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Abstract Increasing penetration levels of renewables have transformed how power
systems are operated. High levels of uncertainty in production make it increasingly
difficulty to guarantee operational feasibility; instead, constraints may only be sat-
isfied with high probability. We present a chance-constrained economic dispatch
model that efficiently integrates energy storage and high renewable penetration
to satisfy renewable portfolio requirements. Specifically, we require that wind en-
ergy contribute at least a prespecified proportion of the total demand and that
the scheduled wind energy is deliverable with high probability. We develop an
approximate partial sample average approximation (PSAA) framework to enable
efficient solution of large-scale chance-constrained economic dispatch problems.
Computational experiments on the IEEE-24 bus system show that the proposed
PSAA approach is more accurate, closer to the prescribed satisfaction tolerance,
and approximately 100 times faster than standard sample average approximation.
Finally, the improved efficiency of our PSAA approach enables solution of a larger
WECC-240 test system in minutes.
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1 Introduction

High penetration levels of renewable generation are transitioning from goals to
requirements. For example, California’s Renewable Portfolio Standard (RPS) re-
quires that renewable generation sources comprise 33% of energy supply by 2020
[3]; other system operators are facing similar mandates. Given these aggressive
targets, renewable energy integration will pose significant challenges for power
system reliability, due to the intermittency and limited predictability of renewable
energy production [34]. To address these challenges, advanced operations models
and corresponding solution methods are required to ensure system reliability and
cost-effectiveness.

The unit commitment (UC) problem, which deals with scheduling power gen-
eration to meet anticipated demand, is a fundamental problem in power systems
operations. Economic dispatch (ED), closely related to UC, minimizes production
costs while satisfying demand and transmission constraints given a fixed set of
committed, active thermal generators; in UC, the commitments are additionally
determined. UC and ED are traditionally formulated as deterministic problems,
but the high levels of uncertainty that are inherent in renewable energy produc-
tion require alternate formulations that effectively and directly account for such
uncertainty, avoiding strict reliance on deterministic reserve margins. For more
detailed information about UC and ED, we refer the reader to [22] and [38].

Approaches to handle uncertainty in UC and ED can be grouped into two cat-
egories: robust optimization ([1,16,18]) and stochastic programming ([26,37,39]).
Robust optimization does not rely on explicit characterizations of probability dis-
tributions of random variables. Rather, the focus is on the ranges of these variables.
The goal of robust optimization is to provide solutions that are feasible given any
realization of the random variables, subject to the specified interval bounds. Thus,
commitment and dispatch decisions are made considering the worst-case of a spec-
ified uncertainty set. Construction of uncertainty sets and the connection between
interval bounds and cost have drawn recent attention [1,18].

In contrast to robust optimization, stochastic programming approaches as-
sume probability distributions of random variables are known or can be accu-
rately estimated. Stochastic programming variants of UC are typically formulated
as two-stage decision models and solved via decomposition methods such as Ben-
ders’ decomposition [35] and progressive hedging [10,27]. An important variant
of stochastic programming is chance-constrained programming, which requires
that constraints involving uncertain parameters be satisfied with high probability.
Wang et al. [37] consider a chance constraint at the first decision stage of UC to
ensure that, with high probability, a large proportion of generated wind power was
utilized. Chance constraints were also integrated into stochastic ED by [26] and
[39]. Wu et al. [39] proposed a day-ahead model where reserve requirements and
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line capacity constraints are satisfied with a high probability, while Qiu and Wang
[26] introduced a chance-constrained model that ensured, with high probability,
that the total amount of wind energy utilized was at least a specified fraction of
the total wind energy available.

Because chance-constrained programs are among the most computationally
challenging optimization problems [20], especially jointly chance-constrained vari-
ants, practical tractability of jointly chance-constrained ED problems is currently
restricted to small-scale systems. The computational challenge is further com-
pounded if unit commitment decisions are integrated within the dispatch prob-
lem, resulting in a chance-constrained mixed-integer optimization problem. For
example, leveraging state-of-the-art decomposition algorithms, Wang et al. [37]
managed to solve a chance-constrained UC/ED problem for a modified 118-bus
system, but with only a single wind site. For practical-scale power systems with
multiple wind sites, the solution of chance-constrained UC/ED within practical
time limits is currently infeasible. As the ED problem is an integral component
of combined UC/ED problem, we focus our attention on first achieving tractabil-
ity for the chance-constrained ED problem, where unit commitment decisions are
fixed. Additionally, our proposed approach is directly applicable to other forms of
ED problems, such as security-constrained ED.

We consider a novel chance-constrained economic dispatch model, which effi-
ciently integrates a large amount of renewable resources (e.g., wind) and energy
storage to ensure that a significant amount of the total electricity demand can be
satisfied by renewable output with a prescribed (high) probability. Energy storage
can help mitigate the effects of renewable energy variability and uncertainty by
storing excess wind energy for use in subsequent periods, and consequently has
drawn significant interest from both industry and academia in recent years ([6,13,
33]). For more information on energy storage, we refer the reader to recent surveys
[5,31].

In our formulation, we require that a significant portion of the total demand
must be met with wind turbine output. The difference between our chance con-
straints and those in [26] is that we require the scheduled wind power delivery to
be at least β percent of total demand and achievable with high probability 1− α,
which is congruent with states’ RPS mandates. This is in contrast to a chance
constraint on total wind production, which is irrespective of actual demand. We
follow [16,26,37] and assume that wind output can be curtailed if the amount of
wind generation delivered (cleared) does not match the actual wind generation
output.

While chance constraints present a natural language to model operational prob-
lems under uncertainty, they come at the cost of increased computational com-
plexity. There are two main challenges. First, feasible sets of chance-constrained
problems are generally not convex. Therefore, it is difficult to find a globally opti-
mal solution. Second, even for a convex problem, it is difficult to check feasibility
of a candidate solution as this generally requires multi-dimensional integration.
Nemirovski and Shapiro [20] note that evaluating the distribution of a weighted
sum of uniformly distributed independent random variables is NP-hard. Conse-
quently, most research applies approximation techniques to achieve near-optimal
solutions. One approach is to employ convex (or tractable) approximations (see,
e.g., [20]). Other approaches use sample-based techniques, such as sample average
approximation (SAA) [19,23]. The basic idea of SAA is to approximate the true
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distribution of random variables by empirical distributions estimated from Monte
Carlo (MC) samples. SAA can provide high-quality solutions when the number
of scenarios is sufficiently large. Due to the convergence rate of MC methods, the
required number of samples increases quadratically with required accuracy. Unfor-
tunately, ”big-M” reformulations ([19,32]) of SAA problems introduce a number of
binary decision variables equal to the number of scenarios, which typically yields
computationally difficult optimization models. However, under some conditions
on the underlying uncertainty, a modified SAA, known as partial sample average
approximation (PSAA) [9], can be leveraged to solve chance-constrained problems
without introducing binary variables. In this paper, we present a PSAA approach
to the ED problem with uncertain generation and energy storage, compare our
results to SAA, and show that PSAA can enable solution of larger instances in a
fraction of the time and with improved accuracy.

The contributions of this paper are summarized as follows:
1. We introduce a novel chance-constrained economic dispatch model with energy

storage. With the new model, users can explicitly control the ratio of renewable
energy’s contribution to the total demand (production), which is consistent
with state renewable portfolio standards and goals [28].

2. We present an approximate PSAA approach to effectively solve the chance-
constrained ED model and demonstrate its computational efficiency. Since an
exact PSAA reformulation yields a non-linear program, we apply piecewise
approximation schemes to derive a linear program. This sharply contrasts to
the SAA approach, which results in a mixed-integer linear program. The pro-
posed approximate PSAA approach is generally applicable to other forms of
chance-constrained ED models, e.g., as in [26].

2 Preliminaries

2.1 Chance-Constrained Optimization Models

A general chance-constrained model is defined as follows:

min
x

f(x)

s.t. P{gj(x, ξ) ≥ 0, j = 1, . . . ,m} ≥ 1− α; x ∈ X (1)

where ξ denotes a random vector, P{E} denotes the probability that the con-
straints E are satisfied, and the set X represents additional deterministic con-
straints. The input parameter α ∈ [0, 1] is a parameter chosen by decision makers,
and represents the tolerance for risk, or more explicitly, the acceptable probability
for violating the chance constraints. When m > 1, constraint (1) is known as a
joint chance constraint; otherwise, it is known as an individual chance constraint.

Chance-constrained optimization was introduced by Charnes et al. [7], and
has subsequently attracted attention due to its wide applicability in engineer-
ing, telecommunications, and finance. For a review of the theory and applications
of chance-constrained optimization, we refer to [24,30]. It is widely known that
chance-constrained optimization models are generally difficult to solve, even at
small scale. Consequently, various approximation methods have been introduced.
Among these approaches, we next present four methods: Bonferroni approximation
[8,20], Scenario approach (SA) [4], SAA, and PSAA.
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2.2 Bonferroni Approximation

A popular approximation for jointly chance-constrained problems is based on Bon-
ferronis inequality, which decomposes the joint chance constraint into m individual
chance constraints. When

∑m
j=1 αj = α, we have

P{gj(x, ξ) ≥ 0} ≥ 1−αj , j = 1, . . . ,m⇒ P{gj(x, ξ) ≥ 0, j = 1, . . . ,m} ≥ 1−α.

Accordingly, one can obtain a conservative approximation of problem (1):

min
x

f(x)

s.t. P{gj(x, ξ) ≥ 0} ≥ 1− αj , j = 1, . . . ,m; x ∈ X.

Further, if gj(x, ξ) is separable, i.e., gj(x, ξ) = gj(x) − hj(ξ), then we have the
following deterministic reformulation of the Bonferroni approximation problem

min
x

f(x)

s.t. gj(x) ≥ Φ−1
j (1− αj), j = 1, . . . ,m; x ∈ X

where Φ−1
j (·) is the inverse of the cumulative distribution function of hj(ξ).

Remark 2.21 In our subsequent numerical tests, we set αj = α
m , j = 1, . . . ,m.

2.3 Scenario Approach (SA)

Under the assumption that we can sample from the distribution of ξ, then a
scenario approximation [4] of problem (1) is

min
x

f(x)

s.t. g(x, ξ̂k) ≥ 0, k = 1, ..., N ;x ∈ X

where g(x, ξ) = minmj=1 gj(x, ξ), and scenarios ξ̂1, . . . , ξ̂N are independent samples
drawn from the distribution of ξ. One advantage of this approach is that when X
is a convex set and g(x, ξ) is concave in x for each ξ, the scenario approximation
is a convex optimization problem. However, the approach can be too conservative
[19], as it requires that all sampled constraint sets be satisfied.

2.4 Sample Average Approximation (SAA)

The idea of SAA is to approximate the expectation of a random variable by its
sample mean. We begin by formulating the general chance-constrained optimiza-
tion model as an expectation

P{g(x, ξ) ≥ 0} = E[I(g(x, ξ)] (2)

where I(·) is 1 if · ≥ 0 and 0 otherwise. We then approximate the expectation via a
sample mean, i.e., 1

N

∑N
t=1 I(g(x, ξ̂t)) where scenarios ξ̂1, . . . , ξ̂N are independent
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samples drawn from the distribution of ξ. The SAA formulation of problem (1)
can then be written as:

min
x

f(x)

s.t.
1

N

N∑
k=1

I(g(x, ξ̂k)) ≥ 1− α; x ∈ X. (3)

Problem (3) can be reformulated as

min f(x)

s.t. g(x, ξ̂k) +Myk ≥ 0, k = 1, ..., N (4)
N∑
k=1

yk ≤ Nα

yk ∈ {0, 1}, k = 1, ..., N ; x ∈ X

where the binary indicator variable yk denotes whether constraints g(x, ξ̂k) are
satisfied and M denotes a sufficiently large constant such that g(x, ξ̂k) + M ≥ 0
is satisfied for all x ∈ X and k ∈ {1, . . . , N}. For additional details on SAA
approaches for solving chance-constrained optimization models, we refer to [19,
23].

2.5 Partial Sample Average Approximation (PSAA)

SAA can in theory yield accurate solutions when the number of scenarios is suffi-
ciently large [19]. However, because the number of binary variables yk is equal to
the number of scenarios, solving an SAA model (4) can pose a significant compu-
tational challenge. Recently, Cheng et al. [9] introduced PSAA, which only sam-
ples a portion of random variables, in contrast to SAA which samples all of the
random variables. The PSAA approach makes use of the independence of some
of the random variables for stepwise evaluation of the expectation. Specifically,
E(ξ1,ξ2)g(ξ1, ξ2) = Eξ1Eξ2g(ξ1, ξ2) when the random vectors ξ1 and ξ2 are inde-
pendent. PSAA then applies SAA to approximate the inner (or outer) expectation.

PSAA assumes that ξ = (ξ1, ξ2) such that ξ1 is independent of ξ2. The prob-
ability of satisfying the joint constraints is then formulated as an expectation:
P{g(x, ξ) ≥ 0} = E[I(g(x, ξ))] = Eξ1,ξ2 [I(g(x, ξ))]. As ξ1 and ξ2 are independent,
the expectation can be calculated as Eξ1,ξ2 [I(g(x, ξ1, ξ2))] = Eξ1Eξ2 [I(g(x, ξ1, ξ2))]
where PSAA now replaces one of the two expectations by its sample mean. For

instance, if we replace the inner expectation by a sample mean (where ξ̂2
1
, . . . , ξ̂2

N

are N independent samples of ξ2), then the PSAA formulation of (1) is as follows:

min
x

f(x)

1

N

N∑
k=1

Eξ2 [I(g(x, ξ1, ξ̂
k
2 ))]≥1− α; x ∈ X (5)
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Problem (5) is equivalent to the following optimization problem.

min
x

f(x)

1

N

N∑
k=1

P{g(x, ξ1, ξ̂
k
2 ) ≥ 0} ≥ 1− α; x ∈ X (6)

Problem (6) is equivalent to the following optimization problem.

min
x

f(x)

P{g(x, ξ1, ξ̂
k
2 ) ≥ 0} ≥ yk, k = 1, . . . , N, (7)∑N

k=1 yk
N

≥ 1− α, (8)

yk ≥ 0, k = 1, . . . , N, x ∈ X (9)

PSAA retains the general idea of SAA, in that the expectation is replaced by
a sample mean. Compared with problem (4) (SAA reformulation), problem (7)
(PSAA reformulation) has only continuous variable yk. However, there are N new
chance constraints. We demonstrate below that Eq. (7) has a convex approximation
for certain problem classes. For example, when g(x, ξ1, ξ2) = a(x)T ξ2 − ξ1 where
a(x) is an affine vector of x, Eq. (7) becomes

P{a(x)T ξk2 ≥ ξ1} ≥ yk ⇔ a(x)T ξ̂k2 ≥ Φ−1(yk)

where Φ−1(p) is the inverse cumulative distribution function of ξ1. Further, if
we can find a convex approximation for function Φ−1(p), then Eq. (7) has a convex
approximation. For additional details we refer the reader to [9].

Remark 2.51 As it is easier to approximate the inverse cumulative distribution
function of ξ1 when ξ1 is univariate, PSAA approximation usually chooses only
one random variable to not be sampled in order to facilitate finding a tractable
approximation for Eq. (7).

3 Mathematical Formulation

We first introduce the core sets, parameters, and decision variables of the model.

Nomenclature

Sets and Indices

I Set of buses. Indexed by i for individual buses,
i and j for pairs of buses.

Ir Set of buses with renewable generators.
I Number of buses. I = |I|.
Ir Number of buses with renewable generators. Ir = |Ir|.
G Set of generation units. Indexed by g.
G Number of generation units. G = |G|.
Gi Set of generation units located at bus i ∈ I.
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E Set of directed transmission lines connecting pairs
of buses. Indexed by e = (i, j).

E Number of directed transmission lines. E = |E|.
E+i Set of transmission lines oriented into bus i ∈ I.

E−i Set of transmission lines oriented out of bus i ∈ I.
T Set of time periods in planning horizon. Indexed by t.
T Number of time periods. T = |T |.

Parameters

Be Susceptance of transmission line e.
Fe Power flow limit of transmission line e.
Dti Demand (load) at bus i in time period t.

Pmin
g Lower limit on power output for generation unit g.
Pmax
g Upper limit on power output for generation unit g.

Rdg Maximum ramp-down rate for generation unit g
between adjacent time periods.

Rug Maximum ramp-up rate for generation unit g between
adjacent time periods.

Rds(i) Maximum storage discharge at bus i in a time period.
Rus (i) Maximum storage charge at bus i in a time period.

Qmin
i Lower limit on capacity for storage unit at bus i.

Qmax
i Upper limit on capacity for storage unit at bus i.

Cg(·) Production cost function for generation unit g.
p̃twi

Wind power available at bus i in time period t.

Decision Variables

ptg Power delivered by generation unit g in time period t.
f te Power flow on transmission line e in time period t.
θti Voltage phase angle at bus i in time period t.
p Length G× T power output vector.
f Length E × T power flow vector.
θ Length I × T voltage phase angle vector.
ptwi

Wind power production at bus wi in time period t.
qti Energy storage level at bus i in time period t.

Given a fixed unit commitment vector x, the objective in the deterministic
(multi-period) economic dispatch problem is to minimize total production cost
while meeting demand, subject to constraints associated with unit ramping limi-
tations and linearized (DC) approximations of AC power flow, as follows:

min
f,p,θ

∑
g∈G

∑
t∈T

Cg(ptg) (10a)

s.t.
∑
g∈Gi

ptg+
∑

e∈E(i)+
f te−

∑
e∈E(i)−

f te=Dti , ∀i ∈ I, ∀t ∈ T (10b)

Be(θ
t
i − θtj)− f te = 0 ∀e = (i, j) ∈ E ,∀t ∈ T (10c)

− Fe ≤ f te ≤ Fe ∀e ∈ E ,∀t ∈ T (10d)

Pmin
g ≤ ptg ≤ Pmax

g ∀g ∈ G,∀t ∈ T (10e)

−Rdg ≤ ptg − pt−1
g ≤ Rug ∀g ∈ G,∀t ∈ T (10f)
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The generation cost Cg(ptg) is represented by a convex quadratic function. Con-
straints (10b)–(10f) require (in order): power balance at each bus; power flow
on lines is proportional to the difference in voltage phase angles at the terminal
buses; transmission line capacity limits are satisfied; lower and upper bounds for
generation output levels are met; and generation ramp-up/ramp-down limits are
satisfied.

Incorporating wind resources (and renewable resources in general) and energy
storage devices requires some changes to this basic formulation. First, because
wind generation is uncertain, the formulation must be stochastic. Consequently,
for the wind resources at a bus i, the variable ptwi

represents the amount of wind
output scheduled for delivery in period t. Secondly, we need to take into account
the amount of energy retained in storage devices. Here, we let qti denote the energy
level of the storage unit at bus i at time t. Leveraging these additional variables,
our (multi-period) chance-constrained economic dispatch model is then given as
follows:

min
f,p,θ,q

∑
g∈G

∑
t∈T

Cg(ptg)

s.t. ptwi
+

∑
g∈Gi

ptg +
∑

e∈E(i)+
f te −

∑
e∈E(i)−

f te = (11a)

Dti + qti − qt−1
i ,∀i ∈ Ir,∀t ∈ T∑

g∈Gi

ptg +
∑
e∈E.i

f te −
∑
e∈Ei.

f te = Dti , (11b)

∀i ∈ I \ Ir, ∀t ∈ T
Constraints (10c)− (10f)

−Rds(i) ≤ qti − qt−1
i ≤ Rus (i), ∀i ∈ Ir,∀t ∈ T (11c)

Qmin
i ≤ qti ≤ Qmax

i , t = 1, . . . T − 1, ∀i ∈ Ir (11d)∑
i∈Ir

T∑
t=1

ptwi
≥ β

∑
i∈I

T∑
t=1

Dti , (11e)

P{ptwi
≤ p̃twi

, ∀t ∈ T , ∀i ∈ Ir} ≥ 1− α (11f)

In this formulation, we assume that storage devices are installed at the same buses
as wind generators but this assumption can be easily relaxed without structurally
changing the problem. The parameter q0i ,∀i ∈ Ir, denotes the initial storage level
at bus i. The standard power balance constraint (11a) is augmented with wind
scheduled dispatch variables ptwi

and nodal energy charge/discharge as given by
the difference between storage levels at successive time periods qti − qt−1

i . Con-
straint (11c) ensures that charge and discharge ramp limits on storage devices
are satisfied. Constraint (11d) imposes upper and lower bounds on the maximum
and minimum storage levels. Note that storage levels must be at least Qmin

i to
prevent end of horizon behaviors in which batteries are completely discharged to
minimize production cost. This simplified storage model follows [41] and can be
easily augmented to include other storage constrains (e.g. loss of efficiency during
discharge). Constraints (11e-11f) together enforce the RPS requirement that at
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least β fraction of the total demand is met using wind power with probability
at least 1 − α. Specifically, Eq. (11e) dictates that wind delivered (cleared) must
satisfy at least β fraction of the total demand over the planning horizon. However,
(11e) alone is not sufficient to guarantee that the amount of wind scheduled for
delivery ptwi

is feasible with high probability. Chance constraint (11f) ensures that
the chosen wind schedule ptwi

∀t ∈ T and ∀i ∈ Ir is jointly feasible with probability
at least 1−α. In other words, the joint probability that the wind power scheduled
for delivery, ptwi

∀t ∈ T and ∀i ∈ Ir, is less than or equal to the actual wind power
production p̃twi

is at least 1− α.

Remark 3.01 For clarity, we present a simple model with a single storage de-
vice at each candidate bus. However, our model can be easily extended to multiple
storage devices where capacities and charging/discharging profiles vary.

Remark 3.02 There are a number of practical considerations that must be ad-
dressed before formulation (11) can be viable in real-world power systems contexts.
Specifically, issues will likely arise when the realized wind power p̃twi

is significantly
different from the scheduled wind power ptwi

. We observe that (11a-11f) constrains
the amount of power that can be injected into and withdrawn from storage devices
and requires that a specific fraction of total demand must be met by wind. If real-
ized wind power greatly exceeds storage device ramping limits and/or capacity or,
alternatively, if the amount of realized wind power is smaller than the requisite
mandate, then there is a high probability that the stochastic optimization problem
(11) will be infeasible. In the case where realized wind power exceeds scheduled
wind power, the additional power can be curtailed, as can and does occur in prac-
tice. Discrepancies between scheduled and realized wind power in both directions
can be addressed by imposing an additional chance constraint on the satisfaction
of (11c-11d) with high probability, or by imposing similar chance constraints in the
long-term (wind and storage) capacity expansion problem to ensure that adequate
wind and storage is added to address the uncertainty associated with wind power
during operations.

Remark 3.03 The parameter β in Eq. (11e) should be chosen dynamically, as
the availability of wind power can vary significantly during different periods of the
year.

Given β∗, a mandated RPS level, and satisfaction probability α, system oper-
ators are faced with the problem of how to choose β dynamically for day-to-day
operations such that the required RPS is satisfied in the long term with high
probability.

Theorem 31 Given an RPS mandate β∗, if β is selected such that β ≥ β∗/(1−α)
and the resulting dispatch of wind power p̂twi

= min{pt∗wi
, p̃twi
} is feasible where pt∗wi

is components of an optimal solution of (11) with β, then the expected wind energy
delivered (cleared) is at least β∗ of the total demand, i.e.,

∑
i∈Ir

∑T
t=1 E(p̂twi

) ≥
β∗

∑
i∈I

∑T
t=1D

t
i .

Proof First, as pt∗wi
are components of an optimal solution to (11), we have∑

i∈Ir
∑T
t=1 p

t∗
wi
≥ β

∑
i∈I

∑T
t=1D

t
i immediately due to (11e). Second, (11f) im-

plies that P{p̂twi
≥ pt∗wi

, ∀t ∈ T , ∀i ∈ Ir} ≥ 1 − α. Further as p̂twi
≥ 0, we have
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E(p̂twi
) ≥ (1− α)pt∗wi

. We then have

E(
∑
i∈Ir

T∑
t=1

p̂twi
) ≥ (1− α)

∑
i∈Ir

T∑
t=1

pt∗wi
≥ β(1− α)

∑
i∈I

T∑
t=1

Dti .

The conclusion that E(
∑
i∈Ir

∑T
t=1 p̂

t
wi

) ≥ β∗
∑
i∈I

∑T
t=1D

t
i follows.

Theorem 31 provides a viable method to select β for (11) given a static wind
power distribution. However, by Remark 3.03, wind power varies over time, which
leads to changes in wind power profiles over time.

Corollary 32 Given an RPS mandate β∗ and T ′ days with different β values
(β1, . . . , βT ′), let pt∗wi

(β1), . . . , pt∗wi
(βT ′) be the corresponding optimal solutions of

(11). If
∑T ′

τ=1 βτ/T
′ ≥ β∗/(1 − α) and the dispatch of wind power p̂twi

(βτ ) =
min{pt∗wi

(βτ ), p̃twi
}, τ = 1, . . . , T ′ is feasible, then the expected wind power delivered

is at least β∗ of the total demand over T ′ days, i.e.,∑T ′

τ=1

∑
i∈Ir

∑T
t=1 E(p̂twi

(βτ )) ≥ β∗T ′
∑
i∈I

∑T
t=1D

t
i .

4 Solution Methods

The main difficulty in solving (11) is the computation of the chance constraint
(11f). Using SAA, the chance constraint is linearized via new binary variables
and big-M constraints, resulting in a hard-to-solve large-scale mixed-integer linear
programs. In this paper, we develop a variant of PSAA to approximate chance
constraint (11f) by employing a piecewise linear approximation of the cumulative
distribution function of ξ1. In contrast to SAA, approximate PSAA only introduces
new continuous variables and constraints and is thus computationally tractable
and scalable to practical size systems.

4.1 Sample average approximation of chance constraint

The chance constraint (11f), repeated as follows for clarity,

P{ptwi
≤ p̃twi

, ∀t ∈ T , ∀i ∈ Ir} ≥ 1− α,

can be reformulated using SAA as:

ptwi
− zkMk

ir ≤ p̃t,kwi
∀t ∈ T , ∀i ∈ Ir, k = 1, . . . , N (12)∑N

k=1 zk
N

≤ α, zk ∈ {0, 1} (13)

where the parameterMk
ir is chosen to be sufficiently large such that constraints (12)

are satisfied when zk = 1 and p̃t,kwi
, k = 1, . . . , N , denote independent scenarios of

p̃twi
. It is well known that the particular value of Mk

ir plays an important role
in computational tractability. Typically, as Mk

ir increases, the linear programming
relaxation weakens and fractionality of the resulting MILP increases (and the num-
ber of branch-and-bound nodes that must be explored increases). In computational
experiments presented in §5, Mk

ir is set to the α-quantile of wind power output
minus p̃t,kwi

.
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4.2 Partial Sample Average Approximation

PSAA leverages the same idea as SAA in that the true distribution of random
variables is replaced by an empirical distribution. However, PSAA approximates
the distribution of only a subset of random variables rather than all the random
variables. Cheng et al. [9] proposed the general idea of PSAA but did not provide
guidance on how to partition the random variables into sampled and not-sampled
sets. In this paper, we apply SAA to approximate the distribution of all but a single
random variable. We then provide guidance and intuition on how to select the
single un-sampled random variable and present a piecewise linearization scheme
to embed an approximation of the cumulative distribution function of the un-
sampled random variable directly into the PSAA formulation. Before presenting
our method for solving (11), we state our main assumption.

Assumption A1: The random vector (p̃twi
)t∈T i∈Ir is normally distributed with

mean µ and covariance matrix Σ.

Remark 4.21 It is widely assumed that wind power production is normally dis-
tributed (see e.g., [2,36,37]). On the other hand, even if they are not, our pro-
posed approximation method is still applicable provided that: 1) random vector
(p̃twi

)t∈T i∈Ir can be represented by a linear combination of random variables of
arbitrary distributions and 2) at least one of which is independent of the others
and possesses a distribution with an efficiently computable inverse cumulative dis-
tribution function.

Under assumption A1, we can reformulate the random vector (p̃twi
)t∈T i∈Ir as

follows:

(p̃twi
)t∈T i∈Ir = V ξ + µ (14)

where V = V̄ (Λ)
1
2 , and Σ = V̄ Λ(V̄ )T is the eigen-decomposition of Σ. Without

loss of generality, we assume that the elements of the diagonal of Λ are in non-
increasing order. Let ξ ∈ RTIr denote a standard normal vector whose components
are independent. Analogous to the idea of principal component analysis, we select
the random variable with the biggest eigenvalue (i.e., variance) to be the one not
sampled (ξ1). The main motivation for doing so is that the error of SAA is an in-
creasing function of the variance of the estimator. Thus, from an error perspective
it is preferable to select ξ2, . . . , ξTIr , the set of sampled random variables, to be
those with the smaller eigenvalues.

With ξ1 not sampled, we reconsider constraint (11f). Given (14), constraint (11f)
can be reformulated as follows:

ptwi
≤p̃twi

= eT(t−1)Ir+i(V ξ + µ)

=V(t−1)Ir+i,1ξ1 +

TIr∑
l=2

V(t−1)Ir+i,lξl + µ(t−1)Ir+i,

∀t ∈ T and ∀i ∈ Ir

where el ∈ RTIr , t ∈ T is a vector where its l-th element is one and others are
zero, and V(t−1)Ir+i,l is the ((t− 1)Ir + i, l)-th entry of the matrix V .
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Given assumption A1, the approximate PSAA reformulation of chance con-
straints (11f) is as follows:

N∑
k=1

P{ptwi
−Ht

i (k)≤V(t−1)Ir+i,1ξ1,∀t∈T ; i∈Ir}
N

≥ 1− α (15)

where

Ht
i (k) =

TIr∑
l=2

V(t−1)Ir+i,lξ
k
l + µ(t−1)Ir+i (16)

and ξkl , k = 1, . . . , N are independent samples of ξl. It is easy to see that Ht
i (k)

is constant. Leveraging the SAA approximation scheme by sampling random vari-
ables (ξ2, . . . , ξTIr ), constraint (15) may still be computationally intractable. How-
ever, constraint (15) can be further approximated using a piecewise linear approx-
imation approach to obtain a set of linearized constraints as follows. There are
three cases related to the value of V(t−1)Ir+i,1 being positive, negative and zero,

which we denote by I+, I− and I0 respectively. More precisely,

ξ1 ≥
ptwi
−Ht

i (k)

V(t−1)Ir+i,1
if V(t−1)Ir+i,1 > 0,

ξ1 ≤
ptwi
−Ht

i (k)

V(t−1)Ir+i,1
if V(t−1)Ir+i,1 < 0,

0 ≥ ptwi
−Ht

i (k) if V(t−1)Ir+i,1 = 0.

Note that the three inequalities above correspond to conditions (t, i) ∈ I+, (t, i) ∈
I−, and (t, i) ∈ I0, respectively.

As ξ1 is a standard normal random variable, constraint (15) has a deterministic
formulation as follows:∑N

k=1
Φ(Uk)−Φ(Lk)

N I{ptwi
−Ht

i (k) ≤ 0, (t, i) ∈ I0} ≥ 1− α,
Uk = min(t,i)∈I−

ptwi
−Ht

i (k)

V(t−1)Ir+i,1
, ∀k = 1, . . . , N

Lk = max(t,i)∈I+

ptwi
−Ht

i (k)

V(t−1)Ir+i,1
, ∀k = 1, . . . , N

where Φ(·) is the cumulative distribution function (CDF) of the standard normal
distribution. Because of the indicator function I(·), the first constraint of the re-
formulation is nonconvex. However, due to the observation that I{ptwi

−Ht
i (k) ≤

0, (t, i) ∈ I0} usually takes value 1 when α is close to zero (e.g., 0.05), we can
obtain a natural (conservative) approximation of constraint (15) as follows:

N∑
k=1

Φ(Uk)− Φ(Lk)

N
≥ 1− α, (17a)

ptwi
−Ht

i (k) ≤ 0, (t, i) ∈ I0, ∀k = 1, . . . , N (17b)

Uk = min
(t,i)∈I−

ptwi
−Ht

i (k)

V(t−1)Ir+i,1
, ∀k = 1, . . . , N (17c)

Lk = max
(t,i)∈I+

ptwi
−Ht

i (k)

V(t−1)Ir+i,1
, ∀k = 1, . . . , N (17d)
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Fig. 1: Piecewise linear approximation of the CDF of a standard normal random
variable.

As α is usually close to zero (e.g., 0.05), Φ(Uk) is usually greater than 0.5, thus
Uk > 0, while Φ(Lk) is usually less than 0.5, thus Lk < 0. Figure 1 illustrates Φ(z)
and how it can be upper bounded by a piecewise linear concave function which is
tangent to the actual function at a finite number of points when z ≥ 0 while it
can be lower bounded by a piecewise linear convex function when z ≤ 0. To this
end, we approximate Φ(Uk) with a piecewise linear concave function

Φ(Uk) ≈ min
s∈{1,...,S}

âsU
k + b̂s, (18)

while Φ(Lk) is approximated by a piecewise linear convex function

Φ(Lk) ≈ max
s∈{1,...,S}

āsL
k + b̄s, (19)

where s ∈ {1, . . . , S} indexes each of the S linear segments on either side of zero,
with corresponding slopes and intercepts âs, b̂s for Uk, and ās, b̄s for Lk. In our
experiments, we choose 25 tangent points on the interval [−3, 3] for the tangent
approximation. It is easy to find that the more tangent points we choose, the more
accurate the approximation will be, whereas at the same time this will increase
the size of problem.

With the piecewise linear approximation of Φ(Uk) and Φ(Lk) respectively, we
obtain the following approximation of the PSAA problem by introducing auxiliary
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variables Ūk and L̄k to represent Φ(Uk) and Φ(Lk) respectively:

min
∑
g∈G

∑
t∈T

Cpg (ptg)

s.t. (10c)− (10f), (11a)− (11e)

N∑
k=1

(Ūk − L̄k)

N
≥ 1− α

Uk ≤ ptwi
−Ht

i (k)

V(t−1)Ir+i,1
, (t, i) ∈ I−, ∀k = 1, . . . , N

Lk ≥ ptwi
−Ht

i (k)

V(t−1)Ir+i,1
, (t, i) ∈ I+, ∀k = 1, . . . , N (20)

ptwi
−Ht

i (k) ≤ 0, (t, i) ∈ I0, ∀k = 1, . . . , N

Ūk ≤ âsU
k + b̂s,∀s = 1, . . . , S, k = 1, . . . , N

L̄k ≥ āsL
k + b̄s,∀s = 1, . . . , S, k = 1, . . . , N

Ūk ≥ L̄k ≥ 0, ∀k = 1, . . . , N

This model employs a convex quadratic objective function and linear constraints.

5 Computational Experiments

We now conduct numerical experiments to compare PSAA to three popular ap-
proximations for chance constrained problems: SAA, Bonferroni approximation
and the scenario approach (SA) using a modified IEEE 24-bus system [40] and the
WECC 240-bus system (representing the US Western Interconnection [25]). We
added 3 wind farms, at buses 7, 13, and 15, in the IEEE 24-bus system and 10 wind
farms, at buses 22, 23, 42, 44, 54, 64, 77, 129, 174, and 240, in the WECC 240-bus
system. We assume storage capacity is identical at all buses with wind farms. All
optimization models are implemented in Matlab and solved using Gurobi 6.0.4 [15].
We impose a 3600 second time limit and an optimality gap of 0.1% as the stopping
criteria for all runs. All experiments were performed on a Linux workstation with
an Intel Quad Core 2.2 GHz processor and 16 GB memory.

The IEEE 24-bus system consists of 32 conventional generators, 34 transmis-
sion lines, 17 loads, and three wind farms. Data for the three wind farms are
based on NREL’s Western Wind Dataset [17]. We selected two geographically close
wind farms located in Wyoming (site #15414 (41.48N, 105.14W ) and site #16238
(41.61N, 105.11W )) and a single site in California (site #3560 (35.08N, 118.41W )).
We model the uncertain wind speed as a random field over time, and construct a
representation using the L2-optimal Karhunen-Loeve (KL) expansion [14]. Using
the KL representations for the wind speed we generated samples that are con-
sistent with historical data and also with the magnitude of errors for day-ahead
wind forecasts. These samples were converted to power by interpolation using the
wind turbine’s rated power curve. A detailed description of this approach is pre-
sented in [29]. We then use these samples to estimate the mean and covariance.
We set the total installed wind capacity to be 1500 MW in order to meet high
RPS requirements (33%). The remaining parameters are set as follows: α = 0.05,
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Fig. 2: Comparison of SAA and PSAA for the IEEE 24-bus system

β = 33%, and T = 24 hours. The storage capacity is set to be 1/5 of installed
hourly wind capacity (i.e., 300 MWh) while the initial storage level is set to 1/4
of storage capacity. For simplicity, we assume that charge and discharge rates in
one hour are identical to capacity (i.e., 300 MWh). We consider four settings for
the number of scenarios used: N ∈ {100, 500, 1000, 3000}. In contrast to Bonfer-
roni approximation, SAA, PSAA and SA solutions are functions of the realized
input scenarios. Thus, to compare the performance of these approaches, five sets
of scenarios for each N are considered. We illustrate the performance of both SAA
and PSAA in Figure 2, which shows how solution cost, CPU time, and empirical
probability of the solution change with increasing number of samples. Here, em-
pirical probability of solution is defined as the proportion of Np samples satisfying
constraint ptwi

≤ p̃twi
, ∀t ∈ T , ∀i ∈ Ir given solution ptwi

. For our analysis, we set
Np = 100, 000. These results are summarized in Table 1.

5.1 Comparison of SAA and PSAA on the 24-Bus System.

Figure 2a and Table 1 indicate there is no significant difference between the SAA
and PSAA approaches in terms of solution cost. PSAA solution cost is slightly
higher than SAA solution cost when N ≤ 1000 because PSAA solutions have
higher empirical probability. For N = 3000, SAA reaches the stopping criteria of
3600 seconds and thus the solutions we collect are incumbent solutions (best feasi-
ble solutions so far) rather than optimal solutions. Incumbent solutions are more
conservative than optimal solutions, which may explain the observed differences
in solution cost.

Figure 2b compares the runtime performance of SAA and PSAA. The results
show that PSAA yields approximately a two orders of magnitude reduction in
computation time relative to SAA for N ≥ 500. In particular, PSAA only requires
56 seconds for the N = 3000 case, whereas the SAA approach failed to establish
an optimal solution after one hour.

The quality of the solutions obtained by SAA and PSAA in terms of empirical
probability is presented in Figure 2c. PSAA solutions provide improved empirical
probabilities, and are closer to the target satisfaction threshold of 1−α = 0.95. For
example, when N = 100, the empirical probability of the SAA solution is less than
0.81, whereas it is 0.928 for the PSAA approach. Overall, the PSAA requires far
fewer scenarios to obtain a high-quality solution compared to the SAA approach.

When compared with Bonferroni approximation and scenario approach, PSAA
yields a less conservative (lower cost) solution at the expense of a slightly higher
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Table 1: Comparisons of SAA and PSAAA on average statistics on 5 instances.

α=0.05 SAA PSAA
N Cost($10K) CPU(s) Prob Cost($10K) CPU(s) Prob
100 6.966 6.3 0.802 6.977 1.4 0.928
500 6.974 415.0 0.902 6.980 3.4 0.936
1000 6.977 2127.8 0.922 6.983 9.2 0.943
3000 6.982 3600 0.933 6.985 55.9 0.947

α=0.05 SA Bonferroni
N Cost($10K) CPU(s) Prob Cost($10K) CPU(s) Prob
100 6.996 0.7 0.877 7.081 0.7 0.987
500 7.057 0.8 0.969 7.081 0.7 0.987
1000 7.130 0.9 0.984 7.081 0.7 0.987
3000 7.179 1.0 0.992 7.081 0.7 0.987

runtime. For instance, when N = 3000, PSAA takes 56 seconds to solve the prob-
lem while both Bonferroni approximation and scenario approach solved within 1
second. But their optimal solutions are $960 and $1940 higher than the PSAA so-
lution, respectively. From these numerical results, it can be concluded that PSAA
is an efficient method for solving this class of chance-constrained optimization
problems, providing a nice tradeoff between computational tractability and rapid
convergence to high-quality solutions.

5.2 Sensitivity to Storage Capacity

We now test the sensitivity of solution cost to variations in installed wind and stor-
age capacities. We tested combinations of 6 storage capacities (0, 200, 400, 600, 800,
and 1000 MWh) and 4 installed wind capacities (1350, 1500, 1650, 1800 MW).
The results are summarized in Figure 3. First, as expected, we observe that cost
decreases as storage capacity and/or installed wind capacity increases. Second,
we observe that only marginal improvements in costs are obtained once installed
wind capacity or storage capacity exceed a certain threshold. For instance, when
installed wind capacity is 1500 MW, increasing storage capacity from 0 to 200
results in cost reductions of more than $2000 while an increased storage capacity,
from 200 to 400, only reduces the cost by $500. Moreover, when installed wind
capacities are sufficiently large, increasing storage capacities yield no further cost
reductions.

5.3 Comparison of SAA and PSAA on the 240-Bus System

The WECC 240-bus test system consists of 85 conventional generators, 348 trans-
mission lines, 142 loads, and 10 wind farms. Wind power uncertainty is modeled
similarly to the approach employed in Section 5.1. We set the installed wind capac-
ity to 510 MW. The remaining parameters are identical to those used in our analy-
sis of the 24-bus system. Because our focus here is to demonstrate the tractability
of PSAA, we selected a large number of scenario samples to test (N = 1000, 3000,
and 5000). Additionally, timing results for these large instances using a linear cost
function are also presented. The results in Table 2 demonstrate the tractability
of PSAA and the intractability of SAA, which failed to solve any of the larger
instances to optimality within the given time limit. Although expected, increased
computational times are observed for these larger instances. However, the largest
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Fig. 3: Solution cost on 24-bus test system under varying wind and storage capacities.

instance with 5000 scenarios can still be solved using PSAA within 700 seconds
using a quadratic objective function. When a linear approximation of the cost
function is employed, the runtime drops to less than 60 seconds. When comparing
PSAA with Bonferroni approximation and scenario approach, we can draw similar
conclusions as the 24-bus system. Although PSAA requires a longer runtime, both
Bonferroni approximation and scenario approach find overly conservative (high-
cost) solutions. For instance, when N = 5000 and the quadratic cost function is
employed, the costs of the solutions provided by Bonferroni approximation and
scenarios approach are 66.1% and 92.6% higher, respectively, than the one of the
PSAA solution.

5.4 Comparison of SAA and PSAA on Large-Size Power System

In this subsection, we compare the performance of SAA and PSAA approaches on
a synthetic large-scale power system. Following the same construction procedure
in [11], we quadruplicate the WECC 240-bus system to construct a 960-bus system
with 1422 transmission line, 340 conventional generators, 568 loads, and 40 wind
farms. The remaining parameters are identical to those used in our analysis of
the WECC 240-bus system. Numerical results are shown in Table (3). Again, the
results in Table 3 demonstrate the intractability of SAA, which failed to solve any
of the larger instances to optimality within the given time limit. Although PSAA
also fails to solve the quadratic objective instance to optimality when N = 5000,
it took only 200 seconds (or less) to solve all the large-scale instances with a linear
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Table 2: Comparison of SAA and PSAA for WECC-240. ”–” indicates that no solution found
in one hour.

Quadratic cost function
α=0.05 SAA PSAA

N Cost(106$) CPU(s) Prob Cost(106$) CPU(s) Prob
1000 2.059 3600 0.945 1.850 35.5 0.930
3000 – – – 1.953 289.2 0.945
5000 – – – 2.064 681.5 0.947

α=0.05 SA Bonferroni

N Cost(106$) CPU(s) Prob Cost(106$) CPU(s) Prob
1000 2.433 1.4 0.958 3.429 0.8 0.991
3000 3.259 2.3 0.983 3.429 0.8 0.991
5000 3.975 3.1 0.991 3.429 0.8 0.991

Linear cost function
α=0.05 SAA PSAA

N Cost(106$) CPU(s) Prob Cost(106$) CPU(s) Prob
1000 1.951 3600 0.930 1.899 12.0 0.928
3000 2.502 3600 0.963 1.996 36.4 0.945
5000 3.312 3600 0.984 2.107 55.3 0.947

α=0.05 SA Bonferroni

N Cost(106$) CPU(s) Prob Cost(106$) CPU(s) Prob
1000 2.483 0.9 0.957 3.513 0.7 0.992
3000 3.351 1.2 0.983 3.513 0.7 0.992
5000 4.067 1.4 0.991 3.513 0.7 0.992

objective function. We also note that the empirical probability of PSAA solution
is not close to the target threshold of 1−α = 0.95 even when N = 5000. However,
it is worth noting that the dimension of the random variables involved is 960.
Given the high dimensionality of the random variables, even PSAA would require
a much larger number of scenarios to obtain a high-quality solution.

Table 3: Comparison of SAA and PSAA for 960-bus system. ”–” indicates that no solution
found in one hour.

Quadratic cost function
α=0.05 SAA PSAA

N Cost(107$) CPU(s) Prob Cost(107$) CPU(s) Prob
1000 – – – 4.431 1361.7 0.892
3000 – – – 4.496 3423.5 0.926
5000 – – – – – –

Linear cost function
α=0.05 SAA PSAA

N Cost(107$) CPU(s) Prob Cost(107$) CPU(s) Prob
1000 – – – 4.852 22.3 0.887
3000 – – – 4.953 72.8 0.925
5000 – – – 5.067 200.8 0.932

6 Conclusion

We presented a new formulation for the chance-constrained economic dispatch
(ED) problem which integrates renewable energy and energy storage. The chance-
constrained ED problem is among the most computationally challenging electricity
grid operations problems and an important component of an integrated UC/ED
operations planning process given renewables and storage. Currently, state-of-the-
art approaches are limited to small-scale problems, considering only a small num-
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ber of renewable resources and/or limited to a small number of scenarios. We also
proposed a novel solution method based on partial sample average approximation
(PSAA) to enable tractable solution of large-scale instances.

Our formulation uses chance constraints to ensure that the scheduled wind en-
ergy is ultimately dispatchable and the portion of demand met with wind resources
is at or above a specified ratio with high probability. This formulation directly
mirrors the structure of RPS mandates. Standard sample average approximation
(SAA) approaches lead to mixed-integer problems which are generally hard to
solve. Here, we adopt PSAA to quickly obtain high-quality solutions. PSAA re-
sults in a convex program and is thus computationally tractable for large instances.
The effectiveness of PSAA is illustrated by experiments on the IEEE 24-bus and
WECC 240-bus test systems. In our model, we follow convention and assume that
wind power is normally distributed. A natural line of further research lies in gen-
eralizing our PSAA approach to other distributions (e.g., Weibull distribution).
Applying our approach to unit commitment is another promising direction.

Appendix A
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Fig. 4: Simplified power grid.

We consider a simplified 6-bus system illustrated in Figure 4. In this system,
there are two conventional generators with capacity 10 and 20 (with cost 5 and
1 per unit, respectively). There are two wind farms with independent uniformly
distributed capacity on the intervals [0, 20] and [0, 40]. There are two load buses
with loads 9 and 4 units, respectively, and five transmission lines with capacities
of 5 and 10 units. We choose a confidence parameter α = 0.19 for constraint (11f)



Chance-Constrained Economic Dispatch with Renewable Energy and Storage 21

(chance constraint) and β = 50% for constraint (11e). Accordingly, we have the
following optimization problem.

min
f,p

5p1 + p2 (21a)

s.t. f1 − pw1 = 0, f1 − f2 = 9, (21b)

f2 − f3 + p1 = 0, f3 − f4 + pw2 = 0, (21c)

f4 − f5 = 4, f5 + p2 = 0, (21d)

|fi| ≤ 5, i = 1, 3 , |fi| ≤ 10, i = 2, 4, 5 (21e)

0 ≤ p1 ≤ 10, 0 ≤ p2 ≤ 20, pw1 , pw2 ≥ 0 (21f)

pw1 + pw2 ≥ 6.5, (21g)

P{pw1 ≤ p̃w1 , pw2 ≤ p̃w2 } ≥ 0.81 (21h)

which is equivalent to the following problem:

min
p

5p1 + p2 (22a)

s.t. |pw1 | ≤ 5, |pw1 − 9| ≤ 10, |pw1 − 9 + p1| ≤ 5, (22b)

|pw1 − 9 + p1 + pw2 | ≤ 10 (22c)

|pw1 − 13 + p1 + pw2 | ≤ 10 (22d)

pw1 − 13 + p1 + pw2 + p2 = 0 (22e)

0 ≤ p1 ≤ 10, 0 ≤ p2 ≤ 20, pw1 , pw2 ≥ 0 (22f)

pw1 + pw2 ≥ 6.5, (22g)

P{pw1 ≤ p̃w1 , pw2 ≤ p̃w2 } ≥ 0.81 (22h)

The optimal solution of problem (22) is p = (p1, p2, pw1 , pw2) =
(2.532, 3.968, 1.468, 5.032) with the optimal value 16.628. Without constraint (22g),
the optimal solution is p = (0.2, 9, 3.8, 0) with the optimal value 10. Upon further
investigation, we found that constraint (22g) is necessary because of transmission
constraints. Without transmission limit, it is always the case that the objective
function is a non-increasing function of the total penetration of wind energy.

Additionally, we consider three cases: p1 = (4, 1.5, 0, 7.5), p2 = (3, 3.5, 1, 5.5)
and p3 = (2, 5, 2, 4). Without constraint (22g), all three solutions are feasible
solution to problem (22) with cost 21.5, 18.5 and 15, respectively. Although p3
has the smallest cost among them, it does not satisfy constraint (22g). Moreover
compared with solution p1, p2 has a smaller cost but it also has a lower wind
penetration. Thus, we can conclude that (1) constraint (22g) is not redundant and
(2) maximum dispatch of (free) wind does not necessitate a lower cost for general
power systems, due to the transmission limitations.
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