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states of the closed two-level Hamiltonian (see Sec. 2.5.4) ε± = ±1
shown in magenta. The system has a net population inversion, sat-
isfying the conditions of Corollary 3.1, and the probe Fermi-Dirac
distribution is monotonically increasing with energy, corresponding
to a negative temperature. . . . . . . . . . . . . . . . . . . . . . . . 50

2.7 Schematic diagram of a two-level system coupled to two electron reser-
voirs under a voltage bias. (a) Bias condition not leading to popula-
tion inversion. (b) Bias condition leading to population inversion due
to direct injection into excited state. . . . . . . . . . . . . . . . . . . 55

3.1 Upper panels: Local temperature distributions for Au-benzene-Au
junctions in meta and para configurations, respectively. The thermal
bias is supplied by cold (T1 = 0K) and hot (T2 = 100K) reservoirs co-
valently bonded to the atoms indicated by the blue and red squares,
respectively. There is no electrical bias. The probe is scanned at a
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ABSTRACT

Thermodynamics is a well-established field which studies systems in equilibrium

and provides some of the most general results in all of physics. Unluckily, the vast

majority of systems encountered in Nature are out of equilibrium. Thermodynamic

descriptions of nonequilibrium systems are a formidable theoretical challenge and

most results have been obtained under the assumption of a local equilibrium. Out-

side such an assumption, definitions of basic thermodynamic state variables such as

temperature and voltage are muddled with a competing panoply of “operational”

definitions. The work presented in this thesis provides a mathematically rigorous

foundation for temperature and voltage measurements in quantum systems far from

equilibrium. We show the existence and uniqueness of temperature and voltage

measurements for any quantum fermion system in a steady-state, arbitrarily far

from equilibrium, and with arbitrary interactions within the quantum system. We

show that the uniqueness of these measurements is intimately tied to the second

law of thermodynamics. In achieving this goal, we prove the positive-definiteness

of the Onsager matrix in the context of thermoelectric transport which had only

been a phenomenological statement for the past 85 years. The validity of the laws

of thermodynamics far from equilibrium are discussed in detail. These results have

fundamental implications for the field of scanning probe microscopy. We propose a

method for imaging temperature fields in nanoscopic quantum conductors where we

anticipate a remarkable improvement in the spatial resolution by over two orders of

magnitude. Finally, we discuss the entropy of a quantum system far from equilib-

rium. We obtain a hierarchy of inequalities for the entropy of the quantum system

and discuss its intimate relation to the information available from a measurement.

We provide exact results pertaining to the entropy in the absence of many-body

interactions but a working ansatz in their presence.
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CHAPTER 1

Introduction

The present thesis deals with several fundamental questions relating to the thermo-

dynamic description of quantum systems that are far from equilibrium. Our primary

question is whether it is meaningful to attribute, to a nonequilibrium system, val-

ues of temperature or voltage which effectively describe systems in thermodynamic

equilibrium. The question of a temperature measurement outside equilibrium has

been asked by various researchers in a variety of contexts, classical and quantum,

and has generated a vast amount of scientific discussion but with no meaningful

consensus [1]. The first order of business is then to understand the notion of equi-

librium and the role of temperature and voltage in the equilibrium setting. We

do this briefly here and then highlight the complications in extending notions of

equilibrium thermodynamics to the nonequilibrium setting.

Equilibrium is an axiomatic assumption in statistical mechanics and thermody-

namics. Two systems are said to be in a state of mutual equilibrium if there is no

net exchange of energy and matter between them. Two systems which are not in

mutual equilibrium will evolve towards a state of mutual equilibrium in a manner

dictated by the second law of thermodynamics, that is, by maximizing the sum of

their entropies. An isolated system therefore evolves in a manner where parts of the

system (subsystems) are in mutual equilibrium with each other thereby increasing

the total entropy. An equilibrium system is one in which there is no net flow of

energy or matter between parts of the system. A system in a state of complete

internal equilibrium has a spatially uniform temperature.

The zeroth law of thermodynamics introduces the notion of temperature as a pa-

rameter labeling thermal equilibrium states. The exitence of such equilibrium states

is a central axiom of thermodynamics. Historically, the zeroth law of thermodynam-

ics [2] appeared the latest but its importance lies in the pedagogical introduction
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of the notion of temperature. It states that thermal equilibrium states, labeled by

their temperatures, form an equivalence class. That is, all systems labeled by the

same temperature are in mutual thermal equilibrium. The zeroth law does not re-

quire the temperature to take on continuous values but only introduces temperature

as a label (isotherm) for thermal equilibrium states. The equivalence property of

thermal equilibrium states may be utilized to develop a thermometer: By choosing

a system (thermometer) which is in mutual thermal equilibrium with the system of

interest and having a readily measurable property which can be related directly to

an empirical temperature. Properties which may be used to measure an empirical

temperature are thermal expansion (e.g. of mercury), resistance of a metal, the

thermopower of a thermocouple etc.

The intuitive concept of a “hotter” or “colder” temperature relies on the second

law of thermodynamics. The Clausius statement of the second law of thermody-

namics [3] establishes the direction of heat flow to be from the thermal equilibrium

state at a hotter temperature to the one at colder one. A “hot” cup of coffee, for

example, will cool down to reach the temperature of the room. The absolute tem-

perature scale [4] which is used today was introduced by Thomson (Lord Kelvin)

based on the Carnot’s statement of the second law of thermodynamics. Thus, the

notion of temperature draws from both the zeroth law and the second law of ther-

modynamics. Therefore, when defining a temperature for nonequilibrium systems,

it becomes important to check its consistency with the laws of thermodynamics.

The thermodynamics of equilibrium systems [5] deals with thermodynamic equi-

librium states and the transformation between such states. A majority of the dis-

cussion restricts these transformations to be reversible. A reversible transformation

is one where the change in the system is brought about so slowly that at each in-

stant of time the system may be assumed to be in a state of internal equilibrium. A

reversible process does not change the entropy of the universe and at any stage the

entropy gained by the system may be returned to the environment and vice-versa.

Early work on classical irreverible thermodynamics∗ considered situations where

∗The classic textbooks by deGroot [6] or Prigogine [7] provide a detailed exposition.
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a local equilibrium could be assumed. In situations where such an assumption is

valid, one may divide the system into smaller units with each such unit being close

to equilibrium. The subunits are small enough to be considered homogenous and at

equilibrium and large enough to warrant a macroscopic thermodynamic description.

This leads to a major simplification and we may locally define temperature, voltage

and other thermodynamic variables in the usual way as it is done for equilibrium

systems. As suggested by the title of this thesis, we consider problems that are far

from equilibrium where the local equilibrium hypothesis is not valid. We restrict

our attention to quantum systems in a steady state.

The need for the development of a thermodynamic theory of quantum systems

far from equilibrium is more pressing than ever owing to the remarkable progress in

the design and fabrication of nanoscale devices. Commercial electronic devices have

undergone a steady minituarization since the 1960s overtaking substantially Moore’s

initial prediction [8] that the trend would continue for a decade. The fabrication of

mesoscopic devices in the 1980s has enhanced our understanding of electron trans-

port at scales smaller than the mean free path of the electron where Ohm’s law is

no longer valid [9]. The local equilibrium hypothesis would no longer be tenable

at such length scales due to the absence of relaxation processes. This period saw

the discovery of novel quantum phenomena such as conductance quantization [10],

quantum Hall effect [11] and the experimental verification of the Aharanov-Bohm

effect [12]. The period concurrently saw the development of scanning probe tech-

niques [13–16] which revolutionized the measurement of local electronic properties,

providing remarkable spatial resolutions. The measurement of temperature and

voltage were soon to follow with the development of scanning probe thermometry

[17] and scanning probe potentiometry [18] respectively. The theoretical basis for

such measurements, however, have remained unclear and the present thesis clarifies

some of these foundational issues.

Recent technological developments have enabled physicists to observe charge and

heat transport in devices whose dimensions are several orders of magnitude smaller

than the electron mean free path. Single molecular junctions [19] and atomic contact
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junctions [20] represent the current frontier of minituarization of electronic devices.

Experiments are now able to measure the conductance and thermopower of sin-

gle molecular junctions [21] as well as atomic-size contact junctions [22]. While the

quantization of electrical conductance in atomic contact junctions has been observed

previously [23–25], recent years have seen a tremendous progress in the measure-

ment of heat transport and dissipation at the atomic scale [26–28]. Fig. 1.1 shows

the experimental setup used by Cui et. al. [27] to measure the heat current across

a single-atom junction of gold and represents the current state-of-the-art in thermal

measurements. Their setup is capable of measuring simultaneously the electrical

and thermal conductances: For gold atomic contacts at room temperature, they

find that the thermal conductance is quantized and follows the quantized electrical

conductance. The insets (C) and (D) of fig. 1.1 show the scanning electron micro-

graphs of their experimental setup. The temperature of the probe tip is measured

by monitoring the change in the resistance of the Pt resistance thermometer shown

in fig. 1.1 and the thermal resistance network shown in the inset (A) is used to

calculate the thermal conductance.

The zeroth law of thermodynamics does not hold for systems outside equilib-

rium†. A thermometer records a temperature reading by reaching mutual equi-

librium with the system of interest. In equilibrium, any two systems that have the

same temperature reading will be in mutual equilibrium if brought into contact with

each other. All degrees of freedom will have the same temperature for a system in

a state of internal equilibrium. This would no longer be true outside equilibrium

and the temperature that is measured would depend on the nature of interactions

between the thermometer and the system. For example, a thermometer may couple

strongly to some degrees of freedom while coupling weakly to others. There is no

equipartition principle outside equilibrium and different degrees of freedom may have

different temperatures. A thermometer may indeed measure the same temperature

for two different systems that are out of equilibrium. However the two systems,

†Ref. [1] provides a detailed exposition and reference list discussing the problems in extending

the notion of temperature to nonequilibrium situations where no local equilibrium exists.
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Experimental setup and scanning electron microscopy (SEM) images of the scanning thermal 
probes.

Longji Cui et al. Science 2017;355:1192-1195

Published by AAAS

Figure 1.1: (A) Schematic of the experimental setup showing the Pt resistance
thermometer which measures the temperature of the probe tip. The resistance of
the thermometer is in turn measured by applying a sinusoidal current If and
monitoring the voltage Vf . The electrical conductance is measured by the
application of a small voltage across the single-atom junction and monitoring the
resultant current. The thermal resistance network shown is used to calculate the
thermal conductance of the junction by using the known value of the probe
thermal resistance Rp. (B) Depicts the formation of the atomic contact junction.
(C) and (D) show the SEM images of the scanning probe. Reproduced with
permission from Cui et. al., Science, Vol. 355, Issue 6330 (2017).
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when brought into contact with each other, may not be in mutual equilibrium. The

thermometer may couple strongly to some degrees of freedom in the first system

while coupling strongly to others in the second system; there would be no reason to

expect that the two systems would remain in mutual equilibrium when brought into

contact with each other. We are well aware of this issue and we explicitly consider

the electronic degrees of freedom in all the results presented in this thesis. However,

the results are equally applicable to any fermionic degree of freedom so long as it is

understood that one is talking about the temperature and voltage corresponding to

those fermions alone.

The invalidity of the zeroth law outside equilibrium has prompted some authors

to regard definitions of temperature or voltage as “operational” and lacking any fun-

damental meaning. For example, McLennan states in his book [29] “Clearly there

is no zeroth law for a nonequilibrium situation. The reading of a thermometer may

depend on its orientation, shape, surface properties and so on ... Nonequilibrium

temperature is introduced for theoretical convenience rather than to take advantage

of a basic principle.” We disagree with this point of view. The question of the zeroth

law of thermodynamics was analyzed by Stafford et. al. in earlier works [30, 31]

in some detail. The present thesis concerns itself mainly with the second law of

thermodynamics. The results presented in this thesis take the notions of tempera-

ture and voltage well beyond their “operational” role in describing nonequilibrium

systems.

One of the main results presented in this thesis is the proof of the Onsager’s state-

ment of the second law of thermodynamics. We shall see that this result provides

a rigorous mathematical foundation for the notions of temperature and voltage in

the nonequilibrium setting. Onsager’s seminal work of 1931 [32, 33] introduced the

so-called linear response coefficients and derived the reciprocal relations that they

satisfy. Onsager’s contribution was an influential starting point for the later devel-

opment of nonequilibrium thermodynamics where a local equilibrium hypothesis was

assumed. The results presented in the present thesis pertain to quantum fermion

systems arbitrarily far from equilibrium. The theoretical basis for the description of
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quantum systems out of equilibrium traces back to the pioneering work of Martin,

Schwinger [34, 35], Kadanoff, Baym [36], Keldysh [37] and others in the 1960s. This

formalism is now referred to in literature as the Nonequilibrium Green’s Functions

(NEGF) formalism and sometimes as the Keldysh formalism. The formalism was

applied to the study of electron transport through an interacting nanostructure (e.g.

Ref. [38]) during the 1990s. We do not review the NEGF formalism in the present

thesis but include some useful results in the appendices. A pedagogical introduction

to the subject can be found in the book by Stefanucci and van Leeuwan [39]. A

brief overview of the Green’s function formalism relevant to quantum steady-state

transport can be found in the PhD thesis of Joshua Barr [40].

The present thesis is organized as follows. In chapter 2, we present results which

place temperature and voltage on a rigorous mathematical foundation. We show

that the uniqueness of the temperature and voltage measurement is a consequence

of the second law of thermodynamics. Interestingly, we find that temperature and

voltage have to be defined simultaneously to ensure uniqueness. We show also that a

solution always exists. These results are very general: They apply to any quantum

fermion system in a steady-state, arbitrarily far from equilibrium, with arbitrary

many-body interactions within the quantum system. We also show that one may

obtain negative temperatures if the quantum system has a spectrum that is bounded

above. Chapter 3 considers a question motivated by the third law of thermodynam-

ics: What is the coldest possible temperature for a nonequilibrium quantum system?

In chapter 4, we present a novel experimental method for temperature measurements

using a scanning tunneling microscope whose working principle is closely related to

the findings of the preceding chapters. We anticipate a remarkable improvement

in the spatial resolution of temperature measurements by two orders of magnitude

over existing schemes of scanning thermal microscopy. Any theory of thermody-

namics is incomplete without a thorough exploration of the notion of entropy. In

chapter 5, we discuss the entropy of a steady-state quantum system and obtain a

hierarchy of inequalities. The entropy inequalities that we obtain have an intimate

relationship with the information available to an observer from a local measure-
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ment. The analysis is done here in the scattering basis and we present rigorous

results for the noninteracting case. Including interactions will cause the scattering

states to mix and the analysis becomes considerably more complicated. We may

straight-forwardly extend the definition to apply for such a case but, since a rig-

orous justification is missing, we would like to call it an ansatz when interactions

are present. We also discuss the use of entropy as a metric to quantify the depar-

ture from equilibrium. Some useful results pertaining to the Green’s functions are

included in the appendices. In order to benefit the reader, we have included brief

introductions at the start of every chapter and the reader may choose to skip to a

chapter of particular interest, hopefully, without loss of context‡.

‡The analysis in chapter 3 follows from the more general results presented in chapter 2 and we

do not include a separate introduction.
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CHAPTER 2

Temperature and Voltage

This chapter is based on the work published in Ref. [41]

“The law that entropy always increases holds, I think, the supreme position

among the laws of Nature. If someone points out to you that your pet theory of the

universe is in disagreement with Maxwell’s equations — then so much the worse for

Maxwell’s equations. If it is found to be contradicted by observation — well, these

experimentalists do bungle things sometimes. But if your theory is found to be

against the second law of thermodynamics I can give you no hope; there is nothing

for it but to collapse in deepest humiliation.” — Arthur Eddington [42].

2.1 Introduction

Temperature and voltage∗ are basic thermodynamic quantities which are routinely

measured in all sorts of experiments. The definition of temperature and voltage are

well established in equilibrium. The zeroth law encodes the definition of temperature

as an equivalence class of equilibrium systems where any two systems from the

same class, when brought into contact, do not have a net exchange of energy. The

second law tells us that the energy (in the form of heat) flows from a system at

a higher temperature to a system at lower temperature in the absence of work.

Similarly, particles flow from a system at higher chemical potential to a system

at lower chemical potential in the absence of temperature gradients. Here we show

that such formulations of the second law are indeed possible for quantum systems far

from equilibrium and that they have profound consequences for the measurement of

∗Voltage here refers to the electrochemical potential (µ) and not just the electrostatic potential

(V). A voltmeter in fact measures the electrochemical potential difference which of course includes

the electrostatic contribution µ = µ0 + eV.
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temperature and chemical potential (or voltage when dealing with charged particles).

Just as Eddington notes, our statements of the second law are not dependent on the

nature of interactions within the quantum system.

The definition of thermodynamic variables in a system far from equilibrium is

of fundamental interest. It serves as a necessary step towards the construction of

nonequilibrium thermodynamics which has gained renewed interest in recent years

[1, 31, 43–48]. On the experimental side, scanning tunneling potentiometry [18]

(i.e., the measurement of local voltages) has undergone tremendous progress over

the past two decades [49–51] achieving sub-angstrom spatial resolutions. Scanning

thermometry [17] has proven significantly more challenging but is currently under-

going a rapid evolution toward nanometer resolution [52–55]. The progress on the

theoretical side is therefore ever more important since predictions will soon be exper-

imentally testable. Unfortunately, even the notions of temperature and voltage out

of equilibrium have not been thought out carefully. Until now, mainly operational

definitions [46, 56–65] have been advanced leading to a competing panoply of often

contradictory definitions of such basic observables as temperature and voltage. The

results in this chapter fill this gap by developing a rigorous mathematical description

of local thermodynamic measurements.

One other point deserves mention before we look at the results of this chapter.

Out of equilibrium, different degrees of freedoms can have different temperatures.

We know this fact from NMR spectroscopy where the nuclear spin temperature

can be negative but the atom or electron temperature is clearly positive. Another

example is that of a laser, where electron temperature is negative due to population

inversion but the lattice/gas temperature is positive. We therefore have to clearly

demarcate between lattice temperature [66–68], photon temperature [69–71] and

electron temperature [30, 31, 46, 56, 59, 61, 63, 64]. Our work concerns itself only

with the electron temperature. The results presented in this chapter are, however,

true for any fermionic system, charged or neutral.

The main results of this chapter are presented in the lemmas and theorems in

the subsequent sections. The brief summary of these results is as follows. We
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show that temperature and voltage cannot be measured separately for a system out

of equilibrium. This is shown in Lemmas 1, 2 and Theorems 1 and 2. Lemma

1 shows that a voltage-only measurement is nonunique and hence voltage is ill-

defined without an accompanying temperature measurement. Lemma 2 shows that

a temperature-only measurement is nonunique and hence temperature is ill-defined

without an accompanying voltage measurement. Theorem 1 is in fact the Onsager

statement of the second law which, to our knowledge, is proved for the first time.

Lemmas 1 and 2 are also statements of the second law related to the Clausius

statement. Theorem 2 shows that the simultaneous measurement is unique and

hence the only meaningful way to define temperature and voltage. Theorem 3

answers the question of the existence of a solution. Theorem 3 and its corollary 3.1

establish that a solution always exists. There is also the question of an ideal probe

which is addressed extensively.

The results here are quite general in their applicability: They hold for steady-

state quantum systems arbitrarily far from equilibrium, with arbitrary interactions

within the quantum system, and for any fermionic system, charged or neutral. One

important consideration is that of a noninvasive probe. In the presence of interac-

tions, our results only hold for the noninvasive probe limit. Analysis outside this

limit appears to be mathematically complicated. If interactions are absent, then

the noninvasive probe limit is not needed and the results hold for arbitrarily strong

system-probe couplings. This latter point is explicitly shown in appendix B, section

B.0.2.

2.2 Expression for the Currents

We use the nonequilibrium Green’s function formalism (NEGF) for describing the

motion of electrons within a quantum conductor. A general expression for the

nonequilibrium steady-state electrical current (ν = 0) [38] and the electronic contri-

bution to the heat current (ν = 1) [72] flowing into a macroscopic electron reservoir
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P is

I(ν)
p = − i

h

∫ ∞
−∞
dω(ω − µp)ν Tr {Γp(ω) (G<(ω) + fp(ω) [G>(ω)−G<(ω)])} , (2.1)

where Γp(ω) is the tunneling width matrix describing the coupling of the probe to

the system and

fp(ω) = {1 + exp[(ω − µp)/kBTp]}−1

is the Fermi-Dirac distribution of the probe. G<(ω) and G>(ω) are the Fourier

transforms of the Keldysh “lesser” and “greater” Green’s functions [39], describing

the nonequilibrium electron and hole distributions within the system, respectively.

Eq. (2.1) is a general result valid for arbitrary interactions within the quantum

system. It is also valid for situations arbitrarily far from equilibrium. A lot of insight

can be gained by a rearrangement of Eq. (2.1) into the Landauer-Büttiker form [31]

I(ν)
p =

1

h

∫ ∞
−∞

dω(ω − µp)νTps(ω)[fs(ω)− fp(ω)]. (2.2)

The Landauer-Büttiker form was originally derived for noninteracting electrons

within the scattering approach therefore it is crucial to note that Eq. (2.2) is valid

for arbitrary interactions. It is simply a rearragement of Eq. (2.1).

Eq. (2.2) is describing the charge and heat exchanged by the probe reservoir

p (which is approximated to be at equilibrium) with a nonequilibrium system s.

We show that Tps(ω) satisfies the property of a transmission function and is non-

negative. We show also that fs(ω) satisfies the property of a fermionic distribution

function and takes on values in the range [0, 1].

We first write down the expression for fs and Tps in terms of the Green’s func-

tions. We refer to fs as the local nonequilibrium distribution function of the system,

as sampled by the probe [31]

fs(ω) ≡ Tr{Γp(ω)G<(ω)}
2πiTr{Γp(ω)A(ω)}

, (2.3)

and the effective probe-system transmission function

Tps(ω) = 2πTr{Γp(ω)A(ω)}. (2.4)
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A(ω) is the spectral function given by

A(ω) =
1

2πi

(
G<(ω)−G>(ω)

)
, (2.5)

and is Hermitian and positive-semidefinite as shown in appendix A.

Since the probe-system coupling Γp(ω) is also positive-semidefinite (due to

causality [39]), we note that

Tr{A(ω)Γ(ω)} = Tr
{
A(ω)1/2A1/2(ω)Γ(ω)

}
= Tr

{
A1/2(ω)Γ(ω)A1/2(ω)

}
≥ 0,

(2.6)

where A1/2(ω) is the positive-semidefinite square root of A(ω). A1/2(ω)Γ(ω)A1/2(ω)

becomes positive-semidefinite when A1/2(ω) and Γ(ω) are positive-semidefinite [73]

and therefore we have

Tps(ω) ≥ 0, ∀ω ∈ R. (2.7)

We also show in appendix A that fs satisfies the property of a fermionic distri-

bution function:

0 ≤ fs(ω) ≤ 1 ∀ω ∈ R. (2.8)

We start our analysis with the following postulate and explain its physical sig-

nificance.

Postulate 1 The local probe-system transmission function Tps : R → [0,∞) and

the nonequilibrium distribution function fs : R → [0, 1] are measurable over any

interval [a, b] ∈ R and Tps(ω) satisfies

0 <

∫ ∞
−∞

dωTps(ω) <∞ (2.9)

and ∣∣∣∣ ∫ ∞
−∞

dω ωTps(ω)

∣∣∣∣ <∞. (2.10)

The measurability of Tps(ω) and fs(ω) is taken to lend meaning to the currents

in Eq. (2.2). We point out that the finiteness of the two integrals given in Eqs.

(2.9) and (2.10) is more relevant to our discussion of existence of solutions in Sec.
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2.5. Our result on uniqueness, as stated in Theorem 2, is somewhat stronger and

requires only that the function Tps(ω) grow slower than exponentially for large values

of energy (for ω → ±∞).

On physical grounds, the probe-sample transmission function Tps(ω) can be ar-

gued to have a compact support (non-zero only for some finite interval [ω−, ω+] ⊂ R).

It is easy to see that Tps must have a lower bound ω− such that Tps(ω) = 0 ∀ ω < ω−,

since physical Hamiltonians must have a finite ground-state energy. However, for

energies larger than the probe work function (ω+), it can be argued that the particle

will merely pass through the probe and not contribute to the steady state currents

into the probe. Tps(ω) then has a compact support and satisfies Eqs. (2.9) and (2.10).

In section 2.5, we comment upon the limiting case where the measure of ωTps(ω) in

Eq. (2.10) tends to infinity. The absolute value on the lhs in Eq. (2.10) is somewhat

redundant since the limiting case must have ω+ →∞ while ω− → −∞ is ruled out

based on the principle that any physical spectrum has a finite ground-state energy.

We note that Eqs. (2.9), (2.10) also imply

0 <

∫ ∞
−∞

dωTps(ω)fs(ω),

∫ ∞
−∞

dωTps(ω)fp(ω) <∞ (2.11)

and ∫ ∞
−∞

dω ωTps(ω)fs(ω),

∫ ∞
−∞

dω ωTps(ω)fp(ω) <∞. (2.12)

2.3 Local Measurements

The local voltage and temperature of a nonequilibrium quantum system, as mea-

sured by a scanning thermoelectric probe, is defined by the simultaneous conditions

of vanishing net charge dissipation and vanishing net heat dissipation into the probe

[30, 31, 48, 63, 64, 74]:

I(ν)
p = 0, ν ∈ {0, 1}, (2.13)

where ν = 0, 1 correspond to the electron number current and the electronic contri-

bution to the heat current, respectively. Eq. (2.13) gives the conditions under which

the probe is in local equilibrium with the sample, which is itself arbitrarily far from

equilibrium.
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Probe Reservoir

Figure 2.1: Illustration of the measurement setup: The quantum conductor
represented above is in a nonequilibrium steady state. A weakly-coupled scanning
tunneling probe noninvasively measures the local voltage (µp) and local
temperature (Tp) simultaneously: By requiring both a vanishing net charge

exchange (I
(0)
p = 0)and a vanishing net heat exchange (I

(1)
p = 0) with the system.

The nonequilibrium steady state has been prepared, in this particular illustration,
via the electrical and thermal bias of the strongly-coupled reservoirs (1 and 2).
The measurement method itself is completely general and does not depend upon
(a) how such a nonequilibrium steady-state is prepared, (b) how far from
equilibrium the quantum electron system is driven, and (c) the nature of
interactions within that system.

We define the system’s local temperature and voltage using a probe that is

weakly coupled via a tunnel barrier. The other end of this scanning probe [16,

75] is the macroscopic electron reservoir whose temperature and voltage are both

adjusted until Eq. (2.13) is satisfied. A weakly-coupled probe is a useful theoretical

construction for our analysis and the extension of our results beyond the weak-

coupling limit is an open question. We explain the physical basis of weak coupling

in 2.3.2 and derive some useful formulae. Before proceeding to the main results, we

take a short detour which will help us better understand the measurement condition

of Eq. (2.13) by considering an example system.
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2.3.1 Example: Anthracene Junction

We introduced the nonequilibrium spectrum fs and the probe-system transmission

function Tps in Eqs. (2.3) and (2.4) respectively. It is beneficial to have an intuitive

picture of these quantities. The local measurement condition of Eq. (2.13) lends itself

to the easiest physical interpretation when the probe is in the broadband limit. We

discuss this limit in detail in the subsection 2.5.2 on ideal probes. Succinctly put,

the measurement condition just becomes the following statement. We look for an

equilibrium system with the distribution fp which give us the same average energy

and average occupancy as that of the nonequilibrium system with the distribution

fs. The spectrum and distribution function of the system are sampled locally by

the probe and are experimentally accessible [76].

We consider an anthracene molecular junction driven out of equilibrium by both

temperature and voltage biases as shown in Fig. 2.2. The bias conditions were taken

to be T1 = 100K (reservoir 1 is indicated with blue squares), T2 = 300K (reservoir

2 is indicated with red squares) and µ2−µ1 = 0.2eV. In the upper panel of fig. 2.2,

we show the voltage and temperature distributions along the molecule as measured

by a scanning probe whose tip is 3.5Å above the plane of the molecule.

There are two representative points on the molecule which are shown in the lower

panel of Fig. 2.2. Point 2 illustrates the measurement condition very clearly. One

can see that the distribution function for point 2 has two clear steps corresponding

to different the chemical potentials of the two reservoirs. The two steps also have

different widths corresponding to the different temperatures of the two reservoirs.

The measurement idea is then the following: We want to fit a Fermi-Dirac distri-

bution such that it gives the same occupancy and energy as the nonequilibrium

distribution (cf. discussion in Ref. [31]). In other words, we want to find an equilib-

rium distribution fp which gives the same zeroth and first moments of the system’s

local spectrum. This corresponds to the conditions of zero particle and heat currents

as written by the measurement condition in Eq. (2.13). The broadband condition

has important implications for measurements which we discuss in section 2.5 on the
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Figure 2.2: Upper panel shows the temperature and voltage variations along the
molecular junction as seen by a probe scanning at a height of 3.5Å. Lower panel
shows the nonequilibrium distribution of the system fs and the equilibrium
Fermi-Dirac distribution fp of the probe for two representative points marked 1
and 2. The measurement finds fp so that the mean energy and occupancy of the
probe is the same as that of the nonequilibrium system locally. The distribution fs
at point 2 has the clear feature of mixing of two Fermi-Dirac distributions
corresponding to the two reservoirs (shown with red and blue squares).
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existence of solutions in the present chapter. We refer the reader also to a related

discussion in Ref. [31].

2.3.2 Noninvasive Measurements

When the coupling of the probe to the system is weak, we may take Tps(ω) in

Eq. (2.4) and the local nonequilibrium distribution function fs(ω) to be indepen-

dent of the probe temperature Tp and chemical potential µp. While both Tps(ω)

and fs(ω) depend upon the local probe-system coupling in an obvious manner, the

weak-coupling condition essentially implies that the nonequilibrium steady state of

the system is unperturbed by the introduction of the probe terminal. The voltage

and temperature of the probe itself play no role in preparing the nonequilibrium

steady state. In other words, the probe does not drive the system but merely ex-

changes energy and particles across a weakly-coupled tunnel barrier and constitutes

a noninvasive measurement. A precise analysis of the conditions necessary for a

noninvasive probe is given in appendix B.

Given a system prepared in a certain nonequilibrium steady state (e.g. by a

particular bias of the strongly coupled reservoirs), the currents given by Eq. (2.2)

are functions of the probe Fermi-Dirac distribution specified by its temperature and

chemical potential

I(ν)
p ≡ I(ν)

p (µp, Tp). (2.14)

It can be seen that the currents are continuous functions of µp ∈ (−∞,∞) and

Tp ∈ (0,∞) with continuous gradient vector fields defined by

∇I(ν)
p ≡

(
∂I

(ν)
p

∂µp
,
∂I

(ν)
p

∂Tp

)
. (2.15)

With kB set to unity, we compute the gradients of the currents using Eq. (2.2). We

find the gradient of the number current to be

∇I(0)
p =

(
− L(0)

ps ,−
L(1)
ps

Tp

)
. (2.16)
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The gradient of the heat current reduces to

∇I(1)
p =

(
− L(1)

ps − I(0)
p ,−L

(2)
ps

Tp

)
, (2.17)

where we define the response coefficients L(ν)
ps as

L(ν)
ps ≡ L(ν)

ps (µp, Tp)

=
1

h

∫ ∞
−∞

dω(ω − µp)νTps(ω)

(
− ∂fp
∂ω

)
,

(2.18)

which are easily seen to be finite†. Expressions (2.16) and (2.17) for the current

gradients are valid for a noninvasive probe measurement for steady-state transport

arbitrarily far from equilibrium and with arbitrary interactions within the quantum

system.

Although the coefficients L(ν)
ps formally resemble the Onsager linear response

coefficients [32] of an elastic quantum conductor [77], it is very important to note

that we do not make the assumptions of linear response, time-reversal symmetry,

local equilibrium, or elastic transport in the above definition of L(ν)
ps : The system

itself may be arbitrarily far from equilibrium with arbitrary inelastic scattering

processes. The coefficients above appear naturally when we calculate the gradient

fields defined by Eq. (2.15) and the gradient operator is of course given by the first

derivatives. Our main results follow from an analysis of the properties of these

gradient fields.

2.4 Uniqueness and the Second Law

We now turn to one of the central problems which we set out to address:

I
(ν)
p (µp, Tp) = 0, with ν = {0, 1}, is a system of coupled nonlinear equations in

two variables that defines our local voltage and temperature measurement. There

is no a priori reason to expect a unique solution even if a solution exists. We begin

†L(ν)
ps (µp, Tp) are finite even if Tps(ω) and ωTps(ω) do not obey the finite measure conditions of

postulate 1 due to the exponentially decaying tails of the Fermi-derivative. We merely need Tps(ω)

to grow slower than exponentially for ω → ±∞.
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the section with statements of the second law of thermodynamics and conclude by

showing that the uniqueness of the measurement emerges as a consequence.

2.4.1 Statements of the Second Law

We note that ∀ µp ∈ (−∞,∞) and Tp ∈ (0,∞),

L(0)
ps (µp, Tp) > 0

L(2)
ps (µp, Tp) > 0,

(2.19)

since Tps(ω) ≥ 0, and the measure of Tps(ω) and the Fermi-function derivative are

both nonzero and strictly positive. This leads to two statements of the second

law of thermodynamics, related to the Clausius statement, which are presented in

the following two lemmas. The idea is to choose the correct contour for each case

and evaluate the line integral over the current gradients given by Eqs. (2.16) and

(2.17). A cursory glance at the number current gradient in Eq. (2.16) suggests that

the contour should be defined over a constant temperature while the heat current

gradient in Eq. (2.17) suggests a line integral over a constant voltage contour.

Lemma 1 The number current contour defined by I
(0)
p (µp, Tp) = 0 exists for all

Tp ∈ (0,∞) and defines a function M : (0,∞) → R , where µp = M(Tp), such that

the second law of thermodynamics is obeyed:

I(0)
p (µ′p, Tp) > 0, if µ′p < µp and

I(0)
p (µ′p, Tp) < 0, if µ′p > µp.

(2.20)

Proof. We first show that I(0)(µp, Tp) = 0 is satisfied for all Tp ∈ (0,∞). For any

Tp ∈ (0,∞), we have

lim
µp→−∞

I(0)(µp, Tp) =
1

h

∫ ∞
−∞

dωTps(ω)[fs(ω)

− lim
µp→−∞

fp(ω)]

=
1

h

∫ ∞
−∞

dωTps(ω)fs(ω)

>0,

(2.21)
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Figure 2.3: Illustration of Lemma 1: The contour PQ shown in magenta cuts the
number current contour I

(0)
p = 0 (or any I

(0)
p = constant) exactly once. The

contour line from P to Q is at a constant temperature (Tp = constant) and
illustrates the Clausius statement: The number current is monotonically
decreasing along PQ. The system and bias conditions are detailed in Sec. 2.5.4.

and

lim
µp→∞

I(0)(µp, Tp) =
1

h

∫ ∞
−∞

dωTps(ω)[fs(ω)

− lim
µp→∞

fp(ω)]

=
1

h

∫ ∞
−∞

dωTps(ω)(fs(ω)− 1)

<0.

(2.22)

This ensures at least one solution due to the continuity of the currents but does not

ensure uniqueness.

We note that I
(0)
p is monotonically decreasing along dl = (dµp, 0)

∆I(0)
p =

∫ µ′p

µp

∇I(0)
p .dl =

∫ µ′p

µp

−L(0)
ps dµp (2.23)

due to the fact that L(0)
ps is positive, and more explicity:

∆I(0)
p =

1

h

∫ ∞
−∞

dωTps(ω)[fp(µp, Tp;ω)− fp(µ′p, Tp;ω)]

> 0, if µ′p < µp

< 0, if µ′p > µp.

(2.24)
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This implies the existence of a unique solution to I
(0)
p (µp, Tp) = 0 for every Tp ∈

(0,∞) which we denote by µp = M(Tp), and Eq. (2.20) is implied by Eq. (2.24). �

We also note that the number current [µp = M(Tp)] contour is vertical when the

temperature approaches absolute zero, as shown in Fig. 2.3, since L(1)
ps /Tp → 0 as

Tp → 0, and implies a vanishing Seebeck coefficient for the probe-system junction

near absolute zero.

An “ideal potentiometer” was initially proposed [56] by merely requiring I
(0)
p = 0.

Subsequently, Büttiker [78, 79] clarified that this definition holds only near absolute

zero due to the absence of thermoelectric corrections. Such a voltage probe deter-

mines the voltage uniquely at zero temperature in the linear response regime, and is

relevant for experiments in mesoscopic circuits [80–83] which are carried out at cryo-

genic temperatures. However, at higher temperatures and/or larger bias voltages,

where the sample may be heated by both the Joule and Peltier effects, thermo-

electric corrections to voltage measurements must be considered. Indeed, Bergfield

and Stafford [74] argue that an ideal voltage probe must be required to equilibrate

thermally with the system (I
(1)
p = 0) without which “a voltage will develop across

the system-probe junction due to the Seebeck effect.”

Voltage probes have been used extensively in the theoretical literature to mimic

the effects of various scattering processes, such as inelastic scattering [78, 84–88]

and dephasing [89–91] in mesoscopic systems. A modern variation of Büttiker’s

voltage probe, additionally requiring that the probe exchange no heat current, has

been used to model inelastic scattering in quantum transport problems at finite

temperature [58, 61, 92–94]. The probe technique, as a model for scattering, has

also been extensively studied beyond the linear response regime [95–97].

Lemma 1 implies that a “voltage probe” (defined only by I
(0)
p = 0) requires the

simultaneous specification of a probe temperature Tp so that µp = M(Tp) is uniquely

determined. Fig. 2.3 illustrates that the measured voltage shows a large dependence

on the probe temperature. Therefore, it is important to define a simultaneous

temperature measurement by imposing I
(1)
p (µp, Tp) = 0.
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Lemma 2 The heat current contour defined by I
(1)
p (µp, Tp) = c, where c is some

constant, obeys the second law of thermodynamics:

I(1)
p (µp, T

′
p) > c, if T ′p < Tp

< c, if T ′p > Tp.
(2.25)

Proof. We follow an analogous argument to lemma 1 and show the monotonicity

of I
(1)
p (µp, Tp) along a certain contour in the µp-Tp plane. Naturally, the contour

we choose is along a fixed µp [cf. Eq. (2.17)] since we know that L(2)
ps is positive.

Therefore we have ∆I
(1)
p = I

(1)
p (µp, T

′
p) − I

(1)
p (µp, Tp) =

∫ T ′p
Tp
∇I(1)

p .dl, where dl =

(0, dTp) and explicitly,

∆I(1)
p =

1

h

∫ ∞
−∞

dω(ω − µp)Tps(ω)[fp(µp, Tp;ω)

− fp(µp, T ′p;ω)]

> 0, if T ′p < Tp

< 0, if T ′p > Tp.

(2.26)

This implies Eq. (2.25). �

We stated lemma 2 with a constant c, not necessarily c = 0, unlike‡ lemma 1.

This is because we do not a priori know whether the contour I
(1)
p = 0 exists and we

derive a necessary and sufficient condition for its existence in Sec 2.5.

Analogous to Lemma 1, Lemma 2 implies that a “temperature probe” [56] (de-

fined only by I
(1)
p = 0) requires the simultaneous specification of a probe voltage

µp so that the temperature Tp = τ0(µp) is uniquely determined. Fig. 2.4 illustrates

that the measured temperature shows a large dependence on the probe voltage.

‡Furthermore, the tangent vector [cf. Eq. (2.34)] along I
(1)
p = c cannot be of magnitude zero

since L(2)
ps is strictly positive for Tp ∈ (0,∞). Therefore, the contour I

(1)
p = c doesn’t terminate for

finite values of Tp and µp. This implies the existence of a function τc : (−∞,∞) → (0,∞) which

defines

Tp = τc(µp)

for each point on I
(1)
p (µp, Tp) = c.



40

−0.5 0 0.5 1

0.3

0.4

0.5

0.6

0.7

P

Q

µp [eV ]

T
p
[e
V
]

I
(1)
p = 0

Figure 2.4: Illustration of Lemma 2: The contour PQ shown in magenta cuts
I

(1)
p = 0 (or any I

(1)
p = constant) exactly once. Contour PQ is defined by

µp = constant and illustrates the Clausius statement: The heat current is
monotonically decresing along PQ. The system and bias conditions are detailed in
Sec. 2.5.4.

Therefore, it becomes important to simultaneously measure the voltage by impos-

ing I
(0)
p = 0. If the temperature probe is not allowed to equilibrate electrically with

the system, a temperature difference will build up across the probe-system junction

due to the Peltier effect thus leading to an error in the temperature measurement.

Clearly, depending upon the probe voltage, the “temperature probe” could mea-

sure any of a range of values thereby rendering the measurement somewhat mean-

ingless (see Fig. 2.4). Analogously, the “voltage probe” could measure any of a

range of values depending upon the probe temperature (see Fig. 2.3). Thermoelec-

tric probes (also referred to as dual probes or voltage-temperature probes) treat

temperature and voltage measurements on an equal footing and implicitly account

for the thermoelectric corrections exactly. Only such a dual probe is in both thermal

and electrical equilibrium with the system being measured, and therefore yields an

unbiased measurement of both quantities. A mathematical proof of the uniqueness

of a voltage and temperature measurement is therefore of fundamental importance.

We may also deduce that Tp = 0 cannot be obtained as a measurement outcome
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since

lim
Tp→0

I(1)
p (µp, Tp) =

∫ ∞
−∞

dω (ω − µp)Tps(ω)[fs(ω)

− lim
Tp→0

fp(µp, Tp)]

=

∫ µp

−∞
dω (ω − µp)Tps(ω)(fs(ω)− 1)

+

∫ ∞
µp

dω (ω − µp)Tps(ω)fs(ω)

> 0,

(2.27)

consistent with the third law of thermodynamics. However, temperatures arbitarily

close to absolute zero are, in principle, possible [48].

Lemmas 1 and 2 may be interpreted in terms of the Clausius statement of the

second law [3]: “No process is possible whose sole effect is to transfer heat from

a colder body to a warmer body.” Lemma 2 gives us the direction in which heat

will flow [cf. Eq. (2.26)] when the probe is biased away from the point of thermal

equilibrium with the system, I
(1)
p (µp, Tp) = 0: whenever the probe is hotter than

the temperature corresponding to thermal equilibrium, with the chemical potential

held constant, heat flows out of the probe and vice versa. Similarly, Lemma 1 gives

us the direction in which particle flow occurs when the probe is biased away from

the point of electrical equilibrium, I
(0)
p (µp, Tp) = 0: whenever the probe is at a

higher chemical potential than the one corresponding to electrical equilibrium, with

temperature held constant, particles flow out of the probe and vice versa. Here we

refer to electrical (ν = 0, Lemma 1) and thermal (ν = 1 lemma 2) equilibration of the

probe with the system under the local exchange of particles and energy. The system

itself may be arbitrarily far from equilibrium and may possess no local equilibrium.

The problem of a unique measurement of a “voltage probe” (defined only by

I
(0)
p = 0) or a “temperature probe” (defined only by I

(1)
p = 0) has been attempted

previously by Jacquet and Pillet [46] for transport beyond linear response and, to

our knowledge, is the only work in this direction. However, in Ref. [46], the bias

conditions considered are quite restrictive and the result assumes noninteracting

electrons. Lemmas 1 and 2, respectively, generalize the result to arbitrary bias
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conditions, and arbitary interactions within a quantum electron system, while also

providing a useful insight via the Clausius statement of the second law of thermo-

dynamics. However, the question we would like to answer in this article pertains to

the uniqueness of a thermoelectric probe measurement defined by both I
(0)
p = 0 and

I
(1)
p = 0. A result for such dual probes has been obtained only in the linear response

regime and for noninteracting electrons [58].

Theorem 1 The coefficients L(ν)
ps satisfy the inequality

L(0)
ps L(2)

ps −
(
L(1)
ps

)2
> 0. (2.28)

Proof. We may define functions g(ω) and h(ω) as

g(ω) =

√
Tps(ω)

(
− ∂fp
∂ω

)
(2.29)

and

h(ω) = (ω − µp)

√
Tps(ω)

(
− ∂fp
∂ω

)
. (2.30)

We note that g(ω) and h(ω) belong to L2(R) (cf. also footnote† on page 35). Noting

that g and h are real, we apply the Cauchy-Schwarz inequality∣∣∣∣ ∫ ∞
−∞

dωg(ω)h(ω)

∣∣∣∣2 ≤ ∫ ∞
−∞

dω|g(ω)|2
∫ ∞
−∞

dω|h(ω)|2. (2.31)

The integral appearing on the lhs is L(1)
ps while on the rhs we have the product of

L(0)
ps and L(2)

ps respectively. We drop the absolute value on the lhs by noting that

L(1)
ps is real and write (

L(1)
ps

)2 ≤ L(0)
ps L(2)

ps . (2.32)

We drop the equality case above by noting that g and h are linearly independent

except for the trivial case when Tps(ω) = 0 ∀ω or when the probe coupling is

narrowband [Tps(ω) = γ̄δ(ω − ω0)]. The latter scenario is discussed again in sec

2.5.3. �

The proof of theorem 1 can be easily extended to show the positive-definiteness

of the linear response matrices [32] widely used for elastic transport calculations
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(e.g., in Refs. [77, 98]). Theorem 1 implies a positive thermal conductance (see e.g.,

Ref. [98]), which is necessary for positive entropy production consistent with the

second law of thermodynamics.

2.4.2 Uniqueness

Theorem 2 The local temperature and voltage of a nonequilibrium quantum sys-

tem, measured by a thermoelectric probe, is unique when it exists.

Proof. The tangent vectors t(ν) for I
(ν)
p are along

t(0) =

(
− L

(1)
ps

Tp
,L(0)

ps

)
(2.33)

and

t(1) =

(
L(2)
ps

Tp
,−L(1)

ps − I(0)
p

)
=

(
L(2)
ps

Tp
,−L(1)

ps

)
, if I(0)

p = 0,

(2.34)

respectively, such that we have∫ s2

s1

ds
t(ν) · ∇I(ν)

p

|t(ν)|
= 0, (2.35)

where s is a scalar parameter that labels points along the contour I
(ν)
p = constant.

We now compute the change in I
(1)
p along the contour I

(0)
p = 0. The points

along I
(0)
p = 0 are labeled by the continuous parameter ξ such that µp = µp(ξ) and

Tp = Tp(ξ). ξ is chosen to be increasing with increasing temperature. The change

∆I
(1)
p becomes

∆I(1)
p =

∫ ξ2

ξ1

dξ
t(0) · ∇I(1)

p

|t(0)|

=

∫ ξ2

ξ1

dξ
1

|t(0)|Tp
(
(L(1)

ps )2 − L(0)
ps L(2)

ps

)
> 0 if ξ2 < ξ1

< 0 if ξ2 > ξ1,

(2.36)

due to theorem 1. Therefore I
(1)
p = 0 (or for that matter I

(1)
p = c, for any c) is

satisfied atmost at a single point along I
(0)
p = 0. �
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Theorem 1 is a form of the second law of thermodynamics that gives us the

direction in which the heat current flows along the contour I
(0)
p = 0 [cf. Eq. (2.36)].

The heat current I
(1)
p decreases monotonically along the contour I

(0)
p = 0. Therefore

we may find only one point along I
(0)
p = 0 that also satisfies I

(1)
p = 0, which implies

a unique solution to Eq. (2.13) when it exists.

Indeed, Onsager points out in his 1931 paper [32] that for positive entropy pro-

duction, the linear response matrix will have to be positive-definite (which translates

to our condition in Theorem 1). However, that analysis rests upon the assumption

of linear response near equilibrium. Our result in Theorem 1 does not require such

a condition for the nonequilibrium state of the system but instead emerges out of

the analysis of the currents flowing into a weakly-coupled probe. In addition, we

obtain a strict mathematical proof of Onsager’s phenomenological statement. We

point out that theorem 1 holds even when the physically expected postulate 1 fails,

making the uniqueness result in theorem 2 very general (cf. footnote† on page 35).

Theorem 1 constitutes the first proof of Onsager’s inequality (1931, Ref. [32]) which

makes no assumptions about the nature of interactions.

2.5 Existence

A unique local measurement of temperature and voltage is only part of our main

problem. An equally important part is to derive the conditions for the existence of a

solution. The main idea behind this analysis is to follow the number current contour

I
(0)
p = 0 and ask what happens to the heat current I

(1)
p as we traverse towards higher

and higher temperatures Tp → ∞. We noted that near Tp = 0 the heat current

into the probe must be positive, consistent with the third law of thermodynamics

[cf. Eq. (2.27)]. Since we know that the heat current is monotonically decreasing

along the number current contour (Theorem 2), we could guess whether or not a

solution occurs depending upon the asymptotic value of the heat current along that

contour as Tp →∞. In this way, we find a necessary and sufficient condition for the

existence of a solution while analyzing the problem for positive temperatures (see
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Figure 2.5: Left panel: Illustration of Theorem 2 for positive temperatures. The
contour PQ along I

(0)
p = 0 (shown in blue) cuts the contour I

(1)
p = 0 (shown in red)

exactly once. Contour PQ illustrates a certain statement of the second law of
thermodynamics: The heat current is monotonically decreasing along PQ (thus
implying uniqueness). Right panel: The local spectrum sampled by the probe
Ā(ω) (black), the nonequilibrium distribution function fs(ω) (red), and the probe
Fermi-Dirac distribution fp(ω) (blue) corresponding to the unique solution in the
left panel. The resonances in the spectrum Ā(ω) correspond to the eigenstates of
the closed two-level Hamiltonian (see Sec. 2.5.4) ε± = ±1 shown in magenta. The
Fermi-Dirac distribution is monotonically decreasing with energy, and corresponds
to a situation with positive temperature (no net population inversion). The
necessary and sufficient condition for the existence of a positive temperature
solution is stated in Theorem 3.

Fig. 2.5 for an illustration of this case). On the other hand, when this condition is

not met, one can immediately prove that a negative temperature must satisfy the

measurement condition I
(ν)
p = 0, ν = {0, 1}. This latter condition corresponds to

a system exhibiting local population inversion which leads to negative temperature

[99] solutions, as illustrated in Fig. 2.6.

Our results here are again completely general and are valid for electron sys-

tems with arbitrary interactions, arbitrary steady-state bias conditions, and for any

weakly-coupled probe. However, our analysis here leads us to demarcate between

two extremes of the probe-system coupling. We conclude that an ideal probe is one

which operates in the broadband limit. A measurement by such a probe depends

only on the properties of the system that it couples to and is independent of the



46

spectral properties of the probe itself. The broadband limit lends itself to an easier

physical interpretation of the population inversion condition as well and we discuss

this important limit in Sec. 2.5.2. The other extreme is that of a narrowband probe

which is capable of probing the system at just one value of energy, leading to a

nonunique measurement (see also the proof of theorem 1), and is discussed in Sec.

2.5.3. Only this pathological case leads to an exception to Theorem 2.

The simplest system which could, in principle, exhibit population inversion is

a two-level system. Therefore, our results, including that of the previous section,

have been illustrated by using a two-level system. The details of the nonequilibrium

two-level system and its coupling to the thermoelectric probe are given in Sec. 2.5.4.

Our analysis starts with a rearragement of the currents given by Eq. (2.2) and a

restatement of the measurement condition [cf. Eq. (2.13)] in terms of energy currents

and we also define some useful quantities along the way. We may rewrite the number

current in Eq. (2.2) as

I(0)
p = 〈Ṅ〉|fs − 〈Ṅ〉|fp (2.37)

where

〈Ṅ〉|fs ≡
1

h

∫ ∞
−∞

dωTps(ω)fs(ω), (2.38)

and similarly

〈Ṅ〉|fp ≡
1

h

∫ ∞
−∞

dωTps(ω)fp(ω). (2.39)

The quantitity 〈Ṅ〉|fs is the rate of particle flow into the probe from the system

while 〈Ṅ〉|fp gives the rate of particle flow out of the probe and into the system.

Similarly, the rate of energy flow into the probe from the system is

〈Ė〉|fs ≡
1

h

∫ ∞
−∞

dω ωTps(ω)fs(ω), (2.40)

while

〈Ė〉|fp ≡
1

h

∫ ∞
−∞

dω ωTps(ω)fp(ω) (2.41)

gives the rate of energy outflux from the probe back into the system. The net energy

current flowing into the probe is given by IEp = 〈Ė〉|fs − 〈Ė〉|fp .
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The local equilibration conditions in Eq. (2.13) now become

〈Ṅ〉|fp = 〈Ṅ〉|fs

〈Ė〉|fp = 〈Ė〉|fs .
(2.42)

The equation for the rate of energy flow above is equivalent to the condition I
(1)
p = 0

when I
(0)
p = 0 since

IEp (µp, Tp) ≡ 〈Ė〉|fs − 〈Ė〉|fp = I(1)
p + µpI

(0)
p . (2.43)

The lhs in Eq. (2.42) depends upon the probe parameters (temperature and voltage)

while the rhs is fixed for a given nonequilibrium system with a given local distribu-

tion function fs(ω). The probe measures the appropriate voltage and temperature

when it exchanges no net charge and energy with the system.

We may introduce a characteristic rate of particle flow [cf. Eq. (2.9)] as

〈Ṅ〉|f≡1 =
1

h

∫ ∞
−∞

dωTps(ω)

≡ γp
~
.

(2.44)

This leads to the following inequalities:

0 <〈Ṅ〉|fs <
γp
~
,

0 <〈Ṅ〉|fp <
γp
~
.

(2.45)

The lhs in the inequality for 〈Ṅ〉|fs above excludes fs(ω) ≡ 0 while the rhs excludes

fs(ω) = 1 ∀ω ∈ R, and we retain the strict inequalities imposed by Eq. (2.45) (see

also Eqs. (2.11) and (2.12) and the preceding discussion).

We similarly introduce a characteristic rate for the energy flow between the

system and probe:

〈Ė〉|f≡1 =
1

h

∫ ∞
−∞

dω ωTps(ω)

≡ γp
~
ωc,

(2.46)

where ωc < ∞ (due to postulate 1) can interpreted as the centroid of the probe-

sample transmission function. We find that ωc → ∞ necessarily implies a positive
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temperature solution. We remind the reader that ωc → −∞ is physically impossible

due to the principle that any physical system must have a lower bound for the energy

(〈H〉 ≥ −c for some finite c ∈ R).

The quantities 〈Ṅ〉|fs , 〈Ṅ〉|fp , 〈Ṅ〉|f≡1, 〈Ė〉|fs , 〈Ė〉|fp , 〈Ė〉|f≡1 are all finite due

to postulate 1 [cf. Eqs. (2.9-2.12)].

2.5.1 Asymptotic Properties and Conditions for the Existence of a Solution

Traversing along I
(0)
p = 0 results in a monotonically decreasing heat current I

(1)
p

(Theorem 2). Here, we traverse the contour from low temperatures (Tp → 0) to high

temperatures (Tp → ∞) as discussed in Theorem 2. This implies a monotonically

increasing 〈Ė〉|fp due to Eq. (2.43). We proceed to calculate the asymtotic value of

〈Ė〉|fp along the number current contour.

Let the asymptotic scaling of µp = M(Tp) defined by the contour I
(0)
p (µp, Tp) = 0

(lemma 1) be

lim
Tp→∞

M(Tp)

Tp
= Λ. (2.47)

We use the above limiting value to calculate 〈Ṅ〉|fp along the contour µp = M(Tp):

lim
Tp→∞

〈Ṅ〉|fp =
1

h

∫ ∞
−∞

dωTps(ω)

× lim
Tp→∞

1

1 + exp

{(
ω−M(Tp)

Tp

)}
=

1

h

∫ ∞
−∞

dωTps(ω)
1

1 + exp{(−Λ)}

=
1

1 + exp{(−Λ)}
γp
~
.

(2.48)

The above limiting value satisfies the inequality in Eq. (2.45) for any Λ ∈ R. The

points on the contour satisfy 〈Ṅ〉|fp = 〈Ṅ〉|fs by construction, therefore Λ is com-

puted from the equation

1

1 + exp{(−Λ)}
γp
~

= 〈Ṅ〉|fs . (2.49)
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It is important to note that the asymptotic scaling defined by Eq. (2.47) does

not mean that the scaling is linear. For example, a sublinear scaling M(Tp) = αT np

with n < 1 merely corresponds to Λ = 0 which could satisfy Eq. (2.49) if the

nonequilibrium system is prepared in that way. However, Λ → ±∞ do not obey

the strict inequality in Eq. (2.45). Λ → ∞ corresponds to a trivial and unphysi-

cal nonequilibrium distribution fs(ω) ≡ 1, and likewise, Λ → −∞ corresponds to

fs(ω) ≡ 0 ∀ω.

The asymtotic value of 〈Ė〉|fp along the I
(0)
p = 0 contour is simply

lim
Tp→∞

〈Ė〉|fp =
1

h

∫ ∞
−∞

dω ωTps(ω)

× lim
Tp→∞

1

1 + exp

(
ω−M(Tp)

Tp

)
=

1

h

∫ ∞
−∞

dω ωTps(ω)
1

1 + exp{(−Λ)}

=
1

1 + exp{(−Λ)}
γp
~
ωc

= ωc〈Ṅ〉|fs .

(2.50)

Theorem 3 A positive temperature solution exists if and only if there is no net

population inversion, i.e., when

〈Ė〉|fs
〈Ṅ〉|fs

< ωc. (2.51)

Proof. 〈Ė〉|fp/〈Ṅ〉|fs < 〈Ė〉|fs/〈Ṅ〉|fs when Tp → 0 along the contour I
(0)
p = 0 [cf.

Eq. (2.27) and Eq. (2.43)]. The asymptotic limit of 〈Ė〉|fp/〈Ṅ〉|fs is ωc [cf. Eq.

(2.50)]. 〈Ė〉|fp is continuous ∀ µp ∈ (−∞,∞), Tp ∈ (0,∞) and is monotonically

increasing along I
(0)
p = 0 (Theorem 2). We use the intermediate value theorem. �

Corollary 3.1 There exists a negative temperature solution for a nonequilibrium

system with net population inversion, i.e., when

〈Ė〉|fs
〈Ṅ〉|fs

> ωc. (2.52)
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Figure 2.6: Left panel: Illustration of Theorem 2 for negative temperatures. The
contour PQ along I

(0)
p = 0 (shown in blue) cuts the contour I

(1)
p = 0 (shown in red)

exactly once. Contour PQ illustrates a certain statement of the second law of
thermodynamics: The heat current is monotonically decreasing along PQ (thus
implying uniqueness). Right panel: The local spectrum sampled by the probe
Ā(ω) (black, and nearly unchanged from Fig. 2.5), the nonequilibrium distribution
function fs(ω) (red), and the probe Fermi-Dirac distribution fp(ω) (blue) which
corresponds to the unique solution (shown in the left panel). The resonances in
the spectrum Ā(ω) correspond to the eigenstates of the closed two-level
Hamiltonian (see Sec. 2.5.4) ε± = ±1 shown in magenta. The system has a net
population inversion, satisfying the conditions of Corollary 3.1, and the probe
Fermi-Dirac distribution is monotonically increasing with energy, corresponding to
a negative temperature.
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Proof. Let fp(µp, Tp) be the Fermi-Dirac distribution with Tp > 0; we define the

Fermi-Dirac distribution f−p ≡ fp(µp,−Tp) = 1− fp.

I(ν)
p (µp,−Tp) =

1

h

∫ ∞
−∞

dω(ω − µp)νTps(ω)[fs(ω)

−
(
1− fp(ω)

)
]

=
1

h

∫ ∞
−∞

dω(ω − µp)νTps(ω)[fp(ω)

−
(
1− fs(ω)

)
]

=
1

h

∫ ∞
−∞

dω(ω − µp)νTps(ω)[fp(ω)− f−s (ω)]

≡ −I(ν)−
p

(2.53)

I
(ν)−
p = 0 with ν = {0, 1} is now understood to solve the complementary nonequi-

librium system with f−s (ω) ≡ 1− fs(ω).

f−s (ω) is of course a completely valid nonequilibrium distribution function and

satisfies Eq. (2.8). We apply Theorem 3 and find that

〈Ė〉|f−s < ωc〈Ṅ〉|f−s
γp
~
ωc − 〈Ė〉|fs < ωc

(γp
~
− 〈Ṅ〉|fs

)
−〈Ė〉|fs < −ωc〈Ṅ〉|fs

〈Ė〉|fs > ωc〈Ṅ〉|fs .

(2.54)

For the case that 〈Ė〉|fs = ωc〈Ṅ〉|fs , Tp = ±∞, corresponding to fp = 1/2, inde-

pendent of energy. �

2.5.2 Ideal Probes: The Broadband Limit

In the broadband limit the probe-system coupling becomes energy independent and

we may write Γp(ω) = Γp(µ0). The spectrum of the system, sampled locally by the

probe, is given by

Ā(ω) ≡Tr{Γp(ω)A(ω)}
Tr{Γp(ω)}

=
Tr{Γp(µ0)A(ω)}

Tr{Γp(µ0)}
.

(2.55)
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The occupancy and energy of the system, respectively, are given by

〈N〉|fs =

∫ ∞
−∞

dωĀ(ω)fs(ω)

〈E〉|fs =

∫ ∞
−∞

dω ωĀ(ω)fs(ω).

(2.56)

The measurement conditions in Eq. (2.13) become simply [31]

〈N〉|fp = 〈N〉|fs

〈E〉|fp = 〈E〉|fs .
(2.57)

The above equations imply that an ideal measurement of voltage and temperature

constitutes a measurement of the zeroth and first moments of the local energy distri-

bution of the system. That is to say, when the probe is in local equilibrium with the

nonequilibrium system, the local occupancy and energy of the system are the same

as they would be if the system’s local spectrum were populated by the equilibrium

Fermi-Dirac distribution fp ≡ fp(µp, Tp) of the probe.

We may now write the condition for the existence of a positive temperature

solution (Theorem 3) simply as

〈E〉|fs
〈N〉|fs

< ωc, (2.58)

where ωc is the centroid of the spectrum given by

ωc =

∫ ∞
−∞

dω ωĀ(ω). (2.59)

The condition in Eq. (2.58) implies the following: Given some nonequilibrium dis-

tribution function fs, one can have a positive temperature solution if and only if

the average energy per particle is smaller than the centroid of the spectrum. In

other words, a positive temperature solution exists if and only if there is no net

population inversion. Similarly, corollary 3.1 states that there exists a negative

temperature solution for a system exhibiting population inversion:

〈E〉|fs
〈N〉|fs

> ωc. (2.60)
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The advantage of the broadband limit is that one may write the measurement

conditions, as well as the condition for the existence of a solution, in terms of the

local expectation values of the energy and occupancy directly, instead of using the

rate of particle and energy flow into the probe. We also do not need to introduce a

“characteristic tunneling rate.” We note that ωc in Eq. (2.59) is the centroid since

the local spectrum Ā normalizes to unity within the broadband limit (see appendix

A, section A.0.1).

A local measurement by a weakly-coupled broadband thermoelectric probe is

ideal in the sense that the result is independent of the properties of the probe, and

depends only on the nonequilibrium state of the system and the subsystem thereof

sampled by the probe. Such a measurement provides more than just an operational

definition of the local temperature and voltage of a nonequilibrium quantum system,

since the thermodynamic variables are determined directly by the moments (2.56)

of the local (nonequilibrium) energy distribution.

2.5.3 Nonunique Measurements: The Narrowband Limit

A narrowband probe is one that samples the system only within a very narrow

window of energy. The extreme case of such a probe-system coupling would be a

Dirac-delta function:

Γp(ω) = 2πV †p Vpδ(ω − ω0), (2.61)

which gives Tps(ω) = 2πTr
{
VpA(ω)V †p

}
δ(ω − ω0) which we write simply as

Tps(ω) = γ(ω) δ(ω − ω0), (2.62)

where γ(ω) = 2πTr
{
VpA(ω)V †p

}
has dimensions of energy.

We previously noted that Theorem 1 does not hold for Tps given by Eq. (2.62).

One can verify straightforwardly that, for a probe-sample transmission that is ex-

tremely narrow, we will have

L(0)
ps L(2)

ps −
(
L(1)
ps

)2
= 0. (2.63)



54

This results in a nonunique solution since following the proof of theorem 2 would

give us [cf. Eq. (2.36)] ∆I
(1)
p = 0. In fact, it would lead to a family of solutions.

We may solve for the solution explicitly. The number current reduces to

I(0)
p =

γ(ω0)

h

(
fp(ω0)− fs(ω0)

)
, (2.64)

while the heat current is given by

I(1)
p = (ω0 − µp)

γ(ω0)

h

(
fp(ω0)− fs(ω0)

)
, (2.65)

which trivially vanishes for vanishing number current. Therefore, the family of

solutions to the measurement is simply given by

fp(ω0;µp, Tp) = fs(ω0), (2.66)

which is linear in the µp − Tp plane and is given by

µp = ω0 − Tp log

(
1− fs(ω0)

fs(ω0)

)
. (2.67)

fs(ω) has the following explicit form:

fs(ω) =
Tr
{
VpG

<(ω)V †p
}

2πiTr
{
VpA(ω)V †p

} . (2.68)

A narrowband probe is therefore unsuitable for thermoelectric measurements.

Even if a probe were to sample the system at just two distinct energies ω1 and ω2,

theorem 1 would hold and the thermoelectric measurement would be unique. Indeed,

the narrowband probe is a pathological case whose only function is to highlight a

certain theoretical limitation for the measurement of the temperature and voltage.

2.5.4 Example: Two-level System

Net population inversion is essentially a quantum phenomenon, since classical Hamil-

tonians are generally unbounded above due to the kinetic energy term, i.e., there

does not exist a finite c ∈ R that satisfies 〈H〉 < c. In other words, ωc → ∞ gen-

erally holds for classical systems and negative temperatures are not possible. The
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(a) (b)

Figure 2.7: Schematic diagram of a two-level system coupled to two electron
reservoirs under a voltage bias. (a) Bias condition not leading to population
inversion. (b) Bias condition leading to population inversion due to direct injection
into excited state.

simplest quantum system where a net population inversion can be achieved is a two-

level system. We therefore illustrated our results for a two-level system in figs. 2.3

to 2.6.

The system Hamiltonian here was taken to be

H =

 ε1 V

V ∗ ε2

 , (2.69)

whose values were set as V = 2(1−i)
3

, ε1 = 1/3 and ε2 = −1/3, such that the

eigenvalues are ε± = ±1 and units could be read to be in eV. We introduce two

reserviors that are strongly coupled locally to each site with Γ1 = diag(0.5, 0) and

Γ2 = diag(0, 0.5), while the probe coupling is taken as Γp = diag(0.01, 0.1), which is

about five times weaker than the coupling to the reservoirs that drive the system.

We used two different bias conditions: (a) To illustrate the case without a net

population inversion in figs. 2.3 to 2.5, the reservoirs had a symmetric (µ1 +µ2 = 0)

voltage bias µ1−µ2 = 1eV; (b) to illustrate the case with a net population inversion

in fig. 2.6, the reservoirs had a symmetric voltage bias of µ1 − µ2 = 4eV. The two

reservoirs are held at T = 300K for both cases.

It has been previously noted that the probe-system coupling strength does not

strongly affect the measured temperature and voltage even when varied over several
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orders of magnitude [30], but we remind the reader that our theoretical results de-

pend upon the assumption of a weakly-coupled probe (noninvasive measurements).

How weak is weak enough is a different, and perhaps more subtle, theoretical ques-

tion. We present a more detailed analysis of this point in appendix B on noninvasive

measurements. Numerically, however, we do find that the probe measurements are

not much altered even when the probe coupling strength is comparable to that of

the strongly-coupled reservoirs.

2.6 Conclusions

The local temperature and voltage of a nonequilibrium quantum system are defined

in terms of the equilibration of a noninvasive thermoelectric probe, locally coupled to

the system. The simultaneous temperature and voltage measurement is shown to be

unique for any system of fermions in steady state, arbitrarily far from equilibrium,

with arbitrary interactions within the system, and the conditions for the existence

of a solution are derived. In particular, it is shown that a positive temperature

solution exists provided the system does not have a net local population inversion;

in the case of population inversion, a unique negative temperature solution is shown

to exist. These results provide a firm mathematical foundation for temperature and

voltage measurements in quantum systems far from equilibrium.

Our analysis reveals that a simultaneous temperature and voltage measurement

is uniquely determined by the local spectrum and nonequilibrium distribution of the

system [cf. Eq. (2.42)], and is independent of the properties of the probe for broad-

band coupling (ideal probe). Such a measurement therefore provides a fundamental

definition of local temperature and voltage which is not merely operational.

In contrast, prior theoretical work relied almost exclusively on operational defi-

nitions [46, 56–65] leading to a competing panoply of often contradictory predictions

for the measurement of such basic observables as temperature and voltage. Mea-

surements of temperature or voltage, taken separately (see, e.g., Refs. [46, 56]), are

shown to be ill-posed: a thermometer out of electrical equilibrium with a system
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produces an error due to the Peltier effect across the probe-sample junction, while

a potentiometer out of thermal equilibrium with a system produces an error due

to the Seebeck effect. Most importantly, such measurements are not unique even

for the same probe and system: the probe’s temperature influences the voltage

measurement and vice versa.

Our results put the local thermodynamic variables temperature and voltage on

a mathematically rigorous footing for fermion systems under very general nonequi-

librium steady-state conditions — a necessary first step toward the construction of

nonequilibrium thermodynamics [1, 31, 43–48]. Our analysis includes the effect of

interactions with bosonic degrees of freedom (e.g., photons, phonons, etc.) on the

fermions. However, the temperatures of the bosons themselves [67, 68] were not

addressed in the present analysis. Moreover, we did not explicitly consider mag-

netic systems, which require separate consideration of the spin degree of freedom

and its polarization. Future investigation of probes that exchange bosonic or spin

excitations may enable similarly rigorous analyses of local thermodynamic variables

in bosonic and magnetic systems, respectively.
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CHAPTER 3

Coldest Measurable Temperature

This chapter is based on the work published in Ref. [48].

We ask a question motivated by the third law of thermodynamics: What is the

coldest possible temperature one can measure in a nonequilibrium quantum system?

We have discussed how to measure temperature and voltage in the previous chapter.

Most importantly, we realized that temperature and voltage have to be measured

simultaneously to ensure uniqueness of the measurement.

Consider the heat current flowing into the probe reservoir p as written in Eq.

(2.2)

I(1)
p =

1

h

∫ ∞
−∞

dω(ω − µp)Tps(ω)[fs(ω)− fp(ω)]. (3.1)

It can be seen that as Tp → 0, the heat current is always positive since Tps(ω) ≥ 0

and 0 ≤ fs ≤ 1

lim
Tp→0

I(1)
p =

1

h

∫ µp

−∞
dω(ω − µp)Tps(ω)[fs(ω)− 1]

+
1

h

∫ ∞
µp

dω(ω − µp)Tps(ω)fs(ω)

> 0,

(3.2)

since both terms on the rhs are positive and neither can be zero due to our original

postulate 1 about the measurability of Tps and fs. This is a statement of the third

law of thermodynamics which tells us that it is impossible to cool a system to

zero temperature. In fact, it tells us that we will necessarily heat a system at zero

temperature. It is also evident from Eq. (3.2) that one cannot obtain a measurement

result of Tp = 0 by solving I
(ν)
p = 0 for vanishing particle (ν = 0) and heat currents

(ν = 1).

Suppose all the reservoirs are at zero temperature and there is no voltage bias.

This of course corresponds to an equilibrium system at zero temperature and there
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is no transport. In this case, the heat current in Eq. (3.2) goes to zero and we

obtain the measurement result to be Tp = 0. Even the slightest voltage bias will in

fact render the measurement Tp > 0 and thus it is impossible to measure Tp = 0

for nonequilibrium systems. However, we can still ask the question as to what the

coldest possible temperature is in a system out of equilibrium. Clearly, applying

a voltage bias at zero temperature leads to Joule heating and there can be no

thermoelectric cooling to counter it. Therefore we select an idealized situation where

one reservoir is at or near absolute zero and another is at finite temperature and

there is no voltage bias. Can there then be a local point in the system where a probe

can measure zero temperature? We present a detailed analysis of this question in

the present chapter.

3.0.1 Local Temperature and Voltage Measurements

We briefly review in this section the definitions of a temperature and voltage mea-

surement. This was the primary concern of chapter 2 and the reader may skip this

section entirely if they are aware of the results from chapter 2 or may refer to chapter

2 if further clarifications are needed. This section has been added merely to let the

chapter stand on its own. The main concern of this chapter is a detailed analysis

of the third law scenario. A brief reminder of local temperature and voltage mea-

surements is given below but the reader may also refer to sec. 2.3 and its preceding

discussion in 2.2.

The Green’s function formalism provides the following general formula for the

particle and heat currents flowing into a reservoir p:

I(ν)
p = − i

h

∫ ∞
−∞
dω(ω − µp)ν Tr {Γp(ω) (G<(ω) + fp(ω) [G>(ω)−G<(ω)])} ,

which is valid for arbitrary interactions and for transport arbitrarily far from equi-

librium.

A definition for a local electron temperature and voltage measurement on the

system that takes into account the thermoelectric corrections was proposed in Ref.

[63] by noting that the temperature Tp and chemical potential µp should be simulta-
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neously defined by the requirement that both the electric current and the electronic

heat current into the probe vanish:

I(ν)
p = 0, ν ∈ {0, 1}. (3.3)

Eq. (3.3) gives the conditions under which the probe is in local equilibrium with the

sample, which is itself arbitrarily far from equilibrium.

Previous analyses [30, 63, 74, 100] have considered this problem within linear

response theory, which reduces the system of nonlinear equations (3.3) to a system

of equations linear in Tp and µp. In this chapter, we consider a problem that is

essentially outside the linear response regime and solve the nonlinear system of

equations (3.3) numerically. One reservoir at zero temperature and another at a

finite temperature entirely invalidates the expressions obtained within the linear

response regime which in turn rely upon the Taylor series expansions of the Fermi

function.

It was shown in Ref. [31] that Eq. (3.3) can be written in terms of the local

properties of the nonequilibrium system. The mean local spectrum sampled by the

probe was defined as

Ā(ω;x) ≡ Tr{Γp(ω;x)A(ω)}
Tr{Γp(ω;x)}

, (3.4)

where x is the position of the probe and A(ω) = i
(
Gr(ω)−Ga(ω)

)
/2π is the spectral

function of the nonequilibrium system. Motivated by the relation at equilibrium,

G<
eq(ω) = 2πiA(ω)feq(ω), the local nonequilibrium distribution function (sampled

by the probe) was defined as

fs(ω;x) ≡ Tr{Γp(ω;x)G<(ω)}
2πiTr{Γp(ω;x)A(ω)}

. (3.5)

The mean local occupancy of the system orbitals sampled by the probe is [31]

〈N(x)〉 =

∫ ∞
−∞

dωĀ(ω)fs(ω), (3.6)

and similarly, the mean local energy of the system orbitals sampled by the probe is

[31]

〈E(x)〉 =

∫ ∞
−∞

dωωĀ(ω)fs(ω). (3.7)
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Eqs. (3.4–3.5) allow us to rewrite Eq. (3.3) in a form analogous to the two-terminal

Landauer-Büttiker formula

I(ν)
p =

1

h

∫ ∞
−∞

dω(ω − µp)ν2πTr{Γp(ω)A(ω)}[fs(ω)− fp(ω)]. (3.8)

It was noted that, for the case of maximum local coupling, [Γp(ω)]ij = Γp(ω)δinδjn,

where i,j and n label states in the one-particle Hilbert space of the nanostructure, the

quantities Ā(ω) = Ann(ω) and fs(ω) become independent of the probe coupling, and

can be related by the familiar equilibrium-type formula, G<
nn(ω) = 2πiAnn(ω)fs(ω),

even though the system is out of equilibrium.

In the broad-band limit Γp(ω) ≈ Γp(µ0), where µ0 is the equilibrium Fermi energy

of the system, we may write Tr{Γp(µ0)} = Γ̄p so that Ā(ω) = Tr{Γp(µ0)A(ω)}/Γ̄p.
From Eq. (3.8), we have

I(ν)
p =

Γ̄p

~

∫ ∞
−∞

dω(ω − µp)νĀ(ω)[fs(ω)− fp(ω)]. (3.9)

It was noted that the equilibrium condition of Eq. (3.3) now implies that the mean

local occupancy and energy of the nonequilibrium system are the same as if its

nonequilibrium spectrum Ā(ω) were populated by the equilibrium Fermi-Dirac dis-

tribution of the probe fp(ω):

〈N〉
∣∣
fp

= 〈N〉
∣∣
fs

(3.10)

〈E〉
∣∣
fp

= 〈E〉
∣∣
fs
, (3.11)

i.e., the probe equilibrates with the system in such a way that fp(ω) satisfies the

constraints imposed by Eqs. (3.10) and (3.11). A local temperature (and voltage)

measurement therefore reveals information about the local energy and charge dis-

tribution of the system. The existence and uniqueness of the distribution fp(ω) was

shown [41] in chapter 2 and important connections to the second law of thermody-

namics were established. We also developed the notion of an ideal probe in chapter

2 and noted that such a probe operates in the broadband limit [cf. discussion in

2.5.2].
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3.1 Local Temperatures near Absolute Zero

Using arguments involving NEGF identities (see e.g., Ref. [101]), one can show that

the total current into the probe is the sum of an elastic contribution and an inelastic

contribution:

I(ν)
p = I(ν)

p

∣∣
el

+ I(ν)
p

∣∣
in
. (3.12)

The elastic contribution to the current is [77, 102]

I(ν)
p

∣∣
el

=
1

h

∑
α

∫ ∞
−∞

dω (ω − µp)ν Tpα(ω) [fα(ω)− fp(ω)] , (3.13)

where the elastic transmission function is given by [9, 98, 103, 104]

Tpα(ω) = Tr {Γp(ω)Gr(ω)Γα(ω)Ga(ω)} . (3.14)

The inelastic contribution to the current is

I(ν)
p

∣∣
in

=− i

h

∫ ∞
−∞
dω(ω − µp)ν

× Tr {ΓpGr [(1− fp)Σ<
in + fp Σ>

in]Ga} ,
(3.15)

where Σin is the self-energy due to electron-electron and electron-phonon interac-

tions.

Our analyses in this article consider a quantum conductor that is placed in

contact with two electron reservoirs: a cold reservoir R1 and a hot reservoir R2.

We are interested in the limiting case where reservoir R1 is held near absolute zero

(T1 → 0) while R2 is held at finite temperature (T2 = 100K in our simulations). We

assume no electrical bias (µ1 = µ2 = µ0).

Transport in this regime occurs within a narrow thermal window close to the

Fermi energy of the reservoirs, and will thus be dominated by elastic processes,

so that the contribution to the probe current from Eq. (3.15) can be neglected.

Typically,

I(ν)
p

∣∣
in

/
I(ν)
p

∣∣
el
∼ O(kBT/∆E)2 (3.16)

due to the suppression of inelastic electron scattering by the Pauli exclusion principle

at low temperatures, where ∆E is a characteristic electronic energy scale of the
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problem: ∆E = εF for bulk systems, ∆E = max{Γ, εF − εres} in the resonant

tunneling regime. It should be noted that, although the transport energy window is

small, this problem is essentially outside the scope of linear response theory owing to

the large discrepancies in the derivatives of the Fermi functions of the two reservoirs.

Therefore, the problem has to be addressed with the full numerical evaluation of

the currents given by Eq. (3.13).

A pure thermal bias, such as the one considered in this article, has been shown

to lead to temperature oscillations in small molecular junctions [63] and 1-D conduc-

tors [59, 105]. Temperature oscillations have been predicted in quantum coherent

conductors such as graphene [100], which allow the oscillations to be tuned (e.g., by

suitable gating) such that they can be resolved under existing experimental tech-

niques [52–55] of SThM. More generally, quantum coherent temperature oscillations

can be obtained for quantum systems driven out of equilibrium due to external fields

[60, 62] as well as chemical potential [74] and temperature bias of the reservoirs. In

practice, the thermal coupling of the probe to the environment sets limitations on

the resolution of a scanning thermoelectric probe [63]. However, in this article, we

ignore the coupling of the probe to the ambient environment, in order to highlight

the theoretical limitations on temperature measurements near absolute zero.

In evaluating the expressions for the currents in Eq. (3.13) within elastic trans-

port theory, we encounter integrals of the form
∫∞
−∞dωF (ω)

(
f2(ω)− f1(ω)

)
. We use

the Sommerfeld series given by∫ ∞
−∞

dωF (ω)
(
f2(ω)− f1(ω)

)
=

∫ µ2

µ1

dωF (ω)

+ 2
∑
k

Θ(k + 1)
[
(kBT2)k+1F (k)(µ2)− (kBT1)k+1F (k)(µ1)

]
,

k ∈ {1, 3, 5, ...},

(3.17)

where we use the symbol Θ that relates to the Riemann-Zeta function ζ as

Θ(k + 1) =
(
1− 1

2k
)
ζ(k + 1) (3.18)

and fα(ω) is the Fermi-Dirac distribution of reservoir α. The second term on the rhs

of Eq. (3.17) accounts for the exponential tails in
(
f2(ω)−f1(ω)

)
, and its contribution
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depends on the changes to the function F (ω) in the neighborhoods of ω = µ1 and

ω = µ2, and can generally be truncated using a Taylor series expansion for most

well-behaved functions F (ω). The lhs of Eq. (3.17) is bounded if F (ω) grows slower

than exponentially for ω → ±∞ and is satisfied by the current integrals in Eq.

(3.13).

3.1.1 Constant Trasmissions

In order to make progress analytically, we consider first the case of constant trans-

missions:

Tpα(ω) = Tpα(µ0) ≡ Tpα. (3.19)

This is a reasonable assumption because the energy window involved in transport

is of the order of the thermal energy of the hot reservoir (kBT2 ≈ 25meV, at room

temperature) and we may expect no great changes to the transmission function. In

this case the series (3.17) for the number current contains no temperature terms at

all, while the heat current contains terms quadratic in the temperature. It is easy

to see that the expression for the number current into the probe becomes

I(0)
p =

1

h

∑
α

Tpα(µα − µp), (3.20)

and the heat current into the probe is given by

I(1)
p =

1

h

∑
α

(
Tpα

(µα − µp)2

2
+
π2k2

B

6
Tpα(T 2

α − T 2
p )

)
. (3.21)

Eq. (3.20) does not depend on the temperature and can be solved readily:

µp = µ0, (3.22)

since µ1 = µ2 = µ0 and Eq. (3.21) is solved by

Tp =

√
Tp1T 2

1 + Tp2T 2
2

Tp1 + Tp2
. (3.23)
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In this article, we are primarily interested in temperature measurements near abso-

lute zero and work in the limit T1 → 0 which yields

Tp =

√
Tp2

Tp1 + Tp2
T2. (3.24)

We have Tp → 0 as Tp2 → 0. Indeed, when the system is decoupled from the hot

reservoir R2, the probe would read the temperature of reservoir R1.

3.1.2 Transmission Node

The analysis of the previous section suggests that a suppression in the transmission

from the finite-temperature reservoir R2 results in probe temperatures in the vicinity

of absolute zero. In quantum coherent conductors, destructive interference gives rise

to nodes in the transmission function. In this section, we consider a case where the

transmission from R2 into the probe has a node at the Fermi energy. In the vicinity

of such a node, generically, the transmission probability varies quadratically with

energy:

Tp2(ω) =
1

2
T (2)
p2 (ω − µ0)2, (3.25)

while the transmission from the cold reservoir R1 may still be treated as a constant:

Tp1(ω) = Tp1. (3.26)

Applying the Sommerfeld series (3.17) for the number current gives us

I(0)
p =

1

h

(
Tp1(µ0 − µp)−

T (2)
p2

6
(µp − µ0)3

+
π2

6
T (2)
p2 (µ0 − µp)k2

BT
2
p

)
,

(3.27)

where the kBT2 term is still missing since the first derivative of Tp2(ω) vanishes at

µ2 = µ0. We note that Eq. (3.27) admits a single real root at

µp = µ0. (3.28)



66

With this solution, we can write down the equation for the heat current as

I(1)
p =

1

h

(
π2k2

B

6
Tp1(T 2

1 − T 2
p ) +

7

8

π4k4
B

15
T (2)
p2 (T 4

2 − T 4
p )

)
, (3.29)

which gives us a simple quadratic equation in T 2
p . We note that the above equation

is monotonically decreasing in Tp for all positive values of temperature. There exists

a unique solution to Eq. (3.29) in the interval T1 < Tp < T2, since I
(1)
p (Tp) undergoes

a sign change between these two values, and is also the only positive solution due to

monotonicity. Physically, this solution is reasonable since we expect a temperature

measurement to be within the interval (T1, T2) in the absence of an electrical bias.

It is straight-forward to write down the exact solution∗ to Eq. (3.29). However, we

simplify the expression for Tp by noting that

T (2)
p2 (kBT2)2 � Tp1, (3.30)

that is, the transmission into the probe from R2 within a thermal energy window

kBT2 in the presence of a node, is small in comparison to the transmission from R1.

The approximate solution for Tp then becomes

Tp =

√
7π2

20

T (2)
p2 (kBT2)2

Tp1
T2, (3.31)

where, as before, we have taken the limiting case where T1 → 0.

3.1.3 Higher-order Destructive Interference

Although a generic node obtained in quantum coherent transport depends quadrat-

ically on the energy, it is possible to obtain higher-order “supernodes” in some

∗ The exact solution to the Eq. (3.29) with T1 → 0 is

Tp = T2

(√
1 + 4λ21 − 1

2λ1

) 1
2

,

where λ1 is defined in Eq. (3.38) and simplifies to

λ1 =
7π2

20

T (2)
p2 (kBT2)2

Tp1
,

a factor that appears in Eq. (3.31).
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systems [98]. In the vicinity of such a supernode, the transmission function can be

written as

Tp2(ω) =
1

2n!
T (2n)
p2

∣∣
ω=µ0

(ω − µ0)2n, (3.32)

while the transmission from R1 may still be approximated by Eq. (3.26). Exact

expressions for the currents can again be evaluated using Eq. (3.17). The expression

for the number current becomes

I(0)
p =

1

h

(
Tp1(µ0 − µp)−

T (2n)
p2

(2n+ 1)!
(µp − µ0)2n+1

+2
∑
k∈odd

Θ(k + 1)
[
(kBT2)k+1T (k)

p2 (µ0)− (kBTp)
k+1T (k)

p2 (µp)
])
,

(3.33)

and we have

T (k)
p2 (µ0) = 0, ∀k ∈ {1, 3, 5, ...}. (3.34)

Now, with

µp = µ0, (3.35)

every term on the rhs of Eq. (3.33) vanishes. Taking µp = µ0, we proceed to write

the equation for the heat current. Using Eq. (3.17) with F (ω) = (ω − µ0)Tpα(ω), we

obtain only one nonvanishing derivative for each reservoir, that is, F (1)(µ0) = Tp1(µ0)

for R1 and F (2n+1)(µ0) = (2n+ 1)T (2n)
p2 for R2. Therefore,

I(1)
p =

2

h

(
Θ(2)Tp1

[
(kBT1)2 − (kBTp)

2
]

+ (2n+ 1)Θ(2n+ 2)T (2n)
p2

[
(kBT2)2n+2 − (kBTp)

2n+2
])
,

(3.36)

which is a polynomial equation in Tp of degree (2n+2). We can rewrite Eq. (3.36)

as a polynomial p(x) in x = Tp/T2:

p(x) = x2 + λnx
2n+2 − λn = 0, (3.37)

where we have taken T1 → 0 for R1, and λn is a dimensionless quantity given by

λn = (2n+ 1)
Θ(2n+ 2)

Θ(2)

(T (2n)
p2 (kBT2)2n

Tp1

)
. (3.38)

We will have λn � 1 for a suitable energy window set by kBT2, since the transmission

into the probe from R2 suffers destructive interference at the Fermi energy µ0. If
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the thermal energy is large enough, then this approximation may no longer hold.

In any case, it is possible to define a temperature T2 so that this approximation is

strongly valid. Under the validity of this approximation, the solution to Eq. (3.37)

can be written using perturbation theory as

x =
√
λn

(
1 +O

(
λn+1
n

))
, (3.39)

with corrections that are of much higher-order in λn. The solution for Tp given in

Eq. (3.39) reduces to Eq. (3.24) for the case with constant transmissions by setting

n = 0, and to the approximate result obtained in Eq. (3.31) in the presence of a

node by setting n = 1. We note that higher-order interference effects cause the

probe temperature to decay more rapidly with respect to T2 since Tp ∼ T n+1
2 , that

is, when T2 is halfed, Tp is reduced by a factor of 2n+1. Now, if we consider the

limiting case where R2 is also cooled to absolute zero, T2 → 0, Eq. (3.39) implies

that Tp → 0 at least as quickly as T2 (in the absence of destructive interference, i.e.,

n = 0) or quicker (when there is destructive interference, i.e., n ≥ 1).

3.1.4 Uniqueness and the Second Law

It should be noted that the polynomial given in Eq. (3.37) is monotonically increas-

ing for all positive x and furthermore, there is only one positive root since p(0) < 0

and p(1) > 0. Stated in terms of Tp, this implies the existence of a unique solution

for the measured temperature Tp in the interval T1 < Tp < T2, as noted in the pre-

vious subsection [T1 has been set to zero in Eq. (3.37)]. The sign of p(x) essentially

tells us the direction of heat flow for a temperature bias of the probe with respect

to its equilibrium value. p(x) < 0 (p(x) > 0) corresponds to heat flowing into (out

of) the probe, since we changed the sign in re-arranging Eq. (3.36) to Eq. (3.37).

The monotonicity of p(x) is therefore equivalent to the Clausius statement of the

second law of thermodynamics, and also ensures the uniqueness of the temperature

measurement. Such statements of the second law were explored in great detail in

chapter 2.
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3.2 Numerical Results and Discussion

In order to illustrate the above theoretical results, and further characterize the local

properties of the nonequilibrium steady state, we now present numerical calcula-

tions for several molecular junctions with π-conjugation. In all of the simulations,

the molecule is connected to a cold reservoir R1 at T1 = 0K and a hot reservoir R2

at T2 = 100K. There is no electrical bias; both electrodes have chemical potential

µ0. The temperature probe is modeled as an atomically-sharp Au tip scanned hor-

izontally at a constant vertical height of 3.5Å above the plane of the carbon nuclei

in the molecule (tunneling regime). The figures figs. 3.1 to 3.3 appear at the end of

this chapter.

The molecular Hamiltonian is described within Hückel theory, Hmol =∑
<i,j>

tijd
†
idj + h.c, with nearest-neighbor hopping matrix element t = −2.7eV.

The coupling of the molecule with the reservoirs is described by the tunneling-

width matrices Γα. The retarded Green’s function of the junction is given by

Gr(ω) = [Sω−Hmol−ΣT (ω)]−1, where ΣT = −i
∑

α Γα/2 is the tunneling self-energy.

We take the lead-molecule couplings in the broad-band limit, i.e., Γαnm(ω) = Γαnm(µ0)

where µ0 is the Fermi energy of the metal leads. We also take the lead-molecule

couplings to be diagonal matrices Γαnm(ω) = Γαδnlδml coupled to a single π-orbital

l of the molecule. S is the overlap-matrix between the atomic orbitals on different

sites and we take S = I, i.e., an orthonormal set of atomic orbitals. The lead-

molecule couplings are taken to be symmetric, with Γ1 = Γ2 = 0.5eV. The non-zero

elements of the system-reservoir couplings for R1 (cold) and R2 (hot) are indicated

with a blue and red square, respectively, corresponding to the carbon atoms in the

molecule covalently bonded to the reservoirs. The tunneling-width matrix Γp de-

scribing probe-sample coupling is also treated in the broad-band limit (see section

3.2.2 for details pertaining to the modeling of probe-system coupling). The probe

is in the tunneling regime and the probe-system coupling is weak (few meV) in

comparison to the system-reservoir couplings (Γ1 = Γ2 = 0.5eV).

It must be emphasized that, although we take a noninteracting Hamiltonian for
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the isolated molecule, our results depend only upon the existence of transmission

nodes in the elastic transport regime, which are a characteristic feature of coher-

ent quantum transport, and do not depend on the particular form of the junction

Hamiltonian.

3.2.1 Local Temperatures

We considered several different molecules and electrode configurations, with and

without transmission nodes, and searched for the coldest spot in each system (in-

dicated by a green dot in the figures) as measured by the scanning thermoelectric

probe.

The local temperature Tp(x) depends on the transmissions from the reservoirs

into the probe [Eq. (3.14)], determined by the local probe-system coupling Γp(x)

(see section 3.2.2), and is thus a function of probe position. The coldest spot was

found using a particle swarm optimization technique that minimizes the ratio of the

transmissions to the probe (within a thermal window) from the hot reservoir R2

to that of the cold reservoir R1, within a search space that spans the z-plane at

3.5Å and restricted in the xy direction to within 1Å from the edge of the molecule†.

The numerical solution to Eq. (3.3) was found using Newton’s method. While the

algorithm was found to converge rapidly for most points (less than 15 iterations), it is

still computationally intensive since the evaluation of the currents given by Eq. (3.13)

must have sufficient numerical accuracy. We also note that the minimum probe

temperature obtained for each junction does not depend strongly on the distance

between the plane of the scanning probe and that of the molecule. This is explained

as follows: the probe temperature must depend upon the relative magnitudes of the

transmissions into the probe from the two reservoirs and not their actual values.

Therefore, the temperature remains roughly independent of the coupling strength

Tr{Γp}. It has also been previously noted in Ref. [30] that the local temperature

†It is necessary to minimize the ratio of transmissions to find the temperature minima since it

is computationally prohibitive to calculate the temperatures at various points in the search space,

within each iteration of the optimization algorithm
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Junction
Tp[K]

Numerical
Tp[K]

Analytic
Eq.

benzene (meta) 0.154 0.1526 (3.31)
benzene (para) 4.624 4.627 (3.24)

pyrene 0.0821 0.0817 (3.31)
coronene 0.0349 0.0355 (3.31)

Table 3.1: The table shows the lowest temperatures found in the different
junctions considered. All junctions have the same bias conditions: T1 = 0K,
T2 = 100K and no electrical bias. The right-most column shows the equation used
to compute the temperature analytically. We obtain excellent agreement between
the numerical and analytic results. The para configuration of the benzene junction
does not display a node in the probe transmission spectrum and therefore the
minimum probe temperature is not strongly suppressed.

measurement showed little change with the coupling strength even when varied over

several orders of magnitude. The restrictions placed on our search space within the

optimization algorithm are therefore well justified.

Fig. 3.1 shows the temperature distribution for two configurations of Au-benzene-

Au junctions with the chemical potentials of the metal leads at the middle of the

HOMO-LUMO gap. The mid-gap region is advantageous since (i) the molecule

is charge neutral when the lead chemical potentials are tuned to the mid-gap en-

ergy and (ii) the mismatch between the metal leads’ Fermi energy and the mid-gap

energy is typically small (less than 1-2 eV for most metal-molecule junctions) and

available gating techniques [106] would be sufficient to tune across the gap. In both

junctions, the region of lowest temperature passes through the two sites in meta

orientation relative to the hot electrode because the transmission probability from

the hot electrode into the probe is minimum when it is at these locations [63]. The

meta junction exhibits much lower minimum temperature measurements since there

is a transmission node from the hot reservoir R2 at the mid-gap energy but such

nodes are absent in the para junction. Table 3.1 shows the coldest temperature

found in each of the junctions presented here.

We only present two junction geometries for benzene here to illustrate that the

existence of a node in the probe transmission spectrum, at the mid-gap energy,



72

depends upon the junction geometry. The nodes are also absent in the ortho config-

uration of benzene and the lowest temperature found in this case is similar to that

found in the para configuration.

Fig. 3.2 shows the temperature distribution in a gated Au-pyrene-Au junction,

and the transmissions into the probe from the two reservoirs at the coldest spot.

In general, nodes in the transmission spectrum occur only in a few of the possible

junction geometries. As in the benzene junctions, the coldest regions in the pyrene

junction pass through the sites to which electron transfer from the hot electrode is

blocked by the rules of covalence [63] describing bonding in π-conjugated systems.

We note that the temperature distribution shown in Fig. 3.2 differs significantly from

that shown in Ref. [63] for four important reasons: (i) the junction configuration

in Fig. 3.2 is asymmetric while that considered in Ref. [63] was symmetric; (ii)

the thermal coupling κp0 of the temperature probe to the ambient environment has

been set to zero in Fig. 3.2 to allow for resolution of temperatures very close to

absolute zero, while the probe in Ref. [63] was taken to have κp0 = 10−4κp0, where

κp0 = (π2/3)(k2
BT/h) = 2.84× 10−10W/K at T = 300K is the thermal conductance

quantum [107, 108]; (iii) the transport in Fig. 3.2 is assumed to take place at the

mid-gap energy due to appropriate gating of the junction, while Ref. [63] considered

a junction without gating; and (iv) Ref. [63] considered temperature measurements

only in the linear response regime while the thermal bias applied in Fig. 3.2 is

essentially outside the scope of linear response. Points (ii)–(iv) also differentiate the

results for benzene junctions shown in Fig. 3.1 from the linear-response results of

Ref. [63].

Fig. 3.3 shows the temperature distribution in a gated Au-coronene-Au junction

exhibiting a node in the probe transmission spectrum. The junction shown was

one of three such geometries to exhibit nodes (10 distinct junction geometries were

considered). Again, the coldest regions in the junction pass through the sites to

which electron transfer from the hot electrode is blocked by the rules of covalence.

The coronene junction in Fig. 3.3 displays the lowest temperature amongst all the

different junctions considered, with a minimum temperature of Tp = 35mK. It should
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be noted that this temperature would be suppressed by a factor of 100, i.e., Tp =

350µK if R2 were held at 10K due to the quadratic scaling of Tp with respect to

the temperature T2 [cf. Eq. (3.31)]. Higher-order nodes would produce even greater

suppression.

3.2.2 Model of Probe-Sample Coupling

The scanning thermoelectric probe is modeled as an atomically sharp Au tip operat-

ing in the tunneling regime. The probe tunneling-width matrices‡ may be described

in general as Γpnm(ω) = 2πVnV
∗
mρp(ω), where ρp(ω) is the local density of states of

the apex atom in the probe electrode and Vm,Vn are the tunneling matrix elements

between the quasi-atomic wavefunctions of the apex atom in the electrode and the

mth, nth π-orbitals in the molecule. We consider the Au tip to be dominated by the

s-orbital character and neglect all other contributions. The probe-system coupling

is also treated within the broadband approximation. The tunneling-width matrix

Γp describing the probe-system coupling is in general non-diagonal and is calculated

using the methods highlighted in Ref. [16].

3.3 Conclusions

We asked a question motivated by the third law of thermodynamics: Is it possible

to measure a local temperature of absolute zero in a nonequilibrium quantum sys-

tem? A simple analysis of this question immedietely tells us that the answer is no,

consistent with the third law of thermodynamics. We noted then that voltage biases

near zero temperature necessarily lead to heating. We therefore investigated local

electronic temperature distributions in nanoscale quantum conductors with one of

the reservoirs held at finite temperature and the other held at or near absolute zero,

a problem essentially outside the scope of linear response theory.

We obtained local temperatures close to absolute zero when electrons originat-

ing from the finite temperature reservoir undergo destructive quantum interference.

‡I would like to thank Justin Bergfield for modeling the tip-sample coupling.



74

The local temperature was computed by numerically solving a nonlinear system

of equations [Eqs. (3.3) and (3.13)] describing equilibration of a scanning thermo-

electric probe with the system, and we obtain excellent agreement with analytic

results [Eqs. (3.24), (3.31), and (3.39)] derived using the Sommerfeld expansion.

Our conclusion is that a local temperature equal to absolute zero is impossible in

a nonequilibrium quantum system but arbitrarily low finite values are, in principle,

possible.
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Figure 3.1: Upper panels: Local temperature distributions for Au-benzene-Au
junctions in meta and para configurations, respectively. The thermal bias is
supplied by cold (T1 = 0K) and hot (T2 = 100K) reservoirs covalently bonded to
the atoms indicated by the blue and red squares, respectively. There is no electrical
bias. The probe is scanned at a height of 3.5Å above the plane of the carbon
nuclei in the molecule. The green dots shown in the temperature distributions
correspond to the coldest temperature found in each of the junction configurations.
Bottom panels: Transmission probabilities into the probe from R1 (cold, i.e., blue
curve) and R2 (hot, i.e., red curve), when the probe is positioned over the coldest
spot (shown by the corresponding green dot in the upper panel). A transmission
node in the meta configuration leads to a greatly suppressed probe temperature
[cf. table 3.1]. Note the very different vertical scales in the bottom panels.
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Figure 3.2: Left panel: Probe temperature distribution in a Au-pyrene-Au
junction under the same conditions described in Fig. 3.1. The green dot
corresponds to the coldest temperature found by the search algorithm. Right
panel: Transmissions into the probe from the hot reservoir R2 (red) and the cold
reservoir R1 (blue) at the coldest position, indicated by the green dot on the left.
The probe transmission from R2 exhibits a (mid-gap) node at the Fermi energy µ0

of the reservoirs, thereby suppressing the temperature measured by the probe.
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Figure 3.3: Upper panels: Probe temperature distributions for a Au-coronene-Au
junction under the same conditions described in Fig. 3.1. The numerically
calculated temperature is on the left, and to the right is the analytically calculated
temperature using Eq. (3.24). Although it is in excellent qualitative agreement
(and quantitative agreement for the most part), Eq. (3.24) poorly estimates the
temperature for the coldest spot (shown in green) due to the existence of a
transmission node. Eq. (3.31) gives the correct estimation in the presence of a
node, while Eq. (3.24) incorrectly predicts Tp = 0K. The lower panel shows the
probe transmissions from the two reservoirs (R1 with T1 = 0K in blue and R2 with
T2 = 100K in red) corresponding to the probe positioned over the coldest spot
(shown in green).
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CHAPTER 4

STM as a Thermometer

This chapter is yet to be published.

In chapter 2 we showed that a measurement of temperature has to be accom-

panied with a measurement of voltage as well. We discuss here the experimental

consequences of the results of chapter 2.

4.1 Introduction

Thermal imaging of nanoscale systems is of crucial importance not only due to its

potential applications in future technologies, but also because it can greatly enhance

our understanding of heat transport at the smallest scales. In recent years, nanoscale

thermometry has found application in a wide range of fields including thermome-

try in a living cell [109], local control of chemical reactions [110] and temperature

mapping of operating electronic devices [111]. Various studies utilize radiation-

based techniques such as Raman spectroscopy [112], fluorescence in nanodiamonds

[109, 113] and near-field optical microscopy [114]. The spatial resolution of these

radiation-based techniques are limited due to optical diffraction and, to overcome

this drawback, scanning probe techniques [115] have seen a flurry of activity in re-

cent years [54, 116, 117]. Despite the remarkable progress made by scanning probe

thermometry, the spatial resolution remains in the 10-nm range.

Since temperature and voltage are both fundamental thermodynamic observ-

ables, it is instructive to draw the sharp contrast that exists between the measure-

ment of these two quantities at the nanoscale. Scanning probe potentiometry (STP)

[18] is a mature technology and can map local voltage variations with sub-angstrom

spatial resolution by operating in the tunneling regime. STP has been used to

map the local voltage variations in the vicinity of individual scatterers, interfaces
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or boundaries [118–122], providing direct observations of the Landauer dipole [123].

STP has been a useful tool in distangling the different scattering mechanisms [122],

and can map local potential variations due to quantum interference effects [120, 121].

Similarly, temperature oscillations due to quantum interference effects have been

theoretically predicted for various nanosystems out of equilibrium [30, 57, 63, 64]

but have hitherto remained outside the reach of experiment.

Scanning thermal microscopy (SThM) relies on the measurement of a heat-flux

related signal that can be sensed based on a calibrated thermocouple or electrical

resistor [115]. A good thermal contact between the tip and the sample is needed

for an appreciable heat-flux and generally implies a measurement in the contact

regime, thus limiting the spatial resolution. Previous studies have addressed various

technical difficulties in the measurement such as the parasitic heat transfer through

air and the loss of spatial resolution due to the formation of a liquid meniscus at the

tip-sample interface [52]. A dramatic enhancement in the spatial resolution was later

reported by operating the probe in an ultra high vacuum (UHV) environment [54],

allowing quantitative thermometry with ∼ 10nm spatial resolution. SThM mea-

surements are typically affected by contact related artifacts, most importantly by

an unknown tip-sample thermal resistance which previous studies have attempted to

mitigate [124]. Additionally, in SThM measurements on systems out of equilibrium,

the tip-sample thermal conductance must be large compared to the probe-cantilever

conductance which is not easy to achieve. A further concern is that the resulting

operation would be invasive (due to the strong thermal coupling between the probe

and sample) has also been pointed out. We encourage the reader to refer to Ref.

[124] for a recent review and extensive reference list. Recently a significant advance

was reported [117] by simultaneously probing the time-modulated and time-averaged

heat-fluxes on a sample driven out of equilibrium by a time-modulated voltage re-

sulting in a spatial resolution of ∼ 7nm.

Here we propose a method to overcome the most daunting technical challenges of

SThM by simultaneously measuring the conductance and thermopower. We predict

a dramatic increase in the spatial resolution of more than two orders of magnitude
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allowing experiments to probe longstanding theoretical predictions on quantum co-

herent conductors. The method requires standard scanning tunneling microscopy

(STM) techniques whose operation in the tunneling regime accounts for the dra-

matic increase in the spatial resolution. Our method is applicable to any quantum

coherent conductor which encompasses systems from the mesoscopic scale to sin-

gle molecules. The central assumption for such measurements is the validity of

the Wiedemann-Franz (WF) law. The WF law is the statement of a rather simple

observation about heat transport in electrical conductors. It asserts that in electri-

cal conductors, heat is carried mainly by the electrons and that therefore electrical

(σ) and thermal conductance (κ) must be related in a material-independent way

κ = σLT , where L = π2k2
B/3e

2 is a universal constant and T is the temperature.

While its applicability in bulk metals has been known for over 150 years, it can be

shown to hold true in quantum systems where transport is dominated by elastic

processes (see appendix C, section C.1, for the derivation). Recently, there have

been experimental verifications of the WF law in atomic contact junctions [27, 28].

4.2 Temperature Measurements

In operating nanoscale devices, it is quite clear that the voltage refers to the elec-

tronic voltage since they are the only charged species participating in the transport.

However, it is less clear what is meant by a temperature in this context since heat

can be carried by other degrees of freedom such as phonons and photons as well.

Out of equilibrium, the temperatures of the different degrees of freedom do not co-

incide. A majority of nanoscale electronic devices operate in the elastic transport

regime where electron and phonon degrees of freedom are completely decoupled, and

the distinction between their temperatures become extremely important. SThM

measurements cannot make this distinction since they rely on measuring heat-flux

related signals which carry contributions from all degrees of freedom. Our method

provides the much needed characterization of the electronic temperature, decoupled

from all other degrees of freedom, thereby providing a vital tool to characterize
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nonequilibrium device performance. In the remainder of the chapter, we refer only

to the electronic temperature.

We note a crucial, but often overlooked, theoretical point pertaining to the imag-

ing of temperature fields on a nonequilibrium conductor. The prevailing paradigm

for temperature and voltage measurements is the following [56]: (i) a voltage is mea-

sured by a probe (voltmeter/thermometer) when in electrical equilibrium and (ii)

a temperature is measured when in thermal equilibrium with the sample. We refer

to this definition as the Engquist-Anderson (EA) definition. The fact that the EA

definition implicitly ignores thermoelectric effects was pointed out by Bergfield and

Stafford [63], and a notion of a joint probe was put forth by requiring both electrical

and thermal equilibrium with the sample. A temperature probe without electri-

cal equilibrium develops a temperature bias at the probe-sample junction due to

the Peltier effect. Similarly, a voltage probe without thermal equilibrium develops a

voltage bias at the probe-sample junction due to the Seebeck effect. These errors can

be quite large in quantum coherent conductors [74]. A temperature probe therefore

has to remain in thermal and electrical equilibrium with the nonequilibrium sample

[30, 31, 41, 48, 63, 74], thereby ensuring true thermodynamic equilibrium of the

measurement apparatus with the nonequilibrium sample.

The joint probe measurement was made mathematically rigorous in chapter 2

where it was shown that the probe equilibration always exists and is unique, ar-

bitrarily far from equilibrium and with arbitrary interactions within the quantum

system. Moreover, it was shown that the EA definition is provably nonunique: The

value measured by the EA thermometer depends quite strongly on its voltage and,

conversely, the value measured by the EA voltmeter depends on its temperature.

These results are deeply connected to the second law of thermodynamics and expose

the fatal flaw in the EA definition. A measurement of electron temperature therefore

has to involve also a simultaneous measurement of voltage simply due to the fact

that electrons carry both charge and heat. Therefore we may write

Ip = Jp = 0, (4.1)
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for the simultaneous vanishing of the particle current Ip and the electronic contri-

bution to the heat current Jp.

1

2p

Calibrated

Thermoresistor

Figure 4.1: A schematic depiction of the measurement apparatus. The
nanostructure (shown in green) is on an interconnect structure (shown in grey)
which is connected to macroscopic reservoirs 1 and 2 which drives the system out
of equilibrium using a voltage and/or temperature bias. The temperature and
voltage must be simultaneously measured to ensure a unique measurement. The
thermopower measurement uses a calibrated thermoresistor in series with the
scanning tunneling tip which is in contact with the macroscopic probe reservoir p.
Simultaneous measurement of the conductance and thermopower determines the
temperature and voltage in the linear response regime. Measurements made in the
tunneling regime result in a dramatic increase of the spatial resolution.

4.3 Temperature via Electrical Measurement

The measurement operation involves an STM tip scanning the surface of the conduc-

tor at a constant height in the tunneling regime as shown in Fig. 4.1. We propose

to measure simultaneously the conductance and thermopower by inducing time-

modulated changes in the probe voltage and temperature, respectively. Since the

bias voltages or temperatures cannot exceed kBT0 for operation within the linear re-

sponse regime, we do not envision such measurements at liquid He temperatures and

present our calculations at an equilibrium temperature of T0 = 100K. Our method
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is therefore fully compatible with standard lock-in techniques so as to overcome the

noise due thermal fluctuations at finite operating temperatures. Terminals 1 and

2 in Fig. 4.1 represent macroscopic reservoirs attached to the interconnect, while

p labels the macroscopic reservior connected to the STM tip. The nanostructure

(shown in green) together with the interconnect structure (shown in grey) forms the

central system. The resulting open quantum system is driven out of equilibrium by

a bias of the terminals 1 and 2, while the probe is noninvasive due to operation in

the tunneling regime. The conductance is measured by the application of a time-

modulated voltage at the probe tip and the resulting current in the macroscopic

contacts is recorded. Similarly, the thermopower is measured by the application

of a time-modulated temperature signal at the probe tip. The thermopower mea-

surement therefore requires a calibrated thermoresistor in series with the probe.

Although simultaneous measurements of the conductance and thermopower have

been made on single molecules using STM-based break junctions [21], their rele-

vance as a joint probe for temperature and voltage in nonequilibrium systems has

remained entirely unappreciated.

Within the linear response regime, the probe currents depend linearly on the

temperature and voltage gradientsIp
Jp

 =
∑
α

L(0)
pα L(1)

pα

L(1)
pα L(2)

pα


µα − µp

Tα−Tp
T0

 , (4.2)

where L(ν)
pα are the Onsager linear response coefficients evaluated at the equilibrium

temperature T0 and chemical potential µ0. They are related to the electrical con-

ductance, thermopower and thermal conductance of the probe-reservoir junction

Gpα(µ0, T0) = e2L(0)
pα (µ0, T0)

Spα(µ0, T0) =− L(1)
pα (µ0, T0)

eT0L(0)
pα (µ0, T0)

κpα(µ0, T0) =
1

T0

(
L(2)
pα (µ0, T0)− (L(1)

pα )2

L(0)
pα

)
.

(4.3)
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The co-efficients L(0)
pα and L(1)

pα are accessible via electrical measurement whereas

L(2)
pα (µ0, T0) =

π2

3
k2
BT

2
0L(0)

pα , (4.4)

to leading order in the Sommerfeld series. Eq. (4.4) is the Wiedemann-Franz law∗.

We may write down the exact solution to Eq. (4.1) in the linear response regime

[30]

T
(Exact)
p

T0

=

∑
β L

(0)
pβ

∑
α L

(1)
pαµα −

∑
β L

(1)
pβ

∑
α L

(0)
pαµα∑

β L
(2)
pβ

∑
α L

(0)
pα − (

∑
α L

(1)
pα )2

+
1

T0

∑
β L

(0)
pβ

∑
α L

(2)
pαTα −

∑
β L

(1)
pβ

∑
α L

(1)
pαTα∑

β L
(2)
pβ

∑
α L

(0)
pα − (

∑
α L

(1)
pα )2

.

(4.5)

Our method relies on the WF law given by Eq. (4.4), and to leading order in the

Sommerfeld expansion we have

T
(WF)
p

T0

=
3

π2k2
BT

2
0

(∑
α L

(1)
pαµα∑

α L
(0)
pα

−
∑

α L
(1)
pα∑

α L
(0)
pα

∑
β L

(0)
pβ µβ∑

β L
(0)
pβ

)

+

∑
α L

(0)
pαTα

T0

∑
α L

(0)
pα

.

(4.6)

T
(WF)
p requires only the measurement of L(0)

pα and L(1)
pα and lends itself to a simple

interpretation. The first term in Eq. (4.6) is the thermoelectric contribution whereas

the second term is the thermal contribution. It differs from T
(Exact)
p

T (WF)
p = T (Exact)

p + T (Exact)
p O

(
(kBT0/∆)2

)
(4.7)

only at the second order of the Sommerfeld series which is typically very small [cf.

also Eq. (C.15) in appendix C].

The simultaneous measurement of the electrical conductance and thermopower

therefore determine both temperature and voltage, since the thermal conductance is

simply related to the electrical conductance by the WF law. The method thus offers

two distinct advantages over existing SThM schemes: (i) significantly enhanced

∗The Wiedemann-Franz law can be derived explicitly for elastic transport as shown in appendix

C, section C.1.
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Figure 4.2: The conductance and thermopower, or equivalently the L(0)
pα and L(1)

pα

coefficients, can be measured simultaneously by toggling between the two circuits
above. The L(0)

pα coefficient is measured by applying a time-modulated voltage at
the probe reservoir and recording the resulting current at the reservoir α while all
other reservoirs are disconnected using switches, as shown on the left panel. L(0)

p1

for example is measured with S1 ON and S2 OFF. The L(1)
pα coefficient is measured

by inducing a time-modulated temperature variation in the probe and recording
the current in reservoir α while all other reservoirs are disconnected using switches,
as shown on the right panel.

spatial resolution due to measurement in the tunneling regime and (ii) the WF

law relates precisely the electronic contribution to the heat flow, thereby providing

a much needed tool to characterize the electronic temperature decoupled from all

other degrees of freedom. Knowing separately the electronic contribution to heat

current is vital for the characterization of nonequilibrium device performance where

electrons are the working fluid.

Temperature and voltage measurements on the system are equivalent to the

determination of L(0)
pα and L(1)

pα (equivalently conductance and thermopower) and

can be measured simultaneously by simply toggling between two circuit operations

shown in Fig. 4.2†. In the first circuit, the L(0)
pα coefficient is measured by the

application of an ac voltage bias V (ω) = Vp(ω)− Vα across the probe and reservoir

α and the current is measured at frequency ω using a lock-in amplifier

Iα = L(0)
pα (µp − µα) = −Ip,

Iα(ω) = eL(0)
pαV (ω).

(4.8)

†I would like to thank Sosuke Inui for assistance in producing Figs. 4.1 and 4.2.
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Figure 4.3: Temperature variations on a hexagonal graphene flake with the
application of a voltage bias Vblue − Vred = 5mV, where the red and blue squares
indicate the sites coupled to the interconnect. The left panel shows the exact linear
response solution given in Eq. (4.5) while the right panel shows the approximate
solution obtained by employing the WF law given in Eq. (4.6). The discrepancies
between the two measurements are of higher order in the Sommerfeld series and
are very small. In particular, T

(WF)
p very slightly overestimates the hottest spots

and underestimates the coldest spots while the intermediate temperatures agree
exceptionally well. The same temperature scale is used for both panels.

A switch is used to toggle between different reservoirs α as shown in Fig. 4.2. The

measurement of the L(1)
pα coefficient uses a calibrated thermoresistor in series with

the probe. An ac voltage at frequency ω induces temperature variations at frequency

2ω due to Joule heating, and the resulting current in reservoir α (at frequency 2ω)

is then measured

Iα = L(1)
pα

(Tp − Tα)

T0

Iα(2ω) = L(1)
pα

Tp(2ω)

T0

.

(4.9)

The measurements involve changing the probe bias conditions and constitute a non-

invasive measurement since the probe is operated in the tunneling regime. Since the

resulting currents are affected by the probe-reservoir bias amplitudes, their values

must be chosen such that the currents are resolvable. Charge currents of a few hun-

dred pA are quite easily measured with lock-in techniques and our method therefore

works well with typical voltage and temperature biases for most conductors.
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Figure 4.4: Temperature variations on a hexagonal graphene flake with the
application of a temperature bias Tred − Tblue = 30K, where the red and blue
squares indicate the sites coupled to the interconnect. The left panel shows the
exact linear response solution given in Eq. (4.5) while the right panel shows the
WF solution given by Eq. (4.6). The discrepancies between the two measurements
are of higher order in the Sommerfeld series and are very small. In particular,
T

(WF)
p very slightly overestimates the hottest spots and underestimates the coldest

spots while the intermediate temperatures agree exceptionally well. The same
temperature scale is used for both panels.

4.4 Results

Fig. 4.3 shows the variations in temperature for a voltage bias of Vblue − Vred =

5mV at T0 = 100K for a hexagonal graphene flake. The red and blue squares

shown in the figure correspond to the carbon atoms of graphene bonded to the

interconnects. Temperature variations ∼ 5K are seen within the nanostructure

and clearly demonstrate the quantum coherent nature of transport. The agreement

between T
(Exact)
p and T

(WF)
p given by eqs. (4.5) and (4.6), respectively, is exceptional.

However, closer inspection of the figure reveals that the hottest spots recorded in

T
(WF)
p (electrically measurable) are slightly hotter than the ones given by the exact

solution T
(Exact)
p . Similarly, the coldest spots in our method are slightly colder

than the ones given by the exact solution. Discrepencies are due to higher-order

contributions in the Sommerfeld series [cf. Eq. (4.7)] and can be made even smaller

by operation at lower temperatures. We note that the temperature variations shown
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here are solely the result of the voltage bias and are given by the first term in Eq.

(4.6). Since the variations are purely due to the thermoelectric effect, the EA probe

would have noted no temperature variations at all.

Fig. 4.4 shows the variations in temperature for a temperature bias of Tred −
Tblue = 30K at T0 = 100K for the same hexagonal graphene flake with identi-

cal couplings to the interconnects, shown again by the red and blue squares. The

temperature variations ∼ 30K clearly demonstrate the nonclassical nature of heat

transport at the nanoscale. The agreement between T
(Exact)
p and T

(WF)
p given by

eqs. (4.5) and (4.6), respectively, is still extremely good. Once again, closer in-

spection of the figure reveals that the hottest spots recorded in T
(WF)
p (electrically

measurable) are slightly hotter than the ones given by the exact solution T
(Exact)
p .

Similarly, the coldest spots in our method are slightly colder than the ones given

by the exact solution. Discrepencies are due to higher-order contributions in the

Sommerfeld series [cf. Eq. (4.7)] and can be made even smaller by operation at

lower temperatures. We note that the temperature variations shown here are solely

the result of the temperature bias and are given by the first term in Eq. (4.6). The

EA probe gives the correct result for this situation.

4.4.1 The System Hamiltonian

We show a hexagonal graphene flake connected to the interconnect at the sites

represented by the blue and red squares in figs. 4.3 and 4.4, and the interconnect

is in contact with macroscopic reservoirs whose bias conditions can be adjusted.

The strong coupling of the system to the macroscopic reservoirs creates an open

quantum system with energy level broadenings, and is described by the tunneling-

width matrices Γα. The Hamiltonian of the graphene flake is described within Hückel

theory

H = −
∑
<i,j>

tijd
†
idj + h.c., (4.10)

with nearest-neighbor interaction t = −2.7eV. The tunneling-width matrix is

nonzero only at the sites shown by the blue and red squares and is diagonal in
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the basis of atomic orbitals Γ1
bb = 0.5eV = Γ2

rr where b and r represent atomic

orbitals shown by blue and red squares respectively. The equilibrium chemical po-

tential is set to µ0 = −1.2eV with respect to the onsite energy, while the equilibrium

temperature T0 = 100K, and the STM tip is scanned at a height of 3.5Å above the

plane of the nanostructure.

4.5 Conclusions

We present a method to map temperature variations in nanoscale conductors by

using only electrical measurements. The measurements can be made using standard

STM techniques and for any conductor where the Wiedemann-Franz law is valid.

The method is therefore applicable to the vast majority of operating nanoscale con-

ductors. We elucidate the importance of joint probe measurements which require a

vanishing of both the particle and heat currents of electrons entering the probe. The

operation of the probe in the tunneling regime results in a dramatic enhancement of

the spatial resolution by over two orders of magnitude when compared with existing

SThM schemes. Our method precisely accounts for the electronic contribution to

the heat current, decoupled from all other degrees of freedom. The method there-

fore not only provides a way to image quantum coherent temperature variations,

but can also be used as a vital tool to characterize nonequilibrium electronic device

performance.

4.6 Note on Experimental Realization

It was brought to our attention, following discussions with Oliver Monti and Brian

LeRoy, that the fabrication of a calibrated thermoresistor on the STM tip is exper-

imentally challenging. However, heating elements can be fabricated in the contact

reservoirs which drive the system out of equilibrium, for example, as reported re-

cently in Ref. [125]. Brian LeRoy suggests that a flake of graphene can be used as a

heating element since it undergoes Joule heating when sufficient current is passed.

Therefore, a flake of graphene, along with a suitable substrate, can be used to induce
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the temperature modulations in the contact reservoirs. This would be an equivalent

realization of our experiment since current conservation would imply that the trans-

mission functions satisfy Tpα = Tαp. In principle, the experiment can be carried out

even in the presence of a magnetic flux Φ but, since Tpα(Φ) = Tαp(−Φ), we would

have to invert the magnetic field to infer the L(ν)
pα coefficients [102]. Furthermore,

our initial analyses suggest that the experiment could be performed at cryogenic

temperatures as low as 4K: Although the thermoelectric response is suppressed

quadratically with decreasing temperature (cf. C.1 for the relevant Sommerfeld se-

ries expansion), it is possible to induce larger (experimentally resolvable) electrical

currents by an appropriate gating of the system.
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CHAPTER 5

Entropy

This chapter is based on the work published in Refs. [48, 126] and also contains

some work which is yet to be published.

5.1 Introduction

Entropy is one of the most fundamental quantities in all of physics. The entropy for

any quantum system is given by∗

S = −Tr{ρ̂ log ρ̂}. (5.1)

Here ρ̂ is the density operator describing the quantum system. The log operation

is understood in much the same way we understand exponentials of operators. For

example, we may write eÂ = B̂ and understand that the lhs is a series expansion of

operator Â which converges to B̂. Then Â = log B̂ and is uniquely defined for any

density operator. The expression for entropy in the form above was first written by

von Neumann [127].

Any density operator can be written in its complele many-body eigenbasis as

ρ̂ =
∑

i pi |Ψi〉 〈Ψi| and the entropy is then easily calculated to be

S = −
∑
i

pi log pi, (5.2)

which is a form often encountered in information theory. The pi are the probabilities

associated with states |Ψi〉. The density operator has unit trace
∑

i pi = 1. The

density operator of a system completely encodes all the statistical information per-

taining to the system and is the central quantity in quantum statistical mechanics.

∗It is usual to include a prefactor of kB which we here set to unity.
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The statistical average of any operator Ô is 〈Ô〉 = Tr
{
ρ̂ Ô
}

. One may therefore

introduce the Entropy Operator as

Ŝ = − log ρ̂, (5.3)

so that the entropy in Eq. (5.1) is the statistical average of the above operator.

It is worth noting that entropy is invariant under unitary transformations of the

density operator ρ̂→ Û †ρ̂ Û . Let us take log ρ̂ = −Ŝ = Â so that ρ̂ = eÂ. Then

Û †ρ̂ Û =Û †(1 + Â+
1

2!
Â2 + ...)Û

=1 + Û †ÂÛ +
1

2!
Û †ÂÛ Û †ÂÛ + ...

= exp
(
Û †ÂÛ

)
.

(5.4)

This implies that log
(
Û †ρ̂ Û

)
= Û † log ρ̂ Û and the entropy

S =− Tr
{
Û †ρ̂Û log

(
Û †ρ̂Û

)}
=− Tr

{
Û †ρ̂Û Û † log ρ̂ Û

}
=− Tr{ρ̂ log ρ̂}.

(5.5)

This means that a closed quantum system evolving under the Schrödinger equation

will always have the same entropy. It is only measurements or interactions with an

environment which can bring about a change in the system’s entropy.

In the remainder of this chapter, we shall discuss entropy in the context of the

scattering problem. In such problems, we have a few reservoirs which exchange

particles and energy with each other through a central scattering region but the

reservoirs themselves are taken to be in the thermodynamic limit. This means

that the exchange of particles and energy does not alter the distribution within

the reservoirs. The distribution of the reservoirs set the boundary conditions for

the scattering problem. The distribution of the reservoirs (their density operator)

is completely specified by their temperature and chemical potential since they are

taken to be ideal fermi gases.
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The work presented here deals with noninteracting fermions. We formulate the

entropy in terms of the scattering states and find that, in the scattering basis, the

total entropy is additive over the different reservoirs since their scattering states do

not mix in the absence of two-body interactions. We then formulate the entropy

that is measured by a local observer who has no knowledge whatsoever of the scat-

tering states but has detailed knowledge of the local spectrum and local distribution

function. We find that this lack of knowledge increases the observed entropy. Fi-

nally, we formulate the entropy that is measured without knowledge of the local

distribution function but knowledge of the local mean particle number and energy.

We show that the entropies formulated in the three different ways satisfy a hierarchy

of inequalities with the most knowledgable formulation leading to the least entropy.

We illustrate our results for a two-level system far from equilibrium. We propose

an ansatz for the entropy when two-body interactions are present. Based on the in-

equalities developed, we also use the entropy as a metric to quantify the “distance”

from equilibrium. We also show numerical results for a molecular junction driven

far from equilibrium.

5.1.1 Single Fermionic Level

We start our discussion by writing down the density operator of a single fermionic

level. We do this in the full many-body Hilbert space. Of course, the full many-

body Hilbert space for a single fermi level has only two linearly independent state

vectors available to it. This would be the vacuum and the one-particle level. The

Pauli principle restricts us from having more than one fermion in the same state.

Nevertheless, this problem is instructive and can be easily generalized to include

more states.

In general, the many-body Hilbert space that is accessible to systems of iden-

tical particles is a small subspace of the entire many-body Hilbert space. This is

because symmetry constrains the state vectors that are accessible to identical parti-

cles obeying a symmetry principle. The allowed state vectors are either symmetric

(bosons) or antisymmetric (fermions) with respect to exchange of any two particles.



94

The natural framework to describe a system of identical particles is called second

quantization. In the second quantization framework, we do not have to worry about

the symmetry principles for the state vectors themselves but rather assume that the

entire many-body Hilbert space accessible to them. The symmetry principle is then

relegated to the creation and destruction operators which obey a certain commuta-

tion relation depending upon the type of symmetry (Fermi or Bose). This leads to

a great simplification. The reader may refer to any standard textbook on quantum

mechanics for an exposition to this subject.

In equilibrium, the density operator is written as

ρ̂ =
e−β(Ĥ−µN̂)

Tr
{
e−β(Ĥ−µN̂)

} , (5.6)

where β is the inverse temperature and µ is the chemical potential. The single level

Hamiltonian and number operators are

Ĥ = εΨ̂†Ψ̂

N̂ = Ψ̂†Ψ̂,
(5.7)

where Ψ̂† and Ψ̂ are the creation and annihilation operators respectively for the

single level with energy ε. We write the operator Ẑ as

Ẑ = e−β(Ĥ−µN̂),

Z = Tr
{
Ẑ
}
.

(5.8)

The Entropy operator [cf. Ref. [126] Eq. (2)] then can be written as

Ŝ = − log ρ̂ = β(ε− µ)Ψ̂†Ψ̂ + log(Z), (5.9)

and

−ρ̂ log ρ̂ =
β(ε− µ)

Z
e−β(ε−µ)Ψ̂†Ψ̂Ψ̂†Ψ̂ +

log(Z)

Z
e−β(ε−µ)Ψ̂†Ψ̂. (5.10)
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The operator Ẑ has the series expansion

Ẑ = exp
{(
− β(ε− µ)Ψ̂†Ψ̂

)}
=1− β(ε− µ)Ψ̂†Ψ̂ +

β2(ε− µ)2

2!
Ψ̂†Ψ̂Ψ̂†Ψ̂ + ...

=1 + Ψ̂†Ψ̂(−1 + 1− β(ε− µ) +
β2(ε− µ)2

2!
+ ...)

=1 + Ψ̂†Ψ̂(e−β(ε−µ) − 1).

(5.11)

Here we have used the fact that (Ψ̂†Ψ̂)2 = Ψ̂†Ψ̂ for fermions. In the third line, we

have added and subtracted 1 to obtain the exponential series. Note also that the

first term in the last line is 1 and its action on state vectors is that of the identity

operator on the many-body Hilbert space. Therefore, when we take the trace, the

first term contributes twice (once for the vacuum and once for the single fermi level

ε):

Z = Tr
{
Ẑ
}

= 1 + 1 + (e−β(ε−µ) − 1) = 1 + e−β(ε−µ). (5.12)

The entropy can be calculated by taking the trace of Eq. (5.10)

S =
β(ε− µ)e−β(ε−µ)

1 + e−β(ε−µ)
+ logZ

= β(ε− µ)f(ε) + log
(
1 + e−β(ε−µ)

)
=−

(
f log f + (1− f) log(1− f)

)
,

(5.13)

where a simple algebraic manipulation can show that line 2 and line 3 above are the

same. The fermi function gives the occupancy of the single fermi level of energy ε:

f(ε) = 〈Ψ̂†Ψ̂〉 =
1

1 + eβ(ε−µ)
. (5.14)

The argument presented above for the entropy can be made even more obvious by

explicitly constructing the density matrix in the Hilbert space of a single fermionic

level. The Hilbert space has exactly two orthonormal vectors which we label as

{|0〉 , |1〉} corresponding to the vacuum state and the single-particle state of energy

ε respectively. It is easy to see that the density matrix given by Eq. (5.6) is diagonal

in this basis and that

ρ̂ =

〈0| ρ̂ |0〉 〈0| ρ̂ |1〉
〈1| ρ̂ |0〉 〈1| ρ̂ |1〉

 =

1− f 0

0 f

 =

 1
Z

0

0 e−β(ε−µ)

Z

 . (5.15)
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Therefore the probability associated with the vacuum is 1− f while the probability

associated with the level ε is f . The expressions for the entropy operator and

entropy follow directly from the above expression. It is also straight-forward to

calculate other average quantities.

In the second quantized notation, we may write Eq. (5.15) as

ρ̂ =
(
(1− f)Ψ̂Ψ̂† + fΨ̂†Ψ̂). (5.16)

5.1.2 Generalization to Many States

It is straight forward to generalize the above analysis to a (noninteracting) system

with multiple levels. The Hamiltonian and number operators are then given by

Ĥ =
∑
i

Ĥi =
∑
i

εiΨ̂i
†Ψ̂i

N̂ =
∑
i

N̂i =
∑
i

Ψ̂i
†Ψ̂i.

(5.17)

We note that the Hamiltonian and number operators corresponding to different

levels always commute

[N̂i, N̂j] = 0. (5.18)

Therefore the density operator can be written as

ρ̂ =
e−β(Ĥ−µN̂)

Tr
{
e−β(Ĥ−µN̂)

} =

∏
i e
−β(εi−µ)Ψ̂i

†Ψ̂i

Z
, (5.19)

where

Z = Tr
{
Ẑ
}

= Tr
{

Πie
−β(εi−µ)Ψ̂i

†Ψ̂i
}

=
∏
i

(
1 + e−β(εi−µ)

)
,

(5.20)

where one has to use the fact that [Ψ̂i, N̂j] = δijΨi. The expression for Z above is

merely the product of Z over the different states i. This means that logZ will be

additive over the different states.

The Entropy Operator Ŝ is

Ŝ = − log ρ̂ = logZ + β(Ĥ − µN̂)

=β(Ĥ − µN̂ − Ω),
(5.21)
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where the grand canonical potential is defined as Ω = −β logZ. The expectation

value of Ŝ is

S = 〈Ŝ〉 =
β

Z
Tr
{

(Ĥ − µN̂)e−β(Ĥ−µN̂)
}

+ logZ. (5.22)

This may be simplified by noting that

1

Z
Tr
{

(Ĥ − µN̂)e−β(Ĥ−µN̂)
}

=− ∂ logZ

∂β

=− ∂

∂β

(∑
i

log
(
1 + e−β(εi−µ)

))
=
∑
i

(εi − µ)e−β(εi−µ)

1 + e−β(εi−µ)

=
∑
i

(εi − µ)f(εi),

(5.23)

which gives an analogous expression to Eq. (5.13) but with a sum over states

S =
∑
i

(
β(εi − µ)fi + log

(
1 + e−β(εi−µ)

))
=
∑
i

−
(
fi log fi + (1− fi) log(1− fi)

)
.

(5.24)

The above equation tells us that the entropy is additive for independent fermions

which is what we would expect [128].

The above equation for entropy motivates us to write down the density matrix

in a form given by Eq. (5.15):

ρ̂ = ⊗k ρ̂k = ⊗k

1− fk 0

0 fk

 . (5.25)

The above density operator represents N uncorrelated systems where N corresponds

to the number of energy levels available to a single particle. Each energy level, along

with the corresponding vacuum, behaves as an independent system. Each of these

Hilbert spaces have two state vectors {|0〉n , |1〉n} corresponding to the vacuum and

the one particle level of energy εn. The entire Hilbert space is then a direct product

of such Hilbert spaces and its density operator will have the form given in Eq. (5.25)

when these systems are uncorrelated.
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In the second quantized notation, we write

ρ̂ =
∏
k

(
(1− fk)Ψ̂kΨ̂

†
k + fk Ψ̂†kΨ̂k

)
. (5.26)

The joint entropy theorem [129] tells us that the entropy of uncorrelated systems

has to be additive

S(ρ̂) =
∑
k

S(ρ̂k) =
∑
k

−
(
fk log fk + (1− fk) log(1− fk)

)
. (5.27)

5.2 Entropy in the Scattering Basis

We now discuss the formulation of entropy in the context of a scattering problem.

The system is composed of M reservoirs which exchange particles and energy with

each other through a central scattering region. Naturally, this is a nonequilibrium

situation where there is a flux of particles and energy entering the reservoirs and

thereby moving it away from equilibrium. However, the reservoirs are taken to be in

the thermodynamic limit where it is assumed that their equilibrium configuration

does not change. In this limit, the reservoirs set up the boundary conditions for the

scattering problem.

The most natural framework to calculate quantities in the scattering problem are

the scattering basis states. The scattering basis states associated with a reservoir

are an orthogonal set of basis states. Furthermore, they are also orthogonal with

respect to any other reservoir. We label the reservoirs α = {1, 2, ...,M} and one has

Ĥ =⊕α Ĥα

N̂ =⊕α N̂α,
(5.28)

and the commutation relations

[Ĥα, Ĥβ] = [N̂α, N̂β] = 0. (5.29)

We label the reservoirs (corresponding states) as α (state k) and β (state k′), and

write the anti-commutation relations

{Ψ̂α,k, Ψ̂
†
β,k′} = δαβδkk′ . (5.30)
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The density operator in the scattering basis is simply an extension of the den-

sity operator given by Eq. (5.26) with an additional product over scattering states

corresponding to different reservoirs∏
k

→
∏
α

∏
kα

. (5.31)

Explicitly,

ρ̂ =
∏
α

∏
kα

(
(1− fkα)Ψ̂kαΨ̂†kα + fkα Ψ̂†kαΨ̂kα

)
. (5.32)

The density matrices are multiplicative and thereby entropies additive due to

the commutation of the different subsystems [cf. Eq. (5.29)] and we directly use Eq.

(5.21) to write the entropy operator as

Ŝ =
∑
α

Ŝα =
∑
α

βα(Ĥα − µαN̂α − Ωα). (5.33)

In the same operator representation, we may even write the differential form of the

first law as

δŜ =
∑
α

δŜα =
∑
α

βα(δĤα − µαδN̂α). (5.34)

The scattering states form a continuum and the entropy operator Ŝα may be

written as an integral over energy by introducing the density of states gkα(ω) =∑
kα
δ(ω − εkα):

Ŝα =
∑
k

(
(εk − µα)Ψ̂†α,kΨ̂α,k + log

(
1 + e−βα(εk−µα)

))
=

∫ ∞
−∞

gα(ω)

(
(ω − µα)Ψ̂†α(ω)Ψ̂α(ω) + log

(
1 + e−βα(ω−µα)

))
.

(5.35)

The corresponding entropy then is the expectation value of the above operator

Sα = −
∑
kα

(
fkα log fkα + (1− fkα) log(1− fkα)

)
, (5.36)

and it is easy to see that

Sα = −
∫ ∞
−∞

dω gα(ω)

(
fα(ω) log fα(ω) + (1− fα(ω)) log(1− fα(ω))

)
, (5.37)
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where fα ≡ fα(ω) is the Fermi-Dirac distribution associated with reservoir α. The

total entropy is simply the sum of the different reservoir contributions

S =
∑
α

Sα. (5.38)

That is, in the absence of many-body interactions, the scattering states correspond-

ing to different reservoirs do not mix and behave as uncorrelated systems.

The density of states gα associated with reservoir α can be expressed in terms

of the Green’s function of the system

gα(ω) =
1

2π
Tr{Gr(ω)Γα(ω)Ga(ω)}, (5.39)

where Γα is the tunneling-width matrix of the system with reservoir α. Note that

Tr{.} here refers to the trace over the one-body Hilbert space of the system. The

Green’s functions are in fact correlation functions which are calculated in the many-

body Hilbert space. In reading the above equation, the Green’s functions are under-

stood to be matrices (they are not operators in quantum-mechanical sense) acting

on the one-body Hilbert space of the system. We refer the reader to the book by

Stefanucci and van Leeuwan [39] for details pertaining to the Green’s function for-

malism and appendix A for relevant details pertaining to the nonequilibrium steady

state. Eq. (5.39) gives us the partial density of states [31, 130] of the system asso-

ciated with reservoir α. The total density of states is given by

g(ω) =
∑
α

gα(ω) =
∑
α

1

2π
Tr{Gr(ω)Γα(ω)Ga(ω)}

=
∑
α

Tr{Aα(ω)}

= Tr{A(ω)},

(5.40)

where Aα(ω) is the partial spectral function associated with reservoir α whereas

A(ω) is the total spectral function.

5.2.1 Entropy Matrix of the System

The Green’s functions and the spectral functions are matrices in the one-body

Hilbert space of the system H1 which take into account exactly the open nature
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of the system via the tunneling-width matrices Γα which are also matrices† in H1.

We may then write the entropy matrix S as

S = −
∫ ∞
−∞

dω
∑
α

Aα
(
fα log fα + (1− fα) log(1− fα)

)
(5.41)

where Aα is the matrix of the partial spectral function introduced in Eq. (5.40).

Explicitly:

Aα(ω) =
1

2π
Gr(ω)Γα(ω)Ga(ω). (5.42)

We suppressed the energy dependence of Aα and fα in Eq. (5.41) for notational

simplicity. The total spectral function was introduced in Eq. (5.40) and, for clarity,

we write it explicitly:

A(ω) =
∑
α

Aα(ω) =
1

2π

∑
α

Gr(ω)Γα(ω)Ga(ω)

=
1

2πi

(
Gr(ω)−Ga(ω)

)
.

(5.43)

The matrices Aα and Γα can be shown to be positive-semidefinite [31, 41, 126]. This

implies that the entropy matrix S is also positive-semidefinite. A(ω) =
∑

αAα(ω)

integrates to ∫ ∞
−∞

dω A(ω) = 1, (5.44)

the identity matrix in the one-body Hilbert space H1. The lesser Green’s function

provides information regarding the nonequilibrium occupancy of the system and can

be written as

G<(ω) ≡ Gr(ω)Σ<(ω)Ga(ω) = 2πi
∑
α

Aα(ω)fα(ω). (5.45)

5.2.2 Entropy of Subspaces

The entropy matrix S given by Eq. (5.41) can be projected onto any subspace A of

the one-body Hilbert space H1. We denote the entropy associated with the subspace

A as S[A]

S[A] ≡ Tr{PAS}, (5.46)

†As mentioned previously, we use the term matrices to highlight the fact that they are not

operators in the Fock space but act on the one-body Hilbert space.
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where PA is the projection operator for the subspace A. We denote the partial

density of states associated with the reservoir α and the subspace A as gA,α ≡
Tr{PAAα} so that

S[A] =

∫ ∞
−∞

dω
∑
α

gA,α σ(fα), (5.47)

where we introduce the function

σ(f) = −
(
f log f + (1− f) log(1− f)

)
, (5.48)

and have suppressed the energy dependence of gA,α(ω) and fα(ω) above for nota-

tional simplicity.

The subspace entropy has the important property that it is additive over orthog-

onal subspaces. The entropy associated with the subspace C = A⊕B is clearly seen

to be

S[A⊕ B] = S[A] + S[B], (5.49)

since PC = PA + PB when PAPB = 0 for the orthogonal subspaces A,B. The total

entropy then can be easily written as a sum of entropies over orthogonal subspaces

of the one-body Hilbert space H1.

We may therefore introduce an entropy density S(x) using the projection oper-

ator in the position basis P (x) = |x〉〈x|

S(x) =

∫ ∞
−∞

dω
∑
α

gα(x) σ(fα), (5.50)

where

gα(x) = Tr{P (x)Aα} = 〈x|Aα |x〉 (5.51)

and since the projection operator P (x) obey the completeness relation∫
d3x |x〉〈x| = 1, (5.52)

we find that the total entropy of the system is

S =

∫
d3x S(x). (5.53)

The total entropy above is completely equivalent to the one given by Eq. (5.38).
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5.3 Entropy Inferred from Local Measurements

Local measurements do not have access to information regarding the scattering

states of the system. Consider for example a one dimensional transport problem

where a quantum wire is connected to two reservoirs: L (on the left) and R (on the

right). A local observer cannot distinguish between states that are moving left (these

are scattering states associated with R) and ones that are moving right (scattering

states associated with L). This lack of information leads to a mixing of the states

corresponding to L and R. We show that this lack of information implies an increase

in the observed entropy.

The local observer sees a nonequilibrium distribution which is related to the local

projection of G< on the subspace A of the one-body Hilbert space H1 which she has

access to. She also observes a local spectrum which she has access to:

gA(ω) = Tr{PAA(ω)}

=
∑
α

Tr{PAAα(ω)}

≡
∑
α

gA,α.

(5.54)

The nonequilibrium distribution function sampled by the local observer in the sub-

space A is

fA ≡
Tr{PAG<(ω)}

2πigA(ω)
. (5.55)

Using Eq. (5.45) for G<, we find that

fA =

∑
α gA,αfα
gA

. (5.56)

The quantities gA and fA above are clearly measurable by scanning probe tech-

niques and near-field photoemission. Experiments generally provide position-local

measurements where the projection operator can be written as P (x) = |x〉〈x| but

covering a finite region of space

PA ≡
∫
x∈A

d3xP (x). (5.57)
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The nonequilibrium distribution function has been discussed in Refs. [31, 41, 131]

and has also been covered in Chap. 2 of the present thesis.

The observer sees the system to be locally out of equilibrium and would believe

the system to have the density matrix given by

ρ̂ = ⊗nρ̂n = ⊗n

1− fA(εn) 0

0 fA(εn)

 . (5.58)

The index n runs over the local spectrum of states seen by the observer gA(ω) =∑
n δ(ω − εn). The entropy can then be written as

Ss[A] = −
∫ ∞
−∞

dωgA(ω)
(
fA(ω) ln fA(ω) + (1− fA(ω)) ln(1− fA(ω))

)
. (5.59)

We write the above entropy with the subscript “s” to differentiate it from the entropy

calculated with full knowledge of the scattering basis. Our prior work utilized the

same subscript for the nonequilibrium distribution function fs as well. Although we

designated the nonequilibrium distribution function in Eq. (5.55) with the subscript

“A”, we used “s” to designate the same function sampled locally by a probe. The

reader may refer to the subscript “s” as “system locally.”

Ss[A] =

∫ ∞
−∞

dωgA(ω)σ(fA). (5.60)

The mean particle number and energies of the subsystem A are then

NA =

∫ ∞
−∞

dωgA(ω)fA(ω)

EA =

∫ ∞
−∞

ω dωgA(ω)fA(ω).

(5.61)

We note that choosing a completely local measurement with PA = P (x) gives us

the entropy density Ss(x) = Ss[A], the particle density N(x) = NA and the energy

density E(x) = EA. We then designate the local density of states by g(ω;x) = gA(ω)

and the local nonequilibrium distribution as f(ω;x) = fA(ω).

5.4 Entropy Inferred from a Probe Measurement

In chapter 2 we covered in great detail the notion of a probe measurement. We

noted that the probe measurement of temperature and voltage is simply the following
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problem: Finding an equilibrium Fermi-Dirac distribution fp(ω) which has the same

energy and occupancy of the nonequilibrium system it probes. The probe chooses

a subspace A and the voltage and temperature measurement finds the Fermi-Dirac

distribution f(µp, Tp;ω) = fp(ω) such that

NA =

∫ ∞
−∞

dωgA(ω)fp(ω) ≡ NA

∣∣∣∣
fp

EA =

∫ ∞
−∞

dω ωgA(ω)fp(ω) ≡ EA

∣∣∣∣
fp

,

(5.62)

where the particle number NA and energy EA of the subsystem, appearing in the

lhs above, were defined by Eq. (5.61). Eq. (5.62) are the constraints that define the

probe temperature and chemical potential which was discussed in chapter 2 in its

most general form.

We showed that Eq. (5.62) uniquely determines fp(ω) ≡ f(µp, Tp;ω) if and only

if both the constraints are imposed. We interpreted this as a consequence of the

second law of thermodynamics. The density matrix for the probe distribution may

be constructed in exactly the same way as was done in Eq. (5.58):

ρ̂p = ⊗nρ̂n = ⊗n

1− fp(εn) 0

0 fp(εn)

 , (5.63)

where the spectrum gA(ω) =
∑

n δ(ω − εn) with energies εn in the subspace A are

now filled with an equilibrium distribution function fp. We may then write the

entropy associated with the equilibrium distribution function fp in the same way as

Eq. (5.60):

Sp[A] =−
∫ ∞
−∞

dωgA(ω)
(
fp(ω) ln fp(ω) + (1− fp(ω)) ln(1− fp(ω))

)
=

∫ ∞
−∞

dωgA(ω)σ(fp).

(5.64)

Once again, if we talk about purely local measurements PA = P (x), we shall des-

ignate the entropy density measured by the probe as Sp(x). We would of course

expect the equilibrium entropy Sp to be larger than the corresponding nonequilib-

rium Ss subject to the same constraints [Eq. (5.62)]. We now discuss the inequalities

satisfied by the entropies S, Ss and Sp.
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5.5 Entropy Inequalities
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Figure 5.1: The function σ(f) = −f ln f − (1− f) ln(1− f). Illustration of its
convexity: σ(λf1 + (1− λ)f2) ≥ λσ(f1) + (1− λ)σ(f2).

We note that the function σ is convex and thereby obeys the Jensen’s inequality

[132]:

σ(λf1 + (1− λ)f2) ≥ λσ(f1) + (1− λ)σ(f2), (5.65)

as illustrated in Fig. 5.1. When λ ∈ [0, 1], f = λf1 + (1− λ)f2 is a point on the x-

axis between f1 and f2 whose function value σ(f) is greater than the corresponding

point on the line segment shown in red λσ(f1) + (1−λ)σ(f2) which connects points

P1 = (f1, σ(f1)) and P2 = (f2, σ(f2)). In other words, the blue curve is always above

the red line between points P1 and P2. The equality holds when λ = 0 or 1, or when

f1 = f2.

We may generalize the inequality for M points

σ(
∑
i

λifi) ≥
∑
i

λiσ(fi), (5.66)

where
∑

i λi = 1 and λi ≥ 0 ∀ i ∈ {1, 2, 3...M} . We apply this directly to entropy
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Ss[A] in Eq. (5.60)

Ss[A] =

∫ ∞
−∞

dω gAσ(fA)

=

∫ ∞
−∞

dω gAσ

(∑
α gA,αfα
gA

)
≥
∫ ∞
−∞

dω
∑
α

gA,ασ(fα) ≡ S[A],

(5.67)

where we used the fact that gA =
∑

α gA,α from Eq. (5.54) and also the fact that

gAfA =
∑

α gA,αfα as shown in Eq. (5.56).
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Figure 5.2: Subsystem entropy S[A] of a two-level quantum system far from
equilibrium, plotted versus the inverse temperature β = 1/Tp of the probe. The
electrical bias across the system was varied from 1.6 to 3.2V. Values of β < 0
correspond to absolute negative temperatures (population inversion). We see that
S[A] ≤ Ss[A] ≤ Sp[A].

Consider the entropy Ss[A] but supposing we do not have access to the nonequi-

librium distribution function fA but do have method to measure the mean particle

number NA and the mean energy EA associated with the subsystem A. We see that

the equilibrium distribution f = fp extremizes the entropy subject to the constraits

of fixed particle number and energy in the following way. We write the variations
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in the entropy subject to these constraints as

δS[f ] = δ

(∫ ∞
−∞

dω gA(ω)σ(f)

+λ1

[ ∫ ∞
−∞

dω gA(ω)f(ω)−NA
]

+ λ2

[ ∫ ∞
−∞

dω ωgA(ω)f(ω)− EA
])
,

(5.68)

where λ1, λ2 are the Lagrange multipliers associated with the constraints of fixed

particle number NA and fixed energy EA respectively. NA and EA were defined in

Eq. (5.61) and the constraint was explicitly stated in the section 5.4. We find that

δS[f ] =

∫ ∞
−∞

dω gA(ω)

[
− log

(
f

1− f

)
+ λ1 + ωλ2

]
δf (5.69)

and extremizing it (δS = 0) for any variation δf would imply that the integrand

above vanishes and we obtain

f =
1

1 + e−λ1−ωλ2
. (5.70)

The usual identification of these multipliers is

λ1 =
µp
Tp
, λ2 = − 1

Tp
. (5.71)

It was shown in Chap. 2 that the Fermi-Dirac distribution which has the same

particle number and energy is a unique one. We see here that the same Fermi-Dirac

distribution extremizes the entropy subject to those constraints. Furthermore, we

know that the entropy

S[f ] =

∫ ∞
−∞

dω gA(ω)σ(f) (5.72)

is convex. We can explicitly write the second order variation of the entropy

δ2S[f ] =

∫ ∞
−∞

dω gA(ω)
[
− 1

f
− 1

1− f
]
δf 2, (5.73)

which is always negative since 0 ≤ f ≤ 1. Therefore, fp in fact maximizes the

entropy subject to the constraints and we have

S[A] ≤ Ss[A] ≤ Sp[A]. (5.74)
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Notation Meaning
Information Available

(from the measurement)

S
Entropy Matrix

( in H1)
Complete Information

of the Scattering States

S[A]
Projection of S
in subspace A

Complete Information
of the Scattering States

Ss[A]
subscript s for “system locally”

in subspace A
Local Distribution Function

Local Density of States

Sp[A] subscript p for “probe”
Distribution Unknown

Local DOS Known

Table 5.1: Table summarizing the notation and meaning of the different entropies
based on local measurements. The entropies are inversely related to the
information that is available to the local observer. Equilibrium probe entropy
Sp[A] is the greatest of the three entropies and the observer in this case has the
least amount of information regarding the system (colored in red).

The equality holds only when all the reservoirs are maintained at the same temper-

ature and chemical potential, i.e., in equilibrium. The inequality is illustrated for a

two level system out of equilibrium in Fig. 5.2. Table 5.1 summarizes the relation-

ship between the observed entropy and the information available to the observer.

We therefore find that full knowledge of the scattering states of the system leads

to the least entropy S[A] for any subspace A. Indeed, this entropy vanishes when

all the reservoirs are maintained at zero temperature, consistent with the third law

of thermodynamics. However, the system may still appear to be out of equilibrium

for a local observer. If the observer has access only to the local distribution but

no knowledge of the scattering states, it would appear to the observer that the

distribution does not correspond to the one at zero temperature. A local observer

with access only to the local distribution always sees an increased entropy. Fur-

thermore, if the observer has no idea about the local distribution but only knows

the temperature and voltage by performing local probe measurements, the entropy

increases even further. We therefore see the intimate relationship between the access

to information pertaining to the system and the observed entropy.
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5.6 Entropy as a Metric for Local Equilibrium Departure

We posit that the local entropy difference can be used a metric quantifying local

equilibrium departure. Fig. 5.2 shows that the entropy of the auxiliary equilibrium

system Sp[A] follows the local entropy Ss[A] as well as the entropy of the scat-

tering states S[A]. The probe entropy Sp[A] reaches a maximum value at infinite

temperature which also corresponds, more or less, to the maximum of Ss[A] as

measured by the local observer without knowledge of the scattering states as well

as the maximum value of entropy S[A] evaluated with complete knowledge of the

scattering states. Local experiments are capable of measuring Sp[A] and Ss[A] of a

subspace A. A is usually a position-local subspace: Scanning tunneling microscopy

can be used to measure the local temperature and chemical potential and thereby

calculate Sp[A]; Photo-emission measurements can be used to measure the local

nonequilibrium distribution fs and thereby calculate the associated entropy Ss[A].

The entropy difference

∆S = Sp − Ss ≥ 0, (5.75)

is a metric which quantifies the departure from equilibrium. Clearly, when all reser-

voirs are maintained at the same temperature and chemical potential, i.e., at equi-

librium,

∆S = 0. (5.76)

Scanning tunneling measurements can be used to measure the local density of

states. In this context, we stated previously [cf. Eq. (3.4)] that the density of states

seen by the probe is

Ā(ω) ≡ Tr{Γp(ω)A(ω)}
Tr{Γp(ω)}

,

and the local nonequilibrium distribution seen by the probe [cf. Eq. (2.3)] is

fs(ω) ≡ Tr{Γp(ω)G<(ω)}
2πiTr{Γp(ω)A(ω)}

,

which can be measured using photo-emission experiments. It is shown in appendix

A that 0 ≤ fs ≤ 1. We note that the above expressions are completely valid in the

presence of arbitrary interactions within the quantum system.
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The expressions for the entropy seen by the local observer who has the knowledge

of the local nonequilibrium distribution is then given by

Ss ≡ S[fs(ω)] = −
∫ ∞
−∞

dωĀ(ω)[fs(ω) ln fs(ω) + (1− fs(ω)) ln (1− fs(ω))], (5.77)

and the entropy inferred from a probe measurement is

Sp ≡ S[fp(ω)] = −
∫ ∞
−∞

dωĀ(ω)[fp(ω) ln fp(ω) + (1− fp(ω)) ln (1− fp(ω))]. (5.78)

Following the arguments of the previous section, it can be shown that

Sp ≤ Ss (5.79)

even in the presence of interactions. Again, the equality holds only at equilibrium.

For sufficiently low probe temperatures,

Ss ≤ Sp '
π2

3
Ā(µ0)kBTp, (5.80)

the leading order term in the Sommerfeld expansion of Eq. (5.78). It is easy to see

that the local entropy Ss ≤ Sp → 0 as the probe temperature approaches absolute

zero Tp → 0, consistent with the third law of thermodynamics.

It is important to note that Eqs. (5.77) and (5.78) are valid for arbitrary in-

teractions within the quantum system. However, their theoretical basis is not at

the same foundational level as that of their corresponding entropies in Eqs. (5.60)

and (5.64) respectively, which were derived for the noninteracting case. The latter

expressions for the entropy have a rigorous derivation in terms of the system’s scat-

tering states but the presence of interactions causes the scattering states to mix and

therefore makes their generalization considerably harder. We therefore note that the

entropy [Eq. (5.77)] given in this section is a working ansatz whenever interactions

are present.

5.6.1 Per-state Entropy Deficit

We argued that the local entropy deficit ∆S = Sp−Ss is a suitable metric quantify-

ing the departure from equilibrium. However, it is important to note that the mean
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local spectrum Ā(ω) varies significantly from point to point within the nanostruc-

ture depending upon the local probe-system coupling (especially in the tunneling

regime) and limits the use of ∆S while comparing the ‘distance’ from equilibrium

for points within the nanostructure. The situation is analogous to that of a dilute

gas, which can have a very low entropy per unit volume even if it has a very high

entropy per particle. We note that states far from the equilibrium Fermi energy

µp contribute negligibly to the entropy since limf→0 S[f ] = limf→1 S[f ] = 0, and

therefore introduce a normalization averaged over the thermal window of the probe:

N =

∫ ∞
−∞

dω
Ā(ω)

Tr{A(ω)}

(
−∂fp
∂ω

)
. (5.81)

We define the local entropy-per-state of the system ss and that of the corresponding

local equilibrium distribution sp as

ss =
Ss
N
, (5.82)

sp =
Sp
N
. (5.83)

∆s = sp − ss quantifies the per-state ‘distance’ from local equilibrium. We present

numerical calculations of the local entropy-per-state below and discuss its implica-

tions.

5.6.2 Numerical Results

The local temperature distributions shown in Figs. 3.1–3.3 (presented in chapter 3)

are essentially outside the scope of linear response theory [63] since the cold reservoir

R1 is held at T1 = 0K, and derivatives of the Fermi function are singular at T = 0K.

However, it is an open question how far out of equilibrium these systems are and

which regions therein manifest the most fundamentally nonequilibrium character.

To address such questions quantitatively, we use the concept of local entropy per

state introduced here. In particular, the normalized local entropy deficit ∆s ≡ sp−ss
allows us to quantify how far the system is from local equilibrium.

Fig. 5.3 shows the local entropy distribution of the system ss and that of the

corresponding local equilibrium distribution sp, defined by Eqs. (5.82) and (5.83),
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Figure 5.3: Upper panels (left to right): The local entropy-per-state of the system
ss, of the corresponding local equilibrium distribution sp, and the local entropy
deficit ∆s ≡ sp − ss. The temperature distribution for the same junction (with
identical bias conditions and sampling of probe positions) is shown in Fig. 3.2, and
we note that it resembles almost exactly the distribution sp. Lower panels: The
distributions fs and fp for three points shown in the upper panels, each having
different probe temperatures Tp = 0.15K, 15.9K and 81.6K, respectively. The
corresponding entropy deficits are ∆s = 0.11, 7.3, and 1.5, respectively, ×10−5.
Point 2, although closer to 0K than point 3 is to 100K, is further from local
equilibrium.

respectively, for the Au-pyrene-Au junction considered in chapter 3, Fig. 3.2. The

sp distribution strongly resembles the temperature distribution shown in Fig. 3.2,

consistent with the fact [cf. Eq. (5.80)] that the equilibrium entropy of a system of

fermions is proportional to temperature at low temperatures. This resemblence is

only manifest in the properly-normalized entropy per state sp; the spatial variations

of Sp are much larger, and stem from the orders-of-magnitude variations of the local

density of states Ā(µ0). The nonequilibrium entropy distribution ss of the system

qualitatively resembles sp, but everywhere satisfies the inequality ss ≤ sp. ss → 0

whenever Tp → 0, consistent with the third law of thermodynamics.
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The deviation from local equilibrium quantified by the local entropy deficit

∆s = sp − ss is shown in the top right panel of Fig. 5.3. ∆s shows deep blue

regions (low entropy deficit) in both the hottest and coldest parts of the system,

while the largest entropy deficits (bright red) occur in the areas at intermediate

temperatures. This may be explained as follows: within elastic transport theory,

the local nonequilibrium distribution function is a linear combination of the distri-

bution functions of the various reservoirs (refer to appendix C on elastic transport).

The entropy deficit is minimal when this distribution function strongly resembles

the equilibrium Fermi-Dirac distribution of one of these reservoirs. Conversely, the

entropy deficit is maximal when there is a large admixture of both hot and cold

electrons without inelastic processes leading to equilibration. Therefore, the hottest

and coldest spots show the smallest entropy deficits since there is very little mixing

from the cold reservoir R1 and hot reservoir R2, respectively, while the regions at

intermediate temperatures have the largest entropy deficitis, and hence are farthest

from local equilibrium.

However, it can be seen that the colder spots are more strongly affected due to

the mixing from the hot reservoir R2, while the hotter spots are affected to a lesser

extent due to the mixing from the cold reservoir R1. This reflects the fact that the

distribution function fs deviates much more from the distribution function f1(ω)

with T1 → 0 (implying a pure state with zero entropy) due to a small admixture of

hot electrons from R2 than is the case for the opposite scenario. In other words,

it is easier to increase the entropy deficit ∆s of a cold spot by adding hot electons

(and thus driving it out of equilibrium) than it is the other way round. The entropy

deficit is a good metric to capture such a change in the distribution function and

gives us a per-state “distance” from local equilibrium.

5.7 Conclusions

We systematically developed a notion for the nonequilibrium entropy in terms of the

scattering states for a system of noninteracting fermions in a steady-state. We then
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formulated the entropy that is measured by a local observer who has no knowledge

whatsoever of the scattering states but has detailed knowledge of the local spectrum

and local distribution function. We find that this lack of knowledge increases the

observed entropy. Finally, we formulated the entropy that is measured without

knowledge of the local distribution function but knowledge of the local mean particle

number and energy. We show that the entropies formulated in the three different

ways satisfy a hierarchy of inequalities with the most knowledgable formulation

leading to the least entropy. We illustrated our results for a two-level system far

from equilibrium. We propose an ansatz for the entropy when two-body interactions

are present. We show that the ansatz is consitent with the second and third laws of

thermodynamics. Based on the inequalities developed, we also use the entropy as a

metric to quantify the “distance” from equilibrium. We illustrate the latter point

using numerical calculations on a molecular junction driven far from equilibrium.
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CHAPTER 6

Concluding Remarks

In the present thesis, we presented a number of interesting results pertaining to

steady-state quantum fermion systems. In chapter 2 we defined a mathematically

rigorous notion of temperature and voltage for quantum systems arbitrarily far from

equilibrium and having arbitrary interactions within the system. We showed that a

meaningful notion of temperature and voltage for nonequilibrium systems requires

the simultaneous measurement of both. This joint measurement requires that the

probe be in both electrical and thermal equilibrium with the nonequilibrium system

of interest. We established the notion of an ideal probe as one that operates in

the broadband limit and is weakly coupled to the system of interest. The results

obtained here have a deep connection with the second law of thermodynamics: We

proved the positive-definiteness of the Onsager matrix of response coefficients and

interpreted it as a statement of the second law of thermodynamics which ensures

the uniqueness of the probe measurement. We derived necessary and sufficient

conditions for the existence of a solution and found that a solution always exists,

and that one may encounter negative temperature solutions if the system is driven

sufficienty far away from equilibrium. We developed also the notion of entropy for

steady-state noninteracting systems and found a hierarchy of inequalities which have

an intimate relationship with the information that is available to an observer making

local measurements. We also proposed a novel experimental method, whose working

principle rests our theoretical findings, to enhance the existing spatial resolution of

scanning thermal measurements by over two orders of magnitude. In addition to

their theoretical merit we believe these results will have significant practical impact,

for example, in analyzing nonequilibrium device performances.

The work presented here leaves plenty of interesting open problems. For exam-

ple, we did not consider the case where the fermionic spin degeneracy is broken
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such as magnetic systems. The first law of thermodynamics would then have an

additional magnetic term and it is unclear whether the additional thermodynamic

variable (magnetic moment) entering the first law can be defined uniquely outside

equilibrium. Furthermore, we did not consider thermodynamic measurements of

the bosonic degrees of freedom which is an interesting question to pursue. Notions

of nonequilibrium entropy were presented rigorously in the absence of interactions

and, though we provide an ansatz in the presence of interactions, it appears to be

a formidable theoretical challenge when two-body interactions are present. We also

did not comment upon the relationship of our notion of entropy to the entanglement

entropy. It is also noteworthy that almost all of the analysis in this area pertains

to a nonequilibrium steady-state. It is entirely unclear how one might conceive of

these thermodynamic notions in the realm of time-varying nonequilibrium states.

From a broader perspective, nonequilibrium thermodynamics is a rapidly devel-

oping field of study and it is certainly a very exciting time for theoretical work.

Open quantum systems have been studied from a dynamical viewpoint [133] (where

system + environment undergoes unitary evolution but the system dynamics de-

scribed by the reduced density matrix is nonunitary), e.g. using Master equation

approaches, and the notion of decoherence has had considerable success in explaining

the quantum to classical transition. The emergence of thermodynamic equilibrium

states from this underlying process of decoherence has been dubbed quantum ther-

modynamics and has seen a flurry of activity in recent years [134]. There are also

approaches to nonequilibrium thermodynamics which take ideas from quantum in-

formation theory where thermal nonequilibrium states are seen as “resources” [135];

for example, such resources may be consumed as fuel to achieve an erasure oper-

ation which irreversibly generates entropy. There is also a great impetus on the

experimental side, for example, a recent experiment [136] employed two initially

quantum-correlated spins (a resource) to reverse the thermodynamic arrow of time,

i.e., flow of heat from the colder system to the hotter one; this of course is not

a violation of the Clausius statement since the heat flow is not the “sole effect”.

Stochastic thermodynamics [137] is a relatively recent development which aims to



118

extend notions of classical irreversible thermodynamics to the level of individual par-

ticle trajectories and is now being increasingly employed to study nonequilibrium

quantum systems, e.g., in the context of the irreversibility brought about by a quan-

tum measurement [138]. In summary, there is a great ongoing effort to understand

some of the most fundamental aspects of quantum mechanics and thermodynamics.

The confluence of these many different approaches, including the Green’s function

approach, to nonequilibrium thermodynamics of quantum systems is sure to create

many fruitful discussions in the years to come.
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APPENDIX A

The Nonequilibrium Steady State

We consider a system whose Hamiltonian Ĥ is independent of time, but is driven out

of equilibrium, e.g., by electrical and/or thermal bias. The nonequilibrium steady

state is described by a density matrix ρ̂ that is time-independent. The expectation

values of observables are given by their usual prescription in statistical physics

〈Q̂〉 = Tr
{
ρ̂Q̂
}

=
∑
µ,ν

ρµν〈ν|Q̂|µ〉. (A.1)

The “lesser” and “greater” Green’s functions [39] used in the thesis are defined

as follows

G<
αβ(t) ≡ i〈d†β(0)dα(t)〉, (A.2)

while its Hermitian conjugate is

G>
αβ(t) ≡ −i〈dα(t)d†β(0)〉, (A.3)

where

dα(t) = ei
Ĥ
~ tdα(0)e−i

Ĥ
~ t (A.4)

evolves according to the Heisenberg equation of motion for a system with Hamilto-

nian Ĥ. Here, α, β denote basis states in the 1-body Hilbert space of the system.

The spectral representation uses the eigenbasis of the Hamiltonian Ĥ|ν〉 = Eν |ν〉,
where ν denotes a many-body energy eigenstate. One may write the “lesser” Green’s

function as

G<
αβ(ω) = 2πi

∑
µ,µ′,ν

ρµν〈ν|d†β|µ
′〉〈µ′|dα|µ〉

× δ
(
ω − Eµ − Eµ′

~

)
,

(A.5)
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while the “greater” Green’s function becomes

G>
αβ(ω) = −2πi

∑
µ,µ′,ν

ρµν〈ν|dα|µ′〉〈µ′|d†β|µ〉

× δ
(
ω − Eµ′ − Eν

~

)
.

(A.6)

The spectral function A(ω) is given by

A(ω) ≡ 1

2πi

(
G<(ω)−G>(ω)

)
, (A.7)

and can be expressed in the spectral representation as

Aαβ(ω) =
∑
µ,µ′,ν

[
ρµν〈ν|d†β|µ

′〉〈µ′|dα|µ〉

+ρνµ′〈µ′|dα|µ〉〈µ|d†β|ν〉
]

× δ
(
ω − Eµ − Eµ′

~

)
.

(A.8)

A.0.1 Sum Rule for the Spectral Function

Eq. (A.8) leads to the following sum rule for the spectral function:∫ ∞
−∞

dωAαβ(ω) =
∑
µ,ν

ρµν〈ν|d†βdα|µ〉

+
∑
µ′,ν

ρνµ′〈µ′|dαd†β|ν〉

=
∑
µ,ν

ρµν〈ν|d†βdα + dαd
†
β|µ〉

=
∑
µ,ν

ρµν〈ν|δαβ|µ〉

=
∑
µ,ν

ρµνδµνδαβ

=δαβ Tr{ρ̂}

=δαβ.

(A.9)

In our theory of local thermodynamic measurements, the quantity of interest is

the local spectrum of the system sampled by the probe Ā(ω), defined in Eq. (2.55).

This obeys a further sum rule in the broadband limit (ideal probe), discussed below.
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Local Spectrum in the Broadband Limit

The probe-system coupling is energy independent in the broadband limit, Γp(ω) =

const, and we write Tr{Γp} = Γ̄p for its trace. The local spectrum sampled by the

probe Ā(ω) defined in Eq. (2.55) can be written in the broadband limit as

Ā(ω) =
1

Γ̄p

∑
α,β

〈β|Γp|α〉Aαβ(ω). (A.10)

In this limit, it obeys a further sum rule:∫ ∞
−∞

dωĀ(ω) =
1

Γ̄p

∑
α,β

〈β|Γp|α〉
∫ ∞
−∞

dωAαβ(ω)

=
1

Γ̄p

∑
α,β

〈β|Γp|α〉δαβ

= 1.

(A.11)

The broadband limit is special in that the measurement is determined by the local

properties of the system itself, and is not influenced by the spectrum of the probe.

In this limit, the local spectrum Ā(ω) obeys the sum rule (A.11) since the probe

samples the same subsystem at all energies. One should not expect such a local

sum rule to hold outside the broadband limit, since the probe samples different

subsystems at different energies.

A.0.2 Diagonality of ρ̂

We have, for any observable Q̂,

〈Q̂(t)〉 =
∑
µ,ν

ρµν〈ν|Q̂(t)|µ〉

=
∑
µ,ν

ρµν〈ν|ei
Ĥ
~ tQ̂e−i

Ĥ
~ t|µ〉

=
∑
µ,ν

ρµνe
−iEµ−Eν~ t〈ν|Q̂|µ〉.

(A.12)

The system observables must be independent of time in steady state. Therefore

ρ̂ must be diagonal in the energy basis, as seen from the above equation. The
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nondiagonal parts of ρ̂ in the energy basis, when they exist, must be in a degenerate

subspace so that Eµ = Eν in the above equation.

For states degenerate in energy, the boundary conditions determining the

nonequilibrium steady state will determine the basis in which ρ̂ is diagonal. Hence-

forth, we work in that basis.

A.0.3 Positivity of −iG<(ω) and iG>(ω)

Working in the energy eigenbasis in which ρ̂ is diagonal,

−i〈α|G<(ω)|α〉 ≡ −iG<
αα(ω) =

2π
∑
µ,µ′

ρµµ|〈µ|d†α|µ′〉|
2
δ

(
ω − Eµ − Eµ′

~

)
≥ 0. (A.13)

Similarly,

i〈α|G>(ω)|α〉 ≡ iG>
αα(ω) =

2π
∑
µ,µ′

ρµµ|〈µ|d†α|µ′〉|
2
δ

(
ω − Eµ′ − Eµ

~

)
≥ 0. (A.14)

It follows that

〈α|A(ω)|α〉 =
1

2π
〈α| −iG<(ω) + iG>(ω)|α〉 ≥ 0. (A.15)

Therefore, all three operators −iG<(ω), iG>(ω), and A(ω) are positive-semidefinite.

A.0.4 0 ≤ fs(ω) ≤ 1

The nonequilibrium distribution function fs(ω) was defined in Eq. (2.3) as

fs(ω) ≡ Tr{Γp(ω)G<(ω)}
2πiTr{Γp(ω)A(ω)}

. (A.16)

We have Γp(ω) > 0 by causality [39]:

Im Σr
p(ω) = −1

2
Γp(ω) < 0. (A.17)
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Let Γp|γp〉 = γp|γp〉, where γp ≥ 0 and some γp satisfy γp > 0. The energy depen-

dence is taken to be implicit. The traces in Eq. (A.16) may be evaluated in the

eigenbasis of Γp, yielding:

fs(ω) =

∑
γp
γp〈γp|G<(ω)|γp〉

2πi
∑

γp
γp〈γp|A(ω)|γp〉

=

∑
γp
γp〈γp| − iG<(ω)|γp〉∑

γp
γp〈γp| − iG<(ω) + iG>(ω)|γp〉

.

(A.18)

Therefore

0 ≤ fs(ω) ≤ 1. (A.19)
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APPENDIX B

Noninvasive Probes

Our main results in chapter 2 relied upon the assumption of a noninvasive probe. We

explained the physical basis for this assumption in Sec. 2.3.2, and we understood

it to mean that the local probe-system transmission function Tps and the local

nonequilibrium distribution function fs are independent of the probe bias parameters

(µp, Tp). In this appendix, we clarify the implicit mathematical details that have

gone into this assumption of a noninvasive probe.

fs and Tps have been defined in Eqs. (2.3) and (2.4), respectively, and they

depend upon the Green’s functions of the nonequilibrium quantum system. The

Green’s functions of the system do depend upon the probe parameters (µp, Tp) and

we clarify this dependence. We label the probe parameter simply as xp ∈ {µp, Tp},
which can be taken to mean either the chemical potential or the temperature of the

probe.

In order to characterize the noninvasive-probe limit, we introduce a dimensionless

parameter λ, and write the probe-system coupling as Γp(ω) = λΓ̃p(ω). Without

loss of generality, we may set Tr
{

Γ̃p(µ0)
}

=
∑

α 6=p Tr{Γα(µ0)}, where Γα(ω) is the

tunneling-width matrix describing the coupling of lead α (e.g., source, drain, etc.)

to the system, and µ0 is the equilibrium chemical potential of the system (or some

other convenient reference value). The parameter

λ ≡ Tr{Γp(µ0)}∑
α 6=p Tr{Γα(µ0)}

� 1 (B.1)

thus gives the condition for a weakly-coupled probe.

The currents flowing into the probe from the system are given by Eq. (2.2) as

I(ν)
p =

1

h

∫ ∞
−∞

dω(ω − µp)νTps(ω)[fs(ω)− fp(ω)], (B.2)
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where

Tps = λ2πTr
{

Γ̃pA
}

= λ2πTr
{

Γ̃pA|λ=0

}
+ λ22πTr

{
Γ̃p
∂A

∂λ

∣∣∣∣
λ=0

}
+O(λ3) (B.3)

and

Tpsfs = −iλTr
{

Γ̃pG<
}

= −iλTr
{

Γ̃pG<|λ=0

}
− iλ2 Tr

{
Γ̃p
∂G<

∂λ

∣∣∣∣
λ=0

}
+O(λ3) (B.4)

[cf. Eqs. (2.3) and (2.4)]. From Eqs. (B.2)–(B.4), we see that I
(ν)
p ∼ O(λ). Similarly,

it can be shown that

∂I
(ν)
p

∂xp
= −I(0)

p δν,1δxp,µp

−λ
~

∫ ∞
−∞

dω(ω − µp)ν Tr
{

Γ̃pA|λ=0

}∂fp
∂xp

+O(λ2). (B.5)

The leading-order results for the gradients are also O(λ), and agree with Eqs. (2.16)

and (2.17). The noninvasive probe limit consists in keeping only the terms O(λ)

in Eqs. (B.3), (B.4), and (B.5), and underlies the analysis presented in the body of

the article. Deviations from the noninvasive probe limit appear as terms O(λ2) and

higher, which we now proceed to derive.

B.0.1 Dependence of G on λ and xp

Standard NEGF arguments can be used to elucidate the dependence of the system

Green’s functions on λ and xp. Let G0 denote the Green’s function of the isolated

quantum system without 2-body interactions, and let Σ denote the self-energy de-

scribing 2-body interactions and coupling to various reservoirs, including the probe.



126

Dyson’s equation for the retarded (advanced) Green’s function is [39]

Gr,a = Gr,a
0 +Gr,a

0 Σr,aGr,a. (B.6)

The Keldysh equation for G< is [39]

G<(ω) = Gr(ω)Σ<(ω)Ga(ω), (B.7)

where the “lesser” self-energy is

Σ< = iλΓ̃p(ω)fp(ω) + i
∑
α 6=p

Γα(ω)fα(ω) + Σ<
int, (B.8)

and Σ<
int is the self-energy contribution due to electron-electron, electron-phonon,

electron-photon interactions, etc. Similarly, the spectral function A may be ex-

pressed as

2πA(ω) = Gr(ω)Γ(ω)Ga(ω), (B.9)

where

Γ(ω) = λΓ̃p(ω) +
∑
α 6=p

Γα(ω) + Γint(ω), (B.10)

and Γint = i(Σr
int−Σa

int) is the contribution due to 2-body interactions. Note that all

the terms appearing on the rhs of Eq. (B.10) are positive definite due to causality.

Differentiating the self-energies with respect to xp gives

∂Σ<

∂xp
= iλΓ̃p

∂fp
∂xp

+
∂Σ<

int

∂xp
, (B.11)

and
∂Σr,a

∂xp
=
∂Σr,a

int

∂xp
. (B.12)

Using Eqs. (B.6), (B.7), (B.11), and (B.12), it can be shown that

∂Gr,a

∂xp
= Gr,a∂Σr,a

int

∂xp
Gr,a, (B.13)

∂G<

∂xp
= iλGrΓ̃pGa ∂fp

∂xp
+Gr ∂Σ<

int

∂xp
Ga

+Gr ∂Σr
int

∂xp
G< +G<∂Σa

int

∂xp
Ga.

(B.14)
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Using 2πiA = Ga −Gr, the derivative of the spectral function may be written as

2πi
∂A(ω)

∂xp
= Ga∂Σa

int

∂xp
Ga −Gr ∂Σr

int

∂xp
Gr. (B.15)

Finally, the derivatives of Σint are given by

∂Σγ
int(ω)

∂xp
=

∑
η=r,a,<

∫ ∞
−∞

dω′Kγη(ω, ω′)
∂Gη(ω′)

∂xp
, (B.16)

where

Kγη(ω, ω′) ≡ δΣγ
int(ω)

δGη(ω′)
(B.17)

is the irreducible kernel for the 2-particle Green’s function [39].

Eqs. (B.13), (B.14), and (B.16) are three coupled linear (integral) equations for

∂G/∂xp and ∂Σint/∂xp. The only inhomogeneous term [first term on the rhs of Eq.

(B.14)] is O(λ). Let

∂Gγ(ω)

∂xp
≡ λF γ

xp(ω), (B.18)

∂Σγ
int(ω)

∂xp
≡ λSγxp(ω). (B.19)

F and S satisfy the equations

F r,a
xp = Gr,aSr,axp G

r,a, (B.20)

F<
xp = iGrΓ̃pGa ∂fp

∂xp
+GrS<xpG

a

+GrSrxpG
< +G<SaxpG

a, (B.21)

and

Sγxp =
∑

η=r,a,<

KγηF η
xp , (B.22)

where the energy integral on the rhs of Eq. (B.22) is implicit. The leading-order

solution is obtained by setting Gγ = Gγ|λ=0 in Eqs. (B.20) and (B.21), so we see

that ∂G/∂xp, ∂Σint/∂xp ∼ O(λ), and can be neglected in the noninvasive probe

limit. There exist a number of additional terms in ∂G/∂λ|λ=0 that are independent

of xp, but these do not affect the proofs of theorems 1, 2, and 3.
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B.0.2 Proof of Uniqueness

We are now in a position to evaluate the dependence of the currents I
(ν)
p on xp ∈

{µp, Tp}. Taking the derivative of Eq. (B.2) using the results of Appendix B.0.1,

one obtains the exact expression

∂I
(ν)
p

∂xp
=− I(0)

p δν,1δxp,µp −
λ

h

∫ ∞
−∞

dω(ω − µp)ν Tr
{

Γ̃pGr(Γ− Γp)Ga
}∂fp
∂xp

− iλ2

h

∫ ∞
−∞

dω(ω − µp)ν Tr
{

Γ̃p
(
GrS<xpG

a +GrSrxpG
< +G<SaxpG

a
)}

+
iλ2

h

∫ ∞
−∞

dω(ω − µp)νfp(ω) Tr
{

Γ̃p
(
GaSaxpG

a −GrSrxpG
r
)}
.

(B.23)

To leading order in λ, Eq. (B.23) reduces to the result given in Eqs. (2.16) and (2.17),

while the corrections are O(λ2) or higher. Thus theorems 1 and 2 hold to leading

order in λ for systems with arbitary 2-body interactions, and the noninvasive-probe

limit may be precisely defined as the limit λ� 1.

Special Case: Noninteracting System

Without 2-body interactions, only the first two terms in Eq. (B.23) survive. The

current gradients therefore have the same form as in Eqs. (2.16) and (2.17), while

the L(ν)
ps coefficients have the same form [cf. Eq. (2.18)] but with the transmission

function replaced by

T̃ps(ω) = Tr
{

Γp(ω)Gr(ω)
(
Γ(ω)− Γp(ω)

)
Ga(ω)

}
, (B.24)

which is positive due to causality [see Eq. (B.10)]. Theorem 1 therefore still holds.

The uniqueness result as stated in theorem 2 holds also, since the argument only

makes use of current gradients. We note that theorems 1 and 2 hold for arbitrarily

strong probe couplings when 2-body interactions are absent.
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Example: Hartree-Fock Approximation

In the Hartree-Fock approximation, the irreducible kernel defined in Eq. (B.17) has

the form

Kr< ≡
δ (Σr

HF)nm
δ (G<)ij

= Unjδnmδij − Unmδniδmj, (B.25)

where Unm is the Coulomb integral between orthonormal basis orbitals n and m of

the system. Furthermore, Ka< = Kr< and K<< = K>< = 0. Eq. (B.22) therefore

reduces to S<xp = 0 and(
Sr,axp

)
nm

= δnm
∑
j

Unj

∫ ∞
−∞

dω′
(
F<
xp(ω

′)
)
jj

−Unm
∫ ∞
−∞

dω′
(
F<
xp(ω

′)
)
nm
. (B.26)

B.0.3 Proof of Existence

The proof of Theorem 3 is based on an analysis of the quantities 〈Ṅ〉|fs , 〈Ṅ〉|fp ,
〈Ė〉|fs , and 〈Ė〉|fp defined in Eqs. (2.38)–(2.41), respectively. These quantities are

simply energy integrals of ωνTpsfs and ωνTpsfp, with ν = 0, 1, whose dependence

on the small parameter λ is given in Eqs. (B.3) and (B.4). Keeping only terms

O(λ) (noninvasive-probe limit), these quantities reduce to the form considered in

Sec. 2.5, so that Theorem 3 and Corollary 3.1 hold as before. Deviations from

the noninvasive-probe limit involve corrections O(λ2) and higher, and it is an open

question whether a unique solution to the probe equilibration conditions (2.42) exists

for arbitrarily strong probe-system coupling in the presence of interactions.

Special Case: Noninteracting System

For systems without 2-body interactions, the proof of Theorem 3 can be straight-

forwardly extended to the case of arbitrarily strong probe-system coupling. Using

Eqs. (B.3) and (B.10) with Γint = 0, one can write

Tps =
∑
α

Tr{ΓpGrΓαGa}. (B.27)
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Similarly, using Eqs. (B.4) and (B.8) with Σ<
int = 0, one has

Tpsfs =
∑
α

Tr{ΓpGrΓαGa}fα. (B.28)

The probe equilibration conditions (2.42) whose solution we seek may be rewrit-

ten

〈Ṅ〉|fs − 〈Ṅ〉|fp = 0,

〈Ė〉|fs − 〈Ė〉|fp = 0. (B.29)

The integrands in both conditions involve

Tps[fs − fp] =
∑
α 6=p

Tr{ΓpGrΓαGa}[fα − fp]

= T̃ps[f̃s − fp], (B.30)

where T̃ps is given by Eq. (B.24) and

f̃s =

∑
α 6=p Tr{ΓpGrΓαGa}fα∑
α 6=p Tr{ΓpGrΓαGa}

. (B.31)

f̃s and T̃ps are both independent of xp for the noninteracting system, and 〈Ṅ〉|fs ,
〈Ṅ〉|fp , 〈Ė〉|fs , and 〈Ė〉|fp can be redefined using f̃s and T̃ps without affecting the

conditions (B.29). Therefore the proofs of Theorem 3 and Corollary 3.1 hold for

arbitrarily strong probe-system coupling in systems without 2-body interactions.
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APPENDIX C

Elastic Transport

We derive the form of the nonequilibrium distribution function fs(ω) when the

transport is dominated by elastic processes. We assume a nanostructure connected

to M reservoirs, including the probe. Eq. (2.2) takes the form of Eq. (3.13) when

the transport is elastic, and we have

2πTr{Γp(ω)A(ω)}
(
fs(ω)− fp(ω)

)
=

M∑
α=1

Tpα(ω)
(
fα(ω)− fp(ω)

)
.

(C.1)

Now, we wish to rewrite the above equation in terms of the local properties sampled

by the probe:

Tr{Γp(ω)A(ω)}
Tr{Γp(ω)}

(
fs(ω)− fp(ω)

)
=

M∑
α=1

Tr{Γp(ω)Gr(ω)Γα(ω)Ga(ω)}
2πTr{Γp(ω)}

(
fα(ω)− fp(ω)

)
,

(C.2)

where the first factor on the lhs is the mean local spectrum Ā(ω) sampled by the

probe, defined by Eq. (3.4), and we used Eq. (3.14) for the elastic transmissions on

the rhs. We define the injectivity of a reservoir α sampled by the probe as

ρpα(ω) =
1

2π

Tr{Γp(ω)Gr(ω)Γα(ω)Ga(ω)}
Tr{Γp(ω)}

, (C.3)

for the factors appearing on the rhs of Eq. (C.2). Injectivity of a reservoir α has been

previously defined [130] as the local partial density of states (LPDOS) associated

with the electrons originating from reservoir α and, due to number conservation, the

sum of injectivities of the reservoirs gives the local density of states (LDOS). We

state an equivalent result for the injectivities defined in Eq. (C.3) in the following

paragraph. Before proceeding, we note that the injectivities sampled by the probe, in
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Eq. (C.3), reduces to the LPDOS for electrons injected by reservoir α when the probe

coupling is maximally local, i.e., [Γp(ω)]ij = Γp(ω)δinδjn and becomes essentially

independent of the probe coupling when it is weak. Eq. (C.3) also extends to α = p

and defines the probe injectivity sampled by itself, which becomes negligible in the

limit of weak coupling.

It can be shown that the spectrum can be written as [9]

A(ω) =
1

2π
Gr(ω)Γ(ω)Ga(ω), (C.4)

where Γ(ω) is given by

Γ(ω) =
∑
α

Γα(ω). (C.5)

The contribution due to interactions Γint(ω) in Eq. (C.5) is missing since the inter-

action self-energy is Hermitian for elastic processes. Eqs. (C.3), (C.4) and (C.5)

imply:
M∑
α=1

ρpα(ω) = Ā(ω). (C.6)

From Eq. (C.2), we write

Ā(ω)
(
fs(ω)− fp(ω)

)
=

M∑
α=1

ρpα(ω)
(
fα(ω)− fp(ω)

)
(C.7)

and Eq. (C.6) implies

Ā(ω)fs(ω) =
M∑
α=1

ρpα(ω)fα(ω). (C.8)

Finally, fs(ω) can be written as

fs(ω) =
M∑
α=1

ρpα(ω)

Ā(ω)
fα(ω). (C.9)

∴ 0 ≤ fs(ω) ≤
M∑
α=1

ρpα(ω)

Ā(ω)
(C.10)

0 ≤ fs(ω) ≤ 1, (C.11)

where we used Eq. (C.6) and the fact that the Fermi-Dirac distributions satisfy

0 ≤ fα(ω) ≤ 1. The nonequilibrium distribution function fs(ω) is thus a linear

combination of the Fermi-Dirac distributions of the reservoirs.
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C.1 Linear Response Regime

In cases where the transport occurs within the thermal energy window kBT0, the

currents can be approximated to linear order in the bias

I(ν)
p =

M∑
α=1

[
L(ν)
pα (µp − µα) +

L(ν+1)
pα

T0

(Tp − Tα)

]
, (C.12)

where the linear response coefficents are given by

L(ν)
pα ≡ L(ν)

pα (µ0, T0)

=
1

h

∫ ∞
−∞

dω(ω − µ0)νTpα(ω)

(
− ∂f0

∂ω

)
,

(C.13)

are evaluated at the mean chemical potential µ0 and mean temperature T0 and

f0 is the Fermi-Dirac distribution at the mean value. Thermal transport at room

temperature is well within the linear response regime and, in many experiments

currently performed in labs, the transport is dominated by elastic processes.

The Sommerfeld series for the L(ν)
pα coefficients are as follows

L(0)
pα = Tpα(µ0) + 2Θ(2)T 2

0 T (2)
pα + 2Θ(4)T 4

0 T (4)
pα (µ0) + ...

and

L(1)
pα = 4 Θ(2)T 2

0 T (1)
pα (µ0) + 8 Θ(4)T 4

0 T (3)
pα (µ0)

+ 12 Θ(6)T 6
0 T (5)

pα (µ0) + ...

and

L(2)
pα = 4 Θ(2)T 2

0 Tpα(µ0) + 24 Θ(4)T 4
0 T (2)

pα (µ0)

+ 60 Θ(6)T 6
0 T (4)

pα (µ0) + ...,

where Θ is a numerical factor and relates to the Riemann-Zeta function (here we’ve

used the notation of Ref. [48]):

Θ(k + 1) =
(
1− 1

2k
)
ζ(k + 1),
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explicitly:

Θ(2) =
π2

12

Θ(4) =

(
7

8

)
π4

90

Θ(6) =

(
31

32

)
π6

945
.

The transmission function has appreciable changes on an energy scale determined

by the system’s Hamiltonian and its couplings to the interconnect. We thus define

the characteristic energy scale ∆

Tpα = ∆2T (2)
pα , (C.14)

which is typically much larger than the thermal energy kBT0.

The following relation connecting L(2)
pα and L(0)

pα is the Wiedemann-Franz law:

L(2)
pα =

π2

3
k2
BT

2
0L(0)

pα

(
1 +O

(
(kBT0/∆)2

))
. (C.15)
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