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ABSTRACT

Low-density parity-check (LDPC) codes with column weight-4 are widely used in many commu-
nication and storage systems. However, traditional hard decision decoding algorithms such as the
bit-flipping (BF) algorithm suffer from error floor due to trapping sets in LDPC codes. In this
paper, to lower error floor of the BF algorithm over the Binary Symmetric Channel (BSC), we
design a set of decoding rules incorporated within the BF algorithm for column weight-4 LDPC
codes. Given a column weight-4 LDPC code, the dominate error patterns of the BF algorithm are
first specified, and according to the designed rules, additional bits at both variable nodes (VN) and
check nodes (CN) provide more information for the BF algorithm to identify the dominate error
patterns, so that the BF algorithm could deliberately flip some bits to break them. Simulation re-
sults show that the modified BF algorithm eliminates all 4-error patterns and lowers the Bit Error
Rate (BER) for at least two orders of magnitude with a trivial increment of complexity.

INTRODUCTION

LDPC codes are one of most promising candidates for error control in high speed applications such
as data storage and deep space communications systems. Belief-Propagation (BP) based iterative
decoding algorithms to decode LDPC codes have been shown to approach Shannon capacity[1, 2]
in various channels. Soft-decision BP algorithms, such as Sum Product Algorithm (SPA) [3], show
excellent error performance especially for LDPC codes with variable degree no greater than 4.
However, the computational complexity of soft-decision BP algorithms is high and the decoding
speed is limited due to real number calculations and real number storage. Hard-decision BP algo-
rithms hence become popular especially in data storage systems because of its low computational
complexity and high speed. The major drawback of hard-decision BP algorithms is that they suffer
from high error floor, which degrades the error performance.

Among different hard-decision BP algorithms, the Bit-Flipping (BF) algorithm has the highest
speed and least decoding complexity, making itself a good candidate in fault-tolerant memories[4,
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5]. Furthermore, the decoding speed neither relies on the column weight nor on the row weight
of LDPC codes. As a typical hard-decision BP algorithm, the BF algorithm still suffers from high
error floor over the BSC for finite length codes.

In recent decade, many modifications on the BF algorithms have been proposed to improve the
error performance. In [6, 7, 8], soft information from a channel is incorporated into the BF Algo-
rithm, which cannot be used over the BSC. Furthermore, people also consider using randomness
to add more information and slow down the decoding process. Miladinovic et al. [9] introduce
a probability p < 1 in the BF algorithm such that once a variable node (VN) is suggested to be
flipped by the number of its unsatisfied neighbors(CNs), it will be flipped with probability p. Ivanis
et al. [10] incorporate a randomness in gradient descent bit flipping algorithm[8] to help the algo-
rithm correct trapping set errors. They then extend the Probability-GDBF algorithm in [11] based
on the principle of multiple decoding attempts and random re-initializations, which combines a
new threshold adaptation method to further improve the immunity to the noisy registers and logic
gates. Instead of applying randomness, Nguyen et al. [12] introduce one additional bit for each
VN to indicate the strength and one additional bit for each CN to represent the reliability. This
approach also adds more information and slows down the decoding process in a deterministic way
by reducing the strength of a VN before flipping it.

Different from Nguyen’s work which is designed for column weight-3 LDPC codes, in this
paper, we develop a set of decoding rules incorporated with the BF algorithm for finite length
column weight-4 LDPC codes over the BSC. Inspired by [12], given a column weight-4 LDPC
code, we first analyze the dominate error patterns of the BF algorithm. To specify these dominate
error patterns whenever they happen, we add one more bit for each VN and multiple additional
bits for each CN to provide more information. The additional bit at each VN still represents the
strength, but the multiple additional bits for each CN play a role not only as the reliability as
in [12], but also as a flag to indicate some stable dominate error patterns. The “flag” feature is
another difference from [12], since the stable dominate error patterns are not encountered in [12].
As long as the dominate error patterns are identified in decoding process, some VNs(bits) will
be deliberately flipped according to the designed rules to break these error patterns. Simulation
results show that the modified BF algorithm could eliminate all 4-error patterns and lower at least
2 order of magnitude in terms of BER level. As the increment of decoding complexity is trivial, the
proposed multi-bit BF algorithm runs at fast speed, which is suitable for applications that require
high throughput.

The rest of the paper is organized as follows. Section II introduces the preliminaries. Section
III shows the proposed multi-bit BF algorithm. Section IV gives the numerical results and analysis
and Section V concludes this paper.

PRELIMINARIES

Let C be an (n, k) binary LDPC code given by the null space of a m × n parity check matrix
H. G is the Tanner graph of C, a bipartite graph with two sets of nodes and a set of edges. The
two sets of nodes are: n VNs (bits) V (G) = {1, 2, ...n} and m CNs C(G) = {1, 2, ...m}. E(G)
denotes the set of edges. A vector z = (z1, z2, ...zn) is a codeword in C iff zHT = 0, where HT is
the transpose of H. A dv-left-regular (dc-right-regular) LDPC code has a Tanner graph G in which
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all VNs (CNs) have degree dv (dc). A (dv, dc)-regular LDPC code is dv-left-regular and dc-right-
regular. In this paper, we only consider (4, dc)-regular LDPC codes, where the column weight is 4
and row weight is dc. A subgraph of a bipartite graph G is a bipartite graph U such that V (U) ⊆
V (G), C(U) ⊆ C(G) and E(U) ⊆ E(G). An induced subgraph on a set of variable nodes
Vd ⊆ V (G) is a bipartite graph U with V (U) = Vd,C(U) = {c ∈ C(G) : ∃v ∈ Vd, (v, c) ∈ E(G)}
and E(U) = {(v, c) ∈ E(G) : v ∈ Vd}. The length of the shortest cycle in the Tanner graph G is
called the girth g of G.

Assume the transmission of the all-zero codeword over the BSC. Supposed that r = (r1, r1, ...rn)
is the channel output vector, where ri ∈ {0, 1}. Let x̂` = (x̂`1, x̂

`
2, ...x̂

`
n) be the decision vector and

s` = (s`1, s
`
2, ...s

`
m) be the syndrome vector of x̂` after the `-th iteration, where ` is a positive inte-

ger. Then, s` = x̂`HT . A check node c is said to be satisfied at the beginning of the `-th iteration
if s`−1c = 0, otherwise it is unsatisfied.

For any VN v in a Tanner graph G, let N `
s(v) and N `

u(v) be the number of satisfied CNs and
unsatisfied CNs adjacent to v at the beginning of the `-th iteration, respectively. The standard BF
algorithm operates as follows:

• in each iteration, the BF algorithm in parallel flips the VNs v if N `
u(v) > dv/2 and set the

VNs v to be initial value if N `
u(v) = dv/2;

• the BF algorithm operates until either s` = 0 or the preset maximum number of iterations
Imax is reached.

MULTI-BIT BIT-FLIPPING ALGORITHM

In this section, we introduce the multi-bit BF algorithm for column weight-4 LDPC codes. First
we specify some harmful error patterns of column weight 4 LDPC codes encountered in the BF
decoding.

A. Two-Bit for Variable Node to eliminant dominant 3-error pattern

Consider a (4, dc)-regular LDPC code C with girth 8. Without loss of generality, supposed that
a subset of VNs: Vd = {v1, v2, v3, v4, v5} forms three 8-cycles in the Tanner graph G of C, and
the induced subgraph on Vd is shown in Fig.1(a)(b). Consider the BF decoding with the initial
condition that only v1, v3 and v5 are in error. Fig.1(a) and (b) show the first and second iteration,
respectively, where # represents the correct VN,  denotes the erroneous VN, � indicates the
satisfied CN, and � implies the unsatisfied CN at the end of ` − 1 iteration. It can be observed
that by the standard BF decoding, all 5 VNs are flipped in every iteration, and the set of erroneous
VNs is oscillating between {v1, v3, v5} and {v2, v4}. Therefore, for this initial 3-error pattern, the
standard BF decoding will eventually end in failure. A possible idea is to find a way to only flip
one set of {v1, v3, v5} and {v2, v4}. We use a similar approach in [12] to slow down the flipping
process.

Specifically, as N `
u(v) ∈ {0, 1, 2, 3, 4}, we assign 2 bits to create four states for each VN as:

{Strong Zero, Weak Zero, Weak One, Strong One}, and denote them by {0s, 0w, 1w, 1s}. The
assignment is reasonable in the sense that the states are “quantitative” soft information. Let Q =
{0s, 0w, 1w, 1s}, and q` = (q`1, q

`
2, ...q

`
n) be a state vector where each q`j ∈ Q represents the state
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Figure 1: Dominant error patterns of dv = 4 LDPC codes. (a) 3-error pattern in the first iteration of the BF
decoding. (b) 3-error pattern in the second iteration of the BF decoding. (c) Stable 4-error pattern in the
2-bit joint BF decoding.

Table 1: State Transition Function f1(q
`−1
v , N `

u(v))

N `
u(v)

0 1 2 3 4
q`−1v 0s 0s 0s 0s 0w 1s

0w 0s 1w 1w 1s 1s

N `
u(v)

0 1 2 3 4
q`−1v 1w 1s 0w 0w 0s 0s

1s 1s 1s 1s 1w 0s

of VN j in `-th iteration. Then the decision vector x̂` is determined by q` as follows: x̂`j = 0 if
q`j = 0s or 0w; x̂`j = 1 if q`j = 1s or 1w. q` is updated as a finite state machine based on q`−1

and N `
u(v), as illustrated in Table 1. Each VN v is initialized to q0v = 0s if rv = 0, otherwise

q0v = 1s. With state vector and state transition function q`v = f1(q
`−1
v , N `

u(v)) given in Table 1,
the state of initial 3-error pattern in Fig.1(a) changes from (q11, q

1
2, q

1
3, q

1
4, q

1
5) = (1s, 0s, 1s, 0s, 1s)

to (q21, q
2
2, q

2
3, q

2
4, q

2
5) = (0s, 0w, 0s, 0w, 0s), resulting in a decoding success. Similarly, other initial

3-error patterns can also be eliminated by this modified BF algorithm. Therefore, the 2-bit joint
BF algorithm guarantees to correct up to 3 errors for column weight-4 LDPC codes.

B. Multi-Bit for Check Node to eliminate dominant 4-error patterns

B..1 Stable 4-error pattern

Introducing one additional bit for each VN causes new dominate error patterns of size 4. To further
improve the error performance, we explore the possibility of removing dominate 4-error patterns.
Without loss of generality, assuming that a subset of VNs: Vd = {v1, v2, v3, v4} forms a 8-cycle
in G, and the induced subgraph on Vd is shown in Fig.1(c). Consider the initial condition where
only {v1, v2, v3, v4} are erroneous. Supposed that the rest VNs not in Fig.1(c) remain correct
during decoding process and are not to be discussed. With the decoding rules given in Table1,
the state (q`1, q

`
2, q

`
3, q

`
4) will be stuck at (1s, 1s, 1s, 1s), and all CNs stay in the same state: either

satisfied or unsatisfied. It is reasonable to argue that if some CN stays in unsatisfied state for
several consecutive iterations, it has a probability to be in a stable 4-error pattern isomorphic to
Fig.1(c). Furthermore, a possible approach to break the stable situation is to reduce the VN’s
strength, which again slows down the decoding process. Since the unsatisfied CNs provide us
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important information, we give the following definition.

Definition 1 For each check node c ∈ C(G), the flag of c, denoted by Fl(c), is defined as the
number of consecutive iterations during decoding process where c is stuck at unsatisfied state. A
check node c is called Flagged-check node if Fl(c) ≥ θ. For each variable node v ∈ V (G), the
energy of v, denoted by E(v), is defined as the number of Flagged-check nodes adjacent to v.

In this paper, Fl(·) is limited to no greater than 3 and θ is predefined to 2, thus two more bits
are required for each flag. With Flagged-CNs, we now modify the updating rules for each VN v
symmetrically as follows:

q`v = f2(q
`−1
v , N `

u(v), E(v)) =


0w, if q`−1v = 0s, and E(v) ≥ 2
1w, if q`−1v = 1s, and E(v) ≥ 2
f1(q

`−1
v , N `

u(v)), otherwise
(1)

With Eq.1, in each iteration, the state of initial stable 4-error pattern in Fig.1(c) becomes:

(q01, q
0
2, q

0
3, q

0
4) = (q11, q

1
2, q

1
3, q

1
4) = (q21, q

2
2, q

2
3, q

2
4) = (1s, 1s, 1s, 1s)

(q31, q
3
2, q

3
3, q

3
4) = (1w, 1w, 1w, 1w), (q

4
1, q

4
2, q

4
3, q

4
4) = (0w, 0w, 0w, 0w)

thus the decoding ends in a valid codeword in C.

B..2 Oscillating 4-error pattern

The flag feature may fail if some oscillating error configurations happen durning decoding pro-
cess. Without loss of generality, supposed that a subset of VNs: Vd = {v1, v2, v3, v4, v5, v6} ⊆
V (G) has an induced subgraph shown in Fig.2(a)(b). If in some iteration `, the state vector be-
comes (q`1, q

`
2, q

`
3, q

`
4, q

`
5, q

`
6) = (1w, 1w, 1s, 0w, 0w, 1s), then the state of Vd will oscillate between

(1w, 1w, 1s, 0w, 0w, 1s) and (0w, 0w, 1s, 1w, 1w, 1s), as shown in Fig.2(a) and (b). We call the oscil-
lating phenomenon in Fig.2(a)(b) Type-1 oscillating error configuration. To briefly analyze Type-1,
only v3 and v6 are strong VNs and stable, which are easier to be identified than other weak VNs.
Furthermore, the adjacent CNs of v3 and v6 share the same state stability: one stable satisfied CN,
one stable unsatisfied CN, and two unstable CNs that change state (satisfied or unsatisfied) alter-
nately. Another similarly oscillating case is given in Fig.2(c)(d), where the state alternates between
(1w, 1s, 0w, 1s, 1w, 0w) and (0w, 1s, 1w, 1s, 0w, 1w). We call the second case Type-2 oscillating error
configuration. In Type-2, only {v2, v4} are strong and stable. All their neighbors are oscillating,
and in every iteration, both v2 and v4 are connected to two unsatisfied CNs. Such shared state
information can be used to identify the strong VNs and reduce their strength. We follow the same
way in [12] by introducing one more bit for each CN to describe its reliability.

Specifically, in each iteration, every check node has one out of four states: {previously-satisfied
(PS), newly-satisfied (NS), newly-unsatisfied (NU), previously-unsatisfied (PU)}. Denote the state
of a check node c in `-th iteration by T`(c). A satisfied (unsatisfied) check node has state PS (PU)
if it was satisfied (unsatisfied) in the previous decoding iteration, otherwise it has state NS (NU),
i.e.,

T`(c) = (1− s`c)(1− s`−1c )PS+ s`c(1− s`−1c )NU+ (1− s`c)s`−1c NS+ s`cs
`−1
c PU (2)
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Figure 2: Oscillating 4-error patterns: (a)Odd iterations of Type-1 oscillating error configuration. (b)Even
iterations of Type-1 oscillating error configuration. (c)Odd iterations of Type-2 oscillating error configura-
tion. (d)Even iterations of Type-2 oscillating error configuration.

Then for any variable node v, the reliability of its neighbors can be described as a 4-tuple:
Y(v) = (Nps(v), Npu(v), Nns(v), Nnu(v)), where NX(v) represents the number of CNs adjacent
to v that have state X,X ∈ {PS,NS,NU,PU}. It is straightforwards to identify the strong VNs in
Type-1 and Type-2 by Y(v) = (1, 1, 1, 1) and (0, 0, 2, 2), respectively. The algorithm will reduce
the strength once it detects such strong VNs.

The two oscillating cases in Fig.2 now can be successfully decoded:

• Type-1: (1w, 1w, 1s, 0w, 0w, 1s) → (0w, 0w, 1w, 1w, 1w, 1w) → (1w, 1w, 0w, 0w, 0w, 0w) →
(0s, 0s, 1w, 0s, 0s, 1w)→ (0s, 0s, 0s, 0s, 0s, 0s);

• Type-2: (1w, 1s, 0w, 1s, 1w, 0w) → (0w, 1w, 1w, 1w, 0w, 1w) → (1w, 0w, 0w, 0w, 1w, 0w) →
(0s, 1w, 0s, 0s, 1w, 0s)→ (0s, 0s, 0s, 0s, 0s, 0s).

Combining the stable and oscillating error patterns, a strong VN will be reduced strength if the
following condition holds:

E(v) ≥ 2 or Y(v) ∈ {(1, 1, 1, 1), (0, 0, 2, 2)} (3)

Eq. 1 is then modified into following formula:

q`v = f3(q
`−1
v , N `

u(v), E(v),Y(v)) =


0w, if q`−1v = 0s, and Eq. 3 holds
1w, if q`−1v = 1s, and Eq. 3 holds
f1(q

`−1
v , N `

u(v)), otherwise
(4)

Other 4-error patterns can be removed in a similar way. We summarize the proposed multi-bit
bit-flipping algorithm below.

NUMERICAL RESULTS

In this section, we simulate the multi-bit bit-flipping algorithm on a column weight-4 LDPC code.
The code length is 1296, and code rate is 0.5. Fig.3 shows the simulation results of BER per-
formance over the BSC. The blue curve stands for the standard BF decoding, and the red curve
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Algorithm 1 Multi-Bit Bit-Flipping Algorithm
1: Initialization: ∀v ∈ V (G), q0v ← 0s if rv = 0; q0v ← 1s if rv = 1. l← 1
2: while s` 6= 0 and l < Imax do
3: ∀v ∈ V (G), update q`v according to Eq. 4;
4: ∀c ∈ C(G), update T`(c) according to Eq. 2;
5: end while

represents multi-bit BF decoding. The crossover probability is α ranging from 0 to 0.1. The smaller
α is, the better the channel is. It can be observed that the multi-bit BF decoding outperforms the
standard BF decoding when α < 0.045. At α = 0.01, it lowers 2 order of magnitude in terms
of BER level. Simulation shows that no 4-error pattern is found when α < 0.01. Noted that the
proposed decoding may work worse than the standard BF decoding when α ≥ 0.045. The reason is
that there are so many small dominate error patterns when the channel is noisy, and the correlation
among them cannot be isolated from multi-bit BF algorithm. Since only four more bits are added
in proposed decoding, the computational complexity is trivial.

CONCLUSIONS

In this paper, we introduced a multi-bit bit-flipping algorithm for column weight-4 LDPC codes.
We specified the dominate error patterns and designed a set of rules to slow down the decoding
process. Simulation results show that proposed algorithm can remove all 4-error patterns and lower
the BER for at least two orders of magnitude over the BSC at the price of a trivial increment of
complexity.
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