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ABSTRACT 

  The polynomial fit eikonal can characterize any complex surface by converting a 

ray trace of the system into a phase space transformation. This phase space 

transformation provides the information required to define the radiance throughout the 

system. The characterization of the radiance throughout the system means that the 

eikonal can be used in lieu of a conventional ray trace. The initial computation time 

needed to create the polynomial fit eikonal of a surface can be high and the eikonal 

representation is not as accurate as a real ray trace of a system. However, in contrast to 

real ray traces, the polynomial fit eikonal provides more flexibility. For example, if a full 

optical system has each of its surfaces converted into eikonals, then any polynomial fit 

eikonal surface can be exchanged with any other polynomial fit eikonal surface without 

needing to run cumbersome ray traces. Furthermore, once the surface is fully 

characterized, the eikonal does not need to be recreated as the system changes. 

Computation time is thus faster overall for eikonal surfaces than for real ray traces. The 

eikonal becomes more accurate as more terms are included. This increase in accuracy is 

due to higher order terms of the eikonal fitting higher order optical aberrations.  

  This dissertation explores how various optical factors, such as curvature and 

refractive index, affect the accuracy of the eikonal fit. Whenever an eikonal fit is 

performed, it is not guaranteed to be accurate enough for the application at hand, so error 

reduction is an important factor when building eikonal surfaces. As the system’s étendue 

increases, it becomes harder to fit the system to a single eikonal with reasonable error. In 
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this case, it can be advantageous to split the system’s étendue into smaller, more 

manageable sections to reduce the error of the eikonal. For systems with complex 

sources, the source can be compiled into a probability density function. This probability 

density function allows for the characterization of a source into a continuous function 

using a ray set as the basis. Rays can then be interpolated by a random weighted drawing 

of new rays from the probability density function and then propagated through the optical 

system using the eikonal. 
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CHAPTER 1 

INTRODUCTION  

1.1 Motivation 

  The eikonal equation provides a connection between ray and wave optics. Eikonal 

theory has enjoyed some moderate usage in the optical design community, mostly as a 

base from which to derive optical aberrations (Velzel and de Meijere, Parts 1, 2, and 3, 

1988; Yabe, 2005). The few studies that have applied eikonal theory to optical design 

include work by Chen (1989), to predict how light will scatter from a dielectric sphere; 

Doskolovich, et al. (2017), to derive the shape of a lens based on how the rays are be 

imaged; Quek, Wong, Low (1998), to propagate Gaussian pulses through a system; 

Doskolovich, et al. (2015), to predict the construction of diffractive optical elements; and 

Mokrý (2016), to solve the differential form of eikonals in order to approximate a 

wavefront.  

However, “[i]n spite of the elegance of the theory of eikonals and its great 

theoretical importance, it [has not evolved] into a major tool in optical design” (Givoli, 

2004, p. 196). Instead, eikonals are mostly used to derive theoretical connections between 

wave and ray optics. Examples of these theoretical applications can be seen in studies by 

Alonso, M. A. (2014) and Filosa, C., et al. (2017), which demonstrate a method of 

manipulating the base form of the eikonal to give greater insight into how rays and waves 

can be related. These studies lack direct applications to general optical design. In 
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response, this dissertation seeks to shine light on the applications of eikonals to optical 

design, and to encourage more research into the applications of the eikonal to real-world 

systems.  

1.2 Eikonal Overview 

  The Ray and Wave Theory of Lenses by Walther (1995) provides the most 

complete and comprehensive review of eikonals and lens theory up to the point of this 

dissertation. As such, this section will draw heavily from Chapters 3 through 8 of 

Walther’s book.  

  The eikonal is a fundamental method for linking wave and ray optics, and is 

described one dimensionally in Eq. (1.1) in the framework of what is known as a “vehicle 

motion problem.” The vehicle motion problem in this equation describes how to most 

quickly move light from one point to another (Clawson, 2014), 

 *
|𝛻𝑢(𝒙)|𝑓(𝒙) = 1																	∀	𝒙 ∈ Ω
𝑢(𝒙) = 𝑞(𝒙)												∀	𝒙 ∈ ϱ	 ⊆ 	𝜕Ω	. (1.1) 

In this equation, 𝑓(𝒙) describes the speed of the light and Ω is the area through which the 

light travels. Next, 𝑞(𝒙) is a time penalty given on a separate area ϱ; 𝑞(𝒙) is dependent 

on the medium through which the light is traveling. 𝑢(𝒙) is the minimum time to exit the 

area Ω through ϱ, if starting at a point 𝒙 ∈ Ω. While this equation is the most general 

form of the eikonal, it does not have meaningful direct use for optical design. However, it 
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can be used as a base for derivations into more practical forms for application to optical 

design.  

The derivation of this equation into practical forms is where Walther (1995) 

becomes relevant. The first form Walther introduces is the point eikonal. The point 

eikonal is defined first generally in Eq. (1.2) and more explicitly in differential form in 

Eq. (1.3), 

 𝑆(𝑥, 𝑦, 𝑥?, 𝑦?) = 𝐸(𝑥, 𝑦, 0, 𝑥?, 𝑦?, 0) (1.2) 

 𝑑𝑆(𝑥, 𝑦, 𝑥?, 𝑦?) = 𝑛?(𝐿?𝑑𝑥? + 𝑀?𝑑𝑦?) − 𝑛(𝐿𝑑𝑥 +𝑀𝑑𝑦). (1.3) 

For Eq. (1.2), 𝑆 is the point eikonal and 𝐸 is a general form of optical path length. In Eq. 

(1.2 and 1.3), the primed values indicate that the variable is in the image plane. The 

unprimed values indicate that the variable is in the object plane. All of Walther’s 

equations are constrained to image and object planes, and do not directly extend in 3D 

space. L and M are the direction cosines in x and y respectively, and n is the refractive 

index. Fundamentally, Eq. (1.2) is stating that there is a direct relation between the 

optical path length and the point eikonal.  

 This concept of relating the path length to different eikonal forms can be extended 

to the point angle eikonal, the angle eikonal, and the angle point eikonal. First, the point 

angle eikonal states that any ray in a system can be uniquely specified by its position in 

object space and its angle in image space, except for the cases where the object space or 

image space values are the same, such as with a collimating lens. Thus, we can infer that 
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the optical path length of a ray can be determined using 1), the ray’s location in object 

space, and 2), the ray’s angle in image space. Next, the angle eikonal gives rise to many 

of the same conclusions as the point angle eikonal, relating object angle to image angle. 

However, this form of the eikonal is limited to non-afocal systems, where collimated 

light is travelling in and out of the system. Lastly, the angle point eikonal is the inverse 

condition of the point angle eikonal, relating angle in to position out. This relationship 

implies that the angle point eikonal is nonfunctional for systems with sources at infinity. 

These three eikonals are derived in terms of each other and Eq. (1.2), and are presented in 

Eq. (1.4-1.6) (Walther, 1995), 

 𝑉(𝑥, 𝑦, 𝐿′,𝑀′) = 𝑆(𝑥, 𝑦, 𝑥?, 𝑦?) − 𝑛′(𝑥?𝐿? + 𝑦′𝑀′) (1.4) 

 𝑊(𝐿,𝑀, 𝐿?,𝑀?) = 𝑉(𝑥, 𝑦, 𝐿,𝑀) + 𝑛(𝑥𝐿 + 𝑦𝑀) (1.5) 

 𝑑𝑉?(𝐿,𝑀, 𝑥?, 𝑦?) = 𝑛(𝑥𝑑𝐿 + 𝑦𝑑𝑀) + 𝑛′(𝐿?𝑑𝑥? + 𝑀′𝑑𝑦′). (1.6) 

In Eq. (1.4-1.6), 𝑉 is the point angle eikonal, 𝑊 is the angle eikonal, and 𝑉’ is the angle 

point eikonal, which is only given in terms of its derivative.  

  The point eikonal, angle eikonal, point angle eikonal, and angle point eikonal are 

all different approaches to the same conclusion: optical path length can be determined 

through the observation of how rays behave in image and object space. It is not necessary 

to know how the ray behaves in the optical system; instead, all that is needed to define 

how an optical system behaves is the input and output location, angles, and any loss or 

gain present in the system. Having the ability to ignore the intermediate ray trace steps is 



 24 

a powerful concept that will be used at length in this dissertation. By ignoring these 

intermediate steps, an optical system’s radiance can be defined using just its input and 

output parameters. 

  In its most basic form, radiance expresses how the flux of light changes with 

angle and location of the rays. Radiance is defined as “the power per unit projected 

source area per unit solid angle, which is in the SI units of watts per meter squared per 

steradian (W/m2/sr)” (Koshel, 2013, p. 5). Radiance describes how much power (W) is 

incident on a particular area (m2) for a particular angular extent (sr). While radiance and 

its conservation can be viewed on a ray by ray basis, and in fact is derived in such a way, 

it is typically viewed in terms of a large ray set. If a set of eikonal functions is created 

based on the input parameters of ray location, angle, and flux, it is then possible to create 

a set of eikonal functions that fully represent the radiance of the system. This fitting is 

made possible due to the fundamental radiance theorem, which states that “[a]part from 

transmission losses, the radiance along a ray divided by the square of the local refractive 

index is invariant when the ray traverses a lens” (Walther, 1995, p. 71). As long as 

transmission losses are accounted for, this invariance allows for the eikonal fitting of the 

radiance function. 

  The next step to consider is the eikonal’s relation to étendue, which “describes 

both the angular and spatial propagation of flux through the system” (Koshel, 2013, p. 

32). Étendue is defined by the size and angular extent of a ray bundle, and asserts that if 

the size of the ray bundle becomes larger, the angular extent must become smaller, and 
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vice versa. A proof of the conservation of étendue using the eikonal as a basis can be 

found in Koshel (p. 33). The eikonal is bound by the restrictions of étendue, as the 

eikonal is only valid for the defined étendue of the system. An eikonal has no inherent 

spatial or angular limits. Thus, a system’s étendue must be considered in order to limit 

the eikonal to the region where it is valid. 

1.3 Chapter Organization 

  In Chapter 2, the idea of a surface eikonal is presented and the error sources of the 

eikonal fit is discussed. Chapter 3 specifies a method for defining non-uniform ray 

distributions. In Chapter 4, a headlamp lens is described and its properties defined, 

prefacing the usage of this lens as an example lens in Chapter 5. In Chapter 5, a method 

for interpolating rays using the eikonal and kernel density estimators is presented. 

Chapter 6 concludes this dissertation, discussing the importance and impact of this 

writing and suggesting potential future work.  
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CHAPTER 2 

SURFACE EIKONALS 

2.1 Introduction to Surface Eikonals 

  The simplest representation of the eikonal can be observed in the surface eikonal. 

Surface eikonals are briefly mentioned in Walther (1995), in a single subsection covering 

the proof of how an eikonal can be applied to a single surface. The differential equations 

that define the eikonal can “hardly ever be carried out in closed form” (Walther, 1995, p. 

49), which means that the eikonal generally has to be approximated in some way. This 

need for an approximation is what prompted the use of the polynomial approximation 

that is used throughout this dissertation. Walther (1995) shows in a basic proof that it is 

legitimate to create eikonals from single surfaces. This section will expand upon 

Walther’s premise, demonstrating how an entire system can be characterized by a set of 

surface eikonals and discussing the benefits this methodology offers.  

When fitting an eikonal function to a system, it is necessary to describe properly 

the location and direction of the rays in the system. The eikonal therefore must be fit to 

the three spatial dimensions labeled X, Y, and Z, and three angular dimensions, which in 

this dissertation will be expressed as direction cosines L, M, and N as seen in Fig. (2.1).  
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Figure 2.1: Coordinate system used in this dissertation 

In Fig (2.1), a, b, and c represent the angles from which the direction cosines are derived, 

relative to the X, Y, and Z coordinates. L is cos(a), M is cos(b), and N is cos(c). 

 If the angular dimensions are represented with direction cosines, one direction 

cosine term can be eliminated as the direction cosines must be properly normalized. This 

normalization is illustrated in Eq. (2.1), 

 𝑁 = √1 − 𝐿L − 𝑀L. (2.1) 

When rays are traced in an optical system, their starting point is known as the object 

plane, and the observation point is known as the image plane. Restricting the rays to 

single planes allows for the elimination of the Z variable, which combined with the 

elimination of N leaves the variables X, Y, L, and M. 

Eikonal theory asserts that there is a relation between X, Y, L, and M at both the 

object plane and the image plane, and therefore a function can be fit to determine that 

Z

X
Y
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relation. This fit function can be created for any order n. More fit terms require more 

traced rays to avoid degeneracy of the fit function. To save ray tracing time, it is best to 

fit the eikonal to the lowest order function that has an error within the specified tolerance 

for the application at hand. The form of the fit function used throughout this dissertation 

can be seen in Eq. (2.2-2.6), 

 
𝑋? = 𝐴O +P(𝐴QR𝑋 + 𝐴QS𝑌 + 𝐴QU𝐿 + 𝐴QV𝑀)

Q
W

QXO

 (2.2) 

 
𝑌? = 𝐵O +P(𝐵QR𝑋 + 𝐵QS𝑌 + 𝐵QU𝐿 + 𝐵QV𝑀)

Q
W

QXO

 (2.3) 

 
𝐿? = 𝐶O +P(𝐶QR𝑋 + 𝐶QS𝑌 + 𝐶QU𝐿 + 𝐶QV𝑀)

Q
W

QXO

 (2.4) 

 
𝑀? = 𝐷O +P(𝐷QR𝑋 + 𝐷QS𝑌 + 𝐷QU𝐿 + 𝐷QV𝑀)

Q
W

QXO

 (2.5) 

 𝐹𝑙𝑢𝑥? = 𝐸O + ∑ (𝐸QR𝑋 + 𝐸QS𝑌 + 𝐸QU𝐿 + 𝐸QV𝑀 + 𝐸Q_𝐹𝑙𝑢𝑥)
QW

QXO . (2.6) 

Here, the primed values indicate that the term is in the image plane, and the unprimed 

values indicate that the term is in the object plane. The fitting for each variable in the 

image plane has the same input variables with different coefficients assigned to them, 

represented as 𝐴Q, 𝐵Q, 𝐶Q,	𝐷Q, and 𝐸Q. The 𝐹𝑙𝑢𝑥′ variable is dependent on incoming 

𝐹𝑙𝑢𝑥, which is why Eq. (2.6) is the only equation to include Flux in the object plane. 
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All eikonals in this dissertation are fit using a basic polynomial expansion, as 

shown in Eq. (2.2-2.6). Using a basic expansion will typically encounter issues of term 

competition, where a fit tries to reach a result using two different terms that work in a 

similar way. This term competition will often manifest itself in large coefficients relative 

to the data, and successive terms alternating sign, to compensate for errors introduced 

from the previous terms. The way term competition is generally avoided is to use 

orthogonal basis sets for the polynomials being fit. These polynomials do not interact 

with each other in the same way the basic polynomials do, so they do not have the 

competition problems that can plague the basic polynomials.  

Generally, term competition results in answers that are less ideal for 

nonorthogonal polynomials, than answers that could be obtained from more complex 

orthogonal polynomials. However, when tested, no difference in fit accuracy is found 

between the nonorthogonal and orthogonal polynomials. This test involves the fitting of a 

ray trace dataset with both the basic polynomials and a set of Legendre polynomials, 

which are orthogonal. When these two different polynomial types are fit to the same 

order, the fits found have the same exact error to within the requested precision of 

Mathematica®. In conclusion for this application and program, the orthogonal polynomial 

does not convey a benefit. This result is likely due to the advanced fitting algorithms used 

by Mathematica®, and a simpler equation fitter is more likely to run into competition 

issues.  
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The observation that nonorthogonal polynomials do not cause higher error than 

orthogonal polynomials is further reinforced by some example fits, such as those 

provided in Appendix B. These fits reveal that there are no massive terms being balanced 

by other equally massive terms. These results suggest that Mathematica’s® fitting 

algorithm is able to combat term competition. There is no readily available 

documentation on how exactly Mathematica’s® fit function works, so how the fit is 

performed can only be speculated.  

  The eikonal form shown in Eq. (2.2-2.6) is a different interpretation of the eikonal 

shown in Chapter 1. While the eikonals in Walther (1995) are given in terms of the 

optical path length, the eikonal functions in Eq. (2.2-2.6) determine image space 

parameters. This new method of using the eikonal is investigated in the rest of this 

chapter. 

2.2 Fitting the Surface Eikonals 

  In order to fit the surface eikonals, a large number of rays that cover the surface’s 

étendue are traced and then fit to a chosen polynomial function using a computer-based 

fitting function. The form of the ray set used throughout this chapter is shown in Fig. 

(2.2). This figure illustrates that there is a group of points emitting rays, and each point 

emits rays in a cone of a defined size. The total diameter of the collection of point sources 

is determined by the diameter of the lens, and the ray cone is determined by the 

maximum angle a ray takes while being traced through the system. Therefore, any ray 

that can normally propagate through this system is characterized; its location must be 
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within the diameter of the lens and its angle must be equal to or less than the maximum of 

all ray angles.  

a.           b.  

Figure 2.2: Ray distribution used for characterizing lens surfaces, in order to create a surface 

eikonal. The entire ray distribution is shown in (a), while a single point source is magnified in (b). 

When characterizing the eikonal of an entire system, the input variables are on the 

object plane and the output variables are on the image plane. To characterize surface 

eikonals, this dissertation uses overlapping object and image planes. This overlapping 

representation is ideal as it removes the z variable from the fit, and removes the need for 

the fit to take into account an additional curvature, possibly adding error. While it is not 

physically possible for rays to back-trace to the image plane, sequential ray tracing allows 

for this virtual characterization, and the results are still valid. An image demonstrating 

this ray trace setup is shown in Fig. (2.3). 
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Figure 2.3: Diagram explaining how rays are traced to characterize the surface eikonal. 

  In Fig. (2.3), the ray segment r1 leaves a relative starting plane S0 and first impacts 

the object plane S1. The ray segment r2 then refracts at S2, taking on a new ray angle. The 

ray segment r3 is then back-traced to S3, which is coincident with S1. The back-tracing 

gives both the angle and position of the virtual ray. This information is then entered into 

the eikonal fitting functions, as it contains the information of how the ray behaved after 

interacting with the surface. Finally, the ray segment r4 continues to propagate after the 
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lens until it impacts an arbitrary image plane. If this process is repeated for a large ray set 

covering the system’s étendue, the rays can then be analyzed and fit with a function to 

approximate the surface eikonal functions. 

2.3 Eikonal Error Analysis 

  When fitting eikonals to real ray traces, there is always some error involved as a 

result of the inability to fit the system to a polynomial of infinite order. This error can be 

characterized by observing the difference between the actual ray parameters and the 

predicted ray parameters that the eikonal produces. The following subsections will 

explore how the error of the eikonal is related to various optical system parameters. 

2.3.1 Eikonal Polynomial Order Error Analysis 

  As the order of the polynomials used for a fit increases, so does the accuracy of 

the fit. This relation is seen in Fig. (2.4). In Fig. (2.4), a single surface of radius 30 mm, 

index of 1.0 in object space, and index of 1.5 in image space is traced in the manner 

shown in Fig. (2.3). The initial ray distribution in Fig. (2.2) is used for this analysis. After 

the rays are traced, they are fit to X, Y, L, and M eikonals of varying orders. The RMS 

error is then determined using Eq. (2.7),  

	 𝐸𝑟𝑟𝑜𝑟 = b∑(cdecf)S

(g)∗(ij)
, (2.7) 

where 𝑋k is the real ray position value at a specified point, 𝑋l is the eikonal position 

value for the same ray, 𝐷 is the diameter of the lens, and 𝐴𝑑 is the diameter of the 
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angular spread of the full ray set. The denominator in the equation is used as a 

normalization factor to keep the data consistent for different lens diameters and angular 

spreads. In the case of Fig. (2.4), 𝐷 is 5 mm and 𝐴𝑑 is 0.5.  

 

Figure 2.4: Log plot of the RMS of ray fit error and its relation to the order of the fit polynomial. 

  In order to provide a clearer view of the data, Fig. (2.4) uses a log scale on the 

vertical axis to plot the pairs (X, Y) and (L, M), where the paired terms have the same 

error due to the rotational symmetry of the system. In Fig. (2.4), there is a clear trend of 

increased accuracy as polynomial order is increased. This figure also provides an 

interesting observation, that adding even ordered polynomials does not affect the 

accuracy due to the symmetry of the optical system. In order to investigate the effect of 

even ordered polynomials, the same analysis can be done, but only using rays with 
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positive X, Y, L, and M values (known as the first quadrant in their respective spaces). 

When symmetry of the rays is taken away, the result can be seen in Fig. (2.5). 

 

Figure 2.5: Log plot of the RMS of ray fit error and its relation to the order of the fit polynomial 

for a non-symmetric ray set.  

  Fig. (2.5) illustrates that even terms contribute to error reduction for a non-axially 

symmetric system. Even ordered terms are not required to fit systems with axial 

symmetry, which is why Fig (2.4) does not have error reduction for even terms. However, 

when the rays become non-symmetric, the balance is removed. That imbalance must be 

addressed using the even terms.  
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2.3.2 Error Graph Description 

  The following subsections present a large number of similar error graphs to 

demonstrate how different lens properties affect the accuracy of the eikonal fit. In order 

to aid in the explanation of these data, an example set of graphs is shown below in Fig. 

(2.6-2.9). The example surface used to generate these plots has a radius of curvature of 15 

mm and a refractive index of 1.5.  

         

Figure 2.6: X surface eikonal for a surface with a radius of curvature of 15 mm and refractive 

indices of 1.0 (object space) and 1.5 (image space). 
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Figure 2.7: Y surface eikonal for a surface with a radius of curvature of 15 mm and refractive 

indices of 1.0 (object space) and 1.5 (image space). 

 

         

Figure 2.8: L surface eikonal for a surface with a radius of curvature of 15 mm and refractive 

indices of 1.0 (object space) and 1.5 (image space). 
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Figure 2.9: M surface eikonal for a surface with a radius of curvature of 15 mm and refractive 

indices of 1.0 (object space) and 1.5 (image space). 

  As seen above, a full eikonal error analysis consists of eight plots. Each eikonal 

has two plots associated with it, showing the error distribution in XY space and LM space. 

Since there are four eikonals, X, Y, L, and M, there is a total of eight plots. Due to the 

axial symmetry of the lens, the X and Y eikonal plots are the same but with a 90° rotation, 

and the same is true for the L and M eikonal plots. Therefore, for the rest of this chapter 

only the X and L eikonal plot sets are presented. A slight asymmetry can be seen in the 

LM subplots that is due to a slight error in the interpolation function used in the plotting 

program; as such, this asymmetry is an artifact and not a real asymmetry of the data.  

Dark shadows are present in some plots seen later in this chapter. These shadows 

are due to the way that the plotting program generates an illumination point for these 

surface plots, which are actually 3D plots viewed from above. Thus, the shadows are also 

an artifact. The only indication of error is tied to the graph color, and the color is relative 
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to the entire data set being analyzed. The maximum and minimum of the legend are the 

maximum and minimum values of the entire data set – not just the current lens being 

viewed. For example, there is no dark blue in the graphs because these graphs do not 

reach the minimum that is experienced for a lens with an infinite radius, which is part of 

this data set. 

Throughout the plots shown in these subsections, a clear trend is evident: the most 

accurate eikonal results are along the axis of the eikonal. For example, the X eikonal is 

most accurate along the X axis, and becomes less accurate along the other axes of Y, L, 

and M. The X eikonal describes the X behavior, so it is logical why the most accurate area 

is in the region it is meant to define. These error plots are created using a formula similar 

to Eq. (2.7). The error equations used to create Fig. (2.6-2.9) are shown in Eq. (2.8 and 

2.9), where 𝐸𝑟𝑟𝑜𝑟cm is how the error is calculated at each point on the XY graphs, and 

𝐸𝑟𝑟𝑜𝑟no is how the error is calculated at each point on the LM graphs, 

 
𝐸𝑟𝑟𝑜𝑟cm =

b∑(𝑋k − 𝑋l)L

𝐴𝑑  (2.8) 

 
𝐸𝑟𝑟𝑜𝑟no =

b∑(𝑋k − 𝑋l)L

𝐷 . (2.9) 

  Fig. (2.2) provides the easiest way to comprehend how the error plots are created. 

For the XY plot, the angular spread shown in Fig. (2.2b) has its error determined by Eq. 

(2.8). For each point in XY space, the error of all of the rays in angular space is reduced 

using an RMS. This RMS gives a single value for each point in XY space, which can then 
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be interpolated over and plotted. The LM plot works in much of the same way; however, 

instead of taking the RMS at each point in XY space, the RMS is taken at each point in 

LM space. Eq. (2.8 and 2.9) are normalized by the range of the data, which makes the 

output error figures unitless.  

  The eikonal equations for all lenses used can be provided by the author upon 

request. The eikonal equations for the example lens shown in Fig. (2.6-2.9) can be found 

in Appendix B.  

2.3.3 Cartesian and Angular Space Combination Graphs 

  For every lens observed, plots in XY and LM space are presented. These spaces 

are chosen as they provide a simple-to-view 2D representation of spatial and angular 

error contributions. However, using XY and LM leaves the combinations of XL, XM, YL, 

and YM. This subsection will discuss the observed phenomena in these spaces and why 

they were not included for all lens combinations. The following plots show the 

combinations of XL, XM, YL, and YM for the X and L eikonals.  
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Figure 2.10: Mixed spatial and angular plots for the X eikonal. 
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Figure 2.11: Mixed spatial and angular plots for the L eikonal. 

  The plots are generally similar between the X and L eikonal. The XL and YM plots 

have an s-curved shape in the center of the plot, with peaks in the top left and bottom 

right corners. The XM and YL plots have a low point in the center that increases into 

maxima in all of the corners. The s-curve is similar to the clustering of ray paths seen in 

Filosa, C., et al. (2017), which indicates that error is grouped in areas that represent 
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different ray paths, with one group of rays having a lower error and a different group of 

rays having a higher error. While these plots provide an interesting perspective into how 

the spatial and angular variables interact, similar patterns can be seen for every system, 

and the progression of error is already well covered with the XY and LM graphs.  

  The following subsections will explore how the five main properties of a lens 

affect the error of a sixth order eikonal fit. The fit is limited to sixth order, as it provides 

the best accuracy within a reasonable amount of computation time. These five properties 

are radius of curvature, refractive index, semi-diameter, shape factor, and thickness. 

Radius of curvature, refractive index, and semi-diameter can be tested using a single 

surface, as a single surface has a radius of curvature, object and image space indices, and 

a semi-diameter. Therefore, the methodology presented in section 2.2 is used to analyze 

these systems. This methodology can also be used with two surfaces, as is required to 

define shape factor and thickness. However, instead of tracing through a surface, the rays 

are traced through the entire lens before they are back-traced to the initial plane. 

2.3.4 Eikonal Error Due to Radius of Curvature 

  The radius of curvature of a single spherical surface describes how far away from 

a flat surface the surface deviates. For this example, seven surfaces are compared, and all 

of these surfaces have an object space index of 1 and an image space index of 1.5. The 

seven radii of curvature are -15 mm, -30 mm, -60 mm, infinity, 60 mm, 30 mm, and 15 

mm. Curvature is defined as the inverse of the radius of curvature, and will also be 

referenced in this section as it removes the need to pass through an infinite point when 
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discussing a flat surface. This range represents how relaxation of the radius of curvature 

affects the accuracy of the eikonal. The first comparison, depicted in Fig. (2.12-2.18), 

illustrates the effect of different curvatures on the X eikonal. 

           

Figure 2.12: X eikonal error graphs of a surface with a radius of curvature of -15 mm and a 

curvature of −0.06% &
''

.  
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Figure 2.13: X eikonal error graphs of a surface with a radius of curvature of -30 mm and a 

curvature of −0.03% &
''

.  

         

Figure 2.14: X eikonal error graphs of a surface with a radius of curvature of -60 mm and a 

curvature of −0.016% &
''

.  
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Figure 2.15: X eikonal error graphs of a surface with a radius of curvature of infinity and a 

curvature of 0.0.  

         

Figure 2.16: X eikonal error graphs of a surface with a radius of curvature of 60 mm and a 

curvature of 0.016% &
''

.  
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Figure 2.17: X Eikonal error graphs of a surface with a radius of curvature of 30 mm and a 

curvature of 0.03% &
''

.  

         

Figure 2.18: X eikonal error graphs of a surface with a radius of curvature of 15 mm and a 

curvature of 0.06% &
''

.  
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  A variety of interesting progressions can be observed in Fig. (2.12-2.18). First, the 

error shrinks as the curvature value increases. The absolute values of curvature mirror 

each other, so the -15 mm graphs are the same as the 15 mm graphs and so on. This 

perfect symmetry is further depicted by the presence of perfect zero values (within the 

precision of the program used) for the X eikonal with a radius of curvature of infinity. 

This perfect zeroing at infinity occurs because for any particular value of X and Y, the 

output position will be the same. It does not matter where the ray starts; if the radius of 

curvature of the lens is infinite, then the same X value will always back-trace in the exact 

same way. There is also an area of minimum error around the X axis for all figures, which 

occurs due to the X eikonal defining the ray set in the X direction. The comparisons in 

Fig. (2.19-2.25) use the same surfaces, but show the error from the L eikonals. 

         

Figure 2.19: L eikonal error graphs of a surface with a radius of curvature of -15 mm and a 

curvature of −0.06% &
''

. 
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Figure 2.20: L eikonal error graphs of a surface with a radius of curvature of -30 mm and a 

curvature of −0.03% &
''

. 

         

Figure 2.21: L eikonal error graphs of a surface with a radius of curvature of -60 mm and a 

curvature of −0.016% &
''

. 
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Figure 2.22: L eikonal error graphs of a surface with a radius of curvature of infinity and a 

curvature of 0.0. 

         

Figure 2.23: L eikonal error graphs of a surface with a radius of curvature of 60 mm and a 

curvature of 0.016% &
''

. 
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Figure 2.24: L eikonal error graphs of a surface with a radius of curvature of 30 mm and a 

curvature of 0.03% &
''

. 

         

Figure 2.25: L eikonal error graphs of a surface with a radius of curvature of 15 mm and a 

curvature of 0.06% &
''

. 
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  In the context of the L eikonals, the absolute values of curvature mirror each other 

in XY and LM space. As seen in the X eikonal, perfect zero values are once again present 

and depict the perfect symmetry for the L eikonal with a radius of curvature of infinity. 

This perfect zeroing can be further reinforced by taking the L eikonal for the radius of 

curvature of infinity and by removing all of the terms with coefficients below 10-9. This 

coefficient removal is reasonable, as the fitting program will try to use tiny coefficients to 

test if they improve fit; when they do not improve the fit, a tiny residual is left. Removing 

these tiny coefficients is simply removing the terms with which the fit program cannot 

find a strong fit. One must be careful when removing high order coefficients as small 

values can still have large contributions for large polynomials.  

The removal of all of the insignificant terms leaves the simple but elegant 

equation of 𝐿′ = 𝐿, and the same holds true for 𝑀′ = 𝑀. As for the other graphs, the 

radius of curvatures of -15 mm, -30 mm, -60 mm, 60 mm, 30 mm, and 15 mm all behave 

as expected, with the most accurate terms situated along the axis of L.  

To visualize how the error varies with curvature, a figure similar to Fig. (2.4) is 

created. This time, instead of order, the X axis is surface curvature, as shown in Fig. 

(2.26). 
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Figure 2.26: RMS of ray fit error and its relation to the surface curvature. 

  Fig. (2.26) portrays what is expected of the overall surface curvature error, based 

on the observations in this subsection. There is perfect mirror symmetry with respect to 

zero curvature (i.e., vertical axis), as negative and positive curvatures are the same shape, 

just in a different direction. The X, Y, L, and M error reaches zero for zero curvature, as 

was observed in Fig. (2.15 and 2.22). The fit of a surface eikonal becomes more accurate 

the closer the curvature is to zero.  

2.3.5 Eikonal Error Due to Lens Semi-Diameter 

  The semi-diameter of the lens is a term used to describe the radius of the lens. The 

term ‘semi-diameter’ is used to avoid confusion with the radii of curvature of the lens. 

For the analysis shown in this section, the semi-diameter of the ray set is set to the 
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defined semi-diameter, to avoid errors due to ray clipping. Therefore, some rays go 

beyond the semi-diameter of the lens, but the scaling effect is still captured. For this 

example, a lens with a radii of curvature of 30 mm is used, and the surface has an index 

of 1.5 with an incident index of 1. The first comparison, depicted in Fig. (2.27-2.31), 

shows how the semi-diameter affects the X eikonal. 

         

Figure 2.27: X eikonal error graphs of a surface with a semi-diameter of 1 mm. 
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Figure 2.28: X eikonal error graphs of a surface with a semi-diameter of 2 mm. 

         

Figure 2.29: X eikonal error graphs of a surface with a semi-diameter of 3 mm. 
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Figure 2.30: X eikonal error graphs of a surface with a semi-diameter of 4 mm. 

         

Figure 2.31: X eikonal error graphs of a surface with a semi-diameter of 5 mm. 

  As semi-diameter increases, there is an increase in the error of the X eikonal in 

both XY and LM space. The static radius of curvature means that as the semi-diameter 

increases, so does the maximum angle of incidence on the surface. Higher angles of 

incidence are associated with larger aberration content and thus are harder to fit. The 
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pupil of the surface is also growing larger, which is associated with increased aberration 

content. The second comparison, depicted in Fig. (2.32-2.36), shows how semi-diameter 

affects the L eikonal. 

         

Figure 2.32: L eikonal error graphs of a surface with a semi-diameter of 1 mm. 

         

Figure 2.33: L eikonal error graphs of a surface with a semi-diameter of 2 mm. 
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Figure 2.34: L eikonal error graphs of a surface with a semi-diameter of 3 mm. 

         

Figure 2.35: L eikonal error graphs of a surface with a semi-diameter of 4 mm. 
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Figure 2.36: L eikonal error graphs of a surface with a semi-diameter of 5 mm. 

  The L eikonal error in Fig. (2.32-2.36) shows a pattern with a high amount of 

fluctuation in error. This fluctuation is due to the error being so low that the small, high- 

frequency wobbles from the higher order polynomial contribution become visible. As the 

semi-diameter increases, the error is distributed over a larger area and the higher order 

ripples smooth out.  
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Figure 2.37: RMS of ray fit error and its relation to semi-diameter. 

  In Fig. (2.37), the L and M eikonals have a mostly flat error curve, while the X 

and Y eikonals increase in a generally linear fashion. The trend in Fig. (2.37) is due to the 

size of the ray set increasing in the X and Y directions, but not in the L and M directions. 

The static L and M size means that the eikonal does not have to characterize a greater 

angular size, which leads to a mostly constant error. The X and Y, however, are increasing 

at a linear rate and as such the error is increasing at that linear rate as well.  

2.3.6 Eikonal Error Due to Refractive Index 

  The refractive index is a material property that describes the speed at which light 

moves through a material. Given the refractive indices, the angle at which the light rays 

are bent can be found via Snell’s Law, 
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 𝑛& sin(𝜃&) =𝑛L sin(𝜃L). (2.10) 

The refractive index is due to the chemical composition and other properties of the 

material. Refractive index also varies with the wavelength of light that is being sent 

though the material. For this analysis, a fictitious group of materials is used to achieve 

exact refractive indices of 1.4, 1.5, 1.6, 1.7, and 1.8, in order to simplify the error 

analysis. These five refractive indices are evaluated on a 30 mm radius of curvature lens, 

with an object space index of 1.0 and the image space having the variable index. The first 

comparison, depicted in Fig. (2.38-2.42), shows how refractive index affects the X 

eikonal. 

         

Figure 2.38: X eikonal error graphs of a surface with a refractive index of 1.4. 
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Figure 2.39: X eikonal error graphs of a surface with a refractive index of 1.5. 

         

Figure 2.40: X eikonal error graphs of a surface with a refractive index of 1.6. 
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Figure 2.41: X eikonal error graphs of a surface with a refractive index of 1.7. 

         

Figure 2.42: X eikonal error graphs of a surface with a refractive index of 1.8. 

  The plots show an increase in error in both XY and LM spaces as the refractive 

index increases. The increase in error occurs because as refractive index increases, so 

does the refracted angle. Therefore, there will be a larger difference between the input 

and output angle as index increases, as can be seen in the relation of Snell’s Law shown 
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in Eq. (2.10). This increase in angle causes larger ray deviations, which are more difficult 

to fit. Fig. (2.43-2.47) show how the same change in index affects the L eikonal.  

         

Figure 2.43: L eikonal error graphs of a surface with a refractive index of 1.4. 

         

Figure 2.44: L eikonal error graphs of a surface with a refractive index of 1.5. 
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Figure 2.45: L eikonal error graphs of a surface with a refractive index of 1.6. 

         

Figure 2.46: L eikonal error graphs of a surface with a refractive index of 1.7. 
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Figure 2.47: L eikonal error graphs of a surface with a refractive index of 1.8. 

  The L eikonals experience an increase in error, but only a slight increase relative 

to the X eikonals. The overall error of the L eikonal does not change significantly, but 

there is a significant increase of relative error in the LM plots. The XY plots have no 

significant change in relative error.  
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Figure 2.48: RMS of ray fit error and its relation to the refractive index. 

  The increase in error is directly correlated with refractive index, as depicted in the 

plot shown in Fig. (2.48). The X and Y eikonals experience a larger increase in relative 

error, while the L and M eikonals show a smaller but similar increase with index. As 

discussed earlier in this subsection, the refractive index changes how much incident rays 

bend, and therefore the error increases along with the refractive index.  

2.3.7 Eikonal Error Due to Thickness 

  The thickness of an element is measured by the distance between the vertices of 

two surfaces. Increasing the thickness of an element allows the rays to travel a longer 

distance before impacting the second surface. This increase in thickness means that the 

rays generally have a larger footprint on the second surface, as the rays have more length 
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in which to spread out. The lens used in this comparison is a biconvex lens with a shape 

factor of zero and a focal length of 60 mm, at a thickness of 10 mm, and refractive index 

of 1.5 immersed within an index of 1.0. These specifications correspond to a front 

element with a radius of curvature of 58.2843 mm, and a back element with a radius of 

curvature of -58.2843 mm. The thickness values used are 5 mm, 10 mm, 15 mm, 20 mm, 

and 25 mm. The first comparison, depicted in Fig. (2.49-2.53), shows how thickness 

affects the X eikonal. 

         

Figure 2.49: X eikonal error graphs of a lens with a thickness of 5 mm. 
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Figure 2.50: X eikonal error graphs of a lens with a thickness of 10 mm. 

         

Figure 2.51: X eikonal error graphs of a lens with a thickness of 15 mm.  
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Figure 2.52: X eikonal error graphs of a lens with a thickness of 20 mm. 

         

Figure 2.53: X eikonal error graphs of a lens with a thickness of 25 mm. 

  The X eikonal’s error increases with thickness except for the thickness of 5 mm, 

which acts as an outlier to this trend with a significant increase in error. The error charts 

in XY space show a mostly homogeneous error distribution, while the LM charts show a 

bar of low error down the middle. This error bar is due to the fact that L is the direction 
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cosine in the X direction, so an eikonal that characterizes the X parameter will have lower 

error in the angular direction associated with it. The next set of graphs shows how the L 

eikonal is affected by thickness. 

         

Figure 2.54: L eikonal error graphs of a lens with a thickness of 5 mm. 

         

Figure 2.55: L eikonal error graphs of a lens with a thickness of 10 mm. 



 72 

         

Figure 2.56: L eikonal error graphs of a lens with a thickness of 15 mm. 

         

Figure 2.57: L eikonal error graphs of a lens with a thickness of 20 mm. 
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Figure 2.58: L eikonal error graphs of a lens with a thickness of 25 mm. 

   In Fig. (2.54-2.58), there is no significant difference for the L eikonal with the 

change of thickness in XY space. In LM space, there is a decrease in error as thickness 

increases. The relative error bars indicate that this difference is small. As with the X 

eikonal, there is an error bar in the X direction for the L eikonal.  
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Figure 2.59: Log plot of the RMS of ray fit error and its relation to the thickness. 

  Fig. (2.59) presents an interesting trend that does not appear in any of the other 

dependent factors, which is a minimum/maximum point in the data distribution for a non-

symmetric optical term. The L and M eikonals are relatively flat, because thickness can 

only change the angle when the ray impacts at a different point on the second surface. 

The X and Y eikonals exhibit a minimum point at 10 mm, and then increase as expected, 

as greater thickness means the ray group will tend to have a larger spread. This peak at 5 

mm is due to the rays near the edge of the lens having a large angle of refraction off the 

second surface. When the thickness is increased, these rays propagate further towards the 

center of the lens, causing the angle of refraction to reduce. 
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2.3.8 Eikonal Error Due to Shape Factor 

  The shape factor of a lens is a measure of the relation between the radii of 

curvature of the two surfaces of the lens, and is defined by Eq. (2.11). By using Eq. 

(2.11-2.13) and assuming a thickness of 10 mm, an overall focal length of 60 mm, and an 

index of 1.5, the radii of a lens can be found for any desired shape factor,  

 𝑆 =
𝑟L + 𝑟&
𝑟L − 𝑟&

 (2.11) 

 𝜙 =
𝑛L − 𝑛&

𝑟 =
1
𝑓 (2.12) 

 𝜙uvu = 𝜙& + 𝜙L − 𝜙&𝜙L
𝑡
𝑛	. 

(2.13) 

Eq. (2.11) defines the shape factor 𝑆 in terms of the two radii of curvature of the lens 𝑟& 

and 𝑟L. Eq. (2.12) gives the power of a single surface in terms of the object space index 

𝑛&, the image space index 𝑛L, and the radius of curvature of the element 𝑟, and also states 

that power is the direct inverse of focal length. Eq. (2.13) gives the power of a lens in 

terms of the power of the first surface 𝜙&, the power of the second surface 𝜙L, the 

thickness 𝑡, and the refractive index of the lens material 𝑛. An example of how shape 

factor manifests itself for a positive lens is shown in Fig. (2.60). 
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Figure 2.60: Shape factor for a positive lens where numbers indicate the shape factor 

(Greivenkamp, p.41). 

Fig. (2.60) demonstrates how for a positive lens, shape factor determines the form 

of the lens without modifying the focal length. A shape factor of zero gives a biconvex 

lens with radii of equal absolute value. A shape factor of negative one results in a plano-

convex lens with the flat side facing object space, and a shape factor of positive one 

results in a plano-convex lens with the flat side facing image space. Shape factors with an 

absolute value higher than one result in meniscus lenses. With shape factor now defined, 

its effect on the X eikonal can be observed in Fig. (2.61-2.65). 

S =
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Figure 2.61: X eikonal error graphs of a lens with a shape factor of -2. 

         

Figure 2.62: X eikonal error graphs of a lens with a shape factor of -1. 
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Figure 2.63: X eikonal error graphs of a lens with a shape factor of 0. 

         

Figure 2.64: X eikonal error graphs of a lens with a shape factor of 1. 
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Figure 2.65: X eikonal error graphs of a lens with a shape factor of 2. 

For the X eikonal, there is a minimum at the shape factor of -1. The XY graphs 

develop error that increases from a central point, while the LM graphs show a stripe of 

low error down the center. As was discussed in the thickness section, this error bar is due 

to the fact that L is the direction cosine in the X direction, so an eikonal that characterizes 

the X parameter will have lower error in the angular direction associated with it. The next 

set of graphs shows how the L eikonal is affected by shape factor. 
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Figure 2.66: L eikonal error graphs of a lens with a shape factor of -2. 

         

Figure 2.67: L eikonal error graphs of a lens with a shape factor of -1. 
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Figure 2.68: L eikonal error graphs of a lens with a shape factor of 0. 

         

Figure 2.69: L eikonal error graphs of a lens with a shape factor of 1. 
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Figure 2.70: L eikonal error graphs of a lens with a shape factor of 2. 

  In Fig. (2.66-2.70), the minimum of the -1 shape factor is visible in both XY and 

LM space for the L eikonal. In LM space, the L eikonal is mostly homogeneous, while in 

XY space, there is a stripe of low error down the center of the graphs.  
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Figure 2.71: Log plot of the RMS of ray fit error and its relation to shape factor. 

  The RMS error graph provided in Fig. (2.71) confirms the odd behavior seen in 

Fig. (2.61-2.70). The behavior is nearly linear, except for a large drop at the shape factor 

of -1. A well-known property of shape factor is that when collimated light is travelling 

from the object direction, a shape factor of 1 is ideal as it reduces the amount of bending 

the light has to do at each surface. It then stands to reason that a shape factor of -1 is ideal 

for point sources near the lens, because the point sources will emit near collimated light 

in image space. This reasoning is further reinforced with a plot of the lens used in this 

calculation with several ray sets traced through it, seen in Fig. (2.72).  
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Figure 2.72: Lens diagram of point source rays near the first surface traced through a lens with a 

shape factor of -1.  

The system shown in Fig. (2.72) is a close approximation of the setup used to 

create the eikonal. This figure shows that the rays distribute the bending they experience 

between the two surfaces. To reiterate, a collimated source entering into a lens with a 

shape factor of 1 has lower aberration content, because it distributes the bending of the 

rays between two surfaces. This same concept is visible in Fig. (2.72). There is also a 

collimation effect as the point sources move further off axis. These observations lend 

further credence to the reasoning that the -1 shape factor is ideal, due to the system being 

similar to a reversed version of the classic collimated system. 
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2.4 Surface Eikonal Conversion of a Full Optical System  

  The optical system used in this section is a simple optimized Cooke triplet 

example lens from the Code V® library. The system prescription is given in Table (2.1).  

Surface # Radius (mm) Thickness (mm) Glass 

Object Infinity Infinity Air 

1 16.8783 3.25 NSK16_SCHOTT 

2 247.0263 4.9841 Air 

STOP -35.9572 1.25 NF2_SCHOTT 

4 15.8861 6.0992 Air 

5 49.0808 3.25 NSK16_SCHOTT 

6 -27.6211 38.8980 Air 

Image Infinity 0 Air 

 

Table 2.1: Cooke triplet example lens prescription. 

  A few alterations are made to the default system to streamline the fitting of the 

surface eikonals. The image thickness, originally -0.1838 mm, is changed to zero to 

simplify the system, as an exact focus is irrelevant for checking if the rays traced 

correctly through the system. The system is also altered to be monochromatic, only 

tracing rays at a wavelength of 500 nm, in order to cut down on the number of terms to be 

fit in this proof-of-concept. A rendering of the system is provided in Fig. (2.73), with 

three fields traced through the system. The system is a classic Cooke triplet with a 
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negative flint lens set between two positive crown lenses. The Cooke triplet is a good 

proof-of-concept lens, as it is a well-known configuration with relatively few elements.  

 

Figure 2.73: Lens view of Cooke triplet used for surface eikonal analysis with field rays traced. 

Fig. (2.73 and 2.74) are the same system, with Fig. (2.74) having planes at the 

vertices of the surfaces. The principle planes for a single surface are located at the vertex 

of that surface. Therefore, by placing the planes at the vertex of the surfaces, they are also 

located at the principle planes of each surface. If each surface is fit to a surface eikonal, 

then the lens surface it represents can be removed and replaced with a plane of the same 

semi-diameter. The location of the eikonal surface is where the principle planes in Fig. 

(2.74) are located. This conversion is performed and the output is plotted in Fig. (2.75).  
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Figure 2.74: Cooke triplet with dummy surfaces shown where eikonal surfaces will be placed. 

 

Figure 2.75: Eikonal representation of Cooke system as plane surfaces with a single ray traced. 
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 Fig. (2.75) depicts dummy surfaces located where the eikonal surfaces will be 

placed. Fig. (2.74) depicts a 2D view of eikonal surfaces, with an example ray traced 

through the system. When a ray is traced through an eikonal surface, it is propagated to 

the surface. Then, a new height and angle are found using the eikonal equation for that 

surface. This change in height occurs because the eikonal represents a curved surface that 

is projected onto a flat plane. Fig. (2.3) shows that ray segment r1 impacts S1 in a 

different location than where r3 impacts S3. This change in location is the cause of the ray 

jumping visible in Fig. (2.75). 

2.4.1 Tracing Rays using Surface Eikonals 

  Once the optical system has been characterized as described above, rays can then 

be traced using the eikonal functions. There are two components to tracing surface 

eikonal rays: surface interaction and ray transfer. Surface interaction is the calculation of 

the eikonal on the surface, which entails inputting the image X, Y, L, and M parameters of 

the ray into four eikonal functions that return X, Y, L, and M on the object side of a given 

plane. Ray transfer in a system of eikonal surfaces is achieved through vector propagation 

between two planes. Using the solution in Eq. (2.14), the ray can be propagated between 

planes and its new location calculated. The medium is assumed to be homogeneous, so no 

angle change is calculated between eikonal surfaces, 
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 𝑉x⃗ ∙ 𝑍| = 𝑡	

‖𝑉‖ ∗ cos(𝜃��) = 𝑡	

‖𝑉‖ =
𝑡

cos(𝜃��)
	

𝑟′xx⃗ = 𝑟 + 𝑉� ∗ ‖𝑉‖. 

(2.14) 

In Eq. (2.14), 𝑉x⃗  is the ray vector between the two planes, 𝑡 is the distance between the 

two planes, 𝜃�� is the angle between the ray and the z axis, �⃗� is the location of the ray on 

the first plane, and 𝑟?xxx⃗  is the location of the ray on the second plane. 

2.4.2 Element Exchanges 

  One of the main advantages of using surface eikonals is the ability to change 

elements out without having to recharacterize the entire system. If a single element has a 

change in radius of curvature, a designer traditionally has to do all of the analysis again 

with new rays. However, using surface eikonals, only that element needs to be 

recharacterized, rather than the entire system. In order to visualize this concept, the 

Cooke triplet from Fig. (2.73) has its third element modified to change the radius of 

curvature from -35.9572 mm to 10 mm. The new lens drawing is depicted in Fig. (2.76). 
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Figure 2.76: Cooke triplet with a different curvature on the third element with field rays traced. 

This new lens can now be reduced using the same eikonal surfaces as in Fig. (2.75), 

except for the third element, which would be replaced with a new eikonal that describes 

that surface.  
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CHAPTER 3 

USING KERNEL DENSITY ESTIMATION TO INTERPOLATE COMPLEX RAY 

DISTRIBUTIONS 

3.1 Kernel Density Estimation for Ray Sets 

  Kernel density estimation is a useful tool for interpolating new initial rays when 

the rays on the object plane are not organized in a way that can be easily described by a 

function, and new rays cannot be generated. If both of these restrictions are in place and 

the radiance of the system cannot be fully defined with the existing ray set, then these 

new rays can help fully define the radiance of the system. A ray set can be described by a 

probability density function, which is useful for complex initial ray sets like the one 

displayed in Fig. (3.1). A probability density function representation of the rays is 

advantageous in that it allows a user to select random rays from the density function, and 

obtain new, unique rays that belong to the same density space as the initial rays. Once 

enough rays have been generated, a complete definition of the radiance of the system can 

be defined. 
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Figure 3.1: Complex ray set that can benefit from being modeled as a kernel density estimation. 

This figure created using Polaris-M. 

Polaris-M is a polarization ray tracing software created by Airy Optics Inc. For more 

information see http://www.airyoptics.com/polaris-m-software/, or contact directly at 

(800) 659-2546 or info@airyoptics.com. 

3.2 Different Forms of the Kernel Density Estimation  

  Density estimation is a method of creating a probability density function from a 

given dataset. A probability density function is a d-dimensional normalized function, 

which describes the likelihood of a data point existing at any particular point in the given 

space. There are several different methods of density estimation; however, the method on 

which this dissertation focuses is kernel density estimation. Kernel density estimation is 

an expansion on the naïve estimator. The naïve estimator takes equally spaced bins and 

sums the number of events occurring within each bin. The result in one dimension looks 

much like a bar graph with harsh edges and a blocky pattern. The kernel estimator builds 

X (mm)

Y (mm)
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on the naïve estimator by instead representing each data point with a kernel function that 

satisfies the condition, 

 
� 𝐾(𝑥)𝑑𝑥 = 1.
�

e�

 (3.1) 

In Eq. (3.1), K is the kernel function and x is the space in which the kernel function 

exists. The kernel function is usually chosen to be the Gaussian function, as has been 

done in this dissertation. With this definition of a kernel, we can now define the kernel 

estimator in one dimension as, 

 
𝑓|(𝑥) =

1
𝑛ℎP𝐾 �

𝑥 − 𝑋W
ℎ �

Q

WX&

. (3.2) 

In Eq. (3.2), h is the bandwidth and n is the number of data points. These equations can 

be expanded into multiple dimensions with the kernel function defined as, 

 
�𝐾(𝑥)𝑑𝑥
	

��

= 1, (3.3) 

and the kernel estimator defined as, 

 
𝑓|(𝑥) =

1
𝑛ℎjP𝐾 �

𝑥 − 𝑋W
ℎ � .

Q

WX&

 (3.4) 
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In Eq. (3.3-3.4), d is the dimensionality of the data set. This chapter explores the use of 

multivariate kernel estimation as shown above, and uses a Gaussian kernel (Silverman, 

1986). 

  Mathematica® offers a functional implementation of kernel density estimation 

called the SmoothKernelDistribution. This function performs a kernel density estimation 

on an n-dimensional set of data with a given kernel. The documentation for this function 

defines the kernel estimator the same way that Silverman does in one dimension, and in 

fact, states that “by default, the ‘Silverman’ method is used” (Wolfram, 2010). Even 

though Silverman does not provide a multivariate definition for the kernel estimator and 

kernel function, the multivariate implementation in Mathematica® is consistent with 

Silverman. The kernel estimator is defined discretely as a sum of separate kernels. So, in 

order to smooth the data out, the SmoothKernelDistribution routine interpolates over the 

summed data. The user can set the amount of points used for interpolation, which allows 

the user to trade accuracy for time for the interpolation.  

3.3 Kernel Density Estimation Limits 

  While useful, the kernel density estimation does have its shortcomings – the two 

biggest of which are computation time and computer memory usage. In order to obtain an 

accurate kernel density estimation, a minimum number of interpolation points must be 

employed. The interpolation points determine how fine the interpolation of the final 

kernel density estimation should be. The more points, the smoother the result.  
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  The comparison of how interpolation points affect the output is depicted in Fig. 

(3.2). Fig. (3.2) is created by converting a ray set into a set of probability density 

functions with different numbers of interpolation points, and then randomly sampling 

rays from these probability density functions to create a set of ray distributions. The 

figure only shows the X and Y coordinates of the rays for the sake of viewability; 

however, this technique is able to provide X, Y, L, and M data for the entire ray set. The 

blocky nature of a low interpolation point count is apparent in Fig. (3.2a and 3.2b). Once 

64 interpolation points are used, the blocky nature becomes less apparent and the hump 

near the origin becomes better defined, as apparent in Fig. (3.2c). The accuracy of the fit 

is directly correlated with the number of interpolation points that can be used.  
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a.  b.  

c.  d.  

Figure 3.2: Comparison of how the number of interpolation points used in the smoothing function 

changes the accuracy of the probability density function. The subfigures show 16 interpolation 

points (a), 32 interpolation points (b), 64 interpolation points (c), and the original ray set from 

which the probability density function was taken (d). These figures created using Polaris-M. 

  While more interpolation points will tend to yield more accurate results, 

unfortunately computation time becomes an issue. The speed of the creation of the 

probability density function using kernel density estimation is characterized by Eq. (3.5), 

where t is time to complete computation, IPs is the number of interpolation points used, 

and 𝑑 is the dimensionality of the data being used, 

𝑡 ∝ 𝐼𝑃𝑠 ∗ 2j�&. (3.5) 
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The amount of RAM required also scales at an equally run-away rate. Anything above 

four dimensions and 128 interpolation points is beyond most supercomputers, requiring 

over 1Tb of RAM and several days of computation time. 

Interpolation Points Computation Time 

32 40 Seconds 

64 21 Minutes 

128 11 Hours 
 

Table 3.1: Relation between interpolation points used to create a kernel density estimation and 

computation time for a four-dimensional probability distribution. 

Table (3.1) provides the data points on which Eq. (3.5) is based for a four-dimensional 

probability distribution. Other dimensions show a similar relation, as detailed in Eq. 

(3.5). 

3.4 Ray Interpolation Using Kernel Density Estimation 

  Expanding on the concept of d-dimensional kernel density estimation, the 

possibility to interpolate rays using a single kernel density estimation arises, in a similar 

way to how eikonals are used in this dissertation. For example, a 10-dimensional kernel 

density estimation could be created with X, Y, L, M, Flux, X’, Y’, L’ M’, and Flux’ as the 

dependent parameters. Points could then be pulled from this probability distribution that 

represent fully interpolated rays. Unfortunately, due to the computation time and RAM 

limitations listed in the section above, it is unlikely such a probability density function 
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can be created from a practical standpoint without a major breakthrough in computing 

technology, such as quantum computing. 

3.5 Using Kernel Density Estimation to Interpolate Wavefronts from Ray Sets 

  While the kernel density estimation is generally used to generate a probability 

distribution function, the same methodology can be used to approximate the optical 

wavefront. As shown in the previous two sections, kernel density estimation is the 

process of representing discrete data points as a continuous function, which is the same 

objective when representing discrete rays as a continuous wavefront. This continuous 

wavefront then allows the same type of phase space transformation that is done with the 

eikonal, where the wavefront and its propagation through the system are represented by 

the probability distribution. Therefore, the same methods can be used to make this 

conversion from rays to a wavefront. The accuracy of the conversion is relative to how 

many rays are used and what kernel is used. This relation of kernel density estimation to 

wavefronts demonstrates yet another way that rays can be converted to wavefronts.  
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CHAPTER 4 

HEADLAMP ANALYSIS 

4.1 Optical System Description 

In this section, an automotive headlamp is used as an example system, and its 

properties and construction are explored to demonstrate the concepts used throughout 

Chapter 5. The example system contains three main optical components: an LED source, 

a reflector set, and a doublet lens. The headlamp assembly in Fig. (4.1) is engineered to 

create a specific luminous intensity pattern that meets the legal requirement under the 

Federal Motor Vehicle Safety Standard (FMVSS) §571.108. The requirements under this 

standard are presented in Fig. (4.2).   

 

Figure 4.1: Digital to-scale recreation of automotive headlamp used in Chapter 5. The source 

section houses an LED and reflector, which direct rays into the collimating lens on the right side. 

LED Source Reflector

Reflector

Source Section
Collimating Lens

Headlamp Assembly 
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The source of the headlamp depicted in Fig. (4.1) is represented by a yellow line 

and represents an LED emitter. The reflector takes the light emitted from the LED and 

redirects it towards the lens. There is a second reflector off of which a portion of the rays 

reflect. Additionally, there is an aperture between the source and the lens, which creates 

the shape of the transition zone depicted in Fig. (4.3). The aperture’s location, however, 

is not exactly known due to the confidential nature of the design. The light then passes 

through the lens, which acts as a collimator. Due to confidentiality restrictions, an actual 

rendering of the headlamp is unable to be presented in this dissertation. 

 

Figure 4.2: Map from FMVSS showing test points of maximum and minimum luminous intensity 

(cd) for a low beam headlamp, where V is the vertical direction in degrees and H is the horizontal 

direction in degrees (U.S. Government Publishing Office, 2017). 

V (Deg)

H (Deg)
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The FMVSS map in Fig. (4.2) indicates where manufactures need to test the 

luminous intensity of any headlamp lens. This is a typical chart seen in the automotive 

sector, and depicts luminous intensity requirements in angle space. This chart consists of 

maximum and minimum luminous intensity values that the headlamp must meet in order 

to be brought to market. The FMVSS standard has many more requirements; however, 

only two requirements of this standard are relevant to this research: the FMVSS map in 

Fig. (4.2) and the G-Value provided in Eq. (4.1).  

  The main feature of the FMVSS map is the transition zone designated by the 

yellow maximum lines in the center of the chart. The rest of the data are presented in 

individual test points that appear as yellow dots for maximums and blue dots for 

minimums. Below the transition zone, the maximum and minimum values are much 

higher than above this zone, so that the driver can clearly see the road without blinding 

other drivers. The maximum lines have a discontinuity between the positive and negative 

V domain, with the line having a higher H value for positive V and a lower H value for 

negative V. This change in height is prescribed so that the drivers may see road signs and 

other features on their side of the road, but dips down so as not to blind drivers in the 

oncoming lane (Nighttime, 2007).  



 102 

 

Figure 4.3: Real image of transition zone imaged from the headlamp being projected onto a 

surface. 

Fig. (4.3) shows the characteristics that were observed in the FMVSS map of Fig. (4.2). 

These characteristics include the high luminous intensity region below the transition 

zone, low luminous intensity above the zone, and the curved shape of the transition zone.  

The FMVSS map only specifies what the luminous intensity in the transition zone 

must be at specific points, but does not indicate how the luminous intensity changes 

between those defined points. Technically, a manufacturer can make a harsh cutoff at the 

transition zone and still be within the specifications of the FMVSS map, causing 

significant eye strain to the driver. To alleviate this issue, the G-Value was created, which 

is defined as, 

 𝐺 = ln�𝐼�� − ln�𝐼��O.&°�. (4.1) 

In Eq. (4.1), the term 𝐼� stands for luminous intensity at the vertical angle 𝛽. The 

constraints of the form of the G-Value are illustrated in Fig. (4.4). 
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a. b.  

Figure 4.4: Parameters for determining proper G-Value for max height specification (a) and curve 

shape (b). 

The standard states that this curve must be smooth with no discontinuity in the first 

derivative, and peak between .23 and .33 as shown in Fig. (4.4). OK means the curve is 

within specification and NG means it is not.  

With the properties of the lens now described, the lens’s construction can be 

discussed. The doublet lens consists of a spherical surface and a surface that is produced 

in a computer aided design (CAD) environment. The CAD side of the lens is a complex 

surface provided in the form of a point cloud. The lens is given in two forms: one with 

fluting and one without. The flutes are intended to disperse the wavelengths of the source, 

in order to make the transition zone less harsh to the observer. This dispersion can be 

seen in the projected transition zone in Fig. (4.3), where there is a soft yellow glow in the 

transition region to reduce glare (Nighttime, 2007). The flutes can be visualized by 

subtracting the fluted and unfluted surfaces, and the results are presented in Fig. (4.5).  
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Figure 4.5: 3D rendering of the flutes in the headlamp lens. 

For the purposes of this dissertation, the unfluted lens is used, as the fluted 

version has such rapid discontinuities in the first derivative that applying eikonals to it is 

not feasible with the number of traceable rays provided. In order to fit the eikonal to the 

fluted lens, every flute would have to have its own set of eikonal equations. This means 

that for each of the 11 flutes, there would have to be enough rays with which to fully 

characterize a high order fit function. However, this fit is not feasible with the speed of 

the ray tracing program used. This lens has undergone some minor modifications in order 

to improve its performance; see Appendix A for details.  

4.2 Ray Set Description  

The only prescription given for the optical system is for the lens; no information 

is provided about the illumination section of the system. In place of that information, a 

X (mm)
Y (mm)

Z (mm)
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ray set of approximately 30 million rays was provided. The ray data consists of the 

location, direction, and flux for each ray. The rays given are traced through the source 

section and end near the focal point of the lens. These rays are depicted in Fig. (4.6), 

where two main ray groups are found and the delineating factor is the number of 

reflections.  

a.  b.  

Figure 4.6: Ray paths from the illumination system overlaid onto the optical system for single 

reflection mode (a) and double reflection mode (b). Note: these images have been edited slightly 

for confidentiality reasons, but the general trends are still able to be visualized. These figures 

created using Polaris-M. 

The first ray group shown in Fig. (4.6a) originates from the emission source, 

reflects once off the top of the illumination assembly, and then hits an aperture, which 

creates the transition zone cutoff. The second ray group shown in Fig. (4.6b) originates 

from the emission source and is reflected off the top of the emission assembly, and then 

experiences a second reflection from the bottom of the assembly. These rays are much 

fewer in number and have a lower flux value. These second reflection rays make up the 

darker section above the transition zone. Henceforth, these ray sets are referred to as the 

single reflection ray set/mode and double reflection ray set/mode, respectively. 
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Fig. (4.7) depicts the reflection modes overlapped with one another, where the 

single reflection rays are blue and the double reflection rays are orange. Note that the 

transition zone form is rotated by 180° relative to Fig. (4.3), as these rays have yet to go 

through the collimating lens, which projects the rays from XY space into LM space and 

rotates the distribution by 180°.   

a. b.  

Figure 4.7: Combined mode graphs where the single reflection mode is blue and the double 

reflection mode is orange. The reflection modes in XY space are shown in (a) and the modes in 

LM space are shown in (b). These figures created using Polaris-M. 

  The characteristic bump of the transition zone can be seen near the origin of Fig. 

(4.7a). Fig. (4.7a) also illustrates how the double reflection mode provides the low 

amount of illumination needed past the transition region, as there are no single reflection 

mode rays below the transition zone. Fig. (4.7b) reveals that the modes are almost 

completely separated in angle space, which lends confirmation to the theory that the 

single and double reflection modes are used to illuminate different sections of the far 

field.  
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CHAPTER 5 

RAY INTERPOLATION USING EIKONALS 

5.1 Eikonal Accuracy Analysis 

  As stated in Chapter 2, all of the rays in the object plane of a system are contained 

within a four-dimensional space that is defined by the variables X, Y, L, and M. The larger 

this space, the less accurate eikonal fits tend to be. In order to gain the required accuracy 

for the fit function, it is often advantageous to split this four-dimensional space into 

smaller sections and fit those subsections. These subsections have less error in their fits, 

which allows for the use of lower order fit functions. In order to avoid discontinuities at 

the seams between the subsections, it is best for the subsections to sample rays just 

outside of the dividing seams. This method of sampling does mean that some rays are 

being counted twice, but those rays are not in the area from which the eikonal is being 

sampled. As such, this double counting does not result in incorrect extra rays. The 

standard deviation of the fit gives a good metric for the amount of error that is expected 

from a particular fit.  

For this chapter, the maximum standard deviation allowed is set to be .01° or 

about .000175 in direction cosine space. This value is chosen because the resolution 

needed to define the G-Value of the system is 0.01°. Therefore, the standard deviation 

must reach that value as a minimum for an accurate G-Value. A future objective would 

be to have a maximum standard deviation of 0.001° or about 0.0000175 in direction 
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cosine space, because an additional order of magnitude is a good buffer to obtain an even 

more accurate G-Value.  

The rays in object space that contribute to the transition zone have initial extents 

of approximately ±5 mm in XY space and ±0.5 DirCos in LM space. (Note: henceforth, 

the label DirCos is used to indicate the unitless values in direction cosine space). With 

these extents, if a single fit function is attempted on all of the rays, the standard deviation 

will be too large. For example, a quadratic fit gives an accuracy of .05°, which is five 

times as large as the required accuracy. As such, it is necessary to split up that space into 

smaller areas.  

In order to determine the maximum size of the object space ray sections, a 

progressively larger area of rays in X, Y, L, and M space is traced and fit. Two sets of rays 

are traced. The first is a square grid of 5 x 5 rays in XY space, where each point in this 

spatial grid has associated with it a 5 x 5 grid in LM space. The second set is a group of 

random rays bound in the same X, Y, L, and M space as the first ray set. An example of 

the ray grid method is provided in Fig. (5.1). Graphs of the standard deviations of the fits 

from these traces are provided in Fig. (5.2 and 5.3).  
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Figure 5.1: Random ray distributions growing in footprint as they make up a larger étendue in 

both spatial and angular coordinates. 

  Fig. (5.1) shows an example of a random set of rays growing in spatial and 

angular footprint. Square distributions are used as they can be added together in a grid-

like form without any gaps in between distributions. The first ray set on the left shows a 

square grid of rays contained within a 1 mm by 1 mm patch in spatial coordinates, and 

0.1 DirCos by 0.1 DirCos in angular coordinates. The middle ray set then grows to 2 mm 

by 2 mm and 0.2 DirCos by 0.2 DirCos, and the final ray set is 4 mm by 4 mm and 0.4 

DirCos by 0.4 DirCos. This progression is what the X axis of Fig. (5.2 and 5.3) 

represents: for example, 3 would mean the data was on a 3 mm by 3 mm square and had 

an angular extent of 0.3 DirCos by 0.3 DirCos.  
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Figure 5.2: Eikonal standard deviation of XY size from 0 mm2 to 4 mm2, and LM size ranging 

from 0 DirCos to .4 DirCos. This figure created using Polaris-M. 

 

Figure 5.3: A zoomed in version of Fig. (5.2), from 0 mm2 to 1 mm2 and an LM size ranging from 

0 DirCos to 0.1 DirCos. This figure created using Polaris-M. 
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Fig. (5.2 and 5.3) demonstrate how the standard deviation of the fits increases 

with the size of the space that is being fit. The error increases in an exponential manner 

for all of the data, regardless of whether the source rays were well ordered on a grid or 

randomly distributed. Higher order fits do achieve lower error overall, but they are still 

subject to exponential growth. Even ordered fits do not increase accuracy for the reasons 

explained in section 2.3.1. While a similar number of rays were used between the grid 

and the random ray sets, the lower value of the random ray set indicates that more rays 

would need to be traced in order to obtain a more accurate curve. This lack of accuracy is 

further observed in the erratic nature beyond the 2.5 point on the X axis in Fig. (5.2) for 

the random rays. The tools needed to remake these graphs are no longer available, which 

is why these less accurate graphs are provided. 

The next step explores whether the fit loses accuracy as the ray group moves 

away from the optical axis. Aberration theory states that some aberrations are field-

dependent (Sasián, 2013), so it is important to determine if the eikonal fits are also field-

dependent. A similar analysis to the one shown above is performed; however, this time 

the étendue is held constant and the group of rays is moved off axis in X, Y, L, and M 

space. A graphic of the ray distribution can be seen in Fig. (5.4) and graphs of the 

standard deviations of the fits from these traces are shown in Fig. (5.5 and 5.6). 
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Figure 5.4: Rays moving off axis while increasing in average angle. The white box represents the 

size of the headlamp ray set.  

  Fig. (5.4) demonstrates how the rays are traced in order to create Fig. (5.5 and 

5.6). In the bottom ray set, the rays are centered on the optical axis, both in position and 

angle space. As the position of the rays increases in the X direction, so does the center of 

the ray set in the L direction. As the rays reach the maximum extent of the headlamp, 

they are centered at 5 mm and 0.5 DirCos. This method ensures that the étendue stays 

consistent while the average angle and position increase. 
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Figure 5.5: Eikonal standard deviation by field location with sample areas of 1 mm2 in XY and .1 

DirCos2 in LM. This figure created using Polaris-M. 

 

Figure 5.6: Eikonal standard deviation by field location with sample areas of 2 mm2 in XY and .2 

DirCos2 in LM. This figure created using Polaris-M. 
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   Fig. (5.5 and 5.6) demonstrate how the fit accuracy changes with ray location and 

angle, as is depicted in Fig. (5.4). These figures indicate that the field has a square 

dependence, as the fit accuracy is flat for the entire field on fits higher than first order. 

The optical surfaces are close to spheres, which can be represented as 𝑥L + 𝑦L = 𝑟L. 

Because the surface has a square dependence, the fit does as well. The overall error is 

worse from Fig. (5.6) in comparison to Fig. (5.5), as a larger étendue is being fit, which 

invites more error. The decrease in overall error between second and third order is due to 

the ability of higher order fits to capture more optical aberrations than their lower order 

counterparts. As with Fig. (5.2 and 5.3), the random nature of the rays causes some 

erratic behavior at higher values on the X axis.  

  A fundamental tradeoff arises when fitting eikonals to an optical system in an 

attempt to minimize error. There are two main ways to reduce error, as has been 

explained: increasing the order of the fit function or dividing the source rays into smaller 

sections. In order to make a fit function non-degenerate, there must be at least as many 

rays are there are fit terms. This constraint means that the higher the order of the fit 

function used, the more accurate the fit tends to be. Too many rays may also impart 

degeneracy. Therefore, whenever a ray set is fit, it is important to make sure there is no 

degeneracy of the fit due to either too many rays or too few.  

  When dividing the source rays into smaller sections, the higher order behavior 

may be reduced, leading to lower error. However, this reduction means that there are 

fewer rays to use in the fitting function. Therefore, when performing this analysis, a 
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tradeoff must be considered between how many sections are needed in which to divide 

the rays, and how high of an order of fit is used. More rays can of course be traced to 

reduce error, but given that one of the objectives of ray interpolation is tracing as few 

rays as possible, this brute force solution is not the ideal answer. As a side note, one must 

take care when determining which rays to trace when fitting an eikonal function, as 

symmetric systems with symmetric rays lead to degeneracy of the fit function for many 

of the rays.  

5.2 Interpolation Process  

  All fundamental background needed to interpolate rays with eikonal functions has 

now been presented. Fig. (5.7) provides a flow chart of the entire interpolation process 

that is described in this section. Each section on the flow chart has its own dedicated 

subsection, fully explaining the step and its purpose. 

 

Figure 5.7: Flow chart showing how to interpolate rays from eikonal functions. 
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5.2.1 Trace Manufacturer Provided Rays 

  The first step of the analysis is to trace enough rays through the system to 

characterize the system when fitting the eikonal. The number of rays needed varies 

greatly depending on the complexity of the optical system, so users may have to return to 

this step to trace more rays as they develop an idea of exactly how many rays are needed 

to fit their system within the required error. For this chapter, approximately 300,000 rays 

from the 30 million ray sample set provided need to be traced to achieve a standard 

deviation of .0014 DirCos, which exceeds the requirement of .00175 DirCos. Of those 

300,000 rays, approximately 100,000 are in the area that contributed to the transition 

zone. Only the rays needed to reach the objective are traced rather than the entire set, 

because tracing these 300,000 rays takes approximately one day in the ray trace program 

being used. With future optimizations to the speed of the ray trace program, the full set of 

30 million rays can be traced and the minimum standard deviation achievable can be 

realized. Fig. (5.8) depicts the manufacturer-provided rays being traced through the 

optical system. 
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Figure 5.8: Rendering of rays being traced through headlamp lens. This figure created using 

Polaris-M. 

5.2.2 Extract X, Y, L, and M for Object Plane and Desired Fit Variables at Image 

  The next step is to extract all of the dependent and independent parameters from 

the ray set. In this example, the desired dependent parameters are the direction cosines L 

and M, as well as Flux in object space, which together characterize the transition zone. 

Any rays that missed any of the surfaces are thrown out at this time. As discussed 

previously, flux at the object plane is constant for each reflection mode, so the only 

independent parameters are the location and angle in the object plane, represented as X, 

Y, L, and M. If Flux did have a significant variance, then that parameter would need to be 

added as well. Fig. (5.9) depicts the single reflection mode ray set at the object plane.  
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Figure 5.9: Initial ray set from the single reflection mode. 

5.2.3 Group Rays by XY/LM Object Subsections 

  The rays are now divided into subsections based on their location and angle. As 

stated in the introduction to this chapter, in order to avoid discontinuities at the seams 

between the subsections, it is best for the subsection to sample rays just outside of the 

dividing seams. Dividing the rays up in this manner reduces the number of terms that are 

needed to be fit in order to obtain a low standard deviation. The ideal size of the 

subsections can be determined by doing an analysis similar to that shown in section 5.1. 

Fig. (5.10) depicts a single ray subsection taken from the ray set in Fig. (5.9).   
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Figure 5.10: Ray subsection from ray set shown in Fig. (5.9). These rays come from the 

subsection that occupies .5 to 1.5 mm X, .5 to 1.5 mm Y, -.05 to .05 ArcCos L, and -.05 to .05 

ArcCos M. 

5.2.4 Eliminate Subsections with too Few Rays to Fit 

  Some of the outer regions do not have enough rays to fit a proper eikonal 

function. A user-defined cutoff must be set to decide how many rays are needed to 

characterize a subsection properly. For this chapter, that cutoff is 20 rays. Because the 

subsection in Fig. (5.11) only contains three rays, this subsection would be eliminated at 

this step. The cutoff is set to 20 rays, because it allows for the characterization of most of 

the transition zone, which does not include many rays. 
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Figure 5.11: Ray subsection from the ray set shown in Fig. (5.9) that has too few rays with which 

to accurately fit a polynomial. These rays come from the subsection that occupies -.5 to .5 mm X, 

-.5 to .5 mm Y, -.05 to .05 ArcCos L, and -.05 to .05 ArcCos M. 

5.2.5 Fit Rays to Eikonal For Each Subsection 

  In this step, the eikonal functions are fit in order to give the requested image space 

parameters. Each parameter has its own fit function. For example, there is a fit function 

for L, a separate function for M, and yet another separate function for Flux. Every 

subsection in object space is assigned a unique set of these three fit functions. When put 

together, a full characterization of the system’s étendue is created, ignoring the small 

subsections that have been eliminated. 
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5.2.6 Create Probability Density Function Using Kernel Density Estimation from Object 

Space Rays 

  The object ray set is converted into a probability density function derived from a 

kernel density estimation, as discussed in Chapter 3. Rays are used only if they have not 

been eliminated for being in too small a subsection. This elimination of rays is intended 

to prevent the probability distribution from creating object rays that do not have an 

eikonal function over which to interpolate. This probability distribution has output 

variables of X, Y, L, and M in object space. For any complex source, this step is critical. 

Without it, the alternative would be random generation, which would create an equally 

random output. The eikonal functions will correctly place the rays where they would go if 

they existed, but the problem is that the rays do not exist with that assumed density. Fig. 

(5.12) depicts the probability density function in XY space for the ray set in Fig. (5.9).  
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Figure 5.12: Contour plot of a probability density function derived from the locations of the rays 

shown in Fig. (5.9). 

5.2.7 Create Random Weighted Rays from Probability Density Function 

  Using the generated probability density function, random points are drawn from 

the probability distribution. At this point, there is no limit to the number of rays that can 

be generated. Thus, for more points, all the user needs to do is draw more weighted 

random values from the distribution.  

5.2.8 Evaluate Random Weighted Rays with Their Respective Fit Function to Create a 

Completed Interpolated Ray 

  Once a batch of initial ray parameters has been generated from the probability 

density function, those parameters can be evaluated by the eikonal functions in order to 
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produce the requested output parameters. To do so, the ray must be binned into the 

subsection to which it belongs in object space, so that the correct eikonal functions are 

used. Once the output parameters have been determined, all the information can be 

compiled together to create a full description of the ray output. 

5.3 Comparing Interpolated Rays to Real Rays 

  An example output of the interpolation process is provided in the 2D graphs in 

LM image space of Fig. (5.13). This output is generated through the process outlined in 

section 5.2, with the headlamp distribution described in Chapter 4. A close match is 

apparent in comparison to the real ray set from which the interpolation is derived. The 

obvious difference is the large blank areas with fewer rays. These are the areas that are 

thrown out due to their lack of sufficient rays over which to interpolate. While the 

solution is to trace more rays, it is important to perceive how this problem presents itself 

so that future users can understand the issues they may confront.   

a. b.  

Figure 5.13: Far field view of interpolated ray set (a) and real ray set (b). These figures created 

using Polaris-M. 
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5.4 Polychromatic Interpolation 

  So far, this chapter has concentrated on monochromatic light. The entire first half 

of the headlamp system is reflective; therefore, the only point where dispersion comes 

into play is the lens. Because dispersion only plays a role in the lens section, all of the 

calculated kernel distributions are still valid. Therefore, the only elements that change 

with wavelength are the eikonal functions. The reason the eikonal functions are the only 

elements to change, is because part of what they describe is how the rays change angle as 

they interact with the lens. Because different wavelengths cause the rays to bend at 

different angles when entering a medium (such as the lens), the eikonal function must be 

reevaluated for this new ray behavior.   

  There are two ways that a polychromatic ray set can be interpolated: by adding 

wavelength as an independent variable in the eikonal, or by creating a set of eikonal 

functions for a set of wavelengths. Because new source rays cannot be traced, the best 

solution is to create eikonal functions for a group of wavelengths. These ray sets should 

then be weighted by the wavelength profile of the source and summed together. This 

method offers the most accurate fit, because allowing for as many rays as possible per fit 

increases fit accuracy. 
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 CHAPTER 6 

CONCLUSIONS 

  This dissertation presents new methods for using eikonals in optical design. 

Surface eikonals provide a variety of advantages in comparison to real surfaces, when 

designing optical systems. The utilization of surface eikonals increases the speed of 

optical system optimization for predefined optical surfaces, allows for faster ray trace 

times, and offers a unique method for defining the radiance of a system. Additionally, 

through the probability density function, eikonals contribute to the interpolation of new 

rays. All of these advantages culminate into a valuable methodological contribution to the 

field, expanding the approaches available for optical design application and research. The 

following overview serves to elaborate upon and emphasize these advantages, indicate 

their significance, discuss the limitations of this work, and suggest future directions. 

First, surface eikonals are advantageous for increasing the speed of optical system 

optimization in the case of predefined optical surfaces. By converting a library of 

surfaces into surface eikonals, those surface eikonals can be interchanged quickly in a 

system. This efficiency of interchangeability means that for off-the-shelf components or 

any predefined optical surfaces, optimization can be sped up significantly because the 

properties of those surfaces are already defined. For example, an optical designer 

attempting to make an imaging system using only catalogue lenses could find the ideal 

system significantly faster if each lens were to have a surface eikonal associated with it. 
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For complex surfaces, once all of the surfaces in a lens have been converted into 

surface eikonals, the trace time for that system is significantly lower than the trace time 

of the real surfaces the eikonals represent. Trace time decreases because the program only 

needs to solve a polynomial equation for the surface interaction, and a linear equation for 

the ray transfer between surfaces. For a real ray trace of more complex surfaces, slower 

methods such as iterative root finding may need to be used. For example, if an optical 

designer wants a detailed spot diagram with thousands of rays, then this diagram can be 

produced much more quickly by tracing with surface eikonals than by tracing through 

real complex surfaces.  

Next, the form of the eikonal upon which this dissertation focuses allows for the 

description of radiance in an open-form solution. For systems where the radiance cannot 

be described in a simple, traditional closed-form solution, the eikonal offers a clean 

approach to defining the radiance of these systems. This approach provides a significant 

benefit, because many complex optical systems (such as the headlamp lens shown in this 

dissertation) have complex radiance functions that cannot be described with a simple 

function. The eikonal form bridges the gap between simple closed-form solutions, such as 

point sources, and more complex open-form solutions such as radiance maps. For 

example, an optical designer attempting to characterize the radiance of a filament source 

could characterize the outgoing ray set as an eikonal. This approach would allow the 

designer to propagate the ray set through the system as an eikonal function, rather than 

sampling from a complex radiance map. 
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Finally, many modern optical sources are provided to optical designers in the 

form of ray sets, rather than actual optical system descriptions. Thus, the optical designer 

is limited to the rays given in order to characterize the optical system with which they are 

working. New rays can be interpolated by characterizing the source as a probability 

density function, and propagating the rays through the system using eikonal functions. 

This process allows for the interpolation of new rays from these optical sources, so that 

the designers may understand the systems that they are designing more completely. For 

example, an optical designer attempting to decide what source would be optimal for a 

lens system the designer has created, could characterize the lens system as an eikonal and 

the sources as probability density functions. From there, the designer could interpolate as 

many rays as needed for each system, in order to choose the ideal source. 

  This dissertation was restricted by the following limitations. Increased tracing 

speed would have allowed for tracing more source rays from the headlamp lens, which 

would have yielded more accurate eikonal fits for the interpolated ray section. With more 

computation time and RAM, more accurate probability density functions could have been 

created, which would have also provided more accurate interpolated ray sets. 

Additionally, the inability to view Mathematica’s® source code means that some 

questions are left unanswered, such as how ray interpolation of orthogonal polynomials 

could yield the same accuracy as nonorthogonal polynomials. Lastly, one of the tracing 

tools that was initially used became unavailable in the midst of the research process. As 

such, a new ray tracing code had to be selected in order to complete the remaining 

research, restricting what tool-specific simulations could be rerun. 
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  Future work that can be based on or expanded from this dissertation includes the 

following possible directions. An investigation could be conducted into the exact 

relationship between eikonals, étendue, and skewness. Additionally, the ray interpolation 

process this dissertation presents could be investigated with imaging systems. Another 

topic to pursue could be the determination of whether it is truly possible to translate 

between a ray set and a wavefront using kernel density estimation. With these potential 

future directions in mind, this dissertation offers an extensive exploration into the 

benefits of a new optical design field that takes advantage of eikonals, and will serve as a 

valuable tool for optical designers. 

  



 129 

APPENDIX A 

HEADLAMP LENS OPTMIZATION  

The CAD designed surface of the unfluted lens is provided in Fig. (A.1). To 

reduce error in the lens, the surface is fit with a tenth order polynomial, as it is the first 

order not to exhibit a large central peak in error (henceforth this polynomial fit will be 

referred to as the fitted surface). 

 

Figure A.1: 3D view of the CAD designed surface. 

To visualize the difference between the CAD surface and the fitted surface, the 

surfaces and their derivatives in the Y direction are compared side by side in 3D space, as 

shown in Fig. (A.2). The derivatives of the fitted surface have large lower frequency 

shape changes to them. While the CAD surface has a similar lower frequency shape, it 

also experiences an added high frequency variation that the fitted surface eliminates. This 

high frequency variation occurs when a designer makes a lens in a CAD program using a 

NURBS (Non-Uniform Rotation B-Spline) description rather than a functional 

description for the surface.  
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Y (mm)

Z (mm)
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a. b.

c. d.

e. f.

g. h.  

Figure A.2: 3D plots are depicted of the CAD surface (a) and the fitted surface (b), along with 

their derivatives taken along the Y axis. Shown are the first derivative for the CAD surface (c) and 

X (mm)

Y (mm)

Z (mm)

X (mm)

Y (mm)

Z (mm)

X (mm)

Y (mm)

Z (mm)

X (mm)

Y (mm)

Z (mm)

X (mm)

Y (mm)

Z (mm)

X (mm)

Y (mm)

Z (mm)

X (mm)

Y (mm)

Z (mm)

X (mm)

Y (mm)

Z (mm)



 131 

fitted surface (d), the second derivative for the CAD surface (e) and the fitted surface (f), and the 

third derivative of the CAD surface (g) and the fitted surface (h).  

When a point source is traced near the front focal point of the lens, the nature of 

the lens' light distribution and aberrations becomes easier to visualize. Fig (A.3a) depicts 

the rays in L and M space after tracing the light from a point source through the CAD 

surface. Fig (A.3b) depicts what the rays look like for the same point source traced 

through the fitted surface. 

a. b.  

Figure A.3: Rays originating at a point source located at the back focal plane of the headlamp 

lens, traced through the CAD surface (a) and the fitted surface (b). These figures created using 

Polaris-M. 

The point source used in this analysis has a rectangular shape in angle space, 

hence the general rectangular form of the output rays. For the fitted surface, tracing the 

point source used near the focal point yields a simple rectangle of uniformly spaced rays, 

with a small amount of distortion from aberrations in the lens. The CAD surface presents 

a significantly more distorted ray output, with overlapping rays and a pinching effect in 

the center. This distorted output is due to the high frequency variations shown in Fig. 

(A.2e and A.2g). 

L

M

L

M
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In order to achieve a smooth, continuous ray set, the surfaces through which the 

rays are traced must also be smooth and continuous, not only for the surface, but for the 

surface's first and second derivatives as well. Snell's Law tells us that a ray's refraction 

angle is relative to the angle that ray makes with the surface (Sasián, 2013, p.19). 

Therefore, if the angle of that surface varies discontinuously or in a non-smooth fashion, 

the ray refraction will also vary discontinuously or in a non-smooth fashion. The first 

derivative of a surface expresses the slope of the surface, and the second derivative 

expresses how that slope varies. This discontinuity in the surface explains the differences 

between Fig. (A.3a and A.3b), thus demonstrating why fitted surfaces are beneficial.   
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APPENDIX B 

EIKONAL EQUATIONS FOR CHAPTER 2 SAMPLE LENS  

 

 

X Eikonal 

������� -3.76499 ×10-6 - 3.33771 L - 0.0000243106 L2 - 3.23209 L3 + 0.000363924 L4 -

5.3028 L5 - 0.00140209 L6 + 2.73738 ×10-14 M - 1.1975×10-12 L M + 3.49528 ×10-13 L2 M +

1.40178 ×10-11 L3 M - 2.17184 ×10-12 L4 M - 3.79141 ×10-11 L5 M + 0.00042791 M2 -

3.2328 L M2 - 0.0066621 L2 M2 - 10.6025 L3 M2 + 0.0320193 L4 M2 - 2.44952 ×10-13 M3 +

1.47931 ×10-11 L M3 - 9.98825 ×10-13 L2 M3 - 7.73665 ×10-11 L3 M3 - 0.00385594 M4 -

5.30045 L M4 + 0.020845 L2 M4 + 7.35496 ×10-13 M5 - 4.04778 ×10-11 L M5 + 0.00914961 M6 +

1.11463 X - 1.85669 ×10-6 L X + 0.271923 L2 X + 0.0000433958 L3 X + 1.41854 L4 X -

0.000134602 L5 X + 3.98279 ×10-14 M X - 3.10853 ×10-14 L M X + 2.37682 ×10-13 L2 M X +

1.10003 ×10-13 L3 M X - 1.25499 ×10-12 L4 M X + 0.114612 M2 X + 0.0000337715 L M2 X +

1.74574 L2 M2 X - 0.000574586 L3 M2 X + 3.5474×10-13 M3 X + 9.64965 ×10-14 L M3 X -

2.35259 ×10-12 L2 M3 X + 0.327187 M4 X + 6.26962 ×10-6 L M4 X - 1.37356 ×10-12 M5 X +

9.64998 ×10-9 X2 + 0.00647557 L X2 + 2.69449 ×10-8 L2 X2 - 0.00421638 L3 X2 +

4.51351 ×10-7 L4 X2 - 1.77772 ×10-15 M X2 + 8.03168 ×10-15 L M X2 + 3.33776 ×10-15 L2 M X2 -

2.16247 ×10-14 L3 M X2 - 5.43705 ×10-7 M2 X2 + 0.00711989 L M2 X2 + 2.17736 ×10-6 L2 M2 X2 +

1.10416 ×10-15 M3 X2 - 2.46946 ×10-14 L M3 X2 + 2.00849 ×10-6 M4 X2 + 0.000820664 X3 -

1.06132 ×10-8 L X3 + 0.00506985 L2 X3 - 1.20546 ×10-7 L3 X3 - 8.74643 ×10-15 M X3 +

1.85129 ×10-16 L M X3 + 1.01755 ×10-14 L2 M X3 + 0.00165254 M2 X3 + 6.28832 ×10-8 L M2 X3 +

5.52961 ×10-15 M3 X3 + 6.15501 ×10-9 X4 + 0.000224303 L X4 - 1.06149 ×10-8 L2 X4 +

4.37894 ×10-17 M X4 - 1.6966×10-16 L M X4 + 1.56605 ×10-9 M2 X4 + 7.83672 ×10-6 X5 +

5.51295 ×10-10 L X5 + 2.27776 ×10-16 M X5 - 2.20403 ×10-10 X6 + 2.44087 ×10-16 Y +

7.36979 ×10-15 L Y + 1.24288 ×10-15 L2 Y - 2.33712 ×10-14 L3 Y - 2.70228 ×10-15 L4 Y -

5.61091 ×10-15 L5 Y - 1.75927 ×10-6 M Y + 0.157319 L M Y + 0.000060197 L2 M Y + 1.09131 L3 M Y -

0.000285286 L4 M Y + 3.70217 ×10-15 M2 Y + 5.8428×10-15 L M2 Y - 1.90735 ×10-14 L2 M2 Y -

9.79261 ×10-14 L3 M2 Y + 8.68962 ×10-6 M3 Y + 1.09135 L M3 Y - 0.000152817 L2 M3 Y -

1.29723 ×10-14 M4 Y - 8.61832 ×10-14 L M4 Y - 0.0000116567 M5 Y - 4.28991 ×10-17 X Y -

1.29331 ×10-16 L X Y - 7.57473 ×10-16 L2 X Y + 2.07626 ×10-16 L3 X Y + 4.37767 ×10-15 L4 X Y -

0.00225201 M X Y + 2.06741 ×10-7 L M X Y - 0.0491059 L2 M X Y + 5.46087 ×10-7 L3 M X Y +

7.65284 ×10-16 M2 X Y + 9.22304 ×10-17 L M2 X Y + 1.94206 ×10-15 L2 M2 X Y - 0.0264354 M3 X Y -

1.04558 ×10-6 L M3 X Y - 1.87794 ×10-15 M4 X Y - 7.85276 ×10-17 X2 Y - 5.63976 ×10-16 L X2 Y +

1.1864×10-17 L2 X2 Y + 1.23291 ×10-15 L3 X2 Y + 2.61852 ×10-8 M X2 Y + 0.00390767 L M X2 Y -

2.33459 ×10-7 L2 M X2 Y + 9.42119 ×10-18 M2 X2 Y + 7.45355 ×10-16 L M2 X2 Y - 1.06592 ×10-7 M3 X2 Y -

3.78096 ×10-17 X3 Y + 5.53827 ×10-18 L X3 Y + 6.21801 ×10-18 L2 X3 Y + 0.000152243 M X3 Y -

5.16095 ×10-9 L M X3 Y - 1.34135 ×10-18 M2 X3 Y + 2.67362 ×10-18 X4 Y + 8.53035 ×10-18 L X4 Y -

4.26478 ×10-10 M X4 Y + 1.66837 ×10-18 X5 Y + 8.57083 ×10-7 Y2 + 0.00872771 L Y2 +

5.81162 ×10-7 L2 Y2 + 0.0335542 L3 Y2 - 9.69524 ×10-7 L4 Y2 - 3.51652 ×10-15 M Y2 -

1.07966 ×10-14 L M Y2 + 8.20361 ×10-15 L2 M Y2 + 3.85628 ×10-14 L3 M Y2 + 2.29605 ×10-7 M2 Y2 +

0.0222196 L M2 Y2 - 3.77884 ×10-6 L2 M2 Y2 + 5.69345 ×10-15 M3 Y2 + 2.21024 ×10-14 L M3 Y2 -

7.94262 ×10-7 M4 Y2 + 0.000820326 X Y2 + 1.19843 ×10-8 L X Y2 + 0.00457948 L2 X Y2 -

1.66266 ×10-7 L3 X Y2 - 3.93175 ×10-15 M X Y2 + 1.06058 ×10-15 L M X Y2 + 2.13427 ×10-15 L2 M X Y2 +

0.00214297 M2 X Y2 + 7.15153 ×10-8 L M2 X Y2 + 1.26546 ×10-15 M3 X Y2 - 5.47398 ×10-8 X2 Y2 +

0.000296354 L X2 Y2 - 7.15651 ×10-10 L2 X2 Y2 + 1.12741 ×10-16 M X2 Y2 + 1.0365×10-16 L M X2 Y2 -

5.64455 ×10-9 M2 X2 Y2 + 0.000015684 X3 Y2 + 1.5766×10-9 L X3 Y2 + 2.98256 ×10-16 M X3 Y2 +

1.77766 ×10-9 X4 Y2 - 4.36079 ×10-17 Y3 - 7.22032 ×10-16 L Y3 + 5.28573 ×10-18 L2 Y3 +

1.49188 ×10-15 L3 Y3 + 3.45217 ×10-8 M Y3 + 0.00292692 L M Y3 - 1.63295 ×10-7 L2 M Y3 -

1.13588 ×10-17 M2 Y3 + 9.08762 ×10-16 L M2 Y3 - 1.05328 ×10-7 M3 Y3 + 3.53022 ×10-17 X Y3 +

3.39827 ×10-18 L X Y3 - 2.45912 ×10-17 L2 X Y3 + 0.000152242 M X Y3 - 1.0441×10-8 L M X Y3 -

3.00531 ×10-17 M2 X Y3 + 3.60807 ×10-18 X2 Y3 + 2.33465 ×10-17 L X2 Y3 - 9.93946 ×10-11 M X2 Y3 +

7.09684 ×10-20 X3 Y3 - 8.04367 ×10-8 Y4 + 0.0000720537 L Y4 - 1.62144 ×10-8 L2 Y4 +

7.84932 ×10-17 M Y4 + 1.61342 ×10-16 L M Y4 + 2.21934 ×10-9 M2 Y4 + 7.85302 ×10-6 X Y4 -

9.41501 ×10-10 L X Y4 + 5.70083 ×10-17 M X Y4 + 1.83586 ×10-9 X2 Y4 + 1.20149 ×10-18 Y5 +

1.38137 ×10-17 L Y5 - 3.37501 ×10-10 M Y5 - 1.23902 ×10-18 X Y5 + 1.78857 ×10-9 Y6



 134 

 

 

Y Eikonal 

������� 2.37553 ×10-14 - 8.22576 ×10-14 L - 4.38924 ×10-13 L2 + 1.18002 ×10-12 L3 +

2.17275 ×10-12 L4 - 3.45975 ×10-12 L5 - 3.50103 ×10-12 L6 - 3.33779 M + 0.000147025 L M -

3.23143 L2 M - 0.00348291 L3 M - 5.30345 L4 M + 0.0131533 L5 M - 2.36479 ×10-12 M2 +

5.00564 ×10-13 L M2 + 2.23187 ×10-11 L2 M2 - 4.18485 ×10-12 L3 M2 - 5.35746 ×10-11 L4 M2 -

3.23119 M3 + 0.000263998 L M3 - 10.6103 L2 M3 + 0.00408614 L3 M3 + 2.10866 ×10-11 M4 -

2.09709 ×10-13 L M4 - 9.88991 ×10-11 L2 M4 - 5.30542 M5 - 0.00203317 L M5 - 4.97675 ×10-11 M6 +

1.38224 ×10-15 X + 1.53217 ×10-16 L X - 3.61192 ×10-15 L2 X - 1.8839×10-14 L3 X +

1.93202 ×10-15 L4 X + 2.12784 ×10-14 L5 X - 1.53485 ×10-6 M X + 0.157319 L M X +

0.0000528589 L2 M X + 1.09131 L3 M X - 0.00023957 L4 M X - 7.13058 ×10-15 M2 X -

2.24123 ×10-15 L M2 X + 1.81837 ×10-14 L2 M2 X - 2.06125 ×10-14 L3 M2 X + 0.0000140253 M3 X +

1.09135 L M3 X - 0.000145486 L2 M3 X + 1.25733 ×10-14 M4 X - 5.26537 ×10-14 L M4 X -

0.0000329935 M5 X + 3.56584 ×10-16 X2 + 1.69154 ×10-15 L X2 - 1.48393 ×10-14 L2 X2 -

6.71323 ×10-15 L3 X2 + 4.45682 ×10-14 L4 X2 + 0.00872765 M X2 - 5.89884 ×10-8 L M X2 +

0.022219 L2 M X2 - 2.889×10-7 L3 M X2 + 3.83468 ×10-14 M2 X2 - 7.05331 ×10-15 L M2 X2 -

4.80885 ×10-14 L2 M2 X2 + 0.0335549 M3 X2 - 2.44314 ×10-7 L M3 X2 - 1.05265 ×10-13 M4 X2 -

1.42316 ×10-16 X3 + 2.75855 ×10-16 L X3 + 1.49843 ×10-16 L2 X3 + 6.70605 ×10-16 L3 X3 -

2.29645 ×10-8 M X3 + 0.0029269 L M X3 - 1.38207 ×10-7 L2 M X3 + 2.11881 ×10-16 M2 X3 +

5.7043×10-16 L M2 X3 + 2.27048 ×10-8 M3 X3 + 2.9308×10-17 X4 - 2.13056 ×10-17 L X4 +

1.84164 ×10-16 L2 X4 + 0.0000720547 M X4 + 1.67062 ×10-9 L M X4 - 5.42644 ×10-16 M2 X4 +

3.46782 ×10-18 X5 - 1.24663 ×10-17 L X5 + 5.80151 ×10-10 M X5 - 1.22174 ×10-18 X6 +

1.11463 Y - 5.73491 ×10-7 L Y + 0.114607 L2 Y + 0.0000250144 L3 Y + 0.327193 L4 Y -

0.0000980129 L5 Y + 3.63844 ×10-14 M Y - 7.43372 ×10-14 L M Y + 3.21372 ×10-13 L2 M Y +

2.85683 ×10-13 L3 M Y - 1.9541×10-12 L4 M Y + 0.271918 M2 Y - 0.0000165498 L M2 Y +

1.74576 L2 M2 Y - 6.32016 ×10-7 L3 M2 Y - 3.83406 ×10-13 M3 Y + 3.11961 ×10-13 L M3 Y -

7.16758 ×10-13 L2 M3 Y + 1.41858 M4 Y + 0.0000534935 L M4 Y + 1.04544 ×10-12 M5 Y +

4.42457 ×10-7 X Y - 0.00225202 L X Y - 8.52347 ×10-7 L2 X Y - 0.0264352 L3 X Y +

3.00842 ×10-6 L4 X Y - 1.46794 ×10-16 M X Y + 1.38403 ×10-16 L M X Y + 2.75355 ×10-16 L2 M X Y +

2.53811 ×10-16 L3 M X Y - 2.19731 ×10-7 M2 X Y - 0.0491064 L M2 X Y + 2.77513 ×10-6 L2 M2 X Y +

7.40135 ×10-17 M3 X Y - 3.17137 ×10-16 L M3 X Y + 5.01978 ×10-7 M4 X Y + 0.000820784 X2 Y +

1.13713 ×10-9 L X2 Y + 0.00214295 L2 X2 Y - 1.78816 ×10-7 L3 X2 Y + 2.63242 ×10-15 M X2 Y +

1.17163 ×10-15 L M X2 Y - 3.25713 ×10-15 L2 M X2 Y + 0.00457945 M2 X2 Y - 7.9924×10-8 L M2 X2 Y -

2.57922 ×10-15 M3 X2 Y - 4.70275 ×10-8 X3 Y + 0.000152242 L X3 Y + 2.62949 ×10-9 L2 X3 Y +

6.54516 ×10-18 M X3 Y - 8.81544 ×10-18 L M X3 Y - 1.32031 ×10-9 M2 X3 Y + 7.83568 ×10-6 X4 Y +

1.56031 ×10-9 L X4 Y - 1.14242 ×10-16 M X4 Y + 1.00621 ×10-9 X5 Y + 1.28049 ×10-14 Y2 -

3.22181 ×10-16 L Y2 - 1.32965 ×10-14 L2 Y2 - 2.49884 ×10-15 L3 Y2 + 2.51366 ×10-15 L4 Y2 +

0.00647555 M Y2 + 2.59598 ×10-7 L M Y2 + 0.00711952 L2 M Y2 - 4.21914 ×10-7 L3 M Y2 +

2.42472 ×10-14 M2 Y2 - 4.10331 ×10-15 L M2 Y2 - 7.35459 ×10-14 L2 M2 Y2 - 0.00421666 M3 Y2 -

1.98375 ×10-6 L M3 Y2 - 7.25027 ×10-14 M4 Y2 - 1.15479 ×10-16 X Y2 + 1.07706 ×10-17 L X Y2 +

8.5998×10-17 L2 X Y2 + 7.86892 ×10-16 L3 X Y2 - 2.5106×10-8 M X Y2 + 0.0039077 L M X Y2 -

2.72532 ×10-7 L2 M X Y2 + 1.42269 ×10-16 M2 X Y2 + 9.11624 ×10-16 L M2 X Y2 - 7.34956 ×10-8 M3 X Y2 -

1.31625 ×10-15 X2 Y2 + 2.6698×10-17 L X2 Y2 + 1.07345 ×10-15 L2 X2 Y2 + 0.000296362 M X2 Y2 -

4.98476 ×10-9 L M X2 Y2 - 3.70882 ×10-16 M2 X2 Y2 + 5.86442 ×10-18 X3 Y2 - 1.49929 ×10-17 L X3 Y2 +

1.54618 ×10-9 M X3 Y2 + 2.91597 ×10-17 X4 Y2 + 0.00082071 Y3 - 1.76068 ×10-8 L Y3 +

0.00165254 L2 Y3 + 1.4041×10-8 L3 Y3 - 3.90356 ×10-15 M Y3 + 2.38365 ×10-16 L M Y3 +

6.75443 ×10-15 L2 M Y3 + 0.00506989 M2 Y3 - 2.90313 ×10-8 L M2 Y3 + 8.27067 ×10-15 M3 Y3 -

2.7826×10-8 X Y3 + 0.000152245 L X Y3 + 8.92418 ×10-9 L2 X Y3 + 4.48424 ×10-18 M X Y3 -

3.45661 ×10-18 L M X Y3 + 2.40065 ×10-9 M2 X Y3 + 0.0000156618 X2 Y3 - 3.76262 ×10-10 L X2 Y3 -

9.18051 ×10-18 M X2 Y3 + 1.89419 ×10-9 X3 Y3 - 1.34704 ×10-15 Y4 + 3.50979 ×10-17 L Y4 +

5.83586 ×10-16 L2 Y4 + 0.000224304 M Y4 - 2.84012 ×10-9 L M Y4 - 1.6454×10-16 M2 Y4 +

2.80937 ×10-18 X Y4 - 2.30176 ×10-18 L X Y4 + 1.19137 ×10-9 M X Y4 + 6.37327 ×10-17 X2 Y4 +

7.83698 ×10-6 Y5 + 4.9989×10-10 L Y5 + 8.1824×10-17 M Y5 + 3.90969 ×10-10 X Y5 + 3.3807×10-17 Y6
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L Eikonal 

������� 3.16985 ×10-7 + 0.998147 L + 0.0000277332 L2 + 0.0169173 L3 - 0.000339921 L4 - 0.036571 L5 +

0.000979889 L6 + 1.81452 ×10-14 M + 3.40445 ×10-13 L M - 5.05581 ×10-13 L2 M -

1.2484×10-12 L3 M + 1.89688 ×10-12 L4 M - 3.16262 ×10-13 L5 M - 0.000112314 M2 +

0.0170996 L M2 + 0.00148958 L2 M2 - 0.0738262 L3 M2 - 0.005513 L4 M2 - 8.4564×10-14 M3 -

5.21085 ×10-12 L M3 + 1.7435×10-12 L2 M3 + 1.52619 ×10-11 L3 M3 + 0.00100359 M4 -

0.0373217 L M4 - 0.00549263 L2 M4 + 3.15619 ×10-14 M5 + 1.54776 ×10-11 L M5 - 0.00231967 M6 -

0.0335043 X + 5.85726 ×10-8 L X - 0.00759408 L2 X - 5.76856 ×10-6 L3 X - 0.0174913 L4 X +

0.0000177979 L5 X + 6.12562 ×10-15 M X - 1.12374 ×10-15 L M X - 5.56415 ×10-14 L2 M X +

1.25801 ×10-15 L3 M X + 1.34613 ×10-13 L4 M X - 0.00973331 M2 X + 3.17371 ×10-6 L M2 X -

0.0275528 L2 M2 X + 7.55138 ×10-6 L3 M2 X - 3.0207×10-14 M3 X + 3.2225×10-15 L M3 X +

1.87337 ×10-13 L2 M3 X - 0.0100637 M4 X - 0.0000124588 L M4 X + 5.70862 ×10-14 M5 X +

3.3463×10-8 X2 - 0.00224743 L X2 - 3.79077 ×10-7 L2 X2 - 0.00370963 L3 X2 + 4.76431 ×10-7 L4 X2 -

7.44446 ×10-16 M X2 - 7.22663 ×10-15 L M X2 + 2.71688 ×10-15 L2 M X2 + 1.566×10-14 L3 M X2 +

1.10394 ×10-8 M2 X2 - 0.00322138 L M2 X2 - 1.45691 ×10-6 L2 M2 X2 + 1.9771×10-15 M3 X2 +

3.1247×10-14 L M3 X2 - 6.98234 ×10-7 M4 X2 - 0.0000345191 X3 + 2.73697 ×10-8 L X3 -

0.000423428 L2 X3 - 1.74665 ×10-8 L3 X3 - 4.35823 ×10-16 M X3 + 4.09952 ×10-17 L M X3 +

9.22325 ×10-16 L2 M X3 - 0.000103383 M2 X3 - 9.00451 ×10-8 L M2 X3 + 4.99868 ×10-16 M3 X3 -

1.48739 ×10-9 X4 - 0.0000209018 L X4 + 9.80834 ×10-9 L2 X4 + 1.26891 ×10-17 M X4 +

6.52322 ×10-17 L M X4 + 1.05192 ×10-8 M2 X4 - 4.29167 ×10-7 X5 - 7.79097 ×10-10 L X5 +

9.43433 ×10-18 M X5 + 1.28112 ×10-11 X6 - 3.39326 ×10-17 Y - 1.70198 ×10-16 L Y -

3.09719 ×10-16 L2 Y - 7.94881 ×10-17 L3 Y + 8.97756 ×10-16 L4 Y + 2.12004 ×10-15 L5 Y +

5.01325 ×10-8 M Y + 0.00213939 L M Y - 6.82319 ×10-6 L2 M Y - 0.00742634 L3 M Y +

0.0000191877 L4 M Y - 8.0871×10-17 M2 Y + 6.46876 ×10-16 L M2 Y + 1.20038 ×10-15 L2 M2 Y +

1.09251 ×10-15 L3 M2 Y - 3.68558 ×10-6 M3 Y - 0.00742764 L M3 Y + 0.0000259862 L2 M3 Y +

3.96508 ×10-16 M4 Y - 7.99423 ×10-16 L M4 Y + 9.95853 ×10-6 M5 Y + 6.66299 ×10-17 X Y -

2.03325 ×10-18 L X Y - 1.70287 ×10-16 L2 X Y + 1.55559 ×10-17 L3 X Y - 2.50002 ×10-17 L4 X Y -

0.00129475 M X Y + 1.24075 ×10-7 L M X Y - 0.00247265 L2 M X Y + 1.88469 ×10-7 L3 M X Y -

2.75497 ×10-16 M2 X Y + 4.36609 ×10-19 L M2 X Y + 4.48902 ×10-16 L2 M2 X Y - 0.00149664 M3 X Y +

1.53524 ×10-6 L M3 X Y + 4.87567 ×10-16 M4 X Y + 4.62617 ×10-18 X2 Y + 1.13004 ×10-17 L X2 Y +

3.43544 ×10-18 L2 X2 Y - 1.48003 ×10-17 L3 X2 Y + 9.58118 ×10-8 M X2 Y - 0.000415918 L M X2 Y -

1.02567 ×10-7 L2 M X2 Y - 1.32632 ×10-18 M2 X2 Y - 1.33585 ×10-17 L M2 X2 Y - 1.53547 ×10-7 M3 X2 Y -

4.11451 ×10-18 X3 Y + 1.37148 ×10-20 L X3 Y + 6.51631 ×10-18 L2 X3 Y - 0.0000146112 M X3 Y -

1.6302×10-8 L M X3 Y + 6.46002 ×10-18 M2 X3 Y - 1.19463 ×10-19 X4 Y - 1.59153 ×10-19 L X4 Y -

2.15645 ×10-9 M X4 Y + 5.86379 ×10-20 X5 Y + 1.14773 ×10-9 Y2 - 0.000952603 L Y2 -

7.39611 ×10-8 L2 Y2 - 0.00172496 L3 Y2 - 2.84331 ×10-8 L4 Y2 - 3.37292 ×10-16 M Y2 -

7.95773 ×10-15 L M Y2 + 1.90471 ×10-15 L2 M Y2 + 1.3183×10-14 L3 M Y2 + 3.02436 ×10-7 M2 Y2 -

0.00221266 L M2 Y2 - 3.91705 ×10-6 L2 M2 Y2 + 1.36505 ×10-15 M3 Y2 + 3.00056 ×10-14 L M3 Y2 -

8.30502 ×10-7 M4 Y2 - 0.0000345192 X Y2 + 3.3776×10-8 L X Y2 - 0.000327494 L2 X Y2 +

4.60339 ×10-9 L3 X Y2 - 3.35914 ×10-16 M X Y2 + 1.08361 ×10-17 L M X Y2 + 7.2548×10-16 L2 M X Y2 -

0.000199223 M2 X Y2 - 1.81306 ×10-7 L M2 X Y2 + 3.25618 ×10-16 M3 X Y2 + 1.83717 ×10-9 X2 Y2 -

0.000027196 L X2 Y2 + 4.14894 ×10-9 L2 X2 Y2 + 1.20159 ×10-17 M X2 Y2 + 1.78183 ×10-16 L M X2 Y2 -

2.21471 ×10-9 M2 X2 Y2 - 8.58645 ×10-7 X3 Y2 - 1.02757 ×10-9 L X3 Y2 + 1.67798 ×10-17 M X3 Y2 -

1.74985 ×10-10 X4 Y2 + 6.55164 ×10-18 Y3 + 2.0487×10-17 L Y3 + 3.3489×10-18 L2 Y3 -

3.03509 ×10-17 L3 Y3 + 4.76839 ×10-8 M Y3 - 0.000224174 L M Y3 + 5.2642×10-8 L2 M Y3 -

3.0775×10-18 M2 Y3 - 3.45117 ×10-17 L M2 Y3 + 6.3423×10-8 M3 Y3 - 7.15761 ×10-18 X Y3 -

6.32253 ×10-20 L X Y3 + 8.04867 ×10-18 L2 X Y3 - 0.000014613 M X Y3 - 1.12296 ×10-8 L M X Y3 +

7.13039 ×10-18 M2 X Y3 - 3.20006 ×10-19 X2 Y3 - 6.79657 ×10-19 L X2 Y3 - 5.2633×10-9 M X2 Y3 +

2.47149 ×10-19 X3 Y3 + 2.88331 ×10-10 Y4 - 6.29417 ×10-6 L Y4 + 6.95259 ×10-9 L2 Y4 -

2.04966 ×10-19 M Y4 + 1.19443 ×10-16 L M Y4 + 5.26367 ×10-9 M2 Y4 - 4.29666 ×10-7 X Y4 -

1.23738 ×10-9 L X Y4 + 6.51421 ×10-18 M X Y4 - 4.88418 ×10-11 X2 Y4 - 1.96903 ×10-19 Y5 -

4.37077 ×10-19 L Y5 - 1.82052 ×10-9 M Y5 + 1.79372 ×10-19 X Y5 - 4.17112 ×10-11 Y6



 136 

 

 

M Eikonal 

  

������� -1.17489 ×10-14 + 1.87925 ×10-14 L + 2.2698×10-13 L2 - 2.6349×10-13 L3 -

8.6048×10-13 L4 + 7.76072 ×10-13 L5 + 7.18997 ×10-13 L6 + 0.998164 M - 0.00003848 L M +

0.0168089 L2 M + 0.000671373 L3 M - 0.0364835 L4 M - 0.00217158 L5 M + 9.80631 ×10-15 M2 -

9.09276 ×10-14 L M2 - 1.17885 ×10-12 L2 M2 + 7.23373 ×10-13 L3 M2 + 3.70841 ×10-12 L4 M2 +

0.016761 M3 + 0.0000829724 L M3 - 0.0725499 L2 M3 - 0.00113047 L3 M3 + 2.49789 ×10-12 M4 +

2.39672 ×10-14 L M4 - 5.99999 ×10-12 L2 M4 - 0.0361689 M5 + 0.000106577 L M5 - 9.24283 ×10-12 M6 +

1.34645 ×10-17 X - 1.31709 ×10-16 L X - 1.64434 ×10-16 L2 X + 1.12964 ×10-15 L3 X +

2.74144 ×10-16 L4 X - 2.07876 ×10-15 L5 X - 2.3857×10-7 M X + 0.00214081 L M X +

6.43757 ×10-7 L2 M X - 0.00743084 L3 M X - 3.1267×10-6 L4 M X - 1.19248 ×10-16 M2 X +

2.79982 ×10-15 L M2 X + 7.0392×10-16 L2 M2 X - 8.37119 ×10-15 L3 M2 X - 6.76326 ×10-7 M3 X -

0.00743019 L M3 X - 2.65085 ×10-6 L2 M3 X + 3.20928 ×10-16 M4 X - 6.13733 ×10-15 L M4 X +

7.15055 ×10-6 M5 X + 9.59014 ×10-17 X2 - 1.7317×10-16 L X2 - 1.75369 ×10-14 L2 X2 +

1.28047 ×10-15 L3 X2 + 3.52262 ×10-14 L4 X2 - 0.000952593 M X2 + 8.38805 ×10-8 L M X2 -

0.00221352 L2 M X2 - 9.487×10-8 L3 M X2 - 3.04898 ×10-14 M2 X2 + 1.14637 ×10-15 L M2 X2 +

1.09318 ×10-13 L2 M2 X2 - 0.00172484 M3 X2 - 5.52611 ×10-7 L M3 X2 + 6.80502 ×10-14 M4 X2 +

9.03083 ×10-19 X3 - 7.50359 ×10-18 L X3 + 2.52738 ×10-18 L2 X3 - 5.56096 ×10-18 L3 X3 +

3.7438×10-8 M X3 - 0.000224217 L M X3 - 3.33563 ×10-8 L2 M X3 - 5.00285 ×10-19 M2 X3 -

4.44257 ×10-17 L M2 X3 - 6.60703 ×10-8 M3 X3 + 1.7737×10-16 X4 - 3.04846 ×10-18 L X4 +

1.82768 ×10-16 L2 X4 - 6.29392 ×10-6 M X4 - 6.99148 ×10-9 L M X4 + 3.93388 ×10-16 M2 X4 -

4.7866×10-20 X5 + 3.7501×10-19 L X5 - 9.53174 ×10-10 M X5 - 5.87528 ×10-18 X6 - 0.0335042 Y +

3.17209 ×10-9 L Y - 0.00973474 L2 Y + 6.66444 ×10-7 L3 Y - 0.0100596 L4 Y - 8.94986 ×10-7 L5 Y +

3.81358 ×10-16 M Y + 2.80983 ×10-15 L M Y + 7.76376 ×10-15 L2 M Y - 9.76162 ×10-15 L3 M Y -

1.33487 ×10-14 L4 M Y - 0.00759554 M2 Y - 7.714×10-7 L M2 Y - 0.0275492 L2 M2 Y -

1.43511 ×10-6 L3 M2 Y - 1.66637 ×10-15 M3 Y - 1.05706 ×10-14 L M3 Y + 9.66773 ×10-16 L2 M3 Y -

0.0174856 M4 Y - 4.73635 ×10-6 L M4 Y + 2.58756 ×10-14 M5 Y - 5.22203 ×10-8 X Y -

0.00129495 L X Y + 3.69021 ×10-7 L2 X Y - 0.00149654 L3 X Y - 2.11519 ×10-7 L4 X Y +

8.29191 ×10-18 M X Y - 1.20902 ×10-16 L M X Y - 2.53225 ×10-17 L2 M X Y + 1.56671 ×10-16 L3 M X Y +

9.6779×10-7 M2 X Y - 0.0024725 L M2 X Y - 2.40827 ×10-6 L2 M2 X Y - 1.49824 ×10-17 M3 X Y +

2.85287 ×10-16 L M3 X Y - 2.99067 ×10-6 M4 X Y - 0.0000345388 X2 Y - 1.4518×10-8 L X2 Y -

0.000199199 L2 X2 Y + 5.54995 ×10-8 L3 X2 Y - 2.6719×10-17 M X2 Y - 2.26011 ×10-17 L M X2 Y -

3.32678 ×10-16 L2 M X2 Y - 0.000327529 M2 X2 Y + 1.52093 ×10-7 L M2 X2 Y - 3.74303 ×10-16 M3 X2 Y -

2.71875 ×10-9 X3 Y - 0.0000146043 L X3 Y - 3.97567 ×10-9 L2 X3 Y - 2.63022 ×10-19 M X3 Y +

3.09874 ×10-18 L M X3 Y - 1.16204 ×10-8 M2 X3 Y - 4.28896 ×10-7 X4 Y + 4.54151 ×10-10 L X4 Y +

1.85029 ×10-18 M X4 Y + 8.81719 ×10-11 X5 Y + 1.11244 ×10-15 Y2 - 4.22717 ×10-16 L Y2 -

1.44339 ×10-14 L2 Y2 + 1.70608 ×10-15 L3 Y2 + 2.49423 ×10-14 L4 Y2 - 0.0022476 M Y2 +

4.9632×10-7 L M Y2 - 0.00322131 L2 M Y2 - 2.67701 ×10-6 L3 M Y2 - 2.04702 ×10-14 M2 Y2 +

1.89354 ×10-15 L M2 Y2 + 7.19027 ×10-14 L2 M2 Y2 - 0.00370926 M3 Y2 - 3.61772 ×10-6 L M3 Y2 +

4.10458 ×10-14 M4 Y2 - 3.63181 ×10-18 X Y2 + 1.65363 ×10-17 L X Y2 + 6.69875 ×10-18 L2 X Y2 -

3.67995 ×10-17 L3 X Y2 + 1.31355 ×10-8 M X Y2 - 0.000415935 L M X Y2 + 1.07591 ×10-8 L2 M X Y2 +

3.44853 ×10-18 M2 X Y2 - 7.16806 ×10-17 L M2 X Y2 - 1.14366 ×10-7 M3 X Y2 + 1.03143 ×10-16 X2 Y2 +

4.48635 ×10-19 L X2 Y2 + 4.501×10-16 L2 X2 Y2 - 0.0000271932 M X2 Y2 + 2.12575 ×10-8 L M X2 Y2 +

7.6491×10-16 M2 X2 Y2 + 7.81808 ×10-20 X3 Y2 - 2.62537 ×10-20 L X3 Y2 - 1.51986 ×10-10 M X3 Y2 -

9.80296 ×10-18 X4 Y2 - 0.0000345308 Y3 - 3.1114×10-8 L Y3 - 0.000103362 L2 Y3 +

1.38478 ×10-8 L3 Y3 - 1.5885×10-16 M Y3 - 3.38157 ×10-17 L M Y3 - 2.3917×10-16 L2 M Y3 -

0.000423407 M2 Y3 + 1.64376 ×10-7 L M2 Y3 - 2.01335 ×10-16 M3 Y3 + 4.74694 ×10-9 X Y3 -

0.0000146046 L X Y3 - 5.54677 ×10-9 L2 X Y3 - 2.21287 ×10-19 M X Y3 + 3.73512 ×10-18 L M X Y3 +

4.44676 ×10-9 M2 X Y3 - 8.57426 ×10-7 X2 Y3 + 1.06885 ×10-10 L X2 Y3 + 9.01097 ×10-18 M X2 Y3 -

3.18607 ×10-12 X3 Y3 + 1.54229 ×10-17 Y4 + 3.79639 ×10-18 L Y4 + 2.0549×10-16 L2 Y4 -

0.0000208979 M Y4 + 3.82241 ×10-9 L M Y4 + 2.69064 ×10-16 M2 Y4 + 1.19214 ×10-19 X Y4 -

4.1506×10-19 L X Y4 + 6.20607 ×10-10 M X Y4 - 5.33212 ×10-18 X2 Y4 - 4.28985 ×10-7 Y5 +

1.00759 ×10-9 L Y5 + 6.43975 ×10-18 M Y5 - 2.20842 ×10-10 X Y5 - 1.38407 ×10-18 Y6
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