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Abstract—This paper describes the design and
implementation of a new safety risk evaluation method for
a sensor-based automotive collision warning system using
vehicle-to-vehicle (V2V) communication. The paper
provides an overview of the V2V basic safety message
(BSM) format and of surrogate measures of safety (SMS)
used to parameterize a vehicle encounter. BSM and SMS
are then employed to quantify risk of collision and risk of
false alerts. Preliminary simulations illustrate the
methodology in an example multi-sensor intersection
movement assist system.
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I. INTRODUCTION
In this paper, we derive a methodology to evaluate safety
risks in road vehicle encounters for a sensor-based collision
warning
system
using
vehicle-to-vehicle
(V2V)
communication. The call for certification and standardization
in automated vehicle technology is becoming increasingly
insistent [1]. In response, our approach uses two certifiable,
sensor-independent safety performance metrics, ‘integrity’ and
‘continuity’, which have been implemented in aviation
navigation applications with a proven safety record.
Automobile crashes remain one of the leading causes of
death in the United States. According to the 2015 traffic safety
facts of the National Highway Traffic Safety Administration
(NHTSA), the number of traffic fatalities in 2015 was 35,092
and the number of injuries was 2.44 million [2]. The annual
economic cost associated with these traffic crashes was
estimated to be approximately $230 billion, which was nearly
2.3% of the nation’s gross domestic product [3].
The U.S. Department of Transportation (DOT) has
estimated that V2V communication can address 82% of all
crashes in the United States [4]. V2V communication is an
automobile communication system that can be used to
effectively recognize collision situations earlier and more
accurately than human drivers. It relies on broadcast of
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position and velocity estimates (from GPS, inertial navigation
systems or INS, and other sensors) between nearby vehicles to
warn drivers about potential hazards. V2V communication
systems can use dedicated short-range communication
(DSRC), a technology designed to support a variety of
applications for vehicular communication. DSRC is a two-way
short to medium-range wireless communications capability that
permits very high data transmission, which is key in road
traffic applications [5]. As an alternative to DSRC, Long-Term
Evolution (LTE) signals may be used, and could offer even
greater capabilities [6].
The U.S. Federal Communications Commission (FCC) has
allocated 75 MHz of licensed spectrum in the 5.9 GHz band for
use by Intelligent Transportation Systems (ITS) vehicle safety
and mobility applications [5]. In addition, in the Society of
Automotive Engineers (SAE) J2735 Standard, the DSRC
committee specifies a set of messages and their formats to
support vehicle-based applications [7]. Of particular relevance
to this work is the basic safety message (BSM), which conveys
critical vehicle state information that includes vehicle position,
positional accuracy, speed, heading, braking status, and size.
V2V communications utilizing DSRC have an operational
range of about 300 meters [4]. Within this range, V2V
applications have the potential to significantly reduce
occurrences of crashes through real time advisories, alerting
drivers to imminent hazards. GPS and GPS/INS-based relative
positioning using V2V is subject to alteration and loss of GPS
signal. But unlike vehicle-resident sensors (e.g., cameras and
LiDARs), GPS/INS/V2V is not impacted by weather, light, or
dust, and can sense out-of-sight vehicles occluded behind other
vehicles or around building corners. This capability addresses
scenarios where an oncoming vehicle emerges from behind a
truck or from a blind alley. In those situations, GPS/INS /V2V
can sense threats that a radar or camera cannot.
There are three collision scenarios that NHTSA believes
can be mitigated by V2V, and could not be addressed by any
current, vehicle-resident sensor or camera-based system [4].
The first concept is the intersection movement assist (IMA).
IMA warns the driver of a vehicle when it is not safe to enter
an intersection due to the high probability of colliding with one

or more vehicles at both controlled intersections (where a
signal is present) and uncontrolled intersections (where only a
stop or yield sign is present). The second concept is the left
turn assist (LTA). LTA warns the driver of a vehicle, when
entering an intersection, not to turn left in front of another
vehicle traveling in the opposite direction. This is especially
critical when the driver’s line-of-sight is blocked by a vehicle
also making a left turn from the opposite direction. The third
concept is the emergency electronic brake light (EEBL). EEBL
enables a vehicle to warn its driver to brake in a situation
where another V2V-equipped vehicle decelerates quickly but
may not be directly in front of the warning vehicle. V2V would
allow the driver to “see through” vehicles or poor weather
conditions to know that traffic ahead may be coming to an
abrupt stop.
NHTSA indicates that the first two applications alone could
result in a 50% reduction in crashes, injuries, and fatalities
every year. Applied to the full national vehicle fleet for
scenarios that would benefit from IMA and LTA, this could
potentially eliminate 400,000 to 600,000 crashes, prevent
190,000 to 270,000 injuries and save 780 to 1,080 lives each
year once fully deployed [8]. This has motivated several
studies on collision alert using V2V [9-12].
This paper describes a new method to ensure the safety of
GPS/INS/V2V collision warning systems by quantifying
integrity and continuity. Integrity and continuity are
performance metrics used in commercial aviation navigation.
Integrity is a measure of trust in sensor information [15].
Continuity is the ability to complete a mission without
interruption and is impacted by false alerts [15]. This paper
uses analytical integrity and continuity evaluation methods to
derive collision sensor requirements, thereby providing safe
and timely collision warning alerts.
The next section of this paper presents the basic safety
message (BSM) and its content. The third section describes the
surrogate measures of safety. The fourth section outlines
additional trajectory parameters needed to model a vehicle’s
encounter. We consider the example application of IMA,
where two vehicles are approaching an intersection along
perpendicular directions. The fifth section describes integrity
and continuity risks. The integrity risk is defined as the
probability of hazardously misleading information (HMI),
whereas the continuity risk is defined as the probability of false
alerts (FAs). Performance is evaluated in the sixth section by
covariance analysis for example sensor specifications and
safety requirements found in recent publications. At this stage
of the research, we assume a preliminary constant-velocity
vehicle encounter model. The method presented in this work
provides the means to set collision system requirements to
meet alert thresholds while ensuring pre-defined integrity and
continuity risk requirements.

vehicle, namely its position, speed, heading, acceleration, and
brake system status. The BSM has two parts. Part I includes
critical state information that must be sent in every BSM. The
data structure for Part I emphasizes compactness and
efficiency, and contains 39 bytes. Part II is an optional area
where additional data elements and frames can be included. It
allows for the inclusion of some data types at a frequency less
than the overall BSM rate based upon events (e.g. ABS
activated), as well as the evolution in the definition of new
state information and new applications [7]. The BSM is
tailored for low latency, localized broadcast required by the
V2V safety applications. The contents of the BSM are listed in
Table 1.
In this paper, we will use the contents of the BSM as main
sources of information for the analysis. This includes vehicle
position, positioning accuracy, speed, and size. The SAE J2735
standard on BSM does not include any information on the
variance of measured vehicle speed, but SAE is currently
developing the SAE J2945 Minimum Performance
Requirements to specify data accuracy. Since measured speed
variance is a key parameter in our proposed method, we have
included it in our analysis.

TABLE I.

Item name and length
DSRC_MessageID
1 byte
MsgCount
1 byte
TemporaryID
4 bytes
DSecond
2 bytes
Latitude, Longitude
4 bytes each
Elevation
2 bytes
PositionalAccuracy
4 bytes
TransmissionAndSpeed
2 bytes
Heading
2 bytes
SteeringWheelAngle
1 byte
AccelerationSet4Way
7 bytes
BrakeSystemStatus
2 bytes

II. BASIC SAFETY MESSAGE
V2V implementations are built around the SAE
International J2735 Surface Vehicle Standard [7]. SAE J2735
currently specifies 15 message types. The Basic Safety
Message (BSM) is the most relevant for safety-critical
functions. It conveys state information about the broadcasting

OVERVIEW OF BASIC SAFETY MESSAGE CONTENTS [7]

VehicleSize
3 bytes

Description
The first element in every message, used by
the parser to determine how to parse the rest
of the message.
A sequence number, incremented with each
successive transmission, primarily used to
estimate packet error statistics.
A value chosen randomly and held constant
for a few minutes to help the receiver
correlate a stream from a given sender.
Current time.
Geographic latitude and longitude.
Position above or below sea level.
Conveys
the
one-standard-deviation
position error along both semi-major and
semi-minor axes, and the heading of the
semi-major axis.
3 bits encode vehicle transmission (gear),
13 bits convey unsigned vehicle speed.
Compass heading of vehicle’s motion.
Current position of the steering wheel.
Provides longitudinal acceleration, lateral
acceleration, vertical acceleration, and yaw
rate.
Conveys whether or not braking is active on
each of the four wheels, also conveys the
status of the following control systems:
Traction Control, Anti-Lock Brakes,
Stability Control, Brake Boost, and
Auxiliary Brakes.
Vehicle length and width

III. SURROGATE MEASURES OF SAFETY

• Initially Attempted Post-Encroachment Time
(IAPT): Time lapse between commencement of
encroachment by turning vehicle plus the expected time
for the through vehicle to reach the point of collision
and the completion time of encroachment by turning
vehicle.

The safety of traffic operations is typically measured by the
number of traffic accidents. However, this number can be
unreliable because data is scarce (the number of incidents at
intersections of interest can be statistically insignificant). For
these reasons, alternative approaches in traffic safety
evaluation have been pursued.
In 1967, General Motors (GM) developed the Traffic
Conflicts Technique (TCT) to test how GM compared with
other auto-makers in terms of car safety [16]. The procedure
involved systematically observing or qualifying evasive actions
such as sudden lane-changing or hard braking as a clue to
deduce critical situations [3]. According to TCT, such
measurement of accident potential is a suitable surrogate
measure for accidents, and can be used as an effective and
reliable safety metric in the evaluation of traffic operations,
without the need for the accumulation of historical accident
data.
TCT captured the attention of traffic safety researchers and
initiated multiple studies in the U.S. and overseas. The early
studies of traffic conflicts revealed the inherent inadequacies of
the original definition of conflicts, which led into several
alternate methods oriented toward more objective
measurements of conflicts [16]. These methods have ultimately
resulted in using surrogate measures, a concept adopted from
the medical industry, to measure safety. Tarko, Saunier, and
Sayed state that for a surrogate measure of safety (SMS) to be
useful for transportation safety applications, it should be based
on “an observable non-crash event that is physically related in
a predictable and reliable way to crashes” [17]. Over time, the
definition of a traffic conflict has been refined and an
internationally accepted definition of a traffic conflict has
become “an observable situation in which two or more road
users approach each other in space and time for such an extent
that there is a risk of collision if their movements remain
unchanged.” [18,19].
In 1978, Allen, Shin, and Cooper introduced several SMS
to define a traffic conflict [20,31]:
• Gap time (GT): Time lapse between completion of
encroachment by the offending (turning) vehicle and
the arrival time of the crossing vehicle if they continue
with the same speed and path.
• Encroachment Time (ET): Time duration which the
turning vehicle infringes upon the right-of-way of the
through vehicle.
• Deceleration Rate (DR): Rate at which the crossing
vehicle must decelerate to avoid a collision.

• Time to Collision (TTC): Expected time for two
vehicles to collide if they remain at their present speed
and on the same path.
The most widely used surrogate measure is the time to
collision (TTC) defined as “the time for two vehicles to collide
if they continue at their present speed and on the same path”
[21]. As defined, TTC is infinite if the vehicles are not on a
collision course. If the vehicles are on a collision course (i.e.,
they arrive at the conflict point at or near the same time), the
value of the TTC is finite and decreases with both time and/or
speed. Driver responses can prevent collisions, i.e., prevent
TTC from reaching zero, or uncomfortably small values.
Time-To-Collision has proven to be an effective measure
for rating the severity of traffic conflicts. Results of several
studies point to the direct use of TTC as a cue for decisionmaking in traffic [22]. For this reason, TTC will be used in the
methodology proposed in this paper. An important issue in
developing Collision Warning Systems (CWS) is defining the
proper warning strategy that warns the driver only when the
driver is really at danger and immediate action is required,
while minimizing the rate of false alarms (FA) that can become
a nuisance to the driver. In the next sections, we provide an
analytical evaluation method that takes into account both sides
of the equation to create a warning strategy provides safe
collision warning alerts, while also minimizing the FA rate.
IV. INTERSECTION MOVEMENT ASSIST
In this paper, we consider the Intersection Movement Assist
(IMA) scenario, one of the applications the NHTSA indicates
has the potential to significantly reduce crashes, injuries, and
fatalities. In the IMA scenario, the system warns the driver if it
is not safe to enter an intersection.
Figure 1 illustrates the intersection and the associated
parameters that we will use to define our scenario. The vehicle
traveling northward (up) is the host vehicle and the vehicle
traveling westward (right to left) is the intruder vehicle. The
space in which the vehicles’ respective lanes intersect is the
Common Spatial Zone (CSZ). The CSZ is defined as a square
area of side length H, the width of the road. The remaining
variables are defined as follows:

dh

: is the host vehicle’s distance to CSZ

• Proportion of Stopping Distance (PSD): Ratio of
distance available to maneuver to the distance
remaining to the projected location of collision.

di

: is the intruder vehicle’s distance to CSZ

vh , vi

: respectively are the host and intruder vehicle speeds

• Post-Encroachment Time (PET): Time lapse between
end of encroachment of turning vehicle and the time
that the through vehicle actually arrives at the potential
point of collision.

The variables d h , d i , vh , vi are the trajectory states.

Lh , Li : respectively are the host and intruder vehicle lengths

Using the definition of TTC, a hazard exists if the TTC is
below a pre-defined threshold, TTTC , set by the certification
authority (e.g. NHTSA). To differentiate risky encounters
from situations in which the driver remains safely in control, an
appropriate threshold or critical value TTTC must be defined.
Generally, TTC is related to the perception and reaction time of
the driver. However, in order to properly define the
TTTC threshold, the vehicle’s deceleration capabilities must also
be taken into account. Thus, the TTC threshold must allow the
driver sufficient time to perceive, process, and react to the
hazard, in addition to providing the vehicle sufficient time to
stop before colliding into the hazard, given a reasonable
deceleration rate. This is known as the stopping sight distance,
converted to a time based on the vehicle’s speed [25,33].
Section VI of this paper provides references and a rationale for
setting TTTC .
Fig. 1. Illustration of the Intersection Movement Assist Scenario

For the problem illustrated in Figure 1, there are two ways
to define TTC. First, if the host vehicle arrives at the CSZ first,
the TTC is defined in terms of the intruder vehicle’s position
and speed. Conversely, if the intruder vehicle arrives at the
CSZ first, the TTC is defined in terms of the host vehicle’s
position and speed. In both instances, the approaching vehicles
must be on a collision-course for TTC to be defined. In other
words, if the host vehicle arrives at the CSZ first, a conflict
(potential collision) is defined only if the intruder vehicle
arrives before the host vehicle’s full-length has cleared the
CSZ. Otherwise, the vehicles are merely on a crossing-course,
and not a collision-course [23]. In these cases, TTC is infinite.
The three cases can be summarized as follows:

Using the definition of TTC given in (1-3), a hazard is
defined if the following event occurs:

Hazard Exists ≡ τ h ≤ τ i ∩ τ i ≤ TTTC ∩ d E , h ≤ TE , h 

(5)

∪ τ i ≤ τ h ∩ τ h ≤ TTTC ∩ d E ,i ≤ TE ,i 
where:

τ h , τi

: are the times for the host and intruder vehicles to
reach the CSZ, respectively
dE,h , d E ,i : refer to the total encroachment distance for the host
and intruder, respectively
TE , h
: is the encroachment distance threshold when the host
reaches CSZ first: TE , h ≡ H + Lh

τ TTC =

di
vi

d h di
d + H + Lh
≤
≤ h
vh vi
vh

(1)

τ TTC =

dh
d
d
d + H + Li
if i ≤ h ≤ i
vh
vi
vh
vi

(2)

if

τ TTC = ∞ , otherwise

(3)

V. INTEGRITY AND CONTINUITY RISK
A. Integrity Risk
In aviation, integrity is defined as the trust that can be
placed in the correctness of information supplied by the system
[15]. Integrity risk is quantified as the probability that the
collision warning system provides hazardously misleading
information (HMI), which is an unacceptably large error
without a timely warning that the system cannot be trusted
[24]. In this problem, HMI occurs if the collision warning
system does not sense a hazard, when one exists:

PHMI = P ( Sense No Hazard | Hazard Exists )

(4)

TE ,i

: is the encroachment distance threshold when the
intruder reaches CSZ first: TE ,i ≡ H + Li

The variables TE ,h and TE ,i are the distances the encroaching
vehicle needs to clear before the other vehicle arrives. If the
encroachment distance ( dE , h or d E ,i ) is less than the width of
the road ( H ) plus the length of the encroaching vehicle ( L ),
then there will be a collision when the second vehicle arrives.
Mathematically, dE , h and d E ,i are described by the following
equations:

(

)

(6)

(

)

(7)

d E , h ≡ vhτ i − d h
d E ,i ≡ vi τ h − d i

Given that a hazard exists when the event in (5) occurs, the
collision warning system does not sense a hazard if the
following is true:

(

)

 τˆ ≤ τˆ ∩ τˆ > T ∪ dˆ > T  
i
i
TTC
E ,h
E,h 
  h
 
Sense No Hazard ≡ 
 (8)
 ∪ τˆi ≤ τˆh ∩ τˆh > TTTC ∪ dˆE ,i > TE ,i  

 


(

)

where the ‘hat’ symbols indicate estimates of
corresponding variables, e.g., τˆh is an estimate of τ h .

the

The four variables τˆh , τˆi , dˆE , h , and dˆE ,i are estimates of
the hazard states, which are functions of the trajectory states
we defined in Section IV. The trajectory states are obtained
from GPS/INS and speedometer sensor measurements as
explained in Appendix A. We use overbounding theory to
determine the uncertainty in τˆh , τˆi , dˆE , h , and dˆE ,i caused by

In order to meet this requirement, we can adjust the hazard
state thresholds by a multiple of the hazard state estimate error
standard deviations. By increasing the TTC threshold, we can
ensure that alerts are sent early enough. By increasing the
encroachment distance threshold, we can ensure, with
quantifiable probability, that one vehicle has cleared the CSZ
when the other reaches it. The following inequality must be
met:

(

For risk evaluation purposes, we can simplify the
expression in (8) by considering the following union of events,
which includes the event in (8):

 τˆ > T ∪ dˆ > T 

TTC
E ,h
E ,h 
 i

Sense No Hazard ⊃ 

 ∪ τˆh > TTTC ∪ dˆE ,i > TE ,i  




(9)

)

 P τˆi > TTTC + ki σ i | Hazard Exists

 + P dˆ > T + k σ | Hazard Exists
E ,h
E ,h
E ,h E ,h


 + P τˆh > TTTC + kh σ h | Hazard Exists

 + P dˆE ,i > TE ,i + kE ,iσ E ,i | Hazard Exists


measurement errors. Assuming the measurement errors can be
overbounded in their cumulative distribution functions (CDFs)
by Gaussian distributions, the hazard state estimates can also
be overbounded by Gaussian distributions [13,14,26]. Under
this assumption, the probability distributions of estimation
errors in τˆh , τˆi , dˆE , h , and dˆE ,i are known.

(
(

)

(

)

)





 ≤ I REQ (13)





where:

σ h , σ i :respectively are the hazard state estimate error
standard deviations on τˆh and τˆi
σ E , h , σ E ,i :respectively are the hazard state estimate error
standard deviations on dˆ and dˆ
E,h

E ,i

The integrity risk, or probability of HMI, PHMI , is defined
as:

and where kh , ki , k E .h , and k E ,i , ae integrity multipliers derived
below.

PHMI ≤ P ( Sense No Hazard | Hazard Exists )
(10)
with the inequality used because of the simplified expression in
(9) that ensures a bound on PHMI . Substituting (9) into (10), we
can express a bound on PHMI as:

The question becomes: how much should we increase the
hazard state thresholds? How large should the ‘kσ’ terms be?
In order to ensure that (13) is satisfied, we consider the ‘worstcase’ condition of Hazard Exists in (5). We want the worst
case in the sense that it maximizes PHMI because we want to

(

PHMI

)

 P τˆi > TTTC | Hazard Exists

 + P dˆ > T | Hazard Exists
E ,h
E ,h

≤
 + P τˆh > TTTC | Hazard Exists

 + P dˆE ,i > TE ,i | Hazard Exists


(
(

)

(

)

)











(11)

The bound in (11) remains valid even though the hazard state
estimates τˆh , τˆi , dˆE , h , and dˆE ,i are correlated. It is
conservative because, for example, when evaluating
[τˆh > TTTC ∪ dˆE ,i > TE ,i ] , the intersection of events is counted
twice, once in P(τˆh > TTTC ) , and once in P(dˆE ,i > TE ,i ) .

PHMI must meet a predefined integrity risk requirement
I REQ , which is defined as a function of the host and intruder
vehicles’ relative velocity as described in Appendix B. This is
expressed as:
PHMI ≤ I REQ

(12)

upper-bound PHMI . An optimistic lower-bound would not be
safe. The Hazard Exists condition is expressed in terms of
hazard states τ h , τ i , d E , h , and d E ,i , which, under the
Gaussian bounding assumption, correspond to the means of the
hazard state estimates τˆh , τˆi , dˆE , h , and dˆE ,i . At the limit of the
‘Hazard Exists’ condition, the hazard states reach their
respective thresholds. At this point, the mean values of τˆh , τˆi ,
dˆ , and dˆ are maximized, which maximizes P . Thus,
E,h

E ,i

HMI

the worst case is: τ h = TTTC , τ i = TTTC , d E , h = TE , h , and

d E ,i = TE ,i . Equation (13) can be rewritten as:

(

)

 P τˆi > TTTC + ki σ i | τ i = TTTC

 + P dˆ > T + k σ | d = T
E ,h
E,h
E,h E,h
E,h
E ,h


 + P τˆh > TTTC + kh σ h | τ h = TTTC

 + P dˆE ,i > TE ,i + kE ,iσ E ,i | d E ,i = TE ,i


(
(

(

)

)

)





 ≤ I REQ





(14)

In order to satisfy (14), it is sufficient to allocate the
integrity risk requirement I REQ evenly across the four terms in
the left-hand-side sum of probabilities. Therefore, we can
write:

(

)

To obtain closed-form expressions for the multipliers
kh , ki , k E .h , and k E ,i , we consider the equivalent inequalities:

(
P (εˆ
P (εˆ
P (εˆ

E ,h

P τˆi > TTTC + ki σ i | τ i = TTTC ≤ I REQ / 4

(

)

h

P dˆE ,h > TE ,h + kE ,hσ E ,h | d E , h = TE , h ≤ I REQ / 4

(

)

P τˆh > TTTC + kh σ h | τ h = TTTC ≤ I REQ / 4

(

(15)

)

P dˆE ,i > TE ,i + kE ,iσ E ,i | d E ,i = TE ,i ≤ I REQ / 4
Figure 2 provides a 2D illustration of the PHMI -bounding
process based on τˆ and dˆ . The concentric ellipses
h

E ,i

represent lines of constant joint probability, with tilted major
axes because the random variables τˆh and dˆE ,i are correlated.
They are centered at the threshold intersection, because this is
the worst case described in (14).
In this example, the vertical shaded area where
τˆh > TTTC + k h σ h shows the region where collision warning
system believes that the host vehicle has sufficient time to
prevent a collision. The probability of being in the horizontal
shaded area where dˆ > T + k σ represents the risk of
E ,i

E ,i

E ,i

)

P εˆi > ki σ i ≤ I REQ / 4

E ,i

the host vehicle sensing that the encroaching intruder vehicle
has cleared the common spatial zone. The union of these two
areas is PHMI . The expression provided in (11) double counts
the upper right quadrant, thus providing an upper bound on
PHMI . A graphical representation for a similar approach to deal
with state estimate correlation is provided in [27,28] for
Unmanned Aircraft System (UAS) Sense and Avoid (SAA)
missions.

)

> kE , hσ E , h ≤ I REQ / 4

)

> kh σ h ≤ I REQ / 4

E ,i

(16)

)

> kE ,iσ E ,i ≤ I REQ / 4

where we defined: εˆi ≡ τˆi − τ i , and under the corresponding
condition in (15), we have: εˆi ≡ τˆi − TTTC . The hazard state
estimation error εˆi is normally distributed with zero mean and
εˆi ~ N (0, σ i2 ) .
variance σ i2 . We use the notation:
Similarly, we define εˆh , εˆE , h , εˆi , and εˆE ,i as:

εˆh ≡ τˆh − τ h = τˆh − TTTC ~ N (0, σ h2 )
εˆE , h ≡ dˆE ,h − d E , h = dˆE ,h − TE , h ~ N (0, σ E2 ,h )
εˆi ≡ τˆi − τ i = τˆi − TTTC ~ N (0, σ i2 )

(17)

εˆE ,i ≡ dˆE ,i − d E ,i = dˆE ,i − TE ,i ~ N (0, σ E2 ,i )
The integrity multipliers can then be derived from (16)
using the following equations:

Q ( kh ) = Q ( ki ) = Q ( k E , h ) = Q ( k E ,i ) = I REQ / 4

(18)

where Q ( ) is the tail probability of the standard normal
distribution with zero mean and unit variance:

Q ( x) =

1
 x 
1 − erf 

2
 2 

(19)

An equivalent expression for the multipliers is given by:

k h = ki = k E , h = k E ,i = Q −1 ( I REQ / 4 )
where Q −1 (

(20)

) is the inverse tail probability distribution.

In summary, we have derived a conservative, easy-toimplement method to guarantee an upper-bound on PHMI . The
adjusted thresholds of the form ‘T + kσ’ in (15) guarantee that
I REQ is achieved. These thresholds can be implemented in
simulations to derive sensor requirements, and can be
implemented in operation to determine the last time instance
when it is still safe to send an alert to the driver. Beyond that
point, automated braking may be required.
Fig. 2. Graphical Representation of Conservative Bound on PHMI

B. Continuity Risk
Continuity can be defined as the ability of the total system
to perform its function without unscheduled interruptions [15].
The major contributor to continuity risk is the probability of
false (or early) alerts. A false alert (FA) can be defined as the
probability of the system sensing a hazard when a hazard does
not exist:

PFA = P ( Sense Hazard | No Hazard Exists )

(21)

Using a similar formulation as HMI, a hazard does not exist
if:

(
∩ (τ

)

No Hazard Exists ≡ τ h ≤ τ i ∩ τ i > FTTC ∪ d E , h > TE , h 


∪ τ i ≤ τ h


h

)

> FTTC ∪ d E ,i > TE ,i 


(22)

where FTTC is the TTC non-hazard threshold set by the
certification authority (NHTSA). The non-hazard threshold is
defined as the point away from the conflict zone beyond which
an alert does not contribute to the safety of the vehicle/driver,
but acts as a nuisance. Alerts must not be late, but they should
not be too early either, or there is a risk of traffic disturbance.
FTTC is defined based on driver reaction time, and on a
minimum deceleration rate ( FTTC setting is further discussed in
Section VI).
The collision warning system may start sending alerts if it is
in a hazard zone, i.e., out of the no-hazard zone. This can be
expressed in terms of hazard state estimates as:

 τˆ ≤ τˆ ∩ τˆ ≤ F ∩ dˆ ≤ T 

i
i
TTC
E ,h
E ,h

 h
 (23)
Sense Hazard ≡ 

ˆ
 ∪ τˆi ≤ τˆh ∩ τˆh ≤ FTTC ∩ d E ,i ≤ TE ,i  




We again simplify this expression by considering the
following union of events, which includes the event in (23):

 τˆ ≤ F ∩ dˆ ≤ T 

TTC
E,h
E,h 
 i

Sense Hazard ⊃ 

 ∪ τˆh ≤ FTTC ∩ dˆE ,i ≤ TE ,i  




(24)

Following a procedure similar to the one in the previous
section for HMI, we can express a bound on PFA as:

(

(

)

)

 P τˆ ≤ F | NHE + P dˆ ≤ T | NHE 
i
TTC
E,h
E ,h




2
PFA ≤ 
(25)

 P τˆh ≤ FTTC | NHE + P dˆE ,i ≤ TE ,i | NHE 
+

2


where NHE ≡ No Hazard Exists . The probability of the

(

)

(

)

intersection of events [τˆi ≤ FTTC ∩ dˆE , h ≤ TE , h ] in (24) is
counted twice in P(τˆi ≤ FTTC | NHE ) + P (dˆE , h ≤ TE , h | NHE ) ,
hence the factor 1/2 in (25). An excess probability causes the
bound to be conservative, but will provide practical closed
form expressions in PFA evaluation. The excess probability
caused by the first two terms of the sum of four probabilities in
(25) is:

ˆ
1  P(τˆi ≤ FTTC | NHE ) + P (d E , h ≤ TE , h | NHE ) 


ˆ ≤ T | NHE ) 
2
ˆ
(
P
τ
F
d
−
≤
∩
i
TTC
E
,
h
E
,
h



(26)

Then, adjusting the hazard thresholds by a multiple of the
hazard state estimate error standard deviations, and allocating
the continuity risk requirement CREQ equally to the four terms
on the right-hand-side of (25), the continuity risk criterion is
given by the following inequalities:

(

)

P τˆi ≤ FTTC + li σ i | τ i = FTTC ≤ CREQ / 2

(

)

P dˆE ,h ≤ TE , h + lE ,hσ E ,h | d E ,h = TE ,h ≤ CREQ / 2

(

)

P τˆh ≤ FTTC + lh σ h | τ h = FTTC ≤ CREQ / 2

(

(27)

)

P dˆE ,i ≤ TE ,i + lE ,iσ E ,i | d E ,i = TE ,i ≤ CREQ / 2
Finally, using this even allocation, the four continuity risk
multipliers are given by:

lh = li = lE , h = lE ,i = Q −1 ( CREQ / 2 )

(28)

These continuity risk multipliers can be used to determine an
early alert boundary, which takes into account measurement
errors, and within which the PFA requirement ( CREQ ) is
satisfied.
Similar to Figure 2, we use a simple 2D example to
illustrate the expression given in (25), as shown in Figure 3. In
this example, the vertical shaded area where τˆh ≤ FTTC + lh σ h
shows the region where collision warning system believes that
it is time for the host vehicle to send an alert. The horizontal
represents the region
shaded area where dˆ ≤ T + l σ
E ,i

E ,i

E ,i

E ,i

where the encroaching vehicle (in this case, the intruder) has
not yet cleared the common spatial zone. The intersection of
these two areas is PFA . The expression provided in (25)
accounts for excess probability in addition to the intersecting
area, thus providing an upper bound on PFA .

‘T + kσ’ from (14) and (27), converge until they overlap. For
this particular example, the maximum GPS position
measurement uncertainty that the collision warning system can
tolerate is about 4.7 m. At this critical value, the alert zone
disappears and the collision warning system is not able to issue
an alert to the vehicle/driver without violating either the
integrity or the continuity risk requirements.
Similarly, the sensitivity on speed measurement uncertainty
was analyzed. The position measurement uncertainty is set to
σ p = 1 m and the speed measurement uncertainty is varied
from 0 to 2 m/s, Figure 5 shows a similar plot for speed. For
this particular example, the maximum speed measurement
uncertainty that the collision warning system can tolerate is
about 0.56 m/s. At this critical value, the alert zone disappears
and the collision warning system is not able to issue an alert to
the vehicle/driver without violating either the integrity or the
continuity risk requirements.
Fig. 3. Graphical Representation of Conservative Bound on PFA

In summary, our proposed method defines a safe alert zone
between the early alert threshold ( FTTC + li σ i ) and the late
alert threshold ( TTTC + ki σ i ). It is in this zone that the collision
warning system can issue a warning to the vehicle that satisfies
both the integrity risk and continuity risk requirements.
VI. PERFORMANCE ANALYSIS FOR AN EXAMPLE APPLICATION
This analysis assumes a two-dimensional, constant-velocity
scenario. The initial conditions are as follows:

vh = 20 m / s (45 miles per hour)
vi = 25 m / s (56 miles per hour)
The integrity risk requirement is defined as in Appendix B.
It is a function of the relative velocity, which in this case,
relates to an integrity risk requirement of 10-9. The continuity
risk requirement is set to 10-5. The speed measurement
uncertainty is set to σ v = 0.1m / s based on an assumed
speedometer uncertainty, and the position measurement
uncertainty is varied from 0 to 20 m. The early and late alert
thresholds are calculated using driver reaction times and
vehicle deceleration times. Four recent studies have shown
maximum perception-reaction times of 1.9 seconds for an 85th
percentile time [32]. The early alert threshold is found by using
a deceleration rate of 0.34 g’s (the nominal deceleration level
described in [25]) and a reaction time of 2 seconds. The late
alert threshold, on the other hand, is calculated using a
deceleration rate of 0.68 g’s (defined as emergency braking in
[32] or twice the nominal value) and a reaction time of 1
second. The results are shown in Figure 4.
Figure 4 shows the early alert and late alert thresholds in
blue and red, respectively. It also shows the adjusted thresholds
for the hazard state τ h . As we vary the GPS position
measurement uncertainty, the adjusted thresholds of the form

Fig. 4. Safe Alert Zone vs. GPS Position Uncertainty

Fig. 5. Safe Alert Zone vs. Speedometer Uncertainty

x :is the a priori estimate of the trajectory states

VII. CONCLUSION
Vehicle-to-vehicle communication (V2V) technology can
be used to increase the safety of road vehicles and reduce
collisions and injuries. In this paper, we derived and evaluated
a new method for determining safety-based early and late alert
thresholds for a V2V collision warning system in Intersection
Movement Assist (IMA). The method was implemented in an
example simulation to set sensor requirements, which ensured
that pre-defined integrity and continuity risk specifications
could be achieved.
APPENDIX A: HAZARD STATES
The hazard states τ h , τ i , dE , h , d E ,i can be derived from the
trajectory states as follows:

dh
vh

(29)

d
τi = i
vi

(30)

τh =

(

)

(31)

(

)

(32)

d E , h ≡ vhτ i − d h
d E ,i ≡ vi τ h − d i

The τ h estimate error variance σ h2 can be determined using
the following equation:
σ h2 = aτT PˆN aτ
(38)
h

h

APPENDIX B: INTEGRITY RISK REQUIREMENT
In [29,30], the relationship between vehicle speed and
injury severity is analyzed for seat-belted car drivers in
collisions with other cars. The data shows that for frontal
impacts 50% of slight injuries occur at 15 mph, 50% of serious
injuries occur at 25 mph, and 50% of fatal injuries occur at 35
mph. For side impacts, the numbers are the following: 50% of
slight injuries occur at 7 mph, 50% of serious injuries occur at
15 mph, and 50% of fatal injuries occur at 25 mph.
In parallel, reference [29] classifies system failures (minor,
major, catastrophic) in terms of their effects on vehicle
occupants (discomfort, injuries, fatalities), and provides
corresponding risk requirements (10-3 to 10-5, 10-5 to 10-7, 10-7
to 10-9). Using this information, we defined preliminary
integrity requirements, which varies with relative vehicle
speed, as shown in Figure 6.

To get the hazard state estimates xˆ N and its covariance
matrix Pˆ , a weighted least squares estimator is used:
N

(

xˆn = H NT VN−1 H N

)

−1

H NT VN−1 zN

(

PˆN = H NT VN−1 H N

)

−1

(33)

(34)

where our measurement vector z N consists of GPS-based
position measurements and speedometer-based velocity
measurements. Our batch observation matrix and batch
measurement error covariance matrix will be of the following
form:

 I 3 x3
03 x3 


HN =  


I

 3 x3 nΔt I3 x3 
V0

VN =  
0


(35)

 0

 
 Vn 

Fig. 6. Example Integrity Risk Requirement as a Function of Vehicle
Relative Speed
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