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Abstract

This dissertation reports on the development of the quantum-theory-based Metastable
Electronic State Approach (MESA) for modeling light-matter interactions in the near-
IR to long-IR wavelength regions. MESA is a first-principle description for the non-
linear optical response of the medium, making use of the metastable solutions of the
stationary Schrödinger equation including the quasi-static homogeneous electric field.
Its primary purpose is to function as a computationally e�cient model of the medium
with minimal parameters.
The theoretical underpinnings and preliminary numerical tests of MESA have been
demonstrated in recent publications. This dissertation develops upon previous work
by finding numerical solutions for metastable resonances to bring to fruition the
single-state Metastable Electronic State Approach (ssMESA). To create the numer-
ical toolkit to practically implement ssMESA, we utilize the Single-Active-Electron
(SAE) approximation, design a parameter-free model, and present a quantitative as-
sessment of the theory, initally for noble-gas atoms.
Additionally, with the use of data from the multi-electron hybrid-antisymmetrized
Coupled Channel Approach, the ssMESA has been extended to molecular Nitrogen.
The extension to Nitrogen demonstrates the utility of the ssMESA beyond the SAE
description and noble gases, moving towards a full model of the atmosphere.
The core of this dissertation deals with the extension beyond ssMESA, first realized
in the form of “Post-Adiabatic” corrections. The post-adiabatic (paMESA) model is
used to demonstrate the wavelength-dependent enhancement of strong-field ioniza-
tion. We further show that the paMESA is e↵ecient in computationally capturing
the light-matter dynamics in two-color optical pulses.
An important outcome of this dissertation is a first of its kind experiment-theory com-
parison of the transient nonlinear response for a light-matter interaction model ap-
plicable to optical filamentation. The quantitative agreement has been demonstrated
for peak intensities with complex dynamics due to competition between self-focusing
and plasma-induced defocusing where the optical field acts in the intermediary region
between perturbativly and a strong field. The comparison encompasses more than
forty experiments on several gas species and highlights the robustness of the MESA.
Finally, in looking forward the MESA is developed beyond the paMESA model by
explicitly including the first excited state to describe non-adiabatic e↵ects in a two-
state system. The inclusion of the excited state eliminates the need for the sole fit
parameter in the paMESA model as the initial exploratory step toward building a
multi-state MESA.
In summary, the work described in this dissertation elevates the MESA from the
proof-of-principle stage and transforms this framework into a practical tool with ap-
plications throughout Nonlinear Optics.
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Chapter 1

Introduction and Background

“I am one of those who think, like Nobel, that humanity will draw more good than evil

from new discoveries.” -Marie Curie

1.1 Modeling Nonlinear Pulse Propagation

A variety of nonlinear e↵ects, including high-harmonic generation and optical fila-

mentation, arise in the propagation of high-power, ultrashort optical pulses. In the

realm of ultrafast light-matter interaction, there are a variety of fundamental mech-

anisms that cause such phenomena such as self-focusing, plasma-induced defocusing,

multi-photon absorption, strong-field ionization, self-steepening and supercontinuum

generation to name a few.

Needless to say, all these apparently di↵erent processes are manifestations of the mi-

croscopic dynamics of atoms and molecules exposed to electric fields of optical pulses.

Their quantum origin makes it inherently di�cult to numerically simulate them as

an integral part of the Maxwell-Schrödinger system.

Previous approaches to capture the relevant physical mechanisms in pulse propagation

implemented all Kerr-related self-focusing, and plasma-related defocusing, process as

independently parameterized [25]. It is a most important goal of the present work to

design a computationally e�cient method that reflects the common quantum origin

of all the e↵ects that govern the pulse dynamics, and apply them to applications such

as optical filamentation. Modeling the physics correctly is important for simulations

that aspire to help guide experiments.

A widely accepted model for pulse propagation is the Unidirectional Pulse Propaga-

tion Equation [26, 27]. The scalar version, for a single Polarization, of the UPPE in
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the z-direction is described as:
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where the electric field propagating in the forward direction, indicated above and

below by index +, can be represented spectrally in terms of a plane-wave basis:
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Then we can solve for the dynamical equations for the coe�cients:
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The spectral decomposition of the electric field into the planar basis enables a numer-

ically exact solution assuming that all frequencies are included. The linear portion of

the propagation, including the linear polarizability is included in the first ik
z

term in

Equation 1.1.1. From the dispersion relation

!2(k)✏(!(k)) = k2 (1.1.4)

we can solve for k
z

, the propagation wavenumber of the specific planar basis function

in Equation 1.1.2. k
z

is defined as a function of the transverse wavenumber k? as

k
z

=

r
!2✏(!)

c2
� k2
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In Equation 1.1.1, the linear and nonlinear components of the Polarization are taken

from constituative relation

D(k) = ✏0✏(!(k))E(k) + PNL(k) (1.1.6)

which includes the electric permitivitty ✏(!(k)) to account for chromatic dispersion

that is fundamental to all nonlinear e↵ects modeled in UPPE and gUPPE [27, 26].
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The quanities in Equation 1.1.3 describing the medium are the nonlinear Polarization

P
NL

(k?,!, Ez

(z)) and current density J(k?,!, E?(z)); these terms are responsible

for the nonlinear coupling between all the spectral basis components.

A very useful property of formulating the UPPE in the above description is that the

the propogation ik
z

E?
+(k?,!, z) is implemented separately from the medium response.

As implemented, MESA is a module that can be used as a standalone representation

of the medium response and paired with other nonlinear medium response modules

such as many-body e↵ects explored by K. Schuch et. al. [28]. This gives the user of

the UPPE simulator a lot of freedom with the ability to compare di↵erent models

and use only the ones necessary for the spectral range of interest.

The UPPE, Equation 1.1.3 and its generalization gUPPE [26] are pseudo-spectral

equations which represent, for many practical purposes, a Maxwell-equations solver

with a preferred direction of propagation. In deriving the equations, the perferred

direction is imposed in the ansatz. The advantage of UPPE over FDTD Maxwell

solvers [29, 30, 31, 32, 33, 34, 35] is that the simulations is readily done on a large scale

required to model experiments, and that the medium description can implemented in

the time-domain without negative e↵ects of numerical dispersion which plagues the

FDTD methods.

As mentioned, the medium response has been previously implemented in a piece-wise

fashion [25, 36, 37, 38, 39, 40, 41, 42, 43, 44, 45, 46, 47, 48, 49, 50, 51, 52, 53] . To

illustrate the conceptual problems a piecewise description may cause, consider the

following example of nonlinear Polarization. One commonly accepted representation

of the response is to examine the nonlinear Polarization, by expanding it in a Taylor

series. We know the polarization to be an odd function for isotropic media such as

atmospheric gas, so it can be represented as [46, 54, 55, 56]:

P
NL

(t) = ✏0

 
�(3)(!)E3(t) + �(5)(!)E5(t) + �(7)(!)E7(t) · · ·

!
(1.1.7)
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Often times it is practical to include only the leading order term, in which the material

response corresponds to the nonlinear index of refraction n2 as

�(3) = 2n0n2 (1.1.8)

Note that Equation 1.1.7 is written in a mixed representation, with the susceptibil-

ity depending on ! while the field being a function of time. Of course, this is only

admissible if the spectrum is monochromatic which is rarely the case in modern Non-

linear Optics experiments. This is an example of a problem that does not exist in the

approach developed in this dissertation.

In the UPPE, Equation 1.1.3, to model the current density, it is often assumed that

most of the free-electron current can be modeled combining instantaneous photoion-

ization and the Drude model, for bound and free electrons, respectively

@J
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@t
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m
e

⇢E (1.1.9)
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In Equation 1.1.10, W (|E|2) represents the instantaneous photoionization rate [44,

36, 41], U
i

the ionization potential, ⇢
at

the density of neutral atoms and ⇢ the density

of free electrons. A number of the previously mentioned nonlinear processes can be

encompassed in this description, however to include an e↵ect such as delayed Raman-

Kerr, the nonlinear Polarization may depend on the history of the driving field [41]:

P
NL

= 2✏0n0n2

"
(1� ↵)I(t) + ↵

Z 1

0

I(t� ⌧)R(⌧)d⌧

#
E(t) (1.1.11)

In Equation 1.1.11, there are some of familiar quantities from linear optics: the

medium index of refraction n0, for free space this is 1. Also from linear optics, we

also have the free space permitivity ✏0. There are additional quantities from nonlin-

ear optics such as the nonlinear index of refraction n2 from which Kerr self-focussing

arises and the Intensity of the electric field I(t). Newly introduced quantities for
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the delayed e↵ect are the Raman response function R(⌧) that takes into account the

history of the electric field intensity I(t� ⌧).

The above described quantities, along with the fraction ↵ characterizing what portion

of the nonlinear response is delayed-Raman, illustrate how previous implementations

modularly construct the nonlinear response. As with the photoionization, W (|E|)2 in

Equation 1.1.10, it is di�cult to surmise relative weights of each term when including

more e↵ects with more terms in either the current density and/or nonlinear polariza-

tion response.

One extension beyond the Kerr nonlinearity due to bound electrons, proposed several

years ago, is to include the Higher-Order Kerr E↵ect (HOKE) in the polarization,

consisting of higher-order Kerr terms [25] and an inensity dependent index of refrac-

tion.

�n(I) = n2I + n4 + I2 + n6I
3 + n8I

4 + n10I
5 (1.1.12)

HOKE was introduced as a regularization mechanism [57, 58, 59, 46, 60, 61] of the

self-focusing collapse, however the issue turned out to be highly controversial and

there are other results in the literature that show that the defocusing occurs due to

plasma defocusing rather than higher-order Kerr [62, 63, 64, 61, 65, 66, 67, 68, 58, 69,

59, 70, 71, 52, 72, 73, 21, 11, 20, 74]. The question of the higher-order nonlinearities

gave rise to a protracted debate; that is another motivating factor for the implemen-

tation of MESA. We shall show that no splitting into orders is needed, a more natural

description is in terms of an entire function as is done in MESA.

In the intermediate region between where the electric field is perturbative and a strong

field one can achieve optical filamentation [41, 75, 76, 77, 78, 79, 80, 81, 82, 83, 84, 85,

86, 87, 88]. Optical filamentation occurs when there is a subtle balance between Kerr

self-focusing and plasma defocusing. Filamentation begins when the optical field is

strong enough that the index of refraction of the medium depends on the intensity

of the field such that the medium acts as a lens to self-focus the beam to overcome
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di↵raction. This e↵ect can collapse the laser beam on itself if it is the only e↵ect,

however when enough plasma is generated defocusing of the beam arrests collapse.

[41] The repeated interplay of Kerr self-focusing and plasma defocusing often pro-

duces what looks like a filament, hence it is termed optical filament.

Optical filamentation is the main application for the implementation of the Metastable

Electronic State Approach for modeling light-matter interaction however it can be

used in other Mid-IR to Long-IR nonlinear optics applications. This regime of opti-

cal filamentation challenges the modeling of light-matter interaction and is an ideal

test-bed for the theories and numerics developed in this dissertation.

Note that in Equations 1.1.9 and 1.1.10, the description of the dynamics of ionization

and current density arise from di↵erent electronic states, namely bound and free. An

underlying conceptual question is whether the states used in the model are accurately

describing the physics - that is, do the states capture the coupling between the free

and bound states? Such open questions and gaps in the modeling of the medium re-

sponse naturally led to the introduction of the Metastable Electronic State Approach

(MESA) to describe light-matter interaction in a unified and self-consistent way.

1.2 Metastable Electronic State Approach

The Metastable Electronic State Approach is built on the notion that the o↵-resonant

nonlinear response of atoms in optical fields can be accurately modeled by metastable

resonances, also termed Siegert and Gamow states. Gamow states originate from

nuclear-scattering theory and have been intermittantly studied for many years [89,

90, 91, 92, 93]. The other large family of unstable quantum states are Stark reso-

nances [94, 95, 96, 97, 98, 68, 7].

On the scale of the atom, metastable states have such a long lifetime that they are

di�cult to distinguish from normal, stationary, electronic states. The advantage of

such long-lived wavefunctions is that they can represent superpositions of the sta-
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tionary states important in any given decay-channel of the system. The metastable

states implicitly take into account the transient coupling between bound and contin-

uum states to provide a robust model for light-matter interaction.

The metastable Stark resonances used in the Approach here, are the stationary solu-

tions to the atomic system in the presence of an external field. The Stark resonances

do not reside in the Hilbert space of the given quantum system. The metastable wave-

functions solve the same Schrödinger equation, but with di↵erent boundary conditions

that impose the outgoing wave requirement on their asymptotic behavior. As a con-

sequence, the system is non-Hermitian, with complex-valued energies [99, 4, 5, 100].

The utilization of Stark resonances is the novel feature in MESA, giving the user

the optical polarization in addition to a previously known relation of decay rates for

unstable systems, related to the imaginary part of the complex-valued energy. In

comparison to previous modeling methods, the strength of MESA originates in the

fact that we can obtain an accurate representation calculating both quantities, polar-

ization and ionization rates, from the same source.

The aim of the Metastable Electronic State Approach is to address the following open

issues in light-matter interaction models for extreme nonlinear optics:

• Include weakly bound electronic states in addition to free and bound electronic

states to the medium response

• Capture memory-e↵ects in the polarization response in addition to the instan-

taneous polarization

• Aim for a model with as few parameters as possible, as opposed to current

multi-parameter simulations

• Treat all physical processes holistically as one. Naturally, such a method must

return to first-principles rooted in a quantum-mechanical description

Previous work regarding the introduction of the MESA theory has demonstrated the



28

feasibility for this description of light-matter interaction in optical pulse simulations

comparing the material response in MESA to TDSE simulations [1]. The work ex-

plored past the simplest possible system - a toy model of a one-dimensional particle

moving in a Dirac-Delta potential - that has all the important characteristics needed

to probe the filamentation-like regimes of light-matter interactions. Specifically, it

exhibits a bound-state paired with a continuum of stationary states, which “mix”

when exposed to an external field.

A comparison of the nonlinear Polarization, P
NL

(F (t)), of the Dirac-Delta model sys-

tem simulated by MESA, and compared to the exact solution [1] for a � = 2.5µm is

illustrated in Figure 1.1

Figure 1.1. Figure 3 from Ref. [1]:
Nonlinear response of the Dirac-delta
system to a � = 2.5 µm driving pulse
indicated by the thin dashed. The ex-
act response is shown as a blue solid line,
and the resonant-response model result is
shown in thick red. The top panel zooms
in to highlight that the response model
“filters out” very-high-frequency compo-
nents. The bottom panel demonstrates
accurate overall agreement between ap-
proximate and exact solutions. Note: the
low-pass “filtering” is a good thing, as
the high frequency component can pro-
duce unphysical high-harmonics if not re-
produced in a highly accurate manner.

Extensive work was done in establishing the theoretical foundations in studying the

properties of Stark resonances [1, 101, 98, 68, 102, 103, 7], the foundation of the

MESA framework, in exactly solvable systems. Part of the work concentrated on

the verification that the single-state MESA model accurately replicates the behavior

observed in TDSE simulations by the toy systems. The goal of the work described
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in this dissertation was to develop the concept of MESA into a practically usable

computational tool and showcase its utility in applications to realistic systems.

1.3 Dissertation Organization

This dissertation is the culmination of work published in the following papers, listed

chronologically. Each section discusses methods and results from the papers relevant

to the section, which is not always chronological.

• A. Bahl, A. Teleki, P.K. Jakobsen, E.M. Wright, M. Kolesik. “Reflectionless

beam propagation on a piecewise linear complex domain.” Journal of Lightwave

Technology 32 (22), 3670-3676.

• J. Andreasen, A. Bahl, M. Kolesik. “Spatial e↵ects in supercontinuum gener-

ation in waveguides.” Optics Express 22 (21), 25756-25767.

• A. Bahl, J.M. Brown, E.M. Wright, M. Kolesik. “Assessment of the metastable

electronic state approach as a microscopically self-consistent description for the

nonlinear response of atoms.” Optics letters 40 (21), 4987-4990.

• J.M. Brown, P.K. Jakobsen, A. Bahl, J.V. Moloney, M. Kolesik. “On the

convergence of quantum resonant expansion.” Journal of Mathematical Physics

57 (3), 032105.

• A. Bahl, E.M. Wright, M. Kolesik. “Nonlinear optical response of noble gases

via the metastable electronic state approach.” Physical Review A 94 (2), 023850.

• A. Bahl, V.P. Majety, A. Scrinzi, M. Kolesik. “Nonlinear optical response in

molecular nitrogen: from ab-initio calculations to optical pulse simulations.”

Optics Letters 42 (12), 2295-2298.
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• A. Bahl, J.K. Wahlstrand, S. Zahedpour, H.M. Milchberg, M. Kolesik. “Non-

linear optical polarization response and plasma generation in noble gases: Com-

parison of MESA models to experiments.” Physical Review A 96 (4), 043867.

• J.K. Wahlstrand, S. Zahedpour, A. Bahl, M. Kolesik, H.M. Milchberg. “Bound

electron nonlinearity beyond the ionization threshold.” Accepted by PRL.

arXiv:1802.03666[physics.optics]

Chapter 2 discusses the numerical implementation of the solver for Stark resonance

states: mainly the calculation of energies and nonlinear dipole moments as a function

of field strength. The chapter also discusses the in-house developed numerical meth-

ods for time-domain Schrödinger solvers and the extraction of the nonlinear dipole

moment from the energy when calculated using multi-electron methods.

The main results of Chapter 2 are:

1. a numerical framework for ssMESA for noble gases species and molecular Ni-

trogen

2. tables of computed quantities for the ssMESA model for noble gases and Nitro-

gen that are usable for anyone developing light-matter interaction models

3. a comparison of the nonlinear index of refraction n2 estimated by MESA for

noble gases and molecular Nitrogen to experiment

4. a qualitative comparison to experiment of harmonic generation in molecular

Nitrogen

5. an extension of the MESA framework beyond the use of Single-Active-Electron

potentials using many-electron calculations for molecular Nitrogen

Chapter 3 builds on the single-state MESA to

1. approximately include all excited states
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2. explicitly include the first excited state in preliminary investigation for Hydro-

gen

Chapter 3 begins from the dynamical equations, and develops the approximate inclu-

sion of excited states introducing a wavelength dependent renormalized energy. The

results of the approximate inclusion are a more accurate post-adiabatic corrected

MESA model that can be used as an ionization model for two-color simulations. The

corrected model exhibits properties of intensity clamping when used in experiment

scale simulations for optical filamentation.

The development of multi-state MESA goes even further, by explicitly demonstrat-

ing a two-state model including the first excited state. The chapter finishes with an

outlook on how to fully develop the two-state MESA model and the open questions

within MESA.

Chapter 4 contains the Appendices detailing information and data not included in

the text but useful for developing a more comprehensive understanding of MESA.

Appendix A contains the formulas for discretization of the Laplacian operator on the

complexified contour. Appendix B contains tables of the ground-state energy and gen-

eralized dipole moment for noble gases and molecular Nitrogen. Appendix C provides

a full derivation of the post-adiabatic corrections explored in Chapter 3. Appendix D

contains tables of the post-adiabatic corrections as a function of field strength cal-

culated for noble gases. Appendix E contains illustrations of the experiment-theory

comparison of the paMESA and includes the relevant simulation parameters.
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Chapter 2

Adiabatic Description

“Our virtues and our failings are inseparable, like force and matter. When they sep-

arate, man is no more.” -Nikola Tesla

The new light-matter interaction model, motivated by its application to large-scale

numerical simulations in the field of optical filamentation, developed in this thesis is

called the Metastable Electronic State Approach (MESA). It is built using metastable

Stark resonances to ecapsulate bound, free and weakly coupled electronic states to

provide a holistic description of the nonlinear optical response and ionization for

atomic and molecular species for the mid-IR wavelength range.

The current work contributes to MESA’s formulation describing MESA’s use in a

C++ code for solving for Stark resonance energies and dipole moments. More specifi-

cally, the work described in this dissertation took the method from proof of concept

to application in practically relevant systems such as noble and molecular gases.

The application in noble and molecular gases is first demonstrated as the simplest

realizable, single-state MESA, model. The model is subsequently extended to ap-

proximately include higher excited state e↵ects to a multi-state MESA. This chapter

provides a summary of the theoretical underpinnings of the MESA framework and

a description of the numerical implementation leading to the adiabatic, single-state

MESA, description for noble gas atoms and molecular Nitrogen.

2.1 The Metastable Electronic State Approach

Several approaches of light-matter interaction have been explored in numerically mod-

eling extreme ultrashort optical pulse propagation. A few of the previous approaches



33

include: Maxwell’s equation coupled with Schrödinger systems [104] and/or strong-

field-approximation models [105], Kramers-Henneberger atoms [106], and Freeman

resonances [107]. There are a number of challenges in using previous models, primarily

being that implementation is computationally expensive. This creates the need for an

economical light-matter interaction model leading to the proposal of the Metastable

Electronic State Approach as a way of evaluating the nonlinear o↵-resonant response

of atoms subjected to strong optical pulses [1].

2.1.1 Foundational Approximations of the MESA

To understand the Metastable Electronic State Approach model, it is important

to note that one must make certain approximations to simplify the system into a

tractable problem:

• Adiabatic approximation - one must make use of the fact that the atomic

frequency is much shorter than the frequency of the optical field. Hence one

can assume the field to be quasi-static, and readily solve for and make use of

Stark resonances.

• Single Active Electron Approximation - The Single-Active-Electron ap-

proximation assumes that only one electron interacts with the field. As one

would intuit, the active electron is one of the valence electrons. In this demon-

stration, I have made use of Single Active Electron models for atomic species:

Helium, Neon, Argon, Krypton and Xenon. Note that it is not necessary to

employ the Single Active Electron approximation for implementation of the

MESA framework. Other approximations such as using the hybridized anti-

symmetrized Coupled Channel approach are compatible with the MESA frame-

work. This is demonstrated using many-electron calculations [17] for molecular

Nitrogen.
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• Resonant Expansion - One must make a conjecture that the wavefunction

of an electron driven by an externally applied field from an optical pulse can

be split into two parts  (t) =  
R

(t) +  
F

(t),  
F

(t) represents the strongly de-

localized wavefunction. For all practical purposes of the MESA framework the

delocalized portion of the wavefunction doesn’t interact with the nucleus and

 
R

(t) =
P

k

c
k

(t) 
k

(F (t)) represents the resonant expansion of the wavefunc-

tion in terms of metastable states  
k

(F (t)). Note, that under the influence of

the external time-dependent field, the strongly-delocalized portion of the wave-

function gives rise to a current that is equivalent to that caused by a classical

electron. This is a consequence of the Ehrenfest theorem.

• Single-State MESA - This is the simplest MESA, and relies on the assump-

tion that the majority of the optical response can be described by the ground

state of the system  
k=0(F (t)) dynamically adjusted to the time-dependent field

F (t). It will be demonstrated using the non-Hermitan adaptation of the scalar

product that up to 99% of the wavefunction can be modeled by the ground

metastable state. The fact that a single state is capable of providing a rea-

sonable approximation of the nonlinear response shows that Stark resonances

encode physical information. Each single resonance represents a superposition

of many of the relevant standard Hamiltonian eigenstates and is the reason

behind the “e�ciency” of MESA.

• Post-adiabatic Corrections - A somewhat more complex model can be de-

veloped with approximations to include higher energy states. In this version,

coupling from excited states is approximated to be solely with the ground state,

leading to what are termed post-adiabatic corrections. The corrections intro-

duce a wavelength dependence to the response producing additional ionization.

This version of MESA is the contents of most of Chapter 3.
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• Two-state MESA - Looking forward, in an attempt to build a parameter-free

multi-state approach, one assumes that in addition to the ground metastable

state, the next most important state is the first excited state. The first excited

state functions as an additional ionization channel and is also unstable due to

the external field. The first excited state is energetically shallow and its decay-

rate is much higher. In the preliminary exploration of Chapter 3, the reader

will see why its contribution to the total ionization yield can be significant even

when its population probability remains very small.

2.1.2 Implementation of MESA

The method to practically implement MESA is done in a 3-fold manner. First, one

defines the problem as a Schrödinger equation and Eigenvalue problem with said

Hamiltonian. Second, one must define the potential within said Hamiltonian. The

third part, once the eigenvalues and eigenfunctions are calculated, the resonance en-

ergies and wavefunctions, respectively, one must extract the relevant observables to

reproduce the medium response.

Implementation of MESA: Hamiltonian and Eigenvalue Problem

This subsection introduces the Hamiltonian and Eigenvalue Equation for solving for

the resonance solutions. We describe our system with the Hamiltonian

H(t) =
1

2
�+ V (r)� F (t)z (2.1.1)

Stark resonances, |�
k

i, serve as the basis for the Metastable Electronic State Ap-

proach. The Stark resonances used in the resonant expansion are solutions to the

equation

H(F (t))�
k

(r, F (t)) = E
k

�
k

(r, F (t)) (2.1.2)
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Under the quasi-static assumption, one solves for the resonances for a range of static

field values and then utilize the relevant quantity for a specific field value F (t) at the

current time. Equation 2.1.2 is what I refer to as the eigenvalue equation or problem,

when one analytically or numerically solves for resonances.

The Hamiltonian is used to solve for the numerically exact solutions to the Time-

Dependent Schrödinger Equation.

Implementation of MESA: Single-Active-Electron Potentials

As mentioned, it is necessary to define the potential in order to practically imple-

ment MESA. For noble gas atoms, I use a reference set of Single Active Electron

potentials parameterized as the function

V (r) = �1 + a1e
�a2r + a3e

�a4r + a5r
pe�a6r + a7r

pe�a8r

r
(2.1.3)

where p = 0 or p = 1 and r is the absolute distance from the nucleus. The param-

eter values a
i

are listed in Table 2.1 and in Ref. [2] for Helium, Neon and Argon, in

Ref. [108] for Krypton, and in Ref. [109] for Xenon. Figure 2.1 provides a 1-D illus-

tration along the z-axis of noble gas SAE potentials as they di↵er from the Coulomb

potential. Figure 2.1 illustrates how heavier atoms have gradients much sharper than

the gradients of lighter atoms near the origin. The sharpness in gradient of the po-

tential for atoms such as Argon will require the use of a non-uniform grid, outlined

in Section 2.2.5, to solve for the resonance solutions.
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Table 2.1. Potential Parameters

Species a1 a2 a3 a4 a5 a6 a7 a8
Hydrogen 0 0 0 0 0 0 0 0
Helium [2] 1.231 0.662 -1.325 1.236 -0.231 0.480 0.0 0.0
Neon [2] 8.069 2.148 -3.570 1.986 0.931 0.602 0.0 0.0
Argon [2] 16.039 2.007 -25.543 4.525 0.961 0.443 0.0 0.0

Krypton I [108] 5.250 0.902 0.0 0.0 29.750 3.640 0.0 0.0
Krypton II [108] 6.420 0.905 0.0 0.0 28.580 4.200 0.0 0.0
Xenon [109] 51.3555 2.1116 -99.9275 3.7372 1.6445 0.4306 0.0 0.0

Figure 2.1. SAE potential deviation
from the Coulomb as a function of elec-
tron distance from the origin (nucleus),
for various noble gases: Helium [2], Neon
[2], and Argon [2]

The simplicity and benefit of MESA lies in the fact that the medium response is

represented by two complex-valued quantities, E
g

(F ) andDNL(F ), the Stark shift and

nonlinear part of the generalized dipole moment. Figure 2.2 illustrates the real part

of the complex quantities for a range of field strengths. The two functions, E
g

(F )

and D
NL

(F ), represent a replacement for the description of the medium in terms

of nonlinear susceptibilities. How to obtain E
g

(F ), the stark-shift, and DNL(F ) in

practice is addressed in the following section.
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Figure 2.2. Left panel: Real Stark shift as a function of field strength. Right panel:
Real component of nonlinear dipole as a function of field strength. Both graphs are
for noble gases: Helium, Neon, Argon, Krypton and Xenon.

Implementation of MESA: Relevant Observables and Hamiltonian

To understand the underlying theory and quantities needed to implement the MESA,

one must begin by departing from the previously described UPPE Equation 1.1.3.

The relevant quantites needed to model the light-matter interaction are the nonlinear

Polarization and free current density, P NL and J , respectively.

Under the quasi-static approximation, the rate of ionization, is modeled as

@
t

⇢(t) = 2Im{E(F (t))}[N
a

(t)� ⇢(t)], (2.1.4)

and the current induced by the driving field can be found by integrating

@
t

J(t) = e⇢(t)E(t) (2.1.5)

and the nonlinear polarization is written as

PNL(F (t)) = N
a

(t)ea
b

D
NL

(F (t)) (2.1.6)

N
a

(t) is the density of the species. e is the elementary charge. ↵
B

is the Bohr con-

stant. E(F (t)) is the resonance energy. DNL(F (t)) is the generalized nonlinear dipole
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moment, this is calculated from the resonance wavefunctions and will be detailed in

an upcoming section. Naturally one can use Fourier relations to relate between time

and frequency space.

Note that one finds all the MESA quantities, in practice in atomic units, by solving

for the resonances, that are eigenvalues to the Hamiltonian of the system.

Implementation of MESA: Ionization

In solving for resonances, one uses the complex resonant energy E
k

(F ) to model

the ionization in MESA. A simple example to illustrate how the imaginary part of

the energy functions as the ionization is in the dynamics of the ground state in the

single-state MESA

ċ0(t) = �iE0(F (t))c0(t) (2.1.7)

Integrating the Equation 2.1.7 from time t = 0 to time t = t0, one sees that the loss

or ionization, represented as �, is a function of the imaginary part of the energy as a

it follows the field.

P (�0) = |c0(t0)|2 = |c0(0)|2 exp


2Re

⇢
�i

Z
t0

t=0

dt E0(F (t))

��

| {z }
�

(2.1.8)

Implementation of MESA: Generalized Dipole Moment

To accurately capture the medium response in MESA, one utilizes the nonlinear

part of the generalized dipole moment of the electronic state. It is necessary to solve

for the wavefunctions in order to find the nonlinear dipole described as

DNL(F ) = D(F )� lim
s!0

D(sF )

s
, (2.1.9)
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where D(F ) is the generalized expectation value of the dipole moment induced by

the field F . The generalized expectation value is an extension of the conventional

expectation value of the dipole moment to non-Hermitian quantum mechanics using

an alternative definition called the c-product [4, 5] that will be described in detail

in Equation 2.2.2. One can think of this in a similar manner to traditional dipole

matrix elements, however in the non-Hermitian case, the value can be and is complex

valued.

For the single-state MESA formalism, we are interested in the generalized dipole of

the metastable state that has the longest lifetime, which is the lowest energy state

of the outermost occupied electron shell. The energy state tends to the zero-field

ground state, so it is called the ground metastable state, because it becomes unstable

in the presence of non-zero field. For example in Argon this would be the 3p state.

In Equation 2.1.9, the function D
NL

(F ), is extracted from the full generalized dipole

D(F ) that is modeled as sum of linear and nonlinear functions. The linear part of

the dipole is not needed as the linear susceptibility is accounted for in the linear

propagator of the gUPPE simulator. By removing the linear component of the dipole

moment one avoids double-counting, which would result in an artifical modification

of the refractive index [26].
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2.2 Numerical Implementation for Resonance Solutions

This section provides the reader with all the background to formulate and solve for

the resonance states. The section begins with a description of the non-Hermitian

formalism used with the metastable Stark resonances, characteristic properties of

resonances and resonance systems and the added benefits of working in this space.

One such benefit is the complexified contour, introduced in this section, defining

the domain adds absorbing boundary conditions to the exponentially increasing res-

onances. Another benefit of the contour is its application as a PML as illustrated in

an example application in the Beam Propagation Method.

Once the computational domain is defined with the non-Hermitian framework and

complex contour, a complex-valued time propagation method is introduced to illus-

trate how one solves for resonances. The solutions using this complex-valued time

propagation method are compared to solutions to two exactly solvable systems, where

the agreement is very good.

For larger real atoms, the accuracy on a conventional evenly spaced grid is low, what

follows is the introduction of a non-uniform grid that provides enhancement to the

grid in regions near the nucleus to increase the accuracy in resonance energies and

wavefunctions. For realistic atomic systems such as Argon, the complex-time propa-

gation method becomes cumbersome; the section concludes with an example of using

a di↵erent solution method that makes use of an iterative eigenvalue solver.

2.2.1 Non-Hermitian Description of the Resonance Solution Space

This section highlights the characteristic properties of Stark resonance systems and

the benefits of using the non-Hermitian formalism and how it is formulated. One

of the foundations of the Metastable Electronic State Approach is the adiabatic ap-

proximation, the assumption that the field is quasi-static on the scale of the atomic

response. The underlying assumption is that the basis functions, Stark resonances,
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follow the field meaning for the assumption to hold, the field must change slowly as

compared to the dynamics of the wavefunction.

The Stark resonances as used in MESA lie in a non-Hermitian space. To under-

stand the benefit of the non-Hermitian Quantum Mechanics formulation, it is useful

to first examine the properties of the basis wavefunctions and Airy functions within

conventional Hermitian Quantum Mechanics. Figure 2.3 is an illustration of the

Airy function Ci+(x) = Bi(x) + iAi(x) that makes up the outgoing, diverging part

of the Stark resonance solutions to a 1-D delta potential with an external field of

strength F=0.03 a.u. In practice, the argument x of is a complex valued quantitiy,

�(2F )1/3(x + E/F ), whose deviation from real gives the exponential growth. The

function of energy and field: Ci+[�(2F )1/3(x+E/F )]. is confined near the potential

and increases exponentially for larger and larger positive x.

Figure 2.3. Delta potential (dashed,
maroon) and Ci+ real (black), imaginary
(red) and modulus squared (green) com-
ponents on the real axis. Note that the ex-
ponential increase of the wavefunction for
increasingly positive x. This is origin of
the diverging integral for observables and
scalar products.

The increasing Ci+ function for larger and larger positive x creates a challenge in

calculating integrals and observable quantities. Calculating integrals for observables

and norms using conventional Hermitian quantum mechanics definitions cannot be

done, as the integrals of the outgoing function diverge.
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Family of Resonances

The outgoing resonances lie in the lower complex plane, and there are three types of

states: bound states and left and right families of outgoing metastable states. Fig-

ure 2.4 depicts the location of the states in complex energy space: bound states are

contained in the red box, left family metastable states are the states in the third

quadrant outside of the red box and right family metastable states are in the fourth

quadrant.

Figure 2.4. Depection of the resonance
states for the Square Well potential for a field
strength F = 0.03 a.u. The red box highlights
the bound states. In the 3rd quadrant, the
states outside of the red box compose the left
family of metastable states. In the 4th quad-
rant is the right family of metastable states.
From Ref. [3].

The ability to calculate integrals and observables using the resonance wavefunctions

is essential to finding the nonlinear dipole moment required to implement MESA.

Complexified-Contour

As noted in Ref. [4, 5], in working in the non-Hermitian formalism, for the left ket,

one does not use the complex-conjugate. A new definition of a c-product defines the

quantites relavant to MESA in terms of a pairing that one can evaluate numerically

and analytically on the complex contour C, for exactly solvable systems [7]:

(scalar-product) (�| ) =
Z

C

dr �(r) (r) (2.2.1)

(observables) (�|z| ) =
Z

C

dr z �(r) (r) (2.2.2)
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As mentioned, one does not use the complex conjugate in calculating quantities in-

cluding scalar product and observables on a complex-contour coordinate axis C shown

in Figure 2.5. The new normalization ensures the square-integrability property of in-

tegrals.

Figure 2.5. Complexified coordinate
axes z, with a new normalization and
definitions of scalar product and ob-
servables. The new normalization is
defined using the c-product [4, 5]. For
the complexified coordinate axes z =
x+iIm(z), the real part of z is the real
axis x from the conventional Quantum
Mechanics formalism.

Note that the nomenclature for the c-product is not totally fixed. Mathematically,

the expression is a paring for vectors from two di↵erent spaces. It has been referenced

as a c-product, a generalized product, and sometimes even a scalar product. This is

not a true scalar product, in the mathematical sense, as the value (�|�) can be zero

even if � is nonzero. One can see in Figure 2.5, for Re(z) > 15 [a.u.], the coordinates

are rotated in complex space. Switching back to the real axis is a simple as using the

relation z = 15 + (x � 15) ⇥ ei✓ and setting ✓ = 0. An analogous transform is used

for Re(z) < 15 [a.u.].
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Figure 2.6. Delta potential (Dashed, ma-
roon) and outgoing Ci+(z) function real
(black), imaginary (red) and norm (green)
components on the complex axis (dotted blue).
Note the exponential decay of the wavefunc-
tion. The decay begins where the complexified
contour extends into the complex plane. The
decay ensures square-integrability for observ-
ables and scalar products.

Figure 2.6 illustrates the Ci+(x) function, from Figure 2.3, plotted on the complex

coordinate axis z as Ci+(z). The part of the complex contour that extends into the

complex plane e↵ectively imposes outgoing boundary conditions on the wavefunction.

The complex coordinates add an e↵ective decay or damping much larger than the in-

crease of the functions that serve as the basis for the wavefunction. The decay of the

Ci+ function in Figure 2.6 ensures that it is square-integrable. The e↵ective decay can

be seen by comparing the respective quantities: modulus squared, real and imaginary

parts of the Ci+ function in Figure 2.6. The advantage of complexifying the coordi-

nates in the region far from the origin is that one is able to consider the Ci+ and our

wavefunction the same analytic functions in the complex plane. Switching between

the conventional and non-Hermitian Quantum Mechanics solutions is as simple as

following the same function along the real or complex-contour axis, respectively.
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Figure 2.7. Depiction of outgoing Ci+(x) and Ci+(z) along real (x, top panel) and
complexified (z bottom, panel) axes, respectively. The graphs depict the modulus
squared (left), real (middle) and imaginary (right) components of the wavefunction
on the two di↵erent axes. The wavefunctions are the same until z, x = 10 a.u. where
the complexified axis begins to extend into the complex plane. The di↵erence in
growth and decay of the wavefunction on the real and complex axes, respectively, is
very clear for z, x > 15 a.u.

Another method that implements complex coordinates to solve for Stark resonances

uses complex scaling [4]. The solution resonance energies using the complex-scaling

method depend on a parameter used in the formulation of the complex scaling method.
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2.2.2 Perfectly Matched Layer: Alternative Use of the Complexified Con-

tour

Another advantage of the complexified coordinate axis in Figure 2.5, is its use as a

Perfectly Matched Layer (PML). [6]. This subsection highlights the parameterization,

the novelty PML and an extensive test of the residual reflectivity of this PML.

Parameterization of the PML

An illustration of the parameterization of the PML is in the orange part of Fig-

ure 2.8

Figure 2.8. Schematic of the perfectly
matched layer of coordinate axis z, that
imposes outgoing wave boundary condi-
tions. Parameters that can be specified
are number of bend and total boundary
points along with angle of linear part of
the boundary.

To illustrate the novelty in the method, it is first useful to understand traditional

PML methods. Traditional PML’s are formulated as a complex stretching of the

spatial coordinates [110, 111], by introducing a complex conductivity �(x)

x ! x(1� i�(x)/(!✏0)).

To avoid uncessary residual reflectivity, �(x) should start from 0 then smoothly ex-

tend into the complex plane. The conductivity is chosen to achieve a low reflectivity

and such that �(x) becomes non-zero up to a maximally fixed value depected in Fig-

ure 2.8. From this perspective, the complexified axis in Figure 2.5 can naturally be

formulated as a PML.
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Perfectly Matched Layer: Novelty of this Method

The novelty in this PML method is that it

• Eliminates the need for a smooth transition between the inner grid and PML.

The number of bend points in Figure 2.8 can be 0. That being said, the smooth

transition is a neccessity for the standard PML method to acheive a tolerable

residual reflection from the boundary.

• Is very simple to implement. With the described method, one only needs to

assign coordinate values to grid points. Traditional PML methods modify the

BPM and Schrödinger equations. In this formulation one “only” need to imple-

ment proper discretization of di↵erential operators along the complex contour

C.

• Descretization of the BPM and Schrödinger equation operators can be coded

to various orders of accuracy. The traditional method changes the equation so

the corresponding contour must be smooth, meaning the equation gains new

derivatives that must be implemented. The contour described here can have

sharp angles, in the context of Figure 2.8 this means no bend points. Also, in

the perfectly matched layer, the contour doesn’t even need to be a straight line,

it can be an arbitrary path in complex space.

• Is formulated at the “lowest level,” implemented as a change of domain in the

di↵erential operator. The explicit discretizations for 3rd and 5th order are pro-

vided in Appendix A. The only change is that the finite di↵erence approxima-

tions of operators are expressed with respect to the complex-valued coordinates

along the contour.



49

Perfectly Matched Layer: Applications of the PML Method

The PML method applies equally to beam propagation and single-particle quantum

mechanics, characterized by their respective dynamical equations

@
z

 (x, z) = � i

2k0n0
� (x, z)� ik0

2n0

⇥
n2(x, z)� n2

0

⇤
 (x, z) (2.2.3)

@
t

 (x, t) = � i

~


�~2
2µ
�+ V (x, t)

�
 (x, t) (2.2.4)

Equations 2.2.3 and 2.2.4 both contain:  (x, z), the wavefunction, physically this rep-

resents the electric field in beam propagation and electron wavefunction in quantum-

mechanics. The Laplacian operator, �, represents di↵raction in beam propagation

and kinetic energy of the wavefunction in quantum mechanics problems.

In the Beam-Propagation Equation 2.2.3, there are additional quantities correspond-

ing to the physics. � represents the free-space wavelength that dictates the color and

scale on which the di↵raction occurs. The free-space wavelength also charaterizes

the k number, k0, calculated as k0 = 2⇡/�. n0 represents the free space index of

refraction. Additionally, if the beam is propagating within a medium di↵erent than

free-space, this corresponds to n(x, z), the index distribution and it can be complex.

Complex indices of refraction are the origin of gain or absorption as the beam prop-

agates.

In the Quantum-Mechanical case, there are three additional quantities describing the

physics: ~ represents Plank’s constant. As part of the kinetic energy, µ denotes

the mass of the electron. Finally, the interesting physics spawns from the potential

V (x, t). The potential contains the sources of electron dynamics: the atomic poten-

tial, external electric field, etc.

The next subsection provides an illustration testing the PML in the BPM context, as

it is conceptually simpler while mathematically equivalent, to the quantum mechan-

ical case.
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Perfectly Matched Layer: Residual Reflectivity of PML as Implemented in a BPM

Example

A function of the PML is to eliminate reflected waves, so it is useful to test the

residual reflectivity of the domain. One way is to compare the residual reflected en-

ergy as a function of transverse wavelength of the propagation beam or wavefunction.

Transverse wavelength can be defined as the number of grid points per single oscilla-

tion of a wave k, in Figure 2.9.

Figure 2.9. Illustration of two gaussian
wavepackets with transverse wavevectors, k =
10 (blue) and k = 20 (orange). For k = 10
there are twice as many gridpoints per cycle of
the pulse. For practical uses of a PML, one
could imagine decomposing an arbitrary wave-
form onto a transverse k basis. The function-
ality of the PML will then be determined as to
how well it works over a range of transverse k
vectors, grid points per k, for practical appli-
cations.

The grid points per wavelength can be measured as the projection of the k vec-

tor onto the transverse axis. Using the discretizations in Appendix A one can readily

impliment a Crank-Nicolson scheme to examine the beam propagation for a Guassian

wavepacket  (x, z) with propagation direction z and transverse direction x. In this

example n2(x, z) = n2
0 = 1 for simple free space propagation.

 n+1
c

� i�

NX

k=�N

Lc

k

 n+1
c+k

=  n

c

+ i�

NX

k=�N

Lc

k

 n

c+k

(2.2.5)

� = �z/(4k0�x2)

The numerical solution utilizes the update scheme in Equation 2.2.5 incorporating

properties of the grid and beam wavelength. In Equation 2.2.5 the solution at z point
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n is known and at point n+ 1 it is unknown.

Depending on the order of accuracy the reader would like to target, a 3pt or 5pt

scheme should be used in the propagation stencil, this corresponds to N = 3 or 5,

respectively. A 3pt stencil results in a tri-diagonal matrix system and a 5pt stencil

results in a penta-diagonal matrix system.

The Crank-Nicolson (CN) scheme is implicit and the tri- or penta-diagonal matrix

operates on the wavefunction  n

c

at point c on the computational grid. Naturally in

beam propagation, the Crank-Nicolson is a discretization of Equation 2.2.3, the free-

space wavenumber, k0, mentioned above shall be used. Additional components that

factor into the CN scheme are the computational grid resolution in the propagation

and transverse directions, �z and �x, respectively.

Transverse wavelength expressed in terms of number of grid points is k? = 2⇡/(n�x).

The parameterization of the transverse wavelength �transverse = n�x in terms of the

number of the grid-point per wavelength is convenient for studying how the PML

functions as one varies the parameter.

The residual energy vs transverse wavelength is plotted for 3 and 5 point sten-

cils used to discretize the Laplacian for PML bend angles into the complex plane,

✓ = 0.25⇡, 0.5⇡ in Figure 2.10.

Figure 2.10 illustrates how the PML functions for di↵erent transverse wavelengths.

The fact that the residual reflectivity is less than 1e� 4 across the transverse wave-

length range for both ✓ = 0.5⇡ and ✓ = 0.25⇡ is a witness to the e↵ectiveness of the

method. Another measure of the e↵ectiveness of the PML is to examine the resid-

ual reflectivity when varying the parameter, ✓ of the PML itself. A measure of the

boundary reflectivity vs the function of the angle of the linear part of the complex

boundary of a Gaussian wavepacket is shown in Figure 2.11. From Figure 2.11 it is

clear that the PML boundary works well for ✓ 2 [0, ⇡/2].

One of the primary advantages of the PML is that it works very well for short and

sharp transitions in the boundary layer and for a PML angle ✓ = ⇡

2 . It is quite
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Figure 2.10. Figures 2 and 3 from Ref. [6] Residual reflectivity from the PML for
✓ = ⇡

2 (left panel) and ✓ = ⇡

4 (right panel). 3 and 5 point schemes, N = 3 and 5
in Equation 2.2.5, for discretizations are denoted by the legends. The results were
obtained for Gaussian beams incident at the angle on the domain boundary, where
the scaled integration step is � = �z/(4k0�x2) = 2.5.

Figure 2.11. Boundary reflectivity of
the novel PML as a function of angle of
the linear part of the complex domain
✓, where the data set was obtained for
k? = 2.0 and scaled integration step of
� = �z/(k0�x2) = 2.5. Figure 5 Ref. [6]

remarkable that the boundary implementation admits even the right-angle ✓ = 90�,

without any smooth transition between inner and outer computational domains. This

is thanks to the proper discretization of di↵erential operators along the contour rep-

resenting the domain axis. The boundary can be used as a complexified axis for

numerically solving for Stark resonances that are foundational to implementing the

Metastable Electronic State Approach. Finally, one of the essential properties of the

complex contour is that it ensures square-integrability.
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2.2.3 Complex-Valued Time State-Projection Method

The complexified contour axis that is used as a PML in the previous Section 2.2.2

is part of a numerical framework for solving for the Stark resonance solutions to our

Hamiltonian in Equation 2.1.1. For our purposes, the resonances are obtained in two

ways:

1. Time-dependent Schrödinger Equation via Complex-Valued Time Propagation

State Projection

2. via Iterative Eigenvalue Solver

This section addresses numerical calculation of the resonance energies and wavefunc-

tions using the time-dependent Schrödinger equation via complex-valued time, state

projection (CVTSP) method. The section begins with a derivation of the method, the

follows to provide illustrative examples solving for field free and ground-metastable

states in Hydrogen and field free, excited and Stark resonance states in Neon.

Derivation of Complex-Valued Time State Projection Method

To understand how the CVTSP functions, let us begin with the basis of resonances

|�
i

i. The resonances have complex energies Ẽ
i

= E
R

� iE
I

and are solutions to the

the eigenvalue problem:

H(F )|�
i

i = Ẽ
i

|�
i

i (2.2.6)

An arbitrary wavefunction | (t)i is represented in the resonance basis as:

| (t)i =
1X

i=0

c
i

(0)|�
i

ieiẼi

t (2.2.7)

Traditional methods for solving for zero-field resonances uses imaginary time propa-

gation [112]. The novelty of the complex-valued time, state projection method, lies
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in the introduction of the complex-valued time t = t0 � it00. Substituting the complex

time in the expansion of the wavefunction in terms of resonances

| (t)i =
1X

i=0

c
i

(0)|�
i

ieiẼi

(t0�it

00)

=
1X
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c
i
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ie(�E
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t
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I
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00)ei(ER
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00�E

00
t

0)

=
1X

i=0

c
i
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ie(EI

t
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00)ei(�E

R

t

0�E

I

t

00) (2.2.8)

In Equation 2.2.8 all quantities, E
R

, E
I

, t’, t” are > 0. The complex-valued time adds

an additional parameter and flexibility in the simulation to select di↵erent resonance

states. The decay or gain of each resonance state |�
i

i is proportional to E
R,i

t0�E
I,i

t00.

Higher energy, excited states decay very quickly, having short lifetimes and can be

partially elongated using the imaginary time component. One e↵ectively has added

flexibility, when using the CVTSP method, to play with the decay term, E
R

t0�E
I

t00,

via t00 which is useful for solving for higher metastable states that have very short

lifetimes.
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CVTSP Method: Field Free States in Hydrogen

To find the lowest energy state |�0i, all that is needed is to evolve in time long

enough such that the higher energy states decay leaving only the lowest energy state.

An example of this evolution from an initial Gaussian to ground state is shown in the

Figure 2.12.

Figure 2.12. Transverse pro-
file illustration of the imaginary time-
propagation method for the Hydrogen.
The blue arrows denote the direction the
initial wavefunction, a gaussian (bold,
dashed black) of waist w0 = 3.0, cen-
tered at the origin evolves to the sharp,
ground state (bold, solid red line). The
simulation was performed using an imag-
inary time step Im{dt} = 1e�6 on a grid
dimensions z ⇥ r = 20 ⇥ 10 a.u. of 1000
⇥ 500 grid points, respectively.
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CVTSP Method: Stark Resonance States in Hydrogen

Using the CVTSP method, one can solve for the resonances with an external field to

get the Stark shift as a function of field. The Stark shift for Hydrogen found using

this method is shown in the right panel of Figure 2.13.

Figure 2.13. Left panel: convergence to the ground-state of system containing
Hydrogen atom exposed to a field of F = 0.05 a.u. Initial guess is dotted line, while
the converged wavefunction is in red. Right panel: the stark shift calculated for a
Hydrogen atom exposed to an external field from F = 0.02 to 0.08. For the weak field
values, F = 0.02 and 0.03 there is some error in the calculations.
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CVTSP Method: Higher Energy States in Neon

Following the evolution and convergence to the ground state, one can solve for the

excited states. To find excited states, one should repeat the simulation, and every

time step, project out the lower states. The only caveat is that one should select a

small t00 such that the decay or amplification doesn’t select an unphysical state. This

was done for the purposes of this thesis on a trial and error basis.

| ̃(t)i = (I� P0)| (t)i

= (I� |�0ih�0|)
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The projection after each time step eventually leaves us with the second lowest state.

Applying this projection procedure, one can iteratively solve for any state. An il-

lustration of the method in practice for Neon, is in Figure 2.14. On the left is an

illustration of the first simulation, where the inital Gaussian converges to the 1s state

of Neon. On the right is the second simulation, that begins with a Gaussian and with

each time step the red wavefunction in the left panel of Figure 2.14 is projected out.
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Figure 2.14. Transverse profile illustation of the projection method for the Neon.
Panel a: Solving for the 1s state (red), an initial gaussian (black, bold, dashed) of
waist w0 = 3.0, centered at the origin evolves to the sharp, ground state (bold, solid).
Panel b: Solving for the 2s state (red), we begin with an inital wavefunction that is
a gaussian displaced in the z direction by 1 a.u. The initially displaced Gaussian is
provided for illustrative purposes and is not necessary for an even 2s state, however
it should be used for an odd state such as 2p. The simulation was performed with
an imaginary time step Im{dt} = 1e� 6 on a grid dimensions z ⇥ r = 20 ⇥ 10 a.u.
consisting of 1000 ⇥ 500 grid points, respectively.

Note, that these were evolved with only an imaginary time for no external field:

F = 0.0 a.u., for illustrative purposes.

CVTSP Method: Stark Resonance Neon

One can see that in as described and illustrated in the previous section, it is pos-

sible solve for higher excited states. An illustration similar to Figure 2.13 in Fig-

ure 2.15 depicts the convergence of the is projection method as used to solve for the

2p wavefunction of Neon in an external field F = 0.07 a.u.
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Figure 2.15. Depiction of convergence
to the ground metastable 2p state for
Neon using the complex-valued time-
projection method in 1D for r = 0. Ini-
tial Gaussian wavefunction is depicted in
dashed black and the converged wave-
function is in red. The green arrows de-
pict the direction of deformation of the
initial Gaussian as it converges to the 2p
wavefunction as deformed by the external
field. The solid black lines are intermit-
tant profiles of the wavefunction.

In practice, the iterative projection process becomes very di�cult for atoms, such as

Argon, containing multiple inner states. As we proceed through the iterations, higher

energy states are spaced closer to each other in energy space, meaning simulations

must be evolved longer and longer in time to decipher and solve for the relevant res-

onance state. Since the lower states are projected out to find higher excited states,

the accuracy of the lower states determines the quality of the resonance solution.

More concretely, in Neon, the quality of the numerically found 1s and 2s states de-

termine the quality of the 2p state. In the iteration procedure, errors in the solu-

tion compound with consecutive, higher energy solutions. The accuracy of the final

solution state, 3p in Argon, determines the accuracy of observables which in turn

determines the accuracy of the implementation of the model.

One can also see in the case of a 2s state of Figure 2.14, there is already some uneven

symmetry between the two positive lobes, after a long evolution time. In addition to

closer energies, sharper and deeper potentials require increasingly smaller time steps.

Smaller time steps yield much longer simulation times.

A di↵erent method is required to solve the problem by way of a non-Hermitian eigen-

solver as outlined in further Section 2.2.6. In light of all the computational challenges,

in order to get useful results for more complex atoms. I will reiterate, accuracy of the
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calculated solution is important, since the underlying structure of the wavefunction

itself is important to the accuracy of nonlinear dipole used in the pulse simulations.

Moreover, from a practical standpoint, it has been important to implement di↵erent

methods to calculate resonances in order to verify the algorithms and to assess their

accuracy.

2.2.4 Comparison of Numerical and Exact 1-D Solutions

The development of the PML/complexified contour in Section 2.2.1 and CVTSP

Method in Section 2.2.3, create a computational framework to solve for resonances.

This computational framework was tested by solving for resonance energies and wave-

functions in two exactly solvable 1-D systems:

1. A 1-D particle in a Dirac-delta function potential exposed to a homogeneous

external field

2. A 1-D particle in a Square Well potential exposed to a homogeneous external

field

and compared to analytical solutions. What follows is a description of the system

and a comparison between numerical and analytical solutions [98, 7] energies and

wavefunctions.

Comparison of Numerical and Exact Solutions: 1-D Dirac Delta Potential System

For the 1-D Dirac Delta potential System, the Hamiltonian is

H(x) = 0.5�� B�(x)� Fx (2.2.9)

Depending on the normalization it is possible to utilize 0.5 or 1 in front of the Lapla-

cian, representing the kinetic energy of the electron. B corresponds to the scaling
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of the Delta potential, �(x). The external field that the electron-atom system is ex-

posed to is field strength F . The Hamiltonian in Equation 2.2.9 used in the eigenvalue

problem, Equation 2.1.2, is an exactly solvable system with known continuum-energy

eigenstates. From Equation 12, Ref. [3] the Resonant Eigenvalue Equation for the

Dirac Delta potential is

D±(E) ⌘ 1� 2⇡B

(2F )1/3
Ai

✓
�2E

(2F )2/3

◆
Ci±

✓
�2E

(2F )2/3

◆
= 0 (2.2.10)

where plus and minus correspond to outgoing and incoming resonances, respectively.

For the Dirac delta potential, the metastable resonances, are solutions to the equation

D+(E) = 0. The eigenvalue equation has a solvability condition requirement that the

wavefunction has a derivative cusp at x = 0 that corresponds to the depth of the

Dirac-delta potential.

The analytic wavefunction solutions, from Equation 9, Ref. [3] are

 
E

(x) =

(
Ci(↵�)Ai[↵(x+ �)] x < 0

Ai(↵�)Ci[↵(x+ �)] x > 0
(2.2.11)

where � = E/F . Figure 2.16 shows a map of resonance energies in the complex plane,

and plots of the wavefunctions for the bound state and two right family resonance

states.
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Figure 2.16. Panel a: Taken from Figure 2 (a) Ref [3], resonance energies in
the complex plane of 1-D Dirac Delta Potential System, B = 1.0, exposed to a field
strength F = 0.03 a.u. In b, c and d, there are plots comparing numerical wavefunc-
tion solutions (solid) with exact wavefunction solutions (dashed), real (blue, black)
and imag (red, green) portions. Panel b corresponds to the one bound state, label
as 1 in the red box of panel a. Panel c and d correspond to the energies 2 and 3,
respectively, as marked in panel a. In b, c and d the di↵erence between numerical
and exact solutions of real and imaginary is small which demonstrates the accuracy
of our numerical solver.

One can see the same odd or even confined part of the wavefunction near the origin and

oscillatory part extending to infinitely positive x in the numeric and analytic solutions

for the bound and resonance wavefunctions (b, c and d). In addition to the comparison

of wavefunctions, one can compare resonance energies, using the numerical, CVTSP

method from Section 2.2.3 and solutions to eigenvalue equation 2.2.10.

The comparison of resonance energies is done in the Table 2.2
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Resonance Energy in 1-D Dirac Delta Potential System, F = 0.03 a.u.
 
x

(z) Exact Numerical % err, Re[E] % err, Im[E]
 
a

(z) -0.50056833-1.059e-10j -0.50707818-4.011e-08j 1.30% 99.0%
 
b

(z) 0.19275726-0.0040709j 0.19259578-0.0040887j 0.08% 0.43%
 
c

(z) 0.32596321-0.0047328j 0.32581133-0.0047634j 0.05% 0.65%

Table 2.2. Table of Resonance energy for bound (a) and first two (b & c) resonance
states using eigenvalue (exact) and imaginary-time, projection (numerical) methods.
This table is an illustration of the accuracy of the projection method in solving for
resonance energies. The error in the imaginary part of  

a

(z) is a property of the
not the projection method itself. The text elaborates on how the accuracy can be
improved using a non-uniform grid.

One sees a good agreement between the two solution methods for the wavefunctions

and resonance energies. The one outlier in agreement between exact and numerical

solutions is the imaginary portion of the bound state: the larger error is due to the

fact that the potential near the origin theoretically should be extended to �1, while

in practice for the numerics the potential is limited by finite grid resolution. A similar

error due to finite grid resolution of the potential is seen for SAE potentials of heavy

noble gases Argon, Krypton and Xenon. The error due to limited grid resolution

is reduced by using a non-uniform grid outlined in Section 2.2.5, where one can find

numerical solutions for Argon where the imaginary energy is within machine precision.

Another point to note, is that for weak fields the convergence times to solutions are

very long since a small imaginary portion must be used. The weak field region is

an intermediary region where we are close to the zero-field and the states are very

unstable. The alternative is to redefine the problem and use the iterative eigenvalue

solver method described in detail in Section 2.2.6 that yields practically better results.
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Comparison of Numerical and Exact Solutions: 1-D Square Well Potential System

A similar comparison of wavefunctions and energies between exact and numerical

solutions is done for the Square Well system in Figure 2.17.

Figure 2.17. D.1 from Ref. [7] The
square well potential with external field
for a half-width d and depth V0. Given
the piecewise nature of the well, there are
three distinct regions I, II and III with
boundary interfaces labeled 0, 1, 2, 3.

For the system, our Hamiltonian is

H(x) = 0.5�� V0rect
⇣ x

2d

⌘
� Fx (2.2.12)

For the Square Well, the eigenvalue equation Equation 13, Ref. [3] is more complex

D±(E) ⌘ (A0A
0
1 � A0

0A1)(B2C
0
3 � B0

2C3)� (A0B
0
1 � A0

0B1)(A2C
0
3 � A0

2C3) = 0
(2.2.13)

A, B, and C stand for the Airy functions Ai(↵(x+�)), Bi(↵(x+�)) and Ci+(↵(x+�)).

The primes denote the corresponding derivatives. The subscripts indicate on which

sides of the Square Well walls the arguments of the functions are evaluated. 0, 1, 2,

and 3 correspond to ↵(x+�) at x = �d�✏,�d+✏,+d�✏ and x = +d+✏, respectively,

and � = E/F for outside, and �0 = (E�V0)/F inside the well. The subscripts 0 and

1 represent Airy functions evaluated just outside and inside the left boundary of the

well. The subscripts 2 and 3 represent arguments at the right boundary of the well.

The wavefunction solution for the Square Well, from Equation 10, Ref. [3]

 
E

(x) =

8
><

>:

0Ai[↵(x+ �)] x < �d

1Ai[↵(x+ �0)] + 2Bi[↵(x+ �0)] �d < x < +d

3Ci[↵(x+ �)] x > +d

(2.2.14)
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A map of resonance energies in the complex plane and plots of bound resonance

wavefunctions are shown in fig. 2.18 below
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Figure 2.18. Panel a: Taken from Figure 2 (b) Ref. [3], complex energy landscape
of 1-D Square Well Potential System, d=4 and V0= 0.5, for field strength F = 0.03
a.u. Wavefunctions for the Square Well bound states 1, 2 and 3 (panels b, c and d,
respectively) Real (blue, black) and imaginary (red, green) numerical solutions (solid)
are compared with exact solutions (dashed) and are indistinguishable on the plots.

For the 1-D Square Well Potential system with parameters d = 4 and V0 = 0.5, there

are 3 bound states. The complex energy map of solutions to the 1-D Square Well

Potential system exhibits the same qualitative features as the Dirac delta potential

map: bound states plus left and right families of states. The relative placement and

presence of the bound and two families of resonance states is a characteristic property

of the resonant systems. Qualitatively and quantitatively the numerical and analytic

wavefunction solutions exhibit the same oscillatory behavior for increasing x. A simi-
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lar comparison as was done for the 1-D Dirac Delta Potential system, of the calculated

energies between the eigenvalue solutions to Equation 2.2.13 and numerical projection

methods is shown in Table 2.3. There is good agreement between numerical CVTSP

Resonance Energy in Square Well Potential, F = 0.03 a.u.
 
x

(z) Exact Numerical % err, Re[E] % err, Im[E]
 
a

(z) -0.47147240-5.302e-08j -0.47162794-5.389e-08j 0.03% 1.64%
 
b

(z) -0.30841306-0.0001649j -0.30872676-1.634e-04j 0.10% 0.91%
 
c

(z) -0.10324673-0.0238637j -0.10383574-2.370e-02j 0.57% 0.69%

Table 2.3. Table of Resonance energies for bound (a, b and c) states from eigenvalue
Equation 2.2.13 (exact) and using projection (numerical) methods.

solutions and exact eigenvalues and eigenfunctions for the the resonance energies and

wavefunctions, respectively, of Equations 2.2.10 and 2.2.13.

The agreement between the two methods of finding solutions to the eigenvalue prob-

lem in Equation 2.1.2 means that either method can be used to find the energies and

wavefunctions that are needed for the MESA. It may seem trivial, however explicitly

verifying the ability to use di↵erent techniques to find equivalent solutions will prove

to be useful and necessary in Section 2.2.6.

The numerical framework has also been used to verify the property of 1-D systems

[3]

E(F ) = �@
F

D
NL

(F ) (2.2.15)

The conjecture that Equation 2.2.15 holds for 3D systems is utilized in practice for

Nitrogen in Section 2.4.

This section verifies that our numerical method accurately solves for eigenvalues,

complex resonance energies, and eigenfunctions, resonance wavefunctions, enabling

us to move to solve realistic 3D atomic systems.



67

2.2.5 Non-uniform Grid for Resolving Accurate Solutions

The finite resolution of the computational grid is the source of some of the error

calculating solutions to the eigenvalue problem in Equation 2.1.2. The same prob-

lem is encountered for potentials of heavier inert gases Argon, Krypton and Xenon,

where the gradient of the potential becomes rather sharp near the origin as illus-

trated in Figure 2.1. The error in energy and computational cost of finding solutions

motivated the implementation of a non-uniform grid with high resolution near the

center. A description of the implementation of the non-uniform is in the initial part

of this subsection. What follows is a description of the various functions used to cre-

ate the non-uniformity and finally an illustration of how the grid functions in practice.

Non-uniform Grids: Quandratic-Inspired, Single-Center Scaling Function

The logical grid, points on the computer, is mapped to the physical grid using a

mapping function cx(s, ds). The mapping function takes into account the maximal

physical grid spacing ds and logical grid points s. The function is defined as:

cx(s, ds) = ds ⇤ f(s) (2.2.16)

cx(s, ds) scales the uniformly generated logical grid points to the physical grid points

where one is interested in greater enhancement. ds is the maximal spacing on the

physical grid. f(s) represents the non-uniform scaling function dictating the resolu-

tion enhancement. Figure 2.19 illustrates an example of the how the grid enhancement

functions for the 3p wavefunction for Argon on the logical and physical grids. Notice

how well the features near the origin are resolved.
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Figure 2.19. Comparison of the 3p wavefunction of Argon plotted on Logical and
Physical grids. Notice how the majority of the points on the logical grid (left panel)
are resolved near the origin where the gradient of the wavefunction is the largest.
When the function is plotted on the physical grid, the highly resolved portion collapses
to the origin, yielding much greater accuracy in this region. The enhancement in
features and structure of the wavefunction yields much greater accuracy in energy
and nonlinear dipole.

In Figure 2.19, cx(s, ds) maps logical grid points, z 2 [150, 250] points in the left

panel, to the physical grid points, z 2 [�1, 1] a.u. in the right panel, and similarly in

the r dimension.

In Figure 2.19 and most cases, it is enough to use a non-uniform scaling quadratic-

inspired functional:

f(s) = min

 "
1

a1
+

✓
s

a2

◆2
#
, 1

!
(2.2.17)

Non-uniform Grids: Other Single-Center and Two-Center Scaling Functions

One has the ability to choose di↵erent scaling functions f(s); a few examples are

provided in this part of the subsection. Another common scaling function for even
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greater resolution near the center is an exponential functional form

f(s) = min

 
exp

�
a2s

2
 
� 1.0 +

1

a1

�
, 1

!
(2.2.18)

These two mapping functions in Equations 2.2.17 and 2.2.18 are also implemented to

provide higher resolution in two grid locations for systems such as H2:

The two center quadratic-inspired method is defined as:

f(s) = min

 
s� a3
a2

�2
,


s+ a3
a2

�2!
+

1.0

a1
(2.2.19)

The two center exponential-inspired mapping function is:

f(s) = min

 
exp

⇥
a2(s� a3)

2
⇤
, exp

⇥
a2(s+ a3)

2
⇤
!

+
1.0

a1
(2.2.20)

A diagram of the two types of grids, quadratic-inspired and exponential-inspired, is

Figure 2.20. Single-center non-uniform
grids utilizing quadratic (dots) and expo-
nential (⇥’s) inspired scaling for grids for
parameters a1 = 20, a2 = 1.0, a3 = 0 in
Equations 2.2.17 and 2.2.18.

shown in Figure 2.20 for resolving one center. Di↵erent grids give us the flexibility

to improve the accuracy in a region of interest while keeping the computational com-

plexity in check.
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Non-uniform Grids: Noble Gas Example of Single-Center, Quadratic-Inspired

A natural question is how the accuracy of the solution depends on the choice of

parameters that control the mapping between logical and physical grids. A simple

way to explore how the accuracy varies with varying grid parameters is to compare

the numerically calculated zero-field resonance energy to the experimentally measured

values of ionization potential [8].

Figure 2.21 illustrates how the zero-field resonance values vary as a function of

the minimum spacing about the origin parameter a1. The comparison is done for

the quadratic-inspired scaling function for noble gas potentials Argon, Krypton and

Xenon. Di↵erent curves represent di↵erent scaling factors, parameter a2, as indicated

in the legend of each figure.
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Figure 2.21. Ionization energy for Argon (a), Krypton (b) and Xenon (c), for sweep-
ing non-uniform, quadratic-inspired scaling from Equation 2.2.17, grid parameters a1
and a2. The nucleus is at the origin, so for the non-uniform, quadratic-inspired grid
scaling, a3 = 0 to obtain the most grid enhancement about the origin. Dashed line
denotes experimentally measured value of ionization potential [8].

Figure 2.21 illustrates that the non-uniform grid is a crucial ingredient enabling the

calculations needed for MESA-based model of heavier atoms.
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2.2.6 Iterative Eigenvalue Solver Method

As previously mentioned in the Section 2.2.3 on the CVTSP method, for heavier el-

ements, Argon, Krypton, Xenon, it becomes di�cult to use the CVTSP method to

find the relevant states, for instance 3p of Argon. From the study of 1-D systems,

we know that di↵erent methods can be used to solve for the eigenvalues and wave-

functions, so we can use a di↵erent method than the CVTSP method to find the

resonance solutions. In general, we are searching for solutions to the non-Hermitian,

standard eigenvalue problem

H(F ) (r, F ) = E(F ) (r, F ) (2.2.21)

The numerical implementation in the CVTSP method, requires the construction of

the discretized Hamiltonian on the computational grid. It is natural then to use an

eigenvalue solver, such as FEAST [113], as the alternative method for solving for

the resonances. The FEAST iterative eigenvalue solver was chosen for two following

reasons:

• The eigensolver works for non-Hermitian eigenvalue problems

• A guess can be made as to where the eigenvalue is in the complex plane. One can

directly solve for the relevant state, compared to iteratively solving for states

using the CVTSP method.

This subsection will provide the reader with an illustration of how accurately the

Iterative Eigenvalue Method solves for the same states as the CVTSP method. The

subsection also provides a comparison of how much quicker than the CVTSP method

the Iterative Eigenvalue Method solves for the states.
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Comparison of Iterative Eigenvalue and CVTSP Solutions

A comparison of the 1s to 3p wavefunctions for Argon found using the iterative

eigenvalue method and complex-valued time state projection method are shown in

the left column of Figure 2.22. The convergence in energy vs time using the CVTSP

method compared to the iterative eigenvalue method is displayed in right column of

Figure 2.22 for the respective electron states. The black line marks energy vs CVTSP

evolution time and blue line is the converged FEAST value. For the 3p state, the

wavefunction is displayed at the time in the circle on the energy plot, bottom right

panel of Figure 2.22. The 3p state is still unconverged and there is some di↵erence

between the states as found by the CVTSP and FEAST methods.
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Figure 2.22. Wavefunction solutions obtained using iterative eigenvalue solver (left)
and projection in complex-valued time (right) method, for Argon states 1s (a), 2s (b),
2p (c), 3s (d), 3p (e).

In comparison to TDSE methods, the FEAST eigensolver is much faster in converging

to solutions, particularly for weaker fields due to the intial guess feature. To give the
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reader an idea of how long the CVTSP method takes to converge to the solutions

for Argon, the table below illustrates the convergence time of the simulations using

iterative eigenvalue and CVTSP methods. The times shown for the CVTSP method

include previous or lower energy states solution times.

Time to convergence
Res. State. Iterative Eigenvalue Solver Complex-Valued Time State Projection

1s 16.9 s 7000 s
2s 17.31 s 14000 s
2p 17.07 s 20000 s
3s 48.53 s 28000 s
3p 33.07 s 42700 s

Table 2.4. Comparison of time requried for finding the resonant state solution using
both methods: Complex-Valued Time Projection Evolution) and iterative eigenvalue
solver. The solutions are for grids of 1000 ⇥ 500 points, physical size (z ⇥ r) = 100
⇥ 50 a.u.
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2.3 Noble Gas single-state MESA: Implementation and Quan-
tiative Assessment

This section provides the reader with an illustration of the practically implemented

solutions for the MESA values in Noble Gases. The section begins with illustrations

of the calculated Stark shift and generalized dipole moment as a function of field

strength. What follows are illustrations of the extracted relevant quantities needed

to practically implement MESA: ionization and nonlinear dipole moment. Once the

nonlinear dipole moment is found, a comparison of the estimated nonlinear Kerr

coe�cient to experimental measurement demonstrates very good agreeement. The

section concludes with a comparison of wavefunction overlap and predicted ionization

yield between ssMESA and numerically exact TDSE solutions.

2.3.1 Noble Gas ssMESA: Stark shift

This subsection provides the reader with Stark-shifts as a function of the field-

strength. Using the parameterized SAE potential [2, 108, 109] in Equation 2.1.3,

one readily finds the ground-state Stark-shifted energies and wavefunctions for noble

gas atoms. The di↵erence between zero and non-zero field energy values is the Stark

shift and it is complex. The ground state Stark shift as a function of field strength is

shown in Figure 2.23 for noble gases.



77

Figure 2.23. Stark shift for Argon as a function of field strength, calculated on
a non-uniform two-dimensional grid. The physical grid is linear in the direction of
and radial perpendicular to the external field, with dimensions 60 ⇥ 30 a.u. and grid
points 1600 ⇥ 800 points, respectively.

2.3.2 Noble Gas ssMESA: Generalized Dipole Moment

This subsection defines and illustrates how one calculates the generalized dipole mo-

ment. The term ground-state wavefunction refers to the wavefunction that tends to

the ground state in zero field. One calculates the generalized dipole matrix elements

from the wavefunctions by integration along the complexified contour C using the

c-product [4, 5] defined in Section 2.2.1

(�|z| ) =
Z

C

dz �(z) z  (z) (2.3.1)

Figure 2.23 shows the generalized dipole moment calculated from the resonance wave-

functions and Equation 2.3.1. As a note, I would like to highlight that both the Stark

shift and generalized dipole moment are complex quantities. The open-system, atom

in the external field, has complex eigenvalues meaning the di↵erence from the ion-

ization, which is the Stark shift, is complex. For the generalized dipole moment, the

c-product does not utilize the complex conjugate, and paired with arguments of the

wavefunction and complex coordinates results in a complex quantity.
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Figure 2.24. Generalized dipole moment as a function of field strength, calculated
on a non-uniform two-dimensional grid, with physical dimensions 60 ⇥ 30 a.u. and
grid 1600 ⇥ 800 points.

2.3.3 Noble Gas ssMESA: Relevant Quantities

This subsection illustrates how one extracts the quantities needed for the model,

ionization and nonlinear dipole, from the resonance energies and generalized dipole

moment, respectively.

Ionization

For the ionization, one makes use of the imaginary part of the complex energy. A

simple example to illustrate how the imaginary part of the energy functions as the

ionization is in the dynamics of the ground state in the single-state MESA

ċ0(t) = �iE0(F (t))c0(t) (2.3.2)

Integrating the Equation 2.3.2 from time t = 0 to time t = t0, one sees that the loss

or ionization, represented as �, is a function of the imaginary part of the energy as a
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it follows the field.

P (�0) = |c0(t0)|2 = |c0(0)|2 exp


2Re

⇢
�i

Z
t0

t=0

dt E0(F (t))

��

| {z }
�

(2.3.3)

⇥ exp


2Im

⇢
�i

Z
t0

t=0

dt E0(F (t))

��

| {z }
i�

(2.3.4)

Nonlinear Dipole Moment

The nonlinear dipole moment is connected to the nonlinear Polarization, used in

UPPE [26, 27], via

PNL(F (t)) = N
a

[1� ⇢(t)]DNL(F (t)) (2.3.5)

Finding the information to practically calculate the nonlinear dipole moment is slightly

more involved. Similar to how Polarization is represented, and alternatively to the

representation in Section 2.1.2, one can construct a representation of the full dipole

moment, as in Equation 2.3.6

D(F ) = ↵F|{z}
Linear

+D
NL

(F )| {z }
Non-linear

(2.3.6)

The full generalized dipole moment data as a function of field strength is fit using

an odd order polynomial. Following the fit, it is straightforward to remove the linear

portion to find the nonlinear dipole moment.

Figure 2.25 shows the nonlinear dipole moment as a function of field strength for

various noble gas atoms in the manner implied in Equation 2.3.6.

Note, that the shapes of the imaginary energy and nonlinear dipole vs field strength

when calculated for noble gases are similar to those in the exactly solvable systems

[114]. The universality in shapes of the imaginary energy and dipole indicate that it

could be possible to find a simple functional form, whose coe�cients are characterized

for each species experimentally, in analogy to what is done for virial coe�cients

[115, 116].
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Figure 2.25. Nonlinear dipole moments and absolute value of imaginary portion of
resonance energy, on log scale, as a function of field strength. Solutions were found
on a two-dimensional grid z x r, with physical dimensions 60 ⇥ 30 a.u. and grid 1600
⇥ 800 points.

2.3.4 ssMESA Noble Gas: Estimated Nonlinear Kerr Coe�cient Com-

pared to Experiment

This subsection discusses how one uses the calculated nonlinear dipole moment de-

scribed in the previous subsection to relate to experimentally measured values. This

is done to assess the applicability of the MESA to real atoms, specifically by extract-

ing an estimated n2 from the nonlinear dipole moment function. The extraction of n2

is done to compare MESA to experiment, however in practice, MESA does not use

the n2 value.

Since the nonlinear response as a function of the static imposed external field does

not have an exact Taylor series expansion, the nonlinear Kerr coe�cient, n2, can be

considered as an e↵ective way to characterize the nonlinear behavior of the model.

The dipole moment can be approximated using a odd-order polynomial expansion

described in the previous section to get an albeit inexact, quantitative assessment of

the model.

To extract the estimated n2, the data sets in Figure 2.25 and Appendix B are modeled
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as an odd-order polynomial

D
NL

(F ) ⇡
X

k odd

c
k

F k (2.3.7)

The weak field data is selected, fitting the odd-order polynomial to the data, by

applying a Gaussian weighting of the data points using the function

w(F ) = exp(�0.5F 2/�2) (2.3.8)

After a weighted fitting of the data, c3 can be converted into the nonlinear Kerr

coe�cient, using the following equation

n2 =
N

a

(e · a
b

)4

✏20 · c · E3
h

c3. (2.3.9)

N
a

represents atomic density, e electron charge, a
b

atomic Bohr radius, ✏0 free space

permittivity, c the speed of light, and E
h

the Hartree energy. The n2 estimate was

compared to measured values as listed in Table 2.5 from Ref. [117]

Table 2.5. ssMESA Nonlinear Refractive Index

ssMESA Experiment [20]

Species n2[m2/W ] n2[m2/W ] Ratio [%]

Helium (2.1± 0.3)⇥ 10�25 (3.1± 0.4)⇥ 10�25 68
Neon (5.1± 0.9)⇥ 10�25 (8.7± 1.1)⇥ 10�25 59
Argon (7.2± 0.1)⇥ 10�24 (9.7± 1.2)⇥ 10�24 74
Krypton (1.7± 0.2)⇥ 10�23 (2.2± 0.4)⇥ 10�23 77
Xenon (5.7± 0.1)⇥ 10�23 (5.8± 1.1)⇥ 10�23 98

Obviously, the value of the nonlinear refractive index for the ssMESA varies with the

parameters � and n, the number of data points, and this variation is used to calculate

error estimates. It is quite remarkable that a single metastable state, captures the

nonlinear Kerr coe�cient quite accurately. Note, that the experimental measurements

are larger than the estimated value of ssMESA, for three reasons:
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1. The experimental values are obtained for � = 800 nm, which is at the edge of

the validity of the MESA framework’s mid-IR regime

2. In the quasi-static ssMESA, the model does not include coupling to excited

resonance states

3. The experiment measures what can be characterized as an e↵ective value of the

nonlinear index. This is higher than the true nonlinear index because of the

limited range of peak intensities accessible to a given experiment: the measured

values are noisy for lower field values. Figure 2.26 illustrates how fitting the

generalized dipole in two di↵erent intensity ranges changes the estimated n2.

The higher intensity range has a larger estimated n2 by about 9.375% and is

inline with the comparison.

Figure 2.26. Fitting function cF 3 used to estimate n2 along various intervals of
nonlinear dipole curves. Coe�cient c is converted to estimated n2 via Equation 2.3.9.
Left panel is on a regular scale, right panel is log of dipole vs field strength. Blue dots
and lines are data and fits, respectively, for the lower intensity interval. Red dots
and lines are data and fits, respectively, for the higher intensity interval. Black dots
in the top panel are the full data for the nonlinear dipole spanning up to F = 0.08
a.u. This figure shows how the range of intensities a↵ects the e↵ective value of the
nonlinear refractive index, in this case 9.375%. This e↵ect probably accounts for a
part of the gap between the true n2 values estimated from MESA and their measured
counterparts.
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2.3.5 Noble Gas ssMESA: Single-state MESA and TDSE Comparison

Recall as mentioned in the Section 2.1.1 that in building MESA and utilizing the

resonant state approximation, relies on two assumptions: the outgoing waves can

be expanded in the Stark resonance basis and the freely propagating part of the

wavefunction that is strongly delocalized doesn’t interact with the nucleus and can

be disregarded. These two approximations cannot be tested directly, however the

purpose of this section is to provide an illustrative comparison of the single-state

MESA and TDSE solutions to verify that the approximations that were made are

valid within the wavelength range applicable to MESA.

To perform the comparison, in this subsection, I will review the derivation of the

resonant expansion to see where the freely propagating term comes into play. Next, I

will describe the Crank-Nicolson (CN) scheme used to evolve the TDSE simulations.

Following the derivation and description of the CN scheme will be the comparison of

the single-state MESA and TDSE solutions for an arbitrary waveform. One part of

the comparison, illustrates how much of the numerically exact TDSE wavefunction

evolution is captured by ssMESA. It turns out it will be more than 99%. The other

part of the comparison is the predicted ionization as a function of intensity for � =

800 and 2000 nm by TDSE and ssMESA.
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ssMESA vs TDSE: Resonant Expansion and Approximations

This part of the subsection reviews the resonant expansion and approximations rel-

evant to deriving ssMESA that are tested in this section. In the MESA, the wave-

function can be split into two parts

 (t) =  
R

(t)| {z }
Resonant Expansion

+  
F

(t)| {z }
Delocalized

(2.3.10)

Inserting the resonant series representation
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The part of the wavefunction that is strongly delocalized, “free-propagating,”  
F

, is

assumed to not interact with the nucleus. One can therefore disregard the term

h�
n

|(H(t)�i@
t

)| 
F

(t)i

on the assumption that the coupling between resonant states is more important.

While the assumption of ignoring the freely-propagating coupling doesn’t hold in gen-

eral, and there is no rigorous criterion for evaluating the assumption, it is certainly a

valid approximation in some regimes. One such regime is where the evolution starts
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in the ground-state and ionization remains relatively weak, and the projection on the

resonant states,  
R

(F (t)), makes up most of the wavefunction.

Another approximation that is made in addition to neglecting  
F

(F (t)), is that the

outgoing waves can be expanded in our chosen, Stark resonance, basis. Both ap-

proximations will be tested indirectly with our comparison to the numerically exact,

TDSE solution.

ssMESA vs TDSE: Time-Dependent Schrödinger Equation Solution Method

This part of the subsection provides a description of how one goes about evolving the

TDSE economically for this geometry and subspace of problems. Solving the Time-

Dependent Schrödinger Equation for atoms and molecules has been done before in

cartesian coordinates [118] and spherical coordinates [119], and using angular decom-

position [120, 121]. The novelty of the method used in this thesis is the simplicity

of solving the problem using a cylindrical geometry, while implementing higher-order

accuracy discretization and integration schemes on the complexified contour.

The TDSE method used for the numerically exact simulations utilizes the same Hamil-

tonian that is constructed for use with the Iterative Eigenvalue Solver Method in Sec-

tion 2.2.6. It is natural to use the Crank-Nicolson scheme used for Beam-Propagation

Methods in Section 2.2.2 and apply it to the Schrödinger equation here to evolve the

wavefunction, implemented on the complex contour, in time.

 n+1
c

� i�
NX

k=�N

Lc

k

 n+1
c+k

=  n

c

+ i�
NX

k=�N

Lc

k

 n

c+k

(2.3.14)

� = �t/(4µ�x2)
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The stable scheme in Equation 2.3.14 is very versatile, enabling us to solve two types

of problems:

1. Finding stationary resonance solutions to Equation 2.1.2 using complex-valued

time propagation in Section 2.2.3

2. Finding the TDSE solution for ionization from an arbitrary waveform. This

method is used following this section for the ssMESA-TDSE comparison.

All of the above mentioned properties of the TDSE framework lead to a formula-

tion of the absorbing boundary, complex contour in Figure 2.5 that is very simple to

implement. For static field problems to find the stationary resonance solutions, the

absorbing boundary is implemented only on one side of the computational domain.

For the time-dependent field problems, the absorbing boundary is implemented on

both sides of the z axis of the computational domain. When the field is positive, the

positive z side of the domain absorbs the highly oscillatory part of the wavefunction

and when the field is negative, the opposite side absorbing boundary is in play.

As an aside, another use of the cylindrical geometry is the straightforward implemen-

tation of solving for states that carry angular momentum m 6= 0. This is implemented

by making the assumption that our wavefunction in cylindrical coordinates can be

separated by spatial variables

 (r, z, ✓) =  (r, z)eim✓ (2.3.15)

Then the problem can be transformed from 3-D to 2-D with an additional component

in the Laplacian that stems from the ✓ term

�
r,z,✓

! �
r,z

+ 0.5
m2

r2
(2.3.16)

The 2-D problem is now computationally feasible to solve: 3p wavefunctions of Argon

where m = 0 and 1 using the Laplacian from Equation 2.3.16 are shown for illustra-

tion purposes in Figure 2.27.
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Figure 2.27. 3p wavefunctions for Argon with F = 0.0 a.u in the z ⇥ r plane. Left
panel: m = 0. Right panel: m = 1. The wavefunction shown on the left encompasses
the contribution to the dipole moment and ionization rate of the ssMESA, because
it is easier to deform under the influence of the external field.

ssMESA and TDSE: Comparison of Wavefunction Overlap

In this part of the subsection, let us return to verifying the assumptions that were

tested with the ssMESA-TDSE comparison. The first was to disregard the freely

propagating term. The second was representing the outgoing waves via the resonant

expansion, comparing ssMESA and TDSE solutions. This section will show that the

c-norm and projection of the TDSE solution onto the ssMESA model will be approx-

imately 99%.

Figure 2.28 illustrates that the time-dependent, metastable ground-state  0(F (t)) rep-

resents most of the total wavefunction. Figure 2.28 shows the results of a simulation

of an Argon atom driven by a � = 3000 nm, 35 fs pulsed field with a peak amplitude

of 0.05 a.u. During the evolution beginning from the ground state, the c-norm of the
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Figure 2.28. A TDSE simulation illustrating the majority of the total wavefunc-
tion can be encapsulated by the time-dependent metastable ground state  0(F (t)).
Higher-energy resonances show up in the fast but small oscillations in the thin red
curve. This simulation, see text for details, was for Argon in the presence of a 35 fs
pulse at 3000 nm wavelength. Figure 1 Ref. [9].

full wavefunction and the projection of the wavefunction onto  0(F (t)), which is the

leading coe�cient in the resonant-state expansion, c0(t) = h 0(F (t))| (t)i, are both

evaluated.

The left panel (a) in Figure 2.28 shows how the c-norm of the full wavefunction

decreases with increasing ionization. After the excitation pulse abates, the final devi-

ation from unity, indicated by an arrow in the figure, denotes the the ionization yield.

Also shown in the same figure is the absolute value of the projection of the total

wavefunction onto  0, i.e. |c0(t)| = |h 0(F (t))| (t)i|. The deviations between the

two curves in Figure 2.28 are significantly smaller than the ionization yield (a) and

unity (b). The small deviation is evidence that the full wavefunction can be modeled

by the ground metastable state.

The right panel (b) in Figure 2.28 is a visualization of the time-dependent fraction of

the metastable state, |c0(t)|/|| (t)||, on a finer scale. It shows that more than 99.7%

of the total wavefunction is in fact the ground metastable state  0(F (t)). The two

comparisons in Figure 2.28 make the case that the  
F

(F (t)) term in Equation 2.3.12
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must be small and rest of the resonant-state expansion is small in comparison with

the dominant contribution of the metastable ground state. The observations give us

confidence that the assumptions ignoring the term  
F

(F (t)) term in Equation 2.3.12

and ssMESA approximation are indeed valid at least in certain regimes.

ssMESA vs TDSE: Comparison of Ionization Probability

This part of the subsection compares the predicted ionization fraction for a range

of intensities by ssMESA and TDSE methods for wavelengths 800 and 2000 nm.

The ionization fraction calculated in ssMESA in Figure 2.29 below is compared to the

exact, TDSE solution for a 3-cycle pulse. The comparison for � = 800 nm and � = 2

µm shows good agreement between the single-state MESA and TDSE solutions.

Figure 2.29. Ionization probability after excitation with the pulsed waveform
shown in the insert for (a) � = 800 nm and (b) � = 2 µm. A comparison of TDSE
simulations for a model Argon atom with the ssMESA results based on the same SAE
potential shows improving accuracy at longer wavelength.

Figure 2.29 is a test comparing the predicted ionization yield from single-state MESA

to that of an exact numerical solution. The comparison shows that the result is in fact

remarkably good: a single state can predict the ionization yield that is within a factor
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of two from the exact result. Given the conceptual simplicity of the method, this is a

very remarkable outcome, especially when paired with the wavefunction comparison

in Figure 2.28! Moreoever the gap above the ionization threshold, I > 80 TW/cm2,

can be reconciled with the inclusion of the “post-adiabatic” corrections as will be

demonstrated in Chapter 3.
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2.4 ssMESA Implemented for Molecular Nitrogen

In addition to the ssMESA framework for noble gas atoms, the formulation has been

extended to simple atmospheric molecular atoms. This section enumerates on how

one can solve for the relevant quantities needed for MESA, for molecular Nitrogen

using multi-electron data, and a qualitative comparison of the model to experiment.

Recall that in the description of the system it was not specified that the potential must

be of the Single-Active-Electron form. It is possible to solve for Stark resonances in

more complex systems, for our example, using the haCC method [12, 13, 14, 15, 16],

to implement the MESA description.

2.4.1 ssMESA Molecular Nitrogen: Single-Active-Electron Potential

This subsection addresses the question that arises as to why the haCC method was

chosen over using solutions to those utilizing an SAE potential in Ref. [10] defined as

Ve↵(r) =
X

i

�Ze↵

�
1 + Zcore · e��|r�R

i

|�
p

|r �R
i

|2 + ↵
(2.4.1)

The shape of this function is depicted in a contour map in Figure 2.30. It shows a

simple two-center potential that is motivated by the symmetry of the problem, and by

the requirement that far from the center the potential function must attain Coulombic

character. The parameters of the potential function are chosen to reproduce the

ground-state energy. Otherwise, no microscopic considerations enter construction of

this simple SAE potential.

Figure 2.30. The main panel depicts a 2D contour
map of the Single-Active-Electron potential described
in Ref. [10]. Additionally, the subpanel here depicts
the potential along the z axis, r = 0. Axes and function
are in atomic units. From Ref. [10]: Ze↵ = 0.5, Zcore =
7, ↵ = 1.35, � = 0.51, d = 2.075.
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ssMESA Molecular Nitrogen: SAE Wavefunction Solutions

Figure 2.31 illustrates the numerical solution for the ground state wavefunctions of the

N2 SAE potential using a three-dimensional non-uniform grid: axes z, x and y 120 ⇥

120 ⇥ 40 points and physical size 60 ⇥ 60 ⇥ 30 a.u., respectively. The wavefunctions

are for varying external field strengths and molecular orientations with respect to the

field.

Figure 2.31. Ground state wavefunctions  (z, x, 0) for the Single-Active-Electron
potential of molecular Nitrogen, for various molecular orientations ✓ = 0 (a,d,g), 45
(b,e,h), and 60 (c,f,i) degrees and field strengths F = 0.01 (a,b,c), 0.03 (d,e,f) and
0.05 (g,h,i) a.u. Note that the asymmetry caused by the extrenal field is evident in
the orbital lobes.

The main reason in utilizing the haCC method is that anything beyond the grid res-
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olutions used in the calculated wavefunction in Figure 2.31, proves to be too large

for the current computing capabilities. At the current resolution, it is di�cult to

distinguish features in the wavefunction, especially in the regions where the wave-

function changes sign near the origin. As repeatedly mentioned, the structure of the

wavefunction is crucial to calculating the nonlinear dipole and ultimately determines

the quality of the model. Using the SAE potential one would find the estimate for

nonlinear refractive index too high. The estimated nonlinear refractive index also

exhibits an unexpected angular dependence, shown in Figure 2.32 with the SAE po-

tential.

Figure 2.32. Angular de-
pendence of estimated nonlin-
ear index of refraction n2 with
a perturbative fit of the en-
ergy after removing angular
dependent linear polarizabil-
ity, for weighting � = 0.025.
The estimated value for n2 2
(1.5, 2.5) ⇥ 10�23 cm2

W

is an or-
der of magnitude larger than
the experimentally measured
Ref. [11] value n2 = 7.8 ⇥
10�24 cm2

W

The anisotropy is
most likely an artifact of
the SAE potential. Multi-
electron results did not cor-
roborate this finding.
.

Generally, the angular dependence of the atomic response is assumed to mostly be

in the linear polarizability. The angular dependence of the nonlinear refractive index

points to the requirement of a model that goes beyond the SAE approximation.

The single-state MESA description requires two functions of the electric field intensity

to describe the optical response: the imaginary part of the complex resonance energy
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and the nonlinear part of the field-induced dipole. For the purpose of the work high-

lighted in this section, it is assumed that the molecular N2 is in a thermal ensemble

and has no preferred molecular orientation with respect to the field. The thermal

ensemble approximation should be su�cient for most of the nonlinear-pulse simula-

tions, encountered in optical filamentation [41]. The data from the haCC calculations

is given as resonance energy as a function of field strength and angular orientation

of the molecule with respect to the field [14]. To build this into a practically usable

model, I will go over the process to find the ionization rate, as it is simpler to ob-

tain than the nonlinear dipole. Then I will elaborate on the process of finding the

nonlinear dipole.

2.4.2 ssMESA Molecular Nitrogen: Calculation of Ionization Rate

The ionization rate is a function of the imaginary energy, here from the haCC method

as described in Ref. [12, 13, 14, 15, 16]. The metastable ground-state energy is

provided as a function of ✓ molecular orientation and field strength. To find the

ionization, the first step is to fit the imaginary energy as a function of molecular

orientation angle with respect to the field. This is done for each specific field value

fitting a series of even cosines as illustrated in Figure 2.33.

Figure 2.33. Fit of the
imaginary part of resonance
energy vs angle of orientation
for field strength F = 0.05
au. Red diamonds are com-
puted data points from haCC
method [12, 13, 14, 15, 16].
Black line is fitted function of
even cosines.
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Then for each field value one should average the imaginary part of the energy over

angular orientations using the even cosine fit function

Im{E(F )} =
2

⇡

Z 2⇡

0

(c0 + c2 cos(2✓) + c4 cos(4✓) + · · · ) d ✓ (2.4.2)

In this N2 system and noble gas systems, the weak field values of the imaginary part

of energy are very small and noisy. In order to remove the noise present in the results

obtained for weak field values, one simply fits the data on a lograthmic scale using a

hybrid reciprocal-polynomial

log(abs(Im{E})) = a

F
+ b+ cF + dF 3 + eF 5 + · · · (2.4.3)

Figure 2.34 depicts how this is done on the log scale, showing the haCC data and fit

in red diamonds and black line, respectively. In blue is the denser raw Argon data

that provides a better illustratation of the noise for weaker field values. The noisy

data is marked in the dashed green circles. Once the noise is removed and the data

Figure 2.34. Fit of
ln |Im(E

g

)| vs F of angle aver-
aged data. Red diamonds are
computed data from haCC
method [12, 13, 14, 15, 16]
then averaged in above dis-
cussed method. Black line is
fitted function of the data us-
ing reciprocal-polynomial fit
indicated in the figure.

is fit with the hybrid polynomial, one can undo the log and add the corresponding ±

sign in order to recover the newly fitted Im{E} without numerical noise.
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2.4.3 ssMESA Molecular Nitrogen: Nonlinear Dipole Moment

Once the imaginary energy is found, the next step is to find the nonlinear dipole. The

procedure to do so is described in the part of the text. Recall that from the nonlinear

dipole moment function it is straightforward to obtain the nonlinear polarization used

in the optical pulse propagation simulations.

P
NL

(F ) = D(F )� lim
s!0

D(Fs)

s
(2.4.4)

As a reiteration, the linear portion of the dipole must be removed in order to avoid

double counting it in the optical simulations [27]. Data for the nonlinear dipole

moment as a function of field is not available from calculations in Ref. [14]. To obtain

the nonlinear dipole moment data, we can take advantage of the relation between the

field-induced dipole D(F ) and the metastable ground-state energy E
G

(F ) [3]

D(F ) = �@
F

E
G

(F ) (2.4.5)

To represent the haCC results accurately, a tabulated function is used. The tabu-

lated function is fitted to the energy, whose derivative corresponds to the the dipole

moment, as defined in Equation 2.4.5. Having an analytical function and derivative

allows us to use quanities such as the linear polarizability and nonlinear refractive

index and relate them to the fit of our energy. The function for energy and nonlinear

dipole is created in three steps

1. estimate the linear polarizability and ensure values are close to experimental

measurements

2. fit the resulting nonlinear energy and dipole and check with experimentally

measured nonlinear refractive index

3. interpolate the higher-order nonlinear response, using perturbative or non-

perturbative functional forms
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ssMESA Molecular Nitrogen: Linear Polarizability

To estimate the linear polarizability, a fit of the weak-field portion of the real part of

the metastable ground-state energy is assumed to be an angular function

↵(✓) = ↵|| cos
2(✓) + ↵? sin2(✓) (2.4.6)

Parallel and perpendicular linear polarizabilities are estimated as ↵|| = 2.14 Å3 and

↵? = 1.467 Å3, respectively. The estimated values are well within the range of pub-

lished experimental values ↵|| 2 [2.02, 2.20] and ↵? 2 [1.44, 1.50] for N2 [122] and in

agreement with the recent measurement �↵ = 0.67±0.03 [11]. The angular profile of

polarizability using the estimated values, ↵|| = 2.14 Å3 and ↵? = 1.467 Å3, is shown

in Figure 2.35.

Figure 2.35. Fitted
linear polarizability as func-
tion of molecular orientation
angle with the fitted values
from data calculated with the
haCC method.

Once the ↵k and ↵? values are fixed, for each data set, meaning that for each molecu-
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lar angular orientation one subtracts from the resonance energy the anisotropic linear

polarizability using Equation 2.4.6. What remains is data for each angle that has the

linear portion in field strength removed. Following the removal of the linear portion,

it is natural to proceed to angle-average the data sets. This is termed the “nonlinear

part” of the energy as it corresponds to the nonlinear part of the dipole, after taking

the derivative using Equation 2.4.5.

ssMESA Molecular Nitrogen: “Nonlinear Energy” and Estimated Kerr Coe�cient

I will reiterate, the assumption is that most of the the angular variability in the

data can be encompassed in the linear portion of the dipole. The removal of the

linear polarizability and angle averaging of the data is described in the following

equation to find what is termed the “nonlinear energy”:

E
NL

(F ) =
2

⇡

Z ⇡

2

0

"
E

G

(✓, F )� ↵(✓)F 2

#
sin ✓ d ✓ (2.4.7)

Upon obtaining the “nonlinear energy” function, one uses the connecting Equa-

tion 2.4.5 between energy and dipole to inspire the split of the “nonlinear energy”

into the part of E
NL

(F ) modeled as the nonlinear refractive index and higher order

portion of the Polarization.

E
NL

(F ) ⇡ c4F
4 + EHO(F ) (2.4.8)

D
NL

(F ) ⇡ �4c4F
3 � @

F

EHO(F ) (2.4.9)

In Equation 2.4.9, c4 = �0.25n2, corresponds to the estimated nonlinear refractive

index of the gas given that one uses the conversion from Equation 2.3.9. One terms

the higher order portion of the energy, EHO(F ), since after taking the derivative this

part of the model corresponds to the nonlinear dipole beyond Kerr. The c4 coe�cient
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is calculated fitting the weak-field portions of the haCC data

w(F ) = exp

✓
F 2

�2

◆
(2.4.10)

Fitting the N2 energy data with a Gaussian weight is similar to what was done in

Section 2.3.4 n2 estimates and is illustrated in Figure 2.36.

Figure 2.36. Various even
polynomial fits of orders 4, 6,
8 of extracted nonlinear (NL)
data. This is done to di↵erent
estimates of the nonlinear re-
fractive index, n2, such that
the estimates can be com-
pared to experimental mea-
surement.

In the Gaussian weighting function, the parameter � is used to select the e↵ective

range of field strengths over which E
NL

(F ) is fitted. Shown Figure 2.36, the values

of the c4 coe�cients are -24.1625, -25.3526 and -22.6591 for orders 4, 6 and 8, respec-

tively. These are extracted and converted to the n2 values. The corresponding n2

from fitting with di↵erent � is shown in Figure 2.37.

In Figure 2.37, there is some variation in n2, with stable regions for 4th, 6th and 8th

order fits around � = 0.028. The values in the stable regions correspond to nonlin-

ear refractive index values via Equation 2.3.9 of n2 ⇡ 6.7 ⇥ 10�24m2

W

, which is quite

remarkably close to the experimentally measured n2 = (7.8± 0.9)⇥ 10�24m2

W

[123].
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Figure 2.37. Plot in-
cludes the estimated n2 vs
� used for weighting weak
field values. The estimate
is done for multiple orders
polynomials 4, 6 and 8 as
shown in Figure 2.36. The
dashed line marks the mea-
sured value from Ref. [11],
with dotted lines to indicate
errors in measurement.

ssMESA Molecular Nitrogen: “Higher Order Energy”

Following the estimates of the linear polarizability, ↵(✓), and nonlinear refractive

index, n2, the residual “higher order energy,” EHO(F ), is fitted using functions of two

forms: perturbative and non-perturbative. The names and functional forms refer to

how the higher order terms in the dipole beyond Kerr are formulated and then related

back to energy via Equation 2.4.5.

EHO(F ) = c6F
6 + c8F

8 + c10F
10 + · · · (Perturbative) (2.4.11)

EHO(F ) = exp(�b/F )(c6F
2 + c8F

4 + · · · ) (Non-perturbative) (2.4.12)

The fits using the perturbative functional form of order 6, 8, 10, 12 are shown in

Figure 2.38. The 12th order, blue curve is used, as it provides the best representation

for the range of intensity values.
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Figure 2.38. Pertur-
bative fits (lines) of various
orders 6 (black), 8 (red),
10 (green) & 12 (blue) of
“higher order” data (black
diamonds). This illustrates
that terms are required up
to F 12 are required to accu-
ratly fit the calculations.

The resulting fit, EHO(F ), can be combined with the extracted n2 estimated value

to find the full nonlinear dipole moment. The perturbative and non-perturbative fits

have been verified to be virtually indistinguishable in the optical pulse simulator.

It is encouraging that the resulting nonlinear dipole extracted from the model of

energy as descibed in this section and displayed in Figure 2.39, exhibits the same

Figure 2.39. Tabulated
nonlinear dipole moment as
a function of field strength
for N2 using the fitting
method of the haCC data.
This is the function that
provides the Polarization
response of the molecule
and replaces the description
in terms of susceptibilities
of order three and higher.

qualitative behavior as previously seen in inert gas atoms [9] and exactly-solvable
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single-dimensional models [114]. The nonlinear dipole curve in Figure 2.39 saturates

and then decreases in strong fields, F � 0.07 a.u. The saturation point corresponds to

field strengths with very substantial ionization rates. The plasma-induced defocusing

e↵ects at these field strengths will make it very di�cult to create a regime in which

the saturated section of the nonlinear dipole curve becomes relevant for the optical

pulse dynamics.

2.4.4 ssMESA Molecular Nitrogen: Qualitative comparison between Sim-

ulation and Experiment

This subsection highlights a numerical test of the described model for N2 in this text.

Let us make use of simulations inspired by early experiments [18] exploring the prop-

erties of mid-infrared optical filaments. The aim of the simulations is to demonstrate

that the ssMESA model for N2 qualitatively captures the observed behavior described

in [18].

ssMESA Molecular Nitrogen: Description of Experiment and Simulation

The simulation is of an optical filament created by a 33 fs pulse at a central wave-

length of 2.1 µm, with a linearly focused beam waist of 50 µm and a range of pulse

energies up to 1.7 mJ. The pulse and focusing geometry gives rise to strong spectral

broadening characterized by supercontinuum and generation of harmonic frequencies

up to 9th order.

On the assumption that the medium consists of N2 molecules, in the ultra-short pulse

regime there is no need to include the Raman e↵ect due to rotation and alignment.

Raman could easily be included using standard methods [124] and �↵ from above. In

the MIR regime, we can be assured that the adiabatic single-state MESA is accurate

enough to represent the response from Section 2.3.5. The experiment inspiring the
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simulations [18] was performed in air of which a significant portion is nitrogen, at

best the comparison is a qualitative one. Qualitative agreement between theory and

experiment is taken to be:

a) Reproduction of the orders of magnitude of spectral power in the harmonic

generation

b) Dependence of conversion e�ciency on pulse energy

ssMESA Molecular Nitrogen: Results of Simulation

Figure 2.40 illustrates the dynamics of the filament as a function of the propaga-

tion distance. The left panel shows that the maximal intensities achieved are limited

by the defocusing action of free electrons, and we shall see that this has a decisive

e↵ect on the pulse spectrum. The right panel indicates that spectral harmonics up

to order nine are created.

Figure 2.40. Figure 3 from [17] (a) Mid-infrared filament intensity for increasing
input pulse energy (0.1-1.7 mJ). (b) Log-scale spectral power versus propagation
distance for the maximal pulse energy (range shown is eight magnitude orders). Nine
harmonic orders are clearly visible in this simulation, and radiation in the orders up
to seven should be observable in an experiment.
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ssMESA Molecular Nitrogen: Discussion of Qualitative Experiment-Theory Compar-

ison

In general, third and higher harmonics are readily observable from filaments in gases.

They can be generated, loosely speaking, by three di↵erent mechanisms. The first

is due to the Kerr nonlinearity which gives rise to the third harmonic of the funda-

mental, which in turn causes a cascade resulting in higher odd harmonic peaks in

the spectrum. In contrast, higher-order nonlinear e↵ects can create fifth and higher

harmonic components directly from the fundamental. The third mechanism, akin to

Brunel harmonics [125], has to do with the free electron density being generated in

burst during the peak-times of the electric field [126, 127].

The distinction between the direct and cascaded harmonic generation is that in gen-

eral the direct generation produces stronger harmonics than the cascade where their

spectral power decreases exponentially with the order. However, the clear di↵erence

between the two is rather di�cult to characterize experimentally, mainly because

pulse propagation e↵ects always a↵ect the observed spectra. This is because it is

di�cult to obtain truly quantitative, accurately calibrated harmonic powers. It is

perhaps not surprising that somewhat contradictory results were reported concern-

ing the role of the higher-order nonlinearities [69] in optical filaments. Nevertheless,

both experiments [18, 59, 61, 63] and theory [128, 66, 129, 130, 131] do indicate that

nonlinear polarization plays a role beyond the simple Kerr response.

Figure 2.41 shows the simulated conversion e�ciency for lower-order harmonics. Be-

ing driven by a longer wavelength pulse, harmonics up to order nine are readily

generated, and form spectrally distinct peaks as long as the focus is tight enough.

The conversion e�ciencies are rather high, reaching 5.5⇥ 10�3, 8.4⇥ 10�5, 2.6⇥ 10�6

and 5.2 ⇥ 10�8 for orders three, five, seven and nine, respectively. These values and

the shapes of the conversion curves are in qualitative agreement with the mid-infrared

experiment results reported in Ref. [18].
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It should be noted that this numerical experiment tests the interplay between the

nonlinear polarization and plasma generation, both described on equal footing in the

MESA model. Indeed, the conversion e�ciency curve saturation levels are a↵ected by

a dynamic balance between the defocusing caused by free electrons and self-focusing

due to nonlinear Polarization. The slow increase of the harmonic power seen at higher

pulse energies is a behavior governed by the intensity clamping shown in Figure 2.40

and a concomitant increase of the volume from which harmonic radiation is generated.

The fact that the crossover between the weak- and strong-field conversion e�ciency

trends is correctly captured in the simulation attests to the proper relative weights

of ionization and self-focusing forces.

An important question also investigated in [18], and one which we can answer here

concerns the degree to which the harmonic generation is caused by the higher-order

nonlinearity [132]. Figure 2.41 illustrates comparative simulations in which all higher-

order e↵ects were switched o↵ simply by replacing the full dipole curve in Figure 2.39

with the Kerr-only curve.

Figure 2.41. Panel a: Comparison of experiment (solid) and simulation (dashed)
conversion e�ciencies cf. 3 (b) [18] and cf. 4 (a) [17], respectively, for conversion e�-
ciencies for third (red) and fifth (black) harmonics. Panel b: Ratio of the conversion
e�ciency for orders 3-9 in the full model to including solely third-order nonlinearity.
Ratios close to unity indicate small deviation from a strictly third-order resposnse.
This means that the system behaves as well-approximated by a pure Kerr nonlin-
earirty.
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Figure 2.41 b) summarizes the results concerning the contribution from the higher-

order nonlinearity. It shows the enhancement, or the ratio of the harmonic power for

the full model to that obtained with the model that only includes the Kerr nonlinear-

ity. As one can see, the manifestation of the higher-order nonlinearity gets stronger

with the harmonic order, and can significantly raise the generated spectral power.

On the other hand, these quantitative changes of what are otherwise weak signals

are below the accuracy achievable in a filament-based experiment. In other words,

for practical purposes one can say that because of the intensity clamping inherent to

optical filaments [133], the e↵ect of higher order nonlinearity is small [21]. Naturally,

this is not necessarily true for an experiment that allows the system to experience

higher intensities [134].

Another question concerning the origin of the generated harmonics in the longer wave-

length regime is the contribution of the Brunel harmonics. They originate, roughly

speaking, from the spectral content of the density of free electrons, ⇢(t), exhibiting

sharp steps synchronized with each half-cycle of the optical field. However, a subtle

interplay between the mechanism and the unavoidable propagation dynamics makes

it di�cult to distinguish between the polarization-induced and the Brunel-harmonic

contributions. MESA provides a well-suited model to study this problem, which will

be addressed in detail elsewhere.

This section elaborates on how one utilizes the results of multi-electron haCC cal-

culations for the molecular Nitrogen to construct a computationally inexpensive de-

scription of its optical nonlinear response and ionization. The main application of the

model is for large-scale simulations of nonlinear pulse propagation in the mid-infrared

wavelength range.

The work in this section illustrates that the model, based solely on previous ab-

initio calculations and free of adjustable parameters, captures the dynamics of a

mid-infrared optical filament. Specifically, in the simulation of optical filamentation

and concomitant low-order harmonic generation of order three to nine, show that the
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harmonic conversion e�ciencies and their saturation behavior compare well with the

previous experimental results.

The comparative simulations demonstrate that in the regime with a spontaneously

created optical filament, the contribution of the higher-order nonlinearity beyond the

pure Kerr e↵ect, while readily identified, remains relatively weak. To explore the

response in a regime that significantly departs from the cubic nonlinearity, the ex-

perimental set-up must force intensities higher than 1.5⇥ 1014 W/cm2. This section

gives supports the hypothesis that MESA-based models can be also constructed for

other important molecules, such as O2 and CO2.
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Chapter 3

Post-adiabatic Corrections

“All our knowledge has its origins in our perceptions.” -Leonardo da Vinci

This chapter elaborates on a development beyond the ssMESA, towards a multi-

state MESA model. In this section, I provide the reader with the theory behind the

wavelength dependent corrections that renormalize the metastable energy. Once the

theory is presented, the corrections termed “post-adiabatic” corrections are compared

to numerically exact TDSE solutions and experimental measurements. The chapter

concludes taking the model even further by developing the theory and preliminary

discussion of a two-state MESA model.

3.1 Renormalized Post-Adiabatic Corrected Energy

The purpose of this section is to develop and quantify post-adiabatic corrections that

take approximate account of higher-order metastable states, and describe a scheme

that greatly improves the nonlinear optical response as obtained of the TDSE so-

lutions when compared to ssMESA, particularly for shorter wavelengths. Following

their derivation, the post-adiabatic corrections are assessed in terms of the ionized

fraction in comparison to the corresponding TDSE solutions for both single- and

two-color pulses. Good agreement between the post-adiabatic corrected MESA and

TDSE solutions is found for a range of intensities and wavelengths. In order to pro-

vide a sense of the relevance of the post-adiabatic corrections, the section concludes

with comparative simulations, with and without the corrections, to model femtosec-

ond optical filamentation in several noble gases for near-infrared and mid-infrared

high-power pulses.
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3.1.1 Derivation of Renormalized Energy

To derive the “post-adiabatic” corrected energy, let us start with a description of the

expansion of the electronic wave function in terms of metastable states, also known as

Stark resonances states, revisit the dynamical equations used to develop single-state

MESA then proceed to derive the post-adiabatic corrections.

To begin the formulation of the post-adiabatic corrections, recall our Hamiltonian for

a Single-Active-Electron model of an atom exposed to a time-dependent electric field

F (t), optical pulse, polarized along x, in atomic units:

H(t) = �1

2
�+ V (r)� F (t)x . (3.1.1)

The spatial axis pointing in the direction of the field is redefined as a contour in the

complex plane that follows the real axis in the inner domain, close to the nucleus. The

contour extends into the upper and lower half-planes for positive and negative large

x, respectively, as described in Section 2.2.1. The extension into the complex plane

makes the system open, by giving the domain boundaries that absorb the outgoing

waves. Let us split the wavefunction into two parts:

 (t) =  
R

(t) +  
F

(t) =
X

k

c
k

(t) 
k

(F (t)) +  
F

(t) , (3.1.2)

where  
k

(F (t)) is the k-th metastable state driven by the external field, so that at

all times t it is an eigenvector of the time-dependent Hamiltonian,

H(t) 
k

(F (t)) = E
k

(F (t)) 
k

(F (t)) . (3.1.3)

Here E
k

(F (t)) stands for the complex-valued energy eigenvalue corresponding to  
k

.

The coupling between  
F

and  
R

is only taken into account indirectly, by assuming

that the norm of  
F

grows as the norm of  
R

decays, as is in TDSE based model-

ing [105].

Projecting into the subspace of the n-th Stark resonant state (| 
n

(F (t))i = | 
n

i)
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gives the evolution equation

ic0
n

(t)h 
n

| 
n

i+ i
X

k

c
k

(t)F 0(t)h 
n

|@
F

 
k

(F (t))i =

c
n

(t)E
n

(F (t))h 
n

| 
n

i+ h 
n

|(H(t)�i@
t

)| 
F

(t)i . (3.1.4)

The last term represents the coupling to the “freely-propagating” component of the

wavefunction, which is neglected on the assumption that the coupling between the

di↵erent resonant states is more important, more details are in Section 2.3.5.

Integrating the Equation 3.1.4 for c
n

(t), n > 0, one obtains

c
n

(t) = �
X

k

Z
t

0

dt0e�iI

n

(t0,t)c
k

(t0)F 0(t0)U
nk

(t0) , (3.1.5)

with the following notation:

I
n

(t0, t) =

Z
t

t

0
E

n

(F (u))du (3.1.6)

U
nk

(t0) = h 
n

|@
F

 
k

(F (t0))i . (3.1.7)

For n > 0 we will only keep the dominant term that represents the population transfer

from the metastable ground-state,

c
n

(t) ⇡ �
Z

t

0

dt0e�iI

n

(t0,t)c0(t
0)F 0(t0)U

n0(t
0) . (3.1.8)

Inserting the approximate expression for c
n

(t) into the equation governing c0(t) and

noting that F (t0) changes slowly on the atomic time scale it is reasonable to assume

that small t�t0(= ⌧) to contribute the most to the above integral. On this assumption

that t and t0 being close to each other on the scale of the optical time, the following

approximations are made:

c0(t
0) ⇡ c0(t)e

�iI0(t,t0) = c0(t)e
+iI0(t0,t) (3.1.9)

U
n0(t

0) = h 
n

|@
F

 0(F (t0))i ⇡ U
n0(t) (3.1.10)

I
n

(t, t0) ⇡ E
n

(F (t))(t� t0) . (3.1.11)
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With the approximations and assumption from Equations (3.1.9) to (3.1.11), c0(t) is

rewritten as

c00(t) = �iE
R

(t)c0(t) (3.1.12)

where the correction shows up as a time-dependent, renormalized complex energy of

the ground-state resonance,

E
R

(t) = E0(F (t)) + iF 0(t)

Z
t

0

dt0F 0(t0)M(F (t), t� t0) (3.1.13)

Assuming a Debye screening functional parameterized by an e↵ective energy Ee↵

M(F (t), ⌧) = M(F (t), 0)e�iEe↵(F (t))⌧ . (3.1.14)

we arrive at an expression for the time-dependent, renormalized metastable energy.

The renormalized energy is represented as a convolution with the memory kernel that

includes non-perturbative dependence on the field intensity, but is approximately

translation-invariant in time

E
R

(t)=E0(F (t)) + iF 0(t)

Z
t

0

dt0F 0(t0)M(F (t), 0)eiEe↵(t0�t) (3.1.15)

Ee↵(t) will be most a↵ected by the energy gap between the metastable ground state

and higher excited states, causing it to be on the atomic scale and therefore much

faster than the field F (t0). Calculating the asymptotic contribution to the memory

function integral then gives the renormalized energy in a practically usable form:

E
R

(t) = E0(F (t)) +
(F 0(t))2

Ee↵(F (t))
M(F (t), 0) . (3.1.16)

The renormalized energy in Equation 3.1.16 is a form of the post-adiabatic correction

shown to work reasonably well in simple model systems [1]. Given the number of

approximations adopted in the above derivation, it is necessary to test the result

against numerically exact, TDSE solutions for the same atom models used to obtain

all MESA-related characteristics. The test is done in the following sections. For a

full derivation of the renormalized energy, see Appendix C.
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3.1.2 Correction to Nonlinear Polarization and Ionization

This subsection will review how the corrected energy factors into the medium re-

sponse. Recall that in the ssMESA description of ionization, all that is needed is

the imaginary part of the metastable ground-state energy, E0(F ). In order to imple-

ment the post-adiabatic MESA one requires two additional additional quantities: the

post-adiabatic correction M(F (t), 0) and correction e↵ective parameter Ee↵. which

together with the metastable ground-state energy govern the temporal evolution of

the ionized fraction ⇢(t) of atoms through the renormalized E
R

(F ) as in

@
t

⇢(t) = 2Im{E
R

(F (t))}(1� ⇢(t)) + . . . (3.1.17)

where the ellipsis represents other potential ionization channels such as avalanche and

possibly recombination processes. Having calculated the ionized fraction, we use it

to evaluate the current induced by the driving field, found by integrating

@
t

J(t) = e⇢(t)E(t) + . . . . (3.1.18)

Above in Equation 3.1.18, electron collisions can be included as in the conventional

model with the help of an e↵ective damping parameter. The ionized fraction also

a↵ects, albeit only weakly, the nonlinear polarization obtained as

P
NL

(F ) = N
a

(1� ⇢(t))D
NL

(F (t)) . (3.1.19)

Recall that in the MESA description, the light-matter interaction parameterization

is both more consistent and robust than conventional models, as it includes interac-

tions between the pure Kerr e↵ect and ensures a proper relative weight between the

nonlinear Polarization, P
NL

, and the defocusing e↵ects of the induced current, J .

Using the tabulated quantities, D
NL

(F ), E0(F ), and M(F, 0), for the Single-Active-

Electron (SAE) models of Helium, Neon, Argon, Krypton and Xenon atoms one can

build a practically implementable model of the paMESA. To enable interested readers
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to implement and use the paMESA light-matter interaction description in pulse prop-

agation simulation, the Appendix B and D includes these data sets. The tabulated

quantities were calculated using the same SAE potentials from Section 2.1, specified

in Refs. [2, 108, 109], and used the iterative eigenvalue solver [113] from Section 2.2.6

to obtain the metastable wavefunctions.

The remaining paMESA-related characteristic of a given atom model is Ee↵ . Being

built upon several approximations, this e↵ective parameter needs to be adjusted and

tested with the help of Time-Dependent Schrödinger Equation simulations utilizing

the same SAE-potentials, as we shall see in the next section.

3.1.3 Ionization in Femtosecond Pulses: Ee↵ Adjustment and TDSE Com-

parison

The most important manifestation of the post-adiabatic corrections in MESA-based

models is in the wavelength dependence of the ionization yield from atoms exposed

to excitation for di↵erent color pulses. The underlying physical mechanism of de-

partures from the adiabatic, or nearly wavelength-independent, behavior is that elec-

tronic states with higher energies become heavily damped under the influence of the

external field rather than the ground-state Stark resonance. When the external field

changes with time, it introduces a coupling between di↵erent resonant states, and this

occurs even if field-free selection rules forbid the transitions. The coupling results in

the excitation into higher lying states, and subsequently causes additional ionization.

Roughly speaking, higher-energy states open additional ionization channels. This

mechanism is closely related to that put forward recently for tunneling from excited

electronic states [135].

In this subsection, the simulated ionization fraction as predicted by TDSE simula-

tions with a pulsed excitation are compared to their MESA-based counterparts. In

order to select a value of the parameter Ee↵ for each species, results were used for
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longer wavelength, � = 3µm, for which one expects the correction to be relatively

small. Ee↵ was adjusted such that the corrected ionization rate is close to, but not

greater than the numerically measured rate from TDSE. The rationale for adjusting

the parameter close to but not greater than the TDSE rate, is that we expect the

correction to decrease the gap between the model and the numerically exact result,

but not to capture the deviation in its entirety.

The duration and the intensity of the excitation pulse was chosen to drive the model

atoms into a regime typical for optical filamentation, where the ionized fractions range

from 10�4 to 10�2. The pulse duration was kept as 40 fs, and the intensity was ad-

justed between di↵erent species so that the yield fell into and around this range.

The TDSE simulations were performed on grids 800⇥400, along z- and radial di-

mensions, respectively, for Helium, Neon, Argon, Krypton and Xenon. The use of

inhomogeneous grids from Section 2.2.5 with grid spacings ranging from ⇠ 0.02 a.u.

in the center to about 0.2 a.u. at large distances from it, made it possible to improve

the accuracy while keeping the computational complexity reasonably low. These cal-

culations utilized the complex-scaled computational domains which add transparent

boundary conditions for outgoing waves as described in Section 2.2.1 and five-point

discretization schemes detailed in Appendix A. The combination of non-uniform grids,

complex contour and five-point discretization allowed us to use relatively small com-

putational domains, z ⇠ 60 a.u. It is important that the TDSE simulation represents

exactly the same open, norm non-conserving, system as the one used to extract all

MESA-related quantities and post-adiabatic corrections. This way we are in the po-

sition to study the role of the MESA-related approximations where the TDSE results

can be taken as a “numerically exact” target solution.

The results of the MESA-TDSE comparisons are shown in Figure 3.1. The solid lines

show the uncorrected MESA result which represents the long-wavelength, or adiabatic

limit. The other dashed lines are obtained with the inclusion of the post-adiabatic

corrections with a fixed parameter Ee↵, using Ee↵ = 0.17, 0.14, 0.12, 0.11, 0.10 for He-
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lium, Neon, Krypton, and Xenon, respectively.

Note that these values are lower than one could expect based on a gap between the

ground and excited state(s). This indicates that a physical significance should not be

attached to the precise value of Ee↵, rather it should be regarded as a fitting param-

eter for an e↵ective model born out of a sequence of approximations. In particular

the assumption that the memory function exhibits a simple exponential decay with

the time delay may be an oversimplification. Nevertheless, it is shown next that the

results obtained with this model are very encouraging.

Previous results with simplified and exactly solvable models [1] suggest that the post-

adiabatic correction should significantly reduce the gap between the MESA-based

ionization yield and its counterpart obtained from the TDSE simulations. This is

indeed what Figure 3.1 shows, here for more realistic model atoms. At longer wave-

lengths, the correction essentially captures the target ionization yield, and at shorter

wavelengths it improves the result significantly. The comparison of our results for

di↵erent species indicates that the correction works more accurately in lighter atoms.

Also, the relative accuracy improves at higher intensities of the excitation pulse.

In the simulation of optical filamentation, which is the main intended application of

the MESA, the interplay between the nonlinearity and pulse propagation e↵ects leads

to the well-known intensity clamping [133]. This suggests that one way to judge the

accuracy of the post-adiabatically corrected MESA is to examine the di↵erence in the

clamped intensity inside a filament. This issue is explored in the following section,

but a rough answer can be seen in Figure 3.1; it is the horizontal distance between a

symbol and the MESA curve corresponding to the given wavelength, indicated by an

arrow in Figure 3.1c. This suggests that in the NIR region around 800 nm wavelength,

the error should be twenty to thirty percent, and the accuracy further improves with

increasing wavelength.
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Figure 3.1. Ionization fraction in noble-gas atoms exposed to excitation by a 40 fs
duration pulse with di↵erent central wavelengths of 0.8µm 1.5µm 3.0µm, shown in
each figure from top to bottom: black, blue and red lines and symbols. Solid black
lines correspond to the uncorrected single-state MESA, dashed lines show results with
included post-adiabatic corrections, and symbols show TDSE simulation results.
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It may also be useful to visualize how and when during the cycle the post-adiabatic

correction increases the ionization rate. The enhancement is illustrated as a function

of the phase within an optical cycle in Figure 3.2.
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Figure 3.2. The e↵ect of the post-
adiabatic correction on the ionization
yield, within one half-cycle of the field
with an amplitude of 0.05a.u, for Argon.
The di↵erent curves are obtained with
shorter excitation wavelengths and the
solid black line represents the adiabatic
approximation. The way the ionization is
enhanced during times of fastest change
of the driving field is very similar to the
behavior in the post-adiabatic tunneling
model of ref. [19].

Figure 3.2 shows the ionization rate normalized to the maximum rate in Argon, driven

by an oscillatory field with the amplitude of F0 = 0.05 a.u. The depicted behavior

is very similar to that obtained for a non-adiabatic tunnel ionization model, as in

Figure 2 in Ref. [19], with the yield increasing most when the field changes fastest.

The figure also makes evident that the magnitude of the correction grows quickly

with decreasing wavelength.

3.1.4 Ionization in Two-Color Pulses: TDSE Comparison

For an additional test, we next investigate the ionization yield in two-color pulses.

The following illustration is motivated by the recently proposed sub-cycle engineering

of optical filaments [136, 137, 138] which uses a fundamental “pump” augmented by a

weak third-harmonic seed pulse. By controlling the relative phase between the pump

and the third-harmonic seed, the ionization yield can be significantly enhanced. This

behavior is already qualitatively captured by the MESA in its adiabatic limit, i.e.

when using a single resonant state. From the text and figures it will be clear that the
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inclusion of post-adiabatic corrections can further improve the accuracy.

Figure 3.3 shows a comparison between the corrected MESA and TDSE simulations

of ionization yields in Argon atom exposed to two color pulses . The 35 fs waveform

consists of a strong fundamental with central wavelengths of �
p

= 3, 2.4, 1.5µm and

0.8µm, panels from top to bottom, and a weak seed at �
s

= �
p

/3. As the relative

phase of the third harmonic pulse is varied between � = 0 and � = ⇡, depicted as

curves from top down, the resulting ionization yield can change significantly, even for

seed pulses that are very weak. In the present illustration, the seed to pump energy

fraction of 15% or 1% were used as indicated in the figure. The reason a smaller seed

energy is used with the 800 nm pump is that for higher seed energies the ionization

becomes dominated by the 266 nm wavelength, and the ionization fraction increases

to tens of percent which is too far beyond the values typical for optical filamentation.

These simulations were executed for Argon and included the post-adiabatic correction

with Ee↵ = 0.12. The corresponding TDSE results are depicted as symbols for select

pump pulse intensities.

It is evident from the top panel in Figure 3.3 that the agreement between the MESA

approximation and the TDSE “target” solution(s) is excellent at �
p

= 3µm. The

orange dotted lines, only included for � = ⇡ for a better readability, indicate the

uncorrected yields. As one can see, while the post-adiabatic correction is relatively

small as expected for longer wavelengths, its inclusion makes the model quantitatively

accurate.
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Figure 3.3. Ionization yield in a two-color pulse. The relative phase � between the
pump and its third-harmonic seed carrying 15% or 1% of the energy can be used to
control the achieved ionization levels. The MESA model results (lines) are compared
to the TDSE simulations shown as symbols. Dotted orange line is adiabatic, single-
state MESA.
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The accuracy of Figure 3.3 remains very good for �
p

= 2.4µm and �
p

= 1.5µm, in

the middle panels, with the corrections being more important as the fundamental

wavelength decreases. Note that in these cases the third harmonic is already close to

the edge or inside of the visible region. at least for the high-frequency component,

one should not expect MESA to be very accurate. Yet, the post-adiabatic corrections

eliminate most of the gap between the target solutions and the uncorrected, single-

state MESA result.

Finally, for �
p

= 0.8µm, in the bottom panel the agreement deteriorates. This short-

wavelength approaches the end of the MESA’s applicability domain. Nevertheless,

the post-adiabatic correction clearly improves the outcome and the model ionization

dynamics are still qualitatively correct, exhibiting a deep periodic dependence of the

ionization rate on the seed pulse phase. Similar to the previous example, the expected

error in a pulse propagation simulation would show up as an increase in the achieved

light intensity by a factor of about 30%.

To conclude this section, the comparison with the numerically exact results for the

very same model(s) used to obtain the data sets that support the MESA model

show that the inclusion of the post-adiabatic corrections going beyond the single-

state approach represents a computationally inexpensive way to both improve the

accuracy and widen the applicability of the method. This is a significant step up

from the conventional model, especially for the excitation waveforms that can not be

characterized as single-color.

3.1.5 Simulation of Optical Filaments: ssMESA and paMESA

The metastable electronic state approach was designed for numerical simulation of

light-matter interactions where atomic gases are exposed to di↵erent excitation fields

at di↵erent locations, for which the optical filamentation is a prime example. The

content of this section demonstrates that the MESA as described in the previous

sections can be used for the simulation of optical filamentation in noble gases across
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the wavelength region ranging from the NIR to MIR. Furthermore, the illustrative

simulations with and without the inclusion of the post-adiabatic corrections gives us

information about how important the corrections are at di↵erent wavelengths. The

simulation of optical filamentation at a wavelength of 800 nm represent a regime

where MESA provides only a qualitative picture, while at a wavelength of 2.4 µm is

where MESA is in fact most suitable and a preferred alternative to the conventional

filamentation model.

In utilizing the paMESA in simulations of a single filament with a modest pulse energy,

let us explore a regime which is now or will soon be accessible to the experiments

in the MIR range. All simulations employed a Gaussian pulse with 40 fs duration,

and peak intensities such that the maximal power corresponds to 3P
c

for pulses with

� = 800nm and to 2P
c

for � = 2.4µm, where the critical power for self-focusing was

calculated from the nonlinear index values taken from Ref. [20].
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Figure 3.4. Optical filament simulation using MESA based light-matter interaction
model. Full lines represent the results obtained with a full model, while the dashed
lines are for simulations without the post-adiabatic corrections. The vertical lines
mark the position of the linear focus, and the expected self-focusing collapse distance
obtained from the experimental values of the nonlinear index [20].
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In all cases except Helium and Neon, the assumed gas pressure is equal to 1 atm.

For Helium and Neon, we increased the pressure to 10 atm. The pressure better

corresponds to the conditions that are likely to be employed in, for example, high-

harmonic generation experiments [139]. Additionally, it makes it possible to observe

the filamentation with a pulse energy that is more realistic from the standpoint of

what sources are currently available.

In all cases, the initial beam of 3mm 1/e2-radius was focused with a f=2m lens. This

geometry was chosen deliberately because in general the dynamics in the mid-infrared

optical filaments is di↵erent from that at 800nm [140]. The focused beam geometry

increases the intensity reached with the MIR pulses, and thus allows us to study them

in the regime in which the post-adiabatic corrections play a more important role than

they otherwise would in a loosely focused beams.

The simulations were performed using the gUPPE [27, 26] simulator with a light-

matter interaction plugin which implements the MESA framework as outlined in pre-

vious sections. The plugin utilized the data set included in Appendix B and D. The

linear medium properties were described in terms of tabulated frequency-dependent

susceptibility based on Sellmeier formulas taken from Ref. [141] and from refractivein-

dex.info for Neon.

The simulation results are summarized in Figure 3.4. For each simulation run, we

have evaluated the expected self-focusing collapse distance using the nonlinear index

from [20]. Since the n2 values have been shown to be essentially independent of wave-

length between the NIR and MIR regions [23], the expected collapse distance, shown

by a dashed vertical line in the figure, provides a useful test. Previous estimates for

the nonlinear index within the MESA were found to be in the expected range for

di↵erent gases. Figure 3.4 illustrates that this alternative and perhaps more practical

measure of nonlinearity o↵ered by the collapse distance is also well reproduced by our

models.

The comparative simulations for di↵erent central wavelengths elucidate the role the
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post-adiabatic corrections play in the filamentation modeling. First, for � = 800 nm,

at the edge of the applicable region of the present light-matter interaction framework,

one can see that without the correction included, the resulting maximal intensity is

overshot by about 20-30%, in agreement with the estimate based on the data in Fig-

ure 3.1c. Otherwise the overall filament properties, such a length, and di↵erences in

the behavior found in di↵erent gases are qualitatively unchanged. This is an indica-

tion that even for this shorter wavelength, the Approach provides a viable and more

robust alternative to the conventional model used in optical filamentation.

At longer wavelengths, the MESA becomes more accurate, even without including

the post-adiabatic correction. This is evident from the simulation data which shows

that the maximal intensity is quite close with and without the corrections. In fact,

throughout the leading portion of the filament they are extremely close, again in

agreement with what Figure 3.1c also suggests. At later times or longer propaga-

tion distances we do see that the uncorrected results exhibit intensity spikes that are

damped in the full model. This is especially evident in case of Argon and Krypton,

while the e↵ect is much less pronounced in Helium and Xenon and is especially weak

in Neon. The behavior can be related to the supercontinuum, data not shown, gen-

erated in the filament.

The fact that the post-adiabatic corrections can sometimes show up even in longer-

wavelength optical filaments is an interesting observation which shows that the mid-

infrared filaments are specific in what role is played by the high-frequency portion of

their spectrum. Here there is evidence that the supercontinuum actually contributes

to the ionization in a way that manifests as a slightly lower clamped intensity in the

filament. This observation is in line with the ideas put forward in Ref. [138]. It is clear

that the impact of the secondary radiation becomes more important for MIR pulses.

This is because in general in the MIR wavelength range the interplay between the

nonlinearity and chromatic dispersion will almost always produce broad-band spec-

tra in which the harmonic components may be only a couple of orders of magnitude
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weaker than the fundamental. As the high-frequency components are often localized

on axis, they can significantly contribute to the strong-field ionization, which in turn

a↵ects the whole pulse propagation.

3.1.6 Summary of paMESA: Theory and TDSE Comparison

This section has provided the theoretical background and data sets necessary to im-

plement MESA for modeling the nonlinear optical response and strong-field ionization

for a variety of noble gases. As introduced in Chapter 2, Single-Active-Electron mod-

els were employed for Helium, Neon, Argon, Krypton, and Xenon atoms to tabulate

the nonlinear dipole moment and ionization rate as functions of the applied external

field and are found in Appendix B and D. Simulations involving excitation pulses at

di↵erent central wavelengths as well as ionization in two-color pulses were presented

and the MESA results were found to compare well with numerical solutions of the

time-dependent Schrödinger equation. Illustrative examples of the numerical simula-

tion of high-power pulse propagation incorporating MESA data were presented and

showcase the successful application to optical filamentation in the MIR region.

A general finding of this section is that MESA is most appropriate in the MIR regime,

where the optical field time-dependence can be considered slow in comparison to

atomic time-scales. To relax this assumption at shorter wavelengths higher-order

metastable states were included, thereby accounting for post-adiabatic e↵ects and

associated inertial component of the nonlinear optical response. In the current rendi-

tion of paMESA higher-order states were approximately incorporated by assuming a

completeness relation, thus allowing an expression of the post-adiabatic corrections in

terms of the lowest state. The post-adiabatic corrections were verified to enhance the

ssMESA model in the NIR to MIR regions by comparing the predicted ionization rates

against the TDSE solutions, the accuracy increasing with wavelength. In reference to

the pulse propagation simulations in Figure 3.4, for 800 nm, left column, it must be
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remarked that the single-state MESA predictions already provide an excellent quali-

tative picture, that is within 20� 30% of the corrected results. Since the single-state

MESA is no more computationally intensive than the standard filamentation model,

it provides a physically superior approach given its microscopic foundation.

Our comparative pulse propagation simulations revealed an interesting e↵ect that

deserves mention: The secondary radiation generated for a MIR optical filament can

be strong enough to a↵ect the overall ionization rate, which in turn can significantly

modify the filament propagation characteristics. This is in contrast to the physical

picture in the 800 nm and visible regions for which the secondary radiation may be

treated as weak and well described within a first-Born approximation [142], so that

feedback onto the filament propagation characteristics is weak.

The results from this section show that while the post-adiabatic corrections are non-

negligible, they are also not overwhelming, so it is reasonable to expect that the

TDSE simulations could be used to quantify and parameterize the dependence on the

history of the system directly. This could help to eliminate or reduce the sequence of

approximations needed in our derivations. Furthermore, the qualitative similarities

between the parameterized nonlinear optical response for the variety of noble gas

atoms considered strongly suggests the possibility that all MESA-related quantities

could be obtained from experiments. Measurements could be used to accurately cal-

ibrate the scales of the pre-calculated, model-based MESA responses, while taking

advantage of the fact that MESA describes both nonlinearity and ionization within

a single framework.

The calibration of Ee↵ as obtained from experiment is exactly done in the following

section.
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3.2 Experiment-Theory Comparison of paMESA

In this section, the reader is presented with an extensive quantitative assessment of

the paMESA model against a volume of experimental measurements covering two

species of noble gas atoms over the range of intensities relevant for the femtosecond-

pulse dynamics. Given the di�culties to characterize the evolution in pulses that

propagate over significant distances, one can say that the best way to characterize

light-matter interaction inside a filament is to avoid the formation of the filament

in the first place. This is achieved here by restricting the propagation distance in

a thin gas target [21, 11]. The nonlinear phase shift in the gas is measured by

single-shot supercontinuum spectral interferometry (SSSI) [22, 23, 24]. This pump-

probe technique measures the medium nonlinear response resolved in space and time,

and through careful optimization of the experimental parameters, propagation e↵ects

may be eliminated. Note that this experimental measurement is far from trivial and

presents an unprecedented opportunity to put numerical modeling through a rigorous

test. Recall that the MESA method [1] is su�ciently fast to enable spatially resolved

simulation of optical pulses on scales relevant to experiments while, at the same time,

drawing from first-principle calculations, capturing both the nonlinear Polarization

and plasma generation [117]. It is essentially free of adjustable parameters and was

developed and previously tested with the help of Time-Dependent Schrdinger Equa-

tion simulations. One of the aims in this Section is to refine the value of the sole

unknown parameter Ee↵, previously estimated from TDSE in Section 3.1.3, which de-

scribes how the ionization yield depends on the excitation wavelength. The main goal

is to verify that the nonlinear light-matter interaction model based on the metastable

states is suitable for realistic simulations in nonlinear optics with inert gases.
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3.2.1 Description of Single-Shot Supercontinuum Spectral

Interferometry Experiment

The experimental technique used to verify the paMESA is the single-shot super-

continuum spectral interferometry (SSSI) method developed J.K. Wahlstrand and

H.M. Milchberg et al. [21, 11, 22, 23, 24] and references therin. The SSSI method

measures the space- and time-resolved phase shift ��(x, t) imposed on a probe pulse

that samples the interaction of an intense pump pulse with a material medium, see

Figure 3.5, typically a thin gas target with thickness much smaller than the Rayleigh

ranges of the pump or probe. In the figure, x is a transverse spatial coordinate, to

the pump and probe propagation direction, in the medium local to the pump inter-

action, and defined by the entrance slit of a spectrometer. When coupled with a

well-characterized target, absolute measurements of the optical nonlinearity in gases

can be performed [11, 143].

Figure 3.5. Schematic of single-shot supercontinuum spectral interferometry. The
reference and probe are identical supercontinuum pulses, the latter co-propagating
with the pump through the thin gas sample. The reference pulse enters the gas jet
first and carries the phase in the absence of the pump. The nonlinear transient phase
shift induced by the pump is then obtained by measuring the relative phase between
the probe and reference pulses in the frequency domain. Details of the setup are
described in Refs. [21, 11, 22, 23, 24].
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While nonabsolute transient ionization in gases has been measured using SSSI [22,

144], it is much more challenging to do absolute time-resolved measurements, as the

highly nonlinear ionization rate requires consideration of the true time resolution of

the method [24, 22]. The SSSI technique has been described in detail in several

publications [21, 11, 22, 23, 24]. The experimental setup here is substantially similar,

except the current experiment extends the capability of measuring the probe phase

shifts ��(x, y, t) to two spatial dimensions by transversely scanning the probe beam

image across the entrance slit. The pulse envelope is measured with SSSI [23] to be

well fit by a Gaussian with a FWHM duration 42 fs. To obtain the peak intensity in

the present experiments, a CCD camera was used to record an image of the transverse

profile of the pump beam. This image is spatially calibrated, and provides the beam

shape. The background-subtracted value p of each pixel is related to the temporal,

cycle-averaged peak intensity by Ipeak(x, y) = Cp(x, y). Using the known nAr

2 of

argon [11] and the relation,

��
peak

(x, y) = 2knAr

2 I(x, y)Le↵ = 2knAr

2 Le↵Cp(x, y) (3.2.1)

In Equation 3.2.1, it is relatively straightforward to find the calibration constant C.

��peak(x, y) is the peak phase shift, k is the probe wave vector, and Le↵ is the e↵ec-

tive interaction length of the gas target. The calibration constant C is found from

the measured ��peak(x, y) and Le↵ at intensities below the appearance of ionization.

The same C was used to calibrate the data taken in Kr. The total uncertainty in

the absolute peak intensity has two sources. The largest source is the uncertainty in

the nAr

2 measurement [11], which was 12%. The other source of uncertainty, about

5%, arises from the fit used to find C. The total absolute uncertainty is thus 13%.

However, it is important to note that this reflects the possible error of the overall

scale of our intensity axis. The relative intensity between data sets is known to con-

siderably better precision, about 5%, than the absolute intensity, since all intensities

are referenced to the above number. For the assessment of the simulation results it
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is important to appreciate all the possible errors or biases of the measured data. So

the most important one here is that there is a possibility of a scaling error of the

intensity axis. An alternative is to fit also the peak intensity for each experiment,

however to keep uniformity and simplicity in the model it is preferable to stick to a

single adjustable parameter Ee↵. This section will provide illustrations of the tran-

sient nonlinear phase-shift maps simulated numerically as compared to the results

against 24 three-dimensional sets of experimental data, for Argon and Krypton gases.

3.2.2 Discussion of Simulation of the SSSI Experiment

The main output of the SSSI experiment is a three-dimensional space-and-time profile

of the probe phase shift �(x, y, t) due to nonlinear interaction of the pump with

the gaseous medium. This is the object that was simulated and compared to the

experimental results as illustrated in Figure 3.6. The properties of the pump pulse are

taken from the experiment. One relies on the assumption that the pulse is a Gaussian

with a FWHM duration of 42 fs and peak intensity as measured. The simulation

modeling the experiment, is initialzied with two identical pulses, the reference and

probe. The reference pulse interacts with the simulated gas jet in the absence of

the pump pulse, and thus records the reference phase due to propagation through a

non-excited medium. The probe pulse interacts with the gas jet in the presence of

the pump, overlapping spatially and temporarily with it just like in the experiment.

The phases of the space-and-time resolved complex probe and reference fields are

subtracted. This is the nonlinear phase shift detected by the SSSI experiment. This

simulation approach produces a phase-shift profile that includes all potential temporal

and spatial smearing e↵ects due to propagation through the target, as described in

Ref. [104]. Note that it does not include e↵ects caused by, for example, finite spatial

and spectral resolution of the imaging system and spectrometer. Such e↵ects, as

noted by Wahlstrand and Milchberg et. al., are negligible in the experiment for the
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time and space scales examined here.

Figure 3.6. Typical space-time profiles of the nonlinear phase shift. (a) The Kerr
e↵ect dominates at a lower peak intensity, giving rise to a peak that has the same
shape as the intensity envelope of the pump pulse. (b) At higher intensity, freed
electrons cause a deformation of the phase shift during and after the pump pulse.

Figure 3.6 illustrates the typical shape of the nonlinear phase shift surface in the

space spanned by one transverse coordinate (x) and local pulse time (t). The origin

of the coordinate system coincides with the axis of the excitation beam in space

and the pulse peak in time. These illustrative simulation results show that at a low

intensity, in the left panel, one expects to detect a single Kerr peak, that reflects

the local irradiance of the pump pulse. Having measured ��(x, y, t) in this regime

gives one access to important parameters of the pump pulse, namely its beam size

and the pulse duration. The right-hand side part of Figure 3.6 shows the typical

shape of in the peak-intensity range that is most relevant to optical filamentation. In

the simulation, the pump irradiance is high enough to cause ionization that creates

su�cient freed-electron density to counter the phase shift due to the Kerr e↵ect [21].

The plasma signature in this figure is most prominent at later times when the pump

pulse intensity is negligible, and the resulting phase shift is simply proportional to the

free electron density. This portion of the medium response map provides quantitative

information concerning the ionization rate. An important feature shown in the above
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figure occurs at a time just after the pump peak. This is when the transient refractive

index change consists of two competing components comparable in strength. This

gives rise to a crescent-shaped peak dominated by the Kerr response, with its central

portion modified by the free electrons. In particular, one can see that a deformation

can evolve where there used to be a peak maximum at lower pulse intensity. In many

situations, the dynamics of the propagating pulse coupled to the partially ionized

medium inherently gravitates to a regime like this. Before discussing the results of

the simulations, it might be of interest to ask if the experiments in this work could

be modeled on a more fundamental level, perhaps employing an integrated Maxwell-

Schrödinger solver, such as in Ref. [104]. Given the small interaction volume in our

experiments, it should be possible, at least in principle. However, such an undertaking

would require an incomparably larger numerical e↵ort. In contrast, the model tested

in this work is designed for simulations on scales orders of magnitude larger than

what is required for our experiments.

3.2.3 Argon: Results of Experiment-Theory Comparison

Seventeen experimental data sets were analyzed for Argon, with peak intensities of

the pump pulse reaching up to 131 ± 17 TW/cm2. The peak intensity of each sim-

ulation run was set equal to the nominal intensity measured in the experiment. The

equivalent propagation length inside of the gas jet was also set to the value(s) mea-

sured in the experiment(s), in the range between 400 and 460 µm. After the gas jet,

linear propagation in vacuum was simulated for a distance between 1000 and 1300

µm, depending on the data set, in order to reach the object plane, which was set

slightly beyond the gas jet.

There was only a single model parameter to adjust by matching a single measured

value of the phase shift for one peak intensity. Starting with the value of the post-

adiabatic correction obtained previously from a Single-Active Electron model of the
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Argon atom, Ee↵ = 0.12, was adjusted in order to obtain the measured value of the

phase shift for Ipeak = 103 ± 13 TW/cm2. In particular Ee↵ was adjusted to target

the on-axis value at a late time, ��(x = 0, y = 0, t = 135 fs), when it is a↵ected

solely by the density of free electrons. Using this method Ee↵ = 0.55, and when used

in Equation 3.1.16, results in a weaker correction compared to our previous purely

theoretical estimate. Making no adjustments to the other components of the MESA

model, we shall see next, the agreement between the theory and experiment is rather

accurate without further tuning.

First, in Figure 3.7 are examples of the comparison between the experimental and

simulated phase shift maps in two-dimensional space, ��(x, y = 0, t). Three di↵er-

ent peak intensities, 117 ± 15, 95 ± 12, and 42 ± 5 TW/cm2, of the pump pulse

are selected to demonstrate that the match is excellent across a range of intensities.

In the top portion of the figure, Ipeak = 117 ± 15 TW/cm2. At this high intensity,

the plasma generation is so strong that the phase shift due to free electrons becomes

significantly larger than that from the Kerr e↵ect. Figures 3.7(a) and 3.7(b) show

the experimental and simulated color-coded maps of ��(x, y = 0, t), respectively.

In this and in the following figures, the color axis always corresponds to the range

shown in the phase-vs-time plots below. One can clearly see the characteristic shape

of the phase-shift surface discussed earlier. In particular, it is evident that at this

high intensity, the phase-shift contribution of the free electrons bites into the Kerr

peak, giving it a pronounced crescent shape with a depressed central value.

For a more detailed comparison, panels below show one-dimensional line-outs at

y = 0, with the smooth black curve representing the simulation result and the

red curve showing the experimental data. Figure 3(c) shows the on-axis tempo-

ral profile, ��(x = 0, t, y = 0), while Figure 3.7(d) shows the transverse profile

��(x, t = 0, y = 0). Clearly, the agreement is good.

The middle portion of Figure 3.7, Figures 3.7(e)-3.7(h), shows analogous results for

Ipeak = 82 ± 11 TW/cm2, for which the peak free electron phase shift is somewhat
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weaker than the Kerr shift, causing the net phase-shift profile to appear as a flat

top. Note that this is the regime the dynamics of optical filamentation tends to

reach spontaneously as it seeks a dynamical balance between focusing and defocus-

ing. Finally, in the lower part of Figure 3.7, in Figures 3.7(i)- 3.7(m), are analogous

results for a relatively small peak intensity of Ipeak = 35 ± 5 TW/cm2. In this case

there is no observed plasma generation. This illustrates that the magnitude of the

optical Kerr e↵ect is correctly captured by our model. It may be worthwhile to note

that the strength of the Kerr e↵ect here derives solely from the quantum-mechanical

calculations of the metastable ground-state properties.
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Figure 3.7. Space-time
resolved, experimental, and
simulated phase shifts in Ar-
gon. Results are shown for
three intensities (117 ± 15, 95
± 12, and 42 ± 5 TW/cm2

top to bottom), at which ion-
ization dominates the Kerr ef-
fect (top), the two are com-
parable (middle), and the ion-
ization is small (bottom).The
temporal and spatial line-outs
follow the lines shown in the
space-time plots. For space-
time maps experiments are
on the left, simulations are
on the right. For trans-
verse plots, left are profiles
for ��(x = 0, t) and right
are profiles ��(x, t = 0).
Red lines are from experi-
ment, black lines are from
simulations.
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Figure 3.8. Measured (black circles and solid lines) and simulated (red squares and
dashed lines) nonlinear phase shifts compared for 17 experimental argon data sets. (a)
Maximally negative shifts caused by free electrons in the wake of the excitation pulse.
(b) Maximum phase shift, taken over the whole space-time extent. The estimated
uncertainty of the horizontal scale due to intensity calibration is about 13%.

To demonstrate that the good agreement between the theory and experiment is not

an accident specific to the three data sets chosen for the above illustration, it is inter-

esting to compile certain characteristics from all 17 experimental sets. This is done

in Figure 3.8 comparing maximally negative, shown in Figure 3.8(a), and maximally

positive, in Figure 3.8(b), phase shifts over the whole measurement or simulation for a

given peak intensity of the pump. The left panel is essentially the signal at late times,

when the pump pulse has departed and the phase shift is proportional to the density

of free electrons. In other words, the curve shown characterizes the ionization fraction

versus peak intensity of the given pulse. In order to deal with the noise present in the

measured data, the value was averaged over a short time interval to remove the noise.

Since the simulated values show no late time variations they were used directly in

this and similar figures. The right-hand-side panel of Figure 3.8 shows how the max-

imal phase shift depends on the intensity. At lower peak intensities, the phase shift

increases linearly, as expected for the regime dominated by the Kerr e↵ect. At higher

intensities, the curve saturates – this is a sign that the the density of free electrons
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approaches a range where their defocusing e↵ect can compete with the self-focusing.

In both panels, the agreement between the measured data and the simulation results

is good, although some noise is evident in the experiment fluctuations in the simu-

lated results originate, most likely, from the gas-jet thickness values of which are taken

from the experiment. However, considering the tiny, approximately 102 radians, non-

linear shifts measured and considering that the modeling is based almost completely

on first principles and on the single-state MESA approximation, this observation is

extremely encouraging. This comparison seems to show a better agreement for the

bound-electron nonlinearity than expected based on the previous comparison of the

low-intensity Kerr coe�cient in Section 2.3.4. Recall the comparison of the pure non-

linear index extracted from the full nonlinear dipole curves yielded lower values than

the experiments. Here, the di↵erence does not detract from the agreement between

the theory and measurements. The conjecture is because the simulated experiment

“explores” a range of intensities higher than those at which the full response reduces

to its first Taylor-expansion term. In this range the e↵ective nonlinearity of the MESA

model is higher than that corresponding to the purely third-order e↵ect at very low

intensities. In other words, the present comparison gives a more optimistic and in

fact more realistic picture of the physics.

3.2.4 Krypton: Results of Experiment-Theory Comparison

Seven experimental data sets were analyzed for Krypton, with peak intensities of the

pump pulse between 31 ± 4 and 105 ± 14 TW/cm2. Unlike for Argon, where the

theoretical and measured nonlinear index agree quite closely, in this case there is a

small gap between the strength of the Kerr e↵ect as measured in this experiment and

as simulated with our single-active-electron MESA model; the simulated self-focusing

appears to be weaker than in the experiment. This is why it is important not to rely on

a single experimental set for adjustment of Ee↵. Rather, the post-adiabatic correction
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parameter was estimated from the overall agreement across all experimental sets. The

previously estimated value of Ee↵ = 0.11 had to be raised to Ee↵ = 0.45 in order to

capture the curve of the ionization yield versus the peak intensity of the pump pulse.

Similar to the Argon case, this represents a weaker post-adiabatic correction than that

obtained from the TDSE simulations in Ref. [9]. Figure 3.9 shows the comparison of

experimental and simulated results for the three peak pump intensities of Ipeak = 88

± 11 TW/cm2 (a)-(d), Ipeak = 70 ± 9 TW/cm2 (e)-(h), and Ipeak = 26 ± 3 TW/cm2

(i)-(l). The top portion of Figure 3.9 illustrates the regime in which the peak intensity

is so high that the defocusing action of the freed electrons would strongly dominate

over the self-focusing e↵ect. Here, even the maximal positive nonlinear phase shift is

significantly decreased due to the plasma. In the middle portion, the phase shifts due

to the electrons and nonlinear Polarization are comparable, and in the lower part of

the figure, it is the Kerr e↵ect that is stronger. In this picture, it is evident that the

simulated Kerr e↵ect is somewhat weaker than the actual. This is most likely also

the reason for the ionization yield being underestimated. Other experimental data

sets, not shown, and simulations show the same trends. Figure 3.10, a counterpart

of Figure 3.8, shows a global comparison for all data sets analyzed for Krypton.

Very much like in the previous case, it demonstrates that there is a good agreement

between the experiment and theory for Krypton, too. However, the data shown in the

right-hand-side panel indicate that the simulated curve is lower than the measured

one. This indicates that the Single-Active-Electron MESA model underestimates the

e↵ective nonlinearity in Krypton. Nevertheless, this comparison result validates that

the MESA model of Krypton is semiquantitatively correct.
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Figure 3.9. Space-
time resolved, experimental,
and simulated phase shifts in
Krypton. Results are shown
for three intensities (Ipeak =
88 ± 11 TW/cm2 (a)-(d),
Ipeak = 70 ± 9 TW/cm2

(e)-(h), and Ipeak = 26 ±
3 TW/cm2 (i)-(l)), at which
(top to bottom) ionization
dominates the Kerr e↵ect, the
two are comparable, and the
ionization is small. For space-
time maps experiments are
on the left, simulations are
on the right. For trans-
verse plots, left are profiles
for ��(x = 0, t) and right
are profiles ��(x, t = 0).
Red lines are from experi-
ment, black lines are from
simulations.
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Figure 3.10. Measured (red squares and dashed lines) and simulated (black circles
and solid lines) nonlinear phase shifts compared for seven experimental data sets for
krypton. (a) Maximally negative shifts caused by free electrons in the wake of the
excitation pulse. (b) Maximum phase shift, taken over the whole space-time extent.

3.2.5 Discussion of Experiment-Theory Comparison Results: Argon and

Krypton

From the standpoint of the modeling of light-matter interactions in the filamentation

regimes, there are two main questions addressed in the present section. First, how do

the self-focusing components of the nonlinear response compare between the MESA

models and experiments? Second, can the simple description, in Equation 3.1.16,

of the post-adiabatic e↵ects be applied to real atomic gases? To address the issue

of the nonlinear index, from Section 2.3.4, we know that if one extracts the nonlin-

ear index value directly from the nonlinear dipole as a function of the applied field.

The resulting n2 values are reasonably close to their experimental counterparts, but

they are consistently lower in Section 2.3.4. In the present comparison the gap is

smaller than that expected, especially for Argon. This is an encouraging finding

which corroborates that the single metastable electronic state can in fact represent

the instantaneous optical response. The hypothosized reason for the model working

better in this respect is that the extraction of n2 from MESA was done in Section 2.3.4



141

at lower intensities than in the present comparison. I will reiterate, MESA never uses

any n2 value, it rather relies on the nonlinear dipole curve dNL(F ), and this appears to

result in an e↵ective nonlinear index that is higher than the value estimated from its

weak-field fit. This is an interesting finding with implications for the interpretation

of the instantaneous nonlinearity as an open question for investigation.

Next, let us address the issue of the post-adiabatic corrections, and in particular on

its strength as represented by parameter Ee↵. We have taken advantage of the fact

that the MESA models for the two inert gases provide a good-enough approximation

for the nonlinear Polarization in the specific regime explored by the present SSSI

experiments. This enables one to utilize the measured response in order to adjust the

value of Ee↵, while keeping the core of the MESA models, the functions dNL(F ) and

ENL(F ), unchanged. The corrected values, while not too far from those obtained in

our previous theoretical study, give rise to a weaker post-adiabatic correction, smaller

increase of the ionization yield with decreasing wavelength, than that predicted from

the Single-Active-Electron models.

The finding came as a surprise, because MESA is designed for longer wavelengths,

and the NIR range around 800 nm is at the edge of its applicability. One expects

stronger, not weaker, corrections at this wavelength. There are several possible rea-

sons why the estimates based on TDSE simulations overestimated the post-adiabatic

e↵ects.

First, one has to bear in mind that while the Single-Active-Electron approximation

may work well to approximate the metastable ground state, it may not be necessarily

very accurate for the excited states which could play an increasingly important role

at shorter excitation wavelengths.

Second, because the present form of the post-adiabatic correction, as represented by

Equation 3.1.16, is a result of several approximations it may be less accurate for � =

800 nm.

Third, note that present estimates of Ee↵ are quite sensitive to the calibration of the
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peak intensity obtained from Equation 3.1.1. In fact, if the calibration is executed

with the nAr

2 value only 5% lower, which is well within its experimental error bar,

the resulting correction parameters decrease to Ee↵ = 0.2. In this sense, even the

theoretical estimates are compatible with the experiment, once the uncertainty of the

peak intensities is recognized. The degree of agreement obtained with the adjusted

values supports the fact that the post-adiabatic MESA model can approximate real

atoms. Moreover, the present results suggest that it is worthwhile to explore further

refinements of the dynamics of the post-adiabatic corrections to the ionization rate.

More specifically, one simple improvement is to consider the evaluation of the renor-

malized ionization rate according to the memory integral, see Appendix C, instead

of its asymptotic approximation used by the present MESA models. Hopefully, such

an improvement becomes feasible when similar measurements as those utilized here

become available for mid-infrared wavelengths.

3.2.6 Summary and Conclusions of Experiment-Theory Comparison

This section presents a quantitative comparison between experiments and numerical

simulations of ultrashort high intensity optical pulses. The paMESA model has been

tested against 24 experimental data sets from the single-shot supercontinuum spectral

interferometry for two inert gases and a wide range of intensities to verify that the

nonlinear spectral shifts predicted by the MESA models agree with those measured.

The comparison stands out in the field of optical filamentation modeling, both in

terms of the volume and accuracy of the data involved. I would like to highlight that

this was made possible by the Wahlstrand and Milchberg group SSSI experiments

that produce three-dimensional space-and-time resolved maps of the nonlinear phase

shifts caused by a strong pump pulse exciting a gas. The accuracy of the SSSI

data allowed us to validate the numerically modeled light-matter interaction in the

regime that is characterized by simultaneous, competing e↵ects due to bound and free
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electronic states in the model. To conclude, it may be worthwhile to note that while

the theory-based and experiment based estimates of the post-adiabatic parameter Ee↵

do not agree completely, the fact that a meaningful comparison can be achieved with

a single adjustable parameter per gas species indicates that the paMESA is indeed

a robust model. The final exploration is to take the multi-state model even further

than the paMESA, by explicitly including the first excited state to solve the two-state

system. An initial exploration of this is done in the following section followed by an

assessment of the open areas to expand MESA.

3.3 Two-state MESA

This section demonstrates the first step in the development of and explicit multi-state

MESA. This is done by including the first excited state in which both Stark resonance

states are subject to strong-field ionization modeled as a two-state system. The results

indicate that the MESA method has the potential for systematic improvement which

could significantly broaden its applicability.

3.3.1 Derivation of two-state MESA Dynamical Equations

This subsection provides a derivation of the two-state system. To begin we recall the

representation [145, 146] of the wavefunction in terms of the Metastable States  
k

and a strongly delocalized wavefunction  
F
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R
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The equations of motions for the wavefunction amplitudes are obtained by inserting

the resonant series wavefunction in the Time-Dependent Schrödinger Equation
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and projecting onto the n-th state,
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Here we have disregarded the portion of the wavefunction that is delocalized,  
F

(t).

We have previously found this approximation in Section 2.3.5 to be acceptable pro-

vided the evolution starts in the ground state. In order to simplify the second term

in Equation 3.3.3, one can use the following relation [7, 3]:
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Building upon the single-state MESA, intuition suggests that the simplest two-state

system includes coupling between the ground and first excited state. Restricting to

the ground and first excited state coupling results in the following two-state system,

here written in a matrix form:

i
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c1(t)
c2(t)

◆
(3.3.5)

3.3.2 Two-state MESA: Numerical Results for Hydrogen and Discussion

This subsection provides preliminary numerical results for Hydrogen, whose field-free

states are known analytically. The relevant quantities, energies and dipole matrix

elements, depend on the field strength. The field-dependent complex energy E1,2 can

be calculated relatively accurately. A description of how to calculate the energies

and tables of the ground state energies are provided in in Section 2.1. Figure 3.11

compares the imaginary component, representing the decay of the states, between the

ground and first-excited state of Hydrogen as a function of field strength. The decay

rate in the first excited state of Hydrogen is orders of magnitude larger than that of

the ground state. This is the trend seen for all of the atomic species.

The accuracy of the generalized dipole moments is so far di�cult to achieve, because

the o↵-diagonal matrix elements between resonant states are excedingly sensitive to
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Figure 3.11. Absolute value of imagi-
nary energy for 1s (black) and 2p (red)
state of Hydrogen plotted in the log scale
as a function of field strength. The excited
state values are orders of magnitude larger
than those in the of the ground-metastable
state. This demonstrates the increased de-
cay and loss that stems from the coupling
to the excited state.

the accuracy of the computed wavefunctions. In this initial study, we shall adopt an

additional approximation in order to avoid evaluation of the field-dependent general-

ized dipole moments. Namely, we first consider transitions that are allowed already

in zero field and approximate

h 1(F )|z| 2(F )i ⇡ h 1(0)|z| 2(0)i. (3.3.6)

For the Hydrogen atom, the analytical solutions for the 1s and 2p wavefunctions are

known in spherical coordinates

 1s(r, ✓,�) =
1p
⇡
⇥ exp{�r} (3.3.7)

 2p(r, ✓,�) =
1

4
p
2⇡

⇥ exp{�r/2}r cos� (3.3.8)

Naturally, one can then calculate the analytical expression for the o↵-diagonal dipole

matrix element

h 1s|z| 2pi =
ZZZ
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128

p
2

243
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The o↵-diagonal elements and two-level system is simplified to
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With this approximation Equation 3.3.10 represents a non-Hermitian two-level sys-

tem. Note that the coupling between the two metastable states is mediated by the
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temporal changes of F (t), and this is where the evolution outcome depends on the

history of the system. The inclusion of the second state will a↵ect the ionization

rate during a pulsed excitation. The imaginary part of the energy E2 of the excited

state is much larger than that of E1, as shown in Figure 3.11. As a consequence, any

coupling between the states opens a new ionization channel.

An exploratory example of the increased ionization fraction of the two-state (red) vs

single-state (black) MESA for a few cycle, � = 2µm pulse is shown in Figure 3.12 for

a range of intensities.

Figure 3.12. Comparison of predicted
ionization for single-state (black) and
two-state (red) systems for Hydrogen.
Greatest enhancement for the predicted
ionization or the gap between the black
and red curves is for the weaker intensi-
ties. Inset depicts the laser pulse.

The assumption is that the atom is initially in the ground state, c1(0) = 1, and

c2(0) = 0. One evolves both states in the system c1,2(t), to estimate the ionization

yield as the deviation of |c1|2 from unity after the excitation pulse has passed. The

increased ionization in the two-state system stems from the inclusion of excited state

which itself is unstable. This creates a new channel for ionization and as the system

evolves and the inter-state coupling is proportional to the rate of change of the driving

field.

3.3.3 Two-state MESA: Discussion and Conclusions

In this subsection, I will discuss the preliminary results and initial conclusions re-

garding the two-state MESA system. The enhancement is largest for weaker peak
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intensities where the field is strong enough to couple the ground to the quickly decay-

ing excited state, while not quite strong enough to readily excite free electrons from

the ground-state. Another way of thinking about this is the loss from the ground-

state or primary channel is much weaker than the coupling to and the loss from the

first excited-state or secondary channel.

One can see that the largest enhancement due to the open channel in the created by

the 2p state is for the weaker fields. This is because the field is not strong enough to

ionize the electron but is su�ciently strong to couple to the first excited state that

has a very short lifetime.

While this is a premlinary assessment, it does open the question as to whether the

multi-state MESA models can be used to better model the physics. This preliminary

figure supports the fact that a multi-state MESA may provide a better model, mainly

impacting the ionization.

The important point made in this example is that adding a second state to MESA

significantly improves the model by bringing the simulated ionization rates higher

and closer to what one would expect from experimental measurement. This trend is

especially evident at lower peak intensities, where the the single-state results improve

significantly with the inclusion of the excited metastable state. This is an encouraging

indication that MESA can be built up using a systematic approach, by incorporating

more states into its framework.

3.4 Outlook and Open Questions

The work presented in this thesis has taken the proof-of-concept MESA to a practi-

cally realizable model for light-matter interactions in optical filamentation. Chapter

2 provided the numerical framework for solving for the metastable Stark resonance

energies and wavefunctions. The numerical framework was used for solving for the

energies and wavefunctions in noble gases, where MESA was compared approximately
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to experiment via measured values of the nonlinear index of refraction. To reiterate,

in modeling the light-matter interactions, MESA doesn’t use the nonlinear index of

refraction n2, it makes use of the nonlinear dipole moment. The example of molecular

Nitrogen demonstrated the use of MESA beyond calculations utilizing Single-Active-

Electron potentials. Chapter 3 elaborates on the bulk of the novelty in this work,

where the first step towards a multi-state MESA is provided in the form of post-

adiabatic corrections. The ssMESA and paMESA are compared to experiment in the

first of its kind experiment-theory comparison of a light-matter interaction model in

optical filamentation.

The work demonstrates the utility of MESA with solely a single-state and includ-

ing excited states, approximately, as demonstrated in Chapter 3. The next step in

developing MESA, is to include the first excited state explcitly and investigate the

dynamics of the two-state system. The decay from the first excited state should serve

as an additional channel of ionization. In including the first excited state, one should

be careful of how well the o↵-diagonal dipole matrix element is calculated. The o↵-

diagonal dipole matrix element dictates the coupling between states and ultimately

the new loss in the system. Following a full development and exploration of a two-

state MESA system, a natural progression is to add additional excited states to build

a three, four and many state MESA.

At this time it is an open question as to how many and exactly which higher-energy

unstable states should couple most e�ciently to the metastable ground state. In ad-

dition to the dipole-allowed transitions, coupling terms between the states that are

forbidden by the symmetry in zero field need to be included for strong field strengths.

Needless to say, the implementation of a multi-state framework will require signif-

icantly improved accuracy in calculation of the metastable wavefunctions and the

matrix elements between them.

The two-state MESA described in the end of this chapter is merely the first step

in construction of the multi-state non-Hermitian framework to calculate the nonlin-
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ear response and strong-field ionization across wide intensity regimes for the mid-IR

wavelength. Future work is needed to apply the two-state approach to noble gas

atoms, comparison to experiment and in explicitly solving for the nonlinear response

within this multi-state non-Hermitian framework and defining the number of states

needed to accurately capture the full response and ionization.
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Appendix A

Differential Operator Coefficients on Complex

Coordinates

“Ask the right questions, and nature will open the doors to her secrets.” -C.V. Raman

This Appendix provides the reader with discretizations of the di↵erential operator

on the complex contour using 5 and 3 point stencils.

A.0.1 Five-Point Finite-Di↵erence Scheme

Here we approximate the Laplacian as follows

�
w

 (w) ⇡
2X

j=�2

Lc

j

 (g
c+j

) (A.0.1)

For the Linear coordinate axis (z)

L0
�2 = �2

3z20 + z1z2 + z�1(z1 + z2)� 2z0(z�1 + z1 + z2)

(z0 � z�2)(�z�1 + z�2)(z�2 � z1)(z�2 � z2)
(A.0.2)

L0
�1 = �2

3z20 + z1z2 + z�2(z1 + z2)� 2z0(z�2 + z1 + z2)

(z0 � z�1)(z�1 � z�2)(z�1 � z1)(z�1 � z2)
(A.0.3)

L0
±0 = 2

6z20 + z�2z1 + z�2z2 + z1z2 + z�1(z�2 + z1 + z2)� 3z0(z�1 + z�2 + z1 + z2)

(z0 � z�1)(z0 � z�2)(z0 � z1)(z0 � z2)
(A.0.4)

L0
+1 = �2

3z20 + z�2z2 + z�1(z�2 + z2)� 2z0(z�1 + z�2 + z2)

(z0 � z1)(�z�1 + z1)(�z�2 + z1)(z1 � z2)
(A.0.5)

L0
+2 = �2

3z20 + z�2z1 + z�1(z�2 + z1)� 2z0(z�1 + z�2 + z1)

(z0 � z2)(�z�1 + z2)(�z�2 + z2)(�z1 + z2)
(A.0.6)
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For the Radial coordinate axis (r)

L0
�2 =

�7r30 + r�1r1r2 + 5r20(r�1 + r1 + r2)� 3r0(r1r2 + r�1(r1 + r2))

r0(r0 � r�2)(�r�1 + r�2)(r�2 � r1)(r�2 � r2)
(A.0.7)

L0
�1 =

�7r30 + r�2r1r2 + 5r20(r�2 + r1 + r2)� 3r0(r1r2 + r�2(r1 + r2)

r0(r0 � r�1)(r�1 � r�2)(r�1 � r1)(r�1 � r2)
(A.0.8)

L0
+0 = ��16r30 + r�2r1r2 + 9r20(r�1 + r�2 + r1 + r2) + r�1(r1r2 + r�2(r1 + r2))

r0(r0 � r�1)(r0 � r�2)(r0 � r1)(r0 � r2)
(A.0.9)

+
4r0(r1r2 + r�1(r1 + r2) + r�1(r�2 + r1 + r2))

r0(r0 � r�1)(r0 � r�2)(r0 � r1)(r0 � r2)
(A.0.10)

L0
+1 =

�7r30 + r�1r�2r2 + 5r20(r�1 + r�2 + r2)� 3r0(r�2r2 + r�1(r�2 + r2))

r0(r0 � r1)(�r�1 + r1)(�r�2 + r1)(r1 � r2)
(A.0.11)

L0
+2 =

�7r30 + r�1r�2r1 + 5r20(r�1 + r�2 + r1)� 3r0(r�2r1 + r�1(r�2 + r1))

r0(r0 � r2)(�r�1 + r2)(�r�2 + r2)(�r1 + r2)
(A.0.12)

A.0.2 Three-Point Finite-Di↵erence Scheme

Similar to the five-point finite-di↵erence scheme featured above, we approximate the

Laplacian as follows

�
w

⇡
1X

j=�1

Lc

j

 (g
c+j

) (A.0.13)

For Linear coordinates

L0
�1 =

�2

(z0 � z�1)(z�1 � z1)
(A.0.14)

L0
+0 =

2

(z0 � z�1)(z0 � z1)
(A.0.15)

L0
+1 =

�2

(z0 � z1)(�z�1 + z1)
(A.0.16)
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And for Radial coordinates

L0
�1 =

�3.0r0 + r1
r0(r0 � r�1)(r�1 � r1)

(A.0.17)

L0
+0 = � �4r0 + r�1 + r1

r0(r0 � r�1)(r0 � r1)
(A.0.18)

L0
+1 =

�3r0 + r�1

r0(r0 � r1)(�r�1 + r1)
(A.0.19)
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Appendix B

Appendix B: single-state MESA Tables

“The general laws of Nature are not, for the most part, immediate objects of percep-

tion.” -George Boole

The following are the tables of the complex-valued energy, E
G

, nonlinear dipole mo-

ment, D
NL

, as a function of the field for the ground-metastable state for Noble Gas

atoms and molecular Nitrogen.

Helium

F Re{E
G

} Im{E
G

} Re{D
NL

} Im{D
NL

}
0.000 -9.03787915e-01 0.00000000e+00 2.16200000e-11 0.00000000e+00
0.002 -9.03789483e-01 -0.00000000e+00 3.74072200e-08 4.86190641e-31
0.003 -9.03791444e-01 -1.46740140e-232 1.26210090e-07 5.97754408e-28
0.004 -9.03794189e-01 -2.77176020e-174 2.99172520e-07 2.95118168e-26
0.005 -9.03797718e-01 -2.54935247e-139 5.84393120e-07 4.01394189e-25
0.006 -9.03802032e-01 -5.17436100e-116 1.01000981e-06 2.85778702e-24
0.007 -9.03807131e-01 -2.29396462e-99 1.60420950e-06 1.40232974e-23
0.008 -9.03813014e-01 -6.98867648e-87 2.39523805e-06 5.44215440e-23
0.009 -9.03819683e-01 -3.57218587e-77 3.41141029e-06 1.80293596e-22
0.010 -9.03827137e-01 -2.08350954e-69 4.68112013e-06 5.33815830e-22
0.011 -9.03835376e-01 -4.69688646e-63 6.23285069e-06 1.45437430e-21
0.013 -9.03854213e-01 -2.77649479e-53 1.02968152e-05 9.03771881e-21
0.014 -9.03864812e-01 -1.91150498e-49 1.28665553e-05 2.10951603e-20
0.015 -9.03876197e-01 -4.04505619e-46 1.58333500e-05 4.76121737e-20
0.016 -9.03888370e-01 -3.28255615e-43 1.92262862e-05 1.04462885e-19
0.017 -9.03901330e-01 -1.20976739e-40 2.30746045e-05 2.23703035e-19
0.018 -9.03915079e-01 -2.30957460e-38 2.74077100e-05 4.69044629e-19
0.019 -9.03929616e-01 -2.53402932e-36 3.22551842e-05 9.65312136e-19
0.020 -9.03944943e-01 -1.73631301e-34 3.76467965e-05 6.48058393e-16
0.030 -9.04141763e-01 -7.09830781e-23 1.28199256e-04 1.57589459e-15
0.031 -9.04165816e-01 -3.97067111e-22 1.41607630e-04 1.58601658e-15
0.032 -9.04190668e-01 -1.99342925e-21 1.55936752e-04 1.23042762e-15
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0.033 -9.04216318e-01 -9.07064300e-21 1.71220059e-04 1.50153517e-15
0.034 -9.04242768e-01 -3.77350983e-20 1.87491378e-04 1.10266865e-15
0.035 -9.04270019e-01 -1.44631210e-19 2.04784946e-04 9.62713407e-16
0.036 -9.04298073e-01 -5.14227859e-19 2.23135431e-04 7.11771224e-16
0.037 -9.04326929e-01 -1.70637026e-18 2.42577949e-04 4.59633791e-15
0.038 -9.04356590e-01 -5.31353335e-18 2.63148086e-04 3.13050847e-15
0.039 -9.04387056e-01 -1.56031199e-17 2.84881921e-04 1.69389929e-14
0.040 -9.04418328e-01 -4.33980521e-17 3.07816049e-04 4.02249838e-14
0.041 -9.04450408e-01 -1.14785228e-16 3.31987602e-04 1.06784838e-13
0.042 -9.04483298e-01 -2.89748049e-16 3.57434279e-04 2.60356781e-13
0.043 -9.04516997e-01 -7.00309914e-16 3.84194370e-04 6.07380417e-13
0.044 -9.04551509e-01 -1.62548491e-15 4.12306782e-04 1.34243457e-12
0.045 -9.04586833e-01 -3.63305288e-15 4.41811075e-04 2.84347833e-12
0.046 -9.04622972e-01 -7.83840609e-15 4.72747486e-04 5.86555008e-12
0.047 -9.04659926e-01 -1.63617983e-14 5.05156968e-04 1.18026783e-11
0.048 -9.04697698e-01 -3.31115738e-14 5.39081222e-04 2.29621585e-11
0.049 -9.04736290e-01 -6.50877205e-14 5.74562740e-04 4.31228455e-11
0.050 -9.04775701e-01 -1.24493783e-13 6.11644839e-04 7.88684854e-11
0.051 -9.04815935e-01 -2.32073205e-13 6.50371709e-04 1.41373599e-10
0.052 -9.04856992e-01 -4.22256776e-13 6.90788461e-04 2.48196227e-10
0.053 -9.04898875e-01 -7.50929832e-13 7.32941171e-04 4.25162797e-10
0.054 -9.04941585e-01 -1.30691029e-12 7.76876945e-04 7.10895640e-10
0.055 -9.04985125e-01 -2.22858018e-12 8.22643970e-04 1.16534584e-09
0.056 -9.05029495e-01 -3.70883875e-12 8.70291582e-04 1.87971617e-09
0.057 -9.05074698e-01 -6.13639618e-12 9.19870326e-04 2.98371039e-09
0.058 -9.05120736e-01 -9.87693924e-12 9.71432032e-04 4.65326270e-09
0.059 -9.05167611e-01 -1.57106992e-11 1.02502991e-03 7.12956878e-09
0.060 -9.05215324e-01 -2.45265884e-11 1.08071863e-03 1.07542708e-08
0.061 -9.05263879e-01 -3.77549832e-11 1.13855439e-03 1.60078042e-08
0.062 -9.05313277e-01 -5.73707976e-11 1.19859505e-03 2.35334010e-08
0.063 -9.05363520e-01 -8.59141723e-11 1.26090014e-03 3.41540543e-08
0.064 -9.05414611e-01 -1.27074154e-10 1.32553109e-03 4.89174645e-08
0.065 -9.05466552e-01 -1.85730748e-10 1.39255132e-03 6.91928517e-08
0.066 -9.05519346e-01 -2.68088971e-10 1.46202636e-03 9.67903320e-08
0.067 -9.05572994e-01 -3.82692332e-10 1.53402387e-03 1.34041383e-07
0.068 -9.05627500e-01 -5.40635027e-10 1.60861375e-03 1.83825671e-07
0.069 -9.05682867e-01 -7.56119148e-10 1.68586834e-03 2.49616653e-07
0.070 -9.05739096e-01 -1.04715048e-09 1.76586262e-03 3.35641139e-07
0.071 -9.05796191e-01 -1.43659295e-09 1.84867440e-03 4.47153164e-07
0.072 -9.05854154e-01 -1.95308380e-09 1.93438425e-03 5.90693413e-07
0.073 -9.05912989e-01 -2.63258369e-09 2.02307553e-03 7.74200143e-07
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0.074 -9.05972698e-01 -3.51957775e-09 2.11483440e-03 1.00699948e-06
0.075 -9.06033285e-01 -4.66876126e-09 2.20975013e-03 1.29987669e-06
0.076 -9.06094753e-01 -6.14636122e-09 2.30791547e-03 1.66541497e-06
0.077 -9.06157105e-01 -8.03240025e-09 2.40942672e-03 2.11855434e-06
0.078 -9.06220344e-01 -1.04231888e-08 2.51438353e-03 2.67708064e-06
0.079 -9.06284475e-01 -1.34343620e-08 2.62288857e-03 3.36177468e-06
0.081 -9.06415423e-01 -2.18945876e-08 2.85096896e-03 5.20697936e-06
0.082 -9.06482249e-01 -2.76975393e-08 2.97076584e-03 6.42353667e-06
0.083 -9.06549980e-01 -3.48353523e-08 3.09455477e-03 7.87967032e-06
0.084 -9.06618622e-01 -4.35666281e-08 3.22245603e-03 9.61415096e-06
0.085 -9.06688178e-01 -5.41918588e-08 3.35459262e-03 1.16711892e-05
0.086 -9.06758653e-01 -6.70580482e-08 3.49108961e-03 1.41001357e-05
0.087 -9.06830050e-01 -8.25641222e-08 3.63207416e-03 1.69549274e-05
0.088 -9.06902376e-01 -1.01165224e-07 3.77767629e-03 2.02940280e-05
0.089 -9.06975633e-01 -1.23377796e-07 3.92802959e-03 2.41812948e-05
0.090 -9.07049828e-01 -1.49785382e-07 4.08327119e-03 2.86874803e-05
0.091 -9.07124965e-01 -1.81046459e-07 4.24354059e-03 3.38914976e-05
0.092 -9.07201049e-01 -2.17902609e-07 4.40897803e-03 3.98806488e-05
0.093 -9.07278085e-01 -2.61186466e-07 4.57972326e-03 4.67497383e-05
0.094 -9.07356079e-01 -3.11828828e-07 4.75591555e-03 5.45998379e-05
0.095 -9.07435037e-01 -3.70864498e-07 4.93769479e-03 6.35378024e-05
0.096 -9.07514964e-01 -4.39438631e-07 5.12520267e-03 7.36771638e-05
0.097 -9.07595865e-01 -5.18814383e-07 5.31858284e-03 8.51400643e-05
0.098 -9.07677747e-01 -6.10382446e-07 5.51797956e-03 9.80591072e-05
0.099 -9.07760616e-01 -7.15671932e-07 5.72353522e-03 1.12577966e-04
0.100 -9.07844478e-01 -8.36360769e-07 5.93538820e-03 1.28850355e-04
0.101 -9.07929339e-01 -9.74284503e-07 6.15367200e-03 1.47038036e-04
0.102 -9.08015207e-01 -1.13144341e-06 6.37851604e-03 1.67309147e-04
0.103 -9.08102087e-01 -1.31000899e-06 6.61004730e-03 1.89837977e-04
0.104 -9.08189986e-01 -1.51233089e-06 6.84839155e-03 2.14806361e-04
0.105 -9.08278912e-01 -1.74094609e-06 7.09367296e-03 2.42405887e-04
0.106 -9.08368870e-01 -1.99858961e-06 7.34601217e-03 2.72839538e-04
0.107 -9.08459869e-01 -2.28820615e-06 7.60552347e-03 3.06321803e-04
0.108 -9.08551916e-01 -2.61296030e-06 7.87231252e-03 3.43077128e-04
0.109 -9.08645018e-01 -2.97624506e-06 8.14647554e-03 3.83337547e-04
0.110 -9.08739181e-01 -3.38168728e-06 8.42810006e-03 4.27340753e-04
0.111 -9.08834415e-01 -3.83315337e-06 8.71726639e-03 4.75329485e-04
0.112 -9.08930726e-01 -4.33475440e-06 9.01404878e-03 5.27552314e-04
0.113 -9.09028122e-01 -4.89085404e-06 9.31851528e-03 5.84265107e-04
0.114 -9.09126611e-01 -5.50607699e-06 9.63072644e-03 6.45732133e-04
0.115 -9.09226201e-01 -6.18531886e-06 9.95073331e-03 7.12226091e-04
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0.116 -9.09326899e-01 -6.93375362e-06 1.02785758e-02 7.84027013e-04
0.117 -9.09428713e-01 -7.75683979e-06 1.06142818e-02 8.61420606e-04
0.118 -9.09531651e-01 -8.66032377e-06 1.09578676e-02 9.44696838e-04
0.119 -9.09635722e-01 -9.65024246e-06 1.13093379e-02 1.03414922e-03
0.120 -9.09740932e-01 -1.07329254e-05 1.16686867e-02 1.13007475e-03
0.121 -9.09847290e-01 -1.19149984e-05 1.20358962e-02 1.23277395e-03
0.122 -9.09954804e-01 -1.32033878e-05 1.24109368e-02 1.34255044e-03
0.123 -9.10063481e-01 -1.46053253e-05 1.27937656e-02 1.45970991e-03
0.124 -9.10173330e-01 -1.61283514e-05 1.31843268e-02 1.58455852e-03
0.125 -9.10284357e-01 -1.77803168e-05 1.35825527e-02 1.71740183e-03
0.126 -9.10396571e-01 -1.95693816e-05 1.39883647e-02 1.85854451e-03
0.127 -9.10509979e-01 -2.15040141e-05 1.44016742e-02 2.00829120e-03
0.128 -9.10624589e-01 -2.35929882e-05 1.48223826e-02 2.16694797e-03
0.129 -9.10740407e-01 -2.58453825e-05 1.52503788e-02 2.33482331e-03
0.130 -9.10857442e-01 -2.82705798e-05 1.56855373e-02 2.51222765e-03
0.133 -9.11215913e-01 -3.66813768e-05 1.70324668e-02 3.10468756e-03
0.134 -9.11337881e-01 -3.98976733e-05 1.74946719e-02 3.32324313e-03
0.135 -9.11461100e-01 -4.33381964e-05 1.79631667e-02 3.55279878e-03
0.136 -9.11585575e-01 -4.70140942e-05 1.84377477e-02 3.79361867e-03
0.137 -9.11711312e-01 -5.09367844e-05 1.89182086e-02 4.04596218e-03
0.138 -9.11838317e-01 -5.51179494e-05 1.94043387e-02 4.31008866e-03
0.139 -9.11966595e-01 -5.95695315e-05 1.98959184e-02 4.58626027e-03
0.140 -9.12096152e-01 -6.43037308e-05 2.03927131e-02 4.87474141e-03
0.142 -9.12359123e-01 -7.46700402e-05 2.14009074e-02 5.48967249e-03
0.143 -9.12492546e-01 -8.03277851e-05 2.19117337e-02 5.81661235e-03
0.144 -9.12627266e-01 -8.63193921e-05 2.24266367e-02 6.15682841e-03
0.145 -9.12763288e-01 -9.26582241e-05 2.29453001e-02 6.51051123e-03
0.146 -9.12900615e-01 -9.93578341e-05 2.34674101e-02 6.87783046e-03
0.147 -9.13039250e-01 -1.06431953e-04 2.39926604e-02 7.25894162e-03
0.148 -9.13179197e-01 -1.13894480e-04 2.45207527e-02 7.65399463e-03
0.149 -9.13320457e-01 -1.21759476e-04 2.50513924e-02 8.06314117e-03
0.150 -9.13463034e-01 -1.30041162e-04 2.55842809e-02 8.48653854e-03
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Neon

F Re{E
G

} Im{E
G

} Re{D
NL

} Im{D
NL

}
0.000 -7.93286194e-01 0.00000000e+00 3.57500000e-11 0.00000000e+00
0.001 -7.93286292e-01 -0.00000000e+00 1.13006100e-08 1.82040485e-101
0.002 -7.93286586e-01 -5.04107965e-308 9.06656800e-08 5.88822368e-59
0.003 -7.93287075e-01 -1.75090476e-204 3.06131460e-07 1.26791070e-44
0.004 -7.93287760e-01 -9.93817736e-153 7.25855570e-07 2.45759529e-37
0.005 -7.93288642e-01 -1.08864626e-121 1.41812494e-06 7.21863781e-33
0.006 -7.93289720e-01 -5.24096691e-101 2.45139993e-06 8.23490532e-30
0.007 -7.93290995e-01 -3.04627356e-86 3.89435689e-06 1.46508943e-27
0.008 -7.93292467e-01 -3.54325407e-75 5.81593318e-06 8.14598622e-26
0.009 -7.93294137e-01 -1.41037490e-66 8.28537205e-06 2.08259011e-24
0.010 -7.93296005e-01 -1.05530660e-59 1.13722682e-05 3.08651560e-23
0.011 -7.93298073e-01 -4.38857785e-54 1.51466138e-05 3.07306054e-22
0.012 -7.93300340e-01 -2.08943476e-49 1.96788453e-05 2.26777869e-21
0.013 -7.93302808e-01 -1.87836449e-45 2.50398920e-05 1.32773384e-20
0.014 -7.93305477e-01 -4.55806767e-42 3.13012242e-05 6.47458739e-20
0.015 -7.93308349e-01 -3.88013695e-39 3.85349050e-05 2.72511289e-19
0.016 -7.93311424e-01 -1.41039201e-36 4.68136398e-05 1.01680736e-18
0.017 -7.93314704e-01 -2.54410335e-34 5.62108313e-05 3.43283739e-18
0.018 -7.93318189e-01 -2.55977172e-32 6.68006327e-05 1.92924034e-15
0.019 -7.93321882e-01 -1.57550571e-30 7.86580044e-05 1.61692575e-15
0.020 -7.93325782e-01 -6.38638483e-29 9.18587724e-05 3.04428024e-15
0.021 -7.93329892e-01 -1.80993420e-27 1.06479688e-04 1.78949364e-16
0.022 -7.93334213e-01 -3.76599382e-26 1.22598491e-04 4.38556680e-16
0.023 -7.93338747e-01 -5.99029707e-25 1.40293974e-04 1.27656325e-15
0.024 -7.93343494e-01 -7.53334242e-24 1.59646051e-04 1.91916120e-15
0.025 -7.93348458e-01 -7.70507653e-23 1.80735826e-04 1.20128781e-15
0.026 -7.93353639e-01 -6.56456492e-22 2.03645669e-04 6.83952834e-16
0.027 -7.93359040e-01 -4.75472010e-21 2.28459293e-04 4.39812223e-15
0.028 -7.93364662e-01 -2.97933686e-20 2.55261832e-04 4.10966215e-15
0.029 -7.93370508e-01 -1.63956611e-19 2.84139929e-04 5.82303393e-16
0.030 -7.93376580e-01 -8.02822954e-19 3.15181826e-04 1.11201895e-15
0.031 -7.93382879e-01 -3.53775301e-18 3.48477457e-04 8.55443426e-15
0.032 -7.93389408e-01 -1.41700137e-17 3.84118547e-04 3.33351929e-14
0.033 -7.93396170e-01 -5.20406281e-17 4.22198722e-04 1.05477051e-13
0.034 -7.93403167e-01 -1.76600560e-16 4.62813619e-04 3.29505146e-13
0.035 -7.93410402e-01 -5.57550017e-16 5.06061006e-04 9.30937746e-13
0.036 -7.93417877e-01 -4.20705613e-15 5.52040910e-04 2.42266962e-12
0.037 -7.93425595e-01 -7.63766716e-16 6.00855760e-04 6.10037014e-12
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0.038 -7.93433559e-01 -9.90721230e-15 6.52610527e-04 1.48722417e-11
0.039 -7.93441772e-01 -3.53730241e-14 7.07412894e-04 3.41658026e-11
0.040 -7.93450237e-01 -8.47389614e-14 7.65373421e-04 7.39905675e-11
0.041 -7.93458957e-01 -2.09704454e-13 8.26605743e-04 1.54888618e-10
0.042 -7.93467936e-01 -4.18021276e-13 8.91226769e-04 3.16492031e-10
0.043 -7.93477177e-01 -8.85744461e-13 9.59356910e-04 6.24053335e-10
0.044 -7.93486684e-01 -1.75612085e-12 1.03112033e-03 1.17978884e-09
0.045 -7.93496460e-01 -3.38091405e-12 1.10664525e-03 2.15961708e-09
0.046 -7.93506509e-01 -6.33291422e-12 1.18606419e-03 3.86979941e-09
0.047 -7.93516836e-01 -1.15170347e-11 1.26951434e-03 6.78371486e-09
0.048 -7.93527444e-01 -2.05227596e-11 1.35713787e-03 1.15659090e-08
0.049 -7.93538337e-01 -3.56338451e-11 1.44908246e-03 1.91820822e-08
0.050 -7.93549520e-01 -6.03701083e-11 1.54550170e-03 3.11454435e-08
0.051 -7.93560998e-01 -1.00214173e-10 1.64655545e-03 4.97383733e-08
0.052 -7.93572774e-01 -1.63218510e-10 1.75241019e-03 7.80564002e-08
0.053 -7.93584855e-01 -2.61048261e-10 1.86323979e-03 1.20078786e-07
0.054 -7.93597246e-01 -4.09998597e-10 1.97922637e-03 1.81183085e-07
0.055 -7.93609950e-01 -6.32766241e-10 2.10056083e-03 2.69054497e-07
0.056 -7.93622974e-01 -9.61205620e-10 2.22744277e-03 3.94270414e-07
0.057 -7.93636324e-01 -1.43915829e-09 2.36008080e-03 5.70176583e-07
0.058 -7.93650006e-01 -2.12513984e-09 2.49869378e-03 8.12860282e-07
0.059 -7.93664024e-01 -3.09574728e-09 2.64351257e-03 1.14243459e-06
0.060 -7.93678387e-01 -4.45055167e-09 2.79478049e-03 1.58544692e-06
0.062 -7.93708171e-01 -8.87211587e-09 3.11769223e-03 2.95764459e-06
0.063 -7.93723605e-01 -1.23217834e-08 3.28987744e-03 3.97749832e-06
0.064 -7.93739412e-01 -1.69350733e-08 3.46959927e-03 5.29240893e-06
0.065 -7.93755598e-01 -2.30405497e-08 3.65716581e-03 6.97116887e-06
0.066 -7.93772171e-01 -3.10438816e-08 3.85289920e-03 9.09955506e-06
0.067 -7.93789140e-01 -4.14456304e-08 4.05713099e-03 1.17807366e-05
0.068 -7.93806514e-01 -5.48568925e-08 4.27020095e-03 1.51318279e-05
0.069 -7.93824301e-01 -7.20120180e-08 4.49246115e-03 1.92818807e-05
0.070 -7.93842511e-01 -9.37818654e-08 4.72428151e-03 2.43761800e-05
0.071 -7.93861154e-01 -1.21194632e-07 4.96604979e-03 3.05853476e-05
0.072 -7.93880240e-01 -1.55464886e-07 5.21816391e-03 3.81117849e-05
0.073 -7.93899779e-01 -1.98025460e-07 5.48102262e-03 4.71874927e-05
0.074 -7.93919782e-01 -2.50552909e-07 5.75502335e-03 5.80658107e-05
0.075 -7.93940261e-01 -3.14985968e-07 6.04056955e-03 7.10166306e-05
0.076 -7.93961228e-01 -3.93543909e-07 6.33808003e-03 8.63324966e-05
0.077 -7.93982694e-01 -4.88755808e-07 6.64798922e-03 1.04342847e-04
0.078 -7.94004673e-01 -6.03503566e-07 6.97073475e-03 1.25424807e-04
0.079 -7.94027176e-01 -7.41069764e-07 7.30674040e-03 1.50000527e-04
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0.080 -7.94050219e-01 -9.05176438e-07 7.65640834e-03 1.78522699e-04
0.081 -7.94073814e-01 -1.10000875e-06 8.02012695e-03 2.11461139e-04
0.082 -7.94097977e-01 -1.33023120e-06 8.39828706e-03 2.49303712e-04
0.083 -7.94122721e-01 -1.60101282e-06 8.79129059e-03 2.92573215e-04
0.084 -7.94148061e-01 -1.91807203e-06 9.19954082e-03 3.41847710e-04
0.085 -7.94174014e-01 -2.28773621e-06 9.62341798e-03 3.97767292e-04
0.086 -7.94200595e-01 -2.71699793e-06 1.00632569e-02 4.61020097e-04
0.087 -7.94227819e-01 -3.21355132e-06 1.05193428e-02 5.32316783e-04
0.088 -7.94255705e-01 -3.78580542e-06 1.09919285e-02 6.12372539e-04
0.089 -7.94284267e-01 -4.44289006e-06 1.14812577e-02 7.01910801e-04
0.090 -7.94313523e-01 -5.19467533e-06 1.19875769e-02 8.01686717e-04
0.092 -7.94374187e-01 -7.02581470e-06 1.30520862e-02 1.03526935e-03
0.093 -7.94405628e-01 -8.12907690e-06 1.36105922e-02 1.17088336e-03
0.094 -7.94437834e-01 -9.37494479e-06 1.41866813e-02 1.32029902e-03
0.095 -7.94470820e-01 -1.07776969e-05 1.47803313e-02 1.48444728e-03
0.096 -7.94504606e-01 -1.23525329e-05 1.53914867e-02 1.66424023e-03
0.097 -7.94539207e-01 -1.41155669e-05 1.60200818e-02 1.86059034e-03
0.098 -7.94574642e-01 -1.60838455e-05 1.66660401e-02 2.07444081e-03
0.099 -7.94610929e-01 -1.82753907e-05 1.73292487e-02 2.30678616e-03
0.100 -7.94648083e-01 -2.07092485e-05 1.80095245e-02 2.55866844e-03
0.101 -7.94686122e-01 -2.34055193e-05 1.87065903e-02 2.83115001e-03
0.102 -7.94725063e-01 -2.63853538e-05 1.94200750e-02 3.12527788e-03
0.103 -7.94764922e-01 -2.96709219e-05 2.01495370e-02 3.44205891e-03
0.104 -7.94805715e-01 -3.32853709e-05 2.08944938e-02 3.78245740e-03
0.105 -7.94847456e-01 -3.72527974e-05 2.16544425e-02 4.14741312e-03
0.106 -7.94890161e-01 -4.15982436e-05 2.24288597e-02 4.53786617e-03
0.107 -7.94933845e-01 -4.63477140e-05 2.32171828e-02 4.95477265e-03
0.108 -7.94978519e-01 -5.15281928e-05 2.40187852e-02 5.39910170e-03
0.109 -7.95024199e-01 -5.71676432e-05 2.48329593e-02 5.87181611e-03
0.110 -7.95070894e-01 -6.32949781e-05 2.56589169e-02 6.37384705e-03
0.111 -7.95118618e-01 -6.99400053e-05 2.64958025e-02 6.90607538e-03
0.112 -7.95167381e-01 -7.71333660e-05 2.73427132e-02 7.46932650e-03
0.113 -7.95217191e-01 -8.49064804e-05 2.81987129e-02 8.06437690e-03
0.114 -7.95268058e-01 -9.32915134e-05 2.90628357e-02 8.69196476e-03
0.115 -7.95319990e-01 -1.02321355e-04 2.99340812e-02 9.35279586e-03
0.116 -7.95372992e-01 -1.12029603e-04 3.08114071e-02 1.00475411e-02
0.117 -7.95427071e-01 -1.22450536e-04 3.16937276e-02 1.07768275e-02
0.118 -7.95482230e-01 -1.33619063e-04 3.25799189e-02 1.15412301e-02
0.119 -7.95538474e-01 -1.45570662e-04 3.34688293e-02 1.23412696e-02
0.120 -7.95595805e-01 -1.58341302e-04 3.43592862e-02 1.31774176e-02
0.121 -7.95654223e-01 -1.71967378e-04 3.52500963e-02 1.40501041e-02
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0.122 -7.95713728e-01 -1.86485659e-04 3.61400372e-02 1.49597222e-02
0.123 -7.95774318e-01 -2.01933241e-04 3.70278459e-02 1.59066208e-02
0.124 -7.95835991e-01 -2.18347518e-04 3.79122144e-02 1.68910880e-02
0.125 -7.95898742e-01 -2.35766125e-04 3.87917972e-02 1.79133306e-02
0.126 -7.95962567e-01 -2.54226886e-04 3.96652334e-02 1.89734591e-02
0.127 -7.96027458e-01 -2.73767735e-04 4.05311758e-02 2.00714883e-02
0.128 -7.96093407e-01 -2.94426638e-04 4.13883169e-02 2.12073552e-02
0.129 -7.96160405e-01 -3.16241515e-04 4.22353985e-02 2.23809502e-02
0.130 -7.96228441e-01 -3.39250180e-04 4.30712012e-02 2.35921480e-02
0.131 -7.96297504e-01 -3.63490303e-04 4.38945159e-02 2.48408261e-02
0.132 -7.96367579e-01 -3.88999377e-04 4.47041078e-02 2.61268602e-02
0.133 -7.96438653e-01 -4.15814686e-04 4.54986899e-02 2.74500973e-02
0.134 -7.96510710e-01 -4.43973260e-04 4.62769172e-02 2.88103137e-02
0.135 -7.96583733e-01 -4.73511814e-04 4.70374084e-02 3.02071750e-02
0.136 -7.96657702e-01 -5.04466662e-04 4.77787898e-02 3.16402128e-02
0.137 -7.96732599e-01 -5.36873634e-04 4.84997470e-02 3.31088300e-02
0.138 -7.96808403e-01 -5.70767990e-04 4.91990680e-02 3.46123347e-02
0.139 -7.96885092e-01 -6.06184369e-04 4.98756609e-02 3.61499924e-02
0.140 -7.96962642e-01 -6.43156748e-04 5.05285408e-02 3.77210808e-02
0.141 -7.97041029e-01 -6.81718442e-04 5.11567880e-02 3.93249280e-02
0.142 -7.97120228e-01 -7.21902097e-04 5.17594929e-02 4.09609206e-02
0.143 -7.97200213e-01 -7.63739694e-04 5.23357044e-02 4.26284799e-02
0.144 -7.97280956e-01 -8.07262519e-04 5.28844010e-02 4.43270118e-02
0.145 -7.97362430e-01 -8.52501118e-04 5.34044942e-02 4.60558479e-02
0.146 -7.97444605e-01 -8.99485220e-04 5.38948650e-02 4.78141956e-02
0.147 -7.97527450e-01 -9.48243661e-04 5.43544233e-02 4.96011159e-02
0.148 -7.97610935e-01 -9.98804303e-04 5.47821725e-02 5.14155343e-02
0.149 -7.97695028e-01 -1.05119398e-03 5.51772599e-02 5.32562856e-02
0.150 -7.97779695e-01 -1.10543849e-03 5.55389987e-02 5.51221783e-02
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Argon

F Re{E
G

} Im{E
G

} Re{D
NL

} Im{D
NL

}
0.000 -5.79700273e-01 0.00000000e+00 1.18760000e-10 0.00000000e+00
0.001 -5.79700991e-01 -0.00000000e+00 1.59147630e-07 0.00000000e+00
0.002 -5.79703145e-01 -2.62952389e-166 1.27439813e-06 5.05703332e-177
0.003 -5.79706737e-01 -8.96366481e-111 4.30346789e-06 3.15223979e-116
0.004 -5.79711768e-01 -5.30127470e-83 1.02079049e-05 7.50743597e-86
0.005 -5.79718243e-01 -2.46495288e-66 1.99548567e-05 1.21714261e-67
0.006 -5.79726165e-01 -3.21258403e-55 3.45189881e-05 1.62846426e-55
0.007 -5.79735541e-01 -2.81179567e-47 5.48844522e-05 7.27885625e-47
0.008 -5.79746375e-01 -2.55817608e-41 8.20469149e-05 2.18688933e-40
0.009 -5.79758676e-01 -1.10830392e-36 1.17015660e-04 2.34049892e-35
0.010 -5.79772452e-01 -5.69834274e-33 1.60815780e-04 2.42689842e-31
0.011 -5.79787712e-01 -6.21683178e-30 2.14490478e-04 4.60875868e-28
0.012 -5.79804467e-01 -2.12015523e-27 2.79103484e-04 2.45051496e-25
0.013 -5.79822728e-01 -2.95545046e-25 3.55741636e-04 4.89440541e-23
0.014 -5.79842508e-01 -2.03956459e-23 4.45517605e-04 4.52975477e-21
0.015 -5.79863820e-01 -8.01905398e-22 5.49572841e-04 2.26586726e-19
0.016 -5.79886679e-01 -1.99591423e-20 6.69080727e-04 6.87573133e-18
0.017 -5.79911101e-01 -3.40869425e-19 8.05250001e-04 1.38251569e-16
0.018 -5.79937104e-01 -4.25284937e-18 9.59328486e-04 7.14803557e-17
0.019 -5.79964707e-01 -4.07292473e-17 1.13260717e-03 4.36424792e-14
0.020 -5.79993928e-01 -5.75024935e-15 1.32642472e-03 5.64764387e-13
0.021 -5.80024790e-01 -3.72029445e-16 1.54217242e-03 2.25041166e-12
0.022 -5.80057314e-01 -6.62070428e-15 1.78129981e-03 1.17507812e-11
0.023 -5.80091526e-01 -3.98786364e-14 2.04532092e-03 5.32581719e-11
0.024 -5.80127450e-01 -1.43353295e-13 2.33582145e-03 1.88938580e-10
0.025 -5.80165114e-01 -5.20805610e-13 2.65446698e-03 6.70190972e-10
0.026 -5.80204547e-01 -1.84639163e-12 3.00301246e-03 2.26116502e-09
0.027 -5.80245781e-01 -5.88138013e-12 3.38331333e-03 6.42519773e-09
0.028 -5.80288846e-01 -1.66636613e-11 3.79733976e-03 1.67103308e-08
0.029 -5.80333780e-01 -4.44954332e-11 4.24719140e-03 4.28202836e-08
0.030 -5.80380617e-01 -1.13234605e-10 4.73511277e-03 1.01820302e-07
0.031 -5.80429398e-01 -2.67462640e-10 5.26352168e-03 2.19769393e-07
0.032 -5.80480165e-01 -5.91702162e-10 5.83504003e-03 4.56338349e-07
0.033 -5.80532961e-01 -1.25764137e-09 6.45249600e-03 9.25866368e-07
0.034 -5.80587835e-01 -2.57037533e-09 7.11894903e-03 1.77626863e-06
0.035 -5.80644836e-01 -5.00506921e-09 7.83779194e-03 3.21685585e-06
0.036 -5.80704020e-01 -9.33888173e-09 8.61277359e-03 5.66719839e-06
0.037 -5.80765445e-01 -1.68967298e-08 9.44786789e-03 9.78402894e-06
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0.038 -5.80829171e-01 -2.97071265e-08 1.03473277e-02 1.62931720e-05
0.039 -5.80895268e-01 -5.05774800e-08 1.13160266e-02 2.60924653e-05
0.040 -5.80963805e-01 -8.35224642e-08 1.23594307e-02 4.07826339e-05
0.041 -5.81034861e-01 -1.34579726e-07 1.34829950e-02 6.27382655e-05
0.042 -5.81108519e-01 -2.12272410e-07 1.46920885e-02 9.44377158e-05
0.043 -5.81184867e-01 -3.27549353e-07 1.59929141e-02 1.38361702e-04
0.044 -5.81264001e-01 -4.94344697e-07 1.73928735e-02 1.98261055e-04
0.045 -5.81346023e-01 -7.31411324e-07 1.88991402e-02 2.79982042e-04
0.046 -5.81431042e-01 -1.06390123e-06 2.05174147e-02 3.90122692e-04
0.047 -5.81519174e-01 -1.52318454e-06 2.22531644e-02 5.34424262e-04
0.048 -5.81610539e-01 -2.14629031e-06 2.41137960e-02 7.18913161e-04
0.049 -5.81705267e-01 -2.97770290e-06 2.61079418e-02 9.52865268e-04
0.050 -5.81803494e-01 -4.07311343e-06 2.82419014e-02 1.24905972e-03
0.051 -5.81905362e-01 -5.50130201e-06 3.05181547e-02 1.62019374e-03
0.052 -5.82011014e-01 -7.34240427e-06 3.29385221e-02 2.07624587e-03
0.053 -5.82120596e-01 -9.68601704e-06 3.55079153e-02 2.62697664e-03
0.054 -5.82234261e-01 -1.26335507e-05 3.82329493e-02 3.28685818e-03
0.055 -5.82352166e-01 -1.63037814e-05 4.11162025e-02 4.07558982e-03
0.056 -5.82474468e-01 -2.08356367e-05 4.41532881e-02 5.01261738e-03
0.057 -5.82601317e-01 -2.63850004e-05 4.73368570e-02 6.11208480e-03
0.058 -5.82732857e-01 -3.31196438e-05 5.06629691e-02 7.38462282e-03
0.059 -5.82869230e-01 -4.12190661e-05 5.41318836e-02 8.84424323e-03
0.060 -5.83010579e-01 -5.08803848e-05 5.77416051e-02 1.05120413e-02
0.061 -5.83157040e-01 -6.23238316e-05 6.14813365e-02 1.24116716e-02
0.062 -5.83308735e-01 -7.57910952e-05 6.53325202e-02 1.45611115e-02
0.063 -5.83465765e-01 -9.15373381e-05 6.92767020e-02 1.69696401e-02
0.064 -5.83628216e-01 -1.09824607e-04 7.33018807e-02 1.96433820e-02
0.065 -5.83796165e-01 -1.30922971e-04 7.74004739e-02 2.25935520e-02
0.066 -5.83969681e-01 -1.55117500e-04 8.15608504e-02 2.58385175e-02
0.067 -5.84148817e-01 -1.82712786e-04 8.57611961e-02 2.93971541e-02
0.068 -5.84333596e-01 -2.14028843e-04 8.99721392e-02 3.32799028e-02
0.069 -5.84524017e-01 -2.49390559e-04 9.41658197e-02 3.74861785e-02
0.070 -5.84720050e-01 -2.89119009e-04 9.83229263e-02 4.20105561e-02
0.071 -5.84921653e-01 -3.33531130e-04 1.02431276e-01 4.68518845e-02
0.072 -5.85128770e-01 -3.82946463e-04 1.06477426e-01 5.20168919e-02
0.073 -5.85341329e-01 -4.37693215e-04 1.10439106e-01 5.75150248e-02
0.074 -5.85559230e-01 -4.98106583e-04 1.14285316e-01 6.33491609e-02
0.075 -5.85782343e-01 -5.64519120e-04 1.17984067e-01 6.95102617e-02
0.076 -5.86010507e-01 -6.37249683e-04 1.21511298e-01 7.59804061e-02
0.077 -5.86243543e-01 -7.16598557e-04 1.24853822e-01 8.27416044e-02
0.078 -5.86481263e-01 -8.02851208e-04 1.28004230e-01 8.97832955e-02
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0.079 -5.86723468e-01 -8.96286331e-04 1.30952088e-01 9.71027998e-02
0.080 -5.86969947e-01 -9.97180797e-04 1.33678383e-01 1.04698727e-01
0.081 -5.87220466e-01 -1.10580687e-03 1.36157308e-01 1.12562649e-01
0.082 -5.87474764e-01 -1.22242313e-03 1.38363819e-01 1.20675293e-01
0.083 -5.87732562e-01 -1.34726516e-03 1.40281351e-01 1.29009840e-01
0.084 -5.87993567e-01 -1.48054184e-03 1.41904360e-01 1.37539771e-01
0.085 -5.88257486e-01 -1.62243926e-03 1.43234277e-01 1.46245772e-01
0.086 -5.88524025e-01 -1.77312864e-03 1.44271977e-01 1.55117280e-01
0.087 -5.88792889e-01 -1.93277278e-03 1.45011875e-01 1.64148097e-01
0.088 -5.89063773e-01 -2.10152658e-03 1.45441286e-01 1.73329383e-01
0.089 -5.89336358e-01 -2.27953175e-03 1.45545004e-01 1.82644684e-01
0.090 -5.89610313e-01 -2.46690922e-03 1.45311849e-01 1.92069905e-01
0.091 -5.89885299e-01 -2.66375426e-03 1.44739062e-01 2.01577871e-01
0.092 -5.90160982e-01 -2.87013705e-03 1.43832151e-01 2.11144437e-01
0.093 -5.90437032e-01 -3.08610815e-03 1.42600691e-01 2.20752523e-01
0.094 -5.90713130e-01 -3.31170552e-03 1.41052822e-01 2.30392079e-01
0.095 -5.90988962e-01 -3.54695914e-03 1.39191585e-01 2.40056474e-01
0.096 -5.91264210e-01 -3.79189112e-03 1.37014828e-01 2.49737716e-01
0.097 -5.91538555e-01 -4.04651201e-03 1.34518244e-01 2.59423222e-01
0.098 -5.91811673e-01 -4.31081587e-03 1.31699481e-01 2.69095638e-01
0.099 -5.92083244e-01 -4.58477724e-03 1.28561031e-01 2.78735369e-01
0.100 -5.92352952e-01 -4.86835174e-03 1.25110569e-01 2.88324139e-01
0.101 -5.92620494e-01 -5.16147985e-03 1.21358954e-01 2.97847632e-01
0.102 -5.92885576e-01 -5.46409189e-03 1.17317251e-01 3.07296064e-01
0.103 -5.93147915e-01 -5.77611180e-03 1.12994379e-01 3.16662761e-01
0.104 -5.93407234e-01 -6.09745827e-03 1.08396414e-01 3.25941845e-01
0.105 -5.93663257e-01 -6.42804321e-03 1.03527495e-01 3.35126317e-01
0.106 -5.93915712e-01 -6.76776904e-03 9.83915361e-02 3.44207401e-01
0.107 -5.94164331e-01 -7.11652645e-03 9.29936644e-02 3.53175167e-01
0.108 -5.94408852e-01 -7.47419407e-03 8.73406996e-02 3.62019782e-01
0.109 -5.94649024e-01 -7.84064010e-03 8.14406514e-02 3.70732551e-01
0.110 -5.94884606e-01 -8.21572511e-03 7.53017631e-02 3.79306187e-01
0.111 -5.95115367e-01 -8.59930474e-03 6.89317961e-02 3.87734323e-01
0.112 -5.95341084e-01 -8.99123104e-03 6.23379911e-02 3.96010735e-01
0.113 -5.95561542e-01 -9.39135239e-03 5.55276561e-02 4.04128887e-01
0.114 -5.95776528e-01 -9.79951220e-03 4.85089178e-02 4.12082150e-01
0.115 -5.95985836e-01 -1.02155476e-02 4.12910572e-02 4.19864628e-01
0.116 -5.96189269e-01 -1.06392889e-02 3.38840791e-02 4.27472089e-01
0.117 -5.96386636e-01 -1.10705601e-02 2.62976096e-02 4.34902406e-01
0.118 -5.96577756e-01 -1.15091807e-02 1.85396223e-02 4.42155113e-01
0.119 -5.96762459e-01 -1.19549676e-02 1.06156604e-02 4.49230114e-01
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0.120 -5.96940580e-01 -1.24077359e-02 2.52905141e-03 4.56126046e-01
0.121 -5.97111962e-01 -1.28672996e-02 -5.71782176e-03 4.62839028e-01
0.122 -5.97276453e-01 -1.33334701e-02 -1.41216206e-02 4.69362411e-01
0.123 -5.97433906e-01 -1.38060554e-02 -2.26762769e-02 4.75687793e-01
0.124 -5.97584180e-01 -1.42848585e-02 -3.13721164e-02 4.81806988e-01
0.125 -5.97727142e-01 -1.47696779e-02 -4.01963336e-02 4.87714257e-01
0.126 -5.97862667e-01 -1.52603079e-02 -4.91347575e-02 4.93407922e-01
0.127 -5.97990643e-01 -1.57565415e-02 -5.81743276e-02 4.98890681e-01
0.128 -5.98110964e-01 -1.62581717e-02 -6.73053994e-02 5.04168413e-01
0.129 -5.98223533e-01 -1.67649933e-02 -7.65230139e-02 5.09247817e-01
0.130 -5.98328259e-01 -1.72768030e-02 -8.58266165e-02 5.14133655e-01
0.131 -5.98425055e-01 -1.77933983e-02 -9.52182476e-02 5.18826573e-01
0.132 -5.98513835e-01 -1.83145757e-02 -1.04699767e-01 5.23322260e-01
0.133 -5.98594518e-01 -1.88401282e-02 -1.14270020e-01 5.27612289e-01
0.134 -5.98667030e-01 -1.93698449e-02 -1.23922888e-01 5.31686407e-01
0.135 -5.98731301e-01 -1.99035101e-02 -1.33646884e-01 5.35535565e-01
0.136 -5.98787276e-01 -2.04409057e-02 -1.43426467e-01 5.39154721e-01
0.137 -5.98834906e-01 -2.09818131e-02 -1.53244679e-01 5.42544534e-01
0.138 -5.98874155e-01 -2.15260163e-02 -1.63086314e-01 5.45711390e-01
0.139 -5.98904995e-01 -2.20733035e-02 -1.72940646e-01 5.48665742e-01
0.140 -5.98927403e-01 -2.26234683e-02 -1.82802894e-01 5.51419248e-01
0.141 -5.98941359e-01 -2.31763085e-02 -1.92673974e-01 5.53981538e-01
0.142 -5.98946847e-01 -2.37316243e-02 -2.02558608e-01 5.56357580e-01
0.143 -5.98943848e-01 -2.42892155e-02 -2.12462335e-01 5.58546384e-01
0.144 -5.98932349e-01 -2.48488793e-02 -2.22388277e-01 5.60541421e-01
0.145 -5.98912339e-01 -2.54104091e-02 -2.32334562e-01 5.62332637e-01
0.146 -5.98883819e-01 -2.59735948e-02 -2.42293116e-01 5.63909498e-01
0.147 -5.98846794e-01 -2.65382243e-02 -2.52250152e-01 5.65264226e-01
0.148 -5.98801286e-01 -2.71040867e-02 -2.62188211e-01 5.66394372e-01
0.149 -5.98747323e-01 -2.76709751e-02 -2.72089215e-01 5.67304024e-01
0.150 -5.98684944e-01 -2.82386891e-02 -2.81937721e-01 5.68003365e-01
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Krypton

F Re{E
G

} Im{E
G

} Re{D
NL

} Im{D
NL

}
0.000 -5.13980003e-01 0.00000000e+00 1.00140000e-10 0.00000000e+00
0.001 -5.13981167e-01 -4.38574789e-293 3.55295200e-07 8.22574353e-281
0.002 -5.13984661e-01 -8.86848153e-146 2.84432756e-06 4.73274574e-138
0.003 -5.13990488e-01 -1.10164181e-96 9.60657988e-06 1.72496392e-90
0.004 -5.13998654e-01 -3.83073370e-72 2.27935811e-05 9.97721148e-67
0.005 -5.14009165e-01 -2.01051839e-57 4.45749151e-05 1.74408385e-52
0.006 -5.14022032e-01 -1.29627661e-47 7.71444968e-05 5.30123183e-43
0.007 -5.14037266e-01 -1.30612745e-40 1.22727076e-04 3.07187936e-36
0.008 -5.14054881e-01 -2.31974227e-35 1.83585037e-04 3.55330736e-31
0.009 -5.14074895e-01 -2.79032148e-31 2.62025562e-04 3.02496297e-27
0.010 -5.14097325e-01 -5.09783842e-28 3.60408249e-04 4.14629752e-24
0.011 -5.14122194e-01 -2.36507400e-25 4.81153274e-04 1.50596222e-21
0.012 -5.14149523e-01 -3.92497667e-23 6.26750201e-04 2.02032376e-19
0.013 -5.14179341e-01 -2.95381758e-21 7.99767578e-04 1.25991040e-17
0.014 -5.14211674e-01 -1.19418343e-19 1.00286347e-03 4.30425153e-16
0.015 -5.14246556e-01 -2.93672340e-18 1.23879708e-03 9.08660733e-15
0.016 -5.14284019e-01 -4.82206351e-17 1.51044178e-03 1.29742464e-13
0.017 -5.14324102e-01 -5.67716046e-16 1.82079970e-03 1.34257419e-12
0.018 -5.14366845e-01 -8.11085484e-15 2.17301837e-03 1.33581840e-11
0.019 -5.14412290e-01 -2.65385194e-14 2.57040986e-03 6.69082231e-11
0.020 -5.14460486e-01 -1.92472188e-13 3.01647306e-03 3.46569629e-10
0.021 -5.14511482e-01 -1.00491463e-12 3.51492002e-03 1.49327652e-09
0.022 -5.14565332e-01 -4.01393812e-12 4.06970840e-03 5.33543223e-09
0.023 -5.14622096e-01 -1.49931526e-11 4.68508014e-03 1.94959202e-08
0.024 -5.14681837e-01 -5.19180866e-11 5.36560489e-03 6.04999250e-08
0.025 -5.14744620e-01 -1.54411359e-10 6.11625065e-03 1.59098066e-07
0.026 -5.14810521e-01 -4.20803310e-10 6.94245704e-03 4.13297356e-07
0.027 -5.14879616e-01 -1.09549734e-09 7.85015981e-03 1.01059683e-06
0.028 -5.14951992e-01 -2.63199562e-09 8.84595135e-03 2.18704510e-06
0.029 -5.15027738e-01 -5.84064250e-09 9.93732275e-03 4.49946591e-06
0.030 -5.15106956e-01 -1.23919233e-08 1.11324005e-02 9.09493184e-06
0.031 -5.15189753e-01 -2.52228517e-08 1.24399248e-02 1.72598136e-05
0.032 -5.15276247e-01 -4.86210405e-08 1.38703273e-02 3.06248922e-05
0.033 -5.15366566e-01 -8.94413220e-08 1.54354839e-02 5.29473458e-05
0.034 -5.15460851e-01 -1.59354676e-07 1.71465825e-02 8.97026417e-05
0.035 -5.15559253e-01 -2.75222221e-07 1.90151804e-02 1.45539535e-04
0.036 -5.15661938e-01 -4.58692702e-07 2.10569433e-02 2.26327560e-04
0.037 -5.15769087e-01 -7.40376254e-07 2.32888619e-02 3.44612954e-04
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0.038 -5.15880897e-01 -1.16595339e-06 2.57224008e-02 5.16576962e-04
0.039 -5.15997573e-01 -1.79546949e-06 2.83668203e-02 7.53968083e-04
0.040 -5.16119335e-01 -2.69941150e-06 3.12393885e-02 1.06798544e-03
0.041 -5.16246422e-01 -3.96513119e-06 3.43614755e-02 1.48283215e-03
0.042 -5.16379088e-01 -5.71073250e-06 3.77416924e-02 2.03331847e-03
0.043 -5.16517591e-01 -8.08636617e-06 4.13753740e-02 2.74577289e-03
0.044 -5.16662183e-01 -1.12612315e-05 4.52653321e-02 3.63387838e-03
0.045 -5.16813130e-01 -1.54208937e-05 4.94306435e-02 4.72128039e-03
0.046 -5.16970715e-01 -2.07873718e-05 5.38830643e-02 6.05675784e-03
0.047 -5.17135218e-01 -2.76362350e-05 5.86042255e-02 7.69280588e-03
0.048 -5.17306892e-01 -3.62838807e-05 6.35608955e-02 9.65587703e-03
0.049 -5.17485961e-01 -4.70609098e-05 6.87395935e-02 1.19527747e-02
0.050 -5.17672654e-01 -6.03105087e-05 7.41505423e-02 1.46078636e-02
0.051 -5.17867203e-01 -7.64178313e-05 7.97907320e-02 1.76788745e-02
0.052 -5.18069819e-01 -9.58305462e-05 8.56152838e-02 2.12251928e-02
0.053 -5.18280652e-01 -1.19038586e-04 9.15575306e-02 2.52682507e-02
0.054 -5.18499796e-01 -1.46533402e-04 9.75741228e-02 2.97951201e-02
0.055 -5.18727318e-01 -1.78794038e-04 1.03659160e-01 3.48020396e-02
0.056 -5.18963289e-01 -2.16315090e-04 1.09808857e-01 4.03245086e-02
0.057 -5.19207755e-01 -2.59639740e-04 1.15979253e-01 4.64161701e-02
0.058 -5.19460697e-01 -3.09353625e-04 1.22087857e-01 5.31008022e-02
0.059 -5.19722012e-01 -3.66040549e-04 1.28057703e-01 6.03524053e-02
0.060 -5.19991540e-01 -4.30243851e-04 1.33855104e-01 6.81249486e-02
0.061 -5.20269108e-01 -5.02470598e-04 1.39481079e-01 7.63989433e-02
0.062 -5.20554542e-01 -5.83229613e-04 1.44926965e-01 8.51953365e-02
0.063 -5.20847642e-01 -6.73059266e-04 1.50141727e-01 9.45433864e-02
0.064 -5.21148138e-01 -7.72512963e-04 1.55044041e-01 1.04436953e-01
0.065 -5.21455679e-01 -8.82113788e-04 1.59565659e-01 1.14822879e-01
0.066 -5.21769869e-01 -1.00231930e-03 1.63683620e-01 1.25631351e-01
0.067 -5.22090308e-01 -1.13352639e-03 1.67412113e-01 1.36818424e-01
0.068 -5.22416614e-01 -1.27610841e-03 1.70763483e-01 1.48381766e-01
0.069 -5.22748403e-01 -1.43044844e-03 1.73714851e-01 1.60337283e-01
0.070 -5.23085249e-01 -1.59693843e-03 1.76209223e-01 1.72679555e-01
0.071 -5.23426665e-01 -1.77594539e-03 1.78188041e-01 1.85361023e-01
0.072 -5.23772121e-01 -1.96777336e-03 1.79626243e-01 1.98306256e-01
0.073 -5.24121082e-01 -2.17265209e-03 1.80541308e-01 2.11447886e-01
0.074 -5.24473040e-01 -2.39075980e-03 1.80970651e-01 2.24754743e-01
0.075 -5.24827522e-01 -2.62226109e-03 1.80936674e-01 2.38231136e-01
0.076 -5.25184059e-01 -2.86733052e-03 1.80426598e-01 2.51889843e-01
0.077 -5.25542157e-01 -3.12614568e-03 1.79400851e-01 2.65720751e-01
0.078 -5.25901284e-01 -3.39885722e-03 1.77821747e-01 2.79678179e-01
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0.079 -5.26260880e-01 -3.68555907e-03 1.75680638e-01 2.93694530e-01
0.080 -5.26620398e-01 -3.98628044e-03 1.73004851e-01 3.07708957e-01
0.081 -5.26979324e-01 -4.30100439e-03 1.69841144e-01 3.21690695e-01
0.082 -5.27337190e-01 -4.62969972e-03 1.66228253e-01 3.35642103e-01
0.083 -5.27693550e-01 -4.97234517e-03 1.62177020e-01 3.49581078e-01
0.084 -5.28047957e-01 -5.32893178e-03 1.57669957e-01 3.63515669e-01
0.085 -5.28399938e-01 -5.69944418e-03 1.52678728e-01 3.77427302e-01
0.086 -5.28749002e-01 -6.08383487e-03 1.47187226e-01 3.91271975e-01
0.087 -5.29094656e-01 -6.48200824e-03 1.41205990e-01 4.04996985e-01
0.088 -5.29436430e-01 -6.89382386e-03 1.34770353e-01 4.18561960e-01
0.089 -5.29773897e-01 -7.31911610e-03 1.27924928e-01 4.31951759e-01
0.090 -5.30106665e-01 -7.75771818e-03 1.20704479e-01 4.45174796e-01
0.091 -5.30434364e-01 -8.20947705e-03 1.13122048e-01 4.58249248e-01
0.092 -5.30756622e-01 -8.67425223e-03 1.05169929e-01 4.71185922e-01
0.093 -5.31073057e-01 -9.15190113e-03 9.68314305e-02 4.83977281e-01
0.094 -5.31383272e-01 -9.64226056e-03 8.80959076e-02 4.96597549e-01
0.095 -5.31686873e-01 -1.01451351e-02 7.89689120e-02 5.09012394e-01
0.096 -5.31983482e-01 -1.06602981e-02 6.94729549e-02 5.21191963e-01
0.097 -5.32272756e-01 -1.11875037e-02 5.96398176e-02 5.33120255e-01
0.098 -5.32554380e-01 -1.17265034e-02 4.94994416e-02 5.44796734e-01
0.099 -5.32828061e-01 -1.22770577e-02 3.90713590e-02 5.56230553e-01
0.100 -5.33093515e-01 -1.28389384e-02 2.83624001e-02 5.67431404e-01
0.101 -5.33350452e-01 -1.34119217e-02 1.73706886e-02 5.78401960e-01
0.102 -5.33598579e-01 -1.39957760e-02 6.09283771e-03 5.89135242e-01
0.103 -5.33837598e-01 -1.45902524e-02 -5.46974288e-03 5.99617182e-01
0.104 -5.34067224e-01 -1.51950815e-02 -1.73082975e-02 6.09832051e-01
0.105 -5.34287189e-01 -1.58099775e-02 -2.94083596e-02 6.19767426e-01
0.106 -5.34497248e-01 -1.64346476e-02 -4.17537777e-02 6.29416293e-01
0.107 -5.34697175e-01 -1.70688004e-02 -5.43304382e-02 6.38775814e-01
0.108 -5.34886759e-01 -1.77121504e-02 -6.71276640e-02 6.47844249e-01
0.109 -5.35065790e-01 -1.83644170e-02 -8.01369399e-02 6.56618252e-01
0.110 -5.35234062e-01 -1.90253179e-02 -9.33492490e-02 6.65092273e-01
0.111 -5.35391369e-01 -1.96945636e-02 -1.06753032e-01 6.73260271e-01
0.112 -5.35537512e-01 -2.03718526e-02 -1.20334291e-01 6.81118514e-01
0.113 -5.35672303e-01 -2.10568723e-02 -1.34078990e-01 6.88667492e-01
0.114 -5.35795570e-01 -2.17493035e-02 -1.47976496e-01 6.95911454e-01
0.115 -5.35907160e-01 -2.24488255e-02 -1.62022013e-01 7.02855339e-01
0.116 -5.36006931e-01 -2.31551209e-02 -1.76216331e-01 7.09500386e-01
0.117 -5.36094747e-01 -2.38678757e-02 -1.90562467e-01 7.15840580e-01
0.118 -5.36170477e-01 -2.45867763e-02 -2.05060328e-01 7.21861955e-01
0.119 -5.36233993e-01 -2.53115042e-02 -2.19701670e-01 7.27545577e-01
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0.120 -5.36285172e-01 -2.60417317e-02 -2.34467739e-01 7.32873413e-01
0.121 -5.36323902e-01 -2.67771207e-02 -2.49331015e-01 7.37834876e-01
0.122 -5.36350088e-01 -2.75173253e-02 -2.64260838e-01 7.42431321e-01
0.123 -5.36363653e-01 -2.82619973e-02 -2.79231006e-01 7.46676407e-01
0.124 -5.36364540e-01 -2.90107929e-02 -2.94226493e-01 7.50591748e-01
0.125 -5.36352703e-01 -2.97633766e-02 -3.09246552e-01 7.54199153e-01
0.126 -5.36328102e-01 -3.05194214e-02 -3.24302745e-01 7.57512135e-01
0.127 -5.36290699e-01 -3.12786042e-02 -3.39412243e-01 7.60529838e-01
0.128 -5.36240452e-01 -3.20405999e-02 -3.54588571e-01 7.63235754e-01
0.129 -5.36177324e-01 -3.28050740e-02 -3.69832954e-01 7.65601960e-01
0.130 -5.36101286e-01 -3.35716793e-02 -3.85129352e-01 7.67597689e-01
0.131 -5.36012324e-01 -3.43400568e-02 -4.00445046e-01 7.69199454e-01
0.132 -5.35910450e-01 -3.51098415e-02 -4.15736817e-01 7.70399380e-01
0.133 -5.35795699e-01 -3.58806709e-02 -4.30960851e-01 7.71208893e-01
0.134 -5.35668129e-01 -3.66521934e-02 -4.46083228e-01 7.71656424e-01
0.135 -5.35527814e-01 -3.74240739e-02 -4.61087628e-01 7.71779712e-01
0.136 -5.35374832e-01 -3.81959944e-02 -4.75977739e-01 7.71615056e-01
0.137 -5.35209261e-01 -3.89676495e-02 -4.90773533e-01 7.71186845e-01
0.138 -5.35031173e-01 -3.97387380e-02 -5.05502481e-01 7.70500589e-01
0.139 -5.34840636e-01 -4.05089537e-02 -5.20188342e-01 7.69541626e-01
0.140 -5.34637721e-01 -4.12779796e-02 -5.34840871e-01 7.68279909e-01
0.141 -5.34422510e-01 -4.20454849e-02 -5.49449488e-01 7.66679513e-01
0.142 -5.34195108e-01 -4.28111296e-02 -5.63982768e-01 7.64710091e-01
0.143 -5.33955646e-01 -4.35745721e-02 -5.78393916e-01 7.62357009e-01
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Xenon

F Re{E
G

} Im{E
G

} Re{D
NL

} Im{D
NL

}
0.000 -4.45920840e-01 0.00000000e+00 1.38200000e-10 0.00000000e+00
0.001 -4.45922713e-01 -0.00000000e+00 1.27513310e-06 2.15583615e-231
0.002 -4.45928336e-01 -0.00000000e+00 1.01981777e-05 7.12421628e-113
0.003 -4.45937721e-01 -0.00000000e+00 3.44541829e-05 2.09434301e-73
0.004 -4.45950887e-01 -0.00000000e+00 8.18037489e-05 1.06390765e-53
0.005 -4.45967861e-01 -8.27109032e-274 1.60122075e-04 6.72940501e-42
0.006 -4.45988677e-01 -4.26446985e-216 2.77439988e-04 4.75141630e-34
0.007 -4.46013380e-01 -3.04903006e-175 4.41987519e-04 1.85095649e-28
0.008 -4.46042020e-01 -6.41772852e-145 6.62240863e-04 2.79687182e-24
0.009 -4.46074657e-01 -1.30163077e-121 9.46973656e-04 4.84389422e-21
0.010 -4.46111361e-01 -3.26935875e-103 1.30531374e-03 1.84199301e-18
0.011 -4.46152210e-01 -2.23556687e-88 1.74680682e-03 2.32602419e-16
0.012 -4.46197291e-01 -3.26578094e-76 2.28148874e-03 1.28513236e-14
0.013 -4.46246704e-01 -4.24314108e-66 2.91996878e-03 3.76018877e-13
0.014 -4.46300558e-01 -1.35812229e-57 3.67352692e-03 6.67772796e-12
0.015 -4.46358974e-01 -2.26051126e-50 4.55422923e-03 7.95499252e-11
0.016 -4.46063178e-01 -3.42643047e-44 5.57506765e-03 6.85202323e-10
0.018 -4.46562998e-01 -1.62915217e-11 8.09483886e-03 2.38665380e-08
0.019 -4.46641139e-01 -7.52829467e-11 9.62619833e-03 1.04607267e-07
0.020 -4.46724658e-01 -2.93883646e-10 1.13632514e-02 3.98427400e-07
0.021 -4.46813772e-01 -1.09600233e-09 1.33273742e-02 1.36088170e-06
0.022 -4.46908719e-01 -3.43056154e-09 1.55431058e-02 3.62193676e-06
0.023 -4.47009767e-01 -9.49728078e-09 1.80393132e-02 9.45804511e-06
0.024 -4.47117209e-01 -2.51079823e-08 2.08477530e-02 2.35008743e-05
0.025 -4.47231378e-01 -6.06185416e-08 2.40057234e-02 5.01204132e-05
0.026 -4.47352645e-01 -1.33409560e-07 2.75613580e-02 1.01469067e-04
0.028 -4.47618205e-01 -5.61859179e-07 3.60481708e-02 3.72916313e-04
0.029 -4.47763485e-01 -1.05746525e-06 4.10977626e-02 6.39032393e-04
0.030 -4.47917874e-01 -1.89779906e-06 4.67814578e-02 1.07828812e-03
0.031 -4.48082021e-01 -3.29941713e-06 5.31212507e-02 1.77003462e-03
0.032 -4.48256597e-01 -5.53242334e-06 6.01607425e-02 2.74587654e-03
0.033 -4.48442358e-01 -8.91599854e-06 6.80173275e-02 4.09883354e-03
0.034 -4.48640154e-01 -1.39279451e-05 7.67304995e-02 6.03852510e-03
0.035 -4.48850799e-01 -2.12400133e-05 8.62015989e-02 8.70698446e-03
0.036 -4.49075023e-01 -3.15875785e-05 9.64071274e-02 1.21089892e-02
0.037 -4.49313622e-01 -4.57439526e-05 1.07481710e-01 1.63672676e-02
0.038 -4.49567488e-01 -6.47294263e-05 1.19414096e-01 2.18270088e-02
0.039 -4.49837341e-01 -8.98868129e-05 1.31903381e-01 2.87194783e-02
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0.040 -4.50123594e-01 -1.22625841e-04 1.44701807e-01 3.69595092e-02
0.041 -4.50426570e-01 -1.64238164e-04 1.57886954e-01 4.64802838e-02
0.042 -4.50746722e-01 -2.16125325e-04 1.71542343e-01 5.75799623e-02
0.043 -4.51084389e-01 -2.80075282e-04 1.85332630e-01 7.06407598e-02
0.044 -4.51439421e-01 -3.58076013e-04 1.98700089e-01 8.56302181e-02
0.045 -4.51811239e-01 -4.51872550e-04 2.11414251e-01 1.02165846e-01
0.046 -4.52199265e-01 -5.62886732e-04 2.23663202e-01 1.20075737e-01
0.047 -4.52603110e-01 -6.92608949e-04 2.35528206e-01 1.39644940e-01
0.048 -4.53022220e-01 -8.42876315e-04 2.46595177e-01 1.61175031e-01
0.049 -4.53455480e-01 -1.01560261e-03 2.56253569e-01 1.84477115e-01
0.050 -4.53901318e-01 -1.21228046e-03 2.64273803e-01 2.08974805e-01
0.051 -4.54358207e-01 -1.43386913e-03 2.70927920e-01 2.34274707e-01
0.052 -4.54824954e-01 -1.68119113e-03 2.76514976e-01 2.60493550e-01
0.053 -4.55300464e-01 -1.95533727e-03 2.80885504e-01 2.87954508e-01
0.054 -4.55783274e-01 -2.25759034e-03 2.83527209e-01 3.16646055e-01
0.055 -4.56271433e-01 -2.58896541e-03 2.84076003e-01 3.46076009e-01
0.056 -4.56762871e-01 -2.94988746e-03 2.82665369e-01 3.75653756e-01
0.057 -4.57255850e-01 -3.34034988e-03 2.79753791e-01 4.05166110e-01
0.058 -4.57749054e-01 -3.76037634e-03 2.75636588e-01 4.34848950e-01
0.059 -4.58241242e-01 -4.21030697e-03 2.70158039e-01 4.65006375e-01
0.060 -4.58730848e-01 -4.69063739e-03 2.62894865e-01 4.95589785e-01
0.061 -4.59215926e-01 -5.20159728e-03 2.53594943e-01 5.26146236e-01
0.062 -4.59694485e-01 -5.74288786e-03 2.42440417e-01 5.56155417e-01
0.063 -4.60164892e-01 -6.31382120e-03 2.29906038e-01 5.85421403e-01
0.064 -4.60625978e-01 -6.91372645e-03 2.16362380e-01 6.14163533e-01
0.065 -4.61076764e-01 -7.54225718e-03 2.01789411e-01 6.42741754e-01
0.066 -4.61516077e-01 -8.19934155e-03 1.85842876e-01 6.71277182e-01
0.067 -4.61942370e-01 -8.88483914e-03 1.68193479e-01 6.99496538e-01
0.068 -4.62353905e-01 -9.59820812e-03 1.48840529e-01 7.26913594e-01
0.069 -4.62749127e-01 -1.03384579e-02 1.28148629e-01 7.53181133e-01
0.070 -4.63126924e-01 -1.11044188e-02 1.06591505e-01 7.78325732e-01
0.071 -4.63486569e-01 -1.18951090e-02 8.44156611e-02 8.02685518e-01
0.072 -4.63827409e-01 -1.27099129e-02 6.14878361e-02 8.26610456e-01
0.073 -4.64148524e-01 -1.35484433e-02 3.74344265e-02 8.50163655e-01
0.074 -4.64448643e-01 -1.44102024e-02 1.19548745e-02 8.73045465e-01
0.075 -4.64726338e-01 -1.52942992e-02 -1.49265829e-02 8.94783873e-01
0.076 -4.64980372e-01 -1.61994256e-02 -4.28461276e-02 9.15044093e-01
0.077 -4.65209935e-01 -1.71241013e-02 -7.13238417e-02 9.33836729e-01
0.078 -4.65414613e-01 -1.80670104e-02 -1.00063222e-01 9.51483604e-01
0.079 -4.65594118e-01 -1.90271941e-02 -1.29118653e-01 9.68372211e-01
0.080 -4.65747967e-01 -2.00039734e-02 -1.58822176e-01 9.84672934e-01
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0.081 -4.65875334e-01 -2.09966635e-02 -1.89528944e-01 1.00020839e+00
0.082 -4.65975168e-01 -2.20042755e-02 -2.21355328e-01 1.01455176e+00
0.083 -4.66046476e-01 -2.30254005e-02 -2.54075661e-01 1.02728004e+00
0.084 -4.66088615e-01 -2.40583440e-02 -2.87234103e-01 1.03821723e+00
0.085 -4.66101378e-01 -2.51014181e-02 -3.20393023e-01 1.04751801e+00
0.086 -4.66084853e-01 -2.61532032e-02 -3.53359181e-01 1.05554744e+00
0.087 -4.66039140e-01 -2.72126200e-02 -3.86250535e-01 1.06264077e+00
0.088 -4.65964111e-01 -2.82787764e-02 -4.19372876e-01 1.06889560e+00
0.089 -4.65859363e-01 -2.93506965e-02 -4.52993028e-01 1.07411773e+00
0.090 -4.65724375e-01 -3.04271014e-02 -4.87148582e-01 1.07794004e+00
0.091 -4.65558775e-01 -3.15063704e-02 -5.21599647e-01 1.08003256e+00
0.092 -4.65362544e-01 -3.25866983e-02 -5.55937951e-01 1.08027795e+00
0.093 -4.65136061e-01 -3.36663471e-02 -5.89778889e-01 1.07881726e+00
0.094 -4.64879958e-01 -3.47438452e-02 -6.22921659e-01 1.07595236e+00
0.095 -4.64594891e-01 -3.58180265e-02 -6.55391464e-01 1.07197426e+00
0.096 -4.64281360e-01 -3.68879028e-02 -6.87354239e-01 1.06702162e+00
0.097 -4.63939683e-01 -3.79524602e-02 -7.18967871e-01 1.06104341e+00
0.098 -4.63570111e-01 -3.90105029e-02 -7.50260482e-01 1.05387130e+00
0.099 -4.63173021e-01 -4.00606313e-02 -7.81097825e-01 1.04534569e+00
0.100 -4.62749058e-01 -4.11013564e-02 -8.11243364e-01 1.03541856e+00
0.101 -4.62299164e-01 -4.21312772e-02 -8.40462952e-01 1.02418103e+00
0.102 -4.61824474e-01 -4.31492207e-02 -8.68608636e-01 1.01181383e+00
0.103 -4.61326164e-01 -4.41542756e-02 -8.95638750e-01 9.98503224e-01
0.104 -4.60805328e-01 -4.51457169e-02 -9.21576027e-01 9.84377876e-01
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Appendix C

Derivation of Post-adiabatic Corrections for

Linearly Polarized Fields

“We have no right to assume that any physical laws exist, or if they have existed up

until now, that they will continue to exist in a similar manner in the future.”

-Max Plank

This Appendix contains a full derivation of the renormalized energy when approxi-

mately including the excited states in the dynamical equations. The states are as-

sumed to have short lifetimes, such that the coupling is only to the ground-state. We

also assume a Debye screening in the memory function, with one parameter Ee↵ that

comes into play for the wavelength dependent renormalization to the energy.

C.1 Derivation

For completeness, we begin with a recapitulation of the MESA [1]. Recall our Hamil-

tonian for a single-active-electron model of an atom exposed to a time-dependent

electric field F (t) (optical pulse) polarized along x (in atomic units):

H(t) = �1

2
�+ V (r)� F (t)x . (C.1.1)

Here we depart from the standard Hermitian quantum mechanics. The spatial axis

pointing in the direction of the field is redefined as a contour in the complex plane

that follows the real axis in the inner domain, close to the nucleus, and deviates in

the upper and lower half-planes for positive and negative large x, respectively. This

change is a version of the exterior complex scaling (e.g. [4]). It makes the system

open, by giving the domain boundaries that absorb the outgoing waves.
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Seeking the solution of the Schödinger equation

i@
t

 (t) = H(t) (t) , (C.1.2)

the wavefunction is split into two parts, as

 (t) =  
R

(t) +  
F

(t) =
X

k

c
k

(t) 
k

(F (t)) +  
F

(t) , (C.1.3)

where  
k

(F (t)) is the k-th metastable state driven by the external field, so that at

all times t it is an eigenvector of the time-dependent Hamiltonian,

H(t) 
k

(F (t)) = E
k

(F (t)) 
k

(F (t)) . (C.1.4)

Here E
k

(F (t)) stands for the complex-valued energy eigenvalue corresponding to  
k

.

Note that imposing the outgoing boundary conditions shifts the eigenvalues into the

lower half of the complex plane, where the imaginary parts reflect the lifetimes and

can be interpreted as the ionization rates.

In the MESA framework, it is assumed that  
F

(t) is a strongly de-localized wavefunc-

tion that evolves without much interaction with the parent ion, while the resonant-

state expansion is only used for the portion of the wavefunction that is a mixture of

bound and continuum states that interact with the ion. The coupling between  
F

and  
R

is only taken into account indirectly, by assuming that the norm of  
F

grows

as that of  
R

decays, as it has been done in TDSE based modeling [105]. Akin to

strong-field approximation,  
F

is treated as subject to only the external field. To

calculate the induced current it is therefore su�cient to know the norm k 
F

k2. In

such an approximation it is only needed to determine the metastable state expansion

coe�cients c
k

(t), and deduce the norm k 
F

k2 from it.

We assume that before F (t) attains non-zero values the system is in the ground-state,

and the corresponding resonance state  0 continues to dominate the wavefunction of

the system at later times.
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Inserting the resonant-state series into the Schrödinger equation gives

i@
t

h
c
k

(t) 
k

(F (t))
i
+ i@

t

 
F

(t) = (C.1.5)

i
X

k

h
c0
k

(t) 
k

(F (t))+c
k

(t)F 0(t)@
F

 
k

(F (t))
i
+i@

t

 
F

(t) =

=
X

k

c
k

(t)E
k

(F (t)) 
k

(F (t)) + H(t) 
F

(t) .

In order to find the evolution equations for the expansion coe�cients, we need to use

projection methods to obtain the component corresponding to a single  
k

.

Since the resonant states are not integrable, the conventional scalar product can not

be used. However, related to the exterior complex scaled domain contour C, is the

c-product, in Section 2.2.1, defined by the contour integral

( 
i

| 
j

) =

Z

C

 
i

(z) 
j

(z)dz , (C.1.6)

in which the integration contour follows the real x-axis in the vicinity of the atom, and

deviates into the upper (lower) complex plane asymptotically for positive (negative)

values of x [3]. Metastable states are orthogonal with respect to this c-product, and

are assumed to be orthonormal at all times:

( 
i

| 
j

) = ( 
i

| 
i

)�
ij

= �
ij

. (C.1.7)

Projecting into the subspace of the n-th Stark resonant state (| 
n

(F (t))i = | 
n

i)

gives the evolution equation

ic0
n

(t)h 
n

| 
n

i+ i
X

k

c
k

(t)F 0(t)h 
n

|@
F

 
k

(F (t))i =

c
n

(t)E
n

(F (t))h 
n

| 
n

i+ h 
n

|(H(t)�i@
t

)| 
F

(t)i . (C.1.8)

The last term represents the coupling to the “freely-propagating” component of the

wavefunction, which we neglect on the assumption that the coupling between the

di↵erent resonant states is more important.
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While the above assumption does not hold in general and there is no rigorous crite-

rion to decide when it does, numerical solutions of TDSE indicate that in the specific

situations treated here it is a good approximation. Specifically, if the evolution starts

in the ground state, and if the ionization remains weak, one can calculate a projection

onto a field-dependent resonance state to show that it makes up for nearly all of the

total wavefunction. This makes us confident that under such conditions the last term

in Equation C.1.8 could be neglected. Naturally, this assumption can only be tested

indirectly with the help of comparison against numerically exact solutions, and this

is one of the main points of this work.

Another tacit assumption is about incoming waves which are always present in an

expansion into energy eigenstates. Rather then including them explicitly in our ex-

pansion, we assume they contribute to  
F

. Because the latter must be su�ciently

de-localized for our approximation to work, we need to require the same from the

incoming part of the wavefunction. Since we never calculate it explicitly, this as-

sumption, too, can only be checked indirectly.

Returning to our derivations, and adopting these assumptions then yields the follow-

ing system of ODE’s for the amplitudes c
n

(t):

c0
n

(t) = �ic
n

(t)E
n

(F (t))�
X

k

c
k

(t)F 0(t)h 
n

|@
F

 
k

(F (t))i (C.1.9)

Retaining a single term in the above amounts to an adiabatic approximation in which

the decay of the metastable ground state  0 depends only on the instantaneous value

E0(F (t)) [1]. Here the aim is to account for the e↵ects related to the higher-energy

Stark resonances in an approximate manner.

C.1.1 Post-Adiabatic Correction of the Ionization Rate

The temporal evolution of the resonant state amplitudes is controlled by the coupling

terms h 
n

|@
F

 
k

(F (t))i, which can be calculated explicitly in certain exactly solvable
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models [3]. Such results indicate that the coupling strength increases with the energy,

and it is therefore not advisable to truncate the above system. Instead, we account

for all states  
k

albeit only approximately.

Integrating the ODE for c
n

(t), n > 0, one obtains

c
n

(t) = �
X

k

Z
t

0

dt0e�iI

n

(t0,t)c
k

(t0)F 0(t0)U
nk

(t0) , (C.1.10)

where we introduced the following notation:

I
n

(t0, t) =

Z
t

t

0
E

n

(F (u))du (C.1.11)

U
nk

(t0) = h 
n

|@
F

 
k

(F (t0))i . (C.1.12)

For n > 0 we will only keep the dominant term that represents the population transfer

from the metastable ground-state,

c
n

(t) ⇡ �
Z

t

0

dt0e�iI

n

(t0,t)c0(t
0)F 0(t0)U

n0(t
0) . (C.1.13)

This approximation is motivated by the fact that the decay of states  
n>0 is much

faster than that of  
k=0, and their population is therefore mostly generated from

c0(t0). Inserting the approximate expression for c
n

(t) into the equation governing

c0(t) we have

c00(t) = �ic0(t)E0(F (t))+ (C.1.14)
X

n 6=0

Z
t

0

dt0e�iI

n

(t0,t)c0(t
0)F 0(t0)U

n0(t
0)F 0(t)U0n(t) .

We expect small t� t0(= ⌧) to contribute the most to the above integral, since F (t0)

changes slowly on the atomic time scale, so the following approximations can be made

c0(t
0) ⇡ c0(t)e

�iI0(t,t0) = c0(t)e
+iI0(t0,t) (C.1.15)

U
n0(t

0) = h 
n

|@
F

 0(F (t0))i ⇡ U
n0(t) (C.1.16)

I
n

(t, t0) ⇡ E
n

(F (t))(t� t0) . (C.1.17)
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Rewriting c0(t) with these approximations we arrive at

c00(t) = �iE
R

(t)c0(t) (C.1.18)

where the correction shows up as a time-dependent, renormalized complex energy of

the ground-state resonance,

E
R

(t) = E0(F (t)) + iF 0(t)

Z
t

0

dt0F 0(t0)M(F (t), t� t0) (C.1.19)

whose memory kernel is

M(F (t), ⌧) =
X

n 6=0

U
n0(t)U0n(t)e

�i[E
n

(F (t))�E0(F (t))]⌧ . (C.1.20)

This result is still impractical, as it requires the knowledge of the coupling elements

U
n0 which are di�cult to evaluate numerically in realistic models of atoms. More-

over, it is not obvious whether the sum could be meaningfully truncated after a small

number of terms.

C.1.2 Further Memory-Function Approximations

The next step is to find out more about this memory kernel, beginning with its value

at zero delay ⌧ = 0:

M(F (t), 0) =
X

n 6=0

U
n0(t)U0n(t) (C.1.21)

=
X

n 6=0

h 
n

|@
F

 0(F (t))ih 0|@F n

(F (t))i .

Because the c-product is symmetric, and the resonant states are normalized to unity

at all times, it is such

h 0|@F n

(F (t))i = �h@
F

 0(F (t))| 
n

i , (C.1.22)
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and therefore the memory function can be equivalently written as

M(F (t),0)=�
X

n 6=0

h@
F

 0(F (t))| 
n

ih 
n

|@
F

 0(F (t))i (C.1.23)

At this point we apply a transformation akin to sum rules for dipole moments, and

reduce the memory function to an expression that only requires the knowledge of the

metastable ground state.

To proceed, we need to ask if a wavefunction evolved from the initial ground state

under an excitation with an arbitrary pulse can be decomposed into resonances. This

is a question of completeness, and in particular for Stark resonances it is rather

complex and far from fully understood. Rigorous results are rare and only available

for a few simple systems, such as Gamow resonances in a compact 1D potential [?].

For Stark resonances we have recently shown that the resonant state expansion in

a 1D system with the Dirac-delta potential is convergent [147], but the series only

represents the given function in a half-space. Mathematically similar results are

available for leaky modes in optical cavities [148, 149], where the convergence occurs

inside the cavity but not outside. We have recently obtained an exact (as of yet

unpublished) result showing the completeness of Stark resonances for a general 1D

Hamiltonian with a compact-support potential.

The above discussion provides motivation to invoke an ”approximate completeness

relation” written as

1 = | 0ih 0|+
X

n 6=0

| 
n

ih 
n

|+ · · · (C.1.24)

Together with the property

h@
F

 0| 0i = h 0|@F 0i = 0 (C.1.25)

the elimination of
P

n 6=0 | n

ih 
n

| leads to a reduction solely dependent on the ground-

state resonance

M(F, 0) = �h@
F

 0(F )|@
F

 0(F )i . (C.1.26)
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This quantity can be obtained numerically and tabulated for a particular atom. So we

have an estimate of the memory function for zero delay. For later times, the memory

kernel must be further approximated. We choose to utilize a simple Debye-type

functional form parameterized by an e↵ective energy Ee↵

M(F (t), ⌧) = M(F (t), 0)e�iEe↵(F (t))⌧ . (C.1.27)

Thus we arrive at an expression for the time-dependent, renormalized metastable

energy, represented as a convolution with the memory kernel that includes non-

perturbative dependence on the field intensity, but is approximately translation-

invariant in time

E
R

(t)=E0(F (t)) + iF 0(t)

Z
t

0

dt0F 0(t0)M(F (t), 0)eiEe↵(t0�t) (C.1.28)

Ee↵(t) will be most a↵ected by the energy gap between the metastable ground state

and higher excited states, causing it to be on the atomic scale and therefore much

faster than the field F (t0). Calculating the asymptotic contribution to the memory

function integral then gives

E
R

(t) = E0(F (t)) +
(F 0(t))2

Ee↵(F (t))
M(F (t), 0) . (C.1.29)

This form of the post-adiabatic correction was shown to work reasonably well in

simple model systems [1] and used in the main text.

E0(F (t)) for noble gases is found in Appendix B, Section B.

M(F (t), 0) for noble gases is found in Appendix D, Section D.
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Appendix D

Post-adiabatic Corrections Tables

“The mystery of life is certainly the most persistent problem ever placed before the

thought of man.....The inability of science to solve it is absolute. This would be truly

frightening were it not for faith.” -Guglielmo Marconi

The memory function for no delay (⌧ = t � t0 = 0), M(F (t), 0) as a function of

field strength is denoted in the following tables below, for noble gases.

Helium

F Re{P
C

(F )} Im{P
C

(F )} F Re{P
C

(F )} Im{P
C

(F )}
0.001 4.14880200e-01 0.00000000e+00 0.022 4.22583700e-01 2.09757214e-22
0.002 4.14927100e-01 2.33850363e-304 0.023 4.23317900e-01 3.36519123e-21
0.003 4.15005300e-01 7.90665494e-201 0.024 4.24087800e-01 4.26611571e-20
0.004 4.15114700e-01 4.47411108e-149 0.025 4.24893800e-01 4.39606752e-19
0.005 4.15255600e-01 4.93082360e-118 0.026 4.25736400e-01 3.77133095e-18
0.006 4.15427900e-01 2.39833918e-97 0.027 4.26616200e-01 2.74899522e-17
0.007 4.15631700e-01 1.41142263e-82 0.028 4.27533500e-01 1.73256074e-16
0.008 4.15867200e-01 1.66397673e-71 0.029 4.28488900e-01 9.58468439e-16
0.009 4.16134400e-01 6.71664428e-63 0.030 4.29483100e-01 4.71530461e-15
0.010 4.16433500e-01 5.09723943e-56 0.031 4.30516500e-01 2.08651093e-14
0.011 4.16764700e-01 2.14975842e-50 0.032 4.31589800e-01 8.38744844e-14
0.012 4.17128000e-01 1.03779696e-45 0.033 4.32703700e-01 3.08981934e-13
0.013 4.17523800e-01 9.45685403e-42 0.034 4.33858900e-01 1.05118582e-12
0.014 4.17952200e-01 2.32523242e-38 0.035 4.35056000e-01 3.32533545e-12
0.015 4.18413400e-01 2.00477456e-35 0.036 4.36295900e-01 9.84096635e-12
0.016 4.18907600e-01 7.37716898e-33 0.037 4.37579400e-01 2.73929014e-11
0.017 4.19435200e-01 1.34648995e-30 0.038 4.38907200e-01 7.20676632e-11
0.018 4.19996500e-01 1.37014549e-28 0.039 4.40280300e-01 1.79983735e-10
0.019 4.20591600e-01 8.52422417e-27 0.040 4.41699700e-01 4.28366929e-10
0.020 4.21220900e-01 3.49081756e-25 0.041 4.43166300e-01 9.75039239e-10
0.021 4.21884900e-01 9.98933205e-24 0.042 4.44681200e-01 2.12931193e-09
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0.043 4.46245400e-01 4.47430897e-09 0.082 5.70721600e-01 5.26450400e-03
0.044 4.47860200e-01 9.07039465e-09 0.083 5.76626700e-01 6.20456400e-03
0.045 4.49526800e-01 1.77820674e-08 0.084 5.82733000e-01 7.27710700e-03
0.046 4.51246400e-01 3.37867057e-08 0.085 5.89042500e-01 8.49652700e-03
0.047 4.53020400e-01 6.23429920e-08 0.086 5.95555800e-01 9.87764100e-03
0.048 4.54850400e-01 1.11919490e-07 0.087 6.02271700e-01 1.14349200e-02
0.049 4.56737800e-01 1.95809168e-07 0.088 6.09188500e-01 1.31820700e-02
0.050 4.58684300e-01 3.34382715e-07 0.089 6.16304300e-01 1.51322100e-02
0.051 4.60691800e-01 5.58161009e-07 0.090 6.23617800e-01 1.72987300e-02
0.052 4.62761900e-01 9.11913438e-07 0.091 6.31128300e-01 1.96963400e-02
0.053 4.64896900e-01 1.46001208e-06 0.092 6.38834100e-01 2.23419200e-02
0.054 4.67098700e-01 2.29328994e-06 0.093 6.46731900e-01 2.52543900e-02
0.055 4.69369800e-01 3.53766268e-06 0.094 6.54814400e-01 2.84536500e-02
0.056 4.71712600e-01 5.36477526e-06 0.095 6.63071100e-01 3.19588500e-02
0.057 4.74129700e-01 8.00492652e-06 0.096 6.71488500e-01 3.57865800e-02
0.058 4.76624000e-01 1.17625042e-05 0.097 6.80052200e-01 3.99500500e-02
0.059 4.79198600e-01 1.70341304e-05 0.098 6.88748800e-01 4.44596600e-02
0.060 4.81856600e-01 2.41588200e-05 0.099 6.97567800e-01 4.93248000e-02
0.061 4.84601600e-01 3.41150600e-05 0.100 7.06500900e-01 5.45564000e-02
0.062 4.87437200e-01 4.75788000e-05 0.101 7.15540400e-01 6.01689200e-02
0.063 4.90367600e-01 6.55756700e-05 0.102 7.24676400e-01 6.61808600e-02
0.064 4.93396700e-01 8.93408200e-05 0.103 7.33894000e-01 7.26132400e-02
0.065 4.96529100e-01 1.20352300e-04 0.104 7.43171300e-01 7.94864400e-02
0.066 4.99769400e-01 1.60375100e-04 0.105 7.52480600e-01 8.68164800e-02
0.067 5.03122700e-01 2.11532500e-04 0.106 7.61791200e-01 9.46122200e-02
0.068 5.06594000e-01 2.76373100e-04 0.107 7.71073400e-01 1.02874800e-01
0.069 5.10188700e-01 3.57910200e-04 0.108 7.80303000e-01 1.11599600e-01
0.070 5.13912400e-01 4.59617400e-04 0.109 7.89462800e-01 1.20780700e-01
0.071 5.17770400e-01 5.85398200e-04 0.110 7.98542200e-01 1.30415600e-01
0.072 5.21768500e-01 7.39587200e-04 0.111 8.07533500e-01 1.40508900e-01
0.073 5.25912500e-01 9.27016600e-04 0.112 8.16425900e-01 1.51073700e-01
0.074 5.30208600e-01 1.15316300e-03 0.113 8.25201200e-01 1.62128100e-01
0.075 5.34662700e-01 1.42431000e-03 0.114 8.33829500e-01 1.73690700e-01
0.076 5.39280900e-01 1.74762900e-03 0.115 8.42270700e-01 1.85773300e-01
0.077 5.44068700e-01 2.13110200e-03 0.116 8.50478400e-01 1.98376000e-01
0.078 5.49031300e-01 2.58331400e-03
0.079 5.54173400e-01 3.11322100e-03
0.080 5.59499500e-01 3.73008200e-03
0.081 5.65014000e-01 4.44363900e-03
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Neon

F Re{P
C

(F )} Im{P
C

(F )} F Re{P
C

(F )} Im{P
C

(F )}
0.001 8.71433800e-01 0.00000000e+00 0.039 9.45187700e-01 2.59253456e-07
0.002 8.71562000e-01 2.26123015e-242 0.040 9.49587500e-01 5.13393411e-07
0.003 8.71775900e-01 1.62685451e-159 0.041 9.54168700e-01 9.80941879e-07
0.004 8.72075600e-01 4.25079485e-118 0.042 9.58939000e-01 1.81306760e-06
0.005 8.72461500e-01 2.94885160e-93 0.043 9.63906900e-01 3.24914897e-06
0.006 8.72933800e-01 1.05409120e-76 0.044 9.69081300e-01 5.65751533e-06
0.007 8.73493000e-01 6.92050482e-65 0.045 9.74472300e-01 9.58995409e-06
0.008 8.74139600e-01 4.98227266e-56 0.046 9.80090700e-01 1.58527137e-05
0.009 8.74874200e-01 3.81427138e-49 0.047 9.85948400e-01 2.55966893e-05
0.010 8.75697600e-01 1.21363627e-43 0.048 9.92058200e-01 4.04292584e-05
0.011 8.76610500e-01 3.82106646e-39 0.049 9.98434500e-01 6.25498249e-05
0.012 8.77613700e-01 2.12251362e-35 0.050 1.00509300e+00 9.49105256e-05
0.013 8.78708300e-01 3.10427200e-32 0.051 1.01204900e+00 1.41402759e-04
0.014 8.79895300e-01 1.59113771e-29 0.052 1.01932200e+00 2.07069254e-04
0.015 8.81175700e-01 3.52509651e-27 0.053 1.02693100e+00 2.98340302e-04
0.016 8.82551000e-01 3.95054345e-25 0.054 1.03489600e+00 4.23291650e-04
0.017 8.84022400e-01 2.52580746e-23 0.055 1.04324100e+00 5.88319800e-04
0.018 8.85591500e-01 1.01164555e-21 0.056 1.05198700e+00 8.13264600e-04
0.019 8.87259700e-01 2.73284672e-20 0.057 1.06116100e+00 1.10973500e-03
0.020 8.89028800e-01 5.28226433e-19 0.058 1.07078500e+00 1.49518200e-03
0.021 8.90900700e-01 7.66327887e-18 0.059 1.08088600e+00 1.98961800e-03
0.022 8.92877100e-01 8.67748264e-17 0.060 1.09149100e+00 2.61631000e-03
0.023 8.94960400e-01 7.92130614e-16 0.061 1.10262700e+00 3.40279300e-03
0.024 8.97152600e-01 5.98857018e-15 0.062 1.11432100e+00 4.38152200e-03
0.025 8.99456200e-01 3.83530792e-14 0.063 1.12659800e+00 5.58954700e-03
0.026 9.01873600e-01 2.12101423e-13 0.064 1.13948000e+00 7.06724600e-03
0.027 9.04407700e-01 1.02952459e-12 0.065 1.15298700e+00 8.85711000e-03
0.028 9.07061300e-01 4.44786141e-12 0.066 1.16713900e+00 1.10037900e-02
0.029 9.09837500e-01 1.73109635e-11 0.067 1.18195500e+00 1.35559300e-02
0.030 9.12739500e-01 6.13314029e-11 0.068 1.19745400e+00 1.65687200e-02
0.031 9.15770900e-01 1.99612193e-10 0.069 1.21365100e+00 2.01053000e-02
0.032 9.18935500e-01 6.01576285e-10 0.070 1.23055200e+00 2.42351700e-02
0.033 9.22237100e-01 1.69056448e-09 0.071 1.24815400e+00 2.90298400e-02
0.034 9.25680100e-01 4.45749285e-09 0.072 1.26644600e+00 3.45580900e-02
0.035 9.29269100e-01 1.10877027e-08 0.073 1.28541000e+00 4.08841000e-02
0.036 9.33008900e-01 2.61453710e-08 0.074 1.30503400e+00 4.80703500e-02
0.037 9.36904700e-01 5.86992434e-08 0.075 1.32530700e+00 5.61841300e-02
0.038 9.40962300e-01 1.25961744e-07 0.076 1.34621500e+00 6.53036300e-02
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0.077 1.36773400e+00 7.55187800e-02 0.116 1.71630700e+00 1.63582200e+00
0.078 1.38981900e+00 8.69248500e-02 0.117 1.68686900e+00 1.69285100e+00
0.079 1.41240500e+00 9.96107000e-02 0.118 1.65469700e+00 1.74970400e+00
0.080 1.43541200e+00 1.13648000e-01 0.119 1.61952000e+00 1.80615600e+00
0.081 1.45875600e+00 1.29088100e-01 0.120 1.58115300e+00 1.86183000e+00
0.082 1.48236900e+00 1.45969100e-01 0.121 1.53957500e+00 1.91625500e+00
0.083 1.50619500e+00 1.64330900e-01 0.122 1.49495900e+00 1.96896800e+00
0.084 1.53018700e+00 1.84230100e-01 0.123 1.44765000e+00 2.01961200e+00
0.085 1.55428600e+00 2.05745700e-01 0.124 1.39808400e+00 2.06800900e+00
0.086 1.57840700e+00 2.28970800e-01 0.125 1.34668900e+00 2.11418900e+00
0.087 1.60242300e+00 2.53991700e-01 0.126 1.29377600e+00 2.15835400e+00
0.088 1.62617800e+00 2.80863900e-01 0.127 1.23946700e+00 2.20079000e+00
0.089 1.64950500e+00 3.09597700e-01 0.128 1.18367600e+00 2.24176000e+00
0.090 1.67225600e+00 3.40160700e-01 0.129 1.12614900e+00 2.28139500e+00
0.091 1.69432200e+00 3.72499100e-01 0.130 1.06656100e+00 2.31961900e+00
0.092 1.71563500e+00 4.06568500e-01 0.131 1.00462700e+00 2.35613400e+00
0.093 1.73615000e+00 4.42360900e-01 0.132 9.40221300e-01 2.39046800e+00
0.094 1.75581200e+00 4.79913500e-01 0.133 8.73449200e-01 2.42207500e+00
0.095 1.77451900e+00 5.19292500e-01 0.134 8.04662000e-01 2.45045800e+00
0.096 1.79211000e+00 5.60558700e-01 0.135 7.34407900e-01 2.47528800e+00
0.097 1.80836700e+00 6.03725600e-01 0.136 6.63329400e-01 2.49648400e+00
0.098 1.82305600e+00 6.48730500e-01 0.137 5.92032900e-01 2.51423100e+00
0.099 1.83596700e+00 6.95432200e-01 0.138 5.20963500e-01 2.52893600e+00
0.100 1.84696300e+00 7.43637800e-01 0.139 4.50318300e-01 2.54111800e+00
0.101 1.85598800e+00 7.93151600e-01 0.140 3.80019500e-01 2.55128100e+00
0.102 1.86306100e+00 8.43825500e-01 0.141 3.09756400e-01 2.55978000e+00
0.103 1.86822400e+00 8.95592000e-01 0.142 2.39086200e-01 2.56672300e+00
0.104 1.87148800e+00 9.48464100e-01 0.143 1.67569600e-01 2.57193500e+00
0.105 1.87278500e+00 1.00250000e+00 0.144 9.49097100e-02 2.57499500e+00
0.106 1.87194900e+00 1.05774300e+00 0.145 2.10584800e-02 2.57532700e+00
0.107 1.86873700e+00 1.11416200e+00 0.146 -5.37334400e-02 2.57233600e+00
0.108 1.86288000e+00 1.17160800e+00 0.147 -1.28937100e-01 2.56555800e+00
0.109 1.85416000e+00 1.22981500e+00 0.148 -2.03832100e-01 2.55477600e+00
0.110 1.84246400e+00 1.28843800e+00 0.149 -2.77639900e-01 2.54008500e+00
0.111 1.82782000e+00 1.34712200e+00 0.150 -3.49675000e-01 2.52189500e+00
0.112 1.81037700e+00 1.40558300e+00 0.151 -4.19478300e-01 2.50085300e+00
0.113 1.79035200e+00 1.46365700e+00 0.152 -4.86903800e-01 2.47771900e+00
0.114 1.76794900e+00 1.52132300e+00 0.153 -5.52138200e-01 2.45321300e+00
0.115 1.74327700e+00 1.57867000e+00 0.154 -6.15648000e-01 2.42786700e+00
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Argon

F Re{P
C

(F )} Im{P
C

(F )} F Re{P
C

(F )} Im{P
C

(F )}
0.001 6.99229800e+00 8.04063178e-275 0.039 9.20527300e+00 8.22593479e-02
0.002 6.99494400e+00 1.72815043e-134 0.040 9.40441400e+00 1.17862700e-01
0.003 6.99936300e+00 1.02925078e-87 0.041 9.62010200e+00 1.66383400e-01
0.004 7.00556600e+00 2.49894779e-64 0.042 9.85284400e+00 2.29763000e-01
0.005 7.01357300e+00 2.67188860e-50 0.043 1.01029000e+01 3.11209000e-01
0.006 7.02340500e+00 5.99165843e-41 0.044 1.03698300e+01 4.14465400e-01
0.007 7.03509200e+00 2.84926168e-34 0.045 1.06521800e+01 5.43329400e-01
0.008 7.04866800e+00 2.88913799e-29 0.046 1.09477700e+01 7.01066300e-01
0.009 7.06417500e+00 2.25185320e-25 0.047 1.12543700e+01 8.90406500e-01
0.010 7.08165800e+00 2.91191338e-22 0.048 1.15700200e+01 1.11427600e+00
0.011 7.10117100e+00 1.01932278e-19 0.049 1.18923000e+01 1.37648400e+00
0.012 7.12277600e+00 1.33872637e-17 0.050 1.22171300e+01 1.68135000e+00
0.013 7.14654100e+00 8.26902605e-16 0.051 1.25383600e+01 2.03221100e+00
0.014 7.17254400e+00 2.82290319e-14 0.052 1.28489100e+01 2.43006300e+00
0.015 7.20087100e+00 5.99543415e-13 0.053 1.31427000e+01 2.87373600e+00
0.016 7.23161900e+00 8.65727160e-12 0.054 1.34156300e+01 3.36171000e+00
0.017 7.26489800e+00 9.09616809e-11 0.055 1.36644700e+01 3.89403800e+00
0.018 7.30082600e+00 7.33132741e-10 0.056 1.38844300e+01 4.47247100e+00
0.019 7.33954000e+00 4.72558558e-09 0.057 1.40674800e+01 5.09823700e+00
0.020 7.38119000e+00 2.51859934e-08 0.058 1.42033000e+01 5.76903700e+00
0.021 7.42594500e+00 1.14029168e-07 0.059 1.42824300e+01 6.47776400e+00
0.022 7.47399600e+00 4.48350442e-07 0.060 1.42996400e+01 7.21431500e+00
0.023 7.52555600e+00 1.55914736e-06 0.061 1.42546000e+01 7.96945200e+00
0.024 7.58087000e+00 4.86885778e-06 0.062 1.41493700e+01 8.73797300e+00
0.025 7.64021600e+00 1.38287617e-05 0.063 1.39841100e+01 9.51873900e+00
0.026 7.70391400e+00 3.61117319e-05 0.064 1.37542300e+01 1.03112200e+01
0.027 7.77233500e+00 8.75022823e-05 0.065 1.34512700e+01 1.11108300e+01
0.028 7.84591100e+00 1.98299915e-04 0.066 1.30672800e+01 1.19063700e+01
0.029 7.92514900e+00 4.23166345e-04 0.067 1.25999500e+01 1.26816200e+01
0.030 8.01063600e+00 8.55351465e-04 0.068 1.20551300e+01 1.34204000e+01
0.031 8.10305500e+00 1.64608423e-03 0.069 1.14449100e+01 1.41121600e+01
0.032 8.20320000e+00 3.02958952e-03 0.070 1.07821600e+01 1.47545300e+01
0.033 8.31196800e+00 5.35369487e-03 0.071 1.00747700e+01 1.53513600e+01
0.034 8.43034200e+00 9.11535512e-03 0.072 9.32293900e+00 1.59070800e+01
0.035 8.55938100e+00 1.49997103e-02 0.073 8.52129400e+00 1.64207400e+01
0.036 8.70022300e+00 2.39205794e-02 0.074 7.66466200e+00 1.68832500e+01
0.037 8.85406600e+00 3.70596685e-02 0.075 6.75432200e+00 1.72793900e+01
0.038 9.02208000e+00 5.59013129e-02 0.076 5.80120000e+00 1.75938500e+01
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0.077 4.82416000e+00 1.78178200e+01 0.116 -1.06653400e+01 -1.82718500e+00
0.078 3.84417400e+00 1.79529900e+01 0.117 -1.05015500e+01 -2.28035500e+00
0.079 2.87724900e+00 1.80107000e+01 0.118 -1.03419800e+01 -2.75717700e+00
0.080 1.92958200e+00 1.80065800e+01 0.119 -1.01642700e+01 -3.26293200e+00
0.081 9.97293400e-01 1.79534000e+01 0.120 -9.94616300e+00 -3.79051900e+00
0.082 7.08652000e-02 1.78554300e+01 0.121 -9.67170000e+00 -4.32211100e+00
0.083 -8.57845200e-01 1.77069200e+01 0.122 -9.33570800e+00 -4.83361000e+00
0.084 -1.78930200e+00 1.74955300e+01 0.123 -8.94558500e+00 -5.30075900e+00
0.085 -2.71357200e+00 1.72088800e+01 0.124 -8.51985900e+00 -5.70533400e+00
0.086 -3.61237200e+00 1.68413900e+01 0.125 -8.08391200e+00 -6.03987000e+00
0.087 -4.46494200e+00 1.63984300e+01 0.126 -7.66393800e+00 -6.30972200e+00
0.088 -5.25521900e+00 1.58958500e+01 0.127 -7.28065800e+00 -6.53195800e+00
0.089 -5.97731300e+00 1.53553700e+01 0.128 -6.94431900e+00 -6.73136100e+00
0.090 -6.63707400e+00 1.47975200e+01 0.129 -6.65222100e+00 -6.93452200e+00
0.091 -7.24916600e+00 1.42350800e+01 0.130 -6.38935600e+00 -7.16346300e+00
0.092 -7.83083200e+00 1.36695200e+01
0.093 -8.39482900e+00 1.30918500e+01
0.094 -8.94421400e+00 1.24873200e+01
0.095 -9.47090000e+00 1.18423000e+01
0.096 -9.95841500e+00 1.11506300e+01
0.097 -1.03877900e+01 1.04172400e+01
0.098 -1.07443800e+01 9.65769200e+00
0.099 -1.10232700e+01 8.89405100e+00
0.100 -1.12314100e+01 8.14839600e+00
0.101 -1.13857300e+01 7.43628400e+00
0.102 -1.15080700e+01 6.76231800e+00
0.103 -1.16184500e+01 6.11926300e+00
0.104 -1.17290300e+01 5.49093100e+00
0.105 -1.18405500e+01 4.85786400e+00
0.106 -1.19424800e+01 4.20397900e+00
0.107 -1.20166100e+01 3.52208300e+00
0.108 -1.20429800e+01 2.81661000e+00
0.109 -1.20063900e+01 2.10280100e+00
0.110 -1.19014300e+01 1.40261700e+00
0.111 -1.17346400e+01 7.38641300e-01
0.112 -1.15232100e+01 1.27753000e-01
0.113 -1.12906100e+01 -4.23609600e-01
0.114 -1.10603200e+01 -9.21251500e-01
0.115 -1.08496900e+01 -1.38160700e+00



186

Krypton

F Re{P
C

(F )} Im{P
C

(F )} F Re{P
C

(F )} Im{P
C

(F )}
0.001 1.13697200e+01 1.49982468e-247 0.039 1.87468000e+01 1.67068700e+00
0.002 1.13764000e+01 5.74828991e-120 0.040 1.93876400e+01 2.17261100e+00
0.003 1.13875600e+01 1.82701978e-77 0.041 2.00310200e+01 2.77715900e+00
0.004 1.14032400e+01 3.11462517e-56 0.042 2.06584800e+01 3.48860100e+00
0.005 1.14235300e+01 1.64693504e-43 0.043 2.12542500e+01 4.30485300e+00
0.006 1.14484900e+01 4.84847595e-35 0.044 2.18080300e+01 5.22375400e+00
0.007 1.14782300e+01 5.28878971e-29 0.045 2.23097000e+01 6.24868800e+00
0.008 1.15128900e+01 1.74386010e-24 0.046 2.27408300e+01 7.38548600e+00
0.009 1.15526200e+01 5.57834863e-21 0.047 2.30734000e+01 8.63168800e+00
0.010 1.15976000e+01 3.48496886e-18 0.048 2.32799600e+01 9.96915400e+00
0.011 1.16480400e+01 6.63677582e-16 0.049 2.33464500e+01 1.13692600e+01
0.012 1.17041600e+01 5.18430860e-14 0.050 2.32749700e+01 1.28074600e+01
0.013 1.17662600e+01 2.04007271e-12 0.051 2.30725200e+01 1.42739500e+01
0.014 1.18346400e+01 4.68347706e-11 0.052 2.27352100e+01 1.57695400e+01
0.015 1.19096500e+01 6.98564884e-10 0.053 2.22430300e+01 1.72893000e+01
0.016 1.19917200e+01 7.33873831e-09 0.054 2.15714700e+01 1.88081200e+01
0.017 1.20813200e+01 5.77595014e-08 0.055 2.07112500e+01 2.02820300e+01
0.018 1.21789700e+01 3.57327042e-07 0.056 1.96798500e+01 2.16657200e+01
0.019 1.22853200e+01 1.80472750e-06 0.057 1.85146800e+01 2.29332200e+01
0.020 1.24010800e+01 7.67062883e-06 0.058 1.72521900e+01 2.40860300e+01
0.021 1.25271300e+01 2.81180699e-05 0.059 1.59081000e+01 2.51419700e+01
0.022 1.26644800e+01 9.06981374e-05 0.060 1.44732500e+01 2.61126200e+01
0.023 1.28143700e+01 2.61743306e-04 0.061 1.29284900e+01 2.69855000e+01
0.024 1.29782800e+01 6.85207565e-04 0.062 1.12683300e+01 2.77240200e+01
0.025 1.31580300e+01 1.64619864e-03 0.063 9.51669900e+00 2.82855500e+01
0.026 1.33557900e+01 3.66542193e-03 0.064 7.72414700e+00 2.86457000e+01
0.027 1.35740500e+01 7.62751622e-03 0.065 5.94795600e+00 2.88131500e+01
0.028 1.38157200e+01 1.49408774e-02 0.066 4.22738000e+00 2.88258300e+01
0.029 1.40841200e+01 2.77197534e-02 0.067 2.56883400e+00 2.87305100e+01
0.030 1.43827000e+01 4.89723786e-02 0.068 9.49615900e-01 2.85580600e+01
0.031 1.47146600e+01 8.27731432e-02 0.069 -6.62221700e-01 2.83084200e+01
0.032 1.50830100e+01 1.34393556e-01 0.070 -2.28344300e+00 2.79536700e+01
0.033 1.54905600e+01 2.10366917e-01 0.071 -3.90027800e+00 2.74568600e+01
0.034 1.59395000e+01 3.18465377e-01 0.072 -5.47017600e+00 2.67961000e+01
0.035 1.64301600e+01 4.68673000e-01 0.073 -6.93921600e+00 2.59809000e+01
0.036 1.69603900e+01 6.69255700e-01 0.074 -8.26586200e+00 2.50527400e+01
0.037 1.75262600e+01 9.30332400e-01 0.075 -9.43911900e+00 2.40699100e+01
0.038 1.81234200e+01 1.26069600e+00 0.076 -1.04824600e+01 2.30843500e+01
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0.077 -1.14419600e+01 2.21215500e+01 0.116 -9.91274600e+00 -1.20145700e+01
0.078 -1.23645800e+01 2.11727000e+01 0.117 -9.27570400e+00 -1.27102600e+01
0.079 -1.32767100e+01 2.02023900e+01 0.118 -8.49214200e+00 -1.33252600e+01
0.080 -1.41725100e+01 1.91677400e+01 0.119 -7.60574600e+00 -1.37972500e+01
0.081 -1.50167800e+01 1.80402800e+01 0.120 -6.68618100e+00 -1.40923000e+01
0.082 -1.57604500e+01 1.68210100e+01
0.083 -1.63617900e+01 1.55428800e+01
0.084 -1.68045100e+01 1.42598500e+01
0.085 -1.71055900e+01 1.30275200e+01
0.086 -1.73099300e+01 1.18830900e+01
0.087 -1.74744300e+01 1.08324400e+01
0.088 -1.76475700e+01 9.84905700e+00
0.089 -1.78523900e+01 8.88500800e+00
0.090 -1.80791300e+01 7.88948700e+00
0.091 -1.82896600e+01 6.82806900e+00
0.092 -1.84320600e+01 5.69578700e+00
0.093 -1.84597800e+01 4.51967800e+00
0.094 -1.83487600e+01 3.35021000e+00
0.095 -1.81068000e+01 2.24473200e+00
0.096 -1.77722500e+01 1.24859000e+00
0.097 -1.74024600e+01 3.80173500e-01
0.098 -1.70560600e+01 -3.75292300e-01
0.099 -1.67747300e+01 -1.06127300e+00
0.100 -1.65703100e+01 -1.73633700e+00
0.101 -1.64213300e+01 -2.45584300e+00
0.102 -1.62797700e+01 -3.25466100e+00
0.103 -1.60859400e+01 -4.13616900e+00
0.104 -1.57868600e+01 -5.07074300e+00
0.105 -1.53526900e+01 -6.00407600e+00
0.106 -1.47863500e+01 -6.87281900e+00
0.107 -1.41237600e+01 -7.62299500e+00
0.108 -1.34244300e+01 -8.22590100e+00
0.109 -1.27551700e+01 -8.68695000e+00
0.110 -1.21715000e+01 -9.04490200e+00
0.111 -1.17020600e+01 -9.36167600e+00
0.112 -1.13402300e+01 -9.70558600e+00
0.113 -1.10455200e+01 -1.01326200e+01
0.114 -1.07540900e+01 -1.06708900e+01
0.115 -1.03957400e+01 -1.13124500e+01
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Xenon

F Re{P
C

(F )} Im{P
C

(F )} F Re{P
C

(F )} Im{P
C

(F )}
0.001 2.69896000e+01 4.46780199e-209 0.039 5.96634900e+01 4.02673146e+01
0.002 2.70181600e+01 2.31342136e-100 0.040 5.79730400e+01 4.66162600e+01
0.003 2.70660000e+01 3.82765078e-64 0.041 5.54571700e+01 5.26207600e+01
0.004 2.71334800e+01 4.75075800e-46 0.042 5.20450400e+01 5.85524100e+01
0.005 2.72211000e+01 3.31034436e-35 0.043 4.76072200e+01 6.42309100e+01
0.006 2.73295400e+01 5.45721989e-28 0.044 4.21342300e+01 6.93254100e+01
0.007 2.74596600e+01 7.61208681e-23 0.045 3.58468100e+01 7.35199400e+01
0.008 2.76125100e+01 5.37270022e-19 0.046 2.91033300e+01 7.67056500e+01
0.009 2.77893600e+01 5.18263098e-16 0.047 2.21798900e+01 7.90054900e+01
0.010 2.79917400e+01 1.24017729e-13 0.048 1.51297800e+01 8.06004600e+01
0.011 2.82214500e+01 1.07585015e-11 0.049 7.85503900e+00 8.15189700e+01
0.012 2.84806700e+01 4.35705657e-10 0.050 3.21090300e-01 8.15854200e+01
0.013 2.87719500e+01 9.81409096e-09 0.051 -7.28342500e+00 8.05723600e+01
0.014 2.90983600e+01 1.39327856e-07 0.052 -1.45816700e+01 7.84201600e+01
0.015 2.94636100e+01 1.36643192e-06 0.053 -2.12085300e+01 7.53410500e+01
0.016 2.98721700e+01 9.91684214e-06 0.054 -2.70184800e+01 7.17258100e+01
0.017 3.03296000e+01 5.61355746e-05 0.055 -3.21467600e+01 6.79232500e+01
0.018 3.08428700e+01 2.58196116e-04 0.056 -3.68818400e+01 6.40516800e+01
0.019 3.14209100e+01 9.96631751e-04 0.057 -4.14429400e+01 5.99722200e+01
0.020 3.20751300e+01 3.31294655e-03 0.058 -4.58168400e+01 5.54349400e+01
0.021 3.28199100e+01 9.68439573e-03 0.059 -4.97577300e+01 5.02925600e+01
0.022 3.36733400e+01 2.53245059e-02 0.060 -5.29412600e+01 4.46421100e+01
0.023 3.46566800e+01 6.00840362e-02 0.061 -5.51701900e+01 3.88108800e+01
0.024 3.57918500e+01 1.30870827e-01 0.062 -5.65072500e+01 3.32004300e+01
0.025 3.71025000e+01 2.64295335e-01 0.063 -5.72592400e+01 2.80827100e+01
0.026 3.86126200e+01 4.99039698e-01 0.064 -5.78232200e+01 2.34650200e+01
0.027 4.03344400e+01 8.87313076e-01 0.065 -5.84823300e+01 1.90988900e+01
0.028 4.22638700e+01 1.49475332e+00 0.066 -5.92641400e+01 1.46256100e+01
0.029 4.43909000e+01 2.39828854e+00 0.067 -5.99353200e+01 9.77724400e+00
0.030 4.66967600e+01 3.68176245e+00 0.068 -6.01311500e+01 4.52744000e+00
0.031 4.91293300e+01 5.42949829e+00 0.069 -5.95505100e+01 -8.81864500e-01
0.032 5.15919500e+01 7.71834915e+00 0.070 -5.81196800e+01 -6.04781600e+00
0.033 5.39680200e+01 1.06090826e+01 0.071 -5.60467700e+01 -1.05949700e+01
0.034 5.61548000e+01 1.41381154e+01 0.072 -5.37408700e+01 -1.43553100e+01
0.035 5.80590200e+01 1.83106220e+01 0.073 -5.16323800e+01 -1.74545500e+01
0.036 5.95478000e+01 2.30958940e+01 0.074 -4.99779500e+01 -2.02626600e+01
0.037 6.04237600e+01 2.84255584e+01 0.075 -4.87408100e+01 -2.32299300e+01
0.038 6.04915000e+01 3.41949172e+01 0.076 -4.76019300e+01 -2.66833600e+01
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0.077 -4.60965000e+01 -3.06742400e+01
0.078 -4.38164300e+01 -3.49427900e+01
0.079 -4.05934000e+01 -3.90148900e+01
0.080 -3.65864400e+01 -4.23927200e+01
0.081 -3.22350500e+01 -4.47631400e+01
0.082 -2.80920100e+01 -4.61379400e+01
0.083 -2.46004100e+01 -4.68638200e+01
0.084 -2.19067200e+01 -4.74923800e+01
0.085 -1.97895400e+01 -4.85596800e+01
0.086 -1.77362400e+01 -5.03643800e+01
0.087 -1.51390300e+01 -5.28335800e+01
0.088 -1.15353200e+01 -5.55301200e+01
0.089 -6.80167600e+00 -5.78012100e+01
0.090 -1.22678400e+00 -5.90170400e+01
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Appendix E

SSSI-Numerical Comparison of Transient

Nonlinear Phase Shift Maps

“Great discoveries and improvements invariably involve the cooperation of many minds.

I may be given credit for having blazed the trail, but when I look at the subsequent

developments I feel the credit is due to others rather than to myself.”

-Alexander Graham Bell

This appendix contains the full results for the phase-shift maps as shown in Sec-

tion 3.2. The simulations were performed comparing the Single-Shot Spectral Inter-

ferometric measurement of the transient nonlinear phase shift to that of the post-

adiabatic corrected MESA model as described in Section 3.1, using the gUPPE simu-

lator [26, 27]. The appendix contains results for noble gas species Argon and Krypton.

In each case:

1. The phase maps of experiment (top left) and simulation (top right) are il-

lustrated side-by-side. The maps contain color coded lines of the axis of the

transverse profiles.

2. Underneath are the transverse profiles in time (x = 0 µm, middle) and space (t

= 0 fs, bottom left and t = 35 fs, bottom right). The axes are color-coded and

labeled on the above phase maps.

3. Simulation parameters
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E.0.1 Argon

GUPPE Input Parameters

zgas = 458.6 µm

Pump Pulse Probe Pulse

I0 = 2e17 TW/cm2 I0 = 1.5e13 TW/cm2

⌧FWHM = 42 fs ⌧FWHM = 200 fs

w0 = 85 µm w0 = 200µm
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GUPPE Input Parameters

zgas = 459.2 µm

Pump Pulse Probe Pulse

I0 = 3.8e17 TW/cm2 I0 = 1.5e13 TW/cm2

⌧FWHM = 42 fs ⌧FWHM = 200 fs

w0 = 85 µm w0 = 200µm
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GUPPE Input Parameters

zgas = 460.5 µm

Pump Pulse Probe Pulse

I0 = 7.62e17 TW/cm2 I0 = 1.5e13 TW/cm2

⌧FWHM = 42 fs ⌧FWHM = 200 fs

w0 = 85 µm w0 = 200µm
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GUPPE Input Parameters

zgas = 459.8 µm

Pump Pulse Probe Pulse

I0 = 10.58e17 TW/cm2 I0 = 1.5e13 TW/cm2

⌧FWHM = 42 fs ⌧FWHM = 200 fs

w0 = 85 µm w0 = 200µm
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GUPPE Input Parameters

zgas = 454.7 µm

Pump Pulse Probe Pulse

I0 = 9.16e17 TW/cm2 I0 = 1.5e13 TW/cm2

⌧FWHM = 42 fs ⌧FWHM = 200 fs

w0 = 85 µm w0 = 200µm
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GUPPE Input Parameters

zgas = 487.7 µm

Pump Pulse Probe Pulse

I0 = 3.6e17 TW/cm2 I0 = 1.5e13 TW/cm2

⌧FWHM = 42 fs ⌧FWHM = 200 fs

w0 = 85 µm w0 = 200µm
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GUPPE Input Parameters

zgas = 489.0 µm

Pump Pulse Probe Pulse

I0 = 7.05e17 TW/cm2 I0 = 1.5e13 TW/cm2

⌧FWHM = 42 fs ⌧FWHM = 200 fs

w0 = 85 µm w0 = 200µm
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GUPPE Input Parameters

zgas = 459.0 µm

Pump Pulse Probe Pulse

I0 = 8.21e17 TW/cm2 I0 = 1.5e13 TW/cm2

⌧FWHM = 42 fs ⌧FWHM = 200 fs

w0 = 85 µm w0 = 200µm



199

GUPPE Input Parameters

zgas = 439.9 µm

Pump Pulse Probe Pulse

I0 = 5.87e17 TW/cm2 I0 = 1.5e13 TW/cm2

⌧FWHM = 42 fs ⌧FWHM = 200 fs

w0 = 85 µm w0 = 200µm
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GUPPE Input Parameters

zgas = 441.1 µm

Pump Pulse Probe Pulse

I0 = 7.6e17 TW/cm2 I0 = 1.5e13 TW/cm2

⌧FWHM = 42 fs ⌧FWHM = 200 fs

w0 = 85 µm w0 = 200µm
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GUPPE Input Parameters

zgas = 441.7 µm

Pump Pulse Probe Pulse

I0 = 8.24e17 TW/cm2 I0 = 1.5e13 TW/cm2

⌧FWHM = 42 fs ⌧FWHM = 200 fs

w0 = 85 µm w0 = 200µm
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GUPPE Input Parameters

zgas = 443.0 µm

Pump Pulse Probe Pulse

I0 = 10.16e17 TW/cm2 I0 = 1.5e13 TW/cm2

⌧FWHM = 42 fs ⌧FWHM = 200 fs

w0 = 85 µm w0 = 200µm
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GUPPE Input Parameters

zgas = 438.0 µm

Pump Pulse Probe Pulse

I0 = 2.64e17 TW/cm2 I0 = 1.5e13 TW/cm2

⌧FWHM = 42 fs ⌧FWHM = 200 fs

w0 = 85 µm w0 = 200µm
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GUPPE Input Parameters

zgas = 439.3 µm

Pump Pulse Probe Pulse

I0 = 4.08e17 TW/cm2 I0 = 1.5e13 TW/cm2

⌧FWHM = 42 fs ⌧FWHM = 200 fs

w0 = 85 µm w0 = 200µm
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GUPPE Input Parameters

zgas = 400.6 µm

Pump Pulse Probe Pulse

I0 = 7.91e17 TW/cm2 I0 = 1.5e13 TW/cm2

⌧FWHM = 42 fs ⌧FWHM = 200 fs

w0 = 85 µm w0 = 200µm
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GUPPE Input Parameters

zgas = 401.8 µm

Pump Pulse Probe Pulse

I0 = 7.91e17 TW/cm2 I0 = 1.5e13 TW/cm2

⌧FWHM = 42 fs ⌧FWHM = 200 fs

w0 = 85 µm w0 = 200µm
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E.0.2 Krypton

GUPPE Input Parameters

zgas = 269.0 µm

Pump Pulse Probe Pulse

I0 = 2.34e17 TW/cm2 I0 = 1.5e13 TW/cm2

⌧FWHM = 42 fs ⌧FWHM = 200 fs

w0 = 85 µm w0 = 200µm
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GUPPE Input Parameters

zgas = 264.2 µm

Pump Pulse Probe Pulse

I0 = 2.59e17 TW/cm2 I0 = 1.5e13 TW/cm2

⌧FWHM = 42 fs ⌧FWHM = 200 fs

w0 = 85 µm w0 = 200µm
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GUPPE Input Parameters

zgas = 259.3.6 µm

Pump Pulse Probe Pulse

I0 = 4.21e17 TW/cm2 I0 = 1.5e13 TW/cm2

⌧FWHM = 42 fs ⌧FWHM = 200 fs

w0 = 85 µm w0 = 200µm
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GUPPE Input Parameters

zgas = 257.5 µm

Pump Pulse Probe Pulse

I0 = 5.52e17 TW/cm2 I0 = 1.5e13 TW/cm2

⌧FWHM = 42 fs ⌧FWHM = 200 fs

w0 = 85 µm w0 = 200µm
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GUPPE Input Parameters

zgas = 254.5 µm

Pump Pulse Probe Pulse

I0 = 7.01e17 TW/cm2 I0 = 1.5e13 TW/cm2

⌧FWHM = 42 fs ⌧FWHM = 200 fs

w0 = 85 µm w0 = 200µm
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GUPPE Input Parameters

zgas = 256.3 µm

Pump Pulse Probe Pulse

I0 = 7.83e17 TW/cm2 I0 = 1.5e13 TW/cm2

⌧FWHM = 42 fs ⌧FWHM = 200 fs

w0 = 85 µm w0 = 200µm
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GUPPE Input Parameters

zgas = 253.3 µm

Pump Pulse Probe Pulse

I0 = 8.78e17 TW/cm2 I0 = 1.5e13 TW/cm2

⌧FWHM = 42 fs ⌧FWHM = 200 fs

w0 = 85 µm w0 = 200µm
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[94] G. Álvarez and B. Sundaram, “Perturbation theory for the stark e↵ect in a
double � quantum well,” Journal of Physics A: Mathematical and General,
vol. 37, no. 41, p. 9735, 2004.

[95] M. Glück, A. R. Kolovsky, and H. J. Korsch, “Wannier–stark resonances in opti-
cal and semiconductor superlattices,” Physics Reports, vol. 366, no. 3, pp. 103–
182, 2002.

[96] A. H. Larsen, U. De Giovannini, D. L. Whitenack, A. Wasserman, and A. Rubio,
“Stark ionization of atoms and molecules within density functional resonance
theory,” The Journal of Physical Chemistry Letters, vol. 4, no. 16, pp. 2734–
2738, 2013.

[97] A. Emmanouilidou and N. Moiseyev, “Stark and field-born resonances of an
open square well in a static external electric field,” The Journal of chemical
physics, vol. 122, no. 19, p. 194101, 2005.

[98] J. M. Brown, A. Lotti, A. Teleki, and M. Kolesik, “Exactly solvable model
for nonlinear light-matter interaction in an arbitrary time-dependent field,”
Physical Review A, vol. 84, no. 6, p. 063424, 2011.

[99] C. M. Bender, “Making sense of non-hermitian hamiltonians,” Reports on
Progress in Physics, vol. 70, no. 6, p. 947, 2007.
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