in a heterogeneous system to equal that of a 

homogeneous system and T est and S est are estimated transmissivity and storativity 

determined previously. Figure 1.5 depicts this procedure indicating th with a red line on 

the graph of normalized drawdown rate versus log time with given log-transmissivity 

statistical parameters Ay = 2 , CT; = 0.5 as well as T est = 0.986 and S est = 0.0098. The 
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variance is to be estimated by matching early-time drawdown data from the system with a 

graph generated in the study from Monte Carlo simulations depicted in Figure 1.6 after 

Copty and Findikakis (2003, Figure 2). There is also an alternative for calculating 

variance that uses a least squares fit with their sample mean drawdown data. As will be 

discussed subsequently, due to these papers' relevance to this thesis, the data generated in 

this study was used to replicate and analyze both of these studies. The results of the 

analyses will be presented in Chapter 5. 

The authors also proposed a Bayesian inverse procedure to estimate probability 

distribution functions of the integral scale and variance of Y(x) using drawdown data 

from one or more pumping tests (Copty and Findikakis, 2004). The method requires a 

large number of Monte Carlo simulations based on a wide range of statistical parameters, 

rendering it computationally intensive. As the focus of this thesis is on simple graphical 

methods of pumping test interpretation, we do not discuss this inverse method further. 

1.6 Thesis objective 

The objective of this thesis is to explore the manner in which drawdowns evolve 

during a pumping test in a heterogeneous aquifer and to come up with a simple graphical 

procedure of inferring corresponding aquifer parameters from pumping test data. One 

specific question is the extent to which a quasi-steady state develops in a randomly 

heterogeneous aquifer. The thesis investigates transient flow to a well in such an aquifer 

using numerical Monte Carlo simulations with sixteen sets of log-transmissivity variance 

and integral scale values. It then uses the results of these simulations to analyze spatial 

and temporal variations in drawdown and flux as well as those of their first two moments. 
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The same results are used to evaluate the applicability of graphical pumping test 

interpretation methods proposed by Neuman et al. [2004] and Copty and Findikakis 

[2003] to our synthetically generated data. 

1. 7 Scope of thesis 

In chapter 2, a mathematical description of the problem is given as well as a 

presentation of the methodology used in this thesis. Chapter 3 describes the results of the 

analyses of the behavior of the first two moments of drawdown and flux in sixteen 

randomly heterogeneous aquifers. Chapter 3 also presents the results of using transient 

data from this thesis to replicate some of the analyses presented in Neuman and Orr 

[1993] and Riva et al. [2001]. Chapter 4 presents the results of applying the graphical 

method proposed by Neuman et al. [2004] to data from transient flow within aquifers 

with varying degrees of heterogeneity. Chapter 5 presents our assessment of the method 

and findings of Copty and Findikakis [2003, 2004] on the basis of the data we produced. 

Chapter 5 will additionally present a comparison between the approaches and results of 

Neuman et al. [2004] and Copty and Findikakis [2003, 2004]. Chapter 6 will then present 

the conclusions and synthesis from this thesis as well as some added view and future 

perspectives. 
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Figure 1.1: Figure 3 from Neuman et al. [2004] illustrating inference of Ta from 
drawdown data observed while pumping 10 wells in a random aquifer realization from an 
ensemble with Ta = 1 m2/day, 2y =2m, a~ = 0.5 with dashed red line indicating where 

observed point deviates from linear behavior. 
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Figure 1.2: Dimensionless head versus log distance calculated from transient drawdown 
data in this thesis observed while pumping one well in a random aquifer realization from 
a sample with Ta = 1, .Ay = 2 , ai = 0.5 in arbitrary consistent units (blue dots) 

superimposed on type curves presented in Figure 1 (Neuman et al. ,2004) (black lines). 
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Figure 1.3: Figure 4 from Neuman et al. [2004] showing dimensionless drawdown versus 
log dimensionless distance from drawdown data observed while pumping 10 wells in a 

random aquifer realization from an ensemble with TG = 1 m2/day,A.y =2m, a~= 0.5, 

superimposed onto type curves Figure 1 Neuman et al. [2004]. The best fit onto dashed 
curves corresponding to a~= 0.5 are emphasized in bold. 
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Figure 1.4: Drawdown versus log time (at radius =1) to infer TG observed while pumping 
1 well in a random aquifer realization from an ensemble with TG = 1m2/day, 
A.y = 2 , a~ = 0.5 in arbitrary consistent units (i.e. Jacob-Cooper graph) using data from 

this thesis. 
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Figure 1.5: Normalized drawdown rate versus log time (for radius= 1) calculated from 
mean drawdown data in this thesis while pumping 1 well in a random aquifer realization 
from an ensemble with Tc = 1, S = 0.01 , A.y = 2 , a~ = 0.5 in arbitrary consistent units and 

an equivalent homogeneous aquifer with estimated T est = 0.986 and S est = 0.0098 (dashed 
red line indicates th). 
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Figure 1.6: Normalized drawdown rate versus log normalized time at pumping well used 
to infer variance. After Copty and Findikakis (2003, Figure 2). 
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Chapter 2. METHODOLOGY 

2.1 Quantitative analysis 

2.1.1 Transient groundwater flow equations 

This research examined the behavior of two dimensional transient flow in a 

confined heterogeneous aquifer with a fully penetrating well of zero radius discharging at 

a constant rate, Q. Since we are considering convergent flow to a well (radial in the 

mean), polar coordinates r = (r, B) were used. Here, r is radial distance from the well and 

B is horizontal angle measured relative to an arbitrary radius. With the origin of the 

polar coordinate system set at the center of the pumping well, Darcy' s law and the 

continuity equation are 

q(r, t) = - T(r)Y'h(r, t) (2 .1) 

s oh(r, t) = -Y' ·q(r,t)-.JL5(r) 
at 2JTr 

(2.2) 

subject to the initial condition 

h(r,t = 0) = H 0 
(2.3) 

and boundary condition 

h(r ~ oo, t) = H 0 (2.4) 

where S is storativity, h is vertically averaged hydraulic head, H0 is a constant head 

prescribed on an outer circle at infinite distance from the pumping well, Y' is the gradient 

operator, T(r) is transmissivity, and 5 is the Dirac delta function, with all dimensions 

defined in arbitrary consistent units. Storativity was treated as a deterministic constant as 



44 

was done in similar studies5 and assigned a value of 0.01 (Copty and Findikakis, 2003 , 

2004). 

The log-transmissivity, Y(r) = lnT(r), was modeled as a stationary multivariate 

Gaussian random field with an isotropic exponential variogram defined by 

(2.5) 

where rs is the separation distance, ()~ is the variance of log-transmissivity and A.y is its 

integral scale. 

2.1.2 Dimensionless quantities 

Dimensionless quantities are utilized because they allow for generalization, 

simplification and comparison of the results with those of other related studies. In 

particular we define the following dimensionless quantities: 

D. . 1 d d Ho-h(r,t) 
1mens1on ess raw own: s d = (_SLJ 

4rcTG 

2 

Dimensionless variance of drawdown: () 2 
- ()s 

,, -[ 43Ti] 
where ()~ is the sample variance of drawdown 

D. . 1 . TGt 1mens1on ess time: td = -
2 Sr 

Integral dimensionless time: t* = Tc~ 
SA; 

Dimensionless radial distance: _!_ 
Ay 

(2.6) 

(2.7) 

(2.8) 

(2.9) 

(2.1 0) 

5 Storativity has less significant spatial variability on the flow behavior (Dagan, 1982; Oliver, 1993). 
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The definitions of dimensionless drawdown and variance presented here are the ones 

most commonly used in subsurface stochastic hydrology (lndelman et al. , 1996, Sanchez 

et al. , 1999, Riva et al. , 2001 , Copty and Findikakis, 2003, 2004). 

2.2 Monte Carlo simulations (MCS) 

2.2.1 General Monte Carlo method description 

The most common numerical analysis employed in stochastic hydrology is the 

Monte Carlo method, which is a statistical evaluation of samples from either a given uni

or multi-variate probability distribution function (in this case the latter). There are three 

parts to implementing the method. The first part is to generate equally likely random 

realizations of the random parameter field with given distribution(s) and statistical 

parameters. The second part is to solve the partial differential equations describing the 

flow problem on a computational grid for each realization using a standard numerical 

method. The third part is to calculate sample statistics from all the realizations, the most 

important being the mean and (co )variance. Since each realization and thus solution is 

equally likely, the best unbiased prediction of a state variable (e.g. , hydraulic head) is its 

sample mean. The variance can be viewed as a measure of the related uncertainty. Since 

these statistics are calculated from a finite number of simulations they are referred to as 

sample statistics as opposed to ensemble statistics which would only apply to the 

theoretical moments from an infinite number of simulations. 

The Monte Carlo method is often the most straightforward method for solving 

stochastic equations and typically the most computationally demanding (although not 

always). A large number of realizations are needed to reduce the sampling error and 
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small grid spacing is required to adequately capture the behavior of the solution (i.e. 

preserve the statistical properties of the random input field and random output estimates). 

The refinement of grid size increases in importance as Y( r) variance increases and the 

integral scale decreases (Ye , 2001). The problem of grid size can be seen on two levels: 

(1) accurate reproduction of the statistics of the parameters; and (2) accurate solution of 

the flow equation within each single realization of the ensemble. 

Even with a large number of simulations, convergence is not guaranteed. The 

convergence rate of sample statistic mean to ensemble mean (i.e. accuracy of the 

estimates) is proportional to I/ .JN where N is the number of realizations, which means to 

reduce the error by a factor of 10 for 1000 realizations (which is typical) 100,000 

realizations would be needed (Kitanidis in Dagan and Neuman, 1997; Ye , 2001). A 

complete assessment of the convergence of numerical Monte Carlo simulations including 

an analysis regarding the variance of head can be found in Ballio and Guadagnini [2004]. 

The graph of sample statistic mean and variance at a given location and time versus the 

number of Monte Carlo simulations is often used in practice as a qualitative check of 

convergence. 

2.2.2 Numerical grid 

Figure 2.1 shows the grid employed in this study, a square finite difference grid of 

501 x 501 length units with cell spacing of 0.2 length units along both the x and y 

directions (square cells) throughout the grid. The total grid length was chosen so as to 

place boundaries far enough to minimize their impact on computed drawdowns around 

the pumping well. This was tested using a Theis curve comparison and determining the 
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location in contour plots where the heads had concentric square, rather than circular, 

contours indicating the effect of the boundaries. The cell spacing was chosen to include at 

least five cells per unit integral scale6
. The well pumped at a constant rate of Q = 100 

volume units per time and was located at the center of the grid at coordinates 7 x = 50. 1, y 

= 50.1. The pumping well coincided with the center node of the grid. Dirichlet boundary 

conditions were imposed along all four sides of the grid by assigning the same constant 

head value as the initial head at every boundary cell, which was H0 = 100 length units. 

50.1 

501 

..__ ___ __..,. 501 

Figure 2.1: Schematic representation showing only every other line of actual grid labeled 
with actual dimensions used showing pumping well at center (blue square) surrounded by 
Dirichlet (i.e. constant head) boundaries (blue lines). 

6 This was also the criterion used in Neuman et al. [2004] and Riva et al. [2001], information and figures 
from which were compared with those established in this thesis. 
7 Although the equation is given in terms of polar coordinates, the numerical grid was set up with Cartesian 
coordinates, due procedure employed in the synthetic generation of the log-transmissivity fields. 
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2.2.3 Input Y -fields 

The realizations were generated using FIELDGEN, a program written by Dr. John 

Doherty8
, which is based on the sequential Gaussian simulator SGSIM by Deutsch and 

Journel [1998]. The program was used to generate unconditional realizations, meaning 

there were no given transmissivity data at specific locations that had to be honored and 

used as a basis in creating the synthetic fields. In other words the pdf of each generated 

value was the same and furthermore since treated as isotropic multivariate Gaussian, their 

auto-covariances depended only on distance and not on location or direction. This is in 

contrast to a conditional realization where (ensemble) moments would vary from point to 

point, hence so would the pdf (and the pdf at a given point is then conditional on the 

given set of measurements). Each log-transmissivity field was assigned a mean of zero, 

i.e ., <Y> = 0 (corresponding to Tc = 1). There were 16 different sets of statistical 

parameters for Y(x) (e.g. sets of multiple realizations with the same statistical parameters) 

analyzed with a range of variances 0.5:::; CJ"~ :::; 2 (in increments of 0.5) and a range of 

integral scales 1 :::; A.y :::; 4 (in increments of 1 ). These ranges of values were chosen 

because they were used in previous studies so comparisons could be made. The number 

of different sets of statistical parameters for Y(x) investigated was limited because each 

set9 ".-_henceforth referred to as a case, involved a large number of realizations and thus 

was very expensive computationally. 

8 Dr. John Doherty is with Watermark Numerical Computing whose help was invaluable. 
9 Each field corresponds to a single variance and integral scale from the indicated ranges. 
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2.2.4 Running MC simulations 

The finite difference code MODFLOW 2000 (McDonald and Harbaugh , 1988) 

was used to solve the groundwater flow equations (2.1) - (2.4) for each realization. It is 

the most commonly used program in hydrology, both in industry and in academia. A 

program that could run multiple Monte Carlo simulations with MODFLOW 2000 

(McDonald and Harbaugh, 1988) for transient flow using fields generated by an external 

program was not available. After assistance from Dr. Alberto Guadagnini and Dr. Monica 

Riva, both from the Dipartimento di Ingegneria ldraulica, Ambientale, Infrastrutture 

Viarie e Rilevamento, Politecnico di Milano, Milan, Italy, a JAVA program was written 

by Mr. David Harris to do this. As this custom program assumed the existence of the 

input files required to run MODFLOW 2000 (McDonald and Harbaugh, 1988), the files 

either had to be created manually from scratch or generated automatically using a 

commercial graphical interface. The latter was done using Groundwater Vistas Version 4, 

which was generously provided by Jim Rumbaugh. There was a positive correlation 

between the heterogeneity of the aquifer (i.e. the statistical parameters of the log-

transmissivity field) , particularly the value of CT~ , and the number of Monte Carlo 

simulations needed to ensure convergence. Convergence of the sample mean was 

considered to have occurred when the values at the last five increments (in 25) of Monte 

Carlo simulations at one node located at a radial distance of one consistent length unit 

(i.e. five cells) from the pumping well were all within 2-3 significant digits after the 

decimal (for cases with CT~ = 0.5, 1 and 1 ~ Ay ~ 4) and all within 0-1 significant digits 

after the decimal (for cases with CT~ = 1.5, 2 and 1 ~ Ay ~ 4 ). Convergence of the sample 
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variance was considered to have occurred when the values (at the same location and 

increments) were within n-2 significant digits, where n is the total number of significant 

digits of the variance value at the first of the five increments (i.e. if this value was 1000, 

the values at the remaining four increments had to be within 1 001 and 1 099, if this value 

was 100, the values at the remaining four increments 101 to 109, etc) applied to all the 

cases. This generally resulted in a different number of Monte Carlo runs for different 

cases, as seen in Table 2.1 , which lists the total number of simulations run in this thesis 

based on the above convergence criteria. 

a 2 Ay Total # of a 2 Ay Total # of 2 Ay Total # of 2 Ay Total # of 
y 

MonteCarlo 
y 

MonteCarlo 
a y 

MonteCarlo 
CYy 

MonteCarlo 
Simulations Simulations Simulations Simulations 

0.5 I 1500 0.5 2 1500 0.5 3 1500 0.5 4 1900 
l.O I 2600 1.0 2 2800 1.0 3 2900 1.0 4 3000 
1.5 1 2800 1.5 2 3000 1.5 3 3100 1.5 4 3200 
2.0 1 3000 2.0 2 3200 2.0 3 3300 2.0 4 3400 

Table 2.1: Total number of Monte Carlo simulations for each heterogeneous aquifer 

Each individual realization took about 3 minutes to complete on a Pentium 4, 2.00 GHz 

processor, 1.0 GB RAM computer. The 42,700 total Monte Carlo simulations would have 

taken about 3 months to complete had they been done continuously. The values of ST;otat , 

total simulation time, and number of observation times during the pumping test were 

determined based on a calibration in which the drawdown in a homogeneous aquifer was 

obtained that matched the Theis [1935] curve at a distance halfway between the pumping 

well and the boundary (i.e. r = 25) at late time and the match spanned at least three log-

cycles. This radial distance was utilized because it enclosed the portion of the domain 

most affected by the heterogeneity of local log-transmissivity (that this thesis focuses on). 

From this calibration, it was determined that the total simulation time needed was 1 00 
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consistent time units with 50 observation times during this period. Each observation point 

within the drawdown time-series during the simulation of the pumping test corresponds 

to a specific timestep. MODFLOW 2000 (McDonald and Harbaugh , 1988) sets each 

time step to the product of the previous time step and a fixed multiplier. The multiplier is 

determined based on the total simulation time and total number of observation times 

during this period, which was 1.49 in our case. The first time step is calculated from the 

equation 11t1 = SI;otal ( mult -l/ mult Nrs -1) where SI;otat is the total simulation time, mult 

is the multiplier and NTS is the total number of time steps. In this thesis 11t1 = 1.07-7
• 

2.2.5 Convergence of MCS 

Graphs of the first two moments of head versus number of Monte Carlo 

simulations were employed to verify qualitative convergence and illustrate the 

quantitative convergence criterion mentioned previously in section 2.2.4. Figures 2.2 and 

2.3 show such graphs for r = 0.2 and 12.5, respectively, withCJ~ = 2, A-y = 1,2,3, 4. In all 

cases considered in this study convergence was achieved within 100 (±50) Monte Carlo 

runs of the total number presented in Table 2.1. This number did not appreciably differ 

with the various statistical parameters of log-transmissivity due to the different number of 

runs for each case that accounted for the effect of these parameters. 

The graphs presented are for late time during the simulation, specifically t = 

13.62, the significance of which will be discussed in Chapter 3. The reason that only one 

time during the simulation is presented is that the relative increase and decrease in values 

of sample statistic mean and variance within each case throughout the duration of the 
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simulation change at the same rate. Figures 2.4 and 2.5 show the former graphs at t = 

0.25 and demonstrate the consequence of the latter by showing that the patterns of 

convergence remain basically constant at any observation time. 
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Figure 2.2: (a) Sample mean and (b) sample variance at r = 0.2 and t = 13.6 versus 

number of Monte Carlo simulations (NMC) for a~ = 2 and A-y = 1, 2, 3, 4 . 
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Figure 2.3: (a) Sample mean and (b) sample variance at r = 12.5 and t = 13.6 versus 

number of Monte Carlo simulations (NMC) for a; = 2 and A.y = 1, 2, 3, 4 . 
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Figure 2.4: (a) Sample mean and (b) sample variance at r = 0.2 and t = 0.25 versus 
number of Monte Carlo simulations (NMC) fora;= 2 and ..1y = 1,2,3,4. 
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Chapter 3. TRANSIENT DRA WDOWN IN A HETEROGENEOUS AQUIFER 

3.1 Simulated head measurements 

As discussed in Chapter 2, the inputs (i.e. aquifer parameters) in each Monte 

Carlo realization were a log-transmissivity field generated with known To, variance and 

integral scale and a constant storativity. Figure 3.1 presents a single transmissivity field 

from a sample of given statistics T 0 = 1, <T~ = 2, A-y = 4 showing all transmissivity values 

in the top plot and without extreme outliers (i.e. T(x) > 5) in the bottom plot as the former 

masked the true heterogeneity of the field. The full grid domain is shown to the left and 

to the right is a close up of 32 ~ x,y ~ 68, i.e. a radial distance from the pumping well of 

twelve consistent length units. Contour plots of the corresponding heads are shown for 

middle and late times during the pumping test duration corresponding tot= 1.85 in figure 

3.2(a) and t = 13.62 in figure 3.2(b). Head measurements taken from observation wells 

located along radii to the right of the pumping well, marked black in figure 3.3(a), will be 

referred to as single-row data. Head measurements averaged from four observation wells 

at the same radial distance, each indicated in red (the single average value represented by 

a red circle connecting the four observation wells) in figure 3.3(b), will be referred to as 

four-point average data. Averaging data over four radii is of interest because heads at a 

given radial distance vary randomly while being strongly auto-correlated: head contours 

in any realization tend to be quasi concentric around the pumping well as shown in figure 

3.2 and figure 5 in Neuman and Orr [1993]. The insignificance in angular position of the 

observation well is evident in figure 3.3(c) which shows the small difference in a cross

section of single row and four-point average head values from figure 3.2(b ). This is due 

- ---------------------------------------------



to the fact that this study did not consider statistical anisotropy in the log-transmissivity 

fields. 
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An example of the three types of "measurements" analyzed in this thesis, single

row and four-point average from an individual realization (analogous to data from a real 

aquifer) and sample mean values, are given in cross-sections using the head values from 

figure 3.2(b) in figures 3.4 and 3.5. Figure 3.4 illustrates that the difference between 

heads from a single realization and mean heads diminishes with increasing radial distance 

from the pumping well. This is seen in the cross-section for observation wells to the right 

of pumping well (figure 3.4a) and for the entire drawdown cone through the pumping 

well (figure 3.4b), both at t = 13.62. The cross-sections of head (blue solid), flux (black 

dotted), and head gradient (pink dot dashed) versus radial distance using values from a 

single row (figure 3.5a), a four-point average (figure 3.5b) and the sample mean (figure 

3 .5c) shows the increased smoothing effect of averaging in an individual realization and 

in the sample mean. 

3.2 Filtering out boundary effects 

This chapter explores numerically transient flow to a well in a randomly 

heterogeneous aquifer and its dependence on the mean, variance and integral scale of log

transmissivity Y(x) as well as radial distance from the pumping well and time. Results are 

presented for 16 combinations of the parameters O"~ = 0.5, 1, 1.5, 2 and A-y = 1, 2, 3, 4 , 

referred to as cases. Simulation times are normalized by a "boundary time", tb , defined as 

the time prior to which there are no discernible boundary effects on drawdown across the 

domain. The onset of boundary effects is clearly seen on log-log plots of the derivative of 
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mean ( d (sd ) I d In(td) Figure 3.6) and random ( dsd I dIn (td) from one realization, Figure 

3. 7) dimensionless drawdown sd with respect to (natural) log dimensionless time td. 

During the initial transient flow regime the derivative is seen to increase, then to flatten 

due to the establishment of a quasi-steady state regime throughout which drawdown 

(mean or random) increases linearly with the log of time (as seen in Figures 3.8 - 3.9, 

discussed later) and would continue doing so if the aquifer was laterally infinite. The 

presence of a deterministic constant head boundary causes the rate of increase in (mean 

or random) drawdown to diminish, bringing about a sharp decline in the derivative. 

Figure 3.6 indicates that the dimensionless time td at which this decline (i.e. , the 

boundary effect) becomes first discernible on log-log plots of mean drawdown derivative 

versus td is independent of log transmissivity variance and integral scale. Figure 3.7 

shows that the dimensionless time at which the same decline becomes first discernible on 

log-log plots of random drawdown derivative versus td varies slightly with these 

parameters but in a way that we find difficult to generalize. 

Considering that td = tTc I Sr 2 where in our case Tc = 1 and S = 0.01 , we find by 

inspection of Figures 3.6 - 3. 7 that the boundary times associated with mean behavior are 

tb = 6.0 at r = 2, tb = 8.6 at r = 24, 9.2 at r = 48, and those associated with random 

behavior are tb = 6.0 at r = 2, tb = 8.6 at r = 24, tb = 6.9 - 9.2 at r = 48. In both cases 

t6 appears to increase slightly with radial distance from the pumping well. Upon plotting 

mean drawdown versus time on semi-logarithmic scale (Figure 3.8), we find by 

inspection that tb = 10 at r = 2 and tb = 15 at r ~ 24; a similar plot of random drawdown 
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versus time (Figure 3 .9) suggests that tb = I 0 - 15 at r = 2 and tb = 15 - 20 at r ~ 24. 

These values are obtained upon noting that during the quasi-steady state flow regime, 

both the mean and random drawdowns increase linearly with log time and would 

continue doing so if the aquifer was laterally infinite. The presence of a constant head 

boundary causes the rate of increase to diminish rapidly toward zero, bringing about a 

flattening of these curves. Based upon the above findings we set tb = 13.62 , a value 

closest to 15 that corresponds to a computational time step in our numerical Monte Carlo 

analyses. All subsequent analyses relate to times not exceeding 13.62. 

Figures 3.6- 3.9 indicate that at tb the entire flow domain is under a quasi-steady 

state flow regime. This means that the cone of depression is declining at a uniform 

logarithmic rate across the domain, the shape of this cone remaining fixed. This is evident 

in figures 3.10 and 3.11 as the logarithmic straight lines through heads versus radial 

distances have nearly the same slope at tjtb = 0.06 and tjtb = 1. These figures show 

m=36.68 and 41.12 (where m is the slope) at tjtb = 0.06 for the heads within log(r) = 1 

and 1. 7 (corresponding to r = 10 and 50 arbitrary consistent length units) for 

CT; = 0.5, A-y = 4 (single-row); and m= 38.79 and 38.81 for the heads also within log(r) = 1 

and 1.7 for CT; = 2, A-y = 4 (four-point average). In other words, for both cases the radius 

within which the observed heads maintained a steady logarithmic shape increased 40 

arbitrary consistent length units (L) in 12.78 arbitrary consistent time units (t) 

corresponding to a rate of 3 (L/t) where the square root of the time is 3.6, which follows 

nearly exactly the definition of quasi steady state flow. 
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The boundary slows down this rate of decline without changing the shape of the 

cone, implying that the slowdown (boundary effect) occurs (and becomes discernible) 

almost simultaneously across the entire domain. As has been implied in the Introduction 

and will be demonstrated numerically below, the quasi-steady state (mean and actual) 

drawdown evolution is characterized by an effective transmissivity T0 and an effective 

hydraulic diffusivity a0 = T0 IS . Dimensionless drawdown is controlled by the Theis 

equation, which is a unique function of dimensionless time td = ta0 I r
2

. Let the boundary 

be a radial distance R from the pumping well. Consider a given dimensionless drawdown 

signal, associated with a given value of dimensionless time that in an infinite aquifer 

would have traveled the distance R in time tb . Then the propagation rate of this signal at 

R would have been ~a0 I tdtb where td is fixed. It follows that tb would vary in direct 

proportion to a0 = T0 IS . 

3.3 Temporal and spatial variations of drawdown and its moments 

3.3.1 Temporal variation of mean dimensionless draw down 

Figure 3.12 shows log-log plots of mean dimensionless drawdown (sd) versus 

dimensionless time td superimposed on the Theis curve at radial distances of 

r = 0.2, 1, 2 and 4 , respectively. At r = 0.2, all four mean dimensionless drawdown curves 

deviate from the Theis curve at all td. As r increases, these deviations generally diminish 

except for a growing tendency of the curves to flatten at late dimensionless time due to 

the external boundary effect. The considerable early-time deviation from the Theis curve 

at r = 0.2 is a computational artifact resulting from inadequate numerical grid resolution 
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near the pumping well, a fact established by noting that it persists even as the variance of 

log transmissivity drops to zero (Figure 3.13). We therefore focus in our subsequent 

analysis on points at some distance from the pumping well. 

Figure 3.14 and 3.15 demonstrate that log-log plots of mean dimensionless 

drawdown versus dimensionless time at r = 1 are affected only to a minor degree by 

changes in the variance and integral scale of log transmissivity within the ranges 

CT~ = 0.5, 1, 1.5 and 2 and A.y = 1, 2 , 3 and 4. Within this range of parameter values, 

changes in the variance affect the curves to a greater extent than changes in the integral 

scale. 

3.3.2 Temporal variation of random dimensionless draw down 

Figure 3.16 depicts log-log plots of dimensionless drawdown versus 

dimensionless time from a single random realization for A.y = 1, CT~ = 0.5, 1, 1.5 and 2 at a 

single location (left) and averaged over four angular locations (right) at r = 0.2 , 1, 2 and 

4. The Theis curve (pink dashed) is included for reference. The figure shows small 

differences between random heads along a single location and those averaged over four 

radii. These differences, as well as those between the random curves and the Theis curve, 

decrease with increasing radial distance from the pumping well and with decreasing 

variance of log transmissivity. Thus, averaging over four locations does not seem to 

reduce these differences. 

Figures 3.17 - 3.18 depict log-log plots of random dimensionless drawdown 

versus dimensionless time from a single realization at a single location (left) and 

averaged over four angular locations (right) at r = 1 for a range of log transmissivity 
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variances and integral scales. Increasing the integral scale is seen to cause random time

drawdown curves, corresponding to different log transmissivity variances, to exhibit 

progressively larger spreads (Figure 3 .17). The same happens upon increasing the 

variance corresponding to different log transmissivity integral scales (Figure 3.18). Once 

again, averaging over four locations does not seem to reduce this spread. 

Figure 3.19 shows log-log (left) and semi-log (right) plots of ( sd) versus td (red 

dotted) and sd versus td (colored lines) from two random realizations at r = 0.6 for 

O"~ = 0.5, A.y = 1 (top) and O"~ = 1.5, A.y = 4 (bottom). Figure 3.20 shows similar plots at r = 

1, and Figure 3.21 does so at r = 5. Whereas the log-plots accentuate differences between 

the curves at early dimensionless time, the semi-log plot accentuates such differences at 

late dimensionless time. These curves provide the reader with some sense of the extent to 

which random time-drawdown curves may deviate from their mean counterparts. 

3.3.3 Spatial variations of mean and random dimensionless draw downs 

Figure 3.22 shows how mean dimensionless drawdown varies with log 

dimensionless radial distance r I A.y at t/tb = 0.02 (left) and tjtb = 1 (right) for various 

values of log transmissivity variance and integral scale. At tjtb = 0.02 (early transient 

regime), curves corresponding to various variance values coalesce at r I A.y ~ 1.0 when 

.Ay = 1 and at r I A.y ~ 0.5 when A.y = 4. However, at tjtb = 1 (start of quasi-steady state) 

the curves coalesce at r I A.y ~ 2.0 for all .Ay values. The latter is in line with steady state 

behavior noted by Neuman and Orr [1993] , lndelman and Abramovich [1994], Sanchez

Villa [1997] and Riva et al. [2001]. Similar behavior, more or less, is observed on 
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corresponding curves of random dimensionless drawdown from a single realization 

versus log dimensionless radial distance in Figure 3.23 . 

3.3.4 Temporal variation of dimensionless variance of drawdown 

Figure 3.24 depicts semilog plots of dimensionless variance of drawdown, 

a-~, =a-;/[ Q/ 4;r2Td J, versus dimensionless time for a-; = 0.5, 1, 1.5 and 2 with A-y = 1 

(left) and A-y = 4 (right) at radial distances r = 0.6, 2 and 4. As expected, the 

dimensionless variance of drawdown increases systematically with a-; and with 

proximity to the pumping well. The dimensionless time also increases sharply with log

transmissivity integral scale, by as much as nearly two orders of magnitude as the latter 

increases from 1 to 4. At late time the dimensionless variance stabilizes due to the 

influence of the external boundary. 

3.3.5 Spatial variations in dimensionless variance of draw down 

Figure 3.25 shows how log dimensionless vanance of drawdown, 

a-.;d =a-;/[ Q/ 4;r2Td J, varies with dimensionless distancer/ Ay at t/tb = 1 for various 

values log transmissivity variance and integral scale. The behavior is qualitatively similar 

to that obtained by Riva el. al [2001] under steady state (Figure 3.26). In both cases the 

dimensionless variance of head first decreases sharply with dimensionless distance from 

the pumping well, then stabilizes and eventually decreases sharply to zero as one 

approaches the external Dirichlet boundary. Our results show a more consistent increase 

in dimensionless head variance with log transmissivity variance and integral scale than do 

those of Riva et al. 



3.4 Spatial and temporal variations in moments of radial flux 

3.4.1 Spatial and temporal variations of mean radial flux 
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Figure 3.27 depicts log-log plots of mean radial flux (q) versus dimensionless 

radial distance at t/tb = 0.14 (left) and 1 (right) for various log transmissivity variances 

and integral scales. At t / tb = 1 the slopes of the curves at all but very small dimensionless 

radii are close to -1, indicating that the mean flux is inversely proportional to radial 

distance and the system has reached quasi-steady state. We attribute deviations from this 

behavior at small dimensionless radii to reduced numerical accuracy of our 

computational scheme near the pumping well. 

The curves in Figure 3.27 are not entirely smooth and do not always vary 

systematically with the statistical parameters of log transmissivity. On the other hand, 

similar curves of mean head gradients in Figure 3.28 are smooth and very systematically 

with these statistical parameters. We therefore attribute the more erratic behavior of the 

mean flux curves in Figure 3.27 to the manner in which fluxes are computed in the Java 

program written by Mr. David Harris. In each realization, flux between two nodes at the 

centers of two adjacent finite difference cells are computed by taking the harmonic 

average of constant T values ascribed to each of the two cells and multiplying by the 

algebraic head gradient between the two nodes. We suspect that this harmonic averaging 

of adjacent cell transmissivities yields sample flux moments which are not entirely 

consistent with the definition of corresponding ensemble flux moments, a situation that 

we believe would not arise had we used finite elements rather than MODFLOW based 

finite differences. For the same reason, we consider it inappropriate to calculate apparent 
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transmissivities on the basis of our mean flux results, hence they are not reported in this 

thesis. 

3.4.2 Spatial variations in flux variance 

More consistent results have been obtained for the variance and coefficient of 

variation of radial flux. Figure 3.29 depicts log-log plots of radial flux variance versus 

radial distance at t I tb = 1 for various values of log transmissivity variance and integral 

scale. Also shown is Figure 11 of Neuman and Orr [1993] (figure 3.29c) which depicts 

similar variations at steady state. Dashed lines representing 1/ r 2 are included for 

reference. Figure 3.30 shows similar plots versus dimensionless radial distance. With the 

exception of small distances close to the well, the variance of flux decreases at a rate 

more or less proportional to 1/ r 2 for nearly the entire length of the simulated domain, as 

it is seen to do in the steady state case of Neuman and Orr. Consistent with our finding, 

these authors also found such 11/ variation to take place only at distances exceeding 

about one integral scale from the pumping well (Neuman and Orr, 1993, p. 348). 

Figures 3.31 and 3.32 show how the coefficient of radial flux variation 

normalized by the standard deviation log transmissivity, a q /[o-r ( q) J , varies with 

dimensionless distance according to quasi-steady state results at t I tb = 1 in this thesis for 

o-2 = 0.5, 1, 1.5, 2 and Ay = 4 and according to the steady state solution of Riva et al. 

[2001] , respectively. The two sets of curves are qualitatively and quantitatively similar. 

The figures demonstrate a change in behavior at r / Ay ~ 2 under both quasi -steady and 

steady state conditions noted previously in Section 3.3.3. In particular, the curves flatten 
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at r I Ay ~ 2 , attaining a near constant value a q /[a r ( q) J ~ 0. 6 at r I Ay ~ 3 according to 

Riva et al. [200 1] and at r I Ay ~ 2 according to our results. 
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Figure 3.1: Single transmissivity field from sample with given T G = 1, a; = 2, Ay = 4 , 

for all transmissivity values (top) and unmasked without extreme outliers (bottom) for 
full grid domain (left) and close up of 32 ~ x, y ~ 68 , i.e. r = 12 (right). 
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Figure 3.2: Heads from single transmissivity field in figure 3.1 for a~ = 2, .Ay = 4 at 

(a) t = 1.85 and (b) t = 13.62. 
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Figure 3.6: Log-log plots of derivative of mean dimensionless drawdown with respect to 
(natural) log dimensionless time versus dimensionless time for a; = 0.5, 1, 1.5, 2 

and A-y = 1 (left) and A-y = 4 (right) at (a),(b) r = 2 with boundary effect at td ~ 150 or t = 
6.0, (c),(d) r = 24 with boundary effect at td ~ 1.5 or t = 8.6, and (e),(f) r = 48 with 
boundary effect at td ~ 0.4 or t = 9.2. 



(a)1o' 

101 

~10' 1 '" j •• 
" 10'' :: ......_ ... 
11 10~ 

10'' 

10~ 

10'' 
10'' 10'1 

(c)1o' 

101 

1ri' --i1o·• 

" ......_ 10'' 

ofJ"' 

Figure 3.7: Log-log plots of derivative of dimensionless drawdown with respect to 
(natural) log dimensionless time from single realization versus dimensionless time for 

71 

a~ = 0.5,1,1.5,2 andA.y = 1 (left) and A.y = 4 (right) at (a),(b) r = 2 with boundary effect 
at fd ~ 150 or t = 6.0, (c),(d) r = 24 with boundary effect at td ~ 1.5 or t = 8.6, and (e),(f) r 
= 48 with boundary effect at td ~ 0.3- 0.4 or t = 6.9- 9.2. 
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Chapter 4. NEUMAN ET AL. [2004] GRAPHICAL METHOD OF PUMPING 
TEST INTERPRETATION 

4.1 Quasi-steady state type-curves for graphical pumping test interpretation 

94 

The previous chapter helped us establish the validity of a conjecture by Neuman 

et a!. [2004] that, during transient flow to a well pumping at a constant rate from a 

randomly heterogeneous aquifer of infinite lateral extent, a quasi steady state region 

develops across the domain in each random realization and in the ensemble mean. This 

suggests that the graphical method of pumping test interpretation, proposed by Neuman et 

al. [2004] based on this conjecture, should be applicable to transient drawdown data 

under quasi-steady state flow. 

More specifically, based on steady state analyses in which A-y was set equal to 1 

Neuman et al. [2004] developed a set of type curves, and a graphical method of 

interpreting pumping test data, which they had conjectured would apply to transient data 

under quasi-steady state flow. To verify this specific conjecture, we compare in Figure 

4.2 their type curves with those obtained in this thesis for transient data at t I tb = 1 

(Figure 4.1 ). In both figures we plot type curves of dimensionless ensemble mean 

drawdown increments, 2;rrTG ( 11h) I Q where 11h = h ( r I A-y ) - h ( 2) and h Is 

circumferentially averaged head at any dimensionless radial distance r I A-y, versus log 

r I A-y at t I tb = 1 for various cr; and A-y (solid), and corresponding envelopes of ±2 

standard deviations of 2;rrTGI1h I Q about the mean (dashed). In Figure 4.2 we 

superimpose these on similar curves obtained by Neuman et al. [2004, Figure 1] 
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for ...iy = 1 under steady state. There is an excellent match between the transient mean 

(solid) curves for /t = 1, 2, 3 and 4 at t I tb = 1 and corresponding steady state curves 

for ...iy = 1 . The transient envelopes (dashed) are slightly narrower than their steady state 

counterparts due perhaps to the use by Neuman et al. of a Gaussian variogram, Galerkin 

finite elements with bilinear shape functions, a numerical grid of 1 01 x 1 01 nodes, and 

2000 Monte Carlo runs as compared to our use of an exponential variogram, MODFLOW 

based finite differences, a numerical grid of 501 x 501 nodes, and 1500-3400 Monte 

Carlo runs. The discrepancy is small enough to constitute a verification of Neuman et 

al. ' s conjecture about the applicability of their type curves, and methodology, to transient 

data at quasi-steady state. 

4.1.1 Head distribution normality tests 

As the envelopes of ±2 standard deviations are based on the assumption of a 

normal distribution of head values generated by the Monte Carlo method, the validity of 

this was tested by Neuman et al. [2004] and in this thesis. It was determined by the 

former authors that this was not a valid assumption and thus the envelopes were "not 

strictly proportional to 95% confidence intervals of actual (random) dimensionless 

(circumferentially averaged) drawdown values" (Neuman et al. , 2004, pg. 4). In this 

thesis, the validity of a normal distribution of head values through all Monte Carlo 

realizations for the cases of O"~ = 2, ...iy = 1 (of which there were 3000) and 

O"~ = 2, ...iy = 4 (of which there were 3400) were tested at radial locations of r = 0.2, 1, 2, 

4, 6 and 8 for t/tb = 1 using normality tests and graphs generated by MATLAB. These 
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radii were chosen as they correspond to every 2A-y as well as indicate the behavior near 

the pumping well. The Lilliefors, Kolmogorov-Smimov, and Jarque-Bera tests of the null 

hypothesis that heads generated by the Monte Carlo method were Gaussian was rejected 

for every radial distance at a significance level of 5%. The Lilliefors test compares the 

empirical distribution of the values against a normal distribution with the same mean and 

variance. Rather than using specified parameters of the normal distribution as in the 

Kolmogorov-Smimov test, it accounts for the parameters estimated from the input values. 

The Jarque-Bera is an asymptotic test that compares the sample skewness and kurtosis of 

the values against that of a normal distribution, the difference between the two is 

measured by a chi-squared statistic. 

The histograms of head values for tjtb = 1 at r = 0.2, 1, 2, 4, 6 and 8 over all 

Monte Carlo simulations for the cases of O"; = 2, A-y = 1 and 4 are shown in Figures 4.3 

and 4.4 respectively. These figures illustrate that the distribution appears Gaussian at 

r ~ 2 and r ~ 6 for the former and latter cases, respectively. The normal probability plots 

of head indicate the same in Figures 4.5 and 4.6 for O"; = 2, A-y = 1 and 4 respectively. In 

Figures 4.5 and 4.6 the data for both cases follow a horseshoe pattern at radii close to the 

pumping well and for farther radii, fall straight along the line of normality for most of the 

Monte Carlo realizations but tend to curve inwards at low and high outlier values. This 

explains why the tests of normality failed. Due to the large log-transmissivity variance 

there are realizations with transmissivity values so high or low, as seen in Figure 3.1 (top) 

that the corresponding heads appear as outliers. Therefore although the normality tests 
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failed, the distribution of heads generated by the Monte Carlo method could be classified 

as Gaussian based on the histograms and normal probability plots (Figures 4.3-4.6). 

In the remainder of this chapter we explore the verification of the conjecture in 

Neuman et a/. [2004] by inferring the (known) statistical log-transmissivity parameters 

TG, ..1y and a-; of randomly generated log transmissivity realizations from transient head 

values simulated in this thesis using their graphical method. We have inferred T G, 

..1y and a-; using the method of Neuman et al. at two normalized time values, 

t/tb = 0.06 and 1. Since the resulting parameter estimates are very similar, we present 

below only the analyses corresponding to t/tb = 1. 

4.2 Interpreting transient pumping test data using graphical method of Neuman et 
al. [2004] 

We illustrate the methodology 1n this section on heads computed from two 

random log-transmissivity realizations characterized by a-~ = 0.5, ..1y = 1 and a-~ = 2 , 

..1y = 4 , respectively. These two sets of parameters represent the lowest and highest 

values of log-transmissivity variance and integral scale examined in this thesis. The three 

types of "measurements" introduced in Chapter 3, single-row and four-point average 

from an individual realization and sample mean data were used to determine TG and ..1y . 

However, only the single-row heads from an individual realization were used to 

determine a-~ . This is because the averaging of the heads from four observation wells 

masked the variability of interest. Similarly the sample mean values were not used for 

determining a-~ as this parameter was filtered out in the process of averaging. 
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4.2.1 Steps of Neuman et al. [2004) graphical method 

Quasi-steady state head values "measured" at discrete radial and angular locations 

(r;,e;), where i indicates well number/location, are denoted by hi = h ('i , ei ). The graphical 

approach consists of the following steps, which we illustrate below for values at t I tb = 1 : 

Step 1: Plot h; versus log r;. Figure 4.7 shows such plots for sample mean heads; Figure 

4.8 for single-row random heads; and Figure 4.9 for four-point average random heads, all 

corresponding to cr~ = 0.5, A-y = 1 and cr~ = 2.0, A-y = 4 . 

Step 2: Fit a straight line through h; corresponding to the highest range of r; values. The 

corresponding lines and their equations are indicated in Figures 4.7- 4.9. 

Step 3: Determine Tc from the slope m of the straight line using T0 = 2.303Q/2nm 

Step 4: Obtain an estimate of 2A-y by equating it to the radial distance at which the 

experimental points begin deviating from a straight line. These points are indicated by 

dashed lines in Figures 4.7 - 4.9. 

Neuman eta/. [2004] describe two methods of estimating cr~ and A-y following 

Step 4, referred to below as Method 1 and Method 2. We compare results obtained by the 

two methods using both the steady state type curves of Neuman et al. and our transient 

type curves forA-y = 1 in Figure 4.1. 

METHODJ: 

Step 5: Plot dimensionless head hi = 2nT0 hi / ( 2.303Q) at each observation well 

versus r ; on semi-logarithmic paper. 
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Step 6: Superimpose the semi-logarithmic plot of h; versus ri on type-curves of mean 

dimensionless drawdown increments. Figure 4.10 shows the superposition of sample 

mean dimensionless head on the steady state type curves of Neuman et al. [2004, Figure 

1]; Figure 4.11 shows the superposition of corresponding single-row random 

dimensionless head values on transient type curves; and Figure 4.12 shows the 

superposition of four-point average random dimensionless head values on transient type 

curves, all for CJ~ = 0.5, Ay = 1 and CJ
2 = 2.0, A,= 4. 

Step 7: Verify that Ay = r I ( 2a) , based on the corresponding values of r and a . 

Step 8: If needed, modify the estimate of Ay (step 4) and the match (step 7) so as to 

obtain consistent results between the two. 

METHOD 2 (the steps for this method are distinguished using an apostrophe): 

Steps': Obtain an estimate of (h(2Ar )) or h(2Ay) by setting it equal to the head value at 

which the straight line at step 2 intercepts 2Ay. These estimates are indicated by dot

dashed lines in Figures 4.7- 4.9. 

Step 6': Use the estimates of Tc andAy (determined in step 4) to compute dimensionless 

drawdowns s = 21rT0 [ h; ( lj , B;) - ( h ( 2-1,)) ]/ Q . 

Step 7': Plot the latter versus 'i I ( 2A-y) on semilogarithmic paper. 

Step 8': Superimpose this plot on the semi-logarithmic type-curves. 

Figure 4.13 shows the superposition of sample mean dimensionless drawdown on the 

steady state type curves of Neuman et al. [2004, Figure 1] ; Figure 4.14 shows the 
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superposition of corresponding single-row random dimensionless drawdown values on 

transient type curves; and Figure 4.15 shows the superposition of four-point average 

random dimensionless drawdown values on transient type curves, all for a-~ = 0.5, .Ay = 1 

and a-2 
= 2.0, A. = 4. 

Step 9': Verify that .Ay = r / { 2a) , based on the corresponding values of r and a . 

Step 10': If needed, modify the estimate of .Ay (step 4) and the match (step 9') so as to 

obtain consistent results between the two. 

The final step of determining a-~ , which applies only to random data (not mean 

heads), is common to both methods. 

Final Step: Read or interpolate the variance a-~ corresponding to the uncertainty region 

(whose envelope is delineated by dashed type-curves) within which about 95% of the 

random data lie, excluding primarily (about 5% of) data in the vicinity of r = 2A.y where 

all dashed type-curves coalesce. 

We illustrate this step in Figure 4.16 using Method 1 by plotting dimensionless 

random heads from all four orthogonal sections surrounding the pumping well, computed 

using estimates of Tc from single-row data, versus log radial distance for a-; = 0.5, A.y = 1 

and a- 2 = 2.0, A= 4 , and superimposing them on transient type curves. 
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4.3 Results 

4.3.1 Estimates of geometric mean transmissivity 

Table 4.1 lists estimates of T c and corresponding estimation errors using the 

method of Neuman eta/. [2004] with mean heads at t I tb = 1 and Table 4.2 lists similar 

results obtained with single-row and four-point average random heads from a single 

realization. Table 4.3 lists the maximum absolute estimation error with corresponding 

case(s) and the average estimation error over all the cases of Tc using Neuman et a/. 

[2004] method at tjtb = 1 for mean data as well as single-row and four-point average data 

from an individual realization. The results show that all estimates based on mean heads 

lie slightly above the true value ofTG = 1, whereas estimates obtained from random data 

fluctuate about the true value. We conclude that the ability of the method to estimate the 

geometric mean transmissivity is excellent, improving with the number of measurements. 

4.3.2 Estimates of log transmissivity integral scale 

Table 4.4 lists estimates of A.y and corresponding estimation errors using Methods 

1 and 2 with mean heads at t I tb = 1 and the steady state type-curves of Neuman eta/. 

[2004]. Table 4.5 lists the maximum absolute estimation error with corresponding case(s) 

and the average estimation error over all the cases forAy obtained using Methods 1 and 2 

with mean heads at tjtb = 1 and steady state type-curves of Neuman eta/. [2004]. Results 

obtained for mean head data using transient type curves are very close to those obtained 

using steady state type curves and are therefore not listed. Table 4.6 lists similar results 

for single-row data using steady state type-curves, Table 4.7 for single-row data using 
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transient type-curves, Table 4.8 for four-point average data using steady state type

curves, and Table 4.9 for four-point average data using transient type-curves. Included in 

each table are initial estimates of Ay and corresponding estimation errors obtained at Step 

4 of the methodology. Table 4.10 lists the maximum absolute estimation error with 

corresponding case(s) and the average estimation error over all the cases for A,. obtained 

using Methods 1 and 2 with random data from single realization using single-row and 

four point average data at t / t6 = 1 with transient type-curves from this thesis and steady 

state type-curves of Neuman et al. [2004]. 

The estimation errors range from small to considerable using either Method 1 or 2 

with a tendency for small Ay values (1 and 2) to be overestimated and large values (3 and 

4) to be underestimated, most distinctly with Method 1. Though Method 2 has 

outperformed Method 1 when applied to mean data, Method 1 has consistently 

outperformed Method 2 when applied to random data. We believe that this is due to the 

reliance of Step 5' in Method 2 on an estimate of the integral scale, thereby propagating 

the corresponding estimation error through all subsequent steps. Averaging the random 

data in space has not led to any noticeable improvement in the estimates of Ay . Estimates 

obtained using the steady state type curves of Neuman et al. [2004] and our transient type 

curves are of comparable quality. The largest average estimation error obtained with 

Method 1 when applied to random data (absolute value 0.20) is small compared to the 

true values of Ay (1 , 2, 3, 4) considered. 
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4.3.3 Estimates of log-transmissivity variance 

Table 4.11 lists estimates of log transmissivity variance a~ and corresponding 

estimation errors obtained using Method 1 with random head "measurements" taken 

along all four orthogonal sections in Figure 4.1 at t I tb = 1 , and using Methods 1 and 2 

with corresponding (single-row) data taken only along one of these sections, based on the 

steady state type-curves of Neuman et al. [2004]; Table 4.12 lists similar estimates based 

on our transient type-curves. Table 4.13 lists the maximum absolute estimation error with 

corresponding case(s) and the average estimation error over all the cases fora-: using 

Neuman et al. [2004] method at t/tb = 1 for the data sets in Tables 4.11 and 4.12 using 

transient type-curves from this thesis and steady state type-curves of Neuman et al. 

[2004]. 

The estimation errors range from zero to sizeable regardless of method, data or 

type-curves used. The approach tends to overestimate the true value of log transmissivity 

variance when a~ :::; 1 and to underestimate it when a~ ~ 1.5 , most consistently when one 

uses the transient type-curves. These results make it difficult to select one preferred 

method, set of data or type-curves among those considered. Recalling that Method 1 has 

provided the best estimates of log transmissivity integral scale and that Method 2 is 

sensitive to these estimates, we prefer Method 1 for the estimation of all parameters. The 

largest average estimation error obtained with Method 1 when applied to random data 

(absolute value 0.31) is small compared to all but the smallest variance among those 

considered (0.5 , 1, 1.5, 2). 
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2:rTGI1h I Q where 11h = h ( r I A-y) - h ( 2) and h is circumferentially averaged head at 

any dimensionless radial distance r I A-y , versus log r I A-y at t I t6 = 1 for various a~ and 

(a) A-y = 1, (b) A-y = 2, (c) A-y = 3, (d) A-y = 4 (solid), and curves representing ±2 sample 

standard deviations of 2:rTGI1h I Q about mean (dashed). 
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is identified by dashed and dot-dashed lines. 
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a~ = 2.0, A-y = 4 . Point at which data start deviating from straight line, fitted to late data, 
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Parameters Tc estimates Estimation Errors 

0": = 0.5, A1 = 1 1.04 0.04 
0": = 0.5 , A1 = 2 1.04 0.04 
O")~ = 0.5, ,.tr = 3 1.05 0.05 
O")~ = 0.5 , ,.tr = 4 1.06 0.06 
O")~ = 1.0, ,.tr = 1 1.03 0.03 
O": = 1.0, ,.tr = 2 1.04 0.04 
O": = 1.0, ,.tr = 3 1.05 0.05 

2 
O"r = 1.0, ,.tr = 4 1.06 0.06 
O": = 1.5, ,.tr = 1 1.02 0.02 

2 
O"r = 1.5, ,.tr = 2 1.04 0.04 
O")~ = 1.5, ,.tr = 3 1.06 0.06 
O")~ = 1.5, ,.tr = 4 1.07 0.07 
O"l~ = 2.0, Ar = 1 1.02 0.02 
O": = 2.0, ,.tr = 2 1.04 0.04 
O": = 2.0, ,.tr = 3 1.06 0.06 
O": = 2.0, ,.tr = 4 1.06 0.06 
Table 4.1: T c estimates and estimation errors obtained using Neuman eta/. [2004] 
method with mean heads at t / tb = 1 
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Parameters T c estimates Estimation T c estimates Estimation 
single-row Errors Four-point average Errors 

CJ1~ = 0.5, Ar = 1 0.95 -0.05 1.03 0.03 

CJ1~ = 0.5, Ar = 2 1.01 0.01 0.98 -0.02 

CJ1~ = 0.5, Ar = 3 1.25 0.25 1.12 0.12 

CJ1~ = 0.5, Ar = 4 0.89 -0.11 1.01 0.01 

CJ: = 1. 0, Ar = 1 1.07 0.07 1.03 0.03 

CJ: = 1.0, Ar = 2 1.04 0.04 1.02 0.02 

CJ1~ = 1.0, Ar = 3 1.26 0.26 1.07 0.07 

CJ: = 1. 0, Ar = 4 0.92 -0.08 1.02 0.02 
2 

CJ1, = 1.5, Ar = 1 1.08 0.08 1.06 0.06 
2 

CJr = 1.5, Ar = 2 1.24 0.24 1.17 0.17 

CJ: = 1. 5, Ar = 3 1.10 0.10 1.20 0.20 

CJ: = 1. 5, Ar = 4 1.18 0.18 1.02 0.02 

CJ: = 2. 0, Ar = 1 0.90 -0.10 1.02 0.02 

CJ: = 2. 0, Ar = 2 1.03 0.03 0.98 -0.02 
2 

CJ r = 2. 0, Ar = 3 0.90 -0.10 0.93 -0.07 
2 

(Jy = 2.0, Ay = 4 0.86 -0.14 0.94 -0.06 
Table 4.2: To estimates and estimation errors obtained using Neuman et al. [2004] 
method with random heads from a single realization at t / tb = 1 

Parameters Maximum Corresponding Average 
Absolute case(s) Estimation 
Estimation Error Error 

T c for mean data 0.07 a:= 1.5,Ar = 4 0.05 

Tc for single-row data 0.24 a:= 1.5, A-r = 2 0.04 

T c for four-point average data 0.20 a:= 1.5, A-r = 3 0.04 
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Table 4.3: Maximum absolute estimation errors and corresponding cases and average 
estimation errors for Ta using Neuman eta/. [2004] method at t/tb = 1 for mean data as 

well as single-row and four-point average data from a single realization 
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Parameters A-r Initial A,r estimates A-r estimates Estimation Estimation Estimation 

estimates Method 1 Method 2 Errors Errors Errors 

Step 4 Step 4 Method 1 Method 2 

a-: = 0. 5, A-r = 1 2.04 2.63 2.04 1.04 1.63 1.04 
(J: = 0. 5, Ar = 2 2.23 2.78 2.35 0.23 0.78 0.35 
a-: = 0. 5, Ar = 3 2.81 2.17 2.81 -0.19 -0.83 -0.19 
a-,~ = 0.5 , A-r = 4 3.08 2.38 3.08 -0.92 -1.62 -0.92 

2 
a-r = 1. 0, A-r = 1 2.23 2.50 2.23 1.23 1.50 1.23 
a-: = 1. 0, A-r = 2 2.08 2.17 2.08 0.08 0.17 0.08 
a-: = 1. 0, A-r = 3 2.04 2.00 2.04 -0.96 -1.00 -0.96 
a-: = 1. 0, A-r = 4 2.51 2.08 2.51 -1.49 -1.92 -1.49 
a-,~ = 1.5, A-r = 1 2.04 2.00 2.14 1.04 1.00 1.14 

2 
a-r = 1. 5, A-, = 2 1.95 2.17 1.95 -0.05 0.17 -0.05 
a-,~ = 1.5, A-r = 3 2.81 2.00 2.81 -0.19 -1.00 -0.19 
a-: = 1. 5, A-r = 4 2.75 2.50 2.75 -1.25 -1.50 -1.25 

2 
a-r = 2. 0, A-r = 1 2.13 1.92 2.13 1.13 0.92 1.13 
a-: = 2. 0, A-r = 2 1.99 1.47 2.10 -0.01 -0.53 0.10 
a-,~ = 2.0, A-r = 3 3.15 2.50 3.15 0.15 -0.50 0.15 
a-: = 2. 0, A-r = 4 2.75 2.38 2.80 -1.25 -1.62 -1.20 
Table 4.4: ..1y estimates and estimation errors obtained using Methods 1 and 2 with mean 

heads at t/tb = 1 and steady state type-curves of Neuman et al. [2004] 

Parameters Maximum Corresponding Average 
Absolute case(s) Estimation 
Estimation Error Error 

A'r w! Method 1 (steady-state) 1.92 CJ: = 1, A'y = 4 -0.27 

A-y w/ Method 2 (steady-state) 1.49 CJ: = I, A'y = 4 -0.06 

Table 4.5: Maximum absolute estimation errors and corresponding cases and average 
estimation errors forA-y obtained using Methods 1 and 2 with mean heads at t/tb = 1 and 
steady state type-curves of Neuman et al. [2004] 
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Parameters Ar Initial Ar estimates Ar estimates Estimation Estimation Estimation 

estimates Method 1 Method 2 Errors Errors Errors 

Step 4 
Step 4 Method 1 Method 2 

0"1~ = 0.5 , Ar = 1 3.01 2.27 2.32 2.01 1.27 1.32 
2 

O"r = 0.5, AY = 2 1.99 2.50 3.06 -0.01 0.50 1.06 

0"1~ = 0.5, Ar = 3 3.79 2.63 4.21 0.79 -0.37 1.21 

O": = 0.5, Ar = 4 1.41 2.94 1.57 -2.59 -1.06 -2.43 

0"1~ = 1.0, Ar = 1 2.51 2.08 2.95 1.51 1.08 1.95 
2 

0"1, 
= 1.0, Ar = 2 3.54 2.17 2.72 1.54 0.17 0.72 

2 
() r = 1. 0, Ar = 3 2.23 2.63 1.72 -0.77 -0.37 -1.28 

2 
O" r = 1. 0, Ar = 4 3. 15 2.50 4.51 -0.85 -1.50 0.51 

2 
O"r = 1.5, Ar = 1 2.23 2.78 1.86 1.23 1.78 0.86 

O": = 1.5, Ar = 2 2.56 1.92 1.97 0.56 -0.08 -0.03 

0"1~ = 1.5, Ar = 3 4.06 2.50 3.39 1.06 -0.50 0.39 

0"1~ = 1.5, Ar = 4 3.97 2.78 4.41 -0.03 -1.22 0.41 
2 

O"r = 2.0, A1, 
= 1 1.99 2.50 1.53 0.99 1.50 0.53 

O": = 2.0, A1, = 2 2.04 1.43 1.70 0.04 -0.57 -0.30 

0"1~ = 2.0, Ar = 3 3.15 2.78 3.15 0.15 -0.22 0.15 

O": = 2.0, Ar = 4 5.36 3.33 4.87 1.36 -0.67 0.87 

Table 4.6: A.y estimates and estimation errors obtained using Methods 1 and 2 with 

single-row data from a single realization at t / tb = 1 and steady state type-curves of 

Neuman et al. [2004] 



119 

Parameters A-r Initial A-r estimates A-r estimates Estimation Estimation Estimation 

estimates Method 1 Method 2 Errors Errors Errors 

Step 4 Step 4 Method 1 Method 2 

a1~ = 0.5 , A,r = 1 3.01 1.79 2.32 2.01 0.79 1.32 
2 

a r = 0.5 , A-r = 2 1.99 1.92 1.81 -0.01 -0.08 -0.19 
2 

a r = 0.5, A-r = 3 3.79 2.50 3.16 0.79 -0.50 0.16 
a1~ = 0.5, A,r = 4 1.41 2.78 2.01 -2.59 -1.22 -1.99 
a : ~ 1. 0, Ar = 1 2.51 1.92 2.51 1.51 0.92 1.51 

2 
a r = 1.0, A-r = 2 3.54 2. 17 2.36 1.54 0.17 0.36 
a1~ = 1.0, A,r = 3 2.23 2.38 1.60 -0.77 -0.62 -1.40 

2 
a r = 1.0, Ar = 4 3.15 2.27 4.21 -0.85 -1.73 0.21 

2 
a r = 1.5, A-r = 1 2.23 2.38 1.72 1.23 1.38 0.72 

2 
a r = 1 . 5, Ar = 2 2.56 1.72 1.71 0.56 -0.28 -0.29 

2 
a r = 1.5, A-r = 3 4.06 2.78 4.52 1.06 -0.22 1.52 
a : = 1. 5, Ar = 4 3.97 2.94 3.61 -0.03 -1.06 -0.39 

2 
a r = 2.0, A-r = 1 1.99 2.38 1.42 0.99 1.38 0.42 
a : = 2.0, A,r = 2 2.04 1.11 2.26 0.04 -0.89 0.26 
a1~ = 2.0, Ar = 3 3.15 2.78 3.15 0.15 -0.22 0.15 
a : = 2. 0, A,r = 4 5.36 2.94 4.12 1.36 -1.06 0.12 
Table 4.7: A-y estimates and estimation errors obtained using Methods 1 and 2 with single

row data from a single realization at t / t6 = 1 and transient type-curves from this thesis 
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Parameters Ar Initial Ar estimates Ar estimates Estimation Estimation Estimation 

estimates Method 1 Method 2 Errors Errors Errors 

Step 4 Step 4 Method 1 Method 2 

a-: = 0. 5, Ar = 1 3.01 1.85 2.07 2.01 0.85 1.07 
2 

(Jy = 0.5 , Ar = 2 1.99 1.92 3.51 -0.01 -0.08 1.51 
2 

O"r = 0.5, Ar = 3 3.79 2.78 2.92 0.79 -0.22 -0.08 
a-1~ = 0.5, Ar = 4 1.41 2.94 3.73 -2.59 -1.06 -0.27 
a-1~ = 1.0, Ar = 1 2.51 2.00 4.13 1.51 1.00 3.13 
a-1~ = 1.0, Ar = 2 3.54 2.17 4.23 1.54 0.17 2.23 

a-: = 1. 0, Ar = 3 2.23 2.50 3.37 -0.77 -0.50 0.37 
a-: = 1.0, Ar = 4 3.15 3.33 5.12 -0.85 -0.67 1.12 
a-: = I. 5, Ar = 1 2.23 2.38 3.43 1.23 1.38 2.43 
a-: = 1. 5, Ar = 2 2.56 2.00 3.85 0.56 0.00 1.85 
a-: = 1. 5, Ar = 3 4.06 2.50 4.89 1.06 -0.50 1.89 

2 
a-r = 1.5, Ar = 4 3.97 2.38 3.35 -0.03 -1.62 -0.65 

2 
a-r = 2. 0, Ar = 1 1.99 1.85 2.28 0.99 0.85 1.28 
a-: = 2. 0, Ar = 2 2.04 1.72 1.71 0.04 -0.28 -0.29 
a-1~ = 2.0, Ar = 3 3.15 2.94 3.32 0.15 -0.06 0.32 
a-1~ = 2.0, Ar = 4 5.36 2.78 3.34 1.36 -1.22 -0.66 
Table 4.8: .Ay estimates and estimation errors obtained using Methods 1 and 2 with four

point average data from a single realization at t / tb = 1 and steady state type-curves of 
Neuman eta/. [2004] 
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Parameters A.r Initial A.r estimates A.r estimates Estimation Estimation Estimation 

estimates Method 1 Method 2 Errors Errors Errors 

Step 4 Step 4 Method 1 Method 2 
2 

(}y = 0.5 , A.y = 1 2.69 1.85 2.24 1.69 0.85 1.24 
2 CJ r = 0. 5, A.r = 2 3.16 2.17 2.87 1.16 0.17 0.87 

CJ: = 0.5, A.r = 3 2.62 2.50 2.92 -0.38 -0.50 -0.08 
CJ: = 0. 5, A.r = 4 3.54 2.63 4.42 -0.46 -1.37 0.42 
CJ: = 1. 0, A.r = 1 3.30 1.72 3.67 2.30 0.72 2.67 
CJ: = 1.0, A.1, = 2 3.38 2.38 2.60 1.38 0.38 0.60 

2 CJ r = 1. 0, A.r = 3 3.71 2.63 3.09 0.71 -0.37 0.09 
CJ1~ = 1.0, A.r = 4 4.35 2.94 3.63 0.35 -1.06 -0.37 
CJ1~ = 1.5, A.r = 1 4.46 2.27 2.97 3.46 1.27 1.97 
CJ: = 1. 5, A.r = 2 3.08 2.1 7 2.37 1.08 0.17 0.37 

2 
(}r = 1.5 , A.r = 3 4.16 2.78 4.16 1.16 -0.22 1.16 
CJ: = 1.5, A.r = 4 3.01 2.27 3.77 -0.99 -1.73 -0.23 
CJ1~ = 2 .0, A.r = 1 2.51 2.00 2.09 1.51 1.00 1.09 
CJ1~ = 2.0, A-r = 2 3.08 1.43 1.62 1.08 -0.57 -0.38 
CJ: = 2. 0, A.r = 3 3.16 2.94 2.63 0.16 -0.06 -0.37 
CJ: = 2. 0, A-r = 4 2.51 3.13 3.58 -1.49 -0.88 -0.42 
Table 4.9: A.y estimates and estimation errors obtained using Methods 1 and 2 with four
point average data from a single realization at t / t6 = 1 and transient type-curves from this 
thesis 



Parameters Maximum Corresponding Average 
Absolute case(s) Estimation 
Estimation Error Error 

A-y w! Method 1 (steady-state) 1.50 a-: = 1, A'y = 4 -0.02 

single-row data a-: = 2, A-r = 1 

A-y wl Method 2 (steady-state) 3.25 a-:= 2, A-r = 2 0.37 

single-row data 

A,r w/ Method 1 (transient) 1.73 o-
2 

= 1 Ay = 4 -0.20 
y ' 

single-row data 

A-y w/ Method 2 (transient) 1.99 a-: = 0.5, A-r = 4 0.16 

single-row data 

A,r w! Method 1 (steady-state) 1.62 a-:= 1.5, A-r = 4 -0.12 

4point average data 

A-y w/ Method 2 (steady-state) 3.13 a-:= 1, A-r = 1 0.95 

4point average data 

A-y w! Method 1 (transient) 1.73 a-:= 1.5, A-r = 4 -0.14 

4point average data 

A,r w! Method 2 (transient) 2.67 a-: = l, A-r = 1 0.54 

4point average data 
Table 4.10: Maximum absolute estimation errors and corresponding cases and average 

estimation errors forA-y obtained using Methods 1 and 2 with random data from single 

realization using single-row and four point average data at t/tb = 1 with transient type

curves from this thesis and steady state type-curves of Neuman eta/. [2004] 
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Parameters 2 2 2 Estimation Estimation Estimation O"y O"y O"y 
Errors Errors Errors estimates estimates estimates 
Method 1 Method 1 Method 2 Method 1 Method 1 Method 2 
four sets single-row single-row four sets single-row single-row 

a-: = 0.5, Ar = 1 1 1 0.5 0.50 0.50 0.00 
a-: = 0.5, Ar = 2 2 1.5 1 1.50 1.00 0.50 
a-1~ = 0.5, Ar = 3 0.5 0.5 1 0.00 0.00 0.50 
a-: = 0.5, Ar = 4 1 0.5 0.5 0.50 0.00 0.00 
a-1~ = 1.0, Ar = 1 2 2 2 1.00 1.00 1.00 
0"1~ = 1.0, Ar = 2 1 1 1.5 0.00 0.00 0.50 
a-: = 1.0, Ar = 3 1.5 0.5 2 0.50 -0.50 1.00 
a-: = 1.0, Ar = 4 2 2 2 1.00 1.00 1.00 

2 
O"r = 1.5, Ar = 1 2 1 1.5 0.50 -0.50 0.00 
a-: = 1.5, Ar = 2 1.5 1.5 1.5 0.00 0.00 0.00 
a-: = 1.5, Ar = 3 2 1 0.1 0.50 -0.50 -1.40 
a-: = 1.5, Ar = 4 1.5 0.1 2 0.00 -1.40 0.50 
a-: = 2.0, A

1, = 1 1.5 2 1 -0.50 0.00 -1.00 
a-: = 2.0, Ar = 2 1 1.5 0.5 -1.00 -0.50 -1.50 
a-: = 2.0, Ar = 3 1.5 1.5 2 -0.50 -0.50 0.00 

2 
O"r = 2.0, Ar = 4 2 0.5 1 0.00 -1.50 -1.00 
Table 4.11: o-~ estimates and estimation errors obtained using Methods 1 and 2 with sets 
of data along all four orthogonal sections and single-row data from a single realization at 
t/tb = 1 and steady state type-curves of Neuman et al. [2004] 
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Parameters 2 2 2 Estimation Estimation Estimation O"y O"y O"y 
Errors Errors Errors estimates estimates estimates 
Method 1 Method 1 Method 2 Method 1 Method 1 Method 2 
four sets single-row single-row four sets single-row single-row 

2 
a-r = 0.5, Ar = 1 1 1 1.5 0.50 0.50 1.00 
a-,~ = 0.5, -\ = 2 1 1 0.5 0.50 0.50 0.00 
CY: = 0. 5, Ar = 3 0.5 0.5 1 0.00 0.00 0.50 
a-: = 0.5 , A

1, = 4 0.5 0.5 0.5 0.00 0.00 0.00 
2 

a-r = 1. 0, Ar = 1 2 1.5 1.5 1.00 0.50 0.50 
2 

a-r = 1.0, Ar = 2 1 0.5 1 0.00 -0.50 0.00 
a-1

2 = 1.0, Ar = 3 1 0.5 2 0.00 -0.50 1.00 
a-: = 1.0, A1, = 4 2 2 1.5 1.00 1.00 0.50 
0"1

2 = 1 . 5, Ar = 1 2 1.5 2 0.50 0.00 0.50 
0"1~ = 1 .5, Ar = 2 1 1 1 -0.50 -0.50 -0.50 
a-: = 1. 5, Ar = 3 1 1 1.5 -0.50 -0.50 0.00 

2 
G"r = 1.5, Ar = 4 1 0.5 1 -0.50 -1.00 -0.50 
a-: = 2. 0, Ar = 1 1.5 1 2 -0.50 -1.00 0.00 
a-1~ = 2.0, Ar = 2 1 1 1.5 -1.00 -1.00 -0.50 

2 
a-r = 2.0, Ar = 3 1 1 2 -1.00 -1.00 0.00 
a-: = 2. 0, Ar = 4 2 0.5 1.5 0.00 -1.50 -0.50 
Table 4.12: a-~ estimates and estimation errors obtained using Methods 1 and 2 with sets 
of data along all four orthogonal sections and single-row data from a single realization at 
t / tb = 1 and transient type-curves from this thesis 

.___ _________________________ - - - --
- - ---------' 
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Parameters Maximum Corresponding Average 
Absolute case(s) Estimation 
Estimation Error Error 

a: w/ Method 1 (steady-state) 1.50 a: = 0.5, Ay = 2 0.25 

four sets of data 

a: w/ Method 1 (steady-state) 1.50 a:= 2,Ar = 4 -0.12 

single-row data 

a: w! Method 2 (steady-state) 1.50 a:= 2, Ar = 2 0.01 

single-row data 

a: w! Method 1 (transient) 1.00 a:= 1, Ar = 1,4 0.03 

four sets of data a:= 2, Ar = 2, 3 

a: w! Method 1 (transient) 1.50 a: = 2, Ay = 4 -0.31 

single-row data 

a: w! Method 1 (transient) 1.00 a: = 0.5, A,r = 1 0.13 

single-row data a: = 1, A,r = 3 

Table 4.13: Maximum absolute estimation errors and corresponding cases and average 
estimation errors for a: using Neuman et al. [2004] method at t/tb = 1 for random data 
from single realization using sets of data along all four orthogonal sections and single
row data and transient type-curves from this thesis and steady state type-curves of 
Neuman et al. [2004] 



Chapter 5: PUMPING TEST INTERPRETATION METHOD OF COPTY AND 
FINDIKAKIS [2003] 

5.1 Overview of Copty and Findikakis [2003] method 
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As explained in the Introduction Copty and Findikakis [2004] , henceforth referred 

to as CF1 , investigated the effect of log-transmissivity variance and integral scale on 

mean normalized drawdown rate (MNDDR), defined as temporal mean drawdown rate in 

a heterogeneous aquifer divided by drawdown rate in a uniform aquifer having a 

transmissivity equal to the geometric mean. The authors focused on early mean time 

behavior close to the pumping well. We compare below the results obtained in CF1 and 

corresponding transient type curves in Copty and Findikakis [2003], henceforth referred 

to as CF2) with those obtained using a much larger and finer numerical grid in this thesis. 

We also compare parameter estimates obtained using the graphical procedure of CF2 

with those obtained by us in Chapter 4. 

5.2 Evaluation of CF2 graphical method 

5.2.1 Determination of log-transmissivity integral scale 

Figure 5 .I depicts mean normalized drawdown rate versus dimensionless time 

t* = tTc / S~ on semilogarithmic paper at r/ Ay = 0 for Ay = 1, 2,3,4 and a-~ = 1 (color) 

superimposed on Figure 7 in CF1 (black). Based on their Figure 7 the authors concluded 

that the mean normalized drawdown rate becomes insensitive to integral scale and 

approaches unity at t * ~ 15. This has led them to the formula 

(5.1) 
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for estimating the log transmissivity integral scale, th being "the time for the drawdown 

rate to approach that of the equivalent homogeneous system, with ~Sf and s eSf the 

estimated transmissivity and storativity, respectively, as determined from conventional 

pumping test analysis methods, such as Jacob' s method" (Copty and Findikakis, 2004, p. 

65). The approach consists of (1) plotting drawdown rate in the pumping or an 

observation well, normalized by that calculated for an equivalent homogeneous aquifer 

using ~sf and S esf , versus log time as shown in Figure 5.2; (2) establishing the time that 

which the normalized drawdown rate is close to unity; and (3) evaluating .lly using 

equation (5.1 ). 

Figure 5.3 depicts mean normalized drawdown rate versus dimensionless time t* 

for .lly = 1, 2, 3, 4 and a; = 1 at various r / .lly ; Figure 5.4 uses rescaled time axes to show 

more clearly what happens at r/ .lly = 0; and Figure 5.5 does the same for a; = 2. In all 

three figures the curves take much longer to converge than t * = 15 , showing the rate of 

convergence slowing down with increasing log-transmissivity variance. It is clear from 

these figures that the mean normalized drawdown rate does not generally converge 

toward unity by t* ~ 15 as proposed by Copty and Findikakis. Figure 5.6 depicts 

normalized drawdown rate versus dimensionless time t * at r/ .lly = 1 from an individual 

realization corresponding to .lly = 1, 2, 3, 4 and a; = 1 , and Figure 5. 7 does so for a; = 2 . 

These figures demonstrate further that random normalized drawdown rates may converge 

much more slowly than do their mean counterparts and even diverge. The above results 
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suggest that one should perhaps obtain more accurate estimates of log transmissivity 

integral scale by using the modified equation 

thT:sl 
250Sesl 

instead of ( 5.1 ), a proposition we will test below. 

5.2.1 Determination of log-transmissivity variance 

(5.2) 

The CF2 method of determining a~ requires matching visually or fitting by least 

squares observed drawdown rate in the pumping well, normalized by an equivalent 

homogeneous aquifer using TG and S estimates determined by the Cooper-Jacob method 

and plotted versus log time, to type-curves of mean normalized drawdown rate versus 

dimensionless time. Figure 5.8 reproduces in black the type-curves provided for this 

purpose by CF2 (their Figure 2). The curves correspond to a~ = 0.25, 0.5, 1, 2 and A.y = 1 

at r I A.y = 0 but are recommended by the authors for use with any value of A.y although 

only for data measured at the pumping well. 

Figure 5.8 shows in color mean normalized drawdown rate versus log 

dimensionless time computed by us for a~ = 0.5,1,1.5,2 and A.y = 1 atrl A.y = 0. Figure 

5.9 shows similar color plots versus log time at rl A.y = 0 , 0.5, 1 and 2. In both figures we 

also show in black corresponding curves given in CF2 (their Figure 2 for 

a~ = 0.25, 0.5, 1, 2 and their Figure 3, respectively). Though the patterns are similar, the 

curves of CF1 have slightly subdued peaks and are consistently offset to the left in 

comparison to our curves, the offset at r I A.y = 0 being as much as an entire log cycle. 
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Figures 5.10 - 5.13 show how mean normalized drawdown rate varies with log time for 

various log transmissivity variance and integral scale values at rl A-y = 0 , 0.5, 1 and 2, 

respectively. Figure 5.9 - 5.13 clearly demonstrate that the curves are sensitive to the 

integral scale A-y and to the normalized distance r I A-y from the pumping well. Figure 

5.14 shows that normalized drawdown rate at r I A-y = 0 from an individual realization, 

corresponding to various values of log transmissivity variance and integral scale values, 

can vary with log time in a significantly different way than does the mean normalized 

drawdown rate (the same was noted, but not demonstrated explicitly, in CF1). We 

conclude that (a) curves depicting mean drawdown rate variations with dimensionless or 

real time in CF 1 and CF2 lack accuracy, (b) even if the type curves provided in CF2 for 

the pumping well were accurate, they would still be strictly valid only for A-y = 1 , (c) a 

different set of type curves would be required for each integral scale and dimensionless 

distance, (d) real drawdown rates may exhibit very different temporal variations than do 

mean draw down rates, and therefore (e) the graphical method of estimating CJ~ proposed 

in CF2 appears to be neither accurate nor practical. 

Figure 4 in CF1 shows how upper and lower quartiles of normalized drawdown 

rates from individual realizations as well as the mean normalized drawdown rate 

corresponding to A-y = 1 and various values of CJ~ vary with log time at rl A-y = 0. 

According to the authors "These curves indicate that the spread in the drawdown between 

individual realizations is quite large, suggesting that the identification of the log

transmissivity variance from the drawdown data of a single pumping test is impossible, 
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particularly for cases of high variance" (Copty and Findikakis, 2004, p. 63). They 

suggested that in practice one averages drawdowns from pumping tests conducted at 

different locations in an aquifer to reduce the spread of responses in individual tests. Our 

results in Figures 5. 10- 5.14 suggest, however, that the proposed method would not be 

accurate or practical even if applied to ensemble averages; spatial averaging, as proposed 

by the authors, would be further limited by the requirement of ergodicity. Considering the 

above, the log-transmissivity variance estimation method proposed in CF2 was not 

applied in this thesis. 

5.3 Parameter estimates obtained using Cooper-Jacob method and graphical 
method of Copty and Findikakis 

5.3.1 Cooper-Jacob estimates of geometric mean transmissivity and 
storativity 

Tables 5.1 and 5.2 list estimates of Ta and Sand the corresponding estimation 

errors, respectively, obtained using the Cooper-Jacob method with mean drawdowns at r 

= 0.2, 1 and 5. Table 5.3 lists the maximum absolute estimation error with corresponding 

case(s) and the average estimation error (over all cases in Tables 5.1 - 5.2) of Tc and S 

using the Cooper-Jacob method with mean drawdown. Table 5.1 shows that the Cooper-

Jacob method underestimated Ta close to the pumping well and overestimated it farther 

from this well. The estimates at r = 0.2 show little sensitivity to log transmissivity 

integral scale but decrease consistently and significantly below the true value ofT G = 1 

with increasing variance. The maximum absolute and average estimation errors of T G in 

Table 5.3 are much smaller at r = 1 and 5 than at r = 0.2. Estimates of S (Tables 5.1- 5.2) 

are seen to be reasonably accurate, the corresponding estimation error decreasing with 
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increasing radial distance from the pumping well but exhibiting no discernible systematic 

variation with log transmissivity variance or integral scale. 

Tables 5.4 and 5.5 list estimates of Tc and Sand corresponding estimation errors, 

respectively, obtained using the Cooper-Jacob method with random drawdown from 

individual realizations at r = 0.2, 1 and 5. Table 5.6 lists corresponding maximum 

absolute and average estimation errors over all the cases in Tables 5.4 - 5.5. The quality 

of the estimates increases systematically and significantly with radial distance from the 

pumping well, showing no discernible dependence on log transmissivity variance or 

integral scale. 

Table 5.7 compares maximum absolute and average estimation errors of Tc 

obtained using mean heads with the Cooper-Jacob method and the distance-drawdown 

method of Neuman et al. [2004], the latter applied at t/tb = 1; Table 5.8 provides a similar 

comparison using random head data from individual realizations In both cases, estimates 

obtained using the distance-drawdown method tend to be more accurate than those 

obtained using the Cooper-Jacob method. 

5.3.2 Distribution of T G estimation errors 

The distribution of estimates of Tc using the Cooper-Jacob method was 

determined at radial locations of r = 1, 2 and 4 through twenty randomly selected Monte 

Carlo realizations for the cases of a~ = 2, A.y = 1 and 4 based on normality tests and 

graphs generated in MATLAB. The Lilliefors test for goodness of fit to a normal 

distribution accepted the hypothesis that the Tc estimates had a Gaussian distribution at 

every radial distance for both cases. The histograms ofT G estimates at r = 1, 2 and 4 over 
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20 random Monte Carlo realizations for cr; = 2, Ay = 1 and 4 are illustrated in Figures 

5.15 and 5.16 respectively. These figures do not indicate a Gaussian distribution, 

especially for the latter case. However, the normal probability plots in Figures 5.17 and 

5.18 show an excellent match for the case of cr; = 2, Ay = 1 at all radii and for the case of 

cr; = 2,Ay = 4 at the two latter radii. Tables 5.9 and 5.10 list the mean, median, standard 

deviation, coefficient of variation (C.V.), H0 (null hypothesis, 0 =accept and 1 = reject) 

for the Lilliefors test, and maximum and m1n1mum values for 

cr; = 2, Ay = 1 and 4 respectively. These tables show the mean and median values are 

very close to the true value of T G = 1 for the case of cr; = 2, Ay = 1 , whereas only the 

latter is true for the higher integral scale, Ay = 4 . In both cases the coefficient of variation 

is small ( C.V. ~ 0.52) and significantly decreases with increasing radial distance from 

the pumping well. Thus we conclude that there is a normal distribution of T G estimation 

errors using the Cooper-Jacob method in aquifers with similar log-transmissivity 

statistical parameters at any radial distance from the pumping well. Based on the 

decreasing trend of C.V., we recommend utilizing time-drawdown measurements from an 

observation well at a reasonably far radial distance to most accurately determine Ta. 

5.3.3 Estimation of log transmissivity integral scale 

Table 5.11 lists Ay estimates and estimation errors obtained using mean data at r = 

0.2 with the graphical method of CF2 (denoted CF -15) and our proposed modification of 

this method using equation 5.2 (denoted CF-250). Table 5.12 lists similar estimates 

corresponding to r = 1, Table 5.13 does so for r = 5, and Table 5.14 summarizes the 
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corresponding maximum absolute and average estimation errors. Corresponding results 

obtained using random head data from individual realizations at r = 0.2 are listed in 

Tables 5.15 and 5.16. It is clear that our proposed modification based on equation 5.2 has 

not improved the ability of the CF2 method to estimate /1y for mean or random data. 

Table 5.17 compares maximum absolute estimation errors and corresponding 

cases and average estimation errors of A.y obtained using mean and random data with 

methods based on CF2 and our approach based on Method 1 of Neuman et al. [2004] , 

using steady state type-curves. Table 5.18 provides a similar comparison using random 

head data from an individual realization for single-row heads. In both cases, estimates 

obtained using Method 1 of Neuman et al. [2004] with either steady state or transient 

type-curves are significantly more accurate than those obtained using methods based on 

CF2. 

5.3.4 Distance-drawdown versus time-drawdown methods 

The reason a distance-drawdown method yields more accurate estimates of log

transmissivity statistical parameters than a time-drawdown method is that the former 

takes into account various spatial support volumes (i.e. a range of scales). As the 

information obtained at an observation well is an average of the affected portion of the 

aquifer between it and the pumping well, the support volume (i.e. scale) depends on this 

distance. The method of Neuman et al. [2004] utilized the finding that at a scale greater 

than 2/ly , the mean behavior of the aquifer is observed whereas the behavior due to the 

heterogeneous nature of the aquifer is revealed at smaller scales. Thus the geometric 

mean transmissivity can be accurately calculated using drawdown from observation wells 
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at radii farther than 2A-y and the variance (i.e. degree of heterogeneity) and integral scale 

(i.e. geologic unit length) can be calculated relatively accurately using drawdown from 

observation wells at radii closer to the pumping well. As a time-drawdown method can 

only give information about the support volume (i.e. scale) of an individual observation 

well, only a limited amount of information about the aquifer can be obtained. 

The time-drawdown information determined from the Cooper-Jacob method for 

observation wells at various radial distances from the pumping well would best be 

utilized to determine (a) the time during which there is a quasi steady state flow regime, 

(b) the radius of the circular region enclosing this flow regime, (c) the T G estimate as a 

check of the distance-drawdown estimate and (d) an estimate of S. The analysis in this 

thesis showed that the time-drawdown method of Copty and Findikakis [2003] did not 

yield estimates as precise as those obtained from the distance-drawdown method of 

Neuman et al. [2004]. Therefore we propose the method of Neuman eta/. [2004] be 

applied to the above information to determine the log-transmissivity variance and integral 

scale. 
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Figure 5.1: Mean normalized draw down rate versus log dimensionless time t at r j /Ly = 0 
using data from this thesis for Ay = 1, 2, 3, 4 and a; = 1 (color) superimposed on Figure 7 
in CF1 (black) shown separately for comparison (right). 
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Figure 5.2: Mean normalized drawdown rate vs. log time using To and S determined by 
the Cooper-Jacob method (Test and Sest) for the equivalent homogeneous aquifer at r = 1 
for (a) a; = 0.5 and (b) a; = 2. 
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Figure 5.4: Mean normalized drawdown rate versus dimensionless time / at r/ Ay = 0 for 
Ay = 1, 2, 3, 4 and a; = 1 taken out to normalized time (a) t* = 15, (b) t* = 100 and 
(c) t* = 250. 
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Figure 5.8: Mean normalized drawdown rate versus dimensionless timet* using mean 
data from this thesis for a~ = 0.5, 1, 1.5, 2 (colored) superimposed on Figure 2 of CF2 for 
a~ = 0.25, 0.5, 1, 2 (black) both at r / Ay = 0 for Ay = 1 (their I is our Ay ). 
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Figure 5.12: Mean normalized drawdown rate versus log time at r/ A-y = 1 for 

(]"; =0.5,1,1.5, 2 and(a)A-y =1 , (b)A-y =2 , (c)A-y =3 , and(d)A-y =4. 
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Figure 5.18: Normal probability plots of To estimates from Cooper-Jacob method for 
a ; = 2, Ay = 4 at (a) r = 1 , (b) r = 2 and (c) r = 4 for 20 random Monte Carlo realizations. 



Parameters Tc Tc Tc s s s 
estimates estimates estimates estimates estimates estimates 
r = 0.2 r=l r=5 r = 0.2 r = I r=5 

2 
CT y = 0.5 ' A)' = 1 0.95 1.00 1.16 0.009 0.010 0.007 

2 
CTY = 0.5 , Ay = 2 0.92 0.99 1.11 0.009 0.010 0.009 
CT)~ = 0.5, Ay = 3 0.92 0.99 1.09 0.009 0.009 0.009 
CT)~ = 0.5, Ay = 4 0.90 0.98 1.13 0.009 0.010 0.008 

2 
CT)' = 1.0, A)' = 1 0.95 0.97 1.06 0.005 0.011 0.009 
CT: = 1. 0' Ay = 2 0.94 0.95 1.12 0.004 0.010 0.008 
CT: = 1. 0' Ay = 3 0.83 0.95 1.12 0.010 0.010 0.008 
CT)~ = 1.0, Ay = 4 0.80 0.93 1.11 0.009 0.010 0.008 

2 
CTY = 1 .5, Ay = 1 0.81 0.96 1.10 0.009 0.010 0.008 

2 
CTY = 1.5, Ay = 2 0.74 0.93 1.11 0.010 0.010 0.009 
CT)~ = 1.5, Ay = 3 0.73 0.88 1.11 0.010 0.011 0.009 

2 
CTY = 1.5, Ay = 4 0.72 0.87 1.11 0.010 0.011 0.009 
CT: = 2. 0' Ay = 1 0.76 0.93 1.09 0.009 0.011 0.008 
CT): = 2.0, Ay = 2 0.64 0.86 1.10 0.011 0.011 0.009 
CT: = 2. 0, Ay = 3 0.61 0.80 1.09 0.011 0.012 0.009 

2 
CT y = 2. 0, Ay = 4 0.63 0.81 1.06 0.011 0.012 0.010 
Table 5.1: TG and S estimates obtained using Cooper-Jacob method with mean 
drawdowns at radial distances of 0.2, 1 and 5 
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Parameters Tc Tc Tc s s s 
Estimation Estimation Estimation Estimation Estimation Estimation Error Error Error Error Error Error 
r = 0.2 r = 1 r = S r = 0.2 r = 1 r=S 

0"1~ = 0.5 , Ar = 1 -0.05 0.00 0.16 -1.07E-03 -1.20E-04 -2.54E-03 
u ; = 0.5, A-r = 2 -0.08 -0.01 0.11 -8.82E-04 -1.61E-04 -1.46E-03 
u ; = 0.5, A-r = 3 -0.08 -0.01 0.09 -7.55E-04 -5.34E-04 -1.28E-03 2 
u r = 0.5, A-r = 4 -0.10 -0.02 0.13 -7.57E-04 -1.91E-04 -1.71E-03 2 
u r = 1.0, A-r = 1 -0.05 -0.03 0.06 -5.32E-03 5.80E-04 -9.85E-04 
u ; = 1.0, Ar = 2 -0.06 -0.05 0.12 -5.76E-03 4.42E-04 -1.68E-03 2 
O"r = 1.0, Ar = 3 -0.17 -0.05 0.12 -2.82E-04 2.13E-05 -1.50E-03 2 
u r = 1.0, A-r = 4 -0.20 -0.07 0.11 -8.50E-04 -4.62E-04 -1.54E-03 2 
u r = 1.5, .-lr = I -0.19 -0.04 0.10 -6.31E-04 -1.01E-05 -1.86E-03 
u1~ = 1.5, A-r = 2 -0.26 -0.07 0.11 -2.10E-04 2.36E-04 -1.44E-03 
u1~ = 1.5, A-r = 3 -0.27 -0.12 0.11 -3.36E-04 9.17E-04 -1.31E-03 2 
u r = I . 5, A-r = 4 -0.28 -0.13 0.11 2.99E-05 7.65E-04 -1.18E-03 
u1~ = 2.0, -1

1, = 1 -0.24 -0.07 0.09 -5.34E-04 1.03E-03 -1.70E-03 
u ; = 2 .0, A-r = 2 -0.36 -0.14 0.10 7.56E-04 1.35E-03 -1.27E-03 
u ; = 2.0, Ar = 3 -0.39 -0.20 0.09 9.74E-04 1.76E-03 -1.12E-03 
u ; = 2.0, Ar = 4 -0.37 -0.19 0.06 1.21E-03 1.75E-03 -3.27E-04 Table 5.2: TG and S estimation errors obtained using Cooper-Jacob method with mean drawdowns at radial distances of 0.2, 1 and 5 

Parameters Maximum Corresponding case(s) Average 
Absolute Estimation 
Estimation Error Error 

Tc atr = 0.2 0.39 a : = 2,A'r = 3 -0.20 
Tc at r = 1 0.20 a : = 2, Ar = 3 -0.08 
Tc at r = 5 0.16 a : = l, Ar = 1 0.10 
Sat r = 0.2 0.006 a : = I, ..ir = 2 9.01E-04 
Sat r = 1 0.002 a : =2, Ar = 3 and 4 4.61E-04 
Sat r = 5 0.003 a : = I, ..ir = 1 -1.43E-03 
Table 5.3: Maximum absolute estimation errors and corresponding cases and average estimation errors for Tc and S from mean drawdown data using Cooper-Jacob method 
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Parameters Tc Tc Tc s s s 
estimates estimates estimates estimates estimates estimates 
r= 0.2 r=I r =4 r = 0.2 r=I r = S 

a ; = 0. 5, Ar = 1 1.14 1.14 1.12 1.07E-02 1.23E-02 1.17E-02 
a ; = 0.5,Ar = 2 0.84 0.86 1.01 2.63E-02 1.00E-02 1.08E-02 
a ; = 0. 5, Ar = 3 0.87 0.79 0.93 8.07E-06 1.78E-03 7.68E-03 
a1~ = 0.5, A

1
, = 4 0.74 0.81 0.89 6.65E-03 9.08E-03 9.84E-03 

a1~ = 1.0, Ar = 1 0.99 1.00 1.04 1.23E-01 1.62E-02 9.00E-03 
a1~ = 1.0, AY = 2 1.27 1.27 1.23 8.41E-02 3.00E-02 1.61E-02 
a ; = 1. 0, Ar = 3 0.89 0.97 1.04 2.26E-03 9.97E-03 9.31E-03 
a ; = 1. 0, Ar = 4 0.83 0.84 0.88 8.90E-02 1.55E-02 6.41E-03 
a : = 1. 5, Ar = 1 0.91 0.92 1.00 7.55E-02 1.52E-02 8.53E-03 

2 
a Y = 1.5,Al' = 2 0.98 1.12 1.37 8.23E-07 1.72E-03 1.53E-02 
a ; = 1.5, A

1
, = 3 1.18 1.20 1.24 6.70E-03 1.54E-02 7.81E-03 

a : = 1. 5, AY = 4 0.61 0.62 0.61 8.82E-11 1.51E-03 8.62E-03 
a1~ = 2.0, A

1
, = 1 0.82 0.84 0.92 1.87E-03 1.59E-02 8.31E-03 

a ; = 2. 0, Ar = 2 0.85 1.00 1.10 1.11E-19 3.71E-04 1.21E-02 
2 

a r = 2.0,Ar = 3 0.59 0.63 0.68 2.50E-06 1.56E-03 8.41E-03 
a1~ = 2.0,Ar = 4 0.84 0.96 1.04 3.37E-03 9.24E-03 1.50E-02 

Table 5.4: TG and S estimates obtained using Cooper-Jacob method with random 
drawdowns from a single realization at radial distances of 0.2, 1 and 5 
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Parameters Tc Tc Tc s s s 
Estimation Estimation Estimation Estimation Estimation Estimation Error Error Error Error Error Error 
r= 0.2 r = 1 r = 4 r = 0.2 r = 1 r=5 

CJ: = 0. 5, A-r = 1 0.14 0.14 0.12 7.07E-04 2.32E-03 1.70E-03 
2 

CJr = 0.5, A-r = 2 -0.16 -0.14 0.01 1.63E-02 3.89E-05 8.39E-04 
CJ: = 0. 5, A-r = 3 -0.13 -0.21 -0.07 -9.99E-03 -8.22E-03 -2.32E-03 
CJ: = 0.5, A-r = 4 -0.26 -0.19 -0.11 -3.35E-03 -9.23E-04 -1.59E-04 
CJ1~ = 1.0, A-r = 1 -0.01 0.00 0.04 1.13E-01 6.22E-03 -l.OOE-03 
CJ: = 1. 0, A-r = 2 0.27 0.27 0.23 7.41E-02 2.00E-02 6.06E-03 

2 () y = 1. 0' A-,, = 3 -0.11 -0.03 0.04 -7.74E-03 -2.86E-05 -6.90E-04 
CJ: = 1. 0, A-" = 4 -0.17 -0.16 -0.12 7.90E-02 5.46E-03 -3.59E-03 
CJ: = 1. 5, A-r = 1 -0.09 -0.08 0.00 6.55E-02 5.23E-03 -1.47E-03 2 CJr = 1.5, A-r = 2 -0.02 0.12 0.37 -l.OOE-02 -8.28E-03 5.32E-03 
CJ: = 1. 5, A-r = 3 0.18 0.20 0.24 -3.30E-03 5.42E-03 -2.19E-03 
CJ: = 1. 5, A-r = 4 -0.39 -0.38 -0.39 -l.OOE-02 -8.49E-03 -1.38E-03 2 CJ r = 2. 0, A-r = 1 -0.18 -0.16 -0.08 -8.13E-03 5.92E-03 -1.69E-03 
CJ: = 2. 0, A-r = 2 -0.15 0.00 0.10 -l.OOE-02 -9.63E-03 2.15E-03 

2 
CJr = 2.0, A-r = 3 -0.41 -0.37 -0.32 -1.00E-02 -8.44E-03 -1.59E-03 
CJ1~ = 2.0, Ar = 4 -0.16 -0.04 0.04 -6.63E-03 -7.63E-04 4.99E-03 Table 5.5: TG and S estimation errors obtained using Cooper-Jacob method with random drawdowns from a single realization at radial distances of 0 .2, 1 and 5 

Parameters Maximum Corresponding Average 
Absolute case(s) Estimation 
Estimation Error Error 

Tc atr = 0.2 0.41 cr: = 2, A'r = 3 -0.10 
Tc atr = 1 0.38 cr: = 1.5, Ar = 4 -0.06 
To at r = 5 0.39 cr: = 1.5, Ar = 4 5.77E-03 
S at r = 0.2 0.113 cr: = 1, Ar = 1 1.68E-02 
Sat r = 1 0.020 cr~ = 1, A'y = 2 3.67E-04 
Sat r = 5 0.006 cr: = 1, Ar = 2 3.12E-04 
Table 5.6: Maximum absolute estimation errors and corresponding cases and average estimation errors for T 0 and S for random drawdown data from a single realization using Cooper-Jacob method 



Parameters Maximum Corresponding Average 
Absolute case(s) Estimation 
Estimation Error Error 

Tc at tltb= 1 (N) 0.07 (): = 1.5, A'y = 4 0.05 
Tc at r = 0.2 (CJ) 0.39 (): = 2, A-r = 3 -0.20 
Tc at r = 1 (CJ) 0.20 (): = 2, A-r = 3 -0.08 
Tc at r = 5 (CJ) 0.16 (): = 1, A-r = 1 0.10 
Table 5.7: Maximum absolute estimation errors and corresponding cases and average 
estimation errors of Tc as obtained by using mean heads using distance-drawdown 
(denoted by N for Neuman et al. , 2004) and Cooper-Jacob method (denoted by CJ) 

Parameters Maximum Corresponding Average 
Absolute case(s) Estimation 
Estimation Error Error 

T c at t/tb= 1 (N) Single Row 0.24 (): = 1.5, A-r = 2 0.04 
Tc at r = 0.2 (CJ) 0.41 (): = 2, A-r = 3 -0.10 
T c at r = 1 ( CJ) 0.38 (): = 1.5, A-r = 4 -0.06 
T c at r = 5 ( CJ) 0.39 (): = 1.5, A-r = 4 5.7T3 
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Table 5.8: Maximum absolute estimation errors and corresponding cases and average 
estimation errors ofT G as obtained by using random heads from a single realization using distance-drawdown (denoted by N for Neuman et al. , 2004) and Cooper-Jacob method 
(denoted by CJ) 

Parameters T c estimates T c estimates T c estimates 
(over 20 MCS) distribution distribution distribution 

r=l r=2 r = 4 
Mean 0.94 1.00 1.07 
Median 0.98 1.04 1.06 
Standard Deviation 0.19 0.16 0.10 
Coefficient of Variation 0.20 0.16 0.09 
Maximum value 1.24 1.23 1.23 
Minimum value 0.51 0.56 0.93 
H0: Lilliefors test 0 0 0 
Table 5.9: Statistics of Tc estimation error distribution using Cooper-Jacob method for a; = 2, Ay = 1 at r = 1, 2 and 4 over 20 random Monte Carlo realizations 
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Parameters Tc estimates Tc estimates Tc estimates 
(over 20 MCS) distribution distribution distribution 

r=1 r = 2 r=4 
Mean 0.50 0.61 0.68 
Median 1.01 0.94 1.02 
Standard Deviation 0.26 0.20 0.19 
Coefficient of Variation 0.52 0.33 0.28 
Maximum value 1.41 1.33 1.51 
Minimum value 0.50 0.61 0.68 
Ho: Lilliefors test 0 0 0 
Table 5.10: Statistics of Ta estimation error distribution using Cooper-Jacob method for 
<J~ = 2, Ay. = 4 at r = 1, 2 and 4 over 20 random Monte Carlo realizations 

Parameters /i'y A-y ;t,r A-y 
at r = 0.2 estimates estimates Estimation Estimation 

CF-15 CF-250 Error Error 
CF-15 CF-250 

2 
CT r = 0. 5, Ar = 1 0.90 0.22 -0.10 -0.78 
CT1~ = 0.5, Ar = 2 0.88 0.21 -1.12 -1.79 
CT: = 0. 5, Ar = 3 1.06 0.26 -1.94 -2.74 

2 
CT r = 0. 5, Ar = 4 0.86 0.21 -3.14 -3.79 
CT1~ = 1.0, Ar = 1 3.36 0.82 2.36 -0.18 

2 
(Jy = 1.0, A}' = 2 5.23 1.28 3.23 -0.72 
CT1~ = 1.0, Ar = 3 0.81 0.20 -2.19 -2.80 
CT1~ = 1.0, Ar = 4 0.99 0.24 -3.01 -3.76 

2 
CTr = 1.5, Ar = 1 0.66 0.16 -0.34 -0.84 
CT: = 1. 5, Ay = 2 0.76 0.19 -1.24 -1.81 

2 
CTr = 1.5, Ar = 3 0.92 0.23 -2.08 -2.77 
CT: = 1. 5, Ar = 4 0.90 0.22 -3.10 -3.78 

2 
CTr = 2.0, Ar = 1 0.64 0. 16 -0.36 -0.84 

2 
CTr = 2.0, AY = 2 0.67 0. 16 -1.33 -1.84 
CT1~ = 2.0, Ar = 3 0.80 0.1 9 -2.20 -2.81 

2 
CTr = 2.0, Ar = 4 0.79 0. 19 -3.21 -3.81 
Table 5.11: Ay. estimates and estimation errors obtained using mean data at r = 0.2 with 
graphical method of CF2 (denoted CF -15) and our proposed modification of this method 
using equation 5.2 (denoted CF-250) 
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Parameters A'y A-y A-y A.r 
at r = 1 estimates estimates Estimation Estimation 

CF-15 CF-250 Error Error 
CF-15 CF-250 

0"1~ = 0.5, Ar = ] 6.44 1.58 5.44 0.58 
CY: = 0.5, Ar = 2 7.81 1.91 5.81 -0.09 
CY: = 0.5, A)' = 3 5.36 1.31 2.36 -1.69 
CY1~ = 0.5, A

1
, = 4 3.91 ·o.96 -0.09 -3.04 

CY: = 1.0, Ar = 1 4.10 1.00 3.10 0.00 
CY: = 1.0, Ar = 2 3.35 0.82 1.35 -1.18 
CY: = 1.0, A)' = 3 3.42 0.84 0.42 -2.16 
CY: = 1.0, Ar = 4 3.46 0.85 -0.54 -3.15 
CY1~ = 1.5, Ar = 1 6.27 1.54 5.27 0.54 

2 
CYr = 1.5, Ar = 2 3.35 0.82 1.35 -1.18 

2 
CY r = 1. 5, Ar = 3 2.58 0.63 -0.42 -2.37 
CY: = 1.5, A1, = 4 2.12 0.52 -1.88 -3.48 
CY1~ = 2.0, Ar = 1 3.22 0.79 2.22 -0.21 
CY1~ = 2.0, Ar = 2 2.05 0.50 0.05 -1.50 
CY: = 2.0, Ar = 3 1.95 0.48 -1.05 -2.52 
CY: = 2.0, Ar = 4 1.95 0.48 -2.05 -3.52 
Table 5.12: Ay estimates and estimation errors obtained using mean data at r = 1 with 
graphical method of CF2 (denoted CF -15) and our proposed modification of this method 
using equation 5.2 (denoted CF-250) 
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Parameters A-r Ay Ay Ay 
at r = 5 estimates estimates Estimation Estimation 

CF-15 CF-250 Error Error 
CF-15 CF-250 

2 
CJ

1
, = 0.5, A.r = 1 1.62 0.40 0.62 -0.60 

CJ1~ = 0.5, Ar = 2 1.48 0.36 -0.52 -1.64 
CJ: = 0. 5, Ar = 3 1.45 0.36 -1.55 -2.64 

2 
(J r = 0. 5, A.r = 4 1.52 0.37 -2.48 -3.63 
CJ: = l. 0, A.r = 1 0.04 0.01 -0.96 -0.99 
CJ1~ = 1.0, A.r = 2 0.04 0.01 -1.96 -1.99 
CJ1~ = 1.0, Ar = 3 0.04 0.01 -2.96 -2.99 
CJ1~ = 1.0, A.r = 4 0.04 0.01 -3.96 -3.99 

2 
CJ1, = 1 .5, A.r = 1 0.04 0.01 -0.96 -0.99 

2 
CJr = 1.5, A-1, = 2 0.04 0.01 -1.96 -1.99 
CJ1~ = 1.5, A.r = 3 0.04 0.01 -2.96 -2.99 
CJ1~ = 1.5, A.r = 4 0.04 0.01 -3.96 -3.99 

2 
CJr = 2.0, A.r = 1 0.04 0.01 -0.96 -0.99 
CJ1~ = 2.0, A.r = 2 0.04 0.01 -1.96 -1.99 
CJ1~ = 2.0, A.r = 3 0.05 0.01 -2.95 -2.99 

2 
CJ r = 2. 0, A.r = 4 0.05 0.01 -3.95 -3.99 
Table 5.13: A.y estimates and estimation errors obtained using mean data at r = 5 with 
graphical method of CF2 (denoted CF -15) and our proposed modification of this method 
using equation 5.2 (denoted CF-250) 



Parameters Maximum Corresponding Average 
Absolute case(s) Estimation 
Estimation Error Error 

Ay w/ CF-15 at r = 0.2 3.23 CT: = 1, A'y = 2 -1.24 

Ay w/ CF-250 at r = 0.2 3.81 CT: = 2, A-r = 4 -2.19 

Ay w/ CF -15 at r = 1 5.81 CT: = 0.5, A-r = 2 1.34 

Ay w/ CF-250 at r = I 3.52 CT: = 2, A-r = 4 -1.56 

A-r w I CF -15 at r = 5 3.96 CT: = 1 and 1.5, A,r = 4 -2.09 

Ay w/ CF-250 at r = 5 3.99 CT: = 1, 1.5 and 2, A,r = 4 -2.40 
Table 5.14: Maximum absolute estimation errors and corresponding cases and average 
estimation errors of Ay corresponding to Tables 5.9- 5.11 

Parameters Ay Ay Ay Ay 
at r = 0.2 estimates estimates Estimation Error Estimation Error 

CF-15 CF-250 CF-15 CF-250 
CJ): = 0.5, A-r = 1 1.65 0.40 0.65 -0.60 
CJ: = 0. 5, A-r = 2 2.57 0.63 0.57 -1.37 
CJ): = 0.5, A-r = 3 0.04 0.01 -2.96 -2.99 

2 
CJ r = 0. 5, A-r = 4 0.48 0.12 -3.52 -3.88 
CJ: = 1. 0, A-r = 1 1.70 0.42 0.70 -0.58 
CJ: = 1. 0, A-r = 2 3.55 0.87 1.55 -1.13 
CJ): = 1.0, A-r = 3 3.17 0.78 0.17 -2.22 

2 
CJ r = 1 . 0, A-), = 4 1.37 0.34 -2.63 -3.66 
CJ): = 1.5, A-r = 1 1.05 0.26 0.05 -0.74 
CJ): = 1.5, A-r = 2 0.04 0.01 -1.96 -1.99 

2 
CJr = 1.5, AY = 3 1.67 0.41 -1.33 -2.59 
CJ): = 1.5, A-r = 4 0.00 0.00 -4.00 -4.00 
CJ): = 2 .0, A-r = 1 2.29 0.56 1.29 -0.44 

2 
CJ), = 2 .0, A-r = 2 0.00 0.00 -2.00 -2.00 
CJ): = 2.0, A-r = 3 0.03 0.01 -2.97 -2.99 
CJ): = 2.0, A-r = 4 2.14 0.52 -1.86 -3.48 
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Table 5.15: Ay estimates and estimation errors obtained using random data from 
individual realizations with graphical method of CF2 (denoted CF -15) and our proposed 
modification of this method using equation 5.2 (denoted CF-250) at r = 0.2 
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Parameters Maximum Corresponding Average 
Absolute case(s) Estimation 
Estimation Error Error 

-\ wl CF-15 at r = 0.2 4.00 o-: = 1.5, A'y = 4 -1.14 

-\ wl CF-250 at r = 0.2 4.00 o-: = 1.5, A'y = 4 -2.17 

Table 5.16: Maximum absolute estimation errors and corresponding cases and average 
estimation errors of-\ corresponding to Table 5.13 

Parameters Maximum Corresponding Average 
Absolute case(s) Estimation 
Estimation Error Error 

-\ wl Method 1 (steady-state) 1.92 o-: = I, A'y = 4 -0.27 

-\ w I CF -15 at r = 0.2 3.23 o-: = I, A'y = 2 -1.24 

-\ wl CF-250 at r = 0.2 3.81 o-: = 2, A-r = 4 -2.19 

A-r w I CF -15 at r = 1 5.81 o-: = 0.5 , A-r = 2 1.34 

-\ wl CF-250 at r = I 3.52 o-: = 2, A-r = 4 -1.56 

-\ w I CF -15 at r = 5 3.96 o-: =I and 1.5, A-r = 4 -2.09 

A,r wl CF-250 at r = 5 3.99 o-: = I,1.5 and 2, A-r = 4 -2.40 
Table 5.17: Maximum absolute estimation errors and corresponding cases and average 
estimation errors of-\ obtained using mean data with methods based on CF2 and our 
approach based on Neuman eta!. [2004] 

Parameters Maximum Corresponding Average 
Absolute case(s) Estimation 
Estimation Error Error 

-\ wl Method 1 (steady-state) 1.50 o-
2 

= I -\ = 4 -0.02 
y ' 

single-row data 
o-

2 
= 2 -\ =I y ' 

-\ wl Method 1 (transient) 1.73 o-: = I, A'y = 4 -0.20 
single-row data 
A,r wl CF-15 at r = 0.2 4.00 o-: = I.5 , A-r = 4 -1.14 

A,r wl CF-250 at r = 0.2 4.00 o-: = 1.5, A-r = 4 -2.17 

Table 5.18: Maximum absolute estimation errors and corresponding cases and average 
estimation errors of -\ obtained using random data from a single realization with 
methods based on CF2 and our approach based on Neuman eta!. [2004] 



Chapter 6. CONCLUSIONS 

6.1 Conclusions 
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This thesis investigated stochastically the first two moments of drawdown and flux 

during transient flow in a randomly heterogeneous aquifer. The natural logarithm Y = lnT 

was treated as a statistically homogeneous, multi-variate Gaussian random field with an 

isotropic exponential spatial correlation function. An extensive suite of Monte Carlo 

simulations were run for sixteen combinations of log-transmissivity integral scale (within 

the range 1 ~ A-y ~ 4 in increments of 1) and variance (within the range 0.5 ~ O"~ ~ 2 in 

increments of 0.5). The results led to the following major conclusions: 

1. Graphs of the derivative of dimensionless drawdown with respect to the natural 

logarithm of dimensionless time versus dimensionless time as well as drawdown 

versus time (i.e. Cooper-Jacob graphs) were used to determine the "boundary 

time", tb, prior to which there are no discernible boundary effects on drawdown 

across the domain. The flat section observed in the former and the 

semilogarithmic straight line in the latter indicates that at tb the entire flow 

domain is under a quasi steady state flow regime. At this time the drawdown 

increases linearly with log time. 

2. The graphs of mean dimensionless drawdown derivative versus tddemonstrate 

that the dimensionless time t d at which the boundary effect becomes first 

discernible is independent of log transmissivity variance and integral scale. There 
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is a slight variation with these parameters observed in the same graphs for random 

drawdown but in a way that we find difficult to generalize. 

3. The considerable early-time deviation from the Theis curve observed near the 

pumping well was determined to be a computational artifact resulting from 

inadequate numerical grid resolution near the pumping well, a fact established by 

noting that it persists even as the variance of log transmissivity drops to zero. 

4. Most of the fundamental trends observed in the mean data are displayed in 

random data from individual realizations, however they are less clearly defined 

and do not necessarily follow the same systematic patterns corresponding to the 

various log-transmissivity statistical parameters. This is in part because log

transmissivity integral scale and variance has more of an impact on the behavior 

of random drawdown from an individual realization than on mean drawdown. 

Additionally the log-transmissivity integral scale has slightly more influence than 

the variance on the random drawdown, whereas the opposite is true for the mean 

drawdown. 

5. At t/tb = 1 a fundamental change in the behavior is observed as dimensionless 

drawdown curves for various log-transmissivity variance values coalesce at 

r I A-y 2:: 2.0 for all A-y values. This mirrors steady state behavior noted by Neuman 

and Orr [1993] , lndelman and Abramovich [1994] , Simchez-Villa [1997] and Riva 

et al. [200 1]. Similar behavior albeit less clearly defined is observed on 

corresponding curves of random dimensionless drawdown from a single 

realization. 
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6. The behavior of dimensionless variance of drawdown at tltb =I for various values 

of log transmissivity variance and integral scale is similar to that under steady 

state as obtained by Riva el. a! [200I]. At first it decreases sharply with 

dimensionless distance from the pumping well, then stabilizes and eventually 

decreases sharply to zero as one approaches the external Dirichlet boundary. Our 

results show a more consistent increase in dimensionless head variance with log 

transmissivity variance and integral scale than do those of Riva et al. 

7. In line with steady state behavior noted by Neuman and Orr [I993] the variance 

of flux decreases at a rate more or less proportional to 1/ r 2 for nearly the entire 

length of the simulated domain, with the exception of small distances close to the 

pumping well at tltb = 1. Consistent with our finding, these authors also found 

such 1/r2 variation to take place only at distances exceeding about one integral 

scale from the pumping well (Neuman and Orr, 1993, p. 348). 

8. The coefficient of radial flux variation normalized by the standard deviation of 

log transmissivity using transient data at t I tb = 1 varies with dimensionless 

distance in a manner both qualitatively and quantitatively similar to the steady 

state behavior noted by Riva el. a! [200 I]. Additionally it exhibits the change in 

behavior at r I A-y ~ 2 observed in the variation of mean dimensionless drawdown 

curves with dimensionless radial distance. 

9. Based on the lack of a systematic patterns of drawdown generally applicable to 

any random realization, a new graphical method of estimating T c, S, A-y and a~ 



from a constant rate pumping test could not be developed based on variation in 

time at a single location. 
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10. This thesis validated numerically the conjecture by Neuman et al. [2004] that 

during transient flow to a well pumping at a constant rate in a randomly 

heterogeneous aquifer of infinite lateral extent, a quasi steady state region 

develops across the domain in each random realization and in the ensemble mean. 

11. There was an excellent match between the transient (i.e. data from this thesis) 

dimensionless mean draw down curves forA-y = 1, 2, 3 and 4 at t / tb = 1 and the 

corresponding steady state curves in Neuman et al. [2004] forA-y = 1. These 

figures illustrate how the semi-empirical equation in the author' s paper implicitly 

accounts for any value of A-y . 

12. The transient envelopes of ±2 standard deviations of dimensionless mean 

drawdown increments about the mean dimensionless drawdown are slightly 

narrower than their steady state counterparts due perhaps to the use by Neuman et 

al. of a Gaussian variogram, Galerkin finite elements with bilinear shape 

functions, a numerical grid of 101 x 101 nodes, and 2000 Monte Carlo runs as 

compared to our use of an exponential variogram, MODFLOW based finite 

differences, a numerical grid of 501 x 501 nodes, and 1500-3400 Monte Carlo 

runs. The discrepancy is small enough to constitute a verification of Neuman et 

al. ' s conjecture about the applicability of their type curves, and methodology, to 

transient data at quasi-steady state. 
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13. As the envelopes of ±2 standard deviations are based on the assumption of a 

normal distribution of head values generated by the Monte Carlo method, the 

validity of this was tested in this thesis. It was determined that the distribution of 

heads generated by the Monte Carlo method appear to be Gaussian at r ~ 2 and 

r z 6 for (j~ = 2, A.y = 1 and 4 respectively, based on histograms and normal 

probability plots generated in MATLAB. As this is true for the cases with highest 

log-transmissivity variance, it should additionally hold for the cases with smaller 

variances. 

14. The estimates of Tc from the graphical method of Neuman et al. [2004] for mean 

data all lie slightly above the true value ofT0 = 1, whereas estimates obtained 

from random data from a single realization fluctuate about the true value. We 

conclude that the ability of the method to estimate the geometric mean 

transmissivity is excellent, improving with the number of measurements. 

15. It was found that Method 1 of Neuman et al. [2004] yielded the most accurate 

estimates of A.y and that estimates obtained using the steady state type curves of 

Neuman et al. [2004] and our transient type curves are of comparable quality for 

both mean and random head. The results of the analysis of random head from a 

single realization showed that averaging the random data in space has not led to 

any noticeable improvement in the estimates of A.y . 

16. The estimates of (j~ make it difficult to select one preferred method, set of data or 

type-curves among those considered. Recalling that Method 1 has provided the 
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best estimates of log transmissivity integral scale and that Method 2 is sensitive to 

these estimates, we prefer Method 1 for the estimation of all parameters. 

17. The Cooper-Jacob method applied to mean drawdown from this thesis 

underestimates T a near the pumping well and overestimates it far from the 

pumping well. Estimates of S are seen to be reasonably accurate, the 

corresponding estimation error improving with radial distance from the pumping 

well but exhibiting no discernible systematic variation with log transmissivity 

variance or integral scale. 

18. When applied to random data from this thesis, the quality of the estimates for T a 

and S increases systematically and significantly with radial distance from the 

pumping well, showing no discernible dependence on log transmissivity variance 

or integral scale. The Cooper-Jacob method yielded very accurate estimates of S, 

particularly at radial distances some distance from the pumping well. 

19. Estimates ofT a obtained using the distance-drawdown method of Neuman eta/. 

[2004] tend to be more accurate than those obtained using the Cooper-Jacob 

method both for mean data and random data from a single realization. 

20. We determined that there is a normal distribution of To estimation errors using the 

Cooper-Jacob method in aquifers with similar log-transmissivity statistical 

parameters at any radial distance from the pumping well. This is based on the 

analysis of normality tests and probability plots generated in MATLAB at radial 

locations of r = 1, 2 and 4 through twenty randomly selected Monte Carlo 

realizations for the cases of ()~ = 2, A.y = 1 and 4 . 
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21. The mean and median values of the T G estimation distribution are very close to 

the true value ofT G = 1 for the case of a~ = 2, .Ay = 1 , whereas only the latter is 

true for the higher integral scale, .Ay = 4 . In both cases the coefficient of variation 

is small ( C.V. ~ 0.52) and significantly decreases with increasing radial distance 

from the pumping well. Based on the decreasing trend of C.V ., we recommend 

utilizing time-drawdown measurements from an observation well at a reasonably 

far radial distance from the pumping well to most accurately determine T G· 

22. The variable of interest in the pumping test interpretation method proposed by 

Copty and Findikakis [2003] (denoted as CF2) is a normalized drawdown rate, 

defined as observed drawdown normalized by an equivalent homogeneous aquifer 

having a transmissivity equal to the geometric mean. Their method is based on the 

behavior of mean values at early time near the pumping well as presented in 

Copty and Findikakis [2004] (denoted as CFl) in which they presented a results 

based on a limited values of .Ay and a~ . This thesis showed that there was 

inadequate numerical grid resolution near the pumping well most evident at early 

time using a grid five times finer than theirs near the pumping well. 

23 . The data in this thesis could not reproduce the graphs in CF 1 and showed a 

significant impact of .Ay and a~ values as well as radial distance from the 

pumping well, not shown in their paper, on the behavior of mean normalized 

drawdown rates. The normalized drawdown rates from random drawdown in a 

single realization did not show patterns similar to those from the mean drawdown. 
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24. The convergence of mean normalized drawdown rates for various integral scales 

and CJ~ = 1 at a dimensionless time, t* = tTc /SA 2 of 15 was used in the equation 

proposed to determine log-transmissivity integral scale. The mean and random 

drawdown in this thesis did not show this conclusion. 

25. We conclude that (a) curves depicting mean drawdown rate variations with 

dimensionless or real time in CF 1 and CF2 lack accuracy, (b) even if the type 

curves provided in CF2 for the pumping well were accurate, they would still be 

strictly valid only for A.y = 1 , (c) a different set of type curves would be required 

for each integral scale and dimensionless distance, (d) real drawdown rates may 

exhibit very different temporal variations than do mean drawdown rates, and 

therefore (e) the graphical method of estimating CJ~ proposed in CF2 appears to 

be neither accurate nor practical. Therefore the log-transmissivity variance 

estimation method proposed in CF2 was not applied to data from this thesis. 

26. The authors suggested that in practice one averages drawdowns from pumping 

tests conducted at different locations in an aquifer to reduce the spread of 

responses in individual tests. Our results suggest, however, that the proposed 

method would not be accurate or practical even if applied to ensemble averages; 

spatial averaging, as proposed by the authors, would be further limited by the 

requirement of ergodicity. 

27. The proposed method estimation of A.y from CF2 was applied to mean and random 

data from this thesis. Our proposed modification based on the later dimensionless 
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time of convergence for the mean normalized drawdown rates observed in this 

thesis has not improved the ability of the CF2 method to estimate Ay for mean or 

random data. 

28. Estimates obtained from Method 1 of Neuman et al. [2004], using steady state and 

transient type-curves were significantly more accurate than those obtained using 

the methods based on CF2 for mean and random data. 

29. The reason why a distance-drawdown method yields more accurate estimates of 

log-transmissivity statistical parameters than a time-drawdown method is that the 

former takes into account various spatial support volumes (i.e. a range of scales). 

As a time-drawdown method can only give information about the support volume 

(i.e. scale) of an individual observation well, only a limited amount of information 

about the aquifer can be obtained. 

30. The distance-drawdown method of Neuman et al. [2004] utilized the finding that 

at a scale greater than 2.Ay , the mean behavior of the aquifer is observed whereas 

the behavior due to the heterogeneous nature of the aquifer is revealed at smaller 

scales. Thus the geometric mean transmissivity can be accurately calculated using 

drawdown from observation wells at radii farther than 2.Ay and the variance (i.e. 

degree of heterogeneity) and integral scale (i.e. geologic unit length) can be 

calculated relatively accurately using drawdown from observation wells at radii 

closer to the pumping well. 

31. The time-drawdown information obtained from the Cooper-Jacob method for 

observation wells at various radial distances from the pumping well would best be 
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utilized to determine (a) the time during which there is a quasi steady state flow 

regime, (b) the radius of the circular region enclosing this flow regime, (c) the T c 

estimate as a check of the one determined from the distance-drawdown method 

and (d) an estimate of S. The analysis in this thesis showed that the time

drawdown method of Copty and Findikakis [2003] did not yield estimates as 

accurate as those obtained from the distance-drawdown method of Neuman et al. 

[2004]. Thus the latter method could be employed using the information above to 

determine the log-transmissivity variance and integral scale. 

6.2 Further Work 

We would like to re-run the Monte Carlo simulations employing a Gaussian 

spatial correlation function to check if this is the cause of the difference in transient and 

steady state type curves. At some point we may also want to use random fractals. We 

would also like to re-run the simulations using various values of a G = Tc I S to verify the 

theoretical conclusion that the "boundary time", t6 would vary in direct proportion to a G 

numerically. Additionally, we would like to test the methodology of Neuman et al. [2004] 

against field data from a suitable aquifer test. 
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