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ABSTRACT 

An iterative geostatistical inverse technique was developed by Liu and Yeh 

(1999) to use sets of head/discharge data to determine a detailed saturated hydraulic 

conductivity distribution within an aquifer. A two-dimensional laboratory flow cell that 

contains a heterogeneous soil configuration is used to evaluate the effectiveness of this 

numerical model. Two separate heterogeneous soil conditions are represented by 

laboratory "sandbox" models. Based on the known hydraulic conductivity of the soils 

used in the models, a synthetic data set is produced by solving the flow equation for a 

given pumping event. With this error-free data set, the inverse algorithm is implemented, 

and the effects of the inputs to the model, such as the quantity of data, the correlation 

structure, and the mean conductivity, are observed. Using this knowledge, the laboratory 

data is then supplied to the inverse algorithm, and the true conductivity field of the 

sandbox is successfully represented. 
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CHAPTER! 

INTRODUCTION 

There are many methods that are used today to obtain information about the 

hydraulic properties of a saturated aquifer. The most common of these is a pumping test, 

in which a well is pumped, and the drawdown response in a nearby piezometer is 

observed. Through methods such those developed by Theis, information concerning the 

hydraulic properties of the aquifer including the transmissivity (and therefore the 

hydraulic conductivity), can be determined from the response to pumping. A more 

sophisticated method, called hydraulic tomography, involves the use of screened wells 

segregated into several intervals through the use of packers, in which the response to 

pumping can be observed at many different locations simultaneously. By pumping at one 

interval within a well, the resulting pressure head is observed at the other locations in that 

well, in addition to the discrete locations in the other nearby wells. By changing the 

pumping location, additional sets of head/discharge data can then be obtained. This 

pressure head and discharge data can then be used as input to a previously developed 

inverse algorithm (Liu and Yeh, 1999), which can estimate the hydraulic conductivity 

field based on this information. 

The concepts of hydraulic tomography have recently been used by other 

researchers such as Butler et. al. (1999). This study used multi-level sampling (MLS) 

wells to obtain the effect of multiple segregated pumping and monitoring locations. 

Drawdown measurements were obtained through fiber-optic pressure sensors, placed at 
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regular intervals throughout the well. After obtaining drawdown versus time data sets for 

each interval, hydraulic conductivity values can be easily computed. Although this 

method provides an efficient means for obtaining conductivity values along a vertical 

transect, it does not provide detail of the horizontal variations in the hydraulic properties. 

A method for obtaining both the horizontal and vertical variations in hydraulic 

conductivity from drawdown data is presented in this text. 

Hydraulic tomography has several advantages over more commonly used site 

characterization techniques. Traditional pumping tests will obtain a hydraulic 

conductivity value that represents the averaged value of the units between the pumping 

and monitoring locations. Determination of the details of the heterogeneities of a region 

can also be obtained by collecting physical soil samples at various locations and depths. 

Depending on the detail desired, this can be both a costly and a time-consuming task. 

Geophysical methods have also been developed, although this technology can suffer from 

inaccuracy and a lack of an ability to portray the hydraulic properties of the units 

identified within an aquifer. 

The methods of hydraulic tomography addressed in this research are demonstrated 

using a laboratory flow cell or "sandbox". This allows pumping and pressure head data at 

multiple locations to be easily obtained from a system of known hydraulic conductivity. 

Additionally, the system of soils used in the experiment can be easily changed to 

reproduce a different set of conditions. By changing the soil conditions within the 

sandbox, the effectiveness of hydraulic tomography can be tested on systems with 

varying degrees of complexity. Also, by designing the sandbox apparatus such that the 
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monitoring locations, the pumpmg locations, the pumpmg rate, and the boundary 

conditions can be modified, improvements can be made to the procedure to obtain more 

accurate results. 

The purpose of this research is to evaluate the effectiveness of hydraulic 

tomography on a laboratory scale experiment. Although the conditions created in the 

laboratory do not necessarily duplicate field conditions, the effectiveness of the numerical 

model can be evaluated on a physical application. Also, by changing the conditions 

within the sandbox, the limitations of this technology, if any, can be determined. Finally, 

this research will address the applicability of hydraulic tomography as a method of site 

characterization based on the results of the laboratory experiments. 



CHAPTER2 

NUMERICAL MODEL 

2.1 Development of Inverse Algorithm 

13 

Hydraulic tomography, as presented here, represents an inverse problem. The 

response of the system is first measured through head measurements, and the conditions 

of the system (in this case saturated hydraulic conductivity) that produce the pressure 

head values are determined. 

2.1.1 Flow equation 

The inverse algorithm is based on Darcy's Law for saturated flow, represented in 

three dimensions as the following: 

V • (K(x)V ¢) + Q(x) = 0 (1) 

where K is the saturated hydraulic conductivity, <j> is the total head, and Q is the pumping 

rate, and x is the spatial coordinate represented in the three dimensions. Furthermore, it 

is assumed that the variables constitute a second-order stationary stochastic process and 

therefore, there will be an infinite number of realizations of the hydraulic conductivity 

function and corresponding pressure head (Yeh, 1998). Darcy ' s Law can then be 

represented in a stochastic form consisting of mean and perturbation values such as K(x) 

= <K(x)> + k(x) where <> indicates an expected value, and k(x) represents perturbation 

of the conductivity. Correspondingly, the same can be done for the head variable in the 



14 

form of <j>(x) = H(x) + h(x), where H(x) = <<j>> and h(x) represents the perturbation of the 

head. 

The concept of conditional expectation is then applied to these relationships. By 

assuming that the head and hydraulic conductivity represent stochastic variables , there 

are an infinite number of realizations within the statistical domain that match the known 

values. The conditional head and conductivity fields represent the average of all of the 

possible realizations of the ensemble. 

A conditional mean flow equation can then be developed based on the know ledge 

that the conditional hydraulic conductivity can be expressed as a sum of the conditional 

mean conductivity and the conditional perturbation of this value, or Kc(x) = <Kc(x)> + 

kc(x) where the c subscript is used represent conditional values. The conditional head 

values can be expressed in a similar manner: <l>c = <<l>c(x)> + hc(x). Substituting into the 

flow equation: 

V •[<Kc (x) > V < ¢c (x) > ]+ < V • [kc (x)Vhc (x)] > +Q(x) = 0 (2) 

As discussed in Liu and Yeh (1999), an inverse method was developed to solve for the 

conditional effective conductivity, <Keff>, which is the sum of the conditional mean 

hydrualic conductivity with the ratio of the second term of the above equation to the 

mean gradient vector (Yeh, 1998). 
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2.1.2 Successive linear estimator 

A successive linear estimator (SLE) can then be developed through classical 

cokriging methods to obtain values for f/ and h/ (used below) where f is the 

perturbation of the log-transformed conductivity, In k = F + f. The f/ variable is 

obtained through the ensemble of nf conductivity values obtained through experiments 

where i =1, ... nf. Accordingly, h/ refers to the perturbation of the head values to be used 

as inputs to the model. 

The development of a linear predictor becomes necessary to determine the 

distribution of these values in space. In the case of hydraulic conductivity, the behavior 

of this based on the values at the samples locations can be expressed as: 

K (x1+m ) = I:,\ K(x 1) + A2 K(x2 ) + ... + AmK(xm) (3) 

where A is a weight associated with each known conductivity value which will produce 

the hydraulic conductivity estimate. The process of kriging is used to determine the 

weights for each known value such that error of estimation is minimal (the mean squared 

error, for example), and the estimator is unbiased (the sum of the kriging weights is = 1). 

In terms of the conductivity, the error of estimation can be expressed as (de 

Marsily,1981): 

E[(K - K )2 ] = minimum (4) 
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The process of cokriging involves the simultaneous estimation of two correlated 

variables. In the case of the head and the hydraulic conductivity perturbations, t * and 

h/, the cokriged values can be expressed as: 

n1 n1 +n,, 

f k(xo)= I,lio f / (x)+ I,µJ oh;(xi ) (5) 
i= I J= nr+ I 

where Aio and µj o are the cokriging weights associated with x0 , and fk(x0 ) is the cokriged f 

value at x0 (Yeh, 1996). 

As with any case where kriging 1s used to estimate a random variable, a 

variogram can be used to describe the covanance. In the case of an exponential 

relationship of the variable at a given separation distance, the variogram, y(h) , can be 

described by: 

y(h) = er ' r 1- exp(-1:1) J (6) 

h = [(xi - x) 2 I~/ + (zi - z) 2 I l / ]11 2 (7) 

where cr2 represents the variance of the variable in question (in our case, lnK), x and z 

represent the coordinates of two separate points where the variable is estimated, and Ax 

and Az indicate the horizontal and vertical correlation scales of the hydraulic conductivity 

( de Marsily, 1981 ). 

For this particular problem, the cokriging weights are evaluated through 

developed relationships between these values and the covariances and cross-covariances 
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off and h (Liu and Yeh, 1999). Additionally, a successive linear estimator is used to 

fully utilize the hydraulic head information: 

nf+n1, 
y cr+l )Cx )=rcr) cx )+ m,. [m*(x.)-,1\ c,.\x .)J 

C O C O .JO 'f ./ ./ 'f ./ ./ 
(8) 

j =n1 +1 

where the Ye estimate represents the conditional mean of In K, and rojo represents a 

weighing coefficient, which can be computed from the following relationship: 

l = n f +l, ... ,nf +nh (9) 

The variables thh and thy represent the error covariance and error cross-covariance terms 

(which can be estimated based on the terms in the matrices these systems of equations 

represent), 8ii is an identity matrix and 8 represents a stability term, used to aid in 

obtaining a stable solution to the matrix. 

2.1.3 Iteration of algorithm 

Upon computation of the error covariance terms, the Ye estimate is updated, and 

the mean flow equation is solved with each iteration for a new head field. The variance 

of the estimated conductivity field can then be evaluated to determine if an additional 

iteration is necessary based on the change of head values between iterations. Once this 

stopping criteria is reached, a second head and discharge data set can be used, and the 

iterative process is repeated. Using this method, data sets are incorporated sequentially 



18 

into the final solution, gradually improving the accuracy of the solution (Liu and Yeh, 

1999). An outline of this iterative process is shown in Figure 2.1. 

2.2 Inputs to the Numerical Model 

As previously discussed and shown m equations (6) and (7), the correlation 

structure of the lnK field and the variance of this variable are necessary inputs to the 

numerical model. The vertical and horizontal correlation scales are defined as the 

physical distance beyond which the conductivity field is no longer statistically related. 

For example, an aquifer with closely-spaced horizontal stratification will have a relatively 

small vertical correlation scale, and a significantly larger horizontal correlation scale. 

Additionally, a value of the mean hydraulic conductivity is necessary to initially solve the 

flow equation. Accurately determining these variables can be challenging, particularly in 

a field study where very little is known about the specific soil structure. One method of 

circumventing this problem is to estimate the correlation scale and variance based on the 

depositional history of the field site. A study by Gelhar ( 1986) identifies typical values 

for these variables based on the local geology. If the depositional history of the field site 

can be determined from past studies or through sampling, an estimate of these values can 

be determined. Obviously, in the case of a laboratory scale experiment, these values can 

be easily and more accurately determined from the known soil configuration within the 

sandbox. It should be noted that the correlation structure is dependent on the scale of the 

experiment; if tomography is applied over a horizontal distance of several meters, the 

correlation scale will be much less than the correlation scale identified over an entire 



Figure 2.1 - Flowchart of Inverse Algorithm Process 
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basin. Finally, the use of an estimate off at one location is necessary for solution of the 

inverse problem. 

For the initial geometric mean value used for the numerical model, a method is 

described in Chapter 4 for estimating this value based on pumping and pressure head 

data. 

2.3 Optimal Pumping Scheme 

The previously developed inverse algorithm can then be used to evaluate the 

optimum distance between monitoring locations to produce the best results for a given 

hypothetical aquifer. This can be done for a series of configurations of pumping an 

monitoring locations in which the horizontal (~x) and vertical (~z) distances between 

wells are varied, and then compared to the correlation scales of the aquifer. 

The quality of the results for each separation distance in then evaluated using 

Ll, the average absolute error norm, and L2, the mean squared error norm, defined as: 

LI = _!_ t ll -f, I 
n i= I 

(10) 

L2 = _!_ t Cl - f ) 2 

n i=1 

(11) 

where J and fi represent the true and estimated perturbation of the log transformed 

hydraulic conductivity fields, respectively within the grid specified by n elements. The 

results of this exercise indicate that the optimum vertical distance should be less that 0.5 

times the vertical correlation scale. The best results for the horizontal separation distance 
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were achieved in the specific rage of 0.4 to 0.6 times the horizontal correlation scale (Liu 

and Yeh, 1999). 

Liu and Yeh (1999) also demonstrated that a slightly better estimate for the 

conductivity field was obtained when the pumping interval, or the distance between the 

locations selected for pumping, was greater than half of the vertical correlation scale. 

Also, increasing the total number of pumping locations used as inputs to the inverse 

algorithm increases the accuracy of the estimate. However, this improvement diminishes 

as more and more pumping locations are added, indicating that redundant information is 

being used with the algorithm. 
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LABORATORY EXPERIMENTS 
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To evaluate the effectiveness of hydraulic tomography, a laboratory apparatus 

was designed to collect data from a heterogeneous two-dimensional soil system. The 

flow cell design accommodates varying soil configurations, and can be packed to 

represent a realistic soil condition. Secondly, a network of monitoring locations within 

the soil is built into the apparatus so pumping can occur at a many locations, and the 

resulting pressure response can be observed in all other areas of the sandbox. Finally, the 

boundary conditions can be easily manipulated so that a steady-state system can be 

established. 

3.1 Soil Selection and Hydraulic Conductivity Determination 

Two commercially sieved soils were used to pack the sandbox: a No. 30 and a 

No. 60 silica sand. These sands were selected because of the contrast in grain size 

between the two types, the uniformity of the grains within the two samples, and the 

availability of large amounts of these soils. Laboratory experiments indicated that 

hydraulic conductivities of these two soils are sufficiently different in magnitude so that 

varying flow conditions exist within the two units in the sandbox. 

The hydraulic conductivity measurements were obtained using the constant head 

permeameter procedure (Klute and Dirksen, 1986). A soil column was constructed 

measuring 48 cm in length and 6 cm in diameter, and constant head was applied from a 

reservior at varying levels of constant head. The tubing was set up so that the flow 
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direction was from the bottom of the column to an outlet at the top of the column. This 

allows for a large portion of air in the system to be displaced during the wetting phase. 

The outlet drained into a tared flask so that the volume of water passing throught the 

column could be determined by weighing the flask. It was observed from the data that 

inconsistent values of hydraulic conductivity were obtained during the first several runs 

through the soil column for each soil. This may be due to the fact that the soil was not 

completely saturated prior to the experiment, or it may be caused by dispersion of clay 

particles within the sand samples. Accordingly, these data were omitted. Klute and 

Dirksen suggest techniques for improving the accuracy of the hydraulic conductivity 

determination, such as the addition of a coagulant such as calcium sulfate or by using de-

aired water. This was not done, since it would not duplicate the conditions within the 

sandbox. 

The principle of the constant head permeameter experiment is based on Darcy's 

Law of flow through a saturated soil: 

dH 
q=-K-

dz 
(12) 

where q is the volumetric flux, K is the saturated hydrualic conductivity, and dH/dz is the 

gradient across the soil column. Solving for K, the equation can be arranged in the 

following form based on the components of the experiment apparatus: 

K 
(VI At) 

IMII (13) 



24 

Figure 3 .1 - Constant Head Permeameter 
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V, the volume of water passing through the soil column can be measured over a period of 

time, t, during which the experiment is run. The cross-sectional area of the column is 

represented by A, ~H is the difference in head measured from the upper surface of the 

reservoir to the outlet at the top of the soil column. By plotting the volumetric flux 

versus the gradient, the data can be fit , and the slope of this line represents the hydraulic 

conductivity (Harvey, 1989), shown in Figures 3.2 and 3.3. Results are shown in Table 

3.1. 

The initial packing of the sandbox was done with a simple heterogeneous case. A 

uniform horizontal layer 9 .5 cm thick of medium sand was placed in the center portion of 

the sandbox, and the other areas of the box were packed with the coarse sand. It should 

be noted that this configuration represents an arbitrary heterogeneous condition, and does 

not correspond to the optimal pumping scheme as described above. 

3.2 First Sandbox Design 

A sandbox was constructed measuring 92 cm by 62 cm by 3.2 cm. This size 

allows for a pumping and monitoring network to be established and for the sandbox to be 

packed with a variety of heterogeneous conditions. This physical model represents a 

two-dimensional simulation; the small thickness (3.2 cm), which represents the y

direction in the model, was used since there was no variation in soil packing in this 

direction. 
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Figure 3.2 - Ksat Determination, #60 Sand 
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Figure 3.3 - Ksat Determination, #30 Sand 
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Table 3.1 - Results of Constant Head Permeameter Experiment 

Head Gradient 

(cm) 

#30 - Medium Sand 

33 .5 0.756 

29.0 0.655 
27.8 0.628 

24.5 0.553 

19.5 0.440 

#60 - Fine Sand 

31.5 0.711 
28.5 0.643 

28.0 0.632 
26.5 0.598 
23.5 0.530 

#30 - Medium Sand 

#60 - Fine Sand 

K sat 

(cm/s) 

0.164 

0.038 

Flux Density 

(cmls) 

0.125 

0.107 
0.104 

0.093 

0.072 

0.019 
0.014 

0.017 
0.015 
0.012 

0.9974 

0.8271 

28 
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3.2.1 Box specifications 

The model was constructed with 1-4" acrylic, and supported by 1/8" angle irons to support 

the walls of the model and to control bowing due to the mass of soil and water. A 

network of monitoring locations was drilled into one face of the model, and consists of 

five columns of seven locations each, or 35 total locations. The determination of the 

pumping and measurement locations is based on the optimal pumping scheme, as 

previously discussed. A cylindrical filter was placed in the ports and into the soil and 

connected to the exterior of the sandbox through tubing. This allows for each location to 

be either pumped or monitored by a pressure transducer. By removing air trapped in the 

tubing with a syringe, a higher degree of accuracy can be achieved during measurement. 

There are reservoirs at either end of the model, and a constant head is maintained in these 

reservoirs through a mariotte device connected through inlets at the bottom of the 

reservo1r. This consists of a sealed carboy with an atmospheric line set at the level of 

constant head in the sand box. Water in the reservoir enters the packed sand through 

porous plates one either side of the box, which allow water to pass through, but prevent 

sand from leaking into the reservoir. 

3.2.2 Pumping from the sandbox 

The intervals were pumped using a vacuum pump, and the system was allowed to 

reach steady state. The pumping rate was maintained constant throughout the experiment 

by use of a rotometer (Matheson Gas Products model #604). This instrument allows for 

the pumping rate to be changed through the manipulation of a needle valve. Higher 

pumping rates cause a float in the rotometer to rise in relation to graduations on the 
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instrument. This instrument can be calibrated to specific flow rates, however, the final 

flow rates for the experiments were determined by simply determining the mass of the 

outflow of water from the system. Although the pumping rate should not affect the 

inverse algorithm, it was observed that pumping rates that were too low caused a change 

in pressure smaller than the sensitivity of the instruments. A pumping rate that is too 

large disrupts the boundary condition at the upper surface, and in fact can cause 

desaturation in the sands at the upper portion of the sandbox. This condition will cause 

the inverse algorithm to fail to converge on a solution for the domain. The upper 

boundary condition was intended to be a constant head, and this was ensured by keeping 

the water level above the sand in the sandbox. 

Additionally, the pumping was allowed to take place for sufficient time so that a 

steady-state condition was reached. The drawdown was monitored during the pumping 

of the sandbox, and the data that was ultimately used was obtained after drawdown had 

effectively stopped. Although, a true steady-state was never actually reached (the 

transducers we accurate to 1/100 of a cm), after approximately 5 minutes, the pressure 

head levels had stabilized. The total pressure head was measured in the reservoirs at 

either end of the model with a scale, and this value is necessary for the inverse algorithm 

described in Chapter 4. 

3.2.3 Pressure head monitoring 

Pressure heads were monitored usmg 34 gage pressure transducers. The 

transducers are constructed so that a change in pressure causes a change in resistance to 
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the circuit within the instrument. This resistance determines the output voltage of the 

transducer, and this voltage can be calibrated to a known head of water, so that the 

measurement corresponds to the pressure head in the system. Data from the experiments 

was obtained through the use of a Campbell Scientific Datalogger connected to two 

multiplexers, and data was collected with the Campbell Scientific PC-208W software. 

The use of multiplexers allow for the simultaneous measurement of the transducers. Due 

to the fact that there are 35 monitoring locations and measurement points, there is a great 

deal of redundancy in the data, so appropriate head/discharge data was selected. 

Calibration of the transducers was achieved through the use of a water-filled manometer. 

The voltage output was measured for each transducer based on an applied air pressure, 

created through a hand pump. The pressure in the system was measured as the difference 

in water level between the two sides of the manometer, and the transducers were 

calibrated to pressures relevant to the sandbox conditions, which is approximately O to 60 

cm of water. By plotting the applied pressure versus the output voltage, the calibration 

was completed by a linear fit of the data (Figure 3.8). The slope and intercept 

information determined by this method was then used as inputs to the Campbell 

Scientific PC-208W software to directly read pressure head from the transducers. By 

testing the transducers on a static and saturated condition in the sandbox, it was observed 

that this calibration proved to be accurate even though a different fluid was being 

measured. 

During the data collection phase, the sandbox was pumped from a location, and 

the steady-state pressure response was recorded for the other locations. The pumping 
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Figure 3.8 - Sample Pressure Transducer Calibration 
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location was then moved to another port, and the process was repeated to obtain another 

data set. For use in the inverse algorithm, pressure head data from the second and the 

fourth columns were selected, with pumping occurring at the lowermost three positions 

of the model. 

3.3 Second Sandbox Experiment 

Based on observations made during data collection using the first sandbox, and to 

implement hydraulic tomography on a more complex heterogeneous system, a second 

sandbox was built. 

3.3.1 Design modifications 

A second sandbox was built with the same dimensions as the first. Several 

improvements were made to the design , including the installation of ports to the outside 

of the box to allow for additional measurement locations. Ports were added in the lower 

and upper portions of the box; a total of five columns with eleven monitoring locations 

each could now be used to obtain head measurements. This configuration allows for a 

greater extent of the soil within the box to be considered for the inverse model. 

Additionally, the amount of holes connecting the reservoirs to the main portion of the box 

was doubled to ensure sufficient communication between these two regions. Finally, the 

diameter of the tubes connecting the mariotte device to the inlets in the reservoirs were 

enlarged to increase the response in the reservoirs to changes in the constant head level. 

Finally, the rotometer was replaced with a more accurate instrument of similar design 

(Key Instruments FR-4000 Model #4L52). Many of these improvements were 
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implemented to reflect observations from inverse modeling of synthetic data, described in 

Chapter 4. 

3.3.2 Sand packing 

The packing of the second sandbox was modified to depict a more complex 

heterogeneous soil structure. As in the first experiment, the same two soil types were 

used in this configuration, although variations in lateral and vertical structure were added 

to the packed sands. Using the knowledge obtained through the optimal pumping 

scheme, the lengths of and widths of the heterogeneous layers were selected so that the 

approximate corresponding horizontal and vertical correlation scales fit the criteria 

established. The box was packed so that four lenses of fine sand were contained within a 

course sand matrix. The lenses extended most of the length of the box, and a horizontal 

correlation scale of 600 cm was estimated for this case. The optimal pumping scheme 

specifies that the horizontal sampling distance should be between 0.4 and 0.6 times the 

correlation scale, and accordingly, the sampling ports used are spaced 31.2 cm apart. The 

criteria for the vertical sampling distance (which should be less than half the vertical 

correlation scale) is also met - the vertical distance between sampling locations is only 

4 cm, while the vertical correlation scale was estimated to be 20 cm. 

To ease in the packing of the sandbox, this designed soil configuration was drawn 

on the plexiglass exterior, and the box was packed through a funnel to precisely construct 

the desired packing (Figure 3.9). 
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3.3.3 Improvements in operation 

During operation of the box, several improvements were observed over the first 

design. First, the amount of time it took to reach steady-state decreased significantly with 

the new design. Approximately 2-3 minutes following a pumping event, no significant 

change in drawdown was recorded by the pressure transducers. As a result, a higher 

pumping rate was used since there was some concern over the ability of the rotometer to 

accurately measure low flow rates. In the previous experiment, it was observed that the 

boundary condition often varied by 3-4 mm between the two constant head reservoirs; 

this problem was eliminated in the second experiment. The improvements observed 

during operation of the second sand box can be attributed to the additional holes drilled in 

the barriers between the reservoirs and the sand unit, as well as the larger diameter tube 

used between the mariotte device and the sandbox inlets, which allows for a higher flow 

rate into the reservoirs. Finally, a higher pressure head level was used in the sandbox, so 

that desaturation of the upper surface would be impossible. A constant head could be 

ensure by observing water above the surface of the sand at the upper portion of the 

model. 

Pressure head values from both sandboxes, compared to theoretical values, are 

tabulated in Table A found in the Appendix. 
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After the collection of head/discharge data, the numerical model described in 

Chapter 2 can be utilized to solve the inverse problem and evaluate the effectiveness of 

hydraulic tomography. Modeling is a particularly useful tool for this research due to the 

fact that a synthetic data set (in other words, error free) can be applied to evaluate the 

shortcomings of the laboratory system used. Additionally, synthetic data can be used to 

improve the methods and the parameters used in the inverse modeling process, and 

ultimately improve the estimate of the f field produced by hydraulic tomography. 

4.1 Inverse Model Elements 

The model was discretized into 1,066 elements of dimensions 2 cm x 2 cm x 3.2 

cm. This size was selected since it allowed for pumping to occur at the center of the 

element. Also, since the sand box is 3.2 cm thick, the simulation will be two

dimensional. Although a smaller grid allows for higher resolution, the processing time 

required for a more complex system could be prohibitively long. There are other initial 

conditions necessary for the tomography process, such as the correlation scales in the x 

and z directions, the covariance functions, and the mean parameter, which in this case is 

the geometric mean of the hydraulic conductivity. Finally, the sets of head/discharge 

data determined in the experiment are used as inputs to the model. 
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4.2 Determination of Geometric Mean of Hydraulic Conductivity 

One challenge presented by the modeling process is the determination of K g, 

which is a required input to the numerical model. For a field-scale system, this can be 

done through a traditional pumping test. By obtaining draw down information, a depth-

averaged conductivity value can be obtained (although not necessary equivalent to Kg). 

For a laboratory system such as the sandboxes used here, a method has not been 

developed to calculate the conductivity due to the extremely rapid response to pumping 

within the apparatus. Alternatively, since the soil types and conductivities within the 

sandboxes are known, the geometric mean can be determined with a simple calculation. 

However, this does not take into account the flow dynamics of the system, necessitating 

the use of modeling to obtain an improved estimate of this parameter. The K g values 

determined from the equations described below are based on the known conductivites and 

quantities of the two soil types, and do not reflect the rate or direction of flow in the 

system. A tabulation of the results of the determination of Kg from the methods 

described below is shown in Table 4.1. 

4.2.1 K8 of first sandbox 

The geometric mean of the hydraulic conductivity of a horizontally stratified 

system such as the first experiment can be determined through the following equation: 

"b. lnK . 
ln K = .L,; 1 

' 

f; Lbi 
(14) 



Table 4.1 - Summary of Kg Values Computed 

Sandbox #1 

Computed from equation ( 14) 

Sandbox #2 

Calibrated with comparison of homo-
geneous and heterogeneous synthetic 
data (Figure 4.2) 

Node #341 

Node #521 
Node #603 
Average 

Computed from equation (15) 

Calibrated with comparison of homo-
geneous synthetic data and laboratory 

data (Figure 4.3) 

Node #341 
Node #603 
Node #767 

Average 

Kg 

(cmls) 

0.1255 

0.1040 

0.1175 
0.1335 
0.1183 

0.1052 

0.080 
0.080 
0.075 

0.078 

NormLl 

0.2116 

0.1474 
0.1279 

0.3362 
0.2748 
0.3219 
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NormL2 

0.0752 

0.1288 
0.0653 

0.1920 
0.1123 
0.1724 
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where bi represents the thickness of the horizontal sand layers, and Ki is the hydraulic 

conductivity of the layers. The sandbox contains a total depth of 41.5 cm of medium 

sand and a lens of fine sand 9.5 cm thick. The hydraulic conductivity was computed to 

be 0.1255 cm/sec. 

4.2.2 Kg of second sandbox 

Similarly, the geometric mean of a more complex soil system, such as the second 

experiment, can be computed by conceptualizing the system in discrete elements and 

using the following equation: 

b1. In K 1. + bm In Km 
ln K = - ·------

Ii 

(15) 

where bm and bt are the total number of medium and fine soil elements and Km and Kt are 

the hydraulic conductivities of the soil types. Although the soil structure in the second 

sandbox cannot be exactly represented by the elements dimensions, an accurate 

representation can be produced (Figure 4.1). This discretization contains 739 elements of 

medium sand and 327 elements of fine sand, and the hydraulic conductivity determined 

using equation (15) is 0.1052 cm/sec. As with equation (14), this method simply 

tabulates the known conductivities of the elements and does not consider the flow of the 

system. 
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4.2.3 Kg determination through forward simulation of synthetic data 

The research done by Liu and Yeh (1999) involved a hypothetical three

dimensional aquifer. By applying the inverse algorithm to an established, synthetic 

hydraulic conductivity field, the effectiveness of this algorithm was demonstrated. Also, 

as previously discussed, information could be inferred concerning the ideal horizontal 

and vertical pumping intervals based on the correlation scales . 

A forward simulation can be produced using the conditions that define the model 

by solving the flow equation. Unlike the case for the inverse approach, the hydraulic 

conductivity field is known, and the pressure head at any location in the model can be 

determined with a given pumping event. As a result, sets of head/discharge data can be 

produced for the discretized conductivity field and used as inputs for the inverse 

algorithm. 

Another use of the forward simulation is a method of determining the geometric 

mean of the hydraulic conductivity for the true field. Although the equations above 

describe a method of determining the mean, this does not take into account the effects 

caused by a flow field placed on the system. A uniform, homogenous conductivity field 

can be assumed, and pressure head values can be determined for various Kg values used 

for this flow field. This can then be compared to the pressure heads produced using the 

known conductivity field obtained by discretization. By plotting these two pressure sets 

on a scatterplot, and evaluating based on the norm Ll and L2 values (equations 10 and 

11, using head instead of f), a Kg approximation can be determined (Figure 4.2, Table 

4.1). This value may in fact be more appropriate for use in the inverse algorithm than the 
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methods described above. It should be noted that the Kg value determined from this 

method varies depending on the location selected for pumping. As a result, multiple 

pumping locations were used, and the Kg value was determined by averaging these 

values. This method was applied only to the second sandbox. 

For the three pumping locations (node numbers 341, 521, and 603), a range of 

calibrated Kg values were obtained, indicating that the mean conductivity varies 

significantly with pumping location. 

Figure 4.3 compares the total head values for a single pumping event ( element 

#603) for both the heterogeneous and homogeneous systems. 

4.2.4 Kg determination comparing synthetic and laboratory data 

An alternate method for determining the geometric mean of the system can be 

implemented that utilizes the laboratory pressure head response to pumping. Again, a 

forward simulation is run to obtain error-free pressure head values for a homogenous 

system with boundary conditions identical to the sandbox. Calibration of the forward 

simulation is achieved by changing the geometric mean of the homogeneous synthetic 

system until a minimal value for Norm Ll and Norm L2 is obtained when comparing 

pressure heads of this system with the laboratory values (Figure 4.4). 

Although the Norm Ll and Norm L2 values obtained using this method are higher 

than those obtained using the synthetic data (likely due to the fact that there are less data 

points available), this method produced more consistent results for the three pumping 

locations chosen. The value obtained (.078 emfs), is also significantly lower than the 

value obtained using the discretized system (.1183 emfs). This indicates that the actual 
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conductivity of the sandbox apparatus may be less than the predicted conductivity 

obtained using the methods described above. The discrepancy could be caused by a 

difference between the intended true f field in the sandbox and the actual true f field, or a 

restriction of flow between the reservoirs and the sand units, producing an artificially low 

conductivity estimate. 

4.3 Other Inputs to the Model 

In addition to the Kg value, other statistical parameters are necessary including the 

variance of the conductivity, the correlation structure, and an initial estimate off at a 

single location within the model. 

4.3.1 Variance of hydraulic conductivity 

As previously mentioned, the variance of the hydraulic conductivity (In K) is a 

necessary input to the numerical model. This can be determined easily based on the 

known conductivity of the discretized elements used to represent the sandbox. However, 

this may be more of a challenge when using tomography as a method of site 

characterization, and very little is known about the soil structure. Previous studies have 

demonstrated that the variance has no effect on the quality or magnitude of the estimate 

determined through the inverse model (Liu and Yeh, 1999). As a result, a rough estimate 

of the variance based on the geology of the region (Gelhar, 1986), as described in 

Chapter 2 is adequate for use in a field application. 

4.3.2 Correlation scales of the sandboxes 

Determining the correlation structure of a system can be challenging, both in 

systems where the distributions of soil types is well known and systems where very little 
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is known about the geology. Not only is it difficult to ascertain the statistical correlation 

of soils, but also the horizontal and vertical correlation scales represent values averaged 

over the appropriate scale. For the case of the evenly stratified distribution of soils in the 

first sandbox, it was estimated that the horizontal correlation scale was 10 m and the 

vertical correlation scale was 30 cm based on the dimensions of the heterogeneities. For 

the more heterogeneous second sandbox, horizontal and vertical correlation scales of 6 m 

and 20 cm were initially selected. For use with the inverse algorithm, the ratio of these 

scales will affect the f estimate produced (Liu an Yeh, 1999). In section 4.5.4, a 

discussion of the performance of the inverse algorithm with various correlation scales 

will be presented. 

4.3.3 Initial! estimate 

Finally, an initial estimate of f, the perturbation of the log-transformed 

conductivity, is necessary for the inverse algorithm. An arbitrary cell was selected, node 

number 915, for each sandbox. This cell, located near the upper left corner of the model, 

corresponds to medium sand for the first sandbox, and falls within the uppermost lens of 

fine sand for the second sandbox. Based on the representation of the conductivity in 

terms of the natural log of the mean conductivity and a perturbation as illustrated in 

Chapter 2, this equation can be rearranged to solve for f: 

f = ln(K.
1
. )- ln(K g) 

As a result, the magnitude of this estimate depends on the mean conductivity value 

selected. 

(16) 
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4.4 Inverse Modeling of the First Sandbox 

Based on the known hydraulic conductivity, a true f field of the sand box can be 

produced based on the model inputs. The goal of the tomography is to produce an f field 

based on head/discharge data that resembles this f field. There are several considerations 

that need to be taken to obtain a correct solution of the inverse algorithm. First, the 

removal of inconsistencies caused by instrument error can be accomplished through the 

addition of a variance term to the covariance matrix. Also, a stabilizer term is added to 

the diagonal terms of the covariance matrix. The true f field is conditioned through the 

addition of multiple head/discharge data sets. Finally, the true f field can be compared to 

the estimated f field produced. 

4.4.1 Modeling of laboratory data 

Once head/discharge data was obtained from the first sandbox, they were used as 

inputs to the inverse algorithm to attempt to reproduce the f field of this soil 

configuration. Three locations were sequentially pumped, corresponding to cell numbers 

357, 439, and 603, (Figure 4.5) and pressure heads were observed at the other 13 

corresponding monitoring points for each pumping sequence. A Kg value of 0.1255 

cm/sec was used based on the known soil conductivities and depths of the units using the 

procedure described by equation (14). 

Figure 4.6 shows the true f field of the soils within the sandbox, and the 

improvement of the estimated f with the inclusion of additional data sets in the inverse 

algorithm. Upon the inclusion of the first head/discharge data set, there is no 

resemblance between the estimated and true f fields. After the second data set is added, 
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Figure 4.6 - Sandbox #1 Laboratory Inverse Modeling 
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the low conductivity area in the center portion of the model can be observed in the 

estimated f field. Finally, after the inclusion of the third data set, the low conductivity 

region was reproduced in both magnitude and in dimensions. However, the results of the 

inverse algorithm were far from perfect. The region at the top portion of the model, 

above the monitoring locations, produced a significantly higher f value than the true f 

field. Likewise, at the bottom portion of the model below the monitoring points, the f 

field produced is much lower than expected. 

There are several factors that could lead to the discrepancies observed between 

the true and estimated f fields. One factor is errors associated with pressure 

measurements obtained by the transducers. This is "smoothed out" to a degree by the 

addition of an error term to the covariance matrix, but could lead to the discrepancies 

observed. Additionally, during operation of the sandbox apparatus, some difficulty was 

observed maintaining a constant head and obtaining a constant pumping rate. 

4.4.2 Modeling of synthetic data 

To attempt to explain these results, the inverse modeling was duplicated with 

synthetic data obtained from a forward simulation with conditions identical to those used 

for the sandbox experiment (Figure 4.7). As with the laboratory data, the dimensions and 

magnitude of the low conductivity region at the center portion of the model are 

successfully reproduced. However, there are several regions where the f field is higher 

than the true f field, particularly in the regions directly above and below the cluster of 

monitoring locations. Clearly, the magnitude of this error is less with the synthetic data 

than the laboratory data. This indicates that the discrepancies in the estimated f field at 
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Figure 4.7 - Sandbox #1 Synthetic Modeling with 14 points 
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the upper and lower regions of the model are influenced by inaccuracies in the laboratory 

model inputs. The source of this error could be the pressure head measurements , the 

pumping rate, the parameters used (Kg, cr2
, Ax, Az), or the boundary conditions. 

Limitations in the numerical model may also exist in accurately estimating the f 

field in the regions beyond the vertical extent of the monitoring locations. To test this, 

the inverse model was repeated using synthetic data, and the same conditions as above, 

except that 8 additional monitoring locations were used (Figure 4.5). As a result, the 

pressure heads values at the extreme upper and lower portions of the model were utilized. 

Upon the inclusion of three head/discharge data sets, the inconsistencies observed earlier 

in these regions no longer exist (Figure 4.8). In fact, only several small regions of higher 

f distinguish the estimated f field from the true f field. By increasing the number of 

monitoring locations to 51 (where pressure is sampled at every cell in the grid for the two 

vertical columns), the reproduction is nearly perfect (Figure 4.9). 

The modifications to the design of the first sandbox reflect the potential sources 

of error identified through inverse modeling: improving the accuracy of the constant head 

boundary, maintaining a constant flow rate, and increasing the extent of monitoring 

locations to the upper and lower portions of the sandbox. 

4.5 Inverse Modeling of the Second Sandbox 

A different approach was taken with the second sandbox by modeling 

synthetic data prior to the laboratory data. By modifying the inputs to the inverse model 

and observing the effects, a great deal can be learned about the relationship of these 
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Figure 4.8 - Sandbox #1 Synthetic Modeling with 22 points 
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Figure 4.9 - Sandbox #1 Synthetic Modeling with 52 points 
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variables to the final f estimate. Also, the results of the synthetic inversion should 

provide information on how to best use the laboratory data to obtain an accurate estimate 

of the f field. 

4.5.1 Modeling of synthetic data 

The Kg value obtained through calibration of synthetic data (section 4.2.3, 0.1183 

cm/sec) was then used as the input for inverse modeling of the synthetic data for the 

second sandbox configuration. Using the pressure head data obtained by pumping at 

locations 357, 521, and 603, (Figure 4.10) three sets off estimates can be produced, with 

each successive estimate benefiting from the inclusion of an additional data set. The 

results did not effectively reproduce the configuration of the second sandbox (Figure 

4.10). The estimate that included all three data sets (supposedly the best estimate) 

indicated areas of low conductivity corresponding to the three largest lenses of fine sand. 

However, the smallest low-conductivity lens (located at the center portion of the sandbox 

at approximately z=40 cm) was not shown in the estimate, and most importantly, several 

areas of high conductivity at the upper portion of the sandbox are shown which do not 

reflect the conditions of the sandbox. 

4.5.2 Modeling with additional data points 

Several steps were then taken to try to improve the f estimate obtained using this 

method. Initially, 22 data points were used for the inverse simulation, which represent 

the second and fourth columns of inlets to the sandbox, one of which consisted of the 

pumping location. Eleven more data points were added by including the third column of 

data points, equidistant from the other two columns (Figure 4.10). An improvement in 
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Figure 4.11 - Sandbox #2 First Synthetic Modeling Results 
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Figure 4.12 - Sandbox #2 Second Synthetic Modeling Results 
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the f estimate was observed (Figure 4.12). However, a small area of overestimation of 

the f estimate still existed in the upper right hand corner of the grid, and the smallest fine 

sand lens was still not shown. This result indicates that the estimate improves with 

additional pressure head data. 

The three pumping locations that were used for these two simulations (node 

numbers 357, 521, and 603) correspond to three closely-spaced monitoring points on the 

fourth column of the sandbox. A third simulation was performed by instead pumping 

from node numbers 357, 595, and 833 (Figure 4.10). These points correspond to one 

location at the bottom portion of the fourth column, one location at the center of the third 

column, and one location at the top of the second column. In other words, the three 

pumping locations extend diagonally across the grid. This produced the best estimate -

all of the areas of low conductivity are reproduced and the anomalous areas of high 

conductivity were no longer present (Figure 4.13). However, the small lens of fine sand 

still did not appear on the estimate. 

These results indicate that improvement is observed with the inclusion of more 

data and by spacing the pumping locations evenly throughout the model. Additionally, 

since the smallest sand lens is not depicted on any of the estimates, this is an indication 

that the current configuration of the model has limitations on the amount of detail it can 

produce. Unfortunately, the laboratory configuration did not allow for the simultaneous 

measurement of 33 data points, and therefore this improvement would not be reflected in 

the modeling of the laboratory data. 
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Figure 4.13 - Sandbox #2 Third Synthetic Modeling Results 
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4.5.3 Effects of modifying Kg 

As previously discussed, there are various methods that can be used to obtain a 

mean conductivity value, and there is some degree of uncertainty. With an analogous 

tomography application on a field scale, there is uncertainty in this value as well. By 

modifying the initial Kg value used in the model, the sensitivity of the final f estimate 

can be observed. 
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Using synthetic data and the original monitoring configuration with 22 points, an 

estimate was produced for Kg values of 0.1052 cm/sec (the obtained using equation 15), 

0.1183 cm/sec (the original mean used), 0.1627 cm/sec and 0.1852 cm/sec (Figure 4.14 ). 

This figure clearly shows that the f estimate produced has the same structure for each Kg 

value used, and the magnitude of the estimate is reduced with increasing Kg values. As a 

result, the area at the upper right corner of the model where the f estimate is 

overestimated is corrected with a higher Kg used as input. However, an underestimation 

occurs in other portions of the model. 

4.5.4 Effects of modifying correlation scales 

There is a great deal of uncertainty inherent in the correlation scales used as input 

to the inverse algorithm. Much like the mean conductivity, this value can be 

manipulated, and the effects can be observed with the resulting f estimates produced. 

Using the same pumping and monitoring configuration (22 points, pumping at nodes 357, 

521, and 603), estimates were produced using horizontal correlation scales of 300, 400, 

600 and 700 cm. Recall that the estimate is affected by the ratio of the correlation scales, 

therefore, the vertical correlation scale is kept constant. 
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Figure 4.14 - Sandbox #2 Effects of Kg on Modeling Results 

Kg = 0.1052 cm/sec Kg= 0.1183 cm/sec 
60 60 

50 50 

40 40 

N N 
30 30 

20 20 

10 10 

20 40 60 80 20 40 60 80 
X X 

Kg= 0.1627 cm/sec Kg = 0.1852 cm/sec 
60 60 

50 50 
f 

3 

40 40 
2.25 
1.5 

N N 
0.75 
0 

30 30 -0.75 
-1.5 
-2.25 

20 20 -3 

10 10 

20 40 60 80 20 40 60 80 
X X 



70 

Figure 4.15 - Sandbox #2 Effects of Correlation Scales on Modeling Results 
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The results (Figure 4.15) demonstrate that f estimates of similar magnitude are produced 

with the varying correlation scales. However, a change in structure is observed. The 

estimate produced using lower horizontal correlation scales indicate a more simplified 

field, with less variation in conductivity throughout the model grid. As a result, the f 

estimate produced with Ax= 300 cm more accurately depicts the true f field. All 3 major 

areas of low conductivity are shown in this estimate, with only several smaller areas 

where an erroneous f estimate was produced. In conclusion, the initial Ax estimate chosen 

for this sandbox was too large. 

4.5.5 Inverse modeling of laboratory data 

Several improvements to the modeling procedure can be inferred from the 

estimates produced by the synthetic data - using a larger amount of data, selecting 

pumping locations distributed throughout the model, and lowering the magnitude of the 

horizontal correlation scale should improve the final f estimate. Unlike the modeling of 

the "ideal" synthetic data, an error term was added to the covariance matrix of the 

laboratory data set to account for any inaccuracies in the pressure head measurements. 

The laboratory data collected was comprised of 22 monitoring locations, in the same 

configuration as the first synthetic case. 

Initially, pumping locations 357, 603, and 767 (like the synthetic case, in the right 

column, Figure 4.16) were utilized, and a Kg value of 0.078 cm/sec was assumed, the 

value determined through calibration of the laboratory data (section 4.2.4). The 

horizontal correlation scale was significantly reduced to 60 cm to reflect the results of the 

synthetic inversion. The resulting f field produced (Figure 4.17) has been "smoothed" 



Figure 4.16 - Sandbox #2 Laboratory Pumping Sequence 
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Figure 4.17 - Sandbox #2 First Laboratory Inverse Modeling Results 
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Figure 4.18 - Sandbox #2 Second Laboratory Inverse Modeling Results 
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out by the effects of the correlation scale used and the error term, although it is 

essentially correct - the two largest lenses of low K material are depicted, and the two 

largest zones of high K soil (the upper right and lower left corners of the sandbox) are 

visible. However, very little detail is shown in this estimate. 

To attempt to improve the detail, an estimate was then produced with a higher 

horizontal correlation scale (100 cm), an error variance term of lower magnitude, and 

utilizing 5 sets of data corresponding to unique pumping locations (node numbers 257, 

357, 603, 767, and 915 - Figure 4.16). The results (Figure 4.18), show improvements to 

the final estimate with each additional data set, and depict the general structure of the true 

f field. As with the synthetic inversion, some details of the true f field are not shown, 

while some details in the final f estimate do not accurately depict the true f field. 

As with the first sandbox, the data used here are subject to the same sources of 

error in spite of significant improvements to the laboratory apparatus. Error in pressure 

head measurements, boundary conditions, and flow rates likely exist. Also, for both 

cases, the true f field, determined from the known soil conductivity and the packing of 

the sandboxes, is used as a "target" for the inversion of the laboratory data. However, 

some variation may exist caused by voids in the sand layers , or other hydraulic 

anomalies. As a result, the actual f field is not precisely known. In any case, the 

estimated f field closely resembles the sand configuration in the sandbox. 
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CHAPTERS 

CONCLUSION AND RECOMMENDATIONS 

The objective of this study was to evaluate the effectiveness of a previously 

developed numerical model (Liu and Yeh, 1999) through a series of laboratory 

experiments. A laboratory apparatus was constructed that allowed for the representation 

of a two-dimensional system in which the tomography procedure could be performed, 

and facilitated the measurement of steady-state pressure heads in response to a pumping 

event. By obtaining head/discharge data for two separate heterogeneous soil systems, 

and then using this information as input to the inverse numerical model, the estimated f 

field could be compared to the true f field, and the effectiveness of hydraulic tomography 

was evaluated. By discretizing the soil configurations used in the experiments, and 

solving the flow equation to predict the pressure head within the model in response to 

pumping, a synthetic error-free data set was produced. This synthetic data set could then 

be used as input to the numerical model for several purposes: to learn more about the 

effects of the input parameters on the resulting estimate, to improve the quality of the 

estimate produced, to improve the laboratory apparatus to produce the most valuable 

data, and to determine the mean conductivity of the soil through calibration. 

The initial evaluation of the hydraulic tomography process was done with a 

simplified layered heterogeneous sand model. The f estimate produced through the 
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inversion of the laboratory data correctly and accurately depicts the three sand layers that 

were present in the sandbox. However, some inconsistencies are present in the extreme 

upper and lower portions of the model. These discrepancies can be attributed to the error 

associated with the measurement of pressure heads, an inconsistent flow rate, boundary 

conditions and model inputs. Additionally, modifications were made to the laboratory 

apparatus so that pressure heads at the extreme upper and lower portions of the model 

could be measured. 

The lessons learned from the first sandbox experiment and synthetic data were 

applied to a more complex heterogeneous system. By modifying the input parameters to 

the synthetic data, such as the mean conductivity and correlation scales, the effect of 

these parameters on the final f estimate was observed. As with the first sandbox , the 

inverse algorithm correctly depicted the generalized structure of the true f field. Again, 

some discrepancies still existed between the true and estimated f fields. Although many 

improvements were made to the second sandbox apparatus, these discrepancies can be 

attributed to operational errors. Also, due to inconsistencies in the packing of the soil, the 

true f field depicted in the figures may not be representative of the actual conductivity of 

the sandbox. Finally, since the correlation scale used for the numerical model is obtained 

by approximating the average dimensions of the heterogeneities, a poor estimation of this 

variable can be detrimental to the final f estimate. 

There is a great deal of information that can be learned about hydraulic 

tomography and the inverse process by using the soil models and the apparatus. With the 

second sandbox, the pumping locations and monitoring points selected were based upon 
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the optimal pumping scheme described in Chapter 2. Since the chosen distance between 

monitoring points is based upon an uncertain correlation scale, it remains to be seen if 

changing this distance (which the apparatus will allow) will affect the quality of the 

results. The synthetic data sets demonstrated the improvement of the f estimate with the 

inclusion of additional data sets. Most likely, the quality of the results would improve by 

expanding the capacity of the apparatus to greater than the 22 monitoring locations 

available. Finally, there is some uncertainty in the true f field, which was used as a 

"target" for the estimated f field. By increasing the number of monitoring locations (the 

apparatus currently allows for 55), an estimated f field can be produced which is more 

realistic than the "true" f field. This field could then be used as a revised target for 

additional experiments using fewer monitoring locations. 

A topic addressed at several points in this manuscript is the analogy of this 

experiment with a field-scale site characterization method. By using an apparatus within 

a borehole capable of obtaining discrete pumping and pressure information, this 

experiment can be duplicated on a larger scale. There are challenges to this, particulary 

the fact that the experiment presented here has the advantage of a well-defined soil 

structure. Other challenges are presented include the lack of ideal conditions such as 

those in the laboratory (boundary conditions, for instance), and translating the experiment 

to three dimensions (which the numerical model does allow). 

Hydraulic tomography as presented here is a powerful tool with a great potential 

for applications in site characterization of soil conductivity. Although the experiments 

demonstrate the effectiveness of the numerical model to reproduce the conditions created 
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in the laboratory, further experiments of this type can lead to improvements in the results. 

This research demonstrates that the "imperfect" data collected in a laboratory setting can 

be used to extract useful information about the system. As a result, the inverse approach 

and the methods presented here show great promise as a problem-solving tool for 

hydrologists. 



Table A-1 - Numerical Pressure Head Data, Sandbox #1 

Pumping rate: 176.4 cm3/min = 2.94cm3/s 

Boundary condition (z) in reservoirs= 60.7 cm 

Model Node# 

pump at node# 521 

341 
357 
423 
439 
505 
521 

587 
603 
669 

685 
751 

767 
833 
849 

pump at node #439 

341 
357 
423 
439 

505 
521 
587 

603 
669 

Observed Pressure Head 
(cm) 

40.79 
39.32 
37.05 
34.52 

33.65 
(pump) 

29.23 
27.39 
26.26 

25.05 
21.72 

21.44 
18.61 
18.30 

40.72 
38.85 

37.05 
(pump) 

33.64 
31.48 
29.11 
28.06 
26.24 

Predicted Pressure Head 
(cm) 

41.42 
39.89 
37.54 
35.17 
33.77 

(pump) 

30.09 
26.68 
26.29 

21.82 
22.49 

21.82 
18.60 
18.19 

41.22 
38.80 

37.36 
(pump) 

33 .64 
31.27 

30.03 
28 .86 
26.28 

80 
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Table A-1 - Numerical Pressure Head Data. Sandbox #1 ( continued) 

Model Node# Observed Pressure Head Predicted Pressure Head 
(cm) (cm) 

685 25.35 25 .84 
751 21.83 22.49 
767 21.73 22.20 
833 18.65 18.60 
849 18.47 18.42 

pump at node # 357 

341 40.25 41.17 
357 (pump) (pump) 
423 36.51 37.32 
439 34.14 34.90 
505 33.19 33.62 
521 31.25 32.09 
587 28.94 30.02 
603 27.79 29.21 
669 26.09 26.28 
685 25.01 25.96 
751 22.16 22.49 
767 21.55 22.28 
833 18.56 18.61 
849 18.26 18.47 



Table A-2 - Numerical Pressure Head Data, Sandbox #2 

Pumping rate: 200 cm3 /min =3.33 cm3/s 

Boundary condition (z) in reservoirs= 56.3 cm 

Model Node# 

pump at node# 603 

177 
193 
259 
275 
341 

357 
423 

439 
505 
521 

587 
603 
669 
685 
751 
767 
833 
849 
915 

931 
997 
1013 

pump at node# 357 

177 
193 
259 

Observed Pressure Head 
(cm) 

46.09 
45.21 

42.06 
41.48 
38.84 
36.52 
34.81 

32.08 

30.57 
27.16 

27.05 
(pump) 

23.85 
19.35 
19.41 
18.16 
15.97 
14.57 
12.15 
11.88 
8.50 

7.87 

45.50 
43.20 
41.49 

Predicted Pressure Head 
(cm) 

46.92 
46.55 

42.99 
42.32 
39.09 
38.02 
35.19 
33.84 

31.30 

28 .24 

27.48 
(pump) 

23.58 
20.91 
19.79 
18.30 

15.91 
15.24 
12.10 

11.76 
8.42 

8.23 

46.27 
44.51 
42.37 

82 
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Table A-2 - Numerical Pressure Head Data, Sandbox #2 (continued) 

Model Node # Observed Pressure Head Predicted Pressure Head 

(cm) (cm) 

275 38.30 38.54 

341 38 .31 38.49 
357 (pump) (pump) 

423 34.42 34.67 
439 29.37 30.92 
505 30.35 30.97 
521 27.51 28.79 
587 26.98 27.33 
603 24.93 26.37 
669 23.81 23.55 
685 22.51 22.93 
751 19.53 19.80 
767 19.41 19.42 
833 15.93 15.94 
849 15.22 15.79 
915 12.21 12.13 
931 12.28 12.08 
997 8.56 8.42 
1013 8.08 8.36 

pump at node# 767 

177 46.41 47.17 
193 46.00 47.00 
259 42.52 43.23 
275 42.47 42.94 
341 39.32 39.33 
357 37.08 38.87 
423 35.24 35.41 
439 33.35 34.87 
505 30.95 31.49 
521 29.46 30.60 
587 27.39 27.63 
603 25 .18 26.10 
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Table A-2 - Numerical Pressure Head Data, Sandbox #2 (Continued) 

Model Node # Observed Pressure Head Predicted Pressure Head 

(cm) (cm) 

669 24.14 23.69 
685 20.65 21.54 
751 19.73 19.87 
767 (pump) (pump) 

833 16.00 15.97 
849 12.19 14.33 
915 12.15 12.14 
931 10.78 11.34 
997 8.50 8.43 
1013 7.38 8.08 

pump at node # 259 

177 42.78 43.44 
193 45.45 45.95 
259 (pump) 

275 42.34 42.17 
341 35.53 35.57 
357 36.88 38.47 
423 32.50 32.41 
439 34.47 34.67 
505 29.18 29.55 
521 30.16 31.01 
587 26.38 26.52 
603 27.01 27.44 
669 23.44 23.17 
685 23.94 23.61 
751 19.33 19.53 
767 19.54 19.88 
833 15.80 15.78 
849 16.28 16.06 
915 12.12 12.01 
931 12.08 12.25 
997 8.59 8.39 
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Table A-2 - Numerical Pressure Head Data, Sandbox #2 (continued) 

Model Node# Observed Pressure Head Predicted Pressure Head 

(cm) (cm) 

1013 8.50 8.43 

pump at node #587 

177 45.34 46.16 
193 47.26 46.74 
259 40.77 42.07 
275 43 .89 42.84 
341 37.75 37.92 
357 38.35 38.98 
423 32.76 33 .18 
439 35.86 35.10 
505 26.57 26.53 
521 31.30 31.26 
587 (pump) (pump) 
603 27.95 27.48 
669 19.43 20.18 
685 24.79 23.58 
751 16.96 17.63 
767 20.01 19.83 
833 14.32 14.59 
849 16.80 16.00 
915 11.10 11.15 
931 12.49 12.20 
997 8.13 8.17 
1013 8.73 8.41 

pump at node #915 

177 46.55 47.17 
193 47.11 47.27 
259 42.20 43.21 
275 43.46 43.34 
341 39.33 39.26 
357 38.04 39.43 
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Table A-2 - Numerical Pressure Head Data, Sandbox #2 (continued) 

Model Node# Observed Pressure Head Predicted Pressure Head 

(cm) (cm) 

423 35.09 35.24 
439 35.46 35.52 
505 30.60 31.03 
521 30.89 31.61 
587 26.47 26.80 
603 27.60 27.70 
669 23.05 22.46 
685 24.34 23 .80 
751 17.52 18.06 
767 19.67 19.99 
833 12.37 13.17 
849 16.63 16.10 
915 (pump) (pump) 
931 12.45 12.25 
997 5.10 6.91 
1013 8.59 8.43 
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