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Abstract

We develop reduced-order, phenomenological models for effective conduc-
tivity, and for mass transport, in highly heterogeneous, composite porous
media. Composite porous media consist of two or more distinct materi-
als that occur in irregularly shaped, coherent blocks, called facies. Due
to sparse sampling of the subsurface, uncertainty of facies structure is
epistemic, and we conduct computational experiments that use thresh-
olded random fields to generate realistic realizations of composite porous
media. Darcy’s law is assumed to hold at local (mesoscopic) and large
(macroscopic) scales, and flow is simulated through the facies structure
to quantify the effects of the random, irregular configuration of the facies.
Scale-up is addressed by Monte Carlo simulation. In the first chapter,
simulations verify the importance of the percolation threshold, vc, which
determines three regimes in effective conductivity that coincide with three
corresponding regimes in the spatial variability of the flow fields. In the
second chapter, further simulations motivate a continuous time Markov
chain model that is able to explain anomalous dispersion in highly hetero-
geneous media. The model is parameterized directly from the statistics of
the trajectories of synthetic particles that flow through the medium. In
the third chapter, a stochastic optimization algorithm generates compos-
ite media characterized by the curvature along the facies interface, thereby
controlling the connectedness of the facies structure to quantify its effects
on conductivity and mechanical dispersivity in composite porous media.
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Introduction

The fundamental physical processes that govern subsurface flow are generally well
understood and straightforward to implement; Darcy’s law and linear advection-
dispersion equations (ADEs) often suffice. Nonetheless, predictions based on these
equations often fail to match field observations. Discrepancies between model pre-
dictions and field observations are caused by the inability to specify the parameters
with requisite detail. The parameters of the governing equations are constitutive
properties of the porous media, and, as is evident from road cuts and other visi-
ble cross-sections of natural porous media, must vary locally on small spatial scales.
Knowledge of the parameters is restricted by the scarcity of data, measurement error,
and the limitations of remote sensing.

Even at very modest length and time scales, failure to adequately model subsur-
face flow can have practical implications for urban development and resource man-
agement. Over larger scales, accurate modeling and prediction is needed to protect
human health and the environment from the industrial and agricultural contaminants
that leak into groundwater systems from sources like waste storage sites. Attention
has recently shifted to even larger scales in response to the growing demands for
technologies like CO2 sequestration, and the long-term storage of nuclear waste.

In light of the epistemic uncertainty, the parameters of the governing equations
are often modeled as random fields, and the effects of local variability are addressed
probabilistically. Stochastic techniques have become more or less standard in hydro-
geology [3–7], but they too are susceptible to data scarcity, as they require estimates
of parameter statistics that are difficult to obtain from field observations with a high
degree of accuracy. Furthermore, for many such stochastic techniques, parameter
fields must be stationary and have small variance.

Requirements of stationarity and small variance are not always satisfied because
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geologic porous media do not always consist of a single material, but often form
an irregular configuration of several different materials [8, 9], called facies. For such
media, parameter values can be discontinuous, and can vary by several orders of
magnitude. When the facies occur in irregular spatial configuration, the geometry
(general shape) and topology (wider connectivity) of the materials have a non-trivial
effect on the flow, and the incomplete knowledge of the configuration yields uncer-
tainty in effective properties. Scale-up is the process of using reduced order models
to represent the aggregate effect of local variability by a global, typically constant,
parameter. The following computational experiments resolve flow in realistic realiza-
tions of the random facies structure, and employ Monte Carlo simulation to develop
models for scale-up.

Reduced order hydrological models can be categorized by the extent that their
terms and parameters are related to the governing physical properties. Although
empircal models have been successfully used for aquifer characterization and subse-
quent predictive modeling, they suffer two shortcomings: first, their transferability
between aquifers is limited because heterogeneity is site-specific, and second, little can
be learned from these models about the governing physical processes. The models
developed in chapters 1 and 2 are phenomenological in the sense that they are able
to produce consistent behavior by depending only on observable parameters.

Developing useful reduced-order models requires realistic depictions of the het-
erogeneity in the porous media. We model the geologic facies structure by applying
thresholds to correlated random fields. The threshold decomposes the domain into
irregular subvolumes to represent different facies. When the underlying correlated
random fields are Gaussian, the thresholding elicits a wide, but limited, degree of
irregularity to the facies structure. We investigate the effects of using non-Gaussian
correlated fields to define the facies structure in chapter 3.

The dissertation is organized in the style of three independent chapters which each
discuss important themes in subsurface hydrology: effective conductivity in chapter
1, transport in chapter 2, and meso-scale heterogeneity in chapter 3. Where possible,
I have tried tried to limit repetition by consolidating recurring themes and methods
in this introduction, but have chosen clarity over brevity where necessary. Also, I
have included a brief overview of stochastic hydrogeology in this introduction as none
of the chapters provide sufficient background for the non-hydrological audience.
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Figure 1: Experimental apparatus use by Darcy in his experiments. Source [1]

Principles of Stochastic Hydrogeology

The foundation of modern hydrology begins with a report published by Henry Darcy
in 1856 [1, 10]. Darcy was a civil engineer and resident of Dijon who designed an
elaborate water-distribution system that depended on reservoirs, aqueducts, and a
pipeline to bring clean water from a nearby spring to public fountains throughout
the city. In his report, Darcy included an appendix that described his experiments
to measure gravity-driven flow through vertical columns of sand (Fig. 1). Darcy
concluded that “for identical sands, the discharge is directly proportional to the head
and inversely proportional to the thickness of the layer traversed.” Hydraulic head1,
denoted by H with units [L], is the driving force in subsurface flow. Darcy’s law states
that the total fluid flow rate, Q [L3T−1], through a porous medium is proportional
to the hydraulic head gradient. The constant of proportionality is a constitutive
property of the material, referred to as the hydraulic conductivity, and denoted by K
[LT−1], where 0 < K <∞.

1Head is pressure per unit weight of fluid, and is given by the sum of the static pressure head
and the gravitational potential head, H = p/ρg + z where p is the pressure, ρ is the fluid density, g
is acceleration due to gravity and z is the height above an arbitrary datum.
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Scales and Scale-up

The quotation from Darcy raises three points that need clarification. The first point
concerns the transition from the pore scale to the continuum scale. In Darcy’s exper-
iment, the internal structure of the sand was composed of irregular grains, and the
fluid flowed along tortuous paths through the pores. At the pore-scale, fluid flow is
described by the Navier-Stokes equations and no-flow boundary conditions apply at
the intricate solid-void interface. Darcy’s law, however, ignores this internal struc-
ture, and the column of sand is treated as a continuous medium: the aggregate effect
of the network of pores is reduced to a simple linear relationship when observed at
larger scales.

The transition from the pore-scale, or micro-scale (1 mm − 1 cm) to laboratory-
scale (10 cm − 10 m) is justified provided that the arrangement of grains and pores
in the sampling window is statistically representative of the ensemble of possible ar-
rangements. The concept of scale-up applies at any scale. In this paper we focus on
scale-up from the field-scale, or meso-scale (10 cm − 1 km), to the aquifer-scale, or
macro-scale (1 km− 100 km), which necessitates a brief discussion of geologic hetero-
geneity.

Geologic Heterogeneity

Scale-up from the micro- to the meso-scale allows us to define hydraulic conduc-
tivity at each point in the medium, and Darcy’s law holds locally, that is, q(x) =

−K(x)∇H(x), where q(x) is the local Darcy flux and H(x) is the local pressure
head. Darcy’s law, coupled with the conservation of mass, ∇ · q(x) = f(x), gives the
equation for the steady state flow of an incompressible fluid through heterogeneous
porous media

∇ ·
(
K(x) ∇H(x)

)
+ f(x) = 0. (1)

In the absence of sources or sinks, f(x) = 0 and the conservation of mass implies that
the total volumetric flux is conserved across all closed surfaces.

Effective Conductivity

The second point concerns scale-up from the meso-scale to the macro-scale. The flow
equation (1) is a conservation law and implies that whenever an external head gradient
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is applied to opposite faces of the domain, and the lateral faces are impervious to flow,
the total flux through any transect perpendicular to the external gradient is constant
and is the total fluid flow rate. The effective conductivity of a heterogeneous medium
is defined as the conductivity value of a homogenous medium that would induce
the same total flow rate under the same boundary conditions [11–13]. That is, the
effective conductivity is the constant Ke that solves the equation

Q

A
= −Ke

H1 −H0

L
(2)

for the same total flow rate Q, the same external pressure head gradient of H1 −H0,
and on a domain of the same length L and cross section A.

Mechanical Dispersion.

The third point is one of omission. Darcy could measure the total volumetric flux, and
therefore the average transit time of fluid through the medium, but he had no means
of measuring the variability in transit times. The heterogeneities in composite porous
media force the fluid to take long detours around regions that are less conductive, and
to pass through narrow constrictions that are more conductive. Mechanical dispersion
is the macroscopic mixing of fluid that is caused by micro- or mesoscopic variability
in transport paths.

Mechanical dispersion is a diffusive process, but is not necessarily Fickian. Field
observations with non-reactive tracers show that often the spreading of plumes often
occur at rates that are proportional to t1/2 only for later times, and that early-
time spreading occurs anomalously fast. The common explanation for anomalous
dispersion is that there are multiple scales of interest, and that some of the fluid
initially flows significant distances along fast paths.

Geologic Facies

The fourth point that needs clarification is the term “identical sands”, which refers to
the fact that the relation between hydraulic head and Darcy flux is constitutive. Typ-
ical values of hydraulic conductivity differ by several orders of magnitude for different
materials (Table 1). Geologic porous media do not always consist of a single material,
but often form an irregular configuration of several different materials. At great risk
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log10K (m/s) -1 -2 -3 -4 -5 -6 -7 -8 -9 -10 -11 -12

Permeability Pervious Semipervious Impervious

Aquifer Good Poor None

Soils Gravel Sand Fine sand, silt

Rocks Oil rocks Sandstone Limestone Granite

Table 1: Typical values of hydraulic conductivity. Adapted from [2]

of oversimplification, we can say that many conductivity fields exhibit both course-
scale heterogeneity (determined by the spatial distribution of different materials),
and fine-scale variability (existing within a single material). The experiments and
models in this dissertation make the assumption that the course-scale heterogeneity
is primary, and that the fine-scale heterogeneity is secondary.

In truth, there is some debate amongst experts as to whether there are clear
delineations between the length scales. Moreover, many experts believe that the
statistics of naturally occurring porous media do not generally stabilize as the size
of the sampling window increases, but that increasing the sampling window always
introduces new variability. In this dissertation, we work under the assumptions that
there is a separable meso-scale, where geologic facies can be modeled as coherent,
irregularly-shaped blocks with well-defined interfaces, and that relevant statistics of
the facies geometry and topology stabilize over sampling windows that are not much
larger than the typical size of the facies.

Recurring methods

The irregular configuration of geologic porous media are sometimes modeled using ge-
netic models [14–16] which simulate evolutionary geologic processes like river flooding,
sedimentation, subsidence, and compaction. Other models forgo the formational pro-
cess of the heterogeneities, and attempt to model their statistics directly. In each
of the three chapters, we employ thresholded Gaussian random fields to model the
irregular facies structure in composite media, (Algorithm 1). The algorithm pro-
duces realistic realizations of composite porous media. The realizations consist of
two materials M0 and M1, with relative volumes v0 and v1, and constant hydraulic
conductivities K0 and K1.
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1. Random Topography, T (x): Numerical convolution of a random
field of iid r.v.’s. ξ(x) with a kernel, K(x), to produce random
field of correlated r.v.’s.

T (x) = ξ(x) ?K(x)

where ξ(x) ∼ N(0, 1), and K(x) ∝ exp
(
−1

2
xTΣ−1x

)
.

2. Random Geometry, M0 and M1: Threshold, γ, applied to the cor-
related field defines two disjoint subsets of the domain which deter-
mine material membership and hence the irregular configuration.

M0 = {x : T (x) > γ} and M1 = {x : T (x) < γ}

3. Random Conductivity, K(x): A conductivity value is assigned to
each of the two materials. Without loss of generality, the more
conductive material is assigned unit conductivity, K1 = 1, and the
less conductive material is assigned conductivity K0 = κ}.

K(x) =

{
K0 (= κ) for x ∈M0

K1 (= 1) for x ∈M1

Algorithm 1: Three-step algorithm for generating irregular composite random media
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Chapter 1

Effect of Percolation on the Effective Conductivity of

Irregular Porous Media

Abstract

We develop a phenomenological model for the effective conduc-
tivity of porous media that consist of two distinct materials char-
acterized by different values of hydraulic conductivity. Our focus is
two-fold: first, to relate the terms and parameters of macroscale con-
ductivity to the spatial variability of local flow and conductivity, and
second to develop a reduced order model for effective conductivity
based on observations. Darcy’s law is assumed to hold at local (meso-
scopic) and large (macroscopic) scales. At the mesoscale a composite
medium is a configuration of irregular subdomains consisting of two
different materials. The resulting heterogeneities force fluid to flow
along irregular paths, and this produces spatial variability in the
magnitude and the orientation of the Darcy flux. This variability,
along with the macroscopic effective conductivity, depends on the
proportion of the total volume allocated to each material, the ratio
of the two conductivity values, and the spatial connectivity of the
materials. Computational experiments indicate that the effects of
heterogeneity are most pronounced when the two conductivity val-
ues are very different, and when the volume fraction of the more
conductive material is near a percolation threshold. The percola-
tion threshold is the critical volume fraction of the more conductive
material at which the medium is no longer traversed by connected
paths through that material. The percolation threshold determines
the existence of three regimes in effective conductivity, two where
the effective conductivity obeys power laws and is dominated by one
of the materials, and a third intermediate regime that interpolates
between the power laws.
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1.1 Introduction

Applications of groundwater hydrology often depend on parameters, such as hydraulic
conductivity, that are known to be highly variable at local scales, but cannot be
specified as such because the requisite data at the local scale is inadequate. For
applications that require estimates of system states at scales much larger than the
local scale, it may be possible to substitute a constant effective parameter, for the
locally variable parameter. In the example of hydraulic conductivity, the effective
conductivity, or Ke, substitutes for local hydraulic conductivity, K(x). This requires
the effective parameter to aggregate the critical features of the local parameter field
that influence system states at the scale of application.

If the local parameter field is uniform in space and its variance is not too large,
an effective parameter based on stochastic averaging may suffice [13]. However, these
conditions are not met for composite porous media, which consist of multiple dis-
joint sub-volumes of different materials, e.g. clay lenses in a sandy aquifer. When
individual sub-volumes are large enough to affect regional flow directly, techniques
of aggregation based on averaging over stationary fields will not usually apply. Such
cases need effective parameterizations that are consistent with both the spatial struc-
ture of the sub-volumes and their material properties. If the spatial disposition of
sub-volumes in a composite medium is known to a good degree of approximation,
stochastic techniques like random domain decomposition [17] can be used to approx-
imate states of flow. In many cases, however, all that is known of the materials are
good approximations of their relative volume fractions, their average conductivities,
and correlation or structure functions of their spatial distribution. The modeling chal-
lenge becomes identifying the primary features of composite systems that influence
regional flows, and then to come up with effective parameterizations that produce
flow regimes on macroscopic scales that are consistent with the aggregated effects of
local flows.

In this paper we develop a phenomenological model of effective hydraulic conduc-
tivity for a large class of composite porous media. We focus on media composed of
two materials, M0 and M1, that are arranged in multiple disjoint sub-volumes filling
a large-scaled (i.e., macroscopic) domain (Fig. 1.1). The total volume fractions occu-
pied by sub-volumes of the materials are fractions v0 and v1 of the total macroscopic
volume. The materials have constant hydraulic conductivities K0 and K1 respectively
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Figure 1.1: Three examples of the irregular spatial configuration of the more conduc-
tive material (black) and the less conductive material (white). The three realizations
are generated from thresholds applied to the same realization of a correlated random
field. The thresholds correspond to volume fractions of the more conductive material
of 0.50 (left) 0.30 (center) and 0.10 (right). The block cutout is for visualization
purposes only, and is not part of simulation.

(K0 < K1). Two thought experiments, and a large number (∼106) of mesoscale com-
putational, simulations are used to identify the principal phenomena that an effective
conductivity parameter must reflect if it is to closely approximate macroscopic flows
produced by a mesoscale composite medium.

The analysis is carried out in a parameter space (v, κ) defined in terms of v =

v1, the volume fraction of M1, the more conductive material, and κ = K0/K1, the
ratio of the two hydraulic conductivities, or heterogeneity ratio. The corresponding
effective conductivity parameter is Ke(v, κ), and the model for Ke(v, κ) we develop
in section 1.4 is denoted by KMe (v, κ).

The effective conductivity of heterogeneous systems was first investigated in the
context of electrodynamics by Landau and Lifshitz [18]. Consideration of local hetero-
geneities for scale-up of groundwater systems was pioneered by Matheron [19]. Much
has since been written, and we refer to a number of comprehensive reviews [11, 12,
20,21]. We also refer to the review by de Marsily [8] which considers both continuous
and binary conductivity fields in its discussion on models for heterogeneity and their
effects and implications.

In situations where the conductivity field consists of two materials of known hy-
draulic conductivity and in known volumetric proportion, but in unspecified spatial
configuration, the upper and lower bounds for the effective conductivity of composite
media are well known. Regular block arrangements in layers perpendicular and par-

24



allel to the direction of flow give volume-weighted arithmetic and harmonic averages
of the hydraulic conductivities, respectively. For both situations, the arrangement
is regular and anisotropic. Upper and lower bounds for were given by Hashin and
Shtrikman [22]. In this study, we allow the arrangement of materials to be irregular,
but isotropic and statistically stationary, and we search for the expected value, not
the bounds, of the effective conductivity.

When the porous media is modeled as a binary conductivity fields the size and
location of the different materials is a primary source of uncertainty [17,23]. A series
of computational experiments compared the effective conductivity of realizations of
2D composite porous media to that of realizations augmented by additional connected
paths of the more conductive material [24–26]. The computational experiments found
that connected paths were significantly affected the flow. Metrics for connectivity
were investigated in [27]. A thorough review of the applications of percolation theory
to many different problems in hydrology appears in the monograph by Hunt [28].

The computational experiments in this paper are designed to mimic experiments
that might be carried out when characterizing an actual aquifer. Consequently the
physical dimensions of the domain are considered to be fixed, known quantities. We
also assume that the correlation length scale of the conductivity field is known. The
relation between these length two scales (the integral scale, and the correlation scale)
has been subject to previous investigation [13,21,29].

Two Thought Experiments

The process of decomposing the domain into irregular subvolumes of two different ma-
terials yields three distinct regimes in the effective conductivity. The three regimes
are determined by the percolation threshold, vc, which is the critical value of v that dis-
tinguishes between configurations that admit connected paths of the more conductive
material, from those that do not. The term non-percolating geometries refers to con-
figurations where v < vc and the term percolating geometries refers to configurations
where v > vc. The regimes occur on subintervals given by

I : 0 ≤ v < va II : va < v < vb III : vb < v ≤ 1

where va and vb depend on κ and satisfy va < vc < vb.
The physical reason for the three regimes is illustrated by thought experiments
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Figure 1.2: Left: Subintervals of (v, κ) phase space that determine the three regimes
for Ke in relation to vc, the percolation threshold on log-linear axes. Right: Subin-
tervals in terms of (|v − vc|, κ) log-log axes. Subinterval boundaries are derived from
computational experiments.

where κ = 0, which occurs when either K1 → ∞ or K0 → 0. Each limit describes
the behavior on subinterval I or III, but not the others. The reconciliation of their
differences when κ > 0 and v ≈ vc explains the existence of subinterval II, and
motivates a phenomenological model for the effective conductivity over the domain
0 ≤ v ≤ 1.

For the first thought experiment, consider the situation where K0 = 0 and K1 is
finite, e.g. steel and sand. When K0 = 0 and v < vc, there can be no flow so Ke = 0.
On the other hand, connected paths of M1 traverse the domain when v > vc, so Ke

is a positive, increasing function of v, and Ke → 0 as v → v+
c . This behavior can

be modeled as a power law in v − vc with a positive exponent [30]. For situations
where K0 > 0, the fluid is not completely restricted to narrow and tortuous paths
through M1, but can flow through both materials, albeit with more resistance when in
M0. The thought experiment has underestimated Ke, and since Ke must be bounded
below by K0 for all v, the prediction that Ke → 0 as v → v+

c is no longer physical
when K0 > 0, and the power-law model requires a K0 dependent modification near
vc.

For the second thought experiment, consider the situation where K1 = ∞, and
K0 is finite. This corresponds to a massless, inviscid fluid flowing through air and
clay, for instance. Although this situation is not physical, it does provide a valuable
perspective. When K1 = ∞ and v > vc, fluid is able to flow uninhibited across
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the domain along connected paths of M1, so according to the terms of this thought
experiment, Ke must be infinite. When v < vc, connected paths do not exist and fluid
must flow through regions of M0 whose conductivity is finite. When v < vc, Ke(v) is
a positive, increasing function of v and Ke → ∞ as v → v−c . This behavior can be
modeled as a power law in vc− v with a negative exponent [30]. For situations where
K1 <∞, finite K1 introduces resistance to the flow in M1, and for each fixed (v,K0)

pair, decreasing K1 must decrease Ke(v). The thought experiment has overestimated
Ke(v), and since Ke must be bounded above by K1 for all v, the prediction that
Ke →∞ as v → v−c is no longer physical and the power law requires a K1 dependent
modification near vc. We investigate how to correct the power law to maintain physical
behavior in subinterval II when v ≈ vc in section 1.4.

Experimental studies with percolation and conduction were first performed by
punching holes carbon paper and measuring electrical conductivity [31]. Analytic
studies [32], computer simulations [33], and models based on the power laws [30, 34]
followed shortly thereafter. Reviews can be found in [35,36].

Overview of Computational Experiments

The uncertainty associated with the effects of the unknown conductivity field is es-
timated by Monte Carlo simulation. Samples are generated from a realization of
a correlated random field of three independent variables T (x, y, z) on the domain
Ω = [0, 1]3. For each realization, a threshold γ determines the relative volume of each
material, v0 and v1 (equivalently 1− v and v), and designates material membership.
Points in the domain where the topography is below the threshold are allocated to
the more conductive material, M1, and assigned conductivity K1 = 1. Points in the
domain where the topography is above the threshold are allocated to the less conduc-
tive material, M0, and assigned conductivity K0 = κ, where κ varies systematically
from 5 · 10−1 to 10−5 (Sec. 1.2.1).

This process is repeated for Nω = 100 different realizations of the correlated
random field. For each realization ω, we generate ∼200 different random geometries
by applying a threshold that corresponds to fixed value of v between v = 0 and v = 1.
For each of the random geometries, we then create 15 different conductivity fields by
assigning a constant conductivity, K0 and K1, to each of the materials, where for
computational convenience, we set K1 to unity and K0 to κ.
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We compute the effective conductivity as a function of v and κ, and make four
observations of the data: (i) there are three regimes for conductivity that exist on
subintervals of (v, κ) that are governed by the percolation threshold, (ii) the effective
conductivity in regimes I and III can be modeled by power laws in |v − vc|, (iii)
the exponents of the power laws appear to be independent of κ, and (iv) regime
II occupies 0 ≤ v ≤ 1 when κ ≈ 1, and collapses on vc as κ → 0 (Sec. 1.3.1).
To develop a practical and low order model capable of representing each of these
observations, we view the effective conductivity through the lens that the regimes
are characterized by the critical exponents of the two power laws. We define our
phenomenological model for effective conductivity in composite media via an auxiliary
function C(v;κ) = (v−vc) ∂v [logKe(v, κ)], and note that differentiation and algebraic
manipulation of power laws show that C(v;κ) is constant on any interval where Ke

obeys a power law in |v− vc|. Approximating C(v, κ) by a suitable choice of sigmoid
function gives the model

KMe (v;κ) =


A
[

1
2
(vc − v) + 1

2

√
(vc − v)2 + (vc − va)2

]−α
for v < vc

B
[

1
2
(v − vc) + 1

2

√
(v − vc)2 + (vb − vc)2

]β
for v > vc

(1.1)

Here, vc is the critical volume for percolation and is approximately 0.11. The ex-
ponents α and β are fit to the data and found to be independent of κ. The coef-
ficients A and B,and the parameters va and vb, are determined by the constraints
KMe (0;κ) = K0 and KMe (1;κ) = K1, and by enforcing continuity and differentiability
at v = vc.

Flow fields are uniform when κ = 1, and when v = 0 or v = 1, which each
correspond to homogeneous media. Otherwise, the flow fields show spatial variability,
which we represent by four statistics: the coefficient of variation in the magnitude
of the Darcy flux through each material, η0 and η1, and the flux-weighted average
angle of deviation of the Darcy flux from the external pressure gradient, θ0 and θ1,
(Sec. 1.2.4). The simulations show that for each v, the spatial variability is increasing
as κ→ 0 and for κ ≈ 0, it is greatest when v ≈ vc, (Sec. 1.3.2).

For each (v, κ) pair, we compare the effective conductivity with each statistic for
spatial variability by computing the correlation across all realizations the same v
and κ. The data suggest that the spatial variability is positively correlated with Ke

for v < vc and negatively correlated with Ke for v > vc. When the statistics are
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normalized and compared to C(v;κ), we find that the transition between regimes I
and III coincides with departures from maximum spatial variability (Sec. 1.3.3).

1.2 Computation and Simulation

The unknown local conductivity is modeled as a random field and the effective con-
ductivity is estimated by Monte Carlo simulation. Each simulation consists of three
computational components: first, a means of generating realizations of irregular, com-
posite media from a chosen ensemble; second, a suitable method of solving the flow
equations to determine local velocities and head gradients; and third, a means of
computing the effective conductivity. For each conductivity field, four statistics rep-
resenting the spatial variability of the flow are computed and compared to the effective
conductivity.

1.2.1 Generating Realizations of Irregular Composite Media

The local conductivity is modeled by thresholded random fields, which provides a
computationally efficient means of generating spatially irregular, composite media.
Samples of random conductivity fields, K(x) where x = (x, y, z)T , are generated
by the following three-step algorithm. A realization of a correlated Gaussian random
field T (x, y, z) of three independent variables is generated by convolving a rectangular
array of i.i.d. random variables with a kernel. A threshold, γ, defines the interfacial
boundaries of the two materials by Γ = {x : T (x) = γ}, and thereby determines
material membership by M0 = {x : T (x) > γ} and M1 = {x : T (x) < γ}. The
level set definition of the boundary process implies that an increase in the threshold
reallocates some of the domain from the less conductive material to the more con-
ductive material, so M′0 ⊂M0 and M′1 ⊃M1 whenever γ′ > γ. This has the effect of
pushing the boundary strictly outwards (from the perspective of the less conductive
material), so that the geometry of the configuration changes incrementally with γ,
and the topology of the configuration changes infrequently.

The volume fraction allocated to each material depends on the statistical proper-
ties of the correlated random field T , and on the threshold γ. This random field is
fully defined by the i.i.d. random variables and by the kernel [37–39]. All realizations
of the topography are sampled from the same random field. We non-dimensionalize
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the spatial variables to lx = ly = lz = 1 and set nx = ny = nz = 100. We pick iid
r.v.’s from a standard normal distribution and use a symmetric Gaussian kernel of
width 0.025. The width of the kernel determines the correlation length of the random
topography, which is rx ≈ 0.075. Therefore the approximate number of independent
features is given by the ratio lx/rx = 13.3, and the discretized resolution of each
feature is given by the ratio rx/∆x = 7.5.

1.2.2 Numerical Solution to the PDE

The flow equation ∇ · (K∇H) = 0 is discretized by defining the pressure head at
the nodes, and by defining the hydraulic conductivity and the Darcy flux between
adjacent nodes. The conductivity field is originally defined at the nodes, so values
between adjacent nodes are approximated by taking the harmonic averages of the
values at the nodes, K−1

i+1/2,j,k =
(
K−1
i,j,k +K−1

i+1,j,k

)
/2. Dirichlet boundary conditions

(fixed hydraulic head) are prescribed on the faces corresponding to x = 0 and x = 1,
and periodic boundary conditions on the faces corresponding to y = 0, y = 1, z = 0

and z = 1. The derivatives are approximated by second order finite differences
and the resulting linear system is solved using the biconjugate gradient method to a
tolerance of 10−9. The solution to the system of equations is the pressure head at each
node, Hi,j,k, so the Darcy flux between the nodes, Ui±1/2,j,k, Vi,j±1/2,k, and Wi,j,k±1/2

is recovered by Darcy’s law, Ui+1/2,j,k = −Ki+1/2,j,k(Hi+1,j,k −Hi,j,k)/∆x, etc. Values
of the Darcy flux at the nodes Qi,j,k = (Ui,j,k, Vi,j,k,Wi,j,k) are found by interpolation.

1.2.3 Effective Conductivity

Each index i defines a transect plane perpendicular to the external head gradient.
The total flux through each transect, Qi, is estimated by summation of the normal
component of the Darcy flux perpendicular to the transect, Ui,j,k, for all indices j,
k and multiplication by ∆y∆z. It is verified that the flux through each transect
is constant, which we define as the total fluid flux Q̄. The effective conductivity is
computed by

Ke = − lx
H1 −H0

Q̄

ly lz
(1.2)

where lx, ly and lz are the physical dimensions of the domain, andH1−H0 is the exter-
nal pressure difference. The effective conductivity is computed for each conductivity
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field, so that Ke = Ke(v, κ, ω).

1.2.4 Analysis of Flow Fields

The final component of each simulation is an analysis of the spatial variability of
the flow field, and its correlation with the effective conductivity. We represent the
spatial variability of the flow by four statistics which quantify the variability in the
magnitude and the direction of fluid flowing through each of the two materials. To
calculate the four statistics, we compute the magnitude of the Darcy flux at each
node, Qi,j,k = (U2

i,j,k + V 2
i,j,k + W 2

i,j,k)
1/2. To support conditioning on each of the two

materials, we define the index sets Is of length Ns by Is = {(i, j, k) : Ki,j,k = Ks} for
s ∈ {0; 1}.

To represent the variability in the magnitude of the Darcy flux within each ma-
terial, we compute its mean and variance, µs(v, κ, ω) = 1

Ns

∑
Is
Qi,j,k(v, κ, ω) and

σ2
s(v, κ, ω) = 1

Ns

∑
Is

(Qi,j,k(v, κ, ω) − µs(v, κ, ω))2, where s ∈ {0, 1} to designate the
two materials. The first pair of descriptive statistics we use to represent spatial vari-
ability is the coefficient of variation,

ηs(v, κ, ω) = σs(v, κ, ω)/µs(v, κ, ω) where s = 0, 1. (1.3a)

The expected coeffiecient of variation, ηs(v, κ) is estimated by averaging over the
number of realizations Nw.

ηs(v, κ) = 1
Nω

∑
ω

ηs(v, κ, ω) where s = 0, 1. (1.3b)

To represent the variability in the orientation of the Darcy flux within each ma-
terial, we note that the boundary conditions impose an external head gradient that
is oriented in the first (x) dimension. Therefore, for a uniform conductivity field,
Ui,j,k(v, κ, ω) is constant, and Vi,j,k(v, κ, ω) and Wi,j,k(v, κ, ω) are zero. However, for a
spatially variable conductivity field, the flow is not, in general, aligned with the exter-
nal gradient and occurs at an angle of deviation given by cos−1

[
Ui,j,k(v, κ, ω)/Qi,j,k(v, κ, ω)

]
.

The second pair of descriptive statistics for spatial variability is the flux weighted
mean angle of deviation of the Darcy flux within each material from the direction of
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the external head gradient.

θs(v, κ, ω) =

∑
Is
Qi,j,k(v, κ, ω) cos−1 [Ui,j,k(v, κ, ω)/Qi,j,k(v, κ, ω)]∑

Is
Qi,j,k(v, κ, ω)

where s = 0, 1

(1.4a)

The expected angle of deviation θs(v, κ) is estimated by averaging.

θs(v, κ) = 1
Nω

∑
ω

θs(v, κ, ω) where s = 0, 1 (1.4b)

Normalized Statistics for Spatial Variability of Darcy Flux

For each realization, the four statistics for variability are normalized by comparing
each statistic to the corresponding statistic for the same v but for κ = 10−5. When
the normalized statistic is close to 1, the spatial variability of flow field is similar to
the thought experiment, and a value much less than 1 quantifies how much of the
maximum possible variability is not achieved.

1.3 Results

The thought experiments demonstrate the influence of the percolation threshold on
the effective conductivity. Recall that the percolation threshold is the critical volume
vc, that distinguishes geometries that admit connected paths of the more conductive
material from those that do not admit such paths. The percolation threshold for
each realization of the random topography, vc(ω), is computed using a connected
components algorithm and found to be approximately normally distributed with mean
0.114 and standard deviation 0.016. The results from our computational experiments
suggest that regimes I and III can be modeled by power laws on the intervals 0 ≤ v <

va and vb < v ≤ 1 respectively, and that regime II interpolates between regimes I and
III on the interval va < v < vb. The exponents of the power laws are independent of
κ, and va → v−c and vb → v+

c as κ→ 0.
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1.3.1 Effective Conductivity

The data show that for each realization of the random topography ω, and for each
value of the heterogeneity ratio κ = K0/K1, the effective conductivity Ke(v, κ, ω) is
a positive, increasing function of v. The data also show that Ke(v, κ, ω) = K0 when
v = 0 and Ke(v, κ, ω) = K1 when v = 1, which occurs because the two end-points
correspond to homogeneous media with conductivity K0 and K1 respectively. The
greatest relative increase in Ke(v, κ, ω) occurs at the percolation threshold of the
random topography, vc(ω).

The data suggest that for moderate values of κ (e.g. κ ≈ 10−3) the effective
conductivity is continuous for all v, but that for sufficiently small values of κ (e.g. κ ≈
10−5) there is a discontinuity at vc(ω). Our understanding of the spatial variability of
the flow suggests that as κ→ 0, the irregular geometry forces the fluid to make longer
detours as it optimizes its path through the domain. The discontinuity occurs when
the typical length of the detours are greater than the size of the domain. Varying
the simulation parameters provides evidence that the discontinuity at vc(ω) emerges
when the sampling of the random environment becomes inadequate as κ → 0. The
following observations are made: (i) the discontinuity persists when the increments in
∆v are refined to a single voxel, (ii) extending the conductivity field by doubling the
side length of the domain (with respect to a fixed correlation length of the random
field rx and numerical resolution ∆x) decreases the size of the discontinuity, and (iii)
interpolating the original conductivity field onto grids with finer resolution does not
change the discontinuity. The discontinuity means Ke(v, κ, ω) is sensitive to vc(ω),
which can be observed in the quantiles of Ke(v, κ, ω) (Fig. 1.3 insets).

We use the geometric mean, Ke(v, κ) = [
∏Nω

ω=1Ke(v, κ, ω) ]1/Nω , for averaging
across realizations ω due to the high variance in the effective conductivity when v ≈ vc

and κ is sufficiently small. As with the effective conductivity for each realization, the
data show that the mean effective conductivity is a positive and increasing function,
and that the greatest relative increase occurs in the neighborhood of vc (Fig. 1.3).

The simulations support previous results [35, 36],and find that there exists an
interval 0 ≤ v < va with va < vc, where the effective conductivity obeys a power
law in vc − v with a critical exponent that is negative (Fig. 1.4a), and an interval,
vb < v ≤ 1 with vb > vc, where the effective conductivity obeys a power law in
v − vc with a critical exponent that is positive (Fig. 1.4b). The data suggest that
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Figure 1.3: Effective conductivity K(v;κ) (dots), as a function of v, the relative
volume allocated to M1, the more conductive material, for K1 = 1 and select K0.
Effective conductivity of the model KM(v;κ) (solid curves). Inset: Quantiles of
Ke(v) for K0 = 10−3 (left) and for K0 = 10−5 (right). Quantiles shown are 0.05,
0.25, 0.50, 0.75 and 0.95 for 100 realizations. Black dashed lines show percolation
threshold vc = 0.1135
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Figure 1.4: Effective conductivity Ke(v, κ) (dots) as a function of |v− vc|, for K1 = 1
and select K0. Effective conductivity of the model KMe (v, κ) (solid curves) as a
function of |v − vc|.

va → v−c and that vb → v+
c as κ → 0. The three regimes only exist when the

two materials are sufficiently different (e.g. κ < 10−1); when the two materials are
similar, the interpolating regime extends to the whole interval 0 ≤ v ≤ 1. We present
a systematic way to define va and vb in section 1.4.

We will define C(v, κ) = (v − vc)∂v [logKe(v, κ)] in section 1.4 to model the tran-
sition between the regimes. On any interval where C(v, κ) is constant, Ke obeys a
power law in |v−vc| with exponent equal to the value of the constant. The data from
the computational experiments show that C(v, κ) has a zero at v = vc, and that the
slope of C(v, κ) near vc gets steeper as κ → 0, (Fig. 1.5). For κ < 10−1, the data
show that C(v, κ) is approximately constant when v � vc and attains a value of 1.68.
For κ ≥ 10−1, the data show that C(v, κ) does not reach 1.68 and is not constant on
any vc < v ≤ 1. For κ > 10−3, the data show C(v, κ) approaches −0.5 from above as
v → 0, but for κ ≤ 10−3, C(v, κ) takes values between −0.5 and −1.5 on the interval
0 < v < 0.07 and that C(v, κ) approaches −0.5 from below as v → 0.

We record the asymptotes for each realization ω and each κ to give α = α(κ, ω),
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Figure 1.5: Auxiliary functions C(v;κ) := (v − vc)∂vY (v;κ) (dots), and CM(v;κ)
(solid lines) as functions of v for K1 = 1 and select K0

and β = β(κ, ω). For our model, we set the parameters α = 0.68 and β = 1.68.

1.3.2 Spatial Variability of Darcy Flux

The flow fields are uniform when the media are homogenous, which occurs when
κ = 1, or when v = 0 or 1. Otherwise the configuration of the materials induces flow
fields with spatial variability. We represent the spatial variability by four statistics:
the coefficient of variation in the magnitude of the Darcy flux within each material,
η0(v, κ) and η1(v, κ), and the flux-weighted average angle between the external head
gradient and the Darcy flux within each material, θ0(v, κ) and θ1(v, κ). The data
suggest that for each v the spatial variability increases as κ → 0, and that when
κ ≈ 0 the spatial variability attains its maximum when v ≈ vc (Fig. 1.6).

For each realization, the four statistics for variability are normalized by comparing
each statistic to the corresponding statistic for the same v but for κ = 10−5 (Fig. 1.7).
For 10−5 < κ < 10−1, the normalized statistics are close to 1 when v is far from
vc, which indicates that the spatially variability is close to this maximum possible
spatially variability. When v ≈ vc, the normalized statistics decrease to values much
less than 1, indicating that the spatially variability is much less than the maximum
possible spatially variability. The interval of v where the normalized statistic is much
less than 1 collapses on vc as κ→ 0.
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rection of the Darcy flux in M0, the low
conductivity material
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(d) θ1: Flux weighted mean angle be-
tween the external pressure gradient and
the direction of the Darcy flux in M1, the
high conductivity material

Figure 1.6: Irregularity of flow fields as a function of v for κ ∈ {10−1, . . . , 10−5}
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(c) θ̄0: Normalized flux weighted mean
angle between the external pressure gra-
dient and the direction of the Darcy flux
in M0
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(d) θ̄1: Normalized flux weighted mean
angle between the external pressure gra-
dient and the direction of the Darcy flux
in M1

Figure 1.7: Normalized irregularity of flow fields as a function of v for
κ ∈ {10−1, . . . , 10−5}
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(a) Ke vs η0: Correlation coefficient be-
tween the effective conductivity Ke and
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(b) Ke vs η1: Correlation coefficient be-
tween the effective conductivity Ke and
η1, the coefficient of variation of the mag-
nitude of the Darcy flux in the more con-
ductive material.
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(c) Ke vs θ0: Correlation coefficient be-
tween the effective conductivity Ke and
θ0, the flux weighted mean angle between
the direction of the Darcy flux in the
less conductive material and the external
pressure gradient.
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(d) Ke vs θ1: Correlation coefficient be-
tween the effective conductivity Ke and
θ1, the flux weighted mean angle between
the direction of the Darcy flux in the
more conductive material and the exter-
nal pressure gradient.

Figure 1.8: Correlation coefficients for statistics for variability with effective conduc-
tivity, Ke(v, κ) as a function of v for κ ∈ {10−1, . . . , 10−5}
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(a) C(v, κ) vs η0(v, κ): Correlation co-
efficient between the sigmoid function
C(v, κ) and normalized η0, the coefficient
of variation of the magnitude of the Darcy
flux in the less conductive material.
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(b) C(v, κ) vs η1(v, κ): Correlation co-
efficient between the sigmoid function
C(v, κ) and normalized η1, the coefficient
of variation of the magnitude of the Darcy
flux in the more conductive material.
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(c) C(v, κ) vs θ0(v, κ): Correlation co-
efficient between the sigmoid function
C(v, κ) and the normalized θ0, the Flux
weighted mean angle between the direc-
tion of the Darcy flux in the less conduc-
tive material and the external pressure
gradient.
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(d) C(v, κ) vs θ1(v, κ): Correlation co-
efficient between the sigmoid function
C(v, κ) and the normalized θ1, the Flux
weighted mean angle between the direc-
tion of the Darcy flux in the more con-
ductive material and the external pres-
sure gradient.

Figure 1.9: Correlation coefficients for normalized statistics for variability with sig-
moid function, C(v, κ) as a function of v for κ ∈ {10−1, . . . , 10−5}
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1.3.3 Correlation between Ke and Spatial Variability of Flow

We investigate whether there is a relation between the effective conductivity and
the spatial variability of the flow field, by fixing v and κ, and defining the vectors
η

(Ω)
0 (v, κ), η(Ω)

1 (v, κ), θ(Ω)(v, κ), and θ
(Ω)
1 (v, κ), and K

(Ω)
e (v, κ), which are Nω × 1 di-

mensional vectors for each (v, κ). For each (v, κ), we compute the correlation between
the spatial variability of a realization and its effective conductivity. This gives four
correlation coefficients that are functions of v and κ.

For a fixed v and a fixed κ, each of the four statistics for spatial variability are
positively correlated with the effective conductivity in the non-percolating regime,
and negatively correlated with the effective conductivity in the percolating regime
(Fig. 1.8). For each of the four statistics, we observe that the transition between
positive correlation and negative correlation occurs at v ≈ vc and that the transition
becomes sharp as κ→ 0.

The correlation coefficients between the normalized statistics for spatial variability
and C(v, κ) indicate negative correlation for 0 ≤ v ≤ vc, and the positive corrlation for
vc < v ≤ 1. This correlation suggests that the transition between regimes in effective
conductivity coincides with intervals where the normalized statistics are much less
than 1 (Fig. 1.9).

1.4 Model

The model is based on the premise that the characterizing attribute of effective con-
ductivity is the exponents of the power laws for regimes I and III. The auxilary func-
tion C(v, κ) = (v−vc)∂v [logKe(v, κ)] indicates how strongly the effective conductivity
is associated with each regime. On any interval where the effective conductivity fol-
lows a power law in |v−vc|, C(v, κ) is constant and takes the value of the exponent of
the power law. We determine whether C(v, κ) is in fact constant on 0 ≤ v < va and
on vb < v ≤ 1 and whether the constants depend on κ. By quantifying how C(v, κ)

transitions on va < v < vb, and how the parameters va and vb depend on κ, the model
estimates how Ke(v, κ) transitions between the two power laws.
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We model C(v, κ) by the function

CM(v, κ) =


−α (vc − v)√

(vc − v)2 + (vc − va)2
for v < vc

β (v − vc)√
(v − vc)2 + (vb − vc)2

for v > vc

(1.5)

which is a sigmoid function that has a zero at v = vc and asymptotes given by the
parameters −α and β for v → −∞ and v → ∞, respectively, (Fig. 1.5). The
characteristic width of CM(v, κ) is governed by the parameters va and vb, which
correspond to the values of v where CM(va, κ) = α/

√
2 and CM(vb, κ) = β/

√
2.

For this study, the choice of sigmoid is made for easy algebraic manipulation and
calculation of anti-derivatives. This particular choice gives the model

KMe (v, κ) =


K0 A

[
1
2
(vc − v) + 1

2

√
(vc − v)2 + (vc − va)2

]−α
for v < vc

K1 B
[

1
2
(v − vc) + 1

2

√
(v − vc)2 + (vb − vc)2

]β
for v > vc

(1.6)

where the exponents −α and β are equal to the two horizontal asymptotes of the
sigmoid function. Given α and β, the coefficients A and B are determined by the
constraints that KMe (0, κ) = K0 and KMe (1, κ) = K1, and are given in terms of the
parameters va and vb by

A =
[

1
2
(vc − 0) + 1

2

√
(vc − 0)2 + (vc − va)2

]α
(1.7a)

B =
[

1
2
(1− vc) + 1

2

√
(1− vc)2 + (vb − vc)2

]−β
(1.7b)

Enforcing continuity and differentiability of KMe at v = vc yields two equations for
va and vb

K0 A
[

1
2
(vc − va)

]−α
= K1 B

[
1
2
(vb − vc)

]β (1.8a)

K0 A α
[

1
2
(vc − va)

]−α−1
= K1 B β

[
1
2
(vb − vc)

]β−1 (1.8b)

which are solved numerically for each κ (Table 1.1).
Observe that A→ (vc − 0)α and B → (1− vc)−β as κ→ 0, and write A = Ā+A′
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κ α β va vb vc − va vb − vc A B A′ B′

0.50000 0.680 1.680 -0.848 2.490 9.6e-01 2.4e+00 0.659 0.406 4.3e-01 8.2e-01
0.20000 0.680 1.680 -0.268 1.055 3.8e-01 9.4e-01 0.396 0.865 1.7e-01 3.6e-01
0.10000 0.680 1.680 -0.128 0.710 2.4e-01 6.0e-01 0.323 1.039 9.6e-02 1.9e-01
0.05000 0.680 1.680 -0.051 0.520 1.6e-01 4.1e-01 0.284 1.128 5.6e-02 9.6e-02
0.02000 0.680 1.680 0.009 0.372 1.0e-01 2.6e-01 0.255 1.183 2.7e-02 4.2e-02
0.01000 0.680 1.680 0.038 0.301 7.6e-02 1.9e-01 0.243 1.202 1.5e-02 2.2e-02
0.00500 0.680 1.680 0.058 0.251 5.6e-02 1.4e-01 0.236 1.212 8.7e-03 1.2e-02
0.00200 0.680 1.680 0.076 0.206 3.7e-02 9.2e-02 0.232 1.219 4.1e-03 5.5e-03
0.00100 0.680 1.680 0.086 0.182 2.8e-02 6.9e-02 0.230 1.221 2.3e-03 3.1e-03
0.00050 0.680 1.680 0.093 0.164 2.1e-02 5.1e-02 0.229 1.223 1.3e-03 1.7e-03
0.00020 0.680 1.680 0.100 0.148 1.4e-02 3.5e-02 0.228 1.224 5.8e-04 7.8e-04
0.00010 0.680 1.680 0.103 0.139 1.0e-02 2.6e-02 0.228 1.224 3.2e-04 4.3e-04
0.00005 0.680 1.680 0.106 0.133 7.8e-03 1.9e-02 0.228 1.224 1.8e-04 2.4e-04
0.00002 0.680 1.680 0.108 0.126 5.3e-03 1.3e-02 0.228 1.224 8.3e-05 1.1e-04
0.00001 0.680 1.680 0.110 0.123 3.9e-03 9.7e-03 0.228 1.224 4.6e-05 6.1e-05

Table 1.1: Parameter values for select κ

and B = B̄ +B′ where Ā = (vc − 0)α and B̄ = (1− vc)−β. This gives

A′ = 1
4
α [vc − 0]α−2 (vc − va)2 +O

(
(vc − va)4

)
(1.9a)

B′ = 1
4
β [1− vc]−β−2 (vb − vc)2 +O

(
(vb − vc)4

)
(1.9b)

with asymptotic limits A′ ∼ κ2/(α+β) and B′ ∼ κ2/(α+β). The asymptotic limits of
vc − va and vb − vc, are found by dividing (1.8)a by (1.8)b. By recognizing that
|vb − vc| � |1− vc| and |vc − va| � |vc − 0| in the limit κ→ 0, (1.8) reduces to

(vc − va)/α = (vb − vc)/β (1.10a)

(vc − va)α (vb − vc)β = 2α+β (vc − 0)α (1− vc)β κ (1.10b)

which gives vc − va ∼ κ1/(α+β) and vb − vc ∼ κ1/(α+β) (Fig. 1.10).
The model, KMe (v, κ), is compared to the data from the computational exper-

iments, Ke(v, κ), by plotting the difference in log conductivity (Fig. 1.11). For
κ < 10−3, the difference is bounded by ±0.03, which corresponds to a relative error
of 7%. For κ = 10−5, the difference is bounded by ±0.04 on 0 ≤ v < 0.05 and on
0.15 < v ≤ 1, but is −0.5 near the percolation threshold, which indicates that the
model underpredicts the data by a factor of 3 near the percolation threshold.
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Figure 1.10: Values of vc − va (brown) and vb − vc (green) as a function of κ
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1.5 Discussion

Our model (1.6) is a piecewise function to reflect the hypothesis that, in the limit
κ = 0, there are two regimes for the effective conductivity of highly heterogeneous,
composite media. This hypothesis stems from a pair of thought experiments that
demonstrate the importance of the percolation threshold. When the limit is taken by
fixing K1 and setting K0 = 0, the first thought experiment finds that Ke is zero for
non-percolating geometries and positive for percolating geometries. When the limit
is taken by fixing K0 and setting K1 =∞, the second thought experiment finds that
Ke is finite for non-percolating geometries and infinite for percolating geometries.

Not only do the thought experiments identify the existence of regimes I and III
when κ = 0, they also suggest simple functions to model the regimes. The first
thought experiment finds that Ke = K1 at v = 1, Ke → 0 as v → v+

c , and that Ke

is a continuous, positive, increasing function of v on vc < v ≤ 1, which suggests that
regime III can be modeled by a power law in |v − vc| with a positive exponent. The
second thought experiment finds that Ke = K0 at v = 0, Ke → ∞ as v → v−c , and
that Ke is a continuous, positive and increasing function of v on 0 ≤ v < vc, which
suggests that regime I can be modeled by a power law in |v − vc| with a negative
exponent.

Reconciling the two thought experiments when κ > 0 begins by investigating Ke

at v = vc. The two limits at v = vc for the two thought experiments (Ke → 0 when
v → v+

c and Ke → ∞ when v → v−c ) are non-physical when κ > 0 because Ke must
be bounded by K0 and K1, which are both finite and non-zero when κ > 0. The
power laws also model these limits and must therefore be amended when v ≈ vc. We
investigate whether they must also be amended when v is far from vc.

To determine how to amend the power laws as v → vc, we define the auxiliary
function C(v;κ) := (v − vc) ∂v [logKe(v;κ)]. Whenever the effective conductivity
follows power laws in |v−vc| with exponents −α or β, then algebraic manipulation of
the power laws shows that C(v;κ) will be constant with values −α or β respectively.
Modeling C(v;κ) by the sigmoid function CM(v;κ) presents natural definitions for va,
and vb, which correspond to values of v where C(v, κ) = α/

√
2 and C(v, κ) = β/

√
2

respectively. Consequently, the subintervals where the three regimes are valid are:
regime I on 0 ≤ v < va, regime II on va < v < vb and regime III vb ≤ 1, where
va < vc < vb.
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Formulating the model from CM(v, κ) ensures that KMe (v;κ) obeys a power law
in |v− vc| when v is far from vc. When v � vc (specifically, when |vc− v| � |vc− va|)
the model can be approximated by Ā(vc − v)−α where Ā is determined only by K0,
vc and α. Since this approximation does not depend on K1, it suggests that when
the resistance of M1 is small, it is effectively negligible when v � vc. When v � vc

(specifically when |v− vc| � |vb− vc|), the model can be approximated by B̄(v− vc)β

where B̄ is determined only by K1, vc and β. Since this approximation does not
depend on K0, it suggests that when the conductivity of M0 is small, it is effectively
non-conductive when v � vc.

These conclusions are reflected in the spatial variability of the flow fields. Provided
the two materials are sufficiently different (e.g., κ < 10−1), the normalized statistics
for the spatial variability are close to 1 when v is far from vc. This means that when
v � vc, the more conductive material is so poorly connected that it contributes very
little to the flow; and small changesK1 have have almost no affect on the conductivity.
When v � vc, the more conductive material is so well connected that the fluid almost
entirely avoids the less conductive material; small changes K0 have have almost no
affect on the conductivity.

When the two materials are very similar (e.g. κ > ∼10−1) we find that va <
0 and vb > 1 which indicates that regime II extends over the entire interval 0 ≤
v ≤ 1. When κ < ∼10−1, we find that va > 0 and vb < 1, which indicates that
there are intervals where regime I and regime III are observed. For a fixed (v, κ)

pair, we observe strong positive correlation between C(Ω)(v;κ) and the normalized
statistics for the spatial variability of the Darcy flux across multiple realizations of
the random field. The realizations most strongly associated with the power laws
of the thought experiment are the realizations with flow fields most similar to their
thought experiment counterparts. This demonstrates that regime II occurs when the
flow fields differ most significantly from those of the thought experiments.

1.6 Conclusion

In this paper, we present a series of computational experiments to investigate the
effective conductivity of highly heterogeneous composite porous media. The experi-
ments inform a model that is consonant with four key observations from the data: (i)
the existence of three regimes that are determined by the percolation threshold, (ii)
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regimes I and III can be modeled by power laws in |v−vc|, (iii) the critical exponents
for regimes I and III are independent of κ, and (iv) regime II takes the whole interval
0 ≤ v ≤ 1 when κ ≈ 1 and collapses on vc as κ→ 0. We examine two thought exper-
iments, and analyze the flow fields from numerical simulations to provide a physical
explanation for these observations.

The existence of two of the three regimes is explained by the percolation threshold,
vc, which determines the piecewise nature of the model. The limiting behavior of the
model for v � vc and for v � vc is given by two power laws, which are simple functions
that satisfy the constraints imposed by the thought experiments. Analysis of the
spatial variability of the flow fields explains why the exponents are independent of κ
and how the transition interval depends on κ (points (iii) and (iv) above). For κ > 0

the spatial variability of the flow fields are similar to their κ = 0 counterparts when
v is far from vc, but show much less spatial variability than their κ = 0 counterparts
when v ≈ vc. We find that the sigmoid function C(v;κ), which indicates validity of
the power laws, is positively correlated with the value of the normalized statistic. This
suggests that regime II coincides with departures from maximum spatial variability.

Since correlation does not imply causation, we acknowledge that the spatial vari-
ability and the effective conductivity could be caused by a third, confounding variable.
For example, our understanding of the flow suggests that both these quantities are
influenced by how connected the more conductive material is. With suitable met-
rics for connectedness, this hypothesis could be tested by computational experiments
similar to the one conducted for this study.

Transport is a major concern for groundwater hydrologists, and the heterogeneity
of the conductivity field may influence mechanical dispersivity. For example large
obstacles may contribute to high tortuosity and lateral spreading. Additionally, well
connected sections of more conductive material may create preferential paths that con-
tribute to transverse spreading by accelerating some of the contaminant while some
stagnates in the less conductive material. The exact connection between variability
and transport has not yet been established, but we propose that better understand-
ing of the spatial variability of the Darcy flux may provide better estimates for the
uncertainty in well hydraulics and in contaminant transport.

The validity of computational experiments depend on their ability to appropriately
model system parameters, in particular K(x). Care must be taken to ensure that
the generating algorithm defines a random field whose inherent heterogeneity and
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irregularity is suitable for modeling the conductivity field. Testing how different
models for K(x) influence the irregularity of the configurations, the spatial variability
of the flow fields and the effective conductivity, can be conducted by computational
experiments similar to the one presented in this paper.
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Chapter 2

A Semi-Markov Model of Mass Transport through Highly

Heterogeneous Conductivity Fields

Abstract

We develop a reduced-order model of mass transport to approx-
imate breakthrough curves (BTCs) of nonreactive solutes moving
through highly heterogeneous regional groundwater aquifers. BTCs
measure the concentration of mass as particles move from an initial
volume to a downstream plane at later times. A highly heteroge-
neous system is composed of multiple volumes, called facies, of dis-
tinct materials. Typical lengths of a regional aquifer are on the order
of 1− 100 km. System parameters of the simulated aquifers vary on
the scale of geological facies 1 − 1000m. A series of computational
experiments indicate that solute particles reside for a while within a
facies of a given material before crossing interfacial boundaries and
transitioning to another facies of a different material as they migrate
through the medium. We model this behavior as a two-state con-
tinuous time Markov chain (CTMC) that depends on the particle
velocities and residence lengths in materials of given type. The com-
putational experiments produce transport data from realizations of
realistic aquifers that are resolved at levels of detail that cannot or-
dinarily be observed in physical experiments, and we parameterize
the model directly from statistics of the particle trajectories. We
compare two parameterizations wherein residences within a facies
are exponentially distributed, and the velocities are either determin-
istic (CTMC-D2) or randomized (CTMC-R2). A third parameter-
ization (CTMC-D3) models particles that take fast paths through
the medium by assigning an additional state to the more conductive
material. Results indicate that the model reproduces BTCs similar
to the experimental data.
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2.1 Introduction

We develop a reduced order model for first-passage times, or breakthrough curves
(BTCs), of nonreactive solutes migrating through highly heterogeneous regional ground-
water aquifers. An aquifer is a saturated volume of a natural porous medium that is
large enough to be exploited for economic purposes. A highly heterogeneous aquifer
is composed of multiple compact subvolumes of different materials (Fig. 2.1). Sub-
volumes are called facies and are labeled by their material type, for instance a clay
facies, a gravel facies and so on. Typical aquifer lengths define the macroscale at
which groundwater resources are managed. Aquifer lengths are on the order of 1-100
km. Representative lengths of component facies are usually on the order of 1-1000 m.
Correlation scales of parameters within materials are shorter [9]. The expected val-
ues of groundwater system parameters like hydraulic conductivity differ by orders of
magnitude from one material to another. Examples include highly conductive gravel
aquifers containing relatively impermeable lenses of clay or stratified aquifers where
strata alternate between permeable and impermeable layers. It follows from Darcy’s
Law that the velocity of a particle is generally high when the particle is in a conduc-
tive material and low when it is not; facies of a permeable material are called fast
and facies of relatively impermeable materials are slow.

The reduced order model reproduces BTCs of highly heterogeneous aquifers with
a level of accuracy that is consonant with what is usually known from observations.
Linear advection-dispersion equations (ADEs) are often used to simulate solute con-
centration in aquifers that consist of a single material with uniform parameters. In
many applications parameters like hydraulic conductivity and hydraulic dispersivity
are homogenized through some kind of spatial averaging. However satisfactory esti-
mates of BTCs cannot be obtained by homogenizing the parameters of most highly
heterogeneous aquifers because homogenized models do not reflect the response of the
system state to the defining characteristic of highly heterogeneous aquifers: alterna-
tions of transport dynamics between fast and slow materials.

Our model is motivated by the results of a large number of mesoscale compu-
tational experiments. The facies structure of highly heterogeneous aquifers is sim-
ulated by thresholding realizations of continuous Gaussian random fields within a
total aquifer volume. The facies structure of a realization is generated by assigning
points that are above the threshold to one material, M0, and those below to another,
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Figure 2.1: Illustration of 1/8 of the domain. Upper Left: Histogram showing the
total volume within each material with a given log Darcy flux. Lower Left: Histogram
showing the total fluid flow through each material with a given log Darcy flux. Right:
Interfacial boundaries (solid lines) and Darcy flux (color). Cutout is for illustrative
purposes

M1. Extensions to more than two materials are possible. The result is an aquifer
realization composed of multiple disjoint facies of distinct materials. Points within a
facies are assigned constant conductivity corresponding to the material’s average.

In each experiment one hundred thousand synthetic solute particles, ω, are re-
leased at one end of an aquifer realization and tracked until they break through a
plane located a distance l from the initial release plane. Flow in these experiments
follows Darcy’s Law and is driven by an external hydraulic head gradient. The basic
experimental data are particle trajectory objects: time histories up to breakthrough of
each particle’s position, X(t;ω), material membership, M(X(t;ω)), and Lagrangian
velocity, U(X(t;ω)). Trajectories clearly indicate that (i) particles jump abruptly
from one material to another as they migrate through a realization, (ii) the distance
of a particle’s path through a facies, or residence length, appears to be exponentially
distributed and (iii) the variance of particle velocities within facies of a given mate-
rial is relatively small. Particle breakthrough is determined by the number of times
a particle jumps and the average time that it resides in a typical facies of given type.

The parameters of the model depend on the residence length, and the mean veloc-
ities of the particles along transects through the facies, and we implement and com-
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pare three parameterizations: CTMC-D2, CTMC-R2, and CTMC-D3 (Sec. 2.3.4).
For CTMC-D2 the mean velocity of particles along transects is deterministic, and
depends only on the material of the facies. For CTMC-R2 the mean velocity along
transects is modeled by lognormal distributions whose parameters depend only on the
material of the facies. For each parameterization, the residence lengths through facies
of each material are modeled by exponential distributions. For CTMC-D3, we model
the residence lengths through facies of the more conductive material as a mixture of
two exponential distributions, and assign deterministic velocities that depend only
on the distribution from which the residence length was drawn. This is equivalent to
subdividing the fast state in two, for a total of three states.

The reduced order model suggested by our experiments is a continuous time
Markov chain (CTMC) in which particles jump between facies. The model produces
the probability

P [L(t;ω) > l] =
∑
n

P [L(t;ω) > l,N(l;ω) = n] (2.1)

which corresponds to the breakthrough curve. The probability that ω passes l before
fixed t is P [L(t;ω) > l]. The summands are joint probabilities that ω makes exactly
n transitions between facies before breaking through at random time T (l;ω) less than
t. Equation (2.1) is equivalent to equation (2.3).

Facies extents can be estimated from subsurface geologic maps or can be identi-
fied using tomographic techniques [40,41]. Average velocities within materials can be
obtained from standard field-scale hydrogeological observations. Continuous time
random walks, which allow nonphysical delays to occur at random times with a
random walk, have been used to account for anomalous transport in heterogeneous
aquifers [42].

Our experimental results are derived in a computational environment that consists
of methods for generating highly heterogeneous conductivity fields, using Darcy’s Law
to solve for corresponding Eulerian velocities, and then tracking a large number of
particles through them (Sec. 1.2). Every element of the environment is based on
standard numerical techniques, and the result is equivalent to physical experiments
within limits of computational accuracy with the important exceptions that transport
data can be resolved at levels of detail that are unobtainable in physical experiments
and the computational experiments can be conducted at aquifer scales.
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2.2 Computational Laboratory

Hydrology has been held back as a science because of the difficulty of conducting con-
trolled experiments, either in physical laboratories or the field, and then observing
details of system states like trajectories. This problem is so ubiquitous that hydrol-
ogists (and other geoscientists) have a saying for it: It’s really dark down there.
Computational science provides a way out of the darkness, so long as software is
capable of accurately emulating critical processes at required levels of detail. Our hy-
pothesis, that particle velocities transition between two states when the particles cross
interfacial boundaries, is based on observations of simulated particles. In that sense
our approach follows the classical cycle of observe-hypothesize-test, except the source
of our experimental data is computational. Our experimental laboratory consists of
software that (i) produces mesoscale realizations of highly heterogeneous porous me-
dia that appear to have realistic distributions of facies, (ii) generates Eulerian flow
fields through realizations of the media, and (iii) tracks particle trajectories through
them. Analysis of the trajectories provides the computational data that lead to the
continuous time Markov chain.

2.2.1 Random Domain Decomposition

Our method for generating realistic conductivity fields of highly heterogeneous media
is based on thresholding realizations of an underlying Gaussian random field [38,39].
We discuss the basic steps in the generation for completeness here.

1. Generate ξ(x), a field of iid random variables. In our case these are N(0, 1),
but any reasonable distribution will do. The dimensions of ξ are enough greater
than the dimensions of the simulated aquifer to support convolution in Step 2.

2. Convolve ξ(x) with a kernel K(x) whose support is small with respect to the
dimensions of the simulated aquifer. The result is a random topography, T (x),
whose spatial correlation depends on the kernel. T is a correlated Gaussian
field by the Central Limit Theorem. Kernels are symmetric in this paper, so
T (x) is isotropic.

3. Apply a threshold γ to T (x) and declare that x ∈ M0 if T (x) > γ. Otherwise
x ∈ M1. The result is a collection of disjoint volumes V (i)

0 and V
(j)

1 , that
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correspond to facies of the two materials. The volume fraction of each material
is determined by γ.

The distribution of facies is stationary. However, the basic approach can be used to
generate realizations of random fields that are less regular than the fields we examine
here [39].

2.2.2 Simulation of Particles

Steady state flow is simulated through a heterogeneous conductivity field, K(x), by
coupling mass conservation, ∇ · Q = 0, with Darcy’s Law, Q = −K∇H, to give
the flow equation, ∇ · (K∇H) = 0. Here, Q is the Darcy flux, which measures the
volumetric flow rate per unit area and has units [LT−1] and H is the hydraulic head
and has units [L]. Without loss of generality, the flow equation is non-dimensionalized
to a domain of size lx × ly × lz = 1 × 1 × 2. The flow is driven by a unit external
pressure gradent applied in the z direction by assigning H = 2 and H = 0 to the
faces of the domain corresponding to z = 0 and z = 2 respectively. Periodic boundary
conditions are assigned to the other boundary faces.

We approximate the flow equation by second order finite differences on a rectan-
gular compuational grid of size nx × ny × nz = 200× 200× 400. The resulting linear
system is solved with GMRES to provide the hydraulic head at each grid point from
which we compute the Darcy flux between neighboring nodes by Darcy’s Law. The
fluid velocity U is given by U = Q(x)/π(x), where π(x) is the underlying porosity of
the porous medium. For simplicity, it is assumed that the porosity of the medium is
uniform.

Transport through the steady-state velocity field is simulated by releasing dy-
namically inert, non-reactive, virtual particles into the domain and recording their
trajectories as they migrate through the medium. Particles trajectories are given by
the equation

Ẋ(t;ω) = U(X(t;ω)) (2.2)

A particle’s trajectory is computed by integrating (2.2) with an adaptive step, fourth
order Runge-Kutta scheme. Velocities away from the computational nodes are cal-
culated by trilinear interpolation, coupled with a correction term to maintain a
divergence-free velocity field (Appendix A).
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All particles are released along an entry plane located at z = 0.10. To ensure that
each particles represents the same volume of fluid, the density of starting locations
along the entry plane is proportional to the component of velocity perpendicular to
the entry plane. Particles are removed from the medium when they reach the exit
plane located at z = 1.90. The time, position, velocity and surrounding material of
the particles are recorded as they pass an initial plane located at z = 0.25, and each
of three breakthrough planes located at z = 0.75, z = 1.25, and z = 1.75. The time
and position of the particles are also recorded every time the particles traverse an
interfacial boundary.

2.3 Model

The CTMC proposed in this study describes the observed variability in transit times
of fluid flowing through highly heterogeneous composite media. The model is in-
formed by computational experiments that provide sufficiently detailed velocity fields
for tracking fluid particles through the domain, and is parameterized by the empir-
ical distributions of the residence lengths and mean velocities of the particles along
transects through facies.

2.3.1 Model Statement

Particle velocities are modeled as a jump process between two alternating states that
correspond to the two materials. The distance traveled within a state is random,
and reflects the hypothesis that the irregular geometry of the facies is a primary
source of uncertainty. The time required to traverse the domain is a function of
the velocity of the particle within each state, and the distance between successive
transitions. The uncertainty caused by the fine-scale variability of the velocity within
a facies is assumed to be secondary, so the particle velocities are deterministic in the
first implementation of the model (CTMC-D2), and small perturbations are made
to the particle velocities in the second implementations (CTMC-R2). In the third
implementation (CTMC-D3), the fast state is subdivided into two states, 1(+) and
1(−), to model that some of the transects through the more conductive facies are along
so-called ‘fast paths’.
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2.3.2 Model Motivation

The simplifying assumptions of the model are motivated by observations of the con-
ductivity field, of the Eulerian velocity field, and of a few trajectories. The irregular
structure of the facies in the conductivity fields suggests that some of the fluid must
cross interfacial boundaries and switch between materials as it flows through the
medium. In general, the fluid flows faster through the more conductive material and
slower through the less conductive material; the correlation between the piecewise-
constant conductivity fields and the Eulerian velocity fields (Fig. 2.1) motivates the
decision that changes in the material of the presiding facies (the current state of
the particle) must trigger large changes in velocity. The irregular geometry of the
facies causes local constrictions and dilations of the flow within a single facies, and
we observe that the resulting variability in velocity within a single material is only
moderate.

Observations of particle trajectories confirm that particles alternate between fast
and slow states as they migrate through the medium, and that velocity fluctuations
within facies of a given material are relatively small. The transitions between states
appears to be random and highly variable. These observations lead to the following
general assumptions: (i) transitions are independent, (ii) the distribution of residence
lengths have tails that decay exponentially, and (iii) the distribution of velocities
within each material is approximately lognormal. We will explore these assumptions
when we parameterize the model (Sec. 2.3.3) by investigating the effects of model-
ing the residence lengths as exponential distributions (CTMC-D2 and CTMC-R2) or
mixtures of exponential distributions (CTMC-D3), and of modeling the mean veloci-
ties as lognormal distributions (CTMC-R2) or as degenerate lognormal distributions,
and hence deterministically (CTMC-D2 and CTMC-D3).

2.3.3 Parameterization

We investigate three different parameterizations for the residence length and the mean
velocity along transects through facies of each material. Each parameterization pro-
vides a setting to test the model. The model parameters are derived directly from the
properties of trajectories, and their physical relevance to transport is straightforward.
For this reason, we do not emphasize any particular set of assumptions for global ap-
plication, but make the assumptions about the distributions of residence lengths and
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Model Transition Matrix Residence Lengths Mean Velocity

D2
[

0 1

1 0

] s ∼ Exp(λ0)
s ∼ Exp(λ1)

log v = µ0 + 1
2
σ2

0

log v = µ1 + 1
2
σ2

1

R2
[

0 1

1 0

] s ∼ Exp(λ0)
s ∼ Exp(λ1)

log v ∼ N(µ0, σ0)
log v ∼ N(µ1, σ1)

D3

[
0 1−α α

1 0 0

1 0 0

] s ∼ Exp(λ0)
s ∼ Exp(λ1−)
s ∼ Exp(λ1+)

v = const0

v = const1−

v = const1+

Table 2.1: Model Parameterizations

of velocities from our own computational experiment. The three parameterizations
are summarized in table 2.1.

2.3.4 Evaluation

The breakthrough curve can be evaluated by Monte Carlo simulation (MCS) by ini-
tializing a particle’s state, and by subsequently iterating through each transect of
a particle’s trajectory until breakthrough. To ensure conservation of mass, starting
states are randomly selected from the stationary distribution of the CMTC. For each
phase of the trajectory, a residence length and a velocity are randomly drawn from
distributions that depend only on the state of the particle. The particle advances by
the residence length and then switches state. The total transit time is incremented by
the quotient of the residence length and the particle velocity. This process is repeated
until breakthrough. The breakthrough time, T (l;ω), and the number of transitions
taken prior to breakthrough, N(l;ω), are recorded for each particle and the probabil-
ities P [N(l;ω) = n] and Pn[T (l;ω) < t] are estimated from the simulation.

Alternatively, the breakthrough curve can be expressed as a weighted sum of
subordinate curves by conditioning on the number of transitions that have occurred
by breakthrough,

P [T (l;ω) < t] =
∞∑
n=0

Pn[T (l;ω) < t] P [N(l;ω) = n] (2.3)

where T (l;ω) is the time that a particle reaches the breakthrough plane located at l.
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Figure 2.2: The velocity (top) and arrival time (bottom) or a typical particle at
each point z along its trajectory through the porous medium. The particles through
facies of less conductive material M0 (blue), and more conductive material M1 (red).
The mean velocity along a transect depends on the material, and is assumed to be
deterministical for CTMC-D2 and CTMC-D3 and random for CTMC-R2. Residence
lengths appear random and depend on material. The breakthrough time is computed
by integrating 1/v(z) from z = z0 to z = zf .

The term P [N(l;ω) = n] is the probability that when the particle does reach l, it has
undergone n transitions, and the term Pn[T (l;ω) < t] := P [T (l;ω) < t|N(T ;ω) = n]

is the conditional probability that a particle breaks through at l by time t while
making n transitions. Equation (2.3) is equivalent to equation (2.1). For determin-
istic velocities, (2.3) can be expressed as an integral and evaluated by quadrature
(Appendix B).

2.3.5 Model Testing by Particle Tracking

We conduct a series of computational experiments where we track particles through
realizations of a random conductivity field. We investigate the twelve random con-
ductivity fields corresponding to combinations of the four volume fractions of v1 ∈
{0.15, 0.20, 0.25, 0.30}, and the three conductivity ratios κ ∈ {10−1, 10−2, 10−3}. For
each of the twelve random conductivity fields, we generate 10 realizations as outlined
in section 2.2.1.

For each realization, the flow equation is solved and one hundred thousand parti-
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cles are tracked as they migrate through the flow field (Sec. 2.2.2). The particle tra-
jectories demonstrate the expected behavior of a jump process with irregular jumps
that appear to be random (Fig. 2.2). For many of the random fields in our study,
most of the time is spent in one state and most of the distance traveled through the
medium is made in the other state.

2.4 Results

For each conductivity field, we parameterize the model directly from the joint dis-
tributions of the residence lengths and mean velocities along transects through the
facies, where both the residence lengths, and the mean velocities, are conditioned
on the material of the facies. We investigate the dependence of the distributions on
two properties of the conductivity field: v, the volume fraction allocated to the more
conductive material, and κ, the ratio of the conductivity values assigned to each ma-
terial. For each conductivity field, the BTCs of the model are compared to the BTCs
of the computational experiment.

2.4.1 Analysis of Eulerian Velocity fields

The values of v and κ selected for this study are chosen for their ability to elicit a wide
range of flow behavior. We find that the correlated random fields in this study have a
percolation threshold, vc, of approximately 0.11, meaning that when the more conduc-
tive material is allocated to less than about 11% of the volume, the more conductive
facies are so small and so isolated that they do not form connected paths travers-
ing the domain. Alternatively, when the volume fraction is greater than about 11%,
connected paths exist but may be narrow and tortuous. The volume fractions of the
more conductive material that we consider in this study (v ∈ {0.15, 0.20, 0.25, 0.30})
range from values just above this vc through values that are effectively much greater
than vc.

When the two materials are similar, the relative cost of flowing through the less
conductive material is small, so the effect of percolation is only mild. However, when
the two materials are very different, the fluid may take long detours to avoid flowing
through the less conductive material, and since the availability of connected paths is
largely determined by v in relation to vc, this relation strongly affects fluid behavior.
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Slow Material Fast Material
κ v Time Distance Time Distance

10−1 0.15 0.850 (0.847) 0.608 (0.619) 0.150 (0.153) 0.392 (0.381)
10−1 0.20 0.800 (0.796) 0.508 (0.520) 0.200 (0.204) 0.492 (0.480)
10−1 0.25 0.750 (0.745) 0.424 (0.437) 0.250 (0.255) 0.576 (0.563)
10−1 0.30 0.700 (0.694) 0.354 (0.366) 0.300 (0.306) 0.646 (0.634)

10−2 0.15 0.850 (0.838) 0.324 (0.336) 0.150 (0.162) 0.676 (0.664)
10−2 0.20 0.800 (0.787) 0.199 (0.216) 0.200 (0.213) 0.801 (0.784)
10−2 0.25 0.750 (0.739) 0.131 (0.146) 0.250 (0.261) 0.869 (0.854)
10−2 0.30 0.700 (0.695) 0.090 (0.104) 0.300 (0.305) 0.910 (0.896)

10−3 0.15 0.850 (0.831) 0.113 (0.132) 0.150 (0.169) 0.887 (0.868)
10−3 0.20 0.800 (0.812) 0.037 (0.065) 0.200 (0.188) 0.963 (0.935)
10−3 0.25 0.750 (0.798) 0.019 (0.042) 0.250 (0.202) 0.981 (0.958)
10−3 0.30 0.700 (0.782) 0.012 (0.030) 0.300 (0.218) 0.988 (0.970)

Table 2.2: Proportion of time spent and distance traveled by the fluid within each
material, as indicated by the Eulerian velocity fields and by the Lagrangian velocity
fields (in parentheses). Because we assume that the porosity of the two materials
are equal, the conservation of mass dictates that the relative time spent within each
material is proportional to its relative volume.

When κ = 0.1, the more conductive material accounts for 39% of the flux when
allocated to 15% of the volume, and 89% of the flux when allocated to 30% of the
volume (Table 2.2). When κ = 0.001, the more conductive material accounts 64% of
the flux when allocated to 15% of the volume, and 99% of the flux when allocated to
30% of the volume.

2.4.2 Analysis of Trajectories

The assumptions listed in section 2.3.1 were made after observing an initial subset of
trajectories. Statistical analyses of all facies transects by twelve million trajectories,
sampled from ten realizations of each the 12 random conductivity fields, provides a
means of testing different parameterizations of the model.

Accurate parameterization must consider two constraints imposed by the experi-
ment on the residence lengths. First, all particles are removed from the medium at
the exit plane, so transects through facies that continue past this point are truncated
prematurely, and only the earlier portion of the transect is observed. Similarly, only
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the later portion of the initial transects are observed. Second, the statistics of the
initial transects differ from those of subsequent transects because the initial transects
are sampled according to the probability that particles are in a particular material,
and along a transect of a particular length at the point where the trajectories inter-
sect the initial plane, but subsequent transects are sampled according to transition
probabilities. To prevent bias caused by these two constraints, the initial transects
are removed from the analysis, and the residences of the remaining transects are la-
beled according to whether the entirety of the transect lies between the entry and
the exit planes, or whether the transect has been truncated by the exit plane. When
parameterizing proposed distributions by Maximum Likelihood Estimation (MLE),
the probability assigned to each observed transect corresponds to the distribution’s
probability density function for fully observed transects, and to the tail of the distri-
bution’s cumulative density function for truncated transects.

Marginal Distribution: Residence Lengths

The empirical distributions of the residence lengths within facies of each type are
approximated by (i) exponential distributions, (ii) gamma distributions, and (iii)
mixtures of exponential distributions. The parameters of each distribution are fit by
maximum likelihood estimation (MLE). Goodness-of-fit tests show that the distribu-
tions of residence lengths in M0 follow gamma distributions with shape parameters
greater than 1 for all values κ. For our model, we approximate these distributions
by exponential distributions without significant loss in accuracy. Scale parameters
decrease from about 1.1 to 0.5 as κ decreases from 0.1 to 0.001.

For transects through facies of M1, the shape parameters for the fitted gamma
distributions are greater than than 1 when κ = 0.1, which indicates scarcity of very
short residences, and are approximately equal to 1 when κ = 0.01, which indicates
an exponential distribution for all residences. When κ = 0.001, shape parameters are
less than 1, which indicates higher frequency of short residences. Closer examination
shows that when κ = 0.001, mixtures of two exponential distributions with different
decay rates fits the data better than a single exponential or gamma distributions.
The scale parameter for residence lengths in the more conductive material increases
from about 0.1 to between 2.0 and 3.5 as κ decreases from 0.1 to 0.001.
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M0 M1

Exp. Gamma Exp. Gamma Mixture
v κ λ0 r0 λ0 λ1 r1 λ1 λ− λ+ α

0.150 0.100 0.175 1.677 0.104 0.103 1.738 0.059 0.103 0.103 0.454
0.200 0.100 0.139 1.807 0.077 0.122 1.596 0.076 0.122 0.122 0.489
0.250 0.100 0.119 1.943 0.061 0.147 1.469 0.100 0.147 0.147 0.507
0.300 0.100 0.103 2.085 0.050 0.174 1.403 0.124 0.174 0.174 0.517

0.150 0.010 0.121 1.654 0.073 0.234 1.067 0.219 0.164 0.290 0.442
0.200 0.010 0.096 1.764 0.054 0.351 0.920 0.383 0.116 0.429 0.238
0.250 0.010 0.084 1.893 0.045 0.475 0.858 0.561 0.125 0.597 0.234
0.300 0.010 0.076 1.967 0.039 0.642 0.826 0.800 0.110 0.776 0.169

0.150 0.001 0.088 1.513 0.058 0.512 0.609 0.925 0.102 1.087 0.482
0.200 0.001 0.074 1.456 0.051 0.843 0.548 1.891 0.104 1.772 0.400
0.250 0.001 0.062 1.545 0.040 0.976 0.496 2.690 0.092 2.335 0.402
0.300 0.001 0.057 1.503 0.038 1.442 0.446 5.720 0.079 3.514 0.327

Table 2.3: Parameters of fits to distributions of residence lengths of particles in facies
of M0 and M0
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Figure 2.3: Empirical distribution of residence lengths along transects through facies
of the less conductive material (thick blue lines) and of the more conductive material
(thick red). Distributions fit with a single exponential distribution (dashed)
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Figure 2.4: Empirical distribution of residence lengths along transects through facies
of the less conductive material (thick blue lines) and of the more conductive material
(thick red). Distributions fit with a single exponential distribution (dashed)

Marginal Distributions: Mean velocities

The mean velocity of particles along transects can vary by several orders of mag-
nitude, so for convenience, we consider its logarithm. When the two materials are
similar (κ = 0.1), the two empirical distributions corresponding to each material are
symmetric, unimodal, and can be approximated by lognormal distributions (Fig. 2.5).
For moderate values of the heterogeneity (κ = 0.01), the conditional distributions
for M0 develop tails to the right, and those for M1 develop tails to the left. For the
greatest values of heterogeneity (κ = 0.001), this asymmetry grows and lognormal
distributions no longer fit the data very well, particularly for the distribution cor-
responding to the more conductive material. We examine the joint distributions of
residence length and mean velocity to better approximate the marginal distributions.

Joint Distribution

We find that the residence lengths and the mean velocities are negatively correlated
for transects through the less conductive material and positively correlated for tran-
sects through the more conductive material. We model the joint distributions by the
function:
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Figure 2.5: Empirical distribution of mean velocities of particles as they traverse
through a facies. Empirical distribution for the less conductive material (thick blue
lines) and more conductive material (thick red). Marginal distributions fit with a
lognormal distribution for the less conductive material (dashed blue) and the more
conductive material (dashed red)

M0 M1

Lognormal Lognormal Joint
v κ µ0 σ0 µ1 σ1 a1 b1 θ1 σ1

0.150 0.100 −0.885 0.114 −0.466 0.151 −0.248 −0.539 0.084 0.077
0.200 0.100 −0.860 0.129 −0.434 0.154 −0.231 −0.539 0.087 0.076
0.250 0.100 −0.841 0.137 −0.402 0.155 −0.210 −0.533 0.095 0.075
0.300 0.100 −0.823 0.143 −0.371 0.154 −0.197 −0.529 0.098 0.073

0.150 0.010 −1.813 0.234 −1.031 0.329 −0.672 −0.984 0.131 0.155
0.200 0.010 −1.769 0.274 −0.909 0.339 −0.613 −0.973 0.135 0.164
0.250 0.010 −1.734 0.298 −0.810 0.330 −0.555 −0.922 0.154 0.164
0.300 0.010 −1.698 0.328 −0.710 0.319 −0.506 −0.895 0.162 0.161

0.150 0.001 −2.845 0.293 −1.738 0.603 −1.230 −1.465 0.174 0.272
0.200 0.001 −2.889 0.305 −1.488 0.631 −1.131 −1.486 0.157 0.316
0.250 0.001 −2.829 0.321 −1.387 0.649 −1.021 −1.471 0.172 0.331
0.300 0.001 −2.832 0.299 −1.231 0.665 −0.951 −1.563 0.153 0.322

Table 2.4: Parameters of fitted distributions of mean velocities along transects
through M0 and M1
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f(log10(v), s) =
(
αλi(−)e−s/λi(−) + (1− α)λi(+)e−s/λi(+)

) 1

v
√

2πσ2
i

e(log10 v−µi(s))2/2σ2
i

(2.4a)
where

µi(s) = ai + bie
−s/θi (2.4b)

and i = 0, 1, to indicate the material of the facies. The parameters of the joint
distributions are fit by maximum likelihood estimation.

The parameterization of the model is performed by fitting (2.4) to the empiri-
cal distributions of residence length and mean velocity. For each parameterization,
various constraints are imposed on some of the parameters of (2.4), and the remain-
ing parameters of (2.4) determine the parameters of the model. For CMTC-D2 and
CMTC-R2, we impose the constraints that (i) α0 = α1 = 1, and (ii) b0 = b1 = 0.
Setting αi = 1 ensures that only one exponential distribution is used to model the
residence lengths. Setting bi = 0 allows the joint distribution to be factorized into two
terms, one of which depends only on the residence length, and the other depends on
the mean velocity; this factorization ensures that the two variables are independent.
For CMTC-D2, the mean velocities are deterministic and given by 10a0+σ2/2 if the
particle is in M0, and 10a1+σ2/2 if the particle is in M1. For CMTC-R2, the mean
velocities are random and give by a lognormal distribution with parameters a0, σ2

0 if
the particle is in M0, a1, σ2

1 if the particle is in M1.
For CMTC-D3, the joint distributions for transects through M1 are fit without

any constraints on the parameters of (2.4), other than λ1− < λ1+ , which can be
imposed without loss of generality. The mixing weight α determines the subdivision
of M1 into two states, which are labeled 1(−) and 1(+). The two states are assigned
residence lengths distributed exponentially with parameters λ1− and λ1+ respectively,
and assigned (deterministic) mean velocities 10a+b+σ2/2 and 10a+σ2/2 respectively. For
CMTC-D3, the joint distributions for transects through M0 are fit with the same
constraints as for CTMC-D2, so the exponential distribution of residence lengths is
parameterized by λ0, and the mean velocity given by 10a0+σ2/2.
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Figure 2.6: P (log10(v), s), the joint probability density function of log velocity (hori-
zontal axis) and the residence length (vertical axis) for conductivity ratios κ = 10−1

(left), 10−2 (center), 10−3(right). Plots show joint distribution in M0 (top) and in M1

(bottom)

2.4.3 BTCs for Computational Data and for MCS

The BTCs from the computational experiments demonstrate a wide range in disper-
sive behavior. For different values v and κ, we observe advection-dominated Fickian
dispersion, dispersion-dominated Fickian dispersion, and anomalous, non-Fickian dis-
persion. This is evidenced by empirically fitting the theoretical breakthrough curves
for Fickian dispersion to each BTC (not shown). These theoretical solutions are com-
plementary error functions parameterized by the mean velocity, v̄, and the dispersion
coefficient, D, of a hypothetical solute. Peclet numbers are given by Pe = lv̄/D,
where l is a characteristic length scale.

For κ = 0.1, and for κ = 0.01, the theoretical solutions fit the experimental BTCs
well (not shown). When the two materials are similar (κ = 0.1), the Peclet numbers
are greater than 1, which indicates that solute transport is dominated by advection,
and for moderate values of the heterogeneity (κ = 0.01), the Peclet numbers are less
than 1, which indicates that transit times of the particles are dominated by mechanical
dispersion. When the two materials are very different (κ = 0.001), the empirical BTCs
show two phases, an initial phase where a significant number of particles quickly reach
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Figure 2.7: Breakthrough curves for v = 0.30 (brown), v = 0.20 (green) and v = 0.15
(purple). Thick solid curves depict empirical data. The three models are CMTC-D2
(dotted), CMTC-R3 (dashed) and CMTC-D3 (thin solid).

the breakthrough plane and a secondary phase with delayed arrival times.
The two phased behavior is caused by the variability in the number of transitions

a particle makes as it migrates through the medium. Particles that migrate through
the medium entirely within the more conductive phase travel through the medium
very quickly. This occurs for about 5% of the particles when v = 0.15, 35% of the
particles when v = 0.20 and 55% of the particles when v = 0.30. Alternatively,
particles that make at least one transect through the less conductive medium have
late arrival times. Theoretical solutions do not fit the empirical BTCs (not shown),
which indicates that the dispersion is not Fickian at these scales.

Following the set of assumptions made in section 2.3.1, and calculating parameters
as described in section 2.3.4, we evaluate expression (2.3) by Monte Carlo simulation
(MCS) and compare the BTCs from the model to the experimental data. We compare
the model to the data by comparing comparing the 10th, 25th, 50th, 75th, and 90th

percentiles of the arrival times (Table 2.5).
When κ = 0.1 and κ = 0.01, CTMC-D2 underestimates the mean and the variabil-

ity in arrival times for each v ∈ {0.15, 0.20, 0.30} (Fig. 2.7). The discrepancy between
the computational data and the model is small when κ = 0.1 and moderate when
κ = 0.01, and is most apparent for the late arrival times. (Table 2.5). CTMC-D2
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v κ τ10 τ25 τ50 τ75 τ90

Data 0.150 0.100 7.6 8.6 9.7 10.9 11.9
CTMC-(D2) 0.150 0.100 7.4 8.0 8.7 9.4 10.0
CTMC-(R2) 0.150 0.100 7.4 8.2 9.1 10.2 11.2
CTMC-(D3) 0.150 0.100 7.9 8.7 9.5 10.1 10.6

Data 0.200 0.100 6.2 7.2 8.3 9.5 10.6
CTMC-(D2) 0.200 0.100 6.3 6.9 7.6 8.2 8.8
CTMC-(R2) 0.200 0.100 6.3 7.0 8.0 9.0 10.1
CTMC-(D3) 0.200 0.100 6.9 7.7 8.6 9.3 9.8

Data 0.300 0.100 4.4 5.2 6.2 7.3 8.3
CTMC-(D2) 0.300 0.100 4.7 5.2 5.8 6.4 6.9
CTMC-(R2) 0.300 0.100 4.7 5.4 6.2 7.0 8.0
CTMC-(D3) 0.300 0.100 5.4 6.2 7.2 8.0 8.5

Data 0.150 0.010 23.2 34.0 48.6 65.0 81.3
CTMC-(D2) 0.150 0.010 25.8 32.4 40.1 48.5 56.5
CTMC-(R2) 0.150 0.010 29.0 37.6 49.0 63.5 79.8
CTMC-(D3) 0.150 0.010 26.8 37.9 50.7 63.4 73.2

Data 0.200 0.010 11.5 18.8 29.7 43.6 58.1
CTMC-(D2) 0.200 0.010 14.7 18.9 24.6 31.1 37.6
CTMC-(R2) 0.200 0.010 16.9 23.7 32.7 44.1 58.2
CTMC-(D3) 0.200 0.010 10.7 16.8 25.2 34.7 44.3

Data 0.300 0.010 3.9 7.0 12.9 21.5 31.6
CTMC-(D2) 0.300 0.010 7.0 8.8 12.0 16.1 20.7
CTMC-(R2) 0.300 0.010 7.1 10.8 16.4 24.4 34.8
CTMC-(D3) 0.300 0.010 4.8 6.8 11.2 17.1 23.2

Data 0.150 0.001 13.5 58.1 161.1 329.4 534.4
CTMC-(D2) 0.150 0.001 71.6 108.8 167.1 238.0 316.7
CTMC-(R2) 0.150 0.001 102.3 179.6 300.7 468.5 694.5
CTMC-(D3) 0.150 0.001 25.5 42.2 153.2 306.0 466.8

Data 0.200 0.001 6.1 9.4 53.1 160.3 304.2
CTMC-(D2) 0.200 0.001 29.2 45.7 90.3 152.5 221.7
CTMC-(R2) 0.200 0.001 36.1 86.4 171.9 308.8 502.0
CTMC-(D3) 0.200 0.001 20.3 20.3 51.6 166.8 302.9

Data 0.300 0.001 3.6 4.4 7.0 59.2 146.1
CTMC-(D2) 0.300 0.001 15.3 15.3 31.0 66.0 109.6
CTMC-(R2) 0.300 0.001 9.8 29.7 76.3 156.2 281.2
CTMC-(D3) 0.300 0.001 13.4 13.4 13.4 42.4 114.7

Table 2.5: Breakthrough times for 10th, 25th, 50th, 75th and 90th percentiles for em-
pirical data, and for the three models
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does not capture the multi-scaled behavior when κ = 0.001.

When κ = 0.1 and κ = 0.01, CTMC-R2, accurately models the computational
BTCs for v ∈ {0.15, 0.20, 0.30} for most arrival times. However, when κ = 0.01

CTMC-R2 does overestimates the early arrival times (τ10 = 16.9 compared to τ10 =

11.5 of the computational data for v = 0.20), but makes accurate predictions for the
late arrival times, (τ90 = 59.0 compared to τ90 = 58.1). CTMC-R2 does not capture
the multi-scaled behavior when κ = 0.001.

When κ = 0.1 and κ = 0.01, CTMC-D3 accurately predicts the mean arrival time
for each v ∈ {0.15, 0.20, 0.30}. However, CTMC-D3 underestimates the variability in
arrival times, particularly for the late arrival times (Fig. 2.7). When κ = 0.001, neither
CTMC-D2 nor CTMC-R2 are able to reproduce the profile of the empirical BTC, but
CTMC-D3 reproduces the profile with high accuracy for each v ∈ {0.15, 0.20, 0.30}.
The model, however, does not show any variability in the earliest arrival times.

2.5 Discussion

It is the spatial irregularity of the facies structure that motivates our decision to
model transport as a jump process. The data from numerical simulations show that
particles transition between materials in an irregular and seemingly random manner
as they migrate through the medium, and that the transitions between materials
coincide with transitions in velocity. The randomness of the residence lengths reflects
the spatial irregularity of the facies, and we identify this irregularity as a primary
source of uncertainty in solute transit time. We make the modeling assumption that
the distance a particle travels through a facies is random and depends only on the
material of the facies, not on the particle’s history. In the event that residence lengths
are exponentially distributed, the model is a continuous time Markov chain, otherwise,
the model is a semi-Markov process.

The Markovian assumption is not entirely different from other studies [42] that
find correlation of velocity along individual trajectories; in our model the velocity
along trajectories is assumed to be constant for the duration of a transect through a
facies (i.e. it is perfectly correlated with its recent history), and when it reaches an
interfacial boundary, the only information that is retained is the material of the new
facies, thereby ensuring long-term independence.

For the random media investigated in our experiments, the distributions of res-
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idence lengths within facies of a given material have tails that decay exponentially.
The memoryless property implied by the exponential decay may be a consequence of
the finite correlation length of the Gaussian random fields used to generate the facies
structure. For residences in M0, the tails vary by no more than a factor of two for
conductivity fields with different v but the same κ, and by no more than a factor of
three for conductivity fields of all v and κ. For transects through M1, the residence
lengths increase with increasing values of v, and decreasing values of κ. The effect of v
and κ on the residence length is explained by the relative preference for flow through
more conductive regions, as determined by the flow equation: residence lengths in M1

increase as connected paths through M1 become more prevalent, and as the relative
preference for paths through M1 increases.

For transects through both M0 and M1, the distributions of the shortest residence
lengths do not, in general, follow the profile of an exponential distribution near zero.
When the two materials are similar (κ = 0.1), the distribution of the shortest residence
lengths is better modeled by gamma distributions with shape parameters greater than
1. This implies that immediately after one transition, particles are initially resistive to
a subsequent transitions. It is possible that the low probability of very short residence
lengths is related to the relative smoothness of the correlated random field used to
generate the facies structure, thereby ensuring that facies are not, in general, very
small.

When the two materials are relatively different (κ = 0.001), the distribution of
residence lengths in M1 follows neither an exponential distribution nor a gamma
distribution. When fit to a gamma distribution, the shape parameter is less than
1, but we suspect this to be indicative of a different phenomenon. This observation
is best explained by the hypothesis that there are two types of transects through
the fast material: transects through facies that are connected to the wider network,
and therefore have long residences, and transects through facies not connected to the
wider network, and therefore have lengths similar to the typical size of the facies.

When the two materials are similar (κ = 0.1), the empirical distributions of the
mean velocity along transects through facies of a given material are modeled by log-
normal distributions. When the two materials are different (κ = 0.01 and κ = 0.001),
transects with medium velocities become more prevalent; empirical distributions for
M0 develop tails to the left, and empirical distributions for M1 develop tails to the
right. Explanations of these tails are better made after examining whether there is
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dependence between the mean velocity and the residence length, and whether distin-
guishing between different types of transects through the more conductive material
would improve the model.

We model the joint distributions by equation (2.4), whose marginal distributions
of the residence lengths are a mixture of exponentials, and for each residence length,
the conditional distributions of mean velocity are lognormal with parameters µi(s)
and σ2

i (s), that depend on the residence length, s. For the longest residence lengths,
the parameters are ai and σi, and for the shortest velocities, they are ai + bi. For
transects through the more conductive material, we find that b1 < 0, which gives the
joint distribution a ′J ′-shape, and this is where the positive correlation comes from.

The correlation between the residence lengths and mean velocities, (negative for
transects through M0, and positive for transects through M1) can be explained by
observing that the random geometry forms regions where elongated facies are oriented
parallel to the local head gradient, and regions where elongated facies are oriented
perpendicular to the local head gradient. Where elongated facies are oriented parallel
to the local head gradient, transects through facies of each material will be particularly
long, and the velocity through each facies will depend primarily on the material of the
facies. Similarly, where elongated facies are oriented perpendicular to the local head
gradient, the fluid must alternate between the two materials in rapid succession, so
the residence lengths must be short, and the fluid velocity cannot vary much between
materials as mass must be conserved.

Ultimately, the measure of a model’s parameterization is found in its ability to
reproduce empirical BTCs directly from the statistics of the trajectories. The sim-
plest parameterization of the model, a two-state model with deterministic velocities,
reproduces BTCs with reasonable accuracy when the materials are similar (κ = 0.1),
but with decreasing accuracy as the materials differ. The model under-predicts the
breakthrough time (the BTCs of the model lie to the left of those from the data), and
also produces less variability than that of the data (BTC’s of the model are steeper
than those of the data). The reduced variability is caused by the lack of variability
in the velocities of particles within each state. For materials that are very different
(κ = 0.001), the model does not reproduce the general profile of the empirical BTCs.

We acknowledge that we could increase the variability in the model by artifi-
cially inflating the variability in the current parameters. Hypothetically, inflating the
variability in the parameters could be achieved by shifting the two point velocities
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farther apart, while maintaining their weighted sum, or by increasing the variance
in the sampling distribution of the residence lengths. In both situations, the close
relation between the parameters and the physical attributes of the medium would be
lost. This is not the approach taken in this paper due to concerns about the lack of
transferability of empirical models for groundwater systems.

Instead, the insufficient variability of the simplest model is addressed by perturb-
ing each of the velocities. The randomized velocities model the fine-scale variability
in velocity caused by the local geometry of facies. When κ = 0.1 and when κ = 0.01,
the six-parameter, two-state model (CTMC-R2), reproduces the empirical BTCs both
qualitatively and quantitatively. However, when κ = 0.001, the BTCs of the model
fail to capture the initial behavior of the empirical BTC and consequently over-predict
arrival times. The inclusion of randomized velocities is insufficient to completely de-
scribe the statistics of the trajectories because it does not acknowledge the correlation
between residence length and velocity along transects, and does not admit the possi-
bility that there may be two types of transects through the more conductive material.

For the three-parameter model, (CTMC-D3), the transects through M1 are sub-
divided into two states: one with short residences and moderate velocities, the other
with very long residences and very fast velocities. When the two materials are very
different (κ = 0.001), both the residence lengths and the velocities of the two states
differ by an order of magnitude. The residence length for transects through M0 are
longer than those of the shorter transects through M1, but the velocities are an order
of magnitude slower than the moderate velocities through M1. This subdivision into
three states allows the model to capture both short-term and long-term behavior
of the BTCs. When κ = 0.001, in the computational experiments indicate that
for many values of v, a significant portion of the particles reach the breakthrough
plane located at z = 1.5 by t ≈ 10, and that they do so without undergoing any
transitions. The initial breakthrough is a direct result of the particles that are moving
quickly along trajectories that reside entirely in M1 for the length of the domain.
Many of the remaining particles arrive between t ≈ 100− 500, and typically undergo
5 − 10 transitions. The delayed arrival of the remaining particles is a result of two
phenomena: (i) particles stagnate in expanses of M0, (ii) particles enter facies of M1

that are not meaningfully connected to a wider network, and therefore only travel a
short distance at moderate velocities.
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2.6 Conclusion

Identifying meso-scale factors that leads to the emergence of the dynamics of macro-
scale transport has proved difficult because the actual mechanisms of transport are
difficult to observe on smaller scales. Yet, the practical importance of the topic ex-
tends to most environmental and industrial applications of transport models, and
it has been a persistent conceptual challenge for groundwater hydrology and other
studies of transport in porous media since it was first recognized. Meso-scale sim-
ulations reveal features that may be able to explain how the macro-scale dynamics
develop. The results of the present computationally-based study contribute to char-
acterizing the link between meso- and macro-scale transport patterns by analyzing a
macroscopic breakthrough curve as a mixture of constituent curves that depend on
the number of times a particle transitions between facies.

The chain of observations leading to macro-scale transport dynamics in a control
volume appears to include the following elements: (i) if the volume is large enough,
most particles reside at least some time in slow materials and many make multiple
transitions between the two materials; (ii) however, a particle is more likely to pass
a control plane while in a fast material due to the smaller velocities found in slow
material; (iii) the high degree of variability and the long tails found in residence
distributions, seem to lead to a high degree of variability in the observed number
of transitions; (iv) the number of transitions is a random variable which strongly
affects the first passage time of a particle; and (v) the variability in the meso-scale
velocity cannot be neglected. This conceptual picture suggests that a theory based
on equation (2.3) can explain macro-scale transport dynamics in at least some kinds
of porous media. Such a theory may already exist in the sense that current models
of transport, such as CTRW [42], might be parameterized in light of equation (2.3)
and the features identified here.

In this study, the parameters of the model are determined directly from the res-
idence lengths and mean velocities of the observed particles along transects through
facies of each material. Ultimately we will need to estimate distributions of residences
and velocities directly from K(x), but we leave that for future work.
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Chapter 3

Characterization, Construction and Analysis of

Non-Gaussian Random Fields

Abstract

In many scientific fields, the effective behavior of the governing
physical processes are determined by the micro-structure of the en-
vironment. Analyzing the effective behavior can be difficult when
the micro-structure is irregular and seemingly random. We aim to
improve on current models by characterizing twice-differentiable sur-
faces in R2 by the distribution of curvature along level curves. For a
u-level curve given by Γu = {(x, y) : T (x, y) = u}, we define Lu(h)

to be the length of Γu with curvature h, where the curvature at each
point on Γu is the reciprocal of the radius of the unique osculating
circle. We develop and implement a simulated annealing algorithm
to evolve realizations of a random field with initial state L(i)

u (h) to
a surface with L(f)

u (h) = a · L(i)
u (h + b), for select parameters a and

b. The parameter a changes the boundary length along level curves,
and the parameter b changes the relative prevalence between posi-
tive and negative curvatures, thereby controlling the connectedness
of excursion sets, Au = {(x, y) : T (x, y) > u}. We use the result-
ing surfaces to investigate the effect of the geometric properties of
random media on the physical properties of the flow. Specifically we
aim to develop a systematic way to quantify the effects on conductiv-
ity and mechanical dispersivity of the connectedness of the geologic
facies in composite porous media.
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3.1 Introduction

In many scientific fields, the physical processes of interest operate in an environment
characterized by an irregular and seemingly random spatial structure. The global ef-
fects of the local spatial structure can be difficult to analyze experimentally, so phys-
ical experiments are often supplemented by computational experiments that rely on
synthetic samples. The geometric and topological features of the local spatial struc-
ture are replicated in the attempt to reproduce global behavior [43–46]. Although
models based on Gaussian random fields are able to produce spatially irregular syn-
thetic samples, the irregularity can always be described by the auto-covariance of the
field, and is ultimately limited. In this study, we (i) develop a characterization of non-
Gaussian random fields based on the distribution of curvature along level curves, (ii)
implement a simulated annealing algorithm to generate non-Gaussian random fields
according to this characterization, and (iii) analyze the impact of these characteristics
on hydrologic properties like effective conductivity and mechanical dispersivity.

Many of the applications in hydrogeology, such as nuclear waste storage and C02

sequestration, occur on length and time scales so large that experimental testing
cannot physically be performed at the scale of application. Even when applications
occur at more manageable scales, physical samples can be expensive and difficult to
obtain, as is the case with deep-sea core samples. In both settings, physical samples
must be supplemented by synthetic samples, and experiments must be performed
computationally.

This is not to say that computational experiments are always an option of last
resort; there are many inherent benefits of computational experiments that are not
present in physical experiments. For example, computational experiments provide
complete observability of system state variables, like flux and pressure, whereas the
lack of direct and universal access to the system in physical experiments obscures
many quantities from measurement. In some situations, scaling experimental param-
eters is more cost effective with computational experiments.

At every scale of interest, the merits of virtual samples are measured by their
usefulness, which must be determined by their ability to correctly reproduce the
effective behavior at the scale of application. The close relationship between spatial
structure and effective behavior means that it is important to identify which features
are essential to reproducing effective behavior, and which are superfluous.

75



In the geosciences, formational processes of geologic porous media can be complex
and difficult to observe. Nonetheless, some models do exist. At the pore scale,
synthetic samples of carbonates rocks [47] and sandstones [48] have been constructed
by modeling cementation, compaction, and micro-erosion. At the field scale, models
that account for the dynamics of river flooding, sedimentation, and subsidence are
used to reproduce the geologic structure in alluvial planes [16, 49]. Because it is
difficult to parameterize and simulate these processes accurately, many researchers
find it more effective to replicate the characterizing statistics of the spatial structure
directly.

Models that replicate characterizing statistics of the local-scale structure depend
on two components: first, a means of identifying which features to replicate, and
second, algorithms that actually replicate these features. At the pore scale, capillary
models and pore-network models [50] assume that the microstructure is tubular, with
varying decrees of connectedness. Thresholded Gaussian random fields [39] assume
that the microstructure is irregular, and bi-continuous. Models based on Gaussian
random fields make the assumption that all the relevant spatial variability can be
described by a mean and covariance function.

One of the shortcomings of models based on Gaussian random fields is the inherent
limitation on the spatial irregularity that can be generated. For illustration, consider
a mean-zero Gaussian random field. Symmetry demands that the random sets Au =

{(x, y) : T (x, y) > u} and A′u = {(x, y) : T (x, y) < −u} are statistically equivalent.
This symmetry limits the ability of Gaussian random fields to model two phases with
different degrees of connectedness. This limitation becomes apparent when modeling
some low porosity rocks where the formational processes have created a void space
that is relatively well connected, or when modeling pebbles mixed with cement where
the pebbles may account for more than half the volume, but remain disconnected from
each other because of their shape. The effects of the connectedness of conductivity
fields has been studied by making transformations of realizations of Gaussian random
fields [24, 27].

In this present study, we choose to overcome this shortcoming by modeling the ge-
ologic facies structure by applying thresholds to random fields that are not Gaussian.
We develop a characterization of non-Gaussian random fields based on the distribu-
tion of curvature along level curves (Sec. 3.2) and implement a simulated annealing
algorithm (Sec. 3.3) to generated realizations with curvatures along level curves that
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would not typically be observed in realizations of Gaussian random fields.
To simplify boundary effects, we operate on a periodic domain, T2. We define a

phase space consisting of two variables h and u. For a given surface T : T2 → R, at
each point (x, y) ∈ T2, u is the value of the random field at (x, y), and h is the mean
curvature of the level curve Γu of T at (x, y). We characterize non-Gaussian random
fields by the function Lu(h), which is the total length along the level curve Γu that
has curvature h. Since h varies continuously along Γu, Lu(h) must be interpreted as
a density per unit curvature.

We use simulated annealing to create surfaces with a target set of characteriz-
ing statistics. We initialize the algorithm by generating realizations of a Gaussian
random field with a particular covariance function, and compute the initial charac-
terizing statistics, L(i)

u (h). We then make a linear transformation of L(i)
u (h) to define

the target L(∗)
u (h) = aL

(i)
u (h + b), and iteratively evolve the surface until its charac-

terizing statistics match the target. Once we have a random surface corresponding
to L(∗)

u (h), we identify the thresholds corresponding to set volume allocations, and
assign conductivity values according to the thresholds. We simulate flow through the
conductivity fields and use the resulting velocity fields to compute the effective con-
ductivity of the medium, and the breakthrough curves (BTCs) of synthetic particles
flowing through the medium.

3.2 Characterization of Non-Gaussian Random Fields:

Curvature along Level Sets

The central hypothesis of this paper is that the geometric properties of a random field
can be effectively characterized by the distribution of curvature along its level curves,
and that restricting the curvature locally, places restrictions on the shapes that will
be observed globally, thereby determining effective behavior. We use the explicit
formulation for curvature along level curves to motivate this choice of characterizing
statistics, and we use the implicit formulation to implement the algorithm and perform
all computation.
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Figure 3.1: Left: Excursion set Au (gray) of hypothetical surface and level curve
Γu colored by curvature, with positive curvature (brown and purple), and negative
curvature (green). Right: Total length along level curve as a function of curvature,
Lu(h)

3.2.1 Explicit formulation of Lu(h)

For any any twice-differentiable surface T : T2 → R, and any u ∈ R, the excursion
set at u is defined by Au = {(x, y) : T (x, y) > u}, and the level curve at u is defined
by Γu = {(x, y) : T (x, y) = u}. At each point (x, y) along Γu, the curvature, h, can
be defined as the reciprical of the radius of a circular arc that best approximates Γu

at (x, y). By convention, h is positive if the approximating circle lies inside Au, and
h is negative if the approximating circle lies outside Au. The curvature at (x, y) can
equivalently be defined as h = −∇ ·n, where n is the unit inward-pointing normal at
(x, y).

The explicit formulation of curvature along level curves involves parameterizing
Γu, which is done by identifying an appropriate (x(s), y(s)) and S, such that Γu =

(x(s), y(s)) for s ∈ S. The interface length along the Γu is given by∫
S

√
(dx
ds

)2 + (dy
ds

)2 ds (3.1)

The total length along Γu with curvature h is given by defining a subset of S for each
(h,∆h) pair, S(h,∆h) = S ∩ {s : h < h(s) < h + ∆h}. Taking the limit as ∆h → 0

gives Lu(h),

Lu(h) = lim
∆h→0

1

∆h

∫
S(h,∆h)

√
(dx
ds

)2 + (dy
ds

)2 ds. (3.2)

Parameterizing Γu is computationally intensive, and if it were implemented in
the simulated annealing algorithm, it would be required at each iteration for many
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values of u. We turn to the implicit formulation for a computationally feasible, albeit
low-order, alternative.

3.2.2 Implicit formulation of Lu(h)

The implicit formulation of Lu(h) is made without parameterizing Γu, but is found
by integrating over the entire domain [51, 52]. At each (x, y) ∈ T2, the unit inward-
pointing normal of the level curve through T (x, y) is calculated from the gradient
of T by n = ∇T /|∇T |. The mean curvature of the level curve that passes through
T (x, y) at (x, y) is computed from h = −∇ · n,

h(T ) = −∇ · ∇T
|∇T |

=
−TxTxTyy + 2TxTyTxy − TyTyTxx

(T 2
x + T 2

y )3/2
(3.3)

For each (h, u), Lu(h) is computed by summation of |∇T (xi, yj)| for each (i, j) in the
set Iij = {(i, j) : hk < h(T (xi, yj)) < hk+1, ul < T (x, y) < ul+1}

Lu(h) =
1

∆hj∆uk

∑
Iij

|∇T (xi, yj)| ∆x∆y (3.4)

The term |∇T (xi, yj)| accounts for the increased spacing between ul and ul+1 when
T is relatively flat.

Autocovariance function

For a stationarity random field, the covariance of two points is only a function of
(x′, y′) where x′ = x2− x1, y′ = y2− y1. The auto-covariance function of a stationary
random field is given by

C(x′, y′) = E [ T (0, 0) T (x′, y′) ]− µ(0, 0)µ(x′, y′) (3.5)

Under the ergodic assumption, expectation is replaced with spatial averaging, and
the auto-covariance function is computed for each (x′, y′) by convolution,

C(x′, y′) = T (x, y) ∗ T (x, y). (3.6)
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3.3 Construction of Non-Gaussian Random Fields:

Simulated Annealing

Simulated annealing is a stochastic optimization algorithm [53, 54] that searches for
local minima of an objective function by sequentially proposing and analyzing local
perturbations to a system, and then accepting or rejecting each proposal with prob-
ability that depends on how well the proposal evolves the system properties towards
a pre-defined target. The term “simulated annealing” derives from the annealing pro-
cess in metallurgy, whereby the desired crystalline structure of a metal can only be
obtained through a drawn-out cooling process. As with metallurgic annealing, sim-
ulated annealing involves an analogous energy and temperature, which controls how
receptive the system is to unfavorable proposals throughout the iterative process.

Simulated annealing has been previously used to generate binary random media
by sequentially selecting two lattice points of different states to potentially switch
positions so that the auto-covariance of the system ultimately matches a target [55].
For our algorithm, the energy is a function of both the auto-covariance C(x′, y′) and
also a term that measures the distribution of curvature along level curves, Lu(h).

We use the subscripts (i) to refer to the initial state of the system, (t) to refer to
the state of the system at a particular time (iterate), (t′) to refer to the proposal at
a particular time, (f) to refer to the system at the final time, and (∗) to refer to the
target.

3.3.1 Transitions and Transition Probabilities

For a C2 function T : Ω → R, the algorithm operates by picking a random ‘bump’,
ψ(x, y), which is added to T (t)(x, y) to propose a new surface, that is, T (t′) =

T (t)(x, y) + ψ(x, y). In our implementation of the algorithm, Ω = T2 so we define
ψ(t)(x, y) to be the infinite tiling of the truncation of the functionAe−((x−ξ)2+(y−η)2)/2σ2

on [ξ− 1
2
, ξ+ 1

2
]× [η− 1

2
, η+ 1

2
]. The parameters A, σ, ξ, η are random. A small degree

of smoothing maintains regularity of the surface.
Ideally, ψ should have compact support to limit the required computation when

updating the energy at each iteration. We found that computing curvature by spec-
tral differentiation (which is inherently a global process) is very fast, and effectively
maintains smoothness of T . Consequently we allow ψ(t) to be nonzero everywhere.
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For each u, T > u is associated with the ‘inside’ of Au, and T < u is associated
with the ‘outside’ of Au. When A > 0, the level curves for each u in the interval
T (ξ, η) < u < T (ξ, η) + A will move outwards in the neighborhood of (ξ, η), and
similarly, if A < 0 the level curves for each u in T (ξ, η) − A < u < T (ξ, η) move
inwards in the neighborhood of (ξ, η).

The parameter σ determines the degree to which the perturbation is localized.
The effects of the perturbation on T are exponentially small for (x, y) satisfying
||(x, y)− (ξ, η)|| � σ.

Optimal proposal algorithms can be hard to find. As the system approaches a
low energy state, an increasing proportion of the domain satisfies the desired target
in (h, u) space. Although large, global changes have greater capacity to lower the
system’s energy, it is much more likely that they are disruptive and not accepted.
Although small, localized changes are more likely to be productive, and therefore ac-
cepted, they may only decrease the system’s energy a small amount. At our scale of
application, the algorithm performs reasonably well when A is normally distributed
with mean zero and variance one half of the variance of T , and when σ is uniformly dis-
tributed between one half, and twice, the characteristic length of the auto-covariance
of T . The parameters are chosen somewhat arbitrarily, and the algorithm does not
appear to be sensitive to their exact values.

3.3.2 Acceptance and Acceptance Probabilities

The energy of our system is the sum of two terms, E1 and E2, which correspond to
the L2 distance between the current and the target auto-covariance, and to the L2
difference between the current and the target distribution of curvature along level
curves,

E
(t)
1 = w1

∫ 1

0

∫ 1

0

(
C(t)(x′, y′)− C(∗)(x′, y′)

)2
dx′ dy′ (3.7a)

E
(t)
2 = w2

∫ ∞
−∞

∫ ∞
−∞

(
L(t)
u (h)− L(∗)

u (h)
)2

dh du (3.7b)

The weights w1 and w2 determine the relative importance of each term. The energy
of a proposal, E(t′) = E

(t′)
1 + E

(t′)
2 , is similarly defined, and the proposed change in

energy is ∆E = E(t′) − E(t).
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At each iteration, t ∈ {t1, . . . , tN}, a temperature, T (t) is defined for the system.
The temperature follows a geometric progression with T (1) = 1, and cooling factor
0 < β < 1. Acceptance is determined by the Metropolis Hastings algorithm whereby
proposed states with lower energy are accepted with probability 1 and proposed states
with higher energy are accepted with probability α = exp(−∆E/T ).

The cooling schedule and the weights were tuned empirically. When the cooling
schedule is too slow, the algorithm is unable to converge on a suitable state within a
reasonable number of iterations. When the cooling schedule is too fast, the algorithm
does not sufficiently explore the state space, and does find a suitable state to converge
to. The weights are tuned with respect to the cooling schedule by recognizing that the
surfaces used to initialize the algorithm are realizations of the Gaussian random field
with the target auto-covariance function (Sec. 3.4.1). Therefore E(1)

1 ≈ 0, and initial
proposals generally increase E(1)

1 . Consequently the initial acceptance rate is more
sensitive to the ratio w1/T than to the ratio w2/T . The cooling schedule β = 0.99995

and the weights (w1, w2) = (100, 2000) satisfactorily produced surfaces that (i) had
little resemblance to their corresponding initial surfaces and (ii) were characterized by
statistics sufficiently close the target statistics. Finding optimal weights and cooling
schedules was beyond the scope of this paper, and is subject to future work.

3.4 Analysis of Non-Gaussian Random Fields:

Results and Discussion

We investigate the effects of the parameters a and b for L(∗)
u (h) = aL

(i)
u (h+ b) on the

geometric properties of the surfaces produced by the annealing algorithm, and on the
effective conductivity, and the mechanical dispersivity of composite porous media.

3.4.1 Random Fields

We set up the experiment by generating Nω = 10 realizations of a Gaussian random
field. The realizations are generated by the convolution of a rectangular array of
iid N(0, 1) random variables with a kernel K(x, y). We use a lattice of dimension
nx × ny = 2562, which we identify with the flat unit torus. We pick a convolution
kernel of K(x, y) ∝ exp(−0.5(x2 + y2)/0.012). The resulting Gaussian random field
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has zero mean, unit variance, and auto-covariance function given by K(x, y)∗K(x, y).
At each point in the lattice, the joint probability of (h, u) can be computed from the
auto-covariance [56], and we use this to compute L(i)

u (h).
We define a set of 22 target characteristics L(∗)

u (h) = aL
(i)
u (h+ b). The parameter

a is either 1.0 or 1.5, and causes the algorithm to generate facies structures with ei-
ther unaffected or with relatively long interface lengths, respectively. The parameter
b is drawn from the set b ∈ {−50,−40, . . . , 50}, and causes the algorithm to gen-
erate surfaces where the distributions of curvature are preferenced towards negative
curvature, unaffected, or preferenced towards positive curvature, respectively. The re-
sulting surfaces are either relatively well connected, neutrally connected or relatively
poorly connected, respectively. For each of the 22 target distributions, the simulated
annealing algorithm is run for 105 time steps for each realization. The cooling sched-
ule is given by T (t) = βt−1, with β = 1− 10−4. At each time step, the energy of the
system is the weighted sum of two terms: the L2 difference between C(t)(x′, y′) and
C(∗)(x′, y′), and the L2 difference between L(t)

u (h) and L(∗)
u (h).

The parameter a controls the total length along level curves, and parameter b
controls the relative amount of positive, or negative, curvature along level curves.
Figures 3.2 and 3.3 show binary fields generated from thresholding realizations at
volume fractions v = 0.20, 0.35 and 0.50 (Left to Right). In each figure, black corre-
sponds to larger values of T , which we will refer to as the foreground, or ‘inside’, and
white corresponds to smaller values of T .

The connectedness of the foreground increases for each value of the volume fraction
v, as b increases from b = −50 to b = 50 (Top to bottom), and increases for each value
of b as the volume increases from v = 0.20 to v = 0.50 (Left to right). For each value of
the volume fraction v and for each value of b, each of the realizations of binary random
fields shown in figure 3.2 can be compared to the realization shown in figure 3.3 with
the same v and the same b. For v = 0.50 (right column), the realizations with a = 1.0

do not appear to have much structure, but for the realizations with a = 1.5, the target
statistics select for realizations with unusually long interface lengths, which must be
squeezed into the same domain. This causes both phases to be unusually connected
over medium distances.
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Figure 3.2: Binary fields derived from thresholding the surfaces generated by simu-
lated annealing algorithm with L(∗)

u (h) = 1.0 · L(i)
u (h + b) for select volume fractions

of the more conductive material (black) and select parameters b. Left: v = 0.20 Mid-
dle: v = 0.35 Right: v = 0.50. Top: Relatively poorly connected, b = −50, Second
b = −20, Third: b = 0, Fourth: b = 20, Bottom: Relatively connected, b = 50.

84



Figure 3.3: Binary fields derived from thresholding the surfaces generated by simu-
lated annealing algorithm with L(∗)

u (h) = 1.5 · L(i)
u (h + b) for select volume fractions

of the more conductive material (black) and select parameters b. Left: v = 0.20 Mid-
dle: v = 0.35 Right: v = 0.50. Top: Relatively poorly connected, b = −50, Second
b = −20, Third: b = 0, Fourth: b = 20, Bottom: Relatively well connected, b = 50.
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3.4.2 Hydrologic properties

In the second part of the study, we investigate the hydrologic properties of the result-
ing random fields. We follow the experimental design described in chapters 1 and 2
where, for each target surface generated by the simulated annealing algorithm, we
create realizations of random geometries by applying thresholds corresponding to set
volume fractions. For each random geometry, we assign K1 = 1 and K0 = κ for
κ ∈ {10−1, 10−2, 10−3}. Dirichlet boundary conditions are prescribed on two opposite
sides, and periodic boundary conditions on the other two sides. The flow equation
∇ · K∇H = 0 is solved for hydraulic head H, and the local Darcy flux is given by
q(x) = −K∇H.

From the local Darcy flux, we perform two sets of experiments where we investigate
the effective conductivity, and the mechanical dispersivity of the composite porous
media. In the first set of experiments, we compute Ke(v, κ;ω) for each random
field defined by the 22 transformations of L(∗)

u (h). The results show that when κ =

10−1, the effects of a and b are small for all v (Fig. 3.4, top row). When κ =

10−3, the parameter b, which controls the connectedness of the two materials has a
significant impact on the effective conductivity (Fig. 3.4, bottom left). When the more
conductive material is relatively well connected (b = 50), the effective conductivity
increases by more than a factor of 5 as compared to realizations corresponding to
neutral connectedness (b = 0) (Fig. 3.4, bottom left). When the more conductive
material is relatively poorly connected (b = −50), the effective conductivity decreases
by more than a factor of 5 (Fig. 3.4, bottom left). The parameter a, which controls
the total length of the interface between the two materials, does not appear to have
a significant impact on the effective conductivity (Fig. 3.4, bottom row).

In the second series of experiments, we compute breakthrough curves (BTCs)
for composite media for select values of v and κ. The connectedness of the more
conductive material has a sizable effect on the BTCs when κ = 10−2 (Fig. 3.5 middle
column), and when κ = 10−3 (Fig. 3.5 right column). BTCs for the more connected
media (Fig. 3.5 yellow), not only showed earlier arrival times, but also showed greater
variability in arrival times, possibly caused by the large number of particles that flow
greater distances through more connected regions of the more conductive material.
BTCs for the less connected media (Fig. 3.5 blue), not only showed later arrival times,
but also showed less variability in arrival times for lower volume fractions (Fig. 3.5
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Figure 3.4: Effective conductivity K(v;κ), as a function of v for select values of
parameter b. Top: κ = 10−1. Middle: κ = 10−2. Bottom: κ = 10−3. Left a = 1.0.
Right a = 1.5. Legend: Particularly connected, b = 50 (purple), Neutrally connected,
b = 0 (green), Particularly disconnected, b = −50 (orange)
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top three rows), which is possibly caused because the lack of connectedness in the
more conductive material, which forces the particles to alternate between materials
more frequently.

3.5 Conclusion

When models for spatial variability only consider random fields that are Gaussian,
important limitations are imposed on the spatial structures that can be generated.
For example, the symmetry imposed by Gaussian models precludes spatial structures
where one of the phases is relatively well connected. In this study, we introduce a
means of characterizing the spatial irregularity of a broad class of random fields. The
random fields are characterized by the distribution of curvature along level curves of a
surface. Even though this characterization only places restrictions on local features of
the geometry, the local curvature determines the shapes that can be observed globally,
which, in turn, determine the effective behavior of the whole structure.

We implement a simulated annealing to generate surfaces according to this char-
acterization. The algorithm is conceptually straightforward and computationally
tractible, but does require manual tuning. Optimizing the algorithm to work at
much larger scales, or with 3D random media is possible. We parametrized the target
statistics by two parameters, a and b, that correspond to the linear transformation
L

(∗)
u (h) = aL

(i)
u (h + b) where L(i)

u (h) are the statisitics of the initial random field,
which is Gaussian. This simple parameterization was able to describe a wide class of
surfaces. For example, selecting for positive curvature created isolated and discon-
nected strucutres, even at relatively high volume fractions, and selecting for increased
interface length of modest curvature created narrow bands of each phase.

When the surfaces created by the simulated annealing algorithm were used to
define conductivity fields, we found that the connectedness of the more conductive
material had profound effects on effective conductivity, and that for some parameter
values, e.g. v = 50 , k = 10−3, the effective conductivity varied by as much as a factor
of 25 for different levels of connectedness that were considered. Even though realiza-
tion with the same parameter values v, κ and b had very different spatial structure for
different values a, changing the interface lengths did not have a sizeable effect on the
effective behavior, and only showed significant effects on the BTCs for certain values
of v, κ and b.
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Figure 3.5: Breakthrough curves (BTCs) for relatively well connected media b = 50
(yellow), neutrally connected media b = 0 (red) and relatively poorly connected media
b = −50 (blue), and for neutral interface lengths a = 1 (solid) and relatively long
interface lengths a = 1.5 (dashed). Left to right: κ = 10−1, 10−2, 10−3. Top to
bottom: v = 0.20, 0.35, 0.50, 0.65, 0.80
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Concluding Remarks

Uncertainty, which arises from sparse sampling of spatially heterogeneous conductiv-
ity fields, is epistemic and is usually modeled probabilistically. Stochastic methods
for mild heterogeneity are well developed, but phenomenological models for highly
heterogeneous composite media are lacking. Developing models from physical exper-
iments is challenging because of the experimental difficulties in obtaining accurate
measurements of subsurface conductivity, pressure and flow. Computational experi-
ments, on the other hand, provide complete control of the system parameters (local
conductivity and boundary conditions) and complete observability of the solutions
(local pressure and flow). The high level of detail afforded by computational experi-
ments allows exploration of a wide range of hypotheses concerning behavior.

In this dissertation, we present three computational studies to quantify the effects
of the irregular configuration of the facies structure. In each study, scale-up is ad-
dressed by Monte Carlo simulation whereby realistic realizations of composite porous
media are generated by thresholded random fields, and the flow is resolved at the
scale of the geologic facies.

The first computational study investigates the effective conductivity, Ke of 3D
composite media. The percolation threshold determines three regimes forKe. Regimes
I and III follow power laws when 0 ≤ v � vc and vc � v ≤ 1 respectively, and Regime
II interpolates between the power laws when v ≈ vc. We develop a model that de-
pends only on v, κ, knowledge of vc, and the exponents of power laws, which appear
to be independent of κ. All remaining terms and parameters of the model are deter-
mined. We define diagnostic statistics to relate spatial variability of the flow fields
to the effective conductivity, and we find that the regimes in Ke are correlated with
corresponding regimes in the variability.

The second computational study contributes to characterizing the link between
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meso- and macro-scale transport patterns by analyzing macroscopic breakthrough
curves via a continuous time Markov chain model that depends only on meso-scale
properties of particle trajectories.

The third computational study introduces a characterization of non-Gaussian ran-
dom fields that depends on the distribution of curvature along level sets. We show
that one possible algorithm for generating these random fields is conceptually straight-
forward and computationally feasible. The resulting random fields are are used to
quantify the effects of the connectedness of the geologic facies on the effective con-
ductivity and mechanical dispersivity.

The random media in these computational studies is isotropic, and assumes that
meso- and macro-scales are separable. Observations of natural porous media show
that geologic heterogeneity typically occurs in layering. Extending each of the exper-
iments, and their corresponding models, to anisotropic media is the focus of ongoing
research. Quantifying the effects of of fine-scale variability, and eliminating the clear
delineation between the scales, will be investigated in future research.

This computational experiments in this dissertation not only provide phenomeno-
logical models for effective conductivity, transport and meso-scale variability, but they
also demonstrate the merits of models derived from computational experiments, mod-
els that are able to provide physical meso-scale explanations for observed macro-scale
behavior.

91



Appendices

92



Appendix A

Numerical Methods for Computation of Lagrangian

Trajectories

The trajectories of the fluid particles are given by solutions to the equation ∂tX(t;ω) =

U(X(t;ω)), however, the local velocity field is known only at the midpoints between
the nodes of the compuational grid, Ui±1/2,j,k, Vi,j±1/2,k, andWi,j,k±1/2, so at each time
step, an interpolation scheme must be used to compute the velocity at the present
location of the particle. A trilinear interpolation scheme does not produce a diver-
gence free field, and we use the projection method to compute a correction term to
trilinear interpolation.

The Helmholz theorem states that for every sufficiently nice vector field F , there
exists a scalar field Φ, and a vector field R, such that F = −∇Φ+∇×R, that is, F can
be written as the sum of a curl free component and a divergence free component. The
true solution to Darcy’s equation is divergence free, so for any proposed interpolant
F = (u(p); v(p);w(p))T , the curl free component, −∇Φ, encodes all the divergence of F
and therefore hopefully much of its error, so the divergence free component, ∇×R, is
assumed to be much closer to the correct vector field than the proposed interpolant
F . Consequently, we use F +∇Φ as our interpolant, where F = (u(p); v(p);w(p))T is
the trilinear interpolant, and ∇Φ = (u(c); v(c);w(c))T is the correction term.

Trilinear Scheme

The proposed trilinear interpolation of (U ;V ;W )T can be expressed as

u(p)(x, y, z) = a0 + a1x+ a2y + a3z + a4xy + a5xz + a6yz + a7xyz

v(p)(x, y, z) = a0 + b1x+ b2y + b3z + b4xy + b5xz + b6yz + b7xyz

w(p)(x, y, z) = c0 + c1x+ c2y + c3z + c4xy + c5xz + c6yz + c7xyz
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Correction term

The correction term ∇Φ is computed by taking the divergence of F = −∇Φ+∇×R,
and the resulting poisson equation

−∆Φ = ∇ · F (A.1)

is solved for Φ. The domain of (A.1) is a single computational voxel, which we
rescale to [0, 1]3. Boundary conditions of (A.1) are set to ensure continuity of the
normal component of the velocity at the voxel boundaries, which is accomplished
by ensuring the values given by the normal component of trilinear interpolant are
unchanged. Since (u(c); v(c);w(c))T = ∇Φ, homogenous Neuman boundary conditions
are required to ensure that

u(c)(0, y, z) = u(c)(1, y, z) = v(c)(x, 0, z) = v(c)(x, 1, z) = w(c)(x, y, 0) = w(c)(x, y, 1) = 0.

(A.2)
Technically, these boundary conditions do not provide well-posedness of (A.1) as the
solutions Φ will be unique only up to an additive constant. Since our correction term
is given by ∇Φ and not by Φ itself, we arbitrarily set Φ to have zero mean to ensure
well posed-ness without changing the correction term.

To solve (A.1), begin by writing Φ in terms of its Fourier series:

Φ(x, y, z) =
∞∑
n=0

∞∑
m=0

∞∑
l=0

(A(x)
n cos(nπx) +B(x)

n sin(nπx)) . . .

. . . (A(y)
m cos(mπy) +B(y)

m sin(mπy))(A
(z)
l cos(lπz) +B

(z)
l sin(lπz))

Homogenous Neuman boundary conditions yeild B
(x)
n = 0 for each n, B(y)

m = 0 for
each m, and B(z)

l = 0 for each l. Define cn,m,l = A
(x)
n A

(y)
m A

(z)
l so that

Φ(x, y, z) =
∞∑
n=0

∞∑
m=0

∞∑
l=0

cn,m,l cos(nπx) cos(mπy) cos(lπz)

and

∆Φ(x, y, z) =
∞∑
n=0

∞∑
m=0

∞∑
l=0

−π2(n2 +m2 + l2)cn,m,l cos(nπx) cos(mπy) cos(lπz).

Equation (A.1) is solved by computing cn,m,l.
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LHS of −∆φ = ∇ · F

Begin by picking arbitrary n∗,m∗, l∗, multiplying by cos(n∗πx) cos(m∗πy) cos(l∗πz)

and integrating over the domain of the poisson equation, (the voxel that the particle
currently resides in):

LHS =

∫ 1

0

∫ 1

0

∫ 1

0

∆Φ cos(n∗πx) cos(m∗πy) cos(l∗πz)dxdydz

=

∫ 1

0

∫ 1

0

∫ 1

0

∞∑
n=0

∞∑
m=0

∞∑
l=0

[
− π2(n2 +m2 + l2)cn,m,l . . .

. . . cos(nπx) cos(mπy) cos(lπz) cos(n∗πx) cos(m∗πy) cos(l∗πz)dxdydz
]

=
∞∑
n=0

∞∑
m=0

∞∑
l=0

[
− π2(n2 +m2 + l2)cn,m,l . . .

· · ·
∫ 1

0

cos(nπx) cos(n∗πx)dx

∫ 1

0

cos(mπy) cos(m∗πy)dy

∫ 1

0

cos(lπz) cos(l∗πz)dz
]

=
∞∑
n=0

∞∑
m=0

∞∑
l=0

−π2(n2 +m2 + l2)cn,m,lψ(n)ψ(m)ψ(l)

where, for convenience, we have defined,

ψ(n) :=

∫ 1

0

cos2(nπx′)dx′ =

1 n = 0

0.5 n = 1, 2, . . .

RHS of −∆φ = ∇ · F :

Picking n∗,m∗, l∗, multiplying by cos(n∗πx) cos(m∗πy) cos(l∗πz) and integrating over
the domain of the poisson equation yields:

RHS =

∫ 1

0

∫ 1

0

∫ 1

0

∇ · F cos(n∗πx) cos(m∗πy) cos(l∗πz)dxdydz

Given that

∇ · F =
(
a1 + b2 + c3

)
+
(
b4 + c5)x+

(
a4 + c6

)
y +

(
a5 + b6

)
z + c7xy + b7xz + a7yz

So

RHS = (A+ B + · · ·+ G)
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where

A = (a1 + b2 + c3)

∫ 1

0

cos(nπx)dx

∫ 1

0

cos(mπy)dy

∫ 1

0

cos(lπz)dz

B = (b4 + c5)

∫ 1

0

x cos(nπx)dx

∫ 1

0

cos(mπy)dy

∫ 1

0

cos(lπz)dz

C = (a4 + c6)

∫ 1

0

cos(nπx)dx

∫ 1

0

y cos(mπy)dy

∫ 1

0

cos(lπz)dz

D = (a5 + b6)

∫ 1

0

cos(nπx)dx

∫ 1

0

cos(mπy)dy

∫ 1

0

z cos(lπz)dz

E = c7

∫ 1

0

x cos(nπx)dx

∫ 1

0

y cos(mπy)dy

∫ 1

0

cos(lπz)dz

F = b7

∫ 1

0

x cos(nπx)dx

∫ 1

0

cos(mπy)dy

∫ 1

0

z cos(lπz)dz

G = a7

∫ 1

0

cos(nπx)dx

∫ 1

0

y cos(mπy)dy

∫ 1

0

z cos(lπz)dz

For convenience, note that

∫ 1

0

cos(n∗πx′)dx′ =

{
1 n∗ = 0

0 n∗ 6= 0

∫ 1

0

x′ cos(n∗πx′)dx′ =


1/2 n∗ = 0

−2
n2π2 n∗ odd

0 n∗ even

Comparing LHS and RHS of −∆φ = ∇ · F :

cn,m,l =
−1

π2(n2 +m2 + l2)

1

ψ(n)ψ(m)ψ(l)

∫ 1

0

∫ 1

0

∫ 1

0

∆φ cos(nπx) cos(mπy) cos(lπz)dxdydz

=
−1

π2(n2 +m2 + l2)

1

ψ(n)ψ(m)ψ(l)

∫ 1

0

∫ 1

0

∫ 1

0

∇ · F cos(nπx) cos(mπy) cos(lπz)dxdydz

=
−1

π2(n2 +m2 + l2)

1

ψ(n)ψ(m)ψ(l)
· (A+ B + · · ·+ G)
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1. Case: exactly one of n,m, l is odd, the other two are zero.
e.g. n odd, m = 0 and l = 0

cn,m,l =
−1

π2(n2 + 02 + 02)
· 1

1
2
· 1 · 1

· −2

n2π2
·
[
b4 + c5 +

b7 + c7

2

]
Similar for n = 0, m odd and l = 0, and for n = 0, m = 0 and l odd

2. Case: exactly two of n,m, l are odd, the other is zero.
e.g. n odd, m odd, and l = 0

cn,m,l =
−1

π2(n2 +m2 + 02)
· 1

1
2
· 1

2
· 1
· −2

n2π2
· −2

m2π2
·
[
c7

]
Similar for n odd, m = 0 and l odd, and for n = 0, m odd and l odd

3. Else: cn,m,l = 0

In summary, the trilinear interpolation with divergence free correction is calculated
by u(x, y, z) = u(p)(x, y, z) + u(c)(x, y, z) where

u(p)(x, y, z) = a0 + a1x+ a2y + a3z + a4xy + a5xz + a6yz + a7xyz

v(p)(x, y, z) = a0 + b1x+ b2y + b3z + b4xy + b5xz + b6yz + b7xyz

w(p)(x, y, z) = c0 + c1x+ c2y + c3z + c4xy + c5xz + c6yz + c7xyz

and

u(c)(x, y, z) =
∞∑
n=0

∞∑
m=0

∞∑
l=0

−nπ cn,m,l sin(nπx) cos(mπy) cos(lπz)

v(c)(x, y, z) =
∞∑
n=0

∞∑
m=0

∞∑
l=0

−mπ cn,m,l cos(nπx) sin(mπy) cos(lπz)

w(c)(x, y, z) =
∞∑
n=0

∞∑
m=0

∞∑
l=0

−lπ cn,m,l cos(nπx) cos(mπy) sin(lπz)

where cn,m,l is given above
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Appendix B

Calculation of P (Z(t;ω) > z) for CTMC-D2

For a fixed observation plane at z, we provide a closed form expression for the break-
through probability (BTC) as a function of time, P [Z(t) > z] under the assumptions
that particles transition between two materials (MΣ and MΦ), the residence lengths
within the materials are exponentially distributed with parameters λΣ and λΦ and
travel at constant velocity vΣ and vΦ within the two materials. For notational conve-
nience, we use Σ for the slow phase and Φ for the fast phase in this appendix.

Let P [N(z;ω) = n] be the probability that a particle at distance z from the entry
plane is traveling along its nth transect, (hence, it has has undergone n−1 transitions).
Let Pn[Z(t;ω) > z] := P [Z(t;ω) > z|N(t;ω) = n] be the conditional probability that
a particle having undergone n transitions has traveled a distance greater than z, and
has therefore ‘broken through’ the observation plane.

P [Z(t;ω) > z] =
∞∑
n=1

P [Z(t;ω) > z,N(z;ω) = n]

=
∞∑
n=1

P [Z(t;ω) > z|N(z;ω) = n] P [N(z;ω) = n]

=
∞∑
n=1

Pn[Z(t;ω) > z] P [N(z;ω) = n]

Calculation 1: P [N(z;ω) = n]

Let N(z;ω) be the (random) number of transects that a particle makes by distance
z. Since particles alternate between the fast and slow phase, the number of intervals
in each phase, nΦ and nΣ is determined by the initial state, and the total number of
intervals, n, where n = nΦ + nΣ. If n is even, nΦ = nΣ and if n is odd, then they
differ 1, with the larger corresponding to the initial (and final) state of the particle.

We use v(0), the velocity of the particle at z = 0, to indicate the initial state of
the particle, and show the calculation for v(0) = vΦ and odd n. The calculations
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are similar for even n, and for v(0) = vΣ. The total (random) distance the particle
has traveled in the slow phase during the first n intervals is gamma distributed:
ZΣ ∼ Gamma(nΣ, λΣ). For each ZΣ, the total (random) number of transitions out
of fast phase by length z, follows a poisson process: NΦ(z) ∼ Poisson(ZΦ/λΦ) =

Poisson((z − ZΣ)/λΦ).

P [N(z) = n] = P [NΦ(ZΦ) = nΦ, ZΣ = zΣ|ZΦ + ZΣ = z]

= P [NΦ(ZΦ) = nΦ|ZΣ = zΣ] P [ZΣ = zΣ]

=

∫
{NΦ×ZΣ:ZΦ+ZΣ=z}

p(nΦ;ZΦ/λΦ) γ(ZΣ;nΣ, λΣ) d(NΦ, ZΣ)

=

∫ z

0

Poisson(nΦ; (z − s)/λΦ)Gamma(s;nΣ, λΣ) ds

=

∫ z

0

((z − s)/λΦ)nΦe−(z−s)/λΦ

nΦ!

snΣ−1e−s/λΣ

Γ(nΣ)λnΣ
Σ

ds

=

∫ z

0

(z − s)nΦ+1−1e−(z−s)/λΦ

Γ(nΦ + 1)λnΦ+1
Φ λ−1

Φ

snΣ−1e−s/λΣ

Γ(nΣ)λnΣ
Σ

ds

= λΦ

∫ z

0

γ(z − s;nΦ + 1, λΦ) γ(s;nΣ, λΣ)ds

99



Calculation 1 (continued): Simplification for P [N(z) = n]

Therefore, the density fZΦ+ZΣ
can be found by

fZΦ+ZΣ
(z)

=

∫
R
γ(s;nΦ, λΦ)γ(z − s;nΣ, λΣ)ds

= γ(z;nΦ, λΦ) ∗ γ(z;nΣ, λΣ)

c.f.[f ]

=
1

(1− iλΦz)nΦ

1

(1− iλΣz)nΣ

=
A1

(1− iλΦz)
+

A2

(1− iλΦz)2
+ . . .

AnΦ

(1− iλΦz)nΦ
...

+
B1

(1− iλΣz)
+

B2

(1− iλΣz)2
+ . . .

BnΣ

(1− iλΣz)nΣ

fZΦ+ZΣ
(z)

= A1γ(z; 1, λΦ) + · · ·+ AnΦ
γ(z;nΦ, λΦ)...

+B1γ(z; 1, λΣ) + · · ·+BnΣ
γ(l;nΣ, λΣ)

Where we have used the standard partial fraction decomposition and the resulting
constants A1 . . . AnΦ

, B1 . . . , BnΣ
form a linear system which can be easily solved for

relatively small n e.g. by the method of undertermined coefficients.

Calculation 2: Pn[Z(t) > z]

For a fixed n, consider each time t, and query whether the particle as passed the
breakthrough plane by t. The number of residences in each phase, nΦ and nΣ depends
only on the initial state, S(0), for fixed n and t. The time spent in each phase by
time t is given by the random variables Tφ(t) and TΣ(t), which are constrained by
TΦ(t) +TΣ(t) = t, and whose distributions depend on n and t. The distance travelled
in each phase is ZΦ(t) = vΦTΦ(t) and ZΣ(t) = vΣTΣ(t). The total distance travelled
is ZΦ(t) + ZΣ(t) = vΦTΦ(t) + vΣTΣ(t) =: Z(t).

Given that breakthrough is achieved if T (z) < t, or equivalently, if Z(t) > z,
we require that ZΦ(t) > z − ZΣ(t). Solving t = ZΦ(t)/vΦ + ZΣ(t)/vΣ for ZΣ yeilds
ZΣ(t) = vΣ(t − ZΦ(t)/vΦ). Therefore, for Z(t) > z, we require ZΦ(t) > z − vΣ(t −
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ZΦ(t)/vΦ) = z−vΣt
1−vΣ/vΦ

=: z∗. This is the critical distance that must be travelled in the
fast phase before time t if breakthrough is to be achieved by time t.

Pn[Z(t) > z] = P (Z(t) > z |N(z) = n)

= P (ZΦ(t) > z∗, ZΦ(t)/vΦ + ZΣ(t)/vΣ = t |N(z) = n)

=

∫ z

z∗
γ(s;nΦ, λΦ) γ(z − s;nΣ, λΣ)ds

=
e−z/λΣ

Γ(nΦ)Γ(nΣ)λnΦ
Φ λnΣ

Σ

∫ z

z∗
snΦ−1 (z − s)nΣ−1 e−s/λΦ+s/λΣ ds

This integral has no closed form solution and we resort to numerical quadrature. In
summary,

P [Z(t) > z] =
∞∑
n=1

Pn[Z(t) > z] P [N(t) = n]

=
∞∑
n=1

∫ z

z∗
γ(s;nΦ, λΦ) γ(z − s;nΣ, λΣ)ds

∫ z

0

γ(s;nΦ, λΦ)γ(z − s;nΣ, λΣ)ds

=
∞∑
n=1

[ e−z/λΣ

Γ(nΦ)Γ(nΣ)λnΦ
Φ λnΣ

Σ

∫ z

z∗
snΦ−1 (z − s)nΣ−1 e−s/λΦ+s/λΣ ds . . .

. . .
(
A1γ(t; 1, λΦ) + · · ·+ AnΦ

γ(t;nΦ, λΦ) + . . .

· · ·+B1γ(t; 1, λΣ) + · · ·+BnΣ
γ(t;nΣ, λΣ)

)]
where C(n, λΦ, λΣ) is given by

C(n, λΦ, λΣ) =
e−z/λΣ

Γ(nΦ)Γ(nΣ)λnΦ
Φ λnΣ

Σ

and Ai and Bi are the coefficients of the partial fraction expansion.
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0
0

ZΦ

Z
Σ

Figure B.1: Integration in the space ZΦ, ZΣ. Each point in space (ZΦ, ZΣ) corresponds
to the distance travelled in each of the two phases. The total distance travelled is
Z = ZΦ + ZΣ. Space is divided into two regions, one where Z < z (orange), corre-
sponding to locations before the breakthrough plane, and one where Z > z (green)
corresponding to locations after the breakthrough plane. For any point in space
(ZΦ, ZΣ), the total time taken is T = ZΦ/vφ + ZΣ/vΣ. The four colored lines repre-
sent the four iso-lines corresponding to T = t1 . . . t4. Lines are colored according to
whether breakthrough has been acheived. Probability of breakthrough at a particular
time is given by integrating underlying pdf along blue segment and normalizing by
integrating underlying pdf along the whole line.
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