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ABSTRACT

This dissertation investigates effective dynamics of models for open systems, of classical

and quantum nature, arising in non-equilibrium statistical mechanics. The evolution of the

system’s position degree of freedom in these models is described by a stochastic integro-

differential equation, whose damping and noise coefficients are dependent on the system’s

position. The equation is driven by a colored noise process which is quasi-Markov. We

study the behavior of the system in the limit as the characteristic time scales tend to zero.

In particular, we derive a stochastic differential equation (SDE) describing the system’s

position in the considered limit. We find that the limiting SDE contains additional drift

terms, the so-called noise-induced drifts, in both classical and quantum case. We discuss the

implications of these correction drift terms in the context of concrete physical systems.
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PREFACE

Historical Background and Motivations

Ever since Brown’s intriguing observation of the erratic motion of a pollen grain particle

moving in a fluid in 1827 [Brown, 1828], many physicists and mathematicians have devoted

their lives to understand the underpinnings behind such phenomena, which is referred to

as Brownian motion. In particular, we mention Bachelier, Einstein [Einstein, 1905], Smolu-

chowski [Piasecki, 2007], Langevin, Ornstein, Uhlenbeck, Wiener, among others.

A major breakthrough in the dynamical description for the motion of the particle came

in 1908 through Langevin’s famous work [Langevin, 1908], which is so significant that it

inspired the birth of the theory of stochastic differential equations [Itō, 1951; Øksendal,

2003] and many developments in the field of statistical mechanics [McLennan, 1989; Pathria

and Haar, 2017]. Langevin introduced his equation to describe the evolution of position,

xt ∈ R (here we restrict to one dimension for simplicity) and velocity, vt ∈ R, t ≥ 0, of the

particle, which is additionally subject to an external force. The Langevin equations read as

follows:

d

dt
xt = vt, (1)

m
d

dt
vt = −γvt + F (xt) + σξt, (2)

where m > 0 is the particle’s mass, γ > 0 is the damping (drag) constant, σ > 0 is the
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diffusion constant, F (xt) describes the external force, and ξt is a random force (noise) with

certain statistical properties. Assuming that the random force is Gaussian and has zero

mean, it is then completely specified by its covariance, given by

〈ξtξs〉 = 2kBTγδ(t− s), (3)

where t > s ≥ 0, kB is the Boltzmann’s constant, T > 0 is the temperature of the fluid

and δ(t) denotes Dirac’s delta function. The random force with the above statistical prop-

erties is the widely known white noise1. In the absence of external force, the right hand

side in (2) expresses a balance of forces arising from damping and noise, and the relation

between the covariance of the noise and the damping constant above is a manifestation of

the fluctuation-dissipation theorem [Kubo, 1966]. A straightforward generalization of the

above Langevin equations can be obtained by allowing the damping and noise coefficients

to depend on xt, i.e. γ = γ(xt), σ = σ(xt). These state-dependent coefficients take into

account spatial inhomogeneity nature of the damping and diffusion and, therefore, allow the

Langevin equations to model a larger class of systems.

The key attributes of Langevin equations lie in its intuitive appeal, mathematical sim-

plicity and modeling convenience. Therefore, it is no surprise that this approach of Langevin

has been gaining popularity among stochastic modelers since its introduction. There are also

efforts made to generalize Langevin’s approach to the quantum mechanical setting [Accardi,

1990], which is necessary when quantum effects such as quantum tunneling is present in

the system at a sufficiently low temperature [Caldeira and Leggett, 1983b]. Similarly to the

classical case, these efforts motivated the creation of various versions of quantum stochastic

processes and stochastic differential equations in the past few decades [Gardiner and Zoller,

2004; Hudson and Parthasarathy, 1984; Accardi et al., 1992; Streater, 2000; Crismale, 2007].

While Langevin’s equations (1)-(2) give predictions that generally agree well with exper-

1The color “white” draws its analogy with white light and refers to the fact that the power spectral density
(Fourier transform of covariance) of the process is flat, having equal intensity at different frequencies.
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iments, they are phenomenological equations and lack a basis in statistical mechanics, whose

foundations are built upon first principles based on Hamiltonians. Ideally, one would like

to justify the use of these equations from microscopic Hamiltonian models, preferably those

that are as simple as possible (toy models). One popular model is the model for a particle

coupled to a reservoir with possibly infinite number of degrees of freedom. The reservoir

is modeled by a collection of non-interacting harmonic oscillators, which are initially dis-

tributed according to an appropriate measure. The particle, not isolated in the model and

is part of a larger closed system, is referred to as an open system. It is then perhaps a

more satisfactory approach, from the viewpoint of statistical mechanics, to study effective

dynamics of an open system starting from these microscopic models or other more detailed

models.

Two challenging problems in theoretical physics are: (1) to derive simple, effective, phe-

nomenological equations to describe, to certain degree of accuracy, behavior of phenomena

observed in experiments and the nature; (2) to justify, to an attainable level of rigor, these

phenomenological equations from fundamental laws of physics. One useful strategy in statis-

tical mechanics is to derive an effective, irreversible macroscopic dynamics of an open system

from the full, reversible microscopic dynamics so that one is able to reduce the complexity of

the full dynamics (by eliminating the “irrelevant” degrees of freedom of the total system) at

the cost of introducing randomness in the effective dynamics. Such strategy leads to the ap-

pearance of stochastic processes within the study of open systems. Often times, one finds it

neat to study these stochastic processes via their differential in time descriptions (stochastic

differential equations). This dissertation is a journey exploring effective dynamics of open

systems, of classical and quantum nature, along the above line of thinking.
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On Some Open Problems in Non-Equilibrium Statistical

Mechanics

The approach of Langevin as outlined in the previous section is a simple and idealized one.

The following outlines an approach to extend it.

• justify the Langevin equations (1)-(2), with the state-dependent coefficients, based on

a microscopic model that is as simple as possible;

• instead of studying (1)-(2), take the microscopic model as the starting point of study

and find an “equivalent” stochastic model to describe the dynamics of relevant observ-

ables. The dynamics will exhibit noisy and memory effects;

• identify the characteristic time scales of the systems and investigate what happens

to the behaviors of the observables when these time scales tend to zero (competition

of time scales). One natural question is the role of the noise2, memory effects and

state-dependent nature of the coefficients in the considered limit;

• ask the above questions for quantum mechanical systems.

In this dissertation, we explore the approach outlined above using tools from stochastic

calculus and insights from non-equilibrium statistical physics. By exploiting the existence

of widely separated time scales in the system, we eliminate (relatively) fast degrees of free-

dom and extract their cumulative effects on the slower dynamics. We will see that naive

procedures could, in general, lead to incorrect limiting dynamics. The end goal is to derive

reduced order models in the form of stochastic differential equations for the slow variables.

Of course, as always, there are other problems and extensions that this dissertation have

2Noises or fluctuations are crucial in dictating the dynamics of small systems. They have been studied
extensively in the context of non-equilibrium thermodynamics of these systems, for which various fluctuation
theorems (see last chapter in [Le Bellac, 2007] for a quick introduction) are formulated and studied within
the theory of stochastic thermodynamics [Seifert, 2012] in recent years.
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not addressed and treated. It is our hope that this dissertation will open up interesting

questions, mathematical or physical in nature, and serve as impetus for further studies.

Organization of the Dissertation

This dissertation contains two main parts. The first part, consisting of Chapter 1-2, is con-

cerned with homogenization of a class of generalized Langevin equations (GLEs) with state-

dependent coefficients. Chapter 1 contains some background and introductory materials on

open classical systems and their stochastic modeling. Chapter 2 contains mathematically

rigorous results on homogenization of a class of GLEs. A large part of the materials in

Chapter 2 are based on a revised version of the arXiv preprint [Lim and Wehr, 2017].

The second part, consisting of Chapter 3-5, is concerned with effective dynamics of a class

of open quantum systems called quantum Brownian motions (QBMs). Chapter 3 provides

some introductory materials on quantum mechanics and quantum stochastic analysis. Chap-

ter 4 introduces and discusses the QBM model to be studied in this dissertation. Chapter 5

contains some non-rigorous results on the small mass limit of the QBM model. The results

in Chapter 5 are based on the recent publication [Lim et al., 2018].

All the chapters can be read almost independently, with occasional references to other

chapters. Throughout this dissertation we will make several remarks in the main text and

include footnotes to indicate possible generalizations and connections as well as to clarify

or remind relevant concepts. Conclusions and future directions are given in Chapter 6.

References, sorted alphabetically according to last name of the first authors, will also be

provided in Bibliography. These references are by no means comprehensive and we apologize

for leaving out important works.

15



PART 1

EFFECTIVE DYNAMICS OF OPEN

CLASSICAL SYSTEMS
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CHAPTER 1

OPEN CLASSICAL SYSTEMS

Abstract

We introduce a class of open classical systems to motivate the class of stochastic

integro-differrential equations (generalized Langevin equations) to be investigated in

this dissertation. We discuss the statistical mechanics behind these open systems and

the use of stochastic differential equations to model the evolution of relevant observables

of the systems.

1.1 Introduction

As introduced in the preface, an open system is a component of a larger closed system and

interacts with other components of the larger system. We first briefly review the mechanics

of a closed classical system, in the Hamiltonian formulation. The states of the system

are specified by points in a phase space (or state space), which can be a finite or infinite

dimensional manifold. Let us assume for now that its phase space is finite dimensional and

is taken to be the 2n-dimensional manifold, P = O × Rn, where n is a positive integer and

O ⊂ R
n is an open set. In this case, the states of the system can be represented as (x,p),

where the point x ∈ O describes the configuration of the various objects in the system and

the point p ∈ Rn describes the momenta of the various objects in the system.

17



The time evolution of the system is specified by a trajectory, a map t 7→ z(t) :=

(x(t),p(t)) from a time interval in R to P . The fundamental dynamical principle says

that the allowed trajectories are determined, uniquely in terms of the initial condition z(0),

by the solutions of the well-known Hamilton’s equations. The Hamilton’s equations can be

described by a system of 2n ordinary differential equations of the form

dxi
dt

=
∂H

∂pi
,

dpi
dt

= −∂H
∂xi

, (1.1)

for i = 1, . . . , n, where H = H(x,p) is a function on the phase space called the Hamiltonian,

whose choice depending on the system one wishes to describe. The Hamiltonian can be

interpreted as the total energy of the system on the phase space and the trajectory defines

a flow z(t) = Φ(t)z(0) on the phase space that leaves invariant the total energy H(z(t)) of

the system, conveying conservation of energy of the system.

Often times, one would like to have a dynamical description for F (z), a sufficiently smooth

function on the phase space, called a classical observable. If z(t) satisfies the Hamilton’s

equations, then F (t) := F (z(t)) evolves according to:

dF

dt
= {F,H}, (1.2)

where the right hand side above denotes the Poisson bracket of F and H, the function

evaluated at (x(t),p(t)), defined as follows:

{F,H} :=
n∑
i=1

∂F

∂xi

∂H

∂pi
− ∂F

∂pi

∂H

∂xi
. (1.3)

In particular, we have {xi, xj} = {pi, pj} = 0 and {xi, pj} = δij, where δij denotes the Kro-

necker delta. For properties of the Poisson bracket and details on structures and symmetries

in Hamiltonian dynamics, see [Marsden and Ratiu, 1995].

Generally, a system has, possibly infinitely, many states and one usually does not have

18



a priori knowledge about all the initial values of these states1. Treating the system in a

statistical manner allows us to bring the problem into a tractable one. An important notion

in statistical mechanics is thermal equilibrium, which, roughly speaking, is a condition that

the states of the system be statistically distributed according to a probability distribution on

the phase space that is invariant for the Hamiltonian flow Φ(t). In particular, the distribution

of the state variable z at time zero remains the same for all times. The introduction of

such invariant probability measure randomizes the phase space, allowing one to simplify the

description of the system at the cost of introducing uncertainty.

It is well known that in a finite dimensional phase space, any absolutely continuous Φ(t)-

invariant probability measure admits a Boltzmann-Gibbs type density, ρ(z) = e−βH(z)/Z,

where Z is the normalization constant (partition function) and β = 1/(kBT ) > 0, kB is the

Boltzmann’s constant and T > 0 is the temperature. As probabilistic framework takes its

place in the thermal equilibrium setting, a natural question is whether a sufficiently smooth

function on the phase space can be regarded as a stochastic process. It turns out that

this is only true when the underlying phase space is infinite dimensional and, moreover,

the Hamiltonian must have continuous spectrum [Picci and Taylor, 1992]. In this case, the

process is stationary and Gaussian (if the Hamiltonian is linear). We will keep in mind the

above result when building a stochastic model for an open system later. The above question

is related to the problem of stochastic aggregation of [Picci, 1989, 1988], where it was found

that any stationary Gaussian process with a rational spectral density can be represented as

the output of a linear infinite dimensional Hamiltonian system in a thermal equilibrium.

1Typically one deals with systems containing Avogadro’s number NA = 6×1023 of particles. Interestingly,
this number was computed by Perrin experimentally in his attempt to test Einstein’s explanation of Brownian
motion in terms of atoms and thereby confirming Dalton’s atomic theory of matter. Perrin received a Nobel
prize in 1926 for this.
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1.2 A Hamiltonian Model for Open Classical Systems

We consider a toy model describing a Brownian particle in contact with a heat bath in

thermal equilibrium. The particle is modeled as a Hamiltonian system and it moves in a

potential U . The heat bath is modeled as a system of non-interacting harmonic oscillators

whose initial energy is distributed according to the Gibbs distribution at temperature T .

The Brownian particle is coupled to each harmonic oscillator in the bath. This model is

used widely to study many systems in statistical physics [Ford et al., 1965; Mori, 1965].

Our goal is to derive, at a formal level, a stochastic integro-differential equation (SIDE)

for the position and momentum variable of the particle from a specified Hamiltonian. This

derivation serves to motivate the class of SIDEs that we are studying in this dissertation.

We emphasize that our derivation here is certainly not original and follows closely that in

[Hänggi, 1997] (see also an abstract approach in [Zwanzig, 1973]). In fact, the derivation

follows along the line of the program of Gibbs [Ford et al., 1965].

One approach to derive the equations is to assume first that there are finitely many

harmonic oscillators in the bath (Kac-Zwanzig model [Zwanzig, 2001; Ariel and Vanden-

Eijnden, 2008]). We then takes the thermodynamic limit by sending the number of oscillators

to infinity in the resulting equations (replacing finite sum over oscillator frequencies by an

integral), arguing that the set of frequencies must be dense to allow dissipation of energy

from the system to the bath and to eliminate Poincaré recurrence. Another approach, which

is more technically involved, is to replace the finite system of oscillator equations by a system

modeled by a wave equation [Rey-Bellet, 2006; Pavliotis, 2014] (see Remark 1.2.1). See also

[Leimkuhler and Sachs, 2018] and the references therein for an approach based on the Mori-

Zwanzig projection formalism. We will derive the SIDEs by adopting the first approach in

the multi-dimensional case.

We consider the situation where the coupling is nonlinear in the particle’s position and

linear in the bath variables. Let x̂ = (x,x1, . . . ,xN) ∈ R
d+Np and p̂ = (p,p1, . . . ,pN) ∈

R
d+Np (here, x,p ∈ R

d and xi,pi ∈ R
p for i = 1, . . . , N). Hereafter, the superscript ∗
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denotes transposition and |b|2 := b∗b =
∑n

k=1 b
2
k denotes square of the norm of vector

b := (b1, . . . , bn) ∈ Rn.

The Hamiltonian of the system plus bath is:

H(x̂, p̂) =
|p|2

2m
+ U(x) +

N∑
k=1

(
|pk|2

2
+

1

2
ω2
k

∣∣∣∣xk − c∗kω2
k

f(x)

∣∣∣∣2
)
, (1.4)

where m is the particle’s mass, x ∈ Rd and p ∈ Rd are respectively the particle’s position

and momentum, xk ∈ R
p, pk ∈ R

p and ωk ∈ R
+ (k = 1, . . . , N) are respectively the

position, momentum and frequency of the kth bath oscillator (with unit mass), f(x) :=

(f1(x), . . . , fr(x)) ∈ R
r is a vector function of x := (x(1), . . . , x(d)) and the ck ∈ R

r×p (so

c∗k ∈ Rp×r) are coupling matrices that specify the coupling strength between the system and

the kth bath oscillator.

To derive an equation for the particle’s position and momentum, we start by substituting

the expression for H(x̂, p̂) into the Hamilton’s equations to obtain:

ẋ =
p

m
, (1.5)

ṗ = −∇xU(x) + g(x)
∑
k

ck

(
xk −

c∗k
ω2
k

f(x)

)
, (1.6)

xk = pk, k = 1, . . . , N, (1.7)

pk = −ω2
kxk + c∗kf(x), k = 1, . . . , N, (1.8)

where g(x) = ∇xf
∗(x) ∈ Rd×r is the Jacobian matrix

(
∂fi
∂x(j)

)
ij
.

Next, we eliminate the bath variables xk,pk, k = 1, . . . , N , from the system’s dynamics.

Solving for xk(t) in terms of x(t):

xk(t) = xk(0) cos(ωkt) +
pk(0)

ωk
sin(ωkt) +

c∗k
ωk

∫ t

0

sin(ωk(t− s))f(x(s))ds. (1.9)
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Substituting this into (1.6), we obtain:

ṗ(t) = −∇xU(x(t)) + g(x(t))
∑
k

ckc
∗
k

ω2
k

(∫ t

0

ωk sin(ωk(t− s))f(x(s))ds− f(x(t))

)
+ g(x(t))F (t), (1.10)

where

F (t) =
∑
k

ck

(
xk(0) cos(wkt) +

pk(0)

ωk
sin(ωkt)

)
. (1.11)

In the integral term above, we integrate by parts to obtain:

∫ t

0

ωk sin(ωk(t−s))f(x(s))ds = f(x(t))−cos(ωkt)f(x(0))−
∫ t

0

cos(ωk(t−s))g∗(x(s))ẋ(s)ds.

(1.12)

Using this, the equation for p(t) becomes the generalized Langevin equation (GLE):

ṗ(t) = −∇xU(x(t))− g(x(t))

∫ t

0

κ(t− s)g∗(x(s))ẋ(s)ds+ g(x(t))ξ(t), (1.13)

where

κ(t) =
∑
k

ckc
∗
k

ω2
k

cos(ωkt) ∈ Rr×r (1.14)

and

ξ(t) = F (t)− κ(t)f(x(0)) =
∑
k

ck

((
xk(0)− c

∗
k

ω2
k

f(x(0))

)
cos(ωkt) +

pk(0)

ωk
sin(ωkt)

)
.

(1.15)

Note that ξ(t) ∈ Rr is expressed in terms of the initial values of the variables x′k(0) :=

xk(0) − c∗k
ω2
k
f(x(0)) ∈ Rp and pk(0) ∈ Rp. If all these initial values are known, then ξ(t) is

a deterministic force. However, one rarely has a complete information about these initial

values and this is where the introduction of randomness can help to simplify the model. In

view of this, we assume that the variables x′k(0) and pk(0) are random and are distributed
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according to a Gibbs measure, with the density:

ρ((xk,pk) | x(0) = x) = Z−1 exp

(
−β

(
N∑
k=1

|pk|2

2
+

1

2
ω2
k

∣∣∣∣xk − c∗kω2
k

f(x)

∣∣∣∣2
))

, (1.16)

where β = 1/(kBT ) and Z is the partition function. Taking the averages of the bath variables

with respect to the above density:

Eρ [x′k(0) | x(0) = x] = 0, Eρ[pk(0) | x(0) = x] = 0, (1.17)

Eρ[x
′
k(0)(x′k(0))∗ | x(0) = x] =

kBT

ω2
k

I, Eρ[(pk(0)(pk(0))∗ | x(0) = x] = kBTI, (1.18)

where Eρ denotes mathematical expectation with respect to ρ and I ∈ R
p×p is identity

matrix.

Note that ξ(t) is a stationary, Gaussian process, if it is conditionally averaged with respect

to ρ [Zwanzig, 2001]. It follows from this distribution of the bath variables that we have the

fluctuation-dissipation relation:

Eρ[ξ(t)] = 0, Eρ[ξ(t)ξ(s)∗] = kBTκ(t− s), (1.19)

where κ(t−s) is the memory kernel whose formula is given in (1.14). Later, we will generalize

the resulting covariance of the process ξ(t) to an integral expression. We remark that the

memory function κ(t) and the “color” of the noise ξ(t) are determined by the bath spectrum

and the system-bath coupling.

Now we pass to the continuum limit by replacing the sum over k in κ(t) by an integral∫
R+ dωn(ω), where n(ω) is a density of states. Then, if the ck are replaced by c(ω) ∈ Rr×p,

the memory function κ(t) becomes the function:

κ(t) =

∫
R+

dωn(ω)
c(ω)c(ω)∗

ω2
cos(ωt), (1.20)
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where κ̂c(ω) := n(ω)c(ω)c(ω)∗/ω2 ∈ L1(R+). Repeating the same procedure for the noise

process and also replacing the x′k(0) and pk(0) by x′(ω) and p(ω) respectively, ξ(t) becomes:

ξ(t) =

∫
R+

dωn(ω)c(ω)

(
x′(ω) cos(ωt) +

p(ω)

ω
sin(ωt)

)
. (1.21)

The choice of the n(ω) and c(ω) specifies the memory function and therefore (by the

fluctuation-dissipation relation) the statistical properties of the noise process. Since κ(t)

is continuous and positive definite, it can be written as an inverse Fourier transform of a

measure:

κ(t) =
1

2π

∫
R

S(ω)eiωtdω, (1.22)

where the measure is absolutely continuous with respect to the Lebesgue measure, with the

density S(ω) = πκ̂c(ω) ≥ 0. The density S(ω) is known as the spectral density of the bath.

Remark 1.2.1. As the heat bath has infinitely many degrees of freedom, it is physically

more correct to derive the SIDEs starting from an infinite dimensional Hamiltonian with

continuous spectrum (as discussed in the introduction). We briefly mention how this can be

done at the cost of higher level of difficulties in the following. We restrict to one dimension

for simplicity. This discussion will be useful when we consider a quantum version of open

system later (see Chapter 4). For details, we refer to [Rey-Bellet, 2006].

The model for the heat bath, in accordance with the classical field theory, is modeled by

the wave equation in R:

∂2

∂t2
ϕt(ω) = ∆ωϕt(ω), (1.23)

where ω ∈ Ω := R, t ∈ R and ∆ω denotes the Laplacian. The wave equation is a second-order

equation which can be written as the following system of first-order equations:

dϕt(ω) = πt(ω)dt, (1.24)

dπt(ω) = ∆ωϕt(ω)dt, (1.25)

24



with initial conditions ϕ0(ω) = ϕ(ω) and π0(ω) = π(ω) to be specified. These are the

Hamiltonian equations of motion whose dynamics are specified by the Hamiltonian function2:

HB(ϕ, π) =
1

2

∫
Ω

(|∇ωϕ(ω)|2 + |π(ω)|2)dω. (1.26)

The total system of the particle plus the heat bath is described by the Hamiltonian:

H = HS +HB +HI , (1.27)

where HS is an arbitrary Hamiltonian describing the particle, and HI describes the inter-

action between the particle and the heat bath and is assumed to be of the following dipole

form:

HI = −f(x)

∫
Ω

∇ωϕ(ω)c(ω)dω, (1.28)

where c(ω) is a coupling function and f(x) is a (generally nonlinear) function of the particle’s

position x ∈ Rd.

So far we have not specified the initial conditions for the above model of open system.

Our goal is to model a situation where the particle not only dissipates energy into the

environment but also “fluctuates” and eventually its dynamics relax to a stationary state.

To allow this to occur, we assume that the model is initially in thermal equilibrium at a

positive temperature T > 0, i.e. the initial conditions, {(ϕ(ω), π(ω)) : ω ∈ Ω}, of the wave

equations are distributed according to a Gibbs measure at this temperature. In this case, the

environment has infinite energy (or heat capacity) and therefore provides sufficient energy to

achieve our goal. In fact, one expects “return to equilibrium” for the system, i.e. an initial

distribution of the system will converge to a stationary state which is given by the Gibbs

distribution, Z−1e−βHS(x,p)dxdp, where Z is the partition function and β = 1/kBT . This

introduces randomness3 into the otherwise deterministic Hamiltonian dynamics.

2Here, we have taken the frequency representation for modeling the environment, in contrast to the dual
representation (via Fourier transformation) in spatial domain as adopted in [Rey-Bellet, 2006].

3Our notation of Ω resembles that for a sample space of elementary events in probability theory but this
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Now, technical difficulties arise when one tries to extend the Gibbs distribution to the

infinite-dimensional setting as the following expression for the Gaussian measure, µβ(dπdϕ) =

Z−1e−βHB(ϕ,π)
∏

ω∈R dπdϕ, does not define a Gaussian density with respect to the Lebesgue

measure (which does not exist in infinite dimensions!). One has to deal with this using

the theory of Gaussian measures in Hilbert spaces (see [Bogachev, 1998; Janson, 1997]).

Once these are dealt with carefully, one can then show that the dynamics specified by the

Hamiltonian above are equivalent to those described by a SIDE of the form (1.13).

In the first part of this dissertation, we investigate effective dynamics of open systems

which can be modeled by stochastic integro-differential equations (SIDEs) of the following

form:

ẍ(t) = F (x(t))− g(x(t))

∫ t

0

κ(t− s)h(x(s))ẋ(s)ds+ σ(x(t))ξ(t), (1.29)

where the memory function κ(t) decays sufficiently fast and the driving noise ξt belonging

to a class of stochastic processes having the “quasi-Markov” property, to be introduced in

next section. As argued above, Hamiltonian systems describing particles interacting with

heat baths can be modeled by equations of the form (1.29). The equation (1.29) is in the

form of generalized Langevin equations which have been used to model many non-Markov

processes arising in physical applications (see Section 1.4).

1.3 SDE Representation and Quasi-Markov Stationary

Gaussian Processses

In this section, we define a class of stationary Gaussian processes known as the quasi-Markov

processes and characterize these processes in terms of Markovian representations in the form

of Itô type stochastic differential equations (SDEs) on Euclidean space Rn (n is a positive

is actually not a deliberate choice of ours here!
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integer) driven by Wiener processes4 . We assume familiarity5 with basic concepts in the

theory of probability and stochastic processes in the following.

In the following, we fix a probability space (Ω,F , P ) and denote expectation with respect

to P by E.

Definition 1.3.1. We say that a stochastic process, {yt ∈ Rm : t ∈ [0, T ]}, admits a SDE

representation if it can be represented as yt = c(xt), where xt ∈ Rn is the solution of the

following Itô SDE:

dxt = a(t,xt)dt+ b(t,xt)dW t, (1.30)

with initial condition x0 = x. In the above, a : [0, T ] × Rn → R
n, b : [0, T ] × Rn → R

n×r,

c : Rn → R
m are measurable functions, and {W t ∈ R

r : t ≥ 0} is a Wiener process,

i.e. a family of random variables which are Gaussian with mean EW t = 0 and covariance

EW tW
∗
s = min(t, s)I, where I ∈ Rr×r is identity matrix. The initial condition x can be

either deterministic or a random variable that is independent of the Wiener process.

The formal derivative of the Wiener process, ζt := dW t

dt
, is a white noise process, i.e. a

(generalized6) zero mean Gaussian vector-valued stochastic process with correlation function

Eζtζ
∗
s = δ(t− s)I. It serves as an idealized model for a random disturbance imparted to the

otherwise deterministic ordinary differential equation, dxt = a(t,xt)dt. We call a the drift

coefficient and the amplitude of the noise, b, the noise coefficient or diffusion coefficient of the

SDE. In the context of stochastic modeling, it is useful to distinguish two different natures

of the driving noise in the SDE. If b is a constant, we will say that the noise is additive. If

b depends on the state xt of the system, we will say that the noise is multiplicative.

4One could consider, for instance, SDEs on manifolds driven by continuous semimartingales. We will not
treat classes of SDEs that are more general than the one defined here in this dissertation.

5We refer to [Evans, 2012; Øksendal, 2003; Pavliotis, 2014] for mathematically rigorous introductions and
[Gardiner, 2009; Schuss, 1988] for applications.

6See [Itô et al., 1954; Gel’fand and Vilenkin, 2014; Hida and Si, 2008] for alternative approaches to study
white noise. Note that the SDE is written in a differential form due to the generalized nature of the white
noise.
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The correct interpretation for the SDE (1.30) is as the stochastic integral equation:

xt = x+

∫ t

0

a(s,xs)ds+

∫ t

0

b(s,xs)dW s, (1.31)

almost surely (a.s.), where the last integral term above is an Itô integral, as carefully7 defined

in the Itô theory of stochastic integration. A precise notion of solution to the SDE (1.3.1)

involves the above integral interpretation, specification of appropriate classes of functions

which a and b belong to, as well as desired properties of the solution xt. There are different

notions of solution for SDE of type (1.3.1).

In the Definition 1.3.1, the functions a and b are assumed to be in appropriate classes

of functions such that the SDE (1.30) has a pathwise unique solution up to the time T .

A general sufficient condition for existence and uniqueness of solution, up to its explosion

time8, of the SDE is, roughly speaking9, when a and b are locally Lipschitz (see Theorem

1.1.8 in [Hsu, 2002] for precise formulation; see also [Ikeda and Watanabe, 2014; Lowther]).

The global existence and uniquess result (i.e. for all time t ≥ 0) can be obtained by imposing

additional assumptions on a and b. Typically, one additionally imposes a linear growth type

condition (see [Mao, 2007]) or assumption on a Lyapunov function associated to the SDE

(see Theorem 5.9 in [Bellet, 2006] or the text [Khasminskii, 2011]).

We now elaborate on the above discussion through a simple mathematical formulation10.

We emphasize that in the following we are not including various extensions of the formulation

to keep the technicalities involved to a bare minimum. Let us start by defining Itô stochastic

integrals. For simplicity, we restrict to scalar processes. Generalization to vector-valued

processes is straightforward. Let b(t) be a random process on [0, T ] which is adapted to

7Recall that the Wiener paths t 7→ Wt(ω) (ω ∈ Ω) are continuous but nowhere differentiable a.s.. More-
over, it is not of bounded variation, so the integral cannot be defined as a Riemann–Stieltjes integral in
a unique way. Different Riemann–Stieltjes approximations lead to different stochastic integrals (the Itô
integrals and Stratonovich integrals are two important ones), which, in turn, lead to SDEs with different
properties. This is an important lesson from the point of view of stochastic modeling.

8i.e. the maximum stopping time up to which a solution of the SDE can be defined.
9These conditions depend on the notion of “solution” to the SDE that one introduces.

10An excellent introductory reference is [Evans, 2012].
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the filtration Ft = σ({Ws : s ≤ t}) generated by the Wiener process {Ws : s ≤ t}, i.e. it

is an Ft-measurable function for all t ∈ [0, T ]. Assume that b(·) is square-integrable, i.e.

E
∫ T

0
|b(s)|2ds <∞. We define the stochastic integral:

B(t) =

∫ t

0

b(s)dWs, (1.32)

as the L2(Ω) limit of the Riemann sum approximation:

Ba(t) = lim
N→∞

N−1∑
n=0

b(τn)(W (tn+1)−W (tn)), (1.33)

where we have introduced a partition of the interval [0, t] by letting tn = n∆t, n =

0, 1, . . . , N−1 and N∆t = t, and for a ∈ [0, 1], τn := (1−a)tn+atn+1 for n = 0, 1, . . . , N−1.

The Itô stochastic integral is defined as the integral B0(t), corresponding to the choice of

a = 0 in the formula for Ba(t) above. It is a diffusion process (i.e. it is a Markov11 process

with a continuous sample path), satisfying the Itô isometry:

E

(∫ T

0

b(s)dWs

)2

=

∫ T

0

E|b(s)|2ds, (1.34)

and has the quadratic variation:

〈B〉t := lim
|P |→0

N−1∑
n=0

|B(tn+1)−B(tn)|2 =

∫ t

0

b(s)2ds, (1.35)

where P ranges over the partition {t0, . . . , tN−1} of [0, t] and |P | is the mesh of the partition

P .

We now define a notion of solution to the SDE (1.3.1) and provide a result on the existence

and uniqueness of its solution.

Definition 1.3.2. Strong solution of SDE. A process xt with continuous paths defined

11Recall that an adapted process xt (with respect to {Ft : t ≥ 0}) is Markov if for any s, t ≥ 0 and any
bounded continuous real-valued function f , E[f(xs+t)|Fs] = E[f(xs+t)|xs] a.s..
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on the probability space (Ω,F , P ) is called a strong solution12 to the SDE (1.3.1) if:

(i) xt is almost surely continuous and adapted to the filtration Ft generated by the Wiener

process {W s, s ≤ t} and x (independent of the Wiener process)13;

(ii) b(·,x·) ∈ L1([0, T ];Rn) and σ(·,x·) ∈ L2([0, T ];Rn×r) almost surely;

(iii) For every t ≥ 0, the stochastic integral equation (1.31), with x0 = x, holds almost

surely.

A simple approach to obtain result on existence and uniqueness of solution for SDEs is

to impose the Lipshitz continuity assumption and a linear growth condition (which prevents

the solution from exploding in finite time), familiar from the existence and uniqueness theory

of ordinary differential equations.

Theorem 1.3.1. Global existence and uniqueness of solution to SDE. Assume that

a(·, ·) and b(·, ·) satisfy the following (global) Lipschitz continuity assumption and linear

growth condition, i.e. there exists a positive constant C such that for all x,y ∈ R
n and

t ∈ [0, T ],

|a(t,x)− a(t,y)|+ ‖b(t,x)− b(t,y)‖F ≤ C|x− y|, (1.36)

and

|a(t,x)|+ ‖b(t,x)‖F ≤ C(1 + |x|), (1.37)

where ‖ · ‖F denotes Frobenius norm. Moreover, assume that x0 = x is a random variable

independent of the Wiener process W t with finite second moment, E|x|2 <∞.

Then the SDE (1.3.1) has a unique (strong) solution xt with E
∫ t

0
|xs|2ds <∞ for every

t > 0.

Proof. See page 90-94 in [Evans, 2012].

12There is also a notion of weak solution. Throughout this dissertation, a solution to a SDE is meant in
the strong sense.

13Condition (i) implies that xt is progressively measurable with respect to Ft, so our definition here is a
bit less general than the one in page 81-82 of [Evans, 2012].
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The uniqueness of the solution is in the sense that if there exists two solutions xt and yt

satisfying the SDE, then xt = yt for all t almost surely. Note that when the above globally

Lipschitz condition on the drift and noise coefficient holds, the linear growth condition above

is equivalent to the condition that both |a(t,0)| and |b(t,0)| be bounded for every t ≥ 0.

It can also be shown that the solution xt of the SDE is a semimartingale and a diffusion

process.

Usually one is interested in the case when the SDE is autonomous, i.e. a = a(xt)

and b = b(xt) do not show explicit dependence on the time t. In this case, recall that

xt is a diffusion process and there is an associated second-order differential operator, the

infinitesimal generator of the process, given by:

L =
n∑
i=1

aj(x)
∂

∂xj
+

1

2

n∑
i,j=1

Σi,j
∂2

∂xi∂xj
=: a(x) ·∇ +

1

2
Σ(x) : D2, (1.38)

where the Σi,j denote the matrix elements of the matrix Σ(x) = b(x)b(x)T , ∇ denotes

the gradient operator, D2 denotes the Hessian matrix and : denotes inner product between

two matrices defined by A : B = Tr(ATB) =
∑

i,j Ai,jBi,j (the superscript T denotes

transposition).

Of interest is a formula that allows us to compute the rate of change in time of a suffi-

ciently nice function F : [0, T ]×Rn → R evaluated at the solution xt ∈ Rn of the SDE. This

is an important result at the heart14 of stochastic calculus.

Theorem 1.3.2. Itô’s formula15. Assume that the assumptions in Theorem 1.3.1 hold and

let xt be the solution of the autonomous SDE (1.3.1). Assume that F ∈ C1,2([0, T ] × Rn).

14There are many important applications of Itô’s formula. Perhaps an intriguing example is the computa-
tion of the stochastic integral

∫ t

0
WsdWs ∈ R. More generally, one compute

∫ t

0
hn(Ws, s)dWs = hn+1(Wt, t),

where hn(x, s) (n = 0, 1, . . . ) is the nth Hermite polynomial. This result can also be derived using the expo-
nential martingale (generating function of the Hermite polynomial), which has connections to the quantum
stochastic calculus (see Example 3.2.1).

15Itô’s formula also holds for stopping times.
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Then:

F (t,xt) = F (x0) +

∫ t

0

∂F

∂s
(s,xs)ds+

∫ t

0

LF (s,xs)ds+

∫ t

0

(∇F (s,xs)) · b(xs)dW s, (1.39)

where L is the infinitesimal generator for the process xt, or, in the differential form:

dF (t,xt) =
∂F

∂t
dt+

n∑
i=1

∂F

∂xi
dxi +

1

2

n∑
i,j=1

∂2F

∂xi∂xj
dxidxj, (1.40)

where the convention dWi(t)dWj(t) = δi,jdt, dWi(t)dt = 0 (for i, j = 1, . . . , n) is used.

Proof. See page 78-79 in [Evans, 2012].

Using the Itô’s formula, one can obtain a partial differential equation (PDE) describing

the expectation of a functional, u(x, t) := E[φ(xt)|x0 = x], φ ∈ C2(Rn), of the solution xt to

the SDE. Indeed, applying the Itô’s formula to u, using the martingale property of stochastic

integrals and differentiating with respect to time gives the backward Kolmogorov equation:

∂u

∂t
= Lu, u(x, 0) = φ(x), (1.41)

and its solution can be expressed via the semigroup generated by L, i.e. u(x, t) = (etLφ)(x).

The adjoint equation of the backward Kolmogorov equation is the forward Kolmogorov equa-

tion (Fokker-Planck equation) for the probability density ρ(x, t) ∈ C2,1(Rn × (0,∞)) of the

process xt (with initial density ρ0(x)):

∂ρ

∂t
= L∗ρ, ρ = ρ0 for x ∈ Rn × {0}, (1.42)

where L∗· = ∇ · (−a(x) ·+1
2
∇ · (Σ(x)·)) is the L2-adjoint of the generator L.

In the context of stochastic modeling of the noise process ξ(t) in (1.29), we are interested

in real-valued processes that are mean-square continuous, mean-zero Gaussian and stationary

(Eyt = 0 and Ey2
t <∞) [Cramér and Leadbetter, 2013]. The Gaussianness and stationarity
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of yt should be inherited by the Markov process xt. Therefore, we are led to consider linear

time-invariant SDE representation of the type

dxt = Axtdt+BdW t, (1.43)

yt = Cxt, (1.44)

where A ∈ Rn×n, B ∈ Rn×r, C ∈ Rm×n are constant matrices. Therefore,

yt = CeAtx+

∫ t

0

CeA(t−s)BdW s, (1.45)

where the initial time is taken to be t = 0, and we see that the SDE representation is a

particular time representation of the process yt.

We assume that A is Hurwitz stable (or −A is positive stable), i.e. the real parts of all

eigenvalues of A are negative, and the initial condition x is a mean-zero Gaussian random

variable with covariance matrix M satisfying the Lyapunov equation16:

AM +MAT = −BBT . (1.46)

Then one computes that the covariance function of yt equals:

R(t− s) := Eyty
T
s = CeA(t−s)MCT , (1.47)

where t > s ≥ 0. Note that since yt is stationary, the covariance function depends only on

the time difference τ = t− s.

Denote by G the class of the real-valued, mean-square continuous, mean-zero stationary

Gaussian processes. A subclass of G known as the quasi-Markov processes is of particular

interest to us.

16By our assumption on A, there exists a unique solution to the Lyapunov equation. Furthermore, the

solution is given by M =
∫∞
0
eAyBBT eA

T ydy (also known as the controllability gramian) [Bellman, 1997].
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Definition 1.3.3. Let {yt ∈ R
m : t ∈ [0, T ]} be a stochastic process in G. We say that

yt is a quasi-Markov process in G if it has a SDE representation of the form (1.43)-(1.44),

specified by the triple (A,B,C) of matrices of appropriate dimensions. Here A is Hurwitz

stable and the initial condition x is a mean-zero Gaussian random variable with covariance

matrix M such that the Lyapunov equation AM +MAT = −BBT is satisfied.

We now look at an equivalent representation in the frequency domain. It is useful to

view the Gaussian process, t→ yt = (y1
t , . . . , y

m
t ) (t ∈ [0, T ]), as a curve in the real Hilbert

space of L2(Ω,F , P ). In particular, all the probability information about yt is encoded in the

subspace H(y) ⊂ L2(Ω,F , P ), where H(y) is the closed subspace spanned by the process yt,

i.e. H(y) = span{ykt : t ∈ [0, T ], k = 1, . . . ,m}. Recall that for a (mean-square continuous)

stationary stochastic process, t 7→ yt, there exists a (strongly continuous) one-parameter

group {U t : t ∈ R} of unitary operators on H(y) such that for any time t > 0, one has

yt = U ty. Note that the group preserves expectation.

By Stone’s theorem and von Neumann’s spectral theorem [Reed and Simon, 1972], yt

can be written uniquely as

U ty =

∫
R

eiωtdE(ω)y, (1.48)

where E(·) is the spectral measure mapping Borel subsets of real line into orthogonal projec-

tion operators on H(y) and dE(ω)y can be viewed as a stochastic measure. In this way, one

obtains a spectral representation for the stationary Gaussian process yt. More generally:

Theorem 1.3.3. Every stationary process {yt : t ∈ R}, continuous in mean-square, admits

a representation

yt =

∫
R

eiωtdŷ(ω), t ∈ R, (1.49)

where dŷ is a finite vector-valued orthogonal stochastic measure uniquely determined by the

process, and satisfies

Edŷ(ω) = 0, E|dŷ(ω)|2 = dF (ω), (1.50)
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where F is the spectral distribution function of yt. The orthogonal stochastic measure ŷ(ω)

is called the Fourier transform of the stationary process yt.

Proof. See Theorem 3.3.2 in [Lindquist and Picci, 2015].

In particular, consider the one-dimensional stationary linear process of form

ξt =

∫
R

w(t− s)η(ds), (1.51)

t ∈ R, where η(dt) is the standard stochastic measure with orthogonal values on t ∈ R such

that Eη(dt) = 0, E|η(dt)|2 = dt, with the weight function w(t) satisfying
∫
R
|w(t)|2dt < ∞

(for instance, ξt is a stochastic integral). Then ξt has a spectral representation:

ξt =

∫
R

eiωtφ(ω)dŴ (ω), (1.52)

where dŴ (ω) is a stochastic measure with orthogonal values on R such that EŴ (ω) = 0 and

E|dŴ (ω)|2 = dω/(2π), i.e. Ŵ is the Fourier transform of the Wiener process (Wt), and φ(ω)

is a non-random function expressible as the Fourier transform of the weight function w(t):

φ(ω) =

∫
R

e−iωtw(t)dt. (1.53)

Equation (1.52) represents the harmonic oscillations φ(ω)eiωt of frequency ω and the spectral

density |φ(ω)|2 characterizes the weight of the different harmonic components of the process

depending on the frequency ω [Rozanov].

One natural task is to characterize all processes that admit a (finite-dimensional) SDE

representation in terms of their statistical properties (i.e. their covariance function and

spectral distribution function).

Theorem 1.3.4. The following statements are equivalent.

(i) There exists finite-dimensional SDE representations of yt ∈ G;

35



(ii) The spectral distribution function, F , of the process is absolutely continuous with a

rational spectral density S, i.e. S(ω) = d
dω
F (ω);

(iii) The covariance function, R(t) = 1
2π

∫
R
S(ω)eiωtdω, of the process is a Bohl function,

i.e. its matrix elements are finite linear combination of products of an exponential, a

polynomial, a sine or cosine function.

Proof. To show (i) is equivalent to (ii), see Corollary 10.3.4 in [Lindquist and Picci, 2015]. To

show (ii) is equivalent to (iii), apply Theorem 2.20 in [Trentelman et al., 2002] to R(t).

In experimental situations, one typically only has spectral information about a noise

process; for instance its spectral density [Gittes and Schmidt, 1997]. It is then important to

be able to model the noise process based on this information. The construction of a SDE

representation (i.e. identification of the triple (A,B,C)) for a quasi-Markov process in G

given its spectral density or covariance function is the problem of stochastic realization, which

has interesting connections to the Lax-Phillips scattering theory and can be formulated in

a coordinate-free approach (see the monograph [Lindquist and Picci, 2015]). The following

result solves the problem in our case (see [Lindquist and Picci, 2015; Picci and Taylor, 1992]

for details).

Algorithm 1.3.1. A SDE representation of a quasi-Markov process yt, given its spectral

density S, can be computed via the following procedures:

(1) Find a spectral factorization of S(ω), i.e. find a rational m× r matrix function Φ such

that S(ω) = Φ(iω)Φ(iω)∗, where Φ is an analytic spectral factor (i.e. all its poles lie

in the left half plane) and ∗ denotes conjugate transpose. For simplicity, restrict to

left-invertible factors, with the rank of S equals to r.

(2) For each such spectral factor Φ, define the Gaussian process W t by specifying its

Fourier transform Ŵ (ω) as:

dŴ (ω) = Φ−L(iω)dŷ(ω), (1.54)
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where −L denotes left inverse. Then it is easy to see that W t is a Rd-valued Wiener

process and yt admits the spectral representation:

yt =

∫
R

eiωtΦ(iω)dŴ (ω). (1.55)

(3) Compute a minimal realization of the spectral factor Φ(iω) of the form

Φ(iω) = C(iωI −A)−1B, (1.56)

where A ∈ Rn×n is a Hurwitz stable matrix, B ∈ Rn×r and C ∈ Rm×n are constant

matrices such that AM +MAT = −BBT , with n as small as possible.

Therefore, corresponding to every spectral factor Φ, yt admits a SDE representation of the

form as defined in Definition 1.3.3. The representation obtained is unique up to a change of

basis on the state space and an orthogonal transformation on the Wiener process W t.

1.4 Generalized Langevin Equations

Now we return to our earlier discussions of open systems. Observe that after taking the

thermodynamic limit the noise process ξ(t) in (1.21) can be seen to be already in a form

of spectral representation, with the initial “field variables” (x′(ω),p(ω)) (conditionally) dis-

tributed according to a Gibbs measure. This justifies our stochastic modeling of the noise

process.

We now apply the above algorithm by factorizing S(ω) = Φ(iω)(Φ(iω))∗, where Φ(iω) =√
πn(ω)/ω2(ic(ω)) is a spectral factor of the spectral density. The following examples give

realization of a few noise proceses, which will be studied in later chapters. We take n(ω) =

2ω2/π (Debye-type spectrum for phonon bath) in all these examples.

Example 1.4.1. If we choose c(ω) ∈ R
d×d to be a scalar multiple of the identity matrix

I, then κ(t) is proportional to δ(t)I. This leads to a Langevin equation driven by white
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noise, in which the damping term is instantaneous. In this case, we have the SDE system

for (xt,vt) ∈ Rd×d:

dxt = vtdt, (1.57)

mdvt = −∇xU(xt)dt− g(xt)g
∗(xt)vtdt+ g(xt)ξtdt, (1.58)

where ξt is a white noise.

The above SDE system can also be obtained as a Markovian limit of the GLE [Pavliotis,

2014].

In the special case where g(xt) = g is a constant matrix and U(x) = 1
2
kx2 (harmonic

potential) or U(x) = 0 (free particle case), both the GLE and the SDE system (1.57)-(1.58)

are exactly solvable17.

Example 1.4.2. If we choose c(ω) ∈ Rd×d to be the diagonal matrix with the kth entry

αk√
α2
k + ω2

, (1.59)

where the αk > 0, then we have:

κ(t) = Ae−At, (1.60)

where A is the constant diagonal matrix with the kth entry equal αk. This gives SIDE

(2.15). On the other hand, choosing c(ω) to be the diagonal matrix with the kth entry

(
ωkk
τkk

)2
1√

ω2(ω2
kk/τkk)

2 + (ω2 − (ωkk/τkk)2)2
(1.61)

allows us to obtain the covariance function of a harmonic noise process (see Chapter 2),

where the ωkk and τkk are the diagonal entries of the matrix Ω and τ respectively. In the

general case where κ(t) is specified by (2.3), one may takeM 1 = I, Γ1 to be positive definite,

17Interestingly, in this special case and in one dimension (d = 1), the SDE system (1.57)-(1.58) can be
derived from the Lamb’s model [Lamb, 1900] and constructed using a dilation procedure (see [Maassen, 1982;
Lewis and Maassen, 1984] for details and other Hamiltonian models for open systems).
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in which case the Lyapunov equation gives Γ1 = Σ1Σ
∗
1/2, and choose

c(ω) =
1√
2
C1(Γ2

1 + ω2I)−1/2Σ1. (1.62)

In this dissertation, we focus our studies on GLEs of the form (1.29). The memory

function is a Bohl function and the driving (finite-dimensional) noise process is quasi-Markov

in the sense of Definition 1.3.3, i.e. whose covariance function is Bohl and spectral density is

rational. We will see that the Bohl nature of the memory function and quasi-Markovianity

of the driving noise allow us to embed the process xt, satisfying (1.29), as a component

of a higher dimensional process which admits a SDE representation of Definition 1.3.1.

This approach makes available various tools and techniques from the Markov theory of

stochastic processes and is crucial to obtain the main results presented in this first part of

the dissertation.

To end this chapter, we give a brief literature review on works related to the GLEs. A

basic form of the GLEs (1.29) was first introduced by Mori in [Mori, 1965] and subsequently

used to model many systems in statistical physics [Kubo, 1966; Toda et al., 2012; Goychuk,

2012]. As remarked by van Kampen in [Van Kampen, 1998], “Non-Markov is the rule,

Markov is the exception”. Therefore, it is not surprising that non-Markovian equations

(including those of form (2.1)) find numerous applications and thus have been studied widely

in the mathematical, physical and engineering literature (see [ Luczka, 2005; Samorodnitsky

and Taqqu, 1994] for surveys of non-Markovian processes). In particular, GLEs have been

widely used as models to study many systems and have attracted increasing interest in recent

years. We refer to, for instance, [Stella et al., 2014; McKinley et al., 2009; Adelman and

Doll, 1976; Siegle, 2010; Hartmann, 2011; Córdoba et al., 2012; Maes, 2013; Lei, 2016; Hall

et al., 2016] for various applications of GLEs and [Ottobre and Pavliotis, 2011; McKinley

et al., 2017; Glatt-Holtz, 2018; Leimkuhler and Sachs, 2018; Nguyen, 2018] for asymptotic

analysis of GLEs.
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CHAPTER 2

HOMOGENIZATION FOR

GENERALIZED LANGEVIN

EQUATIONS

This chapter is adapted from an extended and revised version of the research preprint:

• Soon Hoe Lim and Jan Wehr, Homogenization of a class of non-Markovian Langevin

equations with an application to thermophoresis, available at arXiv:1704.00134. April

2017

Abstract

We study a class of systems whose dynamics are described by generalized Langevin

equations with state-dependent coefficients on a finite-dimensional state space. We find

that in the limit, in which all the characteristic time scales vanish at the same rate,

the position variable of the system converges to a homogenized process, described by

an equation containing additional drift terms induced by the noise. The convergence

results are obtained using the main result in [Hottovy et al., 2015a], proven here under

a weaker spectral assumption on the damping matrix. We apply our results to study

thermophoresis of a Brownian particle in a non-equilibrium heat bath.
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2.1 Introduction

Roughly speaking, stochastic homogenization problems are problems from second-order per-

turbation theory1 and may often be viewed as a consequence of the Itô’s formula or a form

of central limit theorem. The name “homogenization” goes back to the problem of heat

conduction in a highly “heterogeneous” material. In the limit when heterogeneities become

vanishingly small, it is justifiable to model the original material by an effective, “homoge-

neous” material. We refer to [Pavliotis and Stuart, 2008] for an introduction to homoge-

nization and useful methods of multiscale expansion2 for Kolmogorov equations (see Section

2.7). In recent years, several techniques and tools have been developed to study homoge-

nization for many classes of singularly perturbed stochastic systems [Gottwald et al., 2015;

Chevyrev et al., 2017; Wouters and Gottwald, 2017], with goals to achieve coarse-graining

and dimensional reduction of systems.

From physical sciences to social sciences, many phenomena are modeled by noisy dy-

namical systems. In many such systems, several widely separated time scales are present.

The system obtained in the homogenization limit, in which the fast time scales go to zero,

is simpler than the original one, while often retaining the essential features of its dynamics

[Majda et al., 2001; Givon et al., 2004; Pavliotis and Stuart, 2005; Pavliotis and Stuart,

2008]. On the other hand, the different fast time scales may compete and this competition

is reflected in the homogenized equations.

Of particular interest is the model of a Brownian particle interacting with the environ-

ment [Nelson et al., 1967]. The usual model for such system neglects the memory effects,

representing the interaction of the particle with the environment as a sum of an instanta-

neous damping force and a white noise. Although such an idealized model generally gives

a good approximate description of the dynamics of the particle, there are situations where

1Another type of problems is the stochastic averaging (first-order perturbation theory) for slow-fast
systems, which can sometimes be viewed as a form (or consequence) of the law of large numbers. For a
practical introduction, see [Hartmann, 2008].

2See Chapter 13 in the lecture notes [Holmes-Cerfon] (and the references therein) for a practical intro-
duction.
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the memory effects play an important role, for instance when the particle is subject to a

hydrodynamic interaction [Franosch et al., 2011] or when the particle is an atom embedded

in a condensed-matter heat bath [Gröblacher et al., 2015]. In addition, the stochastic forcing

introduced by the environment is often more accurately modeled by a colored noise than by

white noise.

In this chapter, we study a class of non-Markovian Langevin equations, the generalized

Langevin equations (GLEs), with state-dependent drift and diffusion coefficients, driven by

colored noise. They provide a realistic description of the dynamics of a classical Brownian

particle in an inhomogeneous environment. We are interested in the limiting behavior of the

particle when the characteristic time scales become small and in how competition of the time

scales, as well as inhomogeneity of the environment, impact its limiting dynamics. The main

mathematical result of this chapter is Theorem 2.4.1, in which we derive the homogenization

limit for a general class of non-Markovian systems. Special cases are studied in some details

to obtain more explicit results. Their physical relevance is illustrated by an application to

thermophoresis models.

The chapter is organized as follows. In Section 2.2, we introduce and discuss a class of

generalized Langevin equations (GLEs), as well as its two sub-classes, to be studied in this

chapter. In Section 2.3, we revisit the Smoluchowski-Kramers limit for a class of SDEs with

state-dependent drift and diffusion coefficients, under a weaker assumption on the spectrum

of the damping matrix than that used in earlier work [Hottovy et al., 2015a]. Using this

result of Section 2.3, we study homogenization for the GLEs in Section 2.4. We specialize

the study to the two sub-classes of models in Section 2.5. In Section 2.6, we apply the results

obtained in the previous sections to study the thermophoresis of a Brownian particle in a

non-equilibrium heat bath.
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2.2 Generalized Langevin Equations (GLEs)

2.2.1 GLEs as Non-Markovian Models

We consider a class of non-Markovian Langevin equations, with state-dependent coefficients,

that describe the dynamics of a particle moving in a force field and interacting with the

environment. Let xt ∈ Rd, t ≥ 0, be the position of the particle. The evolution of position,

xt, is given by the solution to the following stochastic integro-differential equation (SIDE):

mẍt = F (xt)− g(xt)

∫ t

0

κ(t− s)h(xs)ẋsds+ σ(xt)ξt, (2.1)

with the initial conditions (here the initial time is chosen to be t = 0):

x0 = x, ẋ0 = v. (2.2)

The initial conditions x and v are random variables independent of {ξt : t ≥ 0}. Study of

microscopic dynamics leads naturally to equations of the form (2.1) (see Chapter 1) and this

is in fact our motivation to study the SIDE (2.1).

Here and throughout the chapter, overdot denotes derivative with respect to time t, the

superscript ∗ denotes conjugate transposition of matrices or vectors and E denotes expec-

tation. In the SIDE (2.1), m > 0 is the mass of the particle, the matrix-valued functions

g : Rd → R
d×q, h : Rd → R

q×d and σ : Rr → R
d×r are the state-dependent coefficients of the

equation, and F : Rd → R
d is a force field acting on the particle. Here d, q and r are, possibly

distinct, positive integers. The second term on the right hand side of (2.1) represents the

drag experienced by the particle and the last term models the noise.

The matrix-valued function κ : [0,∞) → R
q×q is a memory function which is Bohl,

i.e. the matrix elements of κ(t) are finite linear combinations of the functions of the form

tkeαt cos(ωt) and tkeαt sin(ωt), where k is an integer and α and ω are real numbers. For

properties of Bohl functions, we refer to Chapter 2 of [Trentelman et al., 2002]. The noise
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process ξt is a r-dimensional mean zero stationary real-valued Gaussian vector process having

a Bohl covariance function, R(t) := Eξtξ
∗
0 = R∗(−t), and, therefore, its spectral density,

S(ω) :=
∫∞
−∞R(t)e−iωtdt, is a rational function [Willems and Van Schuppen, 1980].

The SIDE (2.1) is a non-Markovian Langevin equation, since its solution at time t depends

on the entire past. Two of its terms are different than those in the usual Langevin equations.

One of them is the drag term, which here involves an integral over the particle’s past velocities

with a memory kernel κ(t−s). It describes the state-dependent dissipation which comprises

the back-action effects of the environment up to current time. The other term, involving a

Gaussian colored noise ξt, is a multiplicative noise term, also arising from interaction of the

particle with the environment. Therefore, (2.1) is a generalized Langevin equation (GLE),

of the form introduced in Chapter 1.

Note that the Gaussian process ξt which drives the SIDE (2.1) is not assumed to be

Markov. The assumptions we made on its covariance will allow us to present it as projec-

tion of a Markov process in a (possibly higher-dimensional) space. This is the stochastic

realization idea, which originated in stochastic control theory [Kalman, 1960], and which we

describe in detail below.

Let Γ1 ∈ R
d1×d1 , M 1 ∈ R

d1×d1 , C1 ∈ R
q×d1 , Σ1 ∈ R

d1×q1 , Γ2 ∈ R
d2×d2 , M 2 ∈ R

d2×d2 ,

C2 ∈ R
r×d2 , Σ2 ∈ R

d2×q2 be constant matrices, where d1, d2, q1, q2, q and r are positive

integers. In this chapter, we study the class of SIDE (2.1), with the memory function

defined in terms of the triple (Γ1,M 1,C1) of matrices as follows:

κ(|t|) = C1e
−Γ1|t|M 1C

∗
1. (2.3)

The noise process is the mean zero, stationary Gaussian vector process, whose covariance

will be expressed in terms of the triple (Γ2,M 2,C2). More precisely, we define it as:

ξt = C2βt, (2.4)
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where βt is the solution to the Itô SDE:

dβt = −Γ2βtdt+ Σ2dW
(q2)
t , (2.5)

with the initial condition, β0, normally distributed with zero mean and covariance M 2.

Here, W
(q2)
t denotes a q2-dimensional Wiener process and is independent of β. Throughout

the chapter the dimension of the Wiener process will be specified by the superscript.

For i = 1, 2, the matrix Γi is positive stable, i.e. all its eigenvalues have positive real

parts and M i = M ∗
i > 0 satisfies the following Lyapunov equation [Bellman, 1997]:

ΓiM i +M iΓ
∗
i = ΣiΣ

∗
i . (2.6)

It follows from positive stability of Γi that this equation indeed has a unique solution. The

covariance matrix, R(t) ∈ Rr×r, of the noise process is therefore expressed in terms of the

matrices (Γ2,M 2,C2) as follows:

R(t) = C2e
−Γ2tM 2C

∗
2, (2.7)

and therefore the triple (Γ2,M 2,C2) completely specifies the probability distribution of ξt.

It is worth mentioning that the triples that specify the memory function in (2.3) and the

noise process in (2.4) are only unique up to the following transformations:

(Γ′i = T iΓiT
−1
i ,M ′

i = T iM iT
∗
i ,C

′
i = CiT

−1
i ), (2.8)

where i = 1, 2 and T i is any invertible matrices of appropriate dimensions.

The triple (Γ2,M 2,C2) above is called a (weak) stochastic realization of the covariance

matrix R(t) in the well established theory of stochastic realization, which is concerned with

solving the inverse problem of stationary covariance generation (see [Lindquist and Picci,
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2015]). It was found that the problem of constructing the pair (β′t,C
′
2), where β′t is a zero

mean stationary Gaussian Markov process defined on a state space of minimal dimension,

so that the (projected) process C ′2β
′
t has the same covariance function as a preassigned zero

mean stationary Gaussian process, ξ′t, having a Bohl covariance function (equivalently, a

rational spectral density), is equivalent to the problem of generating the preassigned covari-

ance by passing white noise through a linear system defined by the triple (Γ2,M 2,C2) in

(2.4)-(2.5) [Willems and Van Schuppen, 1980].

Our approach allows to consider the most general Gaussian noises that can be realized in a

finite-dimensional state space in the above way (i.e. as a linear transformation of a Gaussian

Markov process). In fact, the condition on the covariance function to have entries in the

Bohl class is necessary and sufficient for solvability of the problem of stochastic realization of

stationary Gaussian processes. Let us note that it is also equivalent to the spectral density of

the noise process being rational. We refer to the propositions and theorems on page 303-308

of [Willems and Van Schuppen, 1980] for a brief exposition of stochastic realization problems.

Remark 2.2.1. Physically, the choice of the matrices Γ2,M 2,C2 specifies the characteristic

time scales (eigenvalues of Γ−1
2 ) present in the environment, introduces the initial state of a

stationary Markovian Gaussian noise and selects the parts of the prepared Markovian noise

that are (partially) observed, respectively. In other words, we have assumed that the noise

in the SIDE (2.1) is realized or “experimentally prepared” by the triples above.

For our homogenization study of the equation (2.1) we need the effective damping con-

stant,

K1 :=

∫ ∞
0

κ(t)dt = C1Γ
−1
1 M 1C

∗
1 ∈ Rq×q, (2.9)

and the effective diffusion constant,

K2 :=

∫ ∞
0

R(t)dt = C2Γ
−1
2 M 2C

∗
2 ∈ Rr×r, (2.10)

to be invertible (see Section 2.2.2). This is equivalent to the matrices Ci having full rank.
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Homogenization for the case of vanishing effective damping and/or diffusion constant [Bao

et al., 2005] will be explored in our future work.

With the above definitions of memory kernel and noise process, the SIDE (2.1) becomes:

mẍt = F (xt)− g(xt)

∫ t

0

C1e
−Γ1(t−s)M 1C

∗
1h(xs)ẋsds+ σ(xt)C2βt, (2.11)

where βt is the solution to the SDE (2.5). To illustrate the results of the general study

in important special cases (which will also be used later in applications), we consider two

representative classes of SIDE (2.1). The driving Gaussian colored noise is Markovian in the

first class and non-Markovian in the second. We set d = d1 = d2 = q1 = q2 = q = r in the

following examples.

(i) Example of a SIDE driven by a Markovian colored noise. The memory kernel is given

by an exponential function, i.e.

κ(t− s) = κ1(t− s) := Ae−A(t−s), (2.12)

where A ∈ Rd×d is a constant diagonal matrix with positive eigenvalues. The driving

noise is the Ornstein-Uhlenbeck (OU) process, ξt = ηt ∈ Rd, i.e. a mean zero stationary

Gaussian process which is the solution to the SDE:

dηt = −Aηtdt+AdW
(d)
t . (2.13)

In order for the process ηt to be stationary, the initial condition has to be distributed

according to the (unique) stationary measure of the Markov process defined by the

above equation, i.e. η0 = η is normally distributed with zero mean and covariance of

A/2. The mean and the covariance of ηt are given by:

E[ηt] = 0, E[ηtη
∗
s] =

1

2
κ1(|t− s|), s, t ≥ 0. (2.14)
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The resulting SIDE reads:

mẍt = F (xt)− g(xt)

∫ t

0

κ1(t− s)h(xs)ẋsds+ σ(xt)ηt. (2.15)

Let us note that Ornstein-Uhlenbeck processes are the only stationary, ergodic, Gaus-

sian, Markov processes with continuous covariance functions [Pavliotis, 2014]. When

all diagonal entries of A go to infinity, the OU process approaches the white noise. For

details on OU processes, see for instance [Pavliotis, 2014] and Section 2 of [Hottovy

et al., 2015b].

(ii) Example of a SIDE driven by a non-Markovian colored noise. The memory kernel

is given by an oscillatory function whose amplitude is exponentially decaying, i.e.

κ(t− s) := κ2(t− s), a diagonal matrix with the diagonal entries:

(κ2)ii(t− s) :=


1
τii
e
−ω2

ii
(t−s)
2τii

[
cos
(
ω0
ii

τii
(t− s)

)
+

ω1
ii

2
sin
(
ω0
ii

τii
(t− s)

)]
, if |ωii| < 2

1
τii
e
−ω2

ii
(t−s)
2τii

[
cosh

(
ω̃0
ii

τii
(t− s)

)
+

ω̃1
ii

2
sinh

(
ω̃0
ii

τii
(t− s)

)]
, if |ωii| > 2,

(2.16)

where, for i = 1, . . . , d, τii is a positive constant, ωii is a real constant, ω0
ii :=

ωii
√

1− ω2
ii/4, ω̃0

ii := ωii
√
ω2
ii/4− 1, ω1

ii := ωii/
√

1− ω2
ii/4, and ω̃1

ii := ωii/
√
ω2
ii/4− 1.

Let τ be constant diagonal matrix with the positive eigenvalues (τjj)
d
j=1, Ω be constant

diagonal matrix with the real eigenvalues (ωjj)
d
j=1, Ω0 be constant d×d diagonal matrix

with the eigenvalues ωjj
√

1− ω2
jj/4 (if |ωjj| < 2) and iωjj

√
ω2
jj/4− 1 (if |ωjj| > 2),

and Ω1 be constant d × d diagonal matrix with the eigenvalues ωjj/
√

1− ω2
jj/4 (if

|ωjj| < 2) and −iωjj/
√
ω2
jj/4− 1 (if |ωjj| > 2), where i is the imaginary unit.

The driving noise is given by the harmonic noise process, ξt = ht ∈ Rd, i.e. a mean
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zero stationary Gaussian process which is the solution to the SDE system:

τdht = utdt, (2.17)

τdut = −Ω2utdt−Ω2htdt+ Ω2dW
(d)
t , (2.18)

with the initial conditions, h0 and u0, distributed according to the (unique) stationary

measure of the above SDE system. The mean and the covariance of ht are given by:

E[ht] = 0, E[hth
∗
s] =

1

2
κ2(|t− s|), s, t ≥ 0. (2.19)

Note that ht is not a Markov process (but the process (ht,ut) is).

The resulting SIDE reads:

mẍt = F (xt)− g(xt)

∫ t

0

κ2(t− s)h(xs)ẋsds+ σ(xt)ht. (2.20)

The harmonic noise is an approximation of the white noise, smoother than the Ornstein-

Uhlenbeck process. It can be shown that in the limit ωii → ∞ (for all i) the process

ht converges to the Ornstein-Uhlenbeck process whose ith component process has cor-

relation time τii, whereas in the limit τii → 0 (for all i) the process ht converges to

the white noise. For detailed properties of harmonic noise process, see for instance

[Schimansky-Geier and Zülicke, 1990] or the Appendix in [McDaniel et al., 2014]. We

remark that the harmonic noise is one of the simplest examples of non-Markovian pro-

cesses and its use as the driving noise in the SIDE (2.1) is a natural choice that models

the environment as a bath of damped harmonic oscillators [Hänggi et al., 1993].

Remark 2.2.2. Note that in the SIDEs for the above two sub-classes, the dimension of the

driving Wiener process, W
(d)
t , is the same as that of the colored noise processes ηt and ht,

as well as the processes, xt and vt. One could as well consider realizing the noise processes
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via driving Wiener process of different dimension. Our choice of working with the same

dimensions is for the sake of convenience as it will help to simplify the results.

Remark 2.2.3. Without loss of generality (due to (2.8)), we have taken A and Ω to be

diagonal.

Remark 2.2.4. In cases of particular interest in statistical physics, the triples (Γi,M i,Ci)

coincide, up to the transformations in (2.8), for i = 1, 2; h = g∗ and g is proportional to σ,

with the proportionality factor equals kBT , where T > 0 is temperature of the environment

(see Chapter 1). In this case, we have d1 = d2 and q = r. In particular, for the two

sub-classes above we have

E[η0
t (η

0
s)
∗] =

1

2
κ1(|t− s|) (2.21)

for the first sub-class and

E[h0
t (h

0
s)
∗] =

1

2
κ2(|t− s|) (2.22)

for the second sub-class. In such cases, the SIDEs describe a particle interacting with an

equilibrium heat bath at a temperature T , whose dynamics satisfy the fluctuation-dissipation

relation [Toda et al., 2012; Zwanzig, 2001].

2.2.2 Homogenization of GLEs: Discussions and Statement of the

Problem

There are three characteristic time scales defining the non-Markovian dynamics described

by the SIDE (2.1):

(i) the inertial time scale, λm, proportional to m and whose physical significance is the

relaxation time of the particle velocity process vt := ẋt. The limit λm → 0 is equivalent

to the limit m→ 0;

(ii) the memory time scale, λκ, defined as the inverse rate of exponential decay of the

memory kernel κ(t− s);
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(iii) the noise correlation time scale, λξ.

For the purpose of multiscale analysis, we set m = m0ε
µ, λκ = τκε

θ and λξ = τξε
ν , where

ε > 0 is a parameter which will be taken to zero, m0, τκ, τξ are (fixed) proportionality

constants, and µ, θ, ν are positive constants (exponents), specifying the orders at which the

time scales λm, λκ, λξ vanish respectively. We consider a family of SIDEs, parametrized by

ε, with the inertial time scale λm proportional to m0ε
µ, memory time scale λκ = τκε

θ and

noise correlation time scale λξ = τξε
ν , to be defined in the following.

We replace m with m0ε
µ, Γ1 with Γ1/(τκε

θ), M 1 with M 1/(τκε
θ), and xt with xεt in

(2.11). Also, we substitute Γ2 with Γ2/(τξε
ν), Σ2 with Σ2/(τξε

ν), and βt with βεt in (2.5).

The SIDE (2.11) then becomes:

m0ε
µẍεt = F (xεt)−

g(xεt)

τκεθ

∫ t

0

C1e
− Γ1
τκεθ

(t−s)
M 1C

∗
1h(xεs)ẋ

ε
sds+ σ(xεt)C2β

ε
t, (2.23)

with the initial conditions, xε0 = x and vε0 = v, where βεt is a process, with correlation time

τξε
ν , satisfying the SDE:

dβεt = − Γ2

τξεν
βεtdt+

Σ2

τξεν
dW

(q2)
t , (2.24)

with the initial condition, βε0, normally distributed with zero mean and covariance ofM 2/(τξε
ν).

We will also perform similar analysis on the two sub-classes of SIDE, in which case:

(i) the SIDE (2.15) becomes (with m := m0ε
µ, A in the formula for κ1 replaced by

A/(τκε
θ), A in (2.13) replaced by A/(τηε

ν), xt replaced by xεt and ηt replaced by ηεt):

m0ε
µẍεt = F (xεt)−

g(xεt)

τκεθ

∫ t

0

Ae
− A

τκεθ
(t−s)

h(xεs)ẋ
ε
sds+ σ(xεt)η

ε
t, (2.25)

where ηεt is the Ornstein-Uhlenbeck process with the correlation time τηε
ν , i.e. it is a
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process satisfying the SDE:

dηεt = − A

τηεν
ηεtdt+

A

τηεν
dW

(d)
t . (2.26)

(ii) the SIDE (2.20) becomes (with m := m0ε
µ, τii := τκε

θ in the formula for (κ2)ii in

(2.16), xt replaced by xεt, ht, ut replaced by hεt, u
ε
t respectively and τ := τhε

νI in

(2.17)-(2.18)):

m0ε
µẍεt

= F (xεt)−
g(xεt)

τκεθ

∫ t

0

e
−Ω2 (t−s)

2τκεθ

[
cos

(
Ω0

τκεθ
(t− s)

)
+

Ω1

2
sin

(
Ω0

τκεθ
(t− s)

)]
h(xεs)ẋ

ε
sds

+ σ(xεt)h
ε
t, (2.27)

where hεt is the harmonic noise process with the correlation time τhε
ν , i.e. it is a process

satisfying the SDE system:

dhεt =
1

τhεν
uεtdt, (2.28)

duεt = − Ω2

τhεν
uεtdt−

Ω2

τhεν
hεtdt+

Ω2

τhεν
dW

(d)
t . (2.29)

Both SIDEs have the initial conditions xε0 = x, ẋε0 = v. The initial conditions ηε0

(respectively, hε0 and uε0) are distributed according to the stationary measure of the

SDE that the process ηεt (respectively, hεt and uεt) satisfies.

In this chapter, we set µ = θ = ν, which is the case when all the characteristic time

scales are of comparable magnitude in the limit as ε → 0. Our main goal is to derive a

limiting equation for the (slow) xε-component of the process solving the equations (2.23)-

(2.24), including the special cases (2.25)-(2.26) and (2.27)-(2.29), in the limit as ε→ 0, in a

strong pathwise sense.

We explain the motivation behind the above rescalings. The rescaling of the memory

52



kernels κ(t−s), κ1(t−s), κ2(t−s) is such that in the limit ε→ 0 the rescaled memory kernels

converge to K1δ(t) formally, where δ(t) is the Dirac-delta function and K1 is the effective

damping constant defined in (2.9). On the other hand, the noise processes ξεt = C2β
ε
t, η

ε
t

and hεt converge to white noise processes in the limit ε→ 0.

2.3 Smoluchowski-Kramers Limit of SDE’s Revisited

Let (xmt ,v
m
t ) ∈ Rn×Rn, where t ∈ [0, T ], be a family of solutions (parametrized by a positive

constant m) to the following SDEs:

dxmt = vmt dt, (2.30)

mdvmt = F (xmt )dt− γ(xmt )vmt dt+ σ(xmt )dW
(k)
t . (2.31)

In the SDEs above, m > 0 is the mass of the particle, F : Rn → R
n, γ : Rn → R

n×n,

σ : Rn → R
n×k, and W (k) is a k-dimensional Wiener process on the filtered probability

space (Ω,F ,Ft,P) satisfying the usual conditions [Karatzas and Shreve, 2012]. The initial

conditions are given by xm0 = x, vm0 = vm. The above SDE system models diffusive

phenomena in cases where the damping coefficient γ and diffusion coefficient σ are state-

dependent.

The Smoluchowski-Kramers limit (or the small mass limit) of the system (2.30)-(2.31)

has been studied in [Hottovy et al., 2015a; Herzog et al., 2016; Birrell et al., 2017; Birrell and

Wehr, 2017] (see also [Freidlin, 2004]). The main result in [Birrell and Wehr, 2017] says that,

under certain assumptions, the xm-component of the solution to (2.30)-(2.31) converges (in

a strong pathwise sense), as m → 0, to the solution of a homogenized SDE that contains a

drift correction term, the so-called noise-induced drift, that was not present in the pre-limit

SDEs (see Theorem 2.3.1 for a precise statement). The presence of such noise-induced drift

in the homogenized equation is a consequence of the state-dependence of the damping and

diffusion coefficients. For an overview of the noise-induced drift phenomena, we refer to the
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review article [Volpe and Wehr, 2016].

In all the works mentioned previously, the spectral assumption made on the matrix γ

was that the symmetrized damping matrix 1
2
(γ + γ∗) is uniformly positive definite (i.e. its

smallest eigevalue is positive uniformly in x). The same results can be obtained under a

weaker assumption that matrix γ is uniformly positive stable, i.e. all real parts of the eigen-

values of γ are positive uniformly in x [Horn and Johnson, 1994].

Notation. Here and in the following, we use Einstein summation convention on repeated

indices. The Euclidean norm of a vector w is denoted by |w| and the (induced operator)

norm of a matrix A by ‖A‖. For a Rn2×n3-valued function f(y) := ([f ]jk(y))j=1,...,n2;k=1,...,n3 ,

y := ([y]1, . . . , [y]n1) ∈ Rn1 , we denote by (f)y(y) the n1n2 × n3 matrix:

(f)y(y) = (∇y[f ]jk(y))j=1,...,n2;k=1,...,n3 , (2.32)

where ∇y[f ]jk(y) denotes the gradient vector (
∂[f ]jk(y)

∂[y]1
, . . . ,

∂[f ]jk(y)

∂[y]n1
) ∈ Rn1 for every j, k. The

symbol E denotes expectation with respect to P.

We make the following assumptions.

Assumption 2.3.1. For every x ∈ R
n, the functions F (x) and σ(x) are continuous,

bounded and Lipschitz in x, whereas the functions γ(x) and (γ)x(x) are continuously dif-

ferentiable, bounded and Lipschitz in x. Moreover, (γ)xx(x) is bounded for every x ∈ Rn.

Assumption 2.3.2. The matrix γ is uniformly positive stable, i.e. all real parts of the

eigenvalues of γ(x) are bounded below by some constant 2κ > 0, uniformly in x ∈ Rn.

Assumption 2.3.3. The initial condition xm0 = x0 is a random variable independent of m

and has finite moments of all orders, i.e. E|x|p < ∞ for all p > 0. The initial condition

vm0 is a random variable that possibly depends on m and we assume that for every p > 0,

E|mvm|p = O(mα) as m→ 0, for some α ≥ p/2.
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Assumption 2.3.4. The global solutions, defined on [0, T ], to the pre-limit SDEs (2.30)-

(2.31) and to the limiting SDE (2.47) a.s. exist and are unique for all m > 0 (i.e. there are

no explosions).

Before we state the result, we discuss, at a formal level, how one could study the limit.

We start by rewriting SDE (2.31) as

vmt dt = −mγ−1(xmt )dvmt + γ−1(xmt )F (xmt )dt+ γ−1(xmt )σ(xmt )dW t. (2.33)

The integral form of the above is given by

xmt = x−m
∫ t

0

γ−1(xms )dvms +

∫ t

0

γ−1(xms )F (xms )ds+

∫ t

0

γ−1(xms )σ(xms )dW s. (2.34)

We are interested in the limit as m → 0 of the process xmt . As m → 0, we expect

the sum of the second and third integral terms in the right hand side above to converge to∫ t
0
γ−1(Xs)F (Xs)ds+

∫ t
0
γ−1(Xs)σ(Xs)dW s.

To examine the asymptotics of the first integral term when m becomes small, we integrate

by parts to write its ith component as:

∫ t

0

(γ−1)ij(x
m
s )d(mvms )j = (γ−1)ij(x

m
t )m(vmt )j − (γ−1)ij(x)m(vm)j

−
∫ t

0

∂

∂xml
[(γ−1)ij(x

m
s )]m(vms )j(v

m
s )lds. (2.35)

Note that the product m(vms )j(v
m
s )l is the (j, l)-entry of the matrix mvms (vms )∗.

We now examine the asymptotic behavior of the above expression in the limit as m→ 0.

Following [Hottovy et al., 2015a], we express the matrix mvms (vms )∗, s ∈ [0, t], as a solution
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to an equation by applying Itô’s formula to the matrix (mvms )(m(vms )∗). This leads to:

d[(mvms )(m(vms )∗)] = −[γ(xms )(mvms (vms )∗ds) + (mvms (vms )∗ds)γ∗(xms )]

+ σ(xms )σ∗(xms )ds+ dUm
s + d(Um

s )∗, (2.36)

where

dUm
s = (F (xms )ds+ σ(xms )dW s)m(vms )∗, (2.37)

d(Um
s )∗ = mvms (F ∗(xms )ds+ dW ∗

sσ
∗(xms )). (2.38)

Denoting mvms (vms )∗ds by V , −γ(xms ) by Q and letting

C := d[(mvms )(m(vms )∗)]− σ(xms )σ∗(xms )ds− dUm
s − d(Um

s )∗, (2.39)

we can write the above equation as the following Lyapunov equation

QV + V Q∗ = C. (2.40)

By Assumption 2.3.2, all real parts of the eigenvalues of Q are negative, thus the Lyapunov

equation has a unique solution given by:

V = −
∫ ∞

0

eQyCeQ
∗ydy. (2.41)

Writing this out explicitly, we obtain:

mvms (vms )∗ds = −
∫ ∞

0

e−γ(xms )yd[(mvms )(m(vms )∗)]e−γ
∗(xms )ydy

+

∫ ∞
0

e−γ(xms )y(σ(xms )σ∗(xms )ds)e−γ
∗(xms )ydy

+

∫ ∞
0

e−γ(xms )y(dUm
s + d(Um

s )∗)e−γ
∗(xms )ydy. (2.42)
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Based on the prior result in [Hottovy et al., 2015a], we expect that only the second term

on the right hand side has a nonzero limit as m→ 0. The other terms are expected to vanish

as m → 0. Thus, in the limit m → 0, we expect that mvmt (vmt )∗ converges to the solution,

J , of the Lyapunov equation:

Jγ∗ + γJ = σσ∗. (2.43)

Remark 2.3.1. Intuition on the small mass limit. Let us restrict to one dimension

and neglect the external force to build some intuition to understand the limit. In this case,

the SDEs for (xt, vt) ∈ R2 become: dxt = vtdt, mdvt = −γ(xt)vt + σ(xt)dWt. Let us further

assume the fluctuation-dissipation relation, σ2 = 2kBTγ holds. This gives a stochastic model

for a free Brownian particle in an equilibrium bath. In many situations, the momentum

relaxation time τ = m/γ is on the order of microseconds and therefore is much smaller

than typical experimental time scales [Volpe and Wehr, 2016]. This justifies taking m → 0

(equivalently, the overdamped limit) in the SDEs.

The above derivations then simplify to:

xt = x−
∫ t

0

m

γ(xs)
dvs +

∫ t

0

σ(xs)

γ(xs)
dWs (2.44)

= x−
(
mvt

γ(xt)
− mv

γ(x)

)
+

∫ t

0

∂

∂xs

(
1

γ(xs)

)
mv2

s ds+

∫ t

0

σ(xs)

γ(xs)
dWs (2.45)

Using Itô’s stochastic calculus, one computes that E[|mvt|2] = O(m) as m→ 0 (so E[mvt] =

O(
√
m) → 0) and E[mv2

t ] →
σ2(xt)
2γ(xt)

= kBT = O(1). This computation tells us that vt is a

fast variable that homogenizes as m → 0 (as E[|vt|2] = O(1/m)). Moreover, the fact that

the kinetic energy 1
2
mv2

t is of order one as m → 0 can be thought of as a manifestation of

the equipartititon theorem, which says that equilibrium kinetic energy is on average equal to

the thermal energy, 1
2
kBT [Pathria and Haar, 2017]. An important lesson here is that the

naive procedure of setting m = 0 in the equation for vt (to obtain dxt = σ
γ
dWt) fails to give

the correct limiting SDE! The correct limiting equation for the position process, x̄t, should
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be:

dx̄t =
∂

∂x̄t

[
γ−1(x̄t)

] σ2(x̄t)

2γ(x̄t)︸ ︷︷ ︸
noise-induced drift

dt+
σ(x̄t)

γ(x̄t)
dWt. (2.46)

Investigation of this limit in the multi-dimensional case is the topic of the disssertation

[Hottovy, 2013].

The following theorem reproduces the limiting SDE obtained in [Hottovy, 2013], under

slightly different assumptions, in particular under a relaxed spectral assumption on the

damping matrix.

Theorem 2.3.1. Suppose that the SDE system (2.30)-(2.31) satisfies Assumption 2.3.1-

2.3.4. Let (xmt ,v
m
t ) ∈ R

n × R
n be its solution, with the initial condition (x,vm). Let

X t ∈ Rn be the solution to the following (Itô) SDE with initial position X0 = x:

dX t = [γ−1(X t)F (X t) + S(X t)]dt+ γ−1(X t)σ(X t)dW
(k)
t , (2.47)

where S(X t) is the noise-induced drift whose ith component is given by

Si(X) =
∂

∂Xl

[(γ−1)ij(X)]Jjl(X), i, j, l = 1, . . . , n, (2.48)

and J is the unique matrix solving the Lyapunov equation

Jγ∗ + γJ = σσ∗. (2.49)

Then the process xmt converges, as m→ 0, to the solution X t, of the (Itô) SDE (2.47), with

probability one (almost surely) uniformly for t ∈ [0, T ].

We end this section with a few remarks concerning the statements in Theorem 2.3.1.

Remark 2.3.2.
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(i) Because of the relaxed spectral assumption on γ, a new idea has to be used, in addition

to the techniques used in [Birrell and Wehr, 2017]. Note that the assumptions in

Assumption 2.3.1 are essentially those in Appendix A of [Birrell and Wehr, 2017]

specialized to our case. We emphasize that Theorem 2.3.1 can be proven using identical

techniques used in [Birrell and Wehr, 2017], once the relaxed assumption on γ is taken

care of. Due to this relaxed assumption on γ, the convergence obtained here is weaker3

than the one obtained in [Birrell and Wehr, 2017]. However, the convergence is still

strong in a pathwise sense.

(ii) Our assumption on the initial variable vm0 implies that the initial average kinetic energy,

K(vm) := E
1
2
m|vm|2, does not blow up (but can possibly vanish) as m → 0. This is

analogous to the Assumption 2.4 in [Birrell and Wehr, 2017] and it is more general

than the one in [Hottovy et al., 2015a].

(iii) With slightly more work and additional assumptions, one could prove the statement in

Assumption 2.3.4 from Assumptions 2.3.1-2.3.3. However, such existence and unique-

ness result is not the focus of this chapter and, therefore, we choose to take the existence

and uniqueness result for granted in Assumption 2.3.4.

(iv) We make no claim that Assumptions 2.3.2-2.3.4 are as weak or as general as possible. In

particular, the boundedness assumption on the coefficients of the SDEs can be relaxed

(for instance, using the techniques in [Herzog et al., 2016]) and the initial condition x

can have some dependence on m (see, for instance, [Birrell and Wehr, 2017]) at the

cost of more technicalities.

The main focus of our revisit here is to point out that the theorem in [Hottovy et al.,

2015a] still holds with a relaxed spectral assumption on the matrix γ and with the

initial condition vm0 possibly dependent on m – this will be important for applications

in later sections (see also Remark 2.5.1).
3This is the strongest possible convergence that we could achieve by the time of completion of this

dissertation. Stronger convergence result could possibly be obtained but this will be left for future work.
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2.4 Homogenization for Generalized Langevin Dynam-

ics

In this section, we study homogenization for the system of equations (2.23)-(2.24) (with

µ = θ = ν) by taking the limit as ε→ 0, under appropriate assumptions.

Without loss of generality, we set µ = θ = ν = 1. We cast (2.23)-(2.24) as the system of

SDEs for the Markov process (xεt,v
ε
t, z

ε
t,y

ε
t, ζ

ε
t,β

ε
t) on the state space Rd × Rd × Rd1 × Rd1 ×

R
d2 × Rd2 :

dxεt = vεtdt, (2.50)

m0εdv
ε
t = −g(xεt)C1y

ε
tdt+ σ(xεt)C2β

ε
tdt+ F (xεt)dt, (2.51)

dzεt = yεtdt, (2.52)

τκεdy
ε
t = −Γ1y

ε
tdt+M 1C

∗
1h(xεt)v

ε
tdt, (2.53)

dζεt = βεtdt, (2.54)

τξεdβ
ε
t = −Γ2β

ε
tdt+ Σ2dW

(q2)
t , (2.55)

where we have defined the auxiliary process

yεt :=
1

τκε

∫ t

0

e−
Γ1
τκε

(t−s)M 1C
∗
1h(xεs)v

ε
sds. (2.56)

Here, the initial conditions xε0 = x, vε0 = v, zε0 = z and ζε0 = ζ are random variables. Note

that yε0 = 0, and βε0 is a zero mean Gaussian random variable with covariance M 2/τξε.

Let W
(q2)
t be an Rq2-valued Wiener process on the filtered probability space (Ω,F ,Ft,P)

satisfying the usual conditions [Karatzas and Shreve, 2012] and E denotes expectation with

respect to P.

We use the notations introduced in Section 2.3 and make the following assumptions.

Assumption 2.4.1. For every x ∈ R
d, the vector-valued function F (x) is continuous,
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bounded and Lipschitz in x, whereas the matrix-valued functions g(x), h(x), σ(x), (g)x(x),

(h)x(x) and (σ)x(x) are continuously differentiable, bounded and Lipschitz in x. Moreover,

(g)xx(x), (h)xx(x) and (σ)xx(x) are bounded for every x ∈ Rd.

Assumption 2.4.2. The initial conditions x, v, z, ζ are random variables independent of ε.

We assume that they have finite moments of all orders, i.e. E|x|p, E|v|p, E|z|p, E|ζ|p <∞

for all p > 0.

Assumption 2.4.3. There are no explosions, i.e. almost surely, there exists unique global

solution on the compact time interval [0, T ] for any values of the parameter ε to the pre-limit

equations (2.23)-(2.24) and also to the limiting equation (2.58).

The following convergence theorem is the main result of this chapter. It provides a

homogenized SDE for the particle’s position in the limit as the inertial time scale, the

memory time scale and the noise correlation time scale vanish at the same rate in the case

when the pre-limit dynamics are described by the family of equations (2.23)-(2.24) (with

µ = θ = ν = 1), or equivalently by the SDEs (2.50)-(2.55). In the following, (D)ij denotes

the (i, j)-entry of the matrix D.

Theorem 2.4.1. Let xεt ∈ R
d be the solution to the SDEs (2.50)-(2.55). Suppose that

Assumptions 2.4.1-2.4.3 are satisfied and the effective damping and diffusion (constant)

matrices, K1, K2, defined in (2.9) and (2.10) respectively, are invertible. Moreover, we

assume that for every x ∈ Rd,

Bλ(x) := I + g(x)κ̃(λτκ)h(x)/λm0 (2.57)

is invertible for all λ in the right half plane {λ ∈ C : Re(λ) > 0}, where κ̃(z) := C1(zI +

Γ1)−1M 1C
∗
1, for z ∈ C, is the Laplace transform of the memory function.

Denote θ(X) := g(X)K1h(X) ∈ R
d×d for X ∈ R

d. Then as ε → 0, the process xεt
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converges to the solution, X t, of the following (Itô) SDE:

dX t = S(X t)dt+ θ−1(X t)F (X t)dt+ θ−1(X t)σ(X t)C2Γ
−1
2 Σ2dW

(q2)
t , (2.58)

with S(X t) = S(1)(X t) + S(2)(X t) + S(3)(X t), where the S(k) are the noise-induced drifts

whose ith components are given by

S
(1)
i = m0

∂

∂Xl

[
(θ−1)ij(X)

]
(J11)jl(X), i, j, l = 1, . . . , d, (2.59)

S
(2)
i = −τκ

∂

∂Xl

[
(θ−1g)ij(X)

]
(C1Γ

−1
1 J21)jl(X), i, l = 1, . . . , d; j = 1, . . . , q, (2.60)

S
(3)
i = τξ

∂

∂Xl

[
(θ−1σ)ij(X)

]
(C2Γ

−1
2 J31)jl(X), i, l = 1, . . . , d; j = 1, . . . , r. (2.61)

Here J11 = J∗11 ∈ R
d×d, J21 = J∗12 ∈ R

d1×d and J31 = J∗13 ∈ R
d2×d satisfy the following

system of five matrix equations:

gC1J
∗
12 + J12C

∗
1g
∗ = σC2J

∗
13 + J13C

∗
2σ
∗, (2.62)

m0J11h
∗C1M 1 + τκσC2J

∗
23 = τκgC1J22 +m0J12Γ

∗
1, (2.63)

τξgC1J23 +m0J13Γ
∗
2 = σC2M 2, (2.64)

M 1C
∗
1hJ12 + J∗12h

∗C1M 1 = Γ1J22 + J22Γ
∗
1, (2.65)

τξM 1C
∗
1hJ13 = τξΓ1J23 + τκJ23Γ

∗
2.. (2.66)

The convergence is obtained in the following sense: the process xεt converges, as ε → 0, to

the process X t, with probability one (almost surely) uniformly for t ∈ [0, T ].

Remark 2.4.1. Invertibility of the matrices Bλ(x) (the assumption (2.57)) is a technical

condition which will be used in the proof of the theorem. We are going to verify it in the

special cases and applications discussed later (see Corollary 2.5.1 and Corollary 2.5.3). In

particular, it follows from the stronger spectral condition, namely that g(x)κ̃(µ)h(x) has

no spectrum in the right half plane for any µ with Re(µ) > 0. See also Remark 2.4.2.
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Proof. We denote x̂εt := (xεt, z
ε
t, ζ

ε
t) ∈ Rd+d1+d2 and v̂εt := (vεt,y

ε
t,η

ε
t) ∈ Rd+d1+d2 and rewrite

the above SDE system in the form (2.30)-(2.31):

dx̂εt = v̂εtdt, (2.67)

εdv̂εt = −γ̂(xεt)v̂
ε
tdt+ F̂ (xεt)dt+ σ̂dW

(q2)
t , (2.68)

with

γ̂(xεt) =


0

g(xεt)C1

m0
−σ(xεt)C2

m0

−M1C
∗
1h(xεt)

τκ
Γ1

τκ
0

0 0 Γ2

τξ

 , F̂ (xεt) =


F (xεt)

m0

0

0

 , σ̂ =


0

0

Σ2

τξ

 , (2.69)

where γ̂ ∈ R(d+d1+d2)×(d+d1+d2) is a 3 by 3 block matrix with each block a matrix of appropriate

dimension; F̂ ∈ Rd+d1+d2 , σ̂ ∈ R(d+d1+d2)×q2 and the 0 appearing in γ̂, F̂ and σ̂ is a zero

vector or matrix of appropriate dimension.

We now want to apply Theorem 2.3.1 (with m := ε, n := d + d1 + d2, γ replaced by γ̂,

F replaced by F̂ , σ replaced by σ̂, etc.) to (2.67)-(2.68).

It is straightforward to see that Assumption 2.4.1 guarantees that Assumption 2.3.1 is

satisfied. Also, Assumption 2.4.3 implies that Assumption 2.3.4 holds.

To verify Assumption 2.3.3, note again that yε0 = 0 and so by Assumption 2.4.2, we only

need to show that for every p > 0, E|εβε0|p = O(εα) as ε → 0, for some constant α ≥ p/2.

To show this, we use the fact that for a mean zero Gaussian random variable, X ∈ R, with

variance σ2,

E|X|p = σp
2p/2Γ

(
p+1

2

)
√
π

, (2.70)

for every p > 0, where Γ denotes the gamma function [Winkelbauer, 2012]. Applying this

to βε0, we obtain, for every p > 0, E|βε0|p = O(1/εp/2) as ε → 0 and so E|εβε0|p = O(εp/2) as

ε→ 0. Therefore, Assumption 2.3.3 is verified.

It remains to verify Assumption 2.3.2, i.e. that γ̂ is positive stable. Note that Γ2 is
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positive stable by assumption and the triangular-block structure of γ̂ implies that one only

needs to verify that the upper left 2 by 2 block matrix of γ̂:

L(x) =

 0 g(x)C1/m0

−M 1C
∗
1g(x)/τκ Γ1/τκ

 (2.71)

is positive stable, where x ∈ Rd.

We thus need to show that the resolvent set of −L(x), ρ(−L(x)) := {λ ∈ C : (λI +

L(x))−1 exists}, contains the right half plane {λ ∈ C : Re(λ) > 0} for every x ∈ Rd.

Let λ ∈ C such that Re(λ) > 0. We will use the following formula for blockwise inversion

of a block matrix: provided that S and P −QS−1R are nonsingular, we have

P Q

R S


−1

=

 (P −QS−1R)−1 −(P −QS−1R)−1QS−1

−S−1R(P −QS−1R)−1 S−1 + S−1R(P −QS−1R)−1QS−1

 , (2.72)

where P , Q, R, S are matrix sub-blocks of arbitrary dimension.

Since the matrices Aλ := Γ1/τκ + λI and Bλ(x) := I + g(x)κ̃(λτκ)h(x)/λm0 are

invertible for all λ in the right half plane by assumption, λI +L(x) is indeed invertible for

every x and in fact using the above formula for inverse of a block matrix, we have:

(λI +L(x))−1

=

 B−1
λ (x)/λ −B−1

λ (x)g(x)C1A
−1
λ /λm0

A−1
λ M 1C

∗
1h(x)B−1

λ (x)/λτκ A−1
λ (I −M 1C

∗
1h(x)B−1

λ (x)g(x)C1A
−1
λ /λm0τκ)

 .
(2.73)
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Therefore, γ̂ is invertible and one can compute:

γ̂−1 =


m0θ

−1 −τκθ−1gC1Γ
−1
1 τξθ

−1σC2Γ
−1
2

m0Γ
−1
1 M 1C

∗
1hθ

−1 τκΓ
−1
1 (I −M 1C

∗
1hθ

−1gC1Γ
−1
1 ) τξΓ

−1
1 M 1C

∗
1hθ

−1σC2Γ
−1
2

0 0 τξΓ
−1
2


(2.74)

where θ = gK1h. The result follows by applying Theorem 2.3.1 to the SDE systems (2.67)-

(2.68). In particular, a rewriting of the resulting Lyapunov equation (2.49) gives the system

of matrix equations (2.62)-(2.66).

Remark 2.4.2. In the above proof, the condition of invertibility of Bλ(x) is only used to

guarantee the positive stability of the matrix γ̂. Therefore, the conclusion of the theorem

holds also when the latter can be established in another way. This can indeed be done in a

number of concrete examples.

Remark 2.4.3. Our SIDEs belong to a special class of non-Markovian equations, the so-

called quasi-Markovian Langevin equations [Eckmann et al., 1999]. For these equations

one can introduce a finite number of auxiliary variables in such a way that the evolution of

particle’s position and velocity, together with these auxiliary variables, is described by a usual

SDE system and is thus Markovian. We remark that such “Markovianization” procedure

works here because the colored noise can be generated by a linear system of SDEs and

the memory kernel satisfies a linear system of ordinary differential equations with constant

coefficients. If, on the other hand, the memory kernel decays as a power, then there is no

finite dimensional extension of the space which would make the solution process Markovian

[ Luczka, 2005].

The following corollary uses a linear change of variables in a given SIDE, to arrive at an

alternative form of the corresponding homogenized SDE of the form (2.58).

Corollary 2.4.1. For i = 1, 2, let T i be arbitrary di × di constant invertible matrix, where

d1, d2 are positive integers. For t ≥ 0, denote Γ′i = T iΓiT
−1
i , M ′

i = T iM iT
∗
i , C

′
i = CiT

−1
i ,
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(βεt)
′ = T 2β

ε
t, Σ′i = T iΣi and consider the equations:

m0ε
µẍεt = F (xεt)−

g(xεt)

τκεθ

∫ t

0

C ′1e
− Γ′1
τκεθ

(t−s)
M ′

1(C ′1)∗h(xεs)ẋ
ε
sds+ σ(xεt)C

′
2(βεt)

′, (2.75)

τξε
νd(βεt)

′ = −Γ′2(βεt)
′dt+ Σ′2dW

′
t, (2.76)

where W ′
t is a q2-dimensional Wiener process and the initial condition, (βε0)′, is normally

distributed with zero mean and covariance of M ′
2/(τξε

ν).

Suppose that Assumptions 2.4.1-2.4.3 are satisfied and the effective damping and diffusion

constants,K ′i = C ′i(Γ
′
i)
−1M ′

i(C
′
i)
∗ = Ki (i = 1, 2), are invertible. Moreover, we assume that

I + g(x)κ̃′(λτκ)h(x)/λm0 is invertible for all λ in the right half plane {λ ∈ C : Re(λ) > 0}

and x ∈ Rd, where κ̃′(z) := C ′1(zI + Γ′1)−1M ′
1(C ′1)∗ = κ̃(z) for z ∈ C.

Let µ = θ = ν in (2.75)-(2.76). Then as ε → 0, the process xεt converges, in the similar

sense as in Theorem 2.4.1, to X t, where X t is the solution of the SDE (2.58) with the Ci,

Γi, M i, Σi replaced by C ′i, Γ′i, M
′
i, Σ′i respectively, and the driving Wiener process W

(q2)
t

replaced by W ′
t.

Corollary 2.4.1 is an easy consequence of Theorem 2.4.1.

Next, we discuss a particular, but very important, case when a fluctuation-dissipation

relation holds. This is, for instance, the case when the pre-limit dynamics are (heuristically)

derived from Hamiltonian dynamics (see Chapter 1). We will further explore similar cases

of fluctuation-dissipation relations for the two sub-classes.

Corollary 2.4.2. Let xεt ∈ Rd be the solution to the SDEs (2.50)-(2.55). Suppose that the

assumptions of Theorem 2.4.1 holds. Moreover, we assume that:

τκ = τξ = τ, σ = g, h = g∗, (2.77)
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where τ is a positive constant, and

C1 = C2 := C, Γ1 = Γ2 := Γ, M 1 = M 2 := M , Σ1 = Σ2 := Σ, (2.78)

(so that q = r and d1 = d2). Denote K := CΓ−1MC∗. Then as ε → 0, the process xεt

converges to the solution, X t, of the following (Itô) SDE:

dX t = S(X t)dt+ [g(X t)Kg
∗(X t)]

−1F (X t)dt+ [g(X t)Kg
∗(X t)]

−1g(X t)CΓ−1ΣdW
(q2)
t ,

(2.79)

where S(X t) is the noise-induced drift whose ith component is given by

Si(X) = m0
∂

∂Xl

[
((gKg∗)−1)ij(X)

]
(J11)jl(X), i, j, l = 1, . . . , d, (2.80)

where J11 solves the following system of three matrix equations:

m0J11gCM + τgC(J23 + J∗23) = τgCJ22 + gCM , (2.81)

MC∗g∗gCM(Γ−1)∗ = τMC∗g∗gCJ23(Γ−1)∗ +m0(ΓJ23 + J23Γ
∗),

(2.82)

MC∗g∗gCM(Γ−1)∗ + Γ−1MC∗g∗gCM = τ(MC∗g∗Γ−1J∗23C
∗g∗ + Γ−1J∗23C

∗g∗gCM)

+m0(ΓJ22 + J22Γ
∗). (2.83)

The convergence is obtained in the same sense as in Theorem 2.4.1.

Eqns. (2.77)-(2.78) are a form of fluctuation-dissipation relation familiar from non-

equilibrium statistical mechanics [Toda et al., 2012]. As stationary measures of systems

satisfying fluctuation-dissipation relations are in equilibrium with respect to the underlying

dynamics, this result is relevant for describing equilibrium properties of such systems in the

small mass limit.

Remark 2.4.4. Therefore, if the fluctuation-dissipation relation holds, the noise-induced
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drift in the limiting SDE reduces to a single term (later we will see how this term simplifies

in some special cases). This result may have interesting implications for systems of nanoscale

in equilibrium. We remark that the conditions for the fluctuation-dissipation relation in

corollary 2.4.2 can be written in other equivalent forms, up to the transformations in (2.8)

and multiplication by a constant.

Proof. The above corollary follows from applying Theorem 2.4.1. Indeed, by assumptions of

the corollary, (2.62) simplifies to:

gC(J12 − J13)∗ + (J12 − J13)(gC)∗ = 0. (2.84)

This implies that J12 = J13 and, therefore, S(2) and S(3) cancel. Rewriting the resulting

system of matrix equations in (2.62)-(2.66) give (2.81)-(2.83).

2.5 Homogenization for Models of the Two Sub-Classes

We now return to the two sub-classes of SIDEs (2.11) introduced in Section 2.2. In this

section, we study the effective dynamics described by SIDEs (2.25) and (2.27) in the limit

as ε → 0. By specializing to these two sub-classes, the convergence result of Theorem

2.4.1, in particular the expressions in (2.58)-(2.66), can be made more explicit under certain

assumptions on the matrix-valued coefficients and therefore the limiting equation obtained

may be useful for modeling purposes.

2.5.1 GLEs Driven by a Markovian Colored Noise

The following convergence result provides a homogenized SDE for the particle’s position in

the limit as the inertial time scale, the memory time scale and the noise correlation time

scale vanish at the same rate in the case when the pre-limit dynamics are driven by an

Ornstein-Uhlenbeck noise.
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Corollary 2.5.1. Let d = d1 = d2 = q1 = q2 = q = r. We set, in the SDEs (2.50)-(2.55):

βεt = ηεt, τξ = τη, W
(q2)
t = W

(d)
t := W t and

(Γ1,M 1,C1) = (A,A, I), (Γ2,M 2,C2) = (A,A/2, I), (2.85)

to obtain SDEs equivalent to equations (2.25)-(2.26) with µ = θ = ν = 1. Let xεt ∈ Rd be

the solution to these equations, with the matrices g(x) and h(x) positive definite for every

x ∈ Rd. Suppose that Assumptions 2.4.1-2.4.3 are satisfied and, moreover, that g(x), h(x)

and the diagonal matrix A are commuting.

Then as ε→ 0, the process xεt converges to the solution, X t, of the following (Itô) SDE:

dX t = S(X t)dt+ (gh)−1(X t)F (X t)dt+ (gh)−1(X t)σ(X t)dW t, (2.86)

with S(X t) = S(1)(X t) + S(2)(X t) + S(3)(X t), where the S(k) are the noise-induced drifts

whose ith components are given by

S
(1)
i (X) = m0

∂

∂Xl

[((gh)−1)ij(X)](J11)jl(X), i, j, l = 1, . . . , d, (2.87)

S
(2)
i (X) = −τκ

∂

∂Xl

[((Ah)−1)ij(X)](J21)jl(X), i, j, l = 1, . . . , d, (2.88)

S
(3)
i (X) = τη

∂

∂Xl

[((gh)−1σA−1)ij(X)](J31)jl(X), i, j, l = 1, . . . , d. (2.89)

Here J11 = J∗11, J21 = J∗12 and J31 = J∗13 are d by d block matrices satisfying the following
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system of matrix equations:

τηgJ23 +m0J13A = σA/2, (2.90)

τηAhJ13 = τηAJ23 + τκJ23A, (2.91)

AhJ12 + J∗12hA = AJ22 + J22A, (2.92)

gJ∗12 + J12g = σJ∗13 + J13σ
∗, (2.93)

m0J11hA+ τκσJ
∗
23 = τκgJ22 +m0J12A. (2.94)

The convergence is obtained in the same sense as in Theorem 2.4.1.

Proof. We will apply Theorem 2.4.1. As K1 = 2K2 = I, clearly they are invertible. Also,

being positive definite, g and h are invertible.

Since g, h and A are positive definite and commuting matrices, the matrix Bλ(x),

defined in (2.57), is invertible for all λ such that Re(λ) > 0. Indeed, in this case Bλ(x) =

I + g(x)(λτκI +A)−1Ah(x)/λm0. Since g, h and A are positive definite and commuting,

they have positive eigenvalues and can be simultaneously diagonalized. Therefore, all the

eigenvalues of Bλ(x) are nonzero for every λ with Re(λ) > 0 and x ∈ R
d, and so the

invertibility condition is verified. Therefore, the block matrix:

γ̂(xεt) =


0

g(xεt)

m0
−σ(xεt)

m0

−Ah(xεt)

τκ
A
τκ

0

0 0 A
τη

 , (2.95)

is positive stable (see Remark 2.4.2). The result then follows by applying Theorem 2.4.1.

For special one-dimensional systems, the expression of the limiting equation can be made

even more explicit.

Corollary 2.5.2. In the one-dimensional case, we drop the boldface and write X t := Xt ∈

R, g(X) := g(X), with g : R → R, etc.. We assume that h = g and A := α > 0 is a
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constant. The homogenized equation is given by:

dXt = S(Xt)dt+ g−2(Xt)F (Xt)dt+ g−2(Xt)σ(Xt)dWt, (2.96)

with S(Xt) = S(1)(Xt) + S(2)(Xt) + S(3)(Xt), where the noise-induced drift terms S(k)(Xt)

have the following explicit expressions that depend on the parameters m0, τκ and τη:

S(1)(Xt) =

(
1

g2(Xt)

)′
σ(Xt)

2

2g2(Xt)

[
τ 2
κg

2(Xt) +m0α(τκ + τη)

τ 2
η g

2(Xt) +m0α(τκ + τη)

]
, (2.97)

S(2)(Xt) = −
(

1

g(Xt)

)′
σ(Xt)

2τκ(τκ + τη)

2g(Xt)[τ 2
η g

2(Xt) +m0α(τκ + τη)]
, (2.98)

S(3)(Xt) =

(
σ(Xt)

g2(Xt)

)′
σ(Xt)τη(τκ + τη)

2[τ 2
η g

2(Xt) +m0α(τκ + τη)]
, (2.99)

where the prime ′ denotes derivative with respect to Xt.

Proof. With xεt := (xεt, z
ε
t , ζ

ε
t ) ∈ R3 and vεt := (vεt , y

ε
t , η

ε
t) ∈ R3, SDEs (2.67)-(2.68) become:

dxεt = vεtdt, (2.100)

εdvεt = −γ(xεt)v
ε
tdt+ F (xεt)dt+ σdW t, (2.101)

where

γ(xεt) =


0

g(xεt)

m0
−σ(xεt)

m0

− α
τκ
g(xεt)

α
τκ

0

0 0 α
τη

 , F (xεt) =


F (xεt)

m0

0

0

 , σ =


0

0

α
τη

 . (2.102)

It follows from Corollary 2.5.1 that the matrix γ is positive stable; one can also calculate its

eigenvalues explicitly and see that their real parts are positive. The eigenvalues of γ are

α

τη
,
α

2τκ
± 1

2

√
α2m0 − 4αg(xεt)

2τκ
m0τ 2

κ

, (2.103)
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and so their real parts are indeed positive.

On the other hand, the solution, J ∈ R3×3, to the Lyapunov equation,

γJ + Jγ∗ = σσ∗, (2.104)

can be computed (using Mathematica R©) to be:

J =


σ2

2m0g2

[
τ2
κg

2+m0α(τκ+τη)

τ2
η g

2+m0α(τκ+τη)

]
ασ2(τκ+τη)

2g(τ2
η g

2+m0α(τκ+τη)

ασ(τκ+τη)

2(τ2
η g

2+m0α(τκ+τη))

ασ2(τκ+τη)

2g(τ2
η g

2+m0α(τκ+τη)

ασ2(τκ+τη)

2(τ2
η g

2+m0α(τκ+τη))

τηασg

2(τ2
η g

2+m0α(τκ+τη))

ασ(τκ+τη)

2(τ2
η g

2+m0α(τκ+τη))

τηασg

2(τ2
η g

2+m0α(τκ+τη))
α

2τη

 . (2.105)

The result then follows from Corollary 2.5.1.

Remark 2.5.1. Note that here the matrix γ in (2.102) is not symmetric and the smallest

eigenvalue of its symmetric part can be negative. Moreover, the initial condition vε0 depends

on ε through the component ηε0 (which is a zero mean Gaussian random variable with variance

α/2ε). Thus, we cannot apply the main results in [Hottovy et al., 2015a] to obtain the

convergence result. This is in fact our main motivation to revisit the Smoluchowski-Kramers

limit of SDEs in Section III under a weakened spectral assumption on the matrix γ (or γ̂

for the multidimensional case) and a relaxed assumption concerning the ε dependence of vε0

(or v̂ε0 for the multidimensional case). See also Section 2.7 for alternative derivation of the

limiting equation using a multiscale expansion method.

Remark 2.5.2. In the important case when the fluctuation-dissipation relation (i.e. τκ = τη,

h = g and g is proportional to σ) holds for the one-dimensional models of the first sub-class,

the correction drift terms S(2) and S(3) cancel each other and the resulting (single) noise-

induced drift term coincides with that obtained in the limit as m → 0 of the systems with

no memory, driven by a white noise to which Theorem 2.3.1 applies directly! However, when

the relation fails, we obtain three different drift corrections induced by vanishing of all time

scales. Again, the presence of these correction terms may have significant consequences for
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the dynamics of the systems (see Section 2.6).

2.5.2 GLEs Driven by a Non-Markovian Colored Noise

The following corollary provides a homogenized SDE for the particle position in the limit,

in which the inertial time scale, the memory time scale and the noise correlation time scale

vanish at the same rate in the case when the pre-limit dynamics are driven by the harmonic

noise. We emphasize that in this case the original system is driven by a noise which is not

a Markov process.

Corollary 2.5.3. Let d = d1 = d2 = q1 = q2 = q = r. We set, in the SDEs (2.50)-(2.55):

τξ = τh, W
(q2)
t = W

(d)
t = W t and

Γ2 =

 0 −I

Ω2 Ω2

 , Γ1 =
1

2

 Ω2 4I −Ω2

−Ω2 Ω2

 =: TΓ2T
−1, (2.106)

M 2 =
1

2

I 0

0 Ω2

 , M 1 = 2TM 2T
∗, (2.107)

C2 = [I 0], C1 = C2T
−1, (2.108)

to obtain SDEs equivalent to equations (2.27)-(2.29) with µ = θ = ν = 1. Let xεt ∈ Rd be

the solution to the SDEs (2.50)-(2.55), with the matrices g(x) and h(x) positive definite for

every x ∈ Rd. Moreover, g(x), h(x) and the diagonal matrix Ω2 are commuting. Suppose

that Assumptions 2.4.1-2.4.3 are satisfied.

Then as ε→ 0, the process xεt converges to the solution, X t, of the following (Itô) SDE

dX t = S(X t)dt+ (gh)−1(X t)F (X t)dt+ (gh)−1(X t)σ(X t)dW t, (2.109)

with S(X t) = S(1)(X t) + S(2)(X t) + S(3)(X t), where the S(k) are the noise-induced drift

73



terms whose ith components are given by the expressions

S
(1)
i (X) = m0

∂

∂Xl

[((gh)−1)ij(X)](J11)jl(X), (2.110)

S
(2)
i (X) = −τκ

(
∂

∂Xl

[(h−1)ij(X)](J21)jl(X) +
∂

∂Xl

[(h−1(I − 2Ω−2))ij(X)](J31)jl(X)

)
,

(2.111)

S
(3)
i (X) = τh

(
∂

∂Xl

[((gh)−1σ)ij(X)](J41)jl(X) +
∂

∂Xl

[((gh)−1σΩ−2)ij(X)](J51)jl(X)

)
,

(2.112)

where i, j, l = 1, . . . , d. In the above,

Ĵ :=


J11 . . . J15

...
. . .

...

J51 . . . J55

 ∈ R5d×5d, with Jkl ∈ Rd×d, k, l = 1, . . . , 5, (2.113)

is the block matrix solving the Lyapunov equation

Ĵ γ̂∗ + γ̂Ĵ = σ̂σ̂∗, (2.114)

where

γ̂ =



0 g(X)
m0

g(X)
m0

−σ(X)
m0

0

−h(X)
τκ

Ω2

2τκ
2I
τκ
− Ω2

2τκ
0 0

0 −Ω2

2τκ
Ω2

2τκ
0 0

0 0 0 0 − 1
τh
I

0 0 0 Ω2

τh

Ω2

τh


, σ̂ =



0

0

0

0

Ω2

τh


. (2.115)

In the above, γ̂ ∈ R5d×5d is a 5 by 5 block matrix with each block an R
d×d-valued matrix,

σ̂ ∈ R5d×d is a 5 by 1 block matrix with each block a Rd×d-valued matrix, I is a d×d identity

matrix, 0 in γ̂ and σ̂ is a d× d zero matrix, and W is a d-dimensional Wiener process. The
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convergence is obtained in the same sense as in Theorem 2.4.1.

Note that the oscillatory nature of covariance function of the harmonic noise in the pre-

limit SIDE makes the noise-induced drift in the resulting limiting SDE more complicated

(there are more terms) compared to the case of OU process in the first sub-class. Therefore,

we write the system of matrix equations that the Jkl satisfy in the form of a matrix Lyapunov

equation in Corollary 2.5.3, without breaking it up into equations for individual blocks. This

could of course be done, leading to a (more complicated) analog of (2.90)-(2.94). The proof

of Corollary 2.5.3 is essentially identical to the proof of Corollary 2.5.1, so we omit it.

Again, for special one-dimensional systems, we are going to make the result more explicit.

Corollary 2.5.4. In the one-dimensional case, we drop the boldface and write X t := Xt ∈

R, g(x) := g(x), with g : R→ R, etc.. We assume that h = g and Ω := Ω is a real constant.

The homogenized equation is given by:

dXt = S(Xt)dt+ g−2(Xt)F (Xt)dt+ g−2(Xt)σ(Xt)dWt, (2.116)

with S(Xt) = S(1)(Xt) + S(2)(Xt) + S(3)(Xt), where the noise-induced drift terms S(k)(Xt)

have the following explicit expressions (computed using Mathematica R©) that depend on the

parameters m0, τκ and τh:

S(1)(X) = m0

(
1

g2(X)

)′
J11(X), (2.117)

S(2)(X) = −τκ
(

1

g(X)

)′(
J21(X) +

(
1− 2

Ω2

)
J31(X)

)
, (2.118)

S(3)(X) = τh

(
σ(X)

g2(X)

)′(
J41(X) +

1

Ω2
J51(X)

)
, (2.119)
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where the prime ′ denotes derivative with respect to X and the Jkl(X) are given by:

J11(X) =
σ2

2m0g2R(X)

(
g4τ 4

κ(τ 2
κ + τκτhΩ

2 + τ 2
hΩ2) +m2

0Ω4(τκ + τh)
2(τ 2

κ + τ 2
h

+ τκτh(Ω
2 − 2)) +m0Ω2g2(τκ + τh)[τ

4
h + τ 2

κτ
2
h(Ω2 − 2) + τ 4

κ(Ω2 − 1)

+ τ 3
κτh(2− 3Ω2 + Ω4)]

)
(2.120)

J21(X) =
σ2(τκ + τh)Ω

2

4gR(X)

(
m0Ω2(τκ + τh)(τ

2
κ + τ 2

h + τκτh(Ω
2 − 2))

+ g2(τ 4
κ + τ 2

κτ
2
h + τ 4

h + τ 3
κτh(Ω

2 − 1))

)
, (2.121)

J31(X) = −σ
2(τκ + τh)Ω

2

4gR(X)

(
−m0Ω2(τκ + τh)(τ

2
κ + τ 2

h + τκτh(Ω
2 − 2))

+ g2(τ 4
κ + τ 2

κτ
2
h − τ 4

h + τ 3
κτh(Ω

2 − 1))

)
, (2.122)

J41(X) =
1

2

(
σΩ2(τκ + τh)[g

2τ 4
h +m0Ω2(τκ + τh)(τ

2
κ + τ 2

h + τκτh(Ω
2 − 2))]

)
, (2.123)

J51(X) = −1

2

(
σΩ2(τκ + τh)[m0Ω2(τκ + τh)(τ

2
κ + τ 2

h + τκτh(Ω
2 − 2))

− g2τκτ
2
h(τκ + τh(Ω

2 − 1))]

)
, (2.124)

where g = g(X), σ = σ(X) and

R(X) = g4τ 4
h(τ 2

κ + τκτhΩ
2 + τ 2

hΩ2) +m2
0Ω4(τκ + τh)

2(τ 2
κ + τ 2

h + τκτh(Ω
2 − 2))

+ g2m0τ
2
hΩ2[τ 3

hΩ2 + τ 3
κ(Ω2 − 2) + τ 2

κτhΩ
2(Ω2 − 2) + τκτ

2
h(2− 2Ω2 + Ω4)]. (2.125)

Note that if we send Ω → ∞ in the expressions for the S(i)(X) (i = 1, 2, 3) above, we

recover the corresponding expressions given in Corollary 2.5.2 (with α = 1). This is not

surprising, since in this limit the harmonic noise becomes an OU process (with α = 1).

Moreover, when τκ = τh = τ , the noise-induced drift becomes S(X) = S(1)(X)+S(2)(X)+

76



S(3)(X), where

S(1) =
1

2

(
1

g2

)′
σ2

g2
, (2.126)

S(2) = −2τΩ2σ2

g

(
1

g

)′(
g2τ +m0Ω2(Ω2 − 1)

4m2
0Ω6 + 2g2m0τΩ4(Ω2 − 1) + g4τ 2(1 + 2Ω2)

)
, (2.127)

S(3) = 2τΩ2σ

(
σ

g2

)′(
g2τ +m0Ω2(Ω2 − 1)

4m2
0Ω6 + 2g2m0τΩ4(Ω2 − 1) + g4τ 2(1 + 2Ω2)

)
. (2.128)

Again, in the case when the fluctuation-dissipation relation holds we see that the noise-

induced drift coincides with that obtained in the limit as m→ 0 of the Markovian model in

Section III.

2.6 Application to the Study of Thermophoresis

2.6.1 Introduction

We revisit the dynamics of a free Brownian particle immersed in a heat bath where a tem-

perature gradient is present. This was previously studied in [Hottovy et al., 2012b]. It was

found there that the particle exhibits a drift in response to the temperature gradient, due

to the interplay between the inertial time scale and the noise correlation time scale. Such

phenomenon is called thermophoresis. We refer to [Hottovy et al., 2012b; Piazza, 2008] and

the references therein for further descriptions of this phenomenon, including references to

experiments.

Here, we will study the dynamics of the particle in a non-equilibrium heat bath, where a

generalized fluctuation-dissipation relation holds, in which both the diffusion coefficient and

the temperature of the heat bath vary with the position. In contrast to [Hottovy et al.,

2012b], we take into account also the memory time scale (in addition to the inertial time

scale and the noise correlation time scale) and model the position of the particle as the

solution to a SIDE of the form (2.11). Unlike the model used in [Hottovy et al., 2012b], the
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model can be derived heuristically from microscopic dynamics by an argument very similar

to that of Chapter 1.

For a spherical particle of radius R immersed in a fluid of viscosity µ, which in general

is a function of the temperature T = T (x) (and thus depends on x as well), the friction (or

damping) coefficient γ satisfies the Stokes law [Toda et al., 2012]:

γ(x) = 6πµ(T )R. (2.129)

On the other hand, the damping coefficient γ(x) and the noise coefficient σ(x) are expressed

in terms of the diffusion coefficient D(x) and the temperature T (x) as follows:

γ(x) =
kBT (x)

D(x)
, σ(x) =

kBT (x)
√

2√
D(x)

. (2.130)

In the following, we study two one-dimensional non-Markovian models of thermophoresis.

The first model is driven by a Markovian colored noise and the second model by a non-

Markovian one.

2.6.2 A Thermophoresis Model with Ornstein-Uhlenbeck Noise

In this section we model evolution of the position, xt ∈ R, of a particle by the following

SIDE:

mẍt = −
√
γ(xt)

∫ t

0

αe−α(t−s)
√
γ(xs)ẋsds+ σ(xt)ηt, (2.131)

where ηt is a stationary process, satisfying the SDE:

dηt = −αηtdt+ αdWt. (2.132)

The above equations are obtained by setting d = 1, F = 0, h = g = g :=
√
γ, σ = σ

in (2.15) and A = α in (2.13), where γ and σ are given by (2.130). Note that the noise
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correlation function is proportional to the memory kernel in the SIDE (2.131), i.e.

E[ηtηs] =
α

2
e−α|t−s| =

1

2
κ1(|t− s|), s, t ≥ 0 (2.133)

as in (2.21). Together with (2.130), this implies that the system described by (2.131) satisfies

the generalized fluctuation-dissipation relation (see the statement of Corollary 2.4.2 and

Remark 2.5.2). Note also that g is a constant multiple of σ if and only if T is position-

independent.

We now consider the effective dynamics of the particle in the limit when all the three

characteristic time scales vanish at the same rate. In the following, the prime ′ denotes

derivative with respect to the argument of the function.

Corollary 2.6.1. Let ε > 0 be a small parameter and let the particle’s position, xεt ∈ R

(t ≥ 0), satisfy the following rescaled version of (2.131)-(2.132):

dxεt = vεtdt, (2.134)

m0εdv
ε
t = σ(xεt)η

ε
tdt−

√
γ(xεt)

(∫ t

0

α

τε
e−

α
τε

(t−s)
√
γ(xεs)v

ε
sds

)
dt, (2.135)

τεdηεt = −αηεtdt+ αdWt, (2.136)

where m0, α, τ are positive constants, and (Wt) is a one-dimensional Wiener process. The

initial conditions are given by the random variables xε0 = x, vε0 = v, independent of ε

and (statistically) independent of (Wt), and ηε0 is distributed according to the invariant

distribution of the SDE (2.136).

Assume that the assumptions of Corollary 2.5.1 are satisfied (in particular, γ(x) > 0 for

every x ∈ R). Then, in the limit as ε → 0, xεt converges (in the same sense as in Corollary

2.5.1) to the process Xt ∈ R, satisfying the SDE:

dXt = b1(Xt)dt+
√

2D(Xt)dWt, (2.137)
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with the noise-induced drift, b1(X) = S(1)(X) + S(2)(X) + S(3)(X), where

S(1)(X) = D′(X)− D(X)T ′(X)

T (X)
, (2.138)

S(2)(X) =

[
−kBT (X)D′(X)

D(X)
+ kBT

′(X)

]
·
[

τD(X)

τkBT (X) + 2m0αD(X)

]
, (2.139)

S(3)(X) =

[
kBT (X)D′(X)

D(X)

]
·
[

τD(X)

τkBT (X) + 2m0αD(X)

]
. (2.140)

Proof. The corollary follows from Corollary 2.5.2. In particular, the expressions for S(1), S(2)

and S(3) follow from applying Corollary 2.5.2 to the present system (see (2.97)-(2.99)).

We give some remarks and discussions of the contents of Corollary 2.6.1 before we end

this subsection.

Remark 2.6.1. We see that in this case part of S(2) cancels S(3) and therefore the noise-

induced drift simplifies to:

b1(X) = D′(X)− 2m0αD
2(X)

τkBT (X) + 2m0αD(X)

T ′(X)

T (X)
. (2.141)

Using the Stokes law (2.129) which gives

D(X) =
kB

6πR

T (X)

µ(T )
, (2.142)

where µ(T ) = µ(T (X)), we have

b1(X) = kBT
′(X)

(
τ

2(αm0 + 3πRτµ(T ))
− µ′(T )T (X)

6πRµ2(T )

)
. (2.143)

Equation (2.141) gives the thermophoretic drift in the limit when the three characteristic

time scales vanish. Since it arises in the absence of an external force acting on the particle,

it is a “spurious drift” caused by the presence of the temperature gradient and the state-

dependence of the diffusion coefficient. Compared to eqn. (101) in [Hottovy et al., 2015a],
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the drift term derived here contains a correction term due to the temperature profile.

Discussion. We discuss some physical implications of the thermophoretic drift given in

(2.141). As discussed in [Hottovy et al., 2012b], the sign of b1(X) determines the direction in

which the particle is expected to travel. The particle will eventually reach some boundaries,

which can be either absorbing or reflecting. We are going to consider the reflecting boundaries

case. The position of the particle reaches a steady-state distribution ρ∞(X) in the limit

t→∞. Assuming that the particle is confined to the interval (a, b), a < b, one can compute

the stationary density:

ρ∞(X) = C exp

(
−
∫ X

a

2α

rγ(y) + 2α

T ′(y)

T (y)
dy

)
, (2.144)

where in terms of the original parameters of the model, r := τ/m0 > 0, and C is a normalizing

constant. In particular, in absence of temperature gradient (T ′(y) = 0), the particle is equally

likely to be found anywhere in (a, b), whereas when a temperature gradient is present, the

distribution of the particle’s position is not uniform. In the limit r → ∞, the particle’s

position is again distributed uniformly on (a, b). On the other hand, in the limit r → 0

the stationary density is inversely proportional to the temperature, i.e. ρ∞(X) = C̃T (X)−1,

where C̃ is a normalizing constant. Thus, the particle is more likely to be found in the colder

region. In the special case when D(X) is proportional to T (X), so that γ is independent of

X, we have

ρ∞(X) = C̃T (X)−
2α

2α+rγ , (2.145)

where C̃ is a normalizing constant, so the particle is more likely to be found in the colder

region, with the likelihood decreasing as r increases.

Next, we are going to study the sign of the thermophoretic drift directly using (2.141)

(this is in contrast to the approach in [Hottovy et al., 2012b], where µ(T ) is expanded around

a fixed temperature). We find that b1(X) > 0 if and only if r > rc and rc is the critical ratio
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of τ/m0, given by:

rc =
α

3πRµ(T )

(
µ′(T )T (X)

µ(T )− µ′(T )T (X)

)
, (2.146)

where µ(T ) = µ(T (X)) is obtained from the Stokes law. For r = rc, the stationary density

(2.144) reduces to:

ρc∞(X) = C
µ(T (X))

T (X)
, (2.147)

where C is a normalizing constant. Importantly, note that the drift does not change sign if

T is independent of X.

Finally, we discuss a special case. When µ(T ) = µ0 > 0 is a constant (so that γ(X) is a

constant), the thermophoretic drift is given by:

b1(X) =
kBT

′(X)

6πRµ0

[
1− α

α + 3πrRµ0

]
. (2.148)

In agreement with the result in [Hottovy et al., 2012b], b1(X) has the same sign as T ′(X),

leading to a flow towards the hotter region. The steady-state density is

ρ∞(X) = CT (X)
− α
α+3πrRµ0 , (2.149)

where C is a normalizing constant, and the particle is more likely to be found in the colder

region for all r > 0, even though the thermophoretic drift actually directs the particle towards

the hotter regions. This effect is in agreement with experiments, and is explained by the

presence of reflecting boundary conditions.

2.6.3 A Thermophoresis Model with Non-Markovian (Harmonic)

Noise

We repeat the analysis of the previous subsection in the case when the colored noise is a

harmonic noise. We set d = 1, F = 0, h = g = g :=
√
γ, σ = σ, Ω = Ω, Ω0 = Ω0 :=
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Ω
√

1− Ω2/4, Ω1 = Ω1 := Ω/
√

1− Ω2/4 (where |Ω| < 2) in the SIDE (2.20) and study the

effective dynamics of the resulting system as before. The case where |Ω| > 2 can be studied

analogously. The following result follows from Corollary 2.5.4.

Corollary 2.6.2. Let ε > 0 be a small parameter and the particle’s position, xεt ∈ R (t ≥ 0),

satisfy the following rescaled SDEs:

dxεt = vεtdt, (2.150)

εdvεt = −
√
γ(xεt)

m0τε

(∫ t

0

e−
Ω2

2τε
(t−s)

[
cos

(
Ω0

τε
(t− s)

)
+

Ω1

2
sin

(
Ω0

τε
(t− s)

)]√
γ(xεs)v

ε
sds

)
dt

+
σ(xεt)

m0

hεtdt, (2.151)

τεdhεt = uεtdt, (2.152)

τεduεt = −Ω2uεtdt− Ω2hεtdt+ Ω2dWt, (2.153)

where m0 and τ are positive constants, Ω, Ω0 and Ω1 are constants defined as before, and

(Wt) is a one-dimensional Wiener process. The initial conditions are given by the random

variables xε0 = x, vε0 = v, independent of ε, and (hε0, u
ε
0) are distributed according to the

invariant measure of the SDEs (2.152)-(2.153).

Assume that the assumptions in Corollary 2.5.3 are satisfied. Then, in the limit as

ε→ 0, the process xεt converges (in the same sense as Corollary 2.5.3) to the process Xt ∈ R,

satisfying the SDE:

dXt = b2(Xt)dt+
√

2D(Xt)dWt, (2.154)

where the noise-induced drift term is given by:

b2(X) = D′(X) (2.155)

− (4m2
0Ω6D2(X) + τ 2(kBT (X))2)D(X)

4m2
0Ω6D2(X) + 2kBT (X)m0τΩ4(Ω2 − 1)D(X) + τ 2(1 + 2Ω2)(kBT (X))2

T ′(X)

T (X)
.

(2.156)
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We next discuss the contents of Corollary 2.6.2.

Remark 2.6.2. Note that b2(X) differs from b1(X) obtained previously and b2(X)→ b1(X),

with α = 1 in the expression for b1(X), in the limit Ω→∞.

Discussion. In the reflecting boundaries case, the stationary distribution of the particle’s

position is

ρ∞(X)

= C exp

(
−
∫ X

a

D(y)(4Ω6D2(y) + r2(kBT (y))2)

4Ω6D2(y) + 2rΩ4(Ω2 − 1)D(y)kBT (y) + r2(1 + 2Ω2)(kBT (y))2

T ′(y)

T (y)
dy

)
,

(2.157)

where r := τ/m0 > 0 and C is a normalizing constant. Similarly to the previous model,

in the absence of temperature gradient (i.e. when T is a constant), the particle is equally

likely to be found anywhere in (a, b). When a temperature gradient is present, distribution

of the particle’s position is not uniform. However, in contrast to the previous model, in the

limit r → ∞ the particle is not distributed uniformly on (a, b) and in the limit r → 0 the

stationary density is no longer inversely proportional to the temperature. Both distributions

depend on the diffusion coefficient D(X) as well as on the temperature profile T (X).

We can also study the sign of the thermophoretic drift. In this case there can be up to

two critical ratios, rc, at which b2(X) changes sign, as the equation b2(X) = 0 is a quadratic

equation in r. In the special case when µ(T ) = µ0 > 0 is a constant (and thus so is γ(X)),

the thermophoretic drift is given by:

b2(X) =
kBT

′(X)

6πRµ0

[
1− Ω6 + 9π2R2r2µ2

0

Ω6 + 3πRrΩ4(Ω2 − 1)µ0 + 9π2R2r2(1 + 2Ω2)µ2
0

]
. (2.158)

In contrast to the result in previous model, b2(X) has the same sign as T ′(X) provided that

r >
Ω2(1− Ω2)

6πRµ0

. (2.159)
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Thus, b2(X) and T ′(X) do not share the same sign for all r > 0, unless |Ω| ≥ 1. Thus,

according to this model, presence of a temperature gradient allows us to tune the parameters

(m0, τ,Ω) to control the direction which the particle travels. The steady-state density in this

case is

ρ∞(X) = CT (X)
− Ω6+9π2R2r2µ2

0
Ω6+3πRrΩ4(Ω2−1)µ0+9π2R2r2(1+2Ω2)µ2

0 , (2.160)

where C is a normalizing constant. The particle will be more likely found in the colder region

for all r > 0 if |Ω| ≥ 1, whereas this might not be true for all r > 0 if |Ω| < 1.

2.7 Appendix on Derivation based on Multiscale Ex-

pansion

An alternative method that can be used to derive the limiting SDEs is the homogenization

of the backward Kolmogorov equations (BKEs). Using homogenization techniques in [Pa-

panicolaou, 1977; Pavliotis and Stuart, 2008; Hottovy, 2013] one can compute the limiting

backward Kolmogorov equation as the small parameter in the equation is taken to zero. In

this section, we demonstrate the techniques for an equivalent and special case of Corollary

2.5.2.

We consider the following family of equations (parametrized by the small parameter

ε > 0):

m0ε
2ẍt =

1

ε
σ(xt)ηt − g(xt)

∫ t

0

α

ε2τκ
e
− α
ε2τκ

(t−s)
g(xs)ẋsds+ F (xt), (2.161)

η̇t = − α

ε2τη
ηt +

α

ετη
Ẇt. (2.162)

For notational simplicity, we set τη = τκ = 1.
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We define the auxiliary variable:

yt :=
1

ε

∫ t

0

αe−
α
ε2

(t−s)g(xs)vsds.

Rewrite (2.161)-(2.162) as a system of SDEs for the Markov process (xt, vt, yt, ηt) ∈ R4:

dxt = vtdt, (2.163)

dvt =
σ(xt)ηt
m0ε3

dt− g(xt)

m0ε3
ytdt+

F (xt)

m0ε2
dt, (2.164)

dyt = −α
ε2
ytdt+

α

ε
g(xt)vtdt, (2.165)

dηt = −αηt
ε2
dt+

α

ε
dWt. (2.166)

A key step is to rescale vt 7→ vt√
m0ε

. Next, we define ut :=
√
m0εvt and rewrite:

dxt =
ut√
m0ε

dt, (2.167)

dut =
σ(xt)ηt√
m0ε2

dt− g(xt)yt√
m0ε2

dt+
F (xt)√
m0ε

dt, (2.168)

dyt = −α
ε2
ytdt+

αg(xt)ut√
m0ε2

dt, (2.169)

dηt = −αηt
ε2
dt+

α

ε
dWt. (2.170)

The associated backward Kolmogorov equation (see eqn. (1.41)) reads:

∂ρ

∂t
= Lερ :=

1

ε2
L0ρ+

1

ε
L1ρ, (2.171)

where

L0 =
σ(x)η
√
m0

∂

∂u
− g(x)y
√
m0

∂

∂u
− αy ∂

∂y
+
αg(x)u
√
m0

∂

∂y
− αη ∂

∂η
+
α2

2

∂2

∂η2
, (2.172)

L1 =
u
√
m0

∂

∂x
+
F (x)
√
m0

∂

∂u
. (2.173)
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Note that the dynamics in x are an order of magnitude slower than those in u, y, η.

The essence of the method is to seek an expansion of form ρ = ρ0 + ερ1 + ε2ρ2 + O(ε3).

Plugging this into (2.171) and matching terms with powers of ε gives:

L0ρ0 = 0, (2.174)

L0ρ1 = −L1ρ0, (2.175)

L0ρ2 = −L1ρ1 +
∂ρ0

∂t
. (2.176)

Now, (2.174) implies that ρ0 = ρ(x, t). The general solution ρ1 of (2.175) is:

ρ1 =

[
− 1

αg(x)
y +

√
m0

g(x)2
u+

σ(x)

αg(x)2
η

]
∂ρ

∂x
+ Ψ(x, t). (2.177)

Solvability condition (Fredholm alternative) for (2.176) gives:

∫
R3

ρ∗
[
∂ρ

∂t
− L1ρ1

]
dudydη = 0, (2.178)

for all ρ∗ ∈ Null(L∗0),
∫
R3 ρ

∗dudydη = 1. Thus,

∂ρ

∂t
=

∫
R3

ρ∗

[
− uy

α
√
m0

∂

∂x

(
1

g(x)

∂ρ

∂x

)
+ u2 ∂

∂x

(
1

g(x)2

∂ρ

∂x

)
+

uη

α
√
m0

∂

∂x

(
σ(x)

g(x)2

∂ρ

∂x

)

+
F (x)
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dudydη. (2.179)

The only density invariant under L∗0 is the Gaussian ρ∗(x, y, u) with the covariance:

Σ :=


σ2
u ρuyσuσy ρuησuση

ρyuσyσu σ2
y ρyησyση

ρηuσησu ρηyσησy σ2
η
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2
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g(x)σ(x)
g(x)2+2αm0
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 .
(2.180)
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Using:

∫
R3

ρ∗u2dηdydu = σ2
u,

∫
R3

ρ∗uηdηdydu = ρuησuση,

∫
R3

ρ∗yudηdydu = ρyuσyσu,

we obtain the BKE:

∂ρ

∂t
= − σ(x)2

g(x)[g(x)2 + 2αm0]

∂

∂x

(
1

g(x)

)
∂ρ

∂x
+

σ(x)
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∂x

(
σ(x)

g(x)2

)
∂ρ

∂x

+
σ(x)2

2g(x)2

∂

∂x

(
1

g(x)2

)
∂ρ

∂x
+

σ(x)2

2g(x)4

∂2ρ

∂x2
+
F (x)

g(x)2

∂ρ

∂x
= Lρ, (2.181)

which is the BKE for the Itô SDE:

dXt =
F (Xt)

g(Xt)2
dt+

σ(Xt)

g(Xt)2
dWt +

[
σ(Xt)

2

2g(Xt)2

∂

∂X

(
1

g(Xt)2

)

− σ(Xt)
2

g(Xt)[g(Xt)2 + 2αm0]

∂

∂X

(
1

g(Xt)

)
+

σ(Xt)

g(Xt)2 + 2αm0

∂

∂X

(
σ(Xt)

g(Xt)2

)]
dt.

(2.182)

This is the limiting SDE obtained in Corollary 2.5.2 (with τη = τκ = 1). We remark that

convergence of the infinitesimal generator Lε → L implies only a weak convergence result.
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PART 2

EFFECTIVE DYNAMICS OF OPEN

QUANTUM SYSTEMS
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CHAPTER 3

FROM CLASSICAL TO QUANTUM

STOCHASTICS

Abstract

In this chapter, we give a brief overview of quantum mechanics, from the view-

point of quantum probability and adopting the language of Hudson and Parthasarathy

[Parthasarathy, 2012]. We introduce the notations, terminologies and important results

that will be applied in later chapters. In particular, we introduce quantum stochastic

processes and their calculus on a bosonic Fock space. Whenever possible, we make

connection with relevant concepts in classical probability theory.

3.1 Mathematical Concepts and Formulations

Quantum probability is a version of noncommutative probability theory that not only extends

Kolmogorov’s classical probability theory, but also provides a natural framework to study

quantum mechanical systems. In fact, its development was aided by statistical ideas and

concepts from quantum theory. It is the foundation for construction of quantum stochastic

calculus (QSC) and quantum stochastic differential equations (QSDEs), which extend clas-

sical stochastic calculus and SDEs. The basic rigorous construction of QSC and QSDEs was
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first laid out in the seminal work of Hudson and Parthasarathy [Hudson and Parthasarathy,

1984]1. Modeling quantum mechanics as a noncommutative probability theory is a fruitful

mathematical approach [Bouten, 2008]. In the last few decades, the quantum probability

formalism has been widely applied to study open quantum systems (see Chapter 4). On the

other hand, the classical stochastic calculus of Itô has deep connection with objects such as

the Fock space and the Heisenberg uncertainty principle [Biane, 2010].

In this chapter, we give a quick but sufficient overview of quantum probability. We em-

phasize that the ideas and results in this chapter are certainly not original and only serve to

introduce background and notations for later studies. We follow closely the notations and

expositions in [Parthasarathy, 2012]. For comprehensive accounts of quantum probability, we

refer to the monographs [Parthasarathy, 2012] and [Meyer, 2006]. For recent developments,

perspectives and applications of the theory to the study of open quantum systems, we refer

to [Parthasarathy, 2018; Accardi, 2018; Parthasarathy, 2015; Hudson, 1985; Fagnola, 1999;

Attal et al., 2006; Bouten et al., 2007; Nurdin and Yamamoto, 2017; Barchielli and Vacchini,

2015; Gregoratti, 2001; Gough and James, 2009].

Notation. [A,B] := AB−BA and {A,B} := AB+BA denote, respectively, the commuta-

tor and anti-commutator of the operators A and B. The symbol I denotes identity operator

on an understood space. We denote by B(H) the algebra of all bounded operators on the

Hilbert space H, with the inner product 〈·|·〉, which is linear in the second argument and an-

tilinear in the first. We are using Dirac’s bra-ket notation, so we will write, for instance, the

vector u ∈ H as the ket |u〉. For X ∈ B(H), u, v ∈ H, we write 〈u|X|v〉 = 〈u|Xv〉 = 〈X∗u|v〉.

We recall that unbounded operators are defined only on a linear manifold in H (the domain

of the operators). Two unbounded operators X and Y are equal if their domains coincide

and both of them agree on the common domain. The adjoint operator of the unbounded

operator X is denoted as X† (whenever it exists). Any projections considered hereafter are

1For an account of the developments that preceeded the publication of this seminal paper, see [Applebaum,
2010].
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orthogonal projections.

3.1.1 Postulates of Quantum Mechanics

The essence of quantum probability is best illustrated in line with the mathematical formu-

lation of non-relativistic quantum mechanics, which is based on a set of commonly accepted

postulates [Neumann, 1932]. We will do so in this subsection and make connection to rele-

vant concepts in classical probability along the way. For simplicity, we focus on description

of a single, isolated quantum particle in the following.

Roughly speaking, classical mechanics describes the dynamical state variables of a par-

ticle as functions of position and momentum on a phase space (see Chapter 1). Quantum

mechanics describes the state of a particle by an abstract “wave function” obeying wave

mechanics2. More precisely, following closely the Dirac-von Neumann axioms3, quantum

mechanics is formulated based on the following principles.

(A1) Spaces. For every quantum system, there is an associated complex separable Hilbert

space H (with inner product 〈·|·〉) on which an algebras of linear operators, A, is

defined.

(A2) States. Given an algebra of operators A on H for a quantum system, the space of

quantum states, S(A), of the system consists of all positive trace class operators ρ ∈ A

with unit trace, i.e. Tr(ρ) = 1. The pure states are projection operators (rays) onto

one-dimensional subspaces of H, with Tr(ρ2) = 1. All other states ρ, with Tr(ρ2) < 1,

are called mixed states. For instance, if |u〉 is a unit vector in H, then the density

operator defined by |u〉〈u| is a pure state. For our convenience, we will also refer to |u〉

as the state. In finite-dimensional spaces, the general density operator representing a

2The wave nature of the particle in the theory is consistent with the observation in the double-slit exper-
iment – see Chapter 1 in [Gustafson and Sigal, 2011; Sakurai and Napolitano, 2017] for a brief description.

3Here we are following the orthodox version of quantum mechanics. Interpretations of quantum mechanics
belong to the foundations of quantum mechanics and we will not discuss them (however, see [Accardi, 2006]
for a fun digression).
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mixed state is a statistical mixture of pure states of the form ρ =
∑

j pj|uj〉〈uj|, where∑
j pj = 1.

(A3) Observables. An observable of quantum systems is represented by a self-adjoint linear

(not necessarily bounded) operator, X, on H. By von Neumann’s spectral theorem

[Reed and Simon, 1972], it admits a spectral representation,

X =

∫
R

xPX(dx), (3.1)

where PX is a spectral measure on the Borel σ-algebra of R. For instance, for a

self-adjoint operator X ∈ B(H) with H finite-dimensional, the spectral representa-

tion becomes X =
∑

λ∈Spec(X) λE
X
λ , where λ is an eigenvalue of X and EX

λ is the

orthogonal projection on the corresponding eigenspace such that EX
λ E

X
λ′ = δλ,λ′I and∑

λ∈Spec(X)E
X
λ = I.

(A4) Measurements and Statistics. Let X represent an observable, |u〉 be a state4 and

E ⊂ R be a Borel subset. Then the spectral projection PX(E) is the event that the

value of the observable X lies in E and the probability that the event PX(E) occurs in

the state |u〉 is given by 〈u|PX(E)|u〉. From this, one sees that the probability measure

µX is given by

µX(E) = 〈u|PX(E)|u〉, (3.2)

on the Borel σ-algebra of R. A process of measurement5 on a quantum system is the

correspondence between the observable-state pair (X, ρ = |u〉〈u|) and the probability

measure µX . In other words, for any Borel subset E ⊂ R, the quantity µX(E) ∈ [0, 1]

is the probability that the result of the measurement of the observable X belongs to E

when the quantum system is in the state ρ. We say that µX is the distribution of the

4Any (mixed) state can be purified, i.e. it can be written as a partial trace of a pure state on an enlarged
Hilbert space. Purification is a central idea in the theory of quantum information [Nielsen and Chuang,
2010].

5For an overview of the theory of quantum measurement, see [Wiseman and Milburn, 2009].
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observable X in the state |u〉 and define the expectation of the observable X in this

state by

〈X〉 = Tr(Xρ) =

∫
R

xµX(dx) = 〈u|X|u〉, (3.3)

whenever it is finite. If f is a Borel function (real or complex-valued), then f(X) is an

observable with expectation 〈f(X)〉 =
∫
R
f(x)µX(dx) = 〈u|f(X)|u〉, if it is finite. An

important example is the characteristic function of X in the state |u〉, defined as:

〈eitX〉 =

∫
R

eitxµX(dx) = 〈u|eitX |u〉. (3.4)

From the above discussion, one can therefore view a quantum state as quantum analogue

of probability distribution in classical probability and a quantum observable as quantum

analogue of random variable (classical observable). There are important distinctions be-

tween these notions in the classical versus quantum case. In particular, the set of quantum

observables generally forms a noncommutative algebra while the set of classical observables

forms a commutative one. The noncommutativity of quantum observables leads to notable

departure of quantum mechanics from its classical counterpart, in particular:

• Non-commuting operators do not, in general, admit a “joint distribution”6 in a partic-

ular state [Breuer and Petruccione, 2007].

• Noncommutativity of operators also gives rise to interesting inequalities for statistical

quantities of observables. We mention one such inequality in the following.

Define the covariance7 between X, Y ∈ B(H) in the state ρ as:

covρ(X, Y ) = Tr(ρX∗Y )− Tr(ρX∗)Tr(ρY ).

6Non-commuting observables cannot be simultaneously realized classically. Generally, there is no sensible
notion of joint quantum probability distribution for them.

7The covariance might be a complex number if the two observables are non-commuting (interference)
[Parthasarathy, 2012].
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Proposition 3.1.1. Uncertainty principle.

Let varρ(X) := covρ(X,X), then for any pure state |u〉 and observables X, Y , we have

the following inequality:

varu(X)varu(Y ) ≥ 1

4
|〈u|i[X, Y ]u〉|2.

Proof. See Proposition 5.1 in [Parthasarathy, 2012].

This is an abstract version of the Heisenberg uncertainty principle in quantum mechan-

ics and it conveys the impossibility of measuring both X and Y with total precision in

the pure state |u〉 (see also Appendix A in [Lampo et al., 2016]).

A comparison between notions arising in classical probability and the notions in the above

postulates of quantum mechanics is summarized in Table 3.1.

Table 3.1: Notions in Classical and Quantum Probability

Notions Classical Probability Quantum Probability
State Space Set of all possible outcomes, Ω Complex Hilbert space, H
Events F , set of all indicator functions in Ω P(H), set of all projections in H
Observables Measurable functions Self-adjoint operators in H
States Probability measure, µ Positive operator of unit trace, ρ
Prob. Space Measure space (Ω,F , µ) The triple (H,P(H), ρ)

We demonstrate the notions introduced so far and the above consequences of noncom-

mutativity in an example. These consequences should be kept in mind when we study open

quantum systems in Chapter 4.

Example 3.1.1. The following describes a quantum particle moving in a three dimensional

space. The wave function (i.e. the complex-valued function of the particle’s position),

ψ(x) ∈ H = L2(R3) := {ψ : R3 → C :
∫
R3 |ψ(x)|2dx < ∞} (with the inner product,

〈φ|ψ〉 =
∫
R3 φ(x)ψ(x)dx) , determines the pure state, |ψ(x)〉〈ψ(x)|.
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Two important observables are the position q and momentum p, defined as

qψ(x) = xψ(x), pψ(x) = −i~∇xψ(x), (3.5)

where ψ(x) belongs to a dense domain8 of H and ~ ≈ 1.05 × 10−34 joule-second is the

reduced Planck constant. They are unbounded self-adjoint operators and are noncommuting,

since [q, p]ψ(x) = i~ψ(x), which is the canonical commutation relation (CCR) between q

and p. By Nelson’s theorem, which states that two observables have a joint probability

distribution (in the sense of Section 2 in [Breuer and Petruccione, 2007]) if and only if

they commute, it follows that q and p do not admit a joint distribution in the same state

[Breuer and Petruccione, 2007]. Applying the uncertainty principle, we see that formally

varu(q)varu(p) ≥ ~2/4 when the particle is in the normalized state u. Later we will describe

a system of infinitely many identical quantum particles. In that case, we will see that

the CCRs among their observables specify the quantum statistics and the properties of the

representation of these CCRs will be exploited to build a theory of quantum stochastic

integration.

(A5) Dynamics. The (reversible) time evolution of a pure state (wave function) in H are

determined by a unitary operator U : H → H. By Stone’s theorem, if t 7→ U(t) is

a strongly continuous, one-parameter unitary group, then there exists a unique linear

self-adjoint operator H, the Hamiltonian, such that U(t) = e−itH/~. In this case, the

pure state |u〉 evolves according to |u(t)〉 = U(t)|u〉, U(0) = I, 〈u|u〉 = 1, and satisfies

the celebrated Schrödinger equation:

i~
d

dt
|u(t)〉 = H|u(t)〉, |u(0)〉 = |u〉, t ≥ 0. (3.6)

Physically, the Schrödinger equation is sensible, as the linearity of the dynamics ensures

8It is useful to consider wave functions ψ(x) which live in a suitable test function space, i.e. a linear
subspace D ⊂ H. For example, D can be the set of all smooth functions with support in some compact
subset K ⊂ R. Physically, this choice of D says that the particle is confined to the region K in space.
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the superposition principle for states is satisfied and the fact that the Schrödinger

equation is first order in time guarantees causality of the states. The self-adjointness

(in particular, the symmetry) of H is important to conserve the probability at all times,

i.e. ‖u(t)‖ = 1 for all t ≥ 0.

For general states which are represented by density operators, they evolve via the map

ρ 7→ ρ(t) = U(t)ρU∗(t). This is the so-called Schrödinger picture, where the states

evolve in time while the observables are fixed. The dual picture, where the states are

fixed while the observables evolve in time, is called the Heisenberg picture. In this

picture, an observable evolves according to the map (*-automorphism) X 7→ X(t) :=

τt(X) := U∗(t)XU(t) and satisfies the Heisenberg equation of motion:

d

dt
X(t) =

i

~
[H,X(t)], X(0) = X. (3.7)

The two pictures are related via Tr(ρX(t)) = Tr(ρ(t)X) (by the cyclic property of

trace). Taking the expectation with respect to the state |u〉, one obtain the Ehrenfest

equation, a quantum analogue of the classical Hamilton’s equation:

d

dt
〈X(t)〉 =

i

~
〈[H,X(t)]〉, 〈X(0)〉 = 〈X〉 ∈ R. (3.8)

Example 3.1.2. Suppose that the single particle in Example 3.1.1 is a quantum harmonic

oscillator and so is described by the Hamiltonian:

Hho =
p2

2m
+

1

2
mω2q2, (3.9)

where m and ω denote the mass and frequency of the particle respectively. Then the Heisen-

berg equation of motions for its position and momentum give:

q̇(t) = p(t)/m, ṗ(t) = −mω2q(t), (3.10)
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which can be seen to be quantum analogue of the Newton’s second law, q̈(t) = −ω2q(t).

3.1.2 Composite Systems

We need to be able to describe a family of independent systems (recall that so far we have

focused on a system – that of a single particle). Let × and ⊗ denote the cartesian product

and tensor product9 respectively in the following.

In classical probability, if (Ω1,F1, P1), . . . , (Ωn,Fn, Pn) are probability spaces describing

n independent statistical systems, then the product probability space (Ω,F , P ) := (Ω1 ×

· · · ×Ωn,F1× · · · × Fn, P1× · · · × Pn) describes a single system consisting of the n systems,

and

P (F1 × · · · × Fn) = P1(F1) · · ·Pn(Fn),

for any event Fi ∈ Fi. In quantum mechanics, the Hilbert space of a composite system

consisting of independent component systems is the Hilbert space tensor product of the

state spaces associated with the component systems. More precisely, if (H1, ρ1), . . . , (Hn, ρn)

describe n independent quantum systems, then (H, ρ) := (H1 ⊗ · · · ⊗ Hn, ρ1 ⊗ · · · ⊗ ρn)

describes a single quantum system consisting of the n systems, where ρ1⊗ · · ·⊗ ρn is a state

on H1⊗· · ·⊗Hn. For i = 1, . . . , n, let Xi be an observable on Hi and the spectral projection

PXi(Ei) be the event that the value of the observable Xi lies in the Borel subset Ei ⊂ R.

Then X = X1 ⊗ · · · ⊗ Xn is an observable on H and the probability that the value of the

observable X lies in E = E1 × · · · × En is given by

µX1,...,Xn(E1 × · · · × En) = Tr((ρ1 ⊗ · · · ⊗ ρn)(PX1(E1)⊗ · · · ⊗ PXn(En)))

= Tr(ρ1P
X1(E1)) · · ·Tr(ρnPXn(En)) = µX1(E1) · · ·µXn(En).

(3.11)

Other notions introduced in the Postulate (A4)-(A5) can be extended analogously to compos-

9For definitions of tensor product, see [Parthasarathy, 2012] (for a coordinate-free approach based on
positive definite kernels) and [Reed and Simon, 1972] (for the usual approach).
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ite systems. The above description can be extended to infinitely many independent systems

and in the case where the systems are also identical it is convenient to achieve this task on

a Hilbert space endowed with a certain structure: the Fock space, to be introduced in the

next section.

3.2 Elements of Quantum Stochastic Analysis

We provide a minimal review of the basic ideas and results from Hudson-Parthasarathy (H-

P) quantum stochastic calculus, which is a bosonic10 Fock space stochastic calculus based

on the creation, conservation and annihilation operators of quantum field theory. The goal

of our review is to convince, at least at a formal level, the readers that a quantum version of

stochastic calculus can be developed in parallel with the classical calculus. Again, we follow

[Parthasarathy, 2012] closely in the following.

Recall that a classical stochastic process is a family of random variables (classical ob-

servables) on a probability space (Ω,F , P ) indexed by t ∈ R
+ = [0,∞). To see how one

could formulate the concept of quantum stochastic process, let us first consider a family of

commuting observables, {X(t), t ∈ T}, where T ⊂ R
+ is a time interval. Since this fam-

ily can be simultaneously diagonalized, we are allowed to consider observables of the form∑n
j=1 ξjX(tj) for any finite set {t1, . . . , tn} ⊂ T and real constants ξj (j = 1, . . . , n) and

define the joint characteristic function of X := (X(t1), . . . , X(tn)), i.e. Fourier transform of

the joint probability distribution µX(t1),...,X(tn) in Rn:

〈eiξ·X〉 := 〈u|ei
∑n
j=1 ξjX(tj)|u〉, (3.12)

where |u〉 is a state and ξ = (ξ1, . . . , ξn) ∈ Rn. Then the family {µX(t1),...,X(tn) : {t1, . . . , tn} ⊂

T, n = 1, 2, . . . } of all finite-dimensional distributions is consistent. Therefore, it follows

10A stochastic calculus can also be constructed in the setting of a fermionic Fock space and in fact such
calculus is related to the one based on the Fock space [Hudson and Parthasarathy, 1986].
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from Kolmogorov’s theorem that the family {X(t), t ∈ T} defines a stochastic process. Note

that the correspondence ξ → eiξ·X is a unitary representation of Rn.

An important example of classical stochastic process that can be constructed via the

above procedure is the Wiener process, with respect to which a stochastic integral can be

defined [Karatzas and Shreve, 2012]. Adapting the above viewpoint to a family of commut-

ing (operator-valued and not necessarily bounded) quantum observables with respect to a

class of states in a Hilbert space, one can construct quantum stochastic processes [Accardi

et al., 1982]. A particular quantum analogue of the above unitary representation (the Weyl

representation) will be important in the case when the observables are unbounded. We will

show how one can construct quantum analogue of Wiener process within the setting of a

bosonic Fock space.

3.2.1 Bosonic Fock Space

A Fock space describes states of a quantum field consisting of an indefinite number of identical

particles. It is a crucial object in the formalism of second quantization used to study quantum

many-body systems. The main idea of second quantization is to specify quantum states by

the number of particles occupying the states, rather than labeling each particle with its

state, thereby eliminating redundant information concerning identical particles and allowing

an efficient description of quantum many-body states. From the perspective of quantum

stochastic modeling, it is a natural space to support quantum noise, describing the effective

action of the environment on a system of interest (see Chapter 4).

A system of identical particles is described by either a totally symmetric wave function

(invariant under exchange of any two coordinates) or a totally asymmetric wave function.

This gives rise to two distinct types of particles: bosons in the former case and fermions in

the latter case. We are only interested in description for bosonic systems.

Definition 3.2.1. The bosonic Fock space, over the one-particle space H, is defined as the
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countable direct sum:

Γ(H) = C⊕H⊕H◦2 ⊕ · · · ⊕ H◦n ⊕ . . . , (3.13)

where C, denoting the one-dimensional space of complex scalars, is called the vacuum sub-

space andH◦n, denoting the symmetric tensor product of n copies ofH, is called the n-particle

subspace. Any element in an n-th particle subspace is called an n-particle vector. For any n

elements |u1〉, |u2〉, . . . , |un〉 in H, the vector ⊗nj=1|uj〉 is known as the finite particle vector

(or Fock vector) . The dense linear manifold F(H) of all finite particle vectors is called the

finite particle domain.

Since the particles constituting the noise space (and in each of the n-particle space) are

bosons, in order to describe the n-particle state (i.e. to belong to the n-particle space, H◦n),

a Fock vector has to be symmetrized:

|u1〉 ◦ |u2〉 ◦ · · · ◦ |un〉 =
1

n!

∑
σ∈Pn

|uσ(1)〉 ⊗ |uσ(2)〉 ⊗ · · · ⊗ |uσ(n)〉, (3.14)

where Pn is the set of all permutations, σ, of the set {1, 2, . . . , n}. The n-particle space is

invariant under the action of the permutation group Pn.

Important elements of the bosonic Fock space, Γ(H), are the exponential vectors:

|e(u)〉 = 1⊕ |u〉 ⊕ |u〉
⊗2

√
2!
⊕ · · · ⊕ |u〉

⊗n
√
n!
⊕ . . . , (3.15)

where |u〉 ∈ H and |u〉⊗n denotes the tensor product of n copies of |u〉. We call |Ω〉 := |e(0)〉

the Fock vacuum vector, which corresponds to the state with no particles. Note that |ψ(u)〉 =

e−〈u|u〉/2|e(u)〉 is a unit vector. The pure state with the density operator |ψ(u)〉〈ψ(u)| is called

the coherent state associated with |u〉. In the special case when H = C, the coherent states
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on Γ(H) = C⊕ C⊕ · · · are sequences of the form:

|ψ(α)〉 = e−|α|
2/2

(
1, α,

α2

√
2!
, · · · , α

n

√
n!
. . .

)
. (3.16)

We collect some basic properties of exponential vectors in the following.

Proposition 3.2.1. Basic properties of exponential vectors.

(i) For all |u〉, |v〉 ∈ H, the exponential vectors satisfy the following scalar product formula:

〈e(u)|e(v)〉 = e〈u|v〉, (3.17)

with the same notation for scalar products in appropriate spaces.

(ii) The map |u〉 7→ |e(u)〉 from H into Γ(H) is continuous.

(iii) The set {|e(u)〉 : |u〉 ∈ H} of all exponential vectors is linearly independent and total

in Γ(H), i.e. the smallest closed subspace containing the set is the whole space Γ(H).

(iv) Let S be a dense set in H. Then the linear manifold E(S) generated by M := {|e(u)〉 :

|u〉 ∈ S} is dense in Γ(H). For every map T : M → Γ(H), there exists a unique linear

operator T ′ on Γ(H) with domain E(S) such that T ′|e(u)〉 = T |e(u)〉 for all |u〉 ∈ S.

(v) Let Hi be Hilbert spaces, |ui〉 ∈ Hi (i = 1, . . . , n) and H = ⊕ni=1Hi. Then there exists

a unique unitary isomorphism U : Γ(H)→ Γ(H1)⊗· · ·⊗Γ(Hn) satisfying the relation:

U |e(u1 ⊕ · · · ⊕ un)〉 = |e(u1)〉 ⊗ · · · ⊗ |e(un)〉, (3.18)

for every |ui〉 ∈ Hi.

Proof. (i) follows from a straightforward computation. (ii) follows from the proof in Corollary

19.5 in [Parthasarathy, 2012]. (iii)-(v) follow from Proposition 19.4, Corollary 19.5 and

Proposition 19.6 in [Parthasarathy, 2012] respectively. One key ingredient in showing (iv)-

(v) is Proposition 7.2 in [Parthasarathy, 2012].
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When S = H in (iv), we call E = E(H) the exponential domain in Γ(H). By (iv), E is

dense in Γ(H). Therefore, any linear operator on Γ(H) can be determined by its action on

the exponential vectors.

It turns out that bosonic Fock spaces have many interesting connections with Gaussian

stochastic processes (see [Janson, 1997] and Example 19.8-19.12 in [Parthasarathy, 2012]).

We only mention one such connection: that with the Wiener process in classical probability.

Example 3.2.1. (From Example 19.9 in [Parthasarathy, 2012]) Consider the Hilbert spaces

L2(R+), Γ(L2(R+)), where R+ = [0,∞) is equipped with Lebesgue measure, and L2(µ), where

µ is the probability measure of the standard Wiener process {Wt, t ≥ 0}. For any complex-

valued function f ∈ L2(R+), let
∫∞

0
fdW denote the stochastic integral of f with respect to

the path W of the Wiener process. Then there exists a unique unitary isomorphism (the

Wiener-Segal duality transformation) U : Γ(L2(R+))→ L2(µ) satisfying:

[U |e(f)〉](W ) = exp

{∫ ∞
0

fdW − 1

2

∫ ∞
0

f(t)2dt

}
=: eW (f), (3.19)

and

〈e(f)|e(g)〉 = e〈f |g〉 = EµeW (f)eW (g)

for all f, g ∈ L2(R+).

In particular, this implies that e(1[0,t]f) can be identified with the exponential martingale

exp{
∫ t

0
fdW − 1

2

∫ t
0
f 2(s)ds} in classical probability for every t > 0. This suggests that the

operators of multiplication by an indicator function (with respect to time intervals), together

with (v) in Proposition 3.2.1, will be crucial when building a theory of quantum stochastic

integration.
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3.2.2 The Weyl Representation and Stochastic Processes in Bosonic

Fock Spaces

An important group in quantum stochastic calculus is the translation group on the Hilbert

space H. Indeed, any Hilbert space, H, being a vector space, is an additive group, which has

a natural translation action on the set of all exponential vectors by |u〉 : |e(v)〉 7→ |e(v+ u)〉,

where |u〉, |v〉 ∈ H. By requiring this action to be scalar product preserving, we define the

Weyl operator (displacement operator):

W (u)|e(v)〉 = e−
1
2
‖u‖2−〈u|v〉|e(u+ v)〉, (3.20)

for every |v〉 ∈ H. Note that 〈W (u)e(v1)|W (u)e(v2)〉 = 〈e(v1)|e(v2)〉 for every |v1〉, |v2〉 ∈ H.

By the totality of the set of all exponential vectors, it follows that there exists a unique

unitary operator W (u) in Γ(H) satisfying the above formula for every |u〉 ∈ H.

Theorem 3.2.1. Let H be a complex separable Hilbert space. Let W (u) be the Weyl

operator defined in (3.20). The correspondence |u〉 → W (u) from H into the set of unitary

operators on H is strongly continuous and irreducible in Γ(H), i.e. there is no proper

subspace in Γ(H) that is invariant under the actions of W (u), |u〉 ∈ H.

Moreover, for every |u1〉, |u2〉 ∈ H, we have:

W (u1)W (u2) = e−iIm(〈u1|u2〉)W (u1 + u2), (3.21)

W (u1)W (u2) = e−2iIm(〈u1|u2〉)W (u2)W (u1). (3.22)

It follows that for every |u〉 ∈ H, the map t 7→ W (tu), t ∈ R, is a one-parameter group of

unitary operators with the self-adjoint Stone generator p(u), satisfying

W (tu) = e−itp(u), (3.23)
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for all t ∈ R. The observables p(u) obey the following commutation relation:

[p(u), p(v)]|e(w)〉 = 2iIm〈u|v〉|e(w)〉, (3.24)

for all |u〉, |v〉, |w〉 ∈ H.

Proof. This is a special case of Theorem 20.10 in [Parthasarathy, 2012].

The correspondence |u〉 → W (u) is called a projective unitary representation. The for-

mula (3.21) implies that it is a homomorphism modulo a phase factor of unit modulus. The

formula (3.22) is known as the Weyl commutation relation. Such representation allows one

to obtain a rich class of observables, which are the building blocks of the calculus, on the

Fock space Γ(H). From these observables, one can then build quantum analogues of the

Wiener process in classical probability. Illustrating this is the focus of this subsection.

Remark 3.2.1. A more general group called the Euclidean group, which contains the above

translation group as a subgroup, would allow one to obtain a richer class of observables,

including quantum analogue of Lévy processes [Parthasarathy, 2018]. This demonstrates

the power of the quantum stochastic calculus, as it allows realization of processes such as

Wiener process and Poisson process on the same space. However, since we are only interested

in a stochastic integration theory with respect to quantum analogue of the Wiener process

in this dissertation, we omit further discussions on the general construction. For details, see

[Parthasarathy, 2012].

We now introduce a family of operators in terms of which not only computations involving

the p(u) become simplified but can also be related to operators familiar from quantum field

theory.

We define, for any |u〉 ∈ H,

q(u) = −p(iu) = p(−iu), a(u) =
1

2
(q(u) + ip(u)), a†(u) =

1

2
(q(u)− ip(u)). (3.25)
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The operators a†(u) and a(u) defined above are canonical observables on the bosonic Fock

space Γ(H), called the creation and annihilation operators associated to the vector |u〉 ∈ H,

respectively. Following [Parthasarathy, 2012], we refer to them as the fundamental fields.

Note that p(u) = i(a†(u)− a(u)) and q(u) = a†(u) + a(u).

We collect useful properties, which will be crucial for the development of quantum

stochastic calculus, of these operators in the following.

Proposition 3.2.2. The domain of product of finitely many operators from the family

{a(u), a†(u) : |u〉 ∈ H} contains the exponential domain E . Moreover, for any |u〉, |v〉 ∈ H,

ψ, ψ1, ψ2 ∈ E ,

(i)

a(u)|e(v)〉 = 〈u|v〉|e(v)〉, a†(u)|e(v)〉 =
∞∑
n=1

1√
n!

n−1∑
r=0

|v〉⊗r⊗ |u〉⊗ |v〉⊗(n−r−1); (3.26)

(ii) the creation and annihilation operators are mutually adjoint, i.e. 〈a†(u)ψ1|ψ2〉 =

〈ψ1|a(u)ψ2〉;

(iii) the restrictions of a(u) and a†(u) to E are antilinear and linear in u respectively. More-

over, they satisfy the canonical commutation relations: [a(u), a(v)]ψ = [a†(u), a†(v)]ψ =

0 and [a(u), a†(v)]ψ = 〈u|v〉ψ.

(iv)

a†(u)|e(v)〉 =
d

dε
|e(v + εu)〉

∣∣∣∣
ε=0

, (3.27)

(v) the linear manifold of all finite particle vectors is contained in the domain of a(u) and
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a†(u). Moreover,

a(u)|Ω〉 = 0, (3.28)

a(u)|v〉⊗n =
√
n〈u|v〉|v〉⊗(n−1), (3.29)

a†(u)|v〉⊗n =
1√
n+ 1

n∑
r=0

|v〉⊗r ⊗ |u〉 ⊗ |v〉⊗(n−r). (3.30)

Proof. See Proposition 20.12-20.14 in [Parthasarathy, 2012]. The key idea to obtain the

formula in (i), (iii)-(v) is to replace, in the definition of Weyl operator in (3.20), the vector

u by tu, t ∈ R, and then differentiating with respect to t at t = 0, so that one obtains:

p(u)|e(v)〉 = −i〈u|v〉|e(v)〉+ i
∞∑
n=1

1√
n!

n−1∑
r=0

|v〉⊗r ⊗ |u〉 ⊗ |v〉⊗(n−r−1). (3.31)

The formula there then lead to (ii) and the statements about the domain of the operators.

Note that in the special case |u〉 = |v〉 in (i), we have a(u)|ψ(u)〉 = 〈u|u〉|ψ(u)〉, which

is an eigenvalue relation similar to the one that defines the coherent state as eigenvector of

annihilation operator in quantum optics [Glauber, 1963]. Since vectors of the form |v〉⊗n

linearly span the n-particle space, (v) shows that a(u) maps the n-particle subspace into the

(n− 1)-particle subspace while a†(u) maps the n-particle subspace into the (n+ 1)-particle

subspace, justifying their names as annihilation and creation operators respectively.

Remark 3.2.2. Connection to quantum field theory. By working with appropriate

basis in H, we can relate the above creation and annihilation operators (the fundamental

fields) to those familiar in quantum field theory. For instance, choose and fix an orthonormal

basis {|ek〉, k = 1, 2, . . . } and define ak = a(ek), a
†
k = a†(ek). Then on the exponential domain

E , these operators satisfy the commutation relations [ak, al] = [a†k, a
†
l ] = 0 and [ak, a

†
l ] = δkl.

These are the commutation relations describing the ladder operators for a set of independent

harmonic oscillators.
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Now, let us move to a different basis of single particle state, say the position eigen-

states |r〉, corresponding to the unitary transformation |r〉 =
∑

k〈ek|r〉|ek〉. Note that

〈ek|r〉 = ϕ∗k(r), the complex conjugate of the wavefunction ϕk(r). The transformation

gives a new set of creation operators, ψ†(r) =
∑

k ϕ
∗
k(r)a

†
k, and annihilation operators,

ψ(r) =
∑

k ϕk(r)ak. They satisfy the commutation relations [ψ(r1), ψ†(r2)] = δ(r1 − r2),

[ψ(r1), ψ(r2)] = [ψ†(r1), ψ†(r2)] = 0 for r1, r2 ∈ R, which are commutation relations describ-

ing operator-valued functions called the quantum fields [Lancaster and Blundell, 2014].

Lastly, we investigate statistical features of observables arising from Weyl representation

and show that these observables can be viewed as quantum analogue of stochastic processes.

From definition, we have:

〈
Ω

∣∣∣∣W
(

n∑
j=1

tjuj

)∣∣∣∣Ω〉 = exp

(
−1

2

∑
i,j

titj〈ui|uj〉

)
(3.32)

for |uj〉 ∈ H, tj ∈ R, 1 ≤ j ≤ n. Let HR be a real subspace of H such that H = HR ⊕ iHR.

Then 〈u|v〉 ∈ R for |u〉, |v〉 ∈ HR and {W (u) : |u〉 ∈ HR} is a commutative family of operators

(due to (3.22)). In particular, {p(u) : |u〉 ∈ HR} is a commutative family of observables, and

so from (3.32), one has

〈
Ω

∣∣∣∣ exp

(
−i

n∑
j=1

tjp(uj)

)∣∣∣∣Ω〉 = exp

(
−1

2

∑
i,j

titj〈ui|uj〉

)
, (3.33)

which is the characteristic function of the n-dimensional Gaussian distribution with zero

means and covariance matrix (〈ui|uj〉)i,j=1,...,n. Therefore, the above commutative family of

observables in the Fock space realizes a zero mean classical Gaussian random field [Lord

et al., 2014; Mandrekar and Gawarecki, 2015] in the vacuum state |Ω〉 (more generally, in

the coherent states; see Proposition 21.1 in [Parthasarathy, 2012]).

Example 3.2.2. (From Example 21.3 in [Parthasarathy, 2012]) Let S ⊂ H be a real subspace

and P be a spectral measure on R
+ for which S is invariant. Let |ut]〉 = P ([0, t])|u〉, Xt =
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p(ut]) and R(t) = 〈u|P ([0, t])|u〉, where |u〉 ∈ S and p(ut]) is the Stone generator of the map

t 7→ W (ut]). Then {Xt : t ∈ R} is a commuting family of observables (with common domain

E) whose distribution in the vacuum state is a mean zero Gaussian process with independent

increments and cov(Xt, Xs) = R(min(t, s)). Note that when 〈u|P ([0, t])|u〉 = t, Xt realizes

the standard Wiener process in classical probability.

3.2.3 Elements of Quantum Stochastic Calculus

Example 3.2.2 suggests that we can turn the fundamental fields on a bosonic Fock space into

continuous time quantum stochastic processes11 provided that an appropriate time param-

eter is introduced in the fields. Then one could develop a quantum stochastic differential

description for a large class of observable-valued maps t 7→ X(t) in terms of these quantum

stochastic processes, in parallel with classical integration theory. This is the basic idea in

[Hudson and Parthasarathy, 1984], to be elaborated in the following.

To introduce the time parameter in the fundamental fields, we take the one-particle

space to be H = L2(R+)⊗ Z = L2(R+;Z), with its Borel structure and Lebesgue measure.

Symmetrically second quantizing this space leads to the bosonic Fock space Γ(L2(R+)⊗Z).

Here Z is a complex separable Hilbert space, equipped with a complete orthonormal basis

(|zk〉)k≥1. The space Z is called the multiplicity space of the noise. The space H is equipped

with the scalar product:

〈f |g〉 =

∫ ∞
0

〈f(t)|g(t)〉Zdt, (3.34)

and any element in it can be viewed as a norm square integrable function from R
+ into Z.

As we will be formulating a differential (in time) description of processes on the Fock space,

R
+ represents the time semi-axis.

Physically, the dimension of Z is the number of field channels that ones can couple to a

system. When Z = C (one-dimensional), the corresponding bosonic Fock space, Γ(L2(R+)),

11See also the more abstract definition in [Accardi et al., 1982], which defines quantum stochastic process
Jt(X) as a family of continuous ∗-homomorphisms on (H, ρ) indexed by t.
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describes a single field channel [Nurdin and Yamamoto, 2017]. When Z = C
d and the

|zi〉 = (0, . . . , 0, 1, 0, . . . , 0) with 1 in the i-th slot, i = 1, 2, . . . , d, is fixed as a canonical

orthonormal basis in Cd, the corresponding Fock space describes d field channels coupled to

the system. Since the dimension of Z can be infinite, it allows considering infinitely many

field channels. To take advantage of this generality, we take the quantum noise space to be

the bosonic Fock space Γ(H) over H = L2(R+)⊗Z in the following.

To introduce quantum probabilistic analogues of stochastic integrals, one needs an ap-

propriate notion of time to formulate the notion of filtration and adapted processes. We

consider the canonical spectral measure P (·) on R
+, defined by:

(P (E)f)(t) = 1E(t)f(t), (3.35)

for f ∈ H, where 1E denotes the indicator function of a Borel subset E ⊂ R
+. One can

interpret P (·) as a time observable in the Hilbert space H which, as a spectral measure, is

continuous, i.e. P ({t}) = 0 for all t.

Note that the P (·) are orthogonal projections, in terms of which a decomposition of the

Hilbert space H as the direct sum of a closed subspace and its orthogonal complement can

be obtained. We define:

Ht] := Ran(P ([0, t])), H[s,t] := Ran(P ([s, t])), H[t := Ran(P ([t,∞))),

where Ran denotes the range. Then for any 0 < t1 < t2 < · · · < tn < ∞, we have the

decomposition:

H = Ht1] ⊕H[t1,t2] ⊕ · · · ⊕ H[tn−1,tn] ⊕H[tn .

Now let HS be a fixed Hilbert space called the initial Hilbert space and consider the

space F = HS ⊗Γ(H). Physically, one views HS as describing a system of interest, Γ(H) as

describing a noise process and F as the total space for the time evolution of the system in
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the presence of quantum noise. Denote:

F0] = HS, Ft] = HS ⊗ Γ(Ht]), F[s,t] = Γ(H[s,t]), F[t = Γ(H[t).

Then, by (v) of Proposition 3.2.1, for 0 ≤ t1 < · · · < tn < ∞, we have the following

continuous tensor product factorization over R+:

F = Ft1] ⊗F[t1,t2] ⊗ · · · ⊗ F[tn−1,tn] ⊗F[tn .

The identification above is based on the factorization of the exponential vectors:

|ψ〉 ⊗ |e(u)〉 = |ψ〉 ⊗ |e(u[0,t1])〉 ⊗ |e(u[t1,t2])〉 ⊗ · · · ⊗ |e(u[tn−1,tn])〉 ⊗ |e(u[tn,∞))〉, (3.36)

where |ψ〉 ∈ HS, uE(τ) = (P (E)u)(τ) for a time interval E ⊂ R
+. Note that Ft1], F[tj ,tj+1]

(j = 1, . . . , n − 1) and F[tn embed naturally into F as subspaces by tensoring with the

vacuum vectors in appropriate sectors of the total space.

The basic idea of H-P quantum stochastic calculus comes from this continuous tensor

product factorization property of bosonic Fock space. One can obtain a quantum analogue

of the filtration by generalizing the viewpoint that filtrations in classical probability can be

represented as a commutative algebra.

Definition 3.2.2. A filtration (Bt])t≥0 in F is an increasing family of (von Neumann) alge-

bras, where

Bt] = {X ⊗ 1[t : X ∈ B(Ft]), 1[t is the identity operator in F[t}. (3.37)

Roughly speaking, a process {Xt, t ≥ 0} is adapted to the filtration (Bt])t≥0, if Xt acts

trivially on F[t, i.e. such that Xt = Xt⊗ 1[t for all t. From now on, we assume the following

for simplicity. All the operators in the bosonic Fock space have domains that include the
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exponential domain. Let D0 ⊂ HS be a dense subspace, M ⊂ H be linear manifold such

that P ([s, t])|u〉 ∈ M whenever |u〉 ∈ M for every 0 ≤ s < t <∞. Also, the linear manifold

generated by all vectors of the form fe(u) := |f〉 ⊗ |e(u)〉, f := |f〉 ∈ D0, u := |u〉 ∈ M, is

contained in the domain of any operators in F . More precisely:

Definition 3.2.3. (i) A family X = {Xt : t ≥ 0} of operators in F is an adapted process

if the map t→ Xtfe(u) is measurable and there exists an operator X ′t in Ft] such that

Xtfe(u) = (X ′tfe(ut]))⊗ e(u[t), (3.38)

for all t ≥ 0, f ∈ D0 and u ∈M. Such an adapted process is called regular if the map

t→ Xtfe(u) is continuous for every f ∈ D0, u ∈M.

(ii) A map m : t → mt from R
+ into F is a martingale if mt ∈ Ft] for every t and

P ([0, s])mt = ms for all s < t.

Remark 3.2.3. Take HS = C, N1 = B(F), N2 = B(Ft])⊗ PF[t
, where PF[t

denotes the set

of projections P ([t,∞)) into the space F[t. Then for X ∈ N1, there exists a unique operator

X ′ ∈ N2 such that for all u, v ∈M,

〈e(ut])|X ′|e(vt])〉 = 〈e(ut])⊗ e(u[t)|X|e(vt])⊗ e(v[t)〉

The map X 7→ X ′ ⊗ P ([t,∞)) can thus be viewed as a (quantum) conditional expectation

E[.|N2]. Therefore, one can view mt, the martingale in a bosonic Fock space, as a martingale

in the more familiar form in classical probability, i.e. E(mt|Fs]) = ms for all s ≤ t.

An important class of martingales is of the form |ut]〉 = P ([0, t])|u〉 for |u〉 ∈ M (c.f.

Example 3.2.2). We now introduce two families of regular, adapted processes associated

with this class of martingales (see other processes that can be studied in [Parthasarathy,

2012]). These are the processes in a bosonic Fock space with respect to which stochastic

integrals will be defined later.
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Any vector |u〉 ∈ H may be regarded as a Z-valued function. For a fixed basis of Z (e.g.

in the case when Z is the space Cd with the canonical basis |zk〉), we set uk(t) = 〈zk|u(t)〉Z

for k ≥ 1, where 〈·|·〉Z denotes scalar product on Z.

Definition 3.2.4. Let HS = C so that F = Γ(L2(R+)⊗Z). The creation and annihilation

processes associated with the martingales {1[0,t] ⊗ |zk〉}k≥1 are linear operators with their

domains equal the exponential domain E and:

A†k(t) = a†(1[0,t] ⊗ |zk〉), Ak(t) = a(1[0,t] ⊗ |zk〉), (3.39)

for k = 1, 2, . . . , where 1[0,t] denotes indicator function of [0, t] as an element of L2(R+).

Each Ak (respectively, A†k) is defined on a distinct copy of the Fock space Γ(L2(R+)) and

therefore, the Ak (respectively, A†k) are commuting. Physically, each of them represents a

single channel of quantum noise input coupled to the system. Note that in the special case

Z = C, the above construction gives only a single pair of creation and annihilation process

and in the case Z = C
d, we have d pairs of creation and annihilation processes associated

with d distinct noise inputs. The actions of the Ak(t) on the exponential vectors are given

by the eigenvalue relations:

Ak(t)|e(u)〉 =

(∫ t

0

uk(s)ds

)
|e(u)〉, (3.40)

and the A†k(t) are the corresponding adjoint processes:

〈e(v)|A†k(t)|e(u)〉 =

(∫ t

0

vk(s)ds

)
〈e(v)|e(u)〉. (3.41)

The above processes, which are time integrated versions of instantaneous creation and

annihilation operators, are two of the three kinds of fundamental noise processes intro-

duced by Hudson and Parthasarathy. They satisfy an integrated version of the CCR:

[Ak(t), A
†
l (s)] = δklmin(t, s), [Ak(t), Al(s)] = [A†k(t), A

†
l (s)] = 0.
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For each k, their ‘future pointing’ infinitesimal time increments, dA#
k (t) := A#

k (t+ dt)−

A#
k (t), where # denotes either creation or annihilation processes, with respect to the time

interval [t, t + dt], are independent processes. The independence is due to the fact that

time increments with respect to non-overlapping time intervals are commuting since they

are adapted with respect to F , i.e. they act non-trivially on the factor F[t,t+dt] of the space

F = Ft] ⊗ F[t,t+dt] ⊗ F[t+dt and trivially, as identity operator on the remaining two factors.

In other words, for a fixed k,

dA#
k (t)|e(u)〉 = (A#

k (t+ dt)− A#
k (t))|e(u)〉 (3.42)

= e(u[0,t])⊗ a#(1[t,t+dt] ⊗ |zk〉)e(u[t,t+dt])⊗ e(u[t+dt,∞)), (3.43)

where the operators a# are defined in (3.39). Therefore, any Hermitian noise processes

M(t) that are appropriate combinations of the A#
k (t) (for instance, the quantum Wiener

processes introduced later in (3.50)) have independent time increments, i.e. if we define

the characteristic function of M with respect to the coherent state, |ψ(u)〉, as ϕM(λ) :=

〈ψ(u)|eiλM |ψ(u)〉, then for any two times s ≤ t, we see that their joint characteristic function

with respect to the coherent state is the product of individual characteristic functions:

ϕM(s),M(t)−M(s)(λs, λt) := 〈ψ(u)|eiλsM(s)+iλt(M(t)−M(s))|ψ(u)〉

= ϕM(s)(λs)ϕM(t)−M(s)(λt). (3.44)

This property is a quantum analog of the notion of processes with independent increments

in classical probability.

Remark 3.2.4. In quantum field theory, the operators A†k(t) and Ak(t) are called the

smeared field operators and are usually written formally as:

Ak(t) =

∫ t

0

bk(s)ds, A†k(t) =

∫ t

0

b†k(s)ds, (3.45)
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where the bk(t) = 1√
2π

∫
R
b̂k(ω)e−iωtdω and b†k(t) = 1√

2π

∫
R
b̂†k(ω)eiωtdω are the idealized Bose

field processes satisfying the singular CCR: [bk(t), b
†
l (s)] = δklδ(t − s) [Gardiner and Zoller,

2004]. Physically, since b†k(s) creates a particle at time s through the kth noise channel, A†k(t)

creates a particle that survives up to time t. These formal expressions for the annihilation

and creation processes are simpler to work with than the more regular integrated processes

defined in (3.40)-(3.41). As remarked on page 39 of [Nurdin and Yamamoto, 2017], the

more fundamental processes from the underlying physics point of view are the quantum field

processes, not the rigorously defined, more regular integrated processes.

Exploiting the structure of bosonic Fock space and the properties of the fundamental

noise processes outlined above, Hudson and Parthasarathy developed and studied quantum

stochastic integrals with respect to these fundamental processes for a suitable class of adapted

integrand processes, in analogy with the constructions in classical Itô theory. These integrals

are, for instance, of the form:

Mk(t) :=

∫ t

0

Fk(s)dAk(s) +Gk(s)dA
†
k(s) (3.46)

= Fk(t1)⊗ (Ak(t2 ∧ t)− Ak(t1 ∧ t)) +Gk(t1)⊗ (A†k(t2 ∧ t)− A
†
k(t1 ∧ t)) (3.47)

defined on Ft] for t > 0, where the adapted operator-valued processes Fk(s) := Fk(t1)1[t1,t2)(s)

and Gk(s) := Gk(t1)1[t1,t2)(s) are step functions of s, t1 ∧ t2 denotes minimum of t1 and t2,

and Ak, A
†
k are the annihilation and creation processes on F (as defined in Definition 3.2.4).

In parallel with the construction in classical Itô calculus, the above stochastic integral can

be extended to include integrands that belong to a large class of adapted operator-valued

processes12. We will only review selected important results of the calculus in the following.

For precise and rigorous statements, see [Parthasarathy, 2012].

The most important result of the calculus is the quantum Itô formula, which describes

how the classical Leibnitz formula for the time differential of a product of two functions gets

12In the case where the integrands are unbounded operators, mathematically rigorous studies of these
integrals are technically difficult. See, for instance, [Fagnola, 2006].
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corrected when these functions depend explicitly on the fundamental noise processes. In the

vacuum state, the quantum Itô formula13 can be summarized by:

dAk(t)dA
†
l (t) = δkldt, (3.48)

and all other products of differentials that involve dAk(t), dA
†
k(t) and dt vanish. This can be

viewed as a chain rule with Wick ordering [Hudson and Streater, 1981] and as a quantum

analogue of the classical Itô formula. Also, when the Fk(s) and Gk(s) in (3.46) are bounded

(so that multiplications of operators are free of domain issue), we have:

d(MiMj) = (dMi)Mj +Mi(dMj) + dMidMj, (3.49)

where the Itô correction term dMidMj is evaluated according to the rule (3.48).

In particular, with respect to the initial vacuum state, the field quadratures W 0
k (t) =

Ak(t) + A†k(t) (k = 1, 2, . . . ) are mean zero Hermitian Gaussian processes with variance t.

Therefore, they can be viewed as quantum analogue of classical Wiener processes and their

formal time derivatives, dW 0
k (t)/dt = bk(t) + b†k(t), are quantum analogues of the classical

white noises. If one takes Z = C
d, then (W 0

1 ,W
0
2 , . . . ,W

0
d ) is a collection of commuting

processes and thus form a quantum analogue of d-dimensional classical Wiener process in

the vacuum state. Moreover, one has dW 0
i (t)dW 0

j (t) = δijdt, which is the classical Itô

correction formula for Wiener process. These results hold for a more general class of field

observables:

Definition 3.2.5. Quantum Wiener processes. Let k be a positive integer. For θk ∈ R

(phase angle), we call the following operator-valued processes on the bosonic Fock space

Γ(H):

W θ
k (t) = e−iθkAk(t) + eiθkA†k(t). (3.50)

13The trick to derive quantum Itô formula is to study product of quantum stochastic integrals sandwiched
between coherent states by applying the properties of the fundamental field processes. All the basic ideas
can be found in Section 25 of [Parthasarathy, 2012] or the seminal paper [Hudson and Parthasarathy, 1984].
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quantum Wiener processes.

Quantum Wiener processes are quantum analogue of the classical Wiener processes and

they satisfy the quantum Itô formula:

dW θ
i (t)dW θ

j (t) = δijdt, (3.51)

for every θ ∈ R. Stochastic integrals with respect to the quantum Wiener processes can

therefore be viewed as quantum analogues of the Itô stochastic integral in the classical

theory. The classical Itô theory of stochastic calculus is included in the quantum calculus by

using the Wiener-Segal identification of the bosonic Fock space with the L2 space of Wiener

process (see Example 3.2.1).

Remark 3.2.5. Following Remark 3.2.4, one can introduce the notion of quantum colored

noise [Belavkin et al., 1995; Xue et al., 2017]. For k = 1, 2, . . . , define

b†g,k(t) :=
1√
2π

∫
R

b̂†k(ω)eiωtĝ(ω)dω, bg,k(t) :=
1√
2π

∫
R

b̂k(ω)e−iωtĝ(ω)dω, (3.52)

where ĝ(ω) and b̂k(ω) denote the Fourier transform of g(t) and bk(t) respectively. Note that

b†g,k(t) is the inverse Fourier transform of b̂†k(ω)ĝ(ω) and so by the convolution theorem we

have:

b†g,k(t) =
1√
2π

∫
R

g(t− s)b†k(s)ds =
1√
2π

∫
R

g(t− s)dA†k(s), (3.53)

where the A†k(s) are creation processes. This is reminiscent of the formula for classical colored

noise defined via filtering of white noise [Lindgren]:

∫
R

γ(t− s)1{s≤t}(s)dBs =

∫ t

−∞
γ(t− s)dBs, (3.54)

where γ(t) describes the filter and B = (Bs) is a classical Wiener process. In the limit g → 1

(flat spectrum limit), the b†g,k(t) converge to the fundamental noise process b†k(t) = dA†k/dt.
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Similar remarks apply to bg,k(t) and to appropriate linear combinations of bg,k(t) and b†g,k(t),

which therefore deserve to be called quantum colored noise processes.
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CHAPTER 4

OPEN QUANTUM SYSTEMS

Abstract

In this chapter, we introduce the theory of open quantum systems, with emphasis

on the modeling aspects of these systems. We then study a quantum mechanical

Hamiltonian model describing a class of open quantum systems to be studied in this

dissertation. We derive Heisenberg-Langevin equations for the system’s position and

momentum observable and study their properties. The expositions here (and also the

results obtained in Part II of this dissertation) will be done at a formal level, focusing

on physical aspects of the theory.

4.1 Formalisms for Open Quantum Systems

In reality, no quantum system is completely isolated from its surrounding [Breuer and Petruc-

cione, 2007]. In other words, every quantum system (denoted S) is intrinsically in contact

with its surroundings (environment or heat bath), denoted B, which usually has infinitely

many degrees of freedom. This intrinsic openness of quantum systems is in contrast to clas-

sical systems. Similarly to the classical case, a popular approach to study open quantum

systems are models of system-reservoir type. If HS denotes the Hilbert space associated with

0Some mathematically rigorous aspects of the theory will be mentioned briefly and the related references
will be given in the footnotes.
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the system, and HB the Hilbert space associated with the bath, then the formal Hamiltonian

for the total system, which takes into account the interaction between the system and bath,

is

H = HS ⊗ I + I ⊗HB +HI (4.1)

on the total space HS⊗HB. In the above, HS is the Hamiltonian describing the system, HB

is the Hamiltonian describing the bath, HI is the Hamiltonian describing their interaction,

and I denotes identity operator on an understood space. The effective action of the reservoir

on the system can often be modeled as a quantum noise. This line of thinking has been

fruitful to study many concrete open quantum systems and has attracted increasing interest

these days, particularly from researchers working in the field of quantum optics [Gardiner

and Zoller, 2004] and quantum information [Nielsen and Chuang, 2010; Ohya and Volovich,

2011]. Useful formalisms to study open quantum systems are fundamental, given the un-

precedented1 progress in the development of techniques to measure and manipulate quantum

systems while keeping their essential quantum features.

Usually one is only interested in the dynamics of open systems which are, for instance,

accessible for measurement. A variety of methods and formalisms have been developed and

employed to study the systems. The standard formalism for the investigation of the dynamics

of open systems is the master equation, which describes the evolution of the reduced density

operator for the open system, obtained by taking the partial trace over the degrees of freedom

of the environment, i.e. the reduced density operator is of the form ρS(t) = TrB(ρ(t)), where

ρ(t) = e−iHt/~(ρS⊗ρB)eiHt/~ is the density operator of the total system and TrB denotes the

partial trace. Note that the initial total density operator ρ(0) = ρS ⊗ ρB, is in a factorized

form and evolves unitarily, but the reduced density operator ρS(t) generally does not evolve

unitarily.

1For instance, Haroche and Wineland developed an experiment to study the quantum mechanics of light
trapped between two mirrors. They show that the quantum of light – the photon – can be controlled with
atoms at an astonishing level of precision. Their work was recognized by a Nobel prize in 2012 [Haroche,
2013]. Their experiments were explained using models and methods of open quantum systems in [Rouchon,
2014].
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Early works in the open quantum systems literature focused on Markovian2 descriptions

of an open quantum system. These descriptions provide approximate but reasonably accurate

and tractable models for many open quantum systems. There are two approaches in such

descriptions: the axiomatic approach and the constructive approach.

In the constructive approach, one tries to derive the mathematically correct form of

Markovian master equations from first principles [Spohn, 1980]. The starting point is a

microscopic model of system-reservoir type described above. One obtains Markovian mas-

ter equation as an approximation to the exact reduced dynamics of the open system. In

the physical theory of open quantum systems, one often derives the so-called Born-Markov

master equation for the reduced density operator of the system under uncontrolled approxi-

mations [Schlosshauer, 2007]. This leads to a breakdown of positivity of the density operator

describing the state of the particle, associated to violation of the Heisenberg’s uncertainty

principle. In order to free of such problem, one naive remedy is to add a correction term,

justifiable in certain parameter regimes, to bring the master equation into a mathematically

correct Markovian form (the Lindblad form that we will discuss below) [Lampo et al., 2016].

On the other hand, in the mathematical theory of open quantum systems, one derives the

mathematically correct Markovian form from a microscopic model by taking well justified

limits such as the weak coupling limits [Gough, 2006; Derezinski and De Roeck, 2007; Dhahri,

2009] (or the stochastic limits [Accardi et al., 2002]), repeated interaction limits [Attal and

Pautrat, 2006], among others [Bouten et al., 2015].

The axiomatic approach focuses on deriving the mathematically correct form of Marko-

vian master equations from the theory of completely positive maps [Gorini et al., 1978].

Mathematical properties of the master equations and their solutions are studied. This leads

to the theory of quantum dynamical semigroups and their dilations3.

2Non-Markovian descriptions, in particular characterization and quantification of non-Markovianity, are
equally important and in fact they are topics of active research these days [de Vega and Alonso, 2017; Bylicka
et al., 2013].

3It is well known from the theory of one-parameter semigroups that a one-parameter contraction semi-
group on a Hilbert space can be expressed as a reduction of a unitary group [Nagy et al., 2010]. This
unitary group is called the dilation of the semigroup. This fact can be generalized to a quantum dynamical
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We now briefly discuss the axiomatic4 approach. A key observation is that any physically

reasonable dynamical map, Λ, must map physical states to physical states, including those

states of the system considered as part of a larger system. This is captured by the notion of

complete positivity, which is stronger than mere positivity. For instance, the transpose map

on matrices is positive but not completely positive. For precise definition, see [Alicki, 1987].

Completely positive maps were studied already in the 50s and the celebrated Stinespring

representation theorem leads to a general form of completely positive dynamical map, called

the Kraus decomposition (or operator-sum representation):

Λρ =
∑
k

WkρW
∗
k , (4.2)

where ρ is a state (for instance the reduced density operator ρS(t)) and the Wk are (Kraus)

operators such that
∑

kW
∗
kWk = I.

On the other hand, unity preservation of states is important to allow probabilistic inter-

pretation. These lead to the notion of quantum dynamical semigroup (or quantum Markov

semigroup), i.e. a dynamical map Λt which is completely positive and preserves the unity

(trace-preserving) for all times t ≥ 0. If Λt is continuous, then we can define its generator

L∗ such that Λt = etL
∗

and write down the master equation for ρ(t). The celebrated result

of Lindblad [Lindblad, 1976] (and also of Gorini, Kossakowski and Sudarshan) provides the

most general form of such master equations, called the Lindblad master equations (LMEs)

with a bounded5 generator:

d

dt
ρ(t) = L∗(ρ) = − i

~
[He, ρ] +

∑
k

LkρL
∗
k −

1

2

∑
k

{L∗kLk, ρ}, (4.3)

semigroup.
4We refer to [Rivas and Huelga, 2012] for a nice mathematical introduction.
5For open systems with infinite-dimensional Hilbert spaces, the generators of the quantum dynamical

semigroup are generally unbounded. However, in this case the Lindblad form often makes sense. The
operators He and Lk can be unbounded and the sum over k can be replaced by an integral. To our
knowledge, there is only one paper [Siemon et al., 2017] that studies the case of unbounded generator.
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where He = H∗e and the Lk (Lindblad operators) are bounded operators. The right hand

side of the LME above consists of three contributions. The term − i
~ [He, ρ] gives the uni-

tary contribution, the term
∑

k LkρL
∗
k can be interpreted as quantum jumps and the term

1
2

∑
k{L∗kLk, ρ} represents dissipation. It is the dissipation term that make the solution of

LME non-unitary. The choice of bounded operators He and the Lk is not unique and the

sum over k can be replaced by an integral.

The LME can be viewed as quantum analogue of the Fokker-Planck equation for transi-

tion probability density. The result of Lindblad6 above says that the semigroup Λt = eL
∗t,

where L∗ is given in (4.3), is a quantum dynamical semigroup. Quantum dynamical semi-

groups are generalization of classical Markov semigroups (see (1.38) in Chapter 1) to the

quantum setting.

Hudson-Parthasarathy (H-P) theory of stochastic integration produces a dilation of quan-

tum dynamical semigroups via their quantum stochastic differential equations (QSDEs). In

contrast to closed quantum system’s unitary evolution, interaction with an environment leads

to randomness in the unitary evolution of an open quantum system. Applying the quantum

Itô formula to V (t)V †(t) = V †(t)V (t) = I, where V (t) satisfies a SDE of the general form:

dV (t) =
∑
k

(Fk ⊗ dAk(t) +Gk ⊗ dA†k(t) +Hk ⊗ Idt)V (t), V (0) = I, (4.4)

where the Fk, Gk, Hk ∈ B(HS), the general form of a unitary, reversible, Markovian evolution

for a system interacting with an environment described by the fundamental noise processes

can be deduced. The unitary evolution operator, V (t), of the whole system, in the interaction

picture with respect to the free field dynamics [Barchielli, 2006], was found to satisfy an Itô

6It is remarkable that the Lindblad form can be derived in analogy with the classical Markovian conditions
on the generator Q of the stochastic matrix etQ for classical Markov process, at least in finite dimensional
systems. This was done by Kossakowski, who arrived at a set of equivalent conditions in the quantum case
[Rivas and Huelga, 2012].
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SDE of the following form:

dV (t) =

[(
− i
~
He −

1

2

∑
k

L†kLk

)
dt+

∑
k

(
L†kdAk(t)− LkdA

†
k(t)
)]

V (t), (4.5)

V (0) = I, (4.6)

associated to the system operators (He, {Lk}), whereHe = H†e is an effective Hamiltonian and

the Lk are Lindblad coupling operators. It can be viewed as a noisy Schrödinger equation7.

The choice of the operators (He, {Lk}) depends on physical systems on hand.

The evolution of a noisy system observable, X, initially defined on HS, can also be

obtained. By applying the quantum Itô formula to jt(X) := V (t)†(X ⊗ I)V (t), where V (t)

satisfies (4.5), one can deduce that jt(X) (Evans-Hudson flow) on F is described by the

following Heisenberg-Langevin equation8 :

djt(X) = jt(L(X))dt+
∑
k

(
jt([X,Lk])dA

†
k(t) + jt([L

†
k, X])dAk(t)

)
, (4.7)

j0(X) = X ⊗ I, (4.8)

where L is the Lindblad generator:

L(X) =
i

~
[He, X] +

1

2

∑
k

([L†k, X]Lk + L†k[X,Lk]). (4.9)

One can also obtain the evolution of field observables in this way and study the relation

between input and output field processes [Gardiner and Zoller, 2004]. We call such equa-

tion for an observable a quantum stochastic differential equation (QSDE) and its solution

is a quantum stochastic process, which is a noncommutative analogue of classical stochastic

process.

7One can also derive SDEs for the wave function; see [Parthasarathy and Usha Devi, 2017; Barchielli and
Gregoratti, 2009].

8This is often formulated in the so-called SLH framework in the quantum control and modeling literature
[Xue et al., 2017].
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To obtain the Lindblad master equation (LME) for reduced system density operator,

ρS(t), we first take the Fock vacuum conditional expectation of jt(X) to obtain the evolution

of the reduced system observable, Tt(X), defined via

〈ψ|Tt(X)|φ〉 = 〈ψ ⊗ e(u)|jt(X)|φ⊗ e(v)〉, (4.10)

so that dTt(X) = Tt(L(X))dt, then the Lindblad master equation:

dρS(t) = L∗(ρS(t))dt (4.11)

is obtained by duality. In this way, one sees that the Evans-Hudson flow is a dilation of

the quantum dynamical semigroup. The equation for Tt(X) above can be seen as quantum

analogue of the backward Kolmogorov equation. Indeed, for simple instances, one sees

that the restriction of L to a commutative algebra coincides with infinitesimal generator of

classical Markov processes (see Proposition 3.2 in [Fagnola and Rebolledo, 1999]).

The next two examples illustrate how one can apply the above formalism to study models

in quantum optics. For more examples, see the text [Nurdin and Yamamoto, 2017] or the

recent review paper [Combes et al., 2017].

Example 4.1.1. Two-level atom interacting with a radiation field [Haroche and

Raimond, 2006]. Consider the small system to be a two-level atom, which is described

by a Hilbert space HS = C
2 and the Hamiltonian He = ~Ωσ+σ−, where σ+ and σ− are the

raising and lowering operator respectively. It interacts with a radiation field in equilibrium

at a temperature T . The evolution of the atom can be described effectively by two Lindblad

operators L1 =
√
γ(N + 1)σ− and L2 =

√
γNσ+, which describe the energy exchanges

between the atom and the field. The first Lindblad operator describes the processes of

spontaneous and stimulated emission, where the atom loses energy into the field, while the

second one describes the absorption, where the atom gains energy from the field. Here γ is

the rate at which the atom loses or gains energy when the radiation field is at the temperature
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T and N is the mean number of photons in the radiation field at the resonant frequency Ω.

Using the above physical choice of He and Lk (k = 1, 2), one can write down an equation to

describe evolution of dynamical variables of interest.

Example 4.1.2. A QSDE model of damped quantum harmonic oscillator. Let X

and P denote, respectively, the position and momentum operator on HS. Let γ > 0 be

constant, m > 0 be the mass of a quantum harmonic oscillator, k > 0 be the spring constant

of the oscillator and T > 0 be the temperature. We take

He =
P 2

2M
+

1

2
kX2 +

γ

M
{X,P}

and a single Lindblad operator

L =
1

~
√

4kBTγX +
i

M

√
γ

4kBT
P.

Then we can write down the QSDE for Xt = jt(X ⊗ I) and Pt = jt(P ⊗ I), where I is

identity operator on the bosonic Fock space F :

dXt =
Pt
M
dt− ~

M

√
γ

4kBT
dB

(1)
t , (4.12)

dPt = −kXtdt−
2γ

M
Ptdt+

√
4kBTγdB

(2)
t , (4.13)

where

B
(1)
t = A†(t) + A(t), B

(2)
t = i(A†(t)− A(t))

are (noncommuting) quantum Wiener processes (recall (A(t), A†(t)) are the fundamental op-

erator processes of Hudson-Parthasarathy). Therefore, our choice of (He, L) gives a quantum

analogue of the classical Langevin equations (1)-(2) in the preface, modulo the appearance

of a quantum noise term in the equation for Xt.
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4.2 A Hamiltonian Model for Open Quantum Systems

Perhaps a straightforward model of open quantum systems is a quantized version of the open

system considered in Chapter 1, in which case the Hamiltonian (1.27) becomes an operator.

We will see that this turns out to be the case by studying the descriptions for a system, its

environment and their interaction in the quantum mechanical setting.

Before we describe our model, we provide some physical motivations. An important class

of open quantum systems is the quantum Brownian motion (QBM) [Breuer and Petruccione,

2007; Gardiner and Zoller, 2004; Rivas and Huelga, 2012]. In the standard form, the model

for QBM consists of a particle moving in one spatial dimension and interacting linearly with

an environment in thermal equilibrium. One candidate model for QBM is the Caldeira-

Leggett model [Caldeira and Leggett, 1983a], a prototype of microscopic Hamiltonian model

where the environment is modeled by a collection of non-interacting harmonic oscillators.

Such model has been used widely to study decoherence [Schlosshauer, 2007] (a process in

which quantum coherence is lost and the quantum system is brought into a classical state)

and quantum dissipation phenomena [Weiss, 2008]. A detailed study of QBM, in particular

the memory effects and modeling of the environment by quantum noises, is important to

understand, for instance, how one could exploit the interaction with the environment to

design efficient quantum thermal machines [Goychuk, 2016] as well as to create entanglement

and superpositions of quantum states [Plenio and Huelga, 2002; Kraus et al., 2008].

The original Caldeira-Leggett model is not very realistic from experimental point of

view, as it does not take into account the spatial inhomogeneity of the environment. Spatial

inhomogeneity occurs, for instance, in the setup of a quantum impurity particle interacting

with Bose-Einstein condensates (BECs) [Massignan et al., 2015], where the inhomogeneity

is due to a harmonic potential trapping the particle. One would like to have a generalized

model that takes into account such inhomogeneity and study in detail its quantum dynamics.

We consider an open system where the quantum Brownian particle is coupled to an

equilibrium heat bath. The particle interacts with the heat bath via a coupling, which is a
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function that can be nonlinear in the system’s position, in which case the particle is subject

to inhomogeneous damping and diffusion [Weiss, 2008; Massignan et al., 2015; Lampo et al.,

2016]. The model can be viewed as a field version of the generalized Caldeira-Leggett model

studied in [Massignan et al., 2015; Lampo et al., 2016; Woods et al., 2014], a generalization of

the spinless thermal Pauli-Fierz Hamiltonian with dipole type interactions [Pauli and Fierz,

1938; Dereziński and Gérard, 1999; Dereziński and Jakšić, 2001], or a quantum analog of the

one studied in Chapter 1. It is a fundamental model which not only allows simple analytic

treatments and provides physical insights, but also realistically models many open quantum

systems — for instance, an atom in an electromagnetic field.

As the heat bath is an infinitely extended quantum system made up of identitical particles

on a bosonic Fock space, the formalism of second quantization for operators is convenient

for its description. The idea is that given an operator J from a Hilbert space H to another

Hilbert space K, we can extend it naturally to an operator Γ(J) from the bosonic Fock space

Γ(H) to the bosonic Fock space Γ(K). More precisely, if J is the given operator on H, so is

J⊗n on the n-particle space H◦n for every n. Therefore, the operator Γ(J), called the second

quantization of J , defined by

Γ(J)(u1 ◦ · · · ◦ un) = Ju1 ◦ · · · ◦ Jun, (4.14)

for n ∈ N, or formally,

Γ(J) = I ⊕ J ⊕ J⊗2 ⊕ · · · ⊕ J⊗n ⊕ . . . (4.15)

on Γ(H) is an operator satisfying Γ(J)|e(u)〉 = |e(Ju)〉 for every |u〉 ∈ H. The identity-

preserving correspondence J 7→ Γ(J) is called the second quantization map and satisfies:

Γ(J∗) = Γ(J)∗, Γ(J1J2) = Γ(J1) (4.16)
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Therefore, Γ(J) is a self-adjoint, positive, projection or unitary operator whenever J

is. In particular, if if {Ut : t ∈ R} is a strongly continuous one-parameter group of unitary

operators, then so is {Γ(Ut) : t ∈ R}. In this case, if Ut = e−itH for some self-adjoint operator

H on H, then Γ(Ut) = e−itH
′

is a strongly continuous unitary group on Γ(H) generated by

a self-adjoint operator H ′. We denote its generator H ′ as dΓ(H) and call it the differential

second quantization of H, whose action on the n-particles subspace is given by:

dΓ(H)(u1 ◦ · · · ◦ un) =
n∑
k=1

u1 ◦ · · · ◦Huk ◦ · · · ◦ un. (4.17)

In the special case when H = I (identity operator), dΓ(I) is called the number operator.

Note that Γ(e−itH) = e−itdΓ(H).

We describe the particle, the heat bath and their interaction in the model more precisely

in the following. The Brownian particle is a quantum mechanical system, denoted S, with

energy operator HS on the Hilbert space HS := L2(R). It is subjected to a confining,

smooth potential U(X). The infinite heat bath9, denoted B, is a field of mass-less bosons at

a positive temperature. It is described by the triple (HB, ρβ, HB), where HB := Γ(L2(R+)),

R
+ = [0,∞), is the bosonic Fock space over L2(R+) (frequency space), HB is the Hamiltonian

of the heat bath defined on HB and ρβ = e−βHB/Tr(e−βHB) is the Gibbs thermal state at

an inverse temperature β = 1/(kBT ). We take HB = dΓ(H1
B), the differential second

quantization of the energy operator H1
B which acts in the one-particle frequency space L2(R+)

as:

(H1
Bφ)(ω) = ε(ω)φ(ω), (4.18)

where ε(ω) is the energy of a boson with frequency ω ∈ R
+. The function ε(ω) is the

dispersion relation for the bath, which in our case, is a linear one, i.e. ε(ω) = ~ω. The

equilibrium frequency distribution of bosons at an inverse temperature β is given by the

9For a rigorous introduction to the heat bath (ideal quantum gas), we refer to the lecture notes [Merkli,
2006]. We will not pursue the rigorous approach here.
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Planck’s law:

νβ(ω) =
1

exp (βε(ω))− 1
. (4.19)

The full dynamics of the model is described by the Hamiltonian:

H = HS ⊗ I + I ⊗HB +HI +Hren ⊗ I, (4.20)

where HS and HB are Hamiltonians for the particle and the heat bath respectively, given by

HS =
P 2

2m
+ U(X), HB =

∫
R+

~ωb†(ω)b(ω)dω, (4.21)

HI is the interaction Hamiltonian given by

HI = −f(X)⊗
∫
R+

[c(ω)b†(ω) + c(ω)b(ω)]dω, (4.22)

and Hren is the renormalization Hamiltonian given by

Hren =

(∫
R+

|c(ω)|2

~ω
dω

)
f(X)2. (4.23)

Here X and P are the particle’s position and momentum operators, m is the mass of the

particle, U(X) is a smooth confining potential, b(ω) and b†(ω) are the bosonic annihilation

and creation operator of the boson of frequency ω respectively on L2(R+) and they satisfy

the usual canonical commutation relations (CCR): [b(ω), b†(ω′)] = δ(ω−ω′), [b(ω), b(ω′)] =

[b†(ω), b†(ω′)] = 0. We assume that the operator-valued function f(X) is positive and can

be expanded in a power series, and c(ω) is a complex-valued coupling function (form factor)

that specifies the strength of the interaction with each frequency of the bath. It determines

the spectral density of the bath and therefore the model for damping and diffusion of the

particle. The heat bath is initially in the Gibbs thermal state, ρβ = e−βHB/Tr(e−βHB), at

an inverse temperature β = 1/(kBT ). We will refer to the model specified by the above
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Hamiltonian as the QBM model.

The renormalization potential Hren is needed to ensure that the bare potential acting on

the particle is U(X) and that the Hamiltonian can be written in a positively defined form:

H = HS ⊗ I +HB−I , where HB−I is given by

HB−I =

∫
R+

~ω
(
b(ω)− c(ω)

~ω
f(X)

)†(
b(ω)− c(ω)

~ω
f(X)

)
dω. (4.24)

Lastly, we discuss the thermal Gibbs state ρβ, in particular the derivation of quantum

fluctuation-dissipation relation assuming that it is the initial state. Assume in the following

that ρβ is of trace class. In the case of thermodynamic limit (i.e. when the limit to an

infinitely extended system with infinite volume and infinitely many degrees of freedom is

already passed to), the ρβ has infinite trace but the results derived below can still be made

sense of [Merkli, 2006].

Let A and B be two observables on HB. Denote τt(A) = A(t) = eiHBt/~Ae−iHBt/~ and

similarly for τt(B). Then,

〈Aτt(B)〉β =
Tr(AeiHBt/~Be−(~β+it)HB/~)

Tr(e−βHB)
=
Tr(Be−(~β+it)HB/~AeiHBt/~)

Tr(e−βHB)
, (4.25)

where we have used cyclicity of trace in the last line above. Taking the boundary value

at t = i~β, we have 〈Aτt(B)〉β|t=i~β = 〈BA〉β. This is the Kubo-Martin-Swinger (KMS)

condition, which completely characterizes the expectation 〈·〉β and so gives an alternate

definition of equilibrium states. In particular, setting A = B = q (for instance, the position

observable) and assuming 〈q〉β = 0,

C−(t) := 〈qq(t)〉β = 〈q(t)q(i~β)〉β = 〈q(t− i~β)q〉β =: C+(t− i~β), (4.26)

where we have used the time translation invariance of correlation function in the last line
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above. Taking the Fourier transform gives

C̃−(ω) = C̃+(ω)e−~ωβ, (4.27)

where F̃ denotes Fourier transform of F .

We now derive quantum fluctuation-dissipation relation of Callen and Welton [Callen and

Welton, 1951]. Set C±(t) = S(t) + iA(t), where S(t) = 〈{q(t), q(0)}/2〉β is the symmetric

correlation function and A(t) = −i〈[q(t), q(0)]/2〉β is the anti-symmetric correlation function.

Similarly, set C̃±(ω) = S̃(ω) + iÃ(ω) for its Fourier transform.

Next we recall some notions from linear response theory [Weiss, 2008]. Define the response

function (or generalized susceptibility) χ(t) = −2θ(t)A(t)/~, where θ(t) is the step function

specifying causality, and define the dynamical susceptibility, χ′′(ω), as the imaginary part of

χ̃(ω). Then χ′′(ω) = iÃ(ω)/~ = (C̃+(ω) − C̃−(ω))/(2~). Then using (4.27), we obtain the

result of Callen-Welton:

χ̃′′(ω) =
1

2~
(1− e−~ωβ)C̃+(ω). (4.28)

This result implies that the symmetric correlation function the observable is related (in the

Fourier domain) to the anti-symmetric correlation function as:

S̃(ω) = i coth(~ωβ/2)Ã(ω) = ~ coth(~ωβ/2)χ̃′′(ω). (4.29)

4.3 Heisenberg-Langevin Equations

In this section, we derive the Heisenberg equations of motion for the QBM model and study

the stochastic force term appearing in the equation. This will pave the way to model the

action of the heat bath on the particle by appropriate quantum colored noises introduced in

the next sections. Our final goal is the construction of dissipative non-Markovian Heisenberg-

Langevin equations driven by appropriate thermal noises, which are built from H-P funda-
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mental noise processes. From now on, I denotes identity operator on an understood space

and 1A denotes indicator function of the set A.

Recall that the particle’s position evolves according to τt(X⊗I) =: X(t) and momentum

evolves according to τt(P ⊗ I) =: P (t), where τt(O) = eiHt/~Oe−iHt/~ for an observable

O of the total system. Define the particle’s velocity, V (t) = P (t)
m

and note that f ′(X) =

−i[f(X), P ]/~. Let

b(ω) =

√
ω

2~

(
x(ω) +

i

ω
p(ω)

)
, b†(ω) =

√
ω

2~

(
x(ω)− i

ω
p(ω)

)
, (4.30)

[x(ω), p(ω′)] = i~δ(ω − ω′)I, (4.31)

where we have normalized the masses of all bath oscillators.

The Heisenberg equation of motion gives

Ẋ(t) =
i

~
[H,X(t)] =

P (t)

m
, (4.32)

Ṗ (t) =
i

~
[H,P (t)]

= −U ′(X(t)) + f ′(X(t))

∫
R+

dωc(ω)

√
2ω

~
xt(ω)− 2f(X(t))f ′(X(t))

∫
R+

r(ω)dω,

(4.33)

ẋt(ω) =
i

~
[H, xt(ω)] = pt(ω), ω ∈ R+, (4.34)

ṗt(ω) =
i

~
[H, pt(ω)] = −ω2xt(ω) +

√
2ω

~
c(ω)f(X(t)), ω ∈ R+, (4.35)

where r(ω) = |c(ω)|2/(~ω) and f ′(X) = [f(X), P ]/(i~).

Next we eliminate the bath degrees of freedom from the equations for X(t) and P (t).
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Solving for xt(ω), ω ∈ R+, gives:

xt(ω) = x0(ω) cos(ωt) + p0(ω)
sin(ωt)

ω︸ ︷︷ ︸
x0
t (ω)

+

∫ t

0

sin(ω(t− s))
ω

√
2ω

~
c(ω)f(X(s))ds. (4.36)

Substituting this into the equation for P (t) results in:

Ṗ (t) = −U ′(X(t)) + f ′(X(t))

∫
R+

dωc(ω)

√
2ω

~
x0
t (ω)

+
2

~
f ′(X(t))

∫
R+

dω|c(ω)|2
∫ t

0

ds sin(ω(t− s))f(X(s))− 2f(X(t))f ′(X(t))

∫
R+

dωr(ω).

(4.37)

Using integration by parts, we obtain

∫ t

0

ds sin(ω(t− s))f(X(s)) =
f(X(t))

ω
− f(X)

cos(ωt)

ω
−
∫ t

0

cos(ω(t− s))
ω

d

ds
(f(X(s))) ds

(4.38)

and therefore,

Ṗ (t) = −U ′(X(t)) + f ′(X(t))

∫
R+

dωc(ω)(b†t(ω) + bt(ω))︸ ︷︷ ︸
ζ(t)

− f ′(X(t))

∫ t

0

ds

∫
R+

dω2r(ω) cos(ω(t− s))︸ ︷︷ ︸
κ(t−s)

d

ds
(f(X(s)))

− f ′(X(t))f(X)

∫
R+

dω2r(ω) cos(ωt)︸ ︷︷ ︸
κ(t)

, (4.39)

where

d

ds
(f(X(s))) =

i

~
[H, f(X(s))] =

{f ′(X(s)), P (s)}
2m

, (4.40)

bt(ω) = b(ω)e−iωt, b†t(ω) = b†(ω)eiωt and {·, ·} denotes anti-commutator.

Therefore, starting from the Heisenberg equations of motion and eliminating the bath
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variables, we obtain the following equations for the particle’s observables:

Ẋ(t) = V (t), (4.41)

mV̇ (t) = −U ′(X(t))− f ′(X(t))

∫ t

0

κ(t− s){f
′(X(s)), V (s)}

2
ds

+ f ′(X(t)) · (ζ(t)− f(X)κ(t)), (4.42)

where

κ(t) =

∫
R+

dω
2|c(ω)|2

~ω
cos(ωt) =

∫
R+

dω
2J(ω)

ω
cos(ωt) (4.43)

is the memory kernel,

ζ(t) =

∫
R+

dωc(ω)(b†(ω)eiωt + b(ω)e−iωt) (4.44)

is a stochastic force whose correlation function depends on the coupling function, c(ω), and

the distribution of the initial bath variables, b(ω) and b†(ω) – let us remind that we initially

consider a thermal Gibbs state. The term f ′(X(t))f(X)κ(t) is the initial slip term. The

initial position and velocity are given by X and V respectively.

The above equations10 are exact, non-Markovian and operator-valued. Note that in

the damping term which is nonlocal in time, we have an anti-commutator, which does not

appear in the corresponding classical equation or in the equation for the linear QBM model

(where f(X) = X). The presence of the anti-commutator is thus a quantum feature of the

inhomogeneous damping.

The initial preparation of the total system, which fixes the statistical properties of the

bath operators and of the system’s degrees of freeedom, turns the force ζ(t) into a random

one [Hughes, 2006]. We specify a preparation procedure to fix the properties of the stochastic

10The rigorous study of the Heisenberg-Langevin equations, even in the case f(X) = X, is technically
very difficult and there are only few works [De Smedt et al., 1988; Maassen, 1984] in the literature that treat
them.
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force. To this end, we absorb the initial slip term into the stochastic force, defining:

ξ(t) := ζ(t)− f(X)κ(t). (4.45)

With this, in the nonlinear coupling case, the equation for the particle’s velocity is driven by

the multiplicative noise f ′(X(t))ξ(t). From now on, we refer to ξ(t) as the quantum noise.

The statistics of ξ(t) depends on the distributions of the initial bath variables (b(ω), b†(ω))

and the initial system variable f(X).

The main difference between classical and quantum systems lie in the statistical nature

of the noise. Denoting by Eβ the expectation with respect to the thermal Gibbs state ρβ at

the temperature T , we have

Eβ[(b†(ω)eiωt + b(ω)e−iωt)(b†(ω′)eiω
′s + b(ω′)e−iω

′s)]

=
[
(1 + νβ(ω))e−iω(t−s) + νβ(ω)eiω(t−s)] δ(ω − ω′), (4.46)

where νβ(ω) is given by the Planck’s law

νβ(ω) =
1

exp (β~ω)− 1
. (4.47)

Since we absorbed the initial slip term into the stochastic force, ξ(t) no longer has a

stationary correlation when averaged with respect to ρβ [Hänggi, 1997]. However, ξ(t) is sta-

tionary and Gaussian when conditionally averaged with respect to ρ′β = e−βHB−I/Tr(HB−I),

where HB−I is the quadratic Hamiltonian defined in (4.24) and the average is conditioned

on the initial position variable X.

The statistical properties of the quantum noise is fully specified by its two-time correlation
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function with respect to ρ′β, given by:

E ′β[ξ(t)ξ(s)] =

∫
R+

dω~J(ω)

(
coth

(
~ω

2kBT

)
cos(ω(t− s))− i sin(ω(t− s))

)
(4.48)

=: D1(t− s)− iD(t− s), (4.49)

where D1 is the noise kernel given by

D1(t− s) := E ′β[{ξ(t), ξ(s)}/2], (4.50)

i.e. the symmetric correlation function of ξ(t) with respect to ρ′β, and D is the dissipation

kernel given by

D(t− s) := iE ′β[[ξ(t), ξ(s)]/2], (4.51)

which is related to linear susceptibility. Expanding, one gets for small ~ (or similarly, for

large T ), E ′β[ξ(t)ξ(s)] = kBTκ(t)+O(~), which is the classical Einstein’s relation. Therefore,

(4.49) can be viewed as quantum analogue of the fluctuation-dissipation relation and a special

case (and in time domain) of the quantum fluctuation-dissipation relation of Callen-Welton,

since the noise kernel and dissipation kernel are related via:

∫
R

dt cos(ωt)D1(t) = ~ coth(~ωβ/2)

∫
R

dt sin(ωt)D(t). (4.52)

Remark 4.3.1. On zero temperature systems. For T → 0 we have instead:

E ′β[{ξ(t), ξ(s)}/2]→ −~Λ2

2π
(e−Λ(t−s)Ei(Λ(t− s)) + eΛ(t−s)Ei(−Λ(t− s))), (4.53)

where Ei is the exponential integral function defined as follows:

−Ei(−x) = γ̂(0, x) =

∫ ∞
x

e−t/tdt. (4.54)
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Here Ei(x) = 1
2
(Ei+(x)+Ei−(x)), Ei+(x) = Ei(x+i0), Ei−(x) = Ei(x−i0). The symmetric

correlation function obtained above can be interpreted as follows. As the temperature T

decreases, the Matsubara frequencies νn get closer to each other, so at zero temperature all

of them contribute and the sum in (5.11) may be replaced by an integral, which turns out

to have expression in terms of the Ei functions [Ingold]. In fact, in this case the symmetric

correlation function decays polynomially for large times [Jung et al., 1985]. In other words,

systems at zero temperature are strongly non-Markovian!

Remark 4.3.2. On stochastic modeling of the quantum noise. A natural approach

to study the quantum noise is to model it as a quantum stochastic process which admits a

QSDE representation, along the line in the classical case. The existence of such processes

that satisfy the KMS condition was studied rigorously in [Lewis and Thomas, 1975], after

the notions of quantum stochastic process and stationarity were defined there. However,

to our knowledge no rigorous studies on their QSDE representation have been performed.

Of interest to us is to study QSDE representation for the class of “quantum quasi-Markov”

stationary Gaussian process, by mimicking the theory for classical quasi-Markov processes as

discussed in Chapter 1. However, this extension of the studies to the quantum setting is not

too straightforward and one would need to deal with some technicalities, for instance in the

construction of appropriate representation Hilbert space [Araki and Woods, 1963; Bratteli

and Robinson, 2012, 2013] for the quantum process. We will show how this program can be

carried out only at a heuristical11 level for a special case in the next chapter, as a stepping

stone to study effective dynamics of the QBM model.

11Therefore, an interesting future project is to systematically study quantum analogue of quasi-Markov
processes, with covariance functions (with respect to thermal states or perhaps entangled states) which
are Bohl or other functions, and their QSDE representations, possibly along the lines of the monograph
[Lindquist and Picci, 2015].
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CHAPTER 5

ON THE SMALL MASS LIMIT OF

A CLASS OF QUANTUM

BROWNIAN MOTIONS (QBM’S)

This chapter is adapted from the publication:

• Soon Hoe Lim, Jan Wehr, Aniello Lampo, Miguel Ángel Garćıa-March and Maciej

Lewenstein, On the small mass limit of quantum Brownian motion with inhomogeneous

damping and diffusion, published in Journal of Statistical Physics, Volume 170, Issue

2, pp 351–37. October 2017

Abstract

We study the small mass limit of a class of quantum Brownian motions with inhomo-

geneous damping and diffusion. For Ohmic bath spectral density with a Lorentz-Drude

cutoff, we derive the Heisenberg-Langevin equations for the particle’s observables us-

ing a quantum stochastic calculus approach. We consider an appropriately rescaled

model with a small parameter and study the limit as the small parameter tends to

zero. In particular, we derive a limiting equation for the (slow) particle’s position

variable. We find that the limiting equation contains several drift correction terms,
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the quantum noise-induced drifts, including terms of purely quantum nature, with no

classical counterparts.

5.1 Introduction

Multiscale analysis of both classical and quantum systems has been a subject of active

investigation in recent years. The underlying idea is that due to the presence of widely

separated characteristic time scales in the system, one can obtain a simplified, reduced

model that often captures the essential dynamics on a coarse-grained time scale [Bo and

Celani, 2016; Pavliotis and Stuart, 2008; Givon et al., 2004; Volpe and Wehr, 2016; Berglund

and Gentz, 2006]. Depending on the nature of the systems, different approaches can be

undertaken to implement this idea. For instance, Markovian limits such as weak coupling

limit and repeated interaction limit were studied in to justify the use of effective equations

such as quantum Langevin equations in modeling quantum systems arising in quantum optics

and quantum electrodynamics [Cohen-Tannoudji et al., 1992; Haroche and Raimond, 2006;

Gardiner and Zoller, 2004]. Adiabatic elimination type problems for open quantum systems

were studied in [Haake, 1982; Haake and Lewenstein, 1983; Bouten and Silberfarb, 2008;

Bouten et al., 2008; Gough and van Handel, 2007; Petersen, 2010; Černot́ık et al., 2015;

Azouit et al., 2016; Gough, 2014] and perturbative methods were considered in [Reiter and

Sørensen, 2012; Kessler, 2012; Li et al., 2014; Rivas, 2017].

Of particular interest is the small mass limit (c.f. the related Smoluchoswki-Kramers limit

[Smoluchowski, 1916; Kramers, 1940]) of noisy dynamical systems. It has been extensively

studied and is well understood for classical systems; see for instance, [Hottovy et al., 2012a,

2015a; Herzog et al., 2016; Birrell et al., 2017; Lim and Wehr, 2017; Birrell and Wehr, 2017].

On the other hand, analogous questions for quantum systems [Weiss, 2008; Caldeira, 2014]

are more intricate, and there were few attempts to study the small mass limit, or the related

strong friction limit for quantum systems. Such study was initiated and refined in the series of
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works [Pechukas et al., 2000, 2001; Ankerhold et al., 2001; Ankerhold, 2003; Ankerhold et al.,

2005] for the Caldeira-Leggett model of quantum Brownian motion (QBM) [Caldeira and

Leggett, 1983a; Schlosshauer, 2007; Massignan et al., 2015; Ferialdi, 2017]. In these works,

a quantum Smoluchowski equation, an equation for the coordinate-diagonal elements of the

density operator (i.e. the position probability distribution), was derived in the overdamped

regime.

The results of these works (see for instance, [Pechukas et al., 2000]) say that the strong

friction limit of quantum mechanics is essentially classical mechanics as the quantum effects

are buried in the fast momentum variable, which is adiabatically eliminated due to separation

of associated time scales in the limit. Such limit is the opposite of the weak coupling limit

[Breuer and Petruccione, 2007; Rivas and Huelga, 2012], and its result can be viewed as a

consequence of decoherence due to the strong coupling. In [Coffey et al., 2006;  Luczka et al.,

2005; Maier and Ankerhold, 2010; Jäck et al., 2017], more careful analysis and related appli-

cations were presented, whereas in [Dillenschneider and Lutz, 2009] a Heisenberg approach

was used. All these attempts rely on asymptotic expansions to study a restricted class of

QBM, where the coupling of the system to the environment is linear in the system’s position.

One important message from these asymptotic expansions is that the leading correction term

to the Smoluchowski equation is a quantum correction that dominates the classical ones in

the low temperature regime, revealing the important role of zero-point quantum fluctuations.

Similar studies for QBM in inhomogeneous environments are even more interesting

[Büttiker, 1987]. Such study was conducted in [Barik and Ray, 2005; Bhattacharya et al.,

2011], where a semi-classical Langevin approach was employed. In [Sancho et al., 1982], using

the Fokker-Planck equation, the authors derived a limiting c-number Langevin equation for

the position variable in the overdamped limit. While the limiting equation obtained contains

interesting quantum correction terms, these studies are not satisfactory for two main reasons.

First, an ad-hoc Markovian approximation is made before the overdamped limit was studied.

Second, a semi-classical approach is used and assumed that the quantum fluctuations around
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the mean value of the system’s observables are small. Therefore, a more systematic study that

takes into account the full quantum nature of the model, including the noise, is necessary.

Motivated by this and our goal to generalize the study of small mass limit to quantum

dissipative systems, this chapter presents a quantum stochastic calculus approach to study a

related limit for a class of non-Markovian QBM with inhomogeneous damping and diffusion.

In particular, we will model the noise using the fundamental noise processes of the theory of

quantum stochastic calculus, introduced by Hudson and Parthasarathy in the seminal paper

[Hudson and Parthasarathy, 1984].

The chapter is organized as follows. In Section 5.2, we introduce a QBM field model to

model interaction of a quantum particle with an equilibrium quantum heat bath at a positive

temperature, as well as writing down the exact Heisenberg equations of motion for the parti-

cle’s observables. Modeling the stochastic force, appearing in the Heisenberg equations, using

Hudson-Parthasarathy quantum noise processes, we derive a quantum stochastic differential

equation (QSDE) version of the QBM model in Section 5.3. We identify the characteristic

time scales of the QBM model in Chapter 4 and study its rescaled version in Section 5.4.

Our main result is the derivation of the effective equation (see eqn. (5.70)) for the (slow)

position variable in the limit as all the characteristic time scales of the model tend to zero at

the same rate. The derivations, as well as discussions of the results, are presented in Section

5.5.

5.2 The QBM Model with an Ohmic Spectral Density

We consider the coupling function:

c(ω) =

√
~ω
π

Λ2

ω2 + Λ2
, (5.1)
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where Λ is a positive constant. The bath spectral density is given by:

J(ω) :=
|c(ω)|2

~
=
ω

π

Λ2

ω2 + Λ2
, (5.2)

which is the well-known Ohmic spectral density with a Lorentz-Drude cutoff [Breuer and

Petruccione, 2007].

Let us recall the Heisenberg-Langevin equation derived in earlier chapter. The equations

for the particle’s observables read:

Ẋ(t) = V (t), (5.3)

mV̇ (t) = −U ′(X(t))− f ′(X(t))

∫ t

0

κ(t− s){f
′(X(s)), V (s)}

2
ds

+ f ′(X(t)) · (ζ(t)− f(X)κ(t)), (5.4)

where

κ(t) =

∫
R+

dω
2|c(ω)|2

~ω
cos(ωt) =

∫
R+

dω
2J(ω)

ω
cos(ωt) (5.5)

is the memory kernel,

ζ(t) =

∫
R+

dωc(ω)(b†(ω)eiωt + b(ω)e−iωt) (5.6)

is a stochastic force. See discussions concerning the properties of the stochastic force in

Chapter 4.

We will work in a Fock vacuum representation using the H-P quantum stochastic calculus

approach. In particular, our goal is to describe the quantum noise as a quantum stochastic

process satisfying certain QSDE such that the symmetric correlation function of the stochas-

tic process with respect to the vacuum state on an enlarged Fock space coincides with that

of ξ(t) with respect to ρ′β. As a preparation to achieve this goal, we study E ′β[ξ(t)ξ(s)] in
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the following. Recall that:

E ′β[ξ(t)ξ(s)] =

∫
R+

dω~J(ω)

(
coth

(
~ω

2kBT

)
cos(ω(t− s))− i sin(ω(t− s))

)
(5.7)

=: D1(t− s)− iD(t− s), (5.8)

where D1 is the noise kernel given by

D1(t− s) := E ′β[{ξ(t), ξ(s)}/2], (5.9)

i.e. the symmetric correlation function of ξ(t) with respect to ρ′β, and D is the dissipation

kernel given by

D(t− s) := iE ′β[[ξ(t), ξ(s)]/2], (5.10)

which is related to linear susceptibility.

For our choice of c(ω) (see (5.1)), the memory kernel, κ(t), is exponentially decaying with

decay rate Λ, i.e. κ(t) = Λe−Λt. Moreover, one can compute, for t > 0:

D1(t) =
~Λ

2
cot

(
~Λ

2kBT

)
κ(t) +

∞∑
n=1

2kBTΛ2νn
ν2
n − Λ2

e−νnt, (5.11)

where νn = 2πnkBT
~ are the bath Matsubara frequencies [Carlesso and Bassi, 2017]. Also, the

dissipation kernel is

D(t) =
~Λ3

2
e−Λt. (5.12)

Therefore, the multiscale structure of the quantum noises is far richer than that of classical

noises even in the simplest (Ornstein-Uhlenbeck type) model.

We consider the case kBT > ~Λ/π, so that cot(~Λ/2kBT ) and all the terms in the series

in (5.11) are positive.
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5.3 QSDE’s for Quantum Noise

Guided by formula of the symmetric correlation function in (5.11) and the plan outlined in

Section 4.3, we model the quantum noise by:

∞∑
k=0

ηk(t), (5.13)

where the ηk(t) are independent quantum Ornstein-Uhlenbeck processes (quantum analogue

of the classical ones [Csáki et al., 1991]), satisfying the SDEs:

dηk(t) = −αkηk(t)dt+
√
λkdW

θ
k (t), ηk(0) = ηk. (5.14)

Here the W θ
k are independent quantum Wiener processes defined in Chapter 3 and the ηk

are initial variables on a copy of Fock space. For a fixed θ, independence and commutation

for these processes can be achieved by realizing the ηk(t) on distinct copies of Fock space,

i.e.
∞∑
k=0

ηk(t) = η0(t)⊗ I ⊗ I ⊗ · · ·+ I ⊗ η1(t)⊗ I ⊗ · · ·+ . . . (5.15)

on
⊗∞

k=0 Γ(L2(R+)) = Γ(L2(R+) ⊗ K) where the multiplicity space K is a sequence space

whose elements are of the form (x0, x1, x2, . . . ), with each xi ∈ C. From now on, each ηk is

understood to be

I ⊗ · · · ⊗ I︸ ︷︷ ︸
k copies

⊗ηk ⊗ I ⊗ · · · (5.16)

and similarly for each W θ
k .

The formal solution to the SDE (5.14) is given by:

ηk(t) = ηke
−αkt +

√
λk

∫ t

0

e−αk(t−s)dW θ
k (s). (5.17)
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Since there is a unique stationary solution of the SDEs (5.14), for all k and s ∈ [0, t]:

E ′′∞[η2
k] =

λk
2αk

, E ′′∞[ηkW
θ
k (s)] = E ′′∞[W θ

k (s)ηk] = 0, (5.18)

where E ′′∞ denotes expectation with respect to the vacuum state associated with Ω⊗Ω⊗· · ·

on the enlarged Fock space Γ(L2(R+) ⊗ K). Then, with the parameters αn and λn defined

by

αn = νn1{n≥1} + Λ1{n=0} > 0 (5.19)

and

λn =
4ν2

nΛ2kBT

ν2
n − Λ2

1{n≥1} + ~Λ3 cot

(
~Λ

2kBT

)
1{n=0} > 0, (5.20)

it can be verified that

E ′′∞

[
{
∑

k ηk(t),
∑

l ηl(s)}
2

]
= D1(t− s), (5.21)

where D1 is given in (5.11).

Equations (5.19) and (5.20) establish a link between the quantum noise as introduced

in eqn. (5.13) and the physical model of Section 5.2. We remark that there is freedom in

the above construction of quantum noise, as the driving noise process, (W θ
k ), is a family of

quantum Wiener processes parametrized by θ. On the one hand, the choice of the parameter

should be fixed by physical considerations, i.e. by the nature of the field that the system

couples to in the microscopic model. On the other hand, one would like to show that the

quantum noises describe a Markovian system, so one should write the SDEs (5.14) in a H-P

QSDE form.

To this end, let ξk(t) and ηk(t) be canonical conjugate bath observables that obey the

commutation relation [ξj(t), ηk(t)] = i~δjkI for all t ≥ 0. Suppose that the evolution of each

pair (ξk(t), ηk(t)) is Markovian and can be described by the H-P QSDEs associated with
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(Hk, Lk), where

Hk =
η2
k

2
+
αk
4
{ξk, ηk}, Lk =

√
λk
~

ξk + i
αk

2
√
λk
ηk, (5.22)

where αk and λk are given as before. Therefore, they solve the H-P QSDEs:

dξk(t) = ηk(t)dt+
~αk

2
√
λk
dW π

k (t), (5.23)

dηk(t) = −αkηk(t)dt+
√
λkdW

−π/2
k (t), (5.24)

where

W π
k (t) = −(Ak(t) + A†k(t)), W

−π/2
k (t) = i(Ak(t)− A†k(t)) (5.25)

are noncommuting, conjugate quantum Wiener processes satisfying [W π
k (t),W

−π/2
k (s)] =

2iδ(t − s)I. Modulo the negative factor, one can view the formal time derivatives of the

W π
k (t) and W

−π/2
k (t) as the noises arising from the position and momentum field observables

respectively. We fix the freedom in our construction by taking the Markovian system (5.23)-

(5.24) as the model for noise. Therefore, we take
∑

k ηk(t) to be the quantum colored noise

that models the action of the heat bath on the evolution of the system’s observables.

Physically, one can think of our quantum noise model as equivalent to a model of infinitely

many non-interacting ancillas that convert the white noise to colored noise through a channel

at each Matsubara frequency [Xue et al., 2015]. That one needs infinitely many ancillas is

due to the fact that there are infinitely many transition (Bohr) energies, each of which equals

the energy of a boson with a particular Matsubara frequency in the bath. According to our

noise model, when a boson with the Matsubara frequency νk is created or annihilated, the

energy transition does not occur instantaneously but happens on the time scale of 1/αk via

a channel associated with νk.

Remark 5.3.1. The modeling of the quantum noises as quantum stochastic processes that

satisfy certain QSDEs driven by H-P fundamental noise processes is crucial to derive quantum
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noise-induced drifts in next section (i.e. we need the presence of quantum analogues of

classical white noise in the Langevin equation in order to obtain correction drifts that are

really induced by the white noise in the limiting equation). It is this line of thinking that

makes Langevin approach particularly well suited for the derivation of noise-induced drifts,

as was done for the classical case. However, this comes at the cost of having to deal with

the singular nature of the unbounded operator-valued Langevin equations.

5.4 The Rescaled Model and SDE’s

We set m = m0ε, Λ = EΛ/ε and ~ = ε, where m0 and EΛ are fixed positive constants and

ε > 0 is a small parameter, so that ~Λ = EΛ (the maximum energy of bosons in the bath)

and m/~ = m0 (proportional to the de Broglie wavelength of the Brownian particle) are

fixed in the Hamiltonian.

These scalings of the model parameters are motivated as follows. An atom’s mass is often

small and so are the characteristic time scales of the quantum bath. On the other hand,

for small Planck constant the equipartition theorem is valid, so the mean kinetic energy of

the system is O(1) (i.e. of order 1) as ε → 0. This has to be compared to the classical

case, where the fact that the kinetic energy is O(1) leads to the presence of noise-induced

drift in the small m limit when the original system is subject to state-dependent damping

and diffusion [Volpe and Wehr, 2016]. Hence, this suggests that the scalings give meaningful

effective dynamics in the limit ε→ 0.

Next, we elucidate our scalings in the context of separation of time scales. Taking ε→ 0

is equivalent to taking the joint limit of small mass (m→ 0), the memoryless limit (Λ→∞)

(which also implies the small noise correlation time limit, due to the quantum fluctuation-

dissipation relation) and the classical limit (~ → 0). Note that in the limit the spectral

density J(ω) becomes strictly Ohmic, since the cutoff is removed as ε→ 0 (see Figure 5.1).

In other words, the inertial time scale, the memory time scale, the noise correlation time
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Figure 5.1: Plot of spectral density, J(ω), as a function of ω, for different values of Λ
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scale and the quantum time scale vanish simultaneously at the same rate as we take ε → 0

in the rescaled model. This limit is a quantum version of the one studied in [Lim and Wehr,

2017].

Upon applying the above rescalings, the parameters in the QSDEs for the ξn(t) and ηn(t)

in Section 5.3 become

αn =
2πnkBT

ε
1{n≥1} +

EΛ

ε
1{n=0} =:

1

ε
an, (5.26)

and

λn =
4kBT (2πnkBT )2

(2πnkBT )2 − E2
Λ

E2
Λ

ε2
1{n≥1} + EΛ cot

(
EΛ

2kBT

)
E2

Λ

ε2
1{n=0} =:

1

ε2
Σ2
n. (5.27)

Notice that in the following the relevant parameters are an and Σn as defined in eqns. (5.26)

and (5.27). The rescaled version of the resulting Heisenberg-Langevin equations (5.3)-(5.4)
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can be cast as the following system of SDEs on the total space F = HS ⊗ Γ(L2(R+)⊗K):

dX(t) = V (t)dt, (5.28)

m0εdV (t) = −U ′(X(t))dt+ f ′(X(t))
∞∑
n=0

ηn(t)dt− f ′(X(t))Y (t)dt, (5.29)

dZ(t) = Y (t)dt, (5.30)

εdY (t) = −EΛY (t)dt+ EΛf
′(X(t))V (t)dt− i EΛ

2m0

f ′′(X(t))dt, (5.31)

dξn(t) = ηn(t)dt+ ε
an

2Σn

dW π
n (t), n = 0, 1, 2, . . . , (5.32)

εdηn(t) = −anηn(t)dt+ ΣndW
−π/2
n (t), n = 0, 1, 2, . . . , (5.33)

where we have defined the auxiliary quantum stochastic process

Y (t) =
EΛ

ε

∫ t

0

e−
EΛ
ε

(t−s){f ′(X(s)), V (s)}
2

ds (5.34)

and used the commutation relation [P,f ′(X)]
2m

= − if ′′(X)
2m0

to rearrange the order, so that V (t)

appears last in (5.31). Note that it is crucial that we have the scaling ~
m

= 1
m0

so that the

last term on the right hand side of (5.31) is O(1). It should be clear from the context which

factor of the total space the operators act non-trivially on. For instance, X = X(t = 0) =

X(t = 0) ⊗ I0 ⊗ I1 ⊗ . . . ; ξn(t) = I ⊗ I0 ⊗ · · · ⊗ In−1 ⊗ ξn(t) ⊗ In+1 ⊗ . . . , for n = 0, 1, . . . ;

etc, where I is identity operator on HS and In is identity operator on the nth copy of Fock

space.

From now on, vectors and matrices whose elements are operators will be denoted by bold

letters. For an operator matrix A = (Aij)i,j=0,1,2,..., its transpose, denoted by T , is defined

as (Aij)
T
i,j=0,1,2,... := (Aji)i,j=0,1,2,.... The action of A on an operator vector x = (xj)j=0,1,2,...,

written as Ax, results in another operator vector (
∑

j Aijxj)i=0,1,2,.... If A is diagonal, we

write it as diag(Ak)k=0,1,2,....
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Introducing the operator vectors

X t = [X(t) Z(t) ξ0(t) · · · ξN(t) · · · ]T , V t = [V (t) Y (t) η0(t) · · · ηN(t) · · · ]T , (5.35)

we rewrite the above system in a more compact way:

dX t = V tdt+ εµdW π
t , (5.36)

εdV t = −γ̂(X(t))V tdt+ F (X(t))dt+ σdW
−π/2
t , (5.37)

with the initial conditions X t = X and V t = V .

In the above, γ̂(X(t)) (the superoperator that acts on V t) denotes the block operator

matrix, whose entries depend on X(t), given by

γ̂(X(t)) =

 A(X(t)) B(X(t))

0 D

 , (5.38)

with

A(X(t)) =

 0 f ′(X(t))
m0

−EΛf
′(X(t)) EΛ

 , (5.39)

B(X(t)) =

 −f ′(X(t))
m0

−f ′(X(t))
m0

· · ·

0 0 · · ·

 , 0 =


0 0

0 0

...
...

 , (5.40)

D = diag(an)n=0,1,... is the diagonal operator matrix,

F (X(t)) =

[
−U

′(X(t))

m0

− i EΛ

2m0

f ′′(X(t)) 0 0 · · ·
]T
, (5.41)
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µ is the block operator matrix given by

µ =

 0T

µ1

 , with µ1 = diag

(
an

2Σn

)
n=0,1,...

, (5.42)

σ is the block operator matrix given by

σ =

 0T

Σ

 , with Σ = diag (Σn)n=0,1,... , (5.43)

and

W π
t = [W π

0 (t) W π
1 (t) · · · ]T and W

−π/2
t = [W

−π/2
0 (t) W

−π/2
1 (t) · · · ]T . (5.44)

In the above, the scalar-looking entries are really scalar multiples of appropriate identity

operators. In particular, 0 denotes the zero operator on appropriate space.

5.5 Formal Derivation of Limiting Equation

We are interested in the limit as ε → 0 of (5.36)-(5.37). These equations are similar to the

ones studied in [Hottovy et al., 2015a] and we adapt the techniques employed there and use

the main results from quantum Itô calculus outlined in Chapter 4 to study the limit problem.

In the limit ε→ 0, we expect thatX t is a slow variable compared to V t. In the following,

we formally derive the limiting equation for the first component of X t, i.e. the particle’s

position X(t), in the limit ε → 0. To give meanings to our derivations, one considers the

action of an operator, say Z(t), on a vector of the form ψ ⊗ e(u), i.e. Z(t)(ψ ⊗ e(u)), where

ψ ∈ HS and e(u) is the exponential vector associated with u ∈ L2(R+) ⊗ K. We suppress

this interpretation of operators in the following and work directly with the operators.
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A rewriting of (5.37) leads to:

V tdt = −εγ̂−1(X(t))dV t + γ̂−1(X(t))F (X(t))dt+ γ̂−1(X(t))σdW
−π/2
t , (5.45)

where γ̂−1 satisfies γ̂−1γ̂ = γ̂γ̂−1 = I and can be verified to be given by the following block

operator matrix:

γ̂−1(X(t)) =

 A−1(X(t)) −A−1(X(t))B(X(t))D−1

0 D−1

 , (5.46)

where

A−1(X(t)) =

 m0[f ′(X(t))]−2 −[a0f
′(X(t))]−1

m0[f ′(X(t))]−1 0

 , (5.47)

−A−1(X(t))B(X(t))D−1 =

 [a0f
′(X(t))]−1 [a1f

′(X(t))]−1 · · ·

a−1
0 a−1

1 . . .

 , (5.48)

and

D−1(X(t)) = diag(a−1
n )n=0,1,.... (5.49)

As dX t = V tdt+ εµdW π
t , it follows that we can write X t in the integral form:

X t = X −
∫ t

0

εγ̂−1(X(s))dV s +

∫ t

0

γ̂−1(X(s))F (X(s))ds+

∫ t

0

γ̂−1(X(s))σdW−π/2
s

+ εµ(W π
t −W π). (5.50)

The only terms that depend explicitly on ε on the right hand side above are the second

term and the last term. Therefore, we study the asymptotic behavior of these terms as

ε → 0. The last term will tend to zero as ε → 0. For the second term, we consider the
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components of the operator process
∫ t

0
εγ̂−1(X(s))dV s = [D1(t) D2(t) · · · ]T , where

D1(t) =

∫ t

0

[f ′(X(s))]−2m0εdV (s)−
∫ t

0

[a0f
′(X(s))]−1εdY (s)

+
∞∑
n=0

∫ t

0

[anf
′(X(s))]−1εdηn(s), (5.51)

D2(t) =

∫ t

0

[f ′(X(s))]−1m0εdV (s) +
∞∑
n=0

∫ t

0

ε

an
dηn(s), (5.52)

Dn+3(t) =
ε

an
(ηn(t)− ηn), n = 0, 1, 2, . . . . (5.53)

In particular, the first component of X t is given by:

X(t) = X −D1(t)−
∫ t

0

[f ′(X(s))]−2U ′(X(s))ds+
i

2m0

∫ t

0

[f ′(X(s))]−1f ′′(X(s))ds

+

∫ t

0

∞∑
n=0

Σn

an
[f ′(X(s))]−1dW−π/2

n (s). (5.54)

Integrating by parts, we can write the first integral in (5.51) as:

∫ t

0

[f ′(X(s))]−2m0εdV (s) = [f ′(X(t))]−2m0εV (t)− [f ′(X)]−2m0εV

−
∫ t

0

d

ds

(
[f ′(X(s))]−2

)
m0εV (s)ds. (5.55)

Next, we make a remark on taking derivatives of operator-valued functions. Let h(X(s))

be a function, depending on the position process X(s), which can be expanded in a power

series. The formula for the derivative of the operator inverse reads

d

ds
([h(X(s))]−1) = −[h(X(s))]−1

(
d

ds
[h(X(s))]

)
[h(X(s))]−1. (5.56)

For h(X(s)) = X(s)p, where p = 2, 3, . . . , rearranging the order to move V (s) to the right,

one obtains:

d

ds
X(s)p = pX(s)p−1V (s)− i~

m
X(s)p−2c(p), (5.57)
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where c(p) is a constant depending on p. From this, one deduces:

d

ds
[h(X(s))] =

(
∂

∂X(s)
h(X(s))

)
V (s)− i~

m
g(X(s)), (5.58)

for some function g, where ∂
∂X(s)

denotes formal derivative with respect to X(s). Using this,

it can be shown that, for some function k,

d

ds
([h(X(s))]−1) = −[h(X(s))]−1

(
∂

∂X(s)
h(X(s))

)
[h(X(s))]−1V (s) +

i~
m
k(X(s))

=
∂

∂X(s)
([h(X(s))]−1)V (s) +

i~
m
k(X(s)). (5.59)

Note that ~/m = 1/m0 is independent of ε and the above remark allows us to apply the

following chain rule for operators:

d

ds

(
[f ′(X(s))]−2

)
=

∂

∂X(s)
([f ′(X(s))]−2)V (s) +

i

m0

l(X(s)), (5.60)

for some function l, so that

∫ t

0

[f ′(X(s))]−2m0εdV (s) = [f ′(X(t))]−2m0εV (t)− [f ′(X)]−2m0εV

−
∫ t

0

(
∂

∂X(s)
[f ′(X(s))]−2

)
m0εV (s)2ds− i

∫ t

0

l(X(s))εV (s)ds

(5.61)

Guided by the estimates in the classical case [Lim and Wehr, 2017], we expect that

the terms in the above expression, which contain the momentum process, εV (s), s ∈ [0, t],

tend to zero as ε → 0 and the terms containing the “kinetic energy”, εV (s)2, are O(1) as

ε→ 0. Physically, these statements can be justified by arguing that the momentum process

is a fast variable that equilibrates rapidly and the equipartition theorem becomes valid in

the considered limit, respectively. It is these contributions from εV (s)2 that invalidate the

naive procedure to obtain the limiting equation by simply setting ε to zero in the pre-limit
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equations; one expects to obtain correction drift terms in the limiting equation for particle’s

position.

Similarly, we can repeat the above calculations and arguments for the other integral terms

in (5.51). We are thus left with the problem of deriving the limiting expressions for εV (s)2,

εV (s)Y (s), εV (s)ηn(s), n = 0, 1, . . . as ε→ 0.

To derive them, we apply quantum Itô formula to

ε2V sV
T
s = ε2



V (s)2 V (s)Y (s) . . . V (s)ηN(s) · · ·

Y (s)V (s) Y (s)2 . . . Y (s)ηN(s) · · ·
...

...
. . .

...

ηN(s)V (s) ηN(s)Y (s) . . . η2
N(s) . . .

...
...

...
. . .


, (5.62)

where the entries should be interpreted as tensor products of operators.

This gives:

d[(εV s)(εV
T
s )] = d[εV s]εV

T
s + εV sd[εV T

s ] + d[εV s]d[εV T
s ]

= [−γ̂(X(s))V s + F (X(s)) + σdW−π/2
s ]εV T

s ds

+ εV s[−γ̂(X(s))V s + F (X(s)) + σdW−π/2
s ]Tds+ σσTds, (5.63)

where we have used the quantum Itô formula (3.48) to compute:

dW−π/2
s d(W−π/2

s )T = Ids. (5.64)

Rearranging, we obtain the following operator Lyapunov equation [Bhatia and Rosenthal,

1997; Rosenblum et al., 1956]:

T̂ (J) := ΓJ + JΓT = B1 +B2 +B3, (5.65)

156



where

Γ = γ̂(X(s)), J = εV sV
T
s ds, B1 = −d[ε2V sV

T
s ], (5.66)

B2 = ε[(σdW−π/2
s + F (X(s)))V T

s + V s(d(W−π/2
s )TσT + F (X(s))T )]ds, B3 = σσTds.

(5.67)

The formal solution to this equation can be written as

J = T̂
−1

(B1) + T̂
−1

(B2) + T̂
−1

(B3). (5.68)

By previous arguments on the asymptotic behavior of the momentum process, we expect

that T̂
−1

(B1) and T̂
−1

(B2) tend to zero as ε→ 0.

Therefore, in the limit ε → 0, εV sV
T
s converges to the solution, J̄ , of the operator

Lyapunov equation:

γ̂(X̄(s))J̄ + J̄ γ̂(X̄(s))T = σσT . (5.69)

Solving the above equation for J̄ allows us to extract the limits of εV (s)2, εV (s)Y (s) and

εV (s)ηn(s), n = 0, 1, . . . , which we denote by J1,1, J1,2, J1,n+3 for n = 0, 1, . . . , respectively.

We refer to Appendix 5.6 for the solution of this equation. This is what we need to determine

the asymptotic behavior of X(t) in (5.54) as ε→ 0.

The following limiting equation for X̄(t) is the main result of this chapter. It is derived

for a large class of non-Markovian QBM with inhomogeneous damping and diffusion and is

valid for positive temperature.

The Main Result1. In the limit ε → 0, the particle’s position, X(t), converges to the

1The more mathematically inclined readers might demand a rigorous proof of this result. Indeed, provided
that one is sufficiently sophisticated to deal with the technicalities associated with the Heisenberg-Langevin
equations and perhaps more, a rigorous proof that mimics that in the classical case could possibly be given,
using tools from quantum stochastic analysis. However, we will not do this here and leave such exploration
to future studies.
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solution, X̄(t), of the following equation:

dX̄(t) = −[f ′(X̄(t))]−2U ′(X̄(t))dt+
i

2m0

[f ′(X̄(t))]−1f ′′(X̄(t))dt+ S(X̄(t))dt

+ [f ′(X̄(t))]−1

(√
a0 cot

(
a0

2kBT

)
dW

−π/2
0 (t) +

∞∑
n=1

√
4a2

0kBT

a2
n − a2

0

dW−π/2
n (t)

)
, (5.70)

where S(X̄(t)) is the quantum noise-induced drift, arising in the limit of simultaneously

vanishing inertial, memory, noise correlation and quantum time scales, given by:

S(X̄)

=

(
∂

∂X̄
[f ′]−2

)
a0

2
cot

(
a0

2kBT

)
+

(
∂

∂X̄
[f ′]−2

) ∞∑
n=1

{
2kBTa

2
0

a2
n − a2

0

(
I +

an
m0a0(an + a0)

(f ′)2

)(
I +

a0

m0an(an + a0)
(f ′)2

)−1
}

−
(

∂

∂X̄
[f ′]−1

) ∞∑
n=1

{
2kBTa0

m0an(an + a0)

(
I +

a0

m0an(an + a0)
(f ′)2

)−1
}
f ′, (5.71)

where a0 = EΛ, an = 2πnkBT and the W
−π/2
n (t) = i(An(t) − A†n(t)), n = 0, 1, . . . , are the

independent quantum Wiener processes.

We make a few remarks about the limiting equation (5.70).

Remark 5.5.1. (i) As in the classical case, it contains drift correction terms induced by

vanishing of all the characteristic time scales. The presence of such noise-induced drift

is a consequence of nonlinear coupling in the QBM model. Expanding S(X̄) about

large T , we see that:

S(X̄) =
∂

∂X̄

(
[f ′(X̄)]−2

)
kBT +O(1/T ), (5.72)

and so the form of the zeroth order contribution coincides with the classical noise-

induced drift obtained in the case of equilibrium bath where the Einstein’s relation

is satisfied (c.f. (101) in [Hottovy et al., 2015a] with D = [f ′]−2kBT ). Moreover, the
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zeroth order contribution after expanding in large T for the noise terms reads

[f ′]−1
√

2kBTdW
−π/2
0 (t), (5.73)

whose form (modulo the quantum nature of the noise W
−π/2
0 ) is identical to that in

the classical result. Therefore, we see that our quantum noise-induced drift consists of

a classical counterpart (the first term in the formula for S(X̄) above), which reduces

to the classical noise-induced drift in the high temperature regime, and also several

drift terms that are purely quantum in origin. The latter drifts depend explicitly on

both bath parameters an and EΛ. Note that, in contrast to the classical results and

to the linear coupling case, we have an additional term (the contribution involving the

imaginary number) in the limiting equation due to inhomogeneous nature of the bath.

(ii) In the linear coupling (f(X̄) = X̄) case, the limiting equation reduces to:

dX̄(t) = −U ′(X̄(t))dt+

√
EΛ cot

(
EΛ

2kBT

)
dW

−π/2
0 (t) +

∞∑
n=1

√
4E2

ΛkBT

a2
n − E2

Λ

dW−π/2
n (t).

(5.74)

In contrast to the results obtained in the literature (see for instance, eqn. (14) in

[Ankerhold et al., 2001]), the limiting equation is not a classical SDE, but a QSDE

driven by quantum thermal noises. At low temperature, all the quantum noise terms in

the above expression contribute significantly to the limiting dynamics. While this is in

agreement with the finding in [Ankerhold et al., 2001] that quantum fluctuations play

an important role at low temperatures, the detailed expression of this role obtained

here is different. On the other note, in this special case S(X̄) = 0, so drift correction

terms are absent in the limiting equation and the formal procedure of setting ε to zero

in (5.28)-(5.33) yields a correct limiting equation.

(iii) To demonstrate the relations between the noise coefficients and the parameters in the
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noise-induced drifts, one can rewrite:

dX̄(t) = −[f ′(X̄(t))]−2U ′(X̄(t))dt+
i

2m0

[f ′(X̄(t))]−1f ′′(X̄(t))dt+ S(X̄(t))dt

+
√

4kBT [f ′(X̄(t))]−1

∞∑
n=0

βndW
−π/2
n (t), (5.75)

where

S(X̄)

= 2kBT

[
∂

∂X̄

(
[f ′]−2

)
β2

0 +
∂

∂X̄

(
[f ′]−2

) ∞∑
n=1

[
β2
n

(
I +

β2
n

m0cn
(f ′)2

)(
I +

β2
n

m0dn
(f ′)2

)−1
]

− ∂

∂X̄

(
[f ′]−1

) ∞∑
n=1

{
β2
n

m0dn

(
I +

β2
n

m0dn
(f ′)2

)−1
}
f ′
]
, (5.76)

with

β0 =

√
a0

4kBT
cot

(
a0

2kBT

)
, βn =

√
a2

0

a2
n − a2

0

, dn = an
a0

an − a0

, cn =
a2

0

an

a0

an − a0

.

(5.77)

The formulae for the noise parameters βn (n = 1, 2, . . . ) resembles those derived in

[Attal and Joye, 2007]. In particular, β2
n can be written as 1/(eε(n)/kBT − 1), with

ε(n) = 2kBT ln(an/a0) > 0 and similarly for dn/an = ancn/a
2
0. Therefore, information

about expected number of bosons in an energy state of energy ε(n) is encoded in the

noise coefficients of the limiting equation and, more importantly, since the quantum

noise-induced drifts depend explicitly on β2
n, they also encode such information about

the heat bath.

(iv) For the nonlinear coupling case the limiting equation does not describe a Markovian

dynamics and so cannot be cast as a QSDE in a H-P form, due to the presence of

nonzero contribution containing the imaginary expression in the equation. On the other

hand, for the linear coupling case, the limiting equation can be cast into a H-P QSDE.
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However, the H-P form is not unique since the associated effective Hamiltonian and

Lindblad operators can only be deduced from the form of Heisenberg-Langevin equation

for a single observable and the Lindblad form is invariant under certain transformations

of the Hamiltonian and Lindblad operators. One way to choose a Lindblad form is

to argue as follows. In the usual weak coupling limit the effective dynamics would be

a Markovian non-dissipative dynamics with the Lindblad operator given by L = X

and the effective system Hamiltonian Heff equal HS (plus possibly a correction term

proportional to X2). Since here we are taking small mass limit together with a white

noise limit, one would expect to obtain Markovian dynamics associated with a modified

L and a modified He. In this way, one postulates the Lindblad operators to be:

Ln = X̄ −
√

4kBTβnP/~, n = 0, 1, 2, . . . (5.78)

and the effective system Hamiltonian to be:

He = {−U ′(X̄), P}/2. (5.79)

5.6 Appendix on Solving the Operator Lyapunov Equa-

tion

We outline the derivation of the solution, J̄ , to the operator Lyapunov equation:

γ̂(X̄(s))J̄ + J̄ γ̂(X̄(s))T = σσT , (5.80)

where γ̂ and σ are block operator matrices, defined in Section 5.4. First, we observe that

upon taking transpose on both sides of the equation, we have γ̂(X̄(s))J̄
T

+ J̄
T
γ̂(X̄(s))T =

σσT , so uniqueness of the solution implies J̄ = J̄
T

, i.e. Jk,l = Jl,k for all k, l.
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We write J̄ in the block-structure form:

J̄ =

 J1 J2

JT2 J4

 , (5.81)

where

J1 =

 J1,1 J1,2

J1,2 J2,2

 , J2 =

 J1,3 J1,4 · · ·

J2,3 J2,4 · · ·

 and J4 =


J3,3 J3,4 · · ·

J4,3 J4,4 · · ·
...

...
. . .

 . (5.82)

Working out the matrix multiplications of the block operator matrices in the equation

gives

J4 =
1

2
D−1Σ2, (5.83)

which is a diagonal block operator matrix, and the following Sylvester-type equations:

AJ2 + J2D = −1

2
BD−1Σ2, (5.84)

AJ1 + J1A
T = −BJT2 − J2B

T . (5.85)

Eqn. (5.84) gives a system of linear equations for J1,n+3 and J2,n+3, for n = 0, 1, . . . :

f ′

m0

J2,n+3 + anJ1,n+3 =
f ′

2m0

Σ2
n

an
, (5.86)

−a0f
′J1,n+3 + (a0 + an)J2,n+3 = 0, (5.87)

which has the solution:

J2,n+3 =
Σ2
n

2m0

a0

a2
n(a0 + an)

[
I +

a0

m0an(a0 + an)
(f ′)2

]−1

(f ′)2, (5.88)

J1,n+3 =
Σ2
n

2m0a2
n

[
I +

a0

m0an(a0 + an)
(f ′)2

]−1

f ′, (5.89)
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where we have used the fact that h(X)g(X) = g(X)h(X) for any functions g, h. Similarly,

eqn. (5.85) gives:

J1,2 =
∞∑
n=0

J1,n+3, J2,2 =
1

2
{f ′,

∞∑
n=0

J1,n+3}, (5.90)

J1,1 =

(
(f ′)−1 +

1

m0a0

f ′
) ∞∑

n=0

J1,n+3 −
1

m0a0

∞∑
n=0

J2,n+3. (5.91)

Substituting the expressions for J2,n+3 and J1,n+3 from (5.88)-(5.89) into the above equation

gives the formula for J1,2, J2,2 and J1,1. In particular,

J1,1 =
∞∑
n=0

{
Σ2
n

2m0a2
n

[
I +

an
m0a0(a0 + an)

(f ′)2

] [
I +

a0

m0an(a0 + an)
(f ′)2

]−1
}
. (5.92)

We remark that upon taking the limit, the contributions involving the J1,2 and J1,3 cancel

each other, as in the classical situation, and so the contributions coming from J1,n (n ≥ 4)

are indeed correction drift terms induced by purely quantum noises.
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CHAPTER 6

CONCLUSIONS AND FUTURE

DIRECTIONS

6.1 Part I

Summary of Part I. In the first part of this dissertation, we have studied homogenization

of a class of GLEs in the limit when three characteristic time scales, i.e. the inertial time,

the characteristic memory time in the damping term, and the correlation time of colored

noise driving the equations, vanish at the same rate. We have derived effective equations,

which are simpler in three respects:

1. The number of degrees of freedom is reduced, since the velocity variables have been

homogenized.

2. The equations become regular SDEs, since the memory time has been taken to zero.

3. The system is driven by a white noise.

Nevertheless, noise-induced drifts are present in the limiting equations, resulting from the

dependence of the coefficients of the original model on the state of the system. We have ap-

plied the general results to a study of thermophoretic drift, correcting the formulae obtained
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in an earlier work [Hottovy et al., 2012b]. In systems, satisfying a fluctuation-dissipation

relation, the noise-induced drifts in the limiting SDEs for the particle’s position reduce to

a single term, and for special cases the limiting SDEs coincide with that of [Hottovy et al.,

2015a]. However, in the more general case, new terms appear, absent in the case without

memory. To prove the main theorem, we have employed the main result of [Hottovy et al.,

2015a].

Future Directions. Homogenization of other specific non-Markovian models can also be

studied using the methods of this dissertation. An example is a system with exponentially

decaying memory kernel, driven by white noise in the limit as the inertial and memory time

scales vanish at the same rate. In this case the noise-induced drift in the limiting equation will

consist of two terms, not three, as in the case studied here. On the other hand, it would be

interesting to study homogenization for GLEs in the limit when the characteristic time scales

tend to zero at different rates, along the line of [Pavliotis and Stuart, 2005]. As mentioned

in Chapter 2, we will explore homogenization for GLEs with vanishing effective damping

and/or diffusion constant, in which case the modeled particle may exhibit superdiffusive

behavior [Morgado et al., 2002; Bao et al., 2005; Siegle et al., 2010], in a future work.

It is natural to extend the GLE studies in this dissertation to the infinite-dimensional

setting so that a larger class of memory functions and covariance functions can be covered.

For instance, in this case the driving noise process ξ(t) is defined in terms of the triple

of operators (A,B,C) as ξ(t) = 〈C,η(t)〉ρ, and modeled by an infinite-dimensional linear

system described by the following stochastic evolution equation in a real separable Hilbert

space (H, 〈·, ·〉ρ) (〈·, ·〉ρ is an inner product with respect to a measure ρ(λ)dλ)[Da Prato and

Zabczyk, 2014, 1996; Hairer, 2009]:

dη(t) = −Aη(t)dt+Bdw(t), (6.1)

ξ(t) = 〈C,η(t)〉ρ, (6.2)
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where the operator −A generates a strongly continuous and uniformly exponentially stable

semigroup in H, B is a linear operator, w(t) is the standard cylindrical Wiener process and

〈C, · is a linear functional acting on a vector in H.

The colored noises considered in Chapter 2 have correlations decaying exponentially

(short-range memory). It would be interesting to study cases where the GLE is driven

by other colored noises such as fractional Gaussian noises, with covariances decaying as a

power, relevant for modeling anomalous diffusion phenomena in fields ranging from biology

to finance [Kou, 2011; Bernstein, 2014]. An important motivation comes from the microrhe-

ological1 studies of tracer particle diffusion in biological fluid [Lysy et al., 2016]. In these

studies, data collected from the tracking of the particle’s motion often suggests path inho-

mogeneity induced by spatial variation across the fluid. A possible physical model describing

the subdiffusion of the tracer particle is a GLE driven by fractional Brownian motion of the

form:

mdvt = F (xt)dt− g(xt)

(∫ t

t0

ΓH(t− s)h(xs)vsds

)
dt+ σ(xt)dB

H
t , (6.3)

where t0 is an initial time, xt, vt ∈ R (here we restrict to one dimension for simplicity) denote

the particle’s position and velocity respectively, m > 0 is the particle’s mass, F (xt) is an

external force, g, h and σ are the state-dependent coefficients, ΓH(t−s) is the memory kernel,

and BH
t (H 6= 1/2) is a fractional Brownian motion parametrized by the Hurst parameter

H. GLE of the above form is a generalization of the one considered in, for instance, [Kou,

2011; Li et al., 2017].

6.2 Part II

Summary of Part II. In the second part of this dissertation, we have studied the small

mass limit of QBM model using a quantum stochastic calculus approach, extending analogous

1Microrheology is “the inferential study of the viscoelastic properties of fluids through the observed paths
of embedded probes”[Bernstein, 2014]. Careful analysis of the data collected via these probes is important
to understand the diffusive behavior of the probes. This understanding could aid design of clinical strategies
to treat diseases and drug delivery mechanisms.
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studies for classical models. More precisely, in the limit considered, the particle’s momentum

is a fast variable that can be adiabatically eliminated to obtain a reduced dynamics described

by evolution of position alone, while at the same time memory effects reduce to additional

drifts. Our main result is derivation of the limiting equation (5.70) for the particle’s posi-

tion. This equation exhibits strong quantum effects. It is driven by thermal noises which are

linear combinations of H-P fundamental processes. Its most important feature is the pres-

ence of quantum noise-induced drift given in eqn. (5.71), which corrects the equation one

would obtain by naively setting ε to zero in the pre-limit equations. This correction consists

of terms which have classical counterparts, as well as drifts that are purely quantum in origin.

Future Directions. We expect that such quantum noise-induced drifts will lead to interest-

ing effects in experimental studies of small mass quantum system at low temperatures, such

as an impurity in a ultracold Bose gas. In [Bonart and Cugliandolo, 2012, 2013; Massignan

et al., 2015; Lampo et al., 2017], it has been shown that the Hamiltonian of this system may

be cast in the form of a QBM model. Here, the impurity plays the role of the Brownian

particle, while the environment is represented by the Bogoliubov excitations of the gas. In

general, the coupling between the impurity and the bath shows a nonlinear dependence on

the position of the former. Accordingly, this system is a good candidate to detect a quantum

noise-induced drift. However, the spectral density of an impurity in a Bose gas cannot be

reduced to an Ohmic one. For instance, in [Lampo et al., 2017] it has been shown that, in

the case in which the gas is homogeneous, i.e. its density is space-independent, the spectral

density shows the following behavior:

J(ω) ∼ ωd+2, (6.4)

where d is the dimension of the system. Therefore, it would be interesting to extend the

present study to a QBM model where the bath spectral density is different from the one
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considered here, in particular the non-Ohmic ones [Ford and O’Connell, 2006; Efimkin et al.,

2016].

It would be interesting to study quantum analogue of the studies mentioned in the future

directions for Part I. In particular, formulating new limit problems to study effective dy-

namics of an anomalously diffusing quantum particle, in which case the environment may be

modeled by quantum analog of fractional noises and new tools will be needed. In this disser-

tation, we have focused on effective dynamics of a single particle and it is natural to extend

the study to multiple particles. An interesting project is to study the role of frequency-

dependent nature (non-Markovianity) of the environment in generating noise-induced en-

tanglement of multiple Brownian particles immersed in a common inhomogeneous quantum

heat bath [Hörhammer and Büttner, 2008; Valido et al., 2013]. Understanding these entan-

gled systems is crucial to learn how one can harness the power of quantum mechanics to

design and control devices in quantum optics and condensed matter physics. We will leave

all these explorations to future work.

In addition to the proposed project to systematically study QSDE representation of quan-

tum noises in Remark 4.3.2, a broader research direction is to continue applying quantum

stochastic calculus to the studies of open quantum systems. As a deeper understanding of

the interplay between classical and quantum stochastic theory will help inspire many devel-

opments, both theoretically and experimentally, in various areas of mathematics and physics,

it is important to follow the development and progress in understanding the interplay.

168



BIBLIOGRAPHY

Accardi, L. (1990). Noise and dissipation in quantum theory. Reviews in Mathematical

Physics, 2(02):127–176.

Accardi, L. (2006). Could we now convince Einstein? In AIP Conference Proceedings,

volume 810, pages 3–18. AIP.

Accardi, L. (2018). Quantum probability and Hilbert’s sixth problem. Phil. Trans. R. Soc.

A, 376(2118):20180030.

Accardi, L., Fagnola, F., and Quaegebeur, J. (1992). A representation free quantum stochas-

tic calculus. Journal of Functional Analysis, 104(1):149–197.

Accardi, L., Frigerio, A., and Lewis, J. T. (1982). Quantum stochastic processes. Publications

of the Research Institute for Mathematical Sciences, 18(1):97–133.

Accardi, L., Lu, Y., and Volovich, I. (2002). Quantum Theory and Its Stochastic Limit.

Physics and Astronomy Online Library. Springer Berlin Heidelberg.

Adelman, S. and Doll, J. (1976). Generalized Langevin equation approach for atom/solid-

surface scattering: General formulation for classical scattering off harmonic solids. The

Journal of Chemical Physics, 64(6):2375–2388.

Alicki, R. (1987). General theory and applications to unstable particles. In Quantum Dy-

namical Semigroups and Applications, pages 1–94. Springer.

169



Allen, L. (2007). An Introduction to Mathematical Biology. Pearson/Prentice Hall.

Ankerhold, J. (2003). Phase space dynamics of overdamped quantum systems. EPL (Euro-

physics Letters), 61(3):301.

Ankerhold, J., Grabert, H., and Pechukas, P. (2005). Quantum Brownian motion with large

friction. Chaos: An Interdisciplinary Journal of Nonlinear Science, 15(2):026106.

Ankerhold, J., Pechukas, P., and Grabert, H. (2001). Strong friction limit in quantum

mechanics: The quantum Smoluchowski equation. Phys. Rev. Lett., 87:086802.

Applebaum, D. (2010). Robin Hudson’s pathless path to quantum stochastic calculus. Com-

munications on Stochastic Analysis, 4(4):2.

Araki, H. and Woods, E. (1963). Representations of the canonical commutation relations de-

scribing a nonrelativistic infinite free Bose gas. Journal of Mathematical Physics, 4(5):637–

662.

Ariel, G. and Vanden-Eijnden, E. (2008). A strong limit theorem in the Kac-Zwanzig model.

Nonlinearity, 22(1):145.

Attal, S. and Joye, A. (2007). The Langevin equation for a quantum heat bath. Journal of

Functional Analysis, 247(2):253–288.

Attal, S., Joye, A., and Pillet, C. (2006). Open Quantum Systems II: The Markovian Ap-

proach. Lecture Notes in Mathematics. Springer.

Attal, S. and Pautrat, Y. (2006). From repeated to continuous quantum interactions. In
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Bylicka, B., Chruściński, D., and Maniscalco, S. (2013). Non-Markovianity as a resource for

quantum technologies. arXiv preprint arXiv:1301.2585.

173



Caldeira, A. and Leggett, A. (1983a). Path integral approach to quantum Brownian motion.

Physica A: Statistical Mechanics and its Applications, 121(3):587 – 616.

Caldeira, A. and Leggett, A. (1983b). Quantum tunnelling in a dissipative system. Annals

of Physics, 149(2):374 – 456.

Caldeira, A. O. (2014). An Introduction to Macroscopic Quantum Phenomena and Quantum

Dissipation. Cambridge University Press.

Callen, H. B. and Welton, T. A. (1951). Irreversibility and generalized noise. Physical

Review, 83(1):34.

Carlesso, M. and Bassi, A. (2017). Adjoint master equation for quantum Brownian motion.

Physical Review A, 95(5):052119.
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Dereziński, J. and Jakšić, V. (2001). Spectral theory of Pauli–Fierz operators. Journal of

Functional analysis, 180(2):243–327.

175



Dhahri, A. (2009). Markovian properties of the Pauli-Fierz model. Communications on

Stochastic Analysis, 3(2):8.

Dillenschneider, R. and Lutz, E. (2009). Quantum Smoluchowski equation for driven systems.

Physical Review E, 80(4):042101.

Eckmann, J.-P., Pillet, C.-A., and Rey-Bellet, L. (1999). Non-equilibrium statistical me-

chanics of anharmonic chains coupled to two heat baths at different temperatures. Com-

munications in Mathematical Physics, 201(3):657–697.

Efimkin, D. K., Hofmann, J., and Galitski, V. (2016). Non-Markovian quantum friction of

bright solitons in superfluids. Physical Review Letters, 116(22):225301.
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Itô, K. et al. (1954). Stationary Random Distributions. Memoirs of the College of Science,

University of Kyoto. Series A: Mathematics, 28(3):209–223.
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