ORBIFOLDS OF LATTICE VERTEX OPERATOR ALGEBRAS AT d =48 AND
d="T2

THOMAS GEMUNDEN AND CHRISTOPH A. KELLER

ABSTRACT. Motivated by the notion of extremal vertex operator algebras, we investigate cyclic orbifolds
of vertex operator algebras coming from extremal even self-dual lattices in d = 48 and d = 72. In this
way we construct about one hundred new examples of holomorphic VOAs with a small number of low
weight states.

1. INTRODUCTION

An even unimodular lattice of dimension d is called extremal if it has no non-trivial vectors with
length squared shorter than 2 + 2| & ] [MOS75|. This motivates the definition of an analogous notion
for holomorphic vertex operator algebras (VOA): A holomorphic VOA of central charge ¢ is extremal if
the only states of conformal weight less than 1+ | 57| are Virasoro descendants [HOhOS|. There is also a
physical motivation for this definition coming from AdS/CFT holography and pure gravity [Wit07].

For d = 24 the unique extremal lattice is the Leech lattice, and for ¢ = 24 an extremal VOA is the
monster VOA V. For d = 48 and d = 72, several examples of extremal lattices have been constructed
[CS99L|Neb98l|Neb12,[Neb14]. There are however no known examples of extremal VOAs of these central
charges, and their existence is an open question. In this article we are interested in a related question:
We want to construct holomorphic VOAs which are not necessarily extremal, but which have a relatively
small number of states of low weight. We focus on central charge 48 and 72 here. In that case an
extremal VOA would have

dim V() =0, dim Vi) =1, (and for ¢ =72 ) dim V(g =1.
Our goal is to construct examples which come as close as possible to these numbers. We find in fact

Theorem 1.1. There exists a tame holomorphic VOA with central charge ¢ = 48 and

dim V(1) =0, dim V() = 48 .
There also exists such a VOA with ¢ = 72 and
dim V() =0, dim V(o) = 36 , dim V3) = 408 .

A natural idea to construct an extremal VOA is of course to start with extremal lattices and construct
the corresponding lattice VOAs. These, however, are still far from extremal VOAs, since the Heisenberg
modes give a large number of states in V() and V(). To reduce this number of states, we want to orbifold
by subgroups of automorphism group of the VOA, thereby eliminating non-invariant states in exchange
for adding states from twisted modules. As we will see, in a wide range of cases this leads to a significant
net reduction in the number of low weight states.

Let us briefly review the status of orbifold VOAs with a focus on holomorphic VOAs. We call a
VOA V tame if it is rational, Cy-cofinite, simple, self-contragredient and of CFT-type. The significance
of these assumption is that it was proven by Huang |[Hua08b| that the fusion rules for the modules of
a tame VOA satisfy the Verlinde formula [Ver88| and hence that the modules form a modular tensor
category [Hua08a]. A rational VOA which only has itself as an irreducible module is called holomorphic.
Lattice VOAs corresponding to even, unimodular lattices are the best known class of tame, holomorphic
VOAs and the one we are primarily interested in. To construct an orbifold of a VOA V| let us first pick
a subgroup G of the automorphism group of V. In a first step one can construct the modules of the
fixed-point VOA V&, By the combined results of [DM99, Miy15,CM16], if G is a solvable group and V'
is tame, then V¢ is again tame. The modular tensor category V-mod of its modules can be obtained
as the module category of a twisted Drinfeld double of the group G, D¥(G)-mod. Here w is a 3-cocycle
w € H3(G,U(1)). This was first discussed in [RPD90], following up on work on the operator algebra of
general orbifolds [DVVV89|. Together with G, w thus completely determines the fusion rules and the
S matrices of the modular tensor category. In general V¢ will not be holomorphic. To construct new

Key words and phrases. Vertex Operator Algebras; Orbifolds; Lattices.
1



2 THOMAS GEMUNDEN AND CHRISTOPH A. KELLER

holomorphic VOAs, we therefore need to find holomorphic extensions of V&. That is, we want to adjoin
modules to V& such that we recover a holomorphic VOA Vo) The general theory of such extensions
is described in [EG|. The data of a holomorphic extension is a subgroup H < G such that w|g is trivial,
and a choice of 2-cocycle v € Z2(H x H,U(1)) (‘discrete torsion’) such that 1 ((h, h), (h1,h2)) = 1 and
Y((h,1), (1, h/)) =((1, 1), (R, 1)).

In this article we will concentrate on cyclic orbifolds only. This case was fully described in [vMS17a,
and one does not need to make use of the general construction described above. In particular, the
characters of all modules can be obtained from the untwisted sector by modular transformations, so that
we do not need to construct explicitly the twisted modules and the action of g on them. For the extension
problem, we can use the results obtained in [vMS17a] which guarantee the existence of a holomorphic
extension of V¢ under the right conditions on H, namely that it is of type 0, or (in physics language)
that level-matching is satisfied.

Using this technology, we systematically investigate cyclic orbifolds of the four known extremal lattices
in d = 48 and the one known extremal lattice in d = 72. In doing so we construct around a hundred new
holomorphic VOAs. As stated in Theorem E we construct an example with ¢ = 48 and dim V{;) =
0,dim V{9) = 48. This is of course no extremal VOA, but it is a vast improvement over the unorbifolded
lattice VOA which has dim V() = 1224. For d = 72 we find an example with dim V(3 = 36 and
dim V(3) = 408.

Let us note that a large number of our new VOAs have no spin-one currents, that is dim V{;) = 0. This
suggests that their automorphism groups may be finite just as in the case of V. It may be interesting
therefore to search for moonshine in those examples.

The bulk of our work involves computing the characters of all such orbifolds. We automatized this
process by using Hecke-Schoenberg for the lattice theta functions and the fact that we were able to
express all modular forms that appeared as quotients of eta functions. This reduces the computational
work to computing theta functions of fixed point lattices, which we did using MAGMA [BCP97]. For
both 48- and 72-dimensional lattices we could cover all but a small number of cyclic automorphism
groups in the sense that we found at least one lift where this was possible. The remaining cases require
computations of lattice theta functions that we were unable to complete within acceptable time.
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grateful to Sven Moéller and Nils Scheithauer for helpful discussions, sharing some of their computer code
with us and for very helpful remarks on our draft. We particularly thank David Evans and Terry Gannon
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Research Station for hospitality. TG and CAK are supported by the Swiss National Science Foundation
through the NCCR, SwissMAP. The work of TG is supported by the Swiss National Science Foundation
Project Grant 175494.

2. CycLic ORBIFOLDS

In this section we will collect results on cyclic orbifolds, mainly from [vMS17a] and [Mol16]. For
simplicity we will always assume that the VOA V is holomorphic and tame, as in the main part of
this article we will only be interested in lattice VOAs corresponding to even, unimodular lattices which
are indeed tame and holomorphic, even though some of the results we quote also hold under weaker
assumptions on V.

Let g be an automorphism of V' of order n. Then V' decomposes into g-eigenspaces

V=@,
r€ELy

where V" = {v € V | gv = e(£)v} and e(q) denotes e*™*.

Theorem 2.1. [DLMO0G,|vMS17d] Up to isomorphism V possesses a unique irreducible g-twisted V -
module V(g) and the conformal weight py of V (g) lies in (1/n*)Z.

Let G = (g) be a finite, cyclic group of automorphisms of V of order n. Then for each h € G there is
a representation of G ¢y, : G — Autc(V(h)) on the vector space of V(h) such that

On (k) Yy () (v, ) (k)1 = Yy (kv, ),

for all £ € G and v € V and these representations are unique up to multiplication by an n-th root of
unity.
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We decompose V(g7) in ¢;(g) eigenspaces
Vig) = P wu,
1€z,
where
WD = {w e V(g') | ¢;(g)v = e(l/n)v}.

Combining results of |[CM16,Miy15,MT04] we have
Theorem 2.2. The fized-point subalgebra VC is again a tame VOA and up to isomorphism there are
exactly n® distinct irreducible V& -modules, namely the eigenspaces W (-7)

Definition 2.1 (Twisted trace function). The twisted trace functions are defined as

T(v,i,5,7) = tr vy o(0)dilg” )0/

where 0(v) = Vyy(v)—1 for homogeneous v, linearly extended to V.

Note that
1 . ;
(1) Tywio (v,7) == Y e(—jk/n)T(v,i,k,7)
" yez,
For later convenience we define
(2) T(Z’]a 7_) - T(]la i, ], T) =tr |V(gi) ¢i(gj)qL07C/24
The function T'(i, j, 7) is also called a twisted character for the automorphism g/ on the twisted module
Vi(g").
Definition 2.2 (Type). We define the type ¢ of an vertex operator algebra automorphism g by
t=mn? pg modn
The modular transformation properties of the twisted characters depend on the choice of the repre-

sentations ¢;. It was shown in [vMS17a] and |[Mol16] that the they can chosen such that the following
results hold:

Theorem 2.3 (Modular Invariance of Trace Functions). Let V' have central charge ¢ such that 8 | ¢ and
g be an automorphism of order n and type 0. Then the twisted traces transform under the action of a

modular transformation M = (: ?) € SLo(Z) as

(’YT + 5)7wt(v)T(vv iy ], M- 7_) = Z(M)T(’U, (’Lv]) : M’ T)v
where the character Z(M) : SLy(Z) — Us is given by

s - fele2E=0) if3ts
e((=c/24)(B+ (a+1)y) if3]0
In particular, if 24 | ¢ and v = 1 we find that
T(]laivj7M : T) = T(]la (7".]) ' M7T)
Corollary 2.4. For V and g as in the theorem above we find that
(1) T(v,i,3,7) and Ty (v, T), i,j € Zy,, are modular forms for T'(n),
(2) T(v,0,4,7), j € Zy,, are modular forms for T'y(n),
(8) T(v,0,0,7) is a modular form for T,
(4) Ty .0 (v,7) is a modular form for I'o(n).
Here we denote SLy(Z) by I', and I'(n), I'1 (n) and T'g(n) denote the usual congruence subgroups.
We now want to adjoin a suitable set of V¢-modules to the fixed point algebra V& to obtain a

holomorphic VOA V&) To this end let us state the central theorem allowing us to extend VE to a
holomorphic VOA:

Theorem 2.5 (Cyclic orbifold [vMS17a]). Let G = (g) be a finite, cyclic group of automorphisms of V
of order n and type 0. Then the direct sum

Vorb(G) _ @ W(i,O)
1€Zy
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admits the structure of a holomorphic, rational vertex operator algebra of CFT-Type extending VE and
its irreducible modules. The vertex operator algebra VO™ &) will be called the standard orbifold of V' by
G.

Note that the original theorem in [vMS17a] is more general. For obtaining holomorphic VOAs, our
version is general enough.
Using equation |1f we find that the character V(&) is given by

1 . 1 .
(3) chyornia) (T) = Z Twao(1,7) = - Z T(1,i,5,7)= - Z (i, j, )
i€Z, 1,jELy 1,J€Ln

It follows immediately that
Corollary 2.6. chyor(o) (T) is modular invariant.

Proof. By Theorem a modular transformation only permutes terms in the sum in equation (@). O

In order to calculate characters it will be useful to define further modular invariants by splitting
into orbits under the modular group.

Theorem 2.7. Fort |n define

(4) Ct(T) = Z T(i7j77—) .
4,5:(¢,7,m)=t

Then C; is a modular function for T.

Proof. For i,j € Z,, and M € SLy(Z) we have (i,j,n) = ((¢,7)M,n) so that modular transformations
only permute terms in the sum in equation . O

Note that we can express the character of Vor(©) ag
1
chyoria) (T) = - Z Ci(T) .
tin

Recall that according to Corollary for ¢t | n, T(0,¢,7) is a modular function for I'y(n/t). Then
Cy(7) is the sum of I'y(n/t)-inequivalent modular images of T'(0,¢,7). As should be expected, we find
that the number of terms in equation is equal to the index of I'y(n/t) in I':

iy ] 2 (2,7,n/t) = =1I: n — (22 ,i
) € 2o Gogm) = =0Tl = () 1T (1-%).

In order to calculate the C¢(7) it will be convenient to first introduce a further modular invariant
Dy(7)

Lemma 2.8. Fort|n define
(5) Di(r):= Y T(0,4,7) .
(:m)=t
Then Dy is invariant under To(n/t).
Proof. From Corollary [2.4] we know that T'(0, j, 7) invariant under I'y (n/t), with ¢t = (n,j). T(0,t,7) is
mapped to T(0, 7, 7), with (n, j) = ¢ by the representative njt jjt € T'1(n/t)\I'g(n/t). Furthermore

[Co(n/t) : T1i(n/t)] = {j € Z, : (n,j) =t} = p(n/t), where ¢ is Euler’s totient function, which follows
immediately from standard result on congruence subgroups as presented, for example, in [Iwa97]. Hence
{T(0,5,7) : (n,j) =t,j € Z,} is the set of inequivalent I'g(n/t)-images of T(0,¢,7) and their sum is
modular function for I'g(n/t). O

It follows immediately that Cy(7) is the sum of T'g(n/t)-inequivalent modular images of Dy (7).

Corollary 2.9. It is easy to see that for a prime p a set of representatives for To(p)\I is given by
{td}U{ST":i=0,...,p—1}.
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3. LATTICE VOAS AND THEIR AUTOMORPHISMS
3.1. Lattice VOAs. The affine Lie algebra, called the Heisenberg current algebra, associated with the
complexified lattice h = L ®z C is given by
b= (hecC[t,t™']) ®Ck,
with the Lie bracket defined by the linear continuation of
[z(n),y(m)] = (z,y)ndnmk and [u,k] =0

for z,y € hn,m € Z and u € f where we use the shorthand z(n) =z t".
The twisted group algebra C.[L] corresponding to the lattice L is spanned by the C-basis {es }acr, and
the multiplication is defined by

eats = €(a, B)eats,
where € : L x L — {1} is a 2-cocycle satisfying
(6) ela, @) = (=1)/2 and €(a, B) /e(B, a) = (—1){?

for o, B € L. We define the weight by wt(e,) = (o, a)/2.
The Lattice Vertex Operator Algebra Vi corresponding to the lattice L is spanned by elements

hk(—nk) - hl(—nl)l X eq
with ng,...,n; > 0, where we let the Heisenberg current algebra act on the vector space C as
h(n)-w=0and k-w=w,

for all we C, h € h and n € Z>(. The weight of this element is given by
1
n1+~~+nk+§<a,a> €Z>g.

3.2. Automorphisms of Lattice Vertex Operator Algebras. We can obtain an automorphism
U = vy ® v of the lattice vertex operator algebra Vi, by lifting an automorphism v of L. v acts naturally
on the Heisenberg current algebra to give v via

vphg(—ng) ... h1(—n1)l = (Whi)(—nk) ... (vh1)(—n1)1

It can be shown that 7 is an automorphism of V7, if and only if v, is an automorphism of the twisted
group algebra C.[L] such that
Ve(eatp) = ve(ea)ve(es).
Then v, satisfies
(7) Ve<ea) = U(a)euav
where u : L — C* is a function satisfying
« c0,8) _ ula)u(p)
eva,vB)  ula+p)

As an immediate consequence we have the following result:

Lemma 3.1. The restriction of u to the fixed-point sublattice L” is a homomorphism of abelian groups.

Definition 3.1. Note that e(ey(z%) € B%(L,{#1}) is a 2-coboundary so that a function u : L — {£1}
satisfying equation always exists. The group of all lifted lattice automorphisms as above such that

w: L — {£1} will be denoted by O(L).

Theorem 3.2. The lift U = vy ® v as defined above is an automorphism of the lattice vertex operator
algebra V.

Definition 3.2 (Standard Lift). Given an automorphism v € Aut(L) the function u can always be
chosen such that

u(a) =1 for all « € LY,
such that ve(e,) = eq for all @ € L”. We call such a lift a standard lift.
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If v acts on ¢, as in Equation (7| then Vf acts as
(9) Vf(ea) = wk(a)euk‘an
where wy,(a) = u(a)u(va) ... u(v*ta).

Note that wy () satisfies Equation [§[for the automorphism v* € Aut(L) so that v/* is a lift of v*. The
restriction of w to the fixed point lattice L” is in particular given by
(10) wi(a) = u(a)®, for a € LV,

k

If v, is a standard lift then in general this will not be the case for v*. In fact, we have the following

result:

Theorem 3.3. [Mdli6,[Bor93] Let v, be a lift of v € Aut(L) of order m as in Equation |} Then for all
ke Zzo,

k1 i it g 1 if m or k is odd
VF(eq) = (1) 2Xiz0 ¥ a>u(2yla) — eau(2y2a> . {(_1)<a7uk/2a) ’

= = if m and k are even,

for all a € .
In other words, the restriction of wy(«) to the fized-point sublattice " s given by

k—1 ) )
i 1 if m or k is odd,
(11) w (o) = U(ZV a) . {(_1)<myk/za>

et if m and k are even,

for all a € .

Remark. Note that Zf;ol Via € LY for all o € L¥". Tt follows that if LV = {0} then v* is a standard lift

for all k.
An immediate consequence of this is the following corollary on the order of lifted automorphisms:

Corollary 3.4 (Order of lifted automorphisms). Let U be a standard lift of v of order m. If m is odd,
then o has order m. If m is even, then © has order m if (o, v™/?a) € 2Z for all o € L and order 2m
otherwise.

In fact, [DN99] give a complete description of all automorphisms of V7, which we can use to construct
non-standard lifts. Let O(L) be as in Definition and define

(12) N = (" :a € V).
Theorem 3.5. [DN99] Let L be a positive definite even lattice. Then

Aut(Vy) = N - O(L)

In particular, if L has no vectors of length 2 we have
N = (M : h ep).

This implies in particular
Corollary 3.6. All lifts v of v act as
(13) Ve(ta) = 25N 0 (a)e,q,
for some vector B € b, such that the restriction of u to the fived point lattice is unity.

The automorphism e is conjugate to en (Ziz1 Mo [yMS17b| hence we may choose 3 € h” without
loss of generality.

3.3. Characters of Twisted Modules for Lattice Vertex Operator Algebras. We can now use
such an automorphism & to construct twisted modules and obtain their characters. For lattice VOAs
there is in principle an explicit expression for the twisted sector V(g) and the action of G on it, so
that one could obtain the trace directly. For cyclic orbifolds however we can avoid this. The idea is to
use Theorem to obtain all twisted characters from the untwisted characters T'(0,7,7) by applying
SLo(Z) transformations. More precisely, we can obtain the untwisted characters T'(0, j,7) directly, and
use them to obtain the D;(7). From this we will then be able to recover chy o) (7) through modular
transformations. The following results will be central to this:
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Theorem 3.7. Let 0 be an automorphism of Vi, obtained as a lift of a lattice automorphism v € Aut(L)
defined by a function u : L — C*, where v has cycle type Ht|n tht. Then the twisted character for 0 on
Vi, is given by
Vv (7)

n(1)
where Vv ., (T) is the generalised theta function of the fized-point sublattice LY given by

Vpvu(r) = ) u(a)g! /2,

aELV

(14) try, pglo—e/?t =

and the Eta-quotient n,(T) is given by

(15) (1) = [ [ n(tr)"

tin

This follows from a straightforward computation. For a definition of the cycle type of v, see appen-
dix [A] For the transformation properties of eta quotients, see appendix
For a standard lift (Definition [3.2]) this clearly reduces to the familiar result

Lo—c/24 _ Upv(7)
(1)’

where Y. (1) is the ordinary theta function of the fixed-point sublattice L”. We find the corresponding

result for the automorphism *:

try, vq

try, DFqlo /24 _ 19L“’“7w(7)

U (T)
with w given by equation @ In the language of twisted trace functions for the cyclic automorphism
group () as defined in equation (2]) this means

Vi o, (1)

(16 T(0,4,7) = try, i’ gk =
: L 7 (™)

9

with w; defined as in equation @D for the appropriate power.
We can now deduce the conformal weight of the unique irreducible P-twisted Vz-module

Theorem 3.8. Let v be a lattice automorphism of order n with cycle type Ht‘ tP and let U be a lift of
v as in Corollary[3.6, Then the the unique irreducible D-twisted Vi,-module has conformal weight
C bt

1 !
(17) Pr =517 52 - +3 min(L" + 3),

where min(L' + B) is the squared length of a minimal element of L' + f3.

Proof. Apply the S-transformation to the twisted trace 7'(0,1,7) as defined in equation and use
Corollary and Theorem O

We are now ready to give a general expression for D; as defined in Lemma for lattice vertex
operator algebras.

Theorem 3.9.

Zd\% %H(%)ﬁfﬂ.d(ﬂ
Nt (T)

where Ky 4 is the kernel of the restriction of w{ to the fized-point lattice .

Dt(’T) =

)

Proof. Using Equation [I0] and the Mobius inversion formula we have

m (T D) = > (> wi(a))gl)/?

acLvt (k3)=1

5 (Sl (vt o

(XeLVt d|‘n,

=ZMQ(Z<Z@MMWW)
d| ¢ acLvt k=1

m‘-ﬂ
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Now w{ is a 24-th root of unity for all ¢ and d, hence 212%:1 wy?(a) is equal to 2 if « is in the kernel

and vanishes otherwise. The stated result follows. O

Furthermore, we can show that the modular transformation properties of the lattice theta functions
in the above theorem are in fact related.

Lemma 3.10. The theta functions in the above theorem all transform with the same character.

Proof. Let L be a lattice with basis {v;}, w : L — C* a homomorphism such that n is the least integer
with w(a)” =1 for all @ € L and w(v;) = e*™/™ for some [; for all j.

Then there exists a jo such that (I;,,n) = 1 and for every j # jo we can find a k; € Z such that
w(vj + Kjvj) = 1. Then {vj,} U{v; + K;vj, : j # Jo} is a basis of L and {nv;,} U {v; + Kkjvj, : § # jo}
is a basis of ker(w). It follows that det(ker(w)) = n2det(L) and hence that the theta functions of L and
ker(w) transform under the same character. (]

Note. The lattice K;q4 will be a full rank sublattice of L*". This is particularly problematic when ¢
is such that LV = L, as if the rank of L¥" and therefore of K 4 is large the computational cost of
calculating the theta function to sufficiently high order may be prohibitive. This is the limiting factor
in our computations.

4. ORBIFOLDS OF EXTREMAL LATTICES

We are interested in VOAs which come from even self-dual extremal lattices in d = 48 and d = 72.
For d = 48, four such lattices are known [CS99,Neb98|Nebl4], and in d = 72 one |[Nebl2|. Their
information is listed in table [Il As mentioned before, we are interested in extremal lattices because we
want to construct VOAs with few low weight states. To do this as systematically as possible, we use the
following approach. For a given lattice, we use MAGMA to first identify all conjugacy classes of cyclic
groups of Aut(L) and their generators g. For each generator we then proceed on a case by case basis.

(1) In the simplest case, g and all its powers have no fixed point lattices. This turns out to be a
fairly common case. In that case the only lift is the standard lift, and g has the same order
as g. The T(0,j,7) are simply eta-quotients, whose SLy(Z) transformation properties we know
from proposition [B.2} so that we can obtain all T'(¢, j, 7) from Theorem [2.3] We can compute the

type of all orbifolds, and only keep the ones of type 0 to construct holomorphic orbifolds VOA
Vorb((g))

If g has a non-trivial fixed point lattice L9, there are more options. We can still use a standard lift
to obtain g, but in this case it can happen by Corollary that the order of g is double the order of g.
Again we are looking for type 0 orbifolds. If the standard lift § does not have type 0, we can try to use
a non-standard lift of g to obtain a VOA automorphism which does have type 0. In the cases at hand
we could always find such a non-standard lift. We will discuss non-standard lifts below, and first discuss
the case where g and all its powers are standard lifts.

(2) If the order of ¢ is prime, and all powers of g are standard lifts, then all the T'(0, j, 7) are equal to
a product of an eta quotient and a (ordinary) lattice theta function and by Corollary all the
remaining twisted characters can be obtained from the T'(¢,0, 7) by applying T-transformations.
In order to calculate T'(i,0,7) we express the S-transformation of the lattice theta function
Ure(7) in terms of the theta function of the dual lattice (L9)" using the inversion formula
in appendix Ypa(—1/7) = (det Lg)*%(—iT)Rank(Lg)ﬁ(Lg)f(T). Subsequent summation over T'-
images will only remove non-integer orders in the g-expansion of T'(7,0, 7). See also [vMS17a].

(3) If the order of § is not prime, but all powers of § are standard lifts, then all the T(0, j,7) are
equal to a product of an eta quotient and a (ordinary) lattice theta function. The theorem of
Hecke-Schoenberg tells us that those lattice theta functions are modular forms of T'o(N) for some
level N of some weight k, possibly with some character x. (Alternatively we could also apply
Lemma to establish this for D;(7).) We can try to express these in terms of eta quotients.
In all cases at hand, following the approach of Rouse and Webb [RW15] we are able to find a
basis of My (I'g(n)) in terms of eta-quotients by virtue of Theorem [B.4]— see table [7] for these
bases. This allows us to express D;(7) as sums of eta quotients, so that we can read off the
SLo(Z)-transformations.

The resulting characters of orbifold VOAs constructed in (1) through (3) are listed under ‘Standard lift
without order doubling’ in the tables below. They form indeed the majority of the cases we analysed.
Next let us discuss non-standard lifts.
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L Aut(L) |Aut(L)| |
Pism  (C5 x Cs x C3) : (DgYCy) 1200 = 2 3 52
Pisn (SLy(13)YSLy(5)) - 22 524160 = 27 32 5 7 13
Pysp (SLy(23) x S3) : 2 72864 = 2° 32 11 23
Pyg, SLy(47) 103776 = 25 3 23 47
7 (SLy(25) x PSLy(7)) : 2 5241600 = 28 32 52 7 13

TABLE 1. Known extremal lattices in d = 48 and 72, taken from [Neb14]. Here Y denotes
the central product. Explicit expressions for the Gram matrix and the generators of the
automorphism groups were taken from [NS1§].

In the simplest case we still take § to be a standard lift, but have some ¢* that are not standard,
such as in the case of order doubling described in Corollary §* thus leads to generalized
theta functions with phases. We can however use Theorem to express those in terms of
standard theta functions, and use Hecke-Schoenberg again just as before. We listed these cases
under ‘Standard lift with order doubling’ in the tables below.

Finally, we can consider cases where the standard lift for g does not give an orbifold of type 0.
In this case we can consider instead more general lifts of the form of Corollary The idea is
to pick a vector 3, which increases the order g so that the resulting orbifold becomes type 0. We
were able to find at least one such 3 for every orbifold with a non-vanishing fixed point lattice.
Again we get generalized theta functions with phases, and use Theorem [3.9] to rewrite them in
terms of standard theta functions. We listed these cases under ‘Non-standard lift’ in the tables
below.

In the following we list all holomorphic extensions that we could find. For the lattices in d = 48,

this covers all cyclic orbifolds with vanishing fixed point lattice and gives one example for every cyclic
orbifold with non-vanishing fixed point lattice without order doubling. We did not however systematically
construct all possible lifts in those cases. For the lattice I'7o we list orbifolds for all cyclic groups such
that every element is a standard lift. Our constructions in particular give the VOAs listed in theorem|[1.1

4.1. Cyclic orbifolds for the Lattice Pjg;,.

n  Cy Rank(L9) chyorscian (q)
Standard lift without order doubling
1 1% 48 g2 +48¢71 + 1224+ O(q)
2 1748248 0 q 2+ 1176 + O(q)
3 17243 0 q 2+ 5764+ O(q)
4 272442 0 ¢ 24576+ O(q)
4 272y 0 ¢ 2+ 576+ O(q)
5 172510 8 ¢ 2+ 8¢ 1 +264 + O(q)
5 172510 8 ¢ 2 +8¢71 4264+ O(q)
5 1712512 0 q 2+ 288 + O(q)
5 1858 16 g 2 +16¢71 +456 + O(q)
6 12427243-2424 0 q 2+ 1176 + O(q)
10 1227257107010 0 ¢ 2+ 3124+ 0(q)
10 12225101010 0 ¢ 24312+ 0(q)
10 17828578108 0 q 2 +408 + O(q)
10 1122-125-121012 0 g2+ 600+ O(q)
12 2124-126-121212 0 ¢ 2+ 648+ O(q)
15 1'3-15-5155 0 ¢ 2+192+0(q)
15 163-65-6156 0 g2+ 360+ O(q)
15 1'37157-515° 0 ¢ 24+ 192+ 0O(q)
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n Oy

15 17434574154

20 264-610-6206

30 1762636556-610-615-6306
30 142743-45%6110-*15-430%
30 1-12'3'556-1107°15-°30°
30 1-12'3'55671107°157°30°

Rank(L?)  chyorsia (q)

¢ 2+192+ 0(q)
a2+ 360+ O(q)
=2+ 600+ O(q)
g2 +408 4+ O(q)
¢ 24312+ 0(q)
g% +312+ O(q)

o O O O o o

Standard lift with order doubling

4 2% 24
20 2%10* 8

q 2 +24¢7 + 1896 + O(q)
g2+ 8¢ + 7444 O(q)

4.2. Cyclic orbifolds for the Lattice Pjs,,.

n  Cy Rank(L9)  chyorscan (q)
Standard lift without order doubling
1 1% 48 g 2+ 48¢71 + 1224 + O(q)
2 o 24 g2 +24¢7 1 + 648 + O(q)
2 17818 0 q 2+ 1176 + O(q)
2 9% 24 ¢ 2 +24¢7 + 648 + O(q)
3 17%4gn 0 ¢ 2+ 576+ O(q)
4 272y 0 ¢ 2+ 576+ O(q)
4 27y 0 g2+ 576+ O(q)
4 272y 0 ¢ 2+ 576+ 0(q)
4 272y 0 q 2 +576+0O(q)
4 27y 0 ¢ 2+ 576+ O(q)
5 1712512 0 g 2 +288+0O(q)
6 271262 0 q 2 +288+0(q)
6  27126!2 0 ¢ 2+ 288+ 0(q)
6 1242724372424 0 ¢ 2+ 1176 + O(q)
7 17878 0 ¢ 2 +192+0(q)
10 11227125-121012 0 q 2 +600+ O(q)
10 276108 0 ¢ 2+ 142+ O(q)
12 2124-126-121212 0 q 24648 + O(q)
12 21247126-121212 0 ¢ %2 +648 +O(q)
12 21247126-121212 0 q 2 +648 + O(q)
13 17*134 0 g 2+96+ O(q)
14 27*144 0 q 2496+ O(q)
14 18278778148 0 ¢ % +408 + O(q)
14 274144 0 q 2 +96 + O(q)
20 264761076206 0 g2+ 360+ O(q)
21 1437474214 0 q 2+ 246 + O(q)
26 272262 0 q 2+ 48+ 0O(q)
26 112741374264 0 g 2+ 216 + O(q)
28 24474144284 0 q 2 +264 4+ O(q)
28  2%4—*14-1284 0 g2 +264+0(q)
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o Rank(L9)

Chvorb((g)) (q)

28
35
39
42
42
42
52
65
70
70
78
78
84
130

244—4144284 0
2572772352 0
123721372392 0
226721472422 0
26721472422 0
17424346 4741474214424 0
22472262522 0
115711371651 0
172225272107214-2352702 0
2'10~ 114~ 170! 0
216126 178! 0
172223267213226-2392782 0
272426212721422872422842 0
1712151107 1131261651130 0

g %4264+ O(q)
¢ 2 +168 +O(q)
¢ 2 +168 +O(q)
¢ 2+ 168+ O(q)
¢ %4168 + O(q)
g2 4408 + O(q)
¢ 2 +168 +O(q)
¢ 24120+ O(q)
¢ 24216+ O(q)
q 2+ 120 + O(q)
q (q)
q (9)
q (9)

(q)

q
¢ 2+120+0O(q

Standard lift with order doubling

224 24
412 12

q 2+ 247" + 1896 + O(q)
g2+ 1271 +936 + O(q)

Non-standard lift

18
18

316 16
316 16
6° 8
68 8

q 2+ 18¢~ 1 + 1488 + O(q)
q 2 +18¢7 ! + 1560 + O(q)
q_2—%8q_1—%8164—CKq)
q )

24 8¢ 1 +888+ Oq

4.3. Cyclic orbifolds for the Lattice Pjg,.

c, Rank(L9)

chyorvian (q)

Standard lift without order doubling

148

I
oo

1—48248

1724324

2724424

2—24424

2—24424

12427243724624

14114

2124—126—12 1212

2124—126—12 1212

1-424114224

12232

17232112332

272422272442

172222372462
2972372621122272337266>

1-13123-169!

S O O O O kO O O o o o o oo

q 2 +48¢7 1 + 1224+ O(q)
¢ 2+ 1176 + O(q)

q 2+ 576+ O(q)

q 2+ 576 + O(q)

¢ 24576 + O(q)

¢ 2+ 576 + O(q)

¢ 2+ 1176 + O(q)

¢ 2 +8¢ 1 +264 4 O(q)
g 2 +648 + O(q)

¢ %4648 + O(q)
q_2—F2164—CX )

g2+ 4¢71 + 168 + O(q)
¢ 2+ 96+ O(q)

¢ 2+ 96+ O(q)

¢ 2+ 120+ O(q)

¢ 2+216 4+ O(q)

¢ 2+ 48 + O(q)



12

THOMAS GEMUNDEN AND CHRISTOPH A. KELLER

n o

Rank(L9)  chyorsan (q)

132 214-16-112122144-166-1132!
138 112-13-16'23'46-169— 138!

0
0

¢ %4168 + O(q)
¢ 2+120+ O(q)

Standard lift with order doubling

4 oA 24 q 2 +24¢7 + 744 + O(q)
4 2% 24 q 2+ 247" + 1800 + O(q)
44 22222 4 q % +4q¢ 1 + 264+ O(q)
44 22222 4 q 2 +4q¢71 4+ 360 + O(q)
92 246! 2 g2 +2¢71 +216 + O(q)
Non-standard lift
316 16 g 2+ 18¢ 1 + 1488 + O(q)
9 316 16 q 2 +18¢ 1 + 1632 + O(q)
4.4. Cyclic orbifolds for the Lattice Pis,.
n  C Rank(L9) chyorsan ()
Standard lift without order doubling
148 48 ¢ 2 +48¢ 1 +1224 + O(q)
148948 0 q 2+ 1176 + O(q)
2724424 0 ¢ 2 +576+ O(q)
23 12232 4 q 2 +4q¢ 1 +168 + O(q)
46 172222372462 0 ¢ 2 +120+O(q)
47 1471 2 ¢ 2 +2¢7 1+ 120 + O(q)
94 17124771941 0 g2+ 72+ 0(q)
Non-standard lift
9 316 16 g2+ 18¢~ 1 + 1560 + O(q)

4.5. Cyclic orbifolds for the Lattice I';o.

n Cg Rank(Lg) Chvnrb(<§>> (q)

Standard lift without order doubling
1 172 72 q 3+ 72¢7% + 2700~ + 70080 + O(q)
2 17249148 24 g3 + 2472 + 1500~ + 37824 + O(q)
2 1772972 0 q 3 +2628¢71 + 5184 + O(q)
2 1o 48 q 3 +48¢7% + 1548¢1 + 40704 + O(q)
3 3% 24 g3 +24¢72 +900¢ ! + 23424 + O(q)
3 3% 24 g3 +24¢72 +900¢ ! + 23424 + O(q)
3 3 24 g3 +24¢72 +900g~! + 23424 + O(q)
4 12yA 0 q 3+ 87671 + 16128 + O(q)
4 1249—24424 24 g3 +24¢72 +900¢ 1 + 23424 + O(q)
5 112512 24 q 3 +24¢7% +612¢7 ' 4+ 16512 + O(q)
5 1718518 0 q 3 +648¢~! + 13608 + O(q)
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n Cy Rank(L9) chyorsa (q)

6 37246 0 q 3 +876¢7 1 + 1728 + O(q)

6 32462 0 q 3+ 87671 + 1728 + O(q)

6 3786 8 q 3 +8¢72 4 500¢" + 12672 + O(q)
6 3% 16 q 2 +16¢2 +516¢~1 + 13632 + O(q)
6 3726 0 q 3+ 87671 + 1728 + O(q)

7 1-12712 0 q 3 +432¢71 + 9936 + O(q)

10 1'82-185-187018 0 q~3 +648¢71 + 5928 + O(q)

10 1122125121012 0 q 2 +588¢7! + 1728 + O(q)

10 142%5%10% 16 g3 +16¢72 + 356 + 9792 + O(q)
10 1627655106 0 g3+ 36071 + 7992 + O(q)

10 17428574108 8 g2+ 8¢72 4 34071 4+ 8832 + O(q)
10 162712561012 0 g2 +360g~ ! + 7872 + O(q)

12 3%6%128 8 g2+ 8¢72 4+ 300¢7! + 7872 + O(q)
12 378128 0 g3 +292¢71 + 5376 + O(q)

13 176136 0 g3 +216¢7! + 5400 + O(q)

14 1122-127-127412 0 g3 +432¢71 + 3120 + O(q)

15 3%15* 8 q 3 +8¢72 4 204¢™" + 5568 + O(q)
15 376156 0 q 3 +216¢7 1 + 4536 + O(q)

20  1%2-%4%5410420* 8 q 3 +8¢72 4+ 204¢~ ! + 5568 + O(q)
20 164-65-6906 0 q~3 +216¢7! + 4200 + O(q)

20 176264-65610-6200 0 q 3 + 21671 + 4536 + O(q)

20  17*4%*57%20* 0 q 3 +196¢7 1 + 3840 + O(q)

21 371214 0 q 3+ 144¢71 + 3312 + O(q)

26 162-613-6266 0 g3+ 21671 + 1176 + O(q)

26 172272132262 0 q 3 +120¢7! + 3144 + O(q)

26 122-*137226* 0 g3+ 12071 + 3072 + O(q)

30 37%6*157*30% 0 q 3 +196¢~! + 576 + O(q)

30 35661576306 0 g3 +216¢~1 + 2040 + O(q)

35 17257272352 0 q 3 +96g71 + 2352 + O(q)

35 13573773353 0 q 3 +108¢™ ! + 2472 4+ O(q)

39 372392 0 g3+ 72¢7 1 + 1800 + O(q)

42 3461211424 0 q 3 + 14471 + 1104 + O(q)

52 17222472132262522 0 q 3+ 727 + 1800 + O(q)

52 124721372522 0 q 3 +72¢7 1 + 1560 + O(q)

70 17323537310731473357370% 0 g 3 +108¢~! + 1512 + O(q)

70 122725277210721423572702 0 ¢ 3 +96¢7 1 +912 + O(q)

78 326723972782 0 q 3+ 7271 + 456 + O(q)

91 1'7-'13-1'91! 0 q 3 +36g 1+ 984+ O(q)

182 1-1'217'13'14-126-191-1182! 0 g2 +36¢ +408 + O(q)

APPENDIX A. LATTICE AUTOMORPHISMS AND CYCLE TYPE

C:= tht.

tin

13

Definition A.1. A cycle type C of order n is a set of pairs {(¢,b;)}, such that ¢t | n, by € Z and
ged({t}) = n. As a shorthand we will write
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Let g be an automorphism of an integral lattice of order n. Then the characteristic polynomial of g
has integer coefficients and its roots are n-th roots of unity. Such a polynomial is a product of cyclotomic
polynomials

(18) Xg(q) =[] @e(0)™

tin
where ®, is the ¢-th cyclotomic polynomial and n; € N. Using the M&bius inversion formula
@:(q) = [J(a" - 1*(9),
dlt

where p is the Mobius function, we can express the characteristic polynomial of g as

(19) Xqo(0) = [J(a" — )"

tin

with b; € Z. From this we define the cycle type of g to be Ht|n tbe.

APPENDIX B. ETA-QUOTIENTS

Definition B.1. The Dedekind eta function, n(7), is defined by the infinite product
oo
n(r) =g > T = aM.
n=1

The modular transformation properties of the Dedekind eta-function are well known to be:

Theorem B.1 ( [Iwa97]). Under elements of SL(2,Z) n(7) transforms as a modular form of weight 1/2
with multiplier system Y(7y):

n(yr) = ¢(v)(er + d)%’ﬂ(T), where v = (a Z) € SL(2,2),

c
where
e(b/24) ifc=0
9(~) =
™) e(“'g‘iz?’c — 2s(d, c)) ifc>0
with s(d, c) the Dedekind sum
n (dn dn 1
S(d,C): Z c<c—|:c:|—2>.
0<n<c

Definition B.2. We define the eta-quotient nc(7) of cycle type C

no(r) = [ [ n(tr)"

tin

To obtain the SL(2, Z)-transformation of such an eta-quotient we can use need the following lemma:

A
Proposition B.2. For every
C D

B
) € SL(2,Z) and q € Z there exist an SL(2,Z)-transformation

b
(a d) € SL(2,Z) and three integers a, B,y € Z such that:

A B B a b at+ 08

(20) n(q<c D)(T))—n(<c d)( S ))

Then

(1) o= (qA,C)

(2)y=1%

(3) a= 2t

(4) e=1¢

(5) ad =1 (mod c)

(6) b= 21

(7) B = qBd — Db
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where (z,y) = ged(z,y).

Note that relation [5| implies that d is the modular inverse of a modulo ¢ which always exists as
(a,c) =1.
Proof. Expanding the argument on both sides of equation [20] we obtain
qAT +qB _ aat +af + by

Cr+D  car+cB+dy

Equating term by term and solving the resulting relations gives the above result. U

Together with Theorem this proposition fully determines the modular transformation properties
of the eta-quotients

Corollary B.3. Note that this result in particular implies that
at+f Cr+D
c = —.

+d

By the following theorem we can express a wide range of functions in terms of eta-quotient and
therefore determine their modular transformation properties using Proposition (Reference to Ono+
here)

Theorem B.4 ( [Ono04]). An eta-quotient nc(T) satisfies

(255 = x(@er + P nc(o)

b .
for every “ J € T'o(n) with k = (1/2) 32, be and character x(d) = (( Z)ks), where s := [, the, if
c

the following additional conditions are satisfied by the cycle type C':
(1) 2k =3, b: =0 (mod 2)
(2) >4, the =0 (mod 24)
(3) >4, b =0 (mod 24)

The order of vanishing of nc(T) at the cusp at § is given by

E (dat)zbt
24 £ (d. )dt

Corollary B.5. For an eta-quotient satisfying the conditions of Theorem the integer i Zt‘n thy
gives the lowest non-trivial order in its q-expansion and the integer Zt‘n Ty gives the lowest non-trivial
order in the q-expansion of its S-transformation.

Definition B.3. We define the k** power of C

“~M(7n)

tln
In particular the usual relations for the exponential hold:

Lemma B.6.
(Ck)l — Ckl
Proof. The result follows immediately from (ﬁ, l) (t, k) = (t, kD). O

Next we will show that the conditions from Theorem [B-4] carry over when we take the power of a cycle
type.

Theorem B.7. If the conditions [1] to [3 from Theorem hold for a cycle type C, then analogous
properties hold for the cycle type C* so that

(1)
Z(t, k)b =0 (mod 2)

tin
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(2)
> — 4 k) => th =0 (mod24)

tin tin

(3)

n (t,k)th o
%(n,k‘) —— =0 (mod 24)

Proof. If (n,k) = 1 there is nothing to prove. Hence by Lemma it is sufficient to prove our result
for a prime divisor p of n. We express the set of divisors of n as the disjoint union of two sets R and S
such that p divides the elements of S and is coprime to the elements of R.

(1)
Db =D br+pd b= boAp2k—> b)=2pk—(p—1)> b,
tin r€ER ses reER reER reER

If p # 2 then 2 | (p — 1) so that this concludes the first part of the proof.

If p = 2 we need to show that > _.b, =0 (mod 2). As ) _¢sb; =0 (mod 2) Condition
implies that ) _,7b, =0 (mod 2). But as all the 7 in the sum are odd this implies the desired
result. d

(2) There is nothing to prove.
(3) We split the sum again into sums over multiples and coprimes of p:

n o (t,k)%b, 1 nb, nb, nb,
Z(nk) D B p24m =3 %)
’ reR

r
tln ses reER

p?—1 nb,

= 24pm —
r
reR

If p > 3 then 24 | p?> — 1 so this concludes the proof.

If p = 3 then p® — 1 = 8 so that we need to prove that Y, p ”ffr =0 (mod 9). Condition

implies that ) ., nb.r =0 (mod 9) as ) g sbs =0 (mod 3). Therefore

b, 1 by
Z I =0 (mod?9) o — (mod 9),
reER " reR
because 3 | (r? — 1) Vr € R.
If p = 2 then p? — 1 = 3 so we need to prove that ZTGR ~= =0 (mod 16). Now
nb, r?—1
(21) > . ==Y nb, — =0 (mod 16).
reR reER

and hence Condition [3| implies that ) _sbs =0 (mod 2). Then ) _snsbs =0 (mod 16) and
by applying Condition [2|again, we find that 3 nb.r =0 (mod 16) which concludes the proof.

If 2 | n we find by a similar reasoning that 3 _,nb,r =0 (mod 8) and ) _4bs =0 (mod 2).
From Condition [3 I we obtain that Do e gbs =0 (mod 2) Together with Conditions |3 this implies
that "= =0 (mod 4) and s/(z 57 =0 (mod 8). This implies that > scgMsbs =0 (mod 16) and
hence by Condition [2 I that 3 . pnb.r =0 (mod 16) which concludes the proof.

O

Corollary B.8. If na(1) is modular form for the congruence subgroup I'g(n), then ngr is a modular
form for the group To(n/(n,k)).

Table [7] shows bases of eta quotients for all the spaces of modular forms relevant to our computation.
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(N,k,x(d)) Dim

(4,12,1) 7 [2~ 24448] [182 24440] [1162724432]’[1242724424],[1322724416}7[140272448],[1482724}

(6,4,1) 5 [142 83— 12624] [ 93’11619],[1142’103’10614],[1192’113’969],[1242’123’864]

(6,8,1) 9 [1 916324448 [1132_173_23643] [1182—183—22638]7[1232—193—21633]7[1282—203—20628]7
[1332 213— 19623] [1382 223—18618] [1432—233—17613],[1482—243—1668]

(6,12,1) 13 [1122 243~ 3667] [1172 253~ 3566] [1222—263—34662]7[1272—273—33657],[1322—283—32652],
[1572 293— 31647] [1422 303— 30642] [14727313729637],[15227323728632],

[1572 333~ 27627] [1622 343~ 26622]’[16727353725617]’[17227363724612]

(8,6,1) 7 [4- 12824] [1- 42104—14820] [1—82204—16816]7[1—122304—18812},

[1- 169404~ 2088] 1 202504—2284]’[1—242604—24]

(9,8,1) 9 [1243 ][ 8924} [11534973}7[112:))4],[16316976}7
[1 3169~ ] [1- 33289~ ] [176328976]’[17123409712]

(10,4,1) 7 [17102205210—4], [175215511073], [2191072], [1°2551107]

[1105-2] [1152-55-3101], [1202~105-4102]

(10,8,1) 13 [1720240541078) [1715235531077], [17102309521076], [17°22°511075], [22010~4],

[1 9155—110—* ] [1102105721072]’[115255731071]’[120574]’
[1252 55— 510] [1302710576102]7[1352715577103]7[1402720578104}

(12,4,1) 9 [1- 49103-124-43019— 12} [3—1664012—16],[142—103—204465012—20]’[182—203—244866012—24]7
[2- 4486~ 4128] 2 —2446— 61212]’[6—81216],[224—46—101220]’[244—86—121224]

(15,4,1) 8 [183=457415%], [17331515157°], [172510], [17 13~ 15°159),

3 21510} 1 5355—115— ] [110572]7[115375573151]

(18,4,1) 13 [1- 12924346~ ]7[1 9221336—7],[1—6218326—6]7[1—3215316—5]7[2126—4]’
[1329371673],[1626372672], [19233 736 1], [112374],

[1152-33-561], [1182—63—662]7[1212—93—763],[1242—123—864]

(20,4,1) 12 [22474107102029], 17132294 71059107920?], [1 7202504205410~ 10204, [172734-25-310~12010],
10 82016] [1- 169404~ 16] [1227147157210732013]7[1527247157110762013}7
[1-142374-155610-9203], [1~142334-135610~5201], [1-82204-85810~4], [1~122264 105121010202

(44,2,1) 9 [18274], [27448], [2274448], [12112], [112734411 7322944 4]

[171224711132272443] [132724311 12224471 [17327111227 1], [1 732947 4111227344%]

(92,1, (=22)) 6 [11231],[21461], [41921], [1227123246 1], [1127 141231461921, [27 14246 192?]

Table 7: Eta quotient bases

APPENDIX C. LATTICE THETA-FUNCTIONS AND THE INVERSION FORMULA

Let L be a lattice, L’ its dual and A and /3 be vectors. Define

and

Ora(7) = Z e(<a + A,Qa +A) ’7')

a€cl

HOEDY e(@;h + <a,5>).

acl

Then the following result holds

Theorem C.1 (Inversion Formula, [Iwa97]).

1

07 (—) = (det(L)) ™% (=iz)" ™, 5(r)
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