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Many existing quantum supervised learning (SL) schemes consider data given a priori in a classical
description. With only noisy intermediate-scale quantum (NISQ) devices available in the near future, their
quantum speedup awaits the development of quantum random access memories (qRAMs) and fault-
tolerant quantum computing. However, there also exist a multitude of SL tasks whose data are acquired by
sensors, e.g., pattern classification based on data produced by imaging sensors. Solving such SL tasks
naturally requires an integrated approach harnessing tools from both quantum sensing and quantum
computing. We introduce supervised learning assisted by an entangled sensor network (SLAEN) as a
means to carry out SL tasks at the physical layer. The entanglement shared by the sensors in SLAEN boosts
the performance of extracting global features of the object under investigation. We leverage SLAEN to
construct an entanglement-assisted support-vector machine for data classification and entanglement-
assisted principal component analyzer for data compression. In both schemes, variational circuits are
employed to seek the optimum entangled probe states and measurement settings to maximize the
entanglement-enabled enhancement. We observe that SLAEN enjoys an appreciable entanglement-enabled
performance gain, even in the presence of loss, over conventional strategies in which classical data are
acquired by separable sensors and subsequently processed by classical SL algorithms. SLAEN is realizable
with available technology, opening a viable route toward building NISQ devices that offer unmatched
performance beyond what the optimum classical device is able to afford.

DOI: 10.1103/PhysRevX.9.041023 Subject Areas: Optics, Quantum Physics,
Quantum Information

I. INTRODUCTION

While error-corrected scalable quantum computation is
not yet available, recent advances towards small-scale
quantum computers [1,2] have spurred interests in seeking
noisy intermediate-scale quantum (NISQ) [3] devices that
offer unmatched performance beyond the capability of
classical devices. The theoretical proof of a quantum
advantage over classical computation [4,5] further inspires
the search for quantum-assisted schemes tailored for
practical tasks. In this regard, quantum variational schemes,
in conjunction with classical optimization, are widely
applicable to tasks including quantum state preparation
[6], variational eigensolvers [7,8], state diagonalization [9],
and machine learning [10–20].

Various quantum machine-learning algorithms rest upon
input data given a priori in a classical description, e.g., data
from statistics of online users’ activities, social networks,
and financial transactions. To carry out quantum machine
learning, classical data are quantum encoded, stored in
quantum random access memories (qRAMs), and proc-
essed by quantum circuits. These quantum machine-learn-
ing algorithms aim to efficiently solve certain tasks that are
intractable by the optimum classical algorithm, but achieving
such a quantum advantage is held back by outstanding
challenges associated with, e.g., preserving quantum coher-
ence, efficient construction of qRAMs [21], and a lack of
understanding forwhat noisy quantumcircuits would be able
to offer. However, there are alsomany situations inwhich the
input data are acquired through quantum measurements.
Such a scenario creates opportunities to harness tools grown
out of quantum sensing to assist machine-learning tasks and
achieve a performance gain over conventional approaches
based on classical machine-learning algorithms supplied
with massive sensor-produced data.
In this paper, we introduce supervised learning assisted

by an entangled sensor network (SLAEN), a paradigm to
assist supervised learning (SL) tasks at the physical layer
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through the sensing process that acquires data. As Sec. II
elucidates, while the current form of SLAEN is unable to
assist SL tasks based on classical data given a priori, it can
indeed yield an advantage over classical SL schemes that
rely on data acquired by separable sensors. The SLAEN
architecture consists of quantum circuits and an entangled
sensor network. Utilizing a variational approach, the
quantum circuits optimize the multipartite-entangled probe
state shared in the sensor network and seek the optimum
measurement setting to capture global features of interest.
The SLAEN architecture can be employed in two major
tasks: a support-vector machine (SVM) for data classifi-
cation and a principal component analyzer (PCA) for data
compression. Because SLAEN carries out SL tasks directly
at the physical layer through quantum measurements, its
entanglement-enabled enhancement over classical SL
schemes without entanglement can be quantified using
tools from quantum measurement theory. Specifically, in
classification tasks undertaken by M entangled sensor
nodes, the error probability of SLAEN ∝ PM can be
exponentially lower than the error probability P of the
optimum classical strategy, owing to the entanglement-
enabled Heisenberg scaling in measurement sensitivity
[22–24]. For general classification tasks on random data,
we give numerical evidence for a substantial performance
improvement. SLAEN can be readily implemented by off-
the-shelf components such as single-mode squeezers, linear
optical circuits, and homodyne measurements to carry out
SL tasks pertaining to nondemolition detection [25],
thermometry [26], radio-frequency (rf) sensing [27], bio-
molecule sensing [28], and phase estimation [29,30].

II. PROBLEM DESCRIPTION

Many existing SL tasks rely on classical data available
a priori. Examples of such tasks include classification on
data collected from surveys, recommendation systems
based on online user statistics, and market predictions
made from historical financial data. To achieve a quantum
speedup for such problems, a typical approach is to load
classical data into qRAMs followed by quantum processing
[12,13,15,16,18–20]. With only NISQ devices available in
the near future, however, a quantum speedup for such SL
tasks is held back by the immense technical challenges in
building qRAMs and fault-tolerant quantum computing.
However, there is an abundance of SL tasks in which

classical data are not available until they are acquired by
sensors. For example, biosensors probe an unknown
specimen to generate data that are postprocessed for molecu-
lar identification [28]; an array of charge-coupled-device
sensors captures an image of an object to perform classi-
fication; fiber optic gyroscopes produce rotational data for
navigation; rf sensors measure instantaneous frequencies
for signal analysis [31]; and magnetometers sense
magnetic fields to investigate the brain [32]. From a
quantum-information perspective, a general schematic for

a SL task involving sensing to acquire data is illustrated in
Fig. 1. Probe quantum states are first initialized and then
altered by an array of sensors that probe an object of interest.
The classical data about the object are carried by the output
quantum states of the sensor array. Next, quantum measure-
ments are taken to retrieve the classical data, and, finally,
classical processing on the classical data completes the SL
task. Two important questions arise in such a configuration.
First, can entanglement shared by the probe quantum states
assist a SL task and improve its performance? Second, can a
SL task be carried out at a physical layer via choosing proper
probe quantum states and measurement settings so that the
resource overhead on classical processing is reduced?
SLAEN answers yes to both questions.
In the following sections, we show that while SLAEN, in

its present form, does not benefit SL tasks based on
classical data given a priori, it is indeed a useful technique
in the NISQ era to assist SL tasks involving sensing through
optimizing the entangled probe states and joint measure-
ments. Before going into detail about SLAEN, here we
point out an important departure of SLAEN’s utility from
previous works. In various quantum machine-learning
works mentioned above, either the data are classically
given and one utilizes quantum enhancement to perform the
learning, or the problem is entirely quantum in the sense
that the initial data are unknown quantum states. In our
scenario, the data include unknown classical information,
and a sensor transforms the classical unknown data into
quantum states for further processing. Such a scenario,
albeit ubiquitous for sensing applications, has not been
explored in quantum machine learning.

III. THE ARCHITECTURE

From a quantum-sensing perspective [22–24], data
acquisition is modeled as parameter estimation of a
channel, i.e., a completely positive and trace-preserving
(CPTP) linear map [33], using a probe state followed
by quantum measurements. For instance, in the target-
detection example illustrated in Fig. 2, interrogating the
presence or absence of the target is performed using a

Sensor 
array

Probe  
quantum 
states

Output quantum  
states carrying 
classical data

Molecules Magnetic field Radio-frequency signals

Quantum 
measurements

Classical 
processing

Classical 
data

FIG. 1. Schematic of supervised learning based on data
generated from sensors. The output quantum states carry classical
data about the object under investigation.
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probe state to estimate the transmissivity of a lossy and
noisy bosonic channel [34]. Such a generalized data-
acquisition picture is applicable to a wide range of sensing
applications such as fluorescence imaging [35,36], optical
reading [37], phase sensing [29,30,38], magnetic measure-
ments [39], and fiber optic gyroscopes [40].
Classical SL schemes without entanglement.—The

amount of available information, carried on the probe state,
about the object under investigation is ultimately limited by
the quantum Cramér-Rao bound [41–43] arising from
measurement uncertainties. Thus, the probe state sets a
fundamental performance limit for its associated SL task.
As illustrated in Fig. 2(a), a conventional classical SL
scheme, as is standard with imaging sensors, uses separable
probe states and makes separable local measurements on
the output states to obtain classical data that describe the

object under investigation. The classical data are then fed
into a classical SL algorithm, trained by known data, to
extract features of the interrogated object. Since most SL
tasks only aim to investigate global features of an object,
obtaining a full description through separable local mea-
surements and passing all the classical data to a classical SL
algorithm is not only redundant but also places a substantial
resource overhead on the computation.
SLAEN.—To overcome this overhead, SLAEN carries

out SL tasks at a physical layer through the data-acquiring
sensing process, without resorting to a classical SL algo-
rithm that copes with massive classical data. At the core of
the SLAEN architecture is a network of entangled sensors
optimized by variational circuits, as illustrated by a target-
detection example in Fig. 2(b). SLAEN’s performance
enhancement over the classical SL scheme described in
Fig. 2(a) is twofold: (i) The entanglement shared by
different sensors reduces errors and boosts the sensitivity
of extracting global information of the object under inves-
tigation, thereby leading to an entanglement enhancement
in SL tasks, such as SVM and PCA, over the compared
classical SL schemes. (ii) Direct extraction of global
features by joint measurements optimized by the variational
circuit obviates the overhead arising from obtaining redun-
dant local information about the object; SLAEN’s capabil-
ity of carrying out entanglement-assisted SL tasks at a
physical layer makes it significantly different from existing
quantum SL schemes that take classical data as their input.
Prior studies [38,44,45] on entangled sensor networks

show that for the problem of estimating a global parameter of
the network, e.g., aweighted sumofphase shiftsmeasuredby
different sensors, shared entanglement leads to a measure-
ment-sensitivity scaling advantage, i.e., approaching the
Heisenberg limit [22,23,46–49] with respect to the number
of sensors, over the optimum separable sensor network. In
particular, Ref. [38] presented entangled sensor networks
based on continuous variables (CVs) and proved that the
root-mean-square (rms) error for estimating a weighted sum
of displacements at different sensor nodes is a factor of about
1=

ffiffiffiffiffi
M

p
smaller than a product-state sensor network,whereM

is the number of sensor nodes. In addition, the Appendix A
shows that the measurement-sensitivity advantage in param-
eter estimation translates to an exponential error-probability
advantage in channel discrimination.
Entangled sensor networks’ advantage in channel dis-

crimination makes them well suited for SL tasks. To fully
unleash the power of the entangled sensor network for
different SL tasks, one needs to tailor the entangled probe
state shared between the sensors and optimize the meas-
urement setting. For a complex SL task, however, deriving
the optimum entangled probe state and measurement con-
figuration becomes a formidable problem. Take the target-
detection problem depicted in Fig. 2 as an example. The
target object is embedded in a highly dynamic environment,
so our goal is to optimize the entangled probe state shared by

(b)

(a)

FIG. 2. A classical SL scheme versus SLAEN in a data
classification task for target detection. (a) In a classical SL
scheme without entanglement, the separable sensor network is
connected with a classical SL algorithm. Separable probe states
and local measurements are employed to investigate an unknown
object. The classical data acquired by measurements are fed into a
classical SL algorithm to make a decision. (b) In SLAEN, the
sensors, represented by the probe icons, share a multipartite-
entangled probe state. Each sensor sends its share of the
entangled probe state to investigate an unknown object. The
sensing process is modeled as parameter estimation of quantum
channels. Each sensor views the object from a different perspec-
tive, and their shared entangled probe state boosts the perfor-
mance of estimating global parameters of the object. Prior to
interrogating an unknown object, existing data are used to train
the first variational circuit (left blue box) to generate the optimum
entangled probe state and the second variational circuit (right blue
box) to perform the optimum measurement.
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the sensor nodes and design a measurement strategy to
minimize the error probability of interrogating the presence
or absence of the target. In the SLAEN architecture, an
optical circuit, trained by a variational approach, generates
the entangled probe state. Likewise, a second variational
optical circuit processes the output entangled probe state to
perform a jointmeasurement that captures the object feature
of interest. In doing so, SL tasks are carried out during the
data-acquiring sensing process at a physical layer, thereby
eliminating the need for precise knowledge about local
features. The training data and the variational approach
ensure that the entanglement enhancement over the com-
pared classical SL schemes is reaped for a variety of SL
tasks. Moreover, since CVentangled sensor networks enjoy
loss tolerance, deterministic entanglement preparation, and
efficient broadband measurements [38], the performance
enhancement of SLAEN over the classical SL schemes is
achievable with available technology.

IV. ENTANGLEMENT-ASSISTED
PHYSICAL-LAYER SUPPORT-VECTOR

MACHINE

To demonstrate the power of SLAEN, we utilize it to
construct an entanglement-assisted SVM for physical-layer
data classification, shown in Fig. 3(b), and make a
comparison with the classical SVM scheme, shown in
Fig. 3(a). In both regimes, the interrogation of an object is
modeled by channel ΦðnÞ, which imparts M unitary

operations, ÛðαðnÞ1 Þ to ÛðαðnÞM Þ, on the probe state repre-
sented byM annihilation operators â1 to âM. At present, we
assume the channels are lossless, but we will later add in
pure loss channels with transmissivity η to account for
experimental imperfections. Here, we consider displace-

ment unitaries ÛðαðnÞm Þ≡ exp ð−iαðnÞm p̂Þ, with the under-
standing that phase shift can be transformed into field
displacement by a Mach-Zehnder interferometer (see
Appendix C for details), which thereby greatly broadens
the scope that SLAEN applies to.
In the above scenario, each channel instance is described

by a set of displacements, αðnÞ ¼ ðαðnÞ1 ;…;αðnÞM Þ. The data
acquisition process aims to estimate global features of the
object embedded in the channel parameter αðnÞ, while the
exact value of αðnÞ is unknown to the SL tasks. To this end,
the classical SVM scheme obtain a classical estimate α̃ðnÞ

for all components of αðnÞ through local measurements and
solves the problem by a classical SVM algorithm [50]
supplied with the acquired classical data. In this classical
SVM, a hyperplane described by w∈RM;b∈R is chosen,
and

ŷðnÞ ¼ signðw · α̃ðnÞ þ bÞ ð1Þ

is used to generate a class label. Here, signð·Þ is the sign
function, and the hyperplane is optimized by the classical

SVM using training data. A close look at the classical SVM
scheme shows that Eq. (1) only relies on a global quantity
w · αðnÞ of the channel; thus, measuring each component of
αðnÞ and generating a large amount of classical data is

(a)

(b)

(c) (d)

FIG. 3. Schematic of the classification task of an unknown
quantum channel ΦðnÞ comprised of M displacement operations

parametrized by an unknown vector αðnÞ ¼ fαðnÞ1 ;…; αðnÞM g. Here,
“homo” denotes a homodyne measurement. (a) Schematic of a
classical SVM with separable probe states, which obtain a full
noisy classical description α̃ðnÞ about the probed object and then
feed it into a classical SVM algorithm. (b) Schematic of the
entanglement-assisted SVM. Two variational circuits B̂†ðwÞ and
B̂ðwÞ are trained to generate the optimumentangled probe state and
to preprocess the quantum state for the optimummeasurement. The
classical control algorithm uses the simultaneous perturbation
stochastic approximation (SPSA) method to update the setting w
for the variational circuits. (c,d) Illustration of the performance
contrast between the entanglement-assisted SVM and classical
SVM in the parameter space. The labels “þ” and “−” denote the
different classes of the channels. The blur is due to measurement
uncertainties. While the measurement uncertainty renders classical
SVM inaccurate, the entanglement-assisted SVM remains intact.
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redundant and resource inefficient. To resolve this issue, the
SLAEN architecture is adopted to perform data classifica-
tion at a physical layer.
Our goal is to optimize the entangled probe state and the

measurement setting to minimize the error probability in
producing a class label for the object. To this end, we
introduce a variational circuit, implemented by a unitary
operation B̂†ðwÞ comprised of beam splitters and phase
shifters [51], that acts on a resource squeezed vacuum state
b̂1 with mean photon number NS to generate the entangled
probe state. A second variational circuit B̂ðwÞ operates on
the channel’s output entangled probe state â0n’s to generate
a single mode b̂01 for detection. A single homodyne
measurement on b̂01 yields the outcome fwðΦðnÞÞ. The
intuition of such a design is that the expectation value of
fwðΦðnÞÞ equals the weighted sum w · αðnÞ (see Appendix A
for details), which is exactly what Eq. (1) requires for SVM
classification. Moreover, multipartite entanglement sup-
presses the measurement uncertainties in analogy to the
distributed quantum sensing scheme [38]. As such, a single
measurement on the detection mode suffices. In contrast, in
the classical SVM scheme, one needs to employ M single-
mode squeezed vacuum sources and M homodyne mea-
surements to obtain an estimation of the entire vector αðnÞ.
As such, SLAEN significantly reduces the resource over-
head while boosting the performance.
Training stage.—Without loss of generality, we first

consider a binary classification problem. For a specific
variational circuit setting w, one generates a class label for
the object as ŷðnÞ ¼ sign(fwðΦðnÞÞ þ b), where b is tuned
in classical postprocessing. To train the variational circuits,
N quantum channels ΦðnÞ, each labeled as yðnÞ, are
provided. The objective is to find the optimum SVM
parameters w⋆; b⋆ to minimize the cost function defined by

Eλðw; bÞ ¼
XN
n¼1

j1 − yðnÞ(fwðΦðnÞÞ þ b)jþ þ λkwk2: ð2Þ

Here, jxjþ equals x when x ≥ 0 and zero otherwise,
and k · k is the usual two-norm. The term λkwk2 avoids
overfitting. In this cost function, only the support vectors
(SVs)—points close to the hyperplane described by w and
b with yðnÞðw · αðnÞ þ bÞ ≤ 1—nontrivially contribute to
the cost function. The rationale behind the form of the cost
function is that, in a classification scenario, errors mainly
occur on the SVs; thus, introducing the deviation of all data
points into the cost function is not ideal.
A typical method to minimize the cost function involves

the use of the stochastic gradient descent algorithm [52].
However, for a general quantum circuit, an analytical form
of the gradient is difficult to obtain due to the complexity
associated with the measurement outcome fwðΦðnÞÞ.
Moreover, a direct numerical estimate of the gradient
requires a number of measurement-and-prepare steps

proportional to the length of w. To avoid the inefficiency,
we use the simultaneous perturbation stochastic approxi-
mation (SPSA) method [53–55], which only needs to
evaluate two points to simultaneously update the estimation
of the function minimum and its gradient. Also note that
when the measurement term fwðΦðnÞÞ has no noise, it is
known that the cost function is convex in w, b [52], and
thus the optimization is efficient with guaranteed conver-
gence. We thus expect that the optimization will generally
converge as the number of measurements increases, when
noise is not too large. With an updated w, the trans-
missivities and phase shifts of the beam splitters in the two
variational circuits are adjusted prior to the next training
round, until the last training round yields w⋆ and b⋆.
Utilization stage.—Having obtained the optimum varia-

tional circuits parametrized by w⋆; b⋆ from training based
on channels ΦðnÞ and their associated class labels yðnÞ, we
can now perform entanglement-assisted classification on a
new measurement outcome fw⋆ðΦðNþ1ÞÞ from an unknown
quantum channel ΦðNþ1Þ. To do so, we use the hyperplane
described by w⋆; b⋆ to make a decision:

ŷðNþ1Þ ¼ sign(fw⋆ðΦðNþ1ÞÞ þ b⋆): ð3Þ

By virtue of the reduced measurement error with the
multipartite entanglement, a single measurement is suffi-
cient for precise classification.
SVM simulations.—To compare the performance

of the entanglement-assisted SVM and classical SVM,
we simulate the training process with N data points

ðαðnÞ; yðnÞÞ; 1 ≤ n ≤ N. Each component αðnÞm ; 1 ≤ m ≤ M
of vector αðnÞ is randomly produced following a uniform
distribution in ½−α0=2; α0=2�. A random plane y ¼ wt · α
across the origin is subsequently generated, and true labels
yðnÞ ¼ signðwt · αðnÞÞ are assigned to each data point. To
tune the difficulty of the problem, we exclude points within
a distance ϵ ≥ 0 to the hyperplane from the data set.
Smaller ϵ means the SVs are closer to the hyperplane,
and thus the problem is more difficult. In the simulation, the
measurement outcome is generated by Gaussian-distributed
random numbers with mean w · αðnÞ and variance given by
Eqs. (A2) and (A3) in Appendix A for a symmetric case.
Since the data are randomly generated, equally distributing
the mean photon number of the squeezed state to different
sensor nodes is optimumon average; thus,we do not perform
the costly optimization given by Eq. (A3) for separable-state
sensing. The achieved entanglement-assisted enhancement
over the classical SVM scheme, however, holds for the most
general case. Figures 3(c) and 3(d) provide a conceptual
illustration of the performance contrast between entangle-
ment-assisted SVM and classical SVM (see caption for
details).
To choose a proper regularization parameter λ to avoid

overfitting, we generate a test data set in the same way as
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the training data set. Since the performance is nearly
identical for both data sets, we only show the training
data result in the main plots of Fig. 4. The error proba-
bilities of the SVM at different steps of the training process
are plotted in connected points. To ensure convergence of
the training process, we evaluate the performance of a
perfect classifier with assigned surface y ¼ wt · α in the
horizontal solid lines. Because of the measurement uncer-
tainty, even the perfect classifier suffers from a nonzero
error probability. Both the entanglement-assisted (blue)
and classical (red) SVMs converge, but the entanglement-
assisted SVM enjoys an appreciable error-probability
advantage.
We now address the error-probability scaling with

respect to the resources, i.e., the number of sensors and
the mean photon number of the resource squeezed state,
employed in entanglement-assisted SVM. The ultimate
error probability is determined by the SVs ϵ-close to the
hyperplane. For a given data set, we plot the error
probability versus the mean photon number in the inset
of Fig. 4. In the lossless cases, i.e., the transmissivity η ¼ 1,

the insets of Figs. 4(a) and 4(b) plot the error-probability
contrast between the entanglement-assisted SVM and
classical SVM. The numerically computed error probability
is a remnant of the analytically derived error-probability
scaling advantage for binary channel discrimination in
Appendix A.
In real applications, the minimum distance of the data

points to the hyperplane ϵ scales with the data dimension,
i.e., the number of sensors. In the usual case, each sensor
measures a displacement of energy of about ϵ20; thus, the
minimum distance scales as ϵ ≃

ffiffiffiffiffi
M

p
ϵ0. The analysis in

Appendix A, which agrees well with the presented numeri-
cal results, shows that for large NS and M, the error
probability PE for the entanglement-assisted scheme with
homodyne detection scales as PE ∼ exp ð−2NSMϵ20Þ,
whereas the classical SVM scheme has an error-probability
scaling of PS ∼ exp ð−4NSϵ

2
0Þ. This case translates to an

exponential error-probability advantage with respect to the
data dimension, i.e., PE ∼ PM=2

S . Such an enormous per-
formance enhancement over the classical SVM scheme
stems from the utilization of multipartite entanglement to
directly extract a global feature of the object in a single-shot
measurement, in contrast to the classical SVM scheme’s
need for individual measurements on all local features.
Note that in the entanglement-assisted SVM and the
classical SVM schemes, the number of parameters being
optimized in w, b is the same. As such, the enhancement is
not due to an increase in the number of fitting parameters.
In Figs. 4(c) and 4(d), we consider an entanglement-

assisted SVM with less mean photon number (NS ¼ 1) and
number of sensors (M ¼ 2, 3). We also include a pure loss
channel with transmissivity η ¼ 0.9 after each displace-
ment unitary. These parameters represent an entanglement-
assisted SVM readily implementable in a bulk-optics
platform. Remarkably, despite the saturation of the scaling
advantage due to the presence of loss, as shown in the inset
plots of Figs. 4(c) and 4(d), the entanglement-assisted
SVM’s error-probability advantage survives the loss, dem-
onstrating its tolerance to experimental imperfections.

V. ENTANGLEMENT-ASSISTED PHYSICAL-
LAYER PRINCIPAL-COMPONENT ANALYZER

Apart from entanglement-assisted physical-layer SVM,
SLAEN can also be leveraged to construct an entangle-
ment-assisted physical-layer PCA as a powerful tool for
dimension reduction and quantum data compression.
Utilized in SVM, for example, PCA is particularly useful
for data dimension, i.e., the number of input and output
modes of ΦðnÞ, reduction, so the training of the optimum
hyperplane for high-dimensional channels becomes viable.
In the classical PCA scheme shown in
Fig. 5(a), one needs to input separable probes to measure
all data components and obtain a noisy estimation α̃ðnÞ ∈
RM of the unknown classical description αðnÞ∈RM ofΦðnÞ.
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FIG. 4. Training process and performance for SVM. Data
points with error bars show the performance of the SVM;
horizontal straight lines show the performance with the perfect
hyperplane wt given with�1 standard deviation. The red plots are
for classical SVM, and the blue plots are entanglement-assisted
SVM. Insets: The scaling of the error probability of the optimum
hyperplane with respect to the mean photon number NS.
(a) η ¼ 1, NS ¼ 5; α0 ¼ 2;M ¼ 10. Number of data points
N ¼ 103, ϵ ¼ 0.1. (b) η ¼ 1, NS ¼ 20; α0 ¼ 2;M ¼ 100,
N ¼ 104, ϵ ¼ 0.1. (c) η ¼ 0.9, NS ¼ 1; α0 ¼ 1.5;M ¼ 3,
N ¼ 500, ϵ ¼ 0.2. (d) η ¼ 0.9, NS ¼ 1; α0 ¼ 2;M ¼ 2,
N ¼ 500, ϵ ¼ 0.2. In each training step, the channel is randomly
chosen from N data points, and thus the total training steps can be
larger than N.
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Given the estimated classical description α̃ðnÞ ∈ RM, a
classical PCA algorithm identifies the principal compo-
nents (PCs) stored in a vector cðnÞ ∈ RMP with dimension
MP ≪ M through a linear transform cðnÞ ¼ Tα̃ðnÞ, where
T ∈ RMP×M. These PCs are independent and form the large
variance subspace of the original data set.
To avoid inefficient channel tomography, we train a

variational circuit to directly produce a reduced-dimension
channel ΨðnÞ with MP input modes and MP output modes.
Here, ΨðnÞ is described by the principal components cðnÞ. It
is obtained by conjugating the original M-mode channel

ΦðnÞ with a beam-splitter array B̂ðTÞ, as illustrated in the
red box of Fig. 5(b). The construction of the variational
circuit is similar to that for entanglement-assisted SVM
shown in Fig. 3(b), except that the beam-splitter array for
PCA requires the control of weights on MP modes.
The mode reduction is achieved by leaving the M −MP

modes, b̂MPþ1 to b̂M, in vacuum at the input and discarding
M −MP modes, b̂0MPþ1 to b̂

0
M, at the output. Because of the

conjugation relation of the two beam splitters, the new
channel ΨðnÞ remains unitary in the absence of extra loss.
Training stage.—To train the variational circuits,

squeezed vacuum states are injected at theMP input modes
of the channel ΨðnÞ. A homodyne measurement is per-
formed on each of the MP output modes, yielding joint
measurement outcomes fTðΦðnÞÞ ∈ RMP . Since precise
knowledge of ΦðnÞ is unavailable, we use the gradient-free
SPSA method, in lieu of the gradient descent approach
[56], to maximize kfTðΦðnÞÞk2 by tuning the beam-splitter
array parameter T based on the measurement outcome.
Note that when there is no noise in the measurement, the
above cost function is convex with guaranteed convergence.
As shown in Fig. 5, the training process can be performed
in sequential order: The variational circuit is decomposed
into B̂ðTÞ ¼ B̂ðT1Þ ∘ B̂ðT2Þ ∘ � � � ∘ B̂ðTmÞ ∘ � � � ∘ B̂ðTMP

Þ.
In doing so, each transform B̂ðTmÞ only takes themth toMth
modes as its input. In the mth step, one maximizes the
measurement variance of mode b̂0m by solely tuning
B̂ðTmÞ, with the previous optimized beam-splitter arrays
B̂ðT⋆

1Þ ∘ � � � ∘ B̂ðT⋆
m−1Þ unchanged. Executing the process

fromm ¼ 1 tom ¼ MP, one obtains the optimum transform
T⋆ to produce ΨðnÞ characterized by the PCs.
Utilization stage.—The training yields the optimum

variational circuits parametrized by T⋆. To use the entangle-
ment-assisted PCA, B̂†ðT⋆Þ is applied on theM input modes
of the channelΦðNþ1Þ, and B̂ðT⋆Þ is applied on itsM output

(a)

(b)

(c) (d)

FIG. 5. (a) Schematic of the classical PCA scheme. Separable
probes are used to obtain a full noisy classical description α̃ðnÞ of
the unknown channel ΦðnÞ. Then, a classical PCA algorithm
finishes the compression task. (b) Schematic of the entanglement-
assisted PCA. The original channel ΦðnÞ with dimension M is
reduced to a new channel ΨðnÞ with dimension MP. The
dimension reduction is carried out by two variational circuits,
B̂ðTÞ† and B̂ðTÞ, trained by a classical algorithm. The training
process requires MP squeezed vacuum states at the input modes
b̂1 to b̂MP

and MP homodyne measurements at the output modes

b̂01 to b̂0MP
. (c,d) illustration of the performance contrast between

the entanglement-assisted PCA and classical PCA in the param-
eter space. The blur is due to measurement uncertainties. While
the measurement uncertainties prevent the classical PCA from
finding the principal axis, the entanglement-assisted PCA pre-
cisely identifies the principal axis.

FIG. 6. A combined scheme with entanglement-assisted SVM
and PCA. Using multipartite-entangled probe states, the PCA is
trained to reduce the original M-mode quantum channel ΦðnÞ

(purple rectangle) to an MP-mode quantum channel ΨðnÞ (red
dashed box), which is, in turn, used by the entanglement-assisted
SVM to carry out data classification tasks.
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modes. This method results in a reduced-dimension effective
channel, with MP modes at both the input and output.
The reduced-dimension channel can, in turn, be used

in other SL tasks. Figure 6 provides an example: The
entanglement-assisted PCA is utilized as the preprocessor
of the entanglement-assisted SVM. Given an M-mode
channel ΦðnÞ, prior to utilizing the entanglement-assisted
SVM, one first reduces its dimension to an MP-mode
channel ΨðnÞ by the entanglement-assisted PCA, as illus-
trated by the components in the red dashed rectangle. In
doing so, the SVM only needs to process a reduced-
dimension channel ΨðnÞ, thus leading to a significant
speedup in training the SVM.
PCA simulations.—We demonstrate the training of the

first variational circuit, the beam-splitter array B̂ðT1Þ, to
obtain the reduced-dimension channel associated with the
first PC. The training only needs a single-mode squeezed
vacuum state with mean photon number NS at the input.
We randomly generate channels ΦðnÞ with zero-mean
Gaussian-distributed αðnÞ’s and simulate the quantum noise
in the measurement outcome. We set the covariance matrix
to α20Diag½P; 1; 1;…; 1�, with P > 1; thus, the true PC is
obtained by the transform T⋆

1 ¼ ½1; 0; 0;…; 0�. Since we
initialize the parameters T1 randomly, a diagonal covari-
ance matrix represents the most general case. We plot the
first element t1 of the normalized vector T1 during training
and compare it with T⋆

1 . Similar to what has been done in
the entanglement-assisted SVM, we compare the perfor-
mance of the entanglement-assisted PCA (blue) with the
optimum classical PCA (red) in Fig. 7. The result shows
that while the classical PCA struggles to find the PC,
the entanglement-assisted PCA converges very close to the
actual PC. This is because vacuum noise dominates the
measurements in classical PCA due to a small variance of
α20, leading to close-to-symmetric variances over all modes.
In contrast, the entanglement-assisted PCA leverages the
multipartite entanglement to reduce the vacuum noise and
thus is able to obtain the correct PC. Figures 5(c) and 5(d)
conceptually illustrate that entanglement-assisted PCA is
able to solve classically intractable problems.

VI. DISCUSSIONS

In this paper, we utilize SLAEN to construct the
entanglement-assisted SVM and PCA. SLAEN only
requires off-the-shelf components and is robust against
noise, thus representing a NISQ paradigm for demonstrat-
ing a practical entanglement enhancement over classical SL
schemes without entanglement. SLAEN measures field-
quadrature displacements, but it can be generalized to cope
with other displacements on canonical conjugate variables,
including time and frequency, angular momentum and
angle, and number and phase.
Our entanglement-assisted SVM opens new avenues for

ultrasensitive measurements in biological, thermal, and
mechanical systems. A key ingredient for the entangle-
ment-assisted SVM is a transducer that converts the
information carried on the samples into phase modulation.
For example, electro-optic devices can convert rf signals
into refractive index shift of optical materials, which in turn
impart phase modulation on light [27]. In optical biosen-
sors, the evanescent wave of the probe light interacts with
the sample, and the induced phase shift serves as a means to
identify the density and species of the biomolecule [28].
These phase shifts, in turn, can be transformed into
displacement through a Mach-Zehnder interferometer
(see in Appendix C), where for the single-mode case,
the squeezed state is known to be beneficial [29,30]. In such
a scenario, the entanglement-assisted SVM enables much
more efficient and sensitive classification on data acquired
by phase sensing than what sensors based on classical light
can afford.
In the given sensing examples, the transducers can be

engineered to introduce nonlinearity when converting the
physical parameters being probed into phase modulation on
the entangled photons. In rf sensing, the intrinsic non-
linearity of the electro-optic devices can be leveraged.
Likewise, by properly designing the waveguide geometry,
the phase shift induced by optical biosensors can be
engineered to be nonlinearly dependent on the density of
the biomolecules. The introduced measurement nonlinear-
ity would be a key to implement entanglement-assisted
general-kernel SVM.
Before closing, we point out that the proposed entangle-

ment-assisted SVM applies in very different scenarios than
existing proposals for quantum SVMs [57]. By trans-
forming the SVM cost function to a quadratic form [58],
quantum speedup is envisaged with mechanisms similar to
a linear system of equations [59], assuming qRAMs are
available. Determining the exact quantum advantage of
such schemes, however, is still a subject of ongoing
research. Interestingly, more recent studies of quantum-
inspired classical algorithms have demonstrated capabil-
ities of solving similar problems in certain scenarios
[60–63]. Moreover, because of the channel noise, such
quantum SVM algorithms are not directly applicable to the
channel-learning problems.
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FIG. 7. Training process of the entanglement-assisted PCA.
Blue plots: Performance of entanglement-assisted PCA. Red
plots: The performance of classical PCA. (a) M ¼ 20, NS ¼ 1,
α0 ¼ 0.3, P ¼ 20. (b) M ¼ 100, NS ¼ 1, α0 ¼ 0.4, P ¼ 100.
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A few future developments for SLAEN would make it
more widely applicable. First, the binary-hypothesis entan-
glement-assisted SVM can be generalized to a multihypo-
thesis SVM by introducing a series of binary classification
tasks [64,65] or by adding multiple hyperplanes [66]. The
current SLAEN architecture can be adapted to accommo-
date either case. Second, introducing nonlinear maps into
SLAEN would make it capable of dealing with nonlinear
data classification and compression problems. Third, an
extension of the CV sensing scheme to incorporate DV
sensing of phase rotations is another interesting open
problem. Reference [67] presents a proposal for measuring
a weighted average by controlling the integration time on
each qubit. It is an open question whether there are ways of
implementing the measurement for given fixed unitary
phase rotations. While direct measurements of a weighted
average appear difficult, classification without resorting to
direct intuitions has been considered [10–13]. Fourth, since
quantum-state preparation in qRAMs involves quantum
measurements that lead to noisy data, with some modifi-
cations, SLAEN may potentially be utilized to enhance the
performance of quantum machine-learning schemes based
on qRAMs.
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APPENDIX A: ENTANGLED SENSOR NETWORK
FOR CHANNEL DISCRIMINATION

A key component in the CV-distributed quantum sensing
scheme [38] is an interferometer structure formed by two
beam-splitter arrays. By conjugating an array of displace-
ment unitaries with a suitable beam-splitter unitary B̂ [see
Fig. 8(a)], we can mix the amplitudes of displacements:

B̂†ð⊗M
m¼1 ÛðαmÞÞB̂ ¼ Ûðα̃Þ ⊗ ð⊗M

l¼2 Ûðα0mÞÞ; ðA1Þ

where α̃ ¼ P
m wmαm is the effective displacement

between modes b̂1 and b̂
0
1. The weights wm are normalized,

i.e.,
P

M
m¼1 w

2
m ¼ 1. Note that it only requires M two-mode

beam splitters to realize an arbitrary choice of weights wm.
Suppose we use a squeezed vacuum state with squeezing
parameter r at mode b̂1 as the input; then, we can measure α̃
more precisely on mode b̂01. In this way, the input modes
â1;…; âM to the displacement channel are in fact
entangled. The original entanglement-assisted distributed
sensing scheme measures the weighted average ω · αðnÞ in
the presence of a detection loss η to a precision

δαEη ¼ (ηgðNSÞ þ 1 − η)1=2=2; ðA2Þ

where gðnÞ≡ 1=ð ffiffiffiffiffiffiffiffiffiffiffi
nþ 1

p þ ffiffiffi
n

p Þ2 and NS is the total mean
photon number, while a scheme using separable squeezed
states for modes â1;…; âM has precision given by a
constrained optimization,

δαPη ¼ minP
M
m¼1

Nm¼NS

�
η
XM
m¼1

(w2
mgðNmÞ)þ1−η

�1=2
=2; ðA3Þ

with the total mean photon number NS as a constraint. In
the lossless case, one can prove that the above entangled
scheme is optimum among all schemes, and the above
separable scheme is also optimum among all schemes
without using entanglement [68]. Moreover, in the lossy
case, the optimality of both schemes still holds when we
restrict the probe states to be Gaussian [38]. For the equal
weight case, the minimum δα̃Pη is obtained by setting
Nm ¼ NS=M; 1 ≤ m ≤ M in Eq. (A3). As shown in
Ref. [38], when the mean photon number per mode
NS=M is fixed, in the lossless case (η ¼ 1) the entangled
scheme has a Heisenberg-scaling precision (δαEη ∼ 1=M),
while the classical scheme obeys the standard quantum
limit (δαPη ∼ 1=

ffiffiffiffiffi
M

p
). Moreover, despite the fact that the

Heisenberg scaling is destroyed by loss (η < 1), the
advantage vouchsafed by entanglement survives.
To understand how the above advantage translates to

channel-classification problems, we calculate the error prob-
ability performance of a simple binary channel discrimina-
tion task between displacements f0;αg with given prior
probabilities fπ0; π1g in the lossless (η ¼ 1) case. For the
case of 0, the transformed displacements are all zero
regardless of the beam-splitter choice. For the case of α,
we have α̃ ¼ kαk, while all other displacements are zero, by
choosing the beam-splitter array in Fig. 8(a) to have
wm ¼ αm=kαk, which can always be ensured as follows.
First, one performs a beam-splitter transform between b̂1
and b̂2 to produce the mode ½α1=ð

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
α21 þ α22

p
Þ�b̂1þ

½α2=ð
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
α21 þ α22

p
Þ�b̂2. Afterwards, one performs another

beam-splitter transform on the previous output mode and
b̂3;…; b̂M. Since beam splitters conserve the mean photon

(a) (b)

FIG. 8. (a) Interferometer structure for amplitude mixing in a
distributed sensing scheme. (b) Performance of the symmetric
case, M ¼ 10 and αm ¼ 0.1; 1 ≤ m ≤ M.
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number and the effective displacement on b̂1 is kαk, all the
other effective displacements are zero.
In this way, the multimode problem is reduced to a

single-mode problem of determining whether a displace-
ment unitary has amplitude zero or kαk. In Appendix B, we
show that the optimum input Gaussian state that minimizes
the Helstrom limit [41] is a single-mode squeezed vacuum
state, and the corresponding error probability is

PE
fπ0;π1g ¼

h
1 −

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − 4π0π1 exp ð−e2rkαk2Þ

q i
=2

≃ π0π1 exp ð−e2rkαk2Þ; ðA4Þ
where sinh2ðrÞ ¼ NS is the mean photon number. Thus, in
terms of the error probability, the considered entangled
scheme is the optimum, and the considered classical
scheme is the optimum among all Gaussian schemes
without using entanglement. In general, non-Gaussian
inputs may lead to better performances, but the advantage
of an entanglement-assisted sensing scheme still holds.
Having obtained the optimum Gaussian input state that

minimizes the Helstrom limit, now we derive the corre-
sponding measurement scheme to achieve the Helstrom
limit. The construction is as follows. First, one performs a
squeezing of amplitude −r on b̂01 to obtain the coherent
state jerkαki or j0i; next, one applies a slicing Dolinar
receiver [69] scheme on the output. The optimality of the
above scheme simply follows from the optimality of the
Dolinar receiver. However, this construction requires feed-
forward and photon number counting. A more practical
scheme is to perform a homodyne detection with a
maximum-likelihood decision rule, where the error prob-
ability can be evaluated by the Gaussian error function. For
the π1 ¼ π0 ¼ 1=2 case, the formula is simple,

PE;Homo
f1=2;1=2g ¼

1

2
Erfc½ðkαkÞ=ð

ffiffiffi
2

p
e−rÞ� ∼ exp ½−e2rkαk2=2�:

ðA5Þ
Comparing to Eq. (A4), it is only a factor of 2 worse in the
error exponent in the asymptotic limit.
Now, we compare the performance of the entangled

scheme with the optimum Gaussian separable-state
scheme. To ensure a fair comparison, we set the total
mean photon number to NS ¼

P
M
m¼1Nm, where Nm ≡

sinh2ðrmÞ is the mean photon number of the input to the
mth displacement. Given the constraint on the mean photon
numberNm, for each mode, a single-mode squeezed state is
the optimum Gaussian input state; thus, to minimize the
Helstrom limit, one needs to optimize the distribution of
mean photon number to minimize the overlap
jhψM

0 jψM
1 ij2 ¼ exp ð−P

M
m¼1 e

2rmα2mÞ, where ψM
k ; k ¼ 0, 1

are the M-mode joint output states in each hypothesis.
Given the minimum Emin of jhψM

0 jψM
1 ij2, the Helstrom limit

of the error probability is PS
π0;π1 ¼ 1

2
½1 − ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1 − 4π0π1Emin
p �.

In general, there is no closed-form solution. Because e2rm ,

as a function ofNm, is concave, for equal αm’s it is optimum
to evenly distribute the photons. Moreover, for large NS’s,
concentrating most of the photon number on the mode with
the largest αm is close to the optimum.
From the above analysis, we see that the entanglement-

assisted scheme is strictly better than the classical scheme.
The advantage is the most significant under

P
M
m¼1 α

2
m ≫

max1≤m≤Mα
2
m. Asymptotically, for a fixed M, a large NS,

and α ¼ ðα;…; αÞ, the error exponents for the classical
scheme, the entanglement-assisted scheme with homodyne
measurements, and the entanglement-assisted scheme with
the optimum measurements are 4NSα

2, 2NSMα2, and
4NSMα2. This case shows a substantial advantage for
large M’s. We give a numerical example in Fig. 8(b) for
a moderate size M ¼ 10 and show that the advantage is
already appreciable.

APPENDIX B: OPTIMUM GAUSSIAN STATE
FOR SINGLE-MODE DISPLACEMENT

DISCRIMINATION

Now, we consider the single-mode channel discrimina-
tion problem of two displacement operators Ûð0Þ and
ÛðαÞ. We show that the input Gaussian state that minimizes
the Helstrom limit of the error probability is the single-
mode squeezed vacuum state.
We first consider an input mode entangled with an ancilla

mode. Because of the ancilla, it suffices to consider an input-
ancilla joint pure state jψi. Then, in each hypothesis,we have
the output states jψ0i ¼ jψi and jψ1i ¼ ÛðαÞ ⊗ Îjψi.
Given the prior probabilities π0, π1 ¼ 1 − π0, the minimum
error probability in the discrimination of the two outputs is
given by the Helstrom limit

Pfπ0;π1gðψ0;ψ1Þ ¼
1

2

h
1 −

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − 4π0π1hψ0jψ1i2

q i
: ðB1Þ

Thus,we aim tominimize jhψ0jψ1ij2¼jhψ jðÛðαÞ⊗ ÎÞjψij2,
subject to certain constraints on the input state jψi.
While the optimization is, in general, difficult, we can

optimize over Gaussian states to obtain the optimum
Gaussian input. For pure two-mode Gaussian states with
the covariance matrix V and mean μ0 ¼ ð0; 0; 0; 0Þ and
μ1 ¼ ð2α; 0; 0; 0Þ, the overlap is [70,71]

jhψ0jψ1ij2 ¼ exp

�
−
1

4
ðμ1 − μ0ÞTV−1ðμ1 − μ0Þ

�
: ðB2Þ

The above equation indicates that minimizing the state
overlap is equivalent to minimizing the variance of the first
quadrature, as expected from intuition.
The resource in our task is the mean photon number of

the first mode. Given the uncertainty principle δ2q ·δ2p≥1

and energy constraint δ2qþ δ2p ≤ NS, we conclude that
it is optimum to use a single-mode squeezed vacuum,
without requiring entanglement assistance. Thus, the
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optimum general Gaussian state for single-mode displace-
ment discrimination is a single-mode squeezed vacuum state.
The corresponding error probability can be obtained,

based on the covariance matrix V ¼ diag½e−2r; e2r; 1; 1� and
the total mean photon number constraint NS ¼ sinh2ðrÞ, as

Pfπ0;π1g ¼
1

2

h
1 −

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − 4π0π1 exp ð−e2rα2Þ

q i

≃ π0π1 exp ð−e2rα2Þ: ðB3Þ

APPENDIX C: CONVERSION BETWEEN
DISPLACEMENT SENSING AND PHASE

SENSING

It suffices to illustrate the displacement-phase conversion
using a single-mode case in Fig. 9. Consider a phase shift
Δϕ ≪ 1. When sandwiched between two beam splitters,
with one of the input modes v̂m in a coherent state j ffiffiffiffiffiffi

Nv
p

mi,
the phase shift leads to a mode transform (to the first
order) as

â0m ¼ ð1 − iΔϕ=2Þâm þ iv̂mΔϕ=2; ðC1Þ

where Δϕ is embedded in a field-quadrature displacement
α ¼ i

ffiffiffiffiffiffi
Nv

p
Δϕ=2 of â0m. To generalize, when a sensor array

measures multiple spatiotemporal phase shifts, the output
signals will be in a form of multimode displacement.
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