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Phase properties of elastic waves in systems constituted of adsorbed
diatomic molecules on the (001) surface of a simple cubic crystal

P. A. Deymiera) and K. Rungea)

Department of Materials Science and Engineering, University of Arizona, Tucson, Arizona 85721, USA

(Received 29 September 2017; accepted 11 March 2018; published online 28 March 2018)

A Green’s function-based numerical method is developed to calculate the phase of scattered elastic

waves in a harmonic model of diatomic molecules adsorbed on the (001) surface of a simple cubic

crystal. The phase properties of scattered waves depend on the configuration of the molecules. The

configurations of adsorbed molecules on the crystal surface such as parallel chain-like arrays cou-

pled via kinks are used to demonstrate not only linear but also non-linear dependency of the phase

on the number of kinks along the chains. Non-linear behavior arises for scattered waves with fre-

quencies in the vicinity of a diatomic molecule resonance. In the non-linear regime, the variation in

phase with the number of kinks is formulated mathematically as unitary matrix operations leading

to an analogy between phase-based elastic unitary operations and quantum gates. The advantage of

elastic based unitary operations is that they are easily realizable physically and measurable.

Published by AIP Publishing. https://doi.org/10.1063/1.5007049

I. INTRODUCTION

Our past and current understanding of sound and elastic

waves has been nourished essentially by the paradigm of the

plane wave and its periodic counterpart (the Bloch wave) in

periodic media. This paradigm relies on the four canonical

characteristics of waves: frequency (x); wave vector (k);

amplitude (A); and phase (/). Over the past two decades, the

fields of phononic crystals and acoustic metamaterials have

developed in which researchers manipulate the spectral and

refractive properties of phonons and sound waves through

their host material by exploiting x and k.1 The spectral prop-

erties of elastic waves include phenomena such as the forma-

tion of stop bands in the transmission spectrum due to

Bragg-like scattering or resonant processes, as well as the

capacity to achieve narrow band spectral filtering by intro-

ducing defects in the material’s structure. Negative refrac-

tion, zero-angle refraction, and other unusual refractive

properties utilize the complete characteristics of the disper-

sion relations of the elastic waves, x(k), over both frequency

and wave number domains. More recently, renewed attention

has been paid to the amplitude and the phase characteristics

of the elastic waves.2 For instance, when sound waves propa-

gate in media under symmetry breaking conditions, they

may exhibit amplitudes A kð Þ ¼ A0eigðkÞ that acquire a geo-

metric phase g leading to non-conventional topology.2 In

Ref. 2, the notion of the geometric phase was related to that

of elastic Green’s functions. In particular, it was shown that

for Hermitian operators like those of elastic dynamical sys-

tems, the notion of the Berry connection3 is proportional to

the imaginary part of its Green’s function. This notion was

illustrated in the case of the one-dimensional harmonic crys-

tal with a finite length harmonic side branch acting as a scat-

terer. In that case, the scattering phase (i.e., Friedel phase4)

and the phase of the transmission amplitude for the resonat-

ing side-branch were related to the geometric phase.

In this paper, we consider more complex elastic models

where diatomic molecules are adsorbed on the two-

dimensional (001) cleaved surface of a cubic harmonic

crystal. In Sec. II of this paper, we develop a model and

methods that enable the calculation of the scattering phase

and density of states of elastic waves upon adsorption of

diatomic molecules on the surface of the cubic lattice. The

method is based on the Interface Response Theory (IRT)5,6

which permits the calculation of the Green’s function of

elastically coupled components (adsorbed molecules on the

surface) in terms of the Green’s function of the individual

components (uncoupled molecules and free surface). In

Sec. III, we consider a number of configurations of

adsorbed diatomic molecules on the surface of the crystal.

More specifically, we pay attention to chain-like configura-

tions of adsorbed diatomic molecules separated by first,

second, third, and fourth nearest neighbor distances on the

surface. The configurations are composed of diatomic mol-

ecules forming chain-like segments. We are particularly

interested in a configuration composed of parallel chain-

like segments with ends at fixed position with various types

of kinks that can be formed between the chains. We focus

on the effect of the number and nature of kinks on the scat-

tered phase and density of states. More specifically, we

show that in some spectral regime, the phase of chains with

kinks relative to the phase of chains without kinks scales

linearly with the number of kinks, that is, the phase effect

of the kinks is additive so that they do not interact with

each other. Furthermore, at frequencies near the resonant

frequency of the diatomic molecule, we observe deviations

from the linear behavior suggesting some more complex

behavior due to interactions between kinks. The effect of

the creation of kinks is modeled as unitary matrix transfor-

mations on the states of the elastic scattered waves of the

systems. In Sec. IV, we draw an analogy between the
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phase-based unitary transformations that result from the

creation of kinks in the configurations of adsorbed mole-

cules. Finally, we draw conclusions in Sec. V, and in partic-

ular, on the possibility of using the scattered phase to store

information and the manipulation of the configurations of

diatomic molecules to process information.

II. MODELS AND METHODS

In this section, we develop the model of a cleaved semi-

infinite simple elastic harmonic cubic crystal with a surface

that can adsorb harmonic diatomic molecules. The masses in

the cubic crystals are all identical and connected via har-

monic springs along the edges of the simple cubic lattice.

The diatomic molecules are constituted of two masses con-

nect via a single harmonic spring. For the sake of mathemati-

cal tractability, the dynamic equations of the elastic system

are limited to displacements of masses in one single direc-

tion. The direction of the displacement is unspecified and

could be representing either transverse or longitudinal polari-

zation. IRT5,6 enables us to calculate the elastic Green’s

function (more specifically the diffusion matrix) of the sur-

face with adsorbed molecules. The variation in phase and

density of states, relative to a system composed of the sur-

face and uncoupled molecules, is calculated from the deter-

minant of the diffusion matrix.

A. 1-D molecule adsorbed on the (100) surface of a
simple cubic crystal

The calculation of the Green’s function of a system

composed of a semi-infinite simple cubic crystal (cleaved

along the (001) face) and a finite 1-D monatomic coupled to

a surface atom via a spring with constant, bI, begins with the

block matrix describing the Green’s function of the

uncoupled system (bI ¼ 0Þ

G
$

S
¼ g

$
S1

0
$

0
$

g
$

S2

0
@

1
A; (1)

where g
$

S1
is the Green’s function of the semi-infinite crystal

and where g
$

S2
is the Green’s function of the diatomic mole-

cule. g
$

S1
, therefore, describes elastic waves with any polari-

zation in the three-dimensional semi-infinite space of the

cleaved crystal. For the sake of simplicity, we are choosing

the masses and spring constants of the crystal and molecules

to be identical, m and b. The spacing between masses along

the molecule is a. The Green’s function of a finite harmonic

polymer of length L (for n; n0�½1; L�), with coordinates along

the polymer expressed as integer multiples of that spacing:

x ¼ na,2 is given by

gS2 n; n0ð Þ ¼ m0

b0

�
t n�n0j jþ1 þ tnþn0

t2 � 1
þ t2Lþ1

t2 � 1ð Þ 1� t2Lð Þ

� tn0�n þ tn�n0 þ t1�n�n0 þ tnþn0�1
� ��

; (2)

where

t ¼

n� n2 � 1
� �1=2

if n > 1

nþ n2 � 1
� �1=2

if n < �1

nþ i 1� n2
� �1=2

if � 1 � n � 1

8>>>><
>>>>:

(3)

with

n ¼ 1� mx2

2b
: (4)

The frequency x 2 0;x0½ � with x0 ¼ 2

ffiffiffi
b
m

q
. A diatomic

molecule is a polymer with L¼ 2.

The Green’s function of the semi-infinite cubic crystal

possesses translational periodicity in the plane of the

(001) surface and is written as a two-dimensional Fourier

transform

g
$

S1
x; x1; x2; x3ð Þ ¼

1

2pð Þ2
ðp

a

�p
a

dk1

ðp
a

�p
a

dk2ei k1x1þk2x2ð Þ

� g
$

S1
x; k1; k2; x3ð Þ: (5)

Here, ðx1; x2Þ is a site on the (001) surface of the semi-

infinite crystal. The surface is located at x3 ¼ 0. The lattice

parameter of the simple cubic crystal is also taken as a. The

Fourier transform of the Green’s function g
$

S1 is given by7

g
$

S1
x; k1; k2; x3ð Þ ¼ m

b
t n3�n0

3j jþ1 þ t2� n3þn0
3ð Þ

t2 � 1
(6)

with n
ð0Þ
3 ¼

x
ð0Þ
3

a .

We note that gS1ðx; x1; x2; x3 ¼ 0Þ is calculated as the

two-dimensional Fourier transform [Eq. (5) of Eq. (6)].

Equation (6) requires the calculation of t using Eq. (3). For

the Fourier transform, we use the dispersion relation for a

simple cubic crystal: x2 ¼ 2b
m 3� cosk1a� cosk2a� cosk2að Þ

to define

n ¼ 3� cosk1a� cosk2a� mx2

2b
: (7)

If we define a position on the surface of the crystal:

pi ¼ ðx ið Þ
1 ; x

ið Þ
2 ; 0Þ, then we only calculate for every frequency:

gS1 pipjð Þ ¼ gS1½pi � pj ¼ ðx jð Þ
1 � x ið Þ

1 ; x
jð Þ

2 � x ið Þ
2 ; 0Þ� for ðx jð Þ

1

�x ið Þ
1 ; x

jð Þ
2 � x ið Þ

2 ;0Þ ¼ 0;0;0ð Þ; 0;1a;0ð Þ; 0;2a;0ð Þ; 1a;0;0ð Þ;
�

2a;0;0ð Þ; 1a;1a;0ð Þ; 1a;2a;0ð Þ; ð2a;1a;0Þg. All other gS1

are neglected in this paper. Hence, we consider a cut off

of pi�pjj j ¼
ffiffiffi
5
p

a for the Green’s function gS1 pipjð Þ. We

denote by gS1 pi�pjj j ¼ 0
� �¼ g00, gS1 pi�pjj j ¼ 1a

� �¼ g01,

gS1 pi�pjj j¼2a
� �¼g02, gS1ð pi�pjj j¼

ffiffiffi
2
p

aÞ¼g11, and gS1ð pij
�pjj¼

ffiffiffi
5
p

aÞ¼g12. The numerical functions gS1ðpipj;xÞ are

replaced by fits to functions of frequency, x. These fits are

given in the Appendix.

Following the IRT, we define a coupling operator that

enables us to couple a site 1 of a diatomic molecule to a site

X [effectively X¼ðx1; x2; x3 ¼ 0Þ] on the surface of the cubic

crystal
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V
$

I ¼
VI X;Xð Þ VI X; 1ð Þ
VI 1;Xð Þ VI 1; 1ð Þ

 !
¼

�bI

m

bI

m
bI

m

�bI

m

0
BB@

1
CCA: (8)

For the sake of simplicity, we will take: bI ¼ b.

IRT introduces the surface operator expressed in the

space M of coupled interface sites

A
$

0 MMð Þ ¼

A X;Xð Þ
A X; 1ð Þ
A 1;Xð Þ
A 1; 1ð Þ

0
BBBBB@

1
CCCCCA ¼

VI X;Xð ÞgS1 X;Xð Þ
VI X; 1ð ÞgS2 1; 1ð Þ
VI 1;Xð ÞgS1 1;Xð Þ
VI 1; 1ð ÞgS2 1; 1ð Þ

0
BBBBB@

1
CCCCCA: (9)

The diffusion matrix takes then the form of a 2 � 2

matrix in the space of the interface sites, M

D
$

MMð Þ ¼
1þA X;Xð Þ A X;1ð Þ

A 1;Xð Þ 1þA 1;1ð Þ

 !

¼
1þVI X;Xð ÞgS1 X;Xð Þ VI X;1ð ÞgS2 1;1ð Þ

VI 1;Xð ÞgS1 1;Xð Þ 1þVI 1;1ð ÞgS2 1;1ð Þ

 !
:

(10)

The phase difference (normalized to p) of elastic modes

in the space M between the coupled system and the

uncoupled system is then obtained from the relation

g xð Þ ¼ � 1

p
Im ln detD

$
MMð Þ

� 	h i
: (11)

This is effectively the phase accumulated by the wave

scattered by the adsorbed diatomic molecules.

The variation in density of states due to the coupling is

then obtained from the relation

Dn xð Þ ¼ dg xð Þ
d x2ð Þ : (12)

Dn is the variation of the phonon density of states

between the adsorbed system and the reference system (i.e.,

crystal with uncoupled diatomic molecules).

B. Multiple diatomic molecules adsorbed on the
surface of a cubic crystal

We now consider Nc identical diatomic molecules

grafted on the (001) surface of the simple cubic crystal. The

space M for the system is now defined as

M ¼
n

p1 ¼ 0; 0; 0ð Þ; 1; p2 ¼ x01; x
0
2; 0

� �
; 10; p3

¼ x001; x
00
2; 0

� �
; 100;…; pNc

¼
�

x
Nc�1ð Þ

1 ; x
Nc�1ð Þ

2 ; 0
	
; 1 Nc�1ð Þ

o
:

(13)

We have located the first finite chain at the origin on the

crystal surface. In this case, the coupling operator is a 2Nc

�2Nc matrix of the form

V
$

I ¼
bI

m

�1 1 0 0 … 0 0

1 �1 0 0 … 0 0

0 0 �1 1 … 0 0

0 0 1 �1 … 0 0

..

. ..
. ..

. ..
.

… ..
. ..

.

0 0 0 0 0 �1 1

0 0 0 0 0 1 �1

0
BBBBBBBBBBBB@

1
CCCCCCCCCCCCA
: (14)

To calculate D
$

MMð Þ ¼ I
$

MMð Þ þ VI

$
MMð ÞGS

$
ðMMÞ, one

needs the Green’s function of the uncoupled system,

GS

$
ðMMÞ, which takes the form

Gs

$
MMð Þ ¼

gS1 p1p1ð Þ 0 gS1 p1p2ð Þ 0 gS1 p1p3ð Þ 0 … gS1 p1pNcð Þ 0

0 gS2 11ð Þ 0 0 0 0 … 0 0

gS1 p2p1ð Þ 0 gS1 p2p2ð Þ 0 gS1 p2p3ð Þ 0 … gS1 p2pNcð Þ 0

0 0 0 gS2 1010ð Þ 0 0 … 0 0

gS1 p3p1ð Þ 0 gS1 p3p2ð Þ 0 gS1 p3p3ð Þ 0 … gS1 p3pNcð Þ 0

0 0 0 0 0 gS2 1 2ð Þ1 2ð Þð Þ … 0 0

..

. ..
. ..

. ..
. ..

. ..
. ..

. ..
. ..

.

gS1 pNc
p1ð Þ 0 gS1 pNc

p2ð Þ 0 gS1 pNc
p3ð Þ 0 … gS1 pNc

pNcð Þ 0

0 0 0 0 0 0 … 0 gS2 1 Nc�1ð Þ1 Nc�1ð Þð Þ

0
BBBBBBBBBBBBBBBBBBBB@

1
CCCCCCCCCCCCCCCCCCCCA

:

(15)

In this matrix, the odd entries (rows or columns) corre-

spond to locations on the surface of the crystal and the even

entries correspond to the position of the first atom of the

finite chains.
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The diffusion matrix in the space M is

D
$

MMð Þ ¼ I
$
þ A

$
M;Mð Þ ¼ I

$
þ V

$

IGs

$
MMð Þ: (16)

The phase difference is again given by Eq. (11).

III. RESULTS AND DISCUSSION

In this section, we analyze several configurations of

diatomic molecules adsorbed on the (001) surface of the

cubic crystal. The analysis focuses on density of states and

more importantly variation in the scattered phase of elastic

modes relative to uncoupled reference systems. After the

characterization of a single adsorbed molecule, we focus on

configurations of many adsorbed molecules that take the

form of parallel linear chains and parallel chains with kinks

along their length.

A. One molecule adsorbed on the (001) surface of a
cubic crystal

Here, we consider one diatomic absorbed on the surface

of the cubic crystal. As stated in Sec. II, all masses are the

same and take the value 1. All spring constant are identical

and also take the value 1. This system is illustrated in Fig. 1.

The variation in density of states exhibits two peaks cor-

responding to resonances between the crystal and the mole-

cule. The resonances occur at frequencies 0.5570 and 1.5630.

The phase shows an inconsequential 2p jump, two continuous

p phase changes, and one discontinuous p phase change.

The continuous variations in phase, which are associ-

ated with the Friedel phase,4 correspond to the resonances.

The derivative of the Friedel phase is directly related to the

variation in the density of states. The Friedel phase continu-

ously accumulates p each time the frequency crosses a

bound state in the diatomic molecule. The discontinuous

phase change is the phase change associated with the zeros

of the transmitted amplitude of the scattered wave. As fre-

quency increases, each time the scattered amplitude passes

through a zero, its real part becomes zero and its imaginary

part changes sign. The ratio of the imaginary part to the

real part diverges with a sign change across the zero of

amplitude. The phase of the diffused wave then exhibits a

phase slip of p. This behavior has been observed experi-

mentally and discussed theoretically in systems of lower

dimensionality for other excitations than phonons, namely

electronic excitations.8–10

If one considers a random distribution of Nc diatomic

molecules on the surface with intermolecular spacing pi�pjj j
in excess of

ffiffiffi
5
p

a, one expects no “interactions” between the

molecules through the substrate. We use quotation marks to

define “interaction” of diatomic molecules through the sub-

strate. The variation in density of states for that system and

subsequently its phase will be essentially the same (to a scal-

ing factor dependent on the number of molecules) as that of

Fig. 2. In that case, the Green’s function of the uncoupled

system (and subsequently the diffusion matrix), will take a

simpler form

Gs

$
MMð Þ ¼

gS1 p1p1ð Þ 0 0 0 0 0 … 0 0

0 gS2 11ð Þ 0 0 0 0 … 0 0

0 0 gS1 p2p2ð Þ 0 0 0 … 0 0

0 0 0 gS2 1010ð Þ 0 0 … 0 0

0 0 0 0 gS1 p3p3ð Þ 0 … 0 0

0 0 0 0 0 gS2 1 2ð Þ1 2ð Þð Þ … 0 0

..

. ..
. ..

. ..
. ..

. ..
. ..

. ..
. ..

.

0 0 0 0 0 0 … gS1 pNc
pNcð Þ 0

0 0 0 0 0 0 … 0 gS2 1 Nc�1ð Þ1 Nc�1ð Þð Þ

0
BBBBBBBBBBBBBBBBBBB@

1
CCCCCCCCCCCCCCCCCCCA

¼
gS1 p1p1ð Þ 0

0 gS2 11ð Þ

 !
�

1 0

0 1

 !
�…�

1 0

0 1

 !
:

The Hilbert space of the system of Nc diatomic molecules

randomly distributed on sites on the surface is the tensor prod-

uct of the Hilbert space on each site. Relative to such a tensor

product space, the elastic state of the system can be also written

as the tensor product of the state of each adsorbed molecule.

This is the general definition of a local system. However, if the

diatomic molecules are in close proximity (with nearest neigh-

bor, second nearest neighbor, etc. separations distances on the

surface lattice) and forming ordered patterns with “interactions”

defined by the terms of the form: gS1 pipjð Þ; i 6¼ j, the diffusion

matrix may not be factorizable into a tensor product of individ-

ual adsorbed diatomic molecules. The elastic states’ ordered

patterns will be therefore non-separable relative to the states of

individual adsorbed diatomic molecules. This reflects the col-

lective nature of vibrational modes of configurations of

adsorbed diatomic molecules that interact through the substrate.

Systems composed of chain-like configurations of adsorbed

molecules are discussed in Sec. III B.
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B. Chains of diatomic molecules adsorbed on the
surface of a cubic crystal along the (100) direction

In Fig. 3, we consider five configurations of adsorbed

diatomic molecules on the crystal surface. The first configu-

ration consists of two parallel arrays of molecules. The mole-

cules are arranged along the edge of the unit cell of the two-

dimensional lattice of the surface. Each array contains 30

molecules. The separation distance between the two chains

is 3a along the vertical direction ensuring that any two

diatomic molecules located on different chains are not

coupled through a gS1 pipjð Þ term in the matrix of Eq. (15).

The two chains are not “interacting” through the substrate. In

Figs. 3(b)–3(e), we have created a successive number of

kinks occurring periodically along the chains while the posi-

tion of the ends of the chains remains fixed.

The kinks are realized by displacing two diatomic mole-

cules in each chain up and down by a from the positions in

the two parallel chain configuration [Fig. 3(a)]. The con-

straints imposed on these configurations are that the number

of adsorbed molecules is constant and equal to Nc¼60, and

that the ends of the chains are always kept at the same coor-

dinates on the surface. The variation in density of states for

the parallel chains configurations [Fig. 3(a)] is reported in

Fig. 4. The variation in density of states exhibits a wide

region of large negative values above the first resonance of

an individual adsorbed molecule (frequency 0.5570). This is

characteristic of the formation of a resonant “gap” above that

frequency. This is not a true gap as the number of molecules

in each chain is finite. But the finite system reflects the

behavior of its infinite counterpart in the form of a finite

depression in the density of states. This “gap” results from

the hybridization of the lower frequency mode of diatomic

molecules and the substrate modes. Above and below this

gap, the elastic modes are dispersive and the frequency now

depends on a parameter that can be defined as a “wave

number” along the direction of the chains. The dispersive

modes cannot be expressed as a tensor product of states of

individual adsorbed molecules. Indeed, the modes of Nc¼60

randomly well-separated diatomic molecules would have the

FIG. 2. (a) Variation in density of states, Dn xð Þ, of the system composed of

a diatomic molecule adsorbed on the (001) surface of a simple cubic crystal.

(b) Phase, g xð Þ, for the same system. The frequency range, x 2 ½0; 2� corre-

sponds to the band of the 1-D monatomic harmonic crystal with m ¼ b ¼ 1.

FIG. 1. Schematic illustration of a diatomic molecule adsorbed on the sur-

face [top face (001)] of a semi-infinite simple cubic crystal. The crystal

extends to infinity in all other directions.

FIG. 3. Top view of the five configurations of Nc¼60 diatomic molecules

adsorbed on the (001) surface of the simple cubic crystal. The surface is

illustrated as a square lattice. All diatomic molecules are identical. (a) Two

linear parallel arrays of diatomic molecules, the separation distance is such

that the two chains cannot “interact” through the substrate. (b), (c), (d), and

(e) parallel configurations of two chains subjected to one, two, three, and

four kinks, respectively.
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same frequency. It is the substrate terms in the Green’s func-

tion matrix [Eq. (15)] contributing through the coupling

operator to form the diffusion matrix that lead to this disper-

sive behavior. The non-separability of the elastic modes of

an adsorbed chain is only relative to the elastic states of a

configuration composed of well-separated individual

adsorbed diatomic molecules. As we noted several times, the

dynamical equations (Hamiltonian) of the adsorbed chain

system are linear and modes can be expressible as plane

waves. The state of the adsorbed loop system is therefore

separable as a tensor product of plane wave states. It is

known that given a multipartite physical system, whether

quantum or classical, the way to subdivide it into subsystems

is not unique.11 The “gap” is robust as it also appears for

configurations derived from the parallel chains but altered

such as the configurations with kinks (b), (c), (d), and (e).

The system (a) constitutes our reference system. The

phase g xð Þ of each configuration (a) through (e) is calculated

and corrected for 2p discontinuities arising from the numeri-

cal calculation. We plot the four differences in corrected

phases: gðbÞ � gðaÞ, gðcÞ � gðaÞ, gðdÞ � g að Þ, and gðeÞ � gðaÞ for

one, two, three, and four kinks, respectively, in Fig. 5(a). We

note that the phase difference decreases monotonically as a

function of the number of kinks for frequencies below reso-

nance. A wide range of frequencies below resonance satisfy

the rule of phase addition upon successive addition of kinks:

r1 ¼ gðcÞ�gðaÞ

gðbÞ�gðaÞ � 2, r2 ¼ gðdÞ�gðaÞ

gðbÞ�gðaÞ � 3, and r3 ¼ gðeÞ�gðaÞ

gðbÞ�gðaÞ � 4. The

first ratio illustrates the phase change upon creating two

kinks relative to the phase change upon creation of one kink.

The second and third ratios refer to the phase change that

occurs when three (four) kinks are created relative to one

kink creation. We have first chosen a particular frequency of

0.5305, for which additive properties of the phase are satis-

fied. In this case: h1 ¼ gðbÞ � g að Þ ffi �0:2. In Fig. 5(b), we

have plotted the four calculated phase differences in phase as

functions of the number of kinks. The calculated points fall

on the line with equation hnk
¼ Dhnk ¼ �0:2nk; where nk is

the number of kinks. Our choice of frequency was also moti-

vated by the fact that the phase for one kink is the rational

quantity h1 ¼ 2
n, where n ¼ 10: Because of computational

limitations, we have not been able to consider longer chains

and larger numbers of kinks than 4, however, if one could

continue the linear trend of the phase, the addition of kinks

would lead to phase differences that sample the unit circle in

10 locations as shown in Fig. 6.

We note that h9 ¼ þ0:2modð2Þ. The creation of nine

kinks is therefore a configuration equivalent of a single kink but

with a phase change of the same magnitude but opposite sign.

FIG. 4. (a) Variation in density of states, Dn xð Þ, of the system composed of

two parallel chain-like arrangements of adsorbed diatomic molecules containing

each 30 molecules, i.e., Nc¼60. The frequency range, x 2 ½0:4; 0:7� corre-

sponds to the first resonance in Fig. 2. The resonance frequency of one diatomic

molecule is 0.5570 and corresponds to the first sharp peak in the figure.

FIG. 5. (a) Differences in phase g xð Þ corrected for 2p jumps, relative to the

parallel chain system for one, two, three, and four kinks created along two par-

allel chains of 30 diatomic molecules each. The vertical solid and dotted lines

show the frequencies 0.5305 and 0.57. (b) Phase difference from (a) (closed

circles) at the frequency 0.5305 and (closed triangles) at the frequency 0.57 as a

function of the number of kinks. The thin solid line is a linear fit to the closed

circles. The dotted line is a fit to the closed triangles. The open circle marks the

location of a chain along which one would create 9 kinks. All the phases are in

units of p. The data point corresponding to one kink at the frequency 0.57 was

corrected by a phase shift of 2 to align it with the other points.

FIG. 6. Schematic illustration of the evolution of the phase difference hnk

upon creation of nk kinks.
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The elastic wave function of two configurations related

by the creation of one kink can be expressed as

unkþ1
¼ eiDhunk

: (17)

Note that in Eq. (17), we have assumed that the elastic

waves have been normalized to their real amplitude.

The phase difference as a function of number of kink for a

frequency of 0.57 is plotted in Fig. 5(b) as triangles. It is inter-

esting to note that the triangular points fall along a straight line

which does not intersect the origin. The phase difference fol-

lows the equation, hnk
¼ Dhnk þ d ¼ �0:4464nb þ 0:2769.

The constant phase 0:2769 is not important as it can be lumped

as a constant term into the elastic wave functions in Eq. (17).

In Fig. 7, we consider two other frequencies but now

slightly above and below the first resonant frequency 0.5570

of the diatomic molecule, namely 0.5577 and 0.5568. In Fig.

7(a), we show the differences in phases for one to four kinks

in a narrow region of frequency centered on the resonant fre-

quency of the diatomic molecule. At 0.5577, the calculated

phase differences for nk ¼ 1 and 4 have been corrected by

62(2p) to form a continuous function. These corrected

points are fitted well by a quadratic equation: hnk
¼ �1:423

�10�1n2
k � 3:323� 10�1nk þ 8:105x� 10�1. In contrast to

the case of the frequency 0.5305, this relation is non-linear.

One may still write

unkþ1
¼ eiDh nkð Þunk

(18)

with a phase shift dependent on the number of kinks, DhðnkÞ.
At the frequency of 0.5568, below resonance, the behavior

of the phase difference is more complex. The calculated phase

differences can be corrected by 62(2p) without consequence.

The corrected phase differences do not form a continuous func-

tion. The data points for nk ¼ 3 and 4 are p shifted above such

a continuous line. This additional phase difference p is not

associated with a transmission phase slip of p [as seen in Fig.

2(b)] as the calculated phases in Fig. 7(a) are continuous. This

additional p shift is a characteristic of the creation of additional

kinks beyond 2 kinks and the formation of a finite periodic

array of kinks leading to crossings of the phase plots in Fig.

7(a). Again, the evolution of the elastic wave function as a

function of the number of kinks can be represented by Eq. (18).

We could represent mathematically the relationships

given by Eq. (18) in the form of the product between the vec-

tor of the elastic waves for different numbers of kinks, W
and a unitary matrix, U

W ¼ :; ui; uiþ1; uiþ2; :ð Þ

¼

: : : : :
: eiDhi�1 0 0 :
: 0 eiDhi 0 :
: 0 0 eiDhiþ1 :
: : : : :

0
BBBB@

1
CCCCA

:
ui�1

ui

uiþ1

:

0
BBBB@

1
CCCCA ¼ UW:

(19)

It is worth noting that at the frequencies 0.5305 and 0.57,

where the accumulation of phase upon creation of additional

kinks is a constant (linear dependency of the phase difference

on the number of kinks), the diagonal terms in Eq. (19) are all

identical. Equation (19) can then be simplified in the form

W ¼ :; ui; uiþ1; uiþ2; :ð Þ

¼

: : : : :

: 1 0 0 :

: 0 1 0 :

: 0 0 1 :

: : : : :

0
BBBBBBBB@

1
CCCCCCCCA

eiDh

:

ui�1

ui

uiþ1

:

0
BBBBBBBB@

1
CCCCCCCCA
¼ IeiDhW: (20)

FIG. 7. (a) Same as Fig. 5(a) but magnified in a narrow frequency range

around the diatomic molecule resonant frequency, 0.5570. The black and

gray solid vertical lines mark the frequencies 0.5568 and 0.5577, respec-

tively. (b) Phase difference from (a) (open circles) at the frequency 0.5577

as a function of the number of kinks. The closed circles are corrections

by 62(2p) of the phase differences. The thin solid line is a linear fit to the

corrected data. (c) Phase difference from (a) (open circles) at the

frequency 0.5568 as a function of the number of kinks. The large

closed circles are corrections by 62(2p) and�1(p) of the phase differ-

ences. The thin solid line extending over the interval [0,4] is a linear fit

to the corrected data. The small closed circles have been corrected only

by 62(2 p).
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C. Near resonance the phase difference depends on
the order of creation of kinks

To analyze the behavior of the phase in the vicinity of

resonance further, we consider three configurations illus-

trated in Fig. 8. The first configuration includes two parallel

chains composed of 13 molecules, that is 12a long. We have

chosen an odd number of diatomic molecules to be able to

create the configuration of Fig. 8(b) by forming two kinks

that are asymmetrical with respect to the marked red line.

This enables us to define two types of kinks, the kink to the

left of the red line created by an operator r1 and the kink to

the right of the red line resulting from the operator, r2. The

configuration in Fig. 8(b) can be visualized as resulting from

the application of the sequence r1r2 of kink creation opera-

tors. The configuration in Fig. 8(c) can be visualized as

resulting from the reverse sequence, r2r1.

In Fig. 9, we report the calculated phases for these three

configurations corrected for numerical jumps of 2p.

However, one can note that the phase near resonance in the

case of configuration (c) differs significantly from that of

configuration (b).

The phase difference between the kinked configurations

and the parallel chains illustrates even more clearly the fact

that the two configurations (b) and (c) do not exhibit the

same phase around the resonance (see Fig. 10). The phase

differences do show the same phase behavior at frequencies

above and below resonance frequency. This clearly shows

that if we consider different kink creation operators, r1 and

r2, near resonance, the order application of these operations

matters. We may therefore write that r1r2 6¼ r2r1. Near res-

onance, the order of creation of different kinks matters, the

kink creation operators do not generally commute.

D. Chains of diatomic molecules adsorbed on the
surface of a cubic crystal along the (110) direction

In Subsection III C, we considered chains aligned in the

(100) direction in the surface square lattice. However, there

are other ways of construction chains on that lattice. One of

these directions is the (110) direction. In Fig. 11, we consider

four new configurations of adsorbed diatomic molecules on

the crystal surface. The first configuration consists of two

parallel arrays of molecules arranged along the diagonal of

the unit cell of the two-dimensional lattice of the surface.

Each array contains 20 molecules. We consider other config-

urations by applying a series of kink creation operations. For

instance, one creates one, two, and three kinks in configura-

tions (b), (c), and (d).

FIG. 8. Top view of three configurations of Nc¼26 diatomic molecules

adsorbed on the (001) surface of the simple cubic crystal. The surface is

illustrated as a square lattice. (a) Two linear parallel arrays of 13 diatomic

molecules. (b) The two linear chains are subjected to the creation of two

kinks. The creation of the two kinks is done in sequence from the left to the

right. The creation of the first kink to the left of the red line is characterized

by an operator, r1. The second kink to the right of the red line is created by

an operator, r2. (c) The two linear chains are subjected to the creation of

two kinks by application of the operator, r2 first, followed by the creation of

the second kink by applying r1. In (b), the order of creation from left to right

is (r1r2Þ and (r2r1Þ in (c).

FIG. 9. Phase g xð Þ corrected for 2p jumps for the three configurations (a),

(b), and (c), illustrated in Fig. 8.

FIG. 10. Differences between the corrected phase of configurations (b) and

(c) and the reference system [configuration (a)] as functions of frequency.

The inset illustrates the difference in phase between the two kinked configu-

rations (b) and (c).
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In Fig. 12, we report the phase for the configurations (a),

(b), (c), and (d) as functions of frequency. These phases have

been corrected for numerically induced 2p discontinuous

jumps.

The corrected phases differ most significantly in the

near vicinity of the resonance. Above resonance, the phase

of configurations (c) and (d) are 2p shifted relative to that of

the configurations (a) and (b). After correcting for this shift,

we report in Figs. 13(a) and 13(b), the ratios: r1 ¼ gðcÞ�gðaÞ

gðbÞ�gðaÞ

and r2 ¼ gðdÞ�gðaÞ

gðbÞ�gðaÞ as functions of frequency.

Here, as was the case for chains along the (100) direc-

tion, the phase of parallel chains along the (110) direction

increases by a multiple for every kink created. We note that

well below resonance and well above resonance, the ratios

r1 and r2 take on the values 2 and 3, that is, the phase of the

system with two kinks is twice that of the system with one

kink and the phase with three kinks is three times that of

one kink. This behavior leads to linear variation of the

phase differences with respect to the number of kinks. The

phase difference behaves according to Eq. (20). We note

that in Fig. 13, there are several frequencies for which

peculiar behavior is observed. There exist a number of fre-

quencies outside resonance where gðbÞ � g að Þ ffi 0, thus lead-

ing also to diverging ratios, ratios r1 and r2. Two examples

are located at frequencies 0.531 and 0.589, where from Fig.

12, one clearly sees crossing of the phase of the configura-

tions (a) and (b).

In Fig. 14, we plot the difference in phases of configura-

tions with one, two, and three kinks with respect to the paral-

lel configuration at the three frequencies 0.5052, 0.5599, and

0.5700. Figure 14 also includes linear fits to the numerical

data points. The fits are hnk
0:5052ð Þ ¼ 7:865� 10�2nk þ 1

�10�4, hnk 0:5599ð Þ¼�8:736�10�1nkþ1:313�10�1, and

hnb
0:5700ð Þ¼�5:231�10�1nk�5:97�10�2. The intercept

for the lowest frequency is within the error of our calculations

and the phase difference intersects the vertical axis at the ori-

gin. The other two cases have finite intercepts but are still

showing nearly linear behavior compatible with Eq. (20).

At the resonant frequency, 0.5570, the phase difference

as a function of the number of kinks shows strong non-linear

dependency (Fig. 15) which indicates that the elastic wave

function follow Eq. (19). We constructed the concave plot in

Fig. 15 by applying a�2p correction to the last data point

(three kinks). Even in the absence of this correction, the plot

would be convex and non-linear.

FIG. 11. Top view of the four configu-

rations of Nc¼40 diatomic molecules

adsorbed on the (001) surface of the

simple cubic crystal. (a) Two linear

parallel arrays of diatomic molecules

arranged along the (110) direction. The

chains are separated by a distance

exceeding the Green’s function cut off

distance
ffiffiffi
5
p

a. (b) The two linear

chains are subjected to one kink crea-

tion operation. Note that in the process

of creating a kink, the overall location

of the ends is translated but their rela-

tive position is not. (c) The two linear

chains are subjected to two successive

kink creation operations. (d) The two

linear arrays support three kinks.

FIG. 12. Phase g xð Þ corrected for 2p jumps for the four configurations (a),

(b), (c), and (d), illustrated in Fig. 11.
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IV. ANALOGY WITH QUANTUM GATES

Here, we consider, analogies between the phase-based

operations that could be accomplished with unitary opera-

tions resulting from the creation of kinks in parallel chains

of diatomic molecules adsorbed on a simple cubic crystal

surface. Quantum gates (or quantum logic gates) are the

elementary building blocks of quantum circuits. Quantum

gates are represented by unitary matrices which act on the

phase of quantum states.12 The fact that one can transform

the phase of elastic waves by modifying the configuration

of adsorbed diatomic molecules, and that these transforma-

tions can be formulated as unitary matrices acting on the

space of the scattered waves, enables us to draw analogies

between elastic phase-based unitary transformations and

quantum gates.

Let us consider the configurations introduced in Sec.

III B. At the frequency 0.5577, the phase accumulation as a

function of the number of kinks can be reformulated accord-

ing to Eq. (19)

u1; u2; u3; u4; :ð Þ ¼

eiDh0 0 0 0 :
0 eiDh1 0 0 :
0 0 eiDh2 0 :
0 0 0 eiDh3 :
: : : : :

0
BBBBB@

1
CCCCCA

u0

u1

u2

u3

:

0
BBBB@

1
CCCCA

¼

1 0 0 0 :
0 eiu1 0 0 :
0 0 ei/2 0 :
0 0 0 ei/3 :
: : : : :

0
BBBB@

1
CCCCAeiDh0

u0

u1

u2

u3

:

0
BBBB@

1
CCCCA

(21)

with ui ¼ Dhi � Dh0.

At the frequency of 0.5568, we have

u1; u2; u3; u4; :ð Þ ¼

eiDh0 0 0 0 :

0 eiDh1 0 0 :

0 0 ei Dh2þpð Þ 0 :

0 0 0 ei Dh3þpð Þ :

: : : : :

0
BBBBBB@

1
CCCCCCA

u0

u1

u2

u3

:

0
BBBBBB@

1
CCCCCCA

¼

eiDh0 0 0 0 :

0 eiDh1 0 0 :

0 0 eiDh2 0 :

0 0 0 eiDh3 :

: : : : :

0
BBBBBB@

1
CCCCCCA

1 0 0 0 :

0 1 0 0 :

0 0 �1 0 :

0 0 0 �1 :

: : : : :

0
BBBBBB@

1
CCCCCCA

u0

u1

u2

u3

:

0
BBBBBB@

1
CCCCCCA

¼

1 0 0 0 :

0 eiu1 0 0 :

0 0 ei/2 0 :

0 0 0 ei/3 :

: : : : :

0
BBBBBB@

1
CCCCCCA

eiDh0

1 0 0 0 :

0 1 0 0 :

0 0 �1 0 :

0 0 0 �1 :

: : : : :

0
BBBBBB@

1
CCCCCCA

u0

u1

u2

u3

:

0
BBBBBB@

1
CCCCCCA
: (22)

The unitary transformation matrices are therefore rewrit-

able in the form of products of quantum gates.

For instance, focusing on only two kink creation opera-

tions, Eq. (21) may be reduced to

u1; u2; :ð Þ ¼

1 0 : : :

0 eiu1 : : :

: : : : :

: : : : :

: : : : :

0
BBBBBB@

1
CCCCCCA

eiDh0

u0

u1

:

:

:

0
BBBBBB@

1
CCCCCCA
: (23)

This unitary matrix of Eq. (23) can act as a phase shift

gate: Ru ¼
1 0

0 eiu


 �
. The unitary matrix of Eq. (22) may

be rewritten as

u1; u2; u3; u4; :ð Þ ¼

eiu0
0 0 0 0 :

0 1 0 0 :

0 0 eiu0
2 0 :

0 0 0 eiu0
3 :

: : : : :

0
BBBBBBB@

1
CCCCCCCA

� eiDh1

1 0 0 0 :

0 1 0 0 :

0 0 �1 0 :

0 0 0 �1 :

: : : : :

0
BBBBBBB@

1
CCCCCCCA

u0

u1

u2

u3

:

0
BBBBBBB@

1
CCCCCCCA

(24)

with u0i ¼ Dhi � Dh1 or
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:; u2; u3; :ð Þ ¼

: : : : :

: 1 0 0: :

: 0 eiu0
2 : :

: : : : :

: : : : :

0
BBBBBB@

1
CCCCCCA

� eiDh1

: : : : :

: 1 0 : :

: 0 �1 : :

: : : : :

: : : : :

0
BBBBBB@

1
CCCCCCA

:

u1

u2

:

:

0
BBBBBB@

1
CCCCCCA

(25)

Equation (25) involves the product of a phase shift gate and

Pauli Z gate: Z ¼ 1 0

0 �1


 �
.

While realizing the Ru and Z gates is useful, the possi-

bility of realizing general unitary operations given by a

matrix U ¼

eiDh0 0 0 0 :
0 eiDh1 0 0 :
0 0 eiDh2 0 :
0 0 0 eiDh3 :
: : : : :

0
BBBBB@

1
CCCCCA creates novel

opportunities for using classical elastic waves for phase-

based information processing.

These gates are therefore realizable physically by con-

sidering a number of couples of parallel chains of diatomic

molecules adsorbed on the surface of the cubic crystal (e.g.,

parallel to the (100) direction) on which one can operate by

moving molecules to form the desired number of kinks.

V. CONCLUSIONS

We have developed an elastic model of diatomic mole-

cules adsorbed on the (001) surface of a simple cubic crystal.

We demonstrate that the phase of elastic waves scattered by

some number of adsorbed diatomic molecules depends on

the particular features of the configuration of the molecules.

For instance, we consider parallel arrays of chain-like config-

urations of the molecules. These parallel arrays are further

modified by creating kinks along their length. At frequencies

deviating from a resonant frequency of the diatomic mole-

cules, the phase of scattered elastic waves scales linearly

with the number of kinks created. However, in the near

vicinity of a resonant frequency, the phase does not scale lin-

early anymore but exhibits nonlinear dependency on the

number of kinks. We also show that near a resonance fre-

quency, the order of creation of kinks with different symme-

try affects the final value of the phase of scattered waves.

The effect of the creation of kinks along the parallel chains

can be formulated mathematically as unitary matrix transfor-

mations acting on vectors in the space of elastic scattered

waves. Analogies are drawn between these phase-based

FIG. 13. Ratios r1 and r2 as functions

of frequency at frequencies below res-

onance (a) and above resonance (b).

The phase differences above resonance

have been corrected by 2p prior to cal-

culating the ratios.

FIG. 14. Phase difference as a function of number of kinks for three frequen-

cies: 0.5052 (circles), 0.5599 (squares), and 0.57 (triangles). The black, dark

gray, and light gray solid lines are a linear fit to the circles, squares, and tri-

angles. All the phases are in units of p.

FIG. 15. Phase difference as a function of number of kinks for the resonant

frequency. All the phases are in units of p. The last data point was corrected

by an amount of -2 p.
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elastic unitary matrices and quantum gates. The advantage of

elastic based unitary gates is that they are realizable physi-

cally by considering a number of couples of parallel chains

of diatomic molecules adsorbed on the surface of the cubic

crystal (e.g., parallel to the (001) direction) on which one

can operate by moving molecules to form the desired number

of kinks. Displacing molecules on the surface of a crystal

can be achieved using a scanning tunneling microscope.13

However, experimental measurement of the phase of the

vibrational modes of the adsorbed molecules will remain a

challenge. The challenge of working with molecular size

objects can be alleviated by realizing that the systems stud-

ied here are discrete metaphors of continuous systems.

Indeed, one may consider configurations as simple as pat-

terns of stubs attached to the planar surface of a solid sub-

strate.14 The stubs play the role of the diatomic molecules as

they also possess a number of discrete resonant modes. A

number of stubs may be arranged in configurations similar to

those investigated here, namely parallel chains of stubs or

chains with kinks. The coupling between stubs is now

achieved through the continuous substrate. Macroscale sys-

tems will enable the characterization of the vibrational

modes and their phase using well-established techniques

such as laser Doppler vibrometry.

ACKNOWLEDGMENTS

We acknowledge financial support from the NSF Award

No. 1640860 and from the W. M. Keck Foundation.

APPENDIX: GREEN’S FUNCTIONS ON (001) SURFACE
OF A CUBIC CRYSTAL

The fits to the two-dimensional Fourier transform of

the Green’s functions on the (001) surface of a simple

cubic crystal [Eqs. (5) and (6)]: gS1 pi�pjj j ¼ 0;x
� � ¼ g00,

gS1 pi�pjj j ¼ 1a;x
� � ¼ g01, gS1 pi�pjj j ¼ 2a;x

� � ¼ g02,

gS1ð pi�pjj j ¼
ffiffiffi
2
p

a;xÞ ¼ g11, and gS1ð pi�pjj j ¼
ffiffiffi
5
p

a;xÞ
¼ g12 and given and plotted below (Fig. 16). The two-

dimensional Fourier transforms are calculated for 512 values

of k1 and k2.

The real part and imaginary parts of the functions g00

and g01 are given as gij ¼ AR;Ix4 þ BR;Ix3 þ CR;Ix2
�

þDR;Ixþ ER;IÞe FR;IxþHR;Ið Þ with the coefficients

A00
R ¼ 2:411� 10�5; B00

R ¼ 9:376� 10�2;

C00
R ¼ �5:348� 10�1; D00

R ¼ 1:184� 100;

E00
R ¼ �1:034� 100; F00

R ¼ 1:202� 100; and

H00
R ¼ �1:191� 100;

FIG. 16. Fits to the numerically calculated Fourier transforms of the Green’s functions g00, g01, g02, g11, and g12 as functions of frequency. The Green’s func-

tions are in units of m
b.
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and

A00
I ¼ �1:282� 10�6; B00

I ¼ �6:859� 10�1;

C00
I ¼ 2:854� 100; D00

I ¼ �3:528� 100;

E00
I ¼ 3:402� 10�1; F00

I ¼ 1:429� 100; and

H00
I ¼ �3:407� 100;

and

A01
R ¼ 2:561� 10�1; B01

R ¼ 1:559� 10�1;

C01
R ¼ 5:027� 10�1; D01

R ¼ �6:240� 10�1;

E01
R ¼ �9:101� 10�1; F01

R ¼ �6:644� 10�1; and

H01
R ¼ �2:033� 100;

and

A01
I ¼ 4:647� 10�2; B01

I ¼ �3:046� 10�1;

C01
I ¼ 7:857� 10�1; D01

I ¼ �7:979� 10�1;

E01
I ¼ 1:025� 10�1; F01

I ¼ 1:128� 100; and

H01
I ¼ �1:483� 100:

The real part and imaginary parts of the function g02 are

given as Reg02¼ ARx4þBRx3þCRx2þDRxþERð Þe FRxþHRð Þ

and Img02¼AIcos BIxþCIð ÞþDIcos ExþFIð Þ with the

coefficients

A02
R ¼ �1:794� 100; B02

R ¼ 3:793� 100;

C02
R ¼ �8:232� 10�1; D02

R ¼ 1:227� 10�1;

E02
R ¼ �5:249� 10�1; F02

R ¼ �6:415� 10�1; and

H02
R ¼ �2:180� 100

and

A02
I ¼ 5:675� 10�3; B02

I ¼ 4:733� 100;

C02
I ¼ �3:170� 100; D02

I ¼ 7:259� 10�2;

E02
I ¼ 2:488� 100; and F02

I ¼ 1:136� 100:

The real part and imaginary parts of the functions g11 and

g12 are given as gij ¼ AR;Ix5 þ BR;Ix4 þ CR;Ix3 þ DR;Ix2

þER;Ixþ FR;I with the coefficients

A11
R ¼ �4:480� 10�2; B11

R ¼ 1:839� 10�1;

C11
R ¼ �2:957� 10�1; D11

R ¼ 2:983� 10�1;

E11
R ¼ �4:589� 10�2; and F11

R ¼ �7:422� 10�2;

and

A11
I ¼ 9:447� 10�2; B11

I ¼ �4:220� 10�1;

C11
I ¼ 7:380� 10�1; D11

I ¼ �5:100� 10�1;

E11
I ¼ �6:443� 10�3; and F11

I ¼ 9:249� 10�3;

and

A12
R ¼ 2:938� 10�2; B12

R ¼ �1:424� 10�1;

C12
R ¼ 1:126� 10�1; D12

R ¼ 8:992� 10�2;

E12
R ¼ 1:476� 10�2; and F12

R ¼ �4:674� 10�2;

and

A12
I ¼ �4:263� 10�2; B12

I ¼ 1:152� 10�1;

C12
I ¼ �5:344� 10�2; D12

I ¼ 1:013� 10�1;

E12
I ¼ �1:977� 10�1; and F12

I ¼ 2:756� 10�2:
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