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ABSTRACT

Distributed Point Source Method (DPSM) is a modeling technique for solving var-

ious engineering problems including ultrasonic and electromagnetic wave propaga-

tion problems. The DPSM is extended to analyze anisotropic materials in this

dissertation. The DPSM requires evaluation of elasto-dynamic Green’s function be-

tween many pairs of source and observation or target points. For homogeneous and

isotropic media, the Green’s functions are available as closed form analytical expres-

sions. However, for anisotropic solids, the evaluation of Green’s function is more

complicated and needs to be done numerically. Nevertheless, important applica-

tions, such as defect detection in composite materials, require anisotropic analysis.

The Green’s function for anisotropic solids consists of two integrals. One of them

contains singular terms while the other one contains non-singular or regular terms.

The regular part, being in the form of a 2D surface integral, is responsible for the

majority of the computational time. For transversely isotropic materials, the inte-

gration domain of the regular part can be reduced from a hemi-sphere to a quarter

sphere. This reduction of integration domain is utilized in this dissertation. In

addition, a technique called windowing is suggested which makes use of the regular

pattern of relative position of the source and target points in DPSM, in order to

avoid repetitive evaluation of the Green’s function. As another attempt to further

reduce the computational time, a calibration strategy is suggested in this disser-

tation which is based on an equivalent isotropic stiffness tensor, and results in a

multi-resolution integration technique which sets automatically an optimum num-

ber of integration points for a finite number of distance intervals between the source

and the target points. The developed DPSM model equipped with windowing tech-

nique and multi-resolution numerical integration is then applied to solve a number

of example problems, and its applicability and effectiveness for simulating ultrasonic
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wave propagation in anisotropic media is examined.
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CHAPTER 1

Introduction

Distributed Point Source Method (DPSM) is a modeling technique for computing

a field in a solution domain based on the superposition of fundamental solutions

corresponding to the individual pair of points (Placko and Kundu, 2007). The

collection of individual points, referred to as source points, construct the boundaries

and interfaces of the solution domain, and their collective effect on a target point

is obtained by superposition. DPSM does not need to discretize the whole problem

geometry, but needs to place sources only along the interfaces and the boundaries.

This strategy is computationally very effective for some applications, particularly

when a localized feature in an otherwise large solution domain in 3D is of interest.

DPSM can be used for modeling different types of physical phenomena involving

mechanical, electrical, and magnetic fields. In particular, DPSM has been proven to

be useful for modeling the traveling of acoustic waves in fluid and solid media (Placko

and Kundu, 2007; Kundu et al., 2010). This modeling capability is important for

Non-Destructive Evaluation (NDE) of materials by ultrasound. In ultrasonic NDE

(Schmerr, 2016), a mechanical pulse generated by a transducer travels to the ma-

terial being examined, and if the material contains a flaw, then a portion of the

pulse is scattered which can then be detected by a receiving transducer and sent to

related electrical equipment for analyzing. A pulse generated by a transducer can

be considered as a superposition of harmonic waves, where in most cases its signifi-

cant frequency components range roughly from 50 kHz to 20 MHz. In analyzing the

response of the NDE system, the response functions of individual parts contribute

to the overall response of the system via multiple convolution integrals. These inte-

grals are however convertible to simple products of response functions, if one takes

their Fourier transform and works in frequency domain instead of the time domain.

Computational acoustic models may be required to obtain the response functions for
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propagation and scattering of harmonic waves in fluid and solid in 3D. The DPSM

is useful in this regard.

A variety of methods are available for modeling wave propagation in fluid and

solid. Finite Difference Method (FDM) Temple (1988); Sun and Wu (2006) and

Finite Element Method (FEM) Smith (1975); Pamel et al. (2017) are among the

well-established methods which work by discretizing the differential equations over

the volume of the solution domain. As another domain-based method, Finite In-

tegration Technique (FIT) Marklein (2002) can be mentioned which starts from

integral form of governing equations. FIT was initially developed in electromagnet-

ics Weiland (1977), and later adopted in elastodynamics Fellinger (1991); Fellinger

et al. (1995). The other class of methods applicable to wave propagation problems

discretize the boundary instead of the volume of the solution domain. The most

well-known method in this category is probably the Boundary Element Method

(BEM) Brebbia and Domnguez (1992); Manolis and Dineva (2015). Among the

methods more specialized to wave propagation problems are Gaussian beam models

Norris (1987); Spies (1999) and Distributed Point Source Method (DPSM) Placko

and Kundu (2007); Kundu et al. (2010). Also, one may concentrate on discretization

of the wave front via the ray tracing method Lai et al. (2009).

BEM can be used for modeling elastic wave propagation problems. BEM starts

from the boundary integral equation for elastodynamics which relates the displace-

ment within the volume to displacement and traction over the boundary Bouchon

and Sanchez-Sesma (2007). A collection of elements over the boundary are then

responsible for discretizing the governing equations. Excellent reviews on BEM

are given in Bouchon and Sanchez-Sesma (2007); Brebbia and Domnguez (1992);

Manolis and Dineva (2015).

Approximating via Gaussian beams is another way of modeling wave propagation

problems. Ultrasound transducers generate highly directional beams which can

be approximated as a superposition of Gaussian beams satisfying paraxial wave

equation Schmerr (2016). One can also consider pulses of finite length in the form

of harmonically modulated Gaussian envelopes, in contrast to Gaussian beams which
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exhibit infinite length. Norris Norris (1987) studied the propagation of such finite

pulses for anisotropic elastic solids. Roberts Roberts (1988) modeled transmission of

ultrasonic beams from an isotropic to transversely isotropic half-space as an angular

spectrum of plane waves. Newberry and Thompson Newberry and Thompson (1989)

utilized a Fresnel approximation to formulate an angular spectrum of plane waves

in anisotropic solids.

Another method for modeling wave propagation problems is FEM Smith (1975);

Pamel et al. (2017). FEM is a well-established method for numerical modeling of

engineering problems Zienkiewicz and Taylor (2000), and is very versatile in terms

of type of constitutive law and the symmetry properties of the stiffness tensor. A

version of FEM called Spectral Element Method (SEM) has particularly gained at-

tention for wave propagation modeling Kudela et al. (2007a,b). In SEM, different

types of basis function, including Fourier series, Chebyshev polynomials, and Leg-

endre polynomials, can be used in accordance with the requirements of the problem

Sridhar et al. (2006). Polynomial-based SEM with proper choice of integration

points may lead to a diagonal mass matrix which is able to benefit from the con-

venience of a fully explicit solver Peng et al. (2009). SEM has been used for wave

propagation in anisotropic media Komatitsch et al. (2000); Sridhar et al. (2006);

Quintanilla et al. (2015). SEM generally provides higher accuracy and better struc-

tured matrices in comparison to standard FEM, but it is more difficult to program,

and also inherits some drawbacks of spectral methods, including more computational

cost per degree of freedom and heavier loss on irregular grids Sridhar et al. (2006).

Other advanced variants of FEM have also been considered for wave propagation

problems in anisotropic media Gaoa et al. (2015).

FEM offers several advantages for modeling structural problems. It is versatile

in terms of constitutive law, available via commercial softwares, and well-studied in

different parts. But, FEM is a domain-based method which requires discretizing the

volume of the geometry. In ultrasonic problems, one is usually interested in linear

small-deformation waves scattered by local features like cracks and inclusions in an

otherwise large domain in 3D, where the waves may propagate far away from the
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localized feature. The FEM modeling of such problems requires meshing a large 3D

domain and the use of absorbing boundaries. Discretizing a 3D domain may become

computationally prohibitive, and the reflection of waves from absorbing boundaries

may not be totally avoided.

In the beginning of the 21st century, Distributed Point Source Method (DPSM)

was developed for solving electrostatic, electromagnetic and ultrasonic wave prop-

agation problems Placko and Liebeaux (2001); Placko and Kundu (2004); Kundu

et al. (2010). Later DPSM was extended to solve other problems such as high

frequency fluid flow machinery problems Wada et al. (2014) and fluid mechanics

problems involving flow around an obstacle Placko et al. (2014).

The Distributed Point Source Method (DPSM) is a collocation-type semi-

analytical method which discretizes the solution domain over the boundary. There-

fore, DPSM analyzes a 3D domain via its 2D boundary which results in a con-

siderable reduction in size of the problem. DPSM is also well-suited for modeling

local features in infinite domains since it does not need absorbing boundaries and

does not suffer from numerical dispersion within the volume. However, in contrast

to FEM which connects a chain of overlapping patches of interpolating functions,

DPSM superimposes a series of fundamental solutions where each of them affects the

whole volume and interacts with possibly all other fundamental solutions. Therefore,

DPSM generally produces a dense global matrix with relatively large condition num-

ber, in comparison to the well-conditioned sparse matrix of classical FEM. Therefore,

solving the system of equations may be more demanding for DPSM per degree of

freedom, and requires more attention to the type of solver and the management of

round-off errors. Nevertheless, DPSM has demonstrated superior performance in

comparison to FEM in terms of saving computational time, particularly for model-

ing ultrasonic and electromagnetic wave propagation problemsKundu et al. (2010);

Wada et al. (2014); Jarvis and Cegla (2014); Bore et al. (2013) . For example, a

three-dimensional (3D) wave field modeling in a homogeneous fluid in front of a

square transducer could be solved by DPSM order of magnitudes faster than COM-

SOL Multi-Physics FEM code on the same computer Kundu et al. (2010). Jarvis
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and Cegla Jarvis and Cegla (2014) compared DPSM and FEM for solving ultrasonic

wave reflection from a rough surface and concluded, ”[FEM solution is] two orders

of magnitude slower than the equivalent DPSM simulation on the same machine.”

In spite of having this huge advantage in computational speed for DPSM, its use

has been mostly limited to homogeneous and non-homogeneous media where every

material in the problem geometry is isotropic. In this dissertation, the application

of DPSM will be extended to anisotorpic materials.

In NDE applications, it is common to immerse a solid sample into a fluid, and

place a transducer in the fluid facing the solid. The transducer generates ultrasonic

pulses which travel through the fluid and hit the solid. The received pulses are

then analyzed to detect the existence of flaws inside the solid. In this study, DPSM

is used to simulate the propagation of harmonic waves in an anisotropic solid ex-

hibiting different mechanical stiffness properties in different directions. Anisotropic

materials, such as composites, have nowadays found important applications and are

being used extensively in industry.

As mentioned before, DPSM makes use of the fundamental solution between a

pair of source and target points as its building block to construct the global computa-

tional model. The fundamental solution, called the elastodynamic Green’s function,

is available in the form of an analytical closed form expression for some media like

ideal fluids and isotropic solids. However, adding anisotropy to the problem results

in a considerably more complex set of equations for which a closed form algebraical

Green’s function seems to be beyond reach. In this case, the Green’s function needs

to be evaluated numerically , which may increase both mathematical complexity

and computational intensity of the DPSM model.

The problem of wave propagation in a homogenous isotropic half-space being

in contact with a fluid has been also modeled by DPSM (Banerjee et al., 2007).

The same problem but with a plate instead of a half-space has been solved as well

(Banerjee and Kundu, 2007b). A finite-size scatterer can be added to this problem by

treating the scatterer surface as an internal interface and placing a collection of point

sources along it (Banerjee and Kundu, 2007a). The scatterer can be representative
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of a flaw such as a crack, cavity, or inclusion. Das et al. (2008) considered the

problem of a cylindrical hole in an isotropic half-space, whereas the problem of an

elliptical cavity in an isotropic half-space was considered by Shelke et al. (2010). By

increasing the ratio of the principal axes of the ellipse (major/minor), the traction-

free surface of a crack can be modeled. The interface between fluid and solid is

assumed to be planar resembling the immersion of a planar solid plate in fluid. But,

the application of DPSM is not limited to planar interfaces and the placement of the

source points on the interface is not restricted by the interface curvature. Non-planar

and relatively complex geometries for solid-fluid interface have been also studied by

DPSM (Banerjee and Kundu, 2006; Das et al., 2007; Banerjee and Kundu, 2008).

In all of these studies the solid is assumed to be homogeneous and isotropic. In

this dissertation, the application of DPSM for ultrasound modeling is extended to

anisotropic solid plates immersed in fluid.

There is a long history of research on wave propagation in anisotropic solids

(Lane, 2014). In 1839, Green showed that three wave modes of light exist in a

crystallized solid as an anisotropic medium (Green, 1839). Later in 1877, Christoffel

studied the velocity of wave fronts (Christoffel, 1877). Using plane wave analysis,

he related this velocity, referred to as the phase velocity, to the direction of the

normal to the wave front. Later, Lord Kelvin reproduced Christoffel’s findings in his

Baltimore lectures in 1904 (Kelvin, 1904) but concluded that ”the dynamics of elastic

waves is a fine subject for investigation and I am sorry to pass from it now”. The

wave propagation in anisotropic solids received little attention afterwards until the

1950’s when development of piezoelectric transducers and ultrasonic NDE methods

revived the interest on the subject (Musgrave, 1954; Synge, 1956; Merkulov, 1963;

Fedorov, 1968). In 1959, Buchwald was the first researcher to perform a detailed

investigation of waves propagating from source point in an anisotropic elastic solid

(Buchwald, 1959).

For an anisotropic material, the elastodynamic Green’s function should be eval-

uated numerically. Around 1995, Wang and Achenbach formulated elastodynamic

time-harmonic Green’s functions for anisotropic solids using Radon transform (Wang
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and Achenbach, 1995, 1994). They applied Radon transform to spatial coordinates

in order to convert the governing equations from a system of coupled PDEs to a

system of coupled ODEs. Then, the coupled ODEs were uncoupled by rotating the

coordinate system to a new set of bases. Next, the uncoupled ODEs were solved

as one dimensional Helmholtz equations, and the solution was transformed back to

the un-rotated coordinate system. Then, the inverse Radon transform was applied

to obtain the Green’s function. The result consisted of two integrals. One of them

contained singular terms and was in the form of a 1D integral over an inclined circle

on a unit sphere, while the other one contained non-singular or regular terms and

was in the form of a 2D integral over the surface of a hemi-sphere.

The singular term is similar in form to elastostatic Green’s function. Using

the calculus of residue, it can be reduced to a summation of algebraic terms. The

calculus of residue was used by Dederichs and Liebfried (1969) and was later revived

by Sales and Gray (1998) who successfully used this method for calculating the

Green’s function as well as its first and second derivatives. This method assumes

that the roots are distinct and needs special attention when repeated roots occur for

a point. In the case of repeated roots, Sales and Gray (1998) suggested to perturb

the point by a small amount in different directions, and then use the average as an

approximation.

Around the same time as Wang and Achenbach worked on anisotropic solid in

1995, Tewary obtained the elastodynamic Green’s function for anisotropic solid via

a different approach (Tewary, 1995). He wrote the Green’s function in terms of

the solution of the Cauchy problem. The Cauchy problem is defined by the homo-

geneous form of equation of motion with zero initial displacement over the entire

domain and impulse initial velocity at the considered point and zero initial velocity

elsewhere. While Wang and Achenbach (1995) obtained the Green’s function in

frequency domain (for time harmonic point force) using Radon transform, Tewary

(1995) obtained the Green’s function in time domain (for delta function of time)

using a Cauchy problem. But later, in a complementary work, Wang and Achenbach

(1994) used the same approach of Radon transform to solve for Green’s function in
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time domain for both 2D and 3D cases. They also transformed the solution to the

frequency domain matching the result of their other work (Wang and Achenbach,

1995).

An important application of fundamental solution is in Boundary Element

Method (BEM), where the fundamental solution should be calculated at every in-

tegration point during the integration over the boundary elements. Furukawa et al.

Furukawa et al. (2014) studied anisotropic dynamic problems by BEM, and used

the solution of Wang and Achenbach for their model. They presented a convolution

quadrature time-domain boundary element method for elastodynamic analysis of

anisotropic solids, and used Laplace transform of elastodynamic fundamental solu-

tion developed by Wang and Achenbach in their work. Another recent work which

has used the solution of Wang and Achenbach is the work of Igumnov and Markov

(2016). They used this solution in the context of anisotropic dynamic problems by

BEM, as well. They studied Laplace domain direct boundary element approach for

the three-dimensional transient problems of the anisotropic viscoelasticity. They

used solution of Wang and Achenbach for anisotropic solids, and transformed them

into Laplace domain. Then, they used the elastic-viscoelastic correspondence princi-

ple, meaning the viscoelastodynamic solution was obtained from the corresponding

elastodynamic solution by replacing elastic moduli with the complex viscoelastic

moduli in Laplace domain. Such recent applications of Wang and Achenbachs so-

lution show that it is still in service for evaluating dynamic Green’s function of

anisotropic materials.

In this dissertation, the solution method developed by Wang and Achenbach

(1995) for elastodynamic time-harmonic Green’s function in anisotropic solids is

adopted. The integral representing the singular term is evaluated analytically using

the calculus of residue based on the work of Sales and Gray (1998), while the integral

representing the regular term is computed numerically.

The regular part, being in the form of a 2D surface integral, is responsible for the

majority of the computational time in evaluating the elastodynamic Greens function

for anisotropic solids. In this regard, any effort in reducing its computational cost



21

may have a considerable effect on computational efficiency of the whole DPSM

model. Transversely isotropic composites can be considered as one of the main

classes of anisotropic materials which have extensive industrial applications. For

these materials, the integration domain of the regular part can be reduced from a

hemi-sphere to a quarter sphere (Fooladi, 2016; Fooladi and Kundu, 2017). This

technique is used in this dissertation.

In addition, a technique called windowing is suggested in this dissertation which

makes use of the regular pattern of relative position of the source and target points

in DPSM, in order to avoid repetitive evaluation of the Green’s function. This

technique is very effective in reducing the number of evaluations of the Green’s

function.

As another attempt to further reduce the computational cost, a calibration strat-

egy is suggested in this dissertation in order to optimize the number of integration

points for the regular part of the Green’s function in terms of the distance between

the source and target points. This calibration is based on an equivalent isotropic

stiffness tensor, and results in a multi-resolution integration technique which sets au-

tomatically an optimum number of integration points for a finite number of distance

intervals between the source and target points.

The remainder of this dissertation is organized in the following manner. In

chapter 2, the Ultrasonic Non-destructive Evaluation (Ultrasonic NDE) is briefly re-

viewed. In chapter 3, the formulation for Distributed Point Source Method (DPSM)

for a solid immersed in a fluid is presented in detail. In chapter 4, the wave propaga-

tion in isotropic and anisotropic media is addressed. In chapter 5, the time-harmonic

elastodynamic Green’s function is formulated. In chapter 6, some computational as-

pects of the developed model are addressed and the numerical results are presented.

Lastly, in chapter 7, the conclusion is given.
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CHAPTER 2

Ultrasonic NDE System

In this chapter, some fundamentals of Ultrasonic Non-destructive Evaluation (NDE)

are briefly reviewed. The NDE has been analysed in detail by Schmerr (2016), from

which the condensed material of this chapter is derived.

The NDE techniques are used to inspect materials for flaws. A schematic config-

uration of an ultrasonic NDE system is shown in figure 2.1. A spike type of pulse is

generated by a pulser-receiver in the form of very short repetitive electrical pulses.

These pulses are sent to a transmitting transducer which is in contact with the part

under examination (fluid or solid). The transducer is made of piezoelectric crystal

which is able to convert electrical energy into mechanical energy and vice-versa.The

transducer vibrates by electrical pulses and generates beams of ultrasonic waves

propagating into the part under examination.

If the part being examined contains a flaw, then a portion of the ultrasonic wave is

scattered by the flaw which can be detected by a receiving transducer. The receiving

transducer transforms back the scattered wave into electrical pulses and sends it to

the pulser-receiver for analysing. These electrical signals are amplified and displayed

on an oscilloscope as voltage versus time diagrams. The flaw’s scattered signal has a

time scale which is normally much smaller than the time scale of repetition of pulses,

and is therefore relatively easy to be distinguished on the diagram. The received

signal can be transferred from oscilloscope to an analog-digital converter for further

processing by a computer system .

2.1 Ultrasonic Testing Setups

The transducer(s) can be attached to the part being examined for flaws in different

configurations. In figure 2.2, three different setups are presented. When the same
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Figure 2.1: Problem configuration for a typical ultrasonic NDE system.

transducer works both as a transmitter and receiver of ultrasonic waves as shown in

figure 2.2(a), it is called a pulse-echo testing setup. When one transducer transmits

the ultrasonic wave and another transducer receives the scattered ultrasound as

shown in figure 2.2(b), it is a pitch-catch testing setup. Lastly, if the transmitting

and receiving transducers are placed facing each other as shown in figure 2.2(c), it

is called a through-transmission testing setup. In the first two cases, i.e. pulse-echo

and pitch-catch setups, the flaw’s scattered wave goes to the receiving transducer.

In the last case, i.e. through-transmission setup, the flaw perturbs the flow of wave

which is present between the transmitting transducer and the receiving transducer.

The transducer(s) can be in direct contact with the part being examined, or they

can be placed in a fluid in which the examined part in immersed. The three cases

of pulse-echo, pitch-catch, and through-transmission were defined above for contact

testing. Similar terminology can be used for immersion testing.

A pulse generated by a transducer can be considered as a superposition of a set

of harmonic waves. The frequency content of a pulse can be obtained by Fourier
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Figure 2.2: Different transducer setups: (a) pulse-echo, (b) picth-catch, (c) through-
transmission.

transform. In most NDE testings, the significant frequency components of the gen-

erated pulse are roughly in the range 1 to 20 MHz. As shown in table 2.1, the

corresponding wave lengths in steel range from 0.25 in. to 0.01 in., respectively.

The reason why NDE test frequencies for metals are commonly 1 MHz or higher

is that defects with length smaller than the wavelength are difficult to detect, and

therefore low frequencies will miss small flaws. On the other hand, very large fre-

quencies are attenuated due to scattering by material grains and does not penetrate

to significant depth of the material. This is the reason why NDE frequencies do not

commonly go above 20 MHz. In some materials, like ceramic, attenuation due to

grain scattering is less important, and higher test frequencies are possible.
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Table 2.1: Frequency spectrum for different types of acoustic waves and the corre-
sponding wave lengths for compressional waves in steel .

acoustic wave frequency range wave length in steel

infrasonic below 2× 102 Hz 1.15× 103 in. for 2× 102 Hz

Audio (sonic) 2× 102 − 2× 104 Hz 2.3× 102 in. for 103 Hz

Ultrasonic 2× 104 − 109 Hz 2.3× 10−2 in. for 107 Hz

hypersonic 109 − 1013 Hz 2.3× 10−6 in. for 1011 Hz

Crystal lattice vibration above 1013 Hz 2.3× 10−8 in. for 1013 Hz

2.2 Linear Time-Shift Invariant (LTI) Systems

As was shown in figure 2.1, an ultrasonic NDE system has different components

where each of them may have a complicated electromechanical structure (e.g. trans-

ducer). Modeling each of these individual components and their interaction with

other components in an NDE system is a comprehensive topic by itself. Our focus

in this discussion is on acoustic wave propagation in materials for which DPSM can

be served as a convenient modeling technique. But, let us first present a general

modeling framework for the entire ultrasonic NDE system and then narrow down

the analysis to the intended part.

Most ultrasonic NDE systems can be assumed to behave as Linear Time-shift

Invariant (LTI) systems. A particular part (e.g. transducer) can also be considered

as an LTI system. An LTI system has two features. It obeys the principle of

superposition due to being linear. Also, a time delay in input produces an identical

delay in output due to being time-shift invariant. Figure 2.3 shows schematically

an LTI system which takes an input, i(t), as a function of time, t, and produces an

output o(t) = L(i(t)), where the operator L represents an LTI system. Then, the

linearity and time-shift invariant assumptions require that

o(t) = L[c1i1(t) + c2i2(t)] = c1L[i1(t)] + c2L[i2(t)] (2.1)

o(t− t0) = L[i(t− t0)] (2.2)
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respectively.

Figure 2.3: A general LTI system with input i(t) and output o(t) = L[i(t)].

In ultrasound NDE, transient time disturbances are produced in the components,

in the form of pulses of various types: voltage pulse, pressure pulse in fluid, elastic

wave pulse in solid, etc. It may be desirable to study these disturbances in the

frequency domain instead of the time domain. A pulse is transformed into the

frequency domain via the Fourier transform. The frequency content of a pulse

obtained by Fourier transform shows how it can be decomposed into a summation

of harmonic terms each with a different frequency and amplitude.

In time domain, the response of an LTI system to an arbitrary input can be

considered as a superposition of responses to delta function δ(t) at various times.

Assume g(t) to be the response of the LTI system to the delta function δ(t). Then,

the response o(t) to an arbitrary input i(t) can be written as

o(t) =

∫ t

0

g(t− τ) i(t) dτ (2.3)

where it is assumed that o(t) = i(t) = 0 for t < 0.

The above integral is a convolution integral. It is converted to product of the

convolved functions when transformed to the frequency domain. Assuming O(ω),

G(ω), and I(ω) to be the Fourier transforms of the functions o(t), g(t), and i(t),

respectively, the above convolution integral can be written in frequency domain as

O(ω) = G(ω) I(ω) (2.4)

Now, assuming a set of n LTI systems acting in series as shown in figure 2.4, the

overall output O(ω) can be related to the original input I(ω) in frequency domain

via the product of the impulse response functions of all individual subsystems
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O(ω) = G1(ω)G2(ω) ... Gn(ω) I(ω) (2.5)

It can be seen from the above expression that working in frequency domain can

be advantageous over the time domain since multiple convolution integrals in the

time domain are converted to simple products in the frequency domain.

Figure 2.4: A set of LTI systems acting in series.

2.3 Ultrasonic NDE System as LTI

Now, let us apply the concept of LTI to an ultrasonic NDE system shown in figure 2.5

where a flaw is being examined via a through-transmission immersion testing setup.

This ultrasonic system can be divided into three parts as shown in figure 2.6: sound

generation, sound propagation and scattering, and sound reception.

During sound generation, the pulser applies an electric pulse to the transmitting

transducer which is then converted to mechanical vibration at the face of the trans-

ducer. The impulse response function for this part is represented by gg(t) and its

Fourier transform by Gg(ω) where the subscript g refers to the ”generation”. Next,

the sound beam propagates in the fluid and reaches the solid. Inside the solid, the

sound is scattered by the flaw, and the result goes back into the fluid and hits the

receiving transducer. The impulse response function for this part is represented by

ga(t) and its Fourier transform by Ga(ω) where the subscript a refers to ”acoustic”.

Finally, the mechanical vibration at the face of the receiving transducer is trans-

formed back into electrical pulse that travels to the receiver. The impulse response

function for this part is represented by gr(t) and its Fourier transform by Gr(ω)

where the subscript r refers to ”reception”. Therefore, for the entire Ultrasonic
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Figure 2.5: An ultrasonic NDE system in through-transmission immersion testing
setup.

NDE system which contains the three LTI systems shown in figure 2.6, it can be

written

Vo(ω) = Gr(ω)Ga(ω)Gg(ω) Vi(ω) (2.6)

The transfer function for sound generation Gg(ω) depends on the properties of

the pulser, the transmitting transducer, and the cabling between these two compo-

nents. Similarly, the transfer function for sound reception Gr(ω) depends on the

properties of the receiver, the receiving transducer, and the cabling between them.

However, the transfer function Ga(ω) is dependent on the propagation and scatter-

ing of waves in fluid and solid in 3D. This transfer function needs to be determined

via fluid and solid acoustic models, and the subject of interest in this study i.e.

DPSM modeling technique is useful for it.
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Figure 2.6: An ultrasonic NDE system as a combination of three LTI systems.
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CHAPTER 3

Distributed Point Source Method (DPSM)

DPSM is a method for computing a field in a solution domain based on superpo-

sition of fundamental solutions corresponding to individual pair of points (Placko

and Kundu, 2007). The collection of points referred to as source points construct

the boundaries and interfaces within the solution domain. Therefore, DPSM does

not need to discretize the whole volume of the solution domain. This can be com-

putationally beneficial for some applications, particularly when localized features in

an otherwise large solution domain is being studied.

DPSM can be used for modeling different types of physical problems including

magnetic, acoustic, electrostatic, and electromagnetic field problems. It can also be

used for both 2D and 3D problems. A schematic of a typical problem in 2D for

which DPSM can be applied is shown in figure 3.1.

Figure 3.1: Problem configuration for a typical DPSM problem.

To solve the problem in figure 3.1, two layers of source points are defined. One

to represent the transducer and the other one to represent the interface. Source

points associated with a transducer are called the ”active” source points and those

associated with an interface are called the ”passive” source points. A wave generated

by a transducer hits the interface and is then reflected and transmitted. The source
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points can be distributed close to the transducer and interface lines, or they can be

away from them as is shown in figure 3.2.

(a) (b)

Figure 3.2: Representing sensor and interface by source points: (a) close to the
sensor and interface,(b) away from the sensor and interface.

The strength of source points are determined from the boundary conditions on

the transducer and continuity conditions on the interface. This is an inverse problem

and requires solving a system of equations. As the number of source points goes

to infinity the solution to the problem becomes exact. In practice, a finite number

of source points based on the computational power and problem requirements is

chosen. The distance between two source points should be at least smaller than the

smallest wave length of the solution. However, if one is interested in the solution

far away from the source points, then larger distances are also allowed (Placko and

Kundu, 2007).

Therefore, the main idea of DPSM is to replace the transducer and interface with

a set of individual source points. The collective effect of these source points is then

equivalent to the effect of original transducer and interface. Active source points

synthesize the signal generated by the transducer, while passive source points syn-

thesize the signals reflected and transmitted by the interface. For a finite interface,

scattered signals are also generated.

When the solution at a particular point of the solution domain is sought, that

point of interest is called the target point. The solution at a target point can be

expressed as the superposition of the effect of all individual source points on that

target point. The effect of an individual source point on a target point is obtained by
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the Green’s function. In some cases, analytical solutions are available for the Green’s

function. In those cases, the DPSM method can be considered a semi-analytical

method in which the solution building block, i.e. the Green’s function, is readily

available as an algebraic expression. For example, for acoustic wave propagation in

a fluid or in an isotropic solid the Green’s function is available analytically. But,

for more complicated cases such as wave propagation in an anisotropic solid, the

Green’s function needs to be evaluated numerically, as well as the total solution of

DPSM model. However, some analytical processes can still be performed on the

Green’s function before its numerical computation, and the DPSM method can still

be called a semi-analytical method, compared to a pure numerical method which

starts directly from discretization of the governing equations.

Two parameters are frequently encountered in DPSM modeling: scalar potential

and vector field. These two parameters are shown in figure 3.3. A vector field ψ(x)

is proportional to the gradient of the scalar potential φ(x) as

ψ(x) = α∇φ(x) (3.1)

where α is the proportionality factor. The external surface of the source point in

figure 3.3 is called the ”bubble”. The boundary conditions are applied on the bubble.

Therefore, the bubble of active source points should be tangent to the transducer

surface, and the bubble of passive source points should be tangent to the interface.

Figure 3.3: A source point and its generated field.
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As mentioned before, DPSM can be applied to a variety of problems including

acoustic, magnetic, electrostatic, and electromagnetic field problems. The focus of

this work is on ultrasonic field modelling by DPSM.

Three basic forms of ultrasonic transducers are source point, source line, and

source plane. In an infinite medium, the source points generate spherical wave fronts,

the source lines generate cylindrical wave fronts, and the source planes generate

plane wave fronts. These are shown schematically in figure 3.4.

Figure 3.4: Propagation of wave front in: (a) spherical, (b) cylindrical, and (c) plane
forms.

In the rest of this chapter, the DPSM will be formulated for three different

configurations: a solid half-space in contact with a fluid, a solid plate immersed in

fluid, and a solid half space containing a hole. DPSM has been considered for such

configurations (Placko and Kundu, 2007) and (Banerjee et al., 2007).
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3.1 A Solid Half-Space in Contact with a Fluid Half-Space

In this section, the formulation of DPSM for a solid half-space being in contact

with a fluid half-space at its boundary is presented. The problem configuration is

schematically shown in figure 3.5. In this figure, a solid half-space which is located

at the top is in contact with a fluid half-space which is located at the bottom. A

flat circular transducer is placed inside the fluid at an inclination with respect to

the horizontal plane (x1− x2 plane). The transducer generates the ultrasonic wave,

and the fluid transmits the wave to the solid half-space.

Figure 3.5: Problem configuration for a solid half-space in contact with fluid.

Two sets of target points are shown in figure 3.5: the set RT which represents

the points on the transducer surface and the set RI which represents the points

distributed over the interface between solid and fluid. These two sets of target

points are also listed in table 3.1.

Next, the source points are defined. The target points, defined previously, were

placed on the transducer surface and solid-fluid interface, but for the source point,

placing them at such locations generates singularity due to 1/r term in the Green’s

function . Therefore, in order to avoid the singularity, the location of the source
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Table 3.1: A solid half-space in contact with fluid: sets of target points.

Set location

RT Located on the surface of the transducer

RI Located on the interface between fluid and solid

points is shifted from the location of the target points by a small amount δ. This

small value is equal to the radius of the spheres assigned to the points. In other

words, a source point will be in contact with its corresponding surface (e.g. trans-

ducer surface or solid-fluid interface) via a sphere of radius δ whose center is at the

source point.

The radius δ is obtained by requiring that the area of the hemi-sphere around the

source point be equal to the corresponding area on the surface which is represented

by that source point. Therefore, if a surface with total area S is represented by a

collection of n source points, then each source point represents an area of S/n and

the radius δ is

δ =

√
1

2π

S

n
(3.2)

By increasing the resolution of the DPSM model, the number n increases in

the above equation and the radius δ decreases. This means the locations of the

source points become closer to the locations of target points when the resolution is

increased, and the two sets coincide when n goes to infinity.

From the two sets of target points defined previously, and the value of the pa-

rameter δ, three sets of source points are defined which are listed in table 3.2. The

set R−δT contains active (actual) source points representing the direct effect of the

transducer surface on the fluid. The set Rδ
I contains passive (virtual) source points

representing the effect of reflected waves from the solid to the fluid. Lastly, the set

R−δI contains passive source points representing the effect of transmitted waves from

the fluid to the solid.

A comparison of the locations of source and target points can be made via

figure 3.6 where the two sets of target points RT and RI are shown in figure 3.6(a)
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while the three sets of source points R−δT , Rδ
I , and R−δI are shown in figure 3.6(b).

Table 3.2: A solid half-space in contact with fluid: sets of source points.

Set location

R−δT Shifted from RT by x3 = −δ
R−δI Shifted from RI by x3 = −δ
Rδ
I Shifted from RI by x3 = δ

x1

x3

Fluid

Solid

Transducer

RI

RT

(a)

x1

x3

Fluid

Solid

Transducer

R
T

-δ

R
I

δ

R
I

-δ

(b)

Figure 3.6: A solid half-space in contact with fluid: (a) target points, (b) source
points.

A scalar source strength Af (x) is assigned to each source point located at x

in the fluid. The subscript f refers to fluid. This source strength is proportional

to the pressure at that point. Let the Green’s function for pressure in the fluid

be denoted as Gp
f (x,y) where the subscript f represents fluid, the superscript p

represents the pressure, and the vectors x and y represent the location of source

and target points, respectively. Then, the amount of pressure at the target point

y due to a source of strength Af (x) at point x is equal to Af (x) Gp
f (x,y). Other

quantities like displacement and velocity are also proportional to source strength

Af (x) in linear problems.

Now from the linearity assumption, the solution at an arbitrary point in the

fluid can be obtained by superposition of the influence of all individual source points
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affecting the fluid. A point in the fluid is affected by the source points in sets R−δT

and Rδ
I , as is shown schematically in figure 3.7.

x1

x3

Fluid

Solid

Transducer

R
T

-δ

R
I

δ

P

Figure 3.7: A point P in the fluid is affected by the source points in sets R−δT and
Rδ
I .

Let us define a new set Rf as

Rf = R−δT URδ
I (3.3)

The source points in Rf are responsible for the solution at any point in the fluid.

Assume that we are interested in a quantity q(x) at location x in the fluid. This

quantity can be pressure, displacement, velocity, etc. This quantity can be obtained

by superimposing the effect of all the source points in Rf on the target point x as

q(x) =
∑
y∈Rf

Gq
f (x,y)Af (y) (3.4)

where Gf
q refers to the Green’s function of the quantity q in the fluid f . The above

relation can be rewritten in vector form as

q(x) = M q
f (x) ·Af (3.5)

where
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M q
f (x) = {Gq

f (x,y), y ∈ Rf} (3.6)

Af = {Af (y), y ∈ Rf} (3.7)

and the vectors M q
f (x) and Af have the same size as Rf .

If there are n points in the set Rf denoted by y1, y2, ..., yn, then the vectors

M q
f (x) and Af can be written in expanded form as

M q
f (x) =

{
Gq
f (x,y1), Gq

f (x,y2), ..., Gq
f (x,yn)

}
(3.8)

Af =
{
Af (y1), Af (y2), ..., Af (yn)

}
(3.9)

The vector M q
f (x) will be later used to assemble the global system of equations

from which the source strengths are calculated.

The attention is now given to the solid and a procedure similar to that of fluid is

applied to it. For the solid, a vector of source strength As(x) with 3 components is

assigned to a source point located at x where those 3 components correspond to the

3 components of a force vector in an orthonormal basis of 3D space. An arbitrary

point in the solid is affected by the source points in R−δI . In other words, the source

points in R−δI are responsible for the solution at any point in the solid, as is shown

schematically in figure 3.8.

Let us denote the set R−δI by a more compact notation Rs where the subscript

s refers to the solid. Now, for a quantity q(x) at point x in the solid we have

q(x) =
∑
y∈Rs

Gq
s(x,y) ·As(y) (3.10)

where the vector Gs
q refers to the Green’s function of the quantity q in the solid

s. Note that for a scalar quantity q there are 3 components for the vector of the

Green’s function Gs
q and also the vector of the source strength As. These vectors

can be written in expanded form as
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x1

x3

Fluid

Solid

Transducer

R
I

-δ

P

Figure 3.8: A point P in solid is affected by the source points in set R−δI .

Gq
s(x,y) =

{
Gq
s1(x,y), Gq

s2(x,y), Gq
s3(x,y)

}
(3.11)

As(y) =
{
As1(y), As2(y), As3(y)

}
(3.12)

where the subrscripts 1, 2, and 3 correspond to the 3 main directions in an orthonor-

mal coordinate system in 3D space.

Equation (3.10) can be rewritten as

q(x) = M q
s(x) ·As (3.13)

where

M q
s(x) = {Gq

s(x,y), y ∈ Rs} (3.14)

As = {As(y), y ∈ Rs} (3.15)

and the vectors M q
s(x) and As have 3n components where n = size(Rs).

If there are n points in the set Rs denoted by y1, y2, ..., yn, then the vectors

M q
s(x) and As can be written in expanded form as
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M q
s(x) =

{
Gq
s1(x,y1), Gq

s2(x,y1), Gq
s3(x,y1),

Gq
s1(x,y2), Gq

s2(x,y2), Gq
s3(x,y2),

..., Gq
s1(x,yn), Gq

s2(x,yn), Gq
s3(x,yn)

}
(3.16)

and

As =
{
As1(y1), As2(y1), As3(y1),

As1(y2), As2(y2), As3(y2),

..., As1(yn), As2(yn), As3(yn)
}

(3.17)

respectively. The vector M q
s(x) will be later used to assemble the global system of

equations from which the source strengths are calculated.

Now, the equation (3.5) for fluid and the equation (3.13) for solid will be used to

apply the boundary and interface conditions. The purpose is to construct a system

of equations whose solution gives the amount of source strength for the source points

in fluid and solid.

The first condition is related to the surface of the transducer. We assume the

transducer vibrates with a constant velocity amplitude v0. Therefore, for any point

in the fluid adjacent to the transducer surface the normal velocity is equal to v0.

vn(x) = v0, x ∈ RT (3.18)

Using equation (3.5), the above condition can be rewritten as

M vn
f (x) ·Af = v0, x ∈ RT (3.19)

The fluid is assumed to be non-viscous. Therefore, there is no constraint on the

components of the velocity which are tangential to the transducer surface.

Next, the fluid-solid interface is considered. At the interface, the normal dis-

placement and the normal stress are continuous, and the shear stress is zero due to
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the assumption of having non-viscous fluid. The continuity of the displacement at

the interface can be written as

u3(x)
∣∣
in fluid

= u3(x)
∣∣
in solid

, x ∈ RI (3.20)

Using equation (3.5) for fluid and equation (3.13) for solid, the above relation can

be rewritten as

Mu3
f (x) ·Af −Mu3

s (x) ·As = 0, x ∈ RI (3.21)

The continuity of normal stress at the interface can be written as

− p(x)
∣∣
in fluid

= σ33(x)
∣∣
in solid

, x ∈ RI (3.22)

Again, using equation (3.5) for fluid and equation (3.13) for solid, the above relation

can be rewritten as

M p
f (x) ·Af +Mσ33

s (x) ·As = 0, x ∈ RI (3.23)

The shear stress is zero at the interface due to non-viscosity.

σ23(x) = 0, x ∈ RI (3.24)

σ31(x) = 0, x ∈ RI (3.25)

Using equation equation (3.13) , the above relations can be rewritten as

Mσ23
s (x) ·As = 0, x ∈ RI (3.26)

Mσ31
s (x) ·As = 0, x ∈ RI (3.27)

Simultaneous solution of equations (3.19), (3.21), (3.23), (3.26), and (3.27) gives

the values of source strengths at all source points in the fluid and in the solid.

To construct the global system of equations, let us first define the following

notation
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[M ]qf (RI) =
{
M q

f (x), x ∈ RI

}
(3.28)

The notation M q
f (x) represents a vector with the same size as Rf , while the no-

tation [M ]qf (RI) represents an n by m matrix with n = size(RI) and m = size(Rf ).

Other sets can replace RI in [M ]qf (RI) and the same definition applies.

If the points in the set RI are denoted by x1, x2, ..., xn and the points in the

set Rf are y1, y2, ..., ym, then the matrix [M ]qf (RI) can be written in expanded

form as

[M ]qf (RI) =


Gq
f (x1,y1) Gq

f (x1,y2) ... Gq
f (x1,ym)

Gq
f (x2,y1) Gq

f (x2,y2) ... Gq
f (x2,ym)

...
...

. . .
...

Gq
f (xn,y1) Gq

f (xn,y2) ... Gq
f (xn,ym)

 (3.29)

Similarly, for solid, the notation M q
s(x) represents a vector with m components

where m = 3× size(Rs), while the notation [M ]qs(RI) represents an n by m matrix

with n = size(RI) and m = 3 × size(Rs). Again, other sets can replace RI in

[M ]qs(RI) and the same definition applies.

If the points in the set RI are denoted by x1, x2, ..., xn and the points in the

set Rs are by y1, y2, ..., ym, then the matrix [M ]qs(RI) can be written in expanded

form as

[M ]qs(RI) =
Gq
s1(x1,y1) Gq

s2(x1,y1) Gq
s3(x1,y1) ... Gq

s1(x1,ym) Gq
s2(x1,ym) Gq

s3(x1,ym)

Gq
s1(x2,y1) Gq

s2(x2,y1) Gq
s3(x2,y1) ... Gq

s1(x2,ym) Gq
s2(x2,ym) Gq

s3(x2,ym)
...

...
...

. . .
...

...
...

Gq
s1(xn,y1) Gq

s2(xn,y1) Gq
s3(xn,y1) ... Gq

s1(xn,ym) Gq
s2(xn,ym) Gq

s3(xn,ym)


(3.30)

Then, the global system of equations can be written as
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[M ]vnf (RT ) [0]

[M ]u3f (RI) −[M ]u3s (RI)

[M ]pf (RI) [M ]σ33s (RI)

[0] [M ]σ23s (RI)

[0] [M ]σ31s (RI)


.

Af

As

 =



v0

0

0

0

0


(3.31)

The above system of equations contains n equations in terms of n unknowns where

n = size(RT ) + 4× size(RI).
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3.2 A Solid Plate Immersed in Fluid

In this section, the formulation of DPSM for a solid plate immersed in fluid will be

presented. The problem configuration is schematically shown in figure 3.9. In this

figure, a solid plate which is located at the middle is in contact with fluid at both

top and bottom faces. Two flat circular transducers are placed inside the fluid in

an oblique configuration with respect to the horizontal plane (x1 − x2 plane). The

transducers, at the bottom and top of the solid plate, generate the ultrasonic waves,

and the fluid transmits the waves to the solid plate.

Figure 3.9: Problem configuration for a solid plate immersed in fluid.

To formulate DPSM for this problem, a procedure similar to the one for the

previous section is followed. First, we start with defining the sets of target points.

For this problem, four sets of target points are defined which are shown in figure 3.9.

The set RT1 contains the points on the surface of transducer 1, the set RT2 contains
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the points on the surface of transducer 2, the set RI1 contains the points on the

bottom surface of the solid plate, and finally the set RI2 contains the points on the

top surface of the solid plate. These four sets of target points are listed in table 3.3.

Table 3.3: A solid plate immersed in fluid: sets of target points.

Set location

RT1 Located on the surface of transducer 1

RT2 Located on the surface of transducer 2

RI1 Located on the bottom surface of the solid plate

RI2 Located on the top surface of the solid plate

Next, the source points will be defined. Similar to the previous section, placing

the source points at the location of target points generates singularity due to 1/r

term in the Green’s function . Therefore, in order to avoid the singularity, the

location of the source points is shifted from the location of the target points by a

small amount δ.

Based on the four sets of target points defined previously, and also the parameter

δ, six sets of source points are defined which are listed in table 3.4. The set R−δT1

contains active (actual) source points representing the direct effect of transducer 1

on the fluid. The set Rδ
T2 has a similar effect on transducer 2. The set Rδ

I1 contains

passive (virtual) source points representing the effect of reflected waves from solid

to the fluid at the solid’s bottom surface. The set R−δI2 has a similar effect but at

the solid’s top surface. The set R−δI1 contains passive source points representing the

effect of transmitted waves from the fluid to the solid at the solid’s bottom surface.

The set Rδ
I2 has a similar effect but at the solid’s top surface

A comparison of the locations of source and target points can be made via

figure 3.10 where the four sets of target points RT1, RT2, RI1, and RI2 are shown

in figure 3.10(a) while the six sets of source points R−δT1, Rδ
I1, R−δI2 , R−δI1 , and Rδ

I2 are

shown in figure 3.10(b).

Similar to the previous section, a scalar source strength Af (x) is assigned to

a source point located at x in fluid, and a vector source strength As(x) with 3
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Table 3.4: A solid plate immersed in fluid: sets of source points.

Set location

R−δT1 Shifted from RT1 by x3 = −δ
Rδ
T2 Shifted from RT2 by x3 = δ

R−δI1 Shifted from RI1 by x3 = −δ
Rδ
I1 Shifted from RI1 by x3 = δ

R−δI2 Shifted from RI2 by x3 = −δ
Rδ
I2 Shifted from RI2 by x3 = δ

components is assigned to a source point located at x in solid.

A point in fluid below the solid plate is affected by the source points in sets R−δT1

and Rδ
I1, as is shown schematically in figure 3.11.

Let us define a new set Rf1 as

Rf1 = R−δT1UR
δ
I1 (3.32)

where the subscript f1 refers to the fluid below the solid plate.

A quantity q(x) at target point x in the fluid below the solid plate can be

obtained by superimposing the effect of all the source points in Rf1 on the target

point x as

q(x) =
∑

y∈Rf1

Gq
f (x,y)Af (y) (3.33)

where Gf
q refers to the Green’s function of the quantity q in fluid f . The above

relation can be rewritten in vector form as

q(x) = M q
f1(x) ·Af1 (3.34)

where

M q
f1(x) = {Gq

f (x,y), y ∈ Rf1} (3.35)

Af1 = {Af (y), y ∈ Rf1} (3.36)
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x1

x3

Fluid 1

Solid

Fluid 2

Transducer 1

Transducer 2

RT1

RT2

RI1

RI2

(a)

x1

x3

Fluid 1

Solid

Fluid 2

Transducer 1

Transducer 2

RT1
-δ

RT2
δ

RI1
-δ

RI2
δ

RI1
δ

RI2
-δ

(b)

Figure 3.10: A solid plate immersed in fluid: (a) target points, (b) source points.

and the vectors M q
f1(x) and Af1 have the same size as Rf1.

If there are n points in the set Rf1 denoted by y1, y2, ..., yn, then the vectors

M q
f1(x) and Af1 can be written in expanded form as

M q
f1(x) =

{
Gq
f1(x,y1), Gq

f1(x,y2), ..., Gq
f1(x,yn)

}
(3.37)

Af1 =
{
Af1(y1), Af1(y2), ..., Af1(yn)

}
(3.38)

Similar expressions can be obtained for a point in fluid above the solid plate. This

point is affected by the source points in sets Rδ
T2 and R−δI2 , as is shown schematically

in figure 3.12.

Let us define a new set Rf2 as

Rf2 = Rδ
T2UR

−δ
I2 (3.39)

where the subscript f2 refers to the fluid above the solid plate.



48

x1

x3

Fluid 1

Solid

Fluid 2

Transducer 1

Transducer 2

RT1
-δ

RI1
δ

P

Figure 3.11: A point P in fluid below the solid plate is affected by the source points
in sets R−δT1 and Rδ

I1.

A quantity q(x) at target point x in the fluid above the solid plate can be

obtained by superimposing the effect of all the source points in Rf2 on the target

point x as

q(x) =
∑

y∈Rf2

Gq
f (x,y)Af (y) (3.40)

The above relation can be rewritten in vector form as

q(x) = M q
f2(x) ·Af2 (3.41)

where

M q
f2(x) = {Gq

f (x,y), y ∈ Rf2} (3.42)

Af2 = {Af (y), y ∈ Rf2} (3.43)

and the vectors M q
f2(x) and Af2 have the same size as Rf2. The expanded form of

these vectors are similar to those corresponding to fluid below the solid plate shown
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x1

x3

Fluid 1

Solid

Fluid 2

Transducer 1

Transducer 2

RT2
δ

RI2
-δ

P

Figure 3.12: A point P in fluid above the solid plate is affected by the source points
in sets Rδ

T2 and R−δI2 .

in equations (3.37) and (3.38), with subscript f1 replaced with f2. The vectors

M q
f2(x) and M q

f2(x) will be later used to assemble the global system of equations

from which the source strengths are calculated.

Now that expressions for fluid at below and above the solid plate are obtained,

the attention is given to the solid and a similar procedure is applied to it. A vector

of source strength As(x) with 3 components is assigned to a source point located

at x in solid. Since the solid is in contact with fluid at both its lower and upper

boundaries, an arbitrary point in the solid is affected by the source points in set

R−δI1 from below and Rδ
I2 from above, as is shown schematically in figure 3.13.

Let us define the new Rs as

Rs = R−δI1 UR
δ
I2 (3.44)

where the subscript s refers to the solid plate.

Now, for a quantity q(x) at point x in the solid we have
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x1

x3

Fluid 1

Solid

Fluid 2

Transducer 1

Transducer 2

RI1
-δ

RI2
δ

P

Figure 3.13: A point P in solid is affected by the source points in sets R−δI1 and Rδ
I2.

q(x) =
∑
y∈Rs

Gq
s(x,y) ·As(y) (3.45)

where the vector Gs
q refers to the Green’s function of the quantity q in solid s. As

mentioned previously, for a scalar quantity q there are 3 components for the vector

of the Green’s function Gs
q and also the vector of the source strength As. These

vectors can be written in expanded form as

Gq
s(x,y) =

{
Gq
s1(x,y), Gq

s2(x,y), Gq
s3(x,y)

}
(3.46)

As(y) =
{
As1(y), As2(y), As3(y)

}
(3.47)

where the subrscripts 1, 2, and 3 correspond to the 3 main directions in an orthonor-

mal coordinate system in 3D space.

The equation (3.45) can be rewritten as

q(x) = M q
s(x) ·As (3.48)



51

where

M q
s(x) = {Gq

s(x,y), y ∈ Rs} (3.49)

As = {As(y), y ∈ Rs} (3.50)

and the vectors M q
s(x) and As have 3n components where n = size(Rs).

If there are n points in the set Rs denoted by y1, y2, ..., yn, then the vectors

M q
s(x) and As can be written in expanded form as

M q
s(x) =

{
Gq
s1(x,y1), Gq

s2(x,y1), Gq
s3(x,y1)

, Gq
s1(x,y2), Gq

s2(x,y2), Gq
s3(x,y2)

..., Gq
s1(x,yn), Gq

s2(x,yn), Gq
s3(x,yn)

}
(3.51)

and

As =
{
As1(y1), As2(y1), As3(y1)

, As1(y2), As2(y2), As3(y2)

..., As1(yn), As2(yn), As3(yn)
}

(3.52)

respectively. The vector M q
s(x) will be later used to assemble the global system of

equations from which the source strength are calculated.

Now, the equations (3.34) and (3.41) for fluid and the equation (3.48) for solid

will be used to apply the boundary and interface conditions. They will construct

a system of equations whose solution gives the amount of source strength for the

source points in fluid and solid.

We assume the transducers below and above the solid plate vibrate with a con-

stant velocity amplitude va and vb, respectively. For any point in the fluid adjacent

to the surfaces of a transducer the normal velocity should be equal to that of the

transducer. The fluid is assumed to be non-viscous and there is no constraint on

the components of the velocity which are tangential to the transducer surface.
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The first condition is related to the surface of the transducer 1 which is below

the solid plate. This condition can be written as

vn1(x) = va, x ∈ RT1 (3.53)

Using equation (3.34), the above condition can be rewritten as

M vn1
f1 (x) ·Af1 = va, x ∈ RT1 (3.54)

The second condition applies to the surface of transducer 2 above the solid plate

and can be written as

vn2(x) = vb, x ∈ RT2 (3.55)

Using equation (3.41), the above condition can be rewritten as

M vn2
f2 (x) ·Af2 = vb, x ∈ RT2 (3.56)

Next, the fluid-solid interfaces are considered. At these interfaces, the normal

displacement and the normal stress are continuous, and the shear stress is zero due

to the assumption of having non-viscous fluid.

The continuity of the displacement at the interface below the solid plate can be

written as

u3(x)
∣∣
in fluid 1

= u3(x)
∣∣
in solid

, x ∈ RI1 (3.57)

Using equation (3.34) for fluid and equation (3.48) for solid, the above relation can

be rewritten as

Mu3
f1(x) ·Af1 −Mu3

s (x) ·As = 0, x ∈ RI1 (3.58)

The continuity of normal stress at the interface below the solid plate can be

written as
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− p(x)
∣∣
in fluid 1

= σ33(x)
∣∣
in solid

, x ∈ RI1 (3.59)

Again, using equation (3.34) for fluid and equation (3.48) for solid, the above relation

can be rewritten as

M p
f1(x) ·Af1 +Mσ33

s (x) ·As = 0, x ∈ RI1 (3.60)

The zero shear stress at the interface below the solid can be written as

σ23(x) = 0, x ∈ RI1 (3.61)

σ31(x) = 0, x ∈ RI1 (3.62)

Using equation equation (3.48) , the above relations can be rewritten as

Mσ23
s (x) ·As = 0, x ∈ RI1 (3.63)

Mσ31
s (x) ·As = 0, x ∈ RI1 (3.64)

Similar expressions can be obtained for the fluid-solid interface above the solid

plate. The continuity of the displacement at the interface above the solid plate can

be written as

u3(x)
∣∣
in fluid 2

= u3(x)
∣∣
in solid

, x ∈ RI2 (3.65)

Using equation (3.41) for fluid and equation (3.48) for solid, the above relation can

be rewritten as

Mu3
f2(x) ·Af2 −Mu3

s (x) ·As = 0, x ∈ RI2 (3.66)

The continuity of normal stress at the interface above the solid plate can be

written as

− p(x)
∣∣
in fluid 2

= σ33(x)
∣∣
in solid

, x ∈ RI2 (3.67)
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Again, using equation (3.41) for fluid and equation (3.48) for solid, the above relation

can be rewritten as

M p
f2(x) ·Af2 +Mσ33

s (x) ·As = 0, x ∈ RI2 (3.68)

The zero shear stress at the interface above the solid can be written as

σ23(x) = 0, x ∈ RI2 (3.69)

σ31(x) = 0, x ∈ RI2 (3.70)

Using equation equation (3.48) , the above relations can be rewritten as

Mσ23
s (x) ·As = 0, x ∈ RI2 (3.71)

Mσ31
s (x) ·As = 0, x ∈ RI2 (3.72)

Simultaneous solution of equations (3.54), (3.56), (3.58), (3.60), (3.63), (3.64),

(3.66), (3.68), (3.71), and (3.72) gives the values of source strengths at all source

points in the fluid and in the solid.

To construct the global system of equations, let us first define the following

notation for fluid below the solid plate

[M ]qf1(RI1) =
{
M q

f1(x), x ∈ RI1

}
(3.73)

The notation M q
f1(x) represents a vector with the same size as Rf1, while the

notation [M ]qf1(RI1) represents an n by m matrix with n = size(RI1) and m =

size(Rf1). Other sets can replace RI1 in [M ]qf1(RI1) and the same definition applies.

If the points in the set RI1 are denoted by x1, x2, ..., xn and the points in the

set Rf1 are y1, y2, ..., ym, then the matrix [M ]qf1(RI) can be written in expanded

form as
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[M ]qf1(RI1) =


Gq
f1(x1,y1) Gq

f1(x1,y2) ... Gq
f1(x1,ym)

Gq
f1(x2,y1) Gq

f1(x2,y2) ... Gq
f1(x2,ym)

...
...

. . .
...

Gq
f1(xn,y1) Gq

f1(xn,y2) ... Gq
f1(xn,ym)

 (3.74)

By replacing the subscript f1 with f2 in the above notation, the definition

applies to fluid above the solid plate.

A similar notation can be defined for solid by using the subscript with s repre-

senting the solid plate in [M ]qs(RI1). In comparison to fluid in which a scalar source

strength was assigned to each source point, for solid the source strength for each

source point is a vector containing 3 components in 3D space. Therefore, the nota-

tion [M ]qs(RI1) represents an n bymmatrix with n = size(RI1) andm = 3×size(Rs).

Similar to fluid, other sets can replace RI1 in [M ]qs(RI1).

If the points in the set RI1 are denoted by x1, x2, ..., xn and the points in the

set Rs are y1, y2, ..., ym, then the matrix [M ]qs(RI) can be written in expanded

form as

[M ]qs(RI1) =
Gq
s1(x1,y1) Gq

s2(x1,y1) Gq
s3(x1,y1) ... Gq

s1(x1,ym) Gq
s2(x1,ym) Gq

s3(x1,ym)

Gq
s1(x2,y1) Gq

s2(x2,y1) Gq
s3(x2,y1) ... Gq

s1(x2,ym) Gq
s2(x2,ym) Gq

s3(x2,ym)
...

...
...

. . .
...

...
...

Gq
s1(xn,y1) Gq

s2(xn,y1) Gq
s3(xn,y1) ... Gq

s1(xn,ym) Gq
s2(xn,ym) Gq

s3(xn,ym)


(3.75)

Then, the global system of equations for the solid plate immersed in fluid can

be written as
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[M ]vn1
f1 (RT1) [0] [0]

[M ]u3f1(RI1) −[M ]u3s (RI1) [0]

[M ]pf1(RI1) [M ]σ33s (RI1) [0]

[0] [M ]σ23s (RI1) [0]

[0] [M ]σ31s (RI1) [0]

[0] [M ]σ31s (RI2) [0]

[0] [M ]σ23s (RI2) [0]

[0] [M ]σ33s (RI2) [M ]pf2(RI2)

[0] −[M ]u3s (RI2) [M ]u3f2(RI2)

[0] [0] [M ]vn2
f2 (RT2)



.


Af1

As

Af2

 =



va

0

0

0

0

0

0

0

vb



(3.76)

The above system of equations contains n equations in terms of n unknowns where

n = size(RT1) + 4× size(RI1) + 4× size(RI2) + size(RT2).
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3.3 A Solid Half-Space Containing a Hole

In this subsection the formulation of DPSM for a solid half-space containing a hole

and being in contact with a fluid half-space at its boundary is presented. The

problem configuration is schematically shown in figure 3.14. In this figure, a solid

half-space containing a cylindrical hole is located at the top, and is in contact with

the fluid which is located at the bottom. A flat circular transducer is placed inside

the fluid in an oblique configuration with respect to the horizontal plane (x1 − x2

plane). The transducer generates the ultrasonic wave, and the fluid transmits the

wave to the solid half-space where the wave is scattered by the hole.

Figure 3.14: Problem configuration for a solid half-space containing a hole.

Similar to the previous two sections, we start by identifying the sets of target

points and then the source points. Three sets of target points are shown in fig-

ure 3.14: the set RT which represents the points on the transducer surface, the set

RI which represents the points distributed over the fluid-solid interface, and the set

RH which represents the points distributed over the surface of the hole. These three
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sets of target points are listed in Table 3.5.

Table 3.5: A solid half-space containing a hole: sets of target points.

Set Location

RT Located on the surface of transducer

RI Located on the interface between fluid and solid

RH Located on the surface of the hole

After defining the target points, the source points are defined. As mentioned

in the previous two sections, the location of the source points is shifted by a small

amount δ from the location of the target points, in order to avoid the singularity in

computation of the Green’s function.

From the three sets of target points and parameter δ, four sets of source points

are defined which are listed in table 3.6. The set R−δT contains active source points

representing the direct effect of the transducer on the fluid. The set Rδ
I contains

passive source points representing the effect of reflected waves from the solid to

the fluid. The set R−δI contains passive source points representing the effect of the

transmitted waves from the fluid to the solid. Finally, the set R−δH contains the

source points representing the scattered field due to the traction-free surface of the

hole.

The locations of source and target points are shown in figure 3.15 where the

three sets of target points RT , RH , and RI are shown in figure 3.15(a), while the

four sets of source points R−δT , Rδ
I , R

−δ
I , and R−δH are shown in figure 3.15(b).

Table 3.6: A solid half-space containing a hole: sets of source points.

Set Location

R−δT Shifted from RT by x3 = −δ
R−δI Shifted from RI by x3 = −δ
Rδ
I Shifted from RI by x3 = δ

R−δH Shifted from RH by −δ along the radial direction
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Figure 3.15: A solid half-space containing a hole: (a) target points, (b) source points.

Similar to the previous two sections, a source point located at x in the fluid has

a scalar source strength Af (x) and a source point located at x in the solid has a

vector source strength As(x).

A point in the fluid is affected by the source points in sets R−δT and Rδ
I , as shown

schematically in figure 3.16.

Let us define the new set Rf as

Rf = R−δT URδ
I (3.77)

A quantity q(x) at point x in the fluid can be obtained by superimposing the

effect of all source points in the set Rf on tagret point x as

q(x) =
∑
y∈Rf

Gq
f (x,y)Af (y) (3.78)

where Gf
q refers to the Green’s function of the quantity q in fluid f . The above

relation can be rewritten in vector form as

q(x) = M q
f (x) ·Af (3.79)
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Figure 3.16: A point P in fluid is affected by the source points in sets R−δT and Rδ
I .

where

M q
f (x) = {Gq

f (x,y), y ∈ Rf} (3.80)

Af = {Af (y), y ∈ Rf} (3.81)

and the vectors M q
f (x) and Af have the same size as Rf .

If there are n points in the set Rf denoted by y1, y2, ..., yn, then the vectors

M q
f (x) and Af can be written in expanded form as

M q
f (x) =

{
Gq
f (x,y1), Gq

f (x,y2), ..., Gq
f (x,yn)

}
(3.82)

Af =
{
Af (y1), Af (y2), ..., Af (yn)

}
(3.83)

The vector M q
f (x) will be later used to assemble the global system of equations

from which the source strengths are calculated.

Similarly, an arbitrary point in the solid is affected by the source points in R−δI

and Rδ
H , as shown schematically in figure 3.17

The new set Rs is defined as
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Figure 3.17: A point P in the solid is affected by the source points in sets R−δI and
R−δH .

Rs = R−δI URδ
H (3.84)

Then, a quantity q(x) at point x in the solid can be obtained as

q(x) =
∑
y∈Rs

Gq
s(x,y) ·As(y) (3.85)

where the vector Gs
q refers to the Green’s function of the quantity q in solid s. As

mentioned previously, for a scalar quantity q there are 3 components for the vectors

of the Green’s functionGs
q and the source strengthAs. These vectors can be written

in expanded form as

Gq
s(x,y) =

{
Gq
s1(x,y), Gq

s2(x,y), Gq
s3(x,y)

}
(3.86)

As(y) =
{
As1(y), As2(y), As3(y)

}
(3.87)

where the subrscripts 1, 2, and 3 correspond to the 3 main directions in an orthonor-

mal coordinate system in 3D space.

The equation (3.85) can be rewritten as
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q(x) = M q
s(x) ·As (3.88)

where

M q
s(x) = {Gq

s(x,y), y ∈ Rs} (3.89)

As = {As(y), y ∈ Rs} (3.90)

and the vectors M q
s(x) and As have 3n components where n = size(Rs).

If there are n points in the set Rs denoted by y1, y2, ..., yn, then the vectors

M q
s(x) and As can be written in expanded form as

M q
s(x) =

{
Gq
s1(x,y1), Gq

s2(x,y1), Gq
s3(x,y1)

, Gq
s1(x,y2), Gq

s2(x,y2), Gq
s3(x,y2)

..., Gq
s1(x,yn), Gq

s2(x,yn), Gq
s3(x,yn)

}
(3.91)

and

As =
{
As1(y1), As2(y1), As3(y1)

, As1(y2), As2(y2), As3(y2)

..., As1(yn), As2(yn), As3(yn)
}

(3.92)

respectively. The vector M q
s(x) will be later used to assemble the global system of

equations from which the source strength are calculated.

Now, the boundary and interface conditions are defined and applied based on

the equations (3.79) and (3.88). They will construct a system of equations whose

solution gives the amount of source strength for the source points in fluid and solid.

Assuming the transducer vibrates with a constant velocity amplitude v0, for any

point in the fluid adjacent to the transducer surface the normal velocity should be

equal to v0. This condition can be written as
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vn(x) = v0, x ∈ RT (3.93)

Using equation (3.79), the above condition can be rewritten as

M v
f (x) ·Af = v0, x ∈ RT (3.94)

There is no constraint on the components of the velocity which are tangent to the

transducer surface since the fluid is assumed to be non-viscous.

Next, the conditions at the fluid-solid interface are considered. At the interface,

the normal displacement and the normal stress are continuous, and the shear stress

is zero due to the assumption of having non-viscous fluid. The continuity of the

displacement at the interface can be written as

u3(x)
∣∣
in fluid

= u3(x)
∣∣
in solid

, x ∈ RI (3.95)

Using equation (3.79) for fluid and equation (3.88) for solid, the above relation can

be rewritten as

Mu3
f (x) ·Af −Mu3

s (x) ·As = 0, x ∈ RI (3.96)

The continuity of normal stress at the interface can be written as

− p(x)
∣∣
in fluid

= σ33(x)
∣∣
in solid

, x ∈ RI (3.97)

Using equation (3.79) for fluid and equation (3.88) for solid, the above relation can

be rewritten as

M p
f (x) ·Af +Mσ33

s (x) ·As = 0, x ∈ RI (3.98)

The shear stress is zero at the interface due to non-viscosity.

σ23(x) = 0, x ∈ RI (3.99)

σ31(x) = 0, x ∈ RI (3.100)
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Using equation (3.88) , the above relations can be rewritten as

Mσ23
s (x) ·As = 0, x ∈ RI (3.101)

Mσ31
s (x) ·As = 0, x ∈ RI (3.102)

Next, the traction-free condition on the hole surface is considered. At each point

x a local coordinate system on the hole surface is constructed as shown in figure

3.18. This local coordinate system consists of n being the normal to the hole surface,

t being the tangent to the hole surface in x1 − x3 plane, and x2 (y) being the other

tangential direction. The traction-free condition on the hole surface can be written

in this local coordinate system as

σnn(x) = 0, x ∈ RH (3.103)

σyn(x) = 0, x ∈ RH (3.104)

σnt(x) = 0, x ∈ RH (3.105)

x1

x3t

n
θ

θ

x

Figure 3.18: The local coordinate system constructed at point x.

Using equation (3.88), the above relations can be rewritten as
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Mσnn
s (x) ·As = 0, x ∈ RH (3.106)

Mσyn
s (x) ·As = 0, x ∈ RH (3.107)

Mσnt
s (x) ·As = 0, x ∈ RH (3.108)

The stress tensor in the rotated coordinate system can be obtained as

[σ]tyn = [Q]T · [σ]x1x2x3 · [Q] (3.109)

where [Q] is the rotation matrix.

[Q] =


cos θ 0 − sin θ

0 1 0

sin θ 0 cos θ

 (3.110)

Simultaneous solution of equations (3.94), (3.96), (3.98), (3.101), (3.102),

(3.106), (3.107), and (3.108) gives the values of source strengths at all source points

in the fluid and in the solid.

To construct the global system of equations, let us define the following notation

[M ]qf (RI) =
{
M q

f (x), x ∈ RI

}
(3.111)

The notation M q
f (x) represents a vector with the same size as Rf , while the no-

tation [M ]qf (RI) represents an n by m matrix with n = size(RI) and m = size(Rf ).

Other sets can replace RI in [M ]qf (RI) and the same definition applies.

If the points in the set RI are denoted by x1, x2, ..., xn and the points in the

set Rf are y1, y2, ..., ym, then the matrix [M ]qf (RI) can be written in expanded

form as

[M ]qf (RI) =


Gq
f (x1,y1) Gq

f (x1,y2) ... Gq
f (x1,ym)

Gq
f (x2,y1) Gq

f (x2,y2) ... Gq
f (x2,ym)

...
...

. . .
...

Gq
f (xn,y1) Gq

f (xn,y2) ... Gq
f (xn,ym)

 (3.112)
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Similarly, for solid, the notation M q
s(x) represents a vector with m components

where m = 3× size(Rs), while the notation [M ]qs(RI) represents an n by m matrix

with n = size(RI) and m = 3 × size(Rs). Again, other sets can replace RI in

[M ]qs(RI) and the same definition applies.

If the points in the set RI are denoted by x1, x2, ..., xn and the points in the

set Rs are y1, y2, ..., ym, then the matrix [M ]qs(RI) can be written in expanded

form as

[M ]qs(RI) =
Gq
s1(x1,y1) Gq

s2(x1,y1) Gq
s3(x1,y1) ... Gq

s1(x1,ym) Gq
s2(x1,ym) Gq

s3(x1,ym)

Gq
s1(x2,y1) Gq

s2(x2,y1) Gq
s3(x2,y1) ... Gq

s1(x2,ym) Gq
s2(x2,ym) Gq

s3(x2,ym)
...

...
...

. . .
...

...
...

Gq
s1(xn,y1) Gq

s2(xn,y1) Gq
s3(xn,y1) ... Gq

s1(xn,ym) Gq
s2(xn,ym) Gq

s3(xn,ym)


(3.113)

Then, the global system of equations can be written as



[M ]vf (RT ) [0]

[M ]u3f (RI) −[M ]u3s (RI)

[M ]pf (RI) [M ]σ33s (RI)

[0] [M ]σ23s (RI)

[0] [M ]σ31s (RI)

[0] [M ]σnn
s (RH)

[0] [M ]
σyn
s (RH)

[0] [M ]σnt
s (RH)


.

Af

As

 =



v0

0

0

0

0

0

0

0



(3.114)

The above system of equations contains n equations in terms of n unknowns where

n = size(RT ) + 4× size(RI) + 3× size(RH).
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CHAPTER 4

Wave Propagation

In this chapter, some fundamentals of the wave propagation in fluid and solid are

briefly presented. In section 4.1, an ideal fluid is considered, and starting from the

equation of motion, the propagation of plane and spherical waves in a fluid medium

is studied. Next, the reflection and refraction of waves at an interface between two

fluids is formulated. Both normal and oblique incident waves are considered and for

the oblique incident wave, the critical angle above which the inhomogeneous wave

is generated is discussed. The materials in section 4.1 are from (Schmerr, 2016).

In section 4.2, the problem of wave propagation in a solid medium is addressed.

Two cases of isotropic and anisotropic solids are considered. First, in subsec-

tion 4.2.1, the solid is assumed to be isotropic, and the propagation of P- and S-waves

are studied. Also, the reflection and refraction of wave at an interface between an

isotropic solid and a fluid are formulated, and critical angles are discussed. Next,

in subsection 4.2.2, the more complicated anisotropic solid is considered, and the

quasi-modes of wave propagation, the eigenvalue problem by Christoffel equation,

the phase and group velocities, and the slowness plot for an anisotropic medium are

discussed. The materials in subsections 4.2.1 and 4.2.2 are from (Schmerr, 2016)

and (Lane, 2014), respectively.

4.1 Wave Propagation in Fluid

The equation of motion for an ideal compressible fluid with small displacements can

be written as

−∇p+ F = ρ
∂2u

∂t2
(4.1)
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where p is the pressure, F is the body force vector, ρ is the density, and u is the

displacement vector.

To write the above equation in terms of only a single variable, such as pressure,

another equation is required to relate the pressure, p, to the displacement vector, u.

Such equation is called the constitutive law for fluid which in the absence of shear

forces can be written as

p = −λ∇ · u (4.2)

where λ is the bulk modulus of the fluid. Taking the divergence of both sides of

equation (4.1) and substituting for displacement vector from the equation (4.2),

gives the equation of motion in terms of pressure as

∆p− f =
ρ

λ

∂2p

∂t2
(4.3)

where ∆ = ∇ ·∇ and f = ∇ · F . The above equation is the 3D inhomogeneous

wave equation which can be rewritten as

∆p− 1

c2
f

∂2p

∂t2
= f (4.4)

where the quantity cf =
√
λ/ρ is the speed of sound in the fluid.

Now, assume a plane wave is travelling in the fluid in the x1 direction of Cartesian

coordinate system x1x2x3. Since the pressure is varying along only x1 direction,

∆p = ∂2p/∂x2
1, and the wave equation for fluid reduces to

∂2p

∂x2
1

− 1

c2
f

∂2p

∂t2
= 0 (4.5)

The above equation can be shown to have the general solutions of the form

p = f(t− x1/cf ) + g(t+ x1/cf ) (4.6)

where f and g are arbitrary functions. The solution f(t− x1/cf ) represents a wave

traveling in the positive direction of x1 axis, while the solution g(t+x1/cf ) represents
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a wave traveling in the negative direcion of x1 axis. This is schematically shown in

figure 4.1. Note that the magnitude of these waves does not change over time and

they are only shifted along the x1 axis.

Figure 4.1: Plane waves in fluid: (a) f(t− x1/cf ), (b) g(t+ x1/cf ) .

Applying Fourier transform to f(t − x1/cf ) shows that a plane wave traveling

in the positive direction of x1 axis can be considered as a superposition of a set of

harmonic waves in the form of

p = A exp
(
iω(x1/cf − t)

)
(4.7)

where A = F (ω)/2π and F (ω) is the Fourier transform of f(t). An alternative form

for the harmonic wave equation is

p = A exp
(
ik(x1 − cf t)

)
(4.8)
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where k = ω/cf is called the wave number.

If instead of the x1 axis, the plane wave travels in an arbitrary direction shown

by unit vector n in 3D space, the solution in equation (4.6) can be written as

p = f(n · x− cf t) + g(n · x+ cf t) (4.9)

and the harmonic wave of equation (4.7) can be written as

p = A exp
(
ik(n · x− cf t)

)
(4.10)

Now, consider spherical waves produced by a source point x with f = f(t)δ(y−
x). The equation (4.4) can be written as

∆p− 1

c2
f

∂2p

∂t2
= f(t)δ(y − x) (4.11)

For a spherical wave, the propagated pressure disturbance is only a function of

distance from the source point. By assuming p = p(r, t), the above equation can be

written in the spherical coordinate system as

1

r2

(
∂

∂r

(
r2∂p

∂r

))
− 1

c2
f

∂2p

∂t2
= f(t)δ3(r) (4.12)

This equation can be shown to have the following solution

p =
1

4πr
f(t− r/cf ) (4.13)

Similar to plane waves, the corresponding harmonic solution can be written as

G(r, ω) =
1

4πr
exp
(
iω(r/cf − t)

)
=

1

4πr
exp
(
ik(r − cf t)

)
(4.14)

Comparing the harmonic solution for the spherical waves given in equation (4.14)

with the harmonic solution for plane waves given in equation (4.10) reveals that both

waves travel with the same phase, but unlike the plane wave whose amplitude does

not change, the amplitude of spherical wave decreases by 1/r by distancing from

the source.
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Now, consider the reflection and refraction of an acoustic wave when it passes

from one ideal fluid into another. At the interface between the two fluids, the

pressure and the component of velocity normal to the interface are continuous.

p1 = p2 (4.15)

v1 · n = v2 · n (4.16)

where n is the unit vector normal to the interface. The components of the velocity

tangential to the interface do not need to be continuous since the fluids are assumed

to be ideal (viscosity-free).

To express continuity of normal velocity in equation (4.16) in terms of pressure,

the body force is set zero in equation (4.1), and it is written in terms of the velocity

v = ∂u/∂t as

−∇p = ρ
∂v

∂t
(4.17)

Taking the vector dot product of both sides with the unit normal to the interface,

n gives

−∇p · n = ρ
∂(v · n)

∂t
(4.18)

Comparing equations (4.16) and (4.18) gives

1

ρ1

∇p1 · n =
1

ρ2

∇p2 · n (4.19)

or

1

ρ1

∂p1

∂n
=

1

ρ2

∂p2

∂n
(4.20)

Now, consider the case where a traveling harmonic wave strikes the interface at

normal angle. The pressure waves can be written as
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pi(x, t) = Pi exp
(
ik1(x− c1t)

)
(4.21)

pr(x, t) = Pr exp
(
−ik1(x− c1t)

)
(4.22)

pt(x, t) = Pt exp
(
ik2(x− c2t)

)
(4.23)

where the subscripts i, r, and t refer to incident, reflected, and transmitted waves,

respectively. From the interface conditions given in equations (4.15) and (4.20) we

have

pi + pr = pt (4.24)

1

ρ1

(
∂pi
∂x

+
∂pr
∂x

)
=

1

ρ2

∂pt
∂x

(4.25)

Substituting from equations (4.21), (4.22), and (4.23), into the above equations

gives

Pi + Pr = Pt (4.26)

k1

ρ1

(Pi − Pr) =
k2

ρ2

Pt (4.27)

Simultaneous solution of the above equations, gives the pressure based transmis-

sion and reflection coefficients Tp and Rp as

Tp =
Pt
Pi

=
2ρ2c2

ρ1c1 + ρ2c2

(4.28)

Rp =
Pr
Pi

=
ρ2c2 − ρ1c1

ρ1c1 + ρ2c2

(4.29)

As can be seen from the above expressions, the amplitudes of the reflected and

transmitted waves are functions of only the products ρmcm, (m = 1, 2). The term

zm = ρmcm is called the specific acoustic impedance. The above equations can be

written in terms of zm as
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Tp =
2z2

z1 + z2

(4.30)

Rp =
z2 − z1

z1 + z2

(4.31)

As can be seen, the reflection coefficient is negative when the impedance of the

second medium is smaller than the first one (z2 < z1). Considering that a pressure

pulse can be decomposed into a summation of many harmonic waves, the case z2 < z1

means that a pressure pulse striking on the interface is reflected back to the first

medium with the negative sign. Otherwise, both incident and reflected waves have

the same sign.

Now, let us consider an incident wave hitting the interface at an oblique angle.

The procedure is similar to the case of normal incidence, but the derivations are

more involved. The equations of incident, reflected, and transmitted waves can be

written as

pi(x, t) = Pi exp
(
ik1(di − c1t)

)
(4.32)

pr(x, t) = Pr exp
(
−ik1(dr − c1t)

)
(4.33)

pt(x, t) = Pt exp
(
ik2(dt − c2t)

)
(4.34)

where θi, θr, and θt are incident, reflected, and transmitted angles respectively, and

dm = x sin θm + y cos θm. These waves are shown schematically in figure 4.2.

The continuity of pressure at the interface y = 0, equation (4.15), gives

Pi exp(ik1x sin θi) + Pr exp(ik1x sin θr) = Pt exp(ik2x sin θt) (4.35)

For the phase terms to match for all x in the above equation, one must have

sin θi = sin θr (4.36)

1

c1

sin θi =
1

c2

sin θt (4.37)
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x
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Figure 4.2: Incident, reflected, and transmitted waves for oblique incidence on a
fluid-fluid interface.

The above expression give the reflected and transmitted angles θr and θt in terms

of the incident angle θi. The equation (4.36) states that the reflected angle is simply

equal to the incident angle, while the equation (4.37) is called the Snell’s Law. The

amplitudes in equation (4.35) should satisfy

Pi + Pr = Pt (4.38)

Similarly, from the continuity of normal velocity at the interface y = 0, equa-

tion (4.20), it can be concluded that

k1 cos θi
ρ1

(Pi + Pr) =
k2 cos θt
ρ2

Pt (4.39)

Simultaneous solution of equations (4.38) and (4.39) give the magnitudes of

reflection and transmission coefficients as

Tp =
Pt
Pi

=
2z2 cos θi

z2 cos θi + z1 cos θt
(4.40)

Rp =
Pr
Pi

=
z2 cos θi − z1 cos θt
z2 cos θi + z1 cos θt

(4.41)

Note that by setting θi = θr = θt = 0 in the above equations, they are reduced

to those of normal incidence, equations (4.30) and (4.31), as is expected.
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In the Snell’s law, equation (4.37), when c2
c1

sin θi > 1, it gives sin θt > 1 which is

not acceptable for real θt. The incident angle at which this abnormally occurs first

is called critial angle, θcr, where

θcr = arcsin
c1

c2

(4.42)

This critical angle exists for the case that the wave speed in the second medium

is larger than that of the first medium (c2 > c1). It can be shown that beyond

this critical angle, the transmitted wave changes behaviour and instead of propa-

gating into the second medium, travels along the interface and decays exponentially

with depth from the interface. This is called an inhomogeneous wave as is shown

schematically in figure 4.3. The pressure in this inhomogeneous wave can be written

as

pt = Pt exp (−|ω|αy) exp
(
ikx(x− cxt)

)
(4.43)

with α =
√

1
c2x
− 1

c22
and kx = ω

cx
, where cx = c1

sin θi
is the wave speed of this wave

along the interface.

x

y

pi pr

pt=InhomogeneousWave

θi θr
Fluid 1

Fluid 2

Figure 4.3: Incident, reflected, and inhomogeneous waves for oblique incidence with
θi > arcsin c1

c2
.
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4.2 Wave Propagation in Solid

The equations of motion for an elastic solid under small deformation assumption

can be written as

∂σ

∂x
+ F = ρ

∂2u

∂t2
(4.44)

where σ is the stress tensor, F is the body force vector, ρ is the density, and u is

the displacement vector.

Similar to the fluid case, a constitutive law is invoked to write the equation of

motion in terms of only displacement vector. The solid is assumed to be linear

elastic and obey the Hook’s law.

σij = Cijklεkl (4.45)

where Cijkl are components of the fourth order stiffness tensor, and εkl are compo-

nents of the strain tensor. It can be shown that the stiffness tensor has the following

symmetry properties 
Cijkl = Cjikl

Cijkl = Cijlk

Cijkl = Cklij

(4.46)

which reduces the number of independent elastic constants to 21 for a general

anisotropic solid. By substituting equation (4.45) into equation (4.44), and con-

sidering that strain is related to displacement by εij = 1
2
( ∂ui
∂xj

+
∂uj
∂xi

), the equation of

motion for a homogeneous linear elastic solid can be written in terms of displacement

as

Cijkl
∂2uk
∂xj∂xl

+ fi = ρ
∂2ui
∂t2

(4.47)
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4.2.1 Isotropic Solid

If the material is isotropic, the stiffness tensor can be written as

Cijkl = λδijδkl + µ(δikδjl + δilδjk) (4.48)

where λ and µ are the Lame Constants. Substituting the stiffness tensor for isotopric

materisl from equation (4.48) into the equation of motion in terms of displacement,

equation (4.47), gives the so called Navier’s equations as

µ∆u+ (λ+ µ)∇(∇ · u) + f = ρ
∂2u

∂t2
(4.49)

In the previous section, the governing equations for fluid gave the wave equation

in terms of pressure. But the Navier’s equations for solid are generally not wave

equations in terms of the displacement. However, two distinct wave equations can be

extracted from the Navier’s equations. Let us decompose the displacement vector,

u, into a scalar potential, φ, and a vector potential, ψ, through the Helmholtz

decomposition theorem (Achenbach et al., 1982).

u = ∇φ+ ∇×ψ (4.50)

By substituting the above expression into the Navier’s equation, two distinct

equations are obtained in terms of the potentials φ and ψ as

∆φ− 1

c2
p

∂2φ

∂t2
= 0 (4.51)

∆ψ − 1

c2
s

∂2ψ

∂t2
= 0 (4.52)

where cp and cs are wave speeds given as
cp =

√
λ+2µ
ρ

cs =
√

µ
ρ

(4.53)
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The equation (4.51) shows that disturbances associated with the scalar potential

φ travel with the wave speed cp. These waves are called P-waves, compressional

waves, primary waves, dilatational waves, longitudinal waves, L waves, or irrota-

tional waves. In contrast, the equation (4.52) shows that disturbances associated

with the vector potential ψ travel with the wave speed cs. These waves are called S-

waves, shear waves, secondary waves, tangential waves, T waves, distortional waves,

or rotational waves.

Both P- and S- waves are bulk waves, and are the most frequent types of waves

used in NDE testing. However, other waves, like surface (Rayleigh) and plate (Lamb)

waves can also be used for NDE testing.

Another case for which the Navier’s equation is reduced to ordinary wave equa-

tion is the propagation of plane waves. For example, assuming u =
(
u1(x1, t), 0, 0

)
,

the Navier’s equation reduces to a 1D wave equation as

∂2u1

∂x2
1

− 1

c2
p

∂2u1

∂t2
= 0 (4.54)

where similar to the case of fluid, its solution is given by u1 = f(t − x1/cp) for

disturbances traveling in the positive direction of the x1 axis. This motion presents

a P-wave for which the motion is in direction of the wave propagation.

If instead of u1 other components of the displacement vector (e.g. u2 or u3) are

nonzero but the wave still propagates in the x1 direction, then we are dealing with

shear waves. Substituting u = {0, u2(x1, t), 0} or u = {0, 0, u3(x1, t)} into the

Navier’s equation give

∂2u2

∂x2
1

− 1

c2
s

∂2u2

∂t2
= 0 (4.55)

∂2u3

∂x2
1

− 1

c2
s

∂2u3

∂t2
= 0 (4.56)

respectively. The solution to these equations are u2, u3 = f(t − x1/cs) giving

disturbances vertical to the direction of wave motion. For u2 6= 0, the disturbance
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presents vertically polarized shear (SV) waves, and for u3 6= 0 the disturbance

presents horizontally polarized shear (SH) waves.

The solutions for plane waves propagating along positive x1 direction can be

generalized to plane waves propagating along an arbitrary direction in 3D space. A

P-wave propagating along direction shown by unit vector n can be written as

u = A n f(t− n · x/cp) (4.57)

while a shear wave can be written as

u = A (n× d) f(t− n · x/cs) (4.58)

where d is a unit vector in plane of wave and perpendicular to its disturbance

direction.

Taking the Fourier transform of solutions for pulses shows that the harmonic P-,

and S- waves are in the form

u = A n exp
(
ikp(t− n · x− cpt)

)
(4.59)

u = A (n× d) exp
(
iks(t− n · x− cst)

)
(4.60)

where kp = ω/cp and ks = ω/cs are the wave numbers for P- and S- waves respec-

tively.

Similar to fluid, spherical waves due to source point can be defined for solid. For

fluid we were dealing with spherical pressure waves generated due to a scalar body

force, but for solid the body force is a vector and the strength of the source point

can therefore be oriented along a direction n in the 3D space. This can be written

as

f(x) = n f(t) δ(x− y) (4.61)

The displacement response to this body force is assumed to be in the form of
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u(x) = n · g(x,y, t) (4.62)

where g is a second order tensor. Note that the displacement vector u is not

necessarily in the same direction as the body force vector f , and its direction changes

in space based on orientation of the second order tensor g(x,y, t) for different values

of x and y.

Substituting equations (4.61) and (4.62) into the Navier’s equation, and consid-

ering that the direction n is arbitrary, results into the following governing equation

for the second order tensor g as

c2
s

∂2gij
∂xm∂xm

+ (c2
p − c2

s)
∂2gim
∂xm∂xj

− ∂2gij
∂t2

= −1

ρ
δijδ(x− y)f(t) (4.63)

It can be shown that the above equation has the following solution (Cerveny,

2001).

gij(x,y, t) =
(δij − 3r̂ir̂j)

4πρr3

∫ τ=r/cs

τ=r/cp

τf(t− τ)dτ

+
r̂ir̂j
ρc2

p

f(t− r/cp)
4πr

+
(δij − 3r̂ir̂j)

ρc2
s

f(t− r/cs)
4πr

(4.64)

where r̂i = (xi − yi)/r.
Now, let us consider the reflection and refraction of an acoustic wave when it

passes from an ideal fluid into an isotropic solid. At the interface between the

solid and the fluid, the normal component of displacement is continuous, and the

pressure on the fluid surface is equal to the normal component of traction on the

solid surface, while the other components of traction are zero due to having an ideal

(viscosity-free) fluid. These boundary conditions can be written as

(un)1 = (un)2 (4.65)

− p1 = (τnn)2 (4.66)

(τns)2 = (τnt)2 = 0 (4.67)
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In order to satisfy these boundary conditions at the fluid-solid interface, the

incident P-wave will produce both transmitted P- and S- waves. This phenomenon

is called mode conversion. B assuming the plane of incident is in x − y plane, as

shown in figure 4.4, the problem becomes 2D and one can use the scalar potential

φ and one component only of the vector potential ψ for the waves in the solid.

Therefore, the incident, reflected, and transmitted waves can be written as

pi(x, t) = Pi exp
(
ikp1(dp1 − cp1t)

)
(4.68)

pr(x, t) = Pr exp
(
−ikp1(dp1 − cp1t)

)
(4.69)

φt(x, t) = Φt exp
(
ikp2(dp2 − cp2t)

)
(4.70)

ψt(x, t) = Ψt exp
(
iks2(ds2 − cs2t)

)
(4.71)

where dm = x sin θm + y cos θm, and the angle of reflected wave is set equal to that

of incident wave as an anticipation of the result of phase matching as was done for

fluid-fluid interface in the previous section.

x

y

pi pr

ϕt

ψt

θp1 θp1

θp2
θs2

Fluid

Solid

Figure 4.4: Incident, reflected, and transmitted waves for oblique incidence on a
fluid-solid interface.

Phase matching between the transmitted and incident waves results into a gen-

eralized Snell’s law given by
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sin θp1
cp1

=
sin θp2
cp2

=
sin θs2
cs2

(4.72)

The normal displacement on the fluid surface can be obtained in terms of pres-

sures given in equations (4.68) and (4.68), and the normal displacement and the

relevant components of stress tensor on the solid surface can be obtained in terms of

the potentials φ and ψ given in equations (4.70) and (4.71). Computing these quan-

tities and substituting them in the interface conditions given by equations (4.65),

(4.66), and (4.67) lead to the following system of equations in terms of Pi, Pr, Φt,

and Ψt

cos θp1
ρ1cp1ω2

(Pr + Pi) +
cos θp2
cp2

Φt −
cos θs2
cs2

Ψt = 0 (4.73)

1

ρ2ω2
(Pr + Pi)− cos 2θs2Ψt + sin 2θs2Ψt = 0 (4.74)

sin 2θp2
c2
p2

Φt −
cos 2θs2
c2
s2

Ψt = 0 (4.75)

Solving the above system of three equations for the three unknowns Pr, Φt,

and Ψt in terms of Pi, and computing the stress components in solid in terms of

potentials, give the transmission coefficients based on stress/pressure ratios as

T P ;P
12 =

(Tnn)t
Pi

=
−2z2

p2 cos θp1 cos 2θs2

∆
(4.76)

T P ;S
12 =

(Tns)t
Pi

=
4zp2zs2 cos θp1 cos θp2 sin θs2

∆
(4.77)

(4.78)

where

∆ = zp1zp2 cos θp2 +
(
cos2 2θs2z

2
p2 + sin 2θs2 sin 2θp2z

2
s2

)
cos θp1 (4.79)

and zm = ρmcm. The notation Tα;β
mn presents the transmission coefficient when an

incident wave of type α in medium m produces a transmitted wave of type β in

medium n.
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Now, let us examine the generalized Snell’s law in equation (4.72) to identify the

critical angles. There are two critical angles for the case of a solid-fluid interface.

The first critical angle is (θcr)1 = arcsin cp1
cp2

beyond which the transmitted P-wave

is converted into an inhomogeneous wave, as shown in figure 4.5(a). The second

critical angle is (θcr)2 = arcsin cp1
cs2

beyond which the transmitted S-wave is also

converted into an inhomogeneous wave, as shown in figure 4.5(b).

x

y

pi pr

pt
st

Fluid

Solid

(a)

x

y

pi pr

pt ,st

Fluid

Solid

(b)

Figure 4.5: Incident, reflected, and inhomogeneous waves for oblique incidence at
fluid-solid interface when: (a) the incident angle passes the first critical angle θi >
(θcr)1 = arcsin cp1

cp2
, (b) the incident angle passes the second critical angle θi >

(θcr)2 = arcsin cp1
cs2

.

4.2.2 Anisotropic Solid

For anisotropic materials, the wave propagation problem is more complicated. In

the previous subsection, there were two types of bulk waves propagating in isotropic

materials: longitudinal and shear waves. The longitudinal wave propagates with

higher speed, and for both types of waves the velocity is independent of the direc-

tion of the wave propagation. The situation is different for anisotropic solids. The

main difference is the directional dependence of wave propagation speed. In addi-

tion, there are three types of bulk waves propagating in anisotropic materials which
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include one longitudinal and two shear waves, and these waves may not be available

as pure modes as the particle polarization is neither parallel nor perpendicular to

the propagation direction. Since the wave front of such quasi-modes is generally not

perpendicular to the propagation direction, the phase and group velocities do not

coincide.

When a wave propagates in a medium, each particle vibrates around its equi-

librium position in space. The particles located on a wave front all vibrate with

the same phase. The phase velocity of the propagating wave is the speed of wave

front in direction normal to the wave front. The spatial frequency of the wave front

motion referred to as the wave number, k, is related to the phase velocity, c, and

the angular frequency, ω, as k = ω/c.

Due to existence of quasi-modes in an anisotropic solid, an envelope of a wave

packet may not necessarily move in direction normal to the wave front, and the ray

path may skew away from the normal direction. The velocity at which the envelope

of a wave packet propagates is the group velocity.

Now, let us derive expressions for the phase velocity in an anisotropic solid. The

wave motion is governed by the equation of motion, equation (4.47), as

Cijkl
∂2uk
∂xj∂xl

+ fi = ρ
∂2ui
∂t2

(4.80)

The general form of displacement vector for a harmonic plane wave propagating

in 3D space can be written as

u = Ap exp
(
ik(n · x− ct)

)
(4.81)

where p is called the polarization vector which is a unit vector representing the

direction of the particle movement, n is a unit vector representing the direction

normal to the wave front, and c is the phase velocity. Taking the time and spatial

derivatives of the above expression and substituting in equation (4.80) gives the

following equation
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Cijklnjnlpk = ρc2pi (4.82)

The above equation can be written in the form of the so called the Christoffel

equation as

(
ρc2δik − Cijklnjnl

)
pk = 0 (4.83)

where δik is the Kronecker delta. The Christoffel equation can be solved as an

eigenvalue problem. Therefore, given the material properties Cijkl and the wave

front normal ni, one may solve the above equation using the eigenvalue analysis and

obtain the phase velocity c and the polarization vector pi for all three possible wave

modes. When the polarization vector is parallel or normal to the wave front, one

may deal with pure longitudinal or shear waves, respectively. Otherwise, the wave

propagates in a quasi-mode.

The group velocity vector vi showing the movement of the wave envelope can be

written as

vi =
∂ω

∂ki
(4.84)

where ki = kni.

Multiplying both sides of the Christoffel equation by pi and considering that

δikpipk = 1 give

ρc2 = Cijklpipknjnl (4.85)

Considering that k = ω
c
, the above equation can be written as

ρω2 = Cijklpipkkjkl (4.86)

Taking the derivative of the above equation with respect to kq gives

ρ
∂

∂kq
(ω2) = Cijklpipk

∂

∂kq
(kjkl) (4.87)
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or

2ρω
∂ω

∂kq
= Cijklpipk

(
kj
∂kl
∂kq

+ kl
∂kj
∂kq

)
(4.88)

or

2ρω
∂ω

∂kq
= Cijklpipk (kjδlq + klδjq) (4.89)

Using the properties of the Kronecker delta and swapping the indices based on

symmetry proprieties of the stiffness tensor give

ρω
∂ω

∂kq
= Cijkqpipkkj (4.90)

or

∂ω

∂kq
=

1

ρc
Cijkqpipknj (4.91)

Comparing equations (4.84) and (4.91), the vector of group velocity is obtained

as (Merkulov, 1963)

vq =
1

ρc
Cijkqpipknj (4.92)

which gives both the magnitude and angle of the group velocity vector.

Another way to compute the group velocity is via the slowness plot (Burridge,

1971). The slowness plot is obtained by plotting the reciprocal of the phase velocity

1/c in direction of the normal to the wave front n. A sample slowness plot is

shown in figure 4.6. The direction of the group velocity vector is then normal to the

slowness surface, and its magnitude is related to the phase velocity c by

c = v cosφ (4.93)

where φ is the angle between the normal to the slowness surface and the vector n

as shown in figure 4.6.
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ϕ

v
c

1/c

Figure 4.6: The slowness plot.
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CHAPTER 5

Time Harmonic Green’s Function

In this chapter, the derivation of time harmonic Green’s function in fluid and solid

are presented. As mentioned before, the Green’s function constructs the building

block of the DPSM. In section 5.1, the formulation of Green’s function for a fluid

medium will be presented from (Placko and Kundu, 2007).

Next, in section 5.2, the Green’s function for an isotropic solid is considered,

and the algebraic expression for the Green’s function is formulated from (Mal and

Singh, 1991), (Placko and Kundu, 2007), and (Schmerr, 2016).

Then, in section 5.3, the solid is assumed to be anisotropic, and the formulation

of (Wang and Achenbach, 1995) for deriving the Green’s function in the form of

integrals is presented. The result for the Green’s function consists of two parts.

One of them contains singular terms and is in the form of a 1D integral over an

inclined circle on a unit sphere, while the other one contains non-singular or regular

terms and is in the form of a 2D integral over the surface of a hemi-sphere.

The singular part can be converted to a summation of algebraic terms using the

calculus of residue. This method was used by (Dederichs and Liebfried, 1969) and

was later revived by (Sales and Gray, 1998). In subsection 5.3.1, this method is

presented.

The non-singular or regular part is responsible for the majority of computational

time for evaluating the Green’s function. Its integration domain can be reduced

from a hemi sphere to a quarter sphere for the special case of transversely isotropic

materials (Fooladi, 2016; Fooladi and Kundu, 2017). This reduction technique is

presented in subsection 5.3.2.
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5.1 The Green’s Function for Fluid

In equation (3.6) of Chapter 3 and in similar equations, the vector M q
f was defined

based on the Green’s function in fluid Gq
f . In this section, the construction of the

Green’s function in a fluid medium for a number of quantities q is presented. These

quantities are displacement, velocity and pressure in the fluid.

The fluid is assumed to be perfect. A perfect fluid is an isotropic and homo-

geneous medium which cannot bear any shear stress and the normal stress in all

directions is the same. The stress-strain relation for an isotropic medium in the

absence of shear stress can be written as

σij = λδijεkk (5.1)

The pressure is related to the stress by

σij = −pδij (5.2)

The strain is related to displacement by

εij =
1

2

(
∂ui
∂xj

+
∂uj
∂xi

)
(5.3)

From equations (5.1), (5.2), and (5.3), one arrives at the following relationship

between pressure and displacement.

p = −λ∇ · u (5.4)

The equation of motion in the fluid can be written as

∂σji
∂xj

+ Fi = ρ
∂2ui
∂t2

(5.5)

Substituting for pressure from equation (5.2) into equation (5.5), applying di-

vergence operator on the result, and assuming f = ∇ · F we have

−∆p+ f = ρ
∂2

∂t2
(∇ · u) (5.6)
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Substituting for displacement from equation (5.4) into the above relation gives

∆p+
1

c2
f

∂2p

∂t2
= f (5.7)

where cf =
√

λ
ρ

is the wave speed in fluid.

Let us consider the propagation of a spherical wave generated by a harmonic

source point f = δ(x− y) exp(−iωt). Substituting into the above equation gives

∆p− 1

c2
f

∂2p

∂t2
= δ(x− y) exp(−iωt) (5.8)

Assuming a harmonic time variation for pressure as p = Gp
f exp(−iωt), the

Green’s function for pressure Gp
f is governed by

∆Gp
f + k2

fG
p
f = δ(x− y) (5.9)

where kf = w
cf

is the wave number.

A particular solution of the above equation can be written as (Schmerr, 2016)

Gp
f (x,y) =

exp(ikfr)

4πr
(5.10)

where r = ‖x− y‖.
Substituting for pressure into equation (5.2), then substituting for stress into

equation (5.5), and solving for displacement give the Green’s function for displace-

ment components as

Gui
f (x,y) =

exp(ikfr)

4πρω2r3

(
ikfr − 1

)(
xi − yi

)
(5.11)

Considering the harmonic time variation of the quantities, the Green’s function

for the velocity is obtained from the above expression as

Gvi
f (x,y) =

exp(ikfr)

4πiρωr3

(
ikfr − 1

)(
xi − yi

)
(5.12)

Equations (5.10), (5.11), and (5.12) can be used in constructing the fluid part of

DPSM model described previously.
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5.2 The Green’s Function for Isotropic Solid

In equation (3.13) of Chapter 3 and in similar equations, the vector M q
s was defined

based on the Green’s function for solid Gq
s. In this section, the construction of the

Green’s function for an isotropic solid is presented.

The equations of motion for small deformation in an isotropic homogeneous

medium can be written in terms of displacement components as

µ∆u+ (λ+ µ)∇(∇ · u) + f = ρ
∂2u

∂t2
(5.13)

where µ and λ are the Lame’s constants, u is the displacement vector, f is the body

force density vector, and ρ is the mass density.

Using the Helmholtz decomposition theorem (Achenbach et al., 1982), the dis-

placement vector field, u, can be written in terms of two vector potentials φ and ψ

as

u = ∇
(
∇ · φ

)
+ ∇×

(
∇×ψ

)
(5.14)

The elastodynamic Green’s function Gui
s (x,y) is the solution to the equation

(5.13) for displacement component ui at point x when a point force is applied at

point y. For simplicity, this Green’s function is shown by Gij(x,y). The time

harmonic force and displacement vectors can be written as

fi(x, t) = Aiδ(x− y) exp(−iωt) (5.15)

ui(x, t) = Gij(x,y)Aj exp(−iωt) (5.16)

Substituting from equations (5.15) and (5.14) into equation (5.13) and assum-

ing φ = Aφ exp(−iωt) and ψ = Aψ exp(−iωt), one arrives at the following two

equations in terms of scalars φ and ψ.
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∆φ+ k2
p

∂2φ

∂t2
=

1

4πρc2
pr

(5.17)

∆ψ + k2
s

∂2ψ

∂t2
=

1

4πρc2
sr

(5.18)

where kp = ω/cp, ks = ω/cs, cp =
√

λ+2µ
ρ

, and cs =
√

µ
ρ
.

Particular solutions of equations (5.17) and (5.18) can be written as (Mal and

Singh, 1991)

φ =
1− exp(ikpr)

4πρω2r
(5.19)

ψ =
1− exp(iksr)

4πρω2r
(5.20)

Then, the displacement vector from equation (5.14) becomes

ui =
1

4πρω2

[
k2
s

exp(iksr)

r
δij −

∂2

∂xi∂xj

(exp(ikpr)− exp(ikpr)

r

)]
Aj exp(−iωt)

(5.21)

Considering that ui = GijAj exp(−iωt), and after some algebraic work, the time-

harmonic elastodynamic Green’s function for an isotropic solid is obtained as (Mal

and Singh, 1991)

Gij(x,y) =
1

4πρω2

[exp(ikpr)

r

(
k2
pRiRj +

(
3RiRj − δij

)(ikp
r
− 1

r2

))
+

exp(iksr)

r

(
k2
s

(
δij −RiRj

)
−
(
3RiRj − δij

)(iks
r
− 1

r2

))]
(5.22)

where Ri = xi−yi
r

.
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5.3 The Green’s Function for Anisotropic Solid

In equation (3.13) of Chapter 3 and in similar equations, the vector M q
s was defined

based on the Green’s function for solid Gq
s. In this section the construction of the

Green’s function for an anisotropic solid is presented.

The equations of motion for small deformation in an anisotropic homogeneous

medium can be written in terms of displacement components as

Cijkl
∂2uk
∂xj∂xl

+ fi = ρ
∂2ui
∂t2

(5.23)

where Cijkl are components of stiffness tensor, ui are components of displacement

vector, fi are components of the body force density vector, and ρ is the mass density.

The elastodynamic Green’s function Gui
s (x,y) is the solution to the above equa-

tion for displacement component ui at point x when a point force is applied at point

y. For simplicity, this Green’s function is shown by Gij(x,y). The time harmonic

force and displacement vectors can be written as

fi(x, t) = Aiδ(x− y) exp(−iωt) (5.24)

ui(x, t) = Gij(x,y)Aj exp(−iωt) (5.25)

Substituting from equations (5.24) and (5.25) into equation (5.23) and cancelling

out the time dependence from both sides of the equation give

Cijkl
∂2Gkp(x,y)

∂xj∂xl
Ap + ρω2Gip(x,y)Ap = −Aiδ(x− y) (5.26)

The above set of 3 equations holds for any value of the vector Ap. Therefore, we

choose Ap = δpq and derive 3 sets of 3 equations for q = 1, 2, 3.

Cijkl
∂2Gkq(x,y)

∂xj∂xl
+ ρω2Giq(x,y) = −δiqδ(x− y) (5.27)

The above system of equations can be solved using Radon transform (Wang and

Achenbach, 1995). The Radon transform of an arbitrary function in 3D space, f(x),

is shown by R
(
f(x)

)
and is defined as
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f̂(s,n) = R
(
f(x)

)
=

∫
f(x)δ

(
s− (n · x)

)
dx (5.28)

The inverse of Radon transform is defined as

f(x) = R−1
(
f(x)

)
= − 1

8π2

∫
|n|=1

∂2f̂(s,n)

∂s2
ds(n) (5.29)

As can be seen from equation (5.29), the inverse of Radon transform contains

an integral over a unit sphere. More details about Radon transform can be found in

(Deans, 1983) and (Helgason, 1980). We may need the Radon transform of second

derivative. It can be written as

R
(
∂2f(x)

∂xi∂xj

)
= ninj

∂2f̂(s,n)

∂xi∂xj
(5.30)

Applying Radon transform to equation (5.27) gives

(
Kik(n)

∂2

∂s2
+ ρω2δik

)
Ĝkq = −δiqδ(s) (5.31)

where

Kik(n) = Cijklnlnj (5.32)

The coupled system of equations (5.31) can be decoupled by transforming the

coordinates to a new set of bases formed by eigenvectors of K(n). The eigenvalue

problem for K(n) can be written as

KikEkm = λmEim, m = 1, 2, 3 (no sum on m) (5.33)

where λm (m = 1, 2, 3) are eigenvalues of K, and E is a matrix with columns

representing eigenvectors of K.

By transforming to the new set of bases formed by eigenspace of K, Ĝ is con-

verted to Ĝ
∗
, and equation (5.31) becomes

(
Kik(n)EklEpm

∂2

∂s2
+ ρω2δikEklEpn

)
Ĝ∗ln = −δipδ(s) (5.34)
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Pre-multiplying the above equation by ET and then post-multiplying by E, it

can be decoupled as

(
λm

∂2

∂s2
+ ρω2

)
Ĝ∗mq = −δmqδ(s), m = 1, 2, 3 (no sum on m) (5.35)

For each m and q, the solution to the above equation is

Ĝ∗mq =
iδmq

2ρc2
mkm

exp
(
ikm|s|

)
(5.36)

where cm =
√
λm/ρ is the phase velocity and km = ω/cm is the wave number

associated with eigenvalue λm. By transforming back to the original set of basis, Ĝ

is obtained as

Ĝkp =
3∑

m=1

iEkmEpm
2ρc2

mkm
exp(ikm|s|) (5.37)

Applying the inverse Radon transform to the above equation gives Gkp(x,y) as

the summation of two parts: the singular part shown by GS
kp(x,y) and the regular

part shown by GR
kp(x,y).

After some algebraic work, the singular part can be written as

GS
kp(x,y) =

1

8π2r

∫
S

K−1
kp (ξ)dS(ξ) (5.38)

where Kik(ξ) = Cijklξlξj and S is an oblique circular path in 3D defined by

S =
{
ξ ∈ R3

∣∣∣‖ξ‖ = 1, ξ · (x− y) = 0
}

(5.39)

The regular part can be written as an integral over a unit sphere as

GR
kp(x,y) =

i

16π2

∫
‖n‖=1

3∑
m=1

kmEkmEpm
ρc2

m

exp(ikm‖n · (x− y)‖)dS(n) (5.40)

Using the symmetry properties, the above integral can be written over a unit

hemi-sphere as
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GR
kp(x,y) =

i

8π2

∫
Hemi-sphere

3∑
m=1

kmEkmEpm
ρc2

m

exp(ikm‖n · (x− y)‖)dS(n) (5.41)

5.3.1 Residue Method

The residue theorem can be used to evaluate the integral for singular part of the

solution shown in equation (5.38) (Sales and Gray, 1998). To do so, the change of

variables Z = tanφ is applied where φ is the angle from a fixed ray on the circular

path of integration. After this change of variables, the equation (5.38) can be written

as

GS
ij(θ, ψ) =

1

4π2r

∫ ∞
−∞

Pij(Z)

Q(Z)
dZ (5.42)

where P (Z) and Q(Z) represent cofactor and determinant of matrixK, respectively.

The above integral can be calculated by residue theorem as

GS
ij(θ, ψ) =

i

2πr

3∑
n=1

Residue

(
Pij(Z)

Q(Z)

) ∣∣∣
z=λn

=
i

2πr

3∑
n=1

p(λn)

Qn(λn)
(5.43)

where λn, n = 1, 2, 3 represent three roots of Q(Z) in the upper half plane, and

Qn(Z) =
Q(Z)

λ− Zn
(5.44)

This application of residue theorem implies that the roots are distinct. In the

case of repeated roots this algorithm is not applicable, but as mentioned by Sales

and Gray (1998), it does not appear to be a significant concern since the algorithm

performs very well at a very small distance away from the repeated root. Therefore,

one can slightly perturb the coordinates of the point corresponding to repeated roots

in different directions, and then use the average of the solutions. Repeated roots

are expected to occur only at a few isolated points for an anisotropic material. For

the particular case of an isotropic material, all points exhibit repeated roots and the
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perturbation is not applicable. But for that case, the closed form solution for the

Green’s function is already available.

In the applications of Greens function like BEM and DPSM, the derivatives of

the displacement Greens function are required for calculation of strain and stress

tensors. The derivative of singular part of the solution can be obtained by first taking

derivatives with respect to spherical coordinate system and then transforming the

result back to Cartesian coordinate system.The derivative of equation (5.43) with

respect to the radial coordinate r is

GS
ij,r = − 1

8π2r2
GS
ij = − i

2πr2

3∑
n=1

P (λn)

Qn(λn)
(5.45)

The derivative of equation (5.42) with respect to the polar angle θ is

GS
ij,θ =

1

4π2r

∫ ∞
−∞

Pij,θ(Z)Q(Z)− Pij(Z)Q,θ(Z)

Q(Z)2
dZ (5.46)

The application of the residue theorem gives

GS
ij,θ =

1

4π2r

3∑
n=1

∂

∂Z

(
Pij,θ(Z)Q(Z)− Pij(Z)Q,θ(Z)

Q(Z)2

) ∣∣∣
Z=λn

(5.47)

Substituting Z = λn and considering that Q(λn) = 0, the above expression is

reduced to

GS
ij,θ =

i

2πr

3∑
n=1

[(
2Qn,Z(λn)Q,θ(λn)−Qn(λn)Q,θZ(λn)

Qn(λn)3

)
Pjk(λn)

+
Q,Z(λn)

Qn(λn)2
Pjk,θ(λn)− Q,θ(λn)

Qn(λn)2
Pjk,Z(λn)

]
(5.48)

The derivative with respect to the azimuthal angle ψ gives the same result as the

above expression with θ replaced by ψ. We noticed a typo in equation (20) of the

paper by Sales and Gray (1998), which is corrected in the above equation [equation

(5.48)].
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5.3.2 Reduction of Integration Domain for Transversely Isotropic Materials

The regular part is in the form of an integral over the surface of a unit sphere

[equation (5.40)]. Using the symmetry properties, it can be reduced to a unit hemi-

sphere as was shown in equation (5.41). No more simplification seems to be possible

for a general anisotropic material. But, for the case of a transversely isotropic

material, this integration domain can be further reduced from a hemi-sphere to a

quarter-sphere (Fooladi, 2016; Fooladi and Kundu, 2017). This improvement is very

effective, and reduces the computational time by almost 50%. In this subsection,

the formulation of reduction of the integration domain to a quarter-sphere will be

presented.

First, the original coordinate system x1x2x3 is rotated by transformation matrix

Q to a new coordinate system x′1x
′
2x
′
3, such that x′3 is the axisymmetric direction

of the transversely isotropic material and the projection of the vector x − y on

x′1x
′
2 plane lies along the x′1 axis. The components of vector x − y in the rotated

coordinate system can be written as

x′ − y′ = Q · (x− y) (5.49)

The regular part of elastodynamic Greens function can be written as an integral

over a quarter-sphere in the rotated coordinate system as

G′
R
ij(x,y) =

i

8π2

∫ π/2

0

∫ π

0

αm
ρc2

m

m∑
ij

(θ, φ) exp(iαm|n′ · (x′ − y′)|) sinφdθdφ (5.50)

where θ and φ are polar and azimuthal angles respectively, and

m∑
ij

(θ, φ) = 2


(E ′1m)2(θ, φ) 0 (E ′1mE

′
3m)(θ, φ)

0 (E ′2m)2(θ, φ) 0

(E ′1mE
′
3m)(θ, φ) 0 (E ′3m)2(θ, φ)

 (5.51)

Similarly, the derivative of the regular part of the solution can be written in the

rotated coordinates system as
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∂G′Rij(x,y)

∂x′k
= − 1

8π2

∫ π/2

0

∫ π

0

n′qα
2
m

ρc2
m

Aij
m(θ, φ)sign(n′·(x′−y′)) exp(iαm|n′·(x′−y′)| sinφdθdφ

(5.52)

where

Amij =


∑m

ij for k = 1, 3

Πm
ij for k = 2

(5.53)

and

Πm
ij (θ, φ) = 2


0 (E ′1mE

′
2m)(θ, φ) 0

(E ′1mE
′
2m)(θ, φ) 0 (E ′2mE

′
3m)(θ, φ)

0 (E ′2mE
′
3m)(θ, φ) 0

 (5.54)

The back transformation of the regular part and its derivatives from the rotated

coordinate system to the original coordinate system can be done via

GR
ij = QimQjnG

′R
mn (5.55)

and

∂GR
ij

∂xk
= QklQimQjn

∂G′Rmn
∂x′l

(5.56)

Once, the regular part and its derivatives are computed on the quarter-sphere in the

rotated coordinate system, they can be transformed back to the original coordinate

system using equations (5.55) and (5.56).
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CHAPTER 6

Numerical Results

Several numerical examples are presented in this chapter. As mentioned before,

the DPSM modeling of anisotropic media is computationally intensive. In order

to alleviate this intensity, two numerical techniques are being suggested in this

work: the windowing technique, and the calibration of integration resolution. In

the following, first these two techniques are described, and then some numerical

examples are solved by the developed DPSM model.

6.1 The Windowing Technique

The DPSM model presented in chapter 3 requires evaluation of the Green’s function

between many pairs of source and target points. Let us consider the configuration

shown in figure 6.1 where a collection of source points located on the upper plane

are generating the field at a collection of target points located on the lower plane.

Then, in order to build the DPSM model, the Green’s function between each pair

of source and target points needs to be evaluated.

Figure 6.1: Planes of source and target points in parallel.
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If for each plane, shown in figure 6.1, the number of points along the two sides

or edges of the plane are n1 and n2, then the total number of points on each plane

is n1n2, and a total number of (n1n2)2 evaluations for the Green’s function are re-

quired. When increasing the resolution of the model by increasing n1 and n2, the

number of evaluations for the Green’s function can rapidly grow, and make DPSM

model computationally prohibitive. This is particularly important for anisotropic

materials where each evaluation of the Green’s function requires performing numer-

ical integration.

In an effort to reduce this computational cost, a technique called ”windowing”

is suggested here. The main idea behind the windowing technique is to exploit the

repetitive pattern of relative positions of target and source points in a structured

grid, in order to reduce the number of evaluations for the Green’s function. In

(Fooladi and Kundu, 2017), the windowing technique was presented in the absence

of a hole. It was mentioned that for the configuration of two parallel planes shown

in figure 6.1 the windowing technique reduces the number of evaluations for the

Green’s function from (n1n2)2 to (2n1− 1)(2n2− 1) which is considerable reduction

(e.g. from 160 000 to 1521 for n1 = n2 = 20). In the case when an inclusion like a

hole is present in the domain, the repetitive pattern of the grid is disturbed by the

inclusion. Nevertheless, a considerable portion of domain may remain intact, and

the use of the windowing technique can still be very beneficial.

In the following the use of windowing technique in the presence of an inclusion

(e.g. a hole) is described. Let us assume the points in planes of figure 6.1 are

distanced from their neighbours by ∆x1 and ∆x2 along the two orthogonal directions

parallel to the two edges of the plane, and the distance between the two planes is

∆x3. Then similar to the case of no hole, a larger plane of target points is constructed

by placing (2n1−1) and (2n2−1) points along each edge of the plane with distances

∆x1 and ∆x2 respectively. This extended plane is shown in figure 6.2. Since the

number of divisions are odd, there is a point placed exactly at the center of this

plane. A source point is defined at distance ∆x3 above this center point. The

Green’s function between this individual source point and all target points on the
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extended plane are computed and stored in a table.

Figure 6.2: The extended plane of target points used for windowing technique.

Next, when the Green’s function between the sets of source and target points in

the original configuration shown in figure 6.1 are required, it is first checked if they

are already computed and stored in the table. If there is no disturbance (e.g. a

hole) in the structured grid, all Green’s functions should be available in the stored

table. Otherwise, a portion of them are available, and the rest should be evaluated.

This correspondence is verified in the following manner.

Let us first consider the case where there is no disturbance (e.g. a hole) and

all source and target points are placed in a completely structured grid. Assume

that a pair of integer numbers (i1, i2) is assigned to a point on a plane where i1

and i2 are the number of points measured along the plane edges from a corner

chosen as (1, 1). In other words, (i1, i2) is a pair of integer numbers for which the

unit lengths are ∆x1 and ∆x2. Now, the Green’s function between a source point

with coordinate (i1, i2) and a target point with coordinate (j1, j2) in the original

configuration shown in figure 6.1 is identical to the Green’s function for a target

point with coordinates (n1 + j1 − i1, n2 + j2 − i2) on the extended plane shown in

figure 6.2. This correspondence reduces the number of evaluations for the Green’s

function from (n1n2)2 to (2n1 − 1)(2n2 − 1) which can be a considerable reduction
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for large n1 and n2.

In the above description it was assumed that the grid is perfectly structured.

When an inclusion like a hole disturbs this structured grid, some of the point pairs

may not have a correspondence on the extended plane shown in figure 6.2. In that

case, for each pair of points in the original configuration, it should first be checked

if it has integer coordinates (i1, i2), so that it can be associated with the extended

plane. Therefore, the following algorithm is implemented.

1. Get the coordinates of the the source and target points on the two parallel

planes in the original configuration, shown in figure 6.1.

2. Compute the distances ∆x1 and ∆x2 between neighbouring points on a plane,

and the distance ∆x3 between the two parallel planes.

3. Construct the extended plane of target points shown in figure 6.2. Place a

source point above the center of the plane with distance ∆x3 from the plane.

Compute the Green’s function between this source point and all target points

on the extended plane and store them in an array named A.

4. Loop over the pairs of source and target points in the original configuration

shown in figure 6.1. For each pair, get the real coordinates (x1, x2) of the

source and (y1, y2) of the target points. Compute the relative coordinate (y1−
x1, y2−x2), and then the scaled coordinate (y1−x1

∆x1
, y2−x2

∆x2
). Check if the scaled

coordinate is close enough to the integer coordinates (i1, i2) within a pre-

specified tolerance. If the answer is yes, pick the Green’s function from the

array A at location (n1 +j1− i1, n2 +j2− i2). Otherwise, compute the Green’s

function independently.

As can be seen from the above algorithm, when the grid is not completely struc-

tured, an extra amount of computation is required to see whether a pair of points in

the original configuration matches with the extended plane of target points. Also,

some of the points on the extended plane may never be used although their Green’s
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functions have already been evaluated. These may add an extra amount of compu-

tational burden to the problem. However, our experiment with windowing technique

confirmed that the windowing technique is still very effective in reducing the compu-

tational time and is well worth to use even in the presence of an inclusion. It should

also be mentioned that some pairs of points outside of the truncated structured grid

(e.g. new points on hole surface) may find correspondence on the extended plane

once they are automatically tested for having an integer coordinate. In any case,

it may be helpful to have this capability included in the code, and then be able to

turn it on and off for different parts of the solution domain based on requirements

of the problem configuration and type of Green’s function.
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6.2 Calibration of Integration Resolution

In DPSM method, the geometrical features (e.g. traducer surface, fluid-solid inter-

face, etc.) are modeled as a collection of relatively large number of discrete points.

The interaction between these features is then evaluated by superimposing the effect

of each source point on each target point via computation of the Green’s function.

Such modeling strategy requires repetitive evaluation of the Green’s function for

a relatively large number of times, and may become computationally intensive in

the case when the Green’s function needs to be evaluated numerically (e.g. for

anisotropic solids).

The elastodynamic Greens function consists of singular and regular parts. The

singular part is in the form of a 1D integral and can be converted to algebraic terms.

But the regular part is in the form of a 2D integral, and requires a relatively large

number of integration points in each direction. The regular part is the main cause

of increasing the time of computations.

On one hand the numerical integration of the regular part should be fine enough

to uphold the overall accuracy of the DPSM model, and on the other hand it should

be coarse enough to keep the computational time affordable and convenient.

In order to achieve a balance between time and accuracy, a strategy for cali-

brating the numerical integration of the regular part of the elastodynamic Green’s

function is suggested here. This calibration technique is devised based on the fol-

lowing observations obtained from experimenting and also from intuitive analysis of

the equations: the accuracy of the integration decreases by increasing the distance

between the pair of source and target points, and also by decreasing the stiffness of

the system while all other properties are held constant. Based on this observation, a

multi-resolution integration technique is planned which sets automatically an opti-

mum number of integration points for a finite number of distance intervals between

the source and target points. Different steps of this algorithm are listed below:

1. Compute an isotropic equivalent of the original anisotropic stiffness matrix

2. Identify the maximum distance rmax between the source and target points in
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the DPSM model.

3. Divide the distance range to a number of intervals 0 = r0 < r1 < r2 < ... <

rn = rmax where n is a user provided number.

4. For each ri where i = 1, ..., n find an optimum resolution for the 2D integration

{pi, qi}, by comparing the analytical and numerical solutions for the equivalent

isotropic stiffness, and requiring that the error in the numerical solution falls

below a threshold specified by the user.

5. Deliver the calibration results {ri, pi, qi} where i = 1, ..., n to the DPSM

model.

6. In computing the Green’s function for a pair of source and target points with

distance r, find the interval where r belongs (ri−1 < r ≤ ri), and use the

corresponding resolution for it, {pi, qi}.

The step one above requires computation of an equivalent isotropic stiffness

matrix from the original stiffness matrix which is anisotropic. This step will be

explained in more detail in the following. As mentioned before, it was observed that

the accuracy of integration decreases when the components of the stiffness matrix

are made smaller. In order to quantify this observation, we make the assumption

that having a less stiff system is equivalent to having a smaller energy density

function for a fixed amount of strain. The strain energy density function e for a

linear anisotropic solid can be written as

e =
1

2
εT ·C · ε (6.1)

where ε and C are 6× 1 strain vector and 6× 6 stiffness matrix in Voigt notation,

respectively.

An isotropic stiffness matrix can be written as a function of two independent

constants. Let us denote an isotropic stiffness matrix by C(λ, µ) where λ and µ

are the Lame constants. We are looking for particular values of Lame constants λ0
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and µ0 for which the isotropic stiffness matrix C(λ0, µ0) best represents the original

anisotropic stiffness matrix C.

Let us define the set Sλ,µ as

Sλ,µ =
{

(λ, µ) :
(
εT ·C(λ, µ) · ε

)
≤
(
εT ·C · ε

)
, ∀ε ∈ S

}
(6.2)

where the set S represents the space of 6 × 1 vectors. Then, the Lame constants

λ0, µ0 of equivalent isotropic stiffness matrix C(λ0, µ0) are determined based on the

following two conditions

(
εT ·C(λ0, µ0) · ε

)
≤
(
εT ·C · ε

)
, ∀ε ∈ S (6.3)(

εT ·C(λ0, µ0) · ε
)
≥
(
εT ·C(λ, µ) · ε

)
, ∀ε ∈ S, ∀(λ, µ) ∈ Sλ,µ (6.4)

The first condition, equation (6.3), means that the strain energy density function

for C(λ0, µ0) is less than or equal to that of C. This ensures that the error in the

numerical integration for C(λ0, µ0) provides an upper bound for that of C. The

second condition, equation (6.4), means that the strain energy density function for

C(λ0, µ0) is as close as possible to the anisotropic one, and ensures the upper bound

to be as small as possible.

In the following, a visual interpretation of the conditions (6.3) and (6.4) are

presented. First, let us normalize strain vector ε. It can be verified that if condi-

tions (6.3) and (6.4) hold for every ε ∈ S, then they also hold for every ε ∈ S for

which ‖ε‖ = 1, and vice versa. Therefore the conditions for finding the equivalent

isotropic stiffness matrix can be rewritten as

(
εT ·C(λ0, µ0) · ε

)
≤
(
εT ·C · ε

)
, ∀ε ∈ S : ‖ε‖ = 1 (6.5)(

εT ·C(λ0, µ0) · ε
)
≥
(
εT ·C(λ, µ) · ε

)
, ∀ε ∈ S : ‖ε‖ = 1, ∀(λ, µ) ∈ Sλ,µ (6.6)

The constraint ‖ε‖ = 1 defines a sphere in S, and the above conditions are

comparing the strain energy density function on the surface of this sphere. In order
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to have a visual plot of this interpretation on a 2D surface, let us replace C and

ε with a 2 × 2 matrix B and a 2 × 1 vector x, respectively. Then, we are dealing

with elliptical curves in 2D space (some restrictions apply on B). We may also

assume that reduction of an ellipse to a simple circle corresponds to the reduction

of anisotropic stiffness matrix to an isotropic one. Now, in analogy with ‖ε‖ = 1,

we assume ‖x‖ = 1, and plot the curves (xT ·B · x)x on a 2D plot, as shown in

figure 6.3. In this figure, the equivalent isotropic stiffness matrix corresponds to the

circle which is as close as possible to the non-circular curve corresponding to the

anisotropic stiffness matrix, while not crossing it.

e=ϵ:C:ϵ
e=ϵ:C(λ0,μ0):ϵ
e=ϵ:C(λ,μ):ϵ

Figure 6.3: Analogy of surface defined by a constant strain energy density function
to elliptical curves.

Now, let us use the inequalities (6.3) and (6.4) to determine the Lame constants

λ0 and µ0 for the equivalent isotropic stiffness matrix C(λ0, µ0). The first con-

dition, equation (6.3), can be seen as a requirement to ensure convergence of the

numerical integration for the anisotropic Green’s function within the pre-specified

tolerance. Therefore, in the following the first condition will be enforced in a strict

manner. The second condition, equation (6.4), however is only defined to maintain

the computational efficiency of numerical integration. Therefore, in the following

the second condition will be satisfied only in an approximate manner by choosing

the Lame constants λ0 and µ0 as large as possible.

The first condition, equation (6.3), can be rewritten as
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(
εT ·A(λ0, µ0) · ε

)
≥ 0 (6.7)

where A(λ0, µ0) = C −C(λ0, µ0).

Equation (6.7) means A(λ0, µ0) is a positive semi-definite matrix. In order for

a matrix to be positive semi-definite, all upper left sub-matrices whitin this matrix

should have non-negative determinants Strang (1988). By applying this condition

to the matrix A(λ0, µ0), the values of Lame constants λ0 and µ0 can be computed.

The details of such procedure is shown below for an orthotropic material in which

the normal and shear stresses are decoupled. The stiffness matrix of an orthotropic

material has the the following general structure.

C =



c11 c12 c13

c12 c22 c23

c13 c23 c33

c44

c55

c66


(6.8)

The matrix A(λ0, µ0) inherits the same structure of zero entries from the above

matrix. This allows to break down the requirement for the positive semi-definiteness

of A(λ0, µ0) in to requiring positive semi-definiteness for the following two sub-

matrices where one accounts for normal deformations and the other one for shear

deformations.
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A1 =


c11 − (λ0 + 2µ0) c12 − λ0 c13 − λ0

c12 − λ c22 − (λ0 + 2µ0) c23 − λ0

c13 − λ0 c23 − λ0 c33 − (λ0 + 2µ0)

 (6.9)

A2 =


c44 − µ0

c55 − µ0

c66 − µ0

 (6.10)

The matrix A(λ0, µ0) is positive semi-definite if and only if matrices A1 and A2,

shown above, are positive semi-definite. The matrix A2 is a diagonal matrix and is

positive semi-definite if all diagonal entries are non-negative. Therefore,

µ0 ≤ c44 (6.11)

µ0 ≤ c55 (6.12)

µ0 ≤ c66 (6.13)

The matrix A1 is positive semi-definite if all upper left sub-matrices of A1 have

non-negative determinants. This can be written as

c11 − (λ0 + 2µ0) ≥ 0 (6.14)

∣∣∣∣∣∣c11 − (λ0 + 2µ0) c12 − λ0

c12 − λ0 c22 − (λ0 + 2µ0)

∣∣∣∣∣∣ ≥ 0 (6.15)

∣∣∣∣∣∣∣∣
c11 − (λ0 + 2µ0) c12 − λ0 c13 − λ0

c12 − λ0 c22 − (λ0 + 2µ0) c23 − λ0

c13 − λ0 c23 − λ0 c33 − (λ0 + 2µ0)

∣∣∣∣∣∣∣∣ ≥ 0 (6.16)
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The conditions (6.14), (6.15), and (6.16) can be rewritten as

λ0 ≤ c11 − 2µ0 (6.17)

a1λ0 ≤ b1 (6.18)

a2λ0 ≤ b2 (6.19)

where

a1 =c11 + c22 − 2c12 − 4µ0 (6.20)

b1 =c11c22 − c2
12 − 2(c11 + c22)µ0 + 4µ2

0 (6.21)

a2 =c11c22 + c11c33 + c22c33 − c12(2c33 + c12 − c13 − c23)

− c13(2c22 + c13 − c12 − c23)− c23(2c11 + c23 − c12 − c13)

− 4(c11 + c22 + c33 − c12 − c13 − c23)µ0 + 12µ2
0 (6.22)

b2 =c11c22c33 + 2c12c13c23 − c11c
2
23 − c22c

2
13 − c33c

2
12

+ 2(−c11c22 − c11c33 − c22c33 + c2
12 + c2

13 + c2
23)µ0

+ 4(c11 + c22 + c33)µ2
0 − 8µ3

0 (6.23)

The Lame constants λ0 and µ0 are determined so that they are as large as

possible while satisfying all conditions (6.11), (6.12), (6.13), (6.17), (6.18), (6.19).

The algorithm to compute the equivalent isotropic stiffness matrix can then be

written as

1. Compute µ0 as µ0 = min
{
c44, c55, c66

}
2. Compute λ0 as λ0 = c11 − 2µ0
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3. Compute a1, b1, a2, and b2 from equations (6.20), (6.21), (6.22), and (6.23),

respectively. If the computed value for λ0 in the previous step satisfies the

conditions a1λ0 ≤ b1 and a2λ0 ≤ b2, then exit. Otherwise, reduce λ0 accord-

ingly.

It should be noted that in the step 3 of the above algorithm, one may adjust both

values λ0 and µ0 in order to satisfy the conditions a1λ0 ≤ b1 and a2λ0 ≤ b2. But,

since those conditions are first order in terms of λ0 and higher order in terms of µ0,

we choose to keep µ0 fixed and determine λ0 conveniently via linear equations. In

this regard, the condition (6.4) defined initially is satisfied only in an approximate

manner.
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6.3 Numerical Results for a Solid Plate Immersed in a Fluid

In this section, the numerical results for a solid plate immersed in a fluid is presented.

The plate is assumed to be transversely isotropic.

The problem geometry is the same as the one shown in figure 3.9 of chapter 3.

The thickness of the solid layer is 3 mm, and the transducers are placed at 5 mm

distance from the solid. The length of the plate is assumed to be 10 mm in x1

direction. The number of target and source points placed along x1 direction is 101.

This resolution satisfies the convergence criterion that the distance between two

adjacent point sources should be less than the wavelength in the fluid divided by

π (Placko and Kundu, 2007). Along x2 direction, 9 source and target points are

placed such that the distance between two adjacent points is equal in both x1 and

x2 directions.

The transducers have circular shape with radius of 1 mm, and are oriented so

that the axis x3 is normal to their faces. A collection of 300 source points are used

to model each transducer. A frequency of 1MHz is assumed for both transducers.

The upper and lower fluids are both assumed to be water with density ρ =

1000 kg/m3 and P-wave speed Cp = 1480 m/s. The solid plate is assumed to have a

density of ρ = 1600 kg/m3 and its stiffness properties with x1 as the axisymmetric

direction are defined by

[C] =



150 18.75 18.75

18.75 45 21

18.75 21 45

12

22.5

22.5


GPa (6.24)

The x1 − x3 plane passing through x2 = L2/2 is considered, and the results

for stress distribution on this plane are obtained. The length of the plate in x1

direction is taken as 10 mm. Based on the length and resolution in x1 direction, the
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length in x2 direction is defined so that the resolution of the source points along

both directions are the same.

First, it is assumed that the axisymmetric direction is along x1 axis. The distri-

bution of pressure inside the fluid and the stress component σ33 inside the solid are

plotted on central x1 − x3 plane in figure 6.4. The distribution of different stress

components in the solid plate are shown in figure 6.5 where the fluid is not plotted to

have a clearer view of the solid. The stress component σ11 is low around the central

region of the plate, while the stress component σ22 shows a peak in the same region.

The stress component σ33 whose direction is normal to the transducer surfaces is

maximum on the central line x1 = 5 mm where it is closest to the transducers. The

shear stress component σ31 is zero on vertical and horizontal lines passing through

the center of the plate (x1 = 5 mm and x2 = 6.5 mm), due to symmetry conditions.

It is also zero at the solid-fluid interface due to having a non-viscous fluid.

Figure 6.4: Distribution of pressure for fluid and the stress component σ33 for solid
on central x1 − x3 plane for a transversely isotropic plate immersed in fluid.
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(a) (b)

(c) (d)

Figure 6.5: A transversely isotropic plate immersed in fluid: the results on the
central x1 − x3 plane for (a) σ11, (b) σ22, (c) σ33, (d) σ31.

Next, it is assumed that the axisymmetric direction is along x2 axis, and the

same results are plotted. The distribution of pressure inside the fluid and the stress

component σ33 inside the solid are plotted on central x1 − x3 plane in figure 6.6,

and the distribution of different stress components in the solid plate are shown in

figure 6.7 where the the fluid is not plotted to have a clearer view of the solid. Again,

the maximum normal stress σ33 happens at central line x1 = 5 mm while the shear

stress σ31 is zero on the vertical and horizontal lines passing through the center of

the plate.

Comparing the results with x1 axis as the axisymmetric direction shown in fig-

ures 6.4 and 6.5 with those with x2 axis as the axisymmetric direction shown in

figures 6.6 and 6.7, shows that the stress components σ33 and σ31 tend to propagate
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more along the direction exhibiting higher stiffness (the axisymmetric direction in

this example).

Figure 6.6: Distribution of pressure for fluid and the stress component σ33 for solid
on central x2 − x3 plane for a transversely isotropic plate immersed in fluid.
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(a) (b)

(c) (d)

Figure 6.7: A transversely isotropic plate): the results on the central x2 − x3 plane
for (a) σ11, (b) σ22, (c) σ33, (d) σ31.

6.4 Numerical Results for a Solid Half-Space being in Contact with a Fluid Half-

Space

A transversely isotropic half-space in contact with a fluid half-space is considered.

A transducer is placed in the fluid facing the composite half-space. Two cases are

considered. In the first case, the solid half-space contains no defect, while in the

second case, a circular hole in the solid half-space scatters the travelling wave. The

problem configuration is the same as the one shown in figure 3.14. The length of the

model in x1 direction is assumed to be 10mm. The thickness of the modeled solid in

x3 direction is 5 mm, and the transducer is placed at 5 mm distance from the solid.

The number of points placed along x1 direction is 101. This resolution satisfies the



118

convergence criterion that the distance between two adjacent points should be less

than the wavelength in the fluid divided by π (Placko and Kundu, 2007). Along

x2 direction, 9 points are placed, and the length is chosen such that the distance

between two adjacent points is equal in both x1 and x2 directions.

The transducer has a circular shape with a radius of 1 mm, and is oriented so

that its face is parallel to the fluid-solid interface. The transducer vibrates with a

frequency of 1 MHz, and generates time-harmonic waves transmitting through the

fluid and hitting the transversely isotropic solid where it is reflected and refracted at

the interface. Due to the high intensity of the generated wave around the transducer,

a relatively high resolution is considered and 300 points are placed on its surface.

The fluid is assumed to be water with density ρ = 1000 kg/m3 and the P-

wave speed Cp = 1480 m/s. The solid half-space is assumed to have a density

of ρ = 1600 kg/m3. The stiffness tensor for the solid half-space with x1 as the

axisymmetric direction is

[C] =



150 18.75 18.75

18.75 45 21

18.75 21 45

12

22.5

22.5


GPa (6.25)

First, a transversely isotropic half-space with no hole is considered. The ax-

isymmetric direction of the transversely isotropic material is assumed to be aligned

with either x1 or x2 directions. The distribution of pressure inside the fluid and

the stress component σ33 inside the solid are considered, and plotted on the central

x1 − x3 plane in figure 6.8. In figure 6.8(a) the axisymmetric direction is x1 while

in figure 6.8(b) this direction is x2. The wave propagates from the fluid into the

solid, and the pressure in the fluid is equal to the stress component σ33 in the solid

at the fluid-solid interface. One can see that the amount of wave penetration in

solid is maximum on the central line (x1 = 5 mm) where the length of wave beam
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emanating from the transducer is minimum and the wave strikes normal to the in-

terface. As one moves away from this line, the wave amplitude decreases. The rate

of reduction in wave penetration is not the same when the fibers run in x1 direction

in figure 6.8(a) and in x2 direction in figure 6.8(b). This shows that the orientation

of the anisotropy has a noticeable effect on the distribution of stress in the solid.

The results suggest that the wave for stress component σ33 tends to propagate more

along the fiber direction which is the stiffer direction with higher wave velocity.

Now, it is assumed that the axisymmetric direction is the x1 direction, and

the distribution of different stress components are shown in figure 6.9 where the

fluid is not plotted to have a clearer view inside the solid. The distribution and the

maximum amplitude of the stress waves are different for different stress components.

The maximum normal stress σ33 is on the central line x1 = 5 mm while the shear

stress σ31 is zero on this line due to symmetry. Since the fluid is non-viscous, only

the component of stress normal to the interface, which is σ33 here, is transmitted

from the fluid to the solid across the interface. This component shows the highest

level of amplitude among all stress components shown in figure 6.9. The other

normal components of stress, i.e. σ11 and σ22, show relatively smaller amplitudes.

The shear stress σ31 is zero at the interface due to non-viscosity assumption for the

fluid. Inside the solid, the shear stress is generated due to non-zero values of normal

stress components. The peak value for shear stress is smaller than those of normal

stress components.

Next, the axisymmetric direction is assumed to be aligned with x2 axis, and the

same stress components are plotted in figure 6.10. By comparing figures 6.9 and

6.10, one can see that the direction of material symmetry has a noticeable effect on

the stress field distribution inside the solid. Again, it is observed that the wave for

stress components σ33 and σ31 tends to stretch more along the fiber direction which

exhibits higher wave velocity.

Then, a cylindrical hole of radius r = 0.5 mm is considered inside the solid

half-space where the cylinder axis is along x2 direction. Again, the axisymmetric

direction of the transversely isotropic material is assumed to be aligned with either
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(a) (b)

Figure 6.8: Distribution of pressure for fluid and the stress component σ33 for solid
on central x1 − x3 plane for a transversely isotropic half-space containing no hole
with: (a) x1 as the axisymmetric direction, (b) x2 as the axisymmetric direction.

x1 or x2 directions, and the same figures as in the case for no hole are plotted. The

distribution of pressure inside the fluid and the stress component σ33 inside the solid

are plotted on central x1 − x3 plane in figure 6.11. In figure 6.11(a) the material

symmetry axis is x1 while in figure 6.11(b) it is x2. As can be seen, the propagation

of wave into the solid is interrupted by the hole. The component σ33 should be zero

on the bottom and top of the hole surface, because of the traction free boundary

conditions.

Assuming the axisymmetric axis oriented along the x1 direction, the distribution

of different stress components in solid are shown in figure 6.12. For axisymmetric axis

in x2 direction, the same stress components are shown in figure 6.13. By comparing

these figures with those corresponding to half-space without hole (figures 6.9 and

6.10), the effect of hole on disturbing the stress field inside the solid can be examined.

For stress components σ33 and σ31, the hole mostly acts as an obstacle on the path
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of wave propagation, while for the stress components σ11 and σ22 the blockage of

the wave propagation by the hole is not that obvious.

Lastly, the radius of cylindrical hole is increased from r = 0.5mm to r = 0.75mm,

and the same results are plotted. The distribution of pressure inside the fluid and

the stress component σ33 inside the solid are plotted on central x1 − x3 plane in

figure 6.14. The effect of hole on the wave field is noticeable. The patterns of

stresses generated by the larger and smaller holes in figures 6.11 and 6.14 are not

significantly different.

The distribution of different stress components in the solid are shown in fig-

ure 6.15 with symmetric axis in x1 direction, and in figure 6.16 with the symmetric

axis in x2 direction. By comparing these figures with those for the smaller hole (fig-

ures 6.12 and 6.13), one can see the effect of hole size on the distribution of stress

field inside the solid.
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(a) (b)

(c) (d)

Figure 6.9: A transversely isotropic half-space with x1 as the axisymmetric direction
(no hole): the results on the central x1 − x3 plane for (a) σ11, (b) σ22, (c) σ33, (d)
σ31.
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(a) (b)

(c) (d)

Figure 6.10: A transversely isotropic half-space with x2 as the axisymmetric direc-
tion (no hole): the results on the central x1 − x3 plane for (a) σ11, (b) σ22, (c) σ33,
(d) σ31.
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(a) (b)

Figure 6.11: Distribution of pressure for the fluid and the stress component σ33 for
the solid on central x1 − x3 plane for a transversely isotropic half-space containing
a hole of radius r = 0.5 mm: (a) x1 as the axisymmetric direction, (b) x2 as the
axisymmetric direction.
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(a) (b)

(c) (d)

Figure 6.12: A transversely isotropic half-space with x1 as the axisymmetric direc-
tion containing a hole with radius r = 0.5 mm: the results on the central x1 − x3

plane for (a) σ11, (b) σ22, (c) σ33, (d) σ31.
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(a) (b)

(c) (d)

Figure 6.13: A transversely isotropic half-space with x2 as the axisymmetric direc-
tion containing a hole with radius r = 0.5 mm: the results on the central x1 − x3

plane for (a) σ11, (b) σ22, (c) σ33, (d) σ31.
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(a) (b)

Figure 6.14: Distribution of pressure for the fluid and the stress component σ33 for
the solid on central x1 − x3 plane for a transversely isotropic half-space containing
a hole of radius r = 0.75 mm: (a) x1 as the axisymmetric direction, (b) x2 as the
axisymmetric direction.
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(a) (b)

(c) (d)

Figure 6.15: A transversely isotropic half-space with x1 as the axisymmetric direc-
tion containing a hole with radius R = 0.75 mm: the results on the central x1 − x3

plane for (a) σ11, (b) σ22, (c) σ33, (d) σ31.
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(a) (b)

(c) (d)

Figure 6.16: A transversely isotropic half-space with x2 as the axisymmetric direc-
tion containing a hole with radius R = 0.75 mm: the results on the central x1 − x3

plane for (a) σ11, (b) σ22, (c) σ33, (d) σ31.
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CHAPTER 7

Conclusion

The application of DPSM for ultrasonic wave modeling in anisotropic materials was

considered in this dissertation. The Green’s function for the anisotropic material

was evaluated numerically for every pair of source and target points. For the case

of transversely isotropic material, an improved formulation which reduces the inte-

gration domain from the hemi-sphere to a quarter-sphere was utilized to reduce the

computational time (Fooladi, 2016; Fooladi and Kundu, 2017). In addition, a tech-

nique called ”windowing” is suggested in this dissertation which led to considerable

reduction in the number of evaluations of anisotropic Green’s function. Also, differ-

ent resolutions for numerical integration were used for computing Green’s function

corresponding to different distances between source and target points in order to

achieve a good balance between computational time and accuracy. As an elabo-

ration on this multi-resolution integration, a calibration strategy was suggested in

this dissertation in order to optimize the number of integration points for the non-

singular or regular part of the Green’s function in terms of the distance between

the source and target points. It is based on an equivalent isotropic stiffness tensor,

and resulted in a multi-resolution integration technique which sets automatically

an optimum number of integration points for a finite number of distance intervals

between the source and target points.

The developed model for anisotropic DPSM was used to simulate ultrasonic wave

propagation in a solid plate immersed in the fluid with the transducers placed in the

fluid. A transversely isotropic plate was considered and the developed anisotropic

DPSM model was applied to it. Next, a solid half-space being in contact with

a fluid half-space was considered and the effect of a circular hole inside the solid

as a wave scatterer was studied. It is an example of application of DPSM for

problems containing internal anomaly like defects and inclusions. The results of
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these numerical examples show the applicability and effectiveness of the developed

multi-resolution DPSM model equipped with windowing technique for modeling

ultrasonic wave propagation in anisotropic media.
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