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ABSTRACT

This dissertation covers contributions to the fields of optical design and optical

testing using freeform optics applied to astronomical optics. A science goal based

motivation for why these technologies are important to develop in the context of the

next generation of astronomical optics is presented in Chapter 2. This is followed by

a summary of the work on a method to guide the selection of freeform surfaces in an

optical design, given in Chapter 3 and in detail in Appendix A. Freeform surfaces are

again leveraged in a unique manner by applying them to dynamic optical configura-

tions, summarized in Chapter 4 and in detail in Appendix B. Chapter 5 summarizes

the contribution of an instantaneous phase shifting deflectometry method that lever-

ages color multiplexing and Fourier transform based analysis to the field of freeform

and dynamic optical testing, which is given in further detail in Appendix C. This

methodology is applied to the dynamic calibration of a deformable mirror surface,

summarized in Chapter 6 and in detail in Appendix D. The key results from each

of the contributions to the two fields metrology and design of freeform optics are

presented in the summary chapters, with further connections to the broader context

of freeform surfaces and dynamic metrology applied to astronomical optics.
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Chapter 1

Introduction

Optical design, fabrication, and testing are three foundational pillars in the creation

of any optical system [6]. An optical system’s design is driven by its application’s

requirements, which often times necessitates innovations in these three major ar-

eas. This dissertation describes advancements and contributions to two of these

major topics: design and testing, within the context of freeform or dynamic surfaces

primarily applied to astronomical optical systems. The following sections provide

context and background information on the areas that this dissertation addresses.

1.1 Astronomical Optics

Ground and space based astronomy provide data and measurements to further our

understanding of the Universe in which we live. These measurements span solar

science, exoplanet detection, dark matter, black holes, first light, and many more

fundamental aspects of our existence. To enable these types of measurements, novel

optical system technologies are required to support the design, fabrication, and test-

ing of the systems. Some current projects in this realm include the James Webb

Space Telescope (JWST) [57], the Extremely Large Telescope (ELT) [22], the Giant

Magellan Telescope (GMT) [28], the Thirty Meter Telescope (TMT) [85], the Large

Synoptic Survey Telescope (LSST) [45], the Wide Field Infrared Survey Telescope

(WFIRST) [58], while many more are in their proposal stage. Astronomical op-

tics are an active and diverse field in the community, requiring collaboration from

many disciplines to realize the awe-inspiring science goals set forth by their guiding

committee.

Astronomical optics are unique because they are driven by the potential scientific

discoveries that they enable, and not a consumer product or application. Typically
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this means that their technologies are one of a kind, which often requires cutting

edge processes to be developed for that specific mission. Therefore, understanding

the driving science requirements for the optics is key to the context in which the

technologies are developed. By seeing how each process technology satisfies one of

the top-level requirements from a mission, we can understand why certain aspects

of the technology are exciting and important contributions. Chapter 2 describes the

next generation of astronomical telescope science goals and their implications for

the supporting technologies. The identified science goals are used to motivate the

work presented in this dissertation on freeform surface design methodologies and

metrology.

1.2 Freeform Surfaces

Freeform optical surfaces have been used to significantly improve the optical per-

formance of systems across a wide variety of applications [83]. Typically, they

yield benefits in terms of field of view (FOV), system compactness, or imaging per-

formance [8, 26, 100]. Their functional definition is also an area of considerable

research, where many new polynomial basis sets have been developed. Along with

surface description, theories to determine the aberration contribution of the freeform

surfaces have been researched [3, 25, 82]. Another active area of research is in the

overall design form of freeform optical systems, where traditional rotationally sym-

metric concepts break down. Some of these methods utilize nodal aberration theory

to guide the process [7, 99], while others rely on numerical optimization methods

to guide the selection process [44, 96, 97]. Chapter 3 describes a further method

to help utilize freeform optics to their full potential by providing a parametric fit-

ness function to evaluate their usage in a design. Chapter 4 describes a manner of

benefiting from the freedom of freeform surfaces not traditionally mentioned; their

use in dynamic optical configurations. The utility of freeform optical surfaces in the

context of future astronomical optical systems is considerable. Whether for mass

saving due to a reduced number of surfaces, or increased optical performance, they
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will be leveraged. However, as previously stated, the other pillars of fabrication and

testing must also grow to accommodate this new structure.

1.3 Deflectometry

One of the three pillars of producing an optical system is the metrology of that sys-

tem. The old adage of, “If you can’t measure it, you can’t make it” is as true as ever,

especially when dealing with freeform or dynamic surfaces. To enable these types of

surfaces, which are being used in the optical designs of future optical systems, the

testing methods to guide fabrication and verify that the correct surface/component

was produced also need development. One key technology that has enabled the

production of the LSST primary/tertiary mirror and the GMT mirror segments is

deflectometry [80, 81]. Deflectometry is based on a reverse Hartmann test, where a

camera and a screen are used to measure the local surface slopes with high preci-

sion. Deflectometry is a non-null metrology technique with a large dynamic range,

which enables accurate measurements of freeform optical surfaces, or surfaces that

are in-process during fabrication.

At its core, a deflectometry system consists of a unit under test (UUT), a camera

to record images of the UUT, and a light source to illuminate the UUT. The camera

is placed adjacent to the light source (typically a computer controlled screen) such

that the source is seen in reflection from the UUT. Additionally, the camera is

focused on the UUT to obtain detailed spatial information about the surface, which

implies that the screen is out of focus. The light source is modulated (spatially

and/or temporally) to provide information to the camera about the local slope of

points on the UUT. The slope measurement is enabled by asserting the law of

reflection corresponding to a point on the source reflected off the UUT and into the

entrance pupil of the camera.

The fundamental slope measurement of deflectometry relies on a triangulation

calculation, associating one camera detector pixel with a point on the unit under

test (UUT) and screen point, shown schematically in Fig 1.1. Multiple methods ex-
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ist to gather the information required to make this mapping, such as line-scanning,

binary patterns, and phase shifting [13]. Chapter 5 describes a novel contribution

to the field of deflectometry, enabling instantaneous phase shifting measurements.

Chapter 6 builds upon the instantaneous metrology capabilities to demonstrate how

they can be applied to the case of calibrating a dynamic optical surface, such as a

deformable mirror. Depending on the type of implementation used, different noise

characteristics and systematics exist, which need to be evaluated for the particular

measurement configuration. However, once the set of points is collected, a triangu-

lation based approach, described in many different formats in the literature [65], is

used to obtain the local slope (wx,y) of the UUT,

du2s =

√
(xu − xs)

2 + (yu − ys)
2 + (zu − zs)

2, (1.1)

du2c =

√
(xu − xc)

2 + (yu − yc)
2 + (zu − zc)

2, (1.2)

wx =

(
xu − xs
du2s

+
xu − xc
du2c

)/(
zs − zu
du2s

+
zc − zu
du2c

)
, (1.3)

wy =

(
yu − ys
du2s

+
yu − yc
du2c

)/(
zs − zu
du2s

+
zc − zu
du2c

)
, (1.4)

where xu,s,c, yu,s,c, and zu,s,c, are the Cartesian coordinates of the UUT point, screen

point, and camera point, respectively, and du2s and du2c are the 3D distances from

the point on the UUT to the screen point and the camera point, respectively. Note

that in order to use this exact definition of the triangulation formula, the absolute

z coordinate of the point on the UUT must be known a priori, i.e. the quantity

that is ultimately sought (zu) should be known before a measurement is made in

order to determine its value. Unfortunately, this circular logic is at the heart of the

deflectometry measurement, but luckily very good approximations to these exact

equations exist. The most general approximation is when a functional definition

of the UUT is given that should be compared against the physical UUT, in which

case the functional values are used for zu. A more simplistic case assumes that the

slope values are just measured on a plane [80]. No matter what assumptions are

made when calculating the local slopes, generally the surface height, or sag, at that

coordinate not the slope is desired. Therefore, the local slopes are integrated using
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UUT

Camera

Screen

Figure 1.1: Geometry schematic of the three coordinates needed to form a trian-
gulation and thereby calculate the local slope of the Unit Under Test (UUT). The
path of the light is shown in reverse compared to the propagation in order to help
visualize which points on the camera detector correspond to which UUT and screen
points.

any number of integration methods, typically either zonal [70] or modal [1].
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Chapter 2

Enabling Technologies for the Next Generation of Astronomical Telescopes

This chapter is a summary and partial reproduction of the material found in Optics

technology for large aperture space telescopes: From fabrication to final acceptance

tests, by I. Trumper et. al [90]. Ground and space optical systems are key to further-

ing our fundamental understanding of the universe in which we live. They provide

measurements of phenomenon across space and time, allowing us to probe the most

exciting astrophysics questions of our time through the electromagnetic spectrum.

Optical measurements have identified planets orbiting distant stars, many of which

reside in the habitable zone of their parent star. The age, size, and shape of the

universe are examined with astronomical optics, which allows us to draw conclusions

about the past and future trajectory of its existence. In the National Academy 2010

Decadal Report, New Worlds, New Horizons [56], the National Research Council

(NRC) identified three priority science objectives for the coming decade: Cosmic

Dawn: Searching for the First Stars, Galaxies, and Black Holes; New Worlds: Seek-

ing Nearby, Habitable Planets; and Physics of the Universe: Understanding Sci-

entific Principles. The European Space Agency (ESA) has defined five topics of

interest for future space missions: The Hot and Energetic Universe, Planets and

Life, The Solar System, Fundamental Laws, and The Universe [23]. In 2020 the

National Academy is expected to review four potential missions (Habitable Exo-

planet Imaging Mission (HabEx) [52], Large Ultraviolet/Optical/Infrared Surveyor

(LUVOIR) [16], Origins Space Telescope (OST) [15] and Lynx X-ray Surveyor [27])

and recommend the National Aeronautics and Space Administration’s (NASA) next

large mission to advance our knowledge and understanding of NASAs most com-

pelling science questions. As discussed in this chapter, all of these potential missions

require significant advances in optical surface fabrication and test technology due

to their driving requirements set by the science goals. A summary of these driving
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requirements is given in the following sections to place the work presented in this

dissertation in the larger context of astronomical optics.

2.1 UV/Optical/IR Science

Astronomical science observations are often made across the Ultraviolet (UV), Op-

tical (visible), and Infrared (IR) spectrum. This wavelength regime is host to

awe-inspiring science that is possible only through its own class of telescopes. As

part of the New Worlds, New Horizons [56] document produced by the National

Research Council (NRC), science goals for the coming decade necessitate many

UV/Optical/IR (UVOIR) measurements. Scientific research in areas that will bene-

fit from advances in these space telescopes are: the search for the first stars, galaxies,

and black holes in the universe, seeking exoplanets in the habitable zone of their

parent star, and further understanding our own solar system. UVOIR astronomy

will provide insight into questions of the nature, “When and how did the first galax-

ies and stars form? How did the first galaxies form quasars? What other worlds

exist in the universe that could harbor life? What are the conditions of the various

moons and planets within our solar system?” Through answering these questions,

we will answer some of the most fundamental questions surrounding our existence.

The discoveries made by the next generation of space optics in the UVOIR will

inspire the world and create common bonds between all humanity by placing our

Earth in the context of the Universe.

A top level flow down of the technology requirements for the next generation of

UVOIR telescopes is given in Table 2.1. The aperture of the telescope is driven by

light collection, angular resolution, and planet detection efficiency in searching for

exoplanets in the Habitable Zone (HZ) around stars.

Aperture size of the telescope impacts the efficiency of exoplanet detection in

the HZ, where the number of detections scales as D2, where D is the diameter of

the telescope aperture [12, 77, 78]. This yield is influenced by several astrophysical

assumptions about the nature of the exoplanets: assumed size and optical properties
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Table 2.1: Overview of the UVOIR space optics technology needs to meet
the science goals of the next decade [5, 10, 11, 62, 63, 72–74, 92]. Each pa-
rameter is chosen by the specific science goals of the instrument system.
Acronyms: Root-Mean-Square (RMS), Wavefront Error (WFE), Ultra-
violet/Optical/Infrared (UVOIR), Point Spread Function (PSF), Space
Launch System (SLS).

Specification Requirement Justification

Primary Aperture ≥ 8 m
Resolution, Sensitivity,

Exoplanet Yield

Wavefront Error 35 nm RMS WFE
Diffraction limited

at 500 nm

Wavefront Stability 0.01 nm RMS over 10 min Exposure Time

Angular Resolution 2.74 milliarcsec/pixel Cosmic Origins (UV)

Pointing Stability ∼ 1 milliarcsec Starlight Suppression

Stray Light
Zodiacal dust emission

limited between 0.4 – 1.8 µm
Spectroscopy SNR

Total Figure Error 8 nm RMS Symmetric PSF

Contrast 10−10
Starlight Suppression

in Coronagraph

Inner Working Angle < 2λ/D Internal Coronagraph

Outer Working Angle > 20 – 30λ/D Internal Coronagraph

Starshade Positioning ≤ 20 cm Starlight Suppression

Areal Density (kg/m2)

≤ 50

≤ 100

≤ 300

≤ 600

Delta IVH

Falcon 9H

SLS Block 1

SLS Block 2

Telescope Temperature 273 – 293 K Thermal Stability
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(albedo, atmospheric composition, etc.) of the exoplanet, the exozodiacal dust cloud

surface brightness [40], and the number of exoplanets per star [78]. Given that

few to no observations of these parameters for exoplanets have been made, much

is based on data from Earth [77]. To directly detect an exoplanet, the angular

resolution of the telescope (determined by the aperture size) should be better than

0.5 times the angular radius of the HZ, which at a distance of 10 pc can range

from 2.2 to 566 milliarcsec [74]. The required diameter of telescope to achieve

this angular resolution is evaluated at 760 nm because this wavelength is a key

biomarker for life (molecular oxygen). Furthermore, sensitivity in the range from

500 – 800 nm is critical for determining the strongest markers of life as we know

it on Earth [43]. The aperture size of the telescope also sets the collection area,

or required observation time, to achieve a specific signal-to-noise-ratio (SNR). To

confidently detect exoplanets an SNR = 10 with a spectral resolution R = 70 is

desirable. These driving and competing science goals of exoplanet detection leads

to an aperture specification of greater than 8 meters [11]. As the aperture diameter

increases, the exoplanet yield and angular resolution increase, which creates an

incentive for larger aperture space telescopes.

To answer the questions posed by the scientific community, we must continue to

develop new optics technology that will enable the space optics to make astronom-

ical measurements. The requirements on the next generation of UVOIR telescope

surface errors are summarized in Table 2.2. Key to producing these surface specifi-

cations are the testing technologies used during fabrication (in-process metrology)

and at acceptance. The general astrophysics goals of Cosmic Dawn and Physics

of the Universe: to find the first stars, galaxies, and black holes, requires diffrac-

tion limited performance with a symmetric Point Spread Function (PSF) in the

visible spectrum, which generally drives the low-spatial frequency surface specifica-

tions [74]. Here we define the widely used and often ambiguous term ‘diffraction

limited’ as meaning a Strehl ratio greater than 80%, where the Strehl ratio is the

ratio between the illumination at the center of an aberrated point image to an aber-

ration free point image (e.g., Airy pattern [2]). Low-to-mid spatial frequency errors
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(traditional aberrations) move energy from the core of the PSF to the outer rings,

reducing the Strehl ratio and degrading image quality [31]. Furthermore, stability

of the PSF over multiple measurements is critical for the general astrophysics as-

tronomy science in the UVOIR spectrum [9, 33, 64]. The New Worlds objective: to

identify exoplanets, often necessitates smooth surfaces to suppress scattering, which

sets the mid-to-high-spatial frequency surface requirements. Errors in this spatial

frequency regime push energy from the core of the PSF into the tails of the distribu-

tion. This destroys the desired contrast when performing exoplanet detection and

characterization. The surface specification for the future UVOIR telescopes is based

on a -2.25 Power Spectral Density (PSD) slope, leading to a total surface error of

8 nm RMS, which is broken down into specific spatial frequency regimes. For the

low order errors, < 4 cycles per aperture (cpa), 5.5 nm RMS is needed, at 4 to 60 cpa

(mid-spatial) 5 nm RMS, in the high-spatial regime (60 cpa to 100 µm/cyc) 1.5 nm

RMS, and a roughness (< 100 µm/cyc) of ∼ 0.5 nm RMS is specified [11, 74].

Table 2.2: Overview of the spatial frequency surface specifications for pro-
posed UVOIR primary mirrors that will meet the science requirements
of the next generation space optics. The specifications were based on a
-2.25 PSD slope [11, 74]. Acronyms: cycles per aperture (cpa), Root-
Mean-Square (RMS).

Total Surface Error ∼ 8 nm RMS

Figure (< 4 cpa) ∼ 5.5 nm RMS

Mid Spatial (4 to 60 cpa) ∼ 5 nm RMS

High Spatial (60 cpa to 100 µm/cyc) ∼ 1.5 nm RMS

Roughness (< 100 µm/cyc) ∼ 0.5 nm RMS

To directly detect exoplanets, in which light from the parent star is reflected by

the exoplanet, suppression of the direct starlight with a contrast ratio of 10−10 is

necessary. Only a space-based telescope can achieve this since ground telescopes are

limited to approximately 10−8 due to atmospheric turbulence [76]. While this level

of suppression may be sufficient for future extremely large ground based telescopes
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with significant post-processing of the data [36], the most likely, and efficient, means

of characterizing exoplanets is with space telescopes. The extreme level of starlight

suppression will be achieved using an optical occulter, either in the form of an

external starshade [14, 84, 93] or an internal coronagraph [42, 50, 86]. The direct

light from a star is blocked by the starshade by minimizing the diffraction pattern

in the region of the telescope’s aperture. If the planet-star system is assumed to be

observed at a distance of 10 pc, the separation angle between the two objects is 0.1

arcsec. A proposed flower shaped starshade will fly at approximately 50,000 km away

from the telescope and have about a 30 m diameter, which will subtend 0.05 arcsec

in the telescope’s field of view [48, 67]. This generates a diffraction pattern where

the on-axis radiation from the star in the main detection band (500 – 800 nm) [11] is

minimized. On the other hand, a coronagraph operates internally at the instrument

level by removing the direct light from the parent star within some specified angular

annulus [41]. To accomplish this, the point spread function is altered such that the

on-axis starlight is redistributed, creating a donut of high-contrast, which is defined

by its inner and outer working angle. The smaller the inner working angle, the closer

to the parent star an exoplanet may be detected [29]. Therefore, it is important for

the next generation space telescopes to have a small inner working angle (IWA) of

< 2λ/D, where λ is the wavelength and D is the aperture of the telescope. A larger

outer working angle is also desirable to achieve a large high-contrast angular region,

which drives the outer working angle (OWA) specification to greater than 20 –

30λ/D. In contrast, a starshade diffracts the light from the on-axis star outside of

the telescope aperture, thereby removing the much brighter source. To be a viable

starshade occulter, it must fit within the launch vehicle and achieve positioning

accuracy of ≤ 20 cm [49]. The starshade must have low scattering at its edges, so as

to not generate stray light problems, creating the requirement that the edge radius

of curvature should be ≤ 10 µm [68] and an edge specular reflectivity ≤ 10%.

During an observation, which can last for many hours, the wavefront error of the

telescope must be very stable such that high contrast imaging is possible. As the

wavefront error of the telescope changes over a measurement, the recorded image



23

smears and blurs, resulting in a loss of information. This is especially critical for

internal coronagraphs, which need a stable wavefront in order to create the annular

region of starlight suppression. Once the dark region is formed, wavefront error

stability of ∼ 10 pm RMS per control step is needed [46, 69, 75]. Low order aber-

rations: piston, tip, tilt, power, coma, astigmatism, and spherical aberration will

be important to correct to obtain the desired stability. The factors contributing to

the wavefront error come from mechanical, thermal, and dynamic properties of the

telescope. The stiffness and mass of the telescope affect how vibrations propagate

into the optical performance, while thermal gradients can cause shifts in the optical

components and dynamic variation from reaction wheels or microthrusters input

additional optical aberrations. To limit these effects, the next generation of space

telescopes should achieve a thermal stability of a few pm/K over a gradient of a

few mK at room temperature. Depending on the material chosen for the support

structure and telescope substrate, the thermal control can range from 0.1 – 1 mK,

where greater thermal stability is needed for materials with larger variability with

temperature (coefficient of thermal expansion, thermal conductivity, etc.).

A launch vehicle for the observatory places limits on the aperture size, but more

critically, the areal density of the mirrors. Depending on the launch vehicle, the

payload size varies significantly, so the areal density also fluctuates greatly for each

aperture size and vehicle [74]. The JWST (James Webb Space Telescope) mirror

defines the state of the art with a primary mirror areal density of 65 kg/m2 and

assembly of 1600 kg, which is planned for launch on an Ariane V rocket with a

payload of 6600 kg. Future UVOIR telescopes may be launched via a Delta IVH

with an allocation of 2,500 kg for the primary mirror, or Falcon 9H with 5,000 kg, or

Space Launch System (SLS) Block 1 with 15,000 kg, or finally a SLS Block 2 with

30,000 kg. Therefore, given the variation in launch vehicle payload, the required

areal density also changes depending on which vehicle is chosen. By selecting the

SLS Block 2 vehicle, the mirror areal density provided by current ground-based

telescopes may be sufficient for future space optical telescopes [73]. This is attractive

from a cost and technological standpoint since the fabrication processes have already
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been developed and proven for the ground applications.

2.2 Mid-to-Far Infrared Science

The Mid-to-Far Infrared (MFIR) spectrum is host to a multitude of critical in-

formation to help us understand the Universe. Observations in the MFIR allow

us to see through interstellar dust, identify galaxies with large amounts of new

stars, and characterize the emission mechanisms present in active galactic nuclei [59]

(AGN), observe cool objects, perform atomic, ionic, molecular, and solid state spec-

troscopy [38]. Previous space telescopes in the MFIR such as the Infrared Astro-

nomical Satellite AKARI (ASTRO-F) [54] or Spitzer [95] have furthered our under-

standing of the universe and pushed the capability for exploration of the cosmos

in the infrared. A future telescope, the Space Infrared telescope for Cosmology

and Astrophysics (SPICA) [24], will probe the formation and evolution of plan-

etary systems, the life cycle of dust in the Milky Way and nearby galaxies, the

AGN/starburst connection over cosmic time and as a function of the environment,

and many other science objectives. Data from these measurements has helped shape

our fundamental understanding of the formation of the Universe. A proposed mis-

sion, the Thinned Aperture Light Collector (TALC), will further the light collection

capabilities, allowing astronomers to detect fainter and smaller objects in the far

infrared to submillimeter spectrum [20, 21, 66].

The questions answered by these investigations are only accessible through the

MFIR spectrum, which poses some unique challenges compared to the UVOIR tele-

scopes being developed concurrently. A top level overview of the technology re-

quirements for the next generation of MFIR telescopes is given in Table 2.3. The

telescope operational temperature, wavelength coverage, and image quality require-

ments separate the science made possible by the MFIR from other frequency bands.

A next generation MFIR telescope should cover wavelengths from 5 – 210 µm, with

a possible extension into the mid-infrared spectrum down to 3.5 µm to achieve direct

detection of exoplanets. This is to compliment the current suite of instruments on
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Table 2.3: Overview of the MFIR space optics technology needs to meet
the science goals of the next decade [5, 10, 11, 24, 62, 63, 72, 74, 92].
Each parameter is chosen by the specific science goals of the instrument
system. Acronyms: Signal to Noise Ratio (SNR), and Infrared (IR).

Specification Requirement Justification

Wavelength Range 3.5 – 210 µm Exoplanet detection

Aperture > 3 m
Angular Resolution

and Light Collection

Performance

Diffraction limited at:

5 µm over 10 arcmin

30 µm over 20 arcmin

Maximum angular resolution

Angular Resolution 100 milliarcsec
Galaxy, Star,

and Planet Formation

Field of View 12 arcmin radius All Sky Survey

Telescope Temperature
< 6 K

10 K hot spots
Noise Sources
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Herschel, operating in the wavelength range of 55 – 671 µm [61].

To achieve better science outcomes compared to the current generation of tele-

scopes, the diameter of the telescope should match or exceed that of the present

observatories. Furthermore, the science objectives drive the aperture to be at least

3 m in diameter, which is comparable to Herschel’s 3.5 m aperture [18]. The an-

gular resolution and light collection of the telescope are set by the diameter, which

is particularly important for the characterization of exoplanets. MFIR surveys are

limited in depth by a fundamental confusion due to a high density of faint galaxies

distributed approximately isotropically within the field of view. The noise limit cre-

ated by these extragalactic sources, quantified with a source density criterion [17],

varies with the inverse square of the diameter of the telescope. Therefore, by in-

creasing the diameter, the fundamental limits of confusion are reduced.

Telescope diameter also determines the limit of resolution through diffraction

from the primary aperture. The image quality should be diffraction limited at

5 µm over a center field of view of 5 arcmin radius, while the diffraction limit

should be maintained at 30 µm over a 10 arcmin radius in order to maximize the

angular resolution offered for the given aperture. Through a diffraction limited

performance, future MFIR telescopes will resolve details of the roles that stellar

populations play in heating dust, and many other fine scale deficiencies encountered

in past observatories [37, 60]. A stricter image quality metric is needed over the

center field of view in order to satisfy the mid-infrared instruments for exoplanet

detection. The corresponding wavefront error to achieve the diffraction limited

performance at 5 µm is less than 350 nm RMS. The wavefront error (and therefore

the surface error, which is the half of the wavefront error considering the double-path

in reflection) can be broken down in to specific spatial frequency regimes [55]. These

details are shown in Table 2.4. In general, the low spatial frequency errors can be

spread equally between focus and higher order aberrations (pushing into the mid-

spatial frequency regime) so long as the total error is within the wavefront budget.

However, a recommendation is to keep the total surface error to below 175 nm

RMS. The high spatial frequency surface error budget, which induces wide-angle
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scattering, is determined by the stray light needs of the telescope.

Table 2.4: Overview of the spatial frequency surface specifications for pro-
posed MFIR primary mirrors that will meet the science requirements
of the next generation space optics. Note that the surface errors are
half the wavefront errors. [24, 55]. Acronyms: cycles per aperture (cpa),
Root-Mean-Square (RMS), and Total Integrated Scatter (TIS).

Total Surface Error 175 nm RMS

Figure (< 3 cpa) < 125 nm RMS

Mid Spatial (3 to 1000 cpa) Not Specified

High Spatial (> 1000 cpa)
< 17.5 nm RMS

TIS < 0.2%

To meet the science objectives of characterizing the formation and evolution

of planetary systems, galaxies, and the life cycle of dust, the sensitivity of MFIR

telescopes must be increased. By reducing the background photon noise generated

by the telescope, the signal-to-noise ratio is improved and more faint objects can

be detected. Background sky should limit the sensitivity of the telescope, not the

emission of the structure or mirrors themselves. A strong dependence of background

noise with telescope temperature exists due to the blackbody emission spectrum of

an object. Therefore, a telescope temperature of ∼ 6 K is required to achieve the

background sky limit for wavelengths below the science band. However, as thermal

gradients and temperature fluctuations will occur, an upper limit of 10 K hot spots

is desirable.

The sensitivity of the telescope is also affected by stray light sources, which are

generated from unwanted reflections or light paths through the telescope [79]. Once

again, the goal is to have the sensitivity of the telescope limited by the background

sky emission, which requires a stray light rejection level of 90% [35, 47, 53, 98]. This

means that out-of-field sources (artificial and natural) will not increase the observed

patch of sky background signal by more than 10%.
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2.3 Synopsis of Science Drivers

In general, to provide a space optical system that will meet the science goals out-

lined in the Decadal Survey, a large aperture, low areal density, high stiffness, and

thermally stable mirror is required. The surface errors must be controlled across

all spatial frequencies, and the thermal and mechanical stability of the telescope

on orbit must be carefully engineered. The top-level technology flow-down require-

ments within each major wavelength regime are summarized in Tables 2.1 and 2.3.

We note that this summary cannot represent all requirements but serves as a good

overview to put the reviewed technology in context. Advancements in space optics

technology based on past missions at space agencies across the globe [19] have been

made such that key hardware systems are realizable [71].

2.4 Implications on the Realm of Optical Design and Testing

To achieve ever greater science with astronomical telescopes, more complex and

unique optical designs are proposed by engineers to solve the constraints imposed

by the driving science goals. These optical designs leverage new design methodolo-

gies, design forms, and surface definitions. Freeform surfaces have become more of a

reality when designing optical systems, and therefore, methodologies to best utilize

these surface descriptions are being developed. Novel surface types and their use has

been enabled in part by the development of testing technologies. Advances in the

metrology of optical surfaces, especially tools that accommodate a large dynamic

range, have helped enabled precision fabrication of freeform surfaces. This inter-

dependent relationship between design, fabrication, and testing means that when

one area requires advances, the others typically need to follow suit and improve

their process technology. Across many areas of optics, the engineering and science

drivers are pushing for advancements in the technology around freeform optical de-

sign and metrology. This dissertation discusses a small section of these two aspects:

a freeform design methodologies and a deflectometry based surface metrology.
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Chapter 3

Guiding the Optical Design Process with Freeform Optical Surfaces

This chapter is a summary of the key findings from the journal article, Freeform

surface selection based on parametric fitness function using modal wavefront fitting

by Trumper et. al [87], reproduced in full in Appendix A. To help promote the

efficient and effective usage of freeform optical surfaces, methods to give the designer

insight are useful. In rotationally symmetric designs, this role has typically been

fulfilled by aberration theory and identified design forms. However, designs that

lack rotational symmetry require new methods to support this aspect of the design

process. One such area is in choosing the appropriate surface in a design to apply

freeform terms in order to maximize the impact of that freeform surface. The

presented work provides a parametric fitness function to guide the designer’s choice

on this matter.

3.1 Modal Wavefront Fitting

To provide guidance for a large number of possible designs, configurations, and

data, a means to fit ray data using a basis set of polynomials was leveraged. The

chosen polynomial basis was the ~G polynomials [1] because of their easy recursion

relationships, direct correspondence between the gradients and the scalar fields, and

their orthonormal property. These polynomials are used to fit ray data from a

forward and reverse ray trace, as shown in Fig 3.1, where the differences between

these ray traces is related to the amount of aberration at every surface within the

optical system.
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Figure 3.1: Graphical representation of the time-reversibility of ray-tracing, where
the red, green, and blue rays are traced in a time-forward sense, from the source to
the image, while the cyan, magenta, and yellow rays are traced in a time-reversed
sense, from the image point to the source. The ray locations and directions at the
surface of interest are shown as an insert quiver plot. The rays from the reverse
direction are plotted in the coordinate frame of the forward direction rays, which
allows a direct comparison of the two ray sets [87].
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3.2 Parametric Fitness Function

The modal wavefront data is processed and analyzed to obtain the parameters in

a fitness function that was defined in order to guide the surface selection process.

Any definition of the fitness function is possible, depending on the user’s desired

outcomes, but a preliminary implementation that accounted for the typical consid-

erations was formulated,

f = w1Ufr−w2

√(
∆SRMS

f

)2

+
(

∆SRMS
r

)2

+w3∆SRMS
x +w4∆SRMS

y −w5F
PSD
∆ , (3.1)

where Ufr is the minimum fractional overlap between the forward (f) and reverse

(r) data. ∆SRMS
f and ∆SRMS

r are the RMS differences in the fit for the forward and

reverse traces, respectively. ∆SRMS
x and ∆SRMS

y are the RMS differences in the slope

for the x and y directions, respectively. FPSD
∆ is the power spectral density (PSD)

of the wavefront evaluated at desired frequencies and combined in an appropriate

manner, and w1···5 are the weight values applied to the parameters. Based on these

parameters, a larger fitness function value represents a more optimal candidate to

be a freeform surface. This fitness function definition attempts to balance higher

quality data (weights w1 and w2), maximum aberration correction (weights w3 and

w4), and manufacturability (w5) to provide a single value that determines which

surface is optimal.

3.3 Case Study Example

The methodology described in detail in the article [87] was applied to a mm-wave

instrument design that the authors performed prior to this work, which utilized

freeform surfaces. A 3D wire frame view of the optical design and the telescope

on which it was installed is shown in Fig 3.2. This design required freeform optics

in order to satisfy the packaging constraints of the receiver cabin on the 12 m Kitt

Peak radio telescope [4] with an existing cryostat. The extreme off-axis geometry and

freeform surfaces were viable in this design since the surfaces could be machined to

sufficient precision using a 5-axis mill, and the alignment tolerances were achievable
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with a commercial laser tracker.
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K3K2
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Figure 3.2: 3D wire frame view of the millimeter-wave instrument design created
for the Tomographic Ionized-carbon Mapping Experiment (TIME). The folded path
was required to fit within a cabin of an existing telescope, and as such needed
freeform optics to maintain optical performance. This design was optimized using
human intuition, where the surfaces K2, P1, P2, and C1 are freeform. The remaining
surfaces (K1, K3, and F1) are flat. Note that surface C1 is a refractive optic where
one side is flat and the other is freeform [87].

The case study performed on this design attempted to evaluate the efficacy of

the proposed surface selection methodology by comparing the merit function of an

optimized design between three scenarios. First, the baseline reference was the hu-

man intuition guided, second was the optimally guided design based on maximizing

the fitness function, and third was the guided for worst performance. The final

merit function values showed that the optimally guided design out-performed the

baseline and the worst, and furthermore, that the guidance towards the worst case

actually produced the expected result. The case study demonstrates that the pre-

sented methodology has the potential to help navigate the complex solution space

that a designer encounters when using freeform surfaces.
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3.4 Utilizing Freeforms in Astronomical Optics

The presented methodology to guide the surface selection process will hopefully

enable impressive telescope or instrument designs in the future when designers need

to satisfy the next generation of requirements. As the science goals outlined in

Chapter 2 are met, new discoveries will inspire another round of experiments, which

will require further innovations in the realm of optical design. Freeform optical

surfaces will surely play a role in the future of these designs, and the presented work

attempts to add another tool in the toolbox of optical designers.
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Chapter 4

Dynamic Optical Configurations using Freeform Optics

This chapter is a summary of the key findings from the under-review article, Utilizing

freeform optics in dynamic optical configuration designs by Trumper et. al [91],

reproduced in full in Appendix B. Freeform optical surfaces are typically used in

systems to obtain increased field of view (FOV), reduced packaging volume, or

increased imaging performance. However, freeform surfaces in systems with dynamic

optical configurations is an area which had not been identified as benefiting from

their application. Dynamic optical configurations leverage the non-uniform surface

profile that a freeform surfaces provides to control the optical behavior as a function

of the system configuration. An example of such a system is a linear FOV K-

mirror with optical power used for image de-rotation. K-mirror systems are found

in astronomical optics applications spanning the frequency spectrum [34, 51].

4.1 K-mirror Dynamic Optical Configuration

A K-mirror system is typically used in ground-based astronomical optics to per-

form image (or field) de-rotation [94], where the motion of a source on the sky is

counteracted by the motion of the K-mirror to produce a stable image on the focal

plane. The K-mirror is placed after the telescope focal plane, such that it is used

in a non-collimated optical space. To keep beam sizes, and therefore mirror sizes,

small, optical power can be introduced into the K-mirror to relay the focus of the

telescope. However, because the mirrors are off-axis, non-rotationally symmetric

aberrations will be generated. Therefore, freeform surfaces are already well-suited

to the application of a K-mirror system. The presented work takes this a step further

and demonstrates how in the case of a linear FOV, the freeform surface is leveraged

further. A general K-mirror system with a powered second mirror (M2) is shown in
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(a) (b) (c)

M1 M3

M2

Figure 4.1: Schematic of how the K-mirror system rotates the beam about the
direction of propagation by twice the angle that the K-mirror is rotated. In (a) is
the defined 0 deg. angle of the K-mirror, with the system rotated by 45 degrees
in (b) and finally by 90 degrees in (c). The same coordinate axes are given at the
input to the K-mirror (dashed axis into the page, solid axis upwards in the page),
resulting in output coordinates that are rotated by twice the K-mirror rotation. M1,
M2, and M3 are labels for the mirrors in system, where light travels from M1 to M2
and finally to M3 [91].

Fig 4.1 for a single on-axis source, where the preceding telescope optics are omitted

for clarity. As the K-mirror rotates, the linear FOV samples the surfaces within the

K-mirror at different spatial positions, as shown in Fig 4.2 by plotting the beam

footprint on each surface.

4.2 Optical Performance

By leveraging the freeform surface’s ability to locally modulate the surface to accom-

modate the particular configuration’s optical needs, the performance of the system

can be improved. For a case study where parameters were chosen to mimic a 12

meter radio astronomy telescope on Kitt Peak [4], the final design using freeform

surfaces has more desirable optical performance than that of a design using either

just an on-axis conic or off-axis conic. The metrics used to evaluate the optical

performance were: imaging, distortion, and pupil uniformity. Shown in Figs 4.3–

4.5 are the results from this case study. The K-mirror that employed a freeform
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M1 M2 (Powered) M3

Figure 4.2: Beam footprints on the three K-mirror surfaces. Each color represents
a point in the field of view, where the same colored footprints are from five separate
K-mirror rotation angles showing how the beams sample the surfaces as a function
of angle. The telescope focal plane is placed close to the center of the first K-mirror.
The second surface in the K-mirror is a freeform, which was chosen because the angle
of incidence is minimized, and therefore the aberration contribution is reduced [91].

powered mirror achieved lower distortion and good pupil uniformity for the same

diffraction-limited imaging performance as the off-axis conic case. However, the

pupil uniformity of the off-axis conic surpassed that of the freeform. Therefore, a

consideration of which optical performance metrics are desirable is required when

evaluating if a freeform surface is warranted.

4.3 Freeforms in Dynamic Configuration

The K-mirror case study presented in this chapter provides insight in to how a

dynamic optical configuration is identified and leveraged using freeform surfaces.

If a spatial separation between different fields or configurations exist, a freeform

surface can achieve higher performance by locally tailoring the surface profile. The

usage of a linear FOV K-mirror has direct applications in ground-based astronomy.

This idea may be used to further improve the optical designs of various instruments

on the next generation of optical telescopes.
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Figure 4.3: Comparison between the distortion correction achieved between the on-
axis conic, off-axis conic, and freeform designs. The image planes for each design are
shown with the focused spots from each K-mirror position on top of one another.
Distortion is defined as the shift in focus location with respect to the ideal focus,
computed using a thin lens model. The distortion of each point in the field of view
are computed in all three designs, as given in Fig 4.4 [91].

Figure 4.4: Percent radial difference in centroid location between the ideal and
the as-designed coordinates for eight field points in the instrument field of view
averaged across the 5 K-mirror configurations [91]. The maximum absolute percent
radial difference for the on-axis conic was 6.8%, 2.2% for the off-axis conic, and 1.3%
for the freeform design.
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On-Axis Conic Off-Axis Conic Freeform

Figure 4.5: Footprint diagrams of the pupil created by the K-mirror system for the
three surface types used in the powered optical element (M2). The off-axis conic
generated the most uniform and symmetric pupil due to the lower local variance
compared to the freeform design. A footprint diagram is generated by tracing and
recording the location of rays from the outside edge of the entrance pupil [91].
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Chapter 5

Measuring Dynamic, Freeform, Optical Surfaces using Deflectometry

This chapter is a summary of the key findings from the journal article, Instanta-

neous phase shifting deflectometry by Trumper et. al [88], reproduced in full in

Appendix C. The advancements in the field of freeform optical design described in

Chapters 3 and 4 also need to be paralleled by developments in fabrication and test-

ing technologies. To make a design a reality, it must be fabricated, which requires

in-process metrology methods as well as final acceptance measurements to verify

that the desired surface was produced. Furthermore, due to the extra tolerancing

complexity of freeform optical surfaces, metrology of the surface dynamics (such

as bending modes, frequency response, thermal fluctuations, etc) could be desired.

This chapter presents work on the extension of phase shifting deflectometry [39]

to include an instantaneous phase shifting method, which could be applied in the

previous examples of in-process metrology or where metrology of surface dynamics

are required.

5.1 Multiplexing Phase Shifting Information

In order to make an instantaneous phase shifting measurement, the data from each

phase shift needs to be multiplexed into a single piece of information. For phase

shifting deflectometry, this means that at a minimum, three phase steps in both the

x and y directions need to be displayed simultaneously. The camera then records an

image of the multiplexed data in a single snapshot, enabling time dynamic metrology.

In practice, the challenging aspect is to decompose the resulting image back into its

component data, i.e. the three phase steps in the two directions. In the presented

work this is achieved by using the native RGB (red, green, blue) channels of a

camera detector and screen along with a Fourier transform. The flow of data from
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pattern generation to final separated data is shown in Fig 5.1.

Instantaneous	Deflectometry	Data	Flow

1)	Display	Image

2)	Deflectometry	Measurement

3)	Read	Out	Phase	Shifted	RGB	Channels

6)	Inverse	Fourier	Transform	to	
Reconstruct	X	and	Y	Fringe	Data

4)	Fourier	Transform	Phase	Shifted	Data

5)	Apply	Two	Masks	to	Each	
Data	Set	in	Fourier	Domain

Image	seen	on	screen

X	Frequency	Mask Y	Frequency	Mask

X	Reconstructed	Fringes Y	Reconstructed	Fringes
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3
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3

Figure 5.1: Overview of the instantaneous phase shifting deflectometry multiplexing
concepts. The images shown are all synthetically generated with MATLAB R©. Note
that the data processing does not end at the last step shown, further phase unwrap-
ping and integration steps are required, but are not unique to the instantaneous
measurement so they are omitted for clarity [88].

5.2 Deformable Mirror Metrology

Using the instantaneous phase shifting technique, a deformable mirror with a 15 mm

clear aperture was measured for two dynamic surface cases. First, where a single

actuator was moved along its entire stroke, and second, where a trefoil surface was

generated with various magnitudes. This data was then compared against a single

static interferometric measurement for the same applied voltage of the actuators.

A high level of agreement between these methods was obtained, confirming that

this dynamic metrology method could measure surfaces with the accuracy that is
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expected from deflectometry. The single actuator motion is shown in Fig 5.2 while

the trefoil surface is shown in Fig 5.3.
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Figure 5.2: Measured surface of a deformable mirror where one actuator was moved
by its total stroke. Every other frame was taken from a video to create this series
of still images. A baseline measurement was subtracted from the data to show the
actuator’s influence function [88].

5.3 Error Correction Methods

To achieve such a high accuracy measurement with the instantaneous deflectometer,

an error correction method that leveraged the quasi-static common configuration

(QSCC) of the measurement was implemented. In essence, because we are interested

in the surface dynamics, any static component was removed, which includes the

systematic errors. This is possible to achieve at such a level of accuracy because the

only aspect of the measurement that is changing is the surface, all other geometry is

constant. The impact of this error correction is shown in Fig 5.4, where a significant

amount of the high frequency error is removed by performing the error correction.
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Figure 5.3: Snapshot measurement data from a Zernike trefoil surface as it moves
continuously [88].
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Figure 5.4: Residual surface after removing Zernike terms 1–100 from before and
after the Quasi-Static Common Configuration correction (QSCC) as an advanced
calibration. The instantaneous measurement brings about new sources of error, so
the correction method must account for them [88].
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5.4 Dynamic Metrology in Astronomical Optics

As astronomical optics become larger and more precise, their active control is a

critical component to enable the science goals for that mission. Active and adaptive

optics strive to correct for the dynamic variations within the experiment across many

time scales. To ensure that these compensation methods are performing accurately,

dynamic metrology methods are needed to help support their development or even

use in-situ as a feedback mechanism. The presented work on instantaneous phase

shifting deflectometry has potential applications in these areas where high-accuracy

dynamic measurements are needed. Furthermore, the time dynamics of a manu-

factured surface are another potential area where such an instantaneous metrology

method could be applied. The fabrication and testing methods of tomorrow will con-

tinue to adapt and expand their capabilities to allow for new and exciting optical

systems to be produced.
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Chapter 6

Instantaneous Phase Shifting Deflectometry for Deformable Mirror

Characterization

This chapter is a summary of the key findings from the journal article, Instanta-

neous phase mapping deflectometry for dynamic deformable mirror characterization

by Trumper et. al [89], reproduced in full in Appendix D. Using the methodology

presented in Chapter 5 to perform instantaneous phase shifting deflectometry, the

Zernike surface dynamics of an ALPAO deformable mirror (DM) with 15 mm di-

ameter were characterized. The test used an iPhone as the camera and screen in

the deflectometry system, as shown in Fig 6.1. The deformable mirror was actuated

over a duration of approximately 7.5 seconds and the iPhone captured data at 10 Hz

to yield the dynamic metrology data. The DM’s ability to produce a linear combi-

nation of Zernike terms (Z5: primary astigmatism and Z12: secondary astigmatism)

was tested by taking three separate measurements comparing how a synthetic com-

bination of these two Zernike terms matched against a measured combination.

6.1 Deformable Mirror Characterization Results

Three experiments were completed with the iPhone measuring the DM as it varied

its surface. First, the DM was instructed to produce a Z5 surface, second a Z12

surface, and finally a linear combination of Z5 and Z12. After obtaining the surface

maps from each of these experiments, a combination of the Z5 and Z12 data was

generated to produce a synthetic Z5 and Z12 surface map. This data is shown in

Fig 6.2. The measured linear combination of Z5 and Z12 was compared to this

synthetic data to understand if the DM could truly produce a linear combination of

Zernike terms. The results show good overall agreement between the measured and

synthetic data, but there are local discrepancies due to a non-linearity in the way
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iPhone

~10 cm

Deformable Mirror (DM)

DM Surface

(a) (b)

Figure 6.1: Experimental setup of the measurement featuring the iPhone and de-
formable mirror. (a) The DM’s 15 mm circular surface, which is obscured from view
in (b). Shown in (b) are orange arrows that approximate the time-reversed paths of
the rays from the front-facing camera of the iPhone reflected off the mirror’s surface
and striking the iPhone’s screen, similar to those shown in Fig. 1.1 [89].

that the DM actuates the surface.

6.2 Active and Adaptive Mirrors

Active [30] and adaptive optics [32] are prevalent in astronomical optics because

they allow the systems to correct for time-varying errors such as: thermal, me-

chanical, and air turbulence. These issues can seriously degrade and even prevent

scientific measurements from happening because they dominate the error budget of

the system. Therefore, it is critical that the systems that correct the dynamic errors

are well calibrated and characterized so that they can be efficiently implemented on

the telescope instruments. The work presented here provides a potential method

to help characterize active optical systems, where the dynamics are slow. However,

the principles of the instantaneous phase shifting deflectometry measurement are

generalizable to faster time dynamics given the hardware support.
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Synthetic: Z5 + Z12Measured: Z5 and Z12

(c) (d)

Measured: Z5 Measured: Z12

(a) (b)

Figure 6.2: Measured surfaces of the deformable mirror used to investigate the DM’s
linearity. (a) Zernike coefficient Z5 (b) Zernike coefficient Z12 (c) Zernike coefficients
Z5 and Z12 simultaneously and (d) Sum of the results in (a) and (b). Note the
discrepancy between (c) and (d), either due to the deformable mirror’s inability to
linearly combine the Zernike surfaces or residual error in the measurement. Also
note that all figures are plotted on the same scale [89].
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Chapter 7

Conclusion

The work presented in this dissertation addresses two fundamental aspects when

producing an optical system, design and testing. The techniques and methods de-

scribed in this work are research examples of a technology that could help facilitate

future developments. They were presented with an emphasis on their application to

astronomical optics, but could be leveraged wherever freeform surfaces and dynamic

metrology are needed. The interdependency of the science drivers, design methods,

and testing techniques creates a synergistic environment in which developments in

one area enable a technology in another and push yet others to improve. This type

of research effort, spanning multiple aspects of the creation of an optical system

attempts to embody a holistic approach that acknowledges that not one feature is

more important than the others. As new ideas and technology emerges to meet the

goals in the future, a comprehensive approach should be sought. In collaboration

between individuals exists the potential for remarkable outcomes.
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Abstract: We present an analytic methodology to guide the selection of a surface within an
optical design to apply freeform optimization. The methodology is discussed in the context of
other means currently available, such as human intuition, aberration theory, and other direct
surface construction methods. We describe the selection criteria for our proposed method and
provide the form of the parametric fitness function used to combine the criterion. Finally, a
case study comparing a design optimization procedure guided by the proposed methodology to
human intuition is presented based on a real instrument designed for a millimeter-wave astronomy
application. The methodology is shown to be effective even in the case of an optical system with
a large number of freeform/optical surfaces. The proposed approach provides an objective and
scalable solution to guide freeform optical system design by aiding a human’s design intuition.

© 2019 Optical Society of America under the terms of the OSA Open Access Publishing Agreement

1. Introduction

Freeform optics are revolutionizing the capabilities of optical systems with applications across
the entire optical design spectrum [1]. Publications on the performance of freeform optical
systems highlight the improved field of view (FOV), system compactness, and imaging [2–4].
Researchers are developing and improving the theory to describe the aberration behavior of
systems that lack rotational symmetry [5–7]. The prescription of the freeform surface is also
an active area of research, where many different surface descriptions exist, some of which are:
Zernike polynomials, XY polynomials, NURBS, and Q polynomials.
Creating a first-order design is critical to achieving the optical requirements in an optimal

manner because the first-order principles constrain the design form of the optical system. In the
space of freeform optical design, methods to directly generate a starting configuration from a
set of planes have been developed [8–10]. Some methods solve analytic equations to set the
second-order imaging properties of the system [11,12]. Further methods develop the surface in a
step-by-step method, growing the FOV and therefore the surface [13]. Another method defines a
construction technique to generate the geometry and power distribution in a design optimally
suited for freeform optimization [14]. Aberration theory may be used to determine which surface
limits the optical performance and which freeform terms to apply, or even to determine the
initial system design [15]. However, once the system has many optical surfaces and the design
matures, numerical optimization is still necessary. Unlike other analytical approaches, we present
a parametric numerical alternative methodology to guide the process of choosing an optimal
surface in an existing design to optimize into a freeform optic.
Optical design is an art form that requires intuition and understanding from the optical

designer [16,17]; for now, there is no magic button to push in a program that returns the ideal
optical system. Instead, the software must be watched and guided with care to produce the
optimal results that many designers achieve. Choosing a surface in a design to make freeform and
optimize is no different. The designer must use their knowledge combined with the available data
obtained from the program (e.g. aberrations, pupil maps) to decide where to apply the freeform
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terms or rely on numerical optimization methods to guide the selection process [18–20]. The
choice of surface impacts the outcome of the design by constraining the design space, which is
potentially detrimental. Some commercial software provide similar or limited features, but the
methodology and specifics are trade-secrets.

2. Background

Modern optical design is enabled by computer modeling and optimization of the optical system,
where rays are traced and used to compute various parameters and metric concerning the design.
In the presented work, we leverage the computational power and ray tracing capabilities found in
the software package OpticStudio. At its essence, ray tracing involves computing the interaction
of a vector (ray) and the optical elements that comprise the optical system. The ray is propagated
from one surface to another, where its direction and location are recorded. This ray data can be
used to compute most properties of the optical system that concern the optical designer. The
raw ray data may also be accessed and used to compute a custom metric for the optical system.
We employ this style of computation, where our fundamental data is the ray information at a
given surface in the optical system. The ray data is composed of a location and direction in three
dimensions, where typically the location is expressed in Cartesian coordinates (x, y, z) and the
direction is given by the direction cosines (L,M,N). Rays from a point in the FOV (Field of
View) are normal to a wavefront, which is a surface of constant phase in the oscillations of the
electromagnetic field. A plane that is normal to the ray defines the local slope of the wavefront.
In this way, a ray direction is equivalent to the wavefront normal, which can be used to calculate
the local wavefront slope. Shown in Fig. 1 is a schematic of how the rays in an optical system
relate to the wavefront and its slope. To calculate the wavefront slope Sx and Sy in the x and y

directions, respectively, we use the ratio of the direction cosine in the direction of interest to the
direction cosine of the z-axis. The ray direction vector is a unit vector given by the direction
cosines (L,M,N), which leads to the vector ®H = Lx̂ +M ŷ+Nẑ whose magnitude H = 1. Eq. (1)
gives the relationship between wavefront slope in the y-direction and the ray direction cosines,

Sy = tan
(
θy

)
=

Y
Z
=

Y/H
Z/H =

cos
(
φy

)
cos (φz) =

M
N
, (1)

where Y and Z are the projection of the ray onto the y and z axes, respectively, H is the length of
the vector, φy and φz are the angles between the vector and the y and z axes, respectively, and θy
is the wavefront slope angle in the y-direction. An equivalent formula is used for the x-direction,
where the ratio is between the x-direction cosine (L) and the z-direction cosine (N).

2.1. Chebyshev polynomials and their gradients

Aftab et al. derive a vector polynomial basis set, called ®G polynomials [21]. This set is obtained
from gradients of the two-dimensional Chebyshev polynomials of the first kind, named F
polynomials. Both sets are complete and orthogonal across rectangular apertures. Chebyshev
polynomials are well known for their data fitting properties. They generally show a fast rate of
convergence [22] and hold discrete orthogonality in several cases [23]. F and ®G polynomials
form a modal data fitting model that is valuable in many situations. They are well-suited for
applications where a very large number of polynomials are needed for fitting data such as freeform
optics or the reconstruction of surfaces from slope data, where mid-to-high spatial frequencies
must be correctly represented. Some features of these polynomial sets that make this possible
and efficient [21] are: (a) development of recursive relations for both F and ®G polynomial sets
(b) a one-to-one correspondence between the coefficients of the two polynomial sets (c) ease
and accuracy of generating the gradient ( ®G) polynomials which, unlike most other gradient
polynomial sets, do not need an orthogonalization process. Shown in Eq. (2) is a mathematical
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Fig. 1. Relationship between the ray model (black arrows) and wavefront (W(x, y)), from
which the wavefront slope angle (θx,y) in each direction is obtained. Rays are normal to
the wavefront, and therefore their direction is related to the wavefront slope in the x and y

directions. The local ray coordinates in the intersection point are labeled with primes, while
the coordinates of the surface-vertex are un-primed. The x, y, z axes are oriented in the same
direction, but the origin is shifted.

description of the ®G polynomials in terms of the scalar F basis set, while Eq. (3) gives this
description in terms of the standard, recursive 1-D Chebyshev polynomials of the first kind,
called T(x) and T(y).

®Gm
n (x, y) = ∇Fm

n (x, y) =
∂

∂x
Fm
n (x, y) î +

∂

∂y
Fm
n (x, y) ĵ (2)

®Gm
n (x, y) =

m
2y

(
1 − x2) (Tn+1(y) − Tn−1(y)) (Tm−1(x) − xTm(x)) î+

n
2x

(
1 − y2) (Tm+1(x) − Tm−1(x)) (Tn−1(y) − yTn(y)) ĵ, (3)

where n and m are double index variables describing the polynomials’ order [21] while î and
ĵ are unit vectors indicating a Cartesian coordinate system’s axes. Quiver plots of the first 5
non-trivial ®G polynomials are given in Fig. 2.

F and ®G polynomials based data processing has also shown to be adaptable and efficient
in various practical situations [21, 24] such as the presence of NaNs (not a number) in data
(representing missing data, apertures, blockers etc.), uneven sampling or a different sampling in
two directions (e.g. x and y in Cartesian coordinates).

3. Optimal surface selection for freeform optimization

In this work, we present a methodology to select the optimal surface within an existing optical
design to optimize into a freeform shape. We use real ray data from design software (e.g. Code V,
OpticStudio) to inform and guide this methodology.

3.1. Underlying Principles

The fundamental principle that motivates this work is the time-reversible nature of electromagnetic
(EM) radiation, or that the forward propagation of an EM wave is equivalent to its reverse
propagation. A similar approach is often used to design Computer Generated Holograms (CGH)
in order to create an aberration-free null condition. This can be expressed in terms of ray-tracing
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Fig. 2. First 5 non-trivial ®G polynomials plotted in quiver format with their corresponding
labels. Note that the x, y coordinates are all normalized from -1 to 1.

by stating that a model tracing rays from the source to the image is equivalent to tracing rays from
the image to the source. Forward traced rays from a perfect optical system (i.e. aberration free)
will start from a source plane and end at a point on the image plane as a point-to-point mapping.
If that same system is ray-traced from the same image point (i.e. no distortion) to the source
plane (reverse ray-trace) the rays will take the same path as those from the forward case. At every
surface within the optical system the rays will have the same position and direction. In other
words, the wavefronts in both the forward and reverse cases are identical at each surface in the
system. This principle is shown pictorially in Fig. 3, where an off-axis (in aperture) Cassegrain
telescope is simulated in OpticStudio and the wavefront at an intermediate surface is sampled in
both the forward and reverse models using the real ray data. In the zoom-in graphic of Fig. 3 we
see zero difference between the on-axis wavefronts (ray position and direction) of the forward
and reverse models (blue and yellow, respectively). However, as the conic are used away from
their geometric conditions, we see a disagreement between the forward and reverse models. This
demonstrates that the proposed method is able to include all the relevant ray information across
field points, but it is equally valid for any set of wavelengths, configurations, etc. that are ray
traced.
We utilize this principle by recognizing that a difference in wavefronts between the forward

and reverse case signifies a departure from the aberration and distortion free conditions on the
optical system. The difference between these cases contains data that can be used to generate an
initial freeform surface, as shown in the work by Yang [8–10], but in this work we demonstrate
another use case that compliments prior work by answering a more fundamental question of
where to optimally place the freeform surface within the design. Once a surface has been selected,
any number of methods [25] to generate that freeform surface may be used.

Our proposed methodology is able to synthesize all ray data at a selected surface across field
points, wavelengths, configurations, etc. that may be desired. As long as the ray positions and
directions are recorded at the surface, the information can be utilized cohesively when deciding
which surface to select. We are able to combine such disparate ray data by leveraging the
flexibility of modal fitting using the ®G polynomials described in Section 2.1. When we collect
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Fig. 3. Graphical representation of the time-reversibility of ray-tracing, where the red, green,
and blue rays are traced in a time-forward sense, from the source to the image, while the
cyan, magenta, and yellow rays are traced in a time-reversed sense, from the image point
to the source. Only the on-axis rays are plotted for the full system in this figure for clarity,
the off-axis field points are simply shown at the first at last surface. The ray locations and
directions at the surface of interest are shown as an insert quiver plot. The rays from the
reverse direction are plotted in the coordinate frame of the forward direction rays, which
allows a direct comparison of the two ray sets.

the ray data from all relevant sources, we simply use the entire data set at once, as described in
the following Section 3.2. If desired, the ray data can be weighted during this process to achieve
finer control over the surface selection criteria.

3.2. Parametric freeform surface selection criteria

At a surface within the optical system, the real ray data from forward and reverse ray-traces are
used to compute multiple parameters that inform the fitness of, or how well suited, the surface is
to the application of freeform terms. To compute these parameters, a set of steps shown below
are followed:

I Ray data is collected at every surface of interest, in the forward and reverse models,
which results in a discrete collection of x, y, z intersection points and L,M,N direction
cosines after interacting with the surface. A subscript f or r designates the forward and
reverse data, respectively. This ray data may be obtained by tracing multiple field points,
wavelengths, system configurations, etc.

II The ray data is used to define a discrete 3D vector field on each surface
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where i = 1 . . . I and j = 1 . . . J, which represent the discrete sample index in the forward
and reverse directions, respectively.

III The discrete forward and reverse vector fields are then fit separately using a least squares
technique with a continuous vector field defined by the ®G polynomials (see Section 2.1 for
a description) whose polynomial coefficients are given by Gt for t = 1 . . .T .
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...
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IV The coefficients Gt in the forward and reverse direction are used to define new vector fields
®G f and ®Gr , respectively. These vector fields are sampled at K discrete points, which at
least include the same points as the measured vector fields, ®Af and ®Ar .

V The ®G polynomials have a direct correspondence to the F polynomials, which allows us to
integrate the vector field and obtain the wavefront described by the F polynomials at the
surface of interest.
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VI By computing the difference in the reconstructed forward and reverse wavefronts at the
surface of interest, we can obtain a new wavefront (F∆) that measures the degree of
mismatch between the forward and reverse wavefronts in the optical system, which we
want to fix through freeform optimization.



Ff (1)
...

Ff (K)


−



Fr (1)
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=



F∆(1)
...

F∆(K)


(10)

The quantities listed above form the basic building blocks upon which all the data processing is
founded. To fully describe the optical system, the FOV and pupil (for each field) is sampled in
both forward and reverse directions (Step I) and used for form the discrete vector fields given by
Eqs. (4) and (5) in Step II. Step III is applied to all forward or reverse direction data (both field
and pupil) at given surface to generate a continuous vector field that represents the normal (slope)
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of the wavefront. A continuous vector field is critical for this application since we are modeling
the potential effects of a freeform surface in the optical system, which requires a continuous
surface and a continuous first derivative (slope) for physical realization. We are not proposing this
solution for a Diffractive Optical Element or CGH or hybrid-type optics application in this respect.
Ensuring that the wavefront we generate through fitting is continuous (Step V), we guarantee that
there is a physical surface that can achieve or approximate the necessary wavefront manipulation,
disallowing any unphysical cases. The final process is taking the difference between the forward
and reverse wavefronts (Step VI).
With the data processed in the manner described above, we compute:

1. ∆SRMS
f ,r

: the root-mean-square (RMS) error between the data and the fit in the forward
and reverse directions, respectively. This quantity is a metric of how well a single surface
represents the ensemble of all simulated wavefront slope data. This metric is only evaluated
at the spatial points where both ®Af ,r and ®G f ,r are defined, which by definition is the set of
®Af ,r , but could be a subset of ®G f ,r .
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f = RMS

©«



®Af (1)
...

®Af (I)


−



®G f (1)
...

®G f (I)



ª®®®®¬
(11)

∆SRMS
r = RMS

©«



®Ar (1)
...

®Ar (J)


−



®Gr (1)
...

®Gr (J)



ª®®®®¬
(12)

2. ∆SRMS
x,y : the RMS of the slope difference between the forward and reverse vector fields

describes a metric of the amount of potential aberration correction over the entire FOV at
the surface. The slope of the fitted vector field is computed by using the ratio of the vector
component along the desired slope axis to the z vector component.
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3. FPSD
∆

: the Power Spectral Density (PSD) of the wavefront difference evaluated at a spatial
frequency f1. The PSD of the surface is computed by taking the difference in forward and
reverse wavefronts (F∆). This calculation provides a tool to determine if the surface will
be manufacturable. A set of these parameters evaluated at multiple spatial frequencies
may be linearly combined if more than one spatial frequency are of interest.

FPSD
∆ = PSD
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�����
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The three criteria described above combine to give a metric for selecting the optimal surface at
which to apply the freeform terms.

3.3. Parametric fitness function definition

The four criteria defined in Section 3.2 are used in a fitness function to determine the optimal
surface for freeform optimization. As such, specific weight values and a method of combining
the parameters was chosen for this work. Furthermore, additional scaling factors based on the
quality of data (see Sec 3.4) obtained from ray-tracing were included in the computation of the
fitness function. The form of fitness function is given in Eq. (18),

f = w1Uf r − w2

√(
∆SRMS

f

)2
+

(
∆SRMS

r

)2
+ w3∆SRMS

x + w4∆SRMS
y − w5FPSD

∆ , (18)

where Uf r is the minimum fractional overlap between the forward ( f ) and reverse (r) data,
described in more detail in Section 3.4. ∆SRMS

f
and ∆SRMS

r are the parameters calculated by
Eqs. (11) and (12), ∆SRMS

x and ∆SRMS
y are the parameters computed in Eqs. (15) and (16), and

w1· · ·5 are the weight values applied to the parameters. Based on these parameters, a larger fitness
function value represents a more optimal candidate to be a freeform surface.
The fitness function incorporates the fractional overlap between the forward and reverse data

(Uf r ) because a surface with more overlap (closer to unity) has the potential to correct a larger
portion of the aberrations in the system compared to a surface with less overlap (Uf r closer to
zero). This is a representation of the spatial aspects of aberrations, where both the position and
direction of a ray must be considered. Note that as the design matures, and the aberrations in
the system are reduced, the overlap between the forward and reverse data will increase at all
surfaces as shown in Fig. 4. The terms ∆SRMS

x and ∆SRMS
y describe the amount of potential

aberration correction at the surface. A larger RMS difference states that the surface can affect
more meaningful change and correspondingly the fitness function value increases. Note that
this factor deals with the direction of the ray, in contrast to its position, as addressed above.
By combining these three parameters, when there is little aberration correction to be had at
the surface the fitness of the surface is reduced. This places an emphasis on getting the most
aberration correction out of a single freeform surface as possible. We then include a metric
concerning the manufacturability of the surface by computing the PSD (FPSD

∆
) at specific spatial

frequencies and subtracting it from the fitness function. A larger PSD value at a frequency is
harder to produce due to larger slopes and therefore is counted negatively in the fitness function.
The PSD directly describes the magnitude of variation of the surface across the spatial frequency
domain. As the value of the PSD at a specific frequency increases, the slope of the surface
described by that spatial frequency also increases. Surface slope plays a critical role when
determining the manufacturability of a surface because of difficulty fabricating and testing high
slope surfaces. This is because creating a high slope requires challenging tool paths and removal
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while simultaneously pushing the needed dynamic range of the metrology tool. Therefore,
most freeform surfaces have a maximum allowable surface slope. The root-sum-square (RSS)
combination of ∆SRMS

f ,r
(RMS difference between the fit and measured slopes in the forward and

reverse directions) is subtracted from the fitness function because it is a metric of the quality of
the processed data. To produce reasonable and trustworthy results, the fit of the measured data
needs to be as good as possible. As the fit quality is reduced, the RMS error will increase and
therefore lower the fitness of the surface.

3.4. Data quality check factor

We implement data quality checks per evaluated surface after obtaining the forward and reverse
ray-trace data. We impose a minimum fractional overlap criterion between each sample in the
field of view to ensure that the data accurately represents and sufficiently samples the wavefronts.
If there were no overlap between field points, a freeform surface can perform highly localized
correction to minimize the aberrations across the discretely sampled field, but in reality the
continuous field will still contain significant aberrations. If the design was utilizing multiple
configurations or wavelengths that also sampled the surface at different locations, a fractional
overlap criterion should be included. The fractional overlap between the data sets is defined
by drawing a polygon encompassing the individual data and computing the overlap between
these regions. In this way, any grouping of rays may be formed, and the overlap between other
groups can be computed and used in the fractional overlap parameter. By specifying a minimum
amount of overlap between field sampling at every surface of interest we help ensure realistic
design guidance. Furthermore, we implement a method to control for the uncertainty caused by a
mismatch in data location (sampling of the wavefront) between the forward and reverse cases.
For any system with aberrations, the forward and reverse wavefronts will have regions where they
do not overlap. This creates a problem when evaluating the surface selection criteria because the
criteria depend on the difference between the forward and reverse cases, but the non-overlapping
sampled wavefronts have no physically meaningful data with which to take the difference. To
remedy such a case, we simply down-select the forward and reverse data until we are working
with the union of the data (i.e. the overlap region). As the design matures, and the aberrations
are reduced, the overlap region will grow, as shown pictorially in Fig. 4.
The fitness function definition that we have selected is based on our reasoning of how the

surface criterion should be combined. We recognize that a different method of combining the
terms and their specific weight values will change the outcome of this analysis. Furthermore, a
different set of criterion may be defined for a different application based on its needs. All these
variations should be investigated and optimized such that the surface recommendation is robust
and reliable.

4. Methodology case study: optimization path comparison

To validate the proposed methodology of selecting an optimal surface to apply freeform
optimization at, we present a case study of a millimeter-wave instrument for the Tomographic
Ionized-carbon Mapping Experiment (TIME). This design was generated by the authors as part
of a separate body of work. The instrument design required the use of freeform optics to fit
the system inside a spatially-constrained volume (telescope cabin) without sacrificing optical
performance. A design was optimized using human guided intuition that achieved this goal, as
shown in Fig. 5, and whose basic optical prescription is given in Table 1. The instrument has a
linear field-of-view of ±0.023◦, which is rotated to track celestial bodies [26,27] using a K-mirror
(K1–3 in Fig. 5). The orientation of the K-mirror is sampled at 5 different angles over its range
of -45 to 45 degrees as separate configurations in the optical design. The design has an entrance
pupil diameter of 12 m (telescope aperture), and a final working F/# of F/3 to couple into the
detector modules. The performance metrics of this millimeter-wave instrument are primarily
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OptimizationAberrated Wavefront Non-Aberrated Wavefront

Fig. 4. Diagram showing the development of the spatial overlap region between the forward
and reverse ray traces at a surface. The system in (a) is aberrated, and at the surface of
interest, the sampled rays in the aperture do not overlap. However, after optimization (b), the
ray footprint on the surface matches.

dictated by eliminating unwanted signals coupling to the detectors, and distortion. The unwanted
signals can come from aberrations, both at the image and pupil. Image space telecentricity is
also important to ensure the desired signal is coupled to the detectors.
The instrument designed for TIME has a total of 6 mirror surfaces: three powered, three flat,

and a single cold lens made from high-density polyethylene (HDPE), arranged in a folded-path
geometry about the full volume of the cabin. Each powered surface employs a freeform, or
non-rotationally symmetric, surface to control the aberrations and obtain the required performance
in such a folded geometry. The second surface within the K-mirror uses a powered freeform
surface as part of the image and pupil relay comprised of K2, P1, and P2. The flat mirror
(F1) folds the optical path so that the relay can fit within the cabin volume. A Lyot stop is
formed within a cryostat after the second powered mirror (P2) to control stray light and eliminate
unwanted loading on the detectors. The cold lens serves to form the final image and create a
telecentric object space in order to couple the radio waves to the detector modules within the
cryostat.
When a clear global optimum to an optical design problem is not readily available, either

through human intuition or numerical optimization, a methodology to guide the optimization
process is desirable. Finding the global optimum of a complex optical system is typically limited
by numerical power or time, and is therefore often confined within a local optimum. This study
attempts to provide guidance in the optimization process in a way that can lead to a high-potential
local optimum space with more objective and parametric methods. We will now present three
cases in which the same starting point design was optimized using the same merit function, but
the optimization procedure was guided by different sources. Please, note that this merit function
is not the fitness function defined in Eq. (18). All designs start from the same place, but the
order of freeform surface optimization changes. The first case follows the same procedure as the
original instrument design, which was guided by human intuition and met the requirements and
is being manufactured now. The second case employs the methodology introduced in this paper
to optimize for the lowest merit function (i.e. best optical performance), while the third case
also employs the proposed methodology but with the goal of finding the highest merit function
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Fig. 5. 3D wire frame view of the millimeter-wave instrument design created for the
Tomographic Ionized-carbon Mapping Experiment (TIME). The folded path was required to
fit within a cabin of an existing telescope, and as such needed freeform optics to maintain
optical performance. This design was optimized using human intuition, where the surfaces
K2, P1, P2, and C1 are freeform. The remaining surfaces (K1, K3, and F1) are flat. Note
that surface C1 is a refractive optic where one side is flat and the other is freeform.

Table 1. Basic optical prescription of the TIME instrument which is used in the case
study on optimal freeform surface selection. Up to 6th order XY -polynomials and the
first 36 Zernike terms were used during optimization.

Surface Type Spacing (mm) Tilt X (deg) Tilt Y (deg) Tilt Z (deg)

Object – -150 0 0 0

K1 Flat 1100 55 0 [-45, 45]

K2 XY -polynomial 1100 20 0 [-45, 45]

K3 Flat 750 55 0 [-45, 45]

F1 Flat 1650 55 0 120

P1 Standard Zernike 2600 -10 -17 0

P2 XY -polynomial 873.65 -28.75 -1.6 60

C1 (front) XY -polynomial 40 0 0 0

C1 (back) Flat 201.32 0 0 0

Image Flat 0 0 0 0
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(i.e. worst case). The third case was selected to demonstrate that the TIME design is not in a
gentle and wide local solution space, which would lead to a final design that is independent of
the path guidance. These three cases were chosen to compare the human guided (case 1) to the
fitness function guided (case 2) and show that by implementing an analytic method of choosing
the surface to apply freeform optimization, we can obtain a better performing optical system.
Furthermore, the third case was selected to demonstrate that the proposed methodology was not
obtaining a result by coincidence, that in fact our fitness function definition given by Eq. (18) was
seeking the specified goal. A summary of the results from this case study is shown in Table 2,
where the order of surface selection and final merit function are listed.

Table 2. Overview of the case study results showing the final merit function value
obtained by following the specified surface order and methodology. The same merit
function definition is used in all cases and is a combination of multiple performance
metrics: spot size, Lyot stop quality, telecentricity, and distortion, which are set by the
TIME science goals [28, 29].

Surface Order Methodology Merit Function Value

K2 P1 P2 C1 Human Intuition 0.0151

P1 K2 P2 C1 Fitness (Optimal) 0.0124

P2 C1 K2 P1 Fitness (Worst-case) 0.0153

The fitness function given by Eq. (18) combines parameters with different units and individual
weights per surface. This allows for maximum flexibility when defining what metrics are
important to the designer, but also leads to larger uncertainty about how to choose the weighting.
In the presented cases, we decided that the weighting was best expressed as the value with which
the parameter was normalized. For instance, the RMS of the slope difference was weighted by
the factor that made the parameter expressed in terms of a normalized RMS. This weighting
allowed us to concisely compare the parameters, but also did not select against large surface
slopes, which is not typically allowable. We were able to not consider the impact on surface
deviation and slope because the fabrication methods used can handle practically any surface
shape required. Furthermore, because the manufacturability of the surfaces was not a driving
metric, the PSD metric was weighted by zero, and therefore not included in the fitness function.

The general procedure for optimizing each cases design is as follows. The starting point design
is loaded into OpticStudio and the chosen methodology is used to select a surface at which to
apply freeform optimization. The selected surface definition is changed to handle freeform terms.
For the standard Zernike surface (P1), we allowed terms Z5–36 and up to 6th order aspheric
terms to vary, while for an XY -polynomial surface (K2, P2, and C1) we varied all terms up to 6th
order excluding terms with a linear component (i.e., xyn or xny). The design is then optimized
given a fixed merit function definition until there is no significant change in the merit function
value over multiple cycles of the optimizer. This process repeats until all four potential surface
candidates are optimized, where each previously optimized surface is allowed to continue to vary
its prescription as further surfaces are optimized. We allow all non-flat surfaces to vary their
respective parameters (freeform and non-freeform) during the optimization process so that the
design can mature as more surfaces are made freeform. As each surface is selected for freeform
optimization, the same parameters are chosen to describe the surface, maintaining consistency
across each case. We evaluate the design’s final merit function value, which determines how well
the methodology performed given the desired outcome. Since the merit function definition is the
same across all cases, this single number represents the optimized performance of the design.
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4.1. Case-1: human intuition guided

The human guided case follows the same surface selection ordering as used in the design of the
TIME instrument, but uses a slightly modified merit function definition and employs a different
style of optimization. These changes from the real instrument design were made in order to
eliminate systematic sources of error and create an apples-to-apples comparison in this work.
Furthermore, we acknowledge that this case result may vary depending on the designer, since this
approach is by default, subjective. Since the final performance already met the required science
performance, we stopped optimization and it is now being manufactured.

4.2. Case-2: fitness function guided for best performance

To guide the design towards the lowest merit function, we use the results from the fitness function
methodology present in Sec 3.2 to select the surface for freeform optimization that obtains the
largest fitness function value. The surface selection ordering and the value for each evaluation of
the fitness function on the freeform candidate surfaces is summarized in Table 3, where after a
surface has been selected, it is removed from further evaluations, as represented by the dashes.

Table 3. Fitness function evolution throughout the objectively guided case for best
performance. The largest value of fitness function determined which surface would
be chosen next for freeform optimization.

Fitness Value

Step Selected Surface K2 P1 P2 C1

1 P1 0.688 0.772 0.415 0.662

2 K2 0.791 – 0.539 0.647

3 P2 – – 0.565 0.393

4 C1 – – – –

4.3. Case-3: fitness function guided for worst performance

After obtaining the result from the fitness function guided method for best performance and
finding that it led to a more optimal design, we wanted to check if the methodology was actually
guiding the optimization in the direction we expected, even for the worst case. To accomplish
this, we selected the least optimal surface for freeform optimization at each step in the process. A
summary of these results is shown in Table 4, where the selected surface and fitness function
values for each surface are listed.

5. TIME optical performance comparison

The three cases presented above show that the fitness function method provides a means of
analyzing a design in a meaningful way. The fitness function definition and analysis methodology
work together to give the designer a non-biased and objective way of selecting a surface to
optimize. But what is the actual performance difference between using the analytic method
and a human’s intuition? The answer depends strongly on the merit function definition, as
well as the specific design, but we now present a comparison between the three cases to give
the proposed methodology more grounding in optical performance. The merit function we
used during optimization was based on a combination of minimizing the geometric spot size,
uniformity of the Lyot stop, image-space telecentricity, and distortion as the TIME science
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Table 4. Fitness function evolution throughout the objectively guided case for worst
performance. The lowest value of fitness function determined which surface would be
chosen next for freeform optimization.

Fitness Value

Step Selected Surface K2 P1 P2 C1

1 P2 0.688 0.772 0.415 0.662

2 C1 0.732 0.561 – 0.516

3 K2 0.270 0.756 – –

4 P1 – – – –

requirements dictate. These four metrics are shown for each of the three cases used to validate
the proposed methodology in Fig. 6 and 7.
We have separated the metrics into two categories, where the imaging and distortion metrics

were straight-forward and intuitive to optimize for, while the Lyot performance and the telecen-
tricity were complex and less-stable merit function definitions. The imaging performance is

Configuration Maximum Chief 
Ray Angle (deg)

1 0.053

2 0.053

3 0.057

4 0.061

5 0.058

Configuration Maximum Chief 
Ray Angle (deg)

1 0.038

2 0.038

3 0.035

4 0.034

5 0.031

Configuration Maximum Chief 
Ray Angle (deg)

1 0.031

2 0.033

3 0.035

4 0.043

5 0.050

Fig. 6. Complex optical performance specification comparison between the three cases of
guiding methodology. Each color represents a different field point in the design, while the
five configurations of the K-mirror are plotted on top of one another in the Lyot metric. For
each K-mirror configuration a maximum chief ray angle on the image plane is reported.

measured by the fraction of enclosed energy within a given radius, as computed using diffraction
and aberrations. Distortion is measured by the deviation of the centroid location of the spot to the
ideal image location, which for our case should be a straight vertical line. The Lyot uniformity is
measured by looking at the circularity of the rays at the edge of the pupil and their deviation from
one another. Telecentricity is measured by calculating the maximum chief ray angle on the image
plane surface. We see that the human intuition case has the best Lyot performance, its internal
pupil is most circular and uniform across the field and configurations, but suffers in all other
metrics. The fitness function guided for worst performance has the poorest imaging performance
and distortion, while its telecentricity is the 2nd best. The optimally guided design has the best
telecentricity, imaging, and distortion, while its Lyot uniformity is worst. We note that depending
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Fig. 7. Typically defined optical performance comparison between the three cases of guiding
methodology. Each color represents a different field point in the design, while the imaging
performance shows the diffraction limit as a solid black line and the distortion metric shows
the overlay of rays at the image plane with a circle of diameter 135 mm in black.

on how the merit function is constructed, a different result is obtained. Therefore, while the
fitness function guided for optimal performance has lowest Lyot performance, the structure of the
merit function weights the other metrics as higher priority. Furthermore, the Lyot uniformity is a
complex merit function to optimize for, and is more unstable than the other metrics.

6. Conclusion

In this work we present a methodology to objectively guide the selection of a surface in an optical
design for freeform optimization. The methodology is based in the real ray data obtained from
ray tracing an optical system in a time-forward and time-reversed sense. We show that for our
proposed selection criteria, the methodology correctly informs the designer on what ordering of
surface optimization will yield the desired performance outcome, whether that be optimal or
worst. This work attempts to navigate the space between local and global optimization, providing
overall design insights. We hope that this work may be used by the optical design community
to inform the continuing development and blossoming of the freeform design space. The goal
of the demonstrated parametric fitness approach is not to replace analytical or intuition based
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approaches. Instead, this objective methodology will help a designer to check other possible
optimization paths, which may lead to a hidden local minimum. This is especially true when
the design has many optical surfaces and the designer has too many options. In this case, our
proposed numerical approach can provide top candidates to the designer so that they can apply
theoretical or analytical approaches to the filtered options.
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Abstract. A linear field of view K-mirror system used for image de-rotation is presented as a case example for
how to leverage freeform surfaces in dynamic optical configuration design. As the K-mirror rotates about the optical
axis, points in the field of view sample the surface at distinct locations, allowing for highly local control of the system
aberrations. This methodology is distinct from the typical benefits associated with freeform surfaces, and as such
broadens the uses of freeform optics into the category of systems that exhibit changing optical configurations. We
show that compared to an on-axis or off-axis conic design, the freeform surface has better distortion correction abilities.
Furthermore, a real pupil is generated by the K-mirror system and analyzed for uniformity. The design ideas presented
for the K-mirror are discussed in the context of astronomical applications, where systems may benefit from these
techniques.

Keywords: Freeform Optics, K-mirror, Instrument Design.
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1 Introduction

We present a new application of freeform optics in systems that change their optical configu-
ration in a dynamic fashion. Typically, by including a freeform optical element in an optical
system, the designer can achieve greater control over the optical behavior, in the form of more
optical power, greater field of view, and compactness. While these benefits are typically gained
when implementing freeform optical elements, the idea of considering the system configuration
dynamics as a mode of leveraging the surface type is novel. For this work, we take the example
of a linear field of view (FOV) K-mirror system with optical power used for image de-rotation,
however other cases of configuration dynamics (including those with two-dimensional FOVs)
such as an off-axis zoom system are possible.

A K-mirror is widely used in astronomical optics, from the sub-millimeter1 to the infrared,2

where linear FOV systems are also common. We use this application space to illustrate the ben-
efits and trade-offs of utilizing freeform optics in dynamic optical configurations. The principle
behind applying freeform optical elements in a system with configuration dynamics is based on
recognizing the variation in surface sampling with configuration, regardless of the other sys-
tem parameters such as FOV, aperture, wavelength, etc. To demonstrate the use of freeform
optical elements in such systems, we compare the K-mirror system performance with and with-
out freeform surfaces. Optical performance metrics including: imaging, distortion, and pupil
illumination are contrasted and presented in the context of real-world considerations found in
K-mirrors in astronomical instruments.

1.1 Freeform optics

Freeform surfaces have changed the landscape of imaging optics,3 which was made possible by
advances in the fields of design,4, 5 fabrication,6, 7 testing,8, 9 and alignment.10, 11 Freeforms can
be employed to reduce system size, increase system field of view, or resolution compared to
rotationally symmetric lenses and mirrors. Leveraging freeforms in an off-axis system allows
the designer to more compactly package the design while maintaining the optical performance
of an on-axis system. This is particularly important in reflective systems where on-axis systems
are typically obscured or require a large packaging volume if using off-axis sections of a rota-
tionally symmetric design. Furthermore, on-axis systems with a high aspect ratio (linear fields
of view) can also benefit from freeform optical surfaces.12

An alternative to the more general freeform surface is an off-axis aspheric surface,13–16

which has more heritage in the optical fabrication and testing community.17–19 An off-axis
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asphere may be able to give the designer sufficient degrees of freedom to achieve the desired
optical performance, while keeping the surface description less complex than what a freeform
surface entails. Aspheric surfaces have polynomial descriptions that are formulated to help
improve manufacturability while retaining quick optimization convergence through their or-
thogonality. This is important when many terms in the polynomial description are used to
achieve the desired optical performance. However, the fabrication and testing challenges of
an off-axis asphere are similar to that of a freeform surface, dependent on the exact aspheric
departure. Fabrication requires a local generating/polishing method, which requires special-
ized tooling. Off-axis sections produced on a diamond turning machine require more complex
spindle setups, or tooling, to achieve the non-rotationally symmetric final surface. This same
complexity in fabrication is found in the production of freeform surfaces. Many testing methods
for aspheric surfaces require Computer Generated Holograms (CGH), which can be fabricated
to produce a null for practically any surface. This means that the cost of making a CGH for
an off-axis aspheric surface is identical to the fully freeform surface type. Alternative testing
methods for aspheric surfaces employ sub-aperture interferometric stitching, which is also used
in the freeform domain, albeit with potentially more complex stitching techniques.

However, there are disadvantages of using a freeform optic, which are found in manufac-
turing, testing, and alignment. Computer Numerically Controlled (CNC) machines are able to
produce complex freeform shaped mirror surfaces with the required precision for millimeter-
wavelength optics. This greatly reduces the complexity of fabricating a freeform compared to
shorter wavelengths (visible or infrared), but care still needs to be taken to ensure that the right
surface is produced. Furthermore, freeform surfaces generally require extra test and alignment
features and datum surfaces, which can be machined into the same substrate concurrently with
the optical surface in this scenario. The testing of a freeform is more difficult because the num-
ber of degrees of freedom (DOF) that must be controlled increases. However, this complexity
is mostly mitigated by using a laser tracker, since its absolute positioning accuracy is usually
sufficient for the tolerances of a millimeter-wavelength optic. Given the difficulties briefly de-
scribed above, the design must be carefully considered before applying freeform surfaces. Once
the trade-offs are evaluated and a freeform surface is deemed necessary, then the performance
benefits of such a surface may be leveraged as described throughout this manuscript.

1.2 Image de-rotation

When a telescope is mounted in an altitude-azimuthal (alt-az) configuration, the image at the
focal plane rotates about the optical axis as the telescope tracks sources across the sky. For some
astronomical applications it is critical to counteract this image motion by de-rotating the field
of view. Examples of such cases include slit spectroscopy and pushbroom-type telescopes. In
this work we will focus on one particular aspect of tracking a source with an alt-az mount such
that its orientation and location does not change in the instrument focal plane. To achieve this
property, both the telescope mount axes and a third rotation about the optical axis must be driven
continuously. This is known as image (or field) de-rotation20 and is implemented in general by
either rotating the focal plane or optical elements to compensate for the rotation of the source
on the sky as it transits. Image de-rotation through focal plane motion is generally more simple
from the optical perspective, but more difficult from the mechanical, electrical, and systems
view and therefore not typically chosen. More common is optical image de-rotation, which can
be achieved through a parity change.21 The input optical axis is not deviated from the output axis
to prevent the beam from precessing about the rotation axis, which leads to a host of reflective
and refractive design combinations to be used for image rotation. A few classic examples of
refractive image rotators are the: Dove, Abbe, and Pechan, while a reflective version of the
Abbe is called the K-mirror due to the orientation of the three mirrors.

2 Optical design of dynamic K-mirror systems

A K-mirror is selected for this work because of its applications in astronomy, where refractive
options are less common due to the materials and wavelength ranges. To de-rotate the field, a K-
mirror rotates the incoming light by an angle 2θ for every θ rotation about its axis. A diagram
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(a) (b) (c)

M1 M3

M2

Fig 1 Schematic of how the K-mirror system rotates the beam about the direction of propagation by twice the angle
that the K-mirror is rotated. In (a) is the defined 0 deg. angle of the K-mirror, with the system rotated by 45 degrees in
(b) and finally by 90 degrees in (c). The same coordinate axes are given at the input to the K-mirror (dashed axis into
the page, solid axis upwards in the page), resulting in output coordinates that are rotated by twice the K-mirror rotation.
M1, M2, and M3 are labels for the mirrors in system, where light travels from M1 to M2 and finally to M3.

showing how the orientation of the incoming beam is rotated about the axis of propagation
through the reversal of parity is given in Fig 1.

The folding angle of the K-mirror γ, defined as the angle between the incident and reflected
light from the second mirror, determines the axial compactness of the system while the distance
between the input optical axis and the second mirror H determines the lateral compactness as
shown in Fig 2. Given an axial length L and lateral height H of the K-mirror, the folding angle
γ, and spacing R of the mirrors is given by,

R =

√
H2 +

(
L

2

)2

(1)

γ = 2arctan

(
L

2H

)
, (2)

which determines the angle of incidence (and reflection) on the first mirror,

β =
1

4
(γ + π), (3)

where β is in radians. A small folding angle results in an axially compact rotator, however
the lateral size grows in order to provide clearance between the first and last mirrors. Addi-
tional considerations arise when the image de-rotator is used in systems with off-axis fields,
non-collimated spaces, or when polarization is a concern. When a field must pass through the
K-mirror un-vignetted, the spacing between the mirrors or folding angle needs to grow to com-
pensate for the extra optical area used by the beam to prevent the mirrors from overlapping.
Similarly, in a non-collimated space, the size of the mirrors must accommodate the changing
beam diameters as they propagate and either diverge or converge depending on source loca-
tion. Therefore, K-mirror systems are typically used in collimated spaces, but with care can be
applied to non-collimated optical spaces.

When using a K-mirror in a non-collimated space with off-axis fields, optically powered
elements may be necessary in order to prevent the mirror sizes from growing unmanageably
large.2 Including optical power in the surfaces of the K-mirror achieves a more compact and
versatile optical system because of the additional degrees of freedom.1 However, the high angle
of incidence of the input and output K-mirror reflections generate strong aberrations even for
weakly powered surfaces.22 Therefore, examples of powered K-mirrors in the literature confine
optical power to the second mirror (M2 in Fig 2), which has the smallest angle of incidence.
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M1

M2

M3

Fig 2 Diagram of the parameters used to define the layout of a K-mirror image rotator, where L and H could be
specified by packing restrictions, which determines the required folding angle γ, spacing between mirrorsR, and angle
of incidence β. M1, M2, and M3 are labels for the mirrors in system, where light travels from M1 to M2 and finally to
M3.

The shape of this second mirror is also usually a conic, either elliptical or parabolic,23 with very
weak optical power.

2.1 Dynamic optical configuration

Given that the second mirror in the K-mirror image de-rotator is an off-axis element, it will
surely benefit from the application of freeform optics. Greater aberration control can be achieved
with the freeform surface type compared to a conic, either on-axis or off-axis. Furthermore, as
the K-mirror is rotated about its axis to perform image de-rotation, the location at which a field
point samples the beam changes as a function of this angle. In this work, we present a novel
view of utilizing the freeform surfaces given the dynamics of the K-mirror changing its optical
configuration as a function of image de-rotation.

To highlight the capabilities of seeing an optical design in this manner, we will take a typical
configuration of a K-mirror system placed immediately after a telescope focal plane, using the
powered surface in the K-mirror to collimate the incoming light. A linear field of view is used in
this setup, creating a line of image points on the telescope focal plane. As the K-mirror rotates,
the beams move across the mirror surfaces, as shown in Fig 3. This leads to the benefit of using
a freeform surface instead of an off-axis conic or rotationally symmetric surface. With the
freeform, one can attempt to correct the varying aberrations because the beams at the various
angles sample different sections of the surface than before. An off-axis conic or rotationally
symmetric surface does not have, or is limited in, this capability and therefore suffers from
more significant aberrations.

Due to the location of the telescope focal plane with respect to the K-mirror system, the
beams are more spatially separated on M1 than the other two mirrors, which, given the previous
statements may lead to the conclusion that M1 should be freeform. However, a better choice
for the optical power is M2 due to the high angle of incidence on M1, which leads to increased
manufacturing sensitivity. One may think of M1 as serving as a field corrector plate, where
there is little to no overall optical power, but local correction. However, this role is complicated
due to the sensitivity of output beam quality on small surface errors. Given these considerations,
most designs will benefit from leaving M1 and M3 as flat and allowing M2 to be a fully freeform
surface.

2.1.1 Covariance of Zernike coefficients in off-axis conics

The parameters that define an off-axis conic surface are: radius of curvature, conic constant,
off-axis distance, and aperture size. Shown in Fig 4 are Zernike decompositions of an off-
axis conic surface and a freeform surface in a K-mirror for the same optical configuration. A
total of 36 Zernike terms in standard ordering were used to fit the surface data. Z4 (power)
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M1 M2 (Powered) M3

Fig 3 Beam footprints on the three K-mirror surfaces. Each color represents a point in the field of view, where the same
colored footprints are from five separate K-mirror rotation angles (θ = −45◦, −22.5◦, 0◦, 22.5◦, and 45◦) showing
how the beams sample the surfaces as a function of angle. The telescope focal plane is placed close to the center of the
first K-mirror. The second surface in the K-mirror is a freeform, which was chosen because the angle of incidence is
minimized, and therefore the aberration contribution is reduced.

Off-Axis Conic (M2 Case) Freeform (M2 Case)
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Fig 4 Surface decomposition of a powered surface in a K-mirror system whose surface profile is specified using the
off-axis conic parameters (left) or Zernike coefficients in standard ordering (right). The surface decomposition was
performed with 36 Zernike terms in standard ordering over the circular aperture of the mirror.

has been removed to improve visibility of the other terms. The off-axis conic and freeform
surface have 3.76 mm and 3.764 mm of Z4, respectively. The amount of astigmatism in both
surfaces is similar, but coma, trefoil, and higher terms are significantly different between the
two since the off-axis conic terms have a defined covariance. We see that the off-axis conic
has many fewer contributing Zernike terms than the freeform, leading to a lower flexibility in
the type of aberration control that the surface can achieve. In terms of defining a surface in a
dynamic optical configuration, such as a K-mirror, the reduced freedom of aberration control in
the off-axis conic manifests itself in a lower optical performance. The freeform surface is able
to generate the exact amount of each coefficient required to optimize the design performance
while the off-axis conic has a fixed dependency between Zernike terms.

2.2 Freeform vs. off-axis conic vs. on-axis conic

We will compare the optical performance obtained when using freeform versus an off-axis
conic versus an on-axis conic as the surface type of the second mirror in a K-mirror system.
Listed in Table 1 are the optical specifications for the simulation experiments, including the
merit function parameters used to determine optical quality. The Strehl ratio and distortion
specifications were chosen based on the diffraction limit and to minimize the distortion. Note
that the object height parameter is the distance from the optical axis to the maximum extent of
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Object
M1

M2

M3

Thin Lens

Image Plane

Pupil

Fig 5 Optical layout of the K-mirror system used to perform the design comparison experiments. Note that this is one
configuration of the K-mirror, where to produce the image de-rotation, the system (M1–M3) rotates about the optical
axis (horizontal), causing the light from the various fields to move on the optical surfaces.

the object. The optical power in the K-mirror will be used to collimate the beam, which will
be analyzed using an image quality metric by placing an aberration-free paraxial lens after the
K-mirror system to refocus the beam. Shown in Fig 5 is the optical layout used for comparing
the performance of the three design types. Another paraxial lens is used to create the real object
plane by focusing collimated light, such that the aperture stop of the system is placed on the first
paraxial lens. This lens is not shown in Fig 5 since it is much further away and larger than the
K-mirror system. This design format mimics the Kitt Peak 12 meter radio astronomy telescope
geometry,24 where the Cassegrain telescope serves the role of the first paraxial lens, and the
aft-optics replace the second lens. The first paraxial lens has a focal length of 9600 mm and the
second lens has a focal length of 1200 mm. The second lens in combination with the K-mirror
instrument forms a 1–to–1 imaging system, resulting in an f-number (F/#) of 8. Continuing
with the example of the radio astronomy telescope on Kitt Peak, we use a wavelength of 1 mm.

Table 1 Layout specifications defining the K-mirror test case. The object distance and entrance pupil locations
are given with respect to the first K-mirror (M1 in Fig 5). These parameters were chosen to mimic a 12 meter
radio astronomy telescope on Kitt Peak.24

Specification Requirement
Object Distance (mm) −200
Object Height (mm) 171.43
Entrance Pupil Dia. (mm) 12000
Entrance Pupil Loc. (mm) −96200
Angle of Incidence β (deg) 55
Mirror Spacing R (mm) 1000
Folding Angle γ (deg) 40
Wavelength (mm) 1.0
Strehl Ratio > 0.8
Distortion Min.

Using the same merit function to optimize all three designs, on-axis conic, off-axis conic
and freeform, we obtain the surface specifications given in Table 2. We see a similar base
radius of curvature in both the freeform and off-axis conic surfaces, while the on-axis conic
differs significantly because it cannot compensate for the off-axis configuration. However, the
freeform surface is able to compensate for the configuration dependent aberrations while the off-
axis conic cannot.The freeform surface was specified using 36 terms of Zernike polynomials
in standard ordering. The coefficients for each polynomial, and their corresponding Zernike
coefficient are given in Table 3.
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Table 2 Optimized optical specifications for M2. The freeform surface is also specified with Zernike polynomials
in standard ordering, whose coefficients are given in Table 3.

Design Radius of
Curvature (mm) Conic

On-Axis Conic 2365 0.4106
Radius of

Curvature (mm) Conic Off Axis Distance (mm) Aperture Size (mm)

Off-Axis Conic 2723 0.1917 2106 500
Radius of

Curvature (mm) Conic
X Dec.
(mm)

Y Dec.
(mm)

Z Dec.
(mm)

X Tilt
(deg)

Y Tilt
(deg)

Freeform 2400 17.48 115.63 62.913 3.502 1.582 -1.994

Table 3 Coefficients of the freeform surface used in the K-mirror. The coefficients correspond to the first 36
Zernike polynomials in standard ordering, where Z1–4 are not shown because they are all zero. Note that a
normalization radius of 368.7 mm is used, so the coefficients are unit-less.

Term Coefficient Term Coefficient Term Coefficient Term Coefficient
Z5 -1.459 Z6 -2.402 Z7 0.334 Z8 -1.879
Z9 -2.124 Z10 -0.419 Z11 -0.63 Z12 -1.391
Z13 -0.595 Z14 1.236 Z15 -0.381 Z16 -0.492
Z17 0.159 Z18 -0.162 Z19 -0.572 Z20 0.574
Z21 0.786 Z22 -0.061 Z23 -0.062 Z24 -0.246
Z25 -0.021 Z26 0.204 Z27 0.489 Z28 -0.078
Z29 0.03 Z30 -0.035 Z31 -0.044 Z32 -0.019
Z33 0.076 Z34 0.047 Z35 0.088 Z36 -0.062

To highlight the local surface tailoring that the freeform system achieves, Fig 6 shows in
the sag of M2 (panel a), with Zernike power (Z4) removed from the surface in panel (b). The
dominant underlying surface shape in both surfaces is astigmatism, to compensate for the off-
axis imaging configuration, but the freeform surface has additional sub-aperture variations to
correct the aberrations across the field of view and the rotation of the K-mirror. The changing
and localized sampling of the M2 surface due to the dynamic configuration of the system allows
the freeform surface to be used in a novel manner. Shown in Fig 7 are three discrete sub-
apertures of the powered mirror seen by the beams in three different configurations of the K-
mirror rotation. We have removed Zernike terms through astigmatism (Z1–Z6) to highlight
the local control that is gained by using the freeform surface. Further, the residual coma (Z7
and Z8) in the off-axis conic that is not present in the freeform design shows the undesired
covariance of the Zernike coefficients for that surface type specification. The optical aberration
control mandates a local surface change, which is achievable using the freeform but not with
the off-axis conic.

3 Optical Performance

Both optical designs surpass the Strehl ratio requirement, with a maximum root-mean-square
(RMS) focused spot radius of 2 mm. Note that at the system f-number of 8 and wavelength
of 1 mm, the diffraction limited spot radius is 9.76 mm. The focusing requirements at this
wavelength are not the driving factors in this design, rather minimizing the distortion is the
most difficult aspect.

3.1 Distortion

The distortion in the system changes significantly between the two designs, where the freeform
surface is able to achieve less distortion than the off-axis conic. Shown in Fig 8 is the image
plane for each design, with the focused spot from each configuration of the K-mirror superim-
posed on top of one another. Ideal focus positions are computed from a thin lens perspective
given that the K-mirror and second paraxial lens form a 1–to–1 imaging system. Any variation
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Fig 6 Surface sag maps of M2 in the K-mirror systems. Shown in (a) is the full surface sag, while (b) has the Zernike
power term (Z4) removed to highlight the local surface control achieved in using a freeform surface specification. The
local control gained in the freeform surface means that configuration dependent aberrations can be better corrected.
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Fig 7 Sub-aperture samples of the powered mirror (as shown in Fig 6) in the K-mirror instrument, where each configu-
ration is a rotation of the K-mirror about its axis by 45 degrees. The freeform surface is able to generate the local surface
control that the design requires while the off-axis conic is stuck with an entangled ratio of terms that are generated by
obtaining the correct amount of astigmatism.
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Fig 8 Comparison between the distortion correction achieved between the on-axis conic, off-axis conic, and freeform
designs. The image planes for each design are shown with the focused spots from each K-mirror position on top of one
another. Distortion is defined as the shift in focus location with respect to the ideal focus, computed using a thin lens
model. The distortion of each point in the field of view are computed in all three designs, as given in Fig 9.

Fig 9 Percent radial difference in centroid location between the ideal and the as-designed coordinates for eight field
points in the instrument field of view averaged across the 5 K-mirror configurations (θ = −45◦, −22.5◦, 0◦, 22.5◦,
and 45◦).

in these focus locations with respect to the centroid of the focus is classified as a distortion and
is characterized by computing the shift in location along the x and y coordinate axes. The values
reported in Fig 9 are the errors in the focus location for eight points in the field of view, averaged
across the rotation of the K-mirror. The amount of distortion in field 6 is similar between all
designs, and is likely due to the nature of balancing performance across many merit function
operands. Also note that even though the average % distortion is lower for some fields in the
on-axis conic case, the variation in position with K-mirror configuration is much worse as seen
in Fig 8. The freeform surface is able to tailor the optical performance with more finesse than
the off-axis conic because we achieve local control over the surface for each position of the K-
mirror. The configuration dependent optimization utilizes a freeform surface in a new manner
compared to prior work since the sub-aperture illuminated in each configuration is dynamically
varying.

3.2 Lyot Stop Uniformity

Instruments that employ bolometers limited in sensitivity by thermal emission from their sur-
roundings, such as those found in millimeter-wave astronomy, require low levels of stray-light
since any unwanted light hitting the detectors is a source of unwanted photon noise that masks
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On-Axis Conic Off-Axis Conic Freeform

Fig 10 Footprint diagrams of the pupil created by the K-mirror system for the three surface types used in the powered
optical element (M2). The off-axis conic generated the most uniform and symmetric pupil due to the lower local
variance compared to the freeform design. A footprint diagram is generated by tracing and recording the location of
rays from the outside edge of the entrance pupil.

the weak signals of interest. To control this behavior, a pupil with a well-defined aperture is
usually required. This is known as a Lyot stop,25 which is typically placed within a cryogenic
environment.26–28 When utilizing a freeform surface in an instrument to achieve the required
imaging and distortion performance, we must also take care to manage the Lyot stop unifor-
mity. Unfortunately, the control that allows a freeform surface to perform so well in tailoring its
imaging performance is the same freedom that can degrade and limit the quality of Lyot stop.
Examining the pupil generated by the design that was optimized for imaging performance, pre-
sented in Fig 8 and specified in Table 2, we notice that the freeform has a worse quality Lyot
stop compared to the off-axis conic. Plotting the rays from the edge of the entrance pupil for
each field point, and multiple positions of the K-mirror, we obtain the beam footprint diagrams
shown in Fig 10. The on-axis conic has the worst pupil because the astigmatism is uncorrected,
and it cannot form a uniform pupil. However, the local variations (low–to–mid spatial frequen-
cies) of the freeform surface create higher-order deviations from a circle, which also vary more
strongly with K-mirror angle, that are not present in the off-axis conic. These effects can be
seen in the purple rays in the Freeform pupil, where the different K-mirror positions do not
correlate as well and the localized deviations from the overall circular shape.

If we fit the ray positions from each configuration of the K-mirror (across the entire field
of view) with an ellipse, the resulting standard errors in the ellipse radii are given in Table 4.
From the fitted data, we see the same result in the pictorial representation, that the off-axis
conic has a more centered and circular pupil with less variation compared to the freeform or
on-axis conic. The off-axis conic has the least variation because it does not induce mid-spatial
variations like the freeform, which can lead to a slightly more anamorphic pupil, but it can still
account for the off-axis configuration, unlike the on-axis conic. This data highlights the need to
take extra care when working with freeform optical surfaces. Furthermore, working with pupils
in a freeform design is difficult because the variation across the aperture of the optical surfaces
creates non-uniformities in the pupil that are hard to balance with the desired variations in the
image plane.

Table 4 Best fit standard errors of the ellipse radii for the pupil in the K-mirror instrument shown in Fig 10.
Best Fit Ellipse On-Axis Conic Off-Axis Conic Freeform
X Radius (%) 7.7 0.58 0.84
Y Radius (%) 7.1 1.6 3.4
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3.3 Design Considerations

Not all K-mirror designs should utilize freeform or powered surfaces. The instrument design
must warrant their application, or else the design becomes unnecessarily complicated. The
points raised in the discussion in Section 1.1 should be carefully considered when looking at
the trade-offs between these surface types.

4 Conclusion

We presented a unique use of freeform optics to correct for configuration dependent aberrations
by obtaining local control of the surface. One such application is in image de-rotation when a
K-mirror system is used with optical power. For the scenario of image de-rotation, the freeform
system was able to achieve lower distortion without sacrificing imaging performance, but comes
at the cost of a slightly less uniform pupil. A real, accessible, pupil is sometimes necessary
in situations where image de-rotation is also employed, such as radio astronomy. Therefore,
a minor trade-off between imaging/distortion and pupil uniformity exists when employing a
freeform surface in the K-mirror for image de-rotation. We provided a few considerations on
the optimization process and the design space opened by freeform optics when performing
image de-rotation using a K-mirror with optical power and a linear field of view. By comparing
three different surface types (on-axis conic, off-axis conic, and xy–polynomial freeform) we
provide a reference point for what optical performance is available given these different design
options.
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Abstract: An instantaneous phase shifting deflectometry measurement method is presented
and implemented by measuring a time varying deformable mirror. The instantaneous method
is based on multiplexing phase shifted fringe patterns with color, and decomposing them in
x and y using Fourier techniques. Along with experimental data showing the capabilities of
the instantaneous deflectometry system, a quantitative comparison with the Fourier Transform
Profilometry method, which is a distinct phase measuring method from the phase shifting
approach, is presented. Sources of error, nonlinear color-multiplexing induced error correction,
and hardware limitations are discussed.
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1. Introduction

In this paper, we demonstrate an instantaneous phase shifting deflectometry measurement
using an iPhone® 6, which enables real time phase shifting deflectometry data acquisition,
measurements in high vibration environments, and a host of other scenarios inaccessible to
conventional deflectometry techniques. We show that with a multiplexed display pattern and
novel data processing, we can play back a video of time varying events in the measurement path.
Similar to the previous deflectometry system developed on a portable device [1], we are limited
in performance by the hardware constraints and the processing power of the device. However,
the mobile device allows us to investigate the core ideas and concepts behind the instantaneous
measurement and prove that they are robust and well founded. We present the theory of the
instantaneous phase shifting measurement and experimental data showing the capabilities of this
method. We then compare the instantaneous phase shifting method to a different category of
deflectometry that leverages Fourier Transform Profilometry (FTP). Finally, we discuss sources
of error in these measurements, our error correction, and ways to improve the hardware for future
applications.

2. Background

Deflectometry is a surface slope measuring tool that requires minimal hardware and acquires
surface height data with nanometer-level precision [2, 3, 4]. It directly measures slope data, and
has a very large dynamic range [5]. At the most basic level, a deflectometry system must have
a screen to display a pattern, and a camera to capture images of the mirror under test, which
is illuminated by the screen. A schematic of the measurement setup is shown in Fig. 1. The
camera hardware is chosen from off-the-shelf components where low signal-to-noise and fast
acquisition times are desirable. The screens are also off-the-shelf, but the patterns displayed
are areas of active research. Current systems use display patterns such as line-scanning, binary
patterns, and phase shifting [6]. All the methods listed rely on changing the pattern with time and
recording multiple images with the camera to reconstruct the optical surface under test. These
methodologies cannot cope with time varying measurements because they multiplex information
in the time domain. In doing this, they are limited to measurements in which the environment, or
features on the surface, do not change in time.

Similar limitations were encountered in the field of laser interferometry, where phase shifting
methods are also applied. Solutions to the problem of making a measurement in an unstable
environment range from using polarization to multiplex the phase shifted data [7, 8], to using a
spatial frequency carrier [9, 10]. With these systems, measurements over very large path lengths
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Fig. 1. Schematic of a typical deflectometry measurement with all relevant distances indicate
for use with a mobile device.

and in turbulent environments are possible, opening the door to many great applications [11].
Fundamental to both solutions is the idea that we combine the unique data from each time
measurement into a single frame such that, during data processing, the pieces are still distin-
guishable from one another. Phase shifting interferometry (PSI) requires a minimum of three
phase shifted data sets to reconstruct the surface under test [12]. An instantaneous measurement
on a phase shifting deflectometry system needs to multiplex twice the amount of information that
a similar phase shifting interferometry system would need to multiplex. This is because deflec-
tometry measures slope data, which must be captured in two orthogonal directions to properly
reconstruct the surface. Therefore, the direction of the slope data must also be distinguishable
during data processing. For example, using the minimum number of phase shifts (three), we need
six data: three for one slope direction, and three for the other orthogonal slope direction.

Fourier Transform Profilometry, a distinct metrology method from phase shifting deflectometry,
can also be used to measure the phase of a displayed pattern. It has been employed extensively
in the field of fringe projection [13, 14]. More recently, an instantaneous deflectometry method
using FTP has also been studied and presented in the literature [15, 16]. FTP captures a single
image of a fringe pattern with both x and y direction fringes and uses Fourier analysis to
reconstruct the phase information from the image. The frequency spectrum is filtered and then
inverse Fourier transformed, which generates a real and imaginary result. These values are then
used to calculate the phase of the original object. FTP has the benefit of only requiring two pieces
of information to be multiplexed because the Fourier analysis can reconstruct the phase from just
a single pattern. In the most recent publication using FTP, Wu et. al. used color to multiplex the
x and y fringes, which is not required by the FTP analysis, but it allowed them to reduce errors
in the frequency domain due to overlapping spectra. However, as is true for all Fourier domain
filtering, the exact method of filtering the frequency data is not a trivial step because the end
result depends significantly on the process [17].

3. Concepts of the Instantaneous Phase Shifting Measurement

An instantaneous phase shifting measurement method is fundamentally different from previous
phase shifting deflectometry methods because it does not multiplex information in the time
domain. The theory supporting an instantaneous measurement does not impose any restrictions
on how fast a measurement can be made, while a time-multiplexed measurement must occupy a
finite extent in time. In practice, this means that phase shifting deflectometry may now measure
objects in turbulent environments, high vibration situations, or even surfaces that are controlled
via a feedback loop. An instantaneous deflectometry measurement also addresses a situation that

95



current interferometer technology cannot. The proposed instantaneous deflectometry concepts
will allow us to measure the dynamic bending modes of a large freeform/aspheric optic with
active control, where previously, the large phase variations in the environment and/or the required
large dynamic range of the freeform metrology prevented such a measurement.

We chose to create the instantaneous phase shifting style of deflectometry as opposed to
leveraging common FTP techniques because we saw great potential for this new form of in-
stantaneous deflectometry measurement. To do this, we multiplex the required phase shifted
information in a single display pattern and create an instantaneous measurement. Another reason
phase shifting deflectometry was selected is because it provides high accuracy data from a small
number of images compared to line-scanning or binary patterns. It is also insensitive to spatial
light variations on the screen, but it is affected by temporal variations, making it an excellent
candidate for the instantaneous measurement type. FTP was also considered as a technique
because it has been shown to work as an efficient instantaneous solution using only a single
fringe image instead of multiple phase shifted images, but it was not selected due to the potential
uncertainty in measurements and the Fourier domain processing challenges, which are discussed
and detailed in Sec. 4.4.

The phase shifting method of multiplexing incorporates two main ideas, each with an analogous
concept in the realm of instantaneous interferometry. First, we encode the phase information
using color, which requires a color display and camera. This style of registration is similar to
that employed by the polarization multiplexed interferometer, where each phase shift is detected
independently from the others. The number of color channels is fixed by the hardware, so we
use a three-step phase shifting algorithm, the minimum required. Second, we display a large
number of fringes on the screen, which acts as a carrier frequency in the image, similar to the
spatial frequency carrier interferometer. When we combine both of these tools, we are able to
distinctly multiplex six pieces of information corresponding to the three phase shifts in the two
orthogonal directions necessary for a phase shifted deflectometry measurement. It is important
to note that the analogies given here are only meant to provide an intuition into the multiplexing
methods for those more familiar with interferometry. The comparison should not be understood
as implying that the interferometry methods are the same as the deflectometry methods because
the two metrology systems operate on fundamentally different principles.

For convenience, we define the two orthogonal directions of the fringes to be in the x and y
directions, which lie in the plane of the screen as shown in Fig. 1. They are able to be in any
orientation, but this coordinate system is best for displaying fringes accurately. The x and y fringe
data must be displayed simultaneously, resulting in a pattern that looks more like an oscillating
membrane than fringes. Furthermore, each phase shift is superimposed, so the resulting display
is a multicolored membrane that does not resemble traditional fringes. This pattern is shown at
the start of the data flow chart, given in Fig. 2, labeled as “Display Image".

The camera captures an image of the surface under test, which is illuminated by the screen,
and the resulting image is a distorted version of the display image. The camera has three color
channels which are read out separately to obtain three sets of data, corresponding to the three
phase shifts: red (∆φ = 0), green

(
∆φ = π

3

)
, and blue

(
∆φ = 2π

3

)
. We then Fourier transform

each phase shifted image. In the Fourier domain, we observe distinct peaks at the locations
corresponding to the carrier frequencies of the display fringes in the x and y directions. By
dividing the Fourier domain into x and y frequencies without rejecting any information, we are
able to decompose the input image into two separate images that would have been observed
had we displayed one directional fringes. Note that this is fundamentally different from the FTP
method, where a portion of the frequency information that contains some true information is
discarded during data processing. The separation boundaries applied to the frequency data in
instantaneous phase shifting deflectometry are shown in Fig. 2 labeled as ‘X Frequency Mask’,
and ‘Y Frequency Mask’. We call them bow tie and hour glass masks, respectively, due to their
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Instantaneous	Deflectometry	Data	Flow

1)	Display	Image

2)	Deflectometry	Measurement

3)	Read	Out	Phase	Shifted	RGB	Channels

6)	Inverse	Fourier	Transform	to	
Reconstruct	X	and	Y	Fringe	Data

4)	Fourier	Transform	Phase	Shifted	Data

5)	Apply	Two	Masks	to	Each	
Data	Set	in	Fourier	Domain

Image	seen	on	screen

X	Frequency	Mask Y	Frequency	Mask

X	Reconstructed	Fringes Y	Reconstructed	Fringes

1

1 0 0
0

0 1
1

∆φ = 0 ∆φ =
π

3
∆φ =

2π

3

Fig. 2. Overview of the new concepts and their incorporation into an instantaneous phase
shifted deflectometry measurement. The images shown are all synthetically generated with
MATLAB®. Note that the data processing does not end at the last step shown, further
phase unwrapping and integration steps are required, but are not unique to the instantaneous
measurement so they are omitted for clarity.

shape. The masks separate out a single frequency direction, while preserving the details of the
fringe pattern contained in each frequency direction. They work on the principle that with a large
enough carrier frequency in the display membrane, or a dense fringe pattern, the component x
and y fringes are distinguished with high fidelity in the Fourier domain. We note that certain
surface profiles will result in a measured fringe patterns that have closed loop fringes [18], which
generate an ambiguity in the Fourier domain. To prevent issues with indistinguishable fringe
direction, we adjust the geometry of the system either by tilting or translating the screen until a
good set of measured fringes are obtained. We then apply an inverse Fourier transform to the
separated data and reconstruct the one directional fringe patterns that made up the input image.
From the single input image, we are able to obtain six unique outputs that comprise the three
phase shifts in both orthogonal directions required to reconstruct the surface under test.

From this point on, we use the same data processing methods as have been developed for the
other deflectometry systems because there is no difference in data. For completeness, we will
briefly cover the methods used to reach the final reconstructed surface. First, we apply a three
phase step algorithm to each direction. This results in four data arrays, two wrapped phases and
their modulation, one in each direction. We unwrap the phases using a flood fill method [19],
and convert it to slope data with the system geometry parameters. Slope data is given in two
directions, x and y, which we then integrate using a Southwell zonal method [20] to obtain our
reconstructed surface. Further masking or post-processing with the surface may be done for
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specific applications.

4. Measurement Results

To validate the concepts presented in the previous section, we used a deformable mirror to
generate static and time varying surface shapes (which are independently verifiable) and meas-
ured them with the instantaneous deflectometry system. We present both single snapshots and
dynamic measurements. We also quantitatively compare the measurement results to data from a
conventional phase shifting deflectometry system and to a Zygo Verifire® interferometer. In the
following section we also compare the instantaneous FTP method with our phase shifting method
to highlight the key differences that separate the instantaneous phase shifting deflectometry from
the instantaneous FTP approach.

4.1. Experimental Setup

The geometry of the deflectometry system used to make the measurements given in the previous
section is shown in Fig. 3, where the iPhone® was secured in a 1" optic mount using a custom
3D printed case. We used a commercially available deformable mirror produced by ALPAO to
generate the surface under test. The mirror’s specifications are given in Table 1. We placed the
iPhone® close to the deformable mirror in order to adequately sample the mirror surface with
the camera pixels, and to limit the size of the display pattern to fit within the phone’s screen. The
deformable mirror is controlled via a MATLAB® program provided by the manufacturer that
allows us to command actuators to move continuously throughout their total range of motion.

Fig. 3. Image of the experimental setup used to demonstrate the instantaneous phase shifting
deflectometry measurement. The deformable mirror is shown on the left and the iPhone® in
its mount is on the right.

Model Pitch # of Actuators Diameter Settling Time (at ±5%)
DM52-25 2.5 mm 52 15 mm 2.0 ms

Table 1. Relevant specifications of the deformable mirror used to generate the surface
measured using instantaneous phase shifting deflectometry.

4.2. Dynamic Metrology Demonstration

To demonstrate our instantaneous phase shifting measurement, we used the ALPAO deformable
mirror to create a known time varying surface. We made a set of fifty uninterrupted measurements
taken at approximately 10 Hz, and created a movie of the deformable mirror moving continuously
(see Visualization 1 and Visualization 2), where a baseline measurement was subtracted from the
data in order to measure the influence function of the driven actuator. In the first movie, a single
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actuator in the deformable mirror was moved continuously out and back along its entire stroke,
causing a high point on the surface in the region of the actuator. We therefore are measuring
the actuator’s dynamic influence function, a critical parameter for calibrating and evaluating
a deformable mirror. The surfaces shown in Fig. 4 are frames taken from Visualization 1. We
clearly observe a single high peak in the data, corresponding to the actuator that we commanded
to move. This demonstrates the potential applications for an instantaneous measurement where a
time varying object needs to be measured, or the object is located in an environment with large
vibrations.
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Fig. 4. Measured surface of a deformable mirror where one actuator was moved by its total
stroke. Every other frame was taken from a subsection of Visualization 1 to create this series
of still images. A baseline measurement was subtracted from the data to show the actuator’s
influence function.

Dynamic Zernike mode measurement

To further highlight the capabilities of the instantaneous measurement, we generated a continu-
ously changing Zernike trefoil surface variations on the deformable mirror, starting with a flat,
progressing towards maximum deviation, and finally back to a flat surface. The measured surface
movie is provided in Visualization 2. A set of six frames from the movie are shown in Fig. 5.
The lower order shape of Zernike trefoil is clearly evident across all measurements, showing
that the instantaneous method is able to measure not only localized (by single actuator), but also
global (low order) surface changes.

4.3. Quantitative Measurement Accuracy

We compare the instantaneous measurement to conventional phase shifting deflectometry to a
Zygo Verifire® measurement for an objective accuracy evaluation beyond simply presenting
a dynamic result without quantitative investigation. We generated the surface by applying a
set voltage to a single actuator in the deformable mirror, similar to one of the frames in Fig. 4.
The conventional phase shifting deflectometry measurement was made using the same iPhone®

hardware, but with a three step, single color, phase shifting algorithm. We subtracted a baseline
measurement from all three data sets to make a fair comparison. The measured surface for the
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Fig. 5. Measurement data from a Zernike trefoil surface as it moves continuously. The full
movie is given in Visualization 2.

three data sets is shown in Fig. 6 (a). We lost partial data during the interferometric measurement
because of a defect in the surface of the deformable mirror.

We computed a horizontal line slice through each surface passing across the center of the
peak in the data. The line that we evaluated over is shown in Fig. 6 (a) as a black dashed line
across the width of the surface. We plotted each line slice on a single axis, which is given in
Fig. 6 (c). We then computed the difference between the surfaces of instantaneous data and the
interferometer, as well as the three phase (conventional phase shifting) and the interferometer
measurements. The resulting difference map is shown in Fig. 6 (b). We achieve less than 30 nm
RMS difference between all three methods when we are measuring a feature with about 2 µm
peak-to-valley (PV). This level of agreement demonstrates that the instantaneous phase shifting
deflectometry method is an accurate tool, especially considering an off-the-shelf iPhone® based
hardware setup.

4.4. Fourier Transform Profilometry Comparison

To compare the instantaneous phase shifting deflectometry to the instantaneous FTP method, we
measured the deformable mirror with a single actuator at the same position as before using the
reported FTP solution [16]. We then computed the difference between these surfaces and the data
from the interferometer in the same manner as before. The results of this experiment are shown
in Fig. 7, where three different filters (shown below the corresponding difference map) were used
to process the same data. The precise meaning of the filters used in FTP are essentially different
from the Fourier process used in the presented instantaneous phase shifting deflectometry. The
instantaneous phase shifting method only uses the Fourier domain to separate the frequency
information into two categories. The instantaneous phase shifting deflectometry method does
not eliminate a single piece of information from the raw measurement data during the Fourier
domain processing as discussed in Sec. 3. However, the FTP method must reject or select some
frequency information in order to reconstruct the phase data. The surface reconstruction is very
sensitive to the exact form of this filtering operation, which leads to uncertainties affecting the
accuracy of the measurement. This is why a good number of papers about the best filtering
method have been published [22, 23, 24]. Also, the most recent FTP-based instantaneous results
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Fig. 6. Comparison between instantaneous and conventional phase shifting deflectometry
methods and an interferometric method of measuring a surface. We see a small RMS
difference between the instantaneous, three phase, and interferometric results, showing that
the instantaneous method is an accurate tool.

were not quantitatively and experimentally cross-confirmed against other reference technologies
such as an interferometer [15, 16]. Implementing these methods is not an easy task, and there
is no single best solution since there are an infinite (or as many as the number of pixels in
the Fourier domain) number of possible filtering mask shape parameters. Our results in Fig. 7
demonstrate the uncertainty in reconstructed surface shape caused by using the FTP method
due to the filtering process. For instance, as we change the mask shape from (a) to (b) to (c),
the residual RMS error, with respect to the interferometer, changes from 64 to 50 to 32 nm,
respectively. The shape of the error also varies significantly with each new Fourier filter. Such a
significant difference in performance without good guidelines for choosing the optimal masking
shape leads to uncertainties in the accuracy of the reconstructed surface. However, the goal of
this investigation is more than just the absolute value of the residual RMS errors and the error
shape variations, it seeks to call to attention the difficulties in the filtering employed by FTP.
One of the biggest challenges in a FTP method is making a decision in the Fourier domain to
accept or reject frequency data when all the deflected pattern image information is interlaced.
We acknowledge that there may be a case-specific mask that generates a correct surface shape
with a similar residual error to that of the phase shifting method, but due to the high sensitivity
of the reconstruction process using different filters, the FTP method suffers greatly from the
masking ambiguity. On the contrary, our phase shifting instantaneous deflectometry method does
not suffer from such inexactness because we use the entire frequency domain information. In
other words, there is no arbitrary or weakly justified user determined parameter that impacts the
accuracy of the final result. However, it is also important to state that a FTP method (especially
one that does not use color-multiplexing [16]) can achieve higher spatial resolution as it does not
require a color display and camera. Therefore, the FTP method is still a capable and valuable
approach, it just has different strengths and weaknesses compared to the proposed instantaneous
phase shifting method because it utilizes fundamentally different phase measuring methods.
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Fig. 7. Difference maps between FTP method and interferometric method of measuring a
surface. The bottom row of masks shows the large possibility of defining the Fourier domain
filter shape, which results in uncertainties in the reconstructed surface maps in the top row.

5. Quasi-static Common Configuration Error Correction

The errors contributing to the data shown in Fig. 6 can be broken into two main categories: those
that are common to all deflectometry systems, and those that are unique to our instantaneous
method. Errors common to all deflectometry systems include screen deformations that distort the
displayed pattern causing a systematic error, and camera or screen nonlinear response causing
print-through. An instantaneous phase shifting measurement also has unique sources of error
that come from the cross-talk between color channels in the screen and the camera, color related
non-linearity issues, and the physical layout of the screen and camera pixels that cause inexact
phase shifts. On the screen, the spectral output from a single color pixel is fairly wide such that it
overlaps with the other channels. The camera’s pixels are also not perfectly filtered, so displaying
a single color will cause a response in all three detector color channels. The cross-talk between
color channels causes the phases to print through onto the other phases, creating distortions in
the measured phase shifted images. This affects the system’s instrument transfer function (ITF),
or how the system responds to a given input. By using a color display and detector, we also
alter the ITF because the individual color filtered pixels are made into a larger super pixel. This
means that we have a decrease in the spatial resolution related performance (or ITF) but gain the
instantaneous capability.

While well known calibration methods can be applied to correct the common deflectometry
errors associated with the traditional phase shifting approaches [25, 26], an advanced data
correction that we have termed ‘Quasi-Static Common Configuration’ (QSCC) compensation
was developed and applied to the dynamic data to correct the unique instantaneous phase shifting
errors. The correction leverages two aspects of the instantaneous phase shifting configuration.
First, the change in error due to the dynamic variation under test (e.g. deformable mirror) will not
grossly affect our error correction. Second, all measurements are made in a common configuration.
This means that nothing changes between the single color and color-multiplexed instantaneous
measurements except for the pattern displayed on the screen (i.e. common configuration). This
constitutes the basis for our QSCC error compensation method. Simply stated, to compensate
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the unique instantaneous errors, we compute the difference between a conventional phase
shifting measurement and an instantaneous measurement for a common nominal state (e.g.
zero voltage applied to the deformable mirror). We then apply the difference map as a QSSC
correction to the dynamic data set. To demonstrate the fidelity of our error correction method,
we show an uncorrected map and a corrected map in Fig. 8. Each map is the result of a
single measurement of the deformable mirror with a single actuator at a fixed voltage. In
Fig. 8 (a) we show an instantaneous measurement where Zernike polynomials 1–100 (standard
ordering) were subtracted in order to clearly show the high frequency errors. We observe
significant double frequency error (nonlinear error in phase), which is common in phase shifting
interferometry [27, 28, 29], and color effects that further distort the surface and lead to more
high frequency errors. With the new error correction, we improve the surface RMS by 40%, from
13 down to 7 nm RMS as shown in Fig. 8, especially addressing the double frequency fringe
print-through errors. Although there are still some higher order errors after the compensation
due to the quasi-static assumption, it is still clear that the error correction takes care of most of
the non-linearity related issues. Despite the new challenges that the phase shifting instantaneous
deflectometry method faces and the hardware limitations, we are able to measure a surface that
inspires confidence in the application of this technique to precision metrology.
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Fig. 8. Residual surface after removing Zernike terms 1–100 from before and after the
Quasi-Static Common Configuration correction (QSCC) as an advanced calibration. The
instantaneous measurement brings about new sources of error, so the correction method
must account for them.

Further data processing level instantaneous error correction methods are currently being
developed but we also wanted to present ideas on how to improve the error through hardware
upgrades. We could fabricate a specialized detector with better color filters, reducing the cross-
talk between phase shifts. More color filters could also be used to allow for a larger number
of phase shifts per instantaneous measurement, driving down the nonlinear error associated
with phase shifting. Understanding the chromatic aberrations and color transmission function
of the camera lens would also improve the accuracy of the system. The screen filters could
also be improved to give better display color discrimination. The output from each color pixel
would then only register on the corresponding colored detector pixel. Many of the errors seen in
the instantaneous phase shifting deflectometry measurement can be decreased through custom
hardware according to a specific accuracy and precision requirement for a given application.
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6. Conclusion

In this paper, we described a new realization of instantaneous deflectometry through phase
shifting that enables an accurate measurement and demonstrated that the concepts can be
implemented in currently available hardware. We presented data from a deformable mirror
with the hope of generating excitement about the potential applications for this technology. We
generated a comparison between the phase shifting method and the FTP method, which are two
essentially different but also capable solutions. We showed their differences and limitations,
concluding that the phase shifting method is a more robust tool and has less uncertainty when
reconstructing the surface. We then discussed the sources of error in the measurements and
our methods of correcting the new errors specific to instantaneous measurements so that future
developments in the field of instantaneous phase shifting deflectometry can build on them and
create an even more precise measurement tool.
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ABSTRACT

We present an instantaneous phase mapping deflectometry (PMD) system in the context of measuring a continu-
ous surface deformable mirror (DM). Deflectometry has a high dynamic range, enabling the full range of surfaces
generated by the DM to be measured. The recent development of an instantaneous PMD system leverages the
simple setup of the PMD system to measure dynamic objects with accuracy similar to an interferometer. To
demonstrate the capabilities of this technology, we perform a linearity measurement of the actuator motion in a
continuous surface DM, which is critical for closed loop control in adaptive optics applications. We measure the
entire set of actuators across the DM as they traverse their full range of motion with a Shack-Hartman wavefront
sensor, thereby obtaining the influence function. Given the influence function of each actuator, the DM can
produce specific Zernike terms on its surface. We then measure the linearity of the Zernike modes available in
the DM software using the instantaneous PMD system. By obtaining the relationship between modes, we can
more accurately generate surface profiles composed of Zernike terms. This ability is useful for other dynamic
freeform metrology applications that utilize the DM as a null component.

Keywords: Deflectometry, Deformable Mirror, Dynamic Metrology

1. INTRODUCTION

We present results of a linearity measurement of a continuous surface deformable mirror (DM) using an instan-
taneous phase shifting deflectometry system implemented on an iPhone R© 6. This technology enables snapshot
phase shifting deflectometry data acquisition, measurements in high vibration environments, and a host of other
scenarios inaccessible to conventional phase shifting deflectometry techniques. We accomplish the instantaneous
measurement with a multiplexed display pattern and novel data processing∗, such that we can play back a video
of time varying events in the measurement path.1

1.1 Deflectometry Background

Deflectometry is a surface slope measuring tool that requires minimal hardware and acquires surface height data
with nanometer-level precision.2 It directly measures slope data, and has a very large dynamic range.3 At the
most basic level, a deflectometry system must have a screen to display a pattern, and a camera to capture images
of the mirror under test, which is illuminated by the screen. A schematic of the measurement setup is shown
in Fig. 1. The camera hardware can be chosen from off-the-shelf components where low signal-to-noise and fast
acquisition times are desirable. The screens can also be off-the-shelf, but the patterns displayed are areas of
active research. The camera is positioned such that it focuses on the mirror’s surface while close to the center
of curvature of the optic. For a flat mirror, as shown in Fig. 1, the axial location is primarily determined by
sampling criteria. In practice, the camera must be shifted off-axis in order to collect light from the screen that
is reflected off of the test optic. It is therefore helpful to conceptualize the geometry by tracing rays from the

Further author information: (Send correspondence to D.W.K.)
D.W.K.: E-mail: letter2dwk@hotmail.com
I.T.: E-mail: itrumper@optics.arizona.edu
H.C.: E-mail: hchoi@optics.arizona.edu
∗Most of section 1 is adapted from a previous publication by Trumper1
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Figure 1. Schematic of a typical deflectometry measurement with all relevant distances indicated for use with a mobile
device.

camera to the screen to determine where they intersect the mirror and screen. The camera acts as our eye, and
each pixel on its detector will correspond to a point on the mirror and screen. These three points in 3D space,
across the entire optic’s surface, define the knowledge required to perform a measurement. One should think of
this as a mapping between the camera and screen caused by the optic.

To create a mapping, current deflectometry systems use display patterns such as line-scanning, binary pat-
terns, and phase shifting.4 The general process of creating a mapping using the phase of a pattern is defined
by the authors as Phase Mapping Deflectometry (PMD). This encompasses and generalizes the well-established
Phase Shifting Deflectometry (PSD) systems while providing a more accurate naming convention. A phase shift-
ing approach is utilized in the following work. To acquire the slope data, we first display a sinusoidal pattern
across the screen of a fixed frequency by modulating the output brightness of individual pixels. We then shift
the pattern by a fixed phase shift until we have completed a full 2π phase shift. This pattern is displayed in both
x and y directions separately from one another. After collecting the images corresponding to the phase shifted
display pattern, we apply a phase shifting algorithm5 to obtain wrapped mapping data. The wrapped mapping
is unwrapped using typical methods found in interferometry,6 which results in the final mapping between the
camera and screen through the surface under test. We then perform a slope calculation, given by Equation 1,
to obtain the local slope at every sample point across the surface. Note that Equation 1 is for the x-direction
slopes, while the y-slopes are computed using the same form of equation, but with the corresponding y-direction
variables.

sx =
1

2

(
xm − xs
zm2s

+
xm − xc
zm2c

)
, (1)

where sx is the local slope, xm is the local mirror surface coordinate, xs is the screen pixel coordinate, xc is the
camera pixel coordinate, zm2s is the distance from the mirror to the screen, and zm2c is the distance from the
mirror to the camera. We must then integrate the slope data to obtain surface height information, which we
accomplish with either a pixel-by-pixel (zonal) method or by fitting with analytic functions (modal).

1.2 Instantaneous Phase Mapping Deflectometry

All previously investigated phase shifting methods rely on changing the pattern with time and recording multiple
images with the camera to reconstruct the optical surface under test. These methodologies cannot cope with
time varying measurements because they multiplex information in the time domain. In doing this, they are
limited to measurements in which the environment, or features on the surface, do not change in time. In our
instantaneous PMD, we do not encounter such limitations because we multiplex all the necessary information
into a single screen and capture it with a single snapshot.

The phase shifting method of multiplexing incorporates two main ideas, each with an analogous concept in
the realm of instantaneous interferometry. First, we encode the phase information using color, which requires a
color display and camera. This style of registration is similar to that employed by the polarization multiplexed
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interferometer, where each phase shift is detected independently from the others. The number of color channels
is fixed by the hardware, so we use a three-step phase shifting algorithm, the minimum required. Second, we
display a large number of fringes on the screen, which acts as a carrier frequency in the image, similar to the
spatial frequency carrier interferometer. When we combine both of these tools, we are able to distinctly multiplex
six pieces of information corresponding to the three phase shifts in the two orthogonal directions necessary for a
phase shifted deflectometry measurement. It is important to note that the analogies given here are only meant to
provide an intuition into the multiplexing methods for those more familiar with interferometry. The comparison
should not be understood as implying that the interferometry methods are the same as the deflectometry methods
because the two metrology systems operate on fundamentally different principles.

For convenience, we define the two orthogonal directions of the fringes to be in the x and y directions, which
lie in the plane of the screen as shown in Fig. 1. They are able to be in any orientation, but this coordinate
system is best for displaying fringes accurately. The x and y fringe data must be displayed simultaneously,
resulting in a pattern that looks more like an oscillating membrane than fringes. Furthermore, each phase shift
is superimposed, so the resulting display is a multicolored membrane that does not resemble traditional fringes.
This pattern is shown at the start of the data flow chart, given in Fig. 2, labeled as ‘Display Image’.

Instantaneous	Deflectometry	Data	Flow

1)	Display	Image

2)	Deflectometry	Measurement

3)	Read	Out	Phase	Shifted	RGB	Channels

6)	Inverse	Fourier	Transform	to	
Reconstruct	X	and	Y	Fringe	Data

4)	Fourier	Transform	Phase	Shifted	Data

5)	Apply	Two	Masks	to	Each	
Data	Set	in	Fourier	Domain

Image	seen	on	screen

X	Frequency	Mask Y	Frequency	Mask

X	Reconstructed	Fringes Y	Reconstructed	Fringes

1

1 0 0
0

0 1
1

∆φ = 0 ∆φ =
π

3
∆φ =

2π

3

Figure 2. Overview of the instantaneous phase mapping multiplexing method and their incorporation a deflectometry
measurement.1 The images shown are all synthetically generated with MATLABR©. Note that the data processing does
not end at the last step shown, further phase unwrapping and integration steps are required.

The camera captures an image of the surface under test, which is illuminated by the screen, and the resulting
image is a distorted version of the display image. The camera has three color channels which are read out
separately to obtain three sets of data, corresponding to the three phase shifts: red (∆φ = 0), green

(
∆φ = π

3

)
,

and blue
(
∆φ = 2π

3

)
. We then Fourier transform each phase shifted image. In the Fourier domain, we observe
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distinct peaks at the locations corresponding to the carrier frequencies of the display fringes in the x and y
directions. By dividing the Fourier domain into x and y frequencies without rejecting any information, we are
able to decompose the input image into two separate images that would have been observed had we displayed
one directional fringes. The separation boundaries applied to the frequency data in instantaneous phase shifting
deflectometry are shown in Fig. 2 labeled as ‘X Frequency Mask’, and ‘Y Frequency Mask’. We call them bow tie
and hour glass masks, respectively, due to their shape. In practice, due to discrete sampling, the edge boundary
is actually jagged, but in an analytic case it would be smooth. Also, the center pixel (zero frequency) is used
in both masks to preserve the mean intensity value. The masks separate out a single frequency direction, while
preserving the details of the fringe pattern contained in each frequency direction. They work on the principle
that with a sufficiently large carrier frequency in the display membrane, or a dense fringe pattern, the component
x and y fringes are distinguished with high fidelity in the Fourier domain. We then apply an inverse Fourier
transform to the separated data and reconstruct the one directional fringe patterns that made up the input
image. From the single input image, we are able to obtain six unique outputs that comprise the three phase
shifts in both orthogonal directions required to reconstruct the surface under test.

Using the instantaneous method we are able to measure a dynamically varying surface and reconstruct the
surface for every image captured. We employ a relative measurement technique that measures the change in
the surface from a nominal state. This enables a high level of systematic error correction to achieve accuracies
similar to interferometry.1

2. EXPERIMENTAL SETUP

2.1 Deformable Mirror

A deformable mirror (DM) is a useful component in many systems that require dynamic optical surfaces such
as adaptive optics in astronomy7 where they are used to correct time varying atmospheric aberrations. Using
the instantaneous PMD system developed on the iPhone R©, we tested a DM produced by ALPAO on its ability
to linearly combine Zernike terms when creating a time varying surface. The specifications for the DM that we
used in our experiment are listed in Table 1.

Table 1. Relevant specifications of the deformable mirror used to generate the surface measured using instantaneous phase
mapping deflectometry.

Model Pitch # of Actuators Diameter Settling Time (at ±5%)
DM52-25 2.5 mm 52 15 mm 2.0 ms

To test the linearity of the DM, we input a command to produce a specific Zernike surface, measuring the
surface as a function of time as the input coefficient increases and decreases linearly in magnitude. We then make
a second measurement of a different Zernike surface and finally a third measurement of the linear combination of
the first two surfaces. With these three data sets, we can examine how the DM responds to the linear combination
of two Zernike terms. We chose to test Zernike terms corresponding to primary astigmatism (Z5) and secondary
astigmatism (Z12).8

The DM was calibrated prior to the experiment using a Shack-Hartmann wavefront sensor (SHWS) in order
to provide the software with a look-up table to produce the required Zernike terms. The SHWS was used because
it provided a direct method of inputing the calibration data into the DM’s software. Note that because this
calibration process has its own sources of error, we are not testing the DM’s ability to produce pure Zernike
surfaces, but rather the linear combination of the surfaces created.

2.2 Test Geometry

The measurement geometry is shown in Fig. 3, where the iPhone R© is held in 3D printed mount and placed
approximately 10 cm away from the DM’s surface. We measure the DM surface at a rate of 10 Hz, limited by
how quickly the iPhone can capture image data and save to a file at its highest resolution settings. A total of 75
sequential images are collected for each experiment, yielding a measurement interval of 7.5 seconds over which
we actuate the DM.
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iPhone

~10 cm

Deformable Mirror (DM)

DM Surface

(a) (b)

Figure 3. Experimental setup of the measurement featuring the iPhone and deformable mirror. (a) The DM’s 15 mm
circular surface, which is obscured from view in (b). Shown in (b) are orange arrows that approximate the time-reversed
paths of the rays from the front-facing camera of the iPhone reflected off the mirror’s surface and striking the iPhone’s
screen, similar to those shown in Fig. 1.

3. LINEARITY MEASUREMENT RESULTS

We process the recorded images using the instantaneous scheme depicted in Fig. 2, producing surface height data
across the DM’s 15 mm circular aperture. The three distinct Zernike surfaces we measured are shown in Fig. 4a–c
next to the surface (Fig. 4d) showing the synthetic combination of the two individual Zernike surfaces (Fig. 4a–
b) to compare against the generated (and measured) combination of the two terms (Fig. 4c). As described
previously, we are not testing the DM’s ability to generate the specified Zernike term because the calibration
procedure using the SHWS is not perfect. Therefore, the non-pure Zernike surfaces shown in Fig. 4a–b are
tolerated. We see a discrepenacy between the synthetic linear combination and the measured linear combination
due to errors in generating the combination of the Zernike surfaces. However, due to the implementation on the
iPhone and controlling the DM via a separate computer, we are not able to precisely time each measurement,
leading to small temporal offsets between the measurements that could also cause differences seen between Fig. 4c
and d. To compensate as much as possible for this effect, we examined each data from the three experiments
and aligned the start of the DM motion to take place at the same frame in each data.

Synthetic: Z5 + Z12Measured: Z5 and Z12

(c) (d)

Measured: Z5 Measured: Z12

(a) (b)

Figure 4. Measured surfaces of the deformable mirror used to investigate the DM’s linearity along with a link to the
full video file from which the surface data was taken. (a) Zernike coefficient Z5: http://dx.doi.org/doi.number.

goes.here (b) Zernike coefficient Z12: http://dx.doi.org/doi.number.goes.here (c) Zernike coefficients Z5 and Z12
simultaneously: http://dx.doi.org/doi.number.goes.here and (d) Sum of the results in (a) and (b): http://dx.doi.

org/doi.number.goes.here. Note the discrepancy between (c) and (d), either due to the deformable mirror’s inability
to linearly combine the Zernike surfaces or mistiming between the measurements. Also note that all figures are plotted
on the same scale.

By fitting the measured surfaces with Zernike coefficients (standard ordering), we are able to see how the
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value of the coefficient (RMS surface contribution) varies as a function of time between the synthetic linear
combination and the measured linear combination. We expect a linear change in the coefficient up to a peak
or valley (depending on the sign), and then back to its starting value of zero. Shown in Fig. 5 are the plots
of this behavior corresponding to the two Zernike coefficients that we selected along with the RMS difference
between the measured surface and the synthetically summed surface. The surfaces have other Zernike terms
present, but they are not our concern because of the calibration of the DM. For each Zernike coefficient, we
plot the measured linear combination (blue line) and the synthetic linear combination (red line) on the same
axis for a direct comparison. We see that there is good agreement for each coefficient throughout the full range
of coefficient values resulting in RMS differences of 0.25 µm, and 0.08 µm, for Z5, and Z12, respectively. The
large deviation in the Z12 coefficient (Fig. 5b) is most likely the same difference that we see betwee Fig. 4c–d,
where the DM encounters errors generating the linear combination. The change in the coefficient value is also
nonlinear for the measured combination while more linear for the synthetic combination, indicating that the DM
may generate errors when combining Zernike coefficients. The largest discrepancy between the two data is found
at the maximum value of the coefficient (peak or valley), most likely due to the DM reaching its maximum stroke
at these locations causing a nonlinear effect. The slope of the change in coefficient is very similar between the
two cases, but it is not perfectly linear. This behavior is most likely caused by the errors during calibration with
the Shack-Hartman wavefront sensor, but it could also be an issue with the stroke of the DM’s actuators.

RMS Difference: 0.25 µm RMS Difference: 0.08 µm

(a) (b)

Figure 5. Value of the specfied Zernike coefficent (RMS contribution) as a function of time showing the linearity of the
deformable mirror. The Zernike terms were fit to the measured surface data in two cases. First, when the deformable
mirror’s surface was a combination of Z5 and Z12 (blue) and second, the sum of the individual surface data from the Z5
and Z12 cases (red). We see a good agreement between the sum and simultaneously generated surfaces, showing that the
deformable mirror is a linear system for this combination of Zernike terms.

We further examined the capabilites of the deformable mirror by measuring a surface with eight Zernike
modes (Z5, Z6, Z8, Z9, Z11, Z12, Z13, and Z15) multiplexed. This experiment also tests the capabilites of the
hardware and software in reconstructing the surface. A typical application of a deformable mirror will utilize
a large number of Zernike terms, and therefore it is important that the instantaneous PMD system is sensitive
to each term. Shown in Fig. 6(a) is a sample of this measurement, where the surface height change is at its
maximum and in (b) is a bar plot of the Zernike term contribution to the surface. We see a large superposition of
Zernike terms, even getting nonzero values in modes that were not set by the deformable mirror’s software. This
is most likely due to a combination of the imperfect DM calibration with the SHWS and the mode cross-talk by
the DM.

4. CONCLUSION

We demonstrated an application for the instananeous phase mapping deflectometry system implemented on an
iPhone R©, where a deformable mirror was tested for its linearity when generating Zernike surfaces. In this case
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Figure 6. Measurement of a many-termed Zernike surface generated by the DM, where (a) is the surface reconstruction
at the point of maximum surface deviation from nominal, and (b) shows a Zernike mode histogram contributing to the
measured surface. Up to Z20 was fit to analyze the surface.

we have demonstrated the capabilites of measuring low-order Zernike surface terms as well as the potential to
use as a dynamic calibration tool for the deformable mirror. This characterization and potential calibration of
the deformable mirror’s surface has applications in adaptive optics where deformable mirrors are used to correct
time varying wavefronts. The instantaneous PMD system is well suited for relative dynamic metrology such as
tracking the change due to environmental conditions or an actively controlled surface. We hope that this work
inspires other uses for this technology and enables further dyanmic metrology of specular surfaces that was not
previously possible.
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