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ABSTRACT 

 

    Analog optical computing uses nonlinear optics and photonics to bring new approaches to 

attacking several important computational problems that current electronic computational 

platforms struggle to perform efficiently in terms of energy consumption and time. 

    In this dissertation, Chapter 2, I will demonstrate optical implementation of Probabilistic 

Graphical Models (PGMs) which are tools that are used to compute probability distributions over 

large and complex interacting variables. They have applications in social networks, speech 

recognition, artificial intelligence, machine learning, and many more areas. Our analysis 

indicates that the optical implementation provides substantial reduction of power and area 

compared to the electronic-based solutions as problems become large. For a network with 1 

million nodes and 100 alphabet size, our proposed wavelength multiplexed all-optical 

implementation requires approximately 200 kilowatts (kW) of power as compared with 1.47 

gigawatts (GW) and 1.7 megawatts (MW) using CPU-based and subthreshold VLSI-based 

systems, respectively. The optical-based solution is tolerant to shot noise and imperfections of 

optical modules used in the architecture as well. We also present an all-optical implementation of 

a PGM through the sum-product message passing algorithm (SPMPA) governed by a wavelength 

multiplexing architecture. As a proof-of-concept, we demonstrate the use of optics to solve a two 

node graphical model governed by SPMPA and successfully map the message passing algorithm 

onto photonics operations. The essential mathematical functions required for this algorithm, 

including multiplication and division, are implemented using nonlinear optics in thin film 

materials as well as bulk materials. The multiplication and division are demonstrated through a 

logarithm-summation-exponentiation operation and a pump-probe saturation process respective. 

The fundamental bottlenecks for the scalability of the presented scheme are discussed as well.  

    In Chapter 3, I will present a coherent Ising machine (CIM) and discuss its importance for 

solving combinatorial problems. Combinatorial optimization problems over large and complex 

systems have many applications in social networks, image processing, artificial intelligence and 

a variety of other areas. Finding the optimized solution for such problems in general are usually 

in the non-deterministic polynomial time (NP)-hard complexity class. Some NP hard problems 
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can be easily mapped to minimizing an Ising energy functional. I will demonstrate an analog all-

optical implementation of a CIM based on a network of injection-locked multicore fiber (MCF) 

lasers. The Zeeman terms and the mutual couplings appearing in the Ising Hamiltonians are 

implemented using spatial light modulators (SLMs). As a proof-of-principle, we demonstrated 

the use of optics to solve several Ising Hamiltonians with size of N=3 (triangle topology), N=4 

(square lattice), N=7 (1D chain) and N=13 example. We have obtained the exact ground state of 

the Ising Hamiltonians over several trials, while some of the trials converged on local minima. 

Overall, the average accuracy of the CIM for finding the ground state energy was ~ 90 % for 120 

trials. Our results represent a curious effect in an analog non-linear optical system whose 

minimum energy state may encode interesting Ising-like computational problems. However, our 

results do not imply an analog solver for NP Hard problems. We identify several fundamental 

and experimental bottlenecks in the scalability, programmability, and most importantly the 

solution quality (approximation to the optimal solution) of the CIM we built, most of which also 

apply to various other proposals for analog Ising solvers discussed in the recent scientific 

literature. 

    In the last chapter of the dissertation, Chapter 4, I will discuss linear and nonlinear optical 

behavior of a novel sulfur based polymer. These polymers are attractive for near-IR (NIR) and 

mid-IR applications. The two photon absorption (TPA) coefficient (β) and second order 

refractive index (n2) of Chalcogenide Hybrid Inorganic/Organic Polymers (CHIPs) from 

poly(sulfur-random-(1,3-diisopropenylbenzen) (poly(S-r-DIB)) are measured via the Z-scan 

technique. In this study, we have investigated the linear and nonlinear optical behavior of two 

types of CHIPs where the weight percent of sulfur is varied (poly(S50%-r-DIB50%) and poly(S70%-

r-DIB30%)). The TPA coefficients for poly(S50%-r-DIB50%) and poly(S70%-r-DIB30%) are obtained 

to be 0.11 cm/GW and 0.063 cm/GW respectively. The n2 for poly(S50%-r-DIB50%) and 

poly(S70%-r-DIB30%) are measured to be 2.45×10-15 cm2/W and 3.06×10-15 cm2/W respectively 

and are in good agreement with Miller’s rule prediction. These materials exhibit low cost, low 

temperature processing, high transparency in the near to mid-IR range (except for few vibrational 

absorption peaks) and relatively high refractive index, providing a unique set of properties for 

optics and photonics device applications.  
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CHAPTER 1 

Introduction 

1.1 Optics for computation and communication 

Optical computing approach was originally introduced more than 60 years ago. This field of 

research is also closely related to optical information processing and communication. The 

principles of optical computing and communication are based on using light (photons) as the 

information carrier. Intrinsic properties of light such as propagation speed and parallelism, which 

derive from its fundamental electromagnetic wave nature, are exploited to provide the ability to 

process information at very high rates. The information can be coded in the form of an optical 

signal varying in space and/or time, with additional properties such as wavelength and 

polarization providing further dimensions. For instance, by using a coherent light source and a 

lens, we can perform the Fourier transform of a two dimensional (2D) transparency located in the 

front focal plane. The amplitude and phase are computed in an analog fashion by the lens. This 

initial approach to optical computing was quite limited and saw diminishing pursuit following 

the tremendous progress in integrated electronics in the 1980’s.  Integrated electronics was based 

upon the transistor and there has been tremendous progress in terms of increasing the switching 

speed and reducing the size of transistors. However, Moore’s law, which predicted that the 

density of transistors would double every two years, is not a law of nature.  In fact, decreasing 

the size and dimensions of the transistor has fundamental limits based on quantum mechanics 

and these are starting to be reached as the dimensions approach atom size (~1 nm). Furthermore, 

in the past several years, heat generation and bandwidth limitations have become major problems 

for the computer industry and reports of Moore’s Law being dead have become common. On the 

other hand, optics has been proven, for decades, to be the best way to transfer information 

between two points. Nevertheless, the advantages of optical technology in terms of low crosstalk, 

parallel processing, dense wavelength division multiplexing and passive optical components 

requiring no energy would suggest that it is time to reconsider optical computing as an 

alternative for future computing applications.  
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1.2 Methods of analog optical computing and special computational topics 

Optical computation platforms do not need to be based on algorithmic design. There are several 

techniques available for making all-optical or hybrid optical-electronic computation and 

communication platforms that can be useful for a variety of problems. Here, we focus our 

research on optical computation platforms based on an analog or non-algorithmic method. The 

term “analog optical computing” is usually meant to represent a relationship between the 

physical problem that we try to solve and the optical hardware. For example, an optical beam 

combiner (BC) is an analog device that can perform the summation operation on several optical 

input powers. This kind of computation is usually referred to as the algebraic method.  Other 

analog methods have been shown such as “metaphoric” platforms. To solve some specific 

problems, which are hard in the digital electronic computation world, we can design a physical 

system where the linear and nonlinear dynamic equations of the system mimic that particular 

problem. Therefore, instead of actually solving that problem, we design the system, run the 

system and measure the output which indeed is the solution(s) of the problem. In the following 

section, I briefly describe the structure of my dissertation and the focus of the work which has 

been targeted on two important computational problems: 1) probabilistic graphical models and 2) 

Ising problems. The analog optical computational methods that we have proposed for these two 

problems are based on algebraic and metaphoric approaches respectively.   
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1.3 Structure of the dissertation 

1.3.1 Algebraic method 

We propose an algebraic approach to solve a very useful and important problem known as 

probabilistic graphical models (PGMs) via a sum-product message passing algorithm (SPMPA) 

in the wavelength multiplexing domain. We map the mathematical operations involved in the 

SPMPA, onto the photonic operations. We have successfully demonstrated our simulation and 

experimental results on this topic. We note that we have published the contents of Chapter 2 of 

this dissertation, which is focused on optical implementation of PGMs in the Ref [1] and Ref [2]. 

We also acknowledge that official permissions have been obtained from the publishers, to 

include the content of the mentioned scientific articles into my dissertation as part of my 

copyright. 

 

1.3.2 Metaphoric method 

Chapter 3 of the dissertation is focused on the optical implementation of Ising problem. We 

introduce a metaphoric platform between nonlinear dynamic equations of a network of injection-

locked multicore fiber lasers and Ising Hamiltonian. We then shall show how the ground state 

Ising spin configuration of a Hamiltonian can be correlated to the dynamics of the laser system at 

the steady state. The theoretical background, numerical simulation and experimental results of 

this coherent Ising machine have been performed and explained. We have published these results 

along the methods in Ref [3] and we acknowledge that an official permission from the publisher 

mentioned in Ref [3] has been obtained to import the content of the Ref [3] into this dissertation. 
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1.3.3 Characterization of the nonlinear optical materials for IR applications 

Along with the analog optical computing which was my main topic of research during my PhD, I 

worked on various other topics in optics, especially ultrafast phenomena in nonlinear optics. In 

Chapter 4, I will explain my use of a well-known technique, so-called “Z-scan”, to measure the 

nonlinear optical coefficients of a novel infrared transparent material, a chalcogenide hybrid 

inorganic/organic polymer; specifically, two-photon absorption (TPA) and the nonlinear 

refractive index (n2) were measured using a few hundred femtosecond pulses at 1550nm 

wavelength.  I have published the results in Ref [4] and official permission has been granted 

from the publisher as part of my copyright, to include the content of the Ref [4] into my 

dissertation.  
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CHAPTER 2 

Probabilistic Graphical Models 

 

2.1   Introduction  

2.1.1   Background and Motivation 

Today’s computer architecture has reached a consensus: electronics is superb at processing data 

and optics is excels at transporting the information. This statement finds its embodiment in the 

modern supercomputer and data center layout where semiconductor transistors handle the digital 

bits and optical fibers interconnect the processors carrying those same bits as photons. The cost 

of communications is the energy required for electronic-optical-electronic (EOE) and optical-

electronic-optical (OEO) conversion. For large scale problems, when large amount of data need 

to be transferred between central processing units (CPUs), and for larger distances, the power 

consumption is dominated by the communications cost instead of the computation [5-7]. Optical 

computing in the last 30 years has been able to demonstrate Fourier transform [8] and some other 

mathematical operations such as vector matrix multiplication [9,10] and matrix inversion [11-

13]. However, these types of optical computations have shown limited applications due to their 

lack of versatility and scalability: optical processors are difficult to reconfigure in order to solve 

different problems. Additionally, the size of optical components, even in integrated optics, is 

generally much larger than electronic transistors. The versatility issue can be tackled by 

introducing a computational method that requires no change in the algorithm and only changes in 

the parametric components for solving different problems. In this case, a fully optical solution 

can be implemented and applied to a large variety of problems by simply reconfiguring the input. 

One such technique is probabilistic graphical inference (PGI) [14]. PGI is an extremely powerful 

method for computing joint probability distributions over a large number of random variables 

that interact with each other [14-18]. This technique has found practical applications in a wide 

variety of fields such as artificial intelligence [19,20], machine learning [20-23], image analysis 
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[24] and signal processing [25].  All these applications generally work with large amount of 

input ranging from the million to the billions of variables. With such a large number of variables, 

the decomposition by the chain rule factorization is predominantly advantageous in terms of the 

number of operations saved. The popularity of PGI is largely due to the emergence of big data in 

diverse disciplines, from medicine to economics to social networks [26-28]. 

 

2.1.2   Graphical Model and the Message Passing Algorithm 

The graphical model used to represent a PGI problem is composed of two fundamental elements: 

the structure and the parametric components. The structure is the layout of the graph where 

nodes corresponding to the random variables are connected by edges representing the conditional 

dependencies as shown in Fig. 2.1(a). The parametric components encode the state of the node  

into a probability function  over an alphabet , as well as the conditional probability 

distribution of the edge linking  to : . The alphabet  is determined by applications 

i.e., if the graphical model is used to represent an Ising Hamiltonian model where each node can 

have a spin of either -1 or +1,  is therefore 2. If it is used in image processing applications,  

can be 256 representing an image with an 8-bit digital encoding of the gray level in each pixel. 

The simple ranking algorithm discussed below uses  = 4. There exist different types of 

problems that can be addressed using graphical models and the goal is to recover some 

information on the hidden variables based on noisy or incomplete observations. In the case of 

calculating the marginal distribution for unobserved variables, belief propagation, also known as 

the sum-product message passing algorithm (SPMPA), is particularly effective [16]. This 

iterative algorithm works by passing a “message” ( ) that contains the “influence” that node  

is exerting on node . This message is computed by the product of the probability vector of node 

 with the conditional dependency between  and . When node  is connected to several nodes, 

the message sent to  is the product of the messages from all neighbor nodes of . 
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Figure 2.1.  (a) A graph with 10 nodes and alphabet size of K=2. (b) An example of a ranking problem represented 

by a 4-node graph with 6 edges where each node represents a player to be ranked in six games. (c) Evolution of the 

probability vector for the ranking example. 

Xmeas =  = 

Xunmeas =  = 

Cagree = 

Cdisagree = 

(a)



30 
 

In other words, the estimated marginal distribution of each individual node is proportional to the 

product of all messages from its neighbor nodes 

 

 

where  is a normalization factor to ensure that the result is a probability vector:  

and . After several iterations in which the state of the nodes is updated 

accordingly, the value at each node eventually converges towards the marginal distribution 

(exactly if the graph is acyclic). 

A simple example of the SPMPA can be explained through a ranking application. Fast and 

efficient ranking algorithms are of great interest for a lot of applications using a large set of data 

such as on-line gaming [29], product preference, targeted advertisement, or new drug discovery 

[30]. For clarification purposes, we present here an example of a tournament between 4 players. 

The graph representing this example is shown in Fig. 2.1(b) with number of nodes, N, equal to 4 

and the number of edges connecting between the nodes equal to 6. Before starting the 

tournament, all players have an equal probability to be ranked 1st, 2nd, 3rd, or 4th. Therefore, the 

initial probability vector for each player is (¼, ¼, ¼, ¼). This ranking probability gets modified 

as the games start and players face each other. When player B beats A, we have an observable 

and creation of an edge in the graph. The skill probability of the players is modified by a 

conditional dependency matrix. This  matrix contains the probabilities that the winner of a 

game is at a certain level considering the ranking of their opponent. The new probability vector 

for player B can be calculated by multiplying the initial probability vector by the conditional 

dependency matrix, as presented in Eq. (2.2). The new probability vector for player B can be 

calculated as 

                                  (2.2) 
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Since the result should be a probability vector with the sum of the elements equal to 1, the vector 

is normalized 

 

In this example the edge is bidirectional such that when B beats A, it also means that A loses to B. 

The conditional dependency matrix for the loss function is symmetric with respect to the win 

function 

.                                        (2.4) 

And the normalization results in 

                                               

The new state of the graph is represented in Fig. 2.1(c). We can see that node B now has higher 

probability in ranking 1st compared with its initial ranking probability. As additional games are 

played between the players, the results give new observables that are translated to the creation of 

new edges in the graph, and updates to of the probability vectors. We now discuss the setup used 

in our study of computation and communications cost of both electronic-based and optical-based 

implementations. Figure. 2.1(a) illustrates a graph where each node can have one of two possible 

values or states (+1 or -1) i.e.,  = 2. Each node has its own probability vector of size 2×1 where 

its first and second elements are probabilities of the node having state 1 and -1, respectively. If 

the nodes are not measured (Xunmeas), their probability vectors are initialized to [0.5, 0.5] since 

their states are unknown or uncertain. If the node is measured (Xmeas) implying that its state is 

known, the value of one element will be higher, such as [0.9, 0.1] for a node with state 1 as 
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shown in Fig. 2.1(a). The network also contains conditional dependency (or compatibility) 

matrices C whose elements are conditional probabilities that define connections between two 

nodes. For example, if the two nodes have the same states (both are 1 or both are -1), their matrix 

C will have a higher value in its diagonal elements as shown in Cagree. If the two nodes have 

different states, their matrix C will have a higher value in its off-diagonal elements as shown in 

Cdisagree. The SPMPA for a node, ith node, can be illustrated in Fig. 2.2(a) where node i is 

assumed to connect to j neighboring nodes. For a fully connected graph with N nodes, each node 

has N-1 neighbor nodes. Each neighbor node sends its message by first multiplying its 

probability vector with the compatibility matrix 

                             

where i is the receiving node and j is the node sending the message, j ≠ i. Xj(k) is the probability 

vector of node j at time k. Cij is a compatibility matrix between node i and j. This operation is 

called vector-matrix-multiplication (VMM). The messages from all neighbor nodes are then 

multiplied together as  

 

Eq. (2.7) is an element-wise product of all incoming messages. The product is then normalized 

 

 

to ensure that the sum of all its elements equals to 1, representing the updated probability vector 

of node i. These operations are applied to every node in order to update its probability vector. 

The updated vectors are then used in the following iterations until their values reach the steady 

state. The final and stable probability vector is then used to decide the potential state of the node. 

It would be easy to do the multiplication optically in Eq. (2.7) using a combination of 

logarithmic-summation-exponential (log-sum-exp) operations [1,31] 
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Figure. 2.2(b) shows the algorithm for node ith implemented using the log-sum-exp operations 

instead of direct multiplication. Implementing the operations presented in Fig. 2.2(b) with optics 

induces noise. To investigate the effect of this noise as well as graph connection density on the 

algorithm performance and robustness, we performed a simulation on 100-node graphs. For each 

Monte Carlo simulation run, we first generate the desired configuration i.e., a random graph of 

100 nodes where each node is assigned a state, +1 or -1 for  = 2. 

 

 

Figure 2.2.  (a) SPMPA scheme for node ith which is connect to j neighboring nodes. (b) Substitution of 

multiplication block in Fig. 2.2(a) with a Log-sum-exp composite function according to Eq. (2.9).  

 

This configuration is then used in the algorithm where each unmeasured node is initially 

assigned a 2×1 probability vector of [0.5, 0.5] and the measured node has an initial probability 

X1(k) Ci1

∏X2(k) Ci2

Xj(k) Cij

Xi(k+1)
Norm

Zi(k)

Yi1(k)

(a)

X1(k) Ci1
log()

∑X2(k) Ci2
log()

Xj(k) Cij
log()

exp()
Xi(k+1)

Norm

(b)
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vector of [0.9, 0.1] (for +1 state) or [0.1, 0.9] (for -1 state). Noise is added after each operation 

(e.g., after VMM , log, sum, exp and norm). After the algorithm converges, the final 

probability vector of each node is used to decide its probable state. The “decided” configuration 

is then compared with the desired/known configuration to record a success or a failure. For  = 

100, each node has a 100×1 probability vector whose elements are probability that the node has 

an alphabet (state) 0, 1, 2, …, 99. The value of  = 100 is chosen to illustrate that the proposed 

algorithm can be used to solve problems that are not limited to only the binary case. Figure. 2.3 

shows a simulation for 100-node graphs for  = 2 and 100 with varying graph connection 

density. Fully connected graphs have a connection density of 1 while graphs with connection 

density below 1 are generated where each node randomly connects to, on average, m neighbor 

nodes, where m depends on the specified density. As expected, the larger the noise level is, the 

higher the failure rate at the same connection density. Graphs with higher density are more 

robust because of the redundancy of the information shared among many connections. As the 

graph density goes below 0.2, the algorithm yields higher failure rate. 

 

Figure 2.3.  Failure rate versus graph connection density for 100-node graphs (a) with 2 states {+1, -1} and (b) with 

100 states {0, 1, 2, …, 99}. 
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2.2   Electronic Benchmarking 

2.2.1   Introduction 

In this section, we conduct an electronic benchmarking analysis of various digital and analog 

platforms, such as CPU, application-specific integrated circuit (ASIC), and sub-threshold very 

large scale integration (VLSI), to solve PGI problems. We selected the size of the graphs with 1 

million nodes (N = 106) and an alphabet size K = 100. One iteration of the SPMPA is supposed 

to take 1 millisecond (ms), which sets the energy regime for later discussion. The reason we 

adopt these particular values is because such problems are difficult to solve with present 

electronic computer architectures and yet are commonly encountered in big data situations. We 

developed a quantitative analysis approach to derive costs for computation and communications 

using the state-of –the-art in electronic implementations by considering problem input size (i.e., 

number of nodes and connection density of graph), power consumption, area size, solution 

latency, solution quality, and cost/environment constraints. We also accepted assumptions which 

were optimistic or favorable to electronics to add margin in the opportunity assessment for 

optics. In addition, the algorithm yields higher failure rate for  = 100 compared with  = 2 as 

the noise level increases. This value of 20% connectivity for the algorithm to converge is 

especially important and will be used in our analysis to estimate the lower bound on system 

performance to perform the SPMPA. The CPU, a general-purpose digital platform, is easy to 

program, but it is not the most efficient for specialized tasks and has higher power consumption. 

An ASIC chip is a special purpose digital platform whose main advantage is its programmability 

to optimize around just the functions needed, as opposed to a general purpose digital platform. 

The ASIC benchmark came from a DARPA project called "Analog Logic Program" which 

produced a circuit referred to as "GP5" to accelerate discrete belief propagation on factor graphs 

[32]. The GP5 circuit was based on "probabilistic CMOS", running at very low power levels, in 

an error prone regime, exploiting belief propagation’s robustness and tolerance to errors. 

Subthreshold VLSI is a power efficient analog platform where one can naturally obtain 

logarithm and exponent primitives, but it is specialized to applications and can run into issues 

with noise and precision [33,34]. The goal of the system modeling and analysis framework is to 
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study different graph models and computation systems without having to design separate systems 

in order to derive the estimates on power, time, and area costs. The approach is to aggregate the 

workload and decompose uniform parsing to blocks, assuming two-tiered communications. The 

advantages of this framework and unified approach is to provide an apples-to-apples comparison 

for different electronic platforms. The disadvantages are that it assumes perfect scalability and 

neglects details. Nonetheless, it provides lower-bound benchmark figures that we can use.  

 

2.2.2   CPU platform 

For the general purpose digital (i.e. CPU) platform, we first distribute floating-point-operation-

per-second (FLOPS) to the processors, then map the inter-processor communications, and finally 

derive the power/area metrics. For the CPU computation analysis, we assumed an Intel Knight’s 

Landing architecture with 72 cores capable of 6 TFLOPS at 400 W taking up an area of 40 cm2 

[35]. For the communications costs, we assume peripheral-component-interconnect-express 

(PCIE) and 100 GB Ethernet. The proposed graph model that we have studied, has N=106 

(number of nodes), K=100 (alphabet size) and D=0.2 (connection density). Number of edges per 

node (E) would be E=N×D=2×105. Based on Fig. 2.2(a), the number of operations for VMM 

would be 2×E×K2. For log, sum, exp and normalization the number of operations would be 

20×E×K, E×K, 20×K and 2×K-1 respectively. The assigned FLOPS count for summation, 

multiplication and division is 1 while for exp and log functions is 20 (Taylor expansion 

theorem). Therefore, the total number of FLOPS would be 4.42×1016. Therefore, for the 

computation power consumption using CPU we have   which gives 

 (0.1 stands for 100 iteration that takes 1 ms for each and  comes from 

the type of the Intel Knight’s Landing CPUs). For communication power consumption we have 

all nodes that talk to each other at constant energy per bit power cost and a time of 1 ms per 

message. Thus   would be the power consumption for 

communication part. 
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2.2.3   Sub-threshold VLSI platform 

For the analog (subthreshold VLSI) platform, we first distribute the primitives (e.g., addition, 

multiplication, division operations) to the circuit blocks, then map the inter-block 

communications, and finally derive the power/area metrics. For the subthreshold VLSI 

computation analysis, our assumptions are (a) the cost for each primitive or function is driven by 

the components; (b) all components require the same area; (c) a 14 nm process node is used; (d) 

an area expansion factor (×5) is used to account for area that may be needed for additional 

components or interconnections; (e) the time response is governed by the op-amp frequency 

response, and (f) energy is assumed at 500 fJ/component (i.e. 5 pW/component). Then, the 

values are scaled down by a factor of 10 in the number of components and a factor of 100 in 

power in order to study the cost and area of 14-nm instead of 65-nm process node size. Table. 

2.1 and Table. 2.2 summarize the electronic components that we have considered for sub-

threshold VLSI based on Op-amp and Gilbert multiplier design and total power dissipation 

respectively: 

 

Table 2.1. Electronic components need for calculation of each primitive (function) in sub-threshold VLSI. 

Primitive Transistors Diodes Resistors Capacitors Total P 

(pW) 

Addition 2 0 1 1 4 20 

Multiplication 1 0 0 0 1 5 

Division 2 0 1 1 4 20 

log 1 1 1 1 4 20 

exp 1 1 1 1 4 20 
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Table 2.2. Total physical function counts and power dissipation in sub-threshold VLSI. 

Primitive Total Physical Function Counts 

Required 

Total Power 

Dissipation (W) 

Addition   

Multiplication   

Division  0.002 

log   

exp  0.002 

Total   

 

 

The analog communication model is a simple line transmission model based on Power = ½ CV2, 

where C is a capacitance/length of wire. The power ratio from this model for 5 pW comes to 

0.03097 (we assumed C = 100 pF/m and V = 5 volts). Therefore, we get 51 kW/0.03097 ~ 1.64 

MW for the communication power consumption. Table. 2.3 summarizes the power and area cost 

of various digital and analog electronic platforms to solve PGI problems with 1 million nodes, 

20% connection density, an alphabet size of K = 100 and a runtime of 100 ms (100 iterations 

where each iteration takes 1 ms).  

 

Table 2.3. Power and area requirements for SPMPA for a graphs with 106 nodes and 20% connection density with 

an alphabet size of K = 100 based on available electronic platform solutions versus all optical solution. 

Electronic Platform Power used in 

Computation 

Power used in 

Communication 

Total 

Power 

Area 

 

CPU 30 MW 1.44 GW 1.47 GW 404 m2 

Subthreshold   VLSI 51 kW 1.64 MW 1.7 MW 56 m2 
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Table 2.4. Power and volume requirements for SPMPA for a graphs with 106 nodes and 20% connection density 

with an alphabet size of K = 100 based on all-optical implementation of each device. 

 Total power Volume 

Optical 

Solution 

200 kW 57 cm3 

 

 

The power used in computation is dominated by computation in the VMM, and is on the order of 

kilowatts (kW) or megawatts (MW). On the other hand, the communications cost is three orders 

of magnitude larger (mega to gigawatts), and largely dominates the power consumption in each 

platform. The intractable costs of using electronic platforms for solving PGI problems presents 

the possibility of using an alternative solution such as an optical system where computation can 

be performed using optical devices and we can take advantage of economical communications 

and interconnections. Our analysis for the optical solution indicates the need for only 200 kW for 

computation power and 57 cm3 for the volume as it has been discussed in the next section. 
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2.3   Optical Solution 

2.3.1   Wavelength Multiplexing 

Possible implementations of an optical solutions for the SPMPA has revealed that a wavelength 

multiplexing approach is the most favorable solution in term of minimizing both power and the 

number of components [1,31,36]. This is because the number of nodes is by far the largest 

quantity in the graphical architecture. In this multiplexing layout, the spectral bandwidth is 

equally divided and used for each node as presented in Fig. 2.4(a). The SPMPA scheme in Fig. 

2.4(a) contains N nodes and the alphabet size is K. Each node has a probability vector of size K 

where each element is a probability that the node has alphabet 0, 1, …, K -1, respectively. If 

there is no prior information on a node, each element of its probability vector is equal to 1/K. To 

determine the updated probability vector of a specific node like node m in Fig. 2.4(a), each 

probability vector from its neighbor nodes is multiplied by a matrix whose elements are 

conditional probabilities. The output vectors (messages from all neighboring nodes) are then 

multiplied element-wise and normalized to yield the updated probability vector of that specific 

node. The multiplication of all messages is substituted with a composite function of log-sum-exp 

as discussed in Eq. (2.9). These mathematical operations are enforced to every node in order to 

get its updated probability vector. The updated probability vectors are then used in the 

consecutive iterations until their values converge. The final and stable probability vector is used 

to decide the potential alphabet that a node has. By using a different wavelength for each node, 

all N nodes can co-exist in a single spatial location. The alphabet size K is implemented in the 

spatial domain. Each VMM requires K2 spatial resources each with N wavelength channels. The 

summation module in Fig. 2.4(a) has to sum across wavelengths from each vector output of the 

Log module. The normalization module normalizes the broadband signal coming out from the 

exponential module such that its output vector represents the updated probability vector. This 

module has to not only make sure that the sum of all elements of each normalized probability 

vector remains constant, but also convert the broadband input to an output signal with specific 

wavelength individually assigned for each node.  
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Figure 2.4.  (a) Graphical scheme of the SPMPA for node m. Effect of optical shot noise on SPMPA also studied to 

investigate the tolerance of all optical solution of graphical inference problem.  Each node has different wavelength 

as it is indicated with different color. (b) Normalization set-up to normalize two numbers and concept of wavelength 

remapping. Each element of the probability vector is modulated in the presence of a broadband pump which requires 

spatial separation in the saturable absorber. An electronic feed-back-loop system adjusts the power of the output 

probe source such that  remains constant. 

 

For an N-node graph with an alphabet size K and a connection density D, we first estimated the 

area and power consumption using this optical solution by finding the total number of 

components used. The system requires a total of DNK2 + DNK + 3NK components, consisting of 

DNK2 VMM modules, DNK Log modules, NK sum modules, NK exponential modules, and NK 

normalization modules. For a -node graph with K = 100 and D = 1, the system contains 

roughly  components. Assuming that the wavelength λ used is 1 µm and the minimum 

area/volume of any optical component is 1 µm2/1 µm3, the system therefore has an area/volume 

of 0.01m2/10 mm3. This area/volume calculation excludes the necessary space required for the 

optical routing of the signal in order to achieve a functioning system. To calculate a lower bound 

on power,   photons is used as the shot noise detection limit to get the 1% accuracy 

determined by our convergence analysis (Fig. 2.3). The system therefore requires 104DN2K 
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photons. With 1 µm wavelength and 1 ms iteration time, the power is approximately 200 kW. 

This power calculation provides a minimum requirement limit since it excludes several practical 

implementations such as the loss in the optical components or at any interface. Compared with 

the lower-bounded electronic benchmark given in Table. 2.1, we can see that there is a 

significant advantage in implementing the message passing algorithm using the optical system 

whose area and power requirement are orders of magnitudes lower than the best electronic 

solution. To refine our initial simulation, we are now modeling the optical components that can 

be used to represent each function module presented in Fig. 2.4(a). In addition, we are also 

including some noise in order to study the effect of potential imperfections in the optical 

components themselves, as well as shot noise. The simulation provides new lower bound on area 

and power consumption of our optical system to be compared with the idealized system we 

discussed above. 

 

2.3.2   Vector Matrix Multiplication (VMM) 

Persistent spectral hole burning (PSHB) can be used to implement the VMM [37]. Each 

element/pixel in the K×K PSHB plane can be altered such that its absorption is changed 

according to element values of the compatibility matrix . The output from the PSHB medium 

therefore corresponds to multiplying  with the probability vector where each element of the 

vector is represented by a specified light intensity. The mathematical model used for PSHB is 

 

where   is the input irradiance,  is linear absorption coefficient,  is hole depth and  is the 

thickness of material. For the parameter , 400/m (Eu-YSO materials) [38] is used and  is 

chosen to be 0 or 0.5. Our initial study chose elements of an ideal VMM, a K  K matrix, to be 

0.9 and 0.1 (e.g. [0.9 0.1; 0.1 0.9]) for K = 2.  This is to ensure that the neighbor node will likely 

send the correct message to the target node in a noisy environment. It is obvious from Eq. (2.10) 

that we cannot achieve the two values of 0.9 and 0.1 with the chosen parameters  and . We 

then conducted a study such that by choosing L = 5.7 mm, our model of the SPMPA still 
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functions. Thus, the term  gives the values 0.3198 and 0.1023 for  = 0.5 and 

0, respectively.  

 

2.3.3   Logarithm 

Two-photon-absorption (TPA) can be used to approximately represent the logarithm operation 

[39]. This can be implemented in silicon waveguides.  The following equation is used in the 

simulation model 

 

where  is the output irradiance,  and  is the two photon 

absorption coefficient [40]. The photon number instead of the light irradiance is used in the 

simulation in order to study the effect of shot noise. The TPA parameter, , is chosen to be 

 where  is initial number of photons for each node. 

 

2.3.4   Exponential 

A saturable absorber (SA) can be used to approximately represent the exponential operation [1]. 

This can be implemented using carbon nanotubes as SAs.  The following equation is used in the 

simulation model 

 

where  is saturation irradiance [41]. Photon number instead of the irradiance is used in the 

simulation and the parameters of SA for the exponential module,  and are chosen to be 

1. Note that the parameters of the TPA and SA modules are studied and chosen such that the 

optical-based algorithm yields no failure rate when no noise is added. 
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2.3.5   Normalization 

A SA can be used for the normalization. In our case, the normalization module is responsible for 

two functions: a) make the sum of all elements of each normalized probability vector remain 

constant, and b) integrate over the input spectrum and translate to a node-specific output 

wavelength [1,36]. Figure. 2.4(b) shows a simple optical model for normalization of two values. 

 is adjustable so that  remains constant. The following equations are used in the 

model 

 

 

where Ns is the saturation photon number value and Gain is used so that the amplified input 

values can saturate the materials.  The parameters used in the simulation are  = 1, 

, and  = 224 for an alphabet size K = 100. The values are studied and selected 

to ensure that the message passing model with these normalization parameters still performs 

correctly. We study two cases: 1) an ideal normalization where  and  are equal to 

 and , respectively; and 2) a normalization device using SA 

as discussed in Eq. (2.13a) and Eq. (2.13b). For logarithm, exponential and VMM operations the 

photon number is used in the simulation in order to study the effect of shot noise. Shot noise is 

added using 

 

where  is an initial number of photons for each node, j is a node number where j = 1, 2, … N, 

and the second term is shot noise using the Gaussian distribution with zero mean and standard 

deviation of . Shot noise is added to each node in the first iteration of the algorithm when the 

photons are generated for each node and after the normalization where the photons are added to 

ensure that each node starts with same number of photons for the next iteration. Figure. 2.4(a) 

also shows the location of shot noise insertion in the message passing simulation model. For each 
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Monte Carlo simulation run, we first generate the desired/known configuration (a random graph 

of N nodes where each node is assigned one alphabet (from 0, 1, … K-1)). This configuration is 

then used in the algorithm where each node is initially assigned a K length probability vector 

whose elements are 1/K except one node that where we assume prior knowledge (measured 

node). The probability vector of a measured node contains one element corresponding to its 

assigned alphabet with higher value than the rest (e.g. a 4 probability vector of a measured node 

whose assigned alphabet value is 1 can be [0.7 0.3 0.3 0.3]T whereas other nodes have a 

probability vector of [0.25 0.25 0.25 0.25]T. The probability vector of a measured node is pinned 

for every iteration in the algorithm. After 10 iterations, the final probability vector of each node 

is used to decide its probable alphabet. The “decided” configuration is then compared with the 

known configuration to record a success or a failure. The failure is when the algorithm yields the 

“decided” configuration that is different from the desired/known configuration. 

 

2.3.6   Simulation results 

The computation power and area required to optically realize the SPMPA for 1 million-node 

graphs with 20% connection density and alphabet size K = 100 was calculated to be 200 kW and 

57 cm3, respectively (Table. 2.2). The volume is determined from the size of optical components 

used. The appropriate space between optical modules is excluded in this calculation. The power 

requirement is determined from finding the minimum number of photons that all N nodes in the 

graph have to use in order to have a less than 1% failure rate. The number of photons are 

determined from the sum of the initial photons required for each node plus the number of 

photons to be added for each node after the normalization. This latter injection of photons is 

required so that each node starts with same number of photons in every iteration. Obviously, our 

computer system does not allow us to make the simulation for  nodes, so a regression has 

been performed over the result obtained for three graph sizes whose number of nodes N are 100, 

1000 and 10,000. The minimum number of photons used in these three different-size graphs are 

then used to estimate minimum number of photons needed for the graph with N =  nodes. 

The power is calculated from these estimated photons with the assumption that it takes 10 
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milliseconds (ms) to complete the algorithm (10 iterations where each iteration takes 1 ms) and 

the wavelength is 1 µm. The device normalization case is the SA-based system discussed in Fig. 

2.4(b) where a larger number of photons are required for Gain and  leading to about a 10 times 

increase in power requirement. The conclusion of this simulation is that using the system shown 

in Fig. 2.4(a) that incorporates shot noise and mathematical models with specified parameters for 

each optical component, the optical-based algorithm yields a failure rate less than 1%. In that 

regard, the optical-based message passing algorithm is very tolerant to shot noise and 

imperfections in the optical modules. Optics also provides clear advantages in terms of power (a 

factor of 4000 reduction compared to VLSI) and volume/area (factor 10,000 compared to VLSI), 

and even more for the other electronic-based solutions shown in Table. 2.1. 
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2.4   Experimental device demonstration using bulk optics 

To demonstrate the possibility of an all optical implementation of the message passing algorithm, 

we have performed the essential mathematical operations: multiplication and normalization, in 

bulk materials. We used single mode silicon waveguides for TPA, and single-walled carbon 

nanotubes (SWCNTs) fiber taper as a SA. For each experiment we start with a simulation that 

describes each element’s mathematical behavior. 

2.4.1 Multiplication using bulk optics 

A numerical solution of Eq. (2.12) and its fit with an exponential function are plotted in terms of 

versus  in Fig. 2.5(a), where  and  are input and output average power, 

respectively.  Note that we can use average power or energy per pulse or photon number instead 

of peak irradiance without any change in the mathematical analog concepts. It has to be noted 

that we have to limit the range of the fit in order to get a maximum overlap between the 

numerical solution of the SA equation and the desired exponential function. This reduces the 

dynamic range of the mathematical operation. Figure. 2.5(b) shows the numerical solution of Eq. 

(2.11) and its fit with a logarithm function in terms of versus . Likewise, bounding the 

dynamic range of fitting yields the maximum overlap between the numerical solution of the TPA 

equation and the logarithm function. Bounding the fitting range comes from the natural behavior 

of the TPA and SA where Eq. (2.11) and Eq. (2.12) start from zero, for no input power, whereas 

 is undefined and .  Figure. 2.5(c) shows the result of the combination of 5 

identical logarithm inputs and an exponentiation which gives the multiplication of the inputs as it 

is described in Eq. (2.9). Ideal multiplication is plotted as a solid line in Fig. 2.5(c). The 

acceptable normalized-root-mean-square error (NRMSE) of fitting, which is defined as the 

following, should be below 1% as our simulation presented in section 1 indicated 
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 Figure 2.5.  Numerical simulation of multiplication based on log-sum-exp combination. (a) Comparison of the SA 

solution (Eq. (2.12)) with an exponential function  where the fit coefficients are r=2.9 and 

s=0.064. The parameter values of the numerical simulation are   and . 

(b) Comparison of TPA solution (Eq. (2.11)) with a logarithm function  where the fit 

coefficients are m= 2.16 and q=0.88. The parameter values of the numerical simulation are  

 and . (c) The red triangles show the composite mathematical operations of Log-sum-

exp for 5 inputs and the solid green line represents ideal multiplication. 

 

We have demonstrated the multiplication experiment to multiply two average power numbers. 

We have used two silicon waveguides (SiWs) as TPA units and a SWCNT based fiber tapper as 

SA to enable logarithm and exponential functions, respectively, in the configuration presented in 

Fig. 2.6(a). The optical laser source that has been used for this experiment was a 1550 nm mode-
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locked fiber laser, producing 160 fs pulse width (at FWHM) and a 75 MHz repetition rate.  As 

we discussed in the TPA and SA simulations, limiting the fitting range is required in order to get 

the logarithm and exponential functions.  We used two erbium-doped fiber amplifiers (EDFAs) 

to amplify the output powers of the SiWs to compensate for the insertion loss from fiber-

waveguide-fiber coupling. Although we utilized ultra-high numerical aperture (UHNA7) fiber 

for coupling the light into the SiWs the use of EDFAs were still necessary. The mode area of 

these waveguides (350 nm × 350 nm and 4 mm length) is also small compare to the mode area of 

the UHNA fibers which results in high insertion loss in the coupling ports. After each EDFA, a 

linear polarizer (PL) and polarizing controller (PLC) are placed in the path to insure that the 

output polarization result is perpendicular to the other arm’s polarization. A polarizing beam 

combiner (PBC), which preserves the input polarization’s orientation, combines the two beams 

with a perpendicular polarization orientation. Hence, these two beams do not interfere at the SA 

even though they have the same wavelength. Furthermore, a delay stage was placed in one of the 

arm for pulse time matching, followed by an auto-correlator at the SA with femtosecond 

resolution. Two variable optical attenuators (VOAs) and two beam splitters (BS1 and BS2) were 

used to monitor the input powers to the TPA units. 

Figure. 2.6(b), Fig. 2.6(c) and Fig. 2.6(d) show the experimental data for  versus  and the 

nonlinear fit functions with the logarithm and exponential functions for the TPA units and SA 

block respectively. Figure. 2.6(e) shows the measured output power as a result of appropriate 

manipulations of the two input powers,  and , versus the ideal multiplication of the two 

numbers (solid blue line). The output power has been included with two optical constants δ and ξ 

(Fig. 2.6(e)) to take the component imperfections into account. These imperfections arise from 

various sources such as insertion loss of the optical components, linear and second order 

absorption in the SiWs and the SWCNT saturable absorber. The constants δ and ξ are related to 

the fit coefficients  which are known and constant. As we described in Eq. 

(2.9), the composite function of the sum of two logarithms and subsequent exponentiation yields 

the product of the input values. Now taking the fit coefficients from Fig. 2.6(b) and Fig. 2.6(c) 

into account, we get the summation of the two output powers from the TPA units (the PBC does 

the summation operation) as: 
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Figure 2.6.  Experimental multiplication results. (a) Experimental set-up to multiply to input values. (b), (c) TPA 

data and the nonlinear fits  and  respectively. The fit coefficients are 

mW,  1/mW,  mW and  1/mW. (d) SA data and the nonlinear fit 

 where r=0.47 mW and s=0.036 1/mW. (e) The measured final output power (triangle) versus 

the ideal multiplication of the input values (solid blue line). The error bars indicate the relative percent error between 

ideal multiplication of two power inputs and the experimental readout. 
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We also adjusted the gains of the two EDFAs such that  became  ( ). The 

right-hand-side of Eq. (2.16) is the output of the PBC, which is the input to the SA. The SA acts 

on the input values based on the fit equation in Fig. 2.6(d). 

 

The Eq. (2.17) can be written as  where ξ  and δ . These 

coefficients (δ and ξ) embody fundamental material characteristics and all of the imperfections of 

the experimental set-up. Adding two gain blocks in the experimental set-up can eliminate δ and ξ  

and get pure mathematical multiplication of two numbers ( ).  

 

 

Figure 2.7.  The modification of the multiplication unit in Fig. 2.2(b) where two gain blocks are added before and 

after SA. This approach can conduct the value of δ and ξ to 1. 

 

The value of the two gain units,  and  should be equal to ξ and  respectively 

(Fig. 2.7). Note that if we want to multiply more than two numbers we may need to use 

attenuators instead of gain blocks if δ or ξ or both become greater than one. The size of the 

graph, density of connectivity of the graph and material characteristics dictate whether to select 

gain block(s) or attenuator unit(s). 
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Figure 2.8. (a) A photo of the experimental set-up to multiply to input values. (b) Chip alignment set-up to align the 

Si Waveguides under a microscope. (c) A photo of the Si waveguide and UHNA7 fibers. 

 

2.4.2 Normalization and wavelength remapping using bulk optics 

According to the wavelength multiplexing approach for the message passing algorithm 

implementation, the information that reaches the receiver node should be monochromatic in 

order to be recirculated for the next iteration. To implement normalization and wavelength 

translation, we propose to employ an optical pump-probe saturation experiment followed by an 

electrical feedback-loop system [1]. We use a SA in which by approaching the saturation 

intensity, we can decrease or increase the optical intensity of a probe beam. The SA also 

integrates over the input spectrum, and remaps the output to the proper node-specific 
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wavelength. The pump is a broadband laser source that includes all the elements of the 

probability vector and the probe can be a continuous wave (CW) laser source at the node’s 

wavelength (Fig. 2.4(b) and Fig. 2.9(a)). Furthermore, each element of the probability vector 

must be spatially separated in the SA during the normalization process. The feed-back loop 

controls power  (average power is used instead of photon number in the experiment) in which 

for any value of  and ,  remains constant, where  and 

 as discussed earlier. It is obvious that if the intensity of  increases, the 

intensity of should also increase,  whereas the intensity of  decreases such that    

remains constant. This effect rises from natural behavior of SA where an increase of the pump 

intensity causes more electrons to populate an upper energy level and, therefore, the probe light 

can pass the SA with less absorption.  

We employed the normalization experiment as well as a simulation of an ideal normalization of 

two input powers  and  and the result of  (a.u). Figure. 2.9(c) shows 

the experimental result for the normalization and good agreement with the simulation result 

provided in Fig. 2.9(b). We kept the power of laser  at a constant value in experiment. as well 

as in the simulation. Figure. 2.9(a) denotes the experimental set-up for the normalization of two 

inputs. The pump sources were two mode-locked femtosecond fiber lasers, and a CW laser was 

used as the probe. Beam splitters BS1 and BS2 monitored the input powers of  and  to the 

SAs, respectively. PBC1 and PBC2 combine the power  with X1 and power  with X2 and 

make them collinear at the SAs so the powers of X1 and X2 from the probe laser can be 

modulated in the presence of the pump lasers  and , respectively. A half-wavelength plate 

and a polarizer were used in one of the probe laser’s path to avoid interference at detector 

number 3. PBC3 combines all powers, with preservation of the polarization orientation of laser 

X1 and X2 to be perpendicular, and a wavelength-division-multiplexing (WDM) splits the 

powers based on the pump and probe wavelength. 
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Figure 2.9.  (a) Experimental set-up to normalize to input values as well as the wavelength remapping concept using 

a pump-probe saturation experiment.  The probe was a CW diode laser =1460 nm. The pump sources are two 

mode-locked fiber lasers. The characteristics of these lasers are as follows: =1550 nm with 75 MHz repetition 

rate and 150 fs pulse width, and the other one =1557 nm, 8 MHz and 240 fs pulse width. (b) Simulated result to 

normalize two numbers  and  (based on ideal normalization equations) where we assume  is constant. (c) 

Experimental result to normalize two powers where the feedback-loop system adjusts the modulated power of  

  to remain constant. (d) A photo of the experimental setup. 
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2.4.3 Discussion 

To establish the viability of the optical implementation, we experimentally demonstrated the two 

main mathematical functions required for SPMPA: multiplication (via log-sum-exp), and 

normalization. A single wall carbon nanotube coated fiber taper (SWCNT) was used as a 

saturable absorber to implement the exponentiation, and silicon waveguides (SiWs) were used 

for the logarithm by means of two photon abortion. The SWCNT was also used for the 

normalization and wavelength remapping through a pump-probe-saturation experiment. These 

experiments showed that even though the dynamic range of the functions are limited due to the 

divergence of the optical signal near zero and at high power, the optimum range of operation is 

large enough to support the optical implementation of SPMPA. In this section, the nonlinear 

optical materials that we used (SiW and SWCNT) could be considered as “bulky”. Therefore, the 

volume required for a million node instantiation would be much larger than the theorized 57 cm3. 

However, thin film nonlinear optical materials such as graphene and MoSe2 offer a possible 

solution to implement a large scale system-level demonstration. This embodiment has been done 

in nonlinear optical thin films and the experimental results are provided in the next section.  
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2.5   Experimental device demonstration using thin film optics 

To demonstrate the possibility of an all optical implementation of the message passing algorithm 

on the compact optical chip, we have performed the essential mathematical operations: 

multiplication and normalization, in nonlinear optical thin film materials. 

 

2.5.1 Multiplication using thin film optics 

We have performed the multiplication experiment to multiply two energies in thin film materials. 

The optical laser source that has been used for this experiment was an 810 nm Ti-Sapphire laser, 

producing 150 fs pulse width (at FWHM of the intensity profile) and a 50 Hz repetition rate. The 

original repetition rate out of the amplifier locked to the laser was 1 kHz, and using an optical 

chopper, synchronized and externally triggered with the amplifier pulses’ phase, allowed us to 

reduce the repetition rate to 50 Hz in order to reduce the probability of heat damage and thermal 

effects in the samples. Figure. 2.10 is the schematic of the experimental set-up, where in the TPA 

portion two convex lenses are 

 

Figure 2.10. Experimental setup to multiply to input energies. A variable optical attenuator (VOA) and a beam 

splitter (BS) are used to monitor the input energies to the two photon absorption (TPA) units. A polarization beam 

combiner (PBC) was used to combine the input energies from two arms as well as preserving their polarization in 

order to avoid interference at saturable absorber (SA). 
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used to increase the intensity and access the nonlinear absorption behavior of the samples, while 

the other two convex lenses are used for collecting and re-collimating the beam. The spot size at 

the focus was 76 µm. A half-wave plate and polarizer are placed in the path of one arm to insure 

that the output polarization result is perpendicular to the other arm’s polarization and a 

polarization beam combiner (PBC), which preserves the inputs polarizations orientation, 

combines the two beams with a perpendicular polarization orientation. Therefore, these two 

beams do not interfere at the SA even though they have same wavelength. Furthermore, a delay 

stage is installed for pulse synchronization, followed by an auto-correlator at the SA with 

femtosecond resolution. A variable optical attenuator (VOA) and a beam splitter (BS) are used to 

monitor the input energies to the TPA units. The thickness of the TPA and SA devices are 50 ± 2 

nm and 3 µm respectively. The material that was used to produce the natural logarithm function 

in the TPA units was amorphous carbon made by the pyrolyzing photoresist film (PPF) 

technique [42,43] (See Appendix B) and a nonlinear optical dye (thiopyrylium-terminated 

heptamethine cyanine) as the SA [44] to achieve the exponential function (See Appendix C). 

Figures. 2.11(a), 2.11(b) and 2.11(c) show Eout versus Ein  and the nonlinear fit functions with the 

logarithm and exponential functions for the TPA blocks and SA block respectively. As we 

expected, according to the TPA and SA simulations, the logarithm and exponential function fits 

do not have exact mathematical form of ln(x) and ex due to the weak field, two photon 

absorption, scattering and the insertion loss from optical components. However, the fit 

coefficients (H, Q, h, q) are known and constant, so that we can take these coefficients into 

account as imperfections that cause deviations from the exact mathematical multiplication. 

Considering the Maclaurin expansion of Eq. (2.3) and the fit function in Fig. 2.11(c) up to third 

order, we define the coefficient q to be proportional to  where Aeff is the spot size of 

the optical beam. On the other hand, as we explained, the composite function of the sum of two 

logarithm functions and subsequent exponentiation yields the product of input values.  
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Figure 2.11. Experimental multiplication results. (a), (b) Experimental TPA data (square) and the nonlinear fit 

 (solid lines) where H=0.148 µJ and Q=33.663 µJ-1. The error bars denote the standard deviation 

of reading input and output energy per pulse for 200 shots for each data point. (c)  Experimental SA data (triangle) 

and the nonlinear fit  (solid line) where h=0.247 µJ and q=0.401 µJ-1. The error bars are 

measured same as in (a), (b). (d) The measured final energy output versus multiplication of the input values. The 

solid green line shows ideal multiplication. The error bars show the relative percent error between experimental 

readout and ideal multiplication of two energy inputs. (e) Modification of Fig. 2.2(b) schematic capable of 

performing an ideal multiplication. It requires two gain blocks, G1 and G2 in which the values of the gains depend on 

the material and the experimental setup. 
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Now taking the fit coefficients from Fig. 2.11(a) and Fig. 2.11(b) in account, we get the 

summation of the two output values from the TPA blocks as: 

                                                                 (2.18)                          

Here the PBC does the summation operation and this is the value out of the PBC and the input to 

the SA. The SA operates on the input values based on the fit equation in Fig. 2.11(c): 

                                                      (2.19) 

Eq. (2.7) reduces to  where  and . The numerical values for the 

experimental set-up and materials that we used are σ  and γ . These coefficients 

capture all of the imperfections and fundamental material characteristics of the set-up. However, 

in order to get pure mathematical multiplication of two numbers as desired, we can add two gain 

blocks in the setup to eliminate the  and γ coefficients and get exactly . Figure. 2.11(e) 

shows a schematic of these modification where G1  and  G2 must be equal to γ and  

respectively. Note that, based on conservation of energy, fundamentally we cannot take two 

energy values and detect their direct multiplication. Hence, adding gain blocks is quite 

reasonable although this increases the power consumption of the computation. However, if we 

want to multiply more than two numbers in which  or γ or both become greater than one, we 

need to add attenuation blocks instead of G1 or G2. The selection of gain block(s) or attenuation 

block(s) depends on the size of the graph, number of edges and the material characteristics. 

Figure. 2.11(d) shows the measured output energy as a result of appropriate manipulations of the 

two inputs, versus the desired multiplication of the two numbers. We have included the optical 

constants  and γ  in the output values to demonstrate that the simulation matches with the 

experiment. As can be seen, the range of  values between 0 to 1.3 has a minimum error 

of less than 1%, as we expect to observe. Based on Fig. 2.11(a) and Fig. 2.11(b), the dynamic 

range for which the TPA blocks provide the logarithm function is between 0.5 µJ to 1.1 μJ (3.5 

dB). Therefore, multiplication of these numbers results in a maximum of 1.21. For numbers 

outside of the dynamic range of the TPA and SA units, the output values exhibit greater 
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deviation from the desired multiplication values as can be seen from comparison with the solid 

green line in Fig. 2.11(d). 

 

2.5.2 Normalization and wavelength remapping using thin film optics 

According to Eq. (2.1) the normalization factor (Z) must be taken into account to ensure that the 

probability vector distribution is mapped between zero and one. For normalizing the probabilities 

that we get from the multiplication of each node, we decided to use an optical pump-probe 

saturation setup followed by an electrical feedback-loop system. For this operation, we employ a 

SA such that by increasing or decreasing the pump intensity, approaching saturation, we can 

increase or decrease the optical intensity of the probe beam. The concept for normalization of 

two power inputs A and B is described in Fig. 2.12(a). The SA is used to (1) make the sum of all 

elements of each normalized probability vector constant and (2) integrate over the input 

spectrum and translate to proper node-specific output wavelength.  

 

Figure 2.12. Normalization and wavelength remapping. (a) Schematic setup to normalize two numbers using a 

pump-probe saturation experiment. (b) Wavelength remapping concept where each element of the probability vector 

is modulated in the presence of a broadband pump, requiring spatial separation in the saturable absorber (SA).  

 

SA

Probe: Pump: , ,…, Output:

[ , ,…, ]
SA

A

B

Laser Driver

Optical Detector 

C

DProbe

Pump

Pump

1% of D’

1% of C’

P0

(a)

(b)



61 
 

In the feedback-loop, the adjustable power P0 is such that for any value of A and B,  

remains constant, where  and  According to the message 

passing algorithm, implemented via a wavelength multiplexing approach, the information in the 

probability vector should be recirculated for the next iteration and they must be monochromatic. 

However, the receipt node receives multiple wavelengths from the pump. The pump is a 

broadband coherent source that enforces the value of the probability vectors and the probe is a 

constant signal at the node’s wavelength. The output power is modulated with pump intensity 

and has the same wavelength as the probe. We should also note that the individual elements of 

the probability vector must be spatially separated in the SA. Thus the element will be modulated 

separately in the presence of pump intensity. Figure. 2.12(b) shows a schematic of the 

wavelength remapping through the pump-probe saturation process.  

Figure. 2.13(a) denotes the experimental setup for normalizing two powers where we used 

chemical vapor deposition (CVD) grown graphitic pyro-carbon (GrPyC) [45,46] thin films that 

were transferred onto two fiber tips as the SAs. The thickness of the samples was 50 ± 2 nm. 

(See Appendix A). Two femtosecond mode-locked fiber lasers were used as the pump sources, 

together with a CW laser probe. We have also used a half-wavelength plate and a polarizer in 

one of the probe laser’s path to avoid interference at detector number 3. BS1 and BS2 are used 

for power monitoring of A and B values. PBC1 and PBC2 combine power A with C and power B 

with D and make them collinear at the SAs where the powers of C and D are modulated in the 

presence of pump lasers A and B, respectively. PBC3 combines all powers and a wavelength-

division multiplexing (WDM) separates the two wavelengths since the wavelengths of lasers A 

and B are so close. An electronic feedback-loop system is used to control the probe laser power 

such that  remains constant for arbitrary numbers for A and B. However, this system has a 

finite dynamic range where C and D can be modulated in presence of A and B due to the weak 

field and nonlinear absorption range of SAs, as well as the damage thresholds of the samples. A 

LabVIEW-based code (National Instruments) was used for the feedback-loop system and 

adjusted the power output of the probe laser based on the reading from the three power meters.   
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Figure 2.13. Simulation and experimental results of normalization. (a) Experimental set-up to normalize two powers 

A and B. The pump sources are two mode-locked fiber lasers. The characteristics of these lasers are as follows: 

=1559 nm with 8 MHz repetition rate and 200 fs pulse width, and the other one =1557 nm, 109 MHz and 240 

fs pulse width. The probe was a continuous wave (CW) diode laser =1480 nm. Three variable optical 

attenuators (VOAs) and two beam splitters (BS1 and BS2) were used to monitor input powers to saturable absorbers 

(SAs). The polarization beam combiners (PBCs) were also used to combine the pump lasers powers with probe laser 

power with preserving their polarization. And a wavelength-division multiplexing (WDM) device was used in order 

to separate the modulated probe laser from the modulated pump lasers. (b) Simulated result to normalize two 

numbers A and B where we assume B is constant. (c) Experimental result to normalize two powers. In both (b), (c), 

the feedback-loop system adjusts the modulated power of   to remain constant.  
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Figure. 2.13(b) shows the simulation of an ideal normalization of two input powers A and B and 

the result of  =1 (arb.u.). Here we assume that the optical power B is constant and the 

feedback-loop mechanism is employed to control P0  such   remains constant. Figure. 

2.13(c) denotes the experimental result and demonstrates good agreement with the simulation. In 

the experiment we kept B at a constant value of 100 µW and set the output of the CW laser after 

SAs to be 10 µW, which is the desired constant value that we want to achieve in presence of 

laser powers A and B. It has been shown that increasing the intensity of laser A, increases the 

output of the probe laser at the corresponding arm, , and accordingly, the output in the other 

arm,  decreases because of the feedback-loop that keeps the  to be almost constant. 

The NRMSE of the experimental result versus the ideal normalization in Fig. 2.13(c) (red solid 

line) is about 1%. 

 

2.6   Scalability  

In this section we estimate a rough number of nodes for a possible optical implementation of 

probabilistic graphical model (PGM) based on a wavelength multiplexing approach with a real 

laser system. We also discuss fundamental conditions of scalability for a large number of nodes 

based on current coherent laser source technologies and limitations of nonlinear optical material 

behavior. We consider laser pulses (wavelength =800 nm, spectral bandwidth =30 nm, pulse 

width =50 fs, repetition rate=1 kHz, energy per pulse Eper pulse=1mJ) produced by a mode-

locked Ti:Sapphire laser, which seeds a Ti:Sapphire regenerative amplifier. We search for 

maximum number of nodes that we can have in order for each node to have enough peak 

irradiance to enable TPA and SA in standard nonlinear optical materials. We have used the 

Fourier transform limit for a Gaussian beam profile, , to estimate the pulse width 

of each individual channel after dividing the spectral bandwidth into N channels: 

                                                                                                                        (2.20) 
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Where  is the frequency bandwidth measured at full-width at half maximum (FWHM) and  

is the pulse width at FWHM in time. Eq. (2.20) can be written in terms of spectral bandwidth and 

taking the divided spectral bandwidth domain to N channels in account, results: 

                                                                                         (2.21) 

Where c is the speed of light and  is the pulse width at FWHM in time for each individual 

channel. To calculate peak irradiance for each channel, we need to take the energy per pulse 

divided by N as well: 

                                                                                              (2.22) 

Where Ipeak is the peak irradiance and r is the beam radius. The maximum number of nodes than 

we can get in order to have peak irradiance (assuming 1  beam radius) around 100 GW.cm-2 

(which is enough to enable TPA and SA in the materials that we have used in the experiment) is  

roughly N= 4500. The pulse width increases from 50 femtosecond (fs) to 141 picosecond (ps) for 

each channel, based on the Fourier transform relationship. Note that the number of comb teeth 

for the mentioned bandwidth, , is very large. Thus, theoretically dividing the 

spectral bandwidth into 4500 nodes would not be a fundamental problem ( number of comb 

teeth . For a million nodes graph size, N= , the pulse width 

expands to 30 ns and the peak irradiance drops to 2 MW.cm-2 (assuming 1  beam radius) 

which is not enough to enable SA and TPA behavior for most known materials in nature. 

Theoretically, if we can expand the spectral bandwidth of the laser source, we would in principle 

be able to increase the number of nodes. 
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2.7   Conclusion 

Considering the importance of probabilistic graphical inference (PGI) in a large number of 

applications, we investigated different methods for solving large-scale networks with tractable 

power and space requirements. Using a benchmark model composed of 1 million nodes and an 

alphabet of 100, we estimated that any electronic solutions would require extensive area (at least 

50 m2 of silicon), and that the power consumption would be dominated by the communications 

between clusters of nodes, requiring at least 1.7 MW of power using sub-threshold VLSI. This 

later fact put us on the path to all-optical solutions where communication power should be 

dramatically reduced since the photons are used for both computation and information transfer. 

We investigated a PGI implemented via the sum-product message passing algorithm (SPMPA), 

using a wavelength-multiplexing approach. Computer simulations demonstrated that this 

approach would be tolerant to device imperfections and noise if the graph connectivity is larger 

than 20%. Considering our benchmark model with a million nodes and an alphabet size of 100, 

the computational power and area required for the optical components was computed to be 200 

kW and 57 cm3, respectively. Therefore, optics clearly shows attractive advantages in terms of 

power and area compared to the available electronic platforms. Furthermore, our theoretical 

analysis indicates that the optical-based SPMPA’s failure rate would be less than 1% in the 

presence of noise for each optical component, which offers a very robust solution.  

One of the major challenges in the wavelength multiplexing architecture to solve PGMs is the 

scalability for a very large number of nodes (e.g. 106). Hypothetically, increasing the spectral 

bandwidth of the coherent laser sources can result in an increase of the number of nodes. 

However, considering the current coherent source technologies, dividing the spectral bandwidth 

of the coherent source to a very large number, in order to represent each node, reduces the peak 

irradiance by several order of magnitudes. This reduction of the peak irradiance does not leave 

enough fluence to access the nonlinear TPA and SA behaviors of most known nonlinear optical 

materials in nature. Although, materials engineering may provide a route towards tuning the 

atomic line-shape, so that the lifetime can be longer. Coupling this with the tuning of the input 
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frequency to that of one and two photon excited states, can enhance the cross section of TPA and 

SA processes such that a lower peak irradiance TPA and SA can be achieved. 

We investigated both theoretically and experimentally the essential required mathematical 

functions to optically implement the message passing algorithm for probabilistic graphical 

models. The two basic and central mathematical operations, multiplication (through natural 

logarithm-sum-exponent operation) and division (normalization), which are required for the 

SPMPA, are optically implemented. Furthermore, with respect to the enormous breadth of 

applications that these two fundamental mathematical operations (multiplication and division) 

provide, the presented techniques can be used widely to enable these operations where they are 

used heavily. To estimate the speed of computation of the proposed optical PGM machine, we 

note that the multi photon excitation processes in the SA and TPA components, are extremely 

fast, in the sub-femtosecond range. So the rates of generating and detection of the light are the 

main time constraint of the overall system. For pulsed lasers the repetition rates can be larger 

than 100 Gbps [47] while photodetectors can be as fast as 100 GHz [48] as well. It should be 

pointed out that one of the advantages of the optical analog computation is that the speed of 

calculation will not increase as the problem increases in scale. Contrary to their analogous 

electrical devices, all the mathematical units presented here (ln, sum, exp and norm) use optical 

components that do not require an external source of energy to perform the operation on the 

signal. In principle, using such passive elements could be a great benefit in terms of energy 

consumption [49]. However, optical insertion loss, as well as linear and nonlinear absorptions 

should be included into the energy budget, especially when the signal (which carries the energy) 

needs to be recirculated and when performing cascading operations [50]. For this reason, 

buffering amplifiers are required for optical implementation of the SPMPA approach for the 

PGMs. As a proof-of-concept an optical implementation of the PGM message passing algorithm 

for a two node graph (N=2) has been shown successfully. A large-scale system-level 

demonstration for a larger number of nodes with high connectivity is the subject of ongoing 

work. 
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CHAPTER 3 

Coherent Ising Machine 

 

3.1   Introduction 

For decades, optics has been preferred for communication and parallel processing [49]. In the 

past, optical computing techniques have been able to demonstrate some mathematical operations 

such as Fourier Transform [8], vector matrix multiplication [9], inverse matrix [11-13], and more 

recently multiplication and division using nonlinear optics [1,2,31,36]. One of today’s major 

challenges in the digital electronic computation is the optimization problem for a very large data 

set. To improve the power consumption and speed for that type of computation, several new 

technologies have been introduced. For instance, multicore for electronic central processing units 

(CPUs) as well as parallel computing architecture such as sub-threshold very large-scale 

integration (VLSI), application-specific integrated circuit (ASIC) and a custom ASIC, the Tensor 

Processing Unit (TPU) [51]. However, optimization problems for large data sets remain an issue 

and is a subject of ongoing research both in terms of software and hardware improvements. The 

main problems faced by electronic computation platforms are bandwidth limitation and high 

power consumption of electronic devices [49,52,53]. Hybrid optical-electronic platforms have 

been recently explored as a way to enhance the speed, and to lower the power consumption for 

some computation problems. Examples include reservoir computing [54-56], signal processing 

[57-62] and spike processing [63-65]. 

Optical computers do not have to mimic the same algorithmic design used in digital computers. 

Early attempts to do so failed to implement an all optical computing based on optical logical 

gates due to the lack of energy-efficient and compact optical devices [66]. In some physical 

systems, remarkably in ultrashort laser phenomena, the nonlinear dynamics of a complex system 

rapidly happen much faster than what can be computed by a digital computer. For such 

problems, an analog device that mimics the physics of a complex phenomenon may have great 
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benefits for computational purposes [57,58]. In other words, for specific computation problems 

where electronic digital processors have difficulties in simulating a complex non-linear system, 

an analog optical system may be a solution, or can be used as an accelerator, to help the digital 

simulation in a metaphoric way via a non-algorithmic approach, where an engineered 

programmable all-optical computer serves as a metaphor to the desired non-linear dynamics to 

be emulated [67-71]. Combinatorial optimization problems are universal and have many 

applications from image processing [24], artificial intelligence [19,20], machine learning [20-23] 

to computational biology [72-78].  Most of these problems are in non-deterministic polynomial 

time (NP)-hard or NP-complete categories. There exist some approximate algorithms [79-81] or 

simulated annealing methods [82] that are used commonly in digital computers to obtain a 

solution in reasonable time. However, solving these problems efficiently in terms of power 

consumption and speed for a large number of variables (e.g. 106), is still beyond classical digital 

computers and electronic analog computation platforms alike [1,2,31]. Quantum annealing [83-

85] and adiabatic quantum computation platforms [86] have been recently introduced in the 

effort of solving NP-hard problems. Although, the performance and scalability of such machines 

still need to be explored [87,88]. Finding the ground state spin configuration of the general Ising 

Hamiltonian is known to be a NP-hard problem (for three dimensions, as well as two dimensions 

with the Zeeman term) [89]: 

 

Here, H is the Ising Hamiltonian, Jij is the mutual couplings between node i and j, λi is called the 

Zeeman term (external field), i and j are the ith and the jth spins respectively, where each spin 

can take a value of +1 or -1. In the past few years, some physical systems have been introduced 

as coherent Ising Hamiltonian solvers. One such system was based on a coupled degenerate 

optical parametric oscillator network (DOPO) [90-94], and another was based on a network of 

injection-locked lasers [95-98].  

In this paper, we present simulations as well as experimental results for an all-optical analog 

coherent Ising machine (CIM) based on a network of injection-locked single frequency multicore 
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fiber (MCF) lasers. As a proof-of-principle, we have performed the experiment for up to thirteen 

nodes in the Ising Hamiltonian. In the optical platform we present, three spatial light modulators 

(SLMs) are used, one to program the Zeeman terms, the two others to encode the mutual 

couplings. Our experimental results are compared with a brute-force algorithm (BFA) which 

performs an exhaustive search to find the exact ground state of the Ising Hamiltonian. Statistical 

analysis shows that our system achieved an average accuracy of ~90 % for 120 trials. We 

examined 4 different Ising Hamiltonians and repeated the experiment up to 20 times for each 

case. The accuracy is calculated based on the following:   

 

where Eexp is the measured expectation value of the Ising Hamiltonian based on the experiment. 

EG and Emax are the calculated ground state and maximum expectation values of the Ising 

Hamiltonian respectively, according to BFA simulation. 

The modeling of the system has been done based on evolution of complex photon field operator 

and approximating the photon field amplitude by a square root of the photon number (mean field 

approximation) in right and left circular polarizations. Finally, we discuss some bottlenecks in 

the scalability, accuracy and programmability of the presented CIM. We would like to stress that 

the theoretical and experimental results in this paper exhibit an interesting candidate platform for 

an optical computer whose coupled non-linear analog dynamics exhibits a discrete binary 

saturation effect that seeks a physical energy minimum [95]. This makes it a strong candidate to 

encode binary-valued Boolean optimization problems. However, whether the physical energy 

minimum maps to the computational energy minimum (e.g., of an Ising problem) producing 

results of sufficient accuracy that cannot be obtained using digital means, e.g., using a 

polynomial time approximation scheme (PTAS), remains unclear. However, the small-size 

systems we simulate and physically emulate show excellent agreement with theory, and produce 

results with remarkable accuracy to attaining the ground state of the Ising function, and 

consumes much less power than a purely digital solver would consume. 
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3.2   Injection-Locked Laser System and Mapping to The Ising Hamiltonian 

3.2.1   Heisenberg-Langevin treatment 

The system is composed of an injection-locked laser network where several slave lasers (SLs) 

are locked to a master laser (ML) in terms of oscillation frequency and polarization state. The 

number of SLs represent the number of nodes in the Ising Hamiltonian, and they are locked by a 

single frequency ML with vertical linear polarization. The links between SLs presented in Fig. 

3.1 show the mutual couplings (Jij) where the strength of the coupling for each pair of the SLs is 

symmetric (Jij = Jji and Jii = 0). In a fully connected graph with size of N, the number of edges 

(Nedg) are equal to  and for the case of an Ising Hamiltonian, there are 2N 

possible spin configurations. 

 

Figure 3.1 Injection-locked laser system scheme. N as the number of slave lasers (SLs) denotes the size of the Ising 

Hamiltonian and optical interactions pathway between them follow the mutual couplings concept. Master laser (ML) 

initiates the Ising Hamiltonian with slightly change to its vertical linear polarization state.  

 

Here we discuss a formal mechanism that brings a relationship between nonlinear coupled rate 

equations of a network of injection-locked lasers and an Ising Hamiltonian defined in Eq. (3.1). 
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We begin with the Heisenberg-Langevin equation of a laser cavity, to describe the dynamics of 

an injection-locked laser system [103,104]: 

∆   

where AMi is the master laser’s (ML) field operator and Ai  (t) is the complex field operator of the 

ith slave laser (SL).  denotes the mode of the field (or phase) in left (L) or right (R) circular 

polarization modes. ω and ωs are the lasing frequency of the ML and the SL respectively.  is 

the coupling field from laser j onto laser i and AQN denotes the quantum fluctuations. Q is the 

cavity quality factor, r0 and D are the non-resonant refractive index and the nonlinear dispersion 

respectively. Gi = (ω/ )gi is the net gain. ω/Q describes the cavity lifetime and  is the 

interaction terms between SLs. Inserting photon number operator which is defined as n(t) = 

A†(t)A(t), in Eq. (3.3) for left and right circular polarization modes and applying mean field 

approximation, results [95,96]:  
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where QM is the ML’s cavity quality factor,  and  are the amplitude attenuation coefficients 

from the vertical and horizontal linear polarization of the ML into the ith SL respectively.  is 

the attenuation coefficient for the horizontally polarized signal between ith and jth SLs.  

are the ith and jth SLs’ phases for left and right circular polarizations respectively.  and  

are the acquired phases from the ith SL locked to ML and ith SL to jth SL respectively and  is 

the ML’s phase. We have approximated (mean field approximation) all the complex optical 

fields in Eq. (3.3) as: , , 

 and disregarded the quantum fluctuations.vWe also considered the 

coupling filed as . The rate equation of the up-population (Ni(t)) for 

an optically pumped SL is defined as [98-102]: 

 

where NT is the total optical population, Pi is the pump level for ith SL and  is the spontaneous 

emission lifetime. The nonlinear dynamic laser equations, Eq. (3.4), Eq. (3.5) and Eq. (3.6) are 

linked by  where  is the coupling efficiency of the spontaneous emission into a 

lasing mode and  is the spontaneous emission lifetime [95]. We note that the quantum noise 

operators are disregarded in set of Eq. (3.4), Eq. (3.5) and Eq. (3.6). When the injection-locked 

laser system is prepared, the Zeeman terms and mutual couplings in the Ising Hamiltonian can be 

implemented by slightly rotating the ML’s vertical polarization and enabling the cross links 

between SLs respectively. The system reaches to a steady state after a short time which is 

defined by the lifetime of the active atoms in the gain medium. At steady state, i.e., when 
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 are satisfied, one can derive a mapping 

(modulo some issues to be discussed later) between Ising spins and the aforesaid steady-state 

photon numbers at well above threshold, by invoking the minimum gain principle. The mapping 

protocol, is the result of mathematical comparison between Eq. (3.1) and total gain (

) equation which is defined as the following: 

 

 

 

To obtain Eq. (3.7), we have set  and  in Eq. (3.4) and Eq. (3.5). 

We also assumed all SLs receive equal energy from the ML (nMi = nM) as well as from the pump. 

Therefore, the mapping is as follows:  

 

And the Zeeman term and mutual couplings in Eq. (3.1) are defined as: 
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The Ising problem’s solution, i.e., the binary spin configuration, emerges spontaneously at steady 

state where each spin (defined as a function of  and  above) saturate to binary discrete 

levels. This behavior can be quantitatively explained via the minimum gain principle, through a 

natural polarization mode competition enforced by cross-gain saturation rule [95,96] to minimize 

Eq. (3.7). 

In a single mode laser cavity, the bandwidth of the gain medium contains a broad range of 

modes. However, only one mode gets the chance to amplify and represent the output of the 

single mode laser. The cavity also has a natural loss which can be varied for different cavity 

modes. Furthermore, the only mode that lases as the single mode laser, is the mode with the 

lowest loss in the cavity due to cross-gain saturation [103-105]. Nevertheless, the coherently 

coupled SLs oscillate with a specific polarization configuration state that minimizes the total loss 

of the network. The minimum value of the total loss is equal to the total gain of the network 

[95,96]. The relationship between the above said minimum gain principle and the ground state of 

the Ising Hamiltonian is based on a numerical verification and does not stand on a solid physical 

argument.  

 

3.2.2   Simulation Results 

When the SLs are locked to the ML, by slightly rotating the ML’s vertical polarization the 

Zeeman term initiates. At the same time by enabling the cross links between SLs, the mutual 

coupling terms in the Ising Hamiltonian are turned on. After a short time (defined by the lifetime 

of the active atoms in the gain medium), the system reaches at the steady state. As we mentioned 

earlier the left and right circular polarizations are the degree of freedom used in order to 

determine the sign of Ising spins. If  we consider that , and likewise, the spin is 

set to   if  (this convention is applied for  as well). We have used a numerical 

simulation in order to examine the nonlinear coupled laser equations (Eqs. (3.4), (3.5) and (3.6)) 

as a CIM, followed by a network of injection-locked MCF lasers. The results of the simulation 

for N=3 and N=10 SL cores are shown in Fig. 3.2, for a random choice of the coupling matrix 
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and the Zeeman terms. We set the phase of all SLs to be equal to ML’s phase in the simulation. 

For t<0, the Zeeman and cross-coupling terms are not turned on. Due to the initialization induced 

by the only vertically polarized injection-locking signal from the ML, the average photon 

numbers in two polarization states are equal (nRi = nLi). 

 

Figure 3.2. Simulation results. Time dynamic of a network of injection-locked MCF lasers for N = 3 (left column) 

and N = 10 (right column). The time evolution analyses are plotted in the log format for (a), (b) photon number in 
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right and left circular polarizations, (c), (d) up-level population and (e), (f) computed Ising spins. The calculated 

Ising spin signs for N=3 and N=10 correspond to the ground state spin configuration of introduced Ising 

Hamiltonians. 

 

At t=0, the Zeeman and cross-coupling terms are enabled. Immediately afterwards, the average 

photon numbers in two polarization modes depart from each other due to the effect of 

polarization control from the ML (Zeeman term) and the mutual couplings among the SLs. 

Eventually, the system reaches a steady state with a convergence time of about 1 ms controlled 

by the Yb3+ lifetime. The sign of computed Ising spins in Fig. 3.2(e) and Fig. 3.2(f) are 

correspond to the ground state spin configuration of the Ising Hamiltonians and we have verified 

the results with the BFA (See Appendix D for all parameters used in the simulation). 

It should be emphasized that the some of the simulations could not find the exact ground state for 

some Ising Hamiltonians and they were trapped in local minima (See Appendix E for an 

example). However, one of the great advantage of this CIM could be the very short experimental 

convergence time that is independent of the number of nodes (only related to the Yb3+ lifetime 

~1 ms). Therefore, in some cases, the ground state, or approximate ground state, of a very large 

size Ising Hamiltonian can be found by this proposed CIM in millisecond range time. 
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3.3   Experimental Verification and Results 

3.3.1   Setup 

We have performed an all-optical experimental platform to verify and study the performance of 

the proposed CIM based on a network of injection-locked MCF lasers. Figure. 3.3 represents the 

concept of proposed optical CIM based on a network of injection-locked MCF lasers.  

 

Figure 3.3. The proposed architecture for the coherent Ising machine (CIM). The injection-locked laser system 

consists of an Ytterbium doped multicore fiber (MCF) as the slave lasers (SLs), locked to a single frequency master 

laser (ML). The spatial light modulator 1 (SLM1) is used to implement Zeeman terms via a small change in the 

vertical polarization state of ML. SLM2 and SLM3 are the elements to program the interaction terms (Jij).  

 

We have previously reported on successfully injection-locking of 19 SLs with a single frequency 

distributed feed-back (DFB) laser at 1030 nm as the ML [106]. In the present experiment, the 

SLs were prepared from a MCF composed of proprietary phosphate glasses and highly doped 

with 6% Yb2O3 as the gain medium (Made by NP Photonic Inc). The MCF was cladding-

pumped by a 975 nm fiber-coupled diode laser. The special design and engineering of the MCF 

is maintained such that the signal was strongly confined in the cores. Therefore, the cross-talks 

due to the evanescent couplings among the cores are negligible for a short length of MCF [106]. 
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Figure 3.4. A photo of the DFB ML setup and its amplifier. The optical components are used to initiate the Zeeman 

term as well as proper collimation tools to inject the ML signal into the MCF.  

 

The imaging and focusing lenses, that were used in the system for pumping and injecting the 

ML, have been selected carefully to reduce the aberration and match with the MCF’s numerical 

aperture (NA). Figure. 3.5 denotes the experimental setup of the optical CIM. The setup has four 

main blocks: the Zeeman term initiator (Fig. 3.5(a)), the mutual couplings unit (Fig. 3.5(b)), the 

SLs preparation part (Fig. 3.5(c)) and finally, the polarization measurement and injection-locking 

monitoring section (Fig. 3.5(d)). The status of injection-locking MCF SLs was being monitored 

via a Fabry-Perot interferometer (FPI) [106]. The Zeeman term ( ) is configured by a 

programmable diffractive polarizing element like an LCOS spatial light modulator. The 

polarization state of the injected ML can be set independently for each core of the MCF thanks to 

the programmable polarization rotation element by using sub-apertures of SLM1. The specific 

polarization states can be established by setting the retardation coefficients of the pixels 

composing the different sub-apertures of the SLM1. The total spatial polarization rotation across 

the ML beam was measured to be 3º (see Appendix G for more info). 
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Figure 3.5. Experimental setup of the coherent Ising machine (CIM) based on a network of injection-locked MCF 

lasers. (a) The polarization of the single frequency master laser (ML) is set to be vertical using a half-wave plate 

(HWP) and a linear polarizer (LP1). This block is to implement the Zeeman term using a spatial light modulator 

(SLM1). (b) This unit is to enable the Jij terms using a lens F9 and a retroreflector. A variable optical attenuator 

(VOA) is used to reduce the power of slave lasers (SLs) as the strong feed-back can disturb the injection-locking 

mode. A horizontal LP2 is installed in the pathway of SLs to make sure the Eq. (3.4) and Eq. (3.5) hold. (c) A 975 

nm pump laser (PL) is used to pump MCF via a dichroic mirror (DM) which passes 1030 nm and reflect 975 nm. A 

special made Volume Bragg Grating (VBG) was used as one of the cavity mirror and angled cleaved front facet of 

the MCF as the second cavity mirror. (d) This section is for polarization measurement through two polarizing beam 

splitters (PBS) and a quarter wave-plate (QWP) at 45o. A CCD camera measures the relative intensities between nR 

and nL. Another purpose of this block is to monitor the injection-locking mechanism through a Fabry-Perot 

interferometer (FPI). (e) A microscope image of the MCF’s facet on a metal V-groove as the cooling plate. The 

focal lengths of lens F1, F2, F3, F4, F5, F6, F7, F8, F9 are +60 mm, +40 mm, +12 mm, +125 mm, +8 mm, +100 

mm, +750 mm, +750 mm and +40 mm respectively.  
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Figure 3.6. A photo of the experimental apparatus represented in Fig. 3.4 (c). (a) Pump laser apparatus to pump the 

highly Yb doped MCF. The pump laser spatial modes get more uniform via a mode scrambler. (b) A photo of the 

MCF’s holders. The right side of the MCF’s facet is 7-8 degrees angled and the other side is flat as one of the 

cavity’s mirror. (c) An image of the MCF’s cavity ~ 50 cm. 
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We implemented two different mutual coupling schemes, presented in Fig. 3.5(b). The first one 

is using a flat mirror and a lens in a one-to-one imaging system where the facet of the MCF was 

inversely imaged onto itself. In this case, only a fixed Jij matrix with central symmetry could be 

achieved since retroreflector was not programmable. The second design of the mutual coupling 

used two SLMs. In this case, the connections between SLs can be programmed to control the 

values of Jij matrix (Fig. 3.7). To do so, diffraction gratings are displayed by the SLMs. The 

frequency and orientation of the gratings define the diffraction direction, the amplitude 

modulation is responsible for the diffraction amplitude, and the phase of the diffracted beams can 

be adjusted using the spatial phase of the gratings (lateral shift). To obtain multiple beams from 

one input SL beam, several gratings are multiplexed. Sub-apertures are defined for each incident 

SL on the SLM. This system requires two SLMs, one to deflect the beams and the other to 

restore the angle of incidence to ensure correct injection inside the fiber core. 

 

 

Figure 3.7. Programmable optical design for the mutual interaction terms. A non-symmetric optical design is used 

to implement Jij elements using two SLMs to control amplitude and connectivity of SLs. All lenses used in this setup 

are high precision corrected aspheric lens to reduce the aberration (See Appendix F for more info). 
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The SLMs that we used had a compounded diffraction efficiency of 2.13% at 1030 nm. Also, we 

had to add an extra 50/50 beam splitter (BS) in the optical pathway between SLs (BS1) to make 

the mutual coupling symmetric and BS3 (8% reflection ratio) for measurement and FPI 

monitoring. Hence, we only considered maximum two connections for each SL to other SLs. The 

proper optical elements between different SLMs and the SLs are chosen via a primary 

calculation for Gaussian beams propagation through a non-symmetric optical system by a so 

called tensor ABCD law [107,108] as well as by using a commercially available code Zemax. 

This investigation was performed in order to match the NA, mode field diameter, radius of 

curvature and the ray off-set of the SLs beams for the cross-couplings (see Appendix F).  

For the measurement section, we have implemented a simultaneous polarization state readout 

using a quarter wave-plate (QWP) at 45o, two polarizing beam splitters (PBSs) and a standard 

CCD camera (Fig. 3.5(d)). The photon number in left and right circular polarizations which 

define the effective Ising spins (Eq. (3.8)), were measured simultaneously by a single camera. 

The front facet of the MCF was imaged to the camera using a set of positive lenses. F2-F7 and 

F2-F8 high precision corrected aspheric (up to 14th order to reduce the aberration. Made by 

Thorlabs inc) lens pairs were used to readout the polarization evolution of the orthogonal 

polarization states of the CIM as shown in the Fig. 3.5. The camera was a CCD pixel array 

sensitive at near infrared wavelength. We developed a MATLAB scripts to read the relative 

intensity between the left and right circular polarizations of each core from the camera files.  
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3.3.2   Central symmetry coupling results 

For the mutual coupling terms (Jij) using a reflector mirror and a lens, any MCF slave laser core 

is coupled to the geometrically symmetric core in the 19-core array. Although 19 cores are 

available, we only employed 13 cores of the MCF because 3 cores did not have good injection-

locking quality and 3 cores were not able to connect to any SL due to the symmetric inversion 

transformation (See Fig. 3.9(a) and Fig. 3.9(b)).  

 

 

Figure 3.8. A photo of the central symmetry mutual coupling’s apparatus. This portion represents the Fig. 3.4(b). 

 

Considering reflection and coupling losses, a maximum of 25 % of total power would couple 

back to the MCF cores. We observed experimentally that this amount of feed-back can disturb 

the states of the injection-locking lasers and making the system unstable and out of locking 

eventually. For that reason, we placed an attenuator to couple a smaller amount of light back to 

the MCF cores. Typically, we allow a maximum of ~5% power coupling to take place. Figure. 
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3.9(d) shows the experimental results of the optical CIM for N=13 SLs. For this experiment, the 

MCF was pumped at 3.8 W (the threshold pump power for lasing 13 SLs), and injection of ~183 

mW from the ML into the inner cladding of the MCF. Initially, the SLM1 was set at constant 

retardation, and the mutual coupling unit was mechanically blocked by a slow shutter (t<50ms in 

Fig. 3.9(d) left side). Both the mutual coupling shutter and the Zeeman terms were abruptly 

turned on at t=0 (t=50ms in Fig. 3.9(d)), and the polarization states were recorded as a function 

of time until steady state was performed (t > 77 ms in Fig. 3.9(d) right side).  

The convergence time of the steady state for the polarization states were limited to the slow 

speed of the mechanical shutter (sub ms), the camera readout time and the analog-digital data 

conversion. The difference between photon number in right and left circular polarizations for 

each SL was observed to move towards positive spin (+1) or negative spin (-1) as expected (Eq. 

(3.8)). The signal-to-noise ratio (SNR) of the photon numbers at the camera readout was high 

enough (> 0.8 dB) to easily distinguish between negative and positive Ising spins for each SL. 

Figure. 3.9(e) shows the numerical simulation of the CIM based on the experimental data that we 

obtained for the Zeeman and mutual coupling terms (see Appendix H for the specific choices of 

the coupling matrix and Zeeman terms we made, and the experimental data). 

We compared this result with a BFA and it confirms that the MCF simulation found the ground 

state of the Ising Hamiltonian. We repeated the experiment 20 times (turning on and off the 

Zeeman and mutual coupling terms) in a 20 seconds time frame duration. Four times the optical 

CIM found the exact ground state. For the 16 other cases, the system converged toward local 

minima with minimum and maximum accuracy of 89% and 95% of the ground state energy 

respectively (Fig. 3.9(f) and Fig. 3.9(g)). Figure. 3.9(h) denotes the accuracy versus number of 

experimental trial.  
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Figure 3.9.  Central symmetry couplings results. (a) A scheme of MCF for N=13 and node connections in an image 

inversion transformation. The connections are between SL 1 to 5, 2 to 6, 3 to 7, 4 to 8, 9 to 11, 10 to 12. (b) An 

image of the MCF’s facet with 16 SLs that have the most stable and uniform power for the experiment while three 

of SLs cannot be used for the Ising Hamiltonian because of the inverse imaging cross-couplings. This makes the 

Ising Hamiltonian with size of N=13. (c) A microscope picture from the facet of the Ytterbium doped phosphate 

glass MCF. (d) The calculated Ising spins evolution based on the measured relative intensities between photon 

numbers in right and left circular polarizations, detected by a CMOS CCD camera. (e) Simulated Ising spins based 

on the experimental data that we fed to the Ising solver code and excellent agreement with Fig. 3.9(d) in terms of 

spin signs. Both experiment and MCF simulation found the ground state spin configuration for the Ising 

Hamiltonian. (f) Computed Ising energy values for all possible spin configurations (213) using a brute-force 

algorithm (BFA). (g) Sorted Ising energy values from Fig. 3.9(f) versus number of spin configurations. (h) Average 

accuracy of the optical coherent Ising machine (CIM) for that particular Ising Hamiltonian with N=13, was 

calculated to be 93.6 % of actual value of the ground state Ising Hamiltonian. The minimum accuracy that was 

performed by the experiment was 89%. The CIM relaxed to the exact ground state four times out of 20 times 

experimentations.  

 

The optical CIM for this particular Hamiltonian, maintained the average accuracy of ~93%. 

There are various reasons that could explain why the system did not always fall in the ground 

state. One explanation is the external disturbances on the SLs’ cavity, such as airflow and 

vibration, that perturbed the quality of the injection-locking network. Fundamentally, the noise 

and fluctuations from the ML or the pump could also effect on the results [95]. 
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3.3.3   General coupling matrices results 

We have performed the experiment for some other Ising Hamiltonians based on the optical 

design using the diffraction from two SLMs to control the Jij terms. For the mutual couplings 

terms, three gratings with different connectivity and modulation amplitude were uploaded to the 

SLMs.  

 

Figure 3.10. A photo of the general mutual coupling’s apparatus. This portion represents the Fig. 3.5. 

 

Figure. 3.11(a) describes the first connectivity that was implemented between the SLs, and where 

each SL was only connected to two other SLs. Figure. 3.11(b) is a picture of the facet of the 

MCF at the time when the Ising Hamiltonian was turned on. It can be seen that the brightness 

between nR and nL are different. 
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Figure 3.11. One-dimension (1D) Ising Hamiltonian with N=7. (a) A ring grating design for the mutual coupling 

with maximum two connections. (b) A picture of the facet from CCD when the Zeeman terms and mutual couplings 

were enabled. The intensity (brightness) of right and left circular polarizations change as the function of time. (c) 

Experimental Ising spin evolution as the function of time. (d) Simulation result of the proposed CIM and with a 

good agreement with Ising spin signs in Fig. 3.11(c). (e) Sorted energy value versus all spin configurations (27). (f) 

Accuracy versus number of experiment. The overall average accuracy of the CIM for this Ising Hamiltonian was 

87%.  
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The brightness’s change as the function of time until the system reaches to the steady state after 

1 ms (  &  but ). Figures. 3.11(c) and 3.11(d) denote the Ising 

spin signs based on the experimental measurement and MCF simulation respectively. Figure. 

3.11(e) shows the sorted Ising energy versus the number of spin configuration (27 spin 

configurations) produced by the BFA. Figure. 3.11(f) is the accuracy of computed Ising energy 

based on measured Ising spin configurations versus the number of experiments. (see Appendix H 

for the experimental data). We performed the experiment for another example with size of N=7 

(see Appendix I) and the CIM found the ground state with overall average of ~90 % accuracy. 

Figure. 3.12 and Fig. 3.13 denote two Ising Hamiltonian instances with size of N=3 and N=4 

respectively (see Appendix H for the experimental data). 

 

     

     

0 20 40 60 80 100 120 140
-0.2

-0.1

0.0

0.1

0.2

 1

 2

 3

(b)

Is
in

g 
S

pi
n

Time (ms)

10-1 100 101 102 103 104 105 106
-0.4

-0.2

0.0

0.2

0.4

 1

 2

 3

(c)

Is
in

g 
S

pi
n

Time (ns)

Ground State Energy

Minimum Accuracy 2%

0 2 4 6 8
-0.05

0.00

0.05

0.10

(d)

S
or

te
d 

E
ne

rg
y 

(a
rb

.u
)

Number of Spin Configuration

1 2 3 4 5 6 7 8 9 1011121314151617181920
0

20

40

60

80

100 (e) Averge ~87.6 %

A
cc

ur
ac

y 
(%

) 

Number of Experiment



90 
 

Figure 3.12. Ising Hamiltonian with N=3. (a) Fully connected grating design for the mutual coupling matrix. (b) 

Experimental Ising spin evolutions as the function of time. (c) Simulation result of the given Ising Hamiltonian. The 

CIM simulation found exact ground state. (d) Sorted Ising energy values for the 8 possible configurations. (e) 

Accuracy versus number of experiment. The overall average accuracy of the CIM for the designed Ising 

Hamiltonian in Fig. 3.12(a) was 87.6 %. The CIM found the ground state 8 times out of 20 times experiment and 

trapped twice to an accuracy of 2 %. 

 

  

    

Figure 3.13. Square lattice Ising Hamiltonian with N=4. (a) Lattice connectivity design for the mutual coupling 

matrix. (b) Experimental Ising spin evolutions as the function of time. (c) Simulation result of the given Ising 

Hamiltonian. The CIM simulation found exact ground state. (d) Sorted Ising energy values for the 16 possible 

configurations. (e) Accuracy versus number of experiment. The overall average accuracy of the CIM for the 

designed Ising Hamiltonian in Fig. 3.13(a) was 82.7 %. The CIM found the ground state 6 times out of 20 times 

experiment and trapped twice to an accuracy of 38 %. 
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3.4   Scalability of The CIM 

In this section, we discuss the limitations of the proposed CIM scalability and possible solutions 

for them in order to increase the number of nodes and edges. As we noted in the manuscript the 

feed-back power among the SLs to implement the mutual couplings cannot be greater than an 

“specific percentage” of the SL’s power. The stress on “specific percentage” is because this 

number can be arbitrary for different injection-locked laser systems, as long as the feed-back 

powers do not disturb the injection-locked status. Likewise, the feed-back power among the SLs 

cannot be lower than “specific percentage”. This number indicates a minimum bound in order 

the CCD camera (measurement unit) can detect variation between nR and nL as the function of 

time. Let’s consider a fully connected Ising Hamiltonian with size of N. The power of each SL 

(P) needs to be divided in fraction of . Thus: 

                                  ,                                        (3.11) 

where  denotes the diffraction efficiency of the SLMs.  (in percent) are the lower and 

upper bound fractions as described above, respectively. These numbers ( ) are related to 

noise level of the SLs, ML and pump laser, sensitivity of the readout detectors and other 

macroscopic or microscopic imperfections. For instance, if the sensitivity of the readout 

detectors is high,  can be very small which results having ability to implement more number of 

nodes. If the injection-locking handling is maintained well such that the feed-back power to other 

SLs does not perturb the injection-locking status, we can in principle, program more Ising nodes. 

In the presented work, we found roughly . This implies according to Eq. 

(3.11), that we can program a fully connected Ising Hamiltonian with a maximum of N=101 

nodes which implies the number of edges to be equal 5050 (  and 

assuming 100%). SLMs with 94% efficiency are available. Using SLMs with 94% efficiency 

would allow us to increase the number of Ising nodes (N) to 95 for a fully connected Ising 

Hamiltonian supporting all the  4465 edges. The SLMs that we 

used, had efficiency of ~ 2.13 % that results a fully connected Ising Hamiltonian with maximum 

size of N=3 which has been implemented and brought to the result section (Fig. 3.12).  



92 
 

Furthermore, using a better analog to digital converter (ADC) resolution for the CCD camera 

would result in detecting more accurately the ratio between nR and nL. Our current CCD camera 

(8 bits) can detect the change between nR and nL if the feed-back power ratios between SLs are 

greater than 1%. Using available CCD cameras with higher pixel depth (> 16 bits) would allow 

us to detect the change between nR and nL, for smaller than 1 % feed-back power ratios. 

Accordingly, the increase of the camera ADC resolution from 8 bits to higher bits (e.g., >32 

bits), allows us to increase the number of a fully connected Ising nodes from N = 95 to higher 

nodes (e.g. N = 941 and with ~ 442,000 edges if hypothetically, the CCD camera can detect the 

change between nR and nL for the feed-back power ratios between SLs for greater than 0.1%). In 

both cases we assumed the SLMs have 94 % diffraction efficiency and node number estimations 

are based on Eq. (3.11). Nevertheless, increasing the number of cores in the MCF is an essential 

task in order to scale the CIM to higher nodes (i.e., rectangular MCF with 12×12 = 144 and 6% 

wt Yb-doped phosphate glass fiber, manufactured by NP Photonics, Inc). Moreover, we should 

note that increasing the number of nodes in our proposed CIM, requires installing a more 

powerful pump power and ML. This dictates to engineer the cavity that can handle heat 

generation in the MCF as well as maintaining the injection-locking status and other general 

challenges of cavity designing.  

We would like also to mention that we have investigated further into what connectivity is needed 

in the Ising solver to encode (provably) hard instances of NP Hard problems. We have found that 

in an N-bit Ising problem (i.e., using N SLs in our system), of all the N(N-1)/2 = O(N2) possible 

connections, one only needs to have O(N) connections present. This lets us scale to vastly larger 

Ising machines compared even to what we noted above in points A. and B. To be more specific, 

we looked at the problem of exact-cover-3 (EC3) [109,110], where one is tasked with assigning 

values (0 or 1) to N variables x1, …, xN, such that M clauses -- each formed of three variables – 

have exactly one 1 and two 0s. An example N=10 instance could be the (M = 3) clauses: {(x1, x2, 

x7,), (x1, x4, x5,), (x5, x9, x1)}, where one can easily eyeball a solution, x1= 1 and (x2 = … = x9 = 

x10 = 0). This problem is NP Hard. Moreover, if an EC3 problem instance is picked at random for 

a large N, with M = µN clauses, when µ  0.6263, that random problem instance is provably 

hard with probability approaching 1 as N tends to . An EC3 problem instance can be mapped 
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to minimizing an Ising function E(s1, s2, …, sN) =  where Bi is the 

number of EC3 clauses bit i participates in, and Jij is the number of EC3 clauses that bits i and j 

participate in together. In the above example, B1 = 3, B5 = 2 and B4 = 1, J1,2 = 1, J3,4=0, and so 

on. When a large EC3 problem instance is mapped to the Ising problem as above, the fraction of 

the connections that are non-zero is roughly 6µ/N, meaning the number of non-zero connections 

is roughly 6µ/N  [N(N-1)/2] = 3µ(N-1) = O(N). So, encoding provably hard Ising problems 

drawn as above, will need 3 0.6263 (N-1) ~ 1.88N of the N(N-1)/2 possible connections non-

zero. For the N=1000 instance stated above, this means needing only 1880 edges in the J matrix 

non zero, as opposed to the 442,000 edges needed in a fully-connected Ising instance.  
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3.5   Discussion and Conclusion 

We investigated both theoretically and experimentally an all-optical CIM based on a network of 

injection-locked MCF lasers. The numerical simulation of the system can find the ground state 

Ising spin configuration consistent with the BFA results. Although, we should note that in some 

cases, the numerical simulation of the injection-locking network did not find the ground state. As 

proof-of-principle, we performed several experiments for different Ising Hamiltonians with size 

of N=3, N=4, N=7 and N=13, repeating the experiment 20 times each. Table. 3.1 denotes a 

summary of the experimental results: 

Table 3.1. Summary of experimental results. N and Nedg stand for number of Ising node and number of edges 

respectively. NTG stands for number of times that the experiment trapped to the ground state out of 20 times 

experiment for each case. Amin and Aave denote the minimum and average accuracies respectively. 

N Nedg NTG Amin 

(%) 

Aave 

(%) 

3 3 8 2  87  

4 4 6 38  82  

7 7 4 80  90  

13 6 4 90  93  

 

We attribute the fluctuations observed in the experimental system to some macroscopic effects 

such as vibration or air flow in the cavity, changing the length of the cavity because of 

temperature fluctuations in the lab or any other effect that can change the status of injection-

locking system. The proposed optical CIM converges to the result in 1 ms and it does not 

increase as the problem size increases. Increasing the number of cores in the MCF could scale 

the Ising Hamiltonian if stable injection-locking is maintained. Hypothetically, increasing the 

bandwidth of the injection-locking is one of the key element in order to scale the CIM to higher 

nodes. Increasing the number of cores, needs a higher pump power. In this case the cooling of 

the MCF should be also well controlled in order to keep the length of the cavity constant. Other 

macroscopic affects such as thermal fluctuations and vibrations can disturb the cavity of SLs and 
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they need to be taken in account. The other important key element to scale the CIM is 

implementing SLMs with high diffraction efficiency and low loss. This allows increasing 

number of edges in the mutual coupling matrix. However, each SL’s energy is reduced by the of 

square of the number of connections which reduces the feed-back to the MCF. (we 

experimentally found in our system that the feed-back power ratio needs to be less than 5 % and 

greater than 1 %). For instance, replacing the current SLMs (2.13 % diffraction efficiency) with 

optimized SLMs for 1030 nm wavelength (~ 94 % diffraction efficiency), allows us to 

implement fully connected Ising Hamiltonian up to N=95 nodes and  ~ 4465 edges. 

Furthermore, using the CCD camera with higher pixel depth can result in principle, to detect 

more accurately the variations between nR and nL. In other word, the lower bound limitation for 

the feed-back power ratio (1 %), can even be pushed to be smaller which would permit us to 

implement the CIM with higher nodes and edges. 

According to Eq. (3.9) and Eq. (3.10), the Zeeman term and mutual couplings are dependent on 

the photon numbers (  and ) which indicates that the described mapping of the CIM to the 

Ising Hamiltonian is dependent on the solution of the specific Ising instance to be solved. This 

can be a major issue to program the CIM to solve any arbitrary Ising Hamiltonian specially when 

we want to feed a hard instance of an NP-hard problem into the CIM. However, we can 

approximate the ratios involving  and in Eq. (3.9) and Eq. (3.10) to one since the 

magnitudes of the total energy in the SLs and ML can be taken to be almost equal, i.e., 

 for all i and j.  

However, despite the above issues of the solution-dependent mapping, the original proposed 

CIM based on the injection-locked lasers [95] is an interesting non-linear coupled optical system 

worthwhile of exploration as a platform for analog computation. The system seeks a physical 

energy minimum driven by its Lagrangian. The challenge will be to find a computationally hard 

problem that can be mapped into that physical Lagrangian. It however is intriguing that despite 

these purportedly imprecise mapping, the CIM finds the ground state or at least a local minimum 

close to the ground state, for problems of small sizes. 
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Future work must entail investigation of the sensitivity and robustness of the proposed CIM 

based on a network of injection-locked MCF lasers. It should be emphasized that this CIM 

proposal should not be construed as a claim to solve NP Hard problems efficiently. As such, it 

will be important to characterize the approximation ratios (to the cost of the optimal solution) 

attained by this solver, and compare that to those attained by the best-known (digital) 

polynomial-time approximation schemes (PTAS) for the problems at hand. 

 

 

 

 

 

 

 

 

 

 

 

 

 



97 
 

CHAPTER 4 

Optical Properties of a Novel IR Material  

 

4.1   Introduction 

In the last few decades, there has been strong interest in the use of chalcogenide glass materials 

for mid-IR applications [111-113].  High transmissivity, low loss and high nonlinear refractive 

index in the IR optical range [114,115] compared to fused silica, make chalcogenide materials a 

viable option for photonics devices, particularly for 1550 nm applications. However, 

chalcogenide glass materials have toxic constituent elements, such as arsenic (As). These 

materials also require high temperature to process (~300°C) and accordingly are more difficult 

and costly to use for photonics components. We have developed a novel sulfur-based polymer 

material where polymeric chains of elemental sulfur (S8) are crosslinked with an organic 

monomer, 1,3-diisopropenylbenzene (DIB) through the “inverse vulcanization” technique 

[116,117] in order to realize a processable IR material.  Chalcogenide (e.g., S, Se) containing 

macromolecules prepared from inverse vulcanization are polymeric analogs to ChG’s, where 

organic comonomer moieties replace the Group 3,4, or 5 atomic unit in these network solids, the 

first generation examples of which being poly(sulfur-random-(1,3-

diisopropenylbenzene)(poly(S-r-DIB) and selenium containing polymers. These high sulfur and 

selenium content materials are the first examples of chalcogenide hybrid organic/inorganic 

polymers (CHIPs), which we have demonstrated to exhibit among the highest refractive indices 

of any synthetic polymeric material (n ~1.75-2.10), excellent optical transparency and suitability 

for IR thermal imaging [116-121]. Poly(sulfur-random-1,3- (poly(S-r-DIB)) possesses a number 

of  desirable material properties for use in IR optical and imaging applications, which include  

low cost, high IR transparency and favorable melt/solution processability. We have recently 

reported on the fundamental optical properties of CHIPs materials, however, investigation into 

the non-linear optical properties of these novel materials has not been explored. Herein, we 
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present and discuss for the first time the linear and nonlinear optical properties of these 

polymers. 

 

4.2   Linear optical properties 

The CHIPs used in this study are fabricated with an inverse vulcanization reaction of S8 and DIB 

as described in our previous work [117,119]. Due to the high content of elemental sulfur, poly(S-

r-DIB) compounds have been demonstrated to have interesting linear optical properties in the 

NIR (particularly 0.75 µm to 1.65 µm and 1.8 µm to 2.1 µm) and mid-IR spectrum (specially 3.5 

µm to 5 µm) [117,120]. For this study, we focus on two copolymers where the weight percent 

(wt%) of sulfur is varied, poly(S50%-r-DIB50%) and poly(S70%-r-DIB30%). Both compositions have 

relatively similar transmittance but different ultra-high refractive index in the IR regime. 

 

4.2.1   Sample preparation 

Several fabrication methods were explored to assemble relatively flat thick samples. Due to the 

high melt viscosity of fully cured poly(S-r-DIB) materials, it was found to be ideal to fabricate 

substrate supported flats by casting a prepolymer resin of poly(S-r-DIB) onto the substrate and 

completing the curing process in an oven. To achieve relatively large area samples with proper 

thickness that have good optical quality flatness, a mold was fabricated using 100 μm Corning® 

Willow® glass samples as shims attached to a glass substrate (also made of Willow® glass) with 

double sided adhesive tape. The sulfur (0.70 g, 70 wt% and 0.50g, 50 wt% for poly(S70%-r-

DIB30%) and poly(S50%-r-DIB50%), respectively) was melted in a vial at 180°C inside an oil bath 

until it turned orange. The DIB (0.30 g, 30 wt% and 0.50g, 50 wt%, respectively) was then added 

and stirred until a cherry red color was obtained (approximately 4 minutes). The resultant pre-

polymer resin was poured into the mold which had been allowed to thermally equilibrate in a 

180°C oven. A second piece of Willow glass, coated with a thin layer of cured polydimethyl 

siloxane (PDMS) (applied via spin coating), was placed on top of the mold containing the resin. 



99 
 

Homogenous minimum pressure was applied for 27 mins, then the mold containing the sample 

was removed from the oven and 

  

 

Figure 4.1. Poly(S-r-DIB) compounds: (a) Bulk sample of poly(S50%-r-DIB50%). (b) and (c) images through two thin 

samples of poly(S50%-r-DIB50%) and poly(S70%-r-DIB30%) with 291 µm and 415 µm thickness, respectively. Both 

materials have low transmission in the visible spectrum. 

 

allowed to reach room temperature before the PDMS coated top slide was removed. Figure. 

4.1(a) shows poly(S50%-r-DIB50%) bulk compound materials and Fig. 4.1(b) and Fig. 4.1(c) 

denote two flat samples of poly(S50%-r-DIB50%) and poly(S70%-r-DIB30%) respectively. Both 

samples presented high orange coloration, characteristic of the CHIPs materials, which does not 

affect the IR transmission. 

 

4.2.2   Transmittance and linear refractive index 

Previous studies have shown that poly(S-r-DIB) copolymers have high transparency in the NIR 

(0.75 µm to 1.65 µm and 1.8 µm to 2.1 µm) and mid-IR range (3.5 µm to 5 µm) [117,121]. In 

Fig. 4.2(a), the optical transmittance of poly(S50%-r-DIB50%) and poly(S70%-r-DIB30%) is shown 

from 0.5 μm to 2.7 μm as measured with a Cary 7000 spectrophotometer. Figure. 4.2(b) denotes 

the calculated attenuation in terms of dB/cm as the function of wavelength. Both compositions 

(a) (b) (c)
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present excellent transparency in thin samples for the NIR and SWIR range. Strong absorption is 

observed below 0.5 μm in both cases. Compositions with higher sulfur wt% tend to be less 

transparent than those with lower values, however this difference is greatly reduced after 

correcting for Fresnel losses between the incident medium, the copolymer, and the substrate. At 

1550 nm, the internal transmission is above 99.5% for 200 μm thick samples. The sulfur-

containing polymers we have prepared, possess high refractive index (n>1.7) due to the high 

content of S-S bonds and the large polarizability of the sulfur electrons [122]. In the case of 

poly(S-r-DIB) compounds, the refractive index can be increased as the wt% of sulfur is increased 

[117,123]. In Fig. 4.3, the refractive index is shown as a function of wavelength. At 1550 nm, the 

measured refractive indices for poly(S50%-r-DIB50%) and poly(S70%-r-DIB30%) are n=1.719 and 

n=1.787, respectively.  

 

Figure 4.2. Copolymer optical properties: (a) Transmission spectrum for poly(S50%-r-DIB50%) and poly(S70%-r-

DIB30%). These transmittance values have been normalized to correct for Fresnel reflections between the incident 

medium, the poly(S-r-DIB), and the glass substrate. (b) Attenuation spectrum of the materials in terms of dB per 

centimeter (dB/cm). 
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Figure 4.3. Refractive index as function of wavelength for both materials. 

 

4.3   Nonlinear optical properties 

The nonlinear optical behavior of sulfur copolymer materials, and in particular the third order 

nonlinear optical susceptibility ( ), were determined using the Z-scan technique [124,125]. A 

simultaneous closed and open aperture Z-scan set-up was used in order to obtain the nonlinear 

refractive index (Re[ ]), n2, and two photon absorption (TPA) coefficient (Im[ ]), β, 

respectively (Fig. 4.4). These nonlinear coefficients were measured in the optical communication 

band at a wavelength of 1550 nm. The coherent source was an optical parametric amplifier 

(OPA) producing micro joules range energy per pulse with pulse widths of 187 femtoseconds 

(fs) at full width half maximum (FWHM) of the intensity profile. The OPA was pumped by a 

chirped pulse amplification (CPA) system including a regenerative amplifier (Spectra Physics, 

800 nm, 100 fs, 1 kHz repetition rate) and the amplifier was also seeded with a mode-locked 

Ti:sapphire laser (Spectra Physics, Tsunami). The closed and open aperture transmissions in the 

far field were monitored as a function of sample position along the optical beam waist after the 

focusing lens using two photodiodes (PDs). The reference input laser beam was recorded by PD1 

in order to capture the pulse-to-pulse fluctuations for normalization of closed and open aperture 

transmittances.  
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Figure 4.4. Experimental set-up of the Z-scan measurement. The output wavelength was tuned to 1550nm by the 

OPA. A spatial filter was installed to clean up the output beam from the OPA. Beam splitter 1 (BS1) and beam 

splitter 2 (BS2) were used to monitor the reference input beam and open aperture transmission, respectively. An 

aperture was used in order to collect the closed aperture transmission by PD3. The focal length of the focusing lens 

was +30 cm and the input collimated beam radius was 1.6 mm, as determined using the knife-edge technique. 

Consider the second order nonlinear absorption model: 

 

 

Here I is the peak irradiance,  is the linear attenuation coefficient (including both scattering 

and absorption contributions), β is the TPA coefficient and  is the propagation depth in the 

sample [126]. Using the Z-scan technique the normalized transmission for the open aperture 

configuration can be written as: 

 

where  ) , )/  ,  is the peak irradiance at the 

focal point, L is the thickness of the sample and  is the beam’s diffraction length [124,125]. 

The  in our case in much larger than thickness of the samples, which is a required condition 

for this Z-scan analysis. The linear attenuation coefficients at 1550 nm wavelength are measured 

to be  and  for poly(S50%-r-DIB50%) and poly(S70%-r-DIB30%) 

concentration sulfur copolymer materials respectively. Figure. 4.5(a) and Fig. 4.5(b) denote the 
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normalized transmissions for the open aperture measurement of the two samples and the 

nonlinear curve fit with Eq. (4.2). The TPA coefficients are determined to be  

(±10% of ) and  (±10% of ) for poly(S50%-r-DIB50%) and poly(S70%-r-

DIB30%) concentration sulfur copolymer materials respectively. No damage was observed on the 

samples up to 98   

      

Figure 4.5. Z-scan open aperture measurements. (a), (b) Measured normalized transmissions versus sample position 

for poly(S50%-r-DIB50%) and poly(S70%-r-DIB30%), respectively, with TPA nonlinear fits. The TPA coefficients were 

calculated to be β=0.11 cm/GW and β=0.063 cm/GW for poly(S50%-r-DIB50%) and poly(S70%-r-DIB30%) respectively. 

The transmissions were measured by taking the ratio of the optical powers from . The peak irradiance at 

the focal point was roughly ~ 80 GW/cm2.  

 

The nonlinear refractive of index can be evaluated from the closed aperture transmission data 

using the following equation: 

 

where  is the phase shift at the exit surface of the sample and is proportional to the nonlinear 

refractive index  [124,125].  Figure. 4.6(a) and Fig. 4.6(b) denote the 

normalized transmissions for the closed aperture measurement of the two samples and the 

nonlinear curve fit with Eq. (4.3). The nonlinear refractive indices are calculated to be 
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 (±10% of ) and  (±10% of ) for 

poly(S50%-r-DIB50%) and poly(S70%-r-DIB30%) concentration sulfur copolymer materials 

respectively. 

        

Figure 4.6. Z-scan closed aperture measurements. (a), (b) Measured normalized transmissions versus sample 

position for poly(S50%-r-DIB50%) and poly(S70%-r-DIB30%) respectively with nonlinear refractive index fits. The n2 

coefficients were calculated to be n2=+2.45×10-15 cm2/W and n2=+3.06×10-15 cm2/W for poly(S50%-r-DIB50%) and 

poly(S70%-r-DIB30%), respectively. The transmissions were measured by dividing the optical powers from 

. The peak irradiance at the focal point was roughly ~ 80 GW/cm2. 

 

4.4   Discussion 

4.4.1 Comparison with Miller’s rule prediction 

The measured values for nonlinear refractive of index conform very well to the semi-empirical 

Miller’s rule relationship between the linear and nonlinear refractive index [127,128].  

 

Here δ is the Miller’s coefficient for chalcogenide glass and is equivalent to 2.7 × 10-10 [129]. 

The reported value for the Miller’s coefficient is consistent with other reports for most of optical 

crystals, chalcogenide glasses, oxide glasses [130,131] and ionic crystals [132]. Table. 4.1 
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denotes the summary of predicted values for n2 based on Miller’s rule and obtained experimental 

values using the Z-scan method.   

Table 4.1. Comparison of n2 between experimental and the predicted values, using Miller’s rule. 

 

 

4.4.2 Comparison with other IR materials and applications 

The sulfur copolymers and CHIPs materials have an intriguing set of optical properties, that 

occupies a unique range of refractive index (n0 ~ 1.7-2.1) which is a new regime of materials that 

are intermediary to classical inorganic IR transmitting materials (e.g., ChG’s, germanium) and 

low index organic polymers.  The refractive indices of CHIPs the sulfur copolymers are not as 

high as chalcogenide glasses and germanium (Ge) semiconductors, however, CHIPs still retain 

the low cost and processability of polymeric materials (Fig. 4.7). Conversely, CHIPs exhibit 

profoundly higher refractive index relative to conventional organic polymers while retaining 

high IR transparency. Thus, these materials have the potential for use in applications as 

antireflection coatings or index matching materials in infrared optics. In addition, it would be 

possible to make compact polymer based photonic devices for infrared applications, especially 

mid-infrared optics, as high index contrast waveguide structures can be made. In high index 

contrast platforms e.g. silicon photonics, the relatively high refractive index of these polymers 

with respect to silica is advantageous to introduce better mode matching for light coupling from 

single mode waveguides to optical fibers and vice versa. Additionally, their nonlinear optical 

properties are ten times higher than silica due to the highly polarizable sulfur atoms; the 

properties of the sulfur copolymers are, in fact, seen to match those of silicon nitride quite well  

Material  (±1% of ) Measured  

(cm2/W) 

Predicted  

(cm2/W) 

poly( S50%-r-DIB50%) 1.72 2.45×10-15 2.12×10-15 

poly( S70%-r-DIB30%) 1.79 3.06×10-15 3.14×10-15 
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Figure 4.7. Comparison of refractive index of CHIPs with conventional optical polymers and Chalcogenide glasses 

as the function of wavelength. 

 

with respect to both refractive index and n2 (Table. 4.2). Especially, the low temperature 

processing for these polymers makes them attractive for fabricating compact all optical photonic 

devices, such as all optical signal processors, all optical switches, all optical signal regenerators 

[133], super-continuum generators [134,135] and frequency combs [136-138]. 
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Table 4.2. Summary of optical properties for common infrared materials and sulfur copolymers. 

Material n0 n2 (cm2/W)  (cm/GW) Reference 

poly(S50%-r-DIB50%) 1.72 2.45×10-15 0.11  

poly(S70%-r-DIB30%) 1.79 3.06×10-15 0.063  

As2S3 2.4 25×10-15 0.03 [139,140] 

ZnSe 2.7 1.1 × 10-15 0.01 [141] 

SiO2 1.44 0.21×10-15 ~ 0.0 [142] 

Si3 N4 2.1 2.4×10-15 ~ 0.0 [143] 

Si 3.4 45×10-15 0.79 [144] 

 

 

4.5   Conclusion 

We have evaluated the linear and nonlinear optical properties of a recently developed sulfur-

based polymers. The experimentally measured values for the nonlinear refractive index for both 

poly(S50%-r-DIB50%) and poly(S70%-r-DIB30%) are in good agreement with the Miller’s rule 

prediction for chalcogenide glasses. These sulfur-based polymers can potentially be made into 

films and bulk optics using conventional polymer processing techniques at relatively low 

temperature. One of the key advantage of our polymers in contrast to chalcogenide glasses, as 

mentioned before, is their low cost of processing. In addition, their unique transmission 

properties can enable more affordable infrared spectrometers, gas sensors, infrared cameras, and 

etc. 
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APPENDIX A 

Material Synthesis for Two-Photon-Absorption Blocks in 

Multiplication Experiment 

 

Amorphous carbon films can be fabricated e.g. by pyrolyzing photoresist in an inert atmosphere 

at rather high (~800 – 1100 °C) temperatures so-called pyrolyzed photoresist films (PPF) are 

amorphous carbon films [42,145]. The sample for the experiment was fabricated by spin coating 

about a 500 nm thick nLOF AZ-2070 resist layer on a 0.5 mm thick silica substrate. The sample 

was next heated with CVD to 800 °C in a hydrogen atmosphere (0.5 mBar/5 sccm flow).  

800 °C temperature lasted for 5 minutes and the sample was then cooled down to room 

temperature (overnight) in a static, 5 mBar hydrogen atmosphere. Samples were characterized by 

scanning electron microscopy (SEM LEO 1550 Gemini), Raman spectroscopy (Renishaw 

Raman inVia Microscope) by using 514 nm excitation wavelength, and transmission 

spectroscopy (Perkin Elmer Lambda-9). The thickness of the PPF was measured by a stylus 

profilometer Weeko Dektak-150 and it was 50 ± 2 nm. Figure. A1 shows the properties of the 

PPF. By SEM the film appears very uniform throughout the substrate. The film thickness after 

pyrolysis was 50 ± 2 nm and transmittance about 50 % at 1500 nm. The transmittance was not as 

constant as it was for GrPyC. A strong D peak, widened D and G peaks and absence of 2D peak 

are all indicators that the carbon film is very amorphous but with dominating sp(2) hybridization 

[43,146]. 
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Figure A1. Characteristics of the PPF sample. (a) Low magnification SEM image of pyrolyzed photoresist film. 

(b) High magnification scanning electron microscope (SEM) images of pyrolyzed photoresist film. The film is fully 

uniform over the substrate. (c) A picture of the PPF sample. (d) Transmittance of the PPF is not constant like in 

GrPyC but the absorption peak maximum is at 260 nm. (e) Widened D and G modes and absence of 2D peak in the 

Raman spectrum indicate highly amorphous carbon material. 
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APPENDIX B 

Material Synthesis for SA Need for Normalization Experiment 

 

Graphitic pyro-carbon (GrPyC) was grown on a copper foil by hot wall chemical vapor 

deposition (CVD). The procedure was similar to conventional graphene synthesis on a copper 

foil but the amount of methane was increased in order to obtain a bit thicker graphitic film 

[45,46]. Copper foil (99,8 % pure) was first heated to 1000°C temperature in hydrogen 

atmosphere (0.5 mBar/5 sccm flow) and then methane was injected into the chamber. The 

process was done in static atmosphere, i.e. there was no gas flow in the chamber during 

graphitization. The pressure of the chamber was 23 mBar and the graphitization process lasted 

for 30 minutes. After graphitization the chamber was pumped down to vacuum and methane was 

replaced by hydrogen (10 mBar). The sample was cooled down overnight in a hydrogen 

atmosphere. The GrPyC film was next transferred from the copper foil on a fiber tip and on a 

silica substrate. The GrPyC film, transferred on a silica substrate was coated with a 500 nm thick 

poly (methyl methacrylate) (PMMA) layer, while the sample transferred on a fiber tip was 

transferred without PMMA. Backside carbon from the copper foil was cleaned with a short 

oxygen plasma (100 W / 1 min / 20 sccm). The copper foil was etched by the FeCl3 solution and 

the graphitic film was cleaned with purified water [46]. Figure. B1 shows the characteristics of 

the GrPyC sample on a silica substrate. Low and high resolution scanning electron microscope 

(SEM) images show that the sample is rather uniform with some wrinkles similar to graphene. 

Transmission of the GrPyC film is almost constant ~90 %. Since absorption of a graphene 
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monolayer is 2.3 % at all wavelengths, this result indicates a few layer graphene.  The Raman 

spectrum of the GrPyC film shows a strong D peak (1350 cm-1) and a widened G peak (1585 cm-

1). This indicates a rather high density of defects and amorphous carbon in the film [146,147]. 

Despite the highly defect density, the 2D peak can be observed at 2700 cm-1. The 2D peak is not 

typical for fully amorphous carbon (see e.g. Fig. B1(e)), but D and G peaks indicate strong 

disordering, so one can conclude that the material is nano-crystalline, a few atom layer thick 

graphite [146]. 

 

Figure B1. Characteristics of the GrPyC sample. (a) Low magnification SEM image from a scratch show that 

GrPyC is rather uniform but due to the transfer from a copper to a silica substrate, some wrinkles appear. (b) High 

magnification scanning electron microscope (SEM) image of the sample. (c) A photo of transferred GrPyC sample 

onto a fiber tip. (d) Transmittance of GrPyC is almost constant at near infrared. Absorption peak at 260 nm 

resembles that of M-saddle point absorption of graphene. (e) Raman spectrum (averaged over five different points) 

shows strong D and G peaks but also the 2D peak is observable. 
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APPENDIX C 

Material Synthesis for SA Need for Multiplication Experiment 

 

The thiopyrylium-terminated heptamethine cyanine saturable absorber (structure in Fig. C1) used 

in this work was made as previously reported by Marder and Perry et al [44]. 

 

Figure C1. Chemical structure of Thiopyrylium-terminated heptamethine cyanine saturable absorber. 

 

Substrate Cleaning. Fused silica substrates were baked at 600 oC for 2 hours to burn off any 

organic residue. Substrates were then completely submerged in piranha (3:1 v/v 

H2SO4:30%H2O2) for one hour. Piranha-cleaned substrates were rinsed with copious amounts of 

water and then received a final rinse with methanol before being dried with a stream of nitrogen 

gas. Prior to spin coating, substrates were sonicated in acetone for 10 minutes and then dried 

with a stream of nitrogen before a second sonication step in isopropyl alcohol (IPA) for 10 

minutes. The IPA sonication step was repeated two more times. To have the cleanest possible 
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surface, nitrogen-dried substrates were immediately transferred to the spin coater after the final 

sonication step. 

Polymer Purification. Poly (methyl methacrylate) (PMMA) (Sigma-Aldrich®, analytical 

standard for GPC, average MW ~97 kDA) powder was dissolved in 1,1,2-trichloroethane (TCE) 

to make a 12% w/w solution at 75 oC. The warm solution was then slowly poured into cold 

methanol while stirring, which yielded white clumps of precipitated PMMA. The precipitate was 

then vacuum filtered to dryness. The process of dissolving PMMA in TCE, precipitating in cold 

methanol, and drying under vacuum suction was repeated twice more. After three cycles, PMMA 

was dried under vacuum in an oven overnight at 100 oC.  

50% w/w PMMA / Saturable Absorber Blend Films. To ensure the best quality 

measurements, it was critical to obtain high optical-quality blend films containing a high loading 

percentage of the saturable absorber. PMMA is a suitable polymer host for such films as it has 

been shown to dissolve a variety of conjugated organic dyes and produces high optical-quality 

spin coated films from a multitude of solvents [148-150]. 50% w/w PMMA / saturable absorber 

blend solutions were made by preparing 8% w/w solutions of purified PMMA and saturable 

absorber in spectroscopic grade dibromomethane (DBM) (Sigma-Aldrich® 99%) separately and 

then combining equal masses of each. Before combining, the PMMA solution was stirred 

vigorously while heating at 50 oC and the saturable absorber solution was stirred vigorously in 

the dark with no heating to ensure complete dissolution of each component. After 30 minutes of 

stirring, the blend solutions were filtered using a 13 mm VWR® Nonsterile 0.2 μm PTFE 

Membrane Syringe Filter with Polypropylene Housing directly onto the substrates mounted in 

the spin coater, taking care to evenly cover the substrate. Prior to spin coating, the atmosphere 
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within the spinning chamber was saturated with DBM vapor. Films were spun by accelerating at 

100 RPM/s for 5 s to evenly spread solution over the substrate surface and then accelerating at 

250 RPM/s to a top speed of 750 RPM, which was then held for 5 minutes. After spinning, films 

were quickly transferred to a desiccator and dried under vacuum overnight, protected from any 

light exposure (Fig. C2).       

 

 

Figure C2. Image of two substrates coated with 50% w/w PMMA / saturable absorber with thickness of 3 µm. 
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APPENDIX D 

Simulation Parameters Used in Coherent Ising Machine Solver for 

N=3 and N=10 Node 

 

The nonlinear coupled injection-locked lasers system, Eq. 3.4, Eq. 3.5 and Eq. 3.6 have been 

solved using 4th order Runge Kutta method. We assume the ML’s phase and SLs’ phases are 

equal at the time when the network of injection-locked lasers is implemented (the Ising 

Hamiltonian is still not enabled). The Zeeman terms (λi) and mutual couplings (Jij) are the raw 

input data to the coherent Ising machine (CIM) simulator. The code computes the photon number 

in left and right circular polarizations as the function of time. The Ising spins then are calculated 

as the function of time based on Eq. 3.8. The sign of Ising spins at the steady state is correspond 

to the Ising spin configuration that we search for. Furthermore, we calculate the exact ground 

state Ising spin configuration, using a brute-force algorithm (BFA) to compare the results with 

CIM solver.   

For the Ising Hamiltonian with N=3 nodes the Zeeman and mutual coupling terms are assumed 

to be the following: 

                                                      (E1) 

J3×3                                                      (E2) 

And for the Ising Hamiltonian with size of N=10: 
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                     (E3) 

J10×10                        (E4) 

The CIM simulator based on the injection-locking multicore fiber lasers, for both Ising 

Hamiltonians found the ground state and the results are confirmed with BFA (Fig. 3.1(e) and Fig. 

3.3(f)). The cavity lifetime and lifetime of the active atoms in the gain medium (Yb3+) are 

assumed to be 1 ns and 1 ms respectively. The pump level was set to 3.5 (arb.u.). The initial 

conditions and attenuation factors (  and ) were chosen such that a weak injection-locking 

system performed. The strength of the cross couplings and the Zeeman terms were also selected 

to be weak (i.g. a few percent like 10% of light coupled among SLs). Maintaining weak 

injection-locking and weak cross links in the Ising Hamiltonian is very important in order to 

obtain the ground state of the Ising Hamiltonian in the CIM simulator. We have performed the 

simulation up to N=19 nodes and for all cases the simulation relaxed to the ground state Ising 

Hamiltonian. However, as we mentioned the CIM simulation cannot find the exact ground state 

for some cases and the computed Ising spins are correspond to a local minimum. This happens 

mainly when the strength of cross couplings or the Zeeman terms are considered to be strong 

compare to the attenuation factors (  and ). It also may be due to the lack of quantum noise in 

the simulation [95,96]. 
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APPENDIX E 

Local Minimum Rather Than Ground State 

The following Ising Hamiltonian is an example where the CIM simulator trapes in a local 

minimum: 

                                                      (F1) 

J3×3                                                      (F2) 

Figure. E1 denotes the results for this Ising Hamiltonian.  

       

Figure E1. Numerical simulation of the Ising Hamiltonian with N=3 nodes. (a) Computed photon number in left (L) 

and right (R) circular polarizations as the function of time. (b) Calculated Ising spins based on Eq. 3.8. 

 

The signs of Ising spins at the steady state for ,  and   are -1, -1 and +1 respectively (Fig. 

F1(b)). The calculated Ising spins based on BFA are +1, -1 and +1 for ,  and   
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respectively. Table. S1 summarizes the Ising spins and the expectation values of the Ising 

Hamiltonian ( ) based on CIM simulation and BFA.  

Table E1. Numerical results for CIM simulation versus BFA. 

Method 
 

    
(arb.u.) 

CIM -1 -1 +1 -12.24 
BFA +1 -1 +1 -17.76 

 

 

As it can be notices the CIM simulation for the mentioned Ising Hamiltonian lied in a local 

minimum. 
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APPENDIX F 

Optical Design for The Mutual Interactions and ABCD Law 

In this section we discuss the optical design (Fig. 3.7) that is used for the implementation of the 

mutual couplings using two spatial light modulators (SLMs). The SLs are prepared via a Yb-

doped phosphate multicore fiber (MCF) [106]. The radius of each core (or basically each SL) is 

1.9 µm with a core-to-core spacing of 13 µm. The outer and inner cladding diameters are 120 µm 

and 72 µm respectively. The numerical aperture (NA) of the cores is 0.15. The Rayleigh length 

(ZR) for each SL at wavelength of λ=1030 nm is roughly 11 µm (ZR= r2/λ, where r is the beam 

radius). Such a short Rayleigh length does not allow experimentally to implement core to core or 

to some cores connections properly.  

 

Figure F1. Programmable optical design for the mutual interaction terms. A non-symmetric optical design is used to 

implement Jij elements using two SLMs to control amplitude and connectivity of SLs. All lenses used in this setup 

are high precision corrected aspheric lens to reduce the aberration. The focal lengths of lens F2, F10, F11, F12, F13, 

F14 are +40 mm, +40 mm, +4 mm, -1000 mm, +20 mm, +300 mm respectively. The distance between pair lens F2-
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F10, F10-F11, F11-F12, F12-F13, F13-F14, F14-F2 are d1=700 mm, d2=44 mm, d3=90 mm, d4=80 mm, d5=320 mm 

and d6=700 mm respectively.    

The beams need to be well collimated and separated from each other at the surface of the SLMs 

and re-injected back to the cores based on the type of the Ising Hamiltonian. Nevertheless, we 

can first collimate the overlapped SLs’ beams via F2 lens (Fig. F1) and image it to a far filed via 

an imaging system (F10 and F11 in Fig. F1). This technique allows the beams become separated 

from each other at the surface of the SLMs (particularly SLM2 and SLM3 in Fig. F1) and stay 

almost collimated till the other optical lenses (F13, F14 and F2 in Fig. F1) re-inject the light back 

to the proper cores with appropriate NA, spot size, radius of curvature (R) and corrected off-set 

ray beam tracing. Therefore, a proper optical design is necessary to satisfy these requirements.    

The focal lengths (F) and the distances (d) between the optical elements provided in Fig. F1 are 

selected via a formal matrix method that so called tensor ABCD law for Gaussian beams 

propagation through a non-symmetric system [107,108]: 

                                                (G1) 

Where q2 and q1 are the optical parameters for the final and initial points respectively and are 

defined as the following: 
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Where R1 and R2 are the radius of curvature of the beam for the initial and final points 

respectively. To compute the final NA and final off-set (y2) ray we can use:  

                                                (G4) 

Thus the transfer matrix for the optical system in Fig. F1 can be written as: 

 

 

              (G5) 

Solving the set of equations, Eq. G1 to Eq. G5, with regards of the provided information for 

focal lengths and distances between optical lenses (Fig. F1) results the final spot size to be 

r2=1.82 µm and NAf=0.148.  

The ABCD law calculation is meant to be a free aberration investigation. Therefore, in order to 

optimize and reduce the aberration in the optical design provided in Fig. F1, we conducted a 

beam propagation simulation based on a commercially available code named Zemax and the 

result is provided in Fig. F2. We also note that all lenses that we used in the experiment were 

high precision aspheric lens and well aligned in the system. 
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Figure F2. Zemax simulation. The detector is the at the plane surface of the MCF. The optimization is done based 

on initial value for NA and spot size. The beams are well separated with the proper NA and spot size to re-inject 

back to the MCF. 
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APPENDIX G 

Implementation of The Zeeman Terms Using a SLM 

The Zeeman term is an external field factor in the Ising Hamiltonian. Initially the vertical 

polarized ML is injected into the SLs (t<0). We then typically switch on the Zeeman terms 

together with the mutual couplings to let the CIM perform the calculation [95]. The Zeeman 

terms are implemented through modulation of the polarization state of the vertically polarized 

ML beam to let each core attain a small horizontal polarization component with different 

amplitudes. For this purpose, we used a liquid crystal reflective phase only SLM (HOLOEYE 

LC-R 720). In this configuration, we were able to program the amount of the horizontal 

polarization variation (or basically the  factor) for different cores. The Zeeman terms thus can 

be calculated using Eq. 3.9. The beam profile of the ML that was injected into the inner cladding 

of the MCF were assumed to be a Gaussian function. A geometrical fill factor together with a 

Gaussian beam-coupling factor was used to estimate the amount of the ML’s power that was 

injected into each SL [151,152]. The SL powers were estimated from a technique based on 

integrated power measurement coupled with image processing using a MATLAB code. The 

offset angle was estimated after calibration of the LCOS-SLM that applies a polarization 

gradient across the vertically polarized input beam reflecting off of the SLM. The polarization 

state rotation of the ML after the SLM for the gray-levels from 0 to 255 were characterized using 

a rotation analyzer and a quarter-wave plate (QWP) as shown in Fig. G1. For Zeeman terms, 

blazed gratings were uploaded on the screen of the SLM as shown in Fig. G2.  
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Figure G1. Polarization orientation and ellipticity of the ML after the phase only reflective SLM set at blank screen 

with different gray-levels. 

 

Figure G2. Blazed grating uploaded to the SLM for the Zeeman terms in the systems and the spatial location of the 

on the SLM aperture. Polarization variation of ~2-3 o was encoded across the ML beam. 

 

Considering the beam size of the ML to be ~1.5 mm and the corresponding polarization rotation 

for the gray-levels, we estimated a polarization rotation or deviation of up to ~3 o across the ML 

beam. We assume that the cores at the vertical polarized beam will be injected into the central SL 
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and the cores on the left and right along a vertical line passing through the center of the MCF 

will experience up to ±1.5-degree polarization rotation. Using the estimated injected ML powers 

into each core together with SL powers of each core and the offset polarization angle we 

calculated the Zeeman terms. 
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APPENDIX H 

Experimental Data for The Ising Hamiltonians 

The Zeeman terms and mutual couplings were estimated based on the Eq. 3.9 and Eq. 3.10 

respectively at the time that they switched on. For the first experiment using a central symmetry 

coupling, instead of using the programmable SLMs to cross-couple the SL cores, we opted to use 

a lens and a retroreflector to establish the coupling. Ideally in this configuration, the front facet 

of the MCF will be imaged back to itself following inversion transformation. This will ensure 

that any SL will couple to the geometrically symmetric core in the 16-core array. Considering 

reflection and coupling losses, a maximum of 25 % of light would couple back to the MCF 

cores, which can disturb the states of the injection locked lasers. For that reason, we placed a 

variable optical attenuator (VOA) to couple a much smaller amount of the light back to the MCF 

cores.  

The optical phases among the SLs were considered as constant for the time being. For future 

work, we plan to measure and account for any phase differences that might be present. Although, 

we know the phase dependent parts of Eq. 3.9 and Eq. 3.10 are positive since the difference 

phase between the ML and SLs is  as well as the phase among 

SLs  at the time the injection-locking is performed [96]. The 

optical power for each SL were estimated through a method based on the total power 

measurements of the MCF coupled with image processing techniques using a MATLAB script. 

The Gaussian beam profile is also assumed to estimate the coupling fill factor for the SL cores 

and the size of the imaged beam [145,146].   
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The Ising Hamiltonian that was obtained for the central symmetry couplings, where a flat mirror 

was used in order to implement the mutual couplings, is the following: 

            (I1) 

J13×13 (I2) 

For the general couplings matrices, we have examined the Ising Hamiltonian with size of N=7, 

N=4 and N=3. Figure. H1 denotes the portions of the MCF that were used for the implementation 

of CIM with size of N=7, N=4 and N=3. 

 

 

Figure H1. The sections of the MCF that were used for the Ising Hamiltonian with size of N=7, N=4 and N=3. 
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The Ising Hamiltonian for the arbitrary connections using the SLM2 and SLM3 for the 

configuration provided in Fig. 3.11(a) is: 

                                      (I3) 

J7×7                                                  (I4) 

 

The Ising Hamiltonian provided in Fig. 3.12(a) is the following: 

                                                                                           (I5) 

J3×3                                                                               (I6) 

And for Fig. 3.13(a): 

                                                   (I7) 

J4×4 (I8) 
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APPENDIX I 

A Random Instance Ising Hamiltonian with Size of N=7 

We performed another example for general coupling matrices with size of N=7. Fig. I1(a) shows 

the designed grating for this instance. 

The Zeeman terms and mutual couplings were estimated to be: 

                                     (J1) 

J7×7                                                (J2) 
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Figure I1. Ising Hamiltonian with size of N=7. (a) The mutual coupling grating. (b) Experimental Ising spin 

evolution as the function of time. (c) Simulation and with a good agreement with Ising spin signs in Fig. I1(b). (d) 

Ising energy landscape as the function of Ising spin configuration. (e) Sorted energy value versus all spin 

configurations (27). (f) Accuracy versus number of experiment. The overall average accuracy was 90.3%. 
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