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Abstract
Genetic algorithms are used to predict the size and location of an elliptical cavity within a solid
half-space. The scattering of ultrasonic waves in the solid half-space with a cavity is modeled using
Distributed Point Source Method (DPSM). DPSM which is a semi-analytical technique that
utilizes Green’s function is used for modeling because this technique is more efficient than popular
but not so efficient Finite Element Method (FEM). FEM is very inefficient for modeling ultrasonic
wave propagation problems at high frequencies and for solving an inverse problem one needs an
algorithm that can solve the forward problem efficiently. The inverse problem is solved by
applying a genetic algorithm to the forward problem to determine the optimum solution. The
optimum population size and number of generations are determined. Results and analysis are
performed for 3 cases of unknown variables.
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1. Introduction
The modeling of ultrasonic fields is a vital component of non-destructive testing and
evaluation (NDT&E) and structural health monitoring (SHM). Modeling accurately the
ultrasonic fields in a solid with cracks and/or cavities is especially beneficial for predicting the
size, location, and characteristics of such discontinuities. Accurate solutions of the forward
problem is required multiple times with different parameter values to solve the inverse problem
using genetic algorithms. The problem of elastic wave scattering by a crack has been studied in
the past and can be found in the literature. Analytical solutions for some simple problems are
available. Analytical solutions for the interactions of elastic waves with a circular crack was
given by Mal (1970) and Kundu and Bostrom (1992). More complex problems have been solved
by semi-analytical techniques which are based on boundary integral equation (Lee and Mal,
1995) and volume integral techniques (Lee and Mal, 1997) and (Kundu, 1988). A combination of
boundary and volume integral equations have been also developed (Lee et al., 2004) to solve
wave scattering problems in heterogenous materials. However, the assumptions that the medium
is unbounded and that the incident field is a plane wave are not an accurate representation of real
world problems. In reality, a finite transducer generates a non-planar ultrasonic field.
Furthermore, the cracks can be located near an outer surface which negates the unbounded
assumption. In such situations numerical techniques are considered such as the finite element
method (FEM). However, using FEM to solve such problems is sometimes computationally
prohibitive. This is due to the fact that the FEM requires very small elements when the
8

wavelength is small to produce an accurate result in such problems. Because of these pitfalls
mesh-free methods have been developed to steer away from any mesh related problems.
Additionally, using such methods with genetic algorithms will required an immense amount of
computational time to reach a solution. The distributed point source method (DPSM) is a meshfree semi-analytical technique developed by (Placko and Kundu, 2004). This technique is used to
model ultrasonic fields in solid and fluid structures. Using DPSM, the ultrasonic fields in fluids
(Ahmad et al., 2005) and solid structures (Banerjee and Kundu, 2007; 2008) have been obtained.
In addition the elastic wave scattering in a solid half-space by a circular hole (Das et al., 2008),
the wave scattering by an elliptical hole (Shelke et al., 2010) has been also modeled. Use of
DPSM with genetic algorithms is very appealing since DPSM requires significantly less
computational time to model a given problem.
The main objective of this research is to solve the inverse problem for which the forward
problem was modeled by Shelke et al. (2010). The forward problem considers the elastic wave
scattering by a crack in a solid half-space. The DPSM is based on Green’s function. Using
DPSM the need for a small mesh size at high frequencies is eliminated. This is its main
advantage when compared with the computational time required to solve the same problem using
another numerical technique such as the FEM. Due to the computational efficiency of DPSM it is
possible to model the ultrasonic field using various values of the size and location of the cavity.
Therefore, the problem can be modeled multiple times with various values, which is essential for
solving the inverse problem using genetic algorithms.

9

2. Theory of Distributed Point Source Method
2.1.

Distributed Point Source Method

To model the problem, the theory of DPSM is followed (Placko and Kundu, 2004). The
model is of a solid half-space that contains a cavity. The model can accept any location and size
for the cavity within the problem’s domain. A finite-sized transducer produces the ultrasonic
excitation. As defined by the DPSM the transducer is modeled with a finite number of point
sources. The summation of the ultrasonic field produced by individual point sources will give the
total ultrasonic field that is generated by the transducer. In addition to the transducer, the fluidsolid interface is modeled by two layers of point sources. One layer generates the transmitted
field, while the other layer generates the reflected field. These points are located at a distance
𝑟𝑠 = (𝑤𝑎𝑣𝑒 𝑙𝑒𝑛𝑔𝑡ℎ)/2𝜋 this is to insured proper convergence and to avoid any singularities at
the point sources. The cavity is also modeled by placing a finite number of point sources along
the boundary at a distance 𝑟𝑠 from the boundary. The contribution of all these point sources
generate the scattered wave field in the solid half-space.
2.1.1. Displacement and Stress Green’s Functions in the Solid
The displacement field at location 𝐱 in the 𝑥𝑖 direction is expressed in terms of the Green’s
function 𝐺𝑖𝑗 (𝐱; 𝐲)𝑃𝑗 𝑒 −𝑖𝜔𝑡 , when the point source is at location 𝐲 acting in the 𝑥𝑗 direction.
𝑢𝑖 = 𝑈𝑖 𝑒−𝑖𝜔𝑡 = 𝐺𝑖𝑗 (𝐱; 𝐲)𝑃𝑗 𝑒−𝑖𝜔𝑡

(1)

Replacing 𝑟 = |𝑥 − 𝑦|, the displacement Green’s function can be written as follows (Mal and
Singh, 1991)

(2)
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Where 𝑅𝑖 =

𝑥𝑖 −𝑦𝑖
𝑟

, 𝑘𝑝 is the P-wave number, 𝑘𝑠 is the S-wave number, 𝑥𝑖 represents the

coordinates at the observation point and 𝑦𝑖 represents the coordinates at the source point. In
matrix form it is given as follows.

(3)
The expression for the stress Green’s function for an isotropic homogenous linear elastic
solid is given as follows. The stress is calculated at a given 𝐱 due to a concentrated time harmonic
force at 𝐲.

(4)
2.1.2. Displacement and Pressure Green’s Functions in the Fluid
A harmonic point source in an infinite fluid medium can generate a harmonic spherical
bulk wave in a fluid. For a Dirac-delta impulsive body force the governing differential equation
can be written as.

(5)
Where 𝐺𝑓 is the pressure Green’s function in the fluid at 𝐱 due to the point source acting at 𝐲.
If 𝐺𝑓 (𝑟, 𝑡) = 𝐺𝑓 (𝑟, 𝜔)𝑒 −𝑖𝜔𝑡 , then the equation above has the following solution (Placko and
Kundu, 2004).

(6)
The three components of the displacement are as follows.
11

(7)
2.2.

Ultrasonic Scattered Field Modeling in a Homogenous Solid HalfSpace with a Cavity

The problem domain is modeled as a solid half-space and a fluid half-space that are separated
by a plane interface. The problem can be broken down into five main components to be modeled,
the solid half-space and the fluid half-space, the interface between the two, the transducer and
finally the cavity. Mostly the focus will be on the domain that is encompassed by the solid halfspace. A graphical representation of the problem is shown in Fig.1. The fluid-solid interface is
modeled by using two layers of point sources that are placed on two sides of the interface as
shown. The cavity is modeled by placing a single layer of point sources on the inner boundary of
the cavity. The ultrasonic transducer that is submerged in the fluid is also modeled by a single
layer of point sources. The total ultrasonic field inside the fluid and solid is obtained when all
contributions of all point sources are superimposed. The point sources that are placed near the
transducer surface have the source strength vector 𝐀 𝑠 which generates the ultrasonic filed in the
fluid. The point sources placed above the fluid-solid interface have the source strength vector 𝐀1 ,
which generates the additional ultrasonic field in the fluid. The point sources placed below the
fluid-solid interface have the source strength vector 𝐀1 ∗ , which generates the transmitted
ultrasonic field in the solid half-space. The point sources placed around the inner boundary of the
cavity give the source vector 𝐀 𝐶 , which generates the scattered wave field in the solid half-space.
Two points D and E inside the fluid and the solid, respectively as shown in Fig.1, can be used to
12

illustrate the contributions of different source strength vectors. The sum of the contributions of
point sources 𝐀1 and 𝐀 𝑠 , give the ultrasonic field at point D while the sum of the contributions of
point sources 𝐀1 ∗ and 𝐀 𝐶 , give the ultrasonic field at point E.

Figure 1: Illustration of DPSM model of the solid half-space with an elliptical cavity

2.2.1. Matrix Formulation for Calculating Source Strengths
The detailed derivation of modeling the scattered ultrasonic field in presence of an elliptical
cavity was given by Shelke et al. (2010). The particle velocity and the pressure inside the fluid
can be expressed in matrix form for any given set of target points. Target points are points where
the resultant fields are computed from the source points. The detailed derivation of the matrix
formulation to calculate the source strength was given by Banerjee and Kundu (2007,2008).
Detailed derivations of the matrix formulations and solutions are not shown here since the focus
here is to solve the inverse problem for the forward problem solved by Shelke et al. (2010)
however, basic matrix formulations will be shown. The problem is solved by obtaining the total
13

source strength vector for the entire problem geometry. Once the total source strength vector is
found the pressure, velocity, stress, and displacement values can be obtained anywhere in the
domain based on the location of the target points.

Figure 2: Normal vector on elliptical cavity periphery

Consider a point P on the boundary of the cavity as shown in Fig.2. The direction cosine (n)
of the normal (P) to the cavity is given by n = 𝑛1 𝑒1 + 𝑛3 𝑒3 , where 𝑛1 and 𝑛3 are given by.

(8-9)
The angle Ө is in degrees and varies from 0° and 90°. The stresses at point x due to a
point source acting at y have been given by Banerjee and Kundu (2007) and Das et al., (2008).
At point x on the cavity boundary the stress tensor generated by a point force along 𝑥𝑗 (j = 1,2
and 3) is given below. The Transformation matrix at point x is also given below.

(10-11)
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The final stress field at a point x is obtained after the stress transformation. The final stress
field is given in the rotated coordinate system (𝑥1′ 𝑥3′ ) as,

(12)
At H target point on the cavity boundary the normal and shear stresses are given in the
following form.

(13-15)
The elements of the matrices 𝑺𝟑𝟑′𝐻1∗ , 𝑺𝟑𝟑′𝐻𝐶 , 𝑺𝟑𝟏𝐻1∗ , 𝑺𝟑𝟏𝐻𝐶 , 𝑺𝟑𝟐𝐻1∗ and 𝑺𝟑𝟐𝐻𝐶 are functions
of 𝝈′𝑗 . These elements are given in Banerjee and Kundu (2007) and Das et al. (2008).
2.2.2. Boundary and Interface Conditions
The displacement normal to the fluid-solid interface must be continuous across the
interface. Additionally, the normal stress (s33) in the solid and fluid must be continuous at the
interface, whereas there will be no shear stresses. The normal stress (s33′) and the shear stresses
(s32′) and (s31′) at the cavity boundary are all equal to zero. The normal velocity on the
transducer face is (𝑽𝑠0 ), then on the surface of the transducer which is denoted as (S).

(16)
From continuity of the normal stress at the fluid-solid interface and from continuity of
normal displacement one gets,
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(17)

(18)
From the zero-shear stress condition at the fluid-solid interface the following equations
are obtained.

(19-20)
From the absence of transformed normal shear stress condition on the boundary of the
cavity, the following equations are obtained. Where H denotes the target points on the cavity
boundary.

(21-23)
Combining the above equation in matrix form one gets.

(24)
Or in compact form one can write the above matrix equation

(25)
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By simultaneously satisfying all boundary and interface conditions of the problem the matrix
is obtained. 𝑁𝑐 , 𝑁 and 𝑀 represent the number of point sources used to model the cavity
boundary, the transducer, and the interface. The number of point sources that are needed for
computing the ultrasonic field can be obtained by satisfying the convergence criteria (Placko and
Kundu, 2004). The convergence criteria states that the spacing between two adjacent points must
be less than the value 𝜆 ∕ √2𝜋. Once the source strength vector Ω is found the displacement,
pressure and stress fields can be obtained and used to solve the inverse problem by implementing
the genetic algorithms.

3. Theory of Genetic Algorithms
There has been a growing interest since the 1960s, in emulating living beings to develop a
powerful method for optimizing difficult problems. These methods implement the use of
evolutionary algorithms that seek out the optimum solution to the problem. The most common
algorithms in evolutionary computation is called genetic algorithms (GA). This algorithm was
first developed by (Holland, 1992). A genetic algorithm is an algorithm that mimics biological
evolution which is based on a natural selection process for solving optimization problems. The
algorithm generates an initial population, then repeatedly modifies the population based on the
individual solutions. The algorithm selects parents with the best traits after each step to produce a
new population with more desirable traits. This repeated natural selection process will “evolve”
the population towards the optimum solution.

3.1.

Outline of the Genetic Algorithm

The following outline explains the steps taken by the algorithm to reach a solution to the
optimization problem.
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•

The algorithm starts by generating a random uniform initial population.

•

The algorithm creates a sequence of new populations. After each generation, the
algorithm uses the individuals in the current generation for generating the individuals for
the next generation. Each generation is performed with the following steps.
o The algorithm scores every individual of the current population by calculating its
raw fitness score.
o The algorithm scales the raw fitness score into expected values.
o The algorithm selects parents from the individuals based on their expected values.
o The algorithm selects elites from the current population that have a low fitness
score. A lower fitness score is desirable. Elites are directly passed to the next
generation.
o The algorithm generates children from the parents in two ways. Mutation produces
children by making changes to a single parent. Crossover produces children by
combing traits from a pair of parents.
o The children produced replaces the current generation to produce the next
generation and this process continues.

•

The algorithm repeats until it is stopped by one of the stopping criteria. In this study the
stopping criterion will be defined as a certain number of generations.
The flow chart shown in Fig.3 is a representation of the steps followed by the algorithm.

The steps are repeated until the stopping criterion is met. Preferably the stopping criterion is
desired to be met by finding the optimum value of the problem. The optimum value of the
problem is the solution that is desired in this study. The algorithm will attempt to find the
optimum value by optimizing the objective function.
18

Figure 3: Flow chart of genetic algorithm process

3.2.

Solution of the Inverse Problem Using the Genetic Algorithm

Firstly, to solve the inverse problem, the forward problem must be well defined. The
main goal of this study is to understand if a genetic algorithm can obtain a solution to the inverse
problem based on the DPSM. The solution of the inverse problem will be reached by solving the
forward problem numerous times. One of the challenges of using this approach is finding an
optimum population and number of generations to reach a solution. A low population will not be
able to represent a wide range of solutions. However, a large population will not necessarily
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converge and will increase computational time. The number of generations is also an important
factor that will be examined in this study. A proper number of generations must be selected to
have adequate crossovers and mutations that will lead to the population “evolving” which will in
turn lead to convergence of the solution.
3.2.1. Forward Problem
The forward problem is modeled using the DPSM which follows the steps discussed in
section 2. The forward problem has been efficiently solved by Shelke et al. (2010). The problem
geometry is shown in Fig.4.

Figure 4: Illustration of forward problem model

The finite-sized transducer is immersed in an unbounded fluid. The fluid that is modeled is
water with a longitudinal wave speed of 1.48 km/s and no shear wave speed. The solid half-space
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is modeled as aluminum with the following properties. A density of 2.7g/cm3, longitudinal wave
speed of 6.25 km/s and a shear wave speed of 3.04 km/s. The transducer can be modeled for any
frequency however, a frequency of 1 MHz is used in this study. The transducer is placed 10 mm
from the fluid-solid interface.
The forward problem considered is a three-dimensional problem where the ultrasonic field is
computed at the central plane which is the plane of symmetry of the geometry. The number of
point sources used to model the transducer, the interface and the crack boundary are the most
important factors that will affect computational time. The point sources must satisfy the
convergence criteria stated by Placko and Kundu (2004).
By obtaining the total source strength vector Ω in Eq.25 the pressure, velocity, stress, and
displacement values can be obtained anywhere in the domain based on the location of the target
points. The goal of this study is to solve the inverse problem by examining the stresses generated
in the solid half-space due to the ultrasonic field. The ultrasonic field generates stresses around
the cavity’s boundary, especially at the tips of the cavity when it takes an elliptical shape. The
problem geometry with dimensions is shown in Fig.4. As shown in this figure the cavity is
modeled as an ellipse with any desired dimension. Additionally, the cavity can be modeled at
any location within the domain. Different variations of these parameters will generate differing
stress fields within the solid. These stress fields are used for solving the inverse problem.
Varying stress fields are shown in Fig.5 for varying size and location of the cavity.

21

Figure 5: Variation of stress field for different values of the elliptical cavity

3.2.2. Inverse Problem
The solution of the inverse problem will require the genetic algorithm to solve the
forward problem numerous times. Firstly, the genetic algorithm will obtain the actual solution of
the problem with the given size and location of the cavity. Secondly, the genetic algorithm will
repeatedly solve the forward problem with randomly selected values of the size and location of
the cavity. Finally, the genetic algorithm will “evolve” until an optimum solution is reached
giving the solution to the inverse problem. Obtaining an understanding of population and
generation values will require analyzing the results of the genetic algorithm using a set of values
for population size and number of generations. A convergence study will be conducted for three
22

scenarios of the inverse problem. The inverse problem will be divided into three scenarios that
vary in difficulty based on the number of variables that are unknown. Moving from the least
difficult to the most difficult problem the inverse problem will be solved for two, three and four
variables cases. With the increase of the number of variables the inverse problem becomes more
challenging for the genetic algorithm. Additionally, with the increase of the number of the
variables the computational time required to reach an optimum solution also increases. The four
variables that will define the problem are selected to represent the size and location of the cavity.
The size of the cavity will be defined by the radius in the X1 direction (𝑅𝑥1 ) and the radius in the
X3 direction (𝑅𝑥3 ). These two variables will define the size of the cavity. The location of the
cavity center from the origin will be defined by two variables, distance from the X1 origin (𝑋1)
and distance from the X3 origin (𝑋3). The first scenario will only have two variables 𝑅 and 𝑋3.
This scenario assumes the location of the cavity coincides with the X3 origin and the cavity is
circular thus having a constant radius 𝑅, the solution of this scenario will be to determine the
variables 𝑅 and 𝑋3. The second scenario is the same as the first scenario however, the cavity will
not necessarily coincide with the X3 axis meaning the solution of the second scenario will be to
determine 𝑅 , 𝑋1 and 𝑋3. Lastly, the third scenario will be the same as the second however, the
cavity can take the shape of an ellipse and is not necessarily of circular shape. The third case will
be solved by determining the four variables 𝑅𝑥1 , 𝑅𝑥3 , 𝑋1 and 𝑋3. In scenarios where one or more
variables can be eliminated it is beneficial to have a solution to the problem with these cases
which will drastically reduce computational time. These scenarios may also facilitate to compare
computational results to experimental results to validate the solution. A representation of the
three scenarios is shown in Fig.6.
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Figure 6: Three scenarios of the modeled inverse problem

3.2.3. Objective Function
The objective function is defined as the function that is used by the genetic algorithm for
optimization. The objective function must be defined in such a way that the global minimum of
the function will be the optimum solution for the inverse problem. In this study the inverse
problem is solved by using the normal stress field (S33). Using genetic algorithm, a solution can
be obtained by using any of the stress fields or displacement fields generated by the ultrasonic
field. However, the normal stress field S33 is more uniform and has stress concentrations on the
boundary of the cavity which are helpful in minimizing the objective function. The objective
function is shown in Eq.26 for the scenario of four variables. The objective function for the
remaining scenarios will be the same except for the number of variables. The objective function
is a function of the residual function 𝑟. The residual 𝑟 is a function of the variables 𝑅𝑥1 , 𝑅𝑥3 ,
𝑋1 and 𝑋3. Depending on the values of the variables the stress field S33 will be computed and
24

compared with the real stress field solution S33* which is constant throughout the genetic
algorithm’s operations. The objective function used by genetic algorithm is as follows.

𝑀𝑖𝑛𝑖𝑚𝑖𝑧𝑒,

𝑊ℎ𝑒𝑟𝑒,

𝑓(𝑟(𝑋1 , 𝑋3 , 𝑅𝑥1 , 𝑅𝑥3 ))

𝑟(𝑋1 , 𝑋3 , 𝑅𝑥1 , 𝑅𝑥3 ) =

𝑆𝑢𝑏𝑗𝑒𝑐𝑡 𝑡𝑜,

‖𝑺𝟑𝟑(𝑋1 , 𝑋3 , 𝑅𝑥1 , 𝑅𝑥3 )−𝑺𝟑𝟑∗ ‖
‖𝑺𝟑𝟑∗ ‖

(26)

(27)

− 10 ≤ 𝑋1 ≤ 10
10 ≤ 𝑋3 ≤ 20
0.1 ≤ 𝑅𝑥1 ≤ 5
0.1 ≤ 𝑅𝑥3 ≤ 5

Each variable will have a lower and upper bound that the genetic algorithm needs to honor.
These bounds are selected mainly to encompass the domain of the problem. For the inverse
problem in this study and based on the objective function, the optimum solution and global
minimum are found when the residual is equal to zero. By examining the objective function, it
can be clearly seen that the residual becomes equal to zero only when the stress field S33 is equal
to the real stress field S33*. Fig.7 shows a visual representation of the objective function.
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Figure 7: Visual representation of the residual function

Therefore, when the genetic algorithm selects a combination of values for the variables
𝑅𝑥1 , 𝑅𝑥3 , 𝑋1 and 𝑋3 that are near the real solution the residual will be reduced until the optimum
is achieved. At first examination it may appear that a plot of the residual would be lowest at
values near the real solution and higher in region far from the real solution however, this is not
necessarily true. The residual values that are near the real solution are generally lower than that
of values that are farther away however, the residual may be low at locations that are not near the
real solution as well. The inverse problem in this study is highly irregular and non-differentiable
with the presence of many local minima thorough the domain. This effect is amplified with the
26

increase of unknown variables to be solved for. Plotting the residual for four or three variables
would require complex graphs therefore, for simplicity Figs.8, 9 and10 show the plot of the
residual with only two variables 𝑅 and 𝑋3.

Figure 8: 3d plot of the residual variation for the case of 2 variables

As shown in Fig.8 it is clearly visible that residual and therefore the objective function is highly
irregular and non-differentiable. The use of genetic algorithms to solve this problem is for this
fact. Since the objective function is non-differentiable, differentiation-based optimization will
not suffice in solving the inverse problem. Having a sufficient population when using genetic
algorithms will help in finding the global minimum and not a local minimum. The residual in
Fig.8 is plotted using a log scale which diminishes extreme peaks for better visualization of the
residual plot. At a residual value of zero, which is the solution to the inverse problem the log of
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the residual will approach negative infinity. The real solution to the residual plot is at 𝑋3 = 14
and 𝑅 = 2. These values are clearly shown with a red dot. While observing the residual plots no
clear relationship can be seen between the two variables in question. The graphs appear chaotic
and change drastically with very little change in the variables. Such residual graphs for three or
four variables are especially chaotic. Understanding the behavior of the objective function is
crucial in selecting an adequate population size and number of generations. The residual plots
shown are only plotted for a segment from the whole domain. The graph is plotted with the
radius ranging from 1 to 4 mm and the value of X3 ranging from 12 to 16 mm.

Figure 9: Residual plot showing the variation of the residual with respect to X3
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Figure 10: Residual plot showing the variation of the residual with respect to R

4. Parameters of the Genetic Algorithm and Inverse Problem
Solving the inverse problem requires a deep understanding of the genetic algorithm and how
various parameters of the algorithm affect it. Scaling the problem is a factor that must be studied
to determine computational time and optimum population size and number of generations.

4.1.

Scaling and Computational Time

In this study, no experimental results are used in the genetic algorithm. The genetic
algorithm will attempt to solve the problem using the semi-analytical technique DPSM generated
data. It has been shown earlier by Placko and Kundu (2004) that the results obtained by DPSM
matches well with the experimental results. Therefore, this study is the first important step for
solving the inverse problem using real experimental data in the future. Since the data is obtained
from the forward problem, it can be analytically scaled down to reduce computational times. By
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scaling the problem down, the resolution of the S33 field obtained decreases. The scaled down
S33 field is compared with the scaled down real stress field S33*. By scaling down the stress
fields simultaneously the objective function remains effective for finding a solution.
Understanding how scaling down of the problem affects the results is an important step for
solving the inverse problem using experimental results as the scale can be changed to match
computed stress fields. The problem is modeled using three scale levels. Scale 1 is modeled with
a high resolution, scale 2 is modeled with a medium resolution and scale 3 is modeled with a low
resolution. Different scales are achieved by changing the number of point sources used on the
interface and the boundary of the cavity in addition to the number of target points. Scale 3, which
is the lowest scale has the minimum number of point sources and target points. The minimum
number of points are determined by the convergence criteria defined by Placko & Kundu (2004).
The domain of the problem is known, therefore the minimum spacing between point sources and
target points can be obtained. Once the minimum spacing is determined, the number of point
sources along the interface, cavity boundary and target points throughout the domain can be
obtained. A summary of the scales used are shown in Table.1.
Table 1: Summary of scales with corresponding point sources and target points

Scale

# Point Sources
(Interface)

# Point Sources
(Cavity Boundary)

# Target Points
(X1)

# Target Points
(X3)

1

101

101

101

51

2

67

73

67

33

3

35

45

35

17

The minimum number of point sources along the interface and cavity boundary are 35
and 45 respectively. The minimum number of point sources along the cavity boundary is
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determined by the maximum circumference that the cavity can achieve. The highest resolution is
taken as 101 which is an odd number to have a point on the center line of symmetry. The number
of target points along the X1 axis are identical to the number of point sources on the interface.
The number of point sources along the X3 axis are roughly half of the number of point sources
along the X1 axis, since the domain is 20 by 10 mm. modeling the problem using these
parameters ensures the convergence criteria and in three scale levels that can be used to model
the problem. A visual representation of the three scales are shown in the plot of the stress fields
in Fig.11.

Figure 11: Visual representation of the generated stress field using different scales

For finer scale the computational time required is increased. When more point sources
and target points are modeled the matrix in Eq.24 increases in size and therefore, increases the
complexity and computational time. The average computational times required for each scale are
summarized in Table.2.
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Table 2: Summary of the computational time of each scale

Scale

Computational Time (s)

Computational Time (min)

1
2
3

200
80
18

3.3
1.3
0.3

All computational results are generated by a system with an i7-6700HQ CPU, slower or
faster CPU’s will give varying results. After plotting the computational time required for each
scale, a second order polynomial as shown in Fig.12, can be fitted through the three points. This
plot can help in selecting a proper scale to use for reducing computational time as needed. By
moving the scale from 1 to 2 it is possible to reduce the computational time by 60%.

Computational Time
250
200

Time (s)

200
y = 29x2 - 207x + 378
R² = 1

150

100

80

50
18

0
1

2
Scale

Figure 12: Graph of computational time with a fitted curve
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3

Additionally, these computational values can be used to determine the required
computational time to run a full genetic algorithm given the population size and number of
generations. One individual takes approximately the same amount of computational time as
shown in Table.2. Therefore, if a genetic algorithm is setup for a population size of 100 and runs
for 10 generations on scale 3, the genetic algorithm will take 1,000 times the single run time.
Therefore, the computational time required will be simply the product of 1,000 and 18s which is
18,000s or 300 mins or 5 hours. After the parameters of the inverse problem are well defined, the
parameters of the genetic algorithm must be defined to understand their effects.

4.2.

Genetic Algorithm Parameters

A genetic algorithm can be defined in many ways and can be customized and altered to
meet any determined requirements. Most genetic algorithms work in the same way and have the
same definition for many parameters. Properly defining the parameters used in this study will
allow for reproduction of the genetic algorithm. There are many parameters that can be altered
however, in this study only six parameters are presented. The initial population, selection
function, elitism, crossover, and mutation are the parameter presented. Firstly, a well-defined
initial population is important in having proper convergence to the optimum solution. The most
important factor that must be achieved by the initial population is a uniform distribution
throughout the domain. This will insure that some individuals are located near the optimum
solution and will allow evolution to the optimum solution. In this study selection of the initial
variables are uniformly and randomly distributed between the lower and upper bounds, which
helps to insure proper convergence. Secondly, the selection function specifies how the genetic
algorithm selects parents to be used for the next generation. Given this definition it is essential to
select a selection function that leads to the optimum solution. When it comes to selection
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functions there are many function that have both advantages and disadvantages depending on the
nature of the problem being solved. In this study a stochastic uniform selection function is used.
Elitism is defined as the number of elite individuals selected to be used in the next generation
without change. The elites are selected as the top individuals with the best fitness scores. The
number of elites is defined as a percentage of the total population size. In this study the elite
count is 5% of the total population which is a good rule of thumb to use in genetic algorithms.
Lastly, crossover and mutation parameters are defined. Crossover is defined as generating
children based on the traits of a pair of parents from the current population. This is done by
selecting a crossover fraction. The crossover fraction used is 0.8 which means 80% of the
leftover population after elitism are selected to be crossed over. The remaining population are
mutated. Mutated individuals are randomly changed to create a new single individual. Once all
parameters are defined the genetic algorithm uses the specified values to repeatedly create new
generations. The combined effect of these parameters leads to the optimum solution. Altering
these results affects the convergence rate as well as the success rate.

4.3.

Optimum Population Size and Number of Generations

The two most significant parameters that ultimately affects the genetic algorithm in terms
of finding the optimum solution are the population size and number of generations. The
population size is the number of individuals that the genetic algorithms uses in each generation.
The number of generations is defined as the number of times the genetic algorithm repeats the
selection process based on the previous generation. Given these definitions it can be clearly
understood that these parameters have a significant impact on the genetic algorithm. The
behavior of the genetic algorithm to changes in population size and number of generations can be
examined by plotting the fitness to the actual solution with a range of values for population size
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and number of generations. Such a plot is shown in Fig.13 for the case of 2 variables. The
fitness is calculated by determining how accurate the optimized solution is to the real solution;
values shown are normalized to unity.

Figure 13: Convergance graph of population size and number of generations for 2 variables

It is important to note that there is a general randomness in the use of genetic algorithms,
therefore the graph in Fig.13 does not follow a uniform trend. Additionally, due to this
randomness fitness values for the same number of generations and population size may vary if
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repeated. However, in general it can be observed that with a higher population size and number
of generations the fitness approaches zero, which is a perfect fit. By conducting this convergence
study a set of reliable values can be obtained for the population size and number of generations.
Figs.13, 14 and 15 show the convergence for the cases of 2, 3 and 4 variables respectively. The
area to the right of the line shown in Fig.13 represents the area where a near certain solution will
be found.

Figure 14: Convergance graph of population size and number of generations for 3 variables
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Any values on this line will result in the same computational time however it can be seen
that a larger population size is more beneficial than a higher number of generations. Therefore, it
can be said that the recommended values to be used in the case of 2 variables is a population size
of 200 and 8 generations.

Figure 15: Convergance graph of population size and number of generations for 4 variables

Similarly, for the case of 3 and 4 variables, as the population size and number of generations
increase the solution converges to the real solution. By examining the previous figures, the
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population size and the number of generations seems to increase by a factor of 10 for every
additional variable. This conclusion is logical, since every additional variable requires an
additional set of solution combinations that can be defined accurately only by increasing the
population size and number of generations. With these 3 graphs taken as data points approximate
values of the population size and number of variables can be extrapolated for 5 variables if
needed, where the fifth variable can be the rotation of the cavity.

5. Results
Solutions are obtained for each case of the inverse problem by running the genetic
algorithm with the desired parameters as defined by the user. At the end of the genetic algorithm
the optimized solution is given. When using values of population size and number of generations
that are adequate the solution is achieved with near certainty. Results are only shown for one
layout for each case. However, the problem can be modeled with any variations of size and
location of the cavity as defined earlier. Any variations of the size and location of the cavity
within the domain can be solved using the genetic algorithm presented in this study.

5.1.

Solution for Two Variables

In the case of 2 variables a solution is reached quickly in comparison to 3 and 4 variables.
The average time to achieve a solution for the case of 2 variables is 192 minutes. Due to its
simplicity the solution is highly reliable for the case of 2 variables. It can be seen in Fig.16 how
an exact solution is reached as the generations progress.
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Figure 16: Visual representation of the real, best, and mean values for 2 variables

5.2.

Solution for Three Variables

The average time to achieve a solution for the case of 3 variables is 853 minutes. It can
be seen in Fig.17 that for 3 variables the solution can take an elliptical shape which makes the
solution more complex.
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Figure 17: Visual representation of the real, best, and mean values for 3 variables

5.3.

Solution for Four Variables

The average time to achieve a solution for the case of 4 variables is 2,133 minutes. It can
be seen in Fig.18 that for 4 variables the solution can take an elliptical shape and can be located
anywhere in the domain which makes the solution even more complex.
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Figure 18: Visual representation of the real, best, and mean values for 4 variables

Figs.16 through 18 show the progression of the genetic algorithm in obtaining a solution.
Using an adequate population size a solution is always achieved by generation 20 as shown. It
can be seen that the average population for generation 1 in each case represents the average size
and location and is the same in all cases. Additionally, it can be seen that even for generation 1
the best individual is always near the real solution. This is due to the objective function setup.
Any individual near the real solution helps to minimize the residual function. The initial general
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location of the cavity can be quickly determined using the genetic algorithm however,
converging to the actual solution requires more computational time that increases with the
increase of variables being solved for.

6. Conclusion
This study shows that using genetic algorithms it is possible to accurately predict the size and
location of a cavity in a solid half-space by using the scattered ultrasonic fields generated by
DPSM. Solutions are obtained for 3 cases of unknown variables. The results of this study can be
used to solve the problem using experimental results and can be extended to 5 unknown
variables – the fifth unknown variable can be the orientation of the cavity. Additionally, finding
optimum values for population size and number of generations of the problem will help improve
both solution accuracy and computational time. The use of parallel computing will significantly
reduce the computational time required to reach a solution.
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