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SUMMARY 

The free -free continuum specific intensity 1(v) emergent from a 

homogeneous isothermal half -space or slab of hot hydrogen plasma is 

discussed physically, then derived analytically from results in the 

theory of emitting atmospheres. Thomson scattering, which is important, 

is approximated as isotropic and coherent. Opacities other than free - 

free and Thomson are neglected. The dependence of I(v) on plasma 

density n and temperature T is eliminated by plotting in dimensionless 

variables, and curves are given for values of slab electron -scattering 

optical thickness es = 2, 4, 20, 200, oo and for angles of view 

= cos 8 = 1 and 1/5. These spectra are Rayleigh -Jeans at low v, but 

for large es a characteristic transition region appears, with I(v) c Y. 

This may have astrophysical applications. At high v a finite slab is 

translucent, and I(v) assumes the exp(- by /KT) shape of the thermal 

bremsstrahlung emissivity curve. 
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Continuum data on Sco X -1 and model -building by earlier 

authors are discussed. The extinction to Sco X -1 is probably 

AV 0.7 mag. Theoretical spectra with 
des 

between 4 and 20 

may be fitted to the data, except that a kink in the observed optical 

spectrum cannot be reproduced in our simple theory. Two paradigmatic 

models are derived, both with T = 5 x 107 °K: (1) es = 14, n = 7 x 1015 cm 
3, 

thickness R along line of sight = 3 x 109cm, solid angle n on celestial 

sphere = 1.2 x 10 -24 sr; (2) es =.4, n = 3.8 x 1016 cm -3, = 1.6 x 108 cm, 

= 8.5 x 10 -25 sr. The source could be slablike, shell -like or 

asymmetric. Better spectral data are needed to narrow the choice of 

es and the errors involved. The distance must be determined independently, 

except that D z 1 kpc is required for Model 1. 

Generalizations of this work to clouds of arbitrary shape and 

inhomogeneous clouds are discussed. Partial results are given for a 

homogeneous sphere and a stratified half- space. Exact results require 

computer solution, but salient features of the simple cases will be 

carried over. 

For a hot and /or thick source, Doppler shifts in the Thomson 

scatterings modify the spectrum. Criteria are given and the general 

features of the altered spectrum are sketched. The flux is depressed 

between the Rayleigh -Jeans region and by - KT, and a "thermalized" peak 

emerges at by - KT. Induced scatterings contribute appreciably to the 

energy exchange. The data indicate that the optical band is not 

affected in Sco X -1, and therefore that és - 10 and the coherent 

solutions are pertinent. 

Sul words: radiative transfer -- Scorpius X -1-- x -ray sources - 

electron scattering -- bremsstrahlung. 
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I. Introduction 

Observations of Scorpius X -1 in the visible, infrared and 

x -ray bands have led Chodil et ál. (1968; "Ch68 ") and Neugebauer, 

Oke, Becklin and Garmire (1969; "NOBG ") to propose a simple model 

for this source: a homogeneous spherical cloud of plasma, with 

9 
T i 5 x 107 oK, radius R 10 cm, and electron density n - 2 x 1016 cm 

-3 
. 

Further calculations based on similar models have recently been 

presented by Kitamura et al. (1971). The optical depth at the center 

of such a sphere due to electron scattering alone is es 10 -20, and 

thus the effects of multiple Compton scattering on the spectrum emergent 

from the plasma cloud should be considered. Monte Carlo studies of these 

have been initiated by Angel (1969a,b) and by Loh and Garmire (1971). 

We wish to point out that some of the interesting features of 

such a spectrum, which may already be visible in the data, can be 

understood from simple physical arguments and from familiar analytical 

results of radiative transfer theory; in particular, the expected shape 

of the infrared, visible, ultraviolet, and x -ray continuum can be 

derived from known solutions in terms of Chandrasekhar's H -, X -, and 

Y-functions. Our discussion will not supersede the numerical approach 

to the problem, because analytical formulas in radiative transfer are 

manageable only in the simplest cases. An understanding of these 

simple results may, however, provide guidance and interpretation in 

computer calculations for more refined models of Sco X -1. The 

results may also find application to the continuous spectra of 

other peculiar objects, such as quasars and the nuclei of Seyfert 

galaxies. 
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In §II we use results from the theory of emitting atmospheres 

to derive the spectral shape of the continuum emerging from a homo- 

geneous plasma cloud which scatters the radiation coherently. In 

§III we discuss the data on Sco X -1 and apply the theoretical results 

to obtain parameters for simple models of the source, emphasizing the 

limitations of this procedure. Finally, in §IV, we discuss the extent 

to which the results can be generalized to asymmetric and inhomogeneous 

source models and indicate the modifications which occur when incoherence 

in the scatterings becomes important. 

II. Emission by a Coherently Scattering Slab or Half -Space 

NOBG discussed the shape of their spectrum from infrared to visual, 

and the translucence of their spherical source model to radiation 

emitted within it, in terms of an "optical depth " 

-e(v) 
3 éstff (1) 

where Tes is the optical depth at the center of the sphere due to electron 

scattering, and ff that due to free -free reabsorption. The use of (1) as 

a measure of self- absorption in the blob goes back to Ch68 and thence to 

Tucker (1967). This parameter must, however, be interpreted with care. 

The terminology is unfortunate, because 2 is not the optical depth in 

* 
the usual radiative- transfer sense. Furthermore, the condition 1:(V) » 1 
is not sufficient to ensure that the source radiates at Y like a black 

body, as we shall demonstrate. 
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To derive the spectral shape more easily from classical radiative 

transfer, we abandon the spherical model initially and consider the 

source as a homogeneous slab bounded by plane -parallel faces (Figure 1). 

This model, while adopted for convenience, is closer to the pancake 

configuration which might arise from gas flow in a binary system 

(Prendergast and Burbidge 1968), and is more general than a sphere 

model, having two spatial parameters, the face area S and the slab thickness t. 

We follow NOBG in the simplifying assumption that the plasma is 

pure hydrogen, hot enough so that free -free transitions provide the 

only significant emission and absorption. The emission coefficient 

is then (Karzas and Latter 1961) 

i 

ff 
23e6 2Tr Zg)(vT)nT , 

2- Z e-hv/KT 

3m 
e 
c3 3m 

e 
K 

= 5.44 x 10-39gn2'T 
2e -hv/KT 

erg(cm3sec sr hz)-1. (2) 

Here cgs units are used; n is the electron (or proton) density and g 

the "temperature- averaged" Gaunt factor. When T - 108 °K we have 

mc2 » KT » Ry 13.6 ev, so we may use the nonrelativistic Born 

approximation to g, which for hv« KT has the simple form 

A V-3 in 4KT 
TT fhv (3) 

(f = 1.781...). The error in this at the low- frequency limit may be 

estimated (nonrelativistically) from the Born series (Gould 1970) and is 

-0.3% for T 108 °K. Karzas and Latter have computed g for other values1 

1The Bessel- function approximation (e.g., Ch68) runs to 14% error at 

hY - 10KT. The classical approximation (Scheuer 1960) is good when KT « Ry; 
for a recent discussion see Gould (1970), and for a review of approximations 

see Brussaard and van de Hulst (1962). 

of Y and T. The linear absorption coefficient, corrected for induced 
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emission, is 

2. 

k Jff c c iff (ehv /KT 
- 1) = 3.69 x 108 

An -- e-hv /KT) 
cm 

-1 
, 

(4) 

ff 
By 2hv3 T2 v3 

and for hv « KT it becomes 

ff 
1.772 x 10-2gn2T-3/2 

1 y-2 

The attenuation coefficient for (spontaneous) electron scattering is 

frequency -independent in the range of interest: 

is = 
aTn = 6.65 x 10 -25n cm -1 . 

Induced scattering may be large but cancels out, as electron recoil is 

negligible at hv « mec2 (Goldreich, McCray and Rees 1968). We neglect 

the Compton shifts in this section and consider the scattering coherent. 

At sufficiently low Y(large Kff) the absorption is large and it 

clearly does not matter that the slab have finite thickness, so we may 

replace it by a homogeneous semi - infinite medium bounded by a plane face. 

The spectral shape of the continuum emerging from this half -space may 

be inferred from (2) and (4) -(6) by a simple argument used earlier by 

Strömgren (1951). First imagine photons atv striking the surface 

normally from outside the medium. At low v, xff >> es , 

and the 

scattering can be neglected. These photons then penetrate on straight- 

line paths to a mean depth x1 before being absorbed, and x 
1 
(v) ^- [Kff(0 

] -1. 

At higher v, where xff « 
és 

, the photons must random -walk their way in. 

The mean path length before absorption occurs, s, is still ^ 
Kff , 

but 

because of the random walk the depth of penetration, xl,is now 
és 

-11íN, 

where N, the number of steps in s, is ' Ke3 /Kff , so that xl [ ésXff(v) 
1_2 

Now the emergent specific intensity I(v) when there are sources within the 

medium must be gotten by multiplying jff by some characteristic skin depth 

from below which most emitted photons fail to escape, and this is obviously 
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xl (v) . Where Kff » es the product j fx1 becomes ^- j f/ K f f , which 

is just the Planck intensity By . Here the source radiates like a black 

body, and if by « KT we have j c g and Kf áC gY- 2, so I c y2 

(Rayleigh -Jeans law). The higher -y range where 
Kff 
« 

es 
is more 

interesting; it gives 

iff ff 
(Y) 

1(v) = By 

kes 
'esff 

(7) 

which for hv « KT becomes Ióc gZv oic Y, since the v- dependence of g is weak. 

Thus the continuum is Ix Y2 in the low -v limit, but if there is a range of 

higher y where Kff « és but still hv « KT, then we find I c Y there.2 

2Equivalent skin -depth information for this regime is contained in the 

v- dependence of (1). The reason for this will be apparent later when we 

show the origin of (1). 

The transition occurs where Kff(v) 
és. 

These qualitative results may be verified from known solutions in 

radiative transfer. First we make one further approximation by regarding 

electron scattering as isotropic. Various complicated results are available 

for Rayleigh scattering, but the errors introduced by the simpler treatment 

are usually not very great (Chandrasekhar 1950, pp. 128 ff., 233 ff.; Horak 

1954; Pomraning 1970; Sweigart 1970). Qualitatively one expects this, 

because Rayleigh and isotropic scattering are both symmetric forward - 

backward. 

The specific intensity emerging in direction w = cos A from a homo- 

geneous emitting, absorbing and isotropically scattering half -space is 

(Horak 1952; Sobolev 1963, 56.3) 

I( v,µ) = e(1 - w) -11(11,w) , (8) 

where e is the source function, w the single- scattering albedo, and H 
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Chandrasekhar's H- function for isotropic scattering. We have 

Ke s 

ïf+ és 

- (1 + 2.66 x 1 02 
2 i y'2)-1 

where the latter form holds only for by « KT. From (9) and (4) 

= K = 
iff+ 

(1 - w)By(v). 

Kff Its 

From (8) and (10) we find 

(9) 

(10) 

I(v, µ) = By(v)(1- w)2H(µ,w) ; (11) 

thus (1 -w)2H is the factor by which I falls below the Planck function. 

One may easily verify that (1 -w)ZH < 1 (cf. Chandrasekhar 1950, p. 107, 

Corollary 2). Note that the problem of the emergent intensity is 

equivalent to that of the albedo A(v,µ) of the half -space for a beam 

of radiation incident along direction µ; i.e. if we write a Kirchhoff 

relation3 

I(14,4)[1 - A00,4)1-1 = By(v) (12) 

3Equation (12) is a not quite trivial extension of the elementary 

Kirchhoff law relating surface emissivity and absorptivity. It can be 

proved by a simple hot -enclosure argument, but the reciprocity principle 

(Chandrasekhar 1950, p. 21 et passim) must be used. When the slab is of 

finite thickness, the transmission at the back side enters (12) along 

with the reflection integral A. 

and substitute from (11), we obtain Sobolev's (1963, f3.3) exact result 

for A(v,µ). For w 1 we have a poor emitter and a good reflector. 

Consider the dependence of (11) on y in the domain by « KT, where 
BvZ Y 

2 
. H is a weak function, being always in the range 1 -3. For very 

small v, w 0, so I ac v2. For large v, w-41 and (1 -w) g v -1, so that we 

havé I .1;',5 g v c v. These are the results indicated earlier. 

From (9) and (11) the exact I(v, µ) can be plotted if n and T are 
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given. As an aid to fitting the data on Sco X -1 with n and T unknown, 

we note that g 5 for v - 1014hz and T - 108 °K, and we define an approximate 

w, wa(v), by suppressing the weak v- and T- dependence of g and setting 

g = 5 in (9). Next we define a critical frequency, vb, by the condition 

that wa(vb) = 2i i.e. 
Kff(vb) 

ti 

es' 
This gives 

rt 
a 

vb = 3.65 x 10 n z T 4 
h z 

6)3(v) _ 
vb2 - 

2 ) 
t 

W(v) ( 1 + --- T yb 
S 

An approximate I, Ia(v,p), may then be obtained by setting w = wa in 

(11). The advantage of this procedure is that in this approximation, 

for by « KT, the dimensionless intensity function 

c2 I(v, ) c Ia(y) /1 v i 
9 - 2K Tv - 2K Tvb2 h- 2 

(1 - 
a) 

H(µ; a) 

(13) 

(14) 

(15) 

depends only on v /vb (and the angle of view µ) and is convenient for 

curve fitting. Figure 2a shows this function of v /vb , for p = 1 and 1/5. 

Values of H have been taken from the tables of Stibbs and Weir (1959). 

The spectra display a broad knee around and mainly above v = vb and 

become proportional to v higher up.4 Although the transition occurs at 

4In the I C y regime (v > vb) a better approximation may be obtained 

in any given case by multiplying by [g(v, 

noticeably lower v /vb for p = 1/5 than for p = 1, the curves are otherwise 

similar. Most nonplanar models should lie between these two cases. 

These spectra, from (11), continue to rise with v all the way up to 

by - KT, where the Boltzmann factor in By makes them drop (Figure 3a). 

For a real slab with thickness .Q, however, this half -space solution (11) 

will no longer suffice when v is so large, and Kff so small, that a photon 

emitted near the back side can random -walk its way to the front, and 
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escape, without suffering an absorption. At higher frequencies the slab 

is effectively translucent (not transparent); the emergent spectrum must 

flatten and assume the shape of the bremsstrahlung emission spectrum. 

It is easy to estimate the frequency vt at which this happens. The 

number of steps, each of length ... Or 
es' 

required for a photon to 

penetrate the slab is 1:1 , so that absorption is small if Ke téS(QJtes) 1< 1 

i. e. fftes « 1. Note that this is the condition for (1) 

to be small. The transition (the second "knee ") then occurs where 

2ff(Vt) te$ . Since the first knee occurred at 1012 ^' tes 
, 

and 
2ff 

a Y ; we see that the frequency separation between the two 

knees is a factor .. te5 . Between these points we have I Y (Fig.3c). 

The approach to translucence, and the origin of (1), can be described 

more precisely in terms of the quantity Ic(W) discussed by Sobolev (1963, f3.5). 

is , which may be called the characteristic exponent (van de Hulst 1970) or the 

attenuation multiplier for isotropic scattering, is the solution of the 

characteristic equation 

in 
1 

k 
2k 

(16) 

it lies in 0 k 5 1 , with k 0 for t.) 1 and vice versa. In our 

problem k is a function of n, T and V through Ai. The quantity L = (k k/ 

is known as the diffusion length in neutron transport theory, and it is there 

that the best discussion is to be found (Davison 1957, pp. 51 ff. et aE Ssim).5 

5A related and generalized quantity, the thermalization length, has 

recently appeared in the radiative- transfer literature (Rybicki and Hummer 

1969, Hummer and Rybicki 19 --, Mihalas 1970). 

A point source in an infinite, isotropically scattering and absorbing medium 

produces, at distances r large enough so that 

exa 
L. 

(kr - f) - exbr(1 - k) r] >> 1 (17) 

a steady -state flux which falls off as r- 1exp( -r /L). Thus the quantity 
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kt = kKr = 
L (18) 

may be expected, in related problems, to give the exponential attenuation 

for radiation originating at optical depth ti away from the observer. Any 

source or boundary may be ignored if it lies at a distance r such that 

exp (r /L) » 1. When K « K we have k small and K N K 
ff es es; expanding 

(16) gives 

w= 1- 1 
k2 - 

4 

45 
k 4 - (19) 

' 

using two terms of (19) with (9) in (18), we obtain (1). This is the 

diffusion approximation. Equations (18) and (16) provide a generalization 

of (1). We would also expect from (18) that the effective "skin depth" 

x 
1 
(v) of an extended source would be - (kx)-1 L. For Kff << 

6s 
this 

gives, from (1), 

x1(v) aC ( Kff és) 
2 

aC V 
(20) 

as argued earlier. But at frequencies where L becomes much larger than 

the thickness of the source (kt. « 1), reabsorption becomes unimportant 

even thought may be » 1, and the source is translucent. The emergent 

spectrum then becomes proportional to the bremsstrahlung emission spectrum (2). 

The opposite condition exp kt » 1 insures that reabsorption is important 

but does not guarantee that the source radiates like a black body; for 

this we need also w « 1 (k 1). 

We can compute the slab spectrum throughout this transition from 

kt » 1 to kt « 1 with the help of known functions. Our discussion of 

(18) above, though lacking in rigor, suggests that for exp kt » 1 
we can use the half -space approximation (8) or (11), since radiation which 

would emerge from deeper layers is negligible. For smaller kt (in our case, 

higher v), where reabsorption is not large, a more accurate result is needed. 

Fortunately the slab problem has been solved exactly in terms of the X- and 



Y- functions (Horak 1952; Sobolev 1963, §6.7).6 For the slab the analog 

6Noerdlinger (1970) has recently obtained approximations by examining 

the random walk of the photons, which frequently gives simple insights into 

radiative- transfer problems. 

of (8) is 

µ, 
2e[X(µ,w,z) - Y(w,w.r) ] . 

2 - w( ó -ßo) 
(21) 

Here 
o 

ßo are the zeroth -order moments of the X- and Y- functions; in general 

n(w,,t) 11 (µ,w, 1011ndµ . 

ß n 
o 

(22) 

Van de Hulst (1964) gives a good physical account of X and Y. Using (21) and 

interpolation in existing tables of these functions (Sobouti 1963, Carlstedt 

and Mullikin 1966) in conjunction with the half -space approximation, we can 

plot the slab spectrum over all v provided 
tes 

< 6. For thicker slabs, 

having T as large as those contemplated in Sco X -1 models, the X- and Y- 

functions are not tabulated and it is often assumed that X H and Y 0. 

This approximation, however, reduces the denominator of (21) to zero as 

w -- 1, and so we need a better. 

Sobolev (1964) has furnished approximations to X and Y valid for large 

values of T. The condition of validity is not stated precisely but should 

be (17). We have 

Ce-"T µ 
x - Y HOL, wi 1 - -----`- 

C -2kz i -kp. , 
1 - .zke 

(23) 

HO),µ áµ 
where 2k Jo ) _ k1p G 

CI(k) = ri H_ , <<k = 2k (24) 

JO (0 -kµ)2 
C1 and C are not tabulated functions. We note, however, that they can be 

expanded in powers of k, with the moments 
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x n(W) E- H t µ, w)/unc/u. 
H 

(25) 

as coefficients. We also note that the half -space approximation can be 

used with 5 per cent accuracy at frequencies up to the point where 

exp k'r 20 or kt 3, and that for large t, say -t > 10, we must have 

k2 « 1 at higher frequencies where kt < 3 and we require the slab 

formula (21). It is therefore sufficient for our purposes to retain terms 

0(k) in (21). Because of the subtraction in the denominator of (21) it is 

necessary to retain 0(k2) in finding the moment ao- ßo of (23) . H and aHn 

may be approximated at small k from 

H(Ju, (-0) H(k, 1) L - (26) 

(Harris 1957, Stibbs and Weir 1959). After reduction of (23) we find 

P 
-2kr 

X - Y ti H(µ, l) 1 - k». 241' -2kt jr 

2 - w(cx - ) 2k f 1 
- Zk0)P_ 

2kt+ 
(1 - ki)é k.r 

o o :.. Sl + Z 
j t-(,_2_,,,,,,_,.. 

valid under the conditions k2 « 1, kt y$ 1 , and (17). The constant 

= 2ixH2(1)/r301(1) :S 1.921 

(27) 

. When Z2 » 1, approximations 
(27) are also good for kt « 1, but there are simpler forms in this case. 

Going back to (23) and expanding in kt also, we obtain 

H(µ, l) E*1 
2Ju 

7j +t X-Y 

4 
2 - w (ot.o - Pa ) 

.., ., 
d3()? r) 

(28) 

(29) 

valid when (17) holds and kt « 1. Form (28) was also given by Sobolev (1964). 

The emergent spectrum in our problem can now be determined for all 

k2 « 1 from (21),(10) and (27) -(29). Introducing again the dimensionless 

intensity 4 defined in (13) -(15), we find after some manipulation that for 

k2 «1 (w 1) 
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2(X - Y) 

5 2 - w(aa - ß) 

z(x - ) 
2 - wa (ao - 

(30) 

(31) 

where (31) results from setting g = 5 and w = wa 

as before, and by « KT. Once again this latter form is a function 

only of v/ vb. When substituting (27) or (28) -(29) into (30) or (31) 

we must set T = es for consistency, since / es = 1 + 0(k2). The 
s 

V- dependence of 4 in (31) is then contained entirely in the k -terms 

of (27) -(29). Since (28) -(29) contain no k -term, is independent of V 

in the approximation (28) -(29) and (31), which gives just the flat 

asymptote in the region where the slab is translucent. By integrating 

over angle one easily checks that this solution gives the physically correct 

result that all photons emitted in the slab escape from the surfaces. The 

integral is proportional to the slab thickness Z, as it must be. 

To cover the transition region we use (27) instead, with 

k 43(1 -wa) + 0(1 - wa) 13 + 0 (( . 3 

` v 
from (14) and (19). Calculated spectra are shown in Figure 2a for 

es 20 and 200, and p = 1 and 1/5 (normal and near -grazing angles of 

view respectively). Of course the largest intensity is along the normal 

direction. The rising spectrum 4 G y climbs onto the translucence 

asymptote7 at a frequency such that km - 1. The frequency spread 

7It is interesting that, in the limit k--). 0, (21) , (10) and (27) do 

not give the physically correct sign (negative) for dI /dk. Thus 

expressions (27)1 which give a good approximation to I, cannot be used to 
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get the limiting derivative. Apparently the reason is that the 

approximation (26) discovered numerically by Harris (1957), while it is 

known to be quite accurate down to the smallest k for which H is 

tabulated, is not the beginning of a power series in k. It is well 

known (Stibbs and Weir 1959) that H(w) is poorly behaved as w-* 1. The 

properties of H(k) in the complex k -plane have not been studied, but the 

general complex form of H is known (Busbridge 1960, §11). Differentiation 

and contour integration of this shows that at the origin dH /dk s 0 and 

d2H /dk2 does not exist. H(k) thus is not analytic at k = O. One can 

also show that it is not analytic in any deleted neighborhood of k O. 

between this knee vt and the lower one vb at tff ti 

és is a factor ^'tes, 

as stated earlier. We note that the intermediate regime 4 c. v does not appear 

too clearly for es as small as 20, because the two knees tend to merge. 

Nevertheless this regime can be discerned in the computer results of Loh 

and Garmire (1971), where Tes along the radius of a spherical source was 

taken as only 10. Computations with a larger teS should of course show 

f c v more definitively. 

III. Comparison with Sco X -1 Data 

(a) Data and Extinction Corrections 

Before discussing complications which arise in a more accurate 

treatment of this scattering problem, we wish to demonstrate by example 

that the analysis and results so far are moderately useful and enlightening 

in a comparison with the observed spectral continuum of Sco X -1. To put their 

utility into perspective we must first review the data and the simpler 

analysis applied in earlier papers (Ch 68, NOBG). 

NOBG presented several spectral scans in the visible and near infrared 

and photometric results in the far infrared. The flux at each frequency 
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shows time variations of roughly a factor of two, but the shape of the 

spectrum is sufficiently constant that these workers suggested a 

"representative energy distribution ", shown as the lowest dotted curve 

in our Figure 2b. Provisionally they, and we, use this spectrum as 

touchstone for models of the source. It is not, however, "well determined, 

particularly in the far infrared, where the two points (1.65 and 2.2 µ) 

actually obtained by NOBG exhaust the atmospheric windows in the frequency 

band shown, and where significant time variations in the slope seem to be 

present. The "representative distribution" in the visible clashes with 

earlier measurements (Johnson et al. 1967), which as NOBG point out may 

have been correct but less typical of the average behavior of the source. 

From what follows it will be clear that accurate determination of the 

shape of this continuum and its variations is important. 

We do not know how to correct this spectrum for interstellar or 

circumstellar extinction. The matter was discussed by NOBG. No work has 

been done which tells us the extinction or reddening for Sco X -1 itself, 

so the extinction question remains bound up with the distance D to Sco X -1, 

which is unsatisfactory because D is controversial and could be anything from 

25 pc to, perhaps, megaparsecs (Felten 1970; Gatewood and Sofia 1968, Eggen 

1969, Wallerstein 1969, Manley 1970). In their discovery paper, Sandage et al. 

(1966) report UBV photometry on seven stars within 10' of Sco X -1. These 

data suggest that the extinction in this region is roughly A 
v 

0.7 mag for 

distances D Z. 100 -400 pc but may be as high as Av 1.4 mag shortly beyond. 

A patchy distribution is quite likely. At this high latitude (bII Ñ 24 °) the 

mean extinction to infinity should not be much larger; from galaxy counts 

Johnson (1966) estimated A 2 mag to infinity, but noted that spots 
Pg 

might be higher or lower. Probably most pundits would place Sco X -1 in 
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D = 100 -400 pc, which then suggests an interstellar Av 0.7 mag. But none 

of this tells what A 
v 

might be if there is a circumstellar cloud. NOBG 

applied the reddening curve of Johnson (1968) with assumed extinctions 

Av of 0.7, 1.5 and 2.0 mag to obtain possible forms of the spectrum at 

the source. These are shown as dotted curves in our Figure 2b. 

(b) Simple Analysis 

NOBG analyzed these spectra in the following simple way; we rephrase 

and expand their argument to emphasize salient points. Regardless of the 

Av assumed, it is clear that the spectrum is tending to a Rayleigh -Jeans 

asymptote in the infrared. If we draw the line RJ to represent this 

asymptote, the error in its ordinate cannot be large. Since T is known 

from x -ray data to be 5 x 107 °K , the value of the ordinate at any 

chosen y, say 

v 1.26 x 10-23 erg (cm2sec hz)-1 at 1014 hz, 

determines the solid angle S2 occupied by the source: 

§1 = 2KTv2- 
IF -25 

g.2 x 10 sr . 

(32) 

(33) 

If a distance D is assumed, si gives the projected area A of the source, 

but still no linear dimension. 

Consider next the spectrum in the region of translucence, particularly 

the x -ray band. Now the escape of photons from a translucent source is not 

isotropic. We see from (28) (cf. the theoretical curves of Figure 2) that 

the ratio of normal to grazing specific intensities emitted by a slab of 

large t is H(1, 1) /H(0,1) 2.91. This is augmented by a projection 

factor, so that a large, thin, dense slab could radiate orders of magnitude 

more to a distant observer near the normal than to one near the plane. 

But this factor would not be so extreme for most source geometries. Assume 

that the escape of radiation to distant observers is isotropic. Then 
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J? V -39 -112- <n2 V 
Fy(y) = = 5.44 F X IO g(v, T)T 2e KT 

7 
(35) 

2- 
where V is the source volume. From the observed Fy the product 0'-> vi D 

can be determined. NOBG apparently borrowed the value for this product 

derived by Ch68 in a rocket observation of May 18, 1967, but assumed 

a different T = 5 x 107 °K; in effect, then, NOBG normalized to 

Fy (3 kev) "zi 26 kev(cm2 sec kev)-1 = 1.72 x 10-25 erg(cm2sec hz)-1. (36) 

Larger values, typically T 7 -8 x 107 and F (3 kev) gi 30 -35, are found 

in recent analyses of the x -ray spectrum (Burginyon et al. 1970; Hudson, 

Peterson and Schwartz 1970; cf. Gorenstein, Gursky and Garmire 1968), but 

the difference is not great. We retain the NOBG normalization for easy 

comparison. Putting (36) into (35), with 

g(hv = 3 kev, T = 5 x 107 °K ) 1.07 (37) 

(Karzas and Latter 1961; their graphs can be read to 5% or a trifle 

better) , gives {nz)V/bz Z 4.2 X l? cm-5. 

The ratio 

<n2>V _. 
D2D. A 

02>V = 02X 5.1 x 1041 cm -5 

ti le bb x 
1023 

cnr 
4 
pc 

(38) 

is now determined. It is a mean emission measure along the line of sight. 

It and SL are two independent parameters of the model derived from 

observations (33) and (36). We cannot separate the density and length 

factors in (38) without further information. Assume a D. Then A is 

known but has no necessary relation to the thickness along the line of 

sight. NOBG, however, simply set 

Ä 2 
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i.e. they put the mean thickness equal to the square root of the 

projected area. \n2% and V are then determined as functions of D. 

More precisely, they assumed the source to be a uniform sphere; 

spherical symmetry also obviates any difficulty with anisotropic 

escape. Because ii is fixed by observation, we see that V 04C 

A3h 
oC D3 

and the sphere radius R 41. D. Because (38) is fixed, we have n ac (A /V)l2 oc D f. 

These are their results. For D = 1 kpc the numbers are R = 1.34 x 109cm 

(about the size of a white dwarf) and n = 1.9 x 1016cm -3. 

Clearly this D- dependence is artificial and the approach lacks 

generality; for a slab or shell source it would be invalid. The SZ and 

n 2x obtained may be generally correct, but even the latter is uncertain 

if anisotropy is present. More can be learned by exploiting the data in 

the transition region of the spectrum, rather than merely the Rayleigh -Jeans 

and translucence limits. 

(c) Comparison with Theoretical Curves 

Since we have not examined the transition region in this analysis, we 

have said nothing about the dotted curves for various extinctions Av, and 

NOBG seemed prepared to accept any one. Evidently, though, a measurement 

of Fv in the x -ray band sets an upper limit on the (dereddened) flux in the 

ultraviolet: namely the almost flat asymptote given by the translucence limit. 

From (28) -(30), if 
t 
< v2 and v is in the translucence region, then 

v ) 
g "(v,, T) h- (yz.._.___ 

<_ ,T) e KT F, (y,) (40) 
g 2 

With vt = 1015 hz and hv = 3 kev, (36) gives 

Fv(l015 hz) < 1.38 10-2* erg(cmzsec 114 ..1 

This clashes with the values reached at 1015hz by the curves for large 
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extinction, but agrees rather well with that for Av = 0.7. While we 

must be careful about firm conclusions because of the effects of 

temperature inhomogeneities and time variability of the source, it 

seems almost certain that A 
v 
< 1.5 and probable that A 

v 
0.7. This 

should be regarded as additional evidence bearing on the distance. 

Preliminary ultraviolet results from the 0A0 satellite are consistent 

with this conclusion, and are shown by a bar in Figure 2b, corrected 

for Av 0.7 (Bless 21 .21. 1970). 

Having chosen A 
v 

= 0.7 as the appropriate observational curve, we 

can now slide it along both axes with respect to the dimensionless 

theoretical curves in Figure 2a and seek a best fit, thereby determining 

parameters of the model. None of these uniform models reproduces the 

abrupt kink and inflective behavior of the observed flux above 3 x 1014hz. 

NOBG have suggested, however, that this behavior is due to inaccurate 

calibration. If we arbitrarily raise the observed fluxes by about 20 per 

cent in the range around 5 x 1014 hz, as shown by the dashed curve C in 

Figure 2b, we obtain a smoothly rising curve whose shape agrees well with 

those of the translucence knees in the theoretical spectra. In extenuation 

of this cavalier approach we note that proposed revisions to the absolute 

calibration are such as to improve the fit of these data to curve C as 

regards its shape, and disagreements among observers on the normalization 

are still quite large (Oke and Schild 1970). While further investigation 

and recalibration are needed, curve C is at least consistent with approach 

to the asymptote indicated by the OAO observations. It suggests that 

Vt 
v 7 x 10 (42) 

but it does not tell us 6s, since the shapes of the knees for different 

tes 
are about the same. In any case we must identify the observed knee with to 
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rather than vb' because the theoretical knee around vb is too gentle. 

Determining the Rayleigh -Jeans asymptote is therefore problematical. 

We hesitate to write an analog to (34), because recalling that vt /v6 x res, 

we see that es could be large, vb far over to the left, and the asymptote 

far above the data. es' vb, 
and S1 may, however, be determined as 

follows, from the shape of the observed spectrum below 3 x 1014 hz. For 

very large es this should be ac v , but in fact it is steeper, and Tes ,? 100 

is excluded. Considering that the observed spectrum in this region is ill - 

determined, we can fit it, within errors, to the curves for -r 
es 

= 20, 

= 1 or //5, which are shown. Using the shapes of these curves as a guide, 

we see that the best fit will be obtained for és 14, although even 

smaller values could be accommodated. Putting es = 14 and vb = ow) (7 x 1p 

always with T 5 x 107 °K, determines a model through (13) and (6): 

n 7A1015crri ,Q 3 x 109 cm . (43) 

With these determined we may now find S2 by analogy with (38), essentially 

because the spectral shape is fixed and the whole spectrum is now normalized 

by the x -ray flux. In general this could be done graphically, but the exact 

formula for the slab is easily derived from (15) and (28) -(30); in the trans- 

lucence limit 

2 KTv62.0. g(v, T) - KT ,j3 (oT + te.) ) I 
- F _ 2 e 2 µ ; +T 1(44) 

C 5 k 

(1, µ, and H are geometrical terms and are all of order unity.) Taking p = 1 

and Fv from (36) and solving for .2 , we find 

S2 
ti 1.2 x102 sr . (45) 

This could be used to predict the height of the Rayleigh -Jeans asymptote. 
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Note that these parameters of the model are independent of the 

distance assumed; this is because we have abandoned the artificial constraint 

(39). A short table (Table 1) will show further properties of the source as 

functions of D. For D - 1 kpc we of course find S2 - ß ; this is like one 

of the spherical models of NOBG. For D < 100 pc we have.S2 « I and the 

"slab" would look like a prism or cigar, with long axis along the line of 

sight. Slab calculations are inappropriate in such a case, for it is clear 

that translucence occurs when the least dimension allows escape. The 

effective és for radiative transfer would be much smaller, vt would occur at 

lower frequency, and the amount of radiation reaching us through the "small 

end" of the source would be inadequate to match the x -ray flux; most would 

leak out at the sides. It appears that any homogeneous model with es Pi 14 

would be inconsistent in the same way unless D 1 kpc. 

An inhomogeneous model, particularly the sort having larger n at greater 

depth, might then be indicated for D 100 pc. But we can also manage with 

a homogeneous model if ' 
es 

is smaller. We have added to Figure 2a the 

theoretical spectra for 'c 
es 

= 2 and 4, plotted from (21) and interpolation 

in tables.8 Again the knees vt of these curves will fit quite well onto 

8Note that limb darkening is practically zero for es = 2. For smaller 

1ce8 limb brightening would occur. 

the battered data C above 3 x 1014 hz, but as expected the curves become 

rather steep (too close to 0cv1 ) for the rudimentary data below 3 x 1014 hz. 

It appears, however, that the fit for es = 4 may be within the errors. 

Sliding along both axes for best fit, we find vb 1.2 x 1014 hz. Then 

n 3.8 x 1016 cm 
_3 

Q z 1.6 X 10$ cm . (46) 

Again (44) may be used to get SL , because the slab is still thick enough 
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to satisfy (17) ( e4 » 1). Taking p = 1 as before gives 

$.5 x /0-25- sr (47) 

and further properties of the source appear in Table 2. The ratio S1/2/2 

decreases to unity only for D - 50 pc, and so this model is "slablike" and 

self- consistent for any credible D. The case D 50 pc could have been 

included among the models of NOBG. 

It is possible to fit these data similarly with a continuum of 

homogeneous models having tes between 4 and 20. In summarizing our results, 

however, we divide them somewhat rhetorically into two classes: 

(1) 'Ces 10 -20, as in the work of NOBG. The best fit to 

present data on the transition spectrum is obtained for es 14; the 

corresponding n, L and fl are in (43) and (45). These are independent 

of the assumed D, which is only needed to find the projected area. But 

the model is self- consistent (and therefore gives the calculated transition 

shape) only if D 1 kpc. For D » 1 kpc it becomes a slab rather than a 
symmetric body. 

(2) T 
es 

substantially smaller, say I 
es 

4. n, I and S2 are in 

(46) -(47). This model is roughly symmetric for D - 50 pc and becomes a slab 

with S35/, Z, D /50 for D > 50 pc. 

A choice between these classes will require good data on the shape of 

the transition spectrum, particularly below 3 x 1014 hz where observations 

are difficult. There seems no reason yet to reject models of class 2. It 

might be feasible to determine 
Tes 

independently by observing the profiles 

of x -ray emission lines (Pounds 1971; Kestenbaum, Angel and Novick 1971; 

Loh and Garmire 1971). The expected strengths and profiles of these lines, 

however, are subject to uncertainties in thick sources with high radiation 

density. We discuss the matter elsewhere (Felten and Rees 1971). 
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At the risk of repetition, we wish to review the preceding material, 

emphasizing how this method could be applied to better data, and how parameters 

for a model could be derived. We also include a simple error analysis, to 

show that there is still a good deal of freedom left for model makers. 

We have introduced the frequency vt, characteristic of the translucence 

knee, without defining it precisely, but earlier discussion suggests defining 

it by 

Then 

ff (1) t es (48) 

1 

Oft' TIT 
vt = Te5vb T) (49) 

Comparison of (49) with the sample theoretical curves of Figure 2a suggests 

that, over a wide range of models, vt is always the frequency at which the 

received flux climbs to 0.65 ± 0.10 of what it would be for full translucence. 

If this is so, then without choosing a model in advance we could derive vt 

with only about 30% error from good (arbitrarily good) observations of the 

spectrum in this region. Similarly we could determine vb, but less 

accurately, because as the curves show, this transition is more gentle, and 

its shape depends more strongly on source geometry. It appears that the 

uncertainty in vb would be about a factor of 2. Consider the effect of these 

two errors only on determination of parameters for the model. From (13), n is 

known to a factor 4; strictly, in an inhomogeneous model, this would be the 

approximate density near the front surface. From (49) es is known to a 

factor 21; this is a measure of ni , or probably in general of a minimal 

line integral fnd2 from a central point in the source to ánß point on 

the boundary. The "slab thickness" ,Q itself is oc 
tes 

/n 
PC 

vt /vb3 and 

therefore has a factor -of -10 error. 
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Now if escape of the photons in the translucence limit is isotropic 

(or roughly so), the x -ray flux determines n2V /D2 , and so if D is known or 

assumed, V is known -- but with a factor -of -16 error! If we emerge with 

« , the homogeneous models are inconsistent for the small D 

assumed, and it is hard to see how this could be overcome by anisotropy 

considerations. If V3 » ¡ , the model is consistent but is not 

symmetric for such a large choice of D, which is quite all right. It might 

be a slab as in our calculations, or a shell. Some attention should then 

be paid to anisotropic escape. In any case there is no reason a priori to 

L 
set V 3 i . The large errors demonstrate that caution is needed in 

drawing conclusions from "best -fit" values of the parameters. 

can be determined substantially better than n, .P, or V. 

t 
es 

, however, 

IV. Complications in Generalizing the Results 

(a) Source Geometry; The Sphere 

There are several approximations in the foregoing work which we will not 

discuss further here because they clearly make no fundamental changes in the 

results. These include neglecting the contributions by helium and heavier 

elements to continuum emission and absorption, ignoring opacities other 

than free -free, replacing the Rayleigh phase function of Thomson scattering 

by an isotropic pattern, and neglecting polarization effects. Another 

approximation -- isothermality -- affords a great simplification, though 

it is physically implausible and results could be very different for a 

nonisothermal source. Isothermal models of Sco X -1 have been quite 

successful, which is fortunate, and we will not raise the nonisothermal 

case here, though it could be handled by computer. 

There remain, however, several further simplifications which admit 

brief discussion with a view to generalizing our results. The first is the 

slab model. Its advantage is that solutions are available from the theory 
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of emitting atmospheres. Can the results be extended to a source which 

is still homogeneous, but of arbitrary shape? To some extent this 

question has been answered in previous discussion. The spectrum radiated 

in any direction will be generally similar to that of a slab: The Rayleigh - 

Jeans asymptote will be determined by the projected angular size; the first 

knee vb will be given (roughly) by n and T through (13); the factor between 

vb and vt will be given (roughly) by es measured 
along the least distance 

from the interior to a boundary of the source. But an accurate analytical 

solution for a given body would be difficult, except in some circumstances 

and frequency ranges. For example, if the surface can be divided into 

elements small enough to be approximately planar, yet large enough that 

edge effects on their individual transfer can be neglected, then a solution 

can be built up by integration of the half -space result (11). We see easily 

that this requires kt measured along any local radius of curvature to be 

»> 1. Since k(v) 1 and t(v) as v -+ 0, the method can 

always be used in the Rayleigh -Jeans limit (where we know the answer anyway), 

but it cannot even be used up to vb unless es »> 1, i. e. unless the 

source is extremely large or dense. And in the translucence limit (kt 0) 

it always fails. Around and above vt, accurate results in the general case 

probably require computer solution. 

We should discuss the sphere as a special example, because here the high 

symmetry offers another approach to the problem. The complexity present even 

in the half -space and slab solutions arises mainly from the need to determine 

the angular distribution of escaping radiation. A distant observer of a 

sphere is interested only in the flux escaping through its surface as a 

function of v. When this information is sufficient and es is large, 

the problem is easily solved by setting up a differential equation of 
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diffusion for the photons (We are indebted to D. P. Cox of the University 

of Wisconsin for pointing this out and sending us the solution). The flux 

density received at a large distance D is 

Fv = ff ttR3 
1 (JtT 

f coth3terff (50) 
nA2 3 T es ff 

where es' 2ff are 
measured along the sphere radius R. For validity of 

this diffusion result we require es » 1 and és » ff' and strictly 
speaking it applies only to isotropic scattering. The quantity in brackets, 

which we may call Pe, is evidently the mean escape probability for photons 

emitted within the sphere. We can plot (50) as a function of Y and, since 

Jff(v) 
is nearly flat in by « KT, the shape of (50) is nearly that of Pe(v). 

In the range y2 » vb2 to which (50) is limited, its shape is of course 

similar to the curves of Figure 2a. We have 

v » vt 

« v 
TeSTf. t 

(51) 

(52) 

Equation (50) cannot be used for Y2 < vb2 and so will not yield the 

knee V ti Y6. We note that Pe, in the range of applicability of (50), can 

also be written 

P = kt c0t kt - 1) 
e (k,02- 

(53) 

and from the discussion of (16) -(19) we might surmise that (53) is more 

general than its diffusion form in (50) and perhaps represents the exact 

Pe for the sphere even when 
off > és. Unfortunately it gives a Rayleigh - 

Jeans asymptote four times too high. The exact extension of (50) to 

tff > 1: es (vue vi,2" ) may be of simple form, as the geometry 
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would suggest, but apparently is not known. Pomraning (1969) has applied 

an extended Eddington approximation to this problem, but the result is not 

particularly simple. 

Finally we note that, for the sphere as for other bodies, integration 

of (11) over surface elements can be used at small v where kT »> 1 ; then 

we find 

F = 21r6 w2f H(µ, dµ = -R2 2n13 (i - w 2 W 
. v 

H (54) 

If 
Tea 

is sufficiently large, the range of validity of (54) will extend 

above vb and overlap that of (50) . For v2 » vb2 we have (1 -w).4 ( Kff/ ßs)1 
and 0614 1(w) 9 c6N1(1) 2/V3 , and we verify that (54) agrees 

with (50) and (52) in the region of overlap: 

= RZ 41r 6 _îf. 
v Dz V3 y Kes 

V » v 
3 

v « V (55) 

(b) Inhomogeneities 

Density inhomogeneities, even of simple sort, make analytical treatment 

of an emitting atmosphere difficult. A variable source function can be 

handled by standard techniques (e.g. Lundquist and Horak 1955), but in 

our problem a variable n means a variable albedo w also, and this introduces 

grave complications (Busbridge 1961, Hawkins 1961). Economy of effort would 

suggest computer calculations if results are needed. 

Here we content ourselves with extracting, in a heuristic and nonrigorous 

manner, one simple and interesting approximate result which could be used 

to check computer work. We introduce a stratified half- space, with density 

n(x) a function of distance from the surface, and inquire about the emergent 

intensity I(v). At sufficiently low v this will clearly be Rayleigh- Jeans, 

like the uniform half -space. It will depart from the Rayleigh -Jeans v2 near 

where vb is determined by n(0). Our earlier random -walk argument 

suggests that the knee v vb will be sharper than in the uniform case if. 
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n(x) decreases with x, and broader if n(x) increases with x. We do not 

propose, however, to derive the shape of this knee. Instead we ask, 

what is the asymptotic shape of I(v) well above v = vb , analogous 

to I c v in the uniform case? 

Our argument is really an extension of the random -walk discussion in *II. 

Consider a photon, emitted at depth x, random -walking its way to the surface. 

We assert that the probability that this photon will be absorbed in the depth 

interval dy around y (y < x) is approximately 

J 2teS(y)1(ff(y)dy = 2-resdtff . 
(56) 

The term 2.r s arises because of multiple visits to the interval. It may be 

guessed in several ways, and justified by noting that in simple one -dimensional 

random walk on the non -negative integers [0, 001, the expected number of visits 

to the point Tl by a particle released at T2 (0 < z < T2), prior to that 

particle's first visit to T = 0, is 2t1 (Spitzer 1964; 

this is a random walk with absorbing barrier, analogous to the gambler's ruin 

problem, and related material can be found in many treatises). We then 

define a critical depth xl by 

tff (x') 
1 = fdA = 2f t esdcff 

0 

(57) 

this is equivalent to the skin depth xl introduced in §II, and it is also 

the depth at which the ambient radiation field begins to approximate a black 

body. Radiation emerges from the half -space if emitted at x < xl, so that 

the emergent intensity is 

, ff(% ) 

I(v) f J ff(%)dx = E3YJ dtff gvrff(x) (58) 
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For any given density function n(x), the functional relation 

es(1ff) 
may be determined. 1 

'ff(x1) 
may then be evaluated from (57) and 

I(v ) from (58). We will not write out detailed results. It is easy to 

verify that for a power law 

n(x) = ax p a > 0, p > -2 ) 

we have 

in' 
2 0+ 2 

C rk-(v)31+2)) 
31'+2 

` c y 3p+2 

For p 0 , I v , and for large p, I c y413. 

Putting instead 

a exb(-x/h) 

(59) 

(60) 

and working with Cff and es in (57) and (58) as above, we can find the 

spectrum emerging from the 192 (x -+ oo ) of an exponential atmosphere: 

I ± 
I(v) oc [g(vg3 v 3 c v3 (61) 

as in the large -a case. This is a valuable check on the method, for it 

agrees with the Eddington- approximation result obtained by Zeldovich and 

Shakura (1969) in an interesting paper on x -ray emission by neutron stars. 

Of course these results can be correct only when the motion of the 

photons is well described as a random walk, i.e. in the high- frequency 

limit, where K;f « Its at all depths which contribute significantly to 
the emerging radiation. Nevertheless they should provide a powerful test 

of numerical solutions. 

(c) Incoherent Scattering; Effect of Induced Scattering 

Frequency shifts in the scatterings have been neglected in our derivation 

of the theoretical spectra in Figure 2a. How serious is this limitation? For 

Maxwellian electrons 
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(62) 

which is 0.16 for T i 5 x 107 °K. Doppler shifts of this order occur in 

photon energy at each scattering, and any lines will rapidly be broadened 

(Angel 1969b). The effect on a smooth continuum is less drastic, because 

positive and negative shifts cancel to first order, so that the systematic 

energy gain per scattering for a photon is 

A(hv) 

\ hv 

3KT 
., . z mec 

(63) 

which is 2.5% at 5 x 107 °K. This transfer of additional energy from 

electrons to photons (limited only by electron recoil when hv rises to 

-3KT) produces a thermalization or "Comptonization" of the photon flux; 

the basic physics and astrophysical applications have been discussed 

(Kompaneets 1957, Dreicer 1964, Peyraud 1968; Weymann 1965, Zeldovich and 

Shakura 1969, Zeldovich and Sunyaev 1969). After many scatterings the 

photons tend toward an equilibrium distribution at the temperature of the 

electrons. 

Departures from the emergent spectra of Figure 2a will be small at 

frequencies where the mean number of scatterings for the emergent photons 

is < mec2 /3KT. Since the mean number of scatterings before reabsorption 

for a photon at frequency v is - ( v /vb)2 in the regime hv « KT, the 

coherent spectra of Figure 2a will be approximately correct for frequencies 

Y 
< coh' 

where 

V 
coh 

vkmec 2 

3KT 
(64) 

If the source thickness r is (m c2 /3KT)l /2 , so that v es e t coh 

the spectra will also be valid above coh, except in the region of steep 

variation by KT , where the first -order shifts of (62) become 

important if Test Mel (mec2 /3KT)k . For T Ñ 5 x 107 °K we find 

ti 
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vcoh 
6 vb, and for sources with t 

es 
> 6 we would have to worry above 

this frequency. The computer results of Loh and Garmire (1971), in which 

Doppler shifts are included, suggest that the effects are not large for 

es up to 10, except at by > KT, where the spectrum clearly tends to 

the equilibrium v3 exp( -hv /KT) rather than the exp ( -hv /KT) of the 

emissivity. As pointed out by these authors, this effect promotes 

observational overestimates of the temperature in a source with 

T ti 5 x 10 °K and ás10 10. T therefore cannot be determined independently 

of es if t 
es 

is large. Loh and Garmire present useful curves. 

For sources with 

2 mec i 

Tes 
» 

3 KT 
(65) 

e.g. the case T 
es 

= 200 of Figure 2 applied to Sco X -1, the emergent 

spectrum will not agree with the coherent calculations above vcoh' This 

means that we cannot expect a wide frequency band with I c v when T is as 

high as 5 x 107 °K. An analytical determination of the true emergent spectrum 

would be difficult, as the problem is intermediate between an optically thin 

case and one of infinite confinement and therefore perfect equilibrium. We 

sketch intuitively in Figure 3 the general features to be expected for a 

semi- infinite and a thick source, in the coherent and incoherent cases. 

Frequencies have been chosen to be appropriate to Sco X -1 models, and 

T a 100 is shown in the "thick" cases. Most of the features of Figures 3a 
es 

3 
and 3c have already been discussed. The dependence v1exp( -hv /KT) above 

KT /h in Figure 3a follows from (7). The radiation emergent in either of the 

incoherent cases may be regarded to first approximation as the sum of two 

components (indicated by dashed curves): a nonthermalized bremsstrahlung 

continuum, self- absorbed at the low -v end, emerging from a "skin" of thickness 
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1 

'tes 
(mec2 /3KT)2 ,just as if the source were a finite slab of only 

this thickness, plus a thermalized equilibrium distribution emerging 

from the deeper layers. The shape of the latter distribution in by « KT 
is ç v; rather than ç v2 , for the following reason: As these photons 

from the deep interior diffuse outward through the skin, where they undergo 

their last - m 
e 
c2 /3KT scatterings, emission and absorption processes are 

negligible, so that their number is conserved, and a Bose -Einstein rather 

than a Planck distribution results (Weymann 1965). It is not difficult to 

show that the height of the peak P, Pi, or Q, Q', is not changed much by the 

incoherence and thermalization; this is because the number of photons in the 

free -free emissivity spectrum diverges only logarithmically at the low -v end. 

In every case these curves remain well below the blackbody intensity except 

in the domain v < v . This is obvious because for v > Y6 scattering 

is always important and the source must be a good reflector. 

Figure 3d should be considered with regard to Sco X -1. If (65) holds, 

so that this thermalization occurs, the graphical construction shows that 

the flux observed in the optical band should fall below the peak Q' [ given 

approximately by the translucence asymptote (41) 1 by a factor --"C S(3KT /mec2)2. 

(This occurs because the low- frequency spectrum has been plundered, the photons 

having been promoted to energies around KT.) es 100 satisfies (65) at 

T Ñ 5 x 107 °K and implies that this factor should be 15, but observationally 

it is : 2. This indicates that es for Sco X -1 is not much greater than 10, 

and that incoherence is probably not of decisive importance in the continuum, 

except perhaps for by KT. 

Exact shapes of the thermalized spectra sketched in Figures 3b and 3d 

could be computed. We wish to point out that induced scatterings, frequently 

neglected in radiative transfer, are not entirely negligible in the energy 

changes of these photons. Induced scatterings tend to cancel by symmetry 
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(Goldreich, McCray and Rees 1968), but there is a systematic electron - recoil 

term in the energy transfer, 

a(hv) \ hv 
.0111. 

kv 

mece (66) 

per scattering, which does not cancel. This is small, but the number of 

induced scatterings may be large; it exceeds the number of spontaneous 

scatterings by a factor equal to the occupation number, which approaches 

KT /hv in the Rayleigh -Jeans region if the ambient radiation intensity 

approaches By . Where this is the case, the energy exchange between electrons 

and photons due to (66) is comparable to the spontaneous- scattering contribution9 

9If the radiation brightness temperature greatly exceeds the electron 

temperature, then induced scatterings are completely dominant (Levich and 

Sunyaev 1970). This situation cannot arise when the radiation is thermal in 

origin. 

in (63). The intensity deep in our source is Ftd By over a wide frequency range, 

and near vb this is true even in the surface layers. The induced scatterings 

would not produce drastic changes in the results, but they should not be 

ignored in accurate computations. 

V. Conclusions 

The spectrum of continuum radiation emerging from a plasma cloud hot 

enough so that only free -free processes and electron scattering provide 

significant continuum opacity has the following features: At low frequencies, 

below vb given by (13), it is Rayleigh- Jeans. Above this point it never 

attains the blackbody curve. If cumulative frequency shifts in the scatterings 

can be neglected, then at high frequencies, above vt given by (49), it becomes 
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proportional to the free -free thermal emissivity curve, because the cloud 

becomes translucent. If the electron - scattering optical thickness of the 

cloud along its least dimension, T 
es 

, is . 10, a distinct transition region 

appears in v < v c vt (vt TesVh), In simple cases this can be 

studied analytically; for a homogeneous isothermal cloud it has the shape 

I(v) x v . Such a continuum might appear in thick x -ray sources, in 

nuclei of active galaxies, or in any source containing a hot cloud with 

t 
es 

.. 10. 

If 
és 

is so large, or T so high, that éS2 » me c2 /3KT , then 

frequency shifts become important even in the transition region, and the 

emergent continuum is modified extensively by energy exchange between photons 

and electrons. The flux in the upper part of the transition region, y > coh 

in (64), is then reduced, resulting in the appearance of a strong thermal peak 

at by - KT (cf. Fig. 3). The exponential tail is modified even for smaller 

values of T 
es' 

Induced scatterings make a significant contribution to this 

energy exchange. 

The observed continuum of Sco X -1, while it is not well determined and 

may be quite variable in shape, provides an interesting application of these 

results. Existing data can be fitted with values of 
Tes 

between 4 and 20. 

In principle the angular size, particle density, -c 
es 

and T can be determined 

directly from the observed shape, but errors are substantial since the 

geometry is not known in advance. For t 5 OW (mec2 /3KT)2, 
T cannot be 

determined independently of eS, because of the energy exchange. 

The source need not be a uniform sphere, but might be a slab or shell. 

For this reason the distance D to Sco X -1 cannot be determined from these 

other parameters, except that for D « 4r:s pc the uniform models are 

inconsistent and will not give the observed spectral shape. With regard to 

D, the observed ratio of x -ray to optical flux suggests that the extinction 

out to Sco X -1 is not much greater than Av = 0.7 mag. This ratio also 
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suggests that photon -electron energy exchange is not important in the 

optical spectrum, so that large values of z 
es 

( 
es 
» 10) can be excluded. 

If continued observations of this continuum show that its features are 

stable in any way, detailed models and computer calculations to extend this 

work and fit the spectrum will be required. 
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Table 1. Properties of the source with t = 14 , 

es 

p = 1 , for various distances. 

distance 
D 

100 pc 

1 kpc 

10 kpc 

face area 
S 

1.15 x 1017 cm2 

1.15 x 1019 

1.15 x 1021 

S 

3.4 x 108 cm 

3.4 x 109 

3.4 x 1010 

S/Q 

0.11 

1.1 

11 

Table 2. Properties of the source with tes = 4, 

p = 1, for various distances. 

distance 
D 

100 pc 

1 kpc 

10 kpc 

face area 
S 

8.1 x 1016 cm2 

8.1 x 1018 

8.1 x 1020 

"10 - 

2.9 x 108 cm 

2.9 x 109 

2.9 x 1010 

s /9 
1.8 

18 

180 
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(b) log FREQUENCY V (HZ) 
14 15 16 

l03 

I 10 102 

(o) DIMENSIONLESS FREQUENCY V /Vb 
I03 I04 

Fig. 2. (a) Approximate values of the dimensionless intensity 
emerging from a homogeneous isothermal slab or half -space of hot hydrogen 
plasma in the frequency region by « KT. Thomson scattering is treated as 
isotropic and coherent; Thomson scattering and free -free reabsorption are 
the only opacities considered. Curves are shown for T = 2, 4, 20, 200 
and oo, and for angles of view l =cos 0 = 1 and 1/5 (ñórmal and near- 
grazing view). Breaks in the solid curves indicate limits of the various 
approximations. The characteristic frequency vb is defined in (13). 

(b) The "representative energy distribution" reported by 
NOBG for the Sco X -1 spectrum, corrected for possible interstellar extinctions 
A = 0, 0.7, 1.5 and 2.0 mag. RJ is a possible Rayleigh -Jeans asymptote. 
Curve C (discussed in §IIIc) would give a better fit to the simple theoretical 
models of Fig. 2a. OAO shows a preliminary ultraviolet result, corrected for 

Av = 0.7 mag 
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