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Abstract

Integer optimization (IO) problems arise in research areas and our daily life almost in

every aspect. IO formulations and methods can be adopted to make optimal decisions

for solution-searching and management with global optimization. Two main areas of

applications of IO are studied in the dissertation. Not only the compact formulations

for each problem are proposed, but also possible extensions with respect to solution

approaches and illustrative case studies are presented.

The first area studied in the dissertation is the application of IO to biomass sup-

ply chain. The IO is utilized to make various decisions when coordinating the flows

in a biomass supply chain network. A typical biomass supply chain contains follow-

ing five operational components: harvesting and collection, storage, transportation,

pretreatment, and conversion. In the process of each component, there are some

related classic optimization methods, including linear programming models, integer

programming models, stochastic programming models, approximate approaches, etc.

A detailed literature review on optimization methods for biomass supply chain is pre-

sented in this dissertation. Besides that, the uncertainties and challenges in a biomass

supply chain and corresponding optimization methods to handle them are reviewed.

Moreover, environmental and social issues arising in a biomass supply chain is also

studied in the review. In latter work, a facility location problem is studied since the

facility location decision is vital to a supply chain and has long-term influences on

both cost and income. Geographic Information System (GIS) analysis is integrated

into the optimization method. GIS analysis is used to identify the potential candi-

dates which satisfy all the given criteria. Uncertainty coming from planting plan is

also considered in the problem and the problem is formulated as a two-stage stochastic

programming model.
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The second area studied in the dissertation is the application of IO to power

systems, especially power dominating set problems. The IO has been applied in

almost every aspect of the power system industry, including power system network

design problem, unit commitment problem, and sensor placement problem. Phasor

Measurement Unit (PMU) placement problem is studied in the following two manners.

First, a multistage PMU placement problem is paid attention to due to the high

expense of PMUs and budget limitation at each time period. The IO formulation is

proposed to maximize the observation of the power system at each stage and guarantee

the full observation at the last planning stage. In order to enhance the computational

efficiency of the IO formulation, the problem is converted to a multistage network flow

problem. Second, uncertain issues are taken into consideration and the probabilistic

and reliable connected power dominating set problem is studied. In a power system,

the placed PMUs in the power grid and transmission lines may not always function

well. The power system health under contingencies is studied. Given pre-specified

reliability level for each bus in the power system to be observed and known distribution

of random events, the IO formulation is proposed to satisfy the reliability requirement

and meet some other problem-specific restrictions at the same time. In the work,

the connectivity of the subgraph constructed by PMUs is also guaranteed for better

communication of PMUs and the reliability of the connectivity is also studied.
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Chapter 1

Introduction

This chapter introduces the background, motivations and contributions of the dis-

sertation. In Chapter 1.1, the motivation of the proposed research is explained after

introducing the background and needs of the research. In Chapter 1.2, the overviews

of recent advances in integer optimization are presented and corresponding models

and algorithms are reviewed, respectively, including stochastic integer optimization,

robust integer optimization, and chance-constrained integer optimization. Chapter

1.3 states the contributions and organization of this dissertation.

1.1 Background and Motivation

Integer optimization (IO) is used for decision making with discrete or integer variables.

Unlike in linear programming where simplex algorithm can be applied to almost all of

the problems, there is no common algorithm for all of the IO problems. Performance

of any particular techniques is high problem-dependent. However, there are several

popupar algorithms used in IO, such as cutting plane methods [88], branch and bound

[121, 124], decomposition techniques [30, 56].

Integer optimization is applied in the supply chain management for a long time.

The main goal of configuring and managing a supply chain is to minimize the total

system cost and to make materials, information and financial flows move smoothly in

the supply chain network. IO is utilized to make various decisions when coordinating

the flows in a network. A biomass supply chain is different from traditional supply

chains due to some special characteristics of biomass, including the fragmented distri-
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butions of biomass, high moisture and low bulk density of biomass, and uncertainties

coming from supply, demand, etc. A typical biomass supply chain contains following

five operational components: harvesting and collection, storage, transportation, pre-

treatment, and conversion. In the process of each component, there are some related

classic optimization models. A comprehensive literature review paper is presented on

biomass supply chain which introduces different operational components in a biomass

supply chain. The optimization problems and corresponding methods used in each

operational component are studied. Also, uncertain issues and challenges are also

discussed. Furthermore, the facility location problem is studied since it is vital to a

biomass supply chain. The facility location decision is important not only because it

requires large amount of investment in the beginning, but also because it has long-

term influences on both costs and profits. In the work, Geographical Information

System (GIS) is integrated into the optimization methods to help provide feasible

candidates for further consideration and analysis.

There is a long history that integer optimization has been used to power system

operations and supply chain planning. In the power system area, IO is used to solve

sensor placement problem [70, 71], unit commitment problem [48], optimal islanding

operations problem [86], generation and transmission expansion planning problem

[50]. We study Phasor Measurement Unit (PMU) placement problem, which is a

kind of the sensor placement problems. Two problems in this category are studied,

including multistage PMU placement problem motivated by the budget limit for each

planning stage, and probabilistic and reliable PMU placement problem motivated

by the unexpected contingencies occurred in a power system. Integer optimization

formulations as well as solution algorithms are proposed to solve these two problems.



13

1.2 Recent Advances of Integer Optimization

In the past decades, integer optimization has been studied to capture and take care

of uncertainties. There are major models, including stochastic integer programming,

robust integer optimization, and chance-constrained integer optimization. Stochastic

programming is often used when uncertain parameter is known and it is possible to

define potential scenarios. Robust optimization is effective to provide satisfactory

performance of the system. When using robust optimization, the uncertain distri-

bution is usually known within a certain bound without exact distribution. Chance-

constrained optimization is a relatively robust approach. We adopt this method when

there is a high probability to meet some restriction. Uncertainties are represented

through random variables with known probability distributions.

1.2.1 Stochastic Integer Optimization: Models and Algorithms

Stochastic integer optimization combines the difficulty and challenges coming from

two parts: the discrete and non-convex aspects of MIP, and the need to capture

uncertainty via stochastic programming. A standard form for a two-stage stochastic

integer programming problem is as follows,

min
x
cTx+ E[Q(x, ω)]

s.t. Ax = b

x ∈ Rn1−p1
+ × Zp1

+

where

Q(x, ω) := min
y

qTy

s.t. Wy = h− Tx

y ∈ Rn2−p2
+ × Zp2

+
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In the formulation, n1, n2, p1, p2 are nonnegative integers with p1 ≤ n1 and p2 ≤

n2, x represents the first-stage decision variables and y represents the second-stage

decision variables. Also, ω represents the uncertain data with known distribution.

And R means real numbers and Z means integers. Usually, both stage problem are

MIP, but sometimes, the second stage problem is continuous, in which case p2 = 0.

There are a lot of applications which can be solved using a two-stage stochastic

integer programming approaches in different areas, including power system operations

[192, 201], telecommunication network design [193], and supply chain planning [186].

In order to take care of the uncertainty via stochastic programming, some of the

approximate solutions are developed to evaluate the expected value of the second

stage. Monte Carlo sampling [117] is a popular way to handle it. There are two

branches when using the Monte Carlo sampling approaches, including interior sam-

pling approaches and exterior sampling approaches. The difference between them is

that in interior approaches, the sampling and optimization processes are coupled, but

they are decoupled in exterior approaches.

There are two main decomposition algorithm categories to combine the first-stage

solution and second-stage solution. The first is the stage-wise decomposition. In

this class of the algorithms, in each iteration, the first-stage problem and the second-

stage problem are solved repeatedly with the solution from last iteration. For those

problems with only binary variables in the first stage and MIP second stage, the

integer L-shaped method is applied to approximate the second-stage value function

by adding cuts to the first stage problem in each iteration [7]. The other type of

decomposition is called scenario-wise decomposition. In this method, we assume

there is a finite set of scenarios. Then the two-stage stochastic integer programming

problem can be formulated as follows,

min
∑
s∈S

ps(c
Txs + qTs ys)
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s.t. Axs = b, s = 1, · · · , S

Tsxs +Wsys = hs, s = 1, · · · , S

xs ∈ Rn1−p1
+ × Zp1

+ , s = 1, · · · , S

ys ∈ Rn2−p2
+ × Zp2

+ , s = 1, · · · , S

x1 = x2 = · · · = xs

The first-stage variables are introduced for each scenario formulation.

1.2.2 Robust Integer Optimization: Models and Algorithms

Robust optimization method has been studied for a long time in order to deal with

the uncertainty and guarantee the solution under worst-case scenario [31, 32]. The

linear optimization considered in robust optimization is as follows,

min cTx

s.t.
n∑
j=1

Ajxj ≤ b, ∀Aj ∈ Kj, j = 1, · · · , n

x ≥ 0

where the uncertainty sets Kj are convex. When considering the worst-case scenario,

this problem is equivalent to

min cTx

s.t.

n∑
j=1

Ājxj ≤ b

x ≥ 0

where āij = supAj∈Kj(Aij). In the proposed method, a parameter Γ is introduced to

limit the fluctuation of the total uncertain amount. This method can be applied to

both linear optimization and discrete optimization.
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However, the solution to a single-stage robust optimization model is too conserva-

tive. Thus, the two-stage robust optimization was developed to adjust the situation.

The two-stage robust optimization can be represented as follows,

min
y

cTy + max
x∈F (y,u)

bTx

s.t. Ay ≥ d

F (y, u) = {x ∈ Sx : Gx ≥ h− Ey −Mu}

where y is the first stage decision variable, and x is the second stage scenario. In the

two-stage robust integer optimization, the second stage decisions are based on the

first-stage decisions when the uncertainty is revealed. Usually, the first-stage decisions

are indicated by integer variables. It has wide applications in network flow problem

[15, 76], power system design [33, 234]. Except for approximation algorithms, two

types of exact solutions are developed to solve two-stage robust integer optimization

problem. The first is related to Benders decomposition [109, 234], where the first-

stage decisions are computed and plugged into the second stage. The first stage and

second stage problem are solved repeated until the optimal solution is found. The

second popular method is column-and-constraint generation method [228], where it

dynamically generates constraints and adds new set of variables with recourse decision

variables in the primal problem for one selected scenario.

1.2.3 Chance-Constrained Integer Optimization: Models and Algorithms

Chance constraints (probabilistic constraints) are used to take care of uncertainty

when a specific level of probability to meet some requirement is given. Those opti-

mization problems which are subject to some probabilistic constraints are probabilis-

tically constrained programs expressed as follows,

min f(x)
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s.t. P(G(x, ξ) ≥ 0) ≥ 1− ε

x ∈ X

where ξ is random parameter with known distributions, and X is a set of deterministic

constraints. The difficulties of chance constraints come from two parts: one is that

the probability is hard to compute; another is that the feasible region is usually

non-convex. However, in some special cases and under some particular assumptions,

integer optimization techniques can be applied in the domain of chance constraints

and help to obtain strong mixed integer programming (MIP) formulations.

In [132, 182], a problem with chance constraints is formulated by MIP. In a fol-

lowing linear programming problem,

min cTx

s.t. P(Tx ≥ ξ) ≥ 1− ε

x ∈ X

X ⊂ Rd
+ is a polyhedron, T is a m× d matrix, ξ is a random vector in Rm, ε ∈ (0, 1)

and x ∈ Rd. In order to formulate this chance-constrained program with MIP, we

have the following assumptions:

(1) Randomness comes from only right hand side, which means ξ is a random vector

and the matrix T is deterministic.

(2) The random vector ξ has a finite distribution, and we assume that there are

vectors ξi ∈ Rm, i = 1, · · · , n such that P(ξ = ξi) = πi for each i where πi > 0

and
∑n

i=1 πi = 1. Also, πi ≤ ε is assumed.

By introducing binary variable zi ∈ {0, 1},∀i = 1, · · · , n, we have the following mixed

integer programming (MIP) model.

min cTx
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s.t. Tx− v = 0

v + ξizi ≥ ξi,∀i = 1, · · · , n
n∑
i=1

πi(1− zi) ≥ 1− ε

x ∈ X

z ∈ {0, 1}n

This MIP formulation is equivalent to the original chance-constrained program is

because zi = 0 guarantees Tx ≥ ξi. By the way, since ε < 1, it is for sure that

Tx ≥ ξi for at least one i.

In a following chance-constrained covering problem,

min cTx

s.t. P(aTi x ≥ bi) ≥ 1− εi,∀i ∈ 1, · · · ,m

x ∈ Rn
+

we evaluate the probability of the coverage and require the probability to be at least

1 − εi for each i. We can reformulate the chance constraint by allowing k viola-

tions of the covering constraints. By introducing binary variable zi ∈ {0, 1}, we can

reformulate the problem by an MIP as follows [131],

min cTx

s.t. aTi x+ zi ≥ 1,∀i = 1, · · · ,m
m∑
i=1

zi ≤ k

x ∈ Rn
+,

zi ∈ {0, 1},∀i = 1, · · · ,m

In the above formulation, we assume bi > 0 and scale it to 1.

In a probabilistic reserve site problem [95], xj ∈ {0, 1} denotes whether site j is

selected for inclusion in the reserve network, yi ∈ {0, 1} and yi = 1 means that if the
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probability that community i is represented by the selected set of sites is at least αi.

Then the model can be modeled as,

min
∑
i∈I

yi

s.t. Πj(1− Pij)xj ≤ (1− αi)yi ,∀i ∈ I

xj, yi ∈ {0, 1}

The constraint means that for each community i considered to be represented, the

probability of its absence Πj(1 − Pij)xj from the selected set of sites had to be less

than a pre-specified risk level 1−αi. Then the constraint can be further linearized as∑
j

xj log(1− Pij) ≤ yi log(1− αi),∀i ∈ I

.

1.3 Contributions and Organization of the Dissertation

1.3.1 Contributions of the Dissertation

Integer optimization has its applications in almost every research aspect. This disser-

tation presents applications of integer optimization in two main directions, including

biomass supply chain and power dominating set problems. For each specific problem,

novel integer optimization models are built and corresponding solution algorithms are

designed as well.

Optimization methods, including integer optimization method have been used in

biomass supply chain management for a long time and there are also some compre-

hensive review papers on this topic as well. In this dissertation, a literature review

on optimization methods of both mathematical modeling and heuristic algorithms for

each operational component in a biomass supply chain is presented. Different from
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previous works, we care about the uncertainties appear in a biomass supply chain

and how to characterize uncertainties by optimization methods. Also, environmental

and social issues are considered in order to obtain a sustainable supply chain. As

can be seen from the literature review that facility location problem is vital in a

biomass supply chain and it has long-term influence on the whole performance of the

supply chain. Thus, we decide to take a close look at this problem. Geographical

Information System (GIS) is integrated with integer optimization method to identify

potential facility location candidates. Uncertainty of planting plan from the farmers

side is considered into the model and a two-stage stochastic programming model is

formulated to better characterize the uncertainty.

For the power dominating set problems, we study two separate problems. One

problem is the multistage PMU placement problem. In this work, a novel integer

optimization model is first proposed followed by its equivalent network design model.

By utilizing the network flow structure, the computational complexity is greatly re-

duced. Another studied problem is the probabilistic and reliable connected power

dominating set problem. In this problem, potential failures on transmission lines

and/or PMUs are considered. In order to guarantee the reliability of the power sys-

tem, two types of reliability issues are considered in this problem. First, we guarantee

the observation reliability for each bus in the power system, and this is formulated by

a chance constraint which is further linearized. Second, we guarantee the reliability of

the connectivity of the constructed subgraph. An algorithm is designed to efficiently

solve the problem. At the same time, zero-injection bus property is considered.

1.3.2 Organization of the Dissertation

In this dissertation, integer optimization methods are used and novel integer program-

ming models are built to formulate the problems in two domains – biomass supply
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chain and power dominating set problems.

Chapter 2 presents a detailed literature review on problems studied in each op-

erational process in a biomass supply chain and how these problems are modeled by

optimization methods or algorithms.

Chapter 3 shows how to configure and manage a biomass supply chain with respect

to five corresponding systems. Then, an application of integer optimization in a

biomass supply chain is presented. In this chapter, integer optimization together

with geographical information system (GIS) are adopted to analyze and manage the

supply chain and help to locate a conversion facility, which is a vital decision when

configuring a biomass supply chain. An illustrative case study for guayule is also

presented in this chapter.

Chapter 4 shows two applications of integer optimization for power dominating

set problems. This chapter splits to two parts. In the first part, a multistage PMU

placement problem is studied under restrictions of budget limit at each stage, which

is in line with real situations. In the second part, unexpected failures occurred on

transmission lines and PMUs are considered in order to build a more reliable network

in a long run.

Chapter 5 concludes the dissertation and presents several future research direc-

tions.
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Chapter 2

Literature Review on Optimization Methods

for Biomass Supply Chain

The urgent desire to relieve the pressure of dependence on petroleum in energy in-

dustry and the growing demand for protection of our environment stimulate the re-

searches and practices in biomass supply chain management. Due to special charac-

teristics of biomass, this particular kind of supply chain is different from the classic

supply chains in different ways. The optimization methods, including mathematic

programming and heuristic algorithms are widely used in the domain of biomass

supply chain management in both tactical and practical manners. In this review,

literatures are classified by different components throughout the entire supply chain:

harvesting and collection, storage, transportation, pretreatment, and conversion. In

order to achieve a robust biomass supply chain and also to enable wide applica-

tion of classic and well-studied optimization models, the connections between them

are analyzed and reviewed. The classic optimization models include network design

problem, scheduling problem, facility location problem, vehicle routing problem, and

technology selection problem. Additionally, environmental and sustainable issues,

uncertainties, challenges and opportunities in biomass supply chain are discussed.

The remainder of this chapter is organized as follows. Chapter 2.1 introduces

the background, motivations and contributions of this chapter. In Chapter 2.2, we

carefully review the existing optimization methods, include mathematical program-

ming models and heuristic approximate algorithms. We review the works along the

operational components in a biomass supply chain, in the order as harvesting and col-

lection, storage, transportation, pretreatment, and conversion. In each component,
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we also discuss common and widely researched problems and models. Additionally, we

discuss the relationships between these models and some classic optimization models.

In Chapter 2.3, we first give a brief introduction of the classic four-phase Life Cycle

Assessment (LCA), followed by the usage of multi-objective optimization methods

by integration of optimization tools with LCA processes. Some uncertainty sources

and types, and their corresponding optimization solution approaches are presented

in Chapter 2.4. Some challenges and potential future directions are also presented in

Chapter 2.4. Chapter 2.5 concludes the chapter.

2.1 Introduction

2.1.1 Biomass Supply Chain

As a good replacement of fossil fuels, biofuels have been attracting people’s interest

recently in order to reduce greenhouse gas emissions and mitigate the climate change

problem. Biofuels are produced through contemporary biological processes, such

as agricultural production and anaerobic digestion. They are playing an important

role in the energy consumption market, together with fossil fuels, nuclear energy

and other renewable energy. The US is the largest producer of biofuels, followed

by Brazil and China. World biofuels production has increased by 3.5% in 2017,

where the US provided the largest increment [100]. Biomass, resource for biofuels,

encompasses plant and animal materials such as wood from forests, crops, seaweed,

materials left over from agricultural and forestry processes, and organic industrial,

human and animal wastes [184]. Biomass is a competitive source of energy as a result

of its abundant and flexible storage and supply, worldwide availability, and conversion

efficiency [57, 103].

Biomass has some typical characteristics, such as spacial fragmentation, high
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moisture content, low bulk density, seasonal availability, high transportation and

handling cost, and uncertainties related to weather variability, policy, and market

[57, 103, 196]. These factors together make biomass supply chain highly cost and

complicatedly handled, which are different from the traditional supply chains. A

biomass supply chain usually consists of the following operational components (see

Fig. 2.1): biomass harvesting and collection, pretreatment, transportation, storage

and conversion [59, 103, 135]. Some works focus on the generic biomass supply chain

configuration [13, 57, 115, 217, 224, 232] in order to achieve the minimum cost of

the entire supply chain, while most concentrate on only one operational component

of the supply chain. The supply chain is an inseparable whole, and each component

of it may have some overlaps with another. Some studies may emphasize on one

component or a part of the supply chain, which will be reviewed in details in the rest

of this chapter.

Field 1

…

Field 2

Field n

Storage

Storage

Pretreatment Conversion      
to Product 1

Storage

Pretreatment Conversion      
to Product 2

Disposal/
Recycling

TransportHarvesting and collection

Figure 2.1: A Biomass Supply Chain
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2.1.2 Motivation and Contributions

The overall objective of the supply chain management is to develop cost-efficient and

sustainable ways to help the materials flow smoothly and efficiently in the network.

In order to reach the goal, models and approaches studied in optimization com-

munity can be linked and applied to different design or operational components of

biomass supply chain. For example, these classic and well-studied optimization prob-

lems, including network design problem (embedded in transportation and conversion),

scheduling problem (embedded in harvesting and collection, storage, and transporta-

tion), facility location problem (embedded in pretreatment, storage, and conversion),

vehicle routing problem (embedded in harvesting and collection, and transportation),

and technology selection problem (embedded in pretreatment and conversion), are

highly related. Fig. 2.2 shows more details on their connections. In this chapter,

different optimization methods including mathematical modeling and approximate

approaches are reviewed and presented, in the order of each operational component

(harvesting and collection, storage, transportation, pretreatment, conversion).

In the literature, some comprehensive reviews on optimization methods and biomass

supply chain have been studied in the past decade [16, 23, 43, 135, 145, 196, 197, 227].

In [196], the authors classify the optimization models in two categories: determinis-

tic optimization models and stochastic models with uncertainty. They review some

common problems in a biomass supply chain without detailed discussion about the

relationships between these problems and different supply chain operations. In [135],

mathematical optimization models are reviewed along the biomass supply chain, in

order of operational components. In [197], the authors classify the reviewed papers

on the following aspects: decision level, supply chain structure, modeling approaches,

quantitative performance measure, shared information, novelty and practical appli-

cation, assumptions, restrictions, and future work. However, both [135] and [197]
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Biomass Supply Chain
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Figure 2.2: Classic Optimization Problems in a Biomass Supply Chain

focus on mathematical modeling side and ignore the heuristic algorithms, which are

an important component of optimization methods. In [43], the classification of the

problems in a bioenergy supply chain and the corresponding metaheuristic solution

approaches are presented. The classified problems include, integrated supply chain

planning, production process optimization, network design problem, scheduling prob-

lem and facility location problem. [23] presents the structures and activities of a

biomass supply chain. The models are classified into two categories: the first is the

performance evaluation models, and the second is the optimization models. The

optimization models are further classified into deterministic optimization, stochastic

optimization, and multi-objective optimization models. In [145], the authors review

the most recent works of models and approaches in a biomass supply chain design

and management. They also compare the recent works with previous literatures in

three dimensions: decision level, mathematical methodology, and objective types. In

[16, 227], the authors introduce both the mathematical programming models and
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heuristic algorithms. But more attentions are paid to comparison between industrial

supply chain and biomass supply chain instead of detailed optimization methods.

Our contributions of this optimization-oriented review are stated as follows: (1)

We present a sophisticated review on both mathematical modeling and heuristic algo-

rithms utilized in the biomass supply chain design and management in line with each

operational component; (2) We discuss the relationships between problems embed-

ded in a biomass supply chain and some classic and well-studied optimization models;

(3) We review the uncertainties and challenges in a biomass supply chain and opti-

mization methods corresponding to different characteristics of different uncertainties;

(4) We consider the environmental and social issues in a sustainable biomass supply

chain and review the life cycle assessment (LCA) usage integrated with optimiza-

tion methods. With this review, the reader in the domain of biomass can apply the

most advanced model and techniques to solve problems in biomass supply. In the

meanwhile, besides enabling wide application of classic and well-studied optimization

models and algorithms, the optimization research community have the opportunities

to understand new requirements and needs from practical areas.

2.2 Models and Algorithms Development for Biomass Sup-
ply Chain

2.2.1 Harvesting and Collection

Harvesting and collection consist of scheduling, cutting, routing, resource allocation

(machines, labors) problems. Sometimes, harvesting and collection is considered as

part of integration of preprocessing or inventory control problem [91].

In this section, we introduce three classes of problems related to the process of

harvesting and collection in a biomass supply chain. The first one is forest harvest
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scheduling problem, which aims to achieve the sustainable planning of the forest by

decisions made on which area to harvest each time. The second well-studied problem

is the sugar cane harvest problem, which requires the maximal sugar content at the

harvest time with maximal profits by making proper harvest planning. The third

scheduling problem is to schedule the equipments (e.g. balers) for harvesting to mini-

mize the total operational costs during the process. Some mathematical formulations

and heuristic algorithms are developed to solve these harvest related problems.

Forest harvest scheduling problem is an essential ingredient in harvest scheduling

problem. The main idea of this problem is to maximize the profit from harvesting

while prohibiting the harvesting of contiguous areas larger then a specified value

(varies in different regions: e.g. 20 hectares in Sweden and 48 hectares in Oregon in

United States [42]) for the sake of sustainability of the silviculture and environment.

There are two classic integer programming (IP) or mixed integer programming (MIP)

models for forest harvest scheduling problem: one is called Unit Restriction Model

(URM) [155, 160], and the other is Area Restriction Model (ARM) [42, 52, 93, 136,

144]. They are distinguished by the spatial scale of one unit. In URM, each spacial

unit is less than the area restriction, such that harvesting any two adjacent units

would violate the spatial restriction. However, in ARM, each unit is significantly less

than the area restriction so that the selection of adjacent units is feasible [153]. Some

metaheuristic approaches have also been developed to solve this problem, such as

simulated annealing (SA) [129, 155], Tabu search (TS) [40, 154, 155], and evolutionary

algorithm (EA) [125, 126]. Some other considerations are also included in this problem

to manage the forest harvesting in a sustainable manner, such as the conservation of

old-growth forests and natural reserve site protection [40, 42, 176].

Sugar cane is one of the most important crops in the world, and Brazil is the

largest sugar cane producer for both food supply and ethanol production. The key

issue in harvesting sugar cane is how to cut it at the peak of its sugar content. The
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sugar cane harvesting problem has been extensively researched by scholars, most of

them are from Brazil. The authors in [108] study the harvest planning for sugar

canes in Brazil in both long-term and short-term horizon. On one side, they make

tactical plans for the entire harvest season of about seven months; on the other side,

they make operational plans for several days in details. They focus on finding the

best time at which the sugar crane has most sugar content to do the harvesting

in order to maximize the overall profit. Two MIP models are proposed to do the

allocation of harvesting and transportation of crews to fields. Sugar cane harvest

planning problem has been attracting researchers by formulating as an MIP problem

for a long time, but most of them only consider the tactical planning side [92, 163] or

operational side [146]. Besides sugar cane, there are a lot of articles related to other

different crops. Due to the special characteristics of crops, such as perishability and

uncertainty in harvest yield, the articles take one or more aspects into consideration

to build the models or algorithms. For crop-related harvest scheduling problem, we

refer to a sophisticated review paper [119]. The common restrictions the researchers

meet in the problem are time window constraint due to the perishability or quality

loss issues, resource limitations such as land capacity/ productivity and available

machines or labors, uncertainty from unpredictability of weather.

A lot of harvest scheduling problems are formulated to fall into the class of vehicle

routing problem [83, 122], and a routing plan for the machinery (harvesters or balers)

is designed for the problem [5, 34, 41, 45, 161]. In the paper [41], a binary linear

programming model is formulated to design an efficient routing plan in order to

minimize the working time of the forage harvesters, which implies the minimal cost.

The formulation is a special case of the traveling salesman (TSP) problem considering

clusters, time windows (the tolerance level of harvesting date for each field) and

processing times. Furthermore, two heuristic algorithms, including a local search

and Tabu Search, are designed and applied to a real problem in northern Spain to
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enhance the computational performance. The heuristic algorithms are modified by an

improved TS algorithm and a SA algorithm in [45] applied for complex instances. In

[5], the authors address the corn-stover harvesting scheduling problem. After the corn

grain is harvested, the corn-stover will start to be harvested and moved to a plant for

further cellulosic ethanol production. In this problem, the authors intend to find the

best routing for the balers in order to minimize the total cost, including the routing

cost of the balers and the late penalties for not harvesting in time. The ready time

for each field to be harvested may or may not be known before the harvesting actions

are taken. A mixed integer linear programming (MILP) is formulated to address

the problem if the ready time was noticed before actions. If the ready time was not

noticed before, then a dynamic algorithm is designed which can resolve the problem

based on previous made schedule whenever there is a new field called in.

Some selected references in the area of harvesting and collection are shown in

Table 2.1.

2.2.2 Storage

After harvesting, biomass feedstocks are potentially stored at harvesting sites. And

after pretreatment, the pretreated/densified biomass can be stored at a depot before

it is sent to the biorefinery. Some researchers consider on-field biomass storage to save

delivery and transportation cost. However, many types of biomass are characterized

by seasonal availability, which means they are harvested at a specific time of the year

but are required to satisfy the demands on a year-round basis. Thus, it is necessary

to store them. The storage point can be located in the farm, at the power station, or

at an intermediate site [178].

There are two main optimization problems related to the storage process. One is

the storage location problem, which is significant to the entire biomass supply chain
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Table 2.1: Selected References of Harvesting and Collection

Ref. Main objective / goal of the model Math
Model

Heuristic
Algorithm

Other tech-
niques used

Biomass
type/location
in case study

Connection to
optimization
models

[160] Make a harvest schedule with the spatial con-
straints that each spatial unit is less than
the area restriction to maximize the harvested
volume.

ILP Forest/ Western
Montana, the
USA

Harvest schedul-
ing

[155] Make a harvest schedule with the spatial con-
straints that each spatial unit is less than the
area restriction in order to maximize the dis-
counted net value.

ILP SA, TS Forest/ British
Columbia,
Canada

Harvest schedul-
ing

[136] Make a harvest schedule with the spatial con-
straints that each spatial unit is significantly
less than the area restriction.

ILP Column gen-
eration and a
heuristic

Forest/ Portugal Harvest schedul-
ing

[129] Make a harvest schedule to minimize the total
cost.

SA Northeastern On-
tario, Canada

Harvest schedul-
ing

[125] Generate a long-term harvest schedule to
maximize the harvested volume and compare
different methods.

EA, SA,
Random
Hill Climb-
ing

Forest Harvest schedul-
ing

[108] Find the best time at which the sugar crane
has most sugar content to do the harvesting
in order to maximize the overall profit.

MILP Sugar cane/ Brazil Harvest schedul-
ing

[41] Design an efficient routing planning in order
to minimize the working time of the forage
harvesters.

IP a local
search al-
gorithm,
TS

Corn/ Northern
Spain

Vehicle routing

[45] Design optimal routes for harvesters to mini-
mize the total traveling time.

TS, SA Corn/ Northern
Spain

Vehicle routing

[5] Find the best routing for the balers in order to
minimize the total cost, including the routing
cost of the balers and the late penalties for
not harvesting in time.

MILP a dynamic al-
gorithm

Corn stover/
Iowa, the USA

Vehicle rout-
ing, Equipment
scheduling

Note: ILP refers to integer linear programming
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since the storage location chains the supplies and processing facilities/ customers to-

gether and it has great influences on the transportation costs. In the storage location

problem, the locations and corresponding capacities are decided. The other one is

shipping scheduling problem, it helps make decisions on the delivery system, includ-

ing storage capacities and shipping batches. Most of the storage-related problems can

be solved directly by mathematic formulations.

Due to the low bulk density of biomass, the quantity and volume of incoming

raw materials at a biorefinery are larger than the quantity and volume of outgoing

final products in a supply chain. One optional approach to alleviate this problem is

to pretreat the biomass prior to transporting to the biorefineries, another approach

is to reduce the transportation burden by selecting appropriate storage locations.

Thus, the storage location is important in a biomass supply chain to reduce the

transportation and operational costs. In [67], a MIP model aiming to minimize the

total delivery cost is created to investigate the impact of an intermodal facility on

location and transportation decisions for the biomass supply chain. A intermodal

facility in the paper refers to bulk transload terminals for loading and unloading of

bulk commodities. The intermodal facility plays an role as a storage location. The

result indicates that locating a biorefinery close to an intermodal facility can help

to reduce the delivery cost of biofuel, as well as the number of truck shipments.

In [140, 168], a reliable transportation network is designed by MILP to help decide

on the locations of intermodal hubs and biorefineries, taking the uncertainty from

disruption of intermodal hubs [140] or failures from links between the facilities [168]

into consideration. In [237], the locations and capacities of intermediate warehouses,

together with locations and capacities of biorefineries and transportation-related are

decided to design a biomass supply chain. The MILP with objective of maximizing the

annual profit is formulated. The candidate warehouse locations include intermediate

locations as well as farms and biorefineries since the storage in field is allowed and
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may be necessary. In [65, 110, 111], the IP/ MIP models are formulated to find the

optimal number and locations of storage aiming to achieve the minimal costs incurred

during the process of hauling and storing. In the studies, each farm is considered as a

potential storage candidate, and the assignments of farms to storage locations need to

be determined. Thus, the problem is assumed to be a location-allocation problem. In

[21], a two-level general bioenergy decision system for bioenergy production planning

and implementation is developed. The decision support system integrated with GIS

obtain the decisions through optimization and simulation. A genetic algorithm (GA)

is used in the simulation part to help decide on the optimal locations of both storage

and the bioenergy conversion plant. The storage type in the case study is selected as

indoor storage because of the wet Japanese climate.

Making optimal shipping schedules and determining on storage capacities are sig-

nificant in coordinating a biomass supply chain. In [54], a biomass delivery system

including storage, scheduling, and transportation is studied. In this problem, a lin-

ear programming is modeled to determine an appropriate monthly shipment schedule

and capacity expansion schedule to accommodate the shipments under four possible

weather conditions. Two types of storage locations are considered in this problem,

which are ambient storage and covered storage. The lead time of capacity expan-

sion, the storage capacity, and allowed capacity violation amount of the two different

storage types are different. The objective of the problem is to minimize the costs

of transportation and capacity expansions at storage sites. In [65], except for the

number and locations of the storage, the authors also determine the inventory level

of each storage location in each contract period (5 years in this problem) and the

amount of biomass transported from each storage location to the ethanol plant.

Some selected references in the area of storage are shown in Table 2.2.
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Table 2.2: Selected References of Storage

Ref. Main objective / goal of the model Math
Model

Heuristic
Algorithm

Other tech-
niques used

Biomass
type/location
in case study

Connection to
optimization
models

[67] Minimize the total delivery cost and investi-
gate the impact of an intermodal facility on
location and transportation decisions for the
biomass supply chain.

MILP Corn/ Mississippi,
the USA

Facility loca-
tion, Capacity
planning

[237] Decide on the locations and capacities of
intermediate warehouses, together with lo-
cations and capacities of biorefineries and
transportation-related decisions to maximize
the annual profit.

MILP Switchgrass Facility loca-
tion, Capacity
planning

[111] Find the optimal number and locations of
storage aiming to achieve the minimal costs
incurred during the process of hauling and
storing. Each farm is considered as a poten-
tial storage candidate, and the assignments of
farms to storage locations need to be deter-
mined.

ILP Switchgrass/
South
Central Virginia,
the USA

Facility loca-
tion, Capacity
planning

[21] Develop a two-level general bioenergy deci-
sion system integrated with GIS through op-
timization and simulation for bioenergy pro-
duction planning and implementation.

GA GIS Forestry residues/
Japan

[54] Design a biomass delivery system including
storage, scheduling, and transportation with
minimal costs. Determine a shipment sched-
ule and capacity expansion schedule under
four possible weather conditions.

LP Switchgrass/ Vir-
ginia, the USA

Transportation
problem,
Scheduling prob-
lem, Network
design

[65] Find the optimal number and locations of
farms and storages. Determine the inventory
level of each storage location in each contract
period. Evaluate
the impact of the storage systems on the in-
curred costs.

MILP Wheat straw/
Saskatchewan,
Canada

Facility loca-
tion, Capacity
planning
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2.2.3 Transportation

Due to the low bulk-density of the biomass and the dispersed distribution of biomass

suppliers geographically, transportation plays an important role in designing a cost

efficient supply chain [149]. After harvesting, the biomass would either be shipped

to a biorefinery or a pretreatment depot. And after pretreatment, the intermediate

need to be transported to the biorefinery.

There are two main research directions in transportation, one is the transporta-

tion network design problem, and the other is the vehicle scheduling problem. There

are two main branches of transportation problems from the perspective of optimiza-

tion. One is the network design problem, the other is vehicle routing problem. The

both work on the road network, and they both aim to minimize total costs of the

transportation system either by designing the network and deciding on the material

flows on the network, or by scheduling the optimal vehicle routes.

Transportation network related problems

A renewable biomass-to-hydrogen network system is studied in [216]. A MILP model

is formulated to minimize the total annual cost. In this work, the feedstock comes from

various types of biomass, including energy crops, forest residues, industrial residues,

and agricultural residues. The optimal facility locations, the transportation flows,

the quantities of biomass to hydrogen, and the quantities of hydrogen to be imported

are determined in the design of the network. Transportation network of both biomass

feedstock and product distribution is considered in [25, 112]. In [112], a MILP model

is built to determine the optimal biorefinery location in the transportation network.

The goal of the model is to minimize the system cost, at the same time, to decide on

the flow of material in the network, and location and capacity of the biorefinery. The
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traffic congestion impact is introduced into the problem in [25]. A MIP model with

a nonlinear objective function to minimize the total cost is proposed to address the

biorefinery location and the transportation network flows. An Lagrangian Relaxation

based heuristic algorithm is proposed to solve the model to obtain a near optimal

solution. And two Branch-and-Bound algorithms are introduced to further improve

the solution to optimality.

Geographical Information System (GIS) haven been widely applied to road net-

work problems [9, 113]. In [113], two LP models aimed to minimize the transportation

costs are formulated to construct the networks of the transport from storage to plant,

and the transport from forest to plant. The models integrated with GIS could turn

out the optimal material flows and the whether to use storage locations or not. Sen-

sitivity analysis is also conducted on the demand, supply, transport costs, and the

utilization of storages. The results show that direct transport of solid fuel wood and

chipping at the plant is the cheapest supply system in the study case. In [9], GIS

was combined with a road network minimization algorithm to decide on the choice of

route in response to given demand for transporting material from each source to each

destination. The algorithm works iteratively to find the least time and cost (shortest

distance) route in the road network. A tool called Alternative Fuel Transportation

Optimization Tool (AFTOT) [123] is developed by the U.S. Department of Trans-

portation (DOT) Volpe National Transportation Systems Center in order to find the

optimal routes in the biomass supply chain. Optimal routing and flows are evaluated

through an optimization module including an MIP formulation and a geographic

information system (GIS) module. The tool generates the potential biorefinery loca-

tions and identifies the lowest cost transport patterns. It is a flexible scenario-testing

tool, where different data resources are tested, from regional to national scale.

Because of the physical characteristics of biomass and typically scattered, small or

medium sized biomass suppliers, using trucks to offer short-distance biomass trans-
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portation is a popular option. However, according to the research in [99], it is neces-

sary to invest on large-capacity plants to gain from economies of scale in production

and make second generation biofuels cost-competitive. Large-capacity plants rely on

large number of farms, most of which would be located far away. Thus, using rail

and barge, and multi-modal facilities could be an option to reduce the transporta-

tion cost. The multi-modal facilities are introduced into the biomass supply chain in

[67, 139, 140, 169, 180, 181]. A two stage stochastic MILP model is designed in [169]

to determine the optimal use of multimodal facilities, biomass storage and processing

plans, and the shipment routes to deliver biomass to the plant under feedstock supply

uncertainty. A hybrid decomposition algorithm is used to solve this problem. From

the result, we can see that the high feedstock supply variability increases the unit

delivery cost of biomass, while the increase of mean feedstock supply decreases the

unit delivery cost of biomass. A hub-and-spoke network design model is studied in

[180, 181], and it is modeled as a MILP. The hub-and-spoke network structure is ap-

propriate for the delivery of bulk products, such as biomass and cellulosic ethanol. In

the network, the depots serve as shipment consolidation points where small shipments

of biomass from pretreatment facilities are consolidated into high-volume shipments.

In their works, the authors need to identify the location of depots, the location of

plant, and also the flows in the network. In [180], the objective is to minimize the

total transportation costs, hub location costs, and penalty costs necessary to meet

demand. A Benders Decomposition algorithm is then applied to solve the model ef-

ficiently. In [181], they incorporate environmental and social objectives to the model

and formulate it as an multi-objective MILP. The environmental impact is captured

by CO2 emissions due to transportation-related activities, while the social impact is

captured by the total created jobs.

Some heuristic algorithms are also used in this problem. In [61], an ant colony

optimization (ACO) algorithm is developed to search for the routes for both trans-
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portation on raw biomass and the final products. A demand-driven biomass network

is considered in [20]. Demand-driven network means that the network is designed

based on the demands of local society. The problem is solved by Genetic Algorithms

(GAs). Since the nonnegative feasible flows can be decomposed into the sum of flows

in paths directed from supply nodes to demand nodes, and the sum of flows around

directed cycles, the first phase of the algorithm is to decompose the flows in the net-

work into several production paths. Phase two of the algorithms is to calculate the

material flows through the network with the goal of minimal total cost and emission.

Route choice problems

The industry faces the challenges from scheduling which aims to minimize the logistic

costs, travel time, and waiting time while satisfying other constraints.

As part of the biomass supply chain, a cotton module transportation system is

studied in [174]. A cotton module is a compressed block made of seeds, parts of the

bole, pieces of stalk and leaves. After they are collected and stored in the fields,

they need to be hauled by the the module haulers owned by the gin. Usually, the

modules are picked up on a first-in first-out basis which leads to a relatively low

utilization factor for the transportation system. A knapsack IP model with objective

of minimizing the total number of days that trucks are scheduled to move modules

from the fields to the gin is constructed and solved to obtain the lower bound for

the transportation system. Then two greedy algorithms with different transportation

policies are implemented and simulated to greatly help optimize the schedules of the

module haulers and improve the utilization factor of the system. Two MIP truck-

route scheduling models are formulated and applied to two companies in New Zealand

in [152]. The substantial cost savings and fleet size reductions are reported from the

two companies. The models aim to minimize the transport costs while considering the
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sharing of transport services, driving time, requirement from supplies and demands.

Some transport scheduling problem can be converted to vehicle routing problem [75,

179]. In [179], an IP model is formulated to schedule the daily assignment of available

trucks for delivery of forest products satisfying the demand of each destination. The

objective is to minimize the costs associated with the transportation. The IP is then

solved by column generation algorithm where each column represents the daily trips

made by a truck between origins and destinations. In [75], a two phase hybrid method

combining LP and Tabu Search (TS) is used to find the minimum cost schedule, one

route for each truck, to match demand with supply. In the first phase, a LP model is

solved to construct transport nodes, where LP is a relaxed and simplified version of

an IP formulation of the full problem. In the second phase, the unified Tabu Search

algorithm (UTSA) is used to find the optimal scheduling.

The truck scheduling problem is solved by many other heuristic algorithms. In

[3, 96], the SA algorithm is applied in the truck scheduling problem and tested for

the cases in western Oregon. In [3], the objective is to minimize the transport costs,

travel times and waiting times, while meeting a minimum level of utilization by the

chippers specified by the user. By applying the optimal scheduling, the payload and

chipper utilization account for 52% and 29% of the total savings obtained. In [96], the

algorithm is used to solve the scheduling problem for transporting four types of woody

biomass. The objective consists of minimizing total trucking costs and total working

hours. After applying the algorithm, the average reductions in transportation cost

and total travel time are 18% and 15% respectively. The Ant Colony Optimization

(ACO) algorithm is used in [29] to schedule multiple biomass operations over a road

network. The objective is to minimize the total transportation cost, which includes

the modification costs and the costs on road. A MIP is first formulated, and then

ACO is used to solve the problem to identify the optimal vehicle choices and road

modifications. The result shows that it can help to reduce 27% total transportation
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costs.

Some selected references in the area of transportation are shown in Table 2.3.

2.2.4 Pretreatment

After harvesting, the biomass can be transported directly to a biorefinery (and be

pretreated on site) or to a regional depot for pretreatment. After pretreatment, it

can be transported over long distances economically. Thus, the major primary con-

cerns of the pretreatment process are to reduce material loss and to convert the

low density biomass into a more stable, more densified product so that it can be

transported over a much longer distance in a cost efficient way [172]. Sometimes, the

pretreatment process is seen as just physical treatment. In this case, some mechanical

or thermal processing technologies are applied during pretreatment, such as drying,

grinding, chopping, shredding, and pelleting. In a typical process of lignocellulosic

to ethanol, there are four major operations: pretreatment, hydrolysis, fermentation,

and product separation/purification [151]. For lignocellulosic biomass, pretreatment

is required to increase the enzyme accessibility improving digestibility of cellulose [10].

Then pretreatment can be classified into four categories including physical (such as

milling, extrusion, microwave, freeze pretreatment), chemical (such as acid pretreat-

ment, alkaline pretreatment, ionic liquid pretreatment, organosolv pretreatment, and

ozonolysis), physico-chemical (such as stream explosion pretreatment, Ammonia fiber

explosion pretreatment, CO2 explosion pretreatment, liquid hot water pretreatment,

and wet oxidation), and biological (converting lignocellulosic biomass by microorgan-

isms especially fungi into more accessible compounds for hydrolysis) [150, 236].

Two main optimization problems are closely related to pretreatment process,

which are facility location problem and technology selection problem. The facility

location problem helps to find the optimal location and the capacity for pretreatment



41

Table 2.3: Selected References of Transportation

Ref. Main objective / goal of the model Math
Model

Heuristic
Algorithm

Other tech-
niques used

Biomass
type/location
in case study

Connection to
optimization
models

[216] Design a renewable biomass-to-hydrogen net-
work to minimize the total annual cost. The
optimal facility locations, the transportation
flows, the quantities of biomass to hydrogen,
and the quantities of hydrogen to be imported
are determined in the design of the network.

MILP Four types of
biomass (energy
crops, forest
residues, indus-
trial
residues, and agri-
cultural residues)/
Jeju Island, South
Korea

Network design

[112] Determine the optimal biorefinery location in
the transportation network. Decide on the
flow of material in the network, and location
and capacity of the biorefinery to minimize
the system cost.

MILP Corn stover and
miscanthus/
Illinois, the USA

Network design

[25] Address the biorefinery location and the
transportation network flows in order to mini-
mize the total cost. Traffic congestion impact
is considered.

MIP
with
non-
linear
obj.

one heuris-
tic and two
B\&B

Corn and cellu-
losic biomass/ Illi-
nois, the USA

Network design

[113] Construct the networks of the transport from
storage to plant, and the transport from for-
est to plant aiming to minimize the total
transportation costs. Determine the optimal
material flows and the whether to use storage
locations or not.

LP GIS Network design

[9] Decide on the choice of route in response to
given demand for transporting material from
each source to each destination

Road net-
work min
algorithm,
GIS

Network design,
Vehicle routing

[169] Determine the optimal use of multimodal fa-
cilities, biomass storage and processing plans,
and the shipment routes to deliver biomass to
the plant under feedstock supply uncertainty.

MILP A hybrid de-
composition
algorithm

Corn stover and
forest residues/
Mississippi and
Alabama

Network design,
Vehicle routing

[180] Design a hub-and-spoke network with min-
imal costs. Identify the location of depots,
the location of the plant, and also the flows
in the network.

MILP A Benders
decom-
position
algorithm

Network design,
Facility location

[61] Search for the routes for both transportation
on raw biomass and the final products.

ACO Network design,
Vehicle routing

Continued on next page
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Table 2.3 – Continued from previous page
Ref. Main objective / goal of the model Math

Model
Heuristic
Algorithm

Other tech-
niques used

Biomass
type/location
in case study

Connection to
optimization
models

[20] Design a biomass network based on the de-
mands of local society.

GA Various types of
biomass/ Aomori
Prefecture, Japan

Network design

[140] Decide on the locations of intermodal hubs,
the locations of biorefineries, and the routes
in the reliable transportation system to mini-
mize the total costs. Consider the disruptions
of intermediate transportation hubs.

MILP An enhanced
Benders de-
composition
algorithm

Various biomass/
nine states in the
USA

Facility location,
Network design,
Vehicle routing

[168] Make a pre-disaster planning to reduce or
eliminate risks of the link failures. Identify
the facility locations with minimal total ex-
pected system cost.

MILP A generalized
Benders de-
composition
algorithm

Corn stover and
forest residues/
Mississippi and
Alabama.

Facility location

[174] Construct a schedule to move cotton modules
from the fields to the gin to minimize the total
number of days of working by IP. The sched-
ules are optimized and improved by imple-
mentation and simulation by two algorithms.

ILP Two
greedy
algorithms

Cotton/ Virginia,
the USA

Vehicle routing

[152] Schedule the truck routes to minimize the
transport costs while considering the sharing
of transport services, driving time, and re-
quirement from supplies and demands.

MIP Forest/ New
Zealand

Vehicle routing

[179] Schedule the daily assignment of available
trucks for delivery of forest products satisfy-
ing the demand of each destination to achieve
the minimal costs associated with the trans-
portation.

IP Column gen-
eration algo-
rithm

Vehicle routing

[75] find the minimum cost schedule, one route for
each truck, to match demand with supply.

LP TS Forest/ Chile Vehicle routing

[3] Make a truck schedule to minimize the trans-
port costs, travel times and waiting times,
while meeting a minimum level of utilization
by the chippers specified by the user.

SA Forest/ Sweden Vehicle routing

[29] Schedule multiple biomass operations over a
road network to minimize the total trans-
portation cost.

MILP ACO Various biomass/
Western Oregon,
the USA

Vehicle routing
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facility in order to achieve the minimal total costs of investment cost and following op-

erational cost. The technology selection problem helps to select the most appropriate

technology from the perspective of both economy and environment.

Some scholars concerned about finding an optimal pretreatment location. In

[157, 158], a multi-period MIP is formulated to find the optimal locations of pre-

treatment depots and biorefineries in order to minimize the total annual cost. In

their assumption, the biomass from a harvesting site is sent to only one pretreatment

depot or directly a biorefinery, and the intermediates from a pretreatment depot are

shipped to only one biorefinery. In [158], the problem is formulated as a multi-period

MINP, whereas in [157] some approximation and reformulation techniques for calcu-

lating the transportation costs are applied to replace the nonlinear terms by linear

ones. In [172], the authors focus on multi-purpose pellet processing depots. A two

stage stochastic MIP is formulated to design a sustainable biomass supply chain to

minimize the total system costs and carbon emission as an environmental concern. In

the first stage, the optimal location and capacity of a biomass processing and densi-

fication depot are decided; in the second stage, other decisions, such as transporting

and storing are made under the uncertainty of biomass supply. In order to enhance the

computational performance, a hybrid decomposition algorithm is designed to solve

the model. From simulation of test example, it is revealed that the depots can help

to handle supply variation and biorefineries and coal industries will greatly benefit

by the depots.

Some researches are studying on pretreatment technology selection problem. In

[120], two pretreatment technologies: chipping and drying are considered to be se-

lecting options. The biomass considered in this paper need to achieve adequate shape

and properties (energy content and humidity) through chipping and drying processes

to follow up later processes. A MILP is formulated to minimize the total cost and

the environmental impacts at the same time through life cycle assessment (LCA). A
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Lagrangian relaxation-based approach is applied to solve this model. The result turns

out the most appropriate pretreatment technologies at specific pretreatment facility

locations. And it also suggests to ship raw material instead of pretreated material

in short distance. Similarly, in [166], a multi-objective MILP considering economic

and environmental criteria is modeled. However, they consider more technology se-

lections, including drying, chipping, torrefaction, pelletization, etc. In order to feed

already existing coal combustion plants and help modify the supply chain, they decide

on the optimal location, selection and capacity of pretreatment technologies.

Some selected references in the area of pretreatment are shown in Table 2.4.

2.2.5 Conversion

A biorefinery is used to describe the industrial process that converts biomass feed-

stocks into value-added products such as fuels and chemicals [156]. Almost all of the

articles in the domain of energy conversion in a biomass supply chain discuss the

conversion from biomass to biofuels. The optimization models used in energy conver-

sion can be mainly found in capacity planning, facility location problem, conversion

technology selection. Along with these optimization models, some other techniques

are used, including GIS and multi-objective models.

The conversion process, together with the upstream suppliers and downstream

customers configure a network system. In [64] , the authors consider the material

flow from suppliers to consumers in problem and model it as a network flow problem

by MIP. The location of the facility and the flow rates on different arcs in the net-

work require to be determined in order to obtain the maximal benefits of the process.

In the problem, the labor force, capacity, and technology types are all considered

as input data. However, in [142], the capacity for each facility and the selection of

technology are also need to be determined in the MIP model. Sensitivity analysis is
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Table 2.4: Selected References of Pretreatment

Ref. Main objective / goal of the model Math
Model

Heuristic
Algorithm

Other tech-
niques used

Biomass
type/location
in case study

Connection to
optimization
models

[158] Find the optimal locations of pretreatment
depots and biorefineries in order to minimize
the total annual cost.

MINP Corn Stover/ Wis-
consin, the USA

Facility location

[172] Design a sustainable biomass supply chain to
minimize the total system costs and carbon
emission as an environmental concern. De-
cide on the optimal location and capacity of
a biomass processing and densification depot.

MILP Rolling
Horizon
(RH)
heuristic

A hybrid de-
composition
algorithm,
GIS

Various biomass/
Mississippi and
Alabama, the
USA

Facility loca-
tion, Capacity
planning

[120] Find the most appropriate pretreatment tech-
nologies at specific pretreatment facility loca-
tions to minimize the total cost and the envi-
ronmental impacts at the same time through
life cycle assessment.

MILP A lagrangian
relaxation-
based ap-
proach

Woody residues/
Spain

Facility location

[166] Decide on the optimal location, selection
and capacity of pretreatment technologies to
feed existing coal combustion plants and help
modify the supply chain considering both eco-
nomic and environmental criteria.

MILP Woody residues/
Spain

Facility location,
Capacity plan-
ning, Technology
selection
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done based on the uncertainties of the market demand in both of the articles. The

selection of different technologies has a great impact on the capital cost of technology

installation, the conversion rate and unit production cost. Seven options are con-

sidered in the conversion from various types of biomass in [142], whereas authors in

[157] consider one pretreatment technology and two conversion technologies in the

conversion processes for corn stover and switchgrass.

Biorefinery facility location decisions require large investment and is vital to the

supply chain management due to the long-term influence on accessibility to biomass

and other materials. Geographic information system (GIS) is widely used to help

decide the facility locations. It can be utilized to consider and decide on different

related factors including, road network for transportation, water flows and power grid

for infrastructure, population census for labor sources, etc. In [194, 218, 230, 231], the

MIP formulations are integrated with GIS system to optimize the facility locations

and do the simulation to achieve the minimal overall cost. In [230], multi-biorefinery

locations need to be decided, and the optimal number, locations and facility capacities

are obtained by solving the problem. Most of the GIS-based facility location problems

assume all available lands satisfying pre-specified requirements as potential locations

for biorefineries [159, 164, 224]. The potential locations are then divided into small

cells and each cell is treated as a biorefinery candidate. The authors in [218], however,

developed a tool in GIS to help users select the candidates themselves on the map. In

[231], nine biorefinery facility location candidates are pre-selected by utilizing GIS and

considering the factors including country boundaries, road networks, city and village

distribution, water and co-fired power plant distribution, biomass accessibility, and

census. Then these nine candidates are implemented into a MILP as input data to

achieve minimal supply chain system cost.

Most of the biorefinery related problems aim to find one or multiple locations

with optimal capacities which lead to minimal overall cost. In addition to the eco-
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nomic considerations, some other issues are taken into account in order to formulate

a multi-objective optimization problem, among which, environmental and social is-

sues have been put on most emphasis. Reducing the environmental impacts in the

biomass supply chain, especially in the phase of biorefinery, is an ubiquitous element.

Green house gas (GHG) emissions are the one of concerns in using fossil fuels, while

using combustion of the biomass can be considered GHG neutral. Thus, the GHG

emission amount is a popular criteria when it comes to environmental issues. The

scholars usually formulate the environmental optimization objectives either by mini-

mizing the GHG emissions [85, 128] or by maximizing GHG emission savings [38, 39].

The authors in [39], a multi-period, multi-objective MIP is formulated to decide on

types and sources of biomass, conversion technology selection, and products and mar-

kets. In order to enhance the economic performance, an objective of maximizing net

present value is presented. At the same time, an objective of maximizing the life cycle

greenhouse gas emission savings is also formulated for the environmental benefits. To

deal with the multi-objective, an augmented ε- constraint method is provided which

can help to reformulate the problem as a single objective problem and provide a set

of Pareto-optimal solutions, which can be latter selected by the decision maker. Job

creation is a widely used indicator to measure the social benefits the biorefineries

could bring to the communities.

The model in [39] is extended by [38] to incorporate social benefits integrated with

economic and environmental performances. In this model, they measure the social

benefits by a weighted sum of the created jobs, and the specified weights are based

on the types and locations of the created jobs. Besides environmental and social

benefits, some other issues are also considered. In [68], safety issues are considered in

not only the manufacturing process of biorefinery, but also the related transportation,

storage, and processing phases of biorefining. In the case study, a Pareto curve is used

to analyze the trade-off between risks and cost and it turns out that the economic
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and risk objective may contradict each other in a certain range. In [128], energy

is taken into account, together with economic, environmental performance to be a

“3E” criteria formulated by a multi-objective MILP problem. In this work, energy

objective is measured by the average input fossil energy per megajoule of biofuel.

Some metaheuristic algorithms are applied to the facility location problem for

finding the optimal location of biorefinery facilities. In [130, 191, 212], some algo-

rithms are used to find the optimal location, the plant capacity, and the supply area

for a biomass-based power plant. The profitability index, which defined as the ratio

between net present value (NPV) and initial investment (INV), is selected as the

objective function. In [146], a Binary Particle Swarm Optimization (BPSO) is pro-

posed, while Genetic Algorithm (GA) and BPSO are applied in [191] for a power plant

using animal manures as biomass. In [212], a Binary Honey Bee Foraging (BHBF)

approach is applied, where olive tree pruning is used as main biomass resources in the

case study. The BHBF is a particle swarm algorithm inspired by the swarm behavior

of honey bees proposed in [26]. The comparison between the BHBF and other evo-

lutionary algorithms, such as GA and BPSO is also done in [212]. The comparison

of some metaheuristic techniques, including SA, TS, GA, PSO, and BPSO, used to

determine the optimal location for a biomass-based facility power plant is done in

[177]. A GA integrated with GIS is proposed in [44]. All the relevant information

from cartography is gathered within a GIS, and then the algorithm is processed to

find the optimal number, position and power capacity of biomass in a whole Italian

region.

Some selected references in the area of conversion are shown in Table 2.5.
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Table 2.5: Selected References of Conversion

Ref. Main objective / goal of the model Math
Model

Heuristic
Algorithm

Other tech-
niques used

Biomass
type/location
in case study

Connection to
optimization
models

[64] Determine the location of facility and the
flow rates on different arcs in the network to
obtain maximal benefits of the process.

MILP Coffee tree
residues/ Colom-
bia

Facility location,
Network design

[142] Decide on the capacity for each facility and
selection of technology.

MILP Various biomass/
12-state region of
the midwestern
United States

Facility loca-
tion, Capacity
planning

[230] Decide on optimal number, locations, and fa-
cility capacities.

MILP GIS Various lignocel-
lulosic biomass/
Michigan

Facility loca-
tion, Capacity
planning

[218] Decide on the optimal facility location by im-
plement the self-developed tool in GIS.

MILP GIS Facility location

[231] Select the optimal facility location from nine
candidates pre-selected by utilizing GIS to
achieve minimal supply chain system cost.

MILP GIS Facility loca-
tion, Capacity
planning

[39] Decide on types and sources of biomass, con-
version technology selection, and products
and markets to enhance both environmental
and economical performance.

MILP Forest and
wood residues/
British Columbia,
Canada

Technology
selection

[38] Extend the model in [39]. Incorporate social
benefits integrated with economic and envi-
ronmental issues to enhance the supply chain
system performance.

MILP Forest and
wood residues/
British Columbia,
Canada

Technology
selection

[146] Locate the optimal location for biomass-
based power plants and offer the supply area
for the biomass plant.

Binary
Particle
Swarm Op-
timization

GIS Forest residues Facility location

[212] Determine the optimal location, biomass
supply area and power plant size that offer
the best profitability for investor

Binary
Honey Bee
Forag-
ing, GA,
Binary
Particle
Swarm Op-
timization

GIS Olive tree pruning
residues/ Spain

Facility location

[177] Deal with the power plant location problem
and offer the supply area at the same time.
Compare different metaheuristic algorithms.

SA, TS,
GA, Parti-
cle Swarm
Opti-
mization,
Binary
Particle
Swarm Op-
timization

GIS Forest residues Facility location
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2.3 Sustainable Biomass Supply Chain

2.3.1 Life Cycle Assessment

In order to achieve the sustainable development of biomass supply chain and avoid

negative impacts brought by different operational processes on our environment, Life

Cycle Assessment (LCA) is used by a lot of scholars as a tool to assess the environ-

mental impacts.

There are four main phases in LCA according to ISO [105], including: goal and

scope definition, life cycle inventory analysis, impact assessment, and interpretation.

(1) In the phase of goal and scope, project description, the functional unit, the system

boundaries, the impact categories are defined and stated. (2) In the phase of life cycle

inventory (LCI) analysis deal with inventory flows of inputs (e.g. water, energy, raw

materials) and outputs for a given product throughout its life cycle. (3) In the phase

of impact assessment, the assessment of impacts on environment is made based on the

LCI flows according to some damage assessment model. (4) In the final phase, the

results from analysis of LCI and impact assessment are summarized and reported.

The classic four-phase LCA principle is widely integrated into the biomass supply

chain.

2.3.2 Multi-objective Optimization Integrated with LCA

More attentions have been paid to environmental and social issues in the configura-

tion of a biomass supply chain instead of only economical effects. According to this

situation, multi-objective optimization models are built considering environmental

and social issues simultaneously.

Recently, multi-objective optimization has been utilized and coupled with classic
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LCA to construct a framework to not only assess and evaluate the environmental

impacts, but also identify the optimal solution.

To achieve the Green Supply Chain Management (GrSCM), environmental re-

sponsibility is an important aspect in the supply chain design. In [165], a two-tier

optimization approach is proposed for the design of a pyrolysis-based biomass supply

chain. In the first tier, by given rough geographic data, simplified analysis is done and

the characteristic size and number of the bio-oil plants can be obtained. In the second

tier, a detailed multi-objective MILP model is presented. Economic performance, in-

cluding operative and capital costs are measured by net present value (NPV), while

environmental issues are measured by the total GHG emissions from LCA of each

stage of the supply chain. After that, a weight parameter α ∈ [0, 1] is introduced to

combine the two objective items together. Emphasis of each part can be adjusted by

selecting different values of α by the decision maker. In [221], economic and environ-

mental dimensions are integrated in a multi-period MILP model and it is addressed

from a life cycle perspective. In [84], the economic and environmental impacts are

measured simultaneously by NPV and GHG emissions as well. The proposed multi-

objective MIP can help to make decisions of technology selections based on their

economic and environmental performance over the long term in the corn grain and

corn stover based bioethanol production system. The assessment of environmental

impacts are made along the biofuel life cycle, and the LCA stages include biomass

production, biomass pretreatment, biomass transport, and biofuel production. So-

cial benefit is also an important ingredient during the design of a supply chain. In

[77, 79, 185, 214, 222], the environmental objective is measured by life-cycle GHG

emissions and the social objective is measured by the number of created local jobs

during the construction and operation of the whole supply chain. The multi-objective

MILP model can help to determine the associated planning decisions over the supply

chain. After obtaining a set of solutions by using ε-constraint method, the trade-off
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between economic, environmental, and social aspects are analyzed by Pareto-optimal

curves.

2.4 Challenges and Opportunities

2.4.1 Uncertainty Issues and Corresponding Optimization Solutions

Uncertainties are ubiquitous, of various types and varying degrees, and emerging

from all stages and activities in the biomass supply chain [19]. Uncertainty mainly

comes from biomass availability/ supply [22, 81, 196, 204] (due to seasonality of

biomass, geographical disperse, unpredictable climates), product demand [47] (due to

unstable economic situations and product prices), prices and costs [55, 205] (due to

markets and related policies), technologies [141] (due to improvements and evolutions

of technologies), policies and regulations [137, 226] (due to efforts in obtaining a green

and reliable biomass supply chain).

Among all the uncertainties, biomass supply uncertainty has been studied. The

biomass supply fluctuates highly from one time period to another depending on cli-

matic conditions such as rain, temperature, and humidity along with other extreme

events such as, natural disasters and human intervention [167]. In [194], the authors

take two sources of uncertainty from supplies into account, which are climate zone

in which the biomass planted, and the type of crops. They approximate the biomass

availability with a triangular distribution related to climate zone and a uniform dis-

tribution related to the crop type. Sensitivity analysis is made in [231] due to the

uncertainties of demand and supply amount. The authors find that the cost increases

significantly as the demand grows or the supply decreases. At the same time, they

find that the optimal facility locations and sizes vary with uncertainties from demand

and supply.
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Except for the uncertainties coming from feedstock supply [169], there are impacts

on supply infrastructures coming from various adversary incidents, including water

scarcity, flooding, routine maintenance, and adverse weather condition. Uncertain-

ties from the components of transportation system are considered in [139, 140, 168].

A reliable transportation network is designed in [139, 140] under the disruptions of

intermodal hubs. The work in [140] takes the disruptions of intermediate transporta-

tion hubs into account, and estimate the probability of disruption by a probabilistic

model. A MILP model is formulated to decide on the locations of intermodal hubs,

the locations of biorefineries, and the routes in the transportation system. The ob-

jective of this problem is to minimize the total costs, including the set up cost and

long-run transportation costs. An enhanced Benders Decomposition algorithm is ap-

plied to solve this problem. In [139], a dynamic multimodal transportation network is

designed to mitigate risk from disruptions of hubs by deciding at the planning stage

what hub to use or discontinue using during different time periods of the year. The

problem is formulated by a MILP with the objective of minimizing the total costs,

and then solved by an accelerated Benders decomposition algorithm and a hybrid

rolling horizon algorithm. In [168], a transportation network is designed under the

link failures between different facilities. The goal of this paper is to make a pre-

disaster planning to reduce or eliminate risks of the link failures. The authors build a

MILP model to identify the facility locations aiming to minimize the total expected

system cost. The link failure is characterized by a spatial statistic model in this work.

A generalized Benders Decomposition algorithm is used to solve this problem.

Some optimization methods are implemented to capture and integrate the uncer-

tainties into optimization models. Stochastic programming is useful when the uncer-

tain parameter is known and it is possible to define potential scenarios. The mixed

integer two-stage stochastic programming models are made in [47, 116, 203, 226] con-

sidering uncertainties of supply, demand, prices and technologies, and policies and
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regulations. In the first stage, the planning decisions can be made before the actual

realization of system uncertainties. In the second stage, the operational decisions are

made after a random event occurs or based on the outcome of the first-stage deci-

sion. One alternative, robust optimization method is effective to provide satisfactory

performance of the system and computationally intractability when the uncertainty

set is selected. The uncertainty parameter is usually known within a certain bound

without exact distribution.A robust optimization is formulated as MILP to capture

uncertainties from different sources and types of uncertainties in [27]. In [82], a

multi-objective robust optimization model is developed to maximize the mean value

of supply chain performance and to control the optimality as well as feasibility ro-

bustness under uncertainties from different parameters. To achieve this, three distinct

objective functions, including the basic objective, one related to optimality robustness

and one related to feasibility robustness are formulated. In [196], uncertainties from

biomass quality and biomass availability are considered. First, a robust optimization

formulation incorporated biomass quality, including moisture content and higher heat-

ing value is constructed. Then, a hybrid multi-stage stochastic programming - robust

optimization model is built by taking biomass quality and monthly available biomass

into account simultaneously. When there is a requirement of high probability to meet

some restriction, chance constraints are used. In the chance-constrained approach,

uncertainties are represented through random variables with known probability dis-

tribution and are included in the constraints. In [171], a two-stage chance-constrained

stochastic programming is modeled. The chance constraint ensures that, with high

probability, a significant portion of the overall biomass demand at each season will

be satisfied by the municipal solid waste. Moreover, some statistic approximation

[168, 194] methods are also employed to capture the uncertainties in the biomass

supply chain management.
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2.4.2 Future Research Trends and Directions

Depend on the type of biomass, the biofuel production can be classified as first gen-

eration, second generation and third generation, refer to biomass used to be animal

and human food, lignocellulosic biomass, woody crops, and agricultural residues or

waste, and algae, respectively. According to all the reviewed papers, there is a trend

of research from first generation biomass to second and third generation [17, 80],

which helps to relieve the pressure and competition of food supplies. Lignocellulosic

biomass includes virgin biomass (e.g. trees, bushes, and grass), waste biomass (e.g.

corn stover, sugarcane bagasse, straw), and energy crops(e.g. saw mill and paper

mill discards).There are increasingly researches on lignocellulosic biomass due to its

abundance and accessibility.

With continued attentions on environmental and social issues, more and more re-

searches are focusing on building multi-objective models as discussed in Section 2.3.

At the same time, multi-period models are popular these days as well. The introduc-

tion of multi-period models allows the modeling of seasonal biomass availability and

biomass deterioration. The generic multi-period synthesis of regional biomass and

different sources of biomass and waste is addressed in [53]. The time horizon for the

problems in [14] is several years and it can be divided into more time periods, each

of which is four or six month. In some works [58, 94, 157], the planning horizon is

one year and it is divided into several time periods to tune the seasonal availability

of biomass to meet the seasonal energy demand. In [94], each month of the year is

assumed to be a time period, and total twelve time periods are considered in the

one-year horizon. In [58], one year is divided into five time periods according to dif-

ferent biomass availability and demands in each period. In the case study in [157],

a one-year time horizon is divided into four time periods (spring, summer, fall, and

winter). At each time period, the different availability and deterioration of biomass
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can be captured by pre-calculated correction factor. The simultaneous consideration

of multi-period and multi-objective modeling is also studied in some works [72, 73].

There is a long history of converting the sugar or starch from the crops like corn

and sugarcane to useful biofuels. The conversion technologies are relatively mature

and cost-efficient due to continuous improvement in the past decades. However,

these supply feedstocks are expensive since they are good source of food. There are

some inexpensive supply feedstocks, such as lignocellulosic biomass. In addition, the

current conversion processes for them are complex and conversion technologies are

uneconomical [197]. Thus, there is a trade-off between the cost of supply feedstocks

and conversion or operational costs [149]. To overcome these challenges, there are

two potential research directions: one is to centrally manage the biomass feedstocks

and avoid the small-scale and scatter-distributed supplies to obtain the economies

of scales; another is to research on the improvement of conversion technologies to

achieve the primary products efficiently and utilize the co-products effectively at the

same time.

2.5 Conclusions

The biomass and biofuel industry is in the period of rapid growth due to the en-

vironment restriction and sustainable and renewable energy requirements. The op-

timization methods, including mathematical programming and heuristic algorithms

play a vital role in decision making in every step of the supply chain. A detailed

review for each key component throughout the supply chain is studied in this work.

The main research directions in each component and the representative references are

presented, and some common techniques and considerations, and the research trends

are discussed and summarized in the review. Uncertainty issues and challenges, and

sustainable concerns are also discussed from the perspective of optimization.
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Chapter 3

Integer Optimization for Biomass Supply Chain

In the past decades, there is a trend to change from conventional non-renewable fossil

fuels to renewable energy due to several reasons. First, fossil fuels such as coal and

gas are limited and not replenished. Secondly, fossil fuels have a big carbon footprint

and negative impact to our environment, which leads to climate change. Thirdly,

a diversification of different kinds of energy sources is good for a reliable and long-

term energy supply. Some of the goals are set by different nations. For example,

in China, renewable energy share aims to reach 53% in 2030 [51]. The international

renewable energy agency (IRENA) shows that renewables could meet 27% of the

total energy consumption in 2030 in US [106]. Among the renewable energy sources,

biomass stands out for its abundant sources, such as wood and wood processing

wastes, agricultural crops and waste materials, animal manure and human sewage.

Biomass fuels provided about 5% of total primary energy use in US in 2017. Of which,

about 47% was from biofuels, 44% was from wood and wood-derived biomass, and

10% was from biomass in municipal waste [206].

The overall objective of the supply chain management is to develop cost-efficient

and sustainable ways to make materials flow smoothly and efficiently in the network.

In order to achieve this goal, the strategic configuration and management of the whole

supply chain need to be designed. There are so many aspects need to be considered in

the configuration and management process, which are clarified in details in Chapter

3.1. In Chapter 3.2, a specific problem within the biomass supply chain management

framework, the facility location problem, is studied and a case study is also performed.
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3.1 A Biomass Supply Chain Configuration and Manage-
ment

The key components of a biomass supply chain (BSC) are comprised of the follow-

ing five systems: biomass production system, biomass logistics system, bio-product

production system, bio-product distribution system, bio-product end use (see Fig.

3.1). These systems are interdependent and interconnected, which makes the BSC

management even more complex.

Biomass 
Production

Bio-product 
End Use

Bio-product 
Distribution

Bio-product 
Production

Biomass 
Logistics

Figure 3.1: Five Systems in a BSC

When designing a biomass supply chain, a lot of decisions need to be made (see

Fig. 3.2). Some of them are strategic decisions, which need to be made before taking

action and will have long-term influence on the whole supply chain. Usually, long-term

decisions are made years or decades. Some of the decisions are tactical and operational

decisions, which can be made during each operational process and have mid-term

or short-term influence on part of the supply chain. Long-term decisions and short-

term/mid-term decisions are related to each other and may have impacts on each other

or have jointly impact on a biomass supply chain. Thus, coordination of strategic and

tactical/ operational decisions is necessary. For example, the facility locations and

transportation decisions impact one another a lot and need to be considered together

in the design process, and this is the major tradeoff in the design process.

Most of long-term decisions are usually related to design of biomass supply chain

network. Long-term decisions usually include number, capacity, and location of biore-

fineries; number, capacity, and location of pretreatment facilities; number, capac-
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ity, and location of biomass storage facilities; fields that serve a particular stor-

age/pretreatment location; storage/pretreatment locations that serve a particular

biorefinery facility. Some other long-term decisions include selection of biomass types,

selection of conversion technologies, selection of transportation modes. It should be

noted that even these decisions are made in long term, they are not static. They may

change over time or due to some changes, such as capacity expansion of the biorefinery

or technology upgrading. Mid-term/ short-term are usually related to material flows,

inventory, and fleet management. Some common mid-term/ short-term decisions in-

clude the following items: the schedule and amount of biomass harvested in a time

period; the amount of biomass shipped to each location in a time period; the amount

of bio-products distributed to each location in a time period; inventory level at each

storage location and biorefinery; transportation amount for each transportation link;

vehicle planning and scheduling.

BSC 
Decisions

Other 
Decisions

BSC Network 
Design 
Decisions

Mid-term/tactical
Short-term/ 
operational 
Decisions

Long-term/
Strategic 
Decisions

number, capacity, and location of biorefineries 
number, capacity, and location of pretreatment facilities 
number, capacity, and location of biomass storage 
facilities
fields that serve a particular storage/pretreatment 
location
storage/pretreatment locations that serve a particular 
biorefinery facility

selection of biomass types
selection of conversion technology
selection of transportation mode

the schedule and amount of biomass harvested in a 
time period
the amount of biomass shipped to each location in a 
time period
the amount of bio-products distributed to each location 
in a time period
inventory level at each storage location and biorefinery 
transportation amount for each transportation link
vehicle planning and scheduling

Figure 3.2: Decisions Made in a BSC

One major difficulty in configuring a BSC comes from the uncertainties embed-
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ded in the whole supply chain (see Fig. 3.3). Some of the uncertainties are strategic,

like incentives by government, change of regulations and policies, technology devel-

opment, expansion plans, climate change in a long run, and unexpected natural or

human disasters. These strategic uncertainties are hard to expect and unavoidable.

Sometimes, we can still handle it by scenario analysis. For instance, we can address

incentives by government or policies by evaluating its situation in optimistic, neu-

tral, and pessimistic scenarios. Other uncertainties are operational and may occur

in different operational processes. The operational uncertainties come from biomass

supply, weather, biomass quality diversity (such as moisture content), biomass cost,

demand fluctuations, bio-product prices.

Strategic Uncertainties Operational Uncertainties

Government incentives
Regulations and policies
Technology development
Expansion plans
Climate change
Natural or human disasters

Biomass supply 
Weather condition
Biomass quality diversity
Biomass cost
Demand fluctuations
Bio-product prices

Scenario analysis
Stochastic programming
Robust optimization
Chance constraint

Solution Approaches

Figure 3.3: Uncertainties and Solutions in a BSC
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3.1.1 Biomass Production System

Biomass Categorization

Biomass can be roughly categorized into two groups (see Fig. 3.4): terrestrial biomass

and aquatic biomass. In the first group, there are mainly two types of biomass:

biomass used to be animal and human food and lignocellulosic biomass. The biomass

which can be used as animal and human food include corn grain, sugarcane, soy

bean, oil seed, etc. These biomass are rich in sugar or lipids and have high yields

of biofuels and bio-products. Currently, in the biofuel industry, most of the biofuel

comes from this category because of the maturity and development of technologies.

However, using these biomass as resources of biofuels may influence food prices and

supply due to the competition. Lignocellulosic biomass includes virgin biomass (e.g.

trees, bushes, and grass), waste biomass (e.g. corn stover, sugarcane bagasse, straw),

and energy crops(e.g. saw mill and paper mill discards). Lignocellulosic biomass do

not interfere with food supply. Aquatic biomass mainly include algae. The growth

rate of aquatic biomass is much more faster than terrestrial biomass, which leads to

the rich supply and short harvest cycle. However, the conversion technology is in the

developing process.

Biomass Cultivation

Lignocellulosic biomass has significant potential for renewable energy industry since

the supplies are sustainable, less expensive, and with large quantities which can be

produced on marginal land [197]. The supply of the lignocellulosic biomass are not

always reliable. First of all, they are usually geographically diverse and planted

in relatively small scale. Moreover, except for some of the perennial energy crops

which are alive year-round and can be harvested multiple times before dying, (such
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Biomass
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Figure 3.4: Biomass Categories

as switchgrass, miscanthus, and alfalfa), most of lignocellulosic biomass are season-

dependent.

Biomass production yield may be influenced by a lot of aspects and some unex-

pected issues, such as local weather conditions, pest condition, plant health situation,

farmers planting decisions, land availability.

Guayule Production

Guayule (parthenium argentatum) is a desert shrub which can survive in arid areas.

It can be used to produce natural rubber and resin from its branches and roots.

After conversion process, the stems and branches left behind are called bagasse. It

is a two-year crop. Intermediate harvesting is possible at the end of year one, but

the rubber content remains highest if the harvest is conducted in year two [189].

Before guayule production, one main is the adoption rate for guayule from original

crops in each field. The baseline of the guayule adoption rate has been set to 15%.

During guayule production, irrigation, herbicide, and fertilizer should be considered

during each stage of establishment, growing, and harvesting. Many studies have



63

found that irrigation greatly increases the yield of rubber per acre, providing larger

plants with relatively lower percentage of rubber [102]. The Central Arizona Project

(CAP) may affect the irrigation system of guayule. Other field activities need to be

included into consideration is crew and equipment use (cultivator and planter) and

their corresponding resource use.

3.1.2 Biomass Logistics System

Biomass Harvesting

Being planted, cultivated, and harvested is a growing cycle of a plant. Different

agricultural crops have different harvest seasons, and those crop residues are harvested

after harvest of the agricultural crops. For example, corn stover is usually harvested in

September to November after harvesting of corn grain. Except for some of the biomass

which can be harvested all year round (e.g. wood residue), most of the biomass

can only be harvested within a limited time window in a year. The contradiction

between seasonal supply and all-year round demand requires the careful planning

and scheduling of biomass planting, cultivation, and harvesting.

There are lot of considerations during before harvesting, including seasonality, har-

vest capacity, local weather condition. Sometimes, before we harvest forest biomass,

we should also consider the health of ecosystem since forest biomass helps to sustain

forest soil, influences surrounding water flow and maintains biodiversity.

Biomass Storage

Except for poor transportation properties for biomass, the biomass storage properties

are not good as well due to its perishable properties. There are two main aspects
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we need to concern about. First, we should try to avoid substance loss by selection

of appropriate storage types. Second, the pellets after pretreatment may have a

remoistening problem which requires covered storage to overcome the problem.

Due to the contradiction between the seasonality of biomass supply and the con-

sistent demand of bio-product production, long-term storage is required. Depends on

storage types, biomass feedstock deterioration/ degradation levels are different, which

lead to different biomass loss. There is assumed to be 1% material loss per month

for ambient storage, 0.5% material loss per month for covered storage in pole-frame

structure, and the material loss is negligible for closed warehouse with hot air drying

capability [225].

Pretreatment is a process in order to alter or enhance the product properties. Pre-

treatment can be done either in a storage site or conversion facility. After pretreat-

ment, both volume and moisture content will be significantly reduced. If pretreatment

is processed in a storage site, it is helpful and convenient for further transportation.

Biomass Transportation

Due to the geographically dispersion of biomass supply and small scale of each supply

field, the fields are usually close to plants. Thus, road transportation is the main

transportation modes for shipping biomass. The poor transportation properties for

biomass is a huge barrier in BSC management. The biomass is usually with high

bulk volume, low energy density, and high moisture content. Because of these poor

transportation properties, the transportation cost is accordingly high and BSC has

been seen as a locally or regionally supply chain. 76% of ethanol produced in US

comes from small sized biorefineries [66]. And these biorefineries prefer to get their

supply of biomass from within 50 miles of radius.
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Guayule Logistics

In the current pilot fields and plants, the logistics process of guayule is on-site storage

after harvesting, transportation to conversion facilities by trucks, where pretreatment

and conversion are conducted in the facilities.

Guayule harvesting is conducted by cutting the top of the guayule shrub after a few

years of growth, then harvest again after approximately another two years of growth to

increase the rubber yield. For the harvesting, we need to consider the equipment use

(forage harvester, baler), equipment operating hours and cost, equipment operating

resource use(3.6 gallons/acre of diesel for harvester and 0.45 gallons/ acre of diesel

for baler), number of employees, and post-harvest soil treatments. After harvesting,

the moisture content of guayule remains from 5% to 10%.

3.1.3 Bio-product Production System

A biorefinery is a refinery that converts biomass to bioenergy. These days, integrated

biorefineries are established in order to obtain bio-products, chemicals and other

byproducts at the same time. Byproducts and waste treatment units in a biorefin-

ery can contribute to energy generation in order to achieve a self-sustaining system.

Because of the long history and relatively mature technologies of converting from

first-generation biomass, most of current biorefineries are applied to those biomass.

There are a lot of conversion technologies for integrated biorefineries. Use conver-

sion technology from biomass to ethanol as an example, it can be converted through

biochemical or thermochemical technologies. Biochemical technologies include sep-

arate hydrolysis and fermentation, simultaneous saccharification and fermentation,

consolidated bioprocessing. The thermochemical include gasification and pyrolysis.

For lignocellulosic biomass, the technology difficulty is in that these biomass
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mainly contain lignin, cellulose, and hemicellulose. Compared with the production

of biofuel from first-generation biomass, the use of lignocellulosic biomass is more

complicated because the cell wall of these biomass is partially comprised of sugar

polymers. In order to convert lignocellulosic biomass to biofuels, pretreatment pro-

cess or hydrolysis process is conducted to break down sugar polymers into simple

sugars using either acid or enzymes. Economically, lignocellulosic biomass has an

advantage over other agriculturally important biofuels feedstocks such as corn starch,

soybeans, and sugar cane, because it can be produced quickly and at significantly

lower cost than food crops.

The major challenge in a bio-product production system is to decide on the num-

ber, locations, sizes, and conversion technologies of biorefineries since these decisions

influence capital investment. When we consider the locations of biorefineries, natural

resources should be taken into account. For instance, producing 1 gallon of cellulosic

ethanol by using biochemical conversion process requires 2-6 gallons of water.

Guayule Bio-product Production

Currently, there are several main bio-products extracted from guayule, they are hard

rubber for tires, resin for an asphalt additive, bagasse for wood pellets. In the future,

we are trying to make more improvements, for example, resin for value-added chem-

icals (tackifiers/adhesives), leaves for waxes/ essential oils (personal care products),

bagasse for liquid fuels and bio-chars. The main difficulty in the bagasse conversion

process is that high lignin content of guayule limits access of enzymes to cellulose,

results in low ethanol yields. Thus, the focus has been on pretreatment methods,

such as ammonia fiber expansion and supercritical CO2 expansion.
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3.1.4 Bio-product Distribution System and End Use System

The transportation mode of different bio-products are different and should be con-

sistent with the characteristics of that bio-product. For example, ethanol or ethanol

and gasoline mixture cannot be transported the currently established pipeline due to

the following two reasons: first, it will be separate from gasoline mixture with present

in the pipeline or in the bottom of a storage tank; second, ethanol may play a role in

corrosion of pipeline wall. Thus, it would be better to transport ethanol with train,

barge or truck, of which, truck is used in most cases. In the biofuel industry, after the

conversion process from biomass to biofuel (mainly ethanol), ethanol is then shipped

to blending facilities. In the blending facilities, biofuel is blended with gasoline to

produce final product. E-10 (gasoline blended with 10% ethanol) can be used for all

vehicles, and higher blends such as E-85 can only be used for flex fuel vehicles.

3.1.5 Sustainability Issues

Usually, the main goal of a BSC management is to minimize the total cost, including

capital investment cost and operational cost through all the processes. In order to

avoid the negative impacts to our environment and improve the profitable and social

impacts on our regional economy, some sustainable issues are addressed and analyzed

simultaneously in the design and operations of a BSC.

Life Cycle Assessment (LCA)

Life cycle Assessment is a relatively mature tool to assess and evaluate the environ-

mental impacts a BSC brings. There are four phases in the LCA: goal and scope

definition, life cycle inventory analysis, impact assessment, and interpretation. (1)

In the phase of goal and scope, project description, the functional unit, the system
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boundary, the impact categories are defined and stated. For the system boundary,

there are several different types include “cradle-to-grave”, “cradle-to-gate”, “gate-

to-gate”. In the study of a BSC, the system boundary is “cradle-to-gate”, which

includes the following processes: biomass cultivation, harvesting, feedstock drying

and pretreatment, through storage, transportation, conversion, to the gate of final

product distribution centers. Transportation contributes most significant GHG emis-

sion in the whole life cycle. (2) In the phase of life cycle inventory (LCI) analysis deal

with inventory flows of inputs (e.g. water, energy, raw materials) and outputs (e.g.

gas emissions, liquid, and solid wastes) for a given product throughout its life cycle.

(3) In the phase of impact assessment, the assessment of impacts on environment

is made based on the LCI flows according to some damage assessment model.These

models can then generate a unified or a series of environmental performance indi-

cators. The widely used indicators include GWP which focuses on greenhouse gas

(GHG), Eco-indicator 99 and IMPACT 2002+ which have comprehensive evaluations

on not only emissions but also land use, ecosystem health, resources use, and human

health. (4) In the final phase, the results from analysis of LCI and impact assessment

are summarized and reported.

Social Impacts

The social impacts on regional economy have a lot of perspectives, including job

creation, human rights, labor practices, work conditions, society wellness, product

responsibility, culture influences, etc. Among all these perspectives, job creation is a

commonly used indicator because other social impacts are hard to quantify. In order

to quantify the job creation number, National Renewable Energy Laboratory (NREL)

develops the Job and Economic Development Impact (JEDI) model. The model

performs an input-output multiplier analysis to do the evaluation. In the model, the

employment effects can be classified into three categories: direct effect (the immediate
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on-site effect created, such as on-site contractor and hired crews in process), indirect

effect (the employee effect created to support those direct impacts, such as an banker

who finances the contractor), and induced effect (the employee effects induced by

those people who are directly or indirectly employed by the project).

Currently, in the beginning stage, the direct employment effects related to this

projects include managers, engineers, maintenance supervisors, maintenance techni-

cians, laboratory managers, laboratory technicians, shift operators, yard employees,

and clerks and secretaries.
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3.2 GIS-Based Two-Stage Stochastic Facility Location Prob-
lem Considering Planting Plan Uncertainty

3.2.1 Introduction

Biofuels coming form biomass have been attracting people’s attention these days.

They are seen as good replacement of fossil fuels and as a result of urgent desire

to protect the environment. Biomass, resource for biofuels, encompasses plant and

animal materials such as wood from forests, crops, seaweed, materials left over from

agricultural and forestry processes, and organic industrial, human and animal wastes

[183]. Biomass is not only a good source for biofuels, but also for other bioproducts,

including biochemicals, biomaterials, and bioenergy.

The biomass we study in this work is guayule. Guayule is a woody plant which can

survive in desert condition and currently thrives in the deserts of the U.S. Southwest

and Mexico. It is a competitive source of natural rubber other than the rubber trees.

The guayule can be used to produce rubber and resin which are stored in its branches

and roots. Both rubber and resin are extracted during processing. After extraction,

the left-behind stems and branches are called bagasse, which are good source for

bioenergy and other by-products [189]. In October 2015, the creation of the first

tires made entirely of guayule rubber was announced [74]. At the same time, an

experimental farm and plant has been built in Mesa, Arizona for a closer research on

rubber and tires made from guayule. Starting in September 2017, the Sustainable

Bioeconomy for Arid Regions (SBAR) project was established. It is funded by the

USDA National Institute of Food and Agriculture (NIFA) and led by University of

Arizona. It desires to improve and optimize the production of guar and guayule crops

with engagement of growers, producers, industries and researchers. The mission of

the project is to build a sustainable bioeconomy for arid regions to improve quality

of life in rural communities and native nations [188].
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A typical biomass supply chain contains the following operational components,

harvesting and collection, storage, transportation, pretreatment, and conversion. A

biomass supply chain is different from a traditional supply chain because of some spe-

cial characteristics of biomass. Biomass is usually dispersedly distributed, seasonally

available, and with high moisture content and low bulk density, which leads to high

transportation and handling cost.

For a guayule supply chain (see Fig. 3.5), storage is not necessary. On-site storage

of the guayule biomass in the field and storage of pretreated/ densified guayule in

a depot in the plant is a common option to help save delivery and transportation

cost. Uncertainty is a great inevitable challenge when we configure and manage a
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Figure 3.5: A Guayule Supply Chain

biomass supply chain. It is ubiquitous through the whole supply chain, from supply

[137, 196], demand [18, 47, 217], price and cost [18], technology development [140] etc.

Some optimization methods are developed and applied to capture and manipulate
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the uncertainties. Stochastic programming could be taken into account when the

uncertain parameter is known and the potential scenarios are possible to define. The

mixed integer two-stage stochastic programming models are formulated in [47, 115,

203] with consideration of different uncertainty sources. Some alternatives are also

developed to capture the uncertainties lying in a biomass supply chain. Robust

optimization [27, 82] is used when the exact distribution of uncertain parameter is

unknown. Chance-constrained approach [171] is applied when there is a requirement

of a probability to meet some restriction.

Some classic and well-studied optimization models can be linked and applied to

different design or operational components of biomass supply chain in order to help

materials flow smoothly and efficiently in the network. These optimization models

include but not limited to network design problem, scheduling problem, capacity

planning problem, vehicle routing problem, and facility location problem. Facility

location problem plays a significant role in biomass supply chain management [138].

It requires large amount of investments to build facilities in the beginning, and it has

long-term influences on accessibility to biomass and other materials, and costs and

incomes.

A Geographic Information System (GIS) is a popular tool and widely used to

help decide the facility locations. Different GIS layers are included and analyzed with

respect to different aspects, such as road network for transportation, water flows and

power grid for infrastructure, census of population for labor sources, etc. After se-

lection and analysis based on different GIS layers, the suitable areas are selected as

potential locations for further investigation. Usually, all available lands which sat-

isfying pre-specified requirements are assumed to be suitable [159, 164, 223]. The

available lands are then divided into small cells and each cell is treated as a facility

candidate. A tool in ArcGIS is developed in [218] to allow users select candidates

on the map by themselves. In [231], nine biorefinery location candidates are selected
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with consideration of the following factors, county boundaries, road networks, city

and village distributions, water and co-fired power plant distribution, biomass acces-

sibility, and census. After that, these nine candidates are fed into the optimization

model in order to achieve minimal cost.

In this chapter, the goal is to find a conversion facility for processing guayule

which connects suppliers and customers in order to minimize the system cost. GIS

is integrated into an optimization model to identify potential candidates which are

used as input of optimization model. A two-stage stochastic programming model is

formulated to capture the uncertainty coming from supply. Different from uncertain

sources of supply described in literatures, including biomass quality [196], climate

change [167, 194], and crop management practice [167], we focus on planting plan of

biomass before growing the biomass. The remainder of this chapter is organized as

follows. In Section 3.2.2, the deterministic model of identifying optimal conversion

facility locations in a biomass supply chain is formulated via mixed integer program-

ming (MIP). A two-stage stochastic model is proposed with consideration of supply

uncertainty and Benders Decomposition algorithm is developed and applied to solve

the problem. In Section 3.2.4, an illustrative case study is performed in two counties

in Arizona. The goal is to find a processing plant to convert guayule, which is a small,

woody, multi-branched perennial shrub, to rubber and resin with minimal cost. GIS

analysis is performed to identify the potential candidates before implementing the

optimization model. Section 3.2.5 concludes the chapter. In addition, some future

research directions are also proposed in Section 3.2.5.
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Figure 3.6: Data Collection via GIS
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Figure 3.7: Overview of Methodology



75

3.2.2 Optimization Model and Algorithm

3.2.3 Overview of Methodology

The figure (Fig. 3.6) shows how we use GIS tool to help collect data from on-

line databases. Then, these GIS data information, together with other information

(e.g. biomass availability, productivity, and cost factors), are seemed as input to the

optimization model. For a more detailed description of our overall methodology, see

(Fig. 3.7).

Deterministic Model

Before introducing the deterministic facility location model, some parameters are

given as follows,

• ch ($/metric tonne): unit cost of harvesting and hauling of guayule

• cl($/metric tonne): unit cost of loading and unloading of guayule

• ct1 ($/metric tonne*km): unit transportation cost of guayule

• ct2,q ($/metric tonne*km): unit transportation cost of product type q

• dij (km): the distance between location i and location j

• fj ($): fixed cost of building a facility at location j ∈ J

• Y ield (metric tonne/acre): yield of guayule per acre

• Ai (acre): area of supply field i ∈ I

• Si (metric tonne): the productivity of each field i, e.g. Si = Y ield× Ai
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• Minj (metric tonne): the annual minimum capacity of the facility at location j

• Maxj (metric tonne): the annual maximum capacity of the facility at location

j

• Dq
k (metric tonne): the demand at location k ∈ K for product q per year

• p: the planned maximum number of facilities

• θq: the conversion rate from guayule (metric tonne) to product (metric tonne)

q ∈ Q

The decision variables for the deterministic model include,

• xj = {0, 1}: whether to locate a facility at location j (xj = 1) or not (xj = 0)

• capj: the capacity of facility at location j with respect to the amount of guayule

• yij ≥ 0: the commodity flow of guayule from supply i ∈ I to facility j ∈ J

• yqjk ≥ 0: the commodity flow of product q from facility j ∈ J to demand k ∈ K

The following is the full optimization model,

min
∑
j∈J

fjxj + (ch + cl)
∑
i∈I

∑
j∈J

yij + ct1
∑
i∈I

∑
j∈J

dijyij +
∑
q∈Q

∑
j∈J

∑
k∈K

ct2,qdjky
q
jk

(3.1a)

s.t.
∑
j∈J

yij ≤ Si,∀i ∈ I (3.1b)∑
i∈I

yij = capj, ∀j ∈ J (3.1c)

yij ≤Mxj,∀i ∈ I,∀j ∈ J (3.1d)

yqjk ≤Mxj,∀j ∈ J,∀k ∈ K, ∀q ∈ Q (3.1e)

Minjxj ≤ capj ≤Maxjxj,∀j ∈ J (3.1f)
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∑
i∈I

yij × θq =
∑
k∈K

yqjk,∀j ∈ J,∀q ∈ Q (3.1g)∑
j∈J

yqjk ≥ Dq
k,∀k ∈ K, ∀q ∈ Q (3.1h)∑

j∈J

xj ≤ p (3.1i)

xj ∈ {0, 1}, yij, yqjk ≥ 0, capj ≥ 0 (3.1j)

The objective function in (3.1a) is to minimize the total system cost, including the

investment cost of building the facility, the harvesting and hauling cost of guayule,

the loading and unloading cost of guayule, transportation cost of guayule from farms

to the facilities, and transportation cost of products from facilities to customers.

The cost in (3.1a) except for the term
∑

j∈J fjxj is called annual operational cost,

which describe the cost of operating in the network. Constraint (3.1b) restricts the

availability of guayule supply of each farm. Constraint (3.1c) characterizes the annual

capacity of the conversion facility with respect to the amount of guayule. Constraint

(3.1d) and (3.1e) imply that if there is no facility at location j, then there is no

commodity flow related to this location, where M is a large number. Lower bound and

upper bound of the annual capacity of a facility is shown in (3.1f). Constraint (3.1h)

indicates that the demand requirement of each customer for each type of product

should be satisfied. The total number of facilities should not exceed the planned

maximum number p is shown in constraint (3.1i).

Two-stage Stochastic MIP Model

In order to manipulate the uncertainty coming from supply, we formulate the two-

stage stochastic MIP model. In the first stage, strategic decisions of the facility

locations and capacities are made. In the second stage, based on the first stage

decisions, we make the operational decisions of commodity flows on each arc of the

network. More parameters are introduced to better understand the stochastic cases.
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We use Ω to indicate the set of all possible scenarios and ω ∈ Ω to indicate random

vectors in different scenarios. We assume that there are finite number of outcomes

with know probabilities of ω and the probability of occurrence of ω ∈ Ω is known as

p(ω). Then, we have the two-stage stochastic model as follows,

min
∑
j∈J

fjxj +
∑
ω∈Ω

p(ω)Qω(x) (3.2a)

s.t. Minjxj ≤ capj ≤Maxjxj,∀j ∈ J (3.2b)∑
j∈J

xj ≤ p (3.2c)

xj ∈ {0, 1}, capj ≥ 0 (3.2d)

For one realization of ω ∈ Ω :

Qω(x,Cap) = min(ch + cl)
∑
i∈I

∑
j∈J

y
(ω)
ij + ct1

∑
i∈I

∑
j∈J

dijy
(ω)
ij +∑

q∈Q

∑
j∈J

∑
k∈K

ct2,qdjky
q,(ω)
jk (3.2e)

s.t.
∑
j∈J

y
(ω)
ij ≤ Sωi ,∀i ∈ I (3.2f)∑

i∈I

y
(ω)
ij = capj,∀j ∈ J (3.2g)

y
(ω)
ij ≤Mxj,∀i ∈ I,∀j ∈ J (3.2h)

y
q,(ω)
jk ≤Mxj,∀j ∈ J,∀k ∈ K, ∀q ∈ Q (3.2i)∑
i∈I

y
(ω)
ij × θq =

∑
k∈K

y
q,(ω)
jk ,∀j ∈ J,∀q ∈ Q (3.2j)∑

j∈J

y
q,(ω)
jk ≥ Dq

k,∀k ∈ K, ∀q ∈ Q (3.2k)

y
(ω)
ij , y

q,(ω)
jk ≥ 0 (3.2l)

where y
(ω)
ij , y

q,(ω)
jk means the amount of material flows on arcs under realization of

ω ∈ Ω.
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Solution Methodology

The binary variable only appear in the first stage, and the second stage has only

continuous decision variables. The Qω(x,Cap) is piecewise linear and convex on its

feasible region. Thus, the ordinary Benders Decomposition algorithm can be applied

well in this problem [118]. When applying Benders Decomposition, we assume the first

stage problem as the master problem and the second stage problem as the subproblem.

The second stage problem is a linear program and there is no duality gap of this

problem.

(SP) Qω(x,Cap) = min(ch + cl)
∑
i∈I

∑
j∈J

y
(ω)
ij + ct1

∑
i∈I

∑
j∈J

dijy
(ω)
ij +∑

q∈Q

∑
j∈J

∑
k∈K

ct2,qdjky
q,(ω)
jk

s.t.
∑
j∈J

y
(ω)
ij ≤ Sωi ,∀i ∈ I (α

(ω)
i )∑

i∈I

y
(ω)
ij = capj, ∀j ∈ J (β

(ω)
j )

y
(ω)
ij ≤Mxj,∀i ∈ I,∀j ∈ J (γ

(ω)
ij )

y
q,(ω)
jk ≤Mxj,∀j ∈ J,∀k ∈ K, ∀q ∈ Q (δ

q,(ω)
jk )∑

i∈I

y
(ω)
ij × θq =

∑
k∈K

y
q,(ω)
jk ,∀j ∈ J,∀q ∈ Q (λ

q,(ω)
j )∑

j∈J

y
q,(ω)
jk ≥ Dq

k,∀k ∈ K, ∀q ∈ Q (µ
q,(ω)
k )

y
(ω)
ij , y

q,(ω)
jk ≥ 0

The dual of the second stage problem is:

(DSP) ηω(x,Cap) = max
∑
i∈I

Sωi α
(ω)
i +

∑
j∈J

capjβ
(ω)
j +

∑
i∈I

∑
j∈J

Mxjγ
(ω)
ij +∑

j∈J

∑
k∈K

∑
q∈Q

Mxjδ
q,(ω)
jk +

∑
k∈K

∑
q∈Q

Dq
kµ

q,(ω)
k
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α
(ω)
i + β

(ω)
j + γ

(ω)
ij +

∑
q∈Q

θqλ
q,(ω)
j ≤ ch + ct1dij,∀i ∈ I, j ∈ J

δ
q,(ω)
jk − λq,(ω)

j + µ
q,(ω)
k ≤ ct2,qdjk,∀j ∈ J, k ∈ K, ∀q ∈ Q

α
(ω)
i , γ

(ω)
ij , δ

q,(ω)
jk ≤ 0, β

(ω)
j , λ

q,(ω)
j urs, µ

q,(ω)
k ≥ 0

Let m ∈ Mω be the index of extreme points of the polyhedron of the feasible

region of the ηω(x,Cap). And similarly, Let n ∈ Nω be the index of extreme points of

the polyhedron of the feasible region of the ηω(x,Cap). The Benders reformulation

is:

min
∑
j∈J

fjxj + η

s.t. Minjxj ≤ capj ≤Maxjxj,∀j ∈ J∑
j∈J

xj ≤ p

η ≥
∑
ω∈Ω

p(ω)(
∑
i∈I

Sωi α
ω,m
i +

∑
j∈J

capjβ
ω,m
j +

∑
i∈I

∑
j∈J

Mxjγ
ω,m
ij +∑

j∈J

∑
k∈K

∑
q∈Q

Mxjδ
q,ω,m
jk +

∑
k∈K

∑
q∈Q

Dq
kµ

q,ω,m
k ),∀m ∈Mω

0 ≥
∑
i∈I

Sωi α
ω,n
i +

∑
j∈J

capjβ
ω,n
j +

∑
i∈I

∑
j∈J

Mxjγ
ω,n
ij +∑

j∈J

∑
k∈K

∑
q∈Q

Mxjδ
q,ω,n
jk +

∑
k∈K

∑
q∈Q

Dq
kµ

q,ω,n
k ,∀n ∈ Nω, ω ∈ Ω

xj ∈ {0, 1}, capj ≥ 0

In order to solve the reformulation, we use delayed constrained generation, which

means we add the constraints when they are violated instead of including all the

constraints at once. We solve the Benders reformulation problem with a subset of

the constraints, which refers to the relaxed master problem (RMP). And single-cut

version of Benders Decomposition is used, which means, we generate single optimality

cut in an iteration where there is no feasibility cut generated for every scenario. The

detailed steps of single-cut version of Benders Decomposition algorithm is described
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Table 3.1: Steps of Using Benders Decomposition Algorithm

Algorithm Benders Decomposition-Single-Cut Version
1: Initialization Step: Find an initial feasible solution xj(0), capj(0);

Set LB =
∑

j∈J fjxj(0) and UB =∞;

Let t = 0,Mω = ∅, Nω = ∅, and go to the main step.
2. Main Step:

2.1 Solve the (DSP) for each scenario ω
2.2 If any scenario (DSP) is unbounded, n← n+ 1,

get extreme rays and add feasilibility cut to (RMP):
0 ≥

∑
i∈I S

ω
i α

ω,n
i +

∑
j∈J capjβ

ω,n
j +

∑
i∈I

∑
j∈JMxjγ

ω,n
ij∑

j∈J
∑

k∈K
∑

q∈QMxjδ
q,ω,n
jk +

∑
k∈K

∑
q∈QD

q
kµ

q,ω,n
k

2.3 Else, m← m+ 1,
get extreme points and add optimality cut to (RMP):
η ≥

∑
ω∈Ω p(ω)(

∑
i∈I S

ω
i α

ω,m
i +

∑
j∈J capjβ

ω,m
j +

∑
i∈I

∑
j∈JMxjγ

ω,m
ij +∑

j∈J
∑

k∈K
∑

q∈QMxjδ
q,ω,m
jk +

∑
k∈K

∑
q∈QD

q
kµ

q,ω,m
k )

Set UB = fjxj(t) +
∑

ω∈Ω p(ω)obj(DSP ω)
2.4 If UB − LB ≤ ε, stop with optimal solution η(t), xj(t), Capj(t);

Else, set t← t+ 1
2.5 Solve the (RMP) by adding feasibility cuts and optimality cuts,

set LB = fjxj(t) + η(t), and go to main step

in Table 3.1.

3.2.4 Case Study

We perform the case study in two counties in Arizona: Maricopa and Pinal. The goal

of this work is to find a location in Maricopa or Pinal for processing facility which

connects the guayule supplies from Arizona with demands from customers from some

other states in US. The processing facility helps to extract rubber and resin, and

leaves bagasse on site and uses it as energy for extraction process. Locating such a

facility in Arizona is not only good for sustainable development in arid region, but

also boosts the regional economy and has good social impact.
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Find potential candidates by utilizing ArcGIS

The GIS layers we use and analyze are all collected from online databases. We collect

land cover types of Arizona and National Hydrography Dataset (NHD) from USGS

[210, 211], county boundary from US Census Bureau [208], and transportation net-

work from University of Arizona GIS & Geospatial Database [207]. The transporta-

tion distances are measured on the map as road distances within ArcGIS application.

These GIS layers are then overlaid to process and help find potential facility location

candidates.

In order to find suitable candidates, we have the following criteria:

(a) accessibility to biomass supplies, close to feasible planting fields

(b) within 2-mile straight line distance to major roads

(c) within 2-mile straight line distance to railway

(d) within 2-mile straight line distance of the pipeline/major water bodies

(e) one candidate be surrounded by at least 100,000 acres of possible farms

(f) avoid developed area (high intensity and medium intensity areas)

We perform the analysis of GIS layers in ArcGIS Desktop version 10.5.1 and find

potential candidates (see Fig. 3.8) and their locations (see Table 3.2) which satisfy

the above requirement at the same time.

From the figure, we can see there are seven candidates which can be fed into the

optimization model as input for further assessment.
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Sources: Esri, USGS, NGA, NASA, CGIAR, N Robinson, NCEAS, NLS, OS, NMA, Geodatastyrelsen, Rijkswaterstaat, GSA, Geoland, FEMA, Intermap and the GIS user community

Potential Locations
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Figure 3.8: Potential Processing Facility Location Candidates

Table 3.2: Seven Candidate Locations

No. County Latitude Longitude

1 Maricopa 33.030676 -112.6849061

2 Maricopa 33.345932 -112.6576812

3 Maricopa 33.414047 -112.4708963

4 Pinal 32.85809 -111.9724547

5 Pinal 33.004185 -112.0194343

6 Pinal 32.89963 -111.579063

7 Pinal 32.975456 -111.4807801
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Inputs of Parameters for optimization

Some other data inputs/ parameters for optimization model is summarized in Table

3.3.

Table 3.3: Inputs of Parameters for Optimization Model

Parameter Number References
harvest and haul of biomass ($/metric tonne) 37.33 [114, 202]
loading and unloading cost for biomass($/metric
tonne)

5.7 [190, 202]

biomass variable mileage cost ($/metric
tonne*km)

0.12 [190]

transportation cost for rubber and resin ($/metric
tonne)

66.14 Industry partner

conversion rate for rubber 0.06091875 industry partner
conversion rate for resin 0.060309563 industry partner
yield (metric tonnes/acre) 10 industry partner
annually minimal capacity of processing center
with respect to biomass (metric tonne)

405000 industry partner

annually maximal capacity of processing center
with respect to biomass (metric tonne)

499500 industry partner

We consider 154 farms in our study region as supplies, each of which has an

area varies from 1000 to 3000 acres. Considering the yield of guayule is 10 metric

tonne/ acre, the available amount of biomass for each farm is easy to measure. Six

of the tire manufacturing plants are included as customers which are within 24 hrs

driving distances to the processing plant. The locations of customers along with their

expected demands are summarized in Table 3.4.

Table 3.4: Customers and Demands

Location Products Demand of rubber
(Metric Tonne)

Demand of resin
(Metric Tonne)

Des Moines, Iowa Agricultural Machinery Tires 5000 5000
Russellville, Arkansas Tubes and Flaps 5000 5000
Bloomington, Illinois Off-the-road Tires 5000 5000
La Vergne, Tennessee Tires 5000 5000

Abilene, Texas Retreading Materials 3000 3000
Muscatine, Iowa Retreading Equipment 3000 3000



85

Numerical Experiments

The proposed MIP formulation and the algorithm were implemented in C++ and

using CPLEX 12.8 via ILOG Concert Technology 2.9, and all computations were

performed on a Linux machine with 4 Intel(R) Xeon(TM) CPU 3.60GHz processors

and 32GB RAM.

Since the work is in the planning stage, the area of the farm lands can be switched

from growing current crops to guayule (adoption rate) is uncertain. We assume the

final adoption rate depends on the persuasive strategy performed on farmers. Then,

if the persuasive strategy performed on each farmer is the same, the adoption rate

scenario for each farm is the same. For example, for each farm, one adoption rate

scenario could be as follows, there is 50% of probability of taking 40% as adoption

rate and 50% of probability of taking 60% as adoption rate. Also, we assume that

the investment cost fj is fixed and the same to each candidate, which leads to taking

operational cost only into account when we deal with objective function.

First we test the deterministic cases, where each farm takes the same one adoption

rate for sure with the given parameters as shown in Table 3.3 and Table 3.4. The

results for deterministic cases are shown in Table 3.5.

Table 3.5: Results for Deterministic Cases

Adoption Rate 30% 35% 40% 45% 50% 55%

Facility Location 5 5 5 5 5 5

Capacity(Metric
Tonne)

431109 431109 431109 431109 431109 431109

Cost( 107$) 2.2710 2.2624 2.2587 2.2561 2.2553 2.2551

Adoption Rate 60% 65% 70% 75% 80% 85%

Capacity(Metric
Tonne)

431109 431109 431109 431109 431109 431109

Cost( 107$) 2.2541 2.2544 2.2538 2.2535 2.253 2.2532
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Stochastic cases are tested under two cases – case 1 and case 2. For each case,

there are 13 scenarios with different probability for each scenario as shown in Table

3.6. The results for two stochastic cases are shown in Table 3.7.

Table 3.6: Stochastic Test Cases – Case 1 & Case 2

Scenario 1 2 3 4 5 6 7 8 9 10 11 12 13
Adoption rate 0.3 0.35 0.4 0.45 0.5 0.55 0.6 0.65 0.7 0.75 0.8 0.85 0.9

Case1 Probability 0.3 0.2 0.1 0.1 0.05 0.05 0.05 0.05 0.02 0.02 0.02 0.02 0.02
Case2 Probability 0.02 0.02 0.02 0.02 0.02 0.05 0.05 0.05 0.05 0.1 0.1 0.2 0.3

Table 3.7: Results for Stochastic Cases

Facility Location Capacity (Metric Tonne) Cost ( 107 $)
Case 1 5 431109 2.26154
Case 2 5 431109 2.25415

In Fig. 3.9, we could see how the operational cost varies with different cases.

From Table 3.5 and Table 3.7, we can see that even though the operational cost

changes along with different cases. The facility location and its corresponding capacity

keep the same values as Location 5 and 431109 metric tonnes. On one hand, the

capacity is not changing because the value depends on the demand. If the total

amount of required rubber demand and resin demand keep the same respectively,

then the capacity of the processing facility will not change. On the other hand,

Location 5 is always selected because it is surrounded by sufficient supplies when

the capacity falls into the range of 405000 to 499500 metric tonnes (see capacity

requirement in Table 3.3).

Expect for the experiments under the expected demands shown in Table 3.3,

sensitivity analysis on demand is also done to reveal the relationship between demand

and operational cost as well as capacity. The result is shown in Table 3.8 and Fig.

3.10.

It is intuitively understandable that both capacity and operational cost decrease
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Case 1

Case 2

Figure 3.9: Operational Cost Varies with Adoption Rate

when the demands are reduced. However, the optimal location is still Location 5

since it is the best solution when the capacity lies in the desired range from 405000

to 499500 metric tonnes.

If we relax the restriction of bounds of facility capacity and change the total

rubber demand and resin demand from 6 customers to 17000 and 17000 respectively,

the optimal location and its corresponding capacity becomes Location 2 and 281879

Table 3.8: Sensitivity Analysis to Demand under Case 1

Case Number Rubber Demand
(Metric Tonne)

Resin Demand
(Metric Tonne)

Location Capacity (Met-
ric Tonne)

Operational
Cost (107$)

1 29000 29000 5 480852 2.53751
2 29000 26000 5 476044 2.51083
3 29000 23000 5 476044 2.51083
4 26000 26000 5 431109 2.26154
5 24000 24000 5 405000 2.11668
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Case Number

Figure 3.10: Sensitivity Analysis on Demand

metric tonnes, and operational cost becomes 1.42876 × 107 $. This is because, even

though Location 2 is surrounded by less available biomass comparing to Location 5,

it is more closer to its suppliers when there are less demands required.

3.2.5 Conclusions

Conversion is a vital part in a biomass supply chain, which connects the upstream

suppliers and downstream customers. Facility location is a significant decision made

before actual operations of conversion, not only because it requires large amount

of capital investment, but also it has long-term influences on the operational costs.

In this chapter, GIS is integrated to find potential facility locations as input into a

optimization model. With consideration of planting plan uncertainty, we formulate

a two-stage stochastic MIP model and solve it by applying Benders Decomposition

algorithm. Case Study is performed in two counties of Arizona in order to find one
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optimal processing plant location for converting guayule to different products.

In this work, we assume the adoption rate depends on the persuasive strategy

only. In the future, we may introduce more uncertain sources of adoption rate, in-

cluding profits from switching from current crops to guayule and land reservation.

More uncertain sources will lead to complex analysis and generation of scenarios

and large scale problem. The solution methodology and algorithm may be modified

to accommodate the new large-scale model. Also, water supply uncertainty coming

from Center Arizona Project (CAP) and demand uncertainty could also be included

together with supply uncertainty.
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Chapter 4

Integer Optimization for Power Dominating Set

Problems

Recently, phasor measurement units (PMUs) are becoming widely used to measure

the electrical waves on a power grid to determine the health of the system. Because

of high expense for PMUs, it is important to place minimized number of PMUs

on power grids without losing the function of maintaining system observability. In

practice, with a budget limitation at each time point, the PMUs are placed in a

multistage framework spanning in a long-term period, and the proposed multistage

PMU placement problem is to find the placement strategies. Within each stage for

some time point, the PMUs should be placed to maximize the observability and the

complete observability should be ensured in the planned last stage. In Chapter 4.1,

the multistage PMU placement problem is formulated by a mixed integer program

(MIP) with consideration of the zero-injection bus property in power systems. To

improve the computational efficiency, another MIP, based on the equivalent network

flow model for the PMU placement problem, is proposed. Numerical experiments on

several test cases are performed to compare the two MIPs. This chapter is based on

our publication [199].

As a variation of minimum dominating set problem, the power dominating set

problem is proposed to achieve the complete observation of a power system by placing

the smallest number of PMUs. Under different contingencies consisting line outages

or PMU losses, the reliability of observation for each bus should be guaranteed to

ensure the security and robustness of the power system. Thus, the probabilistic power

dominating set (PPDS) problem is proposed in Chapter 4.2. Given a pre-specified
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reliability level for each bus in the power system to be observed and known distribution

of random events, an integer programming formulation, with consideration of zero-

injection property, is presented for the PPDS problem. Additionally, in Chapter

4.2, the reliable connected power dominating set problem is studied to meet two

requirements, including the connectivity of the PMU subgraph and the reliability of

the connectivity of this subgraph. Numerical experiments based on several IEEE

test cases are performed to find the best deployment of PMUs satisfying different

requirements. This chapter is based on our publication [200].

4.1 Multistage PMU Placement Problem

4.1.1 Introduction

As part of the Supervisory Control And Data Acquisition system for situational aware-

ness and wide-area monitoring of the electric power systems, a device called Phasor

Measurement Unit (PMU) measures several state variables, and multiple PMUs dis-

tributed throughout the power system can form a phasor network for collecting the

information. There were fewer than 500 research-grade PMUs installed in North

American power grid in 2009, while by March 2015, there are almost 2000 PMUs (see

[162]). The number grows fast recently because hundreds of million dollars have been

invested in PMU technology.

Because of high cost of PMUs and nonexistence of communication facilities in some

substations, it is important to minimize their number of placement without losing the

ability to monitor the entire power system. An undirected graph G = (V,E), called

a Power System Graph, is usually applied to model a power system, where the vertex

set V represents a set of buses, and an edge (vi, vj) ∈ E represents a transmission

line joining two buses vi, vj ∈ V . A PMU at a bus measures the voltage of a bus and
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the current of each line incident to this bus. These buses and lines are said to be

observed.

The optimal PMU Placement Problem (PPP) is to find the minimum number of

PMUs placed on buses such that all buses and lines can be observed. Some integer

programming (IP) approaches have been proposed for solving the PPP [11, 46, 49,

63, 69, 70, 89, 90, 133, 173, 219], while some heuristic methods, such as genetic

algorithms, Tabu search, simulated annealing, and particle swarm optimization, were

also proposed in [11, 24, 148]. Among these IP approaches, some of them (e.g., [11, 46,

49, 69, 173]) considered the contingencies such as loss of a single line or PMU, while

some of them (e.g., [11, 46, 89, 90]) included the conventional flow measurements. In

[71, 133, 173], PMUs were classified by the number of channels that they can observe.

The PPP is intuitively related to some classic combinatorial optimization problems,

such as the dominating set problem (DSP), which requires all vertices to be observed

(see [37, 134, 238]), and the vertex cover problem (VCP) which requires all edges to

be observed (see [127, 233]). However, the existence of Ohm’s law and Kirchhoff’s

current law (or zero-injection property) in power systems, distinguishes the PPP from

them. In [70, 97], the term power dominating set problem was proposed because of

the relationship between the PPP and the DSP. Besides the proof of the NP-hardness

of the PPP, the special version of this problem on graphs with structures of trees was

also studied in [97]. Thereafter, many papers have studied the power dominating set

problem on some special graphs, such as planar graphs [235], product graphs [62],

cylinders, tori, generalized Petersen graphs [28, 220], etc. For the PPP, its different

versions, such as minimizing placed PMUs and maximizing observability, are also

proved to be NP-hard [36, 97].

The PPP is to find a placement for complete observability, which means every bus

and every line are observed. However, because of the expensive cost for installation

of PMUs and budget limitation in practice, placing PMUs in a large power system
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to ensure complete observability at one time point is not realistic [209]. Therefore,

instead of complete observability at a single stage, a multistage model for PMU

placement should be proposed for an implementation schedule and the ultimate goal is

to ensure complete observability at the planned last stage. Here, a stage means a time

point. Selecting the buses to place PMUs at each stage should gradually increase the

overall observability. Therefore, for a given number of PMUs (limited by the budget)

at each stage, the objective is to maximize the observability by selecting the buses

to place PMUs. Thus, at all stages before the last stage, the system has incomplete

observability while the last stage will guarantee the complete observability. This is the

proposed Multistage PMU Placement Problem (MPPP), and there are some studies for

this problem in [12, 63, 107, 147, 175, 198, 215]. However, methods in [107, 198] were

based on greedy or random selection of buses at each stage, and were more of analytic

approaches. Thus, they cannot be extended to large graphs to ensure optimality. In

[12, 63], although IP approaches were used, none of them considered the property of

zero-injection buses, which can reduce the number of total PMUs. Even though this

property is considered in [175, 215], it lacks consideration of redundant observation

times which can help to improve the robustness of the system (see [175]), or only

approximate solutions can be achieved by a meta-heuristic algorithm (see [215]). In

summary, the exact solution approaches are not clearly studied with consideration of

the zero-injection bus property in the literature, and the computational efficiency is

always a burden for large scale power systems.

In this chapter, we solve the multistage PMU placement problem with the exact so-

lution approaches, and make the following contributions: (i) A mixed integer program

(MIP) is proposed to formulate the MPPP, with consideration of both zero-injection

bus property and maximum bus observability at each stage; (ii) The redundant ob-

servations for each bus can be achieved as a benefit of maximum observability at each

stage; (iii) To improve the computational efficiency, we extend the idea of an aug-
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mented network for solving the single-stage PPP to solve the MPPP. An equivalent

network design model for the MPPP is proposed based on the augmented network

and it utilizes the network flow structure which greatly reduce the computational

complexity.

The remainder of this chapter is organized as follows: In Section 4.1.2, the IP

formulation for PPP is reviewed after introduction of the Ohm’s law and Kirchhoff’s

current law in power systems, and then the IP formulation for MPPP is presented.

Additionally, some techniques for linearizing the nonlinear terms in the IP formula-

tions are applied. In Section 4.1.3, we introduce an augmented network flow model

for PPP with the consideration of zero-injection bus property. Based on this model,

the MPPP is equivalent to a network design problem, and the IP formulation for

MPPP is proposed. Section 4.1.4 performs the numerical experiments on several test

systems, while Section 4.1.5 concludes the chapter.

4.1.2 IP Formulations for PMU Placement Problem

Bus observability and IP formulation for PMU placement problem

As introduced in Section 4.1.1, the PPP can be viewed as a special kind of the DSP

with additional consideration of the zero-injection bus property. The DSP ensures

that each vertex is covered at least once. In the PPP, if all buses are observed, all

lines will be observed by the Ohm’s law (as explained below). Thus, if we solve the

DSP within a corresponding power system graph, the minimum number of vertices in

the dominating set of the DSP provides an upper for the minimum number of PMUs.

In some papers ([63, 89, 90, 219]), when the property of zero-injection buses are not

considered, they actually solved the DSP.

In the PSG G = (V,E) to model a power system, some parameters of this graph
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are given:

• Matrix A = (aij)|V |×|V |: neighborhood matrix. Let aij’s be values such that

aij = 1 if i = j or buses vi, vj are connected by a transmission line, and aij = 0

otherwise.

• N(vi) = {vj ∈ V |(vi, vj) ∈ E}, N [vi] = N(vi) ∪ {vi}: sets of open/closed

neighborhood of vertex vi. Let d[i] be the cardinality of closed neighborhood of

a bus vi, i.e., d[i] = |N [vi]|.

• Zero-injection buses: Zi = 1 indicates that vertex vi is a zero-injection bus and

otherwise Zi = 0. It is a transhipment node in the system, and usually it is

neither a generating unit nor a load bus. Assume index set of zero-injection

buses is Z = {i1, i2, · · · , il, · · · , iL}, where there are L = |Z| zero-injection

buses.

Different from the DSP, the power systems have the Ohm’s law and the Kirchhoff’s

current law, which can be used to reduce the number of placed PMUs. We assume the

state variable observed on bus vi is the voltage Vi, and on line (vi, vj) is the current

Iij. For a PMU placed on the bus vi, it observes the voltage Vi and all Iij’s where

vj’s are neighbors of vi.

• Ohm’s law: the current Iij through a conductor between two points is directly

proportional to the voltage Vi − Vj across the two buses vi, vj, and inversely

proportional to the resistance between them;

• Kirchhoff’s current law: at any junction node in an electrical circuit, the

sum of currents flowing into that node is equal to the sum of currents flowing

out of that node vi, i.e.,
∑

j Iij = 0. This law is applied to zero-injection buses.

In the following, when we mention the property of zero-injection buses, it is

actually the Kirchhoff’s current law.
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Based on these two physical laws, a bus vi of a PSG G = (V,E) is observed by

one of the following methods: (a) a PMU is placed on vi; (b) its adjacent bus vj is

placed with a PMU; and (c) it is one of the buses within N [vj] ((vj, vi) ∈ E) or N [vi],

while all other buses within the set are observed. Next, based on these three methods,

we construct the IP formulation for the bus observability. As pointed out above, if

all buses are observed, by Ohm’s law, all lines will be observed. Therefore, in the

IP model for PPP, the line observability will not be discussed under the situation of

complete bus observability.

Before presenting the model, we define the decision variable by a placement vector

x = (x1, · · · , x|V |)T ∈ {0, 1}|V |, where xi = 1 indicates a PMU is placed on bus vi, and

otherwise xi = 0. Let fi be the times that bus vi is observed. For the optimal PPP,

we consider complete observability that means all buses should be observed. For each

pair (i, j) with vi, vj ∈ V , we define yij ∈ {0, 1} such that yij = 1 when bus vi is a

zero-injection bus and it can provide a coverage for bus vj because of zero-injection

bus property, yij = 0 if aij = 0 or i /∈ Z (y denotes the vector consisting of yij for all

i, j). Following the IP formulation in [70], the PPP can be solved by the following

model:

[PPP] min
x,y

∑
i:vi∈V

xi (4.1a)

s.t.
∑

j:vj∈N [vi]

xj +
∑

j:vj∈N [vi]

Zjyji ≥ 1, ∀vi ∈ V (4.1b)

∑
j:vj∈N [vi]

yij = Zi,∀vi ∈ V (4.1c)

yij = 0,∀i /∈ Z (4.1d)

xi, yij ∈ {0, 1},∀vi, vj ∈ V (4.1e)

where the left-hand-side of constraints (4.1b) denotes the times fi of observability for
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bus vi,

fi =
∑

j:vj∈N [vi]

xj +
∑

j:vj∈N [vi]

Zjyji,∀vi ∈ V. (4.2)

which should be observed at least once. Comparing with the DSP, the first term∑
j:vj∈N [vi]

xj appears in both problems, and it is obtained by method (a) and (b).

However, because of the existence of zero-injection bus property, the additional term∑
j:vj∈N [vi]

Zjyji counts the possible observations. Constraints (4.1c)-(4.1d) limit that

each zero-injection bus can contribute one time of bus observability within the neigh-

borhood N [vi]. The objective (4.1a) is to minimize the number of PMUs, and its

optimal value is denoted by γp(G). Let γ(G) denote the domination number in DSP,

which provides an upper bound for the optimal PPP γp(G), i.e., γp(G) ≤ γ(G).

Multistage PMU placement model to maximize observability

For the multistage PMU placement, we are given the number of stages and the bud-

get limitation for each stage. Assume that there are T stages for PMU placement

and it ensures the complete observability at the end of last stage. For stages at

t = 1, 2, · · · , T − 1, the placed PMUs will obtain incomplete or partial observabil-

ity. At the final stage t = T , complete observability will be obtained. The budget

limits are reflected on the number of PMUs that can be installed by given numbers

n1, n2, · · · , nt, · · · , nT , and the total placed PMUs at the end of stage T to ensure

complete observability will be
∑T

t=1 n
t = γp(G). The decision variables used in the

model for the MPPP include:

• xti ∈ {0, 1}: xti = 1 if a PMU is placed on bus vi at the stage t and xti = 0

otherwise;

• ytij ∈ {0, 1}: for aij = 0 or i is not a zero-injection bus, ytij = 0 for all t =

1, 2, · · · , T ; for i ∈ Z, ytij = 1 denotes that the Kirchhoff’s current law can
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provide one time of bus observability when at least |N [vi]| − 1 buses within

N [vi] are observed at stage t, and ytij = 0 otherwise;

• zti ∈ {0, 1}: zti = 0 for all i /∈ Z, t = 1, 2, · · · , T ; for i ∈ Z, zti = 1 if the zero-

injection bus property on bus i at stage t can be applied and zti = 0 otherwise;

• f ti : the times f ti of observability for bus vi at stage t (a nonnegative integer);

• oti ∈ {0, 1}: oti = 1 if bus vi is observed at stage t and oti = 0 otherwise (it can

be decided by f ti ).

Each bus can have at most one PMU and will be placed at some time t. Therefore,

the constraints for the number of PMUs placed at each stage, and the number for

each bus can be expressed as follows, respectively:∑
i:vi∈V

xti ≤ nt,∀t = 1, 2, · · · , T (4.3)

T∑
t=1

xti ≤ 1,∀vi ∈ V (4.4)

The times f ti of observability for bus vi at stage t depends on the PMUs placed

on itself and its neighbors, and also the property of zero-injection buses within N [vi].

At stage t, the number of PMUs placed on bus vi is
∑t

t′=1 x
t′
i . Since during the

stage t(t < T ), it is incomplete observability and not all buses are observed, the zero-

injection bus property can only be used if zti = 1, which denotes that zero-injection

bus is ready to use at stage t. At the last stage t = T , all buses should be observed

at least once. These constraints can be expressed as follows:

f ti =
∑
j:vj∈V

aij(
t∑

t′=1

xt
′

j ) +
∑
j:vj∈V

aijz
t
jy
t
ji,∀vi ∈ V (4.5)

∑
j:vj∈V

aijy
t
ij = zti ,∀vi ∈ V (4.6)
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ytij = 0,∀i, j with aij = 0 or i /∈ Z, t = 1, · · · , T (4.7)

fTi ≥ 1,∀vi ∈ V (4.8)

The observability oti ∈ {0, 1} is decided by f ti : if f ti ≥ 1, oti = 1; and if f ti = 0,

oti = 0. Assume f̄ is a larger number and an upper bound for f ti . Thus, the relationship

between oti and f ti can be expressed as follows:

f ti /f̄ ≤ oti ≤ f ti (4.9)

The appropriate time t to apply the property of zero-injection bus il ∈ Z is decided

by ztil ∈ {0, 1}. If all buses except one within the set N [vil ] are observed at time t, the

only unobserved bus is also observed by Kirchhoff’s current law. If all buses within

N [vil ] are observed at time t, then the zero-injection bus property by Kirchhoff’s

current law can provide one redundant observability for some bus in N [vil ]. On the

other hand, the zero-injection bus property on bus il ∈ Z cannot be applied at time t

(i.e., ztil = 0) if and only if
∑

i∈N [vil ]
oti ≤ |N [vil ]|−2. If the zero-injection bus property

applied at time t and after its application (i.e., ztil = 1), we have
∑

i∈Nil
oti ≥ |N [vil ]|.

This statement can be expressed by{∑
j∈N [vil ]

otj ≥ ztil |N [vil ]|,
(1− ztil)

∑
j∈N [vil ]

otj ≤ (|N [vil ]| − 2),
∀il ∈ Z

According to the definition of matrix A, |N [vil ]| =
∑

j:vj∈V ailj. Therefore, we can

decide ztil by the following equivalent constraints:∑
j:vj∈V

ailjo
t
j ≥ ztil(

∑
j:vj∈V

aij),∀il ∈ Z,∀t = 1, 2, · · · , T (4.10)

(1− ztil)
∑
j:vj∈V

ailjo
t
j ≤ (

∑
j:vj∈V

aij − 2),∀il ∈ Z,∀t = 1, 2, · · · , T (4.11)

Additionally, for non zero-injection buses, zti can be decided by

zti = 0,∀i /∈ Z, t = 1, 2, · · · , T (4.12)
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The installed PMUs cannot be relocated during the next period. Thus the times of

observability at stage t, f ti satisfies f ti ≥ f t−1
i , and also oti ≥ ot−1

i , ztil ≥ zt−1
il

(once the

bus is observed ot−1
i = 1, it is always observed; once the zero-injection bus property

zt−1
il

= 1 can be used on bus il, it will have this property at next stage).

For each stage t, the total times that buses are observed are given by
∑

i:vi∈V f
t
i .

Therefore, to maximize the overall observability for all stages, the MPPP can be

formulated as follows:

[MPPP] max
x,y,z,o,f

T∑
t=1

∑
i:vi∈V

f ti (4.13)

s.t. (4.3)− (4.12)

xti, y
t
ij, z

t
j, o

t
i ∈ {0, 1},∀vi, vj ∈ V, t = 1, 2, · · · , T

This formulation takes both zero-injection bus property and redundant observa-

tion times into account. It helps to make a robust placement schedule with a minimum

number of devices. The proposed MIP (4.13) is nonlinear because of the existence of

bilinear terms ytjiz
t
j, z

t
il
otj. Since the nonlinear terms are the multiplication of two bi-

nary variables, it can be linearized by introducing utij = ztjy
t
ji, v

t
ilj

= ztilo
t
j, and adding

the following constraints

utij ≤ ztj, utij ≤ ytji, utij ≥ ztj + ytji − 1, utij ≥ 0, ∀vi, vj ∈ V (4.14)

vtilj ≤ ztil , vtilj ≤ otj, vtilj ≥ ztil + otj − 1, vtilj ≥ 0, ∀il ∈ Z, vj ∈ V (4.15)

The first two inequalities in (4.14) ensure that utij will be 0 if either ztj or ytji equals to

0. The third inequality ensures that utij will be 1 if both of ztj and ytji are 1. Therefore,

the formulation in (4.13) with additional constraints (4.14), (4.15) form an equivalent

mixed integer linear program (MILP), which can be solved by CPLEX directly.

Remark 4.1. When T = 1, this model solves the following problem: given the

number of PMUs which can ensure complete observability, finding the best placement

that can maximize the overall bus observability.
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4.1.3 Equivalent Network Design Model for PMU Placement

In this section, we first present the method to obtain an augmented graph for a PSG,

and then show how the maximum flow network design model can be used to solve

the MPPP. The augmented network design model was first proposed in [49] to solve

the single-stage PMU placement problem. Following the idea in [49], we illustrate

the augmentation by using the IEEE 14-bus PSG (see Fig. 4.2), which consists of 14

buses (bus 7 is a zero-injection bus) and 20 transmission lines.

Figure 4.1: Augmented Graph for IEEE 14-Bus System
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In its augmented graph N = (V ′, A) (see Fig. 4.1), two additional nodes are in-

troduced, including source node s and terminal node t. For each bus vi in the original

graph, there are two nodes pi and ti, two arcs (pi, ti) and (ti, t) in the augmented

graph. For each transhipment line (i, j), there are two corresponding nodes oi,j, di,j

and arcs (oi,j, di,j), (pi, oi,j), (pj, oi,j), (di,j, ti) and (di,j, tj) in the augmented graph.

If a PMU is installed on bus vj, there is an arc (s, pj) with capacity d[i] (the cardi-

nality of closed neighborhood of a bus vi) in the augmented graph. Since bus 7 is a

zero-injection bus in the original system, there is a node z7, which links to p7, and

oi,j’s where i = 7 or j = 7. In addition, if the zero-injection bus property is applied,

there exists an arc (s, z7). All the arcs in the augmented graph except for arcs (s, pi)

have one unit flow capacity.

With such construction, we can convert the PPP into a maximum flow network

design problem. If a PMU is installed on bus vi, there is a flow from s to pi. If

zero-injection bus property related to zero-injection bus vj is applied, there is a flow

from s to zj. If bus vk is observed, then there should be a flow from tk into terminal

t. If the total number of flows into terminal equals to the number of buses in the

system, we can claim that all the buses in the system are observed. For example, if

a PMU is installed at bus 1, a flow up to 3 units is sent from s to p1. A unit flow

on path s − p1 − t1 − t means bus 1 can be covered by a PMU installed on itself; a

unit flow on path s− p1 − o1,2 − d1,2 − t2 − t means bus 2 can be covered by a PMU

installed on bus 1; and similarly, a unit flow on path s− p1− o1,5−d1,5− t5− t means

bus 5 can be covered by a PMU installed on bus 1. Furthermore, by applying the

zero-injection bus property, one of the buses 4, 7, 8, 9 can be covered by a unit flow

sent from s to z7. For example, bus 8 can be observed through zero-injection bus

property by a flow on path s− z7 − o7,8 − d7,8 − t8 − t.

Solving the optimal PPP is equivalent to selecting the minimum number of pi’s

to send out flows (with capacity d[i]’s) in order to guarantee that there will be a unit
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flow from each ti to terminal t. For the MPPP, the main difference is that we cannot

choose those pi’s at one stage, we need to schedule the selection in n stages due to

the budget limits, and the complete observation can only obtained at the last stage.

Another difference is that the objective of MPPP is to maximize the flows in the

augmented graph instead of minimizing the number of selected pi’s.

For the MPPP, we have different meanings of decision variables under the maxi-

mum flow network design model:

• xti ∈ {0, 1}: xti = 1 if node pi is selected for sending out flows at stage t, and

xti = 0 otherwise;

• ztil ∈ {0, 1}: z
t
il

= 1 if node zil can be used to send out the flow at stage t, and

ztil = 0 otherwise;

• ytij: the flow on arc (i, j) at stage t.

The overall flows through the system come from two parts, including the flows on

arcs (s, pi) by selecting nodes pi (
∑T

t=1

∑n
i=1 d[i] ·

∑t
t′=1 x

t′
i ) and flows on arcs (s, zil)

(
∑T

t=1

∑
il∈Z y

t
szil

) during the whole stages for t = 1, 2, ..., T . Since we would like to

maximize the flows in the system, the objective function is as follows,

max
T∑
t=1

n∑
i=1

d[i] ·
t∑

t′=1

xt
′

i +
T∑
t=1

∑
il∈Z

ytszil
(4.16)

At each stage, there is a limitation nt for the number of selected nodes, which is,

n∑
i=1

xti ≤ nt,∀t = 1, 2, · · · , T (4.17)

For each node, it can only be selected once at some stage during the overall periods,

T∑
t=1

xti ≤ 1,∀i ∈ V (4.18)
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The following three sets of constraints show the capacity for the flow on each arc.

If node pi is selected at previous or current stage, then the flow capacity on arc (s, pi)

is d[i]. If the node zil can be used at stage t, then the capacity for flow on arc (s, zil)

is zil since zil is a binary variable and it obtains value 1 in this case. Otherwise, the

capacity of the flow on arc (s, zil) is 0. All the flows on other arcs have the capacity

1.

0 ≤ yts,pi ≤ d[i] ·
t∑

t′=1

xt
′

i , ∀i ∈ V, ∀t = 1, · · · , T (4.19)

0 ≤ yts,zil
≤ ztil ,∀t = 1, · · · , T, ∀il ∈ Z (4.20)

0 ≤ ytij ≤ 1,∀(i, j) ∈ A′ = A \ {(s, pi), (s, zil)},∀t = 1, · · · , T (4.21)

For each node in V ′ except for s and t, there is a flow balance constraint,∑
j:(i,j)∈A

ytij −
∑

j:(j,i)∈A

ytji = 0, ∀i ∈ V ′ \ {s, t}, t = 1, 2, · · · , T (4.22)

The following two sets of constraints show the requirements of using nodes zil ’s,

which have the similar meaning to (4.10) and (4.11).∑
i∈N [vil ]

yttit ≥ ztild[il],∀il ∈ Z, t = 1, 2, · · · , T (4.23)

(1− ztil)
∑

i∈N [vil ]

yttit ≤ d[il]− 2,∀il ∈ Z, t = 1, 2, · · · , T (4.24)

At last, we need to guarantee the total number of flows into terminal node t at

final stage T is equivalent to the total number of buses in the original power system

graph, which can be represented as
n∑
i=1

yTtit = |V | (4.25)

With the network design method, the MPPP problem can be formulated as a MIP

in the following:

[MPPP-ND] max
T∑
t=1

n∑
i=1

d[i] ·
t∑

t′=1

xt
′

i +
T∑
t=1

∑
il∈Z

ytszil
(4.26)
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s.t. (4.17)− (4.25)

xti ∈ {0, 1}, ztil ∈ {0, 1}, ∀vi ∈ V, il ∈ Z, t = 1, 2, · · · , T

Similarly, the bilinear term ztil
∑

i∈N [vil ]
yttit in (4.24) can be linearized by intro-

ducing util = ztil
∑

i∈N [vil ]
yttit and adding the following constraints:

util ≤Mztil , util ≤
∑

i∈N [vil ]

yttit, util ≥
∑

i∈N [vil ]

yttit − (1− ztil)M,

util ≥ 0, ∀il ∈ Z, t = 1, 2, · · · , T (4.27)

where M is an upper bound for
∑

i∈N [vil ]
yttit.

4.1.4 Numerical Experiments

The proposed IP formulations were all implemented in C++ and using CPLEX 12.3

via ILOG Concert Technology 2.9, and all computations were performed on a Linux

machine with 4 Intel(R) Xeon(TM) CPU 3.60GHz processors and 32GB RAM. Com-

putational time is reported by CPU seconds.

First, we are showing the example on IEEE 14-Bus system (see Fig. 4.2), and by

solving the PPP, there are at least 3 PMUs needed (i.e., γp(G) = 3). There is one

zero-injection bus in this system (bus 7). Assume T = 2, n1 = 1, n2 = 2. At the first

stage, if the available one PMU is placed on bus 9, bus 9 will be observed directly;

buses 4,7,10,14 will be observed by Ohm’s law; and by Kirchhoff’s current law on bus

7 (within N [v7], buses 4,7,9 are already observed), bus 8 is also observed. Thus, the

total number of observed buses at this stage is 6. Any other placement at this stage

will not have the result that 6 buses can be observed. At the 2nd stage, two other

PMUs will be placed on buses 2,6 to ensure complete bus observability and maximum

overall observability.
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Figure 4.2: PMU Placement on IEEE 14-Bus System

In Table 4.1, we test 6 systems, and the optimal solutions for models DSP, VCP

and PPP are all shown with the computational time. Normally, we have the results

that γp(G) ≤ γ(G) ≤ τ(G). All of them can be solved within 1 second.

In Table 4.2, for different values of T , we assume that the number nt of PMUs

at each stage is around γp(G)/N . Regarding different number of stages, the PMU

placement schedule is shown in this table. Different from results in [12, 63], which

did not consider zero-injection buses for multistage, here the use of zero-injection bus

property can maximize the observability at the very early stage. We present results

based on models MPPP and MPPP-ND in the table. From the result, we can see,

when it comes to a larger system with more stages, MPPP-ND is more efficient than

MPPP model.
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Table 4.1: Computational Results by Models DSP, VCP, PPP

Systems DSP VCP PPP CPU Seconds
Systems |V | |E|

∑
i Zi γ(G) τ(G) γp(G) DSP VCP PPP

IEEE 14-Bus 14 20 1 4 8 3 0 0 0
IEEE-30-Bus 30 41 6 10 16 7 0 0.01 0
IEEE-57-Bus 57 80(2) 15 17 30 11 0.01 0.01 0.01
RTS-96 73 120(12) 22 20 39 14 0.01 0.01 0.03
IEEE-118-Bus 118 186(7) 10 32 61 28 0.01 0.03 0.04
IEEE-300-Bus 300 411(2) 65 87 136 68 0.01 0.34 0.41

Note: The column |E| with () denotes the number of lines with the number of pairs
for parallel lines. The column

∑
i Zi denotes the number of zero-injection buses.

Next, we compare our results with paper [147], where optimization method was

used but constraints should be added case by case. Here, we can see that our method is

more explicit and can be extended for solving any system. For multistage PMU place-

ment, [147] only studied the IEEE-30-Bus, IEEE-57-Bus and IEEE118-Bus systems,

all of which we are comparing in Table 4.3. According to the figure for IEEE-118-Bus

system [133], the bus 33,35 are unobserved by the results in [147]. To obtain the

observability 159 (=118+41), one additional PMU should be added at bus 37.
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Table 4.2: Computational Results by the Models MPPP and MPPP-ND

Systems γp(G) T t nt Obj. Stage Obs. Placement Used 0-Bus Time (MPPP) Time (MPPP-ND)
IEEE-14-Bus 3 1 t = 1 3 16 16 (16) 2,6,9 7 0 0

2 t = 1 1 22 6(6) 9 7 0 0
t = 2 2 16 (14) 2,6 7

2 t = 1 2 27 11 (10) 2,9 7 0 0
t = 2 1 16 (14) 6 7

3 t = 1 1 33 6 (6) 9 7 0.01 0.02
t = 2 1 11 (10) 6 7
t = 3 1 16 (14) 2 7

IEEE-30-Bus 7 1 t = 1 7 42 42 (30) 2,4,10,12,15,18,27 6,9,22,25,27,28 0.01 0.05
2 t = 1 3 65 23 (21) 2,10,27 6,9,22,25,27,28 0.04 0.13

t = 2 4 42 (30) 4,12,15,18 6,9,22,25,27,28
3 t = 1 2 88 17 (16) 10,27 9,22,25,27,28 0.09 0.43

t = 2 2 29 (25) 4,12 6,9,22,25,27,28
t = 3 3 42 (30) 2,15,18 6,9,22,25,27,28

3 t = 1 2 93 17 (16) 10,27 9,22,25,27,28 0.1 0.26
t = 2 3 34 (27) 2,4,12 6,9,22,25,27,28
t = 3 2 42 (30) 15,18 6,9,22,25,27,28

4 t = 1 2 127 17 (16) 10,27 9,22,25,27,28 0.14 0.44
t = 2 2 29 (26) 2,12 6,9,22,25,27,28
t = 3 2 39 (29) 4,15 6,9,22,25,27,28
t = 4 1 42 (30) 19 6,9,22,25,27,28

IEEE-57-Bus 11 1 t = 1 11 63 63 (57) 1,6,13,19,25,29,32,38,41,51,54 all 15 used 0.02 0.15
2 t = 1 6 106 43 (40) 1,6,13,19,38,56 12 of 15 used 0.38 1.13

t = 2 5 63 (57) 25,29,32,51,54 all 15 used
3 t = 1 4 148 32 (30) 6,13,38,56 9 of 15 used 0.87 2.04

t = 2 4 53 (49) 1,19,25,32 all 15 used
t = 3 3 63 (57) 29,51,54 all 15 used

RTS-96 14 1 t = 1 14 92 92 (73) 1,9,10,16,26,27,32,34,40,50,56,57,58,64 all 22 used 0.02 0.05
2 t = 1 7 149 57 (51) 9,10,16,40,57,58,64 18 of 22 used 0.94 5.81

t = 2 7 92 (73) 1,26,27,32,34,50,56 all 22 used
3 t = 1 5 208 40 (37) 9,16,57,58,64 12 of 22 used 5.75 2.6

t = 2 5 76 (67) 10,27,34,40,49 all 22 used
t = 3 4 92 (73) 2,26,32,56 all 22 used

IEEE-118-Bus 28 1 t = 1 28 157 157 (118) 3,8,11,12,17,21,27,31,32,34,37,40,45,49,52, 10 used 0.06 0.69
56,62,72,75,77,80,85,86,90,94,102,105,110

2 t = 1 14 257 100 (85) 8,11,12,17,37,49,56,62,75,77,80,85,94,105 9 of 10 used 0.47 1.69
t = 2 14 157 (118) 3,21,27,31,32,34,40,45,52,72,86,90,102,110 10 used

3 t = 1 10 359 76 (65) 8,11,12,17,37,49,56,62,77,80 8 of 10 used 1.24 1.37
t = 2 9 126 (100) 27,32,34,40,75,85,94,105,110 9 of 10 used
t = 3 9 157 (118) 3,21,31,45,52,72,86,90,102 10 used

3 t = 1 9 353 70 (62) 8,12,17,37,49,56,62,77,80 8 of 10 used 1.47 1.76
t = 2 10 126 (100) 11,27,32,34,75,85,94,105,110 9 of 10 used
t = 3 9 157 (118) 3,21,31,45,52,72,86,90,102 10 used

IEEE-300-Bus 68 1 t = 1 68 409 409 (300) 1,2,3,11,15,17,20,22,23,25,27,37,38,43,48,49,53,55, 65 used 0.34 3.04
58,59,60,64,79,85,86,88,89,93,98,99,101,105,116,
118,119,124,132,135,141,154,157,163,167,169,177,
184,189,190,193,196,202,204,208,210,211,213,216,
217,224,228,267,268,269,270,272,274,276,294

3 t = 1 23 939 203 (174) 3,11,15,20,23,27,38,64,79,89,99,105,116,119, 48 of 66 used 133.13 19
122,177,189,190,210,216,268,270,272

t = 2 23 327 (255) 2,22,37,43,48,49,53,59,60,86,98,101 64 used
141,152,167,169,184,196,213,224,269,274,276

t = 3 22 409 (300) 1,17,25,55,58,85,88,93,118,132,135,157 65 used
163,193,202,204,208,211,217,228,267,294

5 t = 1 14 1458 141 (130) 3,27,38,64,99,105,116,119,122,190,210,216,268,270 38 of 66 used 407.59 68.07
t = 2 14 233 (198) 2,11,15,20,23,49,59,79,89,177,189,196,224,272 53 used

Continued on next page
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Table 4.2 – Continued from previous page

Systems γp(G) T t nt Obj. Stage Obs. Placement Used 0-Bus Time (MPPP) Time (MPPP-ND)
t = 3 14 307 (244) 37,43,48,53,60,86,98,101,141,152,184,213,269,276 62 used
t = 4 14 368 (275) 1,22,55,85,88,118,157,167,169,193,204,208,217,274 64 used
t = 5 12 409 (300) 17,25,58,93,132,135,163,202,211,228,267,294 65 used

8 t = 1 9 2235 98 (96) 3,27,38,64,105,122,190,216,268 30 of 65 used 1411.4 182.26
t = 2 9 171 (155) 15,23,79,99,116,119,189,210,270 44 used
t = 3 9 227 (193) 11,20,89,101,152,177,196,224,272 52 used
t = 4 9 277 (232) 2,37,43,49,53,59,141,184,276 62 used
t = 5 8 317 (252) 22,48,60,86,157,167,213,269 62 used
t = 6 8 352 (268) 55,93,98,118,169,193,217,274 64 used
t = 7 8 384 (285) 1,25,85,88,132,104,208,267 64 used
t = 8 8 409 (300) 17,58,135,163,202,211,228,296 65 used

Note: The obj. denotes the value of the objective function in the MPPP model; Stage Obs. with () denotes
∑

i f
t
i for

stage t, and number in the parenthesis is number of observed buses for that stage; Used 0-Bus denotes the buses on

which zero-injection bus property is used at that stage.
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Table 4.3: Results Comparison with [147] for Maximized Observability

Results from [147] Results from Table 4.2
Systems T t nt Bus Obs. Placement # 0-Bus Bus Obs. Placement # 0-Bus
IEEE-30-Bus 1 7 41 2,4,10,12,15,20,27 5 42 2,4,10,12,15,19,27 6
IEEE-57-Bus 1 11 61 1,4,13,20,25,29,32,38,51,54,56 13 63 1,6,13,19,25,29,32,38,41,51,54 15
IEEE-118-Bus 1 28 159(x) 2,9,11,12,17,21,27,31,32,34,40, 9 157 3,8,11,12,17,21,27,31,32,34,37, 10

45,49,52,56,62,65,72,75,77,80, 40,45,49,52,56,62,72,75,77,80,
85,87,90,94,101,105,110 85,86,90,94,102,105,110

IEEE-30-Bus 3 t = 1 2 17 10,27 5 17 10,27 5
t = 2 3 34 2,4,12 6 34 2,4,12 6
t = 3 2 42 15,20 6 42 15,19 6

IEEE-57-Bus 3 t = 1 4 27 1,4,13,38 4 32 6,13,38,56 9
t = 2 4 50 25,29,32,56 11 53 1,19,25,32 15
t = 3 3 63 20,51,54 15 63 29,51,54 15

IEEE-118-Bus 3 t = 1 9 68 12,17,49,56,65,75,77,80,85 5 70 8,12,17,37,49,56,62,77,80 8
t = 2 10 119 9,11,31,34,40,45,62,94,105,110 8 126 11,27,32,34,40,75,85,94,105,110 9
t = 3 9 151 2,21,27,32,52,72,87,90,101 9 157 3,21,31,45,52,72,86,90,102 10

Note: The Bus Obs. denotes the value of the objective function in the MPPP model; # 0-Bus denotes the number of
zero-injection buses on which the zero-injection bus property is used at that stage.
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4.1.5 Conclusions

In this chapter, we present a mixed integer programming formulations for multistage

PMU placement problem by considering maximizing bus observability and also an

equivalent maximum flow network design model during all stages. By solving the

MIP formulations, we present a multistage scheduling for PMU installations in a

long-term time period where each period has a budget limit. Additionally, since

the total number of PMUs being placed is limited by the solution of the optimal

PMU placement problem, our models achieve best placement which obtains most

measurements for observability at each stage. The equivalent network design model

shows its computational benefits. With consideration of random failures of PMUs,

buses and transmission lines, the future work includes study of robust placement of

PMUs and operations of them under different scenarios of contingencies.
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4.2 Probabilistic and Reliable Connected Power Dominating
Set Problems

4.2.1 Introduction

In order to continuously monitor the health of a power system, some measurement

devices are usually incorporated into the system. The phasor measurement unit

(PMU) is such a frequently-used device which can collect voltage phasor for each bus

and current phasor for each transmission line in the power system. By synchronized

measurement, PMUs can help to gain complete observability of a power system. Due

to the high expense of PMUs, the smallest number of them is needed to place on some

buses without loss of complete observation of the system. Following such idea, the

power dominating set (PDS) problem is proposed in [97], in which the PDS problem

is proved to be a NP-hard problem.

Given a set of elements U = {1, 2, · · · , n} (universe) and a family F of m subsets

S1, · · · , Sm, the set covering problem (SCP) is to identify the smallest number of sets

whose union contains all elements in the universe. For a given graph G = (V,E), a

dominating set is a subset of V such that every node not in the subset is connected

to at least one member of the subset by some edge. The minimum dominating set

(MDS) problem is to find a dominating set with smallest cardinality. Thus, the MDS

problem can be considered as a special case of SCP (U = V,F = {N [vi] : vi ∈ V },

where N [vi] is the closed neighborhood of vertex vi), and it is also a NP-hard problem

[78].

The PDS problem has a close relationship to MDS. A power system graph (PSG)

is usually described by an undirected graph G = (V,E), where V represents a set

of buses (vi ∈ V ) and E represents a set of transmission lines. A subset VZ ⊂ V

is usually used to describe a special set of buses, which are called zero-injection
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buses. They are those buses without generation or loading, and have some particular

property, called zero-injection bus property, as explained below. In the PDS problem,

PMUs are deployed to place on some buses (obtaining a subset D ⊆ V ) with the goal

of observing the whole power system by smallest number of PMUs. Two following

physical laws need to be included when considering PDS: (1) Ohm’s law: if bus

vi ∈ D, then vi and all its neighbors are all covered; (2) Kirchhoff’s current law

(zero-injection bus property): if vi ∈ VZ , and vi and all its neighbors (within closed

neighborhood N [vi]) except one are covered, then the only uncovered bus will be

covered automatically. If only Ohm’s law is considered, the PDS problem is equivalent

to the MDS problem. However, if both properties are considered, the necessary

number of PMUs can be reduced as a benefit of applying the zero-injection bus

property. Due to large amount of investments to PMU technology, the PDS problem

and its variations are widely studied recently, including multistage PMU placement

problem [63, 199], and multichannel PMU placement problem [71].

As studied in the literature for the SCP, the coverage relationship is not always de-

terministic, and thus the probabilistic set covering problem was proposed (see [170]).

As a special case of the SCP, the MDS problem may suffer from uncertainty, which

leads to the study of probabilistic MDS (PMDS) problem [35, 98].

In practice, it is not guaranteed that the installed PMUs and the transmission

lines always function well. The contingencies consisting of line outages or PMU losses

happen individually or simultaneously from time to time in practical power system.

Under such cases, the goal becomes achieving a robust placement scheme under con-

tingencies. The integer programming (IP) approaches are widely used when incorpo-

rating different contingency situations [1, 2, 4, 11, 12, 46, 63, 87, 143]. Most of them

try to improve the reliability of the system by adding some redundant observability

for each bus either in the constraints [1, 2, 11, 46, 63] or in the objective [4, 143].

However, either they do not consider PMU losses [1, 63], or ignore the zero-injection
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bus property [46] or complete observability [11]. Considering the reliability level of

PMUs and transmission lines are different from each other, the vulnerabilities of dif-

ferent parts of the power system are not the same. Thus, adding same amount of

redundancy may be not enough or not necessary. Considering such issue, a robust

and secure PMU placement will have further benefits. In [12, 87], the robustness is

achieved by predefined probability of observability for each bus, in case of failures in

the system. However, both of them omit the zero-injection bus property.

In this chapter, with the consideration of potential failures on transmission lines

and/or PMUs, we consider two types of reliability issues for PMU placements. The

first one is called the probabilistic power dominating set (PPDS) problem, which

ensures that each bus has a reliability level 1 − εi to be observed in case of any

failures (εi ∈ (0, 1)). The second one is called the reliable connected power dom-

inating set (RCPDS) problem, which extends the connected power dominating set

(CPDS) problem, and requires the connectivity of PMU subgraph and reliability of

the connectivity of this subgraph. The CPDS problem was proposed in [71], and the

corresponding PMU placements through the CPDS can reduce the cost of process-

ing stations and communication infrastructure related to collecting data from PMUs.

In both proposed problems, the zero-injection bus property will be included. To effi-

ciently solve them, novel reformulation techniques will be studied and new algorithms

will be designed.

The remainder of this chapter is organized as follows. The PPDS problem with

consideration of zero-injection bus property is formulated, and also reformulated as a

mixed integer program (MIP) in Section 4.2.2. In Section 4.2.3, we study the CPDS

problem with the reliability requirements. In Section 4.2.4, numerical experiments

on several IEEE test cases are performed and compared for different models. Section

4.2.5 concludes the chapter.
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4.2.2 The Probabilistic Power Dominating Set Problem

Probabilistic power dominating set problem

Given a PSG G = (V,E), we have the following information:

• A = (aij)|V |×|V |: a neighborhood matrix, where aij = 1 if i = j or bus vi and vj

are connected by a transmission line, and aij = 0 otherwise.

• N [vi]: closed neighborhood of bus vi, including bus vi and its neighbors linked

by some transmission lines, whereas N(vi) denotes the open neighborhood for

bus vi which only includes the neighbors of bus vi.

• Zi: zero-injection bus, where Zi = 1 if bus vi is a zero-injection bus, and Zi = 0

otherwise. The notation VZ ⊂ V denotes the set of all the zero-injection buses.

The decision variables for the PDS problem include

• xi: xi = 1 if a PMU is placed on bus vi, and xi = 0 otherwise.

• yij: yij = 1 if bus vi is a zero-injection bus and it can provide a one time coverage

for bus vj because of the zero-injection bus property, and yij = 0 otherwise.

In the deterministic version of the PDS problem, the following IP formulation pro-

posed in [70] is applied to ensure that each bus in the power system is observed at

least once:

[PDS] min
x,y

∑
i:vi∈V

xi (4.28a)

s.t.
∑

j:vj∈N [vi]

xj +
∑

j:vj∈N [vi]

Zjyji ≥ 1,∀vi ∈ V (4.28b)

∑
j:vj∈N [vi]

yij ≤ Zi,∀vi ∈ V (4.28c)
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yij = 0,∀vi /∈ VZ (4.28d)

xi, yij ∈ {0, 1},∀vi, vj ∈ V (4.28e)

where the objective (4.28a) is to minimize the number of PMUs. Constraints (4.28c)-

(4.28d) limit that each zero-injection bus can contribute at most one time of bus ob-

servation within the neighborhood N [vi]. The left-hand-side of (4.28b) measures the

times of observation for bus vi. Comparing with the MDS, the first term
∑

j:vj∈N [vi]
xj

appears in both problems. However, because of the existence of zero-injection bus

property, the additional term
∑

j:vj∈N [vi]
Zjyji counts the possible observations.

To better illustrate the problem, we use the IEEE 14-Bus system as an example

(see Fig. 4.3). There are 14 buses in the system, where bus 7 is a zero-injection bus.

The minimum amount of PMUs needed to ensure the complete bus observability is

3, and these PMUs can be on bus 2, bus 6, and bus 9. If a PMU is placed on bus 6,

bus 6 is observed directly, and buses 5, 11, 12, 13 are observed by Ohm’s law. The

same effects can be achieved with the placement of PMUs on bus 2 and bus 9. By

Ohm’s law, all the buses except for bus 8 can be observed. By applying Kirchhoff’s

current law on bus 7 (within N [v7], buses 4, 7, 9 are already observed), bus 8 is also

observed. Thus, 3 PMUs in total can guarantee the full observation of the system.

If there are random failures from transmission lines or PMUs, to achieve a reliable

coverage for each bus, we propose the following probabilistic power dominating set

(PPDS) problem: finding a smallest subset of V in the PSG G = (V,E) such that

each bus has a reliability level 1 − εi to be observed in case of any failures, where

εi ∈ (0, 1). To formulate this new requirement, the constraints (4.28b) can be modified

to the following chance constraints

P(
∑

j:vj∈N [vi]

xj +
∑

j:vj∈N [vi]

Zjyji ≥ 1) ≥ 1− εi,∀vi ∈ V. (4.29)

A chance constraint is difficult to deal with, and the main reason comes from the
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Figure 4.3: PMU Placement on IEEE 14-bus System

non-convexity of the feasible regions with general probability distributions. However,

in some cases, it can be convex relaxed [6] or linearized [95].

Random failures of transmission lines

If the transmission lines suffer from some randomly occurred failures and have some

probabilities to fail, the PDS problem will not be deterministic any more. Under such

situation, the variable aij becomes a random variable ãij following some distribution.

In this chapter, we assume that the transmission line encounters a random failure with

probability 1 − pij, and survives with probability pij. That is the random variable

ãij follows Bernoulli distribution with parameter P(ãij = 1) = pij (0 < pij < 1) and

P(ãij = 0) = 1 − pij, i.e., ãij ∼ Bernoulli(pij). In addition, we assume that random

variables ãij’s are independent of each other.

With the above assumptions, we have Theorem 4.1 showing the reformulation of

chance constraint (4.29).

Theorem 4.1. With random failures of transmission lines, the chance constraints
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(4.29) for the PPDS problem can be reformulated as

xi + Ziyii +
∑

j∈N(vi)

(xj + Zjyji − xjZjyji)
log(1− pij)

log εi
≥ 1, for all vi ∈ V. (4.30)

Proof. Recall the definition of entry aij in the matrix A that aij = 1 when

i = j or bus vi and vj are neighbors. Then, the chance constraint P(
∑

j:vj∈N [vi]
xj +∑

j:vj∈N [vi]
Zjyji ≥ 1) ≥ 1− εi,∀vi ∈ V becomes

P(xi +
∑

vj∈N(vi)

ãijxj + Ziyii +
∑

vj∈N(vi)

ãijZjyji ≥ 1) ≥ 1− εi, ∀vi ∈ V. (4.31)

Since xi is a decision variable in this problem and it is not determined now, there are

two cases to express the constraint considering different values of xi in the solution.

Define a subset D ⊆ V consists all of the nodes vi ∈ V where xi = 1 in the solution.

• If vi ∈ D, xi = 1, constraint (4.31) is P(1+
∑

j∈N(vi)
ãijxj+Ziyii+

∑
j∈N(vi)

ãijZjyji ≥

1) ≥ 1− εi, ∀vi ∈ D, which is always satisfied.

• If vi /∈ D, xi = 0, constraint (4.31) becomes

P(
∑

j∈N(vi)

ãijxj +
∑

j∈N(vi)

ãijZjyji + Ziyii ≥ 1) ≥ 1− εi,∀vi ∈ V \D. (4.32)

For different values of term Ziyii in the solution, the above inequality can also

be classified into two cases,

– If Ziyii = 1,P(
∑

j∈N(vi)
ãijxj+

∑
j∈N(vi)

ãijZjyji+1 ≥ 1) ≥ 1−εi is satisfied;

– If Ziyii = 0, constraint (4.32) is equivalent to

P(
∑

j∈N(vi)

ãijxj +
∑

j∈N(vi)

ãijZjyji ≥ 1) ≥ 1− εi, ∀vi ∈ V \D (4.33a)

⇔P(
∑

j∈N(vi)

ãijxj +
∑

j∈N(vi)

ãijZjyji = 0) ≤ εi, ∀vi ∈ V \D (4.33b)

⇔P(
∑

j∈N(vi)

ãij(xj + Zjyji) = 0) ≤ ε, ∀vi ∈ V \D (4.33c)
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⇔Πj∈N(vi)P(ãij(xj + Zjyji) = 0) ≤ εi, ∀vi ∈ V \D (4.33d)

⇔Πj∈N(vi)(1− pij)xj+Zjyji−xjZjyji ≤ εi, ∀vi ∈ V \D (4.33e)

⇔
∑

j∈N(vi)

(xj + Zjyji − xjZjyji) log(1− pij) ≤ log εi, ∀vi ∈ V \D (4.33f)

⇔
∑

j∈N(vi)

(xj + Zjyji − xjZjyji)
log(1− pij)

log εi
≥ 1, ∀vi ∈ V \D. (4.33g)

The inequality (4.33b) exists because the probability for event
∑

j∈N(vi)
ãijxj+

ãijZjyji ≥ 1 to be greater than or equal to 1− εi is equivalent to the prob-

ability of event
∑

j∈N(vi)
ãijxj + ãijZjyji = 0 to be less than or equal to

εi. Inequality (4.33d) follows because the probability of the summation of

ãij(xj + Zjyji)’s to be 0 equals to probability of each ãij(xj + Zjyji) to be

0. And the probability of each ãij(xj +Zjyji) to be 0 equals to the product

of each probability of ãij(xj + Zjyji) to be 0 because of the independence

of each ãij. Inequality (4.33e) follows from the technique of calculating

P(ãij(xj + Zjyji) = 0). A similar technique was used in [95]. P(ãij = 0) =

1 − pij, and both terms xj and Zjyji can select value from {0, 1}. Thus,

the value of term xj + Zjyji can be an element in the set {0, 1, 2}. When

xj +Zjyji = 0, P(ãij(xj +Zjyji) = 0) = 1 = (1−pij)0; when xj +Zjyji = 1,

P(ãij(xj + Zjyji) = 0) = 1 − pij = (1 − pij)1 = (1 − pij)1+0−0/0+1−0; when

xj +Zjyji = 2, P(ãij(xj +Zjyji) = 0) = 1−pij = (1−pij)1 = (1−pij)1+1−1.

Generalize the above three cases, we can have P(ãij(xj + Zjyji) = 0) =

(1 − pij)
xj+Zjyji−xjZjyji . Inequality (4.33f) holds by taking logarithm of

both sides of the inequality. We can obtain (4.33g) because εi ∈ (0, 1) and

log εi ∈ (−∞, 0).

Consider both cases of Ziyii = 1 and Ziyii = 0 when vi /∈ D, we can have

Ziyii +
∑

j∈N(vi)

(xj + Zjyji − xjZjyji)
log(1− pij)

log εi
≥ 1,∀vi ∈ V \D. (4.34)
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If we both take situations of vi ∈ D and vi /∈ D into account, we will get,

xi + Ziyii +
∑

j∈N(vi)

(xj + Zjyji − Zjxjyji)
log(1− pij)

log εi
≥ 1, ∀vi ∈ V.

The nonlinear term xjyji in (4.30) can be easily linearized by introducing wij =

xjyji with constraints wij ≤ xj, wij ≤ yji, wij ≥ xj + yji − 1 and wij ≥ 0.

With the objective (4.28a), constraints (4.28c), (4.28d), (4.28e) and the reformu-

lated constraints (4.30), we have the MIP formulation for the PPDS problem.

Random failures of both transmission lines and PMUs

When there are random failures from both transmission lines and PMUs, we can still

obtain the similar reformulation, which is presented in Theorem 4.2. For the random

failure of PMUs, let b̃i ∈ {0, 1} denote the random variable to indicate the failed PMU

installed on bus vi. We also assume that ãij ∼ Bernoulli(pij)(0 < pij < 1), b̃i ∼

Bernoulli(qi)(0 < qi < 1) and they are independent to each other.

Theorem 4.2. With random failures of transmission lines and PMUs, the chance

constraint (4.29) in the PPDS problem can be reformulated as

Ziyii +
∑

j∈N(vi)

log(1− pijqj)
log εi

xj(1− Zjyji) +
∑

j∈N(vi)

log(1− pij)
log εi

Zjyji

+
log(1− qi)
logεi

xi ≥ 1, for all vi ∈ V. (4.35)

Proof. The chance constraints (4.29) can be expressed as follows,

P(̃bixi +
∑

j∈N(vi)

ãij b̃jxj + Ziyii +
∑

j∈N(vi)

ãijZjyji ≥ 1) ≥ 1− εi,∀vi ∈ V (4.36)

We have two following cases including vi ∈ D and vi /∈ D, because the value of xi is

undetermined.
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• vi ∈ D, xi = 1,P(̃bi +
∑

j∈N(vi)
ãij b̃jxj + Ziyii +

∑
j∈N(vi)

ãijZjyji ≥ 1) ≥ 1 −

εi,∀vi ∈ D. For different values of Ziyii in this solution, it can be classified into

another two cases including Ziyii = 1 and Ziyii = 0.

– Ziyii = 1, xi = 1,P(̃bi +
∑

j∈N(vi)
ãij b̃jxj + 1 +

∑
j∈N(vi)

ãijZjyji ≥ 1) ≥

1− εi,∀vi ∈ D is satisfied for sure.

– Ziyii = 0, xi = 1

P(̃bi +
∑

j∈N(vi)

ãij b̃jxj +
∑

j∈N(vi)

ãijZjyji ≥ 1) ≥ 1− εi,∀vi ∈ D (4.37a)

⇔P(̃bi = 0, ãij b̃jxj = 0, ãijZjyji = 0,∀j ∈ N(vi)) ≤ εi,∀vi ∈ D (4.37b)

⇔(1− qi)Πj∈N(vi)P(ãij b̃jxj = 0 and ãijZjyji = 0) ≤ εi, ∀vi ∈ D (4.37c)

⇔(1− qi)Πj∈N(vi)(1− pijqj)xj(1−Zjyji)(1− pij)Zjyji ≤ εi,∀vi ∈ D (4.37d)

⇔
∑

j∈N(vi)

log(1− pijqj)xj(1− Zjyji) +
∑

j∈N(vi)

log(1− pij)Zjyji

+ log(1− qi) ≤ log εi, ∀vi ∈ D (4.37e)

⇔
∑

j∈N(vi)

log(1− pijqj)
log εi

xj(1− Zjyji) +
∑

j∈N(vi)

log(1− pij)
log εi

Zjyji

+
log(1− qi)

log εi
≥ 1,∀vi ∈ D (4.37f)

We can write down the chance constraint as (4.37a) when xi = 1 and

Ziyii = 0. Then, we can get (4.37b) intuitively. The inequality (4.37c)

comes from the independence of event b̃i = 0 to other events. The in-

equality (4.37d) is true because of the following analysis. To simplify the

clarification, ∀vj ∈ N(vi), let P(ãij b̃jxj = 0 and ãijZjyji = 0) = Pj, then

Pj will have the following different expressions depend on the values of xj

and Zjyji,

Pj =


1, if xj = 0, Zjyji = 0;

1− pijqj, if xj = 1, Zjyji = 0;

1− pij, if xj = 0, Zjyji = 1;

1− pij, if xj = 1, Zjyji = 1.
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When xj = 0 and Zjyji = 0, it is obvious that Pj = 1. When xj = 1, and

Zjyji = 0, Pj = P(ãij b̃j = 0). Since the product of two random Bernoulli

variables also follows a Bernoulli distribution and ãij ∼ Bernoulli(pij),

b̃j ∼ Bernoulli(qj), then ãij b̃j ∼ Bernoulli(pijqj). Thus, Pj = P(ãij b̃j =

0) = 1 − pijqj. When xj = 0 and Zjyji = 1, Pj = P(ãij = 0) = 1 − pij.

When xj = 1 and Zjyji = 1, Pj = P(ãij b̃j = 0 and ãij = 0) = P(ãij =

0) (since ãij = 0 is a subset of ãij b̃j = 0) = 1 − pij. To generalize the

above four cases of Pj, we can have Pj = (1− pijqj)xj(1−Zjyji)(1− pij)Zjyji .

The inequality (4.37e) follows by taking logarithm of both sides, while the

inequality (4.37f) follows because log εi ∈ (−∞, 0).

Considering both Ziyii = 1 and Ziyii = 0 under the case of xi = 1, we can get

Ziyii +
∑

j∈N(vi)
log(1−pijqj)

log εi
xj(1−Zjyji) +

∑
j∈N(vi)

log(1−pij)
log εi

Zjyji + log(1−qi)
logεi

≥ 1,

∀vi ∈ D.

• vi /∈ D, xi = 0, the constraint (4.36) becomes

P(
∑

j∈N(vi)

ãij b̃jxj + Ziyii +
∑

j∈N(vi)

ãijZjyji ≥ 1) ≥ 1− εi,∀vi /∈ D. (4.38)

, and two cases are shown as follows,

– Ziyii = 0, the inequality (4.38) becomes∑
j∈N(vi)

log(1− pijqj)
log εi

xj(1− Zjyji) +
∑

j∈N(vi)

log(1− pij)
log εi

Zjyji ≥ 1,∀vi /∈ D.

– Ziyii = 1,P(
∑

j∈N(vi)
ãij b̃jxj + 1 +

∑
j∈N(vi)

ãijZjyji ≥ 1) ≥ 1− εi is always

satisfied.

To sum up both Ziyii = 0 and Ziyii = 1 under the case of xi = 0, we have

Ziyii+
∑

j∈N(vi)

log(1− pijqj)
log εi

xj(1− Zjyji)+
∑

j∈N(vi)

log(1− pij)
log εi

Zjyji ≥ 1,∀vi /∈ D.
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Take both vi ∈ D and i /∈ D into consideration, we can reformulate (4.29) to the

inequality under the contingencies from both line outages and PMU losses as,

Ziyii +
∑

j∈N(vi)
log(1−pijqj)

log εi
xj(1− Zjyji) +

∑
j∈N(vi)

log(1−pij)
log εi

Zjyji + log(1−qi)
log εi

xi ≥ 1,

∀vi ∈ V.

As we did in the last subsection, wij = xjyji is also introduced to linearize the

nonlinear term xjyji in (4.35).

4.2.3 The Reliable Connected Power Dominating Set Problem

A connected dominating set (CDS) is a dominating set with the property that each

node in the subset can reach any other node in the subset by a path that stays

entirely within this subset. The CDS problem is widely studied in wireless sensor

networks [60, 213]. Similarly, a connected power dominating set (CPDS) is a power

dominating set D in a power system with the property that each bus in D can reach

any other bus in D by a path that stays entirely within D. Following the definition

of CDS reliability proposed in [98], we propose the following reliable connected power

dominating set (RCPDS) problem.

Assume ãij ∼ Bernoulli(pij) and let D be a CPDS of graph G = (V,E). For a

path P between two distinct nodes s, t ∈ D, the delivery ratio of (s, t) on this path

is DRP (s, t) = Π(i,j)∈Ppij, where (i, j) is an edge in P . The delivery ratio of (s, t)

(DR∗(s, t)) in a graph is the maximum delivery ratio among all paths, DR∗(s, t) =

max{DRP (s, t), ∀P between s and t}. Finally, the CPDS reliability (R∗D) is R∗D =

min{DR∗(s, t),∀(s, t) ∈ D, s 6= t}. The RCPDS problem is to find a minimum CPDS

D satisfying R∗D ≥ σ, where σ ∈ (0, 1] denotes the reliability level of the PMU

subgraph connectivity.
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To solve this problem, we have the following theorem.

Theorem 4.3. Given pij as the survival probability for each transmission line (i, j),

the constraint R∗D ≥ σ is equivalent to ensure that the shortest paths among all (s, t)

pairs are less than or equal to − log σ, where the length for each (i, j) is −log(pij).

Proof. The requirement of reliability is R∗D ≥ σ, which is equivalent to DR∗(s, t) ≥

σ for each pair of (s, t). Then, for any (s, t) pair, the requirements maxDRP (s, t) ≥ σ

among all paths between s and t are equivalent to min−DRP (s, t) = min−Π(i,j)∈Ppij ≤

−σ. With logarithm of both sides, we have min−
∑

(i,j)∈P log(pij) ≤ − log σ.

Given each edge (i, j) as weight − log(pij)(> 0), the problem becomes to find the

shortest path among all the paths for each (s, t) pair, which is min−
∑

(i,j)∈P log(pij),

and it should be no more than − log σ.

Remark 4.2. It is worth mentioning that the shortest path between each pair of

nodes less than or equal to− log(σ) is equivalent to the diameter d of the graph

≤ − log(σ).

In order to get a CPDS, we use the Miller-Tucker-Zemlin (MTZ) formulation

proposed in [70]. A directed graph Gd = (V ∪ {n+ 1, n+ 2}, A) based on G = (V,E)

is constructed, where A = {(n+ 1, n+ 2)} ∪ {∪ni=1{(n+ 1, i), (n+ 2, i)}} ∪E ∪E ′, by

introducing two additional nodes n+1 and n+2, adding arcs (n+1, n+2), (n+1, i),

(n+ 2, i) for every i in the original graph, and making each edge (i, j) bi-directional.
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The MTZ formulation to ensure subgraph connectivity is presented as,

∑
vi∈V fn+2,i = 1∑
vi:(i,j)∈A fij = 1,∀vj ∈ V

f(n+1,i) + fi,j ≤ 1,∀(i, j) ∈ E ∪ E′

(n+ 1)fij + ui − uj + (n− 1)fji ≤ n, ∀(i, j) ∈ E ∪ E′

(n+ 1)fij + ui − uj ≤ n, ∀(i, j) ∈ A \ (E ∪ E′)

fn+1,n+2 = 1

un+1 = 0

1 ≤ ui ≤ n+ 1, vi ∈ V ∪ {n+ 2}
xi = 1− fn+1,i,∀vi ∈ V

where fi,j ∈ {0, 1} is denoted as whether the arc (i, j) is selected to form a connected

PDS or not. By this formulation, a directed spanning tree Td = (V ∪{n+1, n+2}, Ed)

of Gd is found by using n + 2 to connect all the nodes inside the power dominating

set and using n + 1 as a root to connect n + 2 and all the nodes not in the power

dominating set. We refer [70] for more details.

Our algorithm to find the minimum CPDS to satisfy the reliability threshold σ

is shown in Table 4.4. In the algorithm, at each iteration t, we find a minimum

CPDS D(t) and check if this D(t) satisfy the reliability requirement or not by checking

whether the shortest paths of all the node pairs inside D(t) are less than or equal to

− log σ or not. If it meets the requirement, we can claim D(t) is the optimal solution;

if not, cuts
∑

vi∈D(1− xi) +
∑

vj∈V \D xj ≥ 1 and
∑

vi∈V xi ≥ obj(t) are added to the

problem for further searching.

If random failures of PMUs are taken into account, the definition of delivery ratio

of a node pair on a path can be similar. For a path P between pair s and t consisting

some nodes vi’s (with probability qi to survive) and edges (i, j)’s (with probability pij

to survive), the delivery ratio of (s, t) on this path is DRP (s, t) = Πi∈P, (i,j)∈P qipij.

The node splitting technique [8] can be applied to this problem in order to use

Dijisktra’s algorithm again. In each iteration, after obtaining the current minimum

connected power dominating set D(t) with cardinality |D(t)| and before searching
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Table 4.4: Algorithm for Minimum RCPDS

Input: A graph G = (V,E)
Output: a minimum connected power dominating set satisfying the reliability requirement
1: t← 0
2: solve the (probabilistic) connected power dominating set problem

3: obtain a minimum connected power dominating set D(t) with optimal objective obj(t)and

optimal solutions x(t), y(t), f (t)

4: for a pair of nodes (s, t) in D(t), use Dijsktra’s algorithm to find the shortest path P ∗ between
s and t, and calculate the distance −

∑
(i,j)∈P∗ log pij

5: if −
∑

(i,j)∈P∗ log pij ≤ − log σ, goto step 4 and find a distinct pair

6: else if −
∑

(i,j)∈P∗ log pij > − log σ,

7: add cut
∑
vi∈D(1− xi) +

∑
vj∈V \D xj ≥ 1 and cut

∑
vi∈V xi ≥ obj

(t)

8: goto step 2, t← t+ 1
9: end if
10: end for

11: if no cut added in 4-10, exit; x(t), y(t), f (t)are optimal

for the shortest paths between (s, t)’s in a subgraph, constructing the subgraph is

the main difference from previous subsection. When random failures come from only

transmission lines, the shortest paths are searched inside the current minimum CPDS.

However, when random failures come from both transmission lines and PMUs, the

shortest paths are searched inside a subgraph with |2D(t)| nodes. Assume that in

iteration t, the minimum CPDS consists of buses vi’s. Shortest paths are searched

on the directed graph D(t)′ . To construct graph D(t)′ , nodes vi
′’s are introduced. For

each node vi
′, there is an arc (vi

′, vi) with probability qi (the survival probability of

bus vi in the original graph) to survive. For each node vi, in the subgraph D(t), if

there is an edge between vi and vj in the current minimum CPDS, then there is an

arc from vi to vj
′ in D(t)′ with probability pij. Then our goal becomes to check the

shortest path from each vi
′ to vj in D(t)′ .

4.2.4 Numerical Experiments

The proposed IP formulations, their reformulations and the algorithm were all im-

plemented in C++ and using CPLEX 12.3 via ILOG Concert Technology 2.9, and

all computations were performed on a Linux machine with 4 Intel(R) Xeon(TM)
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CPU 3.60GHz processors and 32GB RAM. Computational time is reported in CPU

seconds.

In Fig. 4.4, we perform computation on 6 IEEE test cases (IEEE 14-Bus, IEEE

30-Bus, IEEE 57-Bus, RTS-96, IEEE 118-Bus, and IEEE 300-Bus, see [104]) with

different given reliability levels ε’s and survival probabilities of transmission lines

pij’s. The optimal objective values are shown in the figure. In Fig. 4.5, the PMU

failures with survival probability qi’s are also considered under the reliability level of

εi = 0.1. The results are quite reasonable that given the same value of εi, the optimal

objective value (the minimum required number of PMUs) becomes smaller when the

probability pij or the probability qi increases. It means that when the transmission

lines and the PMUs have higher chances to survive, the amount of necessary installed

PMUs is getting lower. On the other hand, when the probability pij or qi remains

the same, the optimal objective value increases when the value εi decreases. This

also makes sense since the requirement for each bus to be observed is getting stricter

when εi is becoming lower.

The results for RCPDS problem based on 6 test cases are shown in Table 4.6 and

4.7. During the experiments, most transmission lines and PMUs work well and have

high chance to survive (0.98) as in real world, while some of them (about 5% of the

total amount) have probability 0.5 to fail. The lines and PMUs with high failing

probabilities are randomly selected as shown in Table 4.5.

In Table 4.8, the results of different models are compared and shown. Models

PPDS, RCPDS and PPDS+RCPDS use the same line probabilities as we did for tests

in Table 4.6, that is most of the transmission lines are stable with survival probability

0.98, and some of lines have high probabilities 0.5 to fail as shown in Table 4.5. For

the models RCPDS and PPDS+RCPDS, we test them with transmission line failures

only, since with current data, some of the results would turn out to be infeasible with
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Table 4.5: Selected Lines/ PMUs with High Failure Probability for RCPDS

# failed PMUs # failed lines failed PMUs failed lines
IEEE 14-
Bus

1 1 8 (5,6)

IEEE 30-
Bus

2 2 3, 25 (6,8), (27,28)

IEEE 57-
Bus

3 4 11, 12, 40 (4,18), (12,17), (20,21), (41,56)

RTS-96 4 5 9, 32, 58, 72 (8, 10), (17, 18), (30, 34), (68, 71)
IEEE
118-Bus

6 9 7, 15, 40, 47, 88,
102

(5,11), (15,17), (23,32), (45,46),
(54, 56), (56,59), (92,100),
(110,112), (75,118)

IEEE
300-Bus

15 20 1, 21, 41, 61, 81,
101, 121, 141, 161,
181, 201, 221, 241,
261, 281

(31, 266), (270, 296), (271, 272),
(294, 300), (1, 5), (4, 16), (13, 19),
(18, 20), (23, 231), (25, 232), (40,
68), (49, 50), (52, 54), (60, 64),
(70, 71), (84, 86), (245, 99), (102,
104), (105, 106), (122, 124)

Table 4.6: RCPDS with Failures of Only Transmission Lines

σ time obj placement

IEEE 14-Bus
0.479 0.01 4 4, 5, 6, 9
0.490 0.24 6 2, 4, 6, 9, 10, 11

IEEE 30-Bus
0.447 0.09 9 2, 4, 6, 10, 12, 15, 18, 27, 28
0.457 0.13 9 2, 4, 6, 10, 12, 15, 20, 27, 28
0.851 7.95 11 2, 4, 6, 10, 12, 15, 18, 23, 24, 25, 27

IEEE 57-Bus
0.407 10.45 24 1, 6, 7, 8, 9, 10, 11, 13, 15, 20, 21, 22, 23, 24, 25, 29, 30, 31,

32, 38, 41, 49, 52, 53
0.417 19.25 24 1, 6, 7, 8, 9, 10, 11, 13, 15, 20, 21, 22, 23, 24, 25, 29, 30, 31,

32, 38, 41, 49, 54, 55

RTS-96
0.708 >3000 28 2, 6, 10, 11, 13, 14, 15, 16, 21, 25, 26, 27, 32, 33, 39, 40, 48,

50, 54, 56, 57, 58, 59, 61, 62, 64, 71, 73
0.721 >3000 28 2, 6, 10, 11, 13, 14, 15, 16, 21, 25, 26, 27, 32, 33, 39, 40, 48,

53, 54, 56, 57, 58, 59, 61, 62, 64, 71, 73

IEEE 118-Bus
0.347 40.85 39 3, 5, 8, 12, 14, 15, 19, 20, 23, 24, 27, 28, 32, 34, 37, 40, 42,

45, 49, 50, 51, 54, 62, 66, 69, 70, 75, 77, 80, 85, 86, 89, 92,
94, 99, 100, 103, 105, 110

0.355 48.35 39 3, 5, 8, 12, 14, 15, 19, 22, 23, 24, 27, 31, 32, 34, 37, 40, 42,
45, 49, 50, 51, 54, 59, 66, 69, 70, 75, 77, 80, 85, 86, 89, 92,
94, 98, 100, 103, 105, 110

IEEE 300-Bus
0.126 >3000 112 1, 2, 3, 8, 11, 14, 15, 17, 18, 20, 22, 23, 24, 25, 31, 32, 37,

38, 41, 43, 47, 48, 49, 53, 54, 55, 56, 58, 59, 60, 61, 64, 66,
79, 81, 83, 84, 85, 88, 89, 92, 93, 94, 98, 99, 100, 101, 105,
106, 107, 112, 113, 116, 118, 119, 121, 122, 123, 132, 134,
135, 136, 140, 141, 142, 143, 154, 157, 158, 160, 161, 163,
169, 175, 177, 179, 185, 186, 189, 190, 191, 193, 194, 195,
196, 198, 199, 203, 204, 205, 208, 210, 211, 213, 216, 217,
221, 224, 227, 228, 266, 267, 268, 269, 270, 271, 272, 273,
274, 276, 291, 294

0.129 >3000 120 1, 2, 3, 8, 11, 14, 15, 17, 18, 20, 22, 23, 24, 25, 31, 32, 37,
38, 39, 43, 47, 48, 49, 53, 54, 55, 56, 58, 59, 60, 61, 62, 64,
74, 76, 79, 81, 83, 84, 85, 88, 89, 93, 94, 98, 99, 100, 101,
104, 105, 106, 108, 109, 113, 116, 118, 119, 121, 122, 123,
124, 129, 132, 134, 135, 140, 141, 142, 143, 154, 155, 159,
161, 163, 167, 169, 172, 174, 175, 177, 179, 183, 184, 185,
186, 189, 190, 191, 193, 194, 198, 199, 203, 204, 205, 207,
208, 210, 211, 213, 214, 216, 217, 221, 224, 226, 227, 228,
266, 267, 268, 269, 270, 271, 272, 273, 274, 276, 291, 294
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Table 4.7: RCPDS with Failures of Both Transmission Lines and PMUs

σ time obj placement

IEEE 14-Bus
0.437 0.01 4 4, 5, 6, 9
0.447 0.32 6 2, 4, 6, 9, 10, 11

IEEE 30-Bus
0.390 0.1 9 2, 4, 6, 10, 12, 15, 18, 27, 28
0.407 0.09 9 2, 4, 6, 10, 12, 15, 20, 27, 28

IEEE 57-Bus
0.191 10.49 24 1, 6, 7, 8, 9, 10, 11, 13, 15, 20, 21, 22, 23, 24, 25, 29, 30, 31,

32, 38, 41, 49, 52, 53
0.195 18.02 24 3, 4, 7, 8, 9, 11, 12, 13, 15, 18, 22, 23, 24, 25, 29, 30, 31, 32,

38, 41, 49, 50, 52, 55

RTS-96
0.251 >3000 28 2, 6, 10, 11, 13, 14, 15, 16, 21, 25, 26, 27, 32, 33, 39, 40, 48,

50, 54, 56, 57, 58, 59, 61, 62, 64, 71, 73
0.257 >3000 28 1, 2, 5, 10, 11, 13, 14, 16, 25, 27, 32, 33, 34, 36, 39, 40, 47,

48, 49, 50, 52, 56, 57, 59, 62, 64, 65, 66

IEEE 118-Bus
0.123 40.86 39 3, 5, 8, 12, 14, 15, 19, 20, 23, 24, 27, 28, 32, 34, 37, 40, 42,

45, 49, 50, 51, 54, 62, 66, 69, 70, 75, 77, 80, 85, 86, 89, 92,
94, 99, 100, 103, 105, 110

0.126 41.36 39 3, 5, 8, 12, 14, 15, 19, 20, 23, 24, 27, 31, 32, 34, 37, 40, 42,
45, 49, 51, 54, 56, 62, 66, 69, 70, 75, 77, 80, 85, 86, 89, 92,
94, 96, 100, 103, 105, 110

IEEE 300-Bus
0.0051 >3000 112 1, 2, 3, 8, 11, 14, 15, 17, 18, 20, 22, 23, 24, 25, 31, 32, 37,

38, 41, 43, 47, 48, 49, 53, 54, 55, 56, 58, 59, 60, 61, 64, 66,
79, 81, 83, 84, 85, 88, 89, 92, 93, 94, 98, 99, 100, 101, 105,
106, 107, 112, 113, 116, 118, 119, 121, 122, 123, 132, 134,
135, 136, 140, 141, 142, 143, 154, 157, 158, 160, 161, 163,
169, 175, 177, 179, 185, 186, 189, 190, 191, 193, 194, 195,
196, 198, 199, 203, 204, 205, 208, 210, 211, 213, 216, 217,
221, 224, 227, 228, 266, 267, 268, 269, 270, 271, 272, 273,
274, 276, 291, 294

0.0052 >3000 115 1, 2, 3, 8, 11, 14, 15, 17, 18, 20, 22, 23, 24, 25, 31, 32, 37,
38, 43, 47, 48, 49, 53, 54, 55, 56, 58, 59, 60, 64, 67, 74, 76,
79, 81, 83, 84, 85, 88, 89, 93, 94, 98, 99, 100, 101, 104, 105,
106, 107, 112, 113, 116, 118, 119, 121, 122, 123, 124, 132,
134, 135, 140, 141, 142, 143, 154, 155, 158, 160, 161, 163,
169, 172, 174, 175, 177, 179, 184, 185, 186, 189, 190, 191,
193, 196, 198, 199, 203, 204, 205, 207, 208, 210, 211, 213,
216, 217, 221, 224, 226, 227, 228, 266, 267, 268, 269, 270,
271, 272, 273, 274, 276, 291, 294
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both transmission line and PMU failures. RCPDS and PPDS+RCPDS are tested

based on the same thresholds σ’s, which are 0.490, 0.479, 0.380, 0.501, 0.200 and 0.01

for IEEE 14-Bus, IEEE 30-Bus, IEEE 57-Bus, RTS-96, IEEE 118-Bus and IEEE

300-Bus systems respectively. For models PPDS and PPDS+RCPDS, 0.02 is selected

as ε’s to make reliability level as 0.98. From this table, under the same contingency

situation, PPDS+RCPDS needs the most number of PMUs to be installed since it

needs to meet the requirements come from two parts, including the reliability of

covering each bus in the system and the reliability for the resulted subgraph to be

connected. In general, the objective (the needed PMUs to be installed) for each

system reduces in the order of PPDS+RCPDS, RCPDS, CPDS, PPDS and PDS,

which is basically the reducing order of requirements.

Table 4.8: Comparison of Objectives with Different Models

PDS CPDS PPDS RCPDS PPDS&RCPDS
IEEE 14-Bus 3 4 3 6 6
IEEE 30-Bus 7 9 7 9 11
IEEE 57-Bus 11 24 11 24 26
RTS-96 14 28 14 28 29
IEEE 118-Bus 28 39 31 39 41
IEEE 300-Bus 68 112 72 112 120

4.2.5 Conclusions

In this chapter, with consideration of random failures of transmission lines or PMUs

in a power system, we present two problems: one considering reliability of coverage

of each bus, the other considering reliability of connectivity of the PMU subgraph. In

order to solve the IP formulations of these problems, some reformulation techniques

are applied and some algorithms are designed. Additionally, the two problems can

be combined to meet the reliability requirement from both coverage and connectivity

sides. For some similar combinatorial optimization problems, such as sensor place-

ment and coloring problems, the proposed approaches can be generalized to consider

the uncertainty of edges in a random graph.
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Chapter 5

Conclusions and Future Work

In this dissertation, we mainly study integer optimization (IO) and its applications

in biomass supply chain and power dominating set problems. The mathematical pro-

gramming approach we used in the dissertation includes, integer programming, linear

programming, mixed integer programming, chance-constrained integer programming,

stochastic programming, etc. Moreover, decomposition algorithms, self-designed al-

gorithms, and linearization methods are used for solving these formulations. For

IO applied in biomass supply chain, we first study how to configure and manage a

biomass supply chain from a broad perspective. A detailed literature review on op-

timization methods and models in biomass supply chain is presented. Moreover, a

facility location problem integrating GIS and optimization method is studied and an

illustrative case study finds a conversion facility location for guayule in two counties

of Arizona is presented. For IO applied in power dominating set problems, we study

it in two directions. First, we study the PMU placement problem in a multistage

manner due to the budget limit at each stage. Second, we consider the unexpected

failures occur in a power system, including failures on transmission lines and PMUs

in order to build a reliable and robust network.

For future research, there are several directions that can be extended based on

the work of this dissertation.

• The biorefinery facility location problem can be studied by considering more

realistic issues, such as the influences from Central Arizona Project (CAP) and

detailed investigations on planting plans from farmers’ perspectives. Moreover,

the dynamic strategic decisions, such as facility expansion and opening new facil-
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ities, will be made over time. Additionally, optimization models and algorithms

can be studied for long-term (strategic), mid-term (tactic), and short-term (op-

erational) decisions, as listed in Chapter 3.1.

• More efficient decomposition methods can be developed in the future to solve the

large-scale stochastic programming problem when more scenarios are included.

• For the applications in power dominating set problems, more different scenarios

of contingencies should be considered. Currently, we assume all the occurred

failures in a power system are independent to each other. In the future, the

interdependence and impacts of difference contingencies can be considered in

the model in order to obtain a robust placement and operations of PMUs.
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