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A numerical study is carried out to find the experimental
conditions necessary for the eigen-value calibration
procedure to work correctly in a liquid-crystal variable
retarder based Mueller-matrix polarimeter. Using the
error between the simulated experimental Mueller
matrix in a polarimeter with errors and the expected
ideal Mueller matrices for 4 calibration samples, the
maximum experimental errors are estimated for a
succesful eigen-value calibration. It is found that the
retarder axes orientations have smaller permitted errors
than the retardation values. © 2018 Optical Society of
America
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Optical Mueller-matrixpolarimetry techniques have advanced
rapidly in recent years[1-11]. In particular, optimized polarimeters
are now designed and implemented, and calibration techniques
are used to reduce the effects of systematic errors and random
noise in the final Mueller matrix. In this paper we study the limits
of applicability of the eigenvalue calibration procedure introduced
by Compain and coworkers[12-14]. This method has been found
to be a very robust and reliable calibration procedure [13, 14],
although many different calibration methods have been proposed
(for example [15] and the references therein). Obviously, if the
original measured data is very noisy, no calibration procedure will
work correctly, so here we find the limits of systematic
experimental errors in the polarimeter, and the random noise in
the intensity measurements for which the eigenvalue calibration
procedure may not work.

A typical experimental setup for a Mueller-matrix polarimeter
using liquid-crystal variable retarders (LCVRs) is shown in Figure
1. The important parameters in the polarimeter are the four
retardance values of the LCVRs (8, 8, 83, 8,), and the directions

of the retarder axes (6, 85, 85, 8,,), where the sub-index refers to
the retarder number. Varying the parameters of the polarimeter,
the Stokes vectors incident on the sample, and detected leaving the
sample can be varied. To calculate the 16 elements of the Mueller
matrix at least 16 combinations of the incident and detected Stokes
vector are required, and this can be achieved by using a
combination of four incident and four detected Stokes vectors. In
this case, the matrix formed by the four incident Stokes vectors is
the characteristic matrix CPS¢ of the Polarization State Generator
(PSG, formed by P;, R; and R, in Figure 1) and the matrix formed
by the four detected Stokes vectors is the characteristic matrix
CPS4 of the Polarization State Analyzer (PSA, formed by R3, R,
and P, in Figure 1) [2]:

CPSG = (ginc1  ginc2 gincN) (D)

SdetN ) (2)

where N is the number of different Stokes vectors used in the PSG
and the PSA. Tyo [11] showed that it is possible to optimize a
Mueller-matrix polarimeter by making the condition numbers (the
ratio of the largest singular value divided by the smallest singular
value), of the characteristic matrices of the PSG and the PSA as
small as possible. Tyo showed that, for the reconstruction of the
Mueller matrix, the minimum condition number is equal to
V3 =1.7321 for CPS¢ and CP54.

Finding the minimum condition numbers for the many different
possible configurations of a polarimeter gives many possible
parameter combinations, but one solution, found and used by
DeMartino and coworkers [6], and Smith and coworkers [7] is the
set of parameters:
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where the subindex indicates which retarder the axis position
refers to, and the retardance values used in the PSG and the PSA
are given by the following sequence with A;= 135° and
A,= 315°:



(61,87,83,84) = (A1,81,41,41), (A1, 41,01, 82),

(A1, A1, 82, A1), (81,41, 82, 87), (A1, B, Ay, Ay),
(A1,02,41,82), (A1, 82,82, 01), (A1, 82,82, 8y),
(82,41,41,41), (82,41, 81, A7), (A2, A1, B2, Aq),
(82,41, 82,87), (A2, 82,1, 01), (A2, A2, A1, 7)),
(A2,82,82,41), (A2, 82,42, 1) @)
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Figure 1: Experimental setup for a Mueller-matrix polarimeter. The
angles associated with each component refer to the relative angle of

the optical axis of that component with respect to the horizontal plane.

In this paper, we perform a numerical simulation of the
polarimeter considering an experimental setup that can
have systematic errors in the experimental polarimeter
parameters. It is assumed that the errors in the PSG and PSA
are the same so that both sections of the polarimeter have
the same condition number. These errors mean that the
condition numbers of the experimental polarimeter are not
optimized, and we can study the behavior of the system as
the systematic experimental errors change. We also include
random errors in the measurement of the experimental
intensities; these errors vary from a minimum of 0.5% to a
maximum of 5% of Additive White Gaussian Noise. The
experimental intensities are simulated for the four calibration
samples suggested by de Martino et al. (air (no sample),
horizontal polarizer, vertical polarizer and quarter-wave
retarder with its fast axis at 30° to the horizontal) [6], for the
Compain et al. eigenvalue calibration process [12]. Note that in
practice the Mueller matrices of the measured calibration
samples can be averaged over various matrices to reduce
the noise. This was not done in our simulation. The Mueller
matrices of these samples are calculated from the intensity
measurements using the method described by Chipman [2],
assuming an ideal polarimeter without errors. Finally, the
eigenvalue calibration procedure introduced by Compain
and coworkers is used to reduce the errors in the final
Mueller matrices. The Compain method finds the
experimental Mueller matrices describing the polarimeter
through a mapping of the experimental and theoretical
Mueller matrices for these calibration samples. The
polarimeter system matrices are then found by finding the
eigenvector associated with the smallest eigenvalue of this
mapping [12]. In the results presented in this paper we used
a range of +20° in each of the parameters of the polarimeter
(two axes angles and two retardance values), with a step of
2°, giving a total of 21* = 194481 sample points for each
case studied. The equations were programmed in MatLab

and took approximately 2 hours to run for each value of the
measurement error on a computer working at 3.4GHz.
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Figure 2: The total rms error for the case of 1.5% measurement error,

before the eigenvalue calibration (top) and after the eigenvalue
calibration (bottom), versus the condition number of the polarimeter.

The errors in the Mueller matrices calculated in the simulation
were found using the total rms difference between the known,
correct calibration sample Mueller matrices, and the calculated
matrices, both before and after the calibration procedure, to find
the effect of this process. The total rms error is calculated using:

2
_1 4 4 4 s theoryS
rms = a\/ZNﬂ Yic1 21 (MijN - My ) ®

where Mf]- are the ij components of the simulated Mueller matrix
including the errors in the polarimeter parameters and the noise in
the measured intensity, and M L.t;leory $ are the ij components of the

theoretically expected Mueller matrix for the known calibration
sample. The subindex N in this case indicates the matrices for each
of the four calibration samples.

Figure 2 shows an example of the total rms error values as a
function of the condition number of the polarimeter, both before
and after the calibration process, for a random measurement error
of 1.5%. Each point represents the total rms error for a particular
configuration of the experimental polarimeter parameters. It can
be seen that in both cases, as the condition number increases the
polarimeter becomes more unstable with larger total rms errors,
and also that the calibration process reduces the spread of the total
rms error for low condition numbers but increases the spread for
larger condition numbers. In fact, for larger condition numbers the
calibration algorithm can fail, and give no solution, for some cases.
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Figure 3: The difference in rms error before and after the eigenvalue
calibration for a measurement error of 0.5% (top), 1.5% (middle) and
5% (bottom). The diagonal gray lines mark lines of slope 1 (perfect
correction by the calibration), and the vertical lines mark the estimated
limits of good correction by the calibration method. The thick gray
curves show the percentage (right y-axis) of the cases for which the
calibration fails for each value of the rms error before the calibration.

The effect of the calibration procedure can be taken into account
by calculating the difference between the total rms error before
and after the calibration for each polarimeter configuration:

Drms = TMSpefore — TMSqfter (7)

If this difference is zero then the calibration has no effect, if it is
positive, then the calibration has reduced the error in the final
results, and if it is negative, then the calibration has increased the
error and has not worked.

In Figure 3 we present the results of the difference parameter
given by equation (7) as a function of the total rms error in the
uncalibrated results, for the cases of a random error in the
measurement of the detected intensity of 0.5%, 1.5% and 5%. It
can be seen that for a random measurement error of 0.5% and for
small errors in the uncalibrated data, the eigenvalue calibration
procedure corrects the results completely (the points lie on the line
of slope 1 in the graph). For a measurement error of 5%, it can be
seen that the data points are slightly separated from the line of
slope 1, indicating that no data is perfectly corrected for this case.
In general, as the random measurement error increases or as the

total rms error increases in the uncalibrated data, the calibration
results become more unstable. The concentration of points on a
horizontal line for a value of the difference parameter equal to zero
corresponds to the cases when the calibration algorithm used fails
and gives no solution. It can also be seen that, as the random
measurement error increases, the percentage of cases for which
the calibration method fails, increases more rapidly.
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Figure 4: The difference in rms error before and after the eigenvalue
calibration for a measurement error of 0.5% (top), 1.5% (middle) and
5% (bottom). The vertical lines mark the estimated limits of good
correction by the calibration method. The thick gray curves show the
percentage (right y-axis) of the cases for which the calibration fails.

In Figure 4 we graph the same data, but now as a function of the
polarimeter condition number, which is more directly related to
the errors in the experimental polarimeter configuration, for the
same random measurement errors as in Figure 3. Again, as the
condition number increases or as the random measurement error
increases, the calibration procedure becomes more unstable.

One aspect that is particularly interesting in Figures 3 and 4 is that
for the measurement errors of 5%, the calibration procedure is
unstable for all the results presented here, except for the optimized

polarimeter, with no errors (condition number equal tov/3 for the



PSG and the PSA). It can be seen that there are rms difference
values (equation 7) that are negative for almost the full range of
total rms error in the uncalibrated data, and for almost the full
range of polarimeter condition number. Whether the calibration
works or not depends on the particular polarimeter configuration.

Limiting Condition Number

% measurement error

Figure 5: The variation of the limiting condition number of the
polarimeter for varying levels of measurement error. The open
squares are the numerical results, the solid line is a linear fit to this
data, and the dotted horizontal line is the ideal condition number.

that the simulation performed in this paper is limited in the sense
that the errors in the experimental setup are assumed to be
systematic only, and there is no random component. Also the pairs
of retardances and retarder axes angles have the same error,
which probably would not occur in practice; however the results
found here give a first approximation to the behaviour of real
systems and show the limits of the eigenvalue calibration method.
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Figure 6: The variation of the standard deviations of the parameter
errors for the polarimeter for varying levels of measurement error.

Figure 5 shows the estimated limiting value of the condition
number for which the calibration process always works for the
different measurement errors considered. This is obtained from
the graphs of Figure 4 by estimating the condition number value at
which the negative values of Drms become more than 0% of the
total number of cases, and the values are shown in figure 4 by the
vertical gray lines. It can be seen that, as expected, the polarimeter
has to be closer to optimized for larger random measurement
errors. The linear fit to the numerical data gives the equation:

LimitCondNum = (—0.60 £ 0.05)RanErr + (5.35+0.15) (&)

with an R? value of 0.95. Of course, for smaller values of the
random measurement error, the limiting values of the condition
number tend to be much higher than this linear fit suggests (in fact,
with perfect measurement, or 0% random measurement error, the
calibration process always works), but equation (8) and Figure 5
give an estimation of how well the polarimeter has to be aligned
for many practical situations.

Finally, Figure 6 shows the permitted values of the errors in the
polarimeter configuration to obtain the limiting condition
numbers in Figure 5. These values were obtained by analyzing the
data for all of the polarimeter configurations in the simulation with
condition number between the minimum value and the desired
limiting condition number. The values plotted in the figure are the
standard deviations of a Gaussian fit to the parameter values for
each condition number. From the data, it can be seen that it is more
important to control the retarder axes than the retardance values
to ensure a good final result. It can also be seen that the permitted
errors are rather large, of the order of a few degrees or more,
depending on the polarimeter parameter, which indicates the
stability and robustness of the Compain calibration procedure. It is
also interesting that the results shown here indicate that there are
limits on the eigenvalue calibration method, and support the need
for alternative calibration methods [15]. It is important to point out
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