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ABSTRACT

The continual advances in military system technologies compel the Test & Evaluation community
to constantly mature and adapt test methodologies and instrumentation capabilities. The need for
alternate approaches aimed at collecting in-flight missile Time Space Position Information (TSPI)
that compliment on-system high dynamic GPS and radar is just one example that supports the
development of new techniques and numerical methods. The primary objective of this technical
paper is to provide conceptual details pertaining to a methodology that can determine a TSPI
solution based on telemetry signal strength or data arrival time combined with the Newton-Raphson
Jacobian method for solving a multivariate system of equations.

INTRODUCTION

Each technology and method for determining the TSPI location of an object has strengths and
weaknesses. Some of these strengths and weaknesses dictate concessions in the areas of update
rate, accuracy, precision and Size/Weight/Power (SWaP). For example, on-system high dynamic
GPS based systems are small and light weight but can exhibit issues when determining the position
of rolling air-frame missiles and rockets due to antenna structure and design. These GPS based
systems are also unable to support certain tests with RF jamming requirements. The theoretical
methodology presented in this paper introduces a potential alternate approach for determining TSPI
that complements the current industry standard techniques and has the potential to be implemented
using existing telemetry equipped test articles and receiving equipment.

The proposed technique requires four receiving sensor nodes emplaced at known locations
within the area of operation and test articles equipped with single point emitters. A hypothetical
terrain arrangement for this setup is depicted in Figure 1 where the receiving sensor architecture
detects the signals from the single point emitters and determines emitter to receiver distance rela-
tionships. As a simple example, if a signal from a single point emitter arrives at Node1 before it
arrives at Node2, one knows the emitter is closer to Node1 and the difference in arrival time can
be used to determine the disparity in distance between the receiver nodes and the emitter. Dif-
ferent methodologies can be use to determine this distance disparity information. These include
time of flight, time of arrival and received signal strength. Different spectrum, such as RF and
Near-Infrared, can also be used. This paper does not cover the technique employed to make these
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Figure 1: Conceptual terrain, test article and instrumentation configuration.

measurements but assume an appropriate technique is used. This paper does however cover the nu-
merical techniques used to solve the system of equations associated with determining the location
of an object where the inherent advantages include the ability to be used with rolling airframes and
operation during navigational effects (e.x. GPS jamming) testing.

SYSTEM OF EQUATION DEVELOPMENT

Establishing the system of equations required to ascertain the TSPI location of an object is de-
rived using the simple expression for the distance between two points in three-dimensional space.
This equation has the form:

D =
√

(x2 − x1)2 + (y2 − y1)2 + (z2 − z1)2 (1)

where:
D - Distance between the two points
x1, y1, z1 - Coordinates of the point 1
x2, y2, z2 - Coordinates of the point 2.

Applying (1) to the hypothetical terrain arrangement depicted in Figure 1 produces a system of
4 equations and 7 unknowns. These equations have the forms:

D1 =
√

(x− x1)2 + (y − y1)2 + (z − z1)2 (2a)

D2 =
√

(x− x2)2 + (y − y2)2 + (z − z2)2 (2b)

D3 =
√

(x− x3)2 + (y − y3)2 + (z − z3)2 (2c)

D4 =
√

(x− x4)2 + (y − y4)2 + (z − z4)2 (2d)
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where the unknowns are x, y, z, D1, D2, D3 and D4.
Further simplification of (2) is accomplished by implementing the appropriate method for de-

termining the relationship between distances D1, D2, D3 and D4. To illustrates using signal arrival 
time, if an RF signal from the emitter arrives at Node1 1ns before the signal arrives at Node2, the 
distance between Node2 and the single point emitter is approximately 30cm longer than the  
distance between Node1 and the single point emitter. Using this information, the distance 
delta can be determined using the equation:

∆2 = D2 −D1 = 30cm. (3)

Rearranging (3) and applying these distance ∆s to (2) produces the required system of 4 equa-
tions and 4 unknown. These equations have the forms:

D1 =
√

(x− x1)2 + (y − y1)2 + (z − z1)2 (4a)

D2 = D1 + ∆2 =
√

(x− x2)2 + (y − y2)2 + (z − z2)2 (4b)

D3 = D1 + ∆3 =
√

(x− x3)2 + (y − y3)2 + (z − z3)2 (4c)

D4 = D1 + ∆4 =
√

(x− x4)2 + (y − y4)2 + (z − z4)2 (4d)

where the remaining unknowns are x, y, z and D1.

NEWTON-RAPHSON JACOBIAN METHOD

The multivariate Newton-Raphson Jacobian method is an expansion of the single variable
Newton-Raphson method. Understanding the single variable derivation provides valuable insight
and rational for the theoretical approach used to determine a TSPI solution by solving for the un-
known variables in the system of equations presented in the previous section. The derivation, as
presented in [1], starts with the Taylor series expansion of the function f(x) about a point x = x0

where:

f(x) ≈
∞∑
n=0

f (n)(x0)

n!
(x− x0)

n =
f (0)(x0)

0!
(x− x0)

0 +
f (1)(x0)

1!
(x− x0)

1 + ...

+
f (n)(x0)

n!
(x− x0)

n. (5)

Retaining the first two terms of (5) results in an equation for the tangential line to the curve
create by f(x) at the point (x0, f(x0)) where:

f(x) ≈ f(x0) + f ′(x0)(x− x0). (6)

The value of x where the given function f(x) crosses the x-axis can be determined using (6)
and defining x1 as the point where f(x) = 0. This produces:
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Figure 2: Newton-Raphson iterative method.

0 ≈ f(x0) + f ′(x0)(x1 − x0). (7)

Solving for x1 in (7) produces:

x1 = x0 −
f(x0)

f ′(x0)
. (8)

If the value x0 is defined as an initial guess of the root, then the resulting value for x1 is an
improved estimate. Converting (8) into an iterative form produces:

xn+1 = xn −
f(xn)

f ′(xn)
(9)

where each iteration results in a value of x and functional value f(x) closer to the actual root.
Figure 2 illustrates this iterative process.

When the Newton-Raphson method is applied to a system of n equations with n unknowns, (9)
becomes:

−→x n+1 = −→x n −
−→
F (−→x n)
−→
J (−→x n)

(10)

where

−→
F (−→x n) =


f1 = D1 −

√
(x− x1)2 + (y − y1)2 + (z − z1)2

f2 = D1 + ∆2 −
√

(x− x2)2 + (y − y2)2 + (z − z2)2

f3 = D1 + ∆3 −
√

(x− x3)2 + (y − y3)2 + (z − z3)2

f4 = D1 + ∆4 −
√

(x− x4)2 + (y − y4)2 + (z − z4)2

 , (11)
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−→
J (−→x n) =


∂f1
∂x

∂f1
∂y

∂f1
∂z

∂f2
∂x

∂f2
∂y

∂f2
∂z

∂f3
∂x

∂f3
∂y

∂f3
∂z

∂f4
∂x

∂f4
∂y

∂f4
∂z

 (12)

and −→x n contains the dependent variables x, y and z when applied to the problem space pre-
sented in this paper. Iterations are then performed until an acceptable convergence limit (CL) is
reached using the equation: √√√√ n∑

i=1

(−→
F (−→x n)

)2
< CL. (13)

RESULTS

Numerous tests were performed on the algorithm while systematically changing the receiver
node location, single point emitter actual location, single point emitter location initial guess and
arrival time error. The results of this testing demonstrated the feasibility of this concept and algo-
rithm as applied to the TSPI determination problem space. The following plots present a subset
of the results attained and illustrate the effects of the initial guess on convergence iterations and
execution times.

Figure 3: Number of iterations when the initial guess is close to the actual location. (Convergence time <
20ms, CL = 1x10−2)
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Figure 4: Number of iterations when the initial guess is moderately close to the actual location. (Conver-
gence time ≈ 50ms, CL = 1x10−2)

Figure 5: Number of iterations when a bad initial guess is used. (Convergence time ≈ 2.5s, CL = 1x10−2)

CONCLUSIONS

Newton-Raphson Jacobian is a numerical technique that can be used to solve multivariate sys-
tems of equations in a variety of engineering disciplines [2]. The material presented in this paper
provides a theoretical use case for this numerical method applied to determining the location of an
object without knowing actual distances between the object and four ground receivers but rather
the relationship between distances. Additionally, algorithm testing indicates execution efficiency
and convergence times fit the periodicity requirements for typical TSPI applications. Further ex-
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perimentation is planned to mature this method and demonstrate it in a relevant environment.
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