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INVESTIGATION IN THE CONCENTRATION OF VOLUME
PHENOMENON

JOHNNY YANG; ADVISOR: DR. MICHAEL GILBERT

Abstract. Geometry in very high dimensions is full of surprises, many of the prop-
erties of high dimensional geometric objects could contradict with our intuition in 3-D
Euclidian Space. The volume concentration phenomenon can easily be shown by the
use of Lebesgue’s measure and probabilistic measure. Both measures can be useful in
different scenarios. In this paper, we provide an introduction to Convex Geometry in
high dimensions and discuss the idea of using probabilistic measure. We will then give
example to visualize them. We will start with direct proof of the volume concentration
of n-ball by using Gaussian integration. We will provide a proof for the Isoperimetric
Inequality by proving the Brunn-Minkowski’s Inequality using Prekopa-Leindler’s In-
equality. Then, we will investigate 1-Lipschitz function on n-Sphere, where we would
find the volume concentration of a flat function on a sphere. Finally, we will show the
volume concentration of a sphere on its equator by using a probabilistic arguments,
where we can show that the mass of a n-Sphere is distributed normally along any axis.

1. Introduction and Notation

The characteristics of high dimensional objects, such as spheres and balls, are com-
monly used in broad range of fields, such as mathematical physics, statistical mechanics
and quantum theory. In High Dimensional objects, it is often difficult to apply lebesgue’s
measure on parts of the object directly, but it is often easy to construct a probabilistic
measure and random vectors and show its distribution. So that we can understand the
object in a more detailed manner.

In this paper, we will define the summation of sets as Minkowski Addition, denote
as ⊕, where A ⊕ B = {x|x = a + b, st, a ∈ A, b ∈ B}. Define λA = {x|x = λa, a ∈ A}
and let µ be the measure of the set. Let A ⊂ Rn, define the boundary of A to be ∂(A),
and define the measure of the boundary to be Minkowski boundary measure, that is

µ(∂(A)) = lim→0
µ(A⊕Bn())−µ(A)


.

We denote the n-dimensional ball and sphere with radius a as Bn(a) and Sn−1(a)
respectively. We also denote the volume of them as µ(Bn(a)) and µ(Sn−1(a))

2. Volume of n-ball and n− 1 sphere

There many ways of finding the volume of a n-ball. Here, we will provide the
Gaussian Integration method.

Consider

Rn e

−
n

i=1 x
2
i /2dxi...dxn =

n
i=1(


R e

−x2
i /2)dxi = (2π)

n
2

2
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Notice that

Rn e

−
n

i=1 x
2
i /2dxi...dxn =

∞
0


Sn−1(r)

e−
r2

2 dSdr

Thus we have µ(Sn−1(r)) = 2π
n
2

Γ(n
2
)
rn−1. By integrating the surface area of the sphere,

we get the volume of a n-ball is µ(Bn(r)) = π
n
2

Γ(n
2
+1)

rn . Also if we set r = 1, by the

Stirling’s formula for Gamma function, we can see that the volume of a unit ball tends
to 0 as n → ∞.

Theorem 2.1. For any arbitrarily small a there exists b ∈ R greater than 0, and N ∈ N
that is big enough, such that (1−a)% of the volume of the n-ball with radius r is contained
in the Bn(r)\Bn(r − b) for all n > N .

Proof. The ratio of the volume of the shell and the volume of the ball is the following:

µ(Bn(r))−µ(Bn(r−b))
µ(Bn(r))

= 1− (1−b
r
)n.

Now, it comes obvious that when n is large, then given positive arbitrarily small
value of a, (1−b

r
)n < a for all n is large. □

Thus, when the dimension n is large, nearly the entire volume of the ball will
be included very near the boundary of the ball. Also, if we take a probabilistic view
by assuming the point x ∈ Bn(a) is distributed uniformly on the n-ball. Then the
probability that the point is in the outer shell Bn(a)\Bn(a−) is the ratio of the volumes,
Bn(a)\Bn(a−)

Bn(a)
. Thus, by above calculation we find that if we choose a point uniformly inside

of a n-ball, if n is large, with near 100% that the point would appear in the outer shell
with arbitrary thinness. Therefore, we conclude the following:

Theorem 2.2. The volume of a n-ball is concentrated near the shell of the ball when the
dimension n is large.

Figure 1. The figure shows the generated distribution of the distant from
the center of a random vector uniformly distributed in R10. Where the
distribution of distance is concentrated on the range from 0.9 to 1.
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3. Brunn-Minkowski’s Inequality

Before we dive into the geometry, let us take a look at the analysis part. In this
section, we will present the proof for the Brunn-Minkowski’s Inequality by the Prekopa-
Leindler’s Inequality. We will first show the 1-dimension Brunn-Minkowski’s Inequality
for an intuitive understanding.

Theorem 3.1. Brunn-Minkowski Inequality in R:
Let λ ∈ R, 0 < λ < 1 and let X, Y be non-empty bounded and measurable sets in R such
that (1− λ)X ⊕ λY is also measurable, Then:

µ(X ⊕ Y ) ≥ (1− λ)µ(X) + λµ(Y )

Proof. Suppose WLOG, X, Y are compact. First consider µ(X ⊕Y ). Let X ∩Y = ∅ and
we define C to be X ⊕ Y .

In this proof, we will find two disjoint subset of the sum whose sum of the measure
is no less than the sum of the measure of the two original sets. X̄ = {inf(Y )} ⊕X and
Ȳ = {{sup(X)}⊕ Y }. Observe that µ(Ȳ ) = µ(Y ), µ(X̄) = µ(X).

Notice that those two sets have only one point in common, meaning that sup(Ȳ ) =
inf(X̄) = sup(X) + inf(Y ), which implies that µ(X̄ ∩ Ȳ ) = 0. Since µ(X̄ ∪ Ȳ ) =
µ(x̄) + µ(Ȳ )− µ(X̄ ∩ Ȳ ) Therefore, the measure of the sum is the sum of the measures,
therefore, the following inequality would hold true: µ(Ȳ ∪ X̄) ≥ µ(Y ) + µ(X). Since
X̄ ∪ Ȳ ⊂ C, thus we have the one-dimensional Brunn-Minkowski Inequality, in which

µ(X ⊕ Y ) ≥ µ(X) + µ(Y )

As we desire. □

Now, we will present the proof for the General Brunn-Minkowski’s Inequality by
using Prekopa-Leindler Inequality. A more detailed proof can be found in [1] and [2].

Theorem 3.2. The Prekopa-Leindler Inequality: Let 0 < λ < 1 and f, g, h be Non-
negative, Riemann intergralble functions on Rn satisfy: h((1−λ)x+λy)) ≥ [f(x)]1−λ[g(y)]λ

∀x, y ∈ Rn, then the following is also true:


Rn h(x)dx ≥ [


Rn f(x)dx]

1−λ[

Rn g(x)dx]

λ

One observation is that if the inequality is true in both Rn and Rm, then it is also
true in Rn+m. Therefore, it is natural to prove the theorem by induction. In the proof
we present, we will first prove the Prekopa-leindler Inequality in the Reals, and prove the
general case use induction. The complete proof can be found in [2].

Proof. Prekopa-Leindler Inequality in the Reals

Let f, g, h : R → R be non-negative functions satisfy: h(x) ≥ [f(x)]1−λ[g(x)]λ. We
assuming sup(f(x)) = sup(g(x)) = 1.

Let t > 0. Then f(x) ≥ t and g(x) ≥ t would imply h(x) ≥ t
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Let L(f, t) = {x|f(x) ≥ t} be the level set of the function f .

let x = (1− λ)x1 + λx2 where x1 ∈ L(f, t), x2 ∈ L(g, t)

we have h(x) = h((1− λ)x1 + λx2) ≥ f(x1)
1−λg(x2)

λ ≥ t

Thus, L(h, t) ⊃ (1− λ)L(f, t)⊕ λL(g, t)

By Fubini’s Theorem,

R f(x)dx =


R

 f(x)

0
1dtdx

=
∞
0


L(f,t)

1dxdt

=
∞
0

µ(L(f, t))dt

Thus

R
h(x)dx =

∞
0

µ(L(h, t))dt

≥
∞
0

µ((1− λ)L(f, t)⊕ L(g, t))dt

≥
∞
0
(1− λ)µ(L(f, t) + λµ(L(g, t))dt (By 1-D Brunn-Minkowski)

= (1− λ)

R f(x)dx+ λ


R g(x)dx

≥ [

R fdx]

1−λ[

R gdx]

λ (Arithmetic-Geometric Inequality)

Thus, the proof is complete □

Proof. Prekopa-Leindler Inequality, Induction step
Let f, g, h : Rn → R

h((1− λ)x+ λy)) ≥ [f(x)]1−λ[g(y)]λ ∀x, y ∈ Rn


Rn−1 h(x)dx ≥ [


Rn−1 f(x)dx]

1−λ[

Rn−1 g(x)dx]

λ, ∀d < n

Let h(x, s) = hs(x) : Rn → R and similar for fs, gs

Let x, y ∈ Rn−1 and. a, b ∈ R, c = (1− λ)a+ λb

hc((1− λ)x+ λy) = h((1− λ)x+ λy), (1− λ)a+ λb)

≥ f(x, a)1−λg(y, b)λ

= fa(x)
1−λgb(y)

λ

which implies

Rn−1 hc(x)dx ≥ (


Rn−1 fadx)

1−λ(

Rn−1 gbdx)

λ.

By the base case, the proof is complete. □

Theorem 3.3. General Brunn-Minkowski Inequality
Let 0 < λ < 1 and let X and Y be nonempty bounded measurable sets in Rn such that
(1− λ)X ⊕ λY is also measurable. Then:

µ((1− λ)X ⊕ λY ) ≥ µ(X)1−λµ(y)λ
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The proof of this theorem can be found in [2].

Proof. Let h, f and g be the characteristic functions of (1−λ)X⊕λY , X and Y . That is,
Let h(x) = 1(1−λ)X⊕λY (x); f = 1X(x); g(y) = 1Y (y). We observe that h((1−λ)x+λy) = 1
if and only if (1−λ)x+λy ∈ (1−λ)X⊕λY , where f(x) = g(y) = 1. Therefore, we found
that those characteristic functions satisfy the condition of Prekopa-Leindler Inequality,
in which

h((1− λ)x+ λy) ≥ f(x)1−λg(y)λ

By definition, µ((1− λ)X + λY ) =

Rn 1(1−λ)x+λydx

≥ (

Rn fdx)

1−λ(

Rn gdx)

λ

= µ(X)1−λµ(Y )λ □

This is the weaker form of Brunn-Minkowski’s Inequality, we can use it to proof the
stronger form of it.

Theorem 3.4. General Brunn Minkowski inequality in Rn standard form Let X and Y
be nonempty bounded measurable sets in Rn such that X ⊕ Y is also measurable. Then

µ(X ⊕ Y )1/n ≥ µ(X)1/n + µ(Y )1/n .

Proof. let λ = µ(X)1/n

µ(x)1/n+µ(Y )1/n
and Let X ′ = µ(X)−1/nX and Y ′ = µ(Y )−1/nY

Notice µ(X ′) = µ(Y ′) = 1. Therefore, by previous Brunn-Minkowski Inequality, we
have µ((1− λ)X ′ + λY ′) ≥ 1

But µ((1− λ)X ′ + λY ′) = µ( X⊕Y )

µ(X)1/n+µ(Y )1/n
)

= µ(X⊕Y )n

µ(X)1/n+µ(Y )1/n

≥ 1.

This complete the proof □

Notice, by Arithmetic-Geometric Mean, this also implies the weaker form of the
inequality. We will show that This form of Brunn-Minkowski Inequality implies the
Classical Isoperimetric Inequality directly in the next section.

4. Isoperimetric Inequality

In this section, we will prove the Classical Isoperimetric Inequality by using the
Brunn-Minkowski Inequality, which the proof is almost trivial. But first, let us take
a look at the origin of the Isoperimetric Inequality in 2 − D case, which involves the
circumference and area of a closed curve in a plane. That is, let A and L be the area and
the length of a closed curve in a plane, we have the following inequality:
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4πA2 ≤ L2.

We will present a proof of this by using parametrization and Fourier Series. [3]

Proof. Notice that, with scaling, it is sufficient to prove the case where l = 2π, then
A ≤ π with teh equality if and only if the curve Γ is a circle. Let γ : [0, 2π] → R2 with
γ(s) = (x(s), y(s)) be a parametrization by arc-length of the curve Γ, where x′(s)2 +
y′(s)2 = 1∀s ∈ [0, 2π], which means that:

1
2π

 2π

0
x′(s)2 + y′(s)2ds = 1

Since both x and y has period of 2π, then we apply Fourier expansions to each of
them:

x(s) ≈


ane
ins and y(s) ≈


bne

ins.

x′(s) ≈


anine
ins and y′(s) ≈


bnine

ins.

Now, we apply Parseval’s identity to the integral above, then we have:


|n|2(|an|2 + |bn|2) = 1

Then, we apply The Parseval’s Identity for two functions to the integration for area,
we have the following expression:

A = 1
2

 2π

0
x(s)y′(s)− y(s)x′(s)ds = π


n∈Z n(anbn − bnan)

By Cuachy-Swartz Inequality, we observe that |anbn−bnan| ≤ |an|2+ |bn|2, therefore

A ≤ π


n∈Z |n|2(|an|2 + |bn|2)

= π

□

Theorem 4.1. Classical Isoperimetric Inequality Let B ⊂ Rn be the unit ball. Let
K ⊂ Rn be any nonempty convex body. Then:

(µ(K)
µ(B)

)
1
n ≤ (µ(∂(K))

µ(∂(B))
)

1
n−1

with equality if and only if K is a ball

Proof. µ(∂K) = lim→0
µ(K⊕B)−µ(K)



µ(K ⊕ B) ≥ (µ(K)1/n + µ(B)1/n)n (By Brunn-Minkowski Inequality)

≥ µ(K) + nµ(B)1/nµ(K)
1−n
n

So we have µ(∂K) ≥ nµ(B)1/nµ(K)
n−1
n =⇒ µ(∂K)

µ(∂B)
≥ µ(B)1/nµ(K)

n−1
n

µ(B)

=⇒ (µ(K)
µ(B)

)
1
n ≤ (µ(∂(K))

µ(∂(B))
)

1
n−1
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Thus, the proof is complete. □

Theorem 4.2. Levy’s Isoperimetric Inequality[3] Let µ,  ∈ (0, 1). Let A ⊂ Sn−1 = ∂B
be such that P(A) = µ. Then P(A⊕ B) ≥ P(C0(µ)⊕ B) where C0(µ) is a spherical cap
of measure µ.

5. 1-Lipchitz function on a n-sphere

Theorem 5.1. Let C()be the spherical cap whose distance is , with  > 0, from the
center. For any  ∈ [0, 1)

P(C()) ≤ e−
2n
2 .

Proof. A more detailed proof can be found in [5].

P(C()) = µ(Cone∩Sn−1)

µ(Sn−1)
≤ µ(Sn−1(p,

√
1−2))

µ(Sn−1)
= (1− )

n
2 ≤ e

2n
2 when  ≤


1
2

Where p ∈ B, |p| = 

For the case where  ∈ [ 1√
2
, 1) we have the following:

µ(C()) ≤ µ(Sn−1( 1
2

))

µ(Sn−1(1))
= ( 1

2
)n ≤ e−n2/2

This complete the proof.

□

Corollary 1. Let f : Sn−1 → R be an 1-Lipschitz function. Then, there exists M ∈ R
such that

P(|f(x)−M | ≥ α) ≤ 2e−
α2n
2

Proof. Let M be the median of the function f . Thus, both P(f(x) − M ≥ 0) and
P(f(x)−M ≤ 0) has value at least 1

2
.

By Levy’s Isoperimetric Inequality and 1-Lipschitz condition:

P(f(x)−M < α) > P(C(1
2
)⊕ αB) ≥ 1− P(C(α))

which implies that P(f(x)−M ≥ α) ≤ P(C(α)) ≤ e−
α2n
2

using similar argument for the other case.

Thus, P(|f(x)−M | ≥ α) ≤ 2e−
α2n
2 □

The two theorems above can be called an approximate Isoperimetric inequality.
We have shown that the first implies the second, the reverse also hold true if we use the
second property on the function f(x) = d(x,A). For a more comprehensive of this, please
refer to [1].
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6. Limiting Theorem’s of High-dimensional Ball

The concentration of volume Phenomenon is indeed in the heart of statistics, let’s
take the following theorem as an example:

Theorem 6.1. Let Sn−1(
√
n) be the sphere in Rn whose radius is the sqaure root of the

dimension, n. Let f denote the orthogonal projection from the sphere to one of the n
coordinate directions, which we call it x1−direction. Then the part of the pshere that
projects to an interval a < x < b has volume very nearly, when n is large, equal to the
integral from a to b of the standard normal distribution.

In this case, we can, in fact, set up an integral to calculate the volume directly.
However, I will present a proof using statistical approach, where we will show that the
concentration of volume of a n − 1 sphere by showing that, when a point is uniformly
distributed on the sphere, then any one of the coordinates of the point, however, is not
uniformly distributed. Instead, the probability would concentrat in a specific region. No-
tice that if the distribution of the component xi follows the standard normal distribution,
then the above theorem would hold true because higher probability in a specific region
implies greater volume. Therefore, we present a proof for the above theorem by proving
the following theorem.

Theorem 6.2. Let Sn(
√
n) be the sphere with radius is the square root of n. Let x ∈

Sn(
√
n) and x = (x1, ..., xn). The distribution of xi converges to Standard Guassian

Distribution as n → ∞

Here we will use an approximation to prove the theorem. The uniform distribution
on a n-dimensional hypersphere is a joint distribution consists of all the component of
the vectors on the sphere. Therefore, we can find the marginal distribution of one of
the component easily by taking the integration of the joint distribution, and compare
the expression we get to the standard normal distribution by taking the limit as n →
∞. Because Sn−1 does not have volume in Rn, then we use the shell of the sphere to
approximate the probability.

Proof. Let x ∈ Sn(
√
n), and x = (x1, ..., xn) is uniformly distributed on the sphere.

The joint distribution of (x1, .., xn) is as follow:

f(x1,..,xn) =
1

V ol(Sn(
√
n))

=
Γ(n

2
)

n
n
2 2π

n
2

If (x1, ...xn) ∈ Sn−1 and 0 elsewhere. Assume without loss of generality i = 1. We
define Rn(a, ) to be the outer shell of the sphere Sn−1, where Rn(a, ) = Bn(a+)\Bn(a).
Notice, Sn−1(a) = lim→0 R

n(a, ). Let X = (x1, ..., xn) ∈ Rn be a Random Vector
uniformly distributed in R(a,). Thus, X has the following joint distribution:

f(x1,...,xn) =
1

µ(Rn(a,))

The distribution of the first coordinate x1 can by calculated using the following
integral:


{(x2,...,xn)|a2−x2

1≤x2
2+...+x2

n≤(a+)2−x2
1}
f(x1,...,xn)dx2...dxn
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Notice that the above integral is the volume of the outer shell of a sphere embedded
in Rn−1. Thus the expression is equal to µ(Bn−1(


(a+ )2 − x2

1))−µ(Bn−1(


a2 − x2
1)).

Therefor, the distribution of the first coordinate is the following:

fx1(x1) =
µ(Bn−1(

√
(a+)2−x2

1))−µ(Bn−1(
√

a2−x2
1))

µ(Bn(a+))−µ(Bn)
.

Then dividing numerator and denominator by  together and take the limit where
 → 0, this expression becomes the ratio of Minkowski’s boundary measure of a n − 1
sphere and n− 2 sphere, and that is:

µ(Sn−2(


a2 − x2
2))/µ(S

n−1(a))

The error of such approximation is proportional to n since we added Bn() to the
sphere. Once we take the limit, the error also converges to zero. Then, we substitute
a =

√
n we have the following expression for the distribution of x1:

fx1(x) =
1√
π

Γ(n
2
)

Γ(n−1
2

)
(n− x2)

n−2
2 n−n−1

2

By Stirling’s Formula for Gamma Functions, when n is large,

Γ(n
2
)/Γ(n−1

2
) ∼ (n

2
)
1
2

=⇒ fx1(x) ∼ 1
2π
n−n−1

2 (n− x2)
n−1
2

= 1√
2π
(1−

x2

2
n
2
)
n−2
2

=⇒ limn→∞ fx1(x) =
1√
2π
e−

x2

2

which is the probability density function for Standard Gaussian Distribution as
desired. □

The following figure shows the computer generated stimulus for this phenomenon.

Figure 2. The Figure shows the generated distribution of a random
point uniformly distributed on a S24 sphere. The probability that the
x-component of the a point is concentrated within the range from −1 to 1.
Points generated: 10,000
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Notice, by using the argument of approximation by outer shell for the sphere, it is
easy to derive the joint distribution for (x1, ..., xm) where m < n. where the integration
would become the volume Rn−m(


n− x2

m+1 − ...− x2
n). Using the same method, we

found that the joint distribution for (x1, ..., xm) is standard normal for m variables.

There is a more general theorem for the distribution of components of a vector
which is uniformly distributed on a n− 1-sphere or n− ball with arbitrary radius. After
normalization with respect to the radius and using the exactly the same method, we can
easily derive the following result.

Theorem 6.3. If X(n) has uniform distribution on Sn−1(a) or Bn(a), the joint distribu-

tion of Y
(n)
i = n

1
2a−1X

(n)
i , i = 1, ..., k, converges to total variation to the standard normal

distribution of Rk as n → ∞ and all moments of the Y
(n)
i converge to the corresponding

standard normal moments.
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