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Abstract Hydraulic tomography (HT) is a recently developed technology for characterizing high-
resolution, site-specific heterogeneity using hydraulic data (nd) from a series of cross-hole pumping tests. To
properly account for the subsurface heterogeneity and to flexibly incorporate additional information, geo-
statistical inverse models, which permit a large number of spatially correlated unknowns (ny), are frequently
used to interpret the collected data. However, the memory storage requirements for the covariance of the
unknowns (ny 3 ny) in these models are prodigious for large-scale 3-D problems. Moreover, the sensitivity
evaluation is often computationally intensive using traditional difference method (ny forward runs).
Although employment of the adjoint method can reduce the cost to nd forward runs, the adjoint model
requires intrusive coding effort. In order to resolve these issues, this paper presents a Reduced-Order Suc-
cessive Linear Estimator (ROSLE) for analyzing HT data. This new estimator approximates the covariance of
the unknowns using Karhunen-Loeve Expansion (KLE) truncated to nkl order, and it calculates the directional
sensitivities (in the directions of nkl eigenvectors) to form the covariance and cross-covariance used in the
Successive Linear Estimator (SLE). In addition, the covariance of unknowns is updated every iteration by
updating the eigenvalues and eigenfunctions. The computational advantages of the proposed algorithm
are demonstrated through numerical experiments and a 3-D transient HT analysis of data from a highly het-
erogeneous field site.

1. Introduction

Hydraulic tomography (HT) is an approach for characterizing the heterogeneity of spatially correlated
hydraulic parameters of geologic media at high resolutions (Butler et al., 1999; Gottlieb & Dietrich, 1995;
Yeh & Liu, 2000; Zhu & Yeh, 2005). Exploiting a series of man-made or naturally occurring hydraulic excita-
tions (e.g., pumping tests, river-stage variations, or precipitations), HT collects a large number of drawdown-
time data from different observation wells (Yeh et al., 2008). As this data set contains information about
aquifer heterogeneity under different flow fields, HT requires an appropriate inverse model to derive the
high-resolution spatial distribution of hydraulic parameters. The large number of data sets and a large num-
ber of parameters to be identified presents a significant challenge to the solution of inverse models. In order
to overcome this challenge, classical approaches assign a small number of predetermined structures (e.g.,
zones or layers) for the aquifer to reduce the number of parameters to be identified or use pilot points.
With a small number of predetermined structures, these approaches yield low-resolution and perhaps
biased parameter fields (Yeh et al., 2015a, 2015b). Geostatistical approaches, by contrast, adopt a highly
parameterized heterogeneous conceptual model, and estimate hydraulic parameters as well as their uncer-
tainties at all elements or cells in the model domain (Kitanidis, 2015; Yeh & Liu, 2000). The parameter fields
derived from these approaches yield unbiased predictions of flow and solute transport (Illman et al., 2012;
Ni et al., 2009; Zha et al., 2017). Such benefits make geostatistical approaches attractive for HT analyses (Ill-
man et al., 2015) and analyses in other fields (such as electrical resistivity tomography (Yeh et al., 2002),
river-stage tomography (Yeh et al., 2009), data fusion of HT and tracer tomography (Yeh & Zhu, 2007), and
fusion of environmental responses for basin-scale characterization (Yeh et al., 2008)).
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Two geostatistical approaches have been widely applied to the field of hydraulic tomography: the Quasi-
Linear Geostatistical Approach (QLGA) by Kitanidis (1995) and the Successive Linear Estimator (SLE) by Yeh
et al. (1996), both of which have been used to interpret the hydraulic tomographic data from synthetic
numerical experiments (e.g., Cardiff et al., 2013; Fienen et al., 2008; Yeh & Liu, 2000), laboratory sandboxes
(Illman et al., 2007; Liu et al., 2007; Liu & Kitanidis, 2011; Zhao et al., 2015; Zhou & Cardiff, 2017; Zhou et al.,
2016), and field tests (Cardiff et al., 2012; Illman et al., 2009; Hochstetler et al., 2015; Zha et al., 2016). The
employment of adjoint approach in QLGA and SLE has been very useful in the HT applications since the
cost for evaluating sensitivity matrix is reduced from the number of unknown parameters (ny) to the num-
ber of selected fitting measurements (nd). However, these two approaches may confront difficulty in 3-D,
real-world HT applications due to two reasons. First, both approaches are computational demanding as the
number (ny) of unknown parameters becomes large since they require matrix multiplications and memory
storage of the covariance matrix (with ny

2 entries). Second, the inversion theoretically needs to include
many noisy drawdown data to minimize effects of noise. Because of this, the adjoint method would require
many simulations (nd typically ranges from 102 to 104) and thus increase the computational burden of
QLGA and SLE.

Considerable efforts have been devoted to circumventing this difficulty recently. For instance, Nowak et al.
(2003) proposed an efficient algorithm to compute the cross-covariance of the unknowns and the observa-
tion data, and the autocovariance of the observations, using fast Fourier transform. Their method is most
suitable for the cases when the covariance of the unknowns is Toeplitz (constant diagonals), which requires
that the random field is omnidirectional, stationary and it is discretized on a regular equispaced grid.
Liu and Kitanidis (2011) reformulated the Bayesian posterior distribution of the unknown parameters with a
sparse representation. Due to the sparsity of the distribution, the inverse problem was solved efficiently.
Subsequently, based on the reformulated posterior distribution, Liu et al. (2013) developed a geostatistical
reduced-order model. In this model, the solution parameter space was mapped by the cross-covariance
between parameters and observation data. The construction of the cross-covariance, however, required an
evaluation of the sensitivity matrix. For reducing the computational cost of the sensitivity analysis, the sensi-
tivity was evaluated only at the beginning of inversion or when the fitting error between the observation
and simulated data cannot be improved. Later, Liu et al. (2014) developed a Krylov subspace method to
avoid the direct solution of sensitivity matrix J. Specifically, the products Jx and JTx are solved by the
adjoint method at each iteration for any appropriately sized vector x, and the forward model only needs to
be evaluated twice.

Recently, Kitanidis and Lee (2014) proposed an efficient Principal Component Geostatistical Approach
(PCGA) for large-dimensional inversion based on the Quasi-Linear Geostatistical Approach (QLGA). The ran-
domized eigendecomposition approach was employed to approximate the prior covariance of parameters.
With a so-called matrix-free method, the autocovariance of observations, as well as the cross-covariance of
parameters and observations, were computed using the directional sensitivities, which are obtained from
finite differencing outputs from the forward model. For each iteration, the required runs of the forward
model can be equal to or less than the number of observation data. Also, the computational and storage
cost of implementation of the inverse procedure scales roughly linearly with the number of unknown
parameters (ny). More importantly, the Jacobian matrix is not explicitly calculated, thus the proposed inverse
approach can be easily adaptable to different forward models (e.g., flow, solute transport, or geophysics)
and various data types. Otherwise, an adjoint-state model has to be coded for each forward model. Though
the posterior covariance is not computed or stored in PCGA, the variances of the estimates were computed
at the end of the iteration with matrix-vector products. Lee and Kitanidis (2014) subsequently applied this
method to a large-scale HT with unknown parameters ny 5 3 3 106 and a joint inversion problem of head
and tracer test data. These applications demonstrated the advantages of the PCGA. More recently, a data
reduction technique combined with the PCGA was developed by Lin et al. (2017) to improve the computa-
tional efficiency and to reduce the memory requirement. The success in improving the standard QLGA
inspires us to develop an efficient method for SLE.

Although SLE and QLGA share similarities, a major difference between them is that the covariance of
unknown parameters in SLE is updated to derive the residual covariance every iteration (Nowak & Cirpka,
2004; Zha et al., 2017). To be specific, the collected data are assimilated iteratively with a stochastic linear
estimator in SLE to consider the nonlinear relationship between data and parameter as well as the
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covariance of the parameters. The covariance of parameters initially specifies the spatial variability of the
parameters. After conditioning the estimates of the parameters with data and the linear estimator, the
covariance becomes the conditional covariance (or residual covariance: uncertainty associated with the esti-
mates). Because this residual covariance is a linear approximation, it must be updated every iteration to
reflect a further reduction in uncertainty of the estimates due to additional information extracted from the
nonlinear relationship between data and parameters. That is, using this linearly approximated residual
covariance, SLE then constructs new cross-covariance between parameter and data, and autocovariance of
data (i.e., head) for the data assimilation at the next iteration. The continuous updating of residual covari-
ance allows SLE to correctly address the uncertainty and enhance convergence of the inverse solution.
However, updating the residual covariance of parameters is a major stumbling block for extending PCGA to
SLE, since finding the eigenvalues and eigenvectors of a large residual covariance matrix is computationally
expensive, if not prohibitive, for field-scale applications.

In this paper, we propose the use of truncated KLE to approximate the covariance of the unknown parame-
ters such that the full-rank covariance matrix does not need to be explicitly computed and stored. Further-
more, the directional sensitivities (in the directions of nkl eigenvectors) are calculated to form the
covariance and cross-covariance matrix used in the cokriging-like inverse equation. The uncertainty of the
estimates (conditional covariance) is then updated during each iteration via updating the leading eigenval-
ues and eigenfunctions associated with the residual covariance.

This paper is arranged as follows. We first revisit the Successive Linear Estimator (SLE) that forms the geo-
statistical inversion approach (section 2.1). We thereafter start from the truncated KLE to approximate the
covariance of the unknown parameters, which has an analytical solution for a uniform grid (section 2.2). The
Reduced-Order Successive Linear Estimator (ROSLE) is then developed with the help of directional sensitiv-
ity (section 2.3). In section 3, we test ROSLE with two steady state 2-D synthetic examples and a 3-D tran-
sient hydraulic tomography at a highly heterogeneous field site to demonstrate the superiority of the
proposed method over SLE. Lastly, summary and conclusions are presented.

2. Methodology

2.1. Overview of the Successive Linear Estimator
Here we review the algorithm of the Successive Linear Estimator (SLE) used in HT analysis, which is originally
proposed by Yeh et al. (1996) based on an iterative cokriging-like inverse model (Yeh et al., 1995). SLE
adopts a highly parameterized conceptual model, which characterize the unknown parameter as a spatial
random field. As such, it discretizes the 3-D domain of the field site into N elements (material grid, which
could be different from the forward grid used to solve the flow problem). Each element has a value for each
hydraulic parameter (i.e., natural logarithms of hydraulic conductivity K [L/T] and specific storage Ss [1/T]—
lnK and lnSs, respectively). Moreover, lnK and lnSs can use different material grids (N 5 Nk for lnK and Ns for
lnSs, respectively) since lnSs usually has lower spatial resolution based on HT data. The SLE then considers
these hydraulic parameters as spatial stochastic processes (or random fields) with unconditional means
E[lnK] and E[lnSs] (where E[–] denotes expectation), and the unconditional perturbations lnK 2 E[lnK] and
lnSs 2 E[lnSs], respectively. These perturbations represent spatial variability of the parameters.

SLE estimates the most likely parameter value (i.e., conditional expectation or more appropriately condi-
tional effective parameter value) for each element, conditioned with the observed drawdown data from the
HT survey. It starts with some prior knowledge about mean values of the unknown parameter fields, which
are combined as vector Y (ny 3 1) in the numerical model. ny is equal to Nk if only lnK is concerned, and it is
Nk 1 Ns if lnK and lnSs are jointly estimated for transient problems.

Suppose during a pumping test, we have collected nd observed heads in time and space, denoted by the
data vector d*. The estimated parameter vector, given the observation, is Yc (subscript c denotes condi-
tional), and is iteratively determined using the following linear estimator:

Y r11ð Þ
c 5Y rð Þ

c 1x rð ÞTðd�2d rð ÞÞ (1)

where r is the iteration index; the vector d(r) is the simulated heads at the observation locations and times
obtained from the forward model, using the parameters obtained at iteration r. When r 5 0, Yc 5 E[Y]. The
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coefficient matrix, x (nd 3 ny), denotes the weights, which assign the contribution of difference between
the observed and simulated head at each observation location and time to a previously estimated parame-
ter value at each element.

The coefficient matrix x is determined by solving the following equations:

½E rð Þ
dd 1h rð ÞdiagðE rð Þ

ddÞ�x
rð Þ5E rð Þ

dy (2)

where Edd is the conditional (or residual) autocovariance of observation data and Edy is the residual cross-
covariance between parameter and data. The parameter h is a dynamic stability multiplier and diag(Edd) is a
stability matrix, which is a diagonal matrix with the same diagonal elements as Edd. The solution of equation
(2) requires knowledge of autocovariance Edd and cross-covariance Edy, which can be derived from the first-
order numerical approximation (Yeh & Liu, 2000):

EðrÞdd 5JðrÞd EðrÞyy JðrÞTd ;

EðrÞdy 5JðrÞd EðrÞyy

(3)

where Jd (nd 3 ny) is the sensitivity (Jacobian) matrix of model predictions with respect to parameters esti-
mated at current iteration. At iteration r 5 0, the Eyy (ny 3 ny) is the unconditional covariance of parameters,
which specifies the spatial variability of the parameter. It can be constructed from the assumed geologic
structures of lnK and lnSs (i.e., variance r2, correlation scales, and covariance function). For r� 1, the residual
or conditional (residual) covariance function is evaluated according to:

Eðr11Þ
yy 5EðrÞyy 2xTEdy (4)

The above only describes the inverse algorithm using data from a single pumping test. In HT, data from sev-
eral pumping tests are used conjunctively by adopting one of the two different approaches, e.g., Sequential
SLE (SSLE) and Simultaneous SLE (SimSLE). Both SimSLE and SSLE are based on the Successive Linear Esti-
mator (SLE) algorithm (Xiang et al., 2009; Zhu & Yeh, 2005).

A major drawback of SLE is that the covariance matrix requires a large memory storage. For instance, when
ny 5 105, the storage for a double-precision covariance matrix Eyy is approximately 150 GB, which is not yet
commonly available for current personal computers. Previous applications of SLE for large-scale inverse
problem utilized a reduced covariance matrix storage technique to save on memory (Zha et al., 2015, 2016).
Specifically, when the cross-covariance value is smaller than a user-defined percentage of the variance, it
will be considered as 0. The resultant banded matrix is stored at a much lower cost by a compressed row
storage algorithm. However, the efficiency of this method could be low if the parameter field has long cor-
relation scales. Furthermore, as an iterative solver, the computational costs for sensitivity matrix Jd and
matrix-vector multiplications in equation (3) during each iteration are significant, albeit parallel computing
approaches could be used. These difficulties are the major issue for applications of SLE to HT problems with
a large number of unknowns (e.g., �105).

2.2. Karhunen-Loeve Expansion
The KLE can be used to generate random fields based on given correlation functions (Ghanem & Spanos,
2003). In our case, the parameter random field Y can be expanded as (Zhang & Lu, 2004):

Y5E½Y�1gk1=2n (5)

where E[Y] is the mean of the discretized random field Y, n(ny 3 1) are a set of uncorrelated random variables
with zero mean and unity variance, which means that E[ni] 5 0, E[nini] 5 1, and E[ninj] 5 0, when i 6¼ j. Further-
more, g (ny 3 ny) are orthogonal eigenfunctions, and k (ny 3 ny) is a diagonal matrix filling with correspond-
ing nonnegative eigenvalues ki (where i 5 1, 2, . . ., ny, and they are rearranged in nonincreasing order). The
eigenvalues and eigenvectors are obtained by eigenvalue decomposition of the covariance function of Y:

Eyy5gT kg (6)

A covariance matrix should be symmetrical based on the definition of the covariance. Thus, the eigende-
composition of the covariance matrix results in ny real eigenvalues and mutually orthogonal eigenfunctions
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that form a complete set. Although the standard eigendecomposition of an arbitrary covariance is time-
consuming, we can take advantage of some fast decomposition approaches if the covariance fulfills some
conditions. For instance, analytical solutions of g and k are available for a separable exponential covariance
function defined on a rectangular-shaped or brick-shaped domain (Ghanem & Spanos, 2003; Zhang & Lu,
2004). Moreover, the eigenvalues and eigenvectors of the circulant matrix (a special Toeplitz where each
row vector is rotated one element to the right relative to the preceding row vector), which is obtained from
circulant embedding of original covariance, can be solved efficiently using the fast Fourier transform algo-
rithm (Nowak et al., 2003; Li & Cirpka, 2006). The obtained periodic eigenvectors defined on a regular grid
can be easily mapped to the original domain. In the PCGA approach, the randomized eigendecomposition
method (Halko et al., 2011) is employed to approximate the prior covariance. The computational costs for
the latter two approaches are closely related to the cost of random field generation.

It should be noted that usually KLE is truncated according to the decaying of eigenvalues ki (where i 5 1, 2,
. . ., ny). For instance, if the summation of the first nkl eigenvalues dominates the summation of all eigenval-
ues, then only the first nkl eigenvalues are kept in equation (6), and g in the eigenvalue decomposition is
reduced to a ny 3 nkl matrix.

A norm of the normalized cumulated eigenvalues (b 5
Pnkl

1 ki=
Pny

1 ki) is usually employed to measure how
well the truncated KLE approximates the original covariance. The nkl eigenvalues are first summed up, i.e.,Pnkl

1 ki , and then the summation is normalized by the summation of all eigenvalues (
Pny

1 ki), which is also
equal to the variance times the area or volume of the domain (Lu & Zhang, 2004). Apparently, b is between
0 and 1, and it increases with the number of truncated terms (nkl). A larger b indicates a better approxima-
tion accuracy of the truncated KLE.

2.3. Reduced-Order Successive Linear Estimator
Suppose for the first iteration (r 5 1) we obtain the eigenvalues and eigenfunctions for the unconditional
covariance functions. If we denote f 5 gk1/2 (ny 3 nkl), the covariance and cross-covariance in equation (3)
become:

eðrÞdd 5JðrÞd fðrÞfðrÞTJðrÞTd ;

eðrÞdy 5JðrÞd fðrÞfðrÞT
(7)

Since {gi} or {fi} with i 5 1, 2, . . ., nkl form a complete set (Lu & Zhang, 2004), the coefficient matrix x can
also be spanned by f

xðrÞ5vðrÞfðrÞT 5vðrÞk1=2gT (8)

where v (nd 3 nkl) are the coefficients to form x. Substituting equations (7) and (8) into equation (3), and
we further denote H 5 Jdf(nd 3 nkl), which is called directional gradient in Elsheikh et al. (2013), we have

½HðrÞHðrÞT 1hðrÞdiagðHðrÞHðrÞT Þ�vðrÞ5HðrÞ (9)

Again, the stabilization term h rð ÞdiagðH rð ÞH rð ÞT Þ is necessary to ensure a solution of this equation. After v is
solved from equation (9), we can reconstruct x by equation (8) and update the mean parameter field by
equation (1):

Yðr11Þ
c 5YðrÞc 1fðrÞvðrÞT ðd�2dðrÞÞ (10)

The key problem is to find H. Elsheikh et al. (2013) and Kitanidis and Lee (2014) suggest using the first-order
approximation to evaluate this matrix:

HðrÞi 5JðrÞd fðrÞi �
1
di
½GðYðrÞc 1difiÞ2GðYðrÞc Þ�

i51; 2; � � � ; nkl

(11)

where G() is the forward model that converts the hydraulic parameter Y (ny 31) to simulated observation d
(nd 31). Apparently, d(r) in equation (10) is equal to GðYðrÞc Þ. As noted by Kitanidis and Lee (2014) and
Lee and Kitanidis (2014), the difference step di is crucial to the successful calculation of H. Since the vector fi
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(ny 3 1) is scalable to
ffiffiffiffi
ki
p

, it is favorable to set di as a parameter inversely proportional to
ffiffiffiffi
ki
p

, i.e., di 5 d/
ffiffiffiffi
ki
p

,
so that

HðrÞi �
ffiffiffiffi
ki
p

d
½GðYðrÞc 1dgiÞ2GðYðrÞc Þ�

i51; 2; � � � ; nkl

(12)

By using this approximation, only nkl 1 1 forward simulations are needed to construct H. d is a user-
specified small number related to the machine round-off error (Kitanidis & Lee, 2014). The step size of finite
difference method should not be too large (to avoid error introduced by approximating derivative using dif-
ference) nor too small (to avoid numerical instability due to catastrophic cancelation error). Using the
groundwater flow model VSAFT3 (Srivastava & Yeh, 1992; Zha et al., 2015), we find that it is preferable that
the average relative change of element-wise parameter (in terms of K or Ss) is larger than 0.01% and smaller
than 1%. Recall that Y is the natural logarithm of K or Ss, thus we have 0:01% � E exp dgið Þ½ �21 � 1%. Since
gi is obtained from eigenvalue decomposition, we have gT

i gi 5 jjgijj2 5 1. Thus, the average size of gi com-
ponent is 1/ny. Furthermore, notice that E exp dgið Þ½ �21 � E dgi½ � when E dgi½ � is small, we can identify that
the proper range of d is between 1024/ny and 1022/ny.

The sensitivity matrix Jd is calculated by direct finite difference method (used in PEST (Doherty, 2007) and
UCODE (Poeter et al., 2005), ny 1 1 forward simulation runs) or adjoint method (used in QLGA and SLE, nd 1 1
forward simulation runs). Neither of these two methods are efficient since ny and nd are both very large in
real-world 3-D HT applications. Thus, the finite difference method employed here has significant merits since
it calculates the directional sensitivity matrix H instead of Jd with a cost of nkl 1 1 forward simulation runs.

After the first iteration, the conditional covariance can be decomposed in the same form

Eff
ðr11Þ5fðr11Þfðr11ÞT 5gðr11Þkðr11Þgðr11ÞT (13)

Starting from equation (4), the updating of the covariance matrix can be rewritten as

Eðr11Þ
ff 5EðrÞff 2ðvðrÞfðrÞT ÞT EðrÞdf

5ffðrÞT 2fðrÞvT ðrÞHðrÞfðrÞT

5gðrÞkðrÞ1=2ðI2vT ðrÞHðrÞÞkðrÞ1=2T gðrÞT

(14)

where I is a nkl 3 nkl identity matrix. Apparently, the conditional random field becomes nonstationary after
the HT data are conditioned. In this situation, an analytical solution of the decomposition is not available
anymore, while the direct solution of f(r11) is quite costly. Lu and Zhang (2004) proposed a method to
obtain the eigenvalues and eigenvectors of the conditional covariance of kriging with manageable efforts.
Inspired by their study, we propose an efficient method to obtain the eigenvalues and eigenvectors of the
conditional covariance of SLE. First, we can span g(r11) based on g(r):

gðr11Þ5gðrÞuðrÞ (15)

where u is a (nkl 3 nkl) matrix. Substituting equation (15) into equation (13), we have:

Eðr11Þ
ff 5gðrÞuðrÞkðr11ÞuðrÞT gðrÞT (16)

By comparing equations (16) and (14), we have:

kðrÞ1=2ðI2vT ðrÞHðrÞÞkðrÞ1=2T 5u rð Þkðr11Þu rð ÞT (17)

Equation (17) describes an eigenvalue decomposition problem of a (nkl 3 nkl) matrix A, where
A 5 kðrÞ1=2 I2vT ðrÞHðrÞ

� �
kðrÞ1=2T . Since nkl is usually not very large, we can update the conditional covariance

matrix Eff
ðr11Þ using the updated eigenvalues kðr11Þ and eigenvectors g r11ð Þ via equation (15) with afford-

able cost.

2.4. Flowchart and Computation Cost of the ROSLE Algorithm
Figure 1 presents the flowchart of ROSLE algorithm. Initially, the inverse modeling starts with a prior mean
and a covariance function with a variance and correlation scales. On a regular grid, the unconditional
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covariance Eð0Þyy is not explicitly calculated. Instead, using an analytical
solution, we directly get k and g, f 5 gk1/2. During each iteration, we
run the forward model nkl 1 1 times, one of which is given with mean
value E[Y] and the rest are given with E Y½ �1dgi , where i 5 1, 2, . . ., nkl.
Then, we construct matrix H (nd 3 nkl) based on equation (12) and solve
the cokriging-like equation (9) to get the coefficient v. After that, we
update the mean parameter Y(r11) based on equation (10), where d(r) is
obtained by running the forward model using conditional effective
parameters, which is already obtained during the previous step. Finally,
we update the eigenvalues and eigenvectors in order to proceed to
next iteration. This final step involves several substeps. First, we conduct
the eigenvalue decomposition of a symmetrical matrix A to get u
and updated eigenvalues kðr11Þ based on equation (17), and then
we construct the updated eigenvector using equation (15). The
uncertainty at any iteration, if we are interested, can be constructed
using equation (6). The iteration loop stops when certain criteria (e.g.,
reaching maximum iteration number, the head misfit error is small
enough, or the parameter spatial variance is stable) are satisfied.

The detailed computation costs of ROSLE and standard SLE are listed in
Table 1. Following the flowchart, SLE first evaluates the mean head
using the guessed mean parameters by calling the forward model np

(the number of pumping tests) times. Then, the sensitivity matrix J is
evaluated by the adjoint model nd (the number of observation) times.
Both the forward and adjoint models are standard finite element mod-
els. Since the number of nodes and the efficiency of the sparse linear
solver affect the computational cost of the finite element model, we

use the times of calling finite element models to indicate the major computational costs during the inversion.
The cross-covariance and autocovariance in equation (3) are evaluated by matrix-vector multiplications. Sub-
sequently, the cokriging coefficients in equation (2) are obtained by solving a linear system Ax 5 b, where A

is (nd 3 nd), and x and b are (nd 3 ny). By solving the inverse of E rð Þ
dd 1h rð ÞdiagðE rð Þ

dd Þ
h i

, we can construct the

coefficient by matrix product (nd 3 nd) 3 (nd 3 ny). Alternatively, some linear solver (e.g., dgefs in LINPACK

(Dongarra et al., 1979)) can solve the first column of x by factoring the left matrix E rð Þ
dd 1h rð ÞdiagðE rð Þ

dd Þ
h i

, and

then the rest of the columns of x can be obtained with much smaller cost. Finally, the mean and covariance
of the parameter field are updated with matrix products (ny 3 nd) 3 (nd 3 1) and (ny 3 nd) 3 (nd 3 ny).

Figure 1. Flowchart of ROSLE.

Table 1
Computational Costs of SLE and ROSLE at Every Iteration, Where np is the Number of Pumping Tests, ny is the Number of Unknown Parameters, nd is the Number of
Observation Data, and nkl is the Number of Truncated KLE Terms

Equations Cost

SLE
Solution d* d 5 G(y) Call finite element solver 3 np

Adjoint matrix J Adjoint equations Call finite element solver 3 nd

Forming covariances (3) Matrix products: (nd 3 ny) 3 (ny 3 ny) 1 (nd 3 ny) 3 (ny 3 nd)
Cokriging coefficient (2) Solve linear system Ax 5 b, where A is (nd 3 nd) and x and b are (nd 3 ny)
Update of the parameters (1) Matrix products: (ny 3 nd) 3 (nd 3 1)
Update of the covariance (4) Matrix products: (ny 3 nd) 3 (nd 3 ny)
ROSLE
Directional sensitivity matrix H (12) Call finite element solver np 3 (nkl 1 1)
Forming covariances (7) Matrix products: (nd 3 nkl) 3 (nkl 3 ny) 1 (nd 3 nkl) 3 (nkl 3 nd)
Cokriging coefficient v (9) Solve linear system Ax 5 b, where A is (nd 3 nd) and x and b are (nd 3 nkl)
Update of the parameters (10) Matrix products: (ny 3 nkl) 3 (nkl 3 nd) 3 (nd 3 1)
Obtain f and k (17) Eigen decomposition of (nkl 3 nkl) matrix 1 matrix products:

(nkl 3 nd) 3 (nd 3 nkl) 1 (nkl 3 nkl) 3 (nkl 3 nkl)
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In contrast, ROSLE first solves the directional sensitivity matrix H with a finite element solver np 3 (nkl 1 1)
times. Then, the covariances are constructed with H by matrix products: (nd 3 nkl) 3 (nkl 3 ny) 1 (nd 3 nkl)
3 (nkl 3 nd). In equation (9), we solve a smaller linear system Ax 5 b, where A is (nd 3 nd) and x and b are
(nd 3 nkl). The mean parameter field is updated with matrix products: (ny 3 nkl) 3 (nkl 3 nd) 3 (nd 3 1). In
ROSLE, we update the eigenvalues and eigenvectors of the conditional covariance with matrix products (nkl

3 nd) 3 (nd 3 nkl) 1 (nkl 3 nkl) 3 (nkl 3 nkl) and eigenvalue decomposition of matrix (nkl 3 nkl).

In ROSLE, the eigenvalues and eigenvectors of the unconditional covariance are obtained from analytical
solutions or fast Fourier transform before the first iteration. Moreover, the conditional covariance can be
constructed at any iteration by eigenvalues and corresponding eigenvectors with matrix products (ny 3 nkl)
3 (nkl 3 ny). These efforts not listed in Table 1 are not required for every iteration.

The maximum storage requirement for SLE is Eyy (ny 3 ny). On the other hand, ROSLE only requires (nkl 3

ny 1 nkl) for the storage of parameter covariance information.

3. Tested Examples

In this section, we consider two HT cases to examine the performance of the proposed ROSLE algorithm by
comparing it with the results from original SLE. Case 1 involves synthetic aquifers, and case 2 is an applica-
tion to field HT experiments. The code was executed using eight cores (Intel Xeon E5–2630 v3 CPUs running
at 2.4 GHz with 96 GB of RAM) on a cluster at the Super Computer Center at Wuhan University (http://hpc.
whu.edu.cn/). During the forward/adjoint modeling and the matrix-vector multiplication, MPI (Gropp et al.,
1999) is used to distribute the workload to different cores.

3.1. Case 1
Case 1 considers steady state hydraulic tomographic surveys in two 2-D synthetic aquifers with different
types of heterogeneity in K fields. In scenario 1, the aquifer lnK heterogeneity is represented by an exponen-
tial covariance function, while the other (scenario 2) is a Gaussian covariance function. Applications to these
two different covariance functions aim to demonstrate the effects of the number of terms utilized in KLE.

The synthetic aquifer has dimensions of 800 m in length and 400 m in height and is discretized into 800 3

600 elements. Each element is assigned a random lnK value, assuming it follows a jointly normal distribution
with mean l 5 0, variance r2 5 1.0, and the given covariance functions. The correlation scales are 200 and
50 m in x and y directions, respectively, for these two scenarios. The ‘‘true’’ K fields for scenario 1 and sce-
nario 2 are given in Figures 2a and 2b, respectively. According to these two figures, the K field resulting
from the exponential covariance function is more irregular than the other.

We impose constant-head boundary conditions on the left and right, and no-flow boundary conditions at
the top and bottom of the aquifer. Twelve pumping tests (with unit pumping rate) are simulated in these
aquifers at 12 locations (squares), and pressure responses at steady state conditions are collected at other
locations (circles) in Figures 2a and 2b, excluding the pumping locations. This simulation leads to 77 3

12 5 924 hydraulic data for each of the two scenarios.

Figure 2. The true lnK fields in case 1 (left: scenario 1 using exponential covariance function and right: scenario 2 using
Gaussian covariance function).
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Afterward, these hydraulic data, aquifer geometry, boundary conditions, and the mean, variance, correlation
scales, and covariance functions of the true K fields) are input to both SLE and ROSLE to reconstruct the
‘‘true’’ value in each of the 480,000 elements. However, the number of elements (ny 5 480,000) leads to a
covariance of approximately 1,716 GB (assuming double precision) in SLE, which is too large to be stored in
our computing equipment. Instead, we employ SLE to estimate the lnK value at a coarse inverse grid (160
3 80, with 5 3 5 element size, leading to a smaller covariance storage of 2.75 GB) in each scenario (see
Table 2 for details). In contrast, ROSLE (using a fine grid with ny 5 480,000) requires approximately 0.71 GB
storage for eigenvectors with nkl 5 200. ROSLE requires calling the forward model 192, 612, or 2,412 times
(corresponds to nkl 5 15, 50, or 200), while SLE needs to call forward and adjoint models 936 times (Table 2).

The estimated lnK fields for scenario 1 (exponential covariance) and scenario 2 (Gaussian covariance) are
displayed in the left column and the right column of Figure 3, respectively. Results from ROSLE using 15, 50,
and 200 terms in KLE are illustrated in rows 1, 2, and 3, respectively. The last row displays the estimates
using SLE with coarse grids for the two scenarios. The comparison between estimated and true K for Figures
3a, 3b, 3c, and 3d are illustrated in Figures 4a, 4b, 4c, and 4d. The scatter plots for scenario 2 are displayed
in Figures 4e, 4f, 4g, and 4h.

Comparing the results in the left column of Figure 3 (exponential covariance) with the ‘‘true’’ field in Figure
2a, we observe that ROSLE is able to recover the major high K and low K zones with only 15 truncated
terms. By retaining more truncated terms (50 or 200) in ROSLE, some small-scale features appear. However,
as indicated in the scatterplots (Figures 4a–4c), these small-scale features do not lead to the improvements
of the statistical norms, namely L1 (mean absolute error), L2 (mean squared error), as well as the R2 (coeffi-
cient of determination), or the slope and intercept of the fitted linear relationship between the estimates
and the true values. On the other hand, SLE can reveal the large-scale features using a coarse inverse grid.
The scatter plot for SLE is shown in Figure 4d. Note that in this plot, the estimated K value in each coarse
grid of SLE is plotted against the averaged true K value of 25 fine grids around the center of the coarse grid.
This averaging may explain the better performance of SLE in comparison to those from ROSLE.

Regarding scenario 2, where the covariance is Gaussian, the estimates from ROSLE using nkl 5 15 (Figure 3e)
capture the large-scale features, but the shapes are distorted, as we compare it with the true field in Figure
2b. This poor performance is also reflected in the scatter plot (Figure 4e). However, the performance of
ROSLE is significantly improved (e.g., R2 increases from 0.59 to 0.91) when we increase nkl to 50 (Figures 3f
and 4f). The norms are further improved if nkl is increased to 200 (Figures 3g and 4g).

The different behaviors of scenarios 1 and 2 in case 1 can be explained by Figure 5, which presents the
norm of the normalized cumulated eigenvalues (b) as a function of the number of eigenvalues (nkl) used in
the truncated KLE. As demonstrated in Figure 5, the red curve (exponential covariance in scenario 1) shows
a quick increase at the first few leading eigenvalues, while the increase of the green curve (Gaussian covari-
ance in scenario 2) is slow. This explains the fact that with nkl 5 15, the eigenvalues and vectors are not
accurate in representing the true covariance, leading to inferior results. On the other hand, the green curve
reaches one after nkl �200. This is because the random field generated by Gaussian covariance does not

Table 2
Forward (Adjoint) Runs, CPU Time (Using Eight Cores), and Storage of the Parameter Covariance for the Numerical Cases

Case Model Forward (adjoint) runs CPU time (h) Memory storage (GB)

Case 1 (ny 5 19,200) SLE 924 1 12 5 936 0.78a 2.75
ROSLE, nkl 5 50 50 3 12 1 12 5 612 0.35 (255.1%)b 0.01 (299.6%)

Case 1 (ny 5 480,000) SLE 924 1 12 5 936 NAc 1,716
ROSLE, nkl 5 15 15 3 12 1 12 5 192 0.35 0.05 (299.9%)
ROSLE, nkl 5 50 50 3 12 1 12 5 612 0.96 0.18 (299.9%)
ROSLE, nkl 5 200 200 3 12 1 12 5 2,412 3.02 0.71 (299.9%)

Case 2 (ny 5 23,328) SLE 696 1 4 5 700 4.12 8.11
ROSLE, nkl 5 50 50 3 4 1 4 5 204 1.08 (273.8%) 0.02 (299.8%)
ROSLE, nkl 5 300 300 3 4 1 4 5 1,204 4.96 (120.4%) 0.10 (298.8%)

aAveraged for scenarios 1 and 2 in case 1. bA relative increase (1) or saving (2) for the computational cost of
ROSLE compared to that of SLE. cNot available due to prohibitively large storage requirement.
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show small-scale features (Figure 2b), and thus ROSLE in scenario 2 with nkl 5 50 or 200 yields good esti-
mates. Since the true field of scenario 1 (Figure 2a) contains small-scale features, b asymptotically
approaches one slowly. For instance, the truncated KLE only represents 92% of the total summed eigenval-
ues even nkl 5 1,000. This indicates that truncated method is prone to a loss of accuracy in the approxima-
tion of exponential covariance function. However, this does not necessarily lead to the deterioration of the
inversion results. It is a well-known fact that the resolution of HT or inverse models is dictated by the infor-
mation content of observations (dense, high-quality observations lead to high-resolution estimates). The
insignificant improvement of scenario 1 with increasing nkl indicates that the current well network is not
able to accurately depict the small-scale features.

In the residual variance plot (Figure 6), the nkl eigenvalues are multiplied by 1/b to ensure consistency and
the unconditional covariance expressed by truncated eigenvalues has the same variance as the original
one. Similar to the results of the estimated lnK fields, an increase of nkl leads to better residual variance esti-
mation. It is also noticeable (Figures 6a and 6b) that the ROSLE may severely underestimate the residual var-
iance if nkl is too small.

Figure 7 presents the data-fitting performance of case 1. Overall, the bottom scatterplots have better per-
formances except for the leftmost one (Figure 7e). This is reasonable because the random field in scenario 2
has only large-scale features, and the inverse model can reduce the head misfit error if nkl is large enough.
On the other hand, an increase of nkl does not lead to significant improvement of data-fitting performance

Figure 3. The estimated lnK fields in case 1 (left: scenario 1 with exponential covariance function and right: scenario 2
with Gaussian covariance function).
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in scenario 1 (Figures 7a–7d). The data-fitting performance of SLE (Figure 7d) suggests that SLE, although
using a coarse inverse grid, has better performance than ROSLE (L2 of 1.3 versus values more than 3.0).

3.2. Case 2
In case 2, ROSLE is applied to a hydraulic tomographic survey conducted at the North Campus Research
Site (NCRS) in Waterloo, Ontario, Canada (Berg & Illman, 2011). It consists of four continuous multichannel
tubing (CMT) wells containing seven channels as observation ports, and five multilevel pumping wells (PW)
containing three to five channels (Figure 8). For the CMT wells, the screens are spaced 2 m apart with the

uppermost screens located between 4.5 and 5.5 m below ground sur-
face (mbgs), and the deepest screens are 16.5–17.5 mbgs. The simula-
tion domain is 45 m 3 45 m 3 18 m (Figure 8), and the dimensions of
each element are 2.5 m 3 2.5 m 3 0.25 m, with a total of 26,353
nodes and 23,328 elements. The prior parameter fields are described
by a uniform mean K 5 0.1 m/d, mean Ss 5 1024 1/m, variances of
r2

lnK 5 5.0 and r2
lnSs 5 2.0, horizontal isotropic correlation scales of

10 m and a vertical correlation scale of 2.5 m. The boundary condi-
tions are no flow for top and bottom and constant head for the four
lateral boundaries. In addition, the head is assumed hydrostatic before
each pumping test.

A total of four pumping tests (with pumping taking place at intervals
PW4–3, PW1–3, PW5–3, and PW3–3) conducted at the NCRS are
included in the inversion. The locations, durations, and the rates of
the tests can be found in Berg and Illman (2011). During each pump-
ing test, 44–48 drawdown curves are collected from different intervals.
For each drawdown-time curve, three to four data are sampled
according to the strategy proposed by Sun et al. (2013). There are a
total of 696 data points. We perform the joint inversion of lnK and lnSs

using ROSLE (nkl 5 50,300) and SLE. A reduced covariance matrix stor-
age technique is used in SLE to save memory. Specifically, the entity
of covariance matrix will be set to zero if it is smaller than a user-

β
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Figure 5. The norm of the normalized cumulated eigenvalues (b) as a function
of the number of eigenvalues (nkl) for case 1 and case 2. Note that the eigenval-
ues are rearranged in nonincreasing order.

Figure 4. The inverted versus true lnK results (arithmetic averages over the 5 3 5 coarse grids are taken for the true lnK and those from ROSLE to facilitate compar-
ison with SLE) for case 1 (top: scenario 1 with exponential covariance function and bottom: scenario 2 with Gaussian covariance function). The color indicates rela-
tive scatter point density.
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defined value (0.05r2). The resultant banded matrix then is stored at a lower cost by compressed row
storage.

Figure 9 presents the estimated lnK and the variance of the estimates for case 2 (lnSs estimates are not
shown). All the estimated lnK values exhibit strong layering with alternative high K and low K layers. This is
consistent with previous studies (Berg & Illman, 2011). More importantly, the estimated results using ROSLE
are very similar to that from SLE. Similarly, the residual variance maps indicate that the uncertainty is smaller
inside the well field, especially at the middle layer. It is also visible that the residual variance estimations
from ROSLE show artificial layers along the domain boundary. This is possibly due to that the correlation
scale in the z-direction is very small, and in order to capture the true variability, ROSLE requires a large num-
ber of eigenvalues. As shown in Figure 5, the b values are only 0.3 and 0.6 for the inversions using nkl 5 50
and 300, respectively.

As shown in Figure 10, ROSLE (nkl 5 50,300) and SLE exhibit similar data-fitting performances, although
there is a significant loss of prior covariance using the truncated KLE in this case. Since the estimated lnK
from the three inversions are very similar, we may conclude that the accuracy of parameter covariance has
less impact on the inversion in case 2 than that in case 1. A possible reason may be that for real 3-D field
case, the data collected from HT test are sparse and less informative (due to noise), compared to those sam-
pled from the synthetic case. Using a small number of nkl in ROSLE, although losing accuracy, it still pre-
serves the major structural features of the aquifer (e.g., the strong anisotropy in case 2) and leads to

Figure 6. The residual variance of estimated lnK fields in case 1 (left: scenario 1 and right: scenario 2).
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satisfactory estimates. In case 2, the full storage of covariances of lnK and lnSs requires approximately 8 GB
(Table 2), while ROSLE using nkl 5 50 and 300 only requires 18 MB (saving 99.8%) and 108 MB (saving
98.7%). During each iteration, SLE requires calling forward or adjoint model 700 (nd 1 np) times while ROSLE
requires calling forward model 204 (npnkl 1 np) or 1,204 times (Table 2).

Since case 2 is a real-world example, the assumption about the prior covariance has uncertainty. Due to the
Bayesian nature of SLE or ROSLE, the prior covariance is important when the observation data are not
enough to obtain the heterogeneity at the desired resolution. The residual variance map (e.g., Figures 9d,
9e, and 9f) can be used to assess the uncertainty of the estimates as well as the impact of the uncertain
prior information. The prior covariance is also important to determine a proper number of truncated KLE
terms (nkl) based on the value of b.
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Figure 7. The data-fitting performances for case 1 (top: scenario 1 and bottom: scenario 2).

Figure 8. The plan view and the well network of case 2 (Tso et al., 2016). (a) Plan view: the enclosed area (15 m 3 15 m) is
bounded by pumping and observations wells and (b) the well locations.
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Figure 9. The inversion results for case 2 (left: inverted lnK and right: uncertainty of the estimates).
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4. Summary and Conclusions

In this paper, we have developed a Reduced-Order Successive Linear Estimator (ROSLE) for large-scale
geostatistical inversion, and hydraulic tomography data interpretation has been used to test the devel-
oped method. We use the truncated KLE to approximate the prior covariance function, which has an
analytical solution for the uniform grid. As the linear estimator in SLE only requires the autocovariance
of the observation and the cross-covariance between parameters and observations, the computation
of element-wise sensitivity could be avoided. That is, ROSLE calculates the directional sensitivities, in
the directions of the eigenvectors of the parameter covariance, by a finite difference approach with
several forward runs. The conditional covariance is then updated recursively during each iteration by
updating the eigenvalue and eigenvectors via the solution of a small eigenvalue decomposition
problem.

We test the proposed algorithm with synthetic data and field data collected at a highly heterogeneous field
site. The inverse solutions from ROSLE are very close to those using SLE. In the meantime, the computa-
tional cost is similar to SLE but the storage requirement are significantly less. The numerical test demon-
strates that analyzing large-scale 3-D hydraulic tomography data with the number of elements up to 106 is
not formidable and can be accomplished at a manageable computational cost. According to the tested
examples, ROSLE is efficient when the prior unknown parameter has large correlation scale. In this case,
only a few truncated KLE terms can properly approximate the prior covariance with much less computation
cost compared to SLE. When the prior parameter has an insignificant spatial correlation structure (short cor-
relation scale), a direct compressed storage of the prior covariance by setting some small entities of the
covariance matrix as zeros (to solve the memory storage problem) may be more efficient than ROSLE.
ROSLE require calling the forward model nkl 11 times, while SLE requires calling the forward/adjoint model
nd 11 times. Independence of the cost of ROSLE on observation number nd is a promising feature since
high-resolution geostatistical inversion for real-world problems requires a large number of noisy
observations.

Lastly, ROSLE is also very attractive for different types of geostatistical inverse problems in other science
fields because the inverse algorithm now is independent of solving the adjoint-state equation associated
with problem-specific governing equations. This is particularly useful and convenient for assimilating many
different types of information (such as hydraulic head, tracer, electric potential, geophysical attributes as
well as responses from other environmental processes). Furthermore, the size of covariance and cross-
covariance between different processes could be reduced significantly. For this reason, the simultaneous
assimilation of all data from different measurements now become possible and appropriately addresses
conditional uncertainty associated with the results. These features are attractive for the applications of
ROSLE to many other science and engineering fields. Moreover, since the residual covariance information
can be stored in output files in terms of eigenvalues and eigenvectors, it can be retrieved for sequential
Bayesian inversion if more data are collected in the future. For instance, the residual covariance of lnK field
can be used for conditional realizations of solute transport simulation, or prior information of additional
geophysical inversions.
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Figure 10. The data-fitting performance of case 2.
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