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1 ABSTRACT

Second-order (SO) non-circularity is a statistical property that is used to classify signals. Sig-
nals with SO non-circularity are extensively used in communication and radar systems. The SO
non-circularity property is generally useful in the application of array processing techniques for
extending antenna apertures. Exploiting this non-circularity property for a multi-faceted set of
communication-type and radar-type signals is the objective of this study. For a given type of sig-
nal, the circularity quotient and its properties are tested and evaluated in terms of parameters such
as the modulus of its phase, complex covariance, pseudo-variance, the angle orientation of the el-
lipse, its eccentricity, and other relevant properties are calculated. A geometrical interpretation for
the circularity quotient and the correlation coefficient is used to derive the bounds for circularity.

2 INTRODUCTION

The property of or those pertaining to circularity in signal processing has been known since the
mid-nineties. Additionally, it is one of the most commonly made symmetry assumptions in sta-
tistical signal processing [1][2]. But it is the non-circularity property that presents itself, which is
often observed in communication-type signals and radar-type signals, that has yet to be compre-
hensively exploited. For example, information extracted from the non-circularity of signals could
yield signal-processing gains from a parameter estimation perspective, enhance performance in
detection algorithms, or in anti-jamming cases, if extracted from phase-coded pulses [3]. Phase
coded signals, such as pseudo-random sequences, can be spread across the bandwidth and in a
repeated manner that is known only by the transmission side [4]. In cryptography, for example,
this type of signal satisfies one or more of the tests for statistical randomness, but is ultimately a
deterministic sequence of pulses that repeats itself after a period, T . Noncircular properties can
be further exploited in the design of DOA algorithms, blind source separation methods, array pro-
cessing methods such as beamforming, etc. [5][3]. Consequently, statistical tests of circularity are
of great and increasing interest.
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A multitude of previous results, (e.g [3][6][5]) have robustly developed methods to evaluate
signals in terms of their circular properties. They have further evolved into well known methods to
evaluate and characterize the extent circularity. For these purposes, a basic, MATLAB simulation
was developed, with the implementation of these known methods, to expeditiously calculate the
required parameters and determine the existence and extent of circularity for a given input signal.
A generalized ratio likelihood test, similar to those detailed in [3][7][6], was applied with a test-
statistic as a threshold to determine whether a signal was circular or non-circular. It is important
to distinguish that although some signals exhibit minimal amounts of non-circularity (e.g. on the
order of 1× 10−1 or 1× 10−2), that the test statistic threshold was the bound to designate whether
a signal was circular or not in this study. The use and applicability of the test-statistic threshold is
detailed in Sec. 4.

We present the results for various communication-type signals. Furthermore, we characterize
the effects of the addition of white Gaussian noise and arbitrary phase-offsets to the signal con-
stellations and their impact on the extent of circularity. Results for various radar-type signals, for
example polyphase and binary phase coded pulses, are also presented and the implications of the
results in terms of enhancing detection and processing algorithms is discussed further. All results
were generated with running the aforementioned basic MATLAB simulation developed for this
purpose. We summarize the results therein in tabular format, with particular emphasis on parame-
ters that demonstrate the presence of and extent of non-circularity.

A. Circular definitions

The outline of circular distributions follows that as detailed in [7]. A complex random variable
defined as, z = zR + jzI is said to be circular if the pdf of z is the same pdf of zejα for any real α.
Therefore, the probability density function of z = aejφ is

fz(A;φ) =
1

2π
fA(A) (1)

where the amplitude is independent of the phase and uniformly distributed on [−π, π). For vectors,
a few different definition of circularity were proposed,

• Mariginal Circularity: A complex random vector z is marginally circular if its components
zk are scalar, complex. and circular random variables

• Weak Circularity: A random vector z is weakly circular if z and ejαz both have the same
probability distribution for any α. The PDF of a weakly circular random vector can be
expressed as f(A;φ1, φ2, . . . , φm), where its dependence on the phase is self-evident.

The complex random vector is called proper if the complementary covariance matrix or pseudo-
covariance matrix, as they are commonly referred to in the literature, vanishes. This condition on
the SO statistic is satisfied if C̃z,z = 0 or τz = 0, or if a random vector is weakly circular. Thus,
proper random vectors are often referred to as second-order circular.

Expressed in terms of real matrices, properness corresponds to the cases in which

CZR,ZR
= −CZI,ZI

CZR,ZI
= −CZI,ZR

.
(2)
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Furthermore, since CZR,ZI
= −CZR,ZI

, Eq. 2 can alternatively be expressed as,

CT
ZR,ZI

= −CZR,ZI

CT
ZI,ZR

= −CZI,ZR
.

(3)

This means that the matrices, CZR,ZI
and CZI,ZR

are skew-symmetric. Therefore, the real and
imaginary part of the proper complex vector have equal covariances, and that the real and imagi-
nary parts of z are independent and identically distributed [7].

The covariance matrix of random vectors, x = xR + jxI and y = yR + jyI defined as

Cx,y = E
[
(x− µx)(y − µy)H

]
= CxR,yR + CxI,yI + jCxI,yR −CxR,yI

where

CxR,yR = E
[
(xR − µxR)(yR − µyR)T

]
CxI,yI = E

[
(xI − µxI)(yI − µyI)T

]
CxI,yR = E

[
(xI − µxI)(yR − µyR)T

]
CxR,yI = E

[
(xR − µxR)(yI − µyI)T

]
.

The complex matrix, Cx,y alone is not sufficient in comprehensively defining the complete co-
variance between x and y, thus necessitating the need to additionally define the complementary
covariance and/or pseudo-covariance matrices. This complementary covariance matrix, ˜Cx,y can
be expressed in terms of real matrices as,

˜Cx,y = CxR,yR −CxI,yI + jCxI,yR + CxR,yI. (4)

The complex, random vectors, x and y are uncorrelated if the real correlation matrices are zero
(i.e. CxR,yR = CxI,yI = CxR,yI = CxI,yR = 0), and expressed terms of the complex correlation
and complementary correlation matrices, this is equivalent to Cx,y = ˜Cx,y = 0. It follows that,
the complex random vectors, x and y are correlated if the complex correlation and complementary
correlation matrices are non-zero or improper.

3 MORE ON CIRCULARITY AND HOW IT IS MEASURED

The complex random variable alternatively denoted as z = x + iy (i.e. as alternatively defined in
Sec. A. as z = zR + jzI), with a composite real, random vector, v is constructed in terms of z by
concatenating the real part, x = real(z) and the imaginary part y = imag(z). This is similarly
denoted as v , [x, y]T [3]. It follows that calculations of the second-order moments gives rise to
a complex-valued measurement of the circularity with parameters such as the circularity quotient,
ρz and the pseudo-variance, τz. The 2 × 2 real covariance matrix of the composite real, random
variable, v can be similarly [3] denoted as

Σ , E

[(
x
y

)(
x y

)]
=

(
σ2
x σxy

σyx σ2
y

)
. (5)
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The variance, σ2
z of the complex, random variable, z is denoted as

σ2
z , E

[
|z|2
]

= σ2
x + σ2

y. (6)

Information regarding the correlation between the x and y components of z can be extracted from
the pseudo-variance, τz as

τz , E[z2] = σ2
x − σ2

y + j2σxy. (7)

It is imperative to note that variance along with the pseudo-variance contain all of the SO infor-
mation, as

σ2
x =

σ2
z +Re[τz]

2
, σ2

y =
σ2
z −Re[τz]

2
, σxy =

Im[τz]

2
, (8)

and the results in the tables therein list the calculated parameters for the pseudo-variance as the
imag(τz) and real(τz). The elements of the complementary 2× 2 covariance matrix and their ele-
ments (i.e. Cov(z, z∗)(1, 1) and Cov(z, z∗)(2, 2) denoted as their diagonal elements, for example)
can be related to one another via Eq. 8.

If the complex, random variable z exhibits the property that its pseudo-variance vanishes, it is
considered circular and designated as proper [3, 7]. This occurs when σ2

x = σ2
y , and σxy = σyx = 0,

and therefore the pseudo-variance vanishes, as τz = 0. The eigenvalue decomposition (EVD) of
the covariance matrix Σ expressed as Σ = EΛET , where E corresponds to the orthogonal matrix
of eigenvectors of Σ and Λ = diag(λ1, λ2) is the diagonal matrix of eigenvectors of eigenvalues
in decreasing order (i.e. λ1 ≥ λ2 ≥ 0). The pseudo-variance as well other parameters, as it is
demonstrated, can be evaluated in terms of the eigenvalues.

We employ a Generalized Likelihood Ratio Test, henceforth referred to as (GLRT), statistic
as an evaluation parameter threshold to determine the existence, and if so, the extent of non-
circularity. Moreover, we emphasize that although a vanishing pseudo-covariance means that a
signal is circular and some authors assert the circularity of a signal based off a non-zero pseudo-
variance, in this paper, we delineate the bounds on circularity based off of the result of this test
statistic.

4 THE MATHS: CALCULATED PARAMETERS TO MEASURE CIRCULARITY

The circularity quotient ρz is defined as the ratio of the pseudo-variance and the variance as

ρz ,
cov(z, z∗)√

var(z)
√
var(z∗)

=
τz
σ2
z

. (9)

The polar representation of the circularity quotient, ρz = rze
jα, is expressed in terms of the circu-

larity coefficient of z, denoted by r , |ρz| and the circularity angle of z, denoted by α , arg[ρz].
In terms of the aforementioned quantities, a circle corresponds to the case of λ1 = λ2 (i.e.
σ2
x = sigma2y and σxy = σyx = 0 and has zero eccentricity. The eccentricity is calculated as

ε ,

√
λ1 − λ2
λ1 + λ2

∈ [0, 1] (10)

4



and measures the shape of the ellipse. The circularity angle measures the orientation of the ellipse.
It follows that in terms of α and ε, rz = |ρz| = ε2 and arg[ρz] = 2α. Therefore, the eccentricity
and orientation of the ellipse can otherwise be calculated as ε =

√
rz and α = arg[ρz]/2. The

circularity quotient of z = x+ iy can be linked with the correlation coefficient as

ρ ≡ σxy
σxσy

(11)

where it is assumed that the variances are nonzero and finite. Note that the source of non-circularity
can arise from two possibilities[3]:

1. x and y have unequal variances

2. x and y are correlated,

or, it can be a coupled effect of both [3].

A statistical hypothesis test of circularity of the complex random variable sample population
was employed for the composite vector, vi = (xi, yi)

T . A GLRT in which the following decision
parameters,

• Null Hypothesis: H0 : τz = 0

• Alternate hypothesis: H1 : τz 6= 0

were tested against with the test-statistic. The test statistic, ln, was calculated as follows:

ln =

[
Σ̂

1
2

1
2
tr[Σ̂]

]n
(12)

where Σ̂ = (1/n)
n∑

(i=1)

viv
T
i is the sample covariance matrix. The test rejects the null-hypothesis,

H0, whenever nln(1 − r̂z
2) exceeds the threshold defined by the chi-squared parameter with 2

degrees of freedom and p = 0.05, in χ2
[2,(1−p)] = 5.991, and otherwise, does not reject the null-

hypothesis. In the tabular results therein, the test-statistic parameters which exceed this threshold
are highlighted in red and those which do not are highlighted in blue.

5 RESULTS

We present the circularity results for various digital modulation schemes and radar signals in tab-
ular format and discuss their implications in radar processing and detection algorithms.

A. Application to Various Digital Modulation Schemes

The purpose of this section is to provide the framework for the signal constellations of digital
modulation schemes that give rise to non-circularity. It is well-expressed in literature that the
BPSK modulation schemes are maximally non-circular. Granted that, signals of this modulation
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type are known to be non-circular, the tabular results provided in Table 1 further confirm that not
only are the results therein are consistent with generalized, accepted findings, but insight as to why
some authors have chosen to describe this modulation scheme as maximally improper[7] relative to
other non-circular signals is further accrued from inspection of its equation[8], shown as Eq 13for
reference, coupled with examination of its signal constellation.

sn(t) =

√
2Eb
Tb

cos(2πft+ π(1− n))), n = 0, 1 (13)

Modulating a signal according to Eq. 13 yields two phases, 0 and π, with which binary data is
represented. The non-zero variance in σ2

xx and therefore, non-zero eigenvalue, λ1 with a zero
variance in the diagonal element of the covariance matrix σyy and zero variance in the off-diagonal
elements in σx,y = σy,x, and therefore remaining eigenvalues evidently gives contribution to the
maximal non-circularity observed in the BPSK modulation scheme.

What is most noteworthy and of interest for the PSK modulated schemes, as indicated in Table 1
is that increasing the modulation order, M , by any 2M amount results in a GLRT test-statistic that
does not exceed the threshold, and was therefore, considered, circular, or rather that its extent of
non-circularity is considerably less compared to the maximally circular BPSK modulated signal.
Figures 1,2, and 3 are the signal constellations for which the results in Table 1 were calculated for.
They provide visual insight giving rise the smaller non-circularity evident in the signal both with
and without noise added compared to the BPSK schemes. As the modulation order increases, the
extent of non-circularity increases as indicated in the test-statistic parameter(s), hn and−nlog(1−
r̂z

2), but does not exceed the threshold of 5.991.
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Figure 1: QPSK Modulation Scheme Signal Constellation
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Figure 2: PSK Modulation Scheme, Order, M = 8 Signal Constellation
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Figure 3: PSK Modulation Scheme, Order, M = 16 Signal Constellation

PSK of Various Modulation Orders
Parameter BPSK QPSK PSK, M = 8 PSK, M = 16

real(τz) 1.01948797 -0.00151858 -0.00680779 0.01006858
imag(τz) 0 -0.00656657 0.00356115 -0.01172166

Cov(z,z∗)(1, 1) 1.01948797 0.24893207 0.2467231 0.25526772
Cov(z,z∗)(1, 2) 0 -0.00328328 0.00178057 -0.00586083
Cov(z,z∗)(2, 1) 0 -0.00328328 0.00178057 -0.00586083
Cov(z,z∗)(2, 2) 0 0.25045065 0.2535309 0.24519914

hn 0 0.98216071 0.93941123 0.78935277
−nlog(1− r̂z2) ∞ 0.01563488 0.05428851 0.20545773

Table 1: Phase Shift Keying Modulation Schemes shown here are minimally non-circular regard-
less of modulation order with the exception of of the BPSK, which is maximally non-circular.
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Figure 4 shows the signal constellations with a Quadrature Amplitude Modulation (QAM)
with modulation orders, M = 2N , N = 4, 6, 8 with the calculated parameters in columns 1-3 in
Table 2. All QAM schemes test-statistic parameters did not exceed the test-statistic, and therefore,
according to the definitions and thresholds provided in this study, are considered non-circular.
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Figure 4: QAM, M = 16, 64, 256 Signal Constellations

Columns 4-6 in Table 2 show the test-statistic parameters and that the results are maximally
non-circular, as in the BPSK case.

AM Schemes
Parameter QAM, M = 16 QAM, M = 64 QAM, M = 256 PAM AM (S) AM (D)

real(τz) -0.00588791 -0.02720395 -0.02509422 7704.51268 0.24996015 0.0625
imag(τz) 0.00134855 -0.07791601 0.01128248 0 0 0

Cov((z,z∗))(1, 1) 0.2616129 0.24189236 0.24443981 7704.51268 0.24996015 0.0625
Cov(z,z∗)(1, 2) 0.00067427 -0.03895801 0.00564124 0 0 0
Cov(z,z∗)(2, 1) 0.00067427 -0.03895801 0.00564124 0 0 0
Cov(z,z∗)(2, 2) 0.26750081 0.26909631 0.26953403 0 0 0

hn 0.96416872 0.03540717 0.69756964 0 0 0
−nlog(1− r̂z2) 0.03169393 2.90181749 0.31282486 ∞ ∞ ∞

Table 2: Amplitude Modulation Schemes, ’Quadrature’ (QAM) of various modulation order in the
first three columns from left-to-right, followed by Pulse Amplitude Modulation, (PAM), and Am-
plitude Modulations with (S) for ’Single-Sideband’ and (D) for ’Double-Sideband’. Irrespective
of the modulation order, M , the QAM are non-circular, whereas the PAM and AM schemes are
maximally non-circular.
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B. The Effects on the Extent of Non-Circularity with the Addition of White Gaussian Noise and
Phase Offset to a Digital Modulation Scheme

In this section, we examine whether the addition of Gaussian noise and phase-offsets to a signal
affects its non-circular properties, and if so, consider the extent to which it does. The motiva-
tion behind this study was to better understand the contribution of noise and phase offsets added
to a BPSK modulated signal in terms of the circularity properties, and secondarily examine the
maximally non-circular properties of a BPSK modulated signal in the presence of noise and phase
offsets. Figure 5 shows the BPSK reference constellation with various noise levels added in terms

of Eb/N0, and Figure 6 shows the BPSK reference constellation with various noise levels added
along with a phase offset of π

16
.
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BPSK with Noise, Eb

N0
, dBW

Parameter Eb

N0
= 3 Eb

N0
= 10 Eb

N0
= 15

real(τz) 1.04710162 0.99425185 1.0074122
imag(τz) -0.00682898 -0.00420012 -0.00140684

Cov(z,z∗)(1, 1) 1.04738052 0.99426189 1.00741332
Cov(z,z∗)(1, 2) -0.00341449 -0.00210006 -0.00070342
Cov(z,z∗)(2, 1) -0.00341449 -0.00210006 -0.00070342
Cov(z,z∗)(2, 2) 0.0002789 1.004E-05 1.12E-06

hn 0 0 0
−nlog(1− r̂z2) ∞ ∞ ∞

Table 3: BPSK scheme with added noise are still maximally non-circular.

BPSK with Added Noise, Eb

N0
, dBW , and Phase Offset,φ = π

16

Parameter Eb

N0
= 0 Eb

N0
= 3 Eb

N0
= 10 Eb

N0
= 15

real(τz) 0.92536722 1.04710162 0.99425185 1.0074122
imag(τz) 0.38299142 -0.00682898 -0.00420012 -0.00140684

Covz,z∗(1, 1) 0.92681813 1.04738052 0.99426189 1.00741332
Covz,z∗(1, 2) 0.19149571 -0.00341449 -0.00210006 -0.00070342
Covz,z∗(2, 1) 0.19149571 -0.00341449 -0.00210006 -0.00070342
Covz,z∗(2, 2) 0.00145091 0.0002789 1.004E-05 1.12E-06

hn 0 0 0 0
−nlog(1− r̂z2) ∞ ∞ ∞ ∞

Table 4: BPSK scheme with added noise and phase offset are still maximally non-circular.

The test-statistic and calculated parameters in Table5 for Pulse-Amplitude Modulated (PAM) sig-
nals with π

4
, and π

16
phase offsets, indicate that the maximally non-circular modulated signals with

no phase-offset (far-left column) are unaffected by the added phase-offsets in terms of the extent
of non-circularity (i.e. the signals with phase offsets are still maximally non-circular).

PAMMOD with specified phase offsets
Parameter φ = 0 φ = π

4 φ = π
8

real(τz) 487.72268642 278.2899866 0
imag(τz) 0 14.02785574 21.50464646

Covz,z∗(1, 1) 487.72268642 286.73054579 115.61245489
Covz,z∗(1, 2) 0 7.01392787 10.75232323
Covz,z∗(2, 1) 0 7.01392787 10.75232323
Covz,z∗(2, 2) 0 8.4405592 115.61245489

hn 0 0 0
−nlog(1− r̂z2) ∞ ∞ ∞

Table 5: PAMMOD signals with added phase offsets are non-circular.

For QAM with M = 64, additional phase-offsets as specified in Table 7 demonstrate that the
minimal non-circularity observed remains as such. Furthermore, the addition of noise as specified
in Table 7 does not affect the observed non-circularity. The results in this section demonstrate
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QAM, M = 64, with phase offset, φoffset
Parameter φoff = 0 φoff = π

16 φoff = π
4

real(τz) -15.3161699 -54.96567346 17.03107598
imag(τz) -1.72598999 0.69186224 0.25705706

Cov(z,z∗)(1, 1) 407.14901784 420.49448306 449.87097895
Cov(z,z∗)(1, 2) -0.86299499 0.34593112 0.12852853
Cov(z,z∗)(2, 1) -0.86299499 0.34593112 0.12852853
Cov(z,z∗)(2, 2) 422.46518774 475.46015651 432.83990297

hn 0.41527788 0.50423577 0.90624568
−nlog(1− r̂z2) 0.76332239 0.5947327 0.0855081

Table 6: QAM scheme each with the same modulation order and specified phase-offset are still
minimally non-circular.

QAM, M = 64, with phase offset, φoff = 0 and specified Noise SNR = Eb/N0, dBW

Parameter Eb

N0
= 20 Eb

N0
= 8 Eb

N0
= 3

real(τz) 8.4655843 27.23838467 -64.05858624
imag(τz) -1.26998301 -0.55159509 6.16853594

Cov(z,z∗)(1, 1) 440.49037186 427.79897707 383.43526256
Cov(z,z∗)(1, 2) -0.6349915 -0.27579755 3.08426797
Cov(z,z∗)(2, 1) -0.6349915 -0.27579755 3.08426797
Cov(z,z∗)(2, 2) 432.02478756 400.56059239 447.4938488

hn 0.62346383 0.96314913 0.154942
−nlog(1− r̂z2) 0.41037747 0.03261293 1.61966169

Table 7: QAM, with same modulation order, no phase-offset, and noise added in terms of Eb

N0
dBW

are also minimally non-circular.

that the addition of noise or phase-offsets to the modulated signals does not significantly impact
the extent of circularity. For example, if the signal is already non-circular, particularly maximally
non-circular, it will remain as so. Additionally, those that are circular or minimally non-circular,
such as the QAM signals, do not impact the test-statistic results, rendering it non-circular. The
addition of noise specified in various of levels of SNR of eb/n0 did not impact the circularity to the
extent that the test-statistic was exceeded.

C. Analog Pulse Compression: Up-Chirp LFM Waveform

The analog pulse compression technique known as Linear Frequency Modulation (LFM) is such
that that the frequency of the transmitted signal is varied over a pulse duration. [9][4][10]. In-
creasing the frequency or ramping the frequency of this signal from low-to-high corresponds to
an up-chirp, and changing the frequency from high-to-low corresponds to a down-chirp. Table 8
indicates that the LFM signal does not exceed the test-statistic, and is therefore circular.
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LFM, Up-Chirp
Parameter LFM

real(τz) 0.00890696
imag(τz) 0.01996628

Cov(z,z∗)(1, 1) 0.04453103
Cov(z,z∗)(1, 2) 0.00998314
Cov(z,z∗)(2, 1) 0.00998314
Cov(z,z∗)(2, 2) 0.03562406

hn 0.46718403
−nlog(1− r̂z2) 0.66102402

Table 8: LFM signal results show that it is minimally non-circular.

D. Digital Pulse Compression: Barker Codes (Binary Phase Coding)

The Barker Codes are a type of binary phase codes that have constant, near unity side lobe levels
and produce compressed waveforms [9][10]. There are seven known Barker Codes. Table 9 shows
the results for the Barker Code signals of indicated length that are encoded with a BPSK modula-
tion and indicates that the signals are indeed non-circular. Table 10 are the results for the Barker
Codes only that demonstrate that without the BPSK modulation are maximally non-circular on
their own. Although Barker Codes of known lengths can be combined and concatenated in a way
to generate codes of longer lengths the actual application or usage of these types of code to a pulse
compression radar is nonetheless limited by its code length.

Barker Codes Modulated with BPSK, length, N
Parameter N = 2 N = 3 N = 4 N = 5 N = 7 N = 11 N = 13

real(τz) 3.695518 1.642452 0.923879 0.591282 1.206698 1.099493 0.787210
imag(τz) 0.765366 0.510244 0.382683 0.306146 0.437352 0.417472 0.353246

Cov(z,z∗)(1, 1) 3.701312 1.645027 0.925328 0.592209 1.208591 1.101216 0.788445
Cov(z,z∗)(1, 2) 0.382683 0.255122 0.191341 0.153073 0.218676 0.208736 0.176623
Cov(((z,z∗)(2, 1) 0.382683 0.255122 0.191341 0.153073 0.218676 0.208736 0.176623
Cov(z,z∗)(2, 2) 0.005794 0.002575 0.001448 0.000927 0.001892 0.001723 0.001234

hn 0 0 0 0 0 0 0
−nlog(1− r̂z2) 33.1470 49.7205 64.3855 82.8675 112.674 182.308 215.455

Table 9: Barker codes modulated with BPSK are non-circular.

E. Polyphase Codes and Kasami Sequences

The Frank, Zadoff-Chu, and Kasami Sequences are polyphase codes of which Table 11 indicates
the extent of their non-circularity. However, for the Kasami Sequences, it is interesting to note that
the choice of modulation scheme, (e.g. BPSK or QPSK) in Table12 impacts the circularity.
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Barker Codes Only, length, N
Parameter N = 2 N = 3 N = 4 N = 5 N = 7 N = 11 N = 13

real(τz) 4 1.77777778 1 0.64 1.30612245 1.19008264 0.85207101
imag(τz) 0 0 0 0 0 0 0

Covz,z∗(1, 1) 4 1.77777778 1 0.64 1.30612245 1.19008264 0.85207101
Covz,z∗(1, 2) 0 0 0 0 0 0 0
Covz,z∗(2, 1) 0 0 0 0 0 0 0
Covz,z∗(2, 2) 0 0 0 0 0 0 0

hn 0 0 0 0 0 0 0
−nlog(1− r̂z2) ∞ ∞ ∞ ∞ ∞ ∞ ∞

Table 10: Barker Sequences on their own are inherently non-circular.

Polyphase Codes
Parameter Zadoff-Chu Frank

real(τz) 0.15353148 0.27635666
imag(τz) 0.16080402 0

Cov(z,z∗)(1, 1) 0.2327214 0.31675968
Cov(z,z∗)(1, 2) 0.08040201 0
Cov(z,z∗)(2, 1) 0.08040201 0
Cov(z,z∗)(2, 2) 0.07918992 0.04040302

ρcorr 0.5922619 0
hn 1.59E-06 0

−nlog(1− r̂z2) 11.5983894 24.98774732

Table 11: Polyphase sequences are non-circular.

Kasami Sequences, with specified modulation schemes
Parameter BPSK QPSK

real(τz) 1.539E-05 -8.43E-06
imag(τz) 0 -0.00600313

Covz,z∗(1, 1) 1.539E-05 0.24999326
Covz,z∗(1, 2) 0 -0.00300157
Covz,z∗(2, 1) 0 -0.00300157
Covz,z∗(2, 2) 0 0.25000168

hn 0 0.01015202
−nlog(1− r̂z2) ∞ 3.98689511

Table 12: Kasami sequences modulated with BPSK are maximally non-circular whereas the se-
quence modulated with QPSK is circular.

6 CONCLUSION

The non-circular properties arising in signals has been known of and explored in the litera-
ture in the recent decades [1]. A MATLAB simulation was developed to evaluate the extent of
non-circularity present in signals by calculating parameters such as the pseudo-covariance matrix,
ellipticity, and orientation of the ellipse, amongst others. A GLRT test statistic was employed as
a threshold to bound circularity.[5] A subset of digitally modulated signals such as BPSK, QPSK,
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and QAM were evaluated in terms of their circularity, and the results in this paper confirm that
the extent of circularity is consistent with generally known results. A set of radar type signals,
including binary phase and polyphase codes were also evaluated in terms of their circularity. The
implications for these types of signals are that the non-circular properties can be exploited for
gains in signal processing, such as the addition of degrees of freedom.[11][12]. Furthermore, tech-
niques such as Spread Spectrum[4], which is a method of transmission in which the data sequence
occupies a bandwidth in excess of the minimum bandwidth to send it. Codes such as PN (pseudo-
noise) codes which exhibit random like properties is one method in which spread spectrum is im-
plemented, provides good spectral characteristics, and has advantages in terms of encryption and
security. The presence of non-circularity in these types of signals could be exploited to improve
radar detection, anti-jamming, and DOA (direction-of-arrival) performances with the assumption
of improved resolution of MUSIC over circularity [11][12]. Future work could entail further ex-
ploration of polyphase or PN codes in terms of their non-circular properties and the exploitation of
such to achieve gains in the application of signal processing and detection algorithms, for example,
in radar and anti-jamming environments.
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