
Mathematical Models of the Role of the Immune System
in FOLFOX Therapy for Colorectal Adenocarcinoma

Item Type text; Electronic Dissertation

Authors Gershuny, Victoria

Publisher The University of Arizona.

Rights Copyright © is held by the author. Digital access to this material
is made possible by the University Libraries, University of Arizona.
Further transmission, reproduction, presentation (such as public
display or performance) of protected items is prohibited except
with permission of the author.

Download date 24/05/2023 20:52:33

Link to Item http://hdl.handle.net/10150/636624

http://hdl.handle.net/10150/636624


 
 
 

MATHEMATICAL MODELS OF THE ROLE OF THE IMMUNE SYSTEM IN FOLFOX THERAPY FOR COLORECTAL 
ADENOCARCINOMA 

 
 

by 
 
 

Victoria Gershuny 
 
 

__________________________ 
Copyright © Victoria Gershuny 2019  

 
 

A Dissertation Submitted to the Faculty of the 
 
 

GRADUATE INTERDISCIPLINARY PROGRAM IN APPLIED MATHEMATICS 
 
 

In Partial Fulfillment of the Requirements 
 

For the Degree of 
 
 

DOCTOR OF PHILOSOPHY 
 
 

In the Graduate College 
 
 

THE UNIVERSITY OF ARIZONA 
 
 
 
 

2019 
 
  



2 
 

  



3 
 

Acknowledgements 

 

I would like to thank my committee and the University of Arizona Math Department and Applied 

Math Program for making this possible. I would also like to thank all of my friends and family for supporting 

me through my graduate journey. A special thank you to Katie Williams, Jesse Adams, Angela Jarrett, Cindy 

Smith, Ameera Aladimi, Jennifer Crane, and David Jones for being there for me. Thank you to my mom, 

dad and brother, Gosha Gershuny. Your love and encouragement knows no bounds. Finally, I would like 

to extend a thank you to my external reviewer Mark Robertson-Tessi. Your guidance through this work 

was instrumental and I would like to thank you for always serving as a role model for the kind of care that 

should be put into mathematical modeling. 

  



4 
 

Table of Contents 

 

Abstract .......................................................................................................................................... 12 

 

1 Introduction ............................................................................................................................ 14 

1.1 Summary of questions analyzed by this work ................................................................ 18 

1.2 Dissertation outline ......................................................................................................... 19 

1.3 Previous mathematical models of tumor-immune interactions in the context of FOLFOX 

chemotherapy   ....................................................................................................................................... 20 

 

2 Simple mathematical models of tumor-immune interactions ............................................... 25 

2.1 Biological requirements for tumor-cytolytic cell interactions ........................................ 26 

2.2 Tumor-immune mathematical models with 2 or 3 species ............................................ 33 

 Predator-prey model ................................................................................................. 39 

 Predator-prey model with immune recruitment and deactivation ........................... 39 

 Accessible tumor kill model ....................................................................................... 40 

 Fractional kill model ................................................................................................... 41 

 Model with IL-2 .......................................................................................................... 42 

 Model with dendritic cells ......................................................................................... 43 

 Model with non-specific kill ....................................................................................... 44 



5 
 

2.3 Results and discussion .................................................................................................... 45 

 Predator-prey model ................................................................................................. 46 

 Predator-prey with immune recruitment and deactivation ...................................... 50 

 Accessible tumor kill model ....................................................................................... 53 

 Fractional kill model ................................................................................................... 58 

 Model with IL-2 .......................................................................................................... 60 

 Model with dendritic cells ......................................................................................... 61 

 Model with non-specific kill ....................................................................................... 63 

 Biological behaviors ................................................................................................... 65 

2.4 Conclusions ..................................................................................................................... 70 

 

3 Reference values and trends for modeling tumor-immune interactions ............................... 74 

3.1 Molecular concentrations ............................................................................................... 74 

 IFN-γ ........................................................................................................................... 75 

 IL-1β ........................................................................................................................... 75 

 IL-2 ............................................................................................................................. 76 

 IL-6 ............................................................................................................................. 76 

 IL-10 ........................................................................................................................... 77 

 MCP-1 (CCL2) ............................................................................................................. 77 

 TGF-β .......................................................................................................................... 77 



6 
 

 TNF-α.......................................................................................................................... 78 

3.2 Cell densities in tissues ................................................................................................... 78 

 Macrophages ............................................................................................................. 78 

 NK cells ....................................................................................................................... 79 

 CD8+ T cells ................................................................................................................ 79 

3.3 Cell fractional counts ...................................................................................................... 79 

3.4 Cell densities in blood ..................................................................................................... 81 

3.5 Cell density ratios—cells per tumor volume ................................................................... 82 

3.6 Trends ............................................................................................................................. 82 

 

4 Mathematical model of tumor-immune interactions for a single tumor nodule ................... 87 

4.1 Mathematical model ....................................................................................................... 88 

 Tumor absolute cell count in tumor environment .................................................. 101 

 Total immature dendritic cell absolute counts in the tumor................................... 107 

 Total tumor-specific maturing dendritic cells .......................................................... 108 

 Total tumor-specific dendritic cell absolute counts in all the lymph nodes ............ 112 

 Total tumor-specific central memory T cells ........................................................... 113 

 Total tumor-specific CD8+ cytolytic effector memory T cell absolute count in all the 

lymph nodes      ................................................................................................................................. 117 

 Total tumor-specific CD8+ effector T cell absolute count in all the lymph nodes ... 118 



7 
 

 Total tumor-specific CD8+ effector T cell absolute count in the tumor .................. 120 

 Total tumor-specific CD4+ helper T cell absolute counts ........................................ 121 

 Total tumor-specific CD25+FoxP3 Regulatory T cell absolute counts ................... 122 

 Total bright natural killer cells in all the lymph nodes ........................................... 124 

 Total dim natural killer absolute cell count circulating in blood ........................... 127 

 Total dim natural killer cell absolute count in tumor environment ...................... 128 

 Total MDSC absolute cell count in the tumor environment .................................. 129 

 Total MDSC absolute cell count in circulation ....................................................... 130 

 Total MDSCs in the lymph nodes ........................................................................... 131 

 Total macrophage cell count in the tumor environment ...................................... 132 

 Polarization of macrophages to the type 1 or type 2 form ................................... 133 

 IL-2 concentrations ................................................................................................ 136 

 TGF-β concentrations............................................................................................. 141 

 IL-10 concentrations .............................................................................................. 144 

 IFN-γ concentrations .............................................................................................. 147 

 Tumor antigen expression and NK cell cytotoxicity ............................................... 153 

 Full system of equations ........................................................................................ 154 

4.2 Numerical methods ....................................................................................................... 158 

4.3 Parameter estimation ................................................................................................... 160 

 Accessible tumor ...................................................................................................... 166 



8 
 

 Tumor growth .......................................................................................................... 167 

 Tumor lysis by immune system ............................................................................... 168 

 DC maturation .......................................................................................................... 174 

 DCs in lymph nodes .................................................................................................. 175 

 Memory T cells ......................................................................................................... 177 

 T cells ....................................................................................................................... 178 

 NK cells ..................................................................................................................... 182 

 MDSCs ...................................................................................................................... 184 

 Macrophages ......................................................................................................... 186 

 Relating cell counts in lymph nodes and blood ..................................................... 188 

 IL-2 production ....................................................................................................... 190 

 TGF-β production ................................................................................................... 191 

 IL-10 production ..................................................................................................... 192 

 IFN-γ production .................................................................................................... 193 

 Tumor antigen expression and NK cell effectivity ................................................. 197 

 Recruitment of immune cells to tumor ................................................................. 198 

 Conversion of crossectional cell counts to cells per volume ................................. 206 

 Summary of all mouse parameters ........................................................................ 207 

4.4 Results and discussion .................................................................................................. 215 

 Biological criteria ..................................................................................................... 216 



9 
 

 Calibration ................................................................................................................ 219 

 Comparison to experimental data ........................................................................... 223 

 Role of IFN-γ ............................................................................................................. 228 

 T-cell independent mechanisms of IFN-γ ................................................................ 231 

 Relative importance of different immune components .......................................... 233 

 Sensitivity of results to parameter values ............................................................... 239 

 Dendritic cells........................................................................................................... 244 

4.5 Conclusions ................................................................................................................... 247 

 

5 Mathematical models for dendritic cell licensing and T cell activation ................................ 250 

5.1 Methods ........................................................................................................................ 252 

 Two–step model with exclusive CD4+ T cell licensing ............................................. 253 

 Two–step model with CD4+/CD8+ T cell licensing .................................................. 255 

 Three-cell cluster model .......................................................................................... 256 

 Factor model ............................................................................................................ 257 

 Combination model ................................................................................................. 258 

 Summary of all models ............................................................................................ 260 

5.2 Parameter estimation ................................................................................................... 261 

5.3 Results ........................................................................................................................... 262 

 Distinguishing between the models ........................................................................ 265 



10 
 

 Dendritic cell counts at high antigenicity................................................................. 268 

5.4 Conclusions ................................................................................................................... 272 

 

6 Mathematical model of treatment of a single tumor nodule with FOLFOX ......................... 275 

6.1 Mathematical model ..................................................................................................... 277 

 Direct cytotoxicity .................................................................................................... 278 

 Immunogenic cell death .......................................................................................... 279 

 Oxaliplatin effects on IFN-γ ...................................................................................... 284 

 5-FU immune effects ............................................................................................... 286 

 Treatment dynamics ................................................................................................ 288 

 Full system of equations .......................................................................................... 288 

6.2 Parameter estimation ................................................................................................... 290 

6.3 Results ........................................................................................................................... 294 

 Importance of different mechanisms of FOLFOX on tumor kill ............................... 297 

 Multiple cycles of FOLFOX ....................................................................................... 301 

 Combination of FOLFOX and immunotherapy ......................................................... 307 

 Sensitivity of results to parameter values ............................................................... 309 

 Comparison to experimental data ........................................................................... 310 

6.4 Conclusions ................................................................................................................... 317 

 



11 
 

7 Limitations ............................................................................................................................. 320 

7.1 Compartment choices ................................................................................................... 321 

7.2 Model agent choices ..................................................................................................... 323 

7.3 Model formulation of tumor-immune interactions ...................................................... 326 

 Tumor ....................................................................................................................... 326 

 Dendritic cells........................................................................................................... 327 

 T cells ....................................................................................................................... 329 

 NK cells ..................................................................................................................... 332 

 IL-10 ......................................................................................................................... 333 

 TGF-β ........................................................................................................................ 333 

7.4 Model of treatment with FOLFOX ................................................................................. 334 

7.5 Parameter estimation and calibration .......................................................................... 335 

 

8 Conclusions ........................................................................................................................... 337 

 

9 References ............................................................................................................................ 343 

 

 

  



12 
 

Abstract 

Colorectal cancer is one of the most prevalent cancers, leading to 1.36 million diagnoses and 0.7 

million deaths annually worldwide (Jemal et al., 2011). The current standard-of-care for this cancer is 

FOLFOX, a chemotherapeutic combination of three drugs, 5-fluoruracil (5-FU), oxaliplatin and folinic acid. 

Although originally developed as a standard chemotherapy, this combination was found to have 

significant immune effects, and understanding the role of the immune system in the success of this 

therapy has potential to help in development of new therapies and in optimizing the best combinations 

of chemotherapy and immunotherapy would most benefit which patients. The goal of this work was to 

answer the question: What is the role of the immune system in the success of FOLFOX chemotherapy 

against colorectal carcinoma? 

To answer this question, several compartmental ordinary differential equation models were 

developed that capture the complex interplay between the immune system, tumors, and treatment with 

chemo-and-immunotherapy. These models included, among other species, T cells, natural killer (NK) cells, 

myeloid derived suppressor cells (MDSCs), and interferon-gamma (IFN-γ). Parameters for these 

mathematical models were estimated individually from independent literature sources, and further 

calibrated by comparison to clinically and experimentally observed cell counts and molecular 

concentrations in tumor-bearing mice. Two parameters were allowed to vary, to account for subject-to-

subject differences: tumor growth rate and antigenicity, an aggregate measure that corresponds to the 

tumor’s ability to stimulate an antigen-specific adaptive immune response.   

The model without treatment was used to predict that T cells have a much greater role in tumor 

control than NK cells, across changes in growth rate and antigenicity, stemming from low NK counts in the 

tumor, both due to low recruitment to the tumor and high depletion from tumor kill. The model with 

treatment found that the most significant effects of FOLFOX treatment were direct cytotoxicity to tumor 
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cells and 5-FU kill of MDSCs, and that oxaliplatin immune effects on IFN-gamma production contributed 

much less to the success of FOLFOX, across the entire range of antigenicity and growth rates. Increasing 

the growth rate lead to a significant effect of immunogenic cell death and a reduced, but still important, 

effect of MDSC killing, whereas for lower growth rates, the immunogenic cell death effects were 

negligible. The success of FOLFOX was also found to depend on a multitude of other factors, including the 

schedule of treatment and the tumor size at the time of treatment. Slow growing, highly antigenic, and 

early-treated tumors fared best with treatment with FOLFOX. Predictions of combinations of chemo-and-

immunotherapies showed the potential to fully cure subject by supplementing FOLFOX therapy with 

dendritic cell therapy, but tumor eradication was only possible for highly antigenic tumors. Using 

mathematical modeling, it was possible to quantify the role of the immune system in treatment of 

colorectal cancer with FOLFOX and not only explain the results of experiments, but also make predictions 

about treatment outcomes. 
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1 Introduction 

Colorectal cancer is one of the most prevalent cancers, leading to 1.36 million diagnoses and 0.7 

million deaths annually worldwide (Jemal et al., 2011). Even with treatment, prognosis can be poor, with 

stage 4 patients having a median survival of 19 months with treatment (Rodriguez-Bigas, Lin, & Crane, 

2003), and despite recent advances in anti-cancer therapies, colorectal cancer remains the second-leading 

cause of cancer-related deaths in western countries (de Gramont et al., 2000; Jemal et al., 2011).  

Many standard therapies have a significant interaction with the immune response. Even 

traditional therapies that have long been thought to suppress tumor growth through only direct 

cytotoxicity, have recently been found to also play an important immune role (Zitvogel, Kepp, & Kroemer, 

2011). Experimental research combining traditional methods of cancer treatment and new 

immunotherapeutic approaches have shown promise in the treatment of certain cancers (Soliman, 2013). 

Although the immune system is fully capable of destroying tumor cells, tumors have an ability to suppress 

this immune response, via both direct immunosuppression and adaptation to the immune system by 

hiding pathogenic markers (Weir, Liwski, & Mansour, 2011). Chemotherapy, however, can utilize the fact 

that as tumor cells are killed from treatment, they can release antigens that stimulate anti-tumor immune 

responses. To understand such treatments, it is necessary to understand the interplay of effects such as 

therapy-induced depletion of immune cells, which is followed by homeostatic recovery that may allow for 

more tumor-specific immune cells, and increased antigenic stimulation from tumor cell death.  

For colorectal cancer, one of the most common therapies is FOLFOX, a chemotherapeutic cocktail 

of three drugs: (FOL)inic acid, 5-(F)U, and (OX)aliplatin. The combination of 5-FU and Folinic acid has been 

part of standard-of-care treatment for patients with colorectal adenocarcinoma for more than 60 years 

(de Gramont et al., 2000; Duffy & Greten, 2014), and now is often combined with oxaliplatin. Although it 

was initially developed for direct cytotoxicity, recent research has shown significant immune effects of 
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the drugs. 5-FU has been shown to kill immunosuppressive myeloid derived suppressor cells (MDSCs), and 

oxaliplatin has been shown to cause immunogenic cell death of tumor cells that enhances anti-tumor 

responses of natural killer (NK) cells and T cells (Alcindor & Beauger, 2011; Duffy & Greten, 2014; Garg et 

al., 2010; Francois Ghiringhelli, Bruchard, & Apetoh, 2013; Siew et al., 2015; Tesniere et al., 2010). In 

particular, oxaliplatin-induced immunogenic cell death has been shown to increase T cell production of 

Interferon-gamma (IFN-γ), an important immune molecule that plays multiple roles in tumor-immune 

interactions (Alcindor & Beauger, 2011). Experiments have shown that whereas treatment with oxaliplatin 

in wild-type mice can significantly decrease tumor size, bringing the tumor from a state of unbounded 

growth to almost nearly eradicating it, those mice with immune knockouts did not have the same effects. 

Specifically, mice deficient of CD8+ T cells partially lost the beneficial effects of oxaliplatin treatment and 

those that did not have IFN-γ fared even worse with treatment than the untreated mice (François 

Ghiringhelli et al., 2009). While these experiments can detect the presence of such immune effects, they 

cannot quantify the relative importance of direct cytotoxicity and various immune effects in preventing 

tumor growth with treatment. This is why the goal of this work is to answer the question: 

What is the role of the immune system in the success of FOLFOX chemotherapy against 

colorectal carcinoma? 

This work will culminate with addressing this question in Chapter 6. 

Increased understanding of the immune system’s role may lead to improved therapeutic design. 

Clinical studies are currently considering the combination of FOLFOX with traditional immunotherapies. A 

better understanding of the immune effects of FOLFOX will lead to more accurate predictions of which 

patients will be helped by such combination therapies, and of how to dose and schedule these 

combination therapies to optimize the treatment outcomes. A clinical study with patients with colon 

carcinoma found that the combination of FOLFOX treatment with adjuvant NK cell therapy significantly 
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increased both progression-free survival and overall survival, as compared to chemotherapy alone, 

without significant adverse reactions (Li et al., 2018). Research such as this points to significant potential 

for increasing patient survival with the combination of FOLFOX with immunotherapies. 

Multiple experiments have shown that IFN-γ plays a critical role in tumor-immune interactions, 

making it a critical target for immunotherapy. A number of mechanisms of IFN-γ action have been 

identified (Table 1.1). This raises the important question of which of these mechanisms to include in the 

model for FOLFOX, which leads to the broader question of which mechanisms of IFN-γ action are most 

important in tumor growth and treatment. Ghiringhelli et al showed in their supplemental materials, 

Figure 1S that mice depleted of IFN-γ had faster growing tumors than their wildtype counterparts. On the 

other hand, they did not find that T cell deficient or depleted mice showed the same increase in growth 

rate as compared to their non-immune-compromised counterparts (François Ghiringhelli et al., 2009). 

Other studies have also found a significant T-cell independent mechanism by which IFN-γ impacts tumor 

growth (Aquino-López, Senyukov, Vlasic, Kleinerman, & Lee, 2017; Blanchard, McMillen, & Djeu, 1991; 

Campbell, Canono, & Cook, 1988; Detjen, Farwig, Welzel, Wiedenmann, & Rosewicz, 2001; Dileepan, 

Page, Li, & Stechsulte, 1995; Esparza, Mannel, Ruppel, Falk, & Krammer, 1987; Gao et al., 2016; Klimp, De 

Vries, Scherphof, & Daemen, 2002; Ni & Lu, 2018; Radice, Miranda, & Bellone, 2014; Terme et al., 2008; 

Wall, Burke, Barton, Smyth, & Balkwill, 2003; Wang, Jaw, Stutzman, Zou, & Sun, 2012; Winter, Hu, 

McClain, Urba, & Fox, 2001). Yet, experimentalists have not determined which specific mechanisms of 

IFN-γ acts most to affect tumor growth. In fact, the literature suggests a number of distinct ways by which 

IFN-γ might distinct ways by which IFN-γ might have such a significant effect on tumor growth, and these 

are summarized in Table 1.1. 
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Table 1.1 Roles of IFN-γ in cancer 

Role Source 
Promote NK cell activity (Aquino-López et al., 2017; Radice et al., 2014; Wang et al., 

2012) 
Increase cytotoxic activity of 
macrophages 

(Aquino-López et al., 2017; Blanchard et al., 1991; Campbell 
et al., 1988; Dileepan et al., 1995; Esparza et al., 1987; Klimp 
et al., 2002; Ni & Lu, 2018; Terme et al., 2008) 

Directly kill tumor cells (Detjen et al., 2001; Gao et al., 2016; Wall et al., 2003; Winter 
et al., 2001)  

Upregulate major histocompatibility 
complex (MHC) II on antigen-
presenting cells  

(Aquino-López et al., 2017; Böhm et al., 1998; Dutta, Spence, 
& Lampson, 2003; He, Tang, Xu, Moyana, & Xiang, 2007; 
Mito et al., 2010; Rakshit et al., 2014) 

Upregulate MHC I on non-antigen-
presenting cells 

(Alshaker & Matalka, 2011; Böhm et al., 1998; Dutta et al., 
2003; Rakshit et al., 2014) 

Promote leukocyte migration leading 
to increased T-cell recruitment to 
tumor site 

(Alshaker & Matalka, 2011; Nakajima et al., 2001; Peng et al., 
2012; Phan-Lai et al., 2014) 

Increase NK cell recruitment to tumor 
site 

(Fogler et al., 1998; Wendel, Galani, Suri-Payer, & Cerwenka, 
2008) 

Shift macrophages to type I 
phenotype 

(Sodhi, Singh, & Singh, 1992; Xie et al., 2016) 

Increase IFN-γ production by T cells  (Böhm et al., 1998; Kasahara, Hooks, Dougherty, & 
Oppenheim, 1983; Winter et al., 2001) 

Induce regulatory T cell dysfunction (Nishikawa et al., 2005; Overacre-Delgoffe et al., 2017; Zou 
et al., 2014) 

Induce immunoglobulin-G production 
by activated plasma B cells 

(Snapper et al., 1992) 

Activate killer dendritic cells (Hanke, Alizadeh, Katsanis, & Larmonier, 2013; LaCasse et 
al., 2011) 

Promote Th1 differentiation of Helper 
T cells 

(Fallarino & Gajewski, 1999) 

Inhibit transforming growth factor-
beta (TGF-β) 

(Alshaker & Matalka, 2011; Wen et al., 2004) 

Promote production of interleukin-12 
(IL-12) by dendritic cells 

(Böttcher et al., 2018) 

Act as an essential mediator for IL-12 
immunostimulatory effects 

(Parihar, Dierksheide, Hu, & Carson, 2002) 

Inhibit angiogenesis (Alshaker & Matalka, 2011; Deng et al., 2018) 
 

With experiments alone, it is very difficult to quantitatively compare the effect of each of these 

mechanisms of IFN-γ on tumor growth. However, mathematical modeling can be used to quantify 

individual mechanisms. This is why the second question this work addresses is: 
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What mechanisms of IFN-γ can explain the difference in tumor growth between wild-type and 

IFN-γ deficient mice that is seen experimentally? 

This question, which will be important for understanding the effects of FOLFOX, and which is also 

significant for a general understanding of tumor-immune interactions, will be considered in Chapter 4. 

Mathematical modeling has the advantage of quantifying all mechanisms for tumor-immune 

interaction at once and allowing these mechanisms to be isolated individually. In using math modeling, 

questions arise as to what species should be included, and what the ideal level of model complexity is. 

Existing models of tumor-immune interactions range from simple models with 2 or 3 components, such 

as the tumor cells and the immune cells that kill the tumor cells, to models with a large number of variables 

and parameters, that track various inter-and intracellular processes (Arciero, Jackson, & Kirschner, 2004; 

de Pillis, Radunskaya, & Wiseman, 2005; Hogue et al., 2008; León, Garcia-Martinez, & Carmenate, 2013; 

Leon, Garcia, Carneiro, & Lage, 2007; Merrill, 1982; Moore & Li, 2004; Nwabugwu, Rakhra, Felsher, & Paik, 

2013; Pappalardo, Pennisi, Ricupito, Topputo, & Bellone, 2014; Rescigno & DeLisi, 1977; Robertson-Tessi, 

2010). It is important to determine whether such complexity is necessary and what behaviors these more 

complex models can capture that simpler models cannot. If a simple model can accurately predict the 

outcomes of experiments, such a model is preferred, leading to the question: 

What is a minimal model of tumor-immune interactions that is biologically realistic for the 

purpose of modeling tumor behavior without therapy? 

This question will be addressed in Chapter 2. 

 

1.1 Summary of questions analyzed by this work 

All the main questions addressed in this work are summarized in Table 1.2. 
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Table 1.2 Questions addressed by this work 

Question Answered 
What is a minimal model of tumor-immune interactions that is biologically 
realistic for the purpose of modeling tumor behavior without therapy? 

Chapter 2 

What mechanisms of IFN-γ can explain the difference in tumor growth 
between wildtype and IFN-γ deficient mice that is seen experimentally? 

Chapter 4 

How much of the success of FOLFOX comes from its immune effects? Chapter 6 
 
1.2 Dissertation outline 

This dissertation will address Table 1.2 in several chapters. This work will go through the 

development of several models of tumor immune-interactions starting with the simplest models, then 

progressing to a more complex O.D.E. (ordinary differential equation) model for tumor-immune 

interactions, and finally extending this model to the case of FOLFOX treatment. 

Chapter 2 will establish the model components and equation forms necessary to describe 

essential biological behaviors seen in tumor-immune interactions. This chapter will begin by studying the 

aspects a mathematical model for tumor-immune interactions should have to show behavior that is 

realistic and to account for the specificity of the immune cells. This will establish the criteria used to guide 

model development for the rest of the work. A further foundation for model development is Chapter 3, 

where reference values for immune cell densities and immune molecule concentrations are collected 

from the experimental literature, and experimentally observed trends relating to the immune system with 

tumor growth are also summarized. These values and trends will also guide model development. 

In Chapter 4, a full model will be developed for tumor-immune interactions for a single tumor 

nodule, including all the components necessary to meet the criteria determined in Chapter 2.  This model 

is a set of 22 ordinary differential equations developed based on information in experimental and clinical 

literature. Chapter 4 also details the estimation of the parameters for this model. Accurate 

parametrization is a critical component of model development, to ensure that the results will be within a 

biologically reasonable regime. To confirm that, a further calibration step will be used to compare model 
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outputs to values measured in literature, using Chapter 3. Finally, the results of this model for a single 

untreated tumor mass will be discussed in Chapter 4. This model will be used to compare the relative 

impact of different immune cells and molecules. Tumor types are characterized by two parameters: the 

growth rate and the tumor antigen expression, and the effects of varying these parameters on the 

immune response and its ability to control the tumor will be studied.  

In Chapter 5, different mechanisms of dendritic cell (DC) licensing and T cell activation will be 

analyzed, as these processes are an important part of the model of Chapter 4. Various experimental 

studies have found evidence for and proposed at least five distinct biological mechanisms by which 

dendritic cells are licensed and T cells could be activated. Mathematical models for all these biological 

mechanisms will be constructed, and the dependence of model predictions on which mechanism is chosen 

will be examined.  

In Chapter 6, FOLFOX chemotherapy treatment for a single tumor nodule will be modeled. This 

model will include both direct cytotoxicity and immune effects of the drugs 5-FU and oxaliplatin which are 

components of FOLFOX, and the relative importance of all these effects will be quantified. 

Finally, Chapter 7 will summarize a number of limitations of the present model, which could also 

be regarded as a list of potential extensions and refinements for future work. 

1.3 Previous mathematical models of tumor-immune interactions in the context of 

FOLFOX chemotherapy 

The use of mathematical modeling to explore the complicated interplay between tumors and the 

immune system began decades ago (Adam & Bellomo, 1997). The earliest work on natural inhibition of 

tumor development did not include immune effects, but featured  growth modeled by self-regulating 

diffusion, where the tumor inhibits its own growth (Burton, 1966). This model was later adapted to include 

effects of nutrients, oxygen, and necrosis on tumor growth (Deakin, 1975; Glass, 1973; Greenspan, 1972). 
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By 1977, models studying natural limitations to tumor growth started including the role of the immune 

system. DeLisi and Rescigno were the first to model the interaction between cytolytic cells and tumor 

cells, based on a predator-prey approach. In their two species model, lymphocytes kill free cancer cells on 

the tumor surface. Immune cell recruitment to the tumor is proportional to the total number of tumor 

cells, but saturates as the lymphocyte population increases, whereas tumor growth is exponential with 

respect to the population of free tumor cells (Rescigno & DeLisi, 1977). In a different model developed 

around the same time, Zeijlemaker et al modeled the interaction between cytotoxic effector T cells and 

tumors with Michaelis-Menten enzyme kinetics (Zeijlemaker, van Oers, de Goede, & Schellekens, 1977).  

Since then, models have become more sophisticated. Three-species models include the 

interaction of T cells with interleukin-2 (IL-2) (Kirschner & Panetta, 1998), dendritic cells (Nakada, Nagata, 

Takeuchi, & Nakaoka, 2016), natural killer cells (de Pillis et al., 2005), and even the effects of the presence 

of non-cytotoxic immune cells on adaptive cytolytic cell tumor kill rate (Merrill, 1982). These two-species 

and three-species models are useful in their ability to capture a wide variety of different behaviors of 

tumor growth, but they do have some limits in the ability to model the effects of FOLFOX chemotherapy. 

The ability of simple models such as these to realistically describe different aspects of immune response 

to tumors will be analyzed in Chapter 2. 

More complex models feature immune molecules such as IL-2 and TGF-β (Arciero et al., 2004); 

regulatory T cells (Leon et al., 2007), naïve T cells (Moore & Li, 2004), and the interactions of different 

subsets of T cells with other immune cells and molecules (Hogue et al., 2008; León et al., 2013; Nwabugwu 

et al., 2013; Pappalardo et al., 2014; Robertson-Tessi, 2010). Further, some models account for time delays 

(Castillo-Montiel et al., 2015); pathways of immune cell activation (Agarwal, 2008; Coombs, Kalergis, 

Nathenson, Wofsy, & Goldstein, 2002; González et al., 2005; Prokopiou et al., 2014); and even spatial 

effects (Liao, Bai, & Friedman, 2014). These models may not directly study the effects of FOLFOX, but do 

capture immune and tumor response to treatment. These studies are able to show both tumor regression 
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with a sufficiently immunostimulatory tumor and uncontrolled tumor growth for a poorly antigenic tumor, 

and can be used to model a variety of different treatments including immunotherapies and 

chemotherapies that have regulatory T cell-depleting, IL-2 supplementing, and adjuvant DC activating 

effects (De Boer, Hogeweg, Dullens, De Weger, & Den Otter, 1985; Robertson-Tessi, 2010). Sameen et al 

(2016) modeled chemotherapy effects on the immune system, although not specifically for FOLFOX. Their 

model includes natural killer cells, CD8+ T cells, resistant and susceptible tumor cell subpopulations, 

lymphocytes, and IL-2. They model the drug concentration in the body over time when treated with 

irinotecan monotherapy, cetuximab monotherapy, and combination therapies (Sameen et al., 2016). 

Different models make it possible to answer different questions. However, to answer the main questions 

of this work, a model needs to include the immune cells and molecules affected by FOLFOX and the effects 

of those drugs specifically, as well as model components necessary to give realistic behavior. 

Very few mathematical models are explicitly designed to examine the effects of FOLFOX on 

tumors, and these do not include immune effects, instead aiming to predict pharmacokinetics and 

pharmacodynamics of FOLFOX (Ballesta & Clairambault, 2014). The model that is closest to being able to 

quantify the immune and cytotoxic effects of FOLFOX chemotherapy is one for 5-FU monotherapy 

developed by Shariatpanahi et al (Shariatpanahi, Shariatpanahi, Madjidzadeh, Hassan, & Abedi-Valugerdi, 

2018). This four-species model describes the interactions between tumor cells, NK cells, myeloid derived 

suppressor cells (MDSCs) and T cells. The tumor growth is modeled by Gompertzian dynamics. NK cells 

and T cells are both assumed to kill tumor cells, and this is mathematically described by terms that involve 

products of immune cell counts and tumor cell counts, under the assumption that only a fraction of the 

tumor is accessible by immune cells. A deactivation of both NK cells and T cells from killing tumor cells is 

included, and recruitment of these immune cells to the tumor saturates with tumor size. MDSC 

immunosuppression of T cell kill of tumor cells is included, but other significant mechanisms of MDSC 

suppression, such as recruitment of regulatory T cells to the tumor and suppression of T cell proliferation, 
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are omitted. This model is able to reproduce experimental results of treatment with 5-FU, including 

declines in the MDSC counts in the tumor. However, there are significant model limitations. NK cells 

disappear from the tumor during treatment with 5-FU and reappear after treatment, which has no 

biological justification. In fact, studies show that treatment with FOLFOX does not change the relative 

proportion of NK cells (Duffy & Greten, 2014) or NK counts in vivo (Wu et al., 2016). The model predicts T 

cell counts that far surpass tumor cell counts and appear to always expand indefinitely, killing the tumor, 

without a need for treatment. Finally, omission of MDSC mechanisms on regulatory T cells and T cell 

proliferation and other immunosuppressive mechanisms by which tumors limit T cell expansion, causes 

steady-state predictions of tumor cure by the immune system for all parameter values, which is not 

realistic. 

This and other models capture some effects of tumor-immune interactions especially for 

treatment with FOLFOX, and although many of these models capture critical behaviors that make it 

possible to replicate some experimental findings, they do have significant limitations. Many of these 

models feature logistic or Gompertzian tumor growth models, which have an upper limit on tumor size, 

whereas unbounded tumor growth is often seen in a clinical and experimental setting. This significantly 

limits the long-term dynamics and the ability to reproduce a key feature of experimental findings. These 

models often have unrealistic kill rates that are the product of the immune cell counts and the tumor cell 

counts. This form allows an unbounded kill rate as the number of immune cells or tumor cells increases, 

which is not realistic. Finally, many of these models do not allow for the full array of possible outcomes 

with and without treatment: growth of the tumor to a lethal size, “coexistence” of the tumor with the 

immune system at a finite non-lethal size, and full eradication of the tumor by the immune system.  

Additionally, many of the current existing models include only a limited number of immune cell 

and molecule species. The benefit of including additional populations of immune cells is that it allows a 

model to capture the differing dynamics and roles of these different cells. Simpler models lump together 
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the cells that are proliferating, those that are killing tumor cells, and those that are producing cytokines, 

while experimentally these have been shown to be different populations with different dynamics. These 

cells have quantitatively different effects, and replicate at different rates, allowing for windows of time 

where treatment could be optimized (Robertson-Tessi, El-Kareh, & Goriely, 2015). Model simplification 

can in some cases result in a failure to reproduce important effects; for example, initial expansion of T 

cells in response to pathogens must occur rapidly, and models omitting the feedback loop between T cells 

and IL-2 that allow this rapid response are significantly limited by this. On the other hand, models that 

omit immunosuppression are limited because they allow for unrealistic unbounded or permanent 

immune expansion, which in reality would cause host toxicity. These points will be discussed in Chapter 

2. 

The most significant limitation of all of these models, however, is the fact that they cannot be 

used to explain the success of FOLFOX therapy. Because FOLFOX is shown to directly affect MDSCs, T cells, 

and IFN-γ levels, models that do not include these species as individual components are limited in their 

ability to quantify the relative importance of different FOLFOX mechanisms for overall treatment outcome 

or to predict the success of therapy in different populations and in combination with different 

immunotherapies. Therefore, it is necessary to create a model that can show unbounded tumor growth 

without treatment while allowing for the possibility of eradication or coexistence with treatment, that 

includes immune cells and molecules that are known to be affected by FOLFOX, and that can capture 

experimental outcomes of treatment. Such a model will be developed in this work. 
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2 Simple mathematical models of tumor-immune interactions 

The full model to be developed in Chapter 4 will contain many species and parameters.  Before 

launching into its development, it is important to consider why this level of complexity is regarded as 

necessary. The current chapter addresses the following questions: What properties should a 

mathematical model of tumor-immune interactions be required to possess for biological and 

mathematical reasonableness? Can any simple model with a small number of species satisfy these 

requirements? What are the limitations of these simpler models for realistic modeling, particularly given 

that the ultimate goal is to model not only untreated growth, but also therapy? A number of mathematical 

models for tumor-immune interactions that involve coupled ordinary differential equations have already 

been developed, and there are significant differences among them.  Among these models, the ones 

analyzed here have 2-3 species (O.D.E.s), do not explicitly include metastasis, have only one tumor 

compartment, and do not include spatial variation beyond the fact that the species involved may be in 

compartments in different spatial locations. The purpose is to determine which ones are most realistic, 

what deficiencies/limitations they have that need to be addressed, and what, if any, features should be 

retained from them in building the comprehensive model of Chapter 4, which will be designed to be 

extendable to modeling chemo and immunotherapies. An ideal mathematical model has minimal 

complexity while retaining the ability to answer the questions of interest. Here, the approach to model 

development is a stepwise increase in model complexity.  

Two lists, one of mathematical requirements, and one of biological requirements, are used here 

to assess the models. Fixed points and limiting behaviors will be considered, and bifurcation analysis will 

be used to check the mathematical requirements. Because both tumors and the immune system have a 

very large number of different components with multitudinous interactions, the biological requirements 

are not related to inclusion of every possible species and effect, but rather are limited to behaviors 

deemed necessary to realistically study the main research questions posed in Chapter 1.  
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At its core, the simplest model for tumor-immune interactions would have two species: the tumor 

cells and the directly cytolytic immune cells killing those tumor cells.  An example of such a model is a 

two-species predator-prey model. The immune cells expand as the tumor gets bigger, leading to greater 

immune kill of the tumor. The long-term behavior depends on the strength of the immune response to 

the tumor relative to the tumor growth rate. If the immune response to the tumor is strong, either 

because the exposure to the tumor stimulates rapid growth of the immune population, or because the 

existing immune cells have a high kill rate, the immune system will fully remove the tumor. If the immune 

response is very weak, then it cannot keep the tumor from growing without bound until a lethal size is 

reached. However, there is a moderate immune response level where the tumor and a chronic immune 

response coexist.  

Apart from the predator-prey model, other simple models with somewhat different tumor-

immune interactions have been proposed. Depending on what type of immune cell is modeled as killing 

the tumor, the biology driving the mechanism of action of the immune cell is different. CD8+ effector T 

cell are considered the most important of immune cells with cytolytic activity against tumors (Hellstrom 

& Hellstrom, 1991; Rosenberg, Spiess, & Lafreniere, 1986). This has led to most simple models including 

only these immune cells, although in some models considered below, the cytolytic cells could be 

interpreted as either T cells or NK cells. Thus, the behaviors that are necessary requirements for a tumor-

immune model are driven by how T cells actually interact with pathogens. These are presented as follows.  

 

2.1 Biological requirements for tumor-cytolytic cell interactions 

T cells are a group of immune cells that specifically interact with pathogens, recognizing them 

from the presentation of surface molecules called antigens. To respond to diseases caused by invading 

cells or other infectious material, the body has a repertoire of naïve T cells, and a relatively constant-sized 
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pool of memory T cells. Each naïve T cell is generated with a T cell receptor specific to a particular 

peptide—an identifying part or whole of an antigen. This generally occurs before the body has ever been 

exposed to that antigen. The human naïve T cell repertoire has been estimated to include 105-106 different 

clonotypes (Laydon, Bangham, & Asquith, 2015) sufficient to allow the body to respond to nearly any likely 

invader. 

Naïve T cells circulate around the lymph nodes, and generally encounter antigen not directly from 

its original source, but indirectly, from an antigen-presenting cell, which is usually a dendritic cell. This 

indirect process is more efficient because dendritic cells are specialized to this function. When a naïve T 

cell encounters a dendritic cell presenting an antigen that matches its T cell receptor, a primary T cell 

response is initiated. During this response, naïve T cells differentiate into the cytolytic effector T cells that 

will kill the invader (Murphy & Weaver, 2016). Most primary responses end with the body eliminating the 

invader, after which the immune response dies down, but memory T cells remain. These cells all are 

specific to antigens the body has already responded to, and on antigen re-exposure they can activate an 

immune response faster than naïve T cells. Thus, the memory T cell population is the primary source of 

cytolytic T cells upon antigen re-exposure (Murphy & Weaver, 2016). This means that in developing a 

model for tumor-immune interactions, response to secondary exposure to antigen must be different from 

response to the primary exposure.  This necessitates that a model of cytolytic T cell interaction with tumor 

cells includes memory cells, since the most common situation to be modeled is tumor regrowth after 

initial surgical removal. 

These memory T cells are early differentiated progenitors that replicate asymmetrically, 

simultaneously self-renewing and generating more differentiated progeny (Mahnke, Brodie, Sallusto, 

Roederer, & Lugli, 2013). These qualities make this “central memory” T cell population a stem-cell-like 

group of cells. Through tumor progression, memory T cell levels do not expand significantly, remaining 

relatively constant even as the tumor size expands (Janeway, Travers, Walport, & Shlomchik, 2005). This 
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suggests that any expansion of T cells in response to tumors is not coming from expansion of the central 

memory population, but rather that there must be a distinct T-cell type that is able to divide rapidly as the 

tumor grows, while central memory T cell levels stay constant. On the other hand, the cytolytic effector T 

cells that kill tumor cells are terminally differentiated and thus do not replicate (Mahnke et al., 2013). This 

is consistent with experimental evidence from Chu et al, 2016 that shows an intermediate T cell 

population, termed “effector memory” T cells.  This population is maintained in chronic infections to 

continuously produce effector cells (Chu et al., 2016).  Taken together, this suggests that it is necessary to 

divide cytolytic T cells into three distinct subsets: central memory T cells that stay constant, effector 

memory cells that can replicate, and terminally differentiated effector T cells can kill pathogens.  In 

addition to this subdivision, T cells can be divided into CD8+ (cytolytic), CD4+ Helper and regulatory T cells 

(Tregs). All three T cell subtypes follow the same specialization process from naïve to antigen-specific 

effector state. 

For this T cell response to antigens to be capable of controlling and eliminating infections, it must 

be able to respond to pathogens very quickly. The initial response must be rapid in case of fast-growing 

viral or bacterial infections. Many experiments show rapid expansion of both CD4+ and CD8+ T cells in 

response to bacteria or viruses (Cauley, Cookenham, Hogan, Crowe, & Woodland, 2003; Cornish, Sinclair, 

& Cantrell, 2006; Cousens, Orange, & Biron, 1995; D’Souza & Lefrancois, 2003; Kwok et al., 2002; Wiley, 

Hogan, Woodland, & Harmsen, 2001). In all these experiments, T cell levels reach a peak within 2 weeks, 

corresponding to the point where the infections were conquered by the immune response, with some 

experiments predicting T cell levels escalating significantly more quickly, even in a matter of days. One of 

the mechanisms by which T cells rapidly expand in vivo is through a feedback loop with IL-2 (Cousens et 

al., 1995; D’Souza & Lefrancois, 2003; Murphy & Weaver, 2016). T cells produce IL-2, and IL-2 in-turn 

stimulates T cell proliferation. It has been seen experimentally that the subsets of T cells are responsible 

for secreting IL-2 and for cytolytic activity against tumors are distinct (Murphy & Weaver, 2016). T cells 
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expressing CD8+ markers are responsible for pathogen death, whereas T cells expressing CD4+ markers 

are those that secrete significant levels of IL-2 (Murphy & Weaver, 2016). 

On the other hand, the body must prevent auto-immune problems. This means that high levels of 

antigen-specific immune cells must not be sustained, and therefore most of these cells must be removed. 

Experimental studies show that elevated levels of activated T cell remain detectable on average for only 

a couple days from their maximal point, and seldom beyond 2 weeks after levels begin to decline (Cauley 

et al., 2003; Cornish et al., 2006; Cousens et al., 1995; D’Souza & Lefrancois, 2003; Kwok et al., 2002; Wiley 

et al., 2001). Notably, non-activated T cells remain even up to six weeks after the start of T cell level 

decline, suggesting the formation of central memory T cells (Kwok et al., 2002). Apart from the baseline 

central memory T cell levels, the immune response must decay rapidly when there is no longer antigen, 

whether the patient is cured entirely from the immune response alone or with the help of treatment. To 

be realistic, a mathematical model for immune responses should show the above-described time-

dependent behavior of T cells in response to the appearance and decline of foreign invaders. 

Models for tumor-immune interactions are of interest not only for studying tumor growth and 

immune responses, but also for investigating various immunotherapies. This would generally require the 

explicit inclusion of the cells or molecules involved in these therapies, resulting in more complexity.  Some 

examples of immunotherapies are: 

• IL-2 therapy, 
• Adjuvant T cell therapy, 
• CD4+ depleting therapy, 
• Interferon-gamma supplementation, 
• Natural killer cell supplementation, 
• and dendritic cell therapy. 

 
Finally, a mathematical model also needs to meet certain mathematical conditions, summarized 

in Table 2.1. Given a model for tumor-immune interactions, variability across individuals comes from 

differences in parameter values. Therefore, for each tumor behavior seen in nature, there must be a set 
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of parameter values allowing the mathematical model to show such behavior. Studies have found that 

there are patients and mice with remarkably large tumors. In fact, the largest intact tumor to have been 

removed from a patient was reported to be more than 300 pounds (Ahmed, 2012). For some parameter 

values, then, the tumor must be able to grow indefinitely despite the presence of the immune system. 

Additionally, this model should be applicable to a healthy patient without a tumor. Obviously, 

there must be a fixed point at zero tumor cells and zero tumor-specific immune cells. If the cells are tumor-

specific, they must not exist when there is no tumor. If a patient has no tumor cells, then their health 

should persist.  

For an initially healthy patient that has spontaneously formed a single tumor cell, there must be 

a set of parameter values such that the immune system is fully capable of eliminating the tumor. The 

concept that some tumors are eliminated solely by the immune system without treatment has been 

termed “cancer immunosurveillance” or “tumor immunosurveillance” and was at one time controversial, 

but is now widely accepted as a large body of evidence supports it (Dunn, Old, & Schreiber, 2004; 

Schreiber & Podack, 2009). Evidence supporting cancer immunosurveillance includes the higher incidence 

of certain cancers found in immunocompromised patients including AIDs patients and organ-transplant 

patients on immunosuppressive drugs, immune cell infiltration into the tumor being a prognostic factor 

for long-term survival, and the existence of lymphocytes that can recognize and destroy pre-malignant 

cells (Corthay, 2014). Other evidence includes the fact that some mice orthotopically or subcutaneously 

injected with cancer cells never develop cancers (Gregório et al., 2016; Rubin, Chu, & Arnstein, 1986; 

Schrek, 1936). More importantly, these studies show tumor regression after transplantation without 

treatment (Rubin et al., 1986). Spontaneous regression of tumors has been observed in humans as well. 

One of the earliest reported cases was a priest with a cancer in his leg, that necessitated amputation in 

the 13th century, but when his tumor broke the skin and got infected, it regressed and was no longer 

detectable (Schrek, 1936). Many other such reports of spontaneous regression note that it coincided with 
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an infection, which was likely accompanied by an increased immune response. In fact, scientists believe 

that most adults have cancer cells that are eliminated by the immune response and circulatory system 

(Furnham, 1994; Ge, O’reilly, Baille, & others, 2008). All this suggests instances where the immune system 

is able to eradicate the tumor on its own without treatment.  Therefore, there must be a set of parameter 

values such that the 𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡 = 0 fixed point is stable. Yet this cannot be true for all parameter values 

because there must still be an opportunity for tumor evasion of immune response. 

In addition, some parameter values must allow for coexistence. There should be some subset of 

patients for whom the immune system is able to control the tumor and maintain it at some non-zero size. 

There are patients that have a tumor that stays at the same size for years without treatment. In 

experiments where mice are inoculated with difference initial tumor cell counts, it is  found that some 

mice are able to sustain the same tumor size for the extent of their life (Rubin et al., 1986). The model 

must reproduce such dormant tumors by having a portion of the parameter space allow for either stable 

non-zero fixed points or a limit cycle. Yet, there are a significant collection of patients whose tumors 

continue to grow indefinitely, this behavior must also be seen for some parameter values. 

In summary, the parameter space must divide into 3 regions: “lethality,” where tumors show 

unbounded growth, “eradication,” where tumors are fully eradicated by the immune system, and 

“coexistence,” where tumor cell count plateaus at a non-zero level. The transition between these different 

states must also be biologically realistic. Bifurcations from eradication to coexistence, or from coexistence 

to lethality, must happen with increasing tumor growth or decreasing effectivity of the immune response. 

Whereas there are parameter values where the tumor can grow without bounds, the same should 

not be true for immune cells. An unbounded immune system would be toxic and even lethal to an 

organism, and the body has therefore developed many immunoregulatory mechanisms. Studies show that 

tumor infiltration by immune cells is limited (Corthay, 2014; Negus, Stamp, Hadley, & Balkwill, 1997). 
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Immune cells are limited in their capacity to proliferate in response to pathogens. The total T cell 

population (unless a patient has a T-cell malignancy, but that is beyond the scope of the solid tumors 

considered here) is controlled by homeostasis, and it is estimated that a human has 1012 total T cells 

(Arstila et al., 1999). This place an upper bound on the number of tumor-antigen-specific T cells, which 

may be dampened by a tumor’s immunosuppressive responses. Therefore, cytolytic immune cell 

expansion must be such that the total number of immune cells and the ratio of immune cells to tumor 

cells are always bounded. 

Limiting behavior for contact-dependent interactions between cells in the case where one cell 

number is much larger than the other have to be reasonable. Specifically, the limiting behavior needs to 

ensure that when there are significantly more tumor cells than cytotoxic immune cells in the tumor 

environment, the limit of the rate is only dependent on the number of cytotoxic cells, because if an 

immune cell comes into contact with another cell, it is very likely it is a tumor cell and thus a “reaction” 

will definitely take place. Similarly, when there are significantly more cytotoxic cells than tumor cells, the 

limit of the rate is only dependent on the number of tumor cells, because in that limit, the cytotoxic cells 

are much more likely to run into other immune cells than tumor cells. However, the tumor cell is much 

more likely to run into an immune cell than tumor cell, so any contact will ensure that a “reaction” takes 

place.  

Similarly, it is not reasonable that as concentration of a particular molecule species increases, that 

the rate of some process or cell-to-cell interaction stimulated by this species increases without bound. In 

the limit as concentrations are increasing, such rates must show saturation in the molecular 

concentration. This suggests Michaelis–Menten-type kinetics as opposed to modeling such processes as 

first-order. All of these mathematical behaviors are summarized in Table 2.1: 
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Table 2.1 Mathematically necessary model behaviors 

Behavior 
Tumor can grow without bound without immune system 
(0,0) is a fixed point 
(0,0) is a stable fixed point for some parameter values 
(0,0) is not a stable fixed point for all parameter values 
There is a “coexistence” limit cycle or fixed point for some parameter values 
The “coexistence” fixed point does not hold for all parameter values 
Bifurcation from different long-term behaviors coincides with a less immune-tolerant/ 
faster growing tumor 
Immune response must be bounded 
Tumor kill rate by the immune system is reasonable in the maximal immune infiltration limit 
Tumor kill rate by the immune system is reasonable in the minimal immune infiltration limit 
Saturation of cytokine-dependent rates 

 

2.2 Tumor-immune mathematical models with 2 or 3 species 

 
Table 2.2 Models analyzed  

Model Species 
count 

Species considered Source 

1.Predator-prey 2 Tumor cells, cytolytic 
immune cells 

 

2. Predator-prey Dynamics 
with immune recruitment 
and deactivation 

2 Tumor cells, cytolytic 
immune cells 

(Kuznetsov et al., 1994) 

3. Accessible tumor kill 
dynamics 

2 Tumor cells, cytolytic 
immune cells 

(Rescigno & DeLisi, 1977) 

4. Fractional kill dynamics 2 Tumor cells, cytolytic 
immune cells 

(de Pillis, Radunskaya, & 
Wiseman, 2005) 

5. Model with IL-2 3 Tumor cells, cytolytic 
immune cells, IL-2 

(Kirschner & Panetta, 1998) 

6. Model with dendritic 
cells 

3 Tumor cells, cytolytic 
immune cells, dendritic cells 

(Nakada, Nagata, Takeuchi, 
& Nakaoka, 2016) 

7. Non-specific kill model 2 Tumor cells, NK cells (de Pillis et al., 2005) 
 
 

A number of different models in the literature describe the interactions between tumor cells (𝑇𝑇) 

and cytolytic immune cells (𝐸𝐸). Some of these models also include dendritic cells (𝐷𝐷), IL-2 (𝐼𝐼), and NK cells 
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(𝑁𝑁). In all these models, 𝑇𝑇, 𝐸𝐸, 𝑁𝑁 and 𝐷𝐷 are interpreted as total cell counts, not densities. The models 

studied here are summarized in Table 2.2.  

To compare all of the models’ formulations of tumor-immune interactions on a level playing field, 

certain aspects were kept constant across all models. Mathematicians have approached different ways of 

modeling tumor growth. Across the literature, there are a number of different models of tumor growth, 

with some of the most commonly-used models summarized in Table 2.3. The choice of growth model can 

have a significant effect on the model predictions of the development and progression of the cancer, even 

for the same nature of tumor-immune interactions. For this reason, while different tumor-immune 

models have been based on different tumor proliferation models, here all models were modified to use 

only one law for growth in the absence of treatment or immune response.  In the next subsection, the 

reasoning behind the choice made for this growth law is given. 

Table 2.3  Models of tumor growth  
 

Model Rate 
Exponential 𝑇𝑇′ = 𝑡𝑡𝑇𝑇 
Logistic 𝑇𝑇′ = 𝑡𝑡𝑇𝑇(1 − 𝑇𝑇/𝐾𝐾) 
Gompertz 𝑇𝑇′ = 𝑡𝑡𝑇𝑇𝑟𝑟𝑟𝑟(𝐾𝐾/𝑇𝑇) 
Power 𝑇𝑇′ = 𝑡𝑡𝑇𝑇𝑎𝑎 
Combination 𝑇𝑇′ =

𝑇𝑇

�� 1
𝛾𝛾1
�
𝑝𝑝

+ �𝑇𝑇
1−𝑚𝑚

𝛾𝛾 �
𝑝𝑝
�

1
𝑝𝑝

 

 

Historically, the first mathematical description of tumor growth, and one still commonly used, 

was exponential growth.  

This model is based on the assumption that all tumor cells divide at the same constant rate. This is believed 

to be an accurate representation of tumor growth for small tumor sizes and for cultured tumor cells that 

𝑇𝑇′ = 𝑡𝑡𝑇𝑇 
2.1 
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have not reached plateau phase (Skehan & Friedman, 1984). However, as tumor size increases in patients, 

the doubling time of tumor cells tends to decrease, thus this model has limitations for representing tumor 

growth in vivo (Laird, 1964; Skipper, 1971) particularly when tumor growth over several orders of 

magnitude in size is considered. The exact mechanism—or mechanisms—behind this slowing of tumor 

growth with increasing size is not clear, but several mechanisms have been proposed and modeled 

mathematically, including limited access to nutrients (Roose, Chapman, & Maini, 2007), tumor growth 

limited by angiogenesis (Anderson & Chaplain, 1998; Komarova & Mironov, 2005), mechanical stress 

(Ambrosi & Mollica, 2004; Byrne & Preziosi, 2003), and tumor suppression via signals and cytokines 

(Arteaga et al., 1993). 

To account for this slowing, two commonly used models in literature have increasing tumor 

doubling time with size that plateaus at a final asymptotic size. Generally, it is assumed that this plateau 

size in fits to data will exceed the maximum tolerable tumor size that an organism can survive. The logistic 

model, shown in equation 2.2, is used very frequently to model populations where initially, they can 

expand exponentially, but at a certain size, 𝐾𝐾, the tumor population reaches a carrying capacity where 

the environment can no longer support further tumor growth. At this point, the is a competition between 

the species for resources and the growth slows to arithmetic growth, until a complete cessation of further 

tumor growth, maintaining the population at a plateau. If the initial tumor size is more than the carrying 

capacity, there is an exponential decrease to the plateau in the tumor population: 

𝑇𝑇′ = 𝑡𝑡𝑇𝑇(1 − 𝑇𝑇/𝐾𝐾) 
2.2 

The second such model is the Gompertz model. Just like the logistic, for a small tumor size, this 

model leads to tumor growth that is very close to exponential, but as the tumor grows, there is a plateau. 

However, unlike the logistic model, the Gompertz model does not appear to be derived from any 

physiological basis (Vaidya & Alexandro, 1982). The biggest problem with the Gompertz law, however is 
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that the instantaneous proliferation rate of a single cell as the tumor count as 𝑇𝑇 → 0 is unbounded. In 

actuality, this rate is limited by the length of time it takes a cell to divide (Steel, 1977; Wheldon, 1988).This 

makes this growth rate an inaccurate model for small tumors. 

𝑇𝑇′ = 𝑡𝑡𝑇𝑇𝑟𝑟𝑟𝑟(𝐾𝐾/𝑇𝑇) 
2.3 

The benefit of both of these models is that the tumor growth rate does not remain high even as 

the tumor has slowed from initial exponential growth and that they account for tumor cell competition 

for resources as the tumor population gets large enough. However, there are disadvantages to the upper 

limit on tumor size of the Gompertz and logistic models. If this upper limit is set too low (perhaps by fitting 

to a limited data set) it could lead to unrealistic predictions of tumor control even in the absence of 

successful immune responses or treatment. On the other hand, it could easily be set too low. There have 

been multiple reports of patients living with tumors greater than 50 pounds (Ahmed, 2012; Blair, 2018; 

Couzens, 2010). In 2018, doctors successfully removed a 133 pound tumor from a patient (Blair, 2018) 

and a patient successfully lived with a tumor that weighed more than 300 pounds (Ahmed, 2012).  This 

suggests that tumors may not be bound by a carrying capacity. Thus, models without a maximum tumor 

size are preferable for studying immune responses and treatment.  

 One such model is the power law model. In this model, the tumor growth rate decreases as the 

tumor size increases, but there is no maximum fixed point. Recent studies have shown that power law 

growth has is good fit for breast cancer tumor nodule growth, when the tumor is of clinical size (Hart, 

Shochat, & Agur, 1998).  Sarapata and de Pillis have found that for colorectal cancer specifically, this model 

yields to the best fit to experimental data (Sarapata & de Pillis, 2014). In this model, the parameter relating 

to the power of the growth rate, 𝑎𝑎, is less than 1. 

𝑇𝑇′ = 𝑡𝑡𝑇𝑇𝑎𝑎  2.4 
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With this model, the instantaneous per-cell proliferation rate as 𝑇𝑇 → 0 is ∞. To ensure that such 

unreasonable behavior does not take place, and because a tumor size less than 1 tumor cell is, in practice, 

a fully eradicated tumor, the traditional power law was modified. In this modification, tumor growth 

between 0 and 1 cell is exponential, allowing per-cell proliferation to remain constant in the limit as 𝑇𝑇 →

0: 

𝑇𝑇′ = 𝑡𝑡𝑇𝑇𝑎𝑎 

𝛼𝛼 < 1 𝑓𝑓𝑡𝑡𝑡𝑡 𝑇𝑇 > 1 

𝛼𝛼 = 1 𝑓𝑓𝑡𝑡𝑡𝑡 𝑇𝑇 ≤ 1 

2.5 

A different adaptation of the power law to ensure that the instantaneous per-cell proliferation 

rate limit as 𝑇𝑇 → 0 is bounded, is the Robertson-Tessi et al (2010) combination model, which is structured 

to give a smooth transition between an exponential growth law for small tumor volumes and a power law 

for large volumes, in a very similar fashion to the power law modification made in equation 2.5: 

𝑇𝑇′ =
𝑇𝑇

�� 1
𝛾𝛾1
�
𝑝𝑝

+ �𝑇𝑇
1−𝑚𝑚

𝛾𝛾 �
𝑝𝑝
�

1
𝑝𝑝

 2.6 

Different studies that compare the ability of logistic, Gompertz and exponential models to fit 

experimental data do not lead to consistent conclusions (Benzekry et al., 2014; Maruši, 1996; Rodriguez-

Brenes, Komarova, & Wodarz, 2013; Sarapata & de Pillis, 2014; Steel, 1977; Vaidya & Alexandro, 1982). 

Vaidya and Alexandro (1982) found that the logistic model fit data best in seven out of seven human 

patients and seven out of ten mice tumors. On the other hand, Maruši (Maruši, 1996) found that 

Gompertz approximated data best. Finally, Sarapta et al (Sarapata & de Pillis, 2014) found that the best 

fit greatly depended on the type of cancer. Although all of these models fit data well within limited ranges 

of tumor sizes, the fits become poorer when the range was increased to include both small and large 

tumors. For larger tumor sizes, the exponential model will overestimate the tumor growth rate. On the 
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other hand, the logistic model often underestimates tumor growth rate for larger tumors. Differences 

between the different models in being able to reproduce data are often very minimal over observable 

ranges of tumor sizes. The data of Hart et al shows that the assumption that there is a sigmoidal pattern 

to the tumor growth, as suggested by the Gompertz and logistic models, is not seen clinically (Hart et al., 

1998). This motivates using the power law model for tumor growth rate to compare all immune 

interaction models instead of Gompertz or logistic. Other studies suggest that the power law model is a 

good representation of tumor growth over a broader range of growth rates (Gatenby & Frieden, 2004; 

Steel, 1977).  The final growth rate used is in equation 2.7: 

[𝑇𝑇𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡 𝑔𝑔𝑡𝑡𝑡𝑡𝑔𝑔𝑡𝑡ℎ 𝑡𝑡𝑎𝑎𝑡𝑡𝑟𝑟] = 𝑡𝑡𝑇𝑇𝑎𝑎 

𝛼𝛼 < 1 𝑓𝑓𝑡𝑡𝑡𝑡 𝑇𝑇 > 1 

𝛼𝛼 = 1 𝑓𝑓𝑡𝑡𝑡𝑡 𝑇𝑇 ≤ 1 

2.7 

Adopting this growth rate ensures that for every model of tumor-immune interactions, in the 

absence of immune response, the tumor is capable of growing without bound.  That way criterion (1) of 

Table 2.1 is met for every model compared.  

The models that are analyzed here are a simple predator prey model, a predator prey model that 

accounts for T cell recruitment and the inactivation of these cells after tumor kill, a model that accounts 

for difficulties of tumor infiltration by immune cells, and a model where tumor death by immune cells 

depends on a ratio between immune cells and tumor cells. These two-species models track the number 

of tumor cells (T) and the number of tumor-specific effector T cells (E). Other models track the interaction 

between tumor cells and non-tumor-specific Natural Killer (NK) cells (N). Finally, three-species models 

track the effects of IL-2 (I) and dendritic cells (D) on immune expansion. All other variables in these models 

are held constant. For comparison of dynamical systems, parameters that represent qualitatively similar 
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terms in each of these models are notated by the same symbols, although the values of these parameters 

vary between the different models.   

 

 Predator-prey model 

The simplest model for interactions between two species where one kills the other in a targeted 

fashion is a predator-prey model. In the absence of the predator (the immune cells), the prey (tumor cells) 

would continue to grow indefinitely. When the two species come into contact, the immune cells kill the 

tumor cells, however proliferation or recruitment of the immune cells to the tumor rely on contact with 

the tumor cells. In the absence of the tumor, the number of immune cells decays rapidly. Finally, the rate 

of contact between tumor cells and immune cells is equal to the product of the total cell counts. The 

system of equations that represents this model is:  

𝑇𝑇′ = [𝑇𝑇𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡 𝑔𝑔𝑡𝑡𝑡𝑡𝑔𝑔𝑡𝑡ℎ 𝑡𝑡𝑎𝑎𝑡𝑡𝑟𝑟] − 𝑐𝑐1𝑇𝑇𝐸𝐸 

𝐸𝐸′ = 𝜌𝜌𝑇𝑇𝐸𝐸 − 𝑑𝑑𝐸𝐸 
2.8 

 

 Predator-prey model with immune recruitment and deactivation 

The model of Kuznetsov et al is a modified predator-prey model that accounts for more complex 

tumor-immune interactions (Kuznetsov et al., 1994):  

𝑇𝑇′ = [𝑇𝑇𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡 𝑔𝑔𝑡𝑡𝑡𝑡𝑔𝑔𝑡𝑡ℎ 𝑡𝑡𝑎𝑎𝑡𝑡𝑟𝑟] − 𝑐𝑐1𝑇𝑇𝐸𝐸 

𝐸𝐸′ = 𝜎𝜎 +
𝜌𝜌𝑇𝑇
𝑠𝑠 + 𝑇𝑇

− 𝑐𝑐2𝑇𝑇𝐸𝐸 − 𝑑𝑑𝐸𝐸 

2.9 

Kuznetsov interpreted the tumor-killing immune cells “E” in this model as all anti-tumor immune 

cells including NK cells, but such a model could also be used for only T cells.  The tumor cells cause an 

increase in immune cells; for both NK and T cells there are various physical mechanisms that could be 
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invoked to justify this. This term for tumor stimulation of the immune system increases rapidly for a small 

tumor but saturates as the tumor size gets larger. Additionally, in this model, immune cells are produced 

at a constant rate even in the absence of tumor cells. Finally, this model is based on the assumption that 

immune cells become inactivated after they kill a certain number of tumor cells, accounted for by an 

elimination rate of immune cells that is proportional to the tumor kill rate by those immune cells. This kill 

term, as in the predator-prey model, is the product of the two cell counts. Finally, there is a natural death 

of immune cells. 

 

 Accessible tumor kill model 

The accessible tumor kill model gives a different mechanism for saturating dynamics of the tumor 

kill rate. As with the model with predator-prey dynamics that had T cell recruitment and deactivation 

(Section 2.2.2), this model has a natural production of immune cells without tumor presence (Rescigno & 

DeLisi, 1977). Also, as with the model of Section 2.2.2, this one models an increase in immune cell counts 

as the tumor size increases. However, DeLisi and Rescignio did not assume, like other modelers, that the 

tumor cells are all equally accessible to the immune cells. In their model, only cells on the surface of the 

tumor are vulnerable to immune kill. The tumor geometry has a protective function that increases as the 

tumor size increases. In the spherical tumor assumption, this dependence on volume depends on the 

tumor count to the 2
3
 power. This issue of access is also evident in tumor infiltration of immune cells, as 𝐸𝐸 

is interpreted here to be immune cells in the tumor environment. The rate of recruitment of these cells 

depends linearly on the “accessible” tumor count, and also saturates in 𝐸𝐸 with a term resembling logistic 

growth, so that the number of immune cells per tumor surface area cannot exceed a plateau value: 

𝑇𝑇′ = [𝑇𝑇𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡 𝑔𝑔𝑡𝑡𝑡𝑡𝑔𝑔𝑡𝑡ℎ 𝑡𝑡𝑎𝑎𝑡𝑡𝑟𝑟] −
𝑐𝑐1𝑇𝑇𝑧𝑧𝐸𝐸
1 + 𝐸𝐸

 2.10 
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𝐸𝐸′ = 𝜎𝜎 +
𝜌𝜌𝑇𝑇𝑧𝑧𝐸𝐸
𝑠𝑠 + 𝐸𝐸

�1 −
𝐸𝐸
𝐸𝐸𝑐𝑐
� − 𝑑𝑑𝐸𝐸 

 To ensure that the fixed point at 𝑇𝑇 = 0 does not exhibit unreasonable behavior in this model, it 

was again assumed that at the non-biological tumor size of less than 1 cell, the proportionality of the kill 

was 1: 

𝑧𝑧 =
2
3

 𝑓𝑓𝑡𝑡𝑡𝑡 𝑇𝑇 > 1 

𝑧𝑧 = 1 𝑓𝑓𝑡𝑡𝑡𝑡 𝑇𝑇 ≤ 1 

2.11 

This model has one feature that greatly affects the outcomes, which previous models did not 

include. There are two saturation terms for the immune cell expansion upon contact with antigen. First, 

there is a saturation in the proliferation rate of T cells of the form 1
𝑠𝑠+𝐸𝐸

. Thus, as the number of T cells 

increases, the incremental increase in the rate of proliferation of T cells decreases. Additionally, there is 

a carrying capacity for the maximal number of T cells that can be produced or recruited to the tumor: 

�1 − 𝐸𝐸
𝐸𝐸𝑐𝑐
�. The combination of these two saturating rates has potential to significantly limit the expansion 

of anti-tumor response. Finally, the recruitment term models limited access to tumor by lymphocytes, 

with infiltration only happening at the surface, evident in the term 𝑇𝑇𝑧𝑧 in the model component that 

represents T cell recruitment.  

 

 Fractional kill model 

de Pillis et al (2005) proposed a model of tumor-cytolytic T cell interaction that tracks the contact 

between immune cells as dependent on the ratio between them rather than assuming a product form (de 

Pillis et al., 2005): 

𝑇𝑇′ = [𝑇𝑇𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡 𝑔𝑔𝑡𝑡𝑡𝑡𝑔𝑔𝑡𝑡ℎ 𝑡𝑡𝑎𝑎𝑡𝑡𝑟𝑟] − Ω 
2.12 
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𝐸𝐸′ =
𝜌𝜌Ω2

𝑆𝑆 + Ω2
𝐸𝐸 − 𝑐𝑐2𝐸𝐸𝑇𝑇 − 𝑑𝑑𝐸𝐸 

where the fractional kill by tumor-specific cytolytic cells is: 

Ω =
𝑐𝑐1 �

𝐸𝐸
𝑇𝑇�

𝜆𝜆

𝐾𝐾 + �𝐸𝐸𝑇𝑇�
𝜆𝜆 𝑇𝑇 

 2.13 

In this model, immune cells are recruited to the tumor site by what the authors describe as 

“interactions with T-cell processed tumor cell through a Michaelis–Menten dynamic,” although they may 

be better characterized as a Hill-equation rather than Michaelis–Menten that depends on the kill term (de 

Pillis et al., 2005). de Pillis et al assumed that there is a T-cell inactivation term, where each time a CD8+ 

T cell kills a certain number of tumor cells, it runs out of killing factors and is no longer able to kill tumor 

cells. However, this inactivation term has a product form, rather than the fractional kill dynamics they 

used for the immune kill of tumor cells; therefore it is not directly related to the actual successful kill of 

the tumor cells by T cells. Finally, like other models, this model accounts for T cell natural death. 

 

 Model with IL-2 

IL-2 (I) plays a very critical role in the expansion of T cells (Murphy & Weaver, 2016), motivating 

its inclusion in models that are aimed at accurately capturing the proliferation of cytolytic immune cells 

in response to antigen. In Kirschner and Panetta’s model (1998), tumor cells are killed by immune cells by 

a rate that saturates as the tumor size increases, and is first-order in E. The immune cells are produced—

or recruited to the tumor—at a rate that is first-order in T. However, there is an increase in proliferation 

of the immune cells that is independent of the tumor but instead depends on the concentration of IL-2 in 

the tumor. This IL-2 mediation of T cell proliferation is modeled via Michaelis-Menten kinetics. IL-2 is 

produced by the immune cells in a first-order fashion; however, it requires the presence of tumor cells, 



43 
 

which mediate IL-2 production via Michaelis-Menten kinetics. Both the immune cells and IL-2 have natural 

clearance terms. 

𝑇𝑇′ = [𝑇𝑇𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡 𝑔𝑔𝑡𝑡𝑡𝑡𝑔𝑔𝑡𝑡ℎ 𝑡𝑡𝑎𝑎𝑡𝑡𝑟𝑟] −
𝑐𝑐1𝐸𝐸𝑇𝑇
𝐾𝐾 + 𝑇𝑇

 

𝐸𝐸′ = 𝜌𝜌𝑇𝑇 +
𝑝𝑝1𝐸𝐸𝐼𝐼
𝑔𝑔1 + 𝐼𝐼

− 𝑑𝑑𝐸𝐸 

𝐼𝐼′ =
𝑝𝑝2𝐸𝐸𝑇𝑇
𝑔𝑔2 + 𝑇𝑇

− 𝜇𝜇𝐼𝐼 

2.14 

 

 Model with dendritic cells 

Dendritic Cells (D) play a vital role in cytolytic T cell activation as well as the presentation of tumor 

antigen to T cells (Janeway et al., 2005). Nakada et al developed a system with three species, with tumor 

cells, cytolytic T cells, and dendritic cells (Nakada et al., 2016). Nakada et al proposed a model that 

represents a step towards increased realism by accounting for the fact that dendritic cells and T cells are 

mutually involved in each other's activation, while still retaining the relative simplicity of a three-species 

model, which is why it is of interest here.   

The model has many similarities with other models considered here, yet one difference is that 

Nakada et al explicitly refer to their variables as cell densities rather than total cell counts. However, since 

these authors are using a logistic model for growth, with a carrying capacity, and since they have no spatial 

variation, it is quite difficult to relate their model to an actual biological situation of tumor growth unless 

the variables are assumed to be cell counts.  This is because tumors do not grow by gradually increasing 

their cell density in a spatially uniform way.  Rather, they start as a small mass with a boundary expanding 

over time, and this can only be modeled with Nakada's equations by assuming the variables are cell 

counts.  Moreover, in an actual tumor mass, total cell density does not generally vary by orders of 

magnitude over time.  Typically, in tumors, the extracellular volume fraction will vary in a range 
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from approximately 0.2 - 0.6 (Baxter & Jain, 1989, 1990, 1991b, 1991a).  While this latter issue could be 

resolved by assuming that when the total density (tumor cells plus immune cells) is very low, there are 

normal cells implicitly present to keep the total cell density realistic, this still does not resolve the former 

problem that tumor cells do not take over large regions of normal tissue by gradually increasing their 

density in a spatially uniform manner.  Because of all these considerations, the Nakada et al mathematical 

form is analyzed here with the interpretation of the variables as total cell counts rather than densities. 

In this model, like previous models, tumor cells are killed by T cells via a product term. The DCs 

are produced or recruited at a rate that depends on both the total number of tumor cells and DCs. On the 

other hand, T cells are recruited to the tumor by DCs using Michaelis-Menten kinetics. Just like in previous 

models, immune cells naturally death is modeled with first-order kinetics. 

𝑇𝑇′ = [𝑇𝑇𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡 𝑔𝑔𝑡𝑡𝑡𝑡𝑔𝑔𝑡𝑡ℎ 𝑡𝑡𝑎𝑎𝑡𝑡𝑟𝑟] − 𝑐𝑐1𝐸𝐸𝑇𝑇 

𝐷𝐷′ = 𝑎𝑎𝑇𝑇𝐸𝐸 − 𝛿𝛿𝐷𝐷 

𝐸𝐸′ =
𝑏𝑏𝐷𝐷
ℎ + 𝐷𝐷

− 𝑑𝑑𝐸𝐸 

2.15 

 

 Model with non-specific kill 

Finally, tumor-specific T cells are not the only species to kill tumor cells. NK cells are one of the 

most important cells in the innate immune response to tumors (Jewett & Tseng, 2011; Pietra, Vitale, 

Moretta, & Mingari, 2012). Because of their non-specific targeting, they respond early to the presence of 

tumor cells (Poggi, Massaro, Negrini, Contini, & Zocchi, 2005; Wu & Lanier, 2003).  A model of tumor 

interactions with NK cells accounts for this non-specific kill (de Pillis et al., 2005): 

𝑇𝑇′ = [𝑇𝑇𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡 𝑔𝑔𝑡𝑡𝑡𝑡𝑔𝑔𝑡𝑡ℎ 𝑡𝑡𝑎𝑎𝑡𝑡𝑟𝑟] − 𝑐𝑐1𝑁𝑁𝑇𝑇 

𝑁𝑁′ = 𝜎𝜎 +
𝜌𝜌𝑇𝑇2

𝑠𝑠 + 𝑇𝑇2
𝑁𝑁 − 𝑐𝑐2𝑁𝑁𝑇𝑇 − 𝑑𝑑𝑁𝑁 

2.16 
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In this model, NK cells are produced, or recruited to the tumor, at constant levels in patients 

without tumors, and this production/recruitment increases as the tumor size increases until a point where 

tumor effects saturate. de Pillis et al assumed that this happened at a rate that is dependent on 𝑇𝑇2. The 

tumor cells are killed by NK cells in a product form rate, and NK cells are only capable of killing a certain 

number of tumor cells before getting depleted of killing factors, which is depicted with an NK removal 

from the active compartment term that is proportional to the rate of killing of tumor cells by NK cells. 

Finally, NK cell natural death is first order in 𝑁𝑁. 

 

2.3 Results and discussion  

Table 2.4 Assessment of model mathematical behaviors 

Behavior Model 

1 2 3 4 5 6 7 
Tumor can grow without bound √ √ √ √ √ √ √ 

(Tumor=0, CD8+ T=0) is a fixed point √   √ √ √ N/A 

Tumor=0 is a stable fixed point for some 
parameter values 

 √ √ √   √ 

Tumor=0 is not a stable fixed point for all 
parameter values 

√ √ √ √ √ √ √ 

There is a “coexistence” fixed point for some 
parameter values 

√ √ √ √ √ √ √ 

The “coexistence” fixed point does not hold for all 
parameter values 

 √ √ √ √ √ √ 

Bifurcation from different long-term behaviors 
must coincide with a less immune-tolerant/ faster 
growing tumor 

 √ √ √ √ √ √ 

Immune response must be bounded √ √ √ √   √ 

Tumor kill rate by the immune system is 
reasonable in the severe immune infiltration limit 

  √ √    

Tumor kill rate by the immune system is 
reasonable in the minimal immune infiltration 
limit 

    √   

Saturation of cytokine-dependent events  √ √  √ √ √ 

 
1: Predator-prey model, 2: Predator-prey model with immune recruitment and deactivation, 3: Accessible 
tumor kill model, 4: Fractional kill model, 5: Model with IL-2, 6: Model with dendritic cells, 7: Model with 
non-specific kill 
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The assessments of each model for meeting the mathematical criteria are summarized in Table 

2.4. Following are specific in-depth analyses for each of the models. These include fixed points and 

stability, as well as a dynamical-systems analysis of bifurcations in steady state behavior with varying 

parameter values. As noted in Section 2.2, the tumor growth rate term used will always be the power law 

term of equation 2.7. 

A substantial portion of the analysis comes from the steady-state behavior of these models and 

the analysis of existence and stability of fixed points. It is important to note that for some models, there 

are many fixed points, however, the only fixed points that were analyzed were those that were deemed 

biologically relevant. For this reason, tumors that were found to be negative in size were ignored. 

Additionally, realistically, a tumor cannot be comprised of less than one cell. Therefore, fixed points for 

0 < 𝑇𝑇 < 1 were ignored.  

 
 Predator-prey model 

For the predator-prey model, there is a fixed point at (𝑇𝑇∗,𝐸𝐸∗) = (0,0) with a Jacobian  

𝐽𝐽 = �𝑡𝑡 0
0 −𝑑𝑑�. The value and stability of the second fixed point depends on the parameter values. There is 

a bifurcation at 𝑑𝑑 = 𝜌𝜌, when the fixed-point shifts. The corresponding fixed points are summarized in 

Table 2.5, along with their stability, found using the Jacobian.  

 
Table 2.5 Predator-prey model non-zero fixed point changes with parameter values 

Parameters Fixed point (𝑇𝑇∗,𝐸𝐸∗) Jacobian 
𝑑𝑑 < 𝜌𝜌 �

𝑑𝑑
𝜌𝜌

,
𝑡𝑡
𝑐𝑐1
� 

⎣
⎢
⎢
⎡ 0 −𝑐𝑐1

𝑑𝑑
𝜌𝜌

𝜌𝜌
𝑡𝑡
𝑐𝑐1

0 ⎦
⎥
⎥
⎤
 

𝑑𝑑 > 𝜌𝜌 �
𝑑𝑑
𝜌𝜌

,
𝑡𝑡
𝑐𝑐1
�
𝜌𝜌
𝑑𝑑
�
1−𝛼𝛼

� 

⎣
⎢
⎢
⎡𝑡𝑡 �

𝜌𝜌
𝑑𝑑
�
1−𝛼𝛼

(𝛼𝛼 − 1) −𝑐𝑐1
𝑑𝑑
𝜌𝜌

𝜌𝜌
𝑡𝑡
𝑐𝑐1
�
𝜌𝜌
𝑑𝑑
�
1−𝛼𝛼

0 ⎦
⎥
⎥
⎤
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For all parameter values, the fixed point 𝑇𝑇∗ = 0 , 𝐸𝐸∗ = 0 (in this chapter, the superscript * 

denotes a fixed point; note that in subsequent chapters, the symbol 𝑇𝑇∗ may have a different meaning) is 

a saddle node, with the tumor size being unstable, meaning any initial value of tumor given 𝐸𝐸 = 0, would 

lead to unbounded tumor growth. Conversely, a small deviation from the 𝐸𝐸 = 0 fixed point, given 𝑇𝑇 = 0, 

would at steady-state, lead to a stable fixed point of no tumor-specific immune response a decay back to 

the metastable fixed point (0,0) of no tumor-specific immune response. The other fixed point is always 

stable for biologically feasible parameters: 𝛼𝛼<1 and all other parameters positive. When 𝑑𝑑 < 𝜌𝜌, the fixed 

point is a stable center, however, because the biological interpretation of 𝑇𝑇 <  1 (less than one cell) is 

that the tumor has been eradicated, the fixed point will not be considered further. When 𝑑𝑑 > 𝜌𝜌, the 

different kinds of behavior depend on the exact values of the parameters, with a bifurcation happening 

at 𝑡𝑡 = 4𝜌𝜌

�𝑑𝑑𝜌𝜌�
 𝛼𝛼−2

(𝛼𝛼−1)2
 .  

 

𝑡𝑡 <
4𝜌𝜌

�𝑑𝑑𝑐𝑐1
�

 𝛼𝛼−2
(𝛼𝛼 − 1)2

 

 

𝑡𝑡 >
4𝜌𝜌

�𝑑𝑑𝑐𝑐1
�

 𝛼𝛼−2
(𝛼𝛼 − 1)2

 

Figure 2.1 Predator prey model bifurcation in tumor growth rate 

Below the bifurcation point, there is a stable limit cycle and above the bifurcation there is a stable 

node. The value of the transition between these two states depends on the balance between the 

proliferation/recruitment/production of the tumor specific immune cells as compared to their death rate. 

The model behavior transition across the bifurcation in the tumor growth rate is shown in Figure 2.1. 
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With this model, for slower growing tumors, there is a lag between the formation of immune cells 

and tumor growth, where the tumor is able to continue growing while the immune infiltration catches up. 

Once the immune response catches up, it kills tumor cell counts, driving them down, until another brief 

period of expansion can occur. In this way, there are oscillations in the tumor counts for slow growing 

tumors. For the faster growing tumors, the immune response is able to catch up fairly quickly and keep 

the tumor from being able to expand, even temporarily after establishing immune presence in the tumor. 

If the immune cells here are interpreted as strictly only T cells, this is biologically unreasonable behavior, 

because while the immune response may need a certain level of antigen to mobilize, the adaptive immune 

expansion takes a certain amount of time that is independent of both the level of antigen and its time 

derivative. However, if the immune population is considered to represent, in an approximate way, both 

the adaptive and innate responses, this becomes more reasonable, since the innate response is 

immediate.  

 

Stable node 
𝑎𝑎 < 1 

 

Unstable node 
𝑎𝑎 > 1 

Figure 2.2 Predator prey model nullclines for sample stable and unstable behavior 
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Importantly, the only way to get unstable behavior, where the tumor can grow out of control and 

not plateau at a finite size without killing the patient, is if the power law growth exponent 𝛼𝛼 > 1, which 

is considered biologically unrealistic. Thus, for this model, for all reasonable parameter values, the 

immune system maintains the tumor at an unbounded size but is not capable of eradicating it. This 

behavior is summarized in Figure 2.2 with nullclines for sample parameter values when the fixed point is 

stable and unstable.  

Because of the constraint to 𝑎𝑎 < 1, the model can only reproduce the case of death from cancer 

if the parameters are such that the nonzero fixed point or any point on the limit cycle has tumor size 

beyond the lethal threshold. A realistic feature of the model is that the immune response is bounded for 

all parameter values. The stability of this fixed point ensures that there is always only a finite number of 

T cells in response to the tumor, and the ratio of T cells to tumor cells is bounded. 

The kill rate of the tumor cells by the cytolytic immune cells takes on the for 𝑐𝑐1𝐸𝐸𝑇𝑇. The predator-

prey model does not have realistic behavior in the limits as either cell becomes far more abundant than 

the other. For example, if there was a tumor with a single cell, doubling the number of immune cells would 

double the kill rate without bound. The same is true if there was just one cytolytic immune cell, doubling 

the number of tumor cells would lead to an unbounded increase in the kill rate. 

This model has no cytokine-dependent events; therefore, a saturation is not necessary, although 

biologically, it would be expected that T cell proliferation is stimulated by IL-2 with saturation. The 

proliferation rate in response to tumor cells with this model is constant, 𝜌𝜌, and this simplification most 

likely overestimates T cell proliferation for small tumors, when IL-2 levels are low, underestimates 

proliferation for medium-sized tumors that are stimulating rapid T cell response, and again overestimates 

proliferation for larger tumors that have suppressed T cell proliferation because of immunoregulatory 
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factors. A simple modification to the system of equations that allows for tumor-mediated immune 

suppression leads to indefinite tumor growth: 

 
𝑇𝑇′ = [𝑇𝑇𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡 𝑔𝑔𝑡𝑡𝑡𝑡𝑔𝑔𝑡𝑡ℎ 𝑡𝑡𝑎𝑎𝑡𝑡𝑟𝑟] − 𝑐𝑐1𝑇𝑇𝐸𝐸 

𝐸𝐸′ =
𝜌𝜌𝑇𝑇𝐸𝐸

1 + 𝑇𝑇
𝑆𝑆
− 𝑑𝑑𝐸𝐸 

2.17 

A sample tumor growth curve over time for this modified system shows that for some parameter 

values, unbounded tumor growth is now possible, as depicted in Figure 2.3:  

 
Figure 2.3 Predator prey model tumor growth with immunosuppression 

This small change allows for immunosuppression, which ensures that immune control of the tumor is not 

possible for all parameter values. 

 

 

 Predator-prey with immune recruitment and deactivation 

This model has a fixed point at (𝑇𝑇∗,𝐸𝐸∗) = �0, 𝜎𝜎
𝑑𝑑
�. The stability of this fixed point can be found with 

the Jacobian, 𝐽𝐽 = �
𝑡𝑡 − 𝑐𝑐1

𝜎𝜎
𝑑𝑑

0
𝜌𝜌
𝑠𝑠
− 𝑐𝑐2

𝜎𝜎
𝑑𝑑

−𝑑𝑑
�. The eigenvalues are 𝜆𝜆1 = 𝑡𝑡 − 𝑐𝑐1

𝜎𝜎
𝑑𝑑

 and 𝜆𝜆1 = −𝑑𝑑, implying that 

depending on the parameter values, this is either a stable node or a saddle. For slow growth rates, the 

tumor will be fully eradicated by the immune response. On the other hand, at  𝑡𝑡 = 𝑐𝑐1
𝜎𝜎
𝑑𝑑

, there is a 
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bifurcation where the tumor transitions to a state of instability. For those parameter values, if there are 

any tumor cells initially, the tumor will start to expand rapidly, however if there is initially no tumor, the 

immune cell count will consistently gravitate toward the 𝐸𝐸 = 𝜎𝜎
𝑑𝑑

 state. The behavior of the other fixed 

points was determined numerically from the Jacobian by finding the fixed points that satisfy the following 

equation: 

0 = 𝜎𝜎 +
𝜌𝜌𝑇𝑇∗

𝑆𝑆 + 𝑇𝑇∗
−
𝑑𝑑𝑡𝑡
𝑐𝑐1
𝑇𝑇∗𝛼𝛼−1 − 𝑐𝑐2

𝑡𝑡
𝑐𝑐1
𝑇𝑇∗𝛼𝛼 

𝐸𝐸∗ =
𝑡𝑡
𝑐𝑐1
𝑇𝑇∗𝛼𝛼−1 

2.18 

with the Jacobian being  

𝐽𝐽 = �
𝑡𝑡𝛼𝛼𝑇𝑇∗𝛼𝛼−1 − 𝑐𝑐1𝐸𝐸∗ −𝑐𝑐1𝑇𝑇∗

𝜌𝜌𝑠𝑠
(𝑠𝑠 + 𝑇𝑇∗)2 − 𝑐𝑐2𝐸𝐸∗ −𝑑𝑑 − 𝑐𝑐2𝑇𝑇∗

� 2.19 

 

The dynamics of these fixed points fluctuate significantly as the tumor growth rate changes. As 

the growth rate of the tumor and the initial tumor size vary, there are five distinct regions of long-term 

behavior. These are separated by a saddle node bifurcation. These regions are shown in Figure 2.4. 

 
Figure 2.4 Predator prey with immune recruitment and deactivation model bifurcation as r increases 

There are five distinct regions. In region A, the tumor growth rate is low, and the immune system 

is capable of fully eradicating the tumor. 𝑇𝑇∗ = 0 is a stable fixed point; for initial tumor sizes that are low, 
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if the tumor growth rate is slow enough, the immune system will be capable of fully eradicating the tumor.  

However, if the initial tumor size is large enough, the tumor growth pattern is in region B. There, the 

tumor size is so large, that for any growth rate, the immune system will be unable to control it and it will 

grow indefinitely, until the host is killed. In region C, the immune system is able to effectively decrease 

the tumor size to a finite non-lethal size and can keep the tumor controlled at that size indefinitely. In 

region D, the tumor will grow to a finite size, at which point, the immune system will be able to prevent 

further tumor growth and keep it at a finite non-lethal size indefinitely. Finally, in region E, the tumor 

growth is so rapid, that the immune response is unable to keep the tumor from growing out of control 

and killing the patient. Figure 2.5 depicts representative samples of these behaviors for the same initial 

condition as 𝑡𝑡 increases, visualizing the dynamics in addition to the steady state behavior in regions A, D 

and E. 

 
Region A 

 
Region D 

 
Region E 

   

Figure 2.5 Predator prey with immune recruitment and deactivation model bifurcation in tumor growth 
rate 

In all of these cases, the immune cell levels are bounded, and the saddle fixed points represent 

uncontrolled tumor growth, while T cell levels tend to a finite level at steady state. This is especially clear 

when looking at the expansion of immune cells as the tumor grows in region E. Even as the tumor expands 

rapidly, immune cells remain significantly lower and are not expanding in the same way, which is even 

best seen when looking at a logarithmic plot (Figure 2.6). As tumor cells are expanding, the immune 

populations are, in fact, decreasing: 
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Figure 2.6 Logarithmic plot of region E 

 
The kill rate of this model is just like that of the predator-prey model so limiting behavior is 

identical to that described in Section 2.3.1. Just as with the predator-prey model, this model does not 

directly include the effects of immune molecules. That being said, some effects of these molecules are 

indirectly included in the recruitment of T cells in response to the tumor. Unlike the other model, this 

model does not feature proliferation of T cells at all. Apart from baseline T cell levels, this model has T 

cells increase at a rate of 𝜌𝜌𝜌𝜌
𝑠𝑠+𝜌𝜌

. This would best describe a recruitment of T cells to the tumor site from a 

constant pool of T cells. This might depend on the production of molecules or factors by tumor cells and 

does saturate for larger tumor sizes. 

 

 Accessible tumor kill model  

The accessible tumor kill model has a healthy individual fixed point at (𝑇𝑇∗,𝐸𝐸∗) = �0, 𝜎𝜎
𝑑𝑑
� with the 

corresponding Jacobian, 𝐽𝐽 = �
𝑡𝑡 − 𝑐𝑐1

𝜎𝜎
𝑑𝑑

(1 + 𝜎𝜎
𝑑𝑑

) 0
𝑐𝑐1
𝜎𝜎
𝑑𝑑

𝑠𝑠+𝜎𝜎𝑑𝑑
�1 −

𝜎𝜎
𝑑𝑑
𝐸𝐸𝑐𝑐
� −𝑑𝑑

�. The eigenvalues are 𝜆𝜆1 = 𝑡𝑡 − 𝑐𝑐1
𝜎𝜎
𝑑𝑑

(1 + 𝜎𝜎
𝑑𝑑

) and 𝜆𝜆1 =

−𝑑𝑑. For slow growth rates, this is a stable node, and steady state behavior is full eradication by the 

immune response. On the other hand, at  𝑡𝑡 = 𝑐𝑐1
𝜎𝜎
𝑑𝑑

(1 + 𝜎𝜎
𝑑𝑑

), there is a bifurcation where the tumor 

transitions to a state of instability. Above this point, the healthy fixed point is a saddle. For those 

parameter values, if there is any tumor initially, it will start to expand rapidly; however, the immune cell 
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count will consistently gravitate toward the 𝐸𝐸 = 𝜎𝜎
𝑑𝑑

 state. The behavior of the other fixed points was 

determined numerically from the Jacobian by finding the fixed points that satisfy the following equation: 

𝐸𝐸 =
𝑡𝑡𝑇𝑇𝛼𝛼

𝑐𝑐1𝑇𝑇𝑧𝑧 + 𝑡𝑡𝑇𝑇𝛼𝛼
 

0 = 𝜎𝜎 +
𝜌𝜌𝑇𝑇𝑧𝑧 𝑡𝑡𝑇𝑇𝛼𝛼

𝑐𝑐1𝑇𝑇𝑧𝑧 + 𝑡𝑡𝑇𝑇𝛼𝛼

𝑠𝑠 + 𝑡𝑡𝑇𝑇𝛼𝛼
𝑐𝑐1𝑇𝑇𝑧𝑧 + 𝑡𝑡𝑇𝑇𝛼𝛼

�1 −

𝑡𝑡𝑇𝑇𝛼𝛼
𝑐𝑐1𝑇𝑇𝑧𝑧 + 𝑡𝑡𝑇𝑇𝛼𝛼

𝐸𝐸𝑐𝑐
� − 𝑑𝑑

𝑡𝑡𝑇𝑇𝛼𝛼

𝑐𝑐1𝑇𝑇𝑧𝑧 + 𝑡𝑡𝑇𝑇𝛼𝛼
 

2.20 

with the Jacobian being  

𝐽𝐽 =

⎣
⎢
⎢
⎢
⎡𝑡𝑡𝛼𝛼𝑇𝑇∗𝛼𝛼−1 −

𝑐𝑐1𝑧𝑧𝐸𝐸𝑇𝑇𝑧𝑧−1

1 + 𝐸𝐸
−

𝑐𝑐1𝑇𝑇𝑧𝑧

(1 + 𝐸𝐸)2

𝑧𝑧
𝜌𝜌𝑇𝑇𝑧𝑧−1𝐸𝐸
𝑠𝑠 + 𝐸𝐸

�1 −
𝐸𝐸
𝐸𝐸𝑐𝑐
� −𝑑𝑑 + 𝜌𝜌

𝑇𝑇𝑧𝑧(𝐸𝐸𝑐𝑐𝑠𝑠 − 𝐸𝐸2 − 2𝑠𝑠𝐸𝐸)
𝐸𝐸𝑐𝑐(𝑠𝑠 + 𝐸𝐸)2 ⎦

⎥
⎥
⎥
⎤
 

2.21 

 

For small tumor growth rate, the fixed point at 𝑇𝑇 = 0 is the only fixed point, however, after a 

transcritical bifurcation point, a new fixed point appears. This stable fixed point persists for all tumor 

growth rates, although the maximum tumor size continues to increase as the tumor growth rate increases. 

Interestingly, because of the stability of the fixed point, if the initial tumor count is higher than the fixed-

point value, it will decay to the steady state value. This is especially relevant for mouse models where 

mice are injected with finite-sized tumors. This model would predict that those tumors would decay to a 

finite tumor size and then remain controlled at that size by the immune system. Due to the discontinuous 

nature of this model, the fixed point does not persist for 𝑇𝑇 < 1; however, this biologically unrealistic 

tumor cell count is not of interest. This steady state behavior bifurcation is summarized in Figure 2.7. 
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Figure 2.7 Transcritical bifurcation as r changes in accessible tumor kill model 

 
There are three distinct regions in this bifurcation plane. In region A, the tumor will be fully 

eliminated by the immune system regardless of the initial tumor size. As the growth rate continues to 

increase, there are two more regions. In region B, the tumor will decrease to a finite non-zero tumor size 

and kept stable by the immune system in a “coexistence” steady state. In region C, the tumor will continue 

to grow to a finite tumor size, and will plateau and remain at that size, kept steady by the immune 

response. There are no options for tumor escape from the immune response by varying the tumor growth 

rate, while keeping the other parameters constant. Figure 2.8 depicts sample tumor and T cell growth 

curves in all three regions. 

 
Region A 

 
Region B 

 
Region C 

   
Figure 2.8 Changes in tumor and T cell growth with region for accessible tumor kill model 
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The transition from full eradication of the tumor to coexistence of the immune system and the 

tumor is realistic, with a faster growing tumor less likely to be fully eradicated by T cells. Despite the fact 

that changing 𝑡𝑡 did not introduce a regime where tumor escape from the immune response was possible, 

that does not mean that such behavior is not possible with this model. Setting the growth rate, 𝑡𝑡 to a 

value in the regime where the T cells keep the tumor at a finite volume, and changing the T cell 

cytotoxicity, 𝑐𝑐1, allows for tumor escape to lethal sizes to be possible. The bifurcation for T cell cytotoxicity 

is in Figure 2.9. 

 
Figure 2.9 Transcritical bifurcation as r changes in accessible tumor kill model 

 

It is clear that when T cell cytotoxicity is low, the fixed point at 𝑇𝑇 = 0 is a saddle fixed point, which 

leads to tumor growth rapidly beyond a state of immune control, with T cells gravitating toward the 𝐸𝐸 =

𝜎𝜎/𝑑𝑑 fixed point in the absence of tumor. However, as the cytotoxicity is increased, a stable finite 

coexistence fixed point appears, that remains across all tumor growth rates. Just as before, the 

discontinuity at 𝑇𝑇 = 1 leads to non-physical behavior for non-biological tumor sizes. Aside from that, 

there are four distinct regions. In region A, the tumor grows uncontrollably to a lethal size for any initial 

tumor size. In region B, the tumor will grow to a finite size, until it plateaus, controlled by the immune 

response. In region C, the tumor will be controlled by the immune system and will be killed off by immune 

cells until it gets to a size where it can be kept at a non-lethal size indefinitely. Finally, in region D, the 
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immune response is so strong that regardless of initial size, the tumor will be eradicated by the immune 

response. Therefore, this model has more immune control as the immune response gets stronger and as 

the growth rate decreases. Because the unstable fixed point is a saddle, even though the tumor growth is 

unbounded, the T cell levels are bounded for all the parameter values.  

The kill rate of this model is 𝑐𝑐1𝜌𝜌
𝑧𝑧𝐸𝐸

1+𝐸𝐸
. In the limit as 𝜌𝜌

𝐸𝐸
→ 0, the kill rate would be 𝑐𝑐1𝑇𝑇. On the other 

hand, as 𝐸𝐸
𝜌𝜌
→ 0, the kill rate limit is 𝑐𝑐1𝑇𝑇𝑧𝑧𝐸𝐸. In this way, if there are significantly more T cells than tumor 

cells, the rate of kill of tumor cells will depend directly on the number of tumor cells. On the other hand, 

if there is low immune infiltration, the kill rate doesn’t just depend on the number of T cells, but on the 

product of them and the accessible tumor cells, where access is a surface area to volume translation of 

𝑇𝑇2/3. 

As with the previous two models, this one does not directly include the effects of immune 

molecules. That being said, some effects of molecules are implicitly included in the recruitment and 

proliferation of T cells in response to the tumor. If IL-2 effects are assumed to have been included 

indirectly in the T cell proliferation term 𝜌𝜌𝜌𝜌
𝑧𝑧𝐸𝐸

𝑠𝑠+𝐸𝐸
, then there is a saturation in IL-2 effects in the denominator, 

where T cell proliferation slows as the number of T cells increases. In order for this term to have that 

dynamic, however, it would be necessary that the T cells producing IL-2 would be the same as those killing 

tumor cells, which is not biologically accurate. However, it is likely that the 𝐸𝐸 compartment contains 

multiple T cell subtypes with some of those cells capable of killing the tumor while others are in charge of 

producing IL-2. The parameters 𝜌𝜌 and 𝑐𝑐1 would then, in addition to their other roles, also account for the 

proportion of the T cell population that is responsible for IL-2 production and tumor-cell killing, where E 

would represent a single immune cell pool lumping the CD4+ IL-2 producing cells and the CD8+ tumor-

killing cells together. 
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 Fractional kill model 

The fractional kill model has a fixed point at (𝑇𝑇∗,𝐸𝐸∗) = (0,0), with corresponding Jacobian, 𝐽𝐽 =

�𝑡𝑡 −
𝑐𝑐1
𝐾𝐾

0
0 −𝑑𝑑

�. The eigenvalues are 𝜆𝜆1 = 𝑡𝑡 − 𝑐𝑐1
𝐾𝐾

 and 𝜆𝜆1 = −𝑑𝑑. Depending on the parameter values, (0,0) is 

either a stable node or a saddle. For slow growth rates, the tumor would tend to a full eradication by the 

immune response. On the other hand, at  𝑡𝑡 = 𝑐𝑐1
𝜎𝜎
𝑑𝑑

, there is a bifurcation where the 𝑇𝑇 = 0 fixed point 

transitions to a state of instability. For those parameter values, if there is any tumor but no immune cells 

initially, the tumor size will start to expand rapidly; however, in the absence of tumor, the immune cell 

count will consistently gravitate toward the 𝐸𝐸 = 0 state. 

 
 

𝑡𝑡 < 𝑐𝑐1
𝜎𝜎
𝑑𝑑

 𝑡𝑡 > 𝑐𝑐1
𝜎𝜎
𝑑𝑑

 

Figure 2.10 Tumor cell decay for growth rate below and unbounded growth for a growth rate above the 
bifurcation in growth rate 

 
The stability and existence of the other fixed points depends on the parameter values. As the 

cytotoxicity of the T cells, 𝑐𝑐1, increases, there is a transition from the immune system being unable to keep 

the tumor controlled, to a coexistence fixed point where the tumor grows to a finite size and then is kept 

at that non-lethal size by the immune system. Before the bifurcation point, depicted as 𝑐𝑐1𝐶𝐶, the tumor will 

escape the immune response and keep growing until patient death. Sample tumor and immune system 

growth curves are depicted in Figure 2.11, showing the stable coexistence and unstable uncontrolled 

growth behaviors seen with this model: 

Tu
m

or
  s

ize

Time

Tu
m

or
  s

ize

Time



59 
 

  
𝑐𝑐1 < 𝑐𝑐1𝐶𝐶  𝑐𝑐1 > 𝑐𝑐1𝐶𝐶  

Figure 2.11 Behaviors of fractional kill model below and above the bifurcation in T cell cytotoxicity 

 

The kill rate of this model is 
𝑐𝑐1�

𝐸𝐸
𝑇𝑇�

𝜆𝜆

𝐾𝐾+�𝐸𝐸𝑇𝑇�
𝜆𝜆 𝑇𝑇. The limit as 𝜌𝜌

𝐸𝐸
→ 0 is 𝑐𝑐1𝑇𝑇. On the other hand, as  𝐸𝐸

𝜌𝜌
→ 0, the 

kill rate would be 𝑐𝑐1𝐸𝐸
𝜆𝜆𝜌𝜌1−𝜆𝜆

𝐾𝐾
. Thus, in the high immune infiltration limit, the rate will depend only on the 

number of tumor cells, but with a low immune infiltration, the rate is not reasonable.  The recruitment or 

proliferation of immune cells is also unrealistic in the limit in this model. This recruitment term is 𝜌𝜌Ω
2

𝑆𝑆+Ω2
𝐸𝐸. 

For a large tumor, the limit is 𝜌𝜌𝐸𝐸. On the other hand, for a small tumor, T cells are proliferating at a rate 

of 𝜌𝜌
𝑆𝑆
𝐸𝐸𝑇𝑇2. This is an interesting form that may not be biologically justified. 

Apart from these results, this model has an inconsistency. The authors mention that each “CD8+ 

T cell will eventually become inactivated after some number of encounters with tumor cells,” (de Pillis et 

al., 2005). The forms of the rates for contact between T cells and tumor cells leading to tumor cell kill and 

for contact between T cells and tumor cells leading to T cell inactivation are different. For the kill rate, the 

term is 
𝑐𝑐1�

𝐸𝐸
𝑇𝑇�

𝜆𝜆

𝐾𝐾+�𝐸𝐸𝑇𝑇�
𝜆𝜆 𝑇𝑇; however, the rate of inactivation of T cells is 𝑐𝑐2𝐸𝐸𝑇𝑇.  

As with the other models, this one does not directly include the effects of immune molecules, 

although molecular concentrations could be interpreted as implicitly being included in the proliferation 
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of T cells in response to the tumor. The rate of T cell proliferation in this model is 𝜌𝜌
𝑆𝑆+Ω2

𝐸𝐸. It is clear that 

this rate saturates as Ω increases, although it is not particularly clear how the fractional kill rate might 

relate to IL-2 levels. The authors of this model seem to suggest that T cell recruitment or proliferation is 

driven by the kill of tumor cells. A possible biological justification for the form of this model is that once a 

tumor cell is killed by CD8+ T cells, it would release antigens that would enter the circulation, leading to 

more antigen-specific T cells being activated and increased recruitment of them to the tumor. On the 

other hand, the fact that the rate of recruitment is not just the kill rate, but the product of that term and 

𝐸𝐸 would suggest some proliferation rate. This rate does not saturate as 𝐸𝐸 increases, suggesting that IL-2 

saturation effects are not included in this model, and the saturation is only for antigen release from tumor 

cell death.  

 

 Model with IL-2 

This model has a fixed point at (𝑇𝑇∗,𝐸𝐸∗, 𝐼𝐼∗) = (0,0,0). The stability of this fixed points can be found 

with the Jacobian,  𝐽𝐽 = �
𝑡𝑡 0 0
𝜌𝜌 −𝛿𝛿 0
0 𝑏𝑏

ℎ
−𝑑𝑑

�. The eigenvalues are 𝜆𝜆1 = 𝑡𝑡, 𝜆𝜆1 = −𝛿𝛿, 𝜆𝜆3 = −𝑑𝑑. For all parameter 

values, that makes the tumor growth on an unstable manifold and the immune cells on a stable manifold. 

Given any initial value of tumor, the tumor would be expected to grow and there are no parameter values 

such that this model could lead to full tumor eradication by the immune system. 

The stability and existence of the other fixed points depends on the parameter values. As the 

cytotoxicity of the T cells, 𝑐𝑐1, increases, there is a transition from the immune system being unable to keep 

the tumor controlled, to a coexistence fixed point where the tumor grows to a finite size and then is kept 

at that that size by the immune system. Before the bifurcation, depicted as 𝑐𝑐1𝐶𝐶, the tumor will escape the 

immune response and keep growing until host death. Importantly, the immune cells and IL-2 levels also 
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expand as the tumor does. There are no mechanisms for suppression of anti-tumor response. Sample 

tumor and immune system growth curves are depicted in Figure 2.12, showing the stable coexistence and 

unstable uncontrolled growth behaviors seen with this model: 

  
𝑐𝑐1 < 𝑐𝑐1𝐶𝐶  𝑐𝑐1 > 𝑐𝑐1𝐶𝐶  

Figure 2.12 Behaviors of IL-2 model below and above the bifurcation in T cell cytotoxicity 

 
The kill rate of this model is 𝑐𝑐1𝐸𝐸𝜌𝜌

𝐾𝐾+𝜌𝜌
. The limit as 𝜌𝜌

𝐸𝐸
→ 0 is 𝑐𝑐1𝐸𝐸𝑇𝑇/𝐾𝐾. On the other hand, as  𝐸𝐸

𝜌𝜌
→ 0, the 

kill rate would be 𝑐𝑐1𝐸𝐸. Thus, in the low immune infiltration limit, the rate will depend only on the number 

of immune cells, but with a high immune infiltration, the rate is not reasonable.  Of all of the simple models 

analyzed, this is the only one that includes a cytokine explicitly. IL-2 directly affects T cell proliferation in 

this model, with the rate of IL-2 proliferation stimulated by IL-2 being 𝑝𝑝1𝐸𝐸𝐸𝐸
𝑔𝑔1+𝐸𝐸

. Importantly, there are 

saturating effects of IL-2, where increasing IL-2 levels no longer increases the effects on proliferation. 

 

 Model with dendritic cells 

This model has a fixed point at (𝑇𝑇∗,𝐷𝐷∗,𝐸𝐸∗) = (0,0,0). The stability of this fixed points can be found 

with the Jacobian,  𝐽𝐽 = �
𝑡𝑡 0 0
𝜌𝜌 −𝑑𝑑 0
0 0 −𝜇𝜇

�. The eigenvalues are 𝜆𝜆1 = 𝑡𝑡, 𝜆𝜆1 = −𝑑𝑑, 𝜆𝜆3 = −𝜇𝜇. For all parameter 
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values, that makes the tumor growth on an unstable manifold and the IL-2 levels and immune cells on a 

stable manifold. Given any initial value of tumor, the tumor would be expected to grow and there are no 

parameter values such that this model could lead to full tumor eradication by the immune system. 

The stability and existence of other fixed points varies with T cell cytotoxicity, 𝑐𝑐1. Below the 

bifurcation at 𝑐𝑐1𝐶𝐶, the tumor will escape the immune response and keep growing until host death, and 

above it, there is a coexistence fixed point. There are no mechanisms for suppression of anti-tumor 

response, thus dendritic cells expand rapidly in response to the tumor. Sample tumor and immune system 

growth curves are depicted in Figure 2.13, showing the stable coexistence and unstable uncontrolled 

growth behaviors seen with this model: 

  
𝑐𝑐1 < 𝑐𝑐1𝐶𝐶  𝑐𝑐1 > 𝑐𝑐1𝐶𝐶  

Figure 2.13 Behaviors of dendritic cell model below and above the bifurcation in T cell cytotoxicity 

 
The kill rate of this model is the same as that of the predator-prey model, and therefore also does 

not show realistic limiting behaviors. As with the majority of the other models, this model has no cytokine-

dependent events; therefore, a saturation term is not necessary, although biologically, it would be 

expected that T cell proliferation is stimulated by IL-2. The proliferation rate in response to tumor cells 

with this model is dependent only on dendritic cells 𝑏𝑏𝑏𝑏
ℎ+𝑏𝑏

. This proliferation saturates for large dendritic 

cell counts. Thus, if this model assumes that IL-2 levels are related to dendritic cell counts, this model does 

take into account that this effect saturates.  
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 Model with non-specific kill 

This model has a fixed point at (𝑇𝑇∗,𝑁𝑁∗) = �0, 𝜎𝜎
𝑑𝑑
�. The stability of this fixed points can be found 

with the Jacobian, 𝐽𝐽 = �
𝑡𝑡 − 𝑐𝑐1

𝜎𝜎
𝑑𝑑

0

−𝑐𝑐2
𝜎𝜎
𝑑𝑑

−𝑑𝑑
�. The eigenvalues are 𝜆𝜆1 = 𝑡𝑡 − 𝑐𝑐1

𝜎𝜎
𝑑𝑑

 and 𝜆𝜆1 = −𝑑𝑑, meaning that 

depending on the parameter values, this is either a stable node or a saddle. For slow growth rates, an 

initially small tumor would tend to a full eradication by the immune response. On the other hand, at 𝑡𝑡 =

𝑐𝑐1
𝜎𝜎
𝑑𝑑

, there is a bifurcation where the tumor transitions to a state of instability. For those parameter values, 

if there is any tumor, it will start to expand rapidly; however, immune cell counts slightly perturbed around  

𝑁𝑁∗ = 𝜎𝜎
𝑑𝑑

will consistently gravitate back to that state. The behavior of the other fixed points was determined 

numerically from the Jacobian by finding the fixed points that satisfy the following equation: 

0 = 𝜎𝜎 +
𝑡𝑡
𝑐𝑐1
𝜌𝜌𝑇𝑇∗𝛼𝛼+1

𝑠𝑠 + 𝑇𝑇∗2
− 𝑐𝑐2

𝑡𝑡
𝑐𝑐1
𝑇𝑇∗𝛼𝛼 − 𝑑𝑑

𝑡𝑡
𝑐𝑐1
𝑇𝑇∗𝛼𝛼−1 

𝑁𝑁∗ =
𝑡𝑡
𝑐𝑐1
𝑇𝑇∗𝛼𝛼−1 

2.22 

with the Jacobian being  

𝐽𝐽 = �
𝑡𝑡𝛼𝛼𝑇𝑇∗𝛼𝛼−1 − 𝑐𝑐1𝑁𝑁∗ −𝑐𝑐1𝑇𝑇∗

2𝜌𝜌𝑠𝑠𝑇𝑇∗

�𝑠𝑠 + 𝑇𝑇∗2�
2 𝑁𝑁

∗ − 𝑐𝑐2𝑁𝑁∗ 𝜌𝜌𝑇𝑇∗2

𝑠𝑠 + 𝑇𝑇∗2
− 𝑑𝑑 − 𝑐𝑐2𝑇𝑇∗

� 2.23 

The dynamics of these fixed points vary significantly as the tumor growth rate changes. When the 

growth rate is small, 𝑇𝑇 = 0 is a stable fixed point. Then, the immune system will be capable of fully 

eradicating a tumor regardless of the initial tumor size. As the growth rate increases, the fixed point at 

𝑇𝑇 = 0 becomes unstable for the tumor growth, so the tumor will grow to a fixed value, whereas the 

immune response will decay to the 𝐸𝐸 = 𝜎𝜎
𝑑𝑑

 fixed point. This “coexistence” fixed point ensures that the 

tumor will tend to decay to a finite size or grow to a finite size, where it will remain controlled by the 
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immune response. This bifurcation behavior for changes in the tumor growth rate is summarized in Figure 

2.14. 

  
Figure 2.14 Non-specific model bifurcation as r increases 

 
As is clear from the figure, there are three distinct regions. In region A, the tumor growth rate is 

low and the immune system is capable of fully eradicating the tumor. In region B, the immune system is 

able to effectively decrease the tumor size to a finite non-lethal size and can keep the tumor controlled 

at that size indefinitely. In region C, the tumor will grow to a finite size, at which point, the immune system 

will be able to prevent further tumor growth and keep it at a finite non-lethal size indefinitely. Across all 

tumor growth rates, the tumor is unable to grow to a lethal size.  

However, with changing the NK cell cytotoxicity 𝑐𝑐1, there is a transition in the existence of a stable 

fixed point for a finite non-zero tumor. When 𝑐𝑐1 < 𝑐𝑐1𝐶𝐶, the tumor will escape the immune response and 

keep growing until host death. Importantly, the immune cell expansion in this case is bounded. When 

𝑐𝑐1 > 𝑐𝑐1𝐶𝐶, however, the stable fixed point seen for all the growth rates appears. Sample tumor and immune 

system growth curves are depicted in Figure 2.15, showing the stable coexistence and unstable 

uncontrolled growth behaviors seen with this model: 
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𝑐𝑐1 < 𝑐𝑐1𝐶𝐶  𝑐𝑐1 > 𝑐𝑐1𝐶𝐶  

 

Figure 2.15 Behaviors of non-specific kill model below and above the bifurcation in NK cell cytotoxicity 

 
The kill rate of this model is analogous to that of the predator-prey model, and therefore also 

does not show realistic limiting behaviors. As with the majority of the other models, this model has no 

cytokine-dependent events, therefore a saturation is not necessary. That being said, if the term 𝜌𝜌𝜌𝜌
2

𝑠𝑠+𝜌𝜌2
𝑁𝑁 

represents NK cell recruitment into the tumor via chemokines produced by the tumor cells, or the 

presence of molecular/cytokinetic factors produced in the tumor environment that stimulate NK 

proliferation, this term may indirectly account for molecular effects on NK cell counts. This term does 

saturate as 𝑇𝑇 → ∞. 

 

 Biological behaviors 

A summary of each model’s ability to meet the biological criteria established is summarized in 

Table 2.6. Since the non-specific tumor kill model did not have T cells and all of these biological behaviors 

are T-cell specific, it was not included in the results summarized in the table. 
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Table 2.6 Assessment of model biological behaviors 

Behavior Model 
1 2 3 4 5 6 

Constant memory population  √ √  √  
Cytolytic T cells are terminally differentiated  √    √ 
IL-2 produced by T cells that do not kill pathogens       
Rapid expansion of T cells when exposed to antigen      √  
Antigen-specific cells decay rapidly after antigen is 
removed to prevent   auto-immune problems 

      

 
1: Predator-prey model, 2: Predator-prey model with immune recruitment and deactivation, 3: Accessible 
tumor kill model, 4: Fractional kill model, 5: Model with IL-2, 6: Model with dendritic cells 
 
 

In the predator-prey model, fractional kill model and DC model, T cells will not form if the initial 

condition is 𝐸𝐸 = 0. This means that these models do not account for a constant memory T cell 

compartment in the rate of T cell production. It is important to note that by establishing a necessary initial 

condition of 𝐸𝐸 > 0, the authors are inherently assuming an initial memory T cell compartment. However, 

all of these models do not allow for a tumor to grow in the patient, be removed surgically, and reappear 

with immune response after a delay, which is something commonly seen in actual patients. These models 

would need for memory T cells to be reestablished from an external source to reestablish an immune 

response to recurrent disease. The model with IL-2 does allow for T cell production without any T cells 

present, stemming from the production/recruitment term 𝜌𝜌𝑇𝑇. However, whereas the predetor-prey 

model with recruitment and deactivation and the accessible tumor kill model both have a constant 

memory T cell population even in a healthy individual, the IL-2 model only shows a presence of T cells in 

the presence of tumor. The easiest way to account for this is by assuming that in fact, the cells modeled 

are a combination of activated T cells being produced from a constant memory T cell pool, and the 

constant memory T cell population is included in the parameter 𝜌𝜌. Obviously, the non-specific kill model 

does not include T cells, and therefore does not include their memory state. 
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Not in every model are cytolytic T cells terminally differentiated. It is important to note that many 

models do not describe T cell production, but rather just their recruitment to the tumor site. In that case, 

these cells are not replicating. This complicates the interpretation of a recruitment term in the form of 

𝑓𝑓(𝐸𝐸,𝑇𝑇)𝐸𝐸, as some of the models (predator-prey, accessible tumor, fractional kill, and IL-2 models) have. 

This form would suggest one of two potential mechanisms. Either immune infiltration of the tumor by 

cytolytic T cells would lead to increased infiltration by those immune cells, which could be interpreted as 

an IFN-gamma feedback loop, where IFN-gamma is produced by T cells and also enhances their 

recruitment. Alternatively, this form could represent the proliferation of T cells once they are in the tumor. 

Since in all of the models, these T cells are killing the tumor, they would be expected to be terminally 

differentiated. Therefore, it is assumed that in these models, the same cells are proliferating and killing 

pathogens. One way to justify these models would be to assume that the increase in terminally 

differentiated cells and rapidly proliferating T cells are proportional. That way, the 𝐸𝐸 compartment does 

not include only the terminally differentiated tumor-killing T cells, but also includes the other T cell types, 

and only a subset of the cells are killing the tumor, which is included in the parameter 𝑐𝑐1 in all of the 

models. Either way, the 𝐸𝐸 compartments of these models are lumped, having cells that are terminally 

differentiated as well as those that are proliferating. 

Only one of the models analyzed directly tracks IL-2 production by T cells. In that model, IL-2 is 

produced by T cells that kill pathogens, whereas in actuality it is expected that CD8+ cells are primarily the 

ones killing tumor cells, and CD4+ cells are the main producers of IL-2.To justify this, it must either be 

assumed that CD4+ and CD8+ T cells are produced at the same levels and their 𝐸𝐸 compartment includes 

both T cell types or it must be assumed that the IL-2 is produced by the same cells as those that are killing 

the tumor. The accessible tumor kill model has saturation of T cell proliferation from T cells themselves. 

Even though IL-2 is not included, this proliferation requires IL-2 and the saturation of this proliferation is 
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coming from the 𝐸𝐸 term. Therefore, the same idea applies. Either the 𝐸𝐸 compartment in that model has 

both CD4+ and CD8+ T cells, or the CD8+ T cells would have to be producing the IL-2. 

Regarding the rapid expansion of T cells when exposed to antigen, the immune response to 

exponentially growing antigen (such as is expected for a viral or bacterial infection) was plotted for all six 

antigen-specific models with all constants the same and without modeling kill of the antigen by the T cells, 

depicted in Figure 2.16: 

 
Predator-prey model 

 
Predator-prey with immune 

recruitment and deactivation model 

 
Accessible tumor kill model 

 
Fractional kill model 

 
IL-2 model 

 
Dendritic cell model 

 

Figure 2.16 Antigen-specific expansion for all antigen-specific models 

 

What is clear from this comparison is that for all models except for the one that features IL-2, 

rapid expansion of T cells at a rate comparable to that of the antigen is not possible. All other models had 

T cells unable to keep up with antigen production. Interestingly, the predator-prey with immune 

recruitment and deactivation model, accessible tumor kill model, and dendritic cell model lead to initial T 

cell expansion that is significantly more rapid than the antigen production rate. This shows that modeling 
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IL-2 is vital to ensure that T cell expansion can match the antigen production rate if antigen is being 

produced at an exponential rate. 

To determine if antigen-specific cells decay after antigen is removed to prevent auto-immune 

problems, each of the models with antigen-specific immune cells was used to determine behavior if a 

tumor was removed with surgery suddenly. This was modeled as the decay of the T cell counts from an 

initial condition of 𝑇𝑇 = 0,𝐸𝐸 = 104 depicted in Figure 2.17: 

 
Predator-prey model 

 
Predator-prey with immune 

recruitment and deactivation model 

 
Accessible tumor kill model 

 
Fractional kill model 

 
IL-2 model 

 
Dendritic cell model 

Figure 2.17 Decay of T cells after surgical removal of tumor 
 

It is clear that for all of the models, the clearance rate is very similar. In fact, for all of the models 

investigated, the clearance rate of T cells after surgery is −𝑑𝑑𝐸𝐸. Thus, tumor-specific T cells would be 

cleared from the body post-surgery at their natural clearance rate. None of the models allow for 

immunosuppression to help eradicate tumor-specific T cells at a rate faster than normal clearance. 

One of the biggest challenges with most of these models is that they cannot be used to directly 

quantify the effects of different therapies. Both predator-prey models, the accessible tumor kill model, 
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fractional kill model, and non-specific kill model cannot be used to directly model dendritic cell therapy, 

IL-2 therapy, IFN-gamma therapy or CD4+ T cell-depleting therapy. The dendritic cell model allows for 

dendritic cell therapy but does not allow for direct modeling of IL-2 therapy, IFN-gamma therapy or CD4+ 

T cell-depleting therapy. Similarly, the IL-2 model does make it possible to model IL-2 therapy, but not 

dendritic cell therapy, IFN-gamma therapy or CD4+ T cell depleting therapy. The only model that could be 

used to model NK therapy would be the non-specific model, however, it is also the only model that could 

not be used to directly model adjuvant T cell therapy. 

2.4 Conclusions 

Simple two-and-three-compartment models of immune system response to tumors were 

analyzed for their ability to exhibit specific biologically-realistic model behaviors. These models included 

a predator-prey model, a predator-prey model with immune recruitment and deactivation, accessible 

tumor kill model, fractional kill model, IL-2 model, dendritic cell model, and a non-specific kill model. 

Biologically, it is expected that some tumors are fully eradicated by the immune response, some 

tumors grow to bounded sizes that are kept under control by the immune response (“coexistence”), and 

finally that some tumors grow unboundedly to a lethal size. The transition from eradication, to control, to 

immune escape should coincide with tumors that are growing more rapidly or those for which the immune 

response is weaker. All the simple models captured all of those behaviors except the predator-prey model, 

the model with IL-2 and the model with DCs. 

Additionally, the immune response must be bounded. The predator-prey model, predator-prey 

model with immune recruitment and deactivation, accessible tumor kill model, fractional kill model, and 

non-specific kill models had bounded behavior for the immune response. For the dendritic cell model, DC 

levels increased greatly as the tumor grew, and for the IL-2 model, T cells rapidly expanded at a rate that 
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is not biologically realistic in response to tumors, although such rapid expansion in response to a bacterial 

infection would be realistic. 

When analyzing the tumor kill rate by the immune cells limit behavior, a majority of the models 

had unreasonable limits. The only models where the limit of the kill rate as 𝜌𝜌
𝐸𝐸
→ 0 was dependent only on 

𝑇𝑇 were the accessible tumor kill model and fractional kill model. Regarding behaviors in the minimal 

immune infiltration limit, only one model had reasonable behavior. The IL-2 model was the only one 

where the kill rate as 𝐸𝐸
𝜌𝜌
→ 0 was proportional to 𝐸𝐸. 

Only one of the models analyzed directly modeled cytokines; however, several models could be 

interpreted as having indirect effects of molecules or cytokines in the proliferation or recruitment of 

immune cells. Of those models, not all included saturation effects. The ones that had saturation were the 

predator-prey model with immune recruitment and deactivation, the accessible tumor kill model, the 

dendritic cell model and the non-specific kill model. The IL-2 model was the only model to both directly 

feature a cytokine and directly include saturation effects for this cytokine. 

All of the models were simple because they lumped together different T cell subsets. None of the 

models had separate compartments for CD4+ IL-2-producing T cells and CD8+ tumor-killing T cells. 

Additionally, none of the models had separate compartments for rapidly proliferating effector memory T 

cells and terminally differentiated T cells. Two models, the predator-prey model with immune recruitment 

and deactivation and the dendritic cell model, did not have any term that had the assumed 𝑓𝑓(𝐸𝐸,𝑇𝑇)𝐸𝐸 form 

of a proliferation term, and therefore did not have terminally differentiated T cell proliferation. Only three 

models allowed for tumor-specific T cells to remain after a tumor was eradicated, which is vital for 

combating recurrent disease: the predator-prey model with immune recruitment and deactivation, the 

accessible tumor kill model, and the model with IL-2. Finally, none of the models featured immune 
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suppression after tumor removal. Therefore, none of the models allow for immunosuppression to help 

eradicate tumor-specific T cells at a rate faster than normal clearance post-infection.  

The importance of IL-2 in proliferation of T cells was highlighted by the fact that the only model 

where T cells could keep up with rapid antigen expression was the model with IL-2. The other models had 

only limited T cell proliferation that quickly saturated at levels significantly lower than the antigens. In 

fact, the predator-prey with immune recruitment and deactivation model, accessible tumor kill model, 

and dendritic cell model lead to initial T cell expansion that is significantly more rapid than the antigen 

production rate. This suggests that IL-2 is vital not only to have accurate long-term dynamics, but also to 

ensure that transient results do not have an initial T cell overproduction.  

None of the models studied could be directly used to model IFN-gamma therapy or CD4+ T cell 

depleting therapy. Only the IL-2 model could be used to directly model the effects of IL-2 therapy and only 

the dendritic cell model could be used to directly model the effects of dendritic cell therapy. Finally, 

although the non-specific kill model could be used to model NK therapy, it is the only model that does not 

allow for quantification of effects of adjuvant T cell therapy. 

Although each of the models considered above captures some of the desired mathematical 

behaviors listed of Table 2.4 and the biological behaviors listed in Table 2.6, a goal of the present work is 

to develop a model that satisfies all of these.   For this, a model would need to include all of the factors of 

the simple models: cytolytic T cells, IL-2, dendritic cells, and NK cells, but also need to have the effects of 

immunosuppression to be able to cover the full array of biologically-observed behaviors. It is furthermore 

desirable that a tumor-immune model be suited for simulating common immunotherapeutic 

interventions (which may be part of combination therapy) such as dendritic cell therapy, regulatory T cell 

depletion, CD4+ T cell depletion, adoptive T cell transfer, NK cell therapy, MDSC depletion, targeting of 

macrophages, targeting of TGF-beta, IL-10 therapy, IL-2 therapy, and IFN-gamma therapy. Such therapies 
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can only be effectively modeled when the cell types or molecules that are either administered or targeted 

in these various therapies are all separate model component.  A model that satisfies the above-mentioned 

desirable properties will be developed in Chapter 4. 
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3 Reference values and trends for modeling tumor-immune 
interactions 

While all parameter values in the model to be developed will be determined from experimental 

data, post-simulation calibration will still be needed to verify that predicted values of cell counts and 

molecular concentrations fall within experimentally observed ranges. Typical experimental values can also 

inform model assumptions. An extensive literature search was performed on immune cell densities and 

molecular concentrations in both healthy and tumor-bearing mice to use for calibration and model 

development in the subsequent chapters of this work. The values collected are shown in Sections 3.1 - 

3.5. During tumor development, immune cell counts and molecular concentrations vary significantly. To 

predict the effects of tumors on the immune system and the role of the immune system in tumor growth, 

it is important to have an idea of how cell counts and molecular concentration change as the tumor 

develops and how the presence of a tumor affects them. For this reason, relevant information on these 

trends from experimental observations in the literature were also collected, and are summarized in 

Section 3.6. 

 

3.1 Molecular concentrations 

Molecular concentrations in the blood, lymph nodes, and spinal cord were recorded for IFN-γ, IL-

1β, IL-2, IL-6, IL-10, CCL2, TGF-β, and TNF-α. Although there is variability between different sources for 

these different molecules, clear trends emerge. 
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 IFN-γ 

Compart-
ment 

Mouse type Tumor type Concentration1 Range2 Source 

Blood 
serum BALB/c healthy 52.5 pg/mL  (Frydas et al., 1996) 

Blood 
serum BALB/c healthy 31 pg/mL (Md) 7 – 94 pg/mL 

(IQR) (Ferreira et al., 2018) 

Blood 
serum C57BL/6 healthy 9 pg/mL (Md) 5 – 18 pg/mL 

(IQR) (Ferreira et al., 2018) 

Blood 
serum BALB/c healthy 2000 pg/mL  (Dou et al., 2004) 

Blood 
serum 

NOD-scid 
IL2Rγnull 
(NSG) 

Ovarian 
xenograft 44.4 pg/mL (M) 32–88 pg/mL 

(R) (Bankert et al., 2011) 

Blood 
serum BALB/c CMS4 liver 

tumor < 31.3 pg/mL  (Tatsumi et al., 2007) 

Blood 
serum BALB/c Sp2/0 4000 pg/mL  (Dou et al., 2004) 

Lymph node 
(homogenates) 

C57BL/6 18 
months old healthy 0.3 pg/mL  (Richner et al., 2015) 

Lymph node 
(homogenates) 

C57BL/6 4 
months old 

healthy 0.6 pg/mL  (Richner et al., 2015) 

 

 IL-1β 

Compart-
ment 

Mouse type Tumor type Concentration1 Range2 Source 

Blood 
serum C57BL/6  Healthy 33.54 pg/mL ± 3.21 pg/mL (Ferreira et al., 2018) 

Blood 
serum BALB/c  healthy ND3  (Roggero et al., 2002) 

Blood 
serum C57BL/6  healthy ND3  (Roggero et al., 2002) 

 

                                                           
1 If the concentration was explicitly reported as the mean (M) or median (Md), this was identified. 
2 If the range was explicitly reported as the standard error (SE), range (R), standard deviation (SD) or the 

interquartile range (IQR), this was identified. 
3 Levels not detectable 
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 IL-2 

Compart-
ment Mouse type Tumor type Concentration1 Range2 Source 

Blood 
serum Wistar rat Healthy 4.42 ng/mL ±1.11 ng/mL (Youyi Gu, Cui, Cai, 

Yao, & Cao, 2018) 

Blood 
serum 

Scurfy 
mouse 

Healthy apart 
from scurfy 
mutation 

3 pg/mL  (Sharma et al., 2007) 

Blood 
serum 

B6  
5 weeks old Healthy ND3  (Sharma et al., 2007) 

Blood 
serum B6  Healthy ND3  (J.-H. Cho et al., 2007) 

Blood 
serum C57BL/6  Healthy 2.86 pg/mL ± 0.86 pg/mL (Ferreira et al., 2018) 

Lymph node 
(homogenates) 

C57BL/6 18 
months old Healthy 0.3 pg/mL  (Richner et al., 2015) 

Lymph node 
(homogenates) 

C57BL/6 4 
months old Healthy 1.3 pg/mL  (Richner et al., 2015) 

 

 IL-6 

Compart-
ment Mouse type Tumor type Concentration1 Range2 Source 

Blood 
serum BALB/c Healthy “only traces”  (Obál et al., 2016) 

Spinal cord BALB/c  Healthy 9.5 pg/mL  ± 1.53 pg/mL (Obál et al., 2016) 
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 IL-10 

Compart-
ment Mouse type Tumor type Concentration1 Range2 Source 

Blood 
serum BALB/c Healthy “only traces”  (Obál et al., 2016) 

Blood 
serum BALB/c  Healthy ND3  (Roggero et al., 2002) 

Blood 
serum C57BL/6  Healthy ND3  (Roggero et al., 2002) 

Blood 
serum  410.4 breast 

cancer 113 pg/mL  (Sato et al., 2011) 

Blood 
serum  4T1 breast 

cancer 63 pg/mL  (Sato et al., 2011) 

Blood 
serum  B16F0 

melanoma 9 pg/mL  (Sato et al., 2011) 

Blood 
serum  B16F10 

melanoma 89 pg/mL  (Sato et al., 2011) 

Lymph node C57BL/6 18 
months old Healthy 0.7 pg/mL  (Richner et al., 2015) 

Lymph node C57BL/6 4 
months old Healthy 2.6 pg/mL  (Richner et al., 2015) 

Spinal cord BALB/c  Healthy 123 pg/mL  ± 30.6 pg/mL (Obál et al., 2016) 

 
 MCP-1 (CCL2) 

Compart-
ment Mouse type Tumor type Concentration1 Range2 Source 

Blood 
serum 

female 
C57Bl/6 26 

months 
Healthy 62.8 pg/mL ± 25.0 pg/mL (Conley et al., 2016) 

Blood 
serum 

female 
C57Bl/6  2 

months 
Healthy 7.2 pg/mL ± 3.4 pg/mL (Conley et al., 2016) 

 
 TGF-β 

Compart-
ment Mouse type Tumor type Concentration1 Range2 Source 

Blood 
serum BALB/c Healthy  29.6ng/mL (Md) 

12.9-
37.5ng/mL 

(IQR) 
(Ferreira et al., 2018) 

Blood 
serum C57BL/6 Healthy  40.9ng/mL 

25.2- 
53.7ng/mL 

(IQR) 
(Ferreira et al., 2018) 
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 TNF-α 

Compart-
ment Mouse type Tumor type Concentration1 Range2 Source 

Blood 
serum BALB/c Healthy 0 pg/mL  (Obál et al., 2016) 

Blood 
serum BALB/c Healthy 15 pg/mL (M) ± 1.9 pg/mL 

(SE) (Roggero et al., 2002) 

Blood 
serum C57BL/6 Healthy 18 pg/mL (M) ± 1 pg/mL (SE) (Roggero et al., 2002) 

Spinal cord BALB/c Healthy 54.2 pg/mL  ± 8.12 pg/mL (Obál et al., 2016) 
 

 
 
3.2 Cell densities in tissues 

Immune cells in the tumor and other tissues were determined. These densities are recorded as a 

count of the cells in a cross-sectional area of the tissue, with the thickness of the tissue recorded when 

available. The cells for which mouse data was found were macrophages, NK cells, and CD8+ T cells.  

 Macrophages 

Compart-
ment Marker Tumor type Mouse type Density4 

Section 
Thick-
ness 

Source 

Gastric 
tissues F4/80 Non-

cancerous NOD 
3920  

cells/mm3 
 

5 μm (K. M. Choi et al., 2010) 

Pancreas F4/80 Healthy C57BL/6 
adult 

0.9 cells/ 
(mm2)5 5 μm 

(Geutskens, Otonkoski, 
Pulkkinen, Drexhage, & 

Leenen, 2005) 

Pancreas F4/80 Healthy BALB/c 
adult 

0.4 cells/ 
(mm2)5 10 μm 

Geutskens, Otonkoski, 
Pulkkinen, Drexhage, & 

Leenen, 2005) 
 

                                                           
4 If the density was explicitly reported as the mean (M) or median (Md), this was identified. 
5 Measured per total pancreas surface area 
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 NK cells 

Compart-
ment Marker Tumor type Mouse 

type Density4 
Section 
Thick-
ness 

Source 

Tumor CD57 Hepa1-6, 
subcutaneous C57BL/6 21 

cells/mm2 
2 μm (J. J. Zhao et al., 2014) 

Tumor NK1.1+ B16F10 
melanoma C57BL/6 

75 
cells/mm2 

(M) 
 (Grundy, Zhang, & Sentman, 

2007) 

 

 CD8+ T cells 

Compart-
ment Marker Tumor type Mouse 

type Density4 
Section 
Thick-
ness 

Source 

Tumor CD8+ B16.F10 
melanoma  17 

cells/mm2 
7-10 
μm 

(van Hooren, Georganaki, 
Huang, Mangsbo, & Dimberg, 

2016) 

Tumor CD8+ 
MDA-MB-

468 
xenograft 

MHC-dKO 
NOG 

220 cells/ 
mm2  (Iizuka et al., 2019) 

Tumor CD8+ T241 
fibrosarcoma  63 

cells/mm2 
7-10 
μm (van Hooren et al., 2016) 

 

3.3 Cell fractional counts 

Cell fractions of cells out of other cells in different compartments were found in healthy and tumor 

bearing mice: 

Cell type 
(marker) 

Out of cell 
type 

(marker) 

Compart-
ment Tumor type Mouse 

type Fraction Source 

MDSC Splenocytes Spleen Healthy BALB/c <0.08 
(Sinha, Clements, 

& Ostrand-
Rosenberg, 2005) 

MDSC Splenocytes Spleen 4T1 mammary 
carcinoma BALB/c 0.23 (Sinha et al., 

2005) 

MDSC 
(CD11b+Gr1+) All cells 

Draining 
lymph 
node 

B16.F10 
melanoma 

C57BL/6  
Male 0.0018 (van Hooren et 

al., 2016) 
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MDSC 
(CD11b+Gr1+) All cells tumor B16.F10 

melanoma 
C57BL/6  

Male 0.02 (van Hooren et 
al., 2016) 

MDSC 
(CD11b+Gr1+) All cells 

Draining 
lymph 
node 

T241 
fibrosarcoma 

C57BL/6 
Male 0.00071 (van Hooren et 

al., 2016) 

MDSC 
(CD11b+Gr1+) All cells Tumor T241 

fibrosarcoma 
C57BL/6 

Male  0.109 (van Hooren et 
al., 2016) 

T cells (CD3+) All cells 
Portal 
lymph 
node 

Healthy C57BL/6 0.5231 (M. Zheng, Yu, & 
Tian, 2013) 

T cells (CD3+) All cells 
Celiac 
lymph 
node 

Healthy C57BL/6 0.5361 (M. Zheng et al., 
2013) 

NK cells (CD3- 
NK1.1+) All cells 

Portal 
lymph 
node 

Healthy C57BL/6 0.0152 (M. Zheng et al., 
2013) 

NK cells (CD3- 
NK1.1+) All cells 

Celiac 
lymph 
node 

Healthy C57BL/6 0.0094 (M. Zheng et al., 
2013) 

B cells (CD19+ 
CD3-) All cells 

Portal 
lymph 
node 

Healthy C57BL/6 0.4167 (M. Zheng et al., 
2013) 

B cells (CD19+ 
CD3-) All cells 

Celiac 
lymph 
node 

Healthy C57BL/6 0.4148 (M. Zheng et al., 
2013) 

macrophages 
(CD11c- 

F4/80+ cells) 
All cells 

Portal 
lymph 
node 

Healthy C57BL/6 0.013 (M. Zheng et al., 
2013) 

macrophages 
(CD11c- 

F4/80+ cells) 
All cells 

Celiac 
lymph 
node 

Healthy C57BL/6 0.0214 (M. Zheng et al., 
2013) 

Dendritic cells 
(CD11c+ 

F4/80- cells) 
All cells 

Portal 
lymph 
node 

Healthy C57BL/6 0.0164 (M. Zheng et al., 
2013) 

Dendritic cells 
(CD11c+ 

F4/80- cells) 
All cells 

Celiac 
lymph 
node 

Healthy C57BL/6 0.0411 (M. Zheng et al., 
2013) 

NK cells All cells Tumor B16 melanoma 
(subcutaneous) 

C57BL/6
female 8.6E-5 

(Pachynski, 
Scholz, Monnier, 
Butcher, & Zabel, 

2015) 

T cells All cells Tumor B16 melanoma 
(subcutaneous) 

C57BL/6
female 0.0005 (Pachynski et al., 

2015) 
Leukocytes 

(CD45+) All cells Tumor B16 melanoma 
(subcutaneous) 

C57BL/6
female 0.0395 (Pachynski et al., 

2015) 
Tregs (CD4+ 

FoxP3+) CD4+ cells Blood Healthy BALB/C 0.079 (Churlaud et al., 
2015) 
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Tregs (CD4+ 
FoxP3+) CD4+ cells Spleen Healthy BALB/C 0.179 (Churlaud et al., 

2015) 

Tregs (CD4+ 
FoxP3+) CD4+ cells 

Mesente-
ric lymph 

nodes 
Healthy BALB/C 0.143 (Churlaud et al., 

2015) 

Tregs (CD4+ 
FoxP3+) CD4+ cells 

Cervical 
lymph 
nodes 

Healthy BALB/C 0.158 (Churlaud et al., 
2015) 

Tregs (CD4+ 
FoxP3+) CD4+ cells Peyer’s 

patches Healthy BALB/C 0.124 (Churlaud et al., 
2015) 

Tregs (CD4+ 
FoxP3+) CD4+ cells Blood Healthy C57BL/6 0.08 (Churlaud et al., 

2015) 
Tregs (CD4+ 

FoxP3+) CD4+ cells Spleen Healthy C57BL/6 0.17 (Churlaud et al., 
2015) 

Tregs (CD4+ 
FoxP3+) CD4+ cells 

Mesente-
ric lymph 

nodes 
Healthy C57BL/6 0.18 (Churlaud et al., 

2015) 

Tregs (CD4+ 
FoxP3+) CD4+ cells 

Cervical  
lymph 
nodes 

Healthy C57BL/6 0.15 (Churlaud et al., 
2015) 

Tregs (CD4+ 
FoxP3+) CD4+ cells Peyer’s 

patches Healthy C57BL/6 0.18 (Churlaud et al., 
2015) 

Tregs (CD4+ 
FoxP3+) CD4+ cells Peripher

al blood Healthy C57BL/6 0.109 (Setiady, Coccia, 
& Park, 2010) 

Tregs (CD4+ 
FoxP3+) CD4+ cells Spleen Healthy C57BL/6 0.116 (Setiady et al., 

2010) 
Tregs (CD4+ 

FoxP3+) CD4+ cells Lymph 
node Healthy C57BL/6 0.124 (Setiady et al., 

2010) 
NK cells 
(CD49b) All cells Spleen Healthy C57BL/6 0.022 (Setiady et al., 

2010) 
Macrophages 

(F4/80) All cells Blood Healthy C57BL/6 0.081 (Setiady et al., 
2010) 

 

3.4 Cell densities in blood 

Cell densities of different cell types in the blood of healthy mice were found. This included 

leukocytes, lymphocytes, Tregs, monocytes and neutrophils. 
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Cell type Tumor 
type Mouse type Density4 Range2 Source 

Leukocytes Healthy BALB/c 
(tail blood) 

17700 
cells/µL (M) 

1034 cells/µL (SE) 
9100 – 28700 
cells/µL (R) 

(Nemzek, Bolgos, 
Williams, & 

Remick, 2001) 

Leukocytes Healthy C57BL/6, 
female 

22159 
cells/µL  (Miller & Schaefer, 

2007) 

Lymphocytes Healthy BALB/c (tail 
blood) 

10500 
cells/µL (M) 

500 cells/µL (SE) 
6700 – 15700 
cells/µL (R) 

(Nemzek et al., 
2001) 

Tregs (CD4+ 
FoxP3+) Healthy C57BL/6 77 cells/μL healthy (Churlaud et al., 

2015) 
Tregs (CD4+ 

FoxP3+) Healthy BALB/C 269 cells/μL healthy (Churlaud et al., 
2015) 

Monocytes Healthy BALB/c (tail 
blood) 

700 cells/µL 
(M) 

60 cells/µL (SE) 
300-1400 cells/µL 

(R) 

(Nemzek et al., 
2001) 

Neutrophils Healthy BALB/c (tail 
blood) 

5700 cells/µL 
(M) 

400 cells/µL (SE) 
1900 – 11500 

cells/µL (R) 

(Nemzek et al., 
2001) 

 

3.5 Cell density ratios—cells per tumor volume 

Cell density ratios between two cell types were found in mice with B16 melanoma. 

1st Cell type 2nd Cell type Cancer type Mouse 
Type 

Ratio 
(1st:2nd) Source 

NK (CD3-NK1.1+) MDSC B16 melanoma 
(subcutaneous) 

C57BL/6
female 0.085 (Pachynski et al., 

2015) 

NK (CD3-NK1.1+) 
pDC (Lin- 

CD11cintB220+P
DCA1+) 

B16 melanoma 
(subcutaneous) 

C57BL/6
female 26.6 (Pachynski et al., 

2015) 

T cells (CD3+CD4+ 
and CD3+CD8+) 

MDSC (Lin-
CD11b+GR1+) 

B16 melanoma 
(subcutaneous) 

C57BL/6
female 0.23 (Pachynski et al., 

2015) 

T cells (CD3+CD4+ 
and CD3+CD8+) 

pDC (Lin- 
CD11cintB220+P

DCA1+) 

B16 melanoma 
(subcutaneous) 

C57BL/6
female 0.13 (Pachynski et al., 

2015) 

 

3.6 Trends 

Following are experimental results on temporal changes in immune cell counts and molecular 

concentrations for tumor-bearing individuals. Whenever possible, longitudinal data on changes over time 
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for the same tumor were used; however, frequently, such data are not available. Therefore, differences 

in immune components with tumor size and tumor stage are also included. Tumor size and stage may 

both increase as time passes; however, it is important to note that these metrics might confound some 

effects. If a patient has tumors that are more immunosuppressive, they might have fewer anti-tumor 

immune cells, and therefore grow bigger or be more likely to form a metastasis. Therefore, correlations 

with tumor size and stage are not sufficient by themselves to make conclusions about causality but may 

be very beneficial in providing estimates in models that can then be used to test causality. 

As the tumor grows, the density of CD8+ and CD4+ T cells in the tumor increases (Beatty & 

Paterson, 2014). Some researchers found that CD8+ T cell infiltration into the tumor decreases with 

increased tumor size (Peranzoni et al., 2018); other studies have found that the number of tumor-specific 

CD8+ T cells within the tumor first increased but then declined over time (Jordan et al., 2002). Regulatory 

T cells in circulation, the tumor site, and lymph nodes are shown to be increased in humans and mice 

across most tumor types as compared to non-tumor-bearing controls, and continue to increase with 

tumor stage (Curiel et al., 2004; Ichihara et al., 2003; Joo et al., 2014; Ormandy et al., 2005; Sasada, 

Kimura, Yoshida, Kanai, & Takabayashi, 2003; Schaefer et al., 2005; Tien, Xu, & Helgason, 2005; Wolf et 

al., 2003; Woo et al., 2001). Additionally the proportion of CD4+ T cells that are Tregs in the spleen and 

draining lymph node is positively correlated with tumor size (Larmonier et al., 2007). 

Some studies show a systemic increase in dendritic cells (DCs) in cancer patients. The number of 

circulating DCs (Ebata et al., 2006), total count of  DCs in the tumor (Böttcher et al., 2018; Nakahara, Oba, 

Shimomura, Kido-Nakahara, & Furue, 2016), and the proportion of tumor-infiltrating lymphocytes that 

are DCs (Klarquist & Janssen, 2012; F. Zhao et al., 2009) increase with increased tumor size. The count of 

dendritic cells in the draining lymph nodes increases drastically, whereas the count of DCs in the non-

draining lymph nodes appears to stay the same (Nakahara et al., 2016). This suggests the potential for an 

increase in tumor-specific DCs, and no change in non-tumor-antigen specific DCs, since more tumor-
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antigen-specific DCs would be expected in the draining lymph nodes. Other studies show a decrease in 

DCs, especially mature ones. Overall circulating DC counts were found to be significantly lower in patients 

with cancer than in healthy controls, and continued to decrease with increased stage (Almand et al., 2000; 

Hirooka et al., 2011).  Another study shows that the total number of mature DCs decreases with greater 

tumor size (Simonetti et al., 2007).  However, one study found that this increase in tumor-infiltrating DCs 

was then followed by a decrease that was visible 10 days after tumor inoculation in mice (Robbins et al., 

2014). This trend might account for the disparity between the results and suggest an initial expansion of 

DCs followed by a reduction. 

Whereas the data on all DCs does not show a linear trend with tumor growth, immature DCs 

increase with tumor development. Studies show that the proportion of DCs that are immature increases 

as the tumor grows (F. Zhao et al., 2009); increasing circulating levels of immature DCs have also been 

reported (Ma, Shurin, Peiyuan, & Shurin, 2013; Pinzon-Charry et al., 2006). Numerous studies have shown 

that the proportion of DCs that are immature in the lymph nodes of healthy control patients is low, with 

healthy patient mature DCs accounting for about 90% of the lymph node DC population (Chang et al., 

2013; Orsini et al., 2013).  However, patients with tumors see a higher proportion of immature DCs that 

correlates positively with stage (Chang et al., 2013; Di Girolamo, Coronato, Portiansky, & Laguens, 2008; 

Orsini et al., 2013; Poindexter, Sahin, Hunt, & Grimm, 2004; Wilson et al., 2003). 

It is important to note that the same markers used to identify DCs (CD11b+ for example) are 

markers for myeloid-derived suppressor cells (MDSCs). As the tumor develops, MDSC counts and densities 

increase in the tumor site, spleen and circulation (Obermajer, Muthuswamy, Odunsi, Edwards, & Kalinski, 

2011; Roland et al., 2009; Schlecker et al., 2012; Wei et al., 2016) and levels in blood and bone marrow 

are elevated as compared to healthy controls (Ramachandran et al., 2013). Increasing MDSC counts in 

circulation are also seen with increased stage and tumor severity (Liang, Lü, Zhao, & Lü, 2019). These 

increased measures could potentially skew results of DC counts. 
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Similarly, macrophage density in the tumor increases as tumor progresses (Roland et al., 2009). 

Bugelski et al found that there is a direct power-law relationship between tumor nodule size and 

macrophage infiltration with the power equaling  −0.536 (Bugelski, Kirsh, Buscarino, Corwin, & Poste, 

1987).  

The percent of peripheral blood monocytes that are natural killer (NK) cells and NK cell counts in 

the blood are elevated in cancer patients as compared to healthy controls and NK cell absolute counts in 

the peripheral blood increase with tumor stage (Céspedes, Rodriguez, Medina, Bravo, & Cómbita, 2012; 

Rocca et al., 2016). A different study found a direct correlation of tumor size with frequency of a specific 

NK cell subset, the DN NK cells (Jin et al., 2013).  

Patients with cancer have elevated circulating Transforming growth factor beta (TGF-β) levels, 

which some studies show return to normal levels after surgical removal of the tumor (Kong et al., 1995; 

Sheen-Chen, Chen, Sheen, Eng, & Chen, 2001; Shim, Kim, Han, & Park, 1999; Sminia, Barten, Van Waarde, 

Vujaskovic, & van Tienhoven, 1998; Sun, Jin, Yang, Wei, & Dong, 2007; Tan, Alexe, & Reiss, 2009; Tsushima 

et al., 1996). Mouse and ex-vivo studies have shown increased TGF-β levels in tumors as the tumor grows 

(Califano et al., 2012; Dropmann et al., 2016) and these levels correlate positively with the tumor size 

across individuals (Okada, Wang, Kasai, Suzuki, & Takikawa, 2018).  

Similarly, circulating Interleukin-10 (IL-10) levels are elevated in cancer as compared to healthy 

donors (Elmoneim et al., 2017; Guida et al., 2006; Kucera et al., 2015; Okada et al., 2018; Stanilov, Miteva, 

Deliysky, Jovchev, & Stanilova, 2010) and IL-10 serum levels are positively correlated with tumor size and 

stage (St. John et al., 2004; Stanilov et al., 2010). IL-2 levels are also elevated in cancer patients, especially 

late stage patients, and this increase is correlated with cancer severity (Forones, Mandowsky, & Lourenço, 

2001; Kucera et al., 2015; Orditura et al., 2000).  
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On the other hand, experiments in mice have found that serum and tumor interferon-gamma 

(IFN-γ) levels do not drastically increase or decrease as the tumor grows (García Paz et al., 2014; Lucas, 

Heller, Coppola, & Heller, 2002; McGray et al., 2014; Okuyama et al., 2017). The same is true for 

intratumoral expression of cytokine mRNA (García Paz et al., 2014). 
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4 Mathematical model of tumor-immune interactions for a single 
tumor nodule 

The immune response to pathogens is very complex. The need to detect a variety of different 

foreign materials, while also remaining tolerant of the body’s own cells, leads to a highly developed set of 

immune cells and molecules, many of which have multiple roles and complex interactions. Moreover, 

response to different pathogens can vary depending on the inherent characteristics of the pathogen and 

the state of inflammation in the body.  

The great potential of the immune system in the development and treatment of cancer has 

recently been rediscovered. Experimentalists have found that there are immune cells and molecules that 

significantly influence cancer growth and response to treatment under certain conditions. One intriguing 

example is the study of Ghiringhelli et al (2009) where EL4 thymomas were implanted as subcutaneous 

flank tumors in mice.  This study showed that mice lacking T cells or mice depleted of only CD8+ T cells by 

a specifically targeted antibody had slightly faster tumor growth than wildtype mice, although this may 

not have been a significant difference. However, mice deficient in interferon-gamma (IFN-γ) receptor 1 

had significantly faster growing tumors than both the wildtype mice or those without CD8+ T cells 

(Ghiringhelli et al., 2009). This experiment shows significant effects of IFN-γ, an important molecule of the 

immune system, in the development of tumors without treatment. These mouse subcutaneous tumors 

generally do not have typical stroma and their immune infiltrate may differ from human tumors, raising 

the question of the extent to which such results can be expected to translate to normal cancer conditions.   

With motivation from the specific findings of Ghiringhelli et al pointing to the immune system 

slowing tumor growth, a mathematical model will now be developed for interactions between a tumor 

and the immune system in the case of a single tumor mass in the absence of treatment. Later chapters 

will extend this model to include effects of chemo-and immunotherapies. First, an explanation will be 

given of the choices made for cellular and molecular components of the model. Then, a dynamic equation 
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for each species will be derived, considering all the factors and interactions involved in its rate of change. 

Figure 4.1 gives an overview of the interactions between the model species. Some elements of the model 

of Robertson-Tessi et al (2010) have been adopted here, although a number of species and interactions 

are considered here that were not present in that model. 

 

Figure 4.1 Overview of tumor immune interactions depicted in this model 

 

4.1 Mathematical model 

A mathematical model is now developed to describe interactions between immune cells, 

immune-related molecules, and tumor cells that take place in the tumor mass, the lymphatics, and the 
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circulation. The immune system is complex and has many components. These components often play 

multiple roles, and moreover there are molecules and cells that affect the immune response in addition 

to having other functions in the body, even if they are not normally classified as part of the immune 

system, with one example being vascular endothelial growth factor (VEGF), which is better known as an 

angiogenic factor. The choice of which cells and molecules to include in the model is therefore not 

straightforward, and as with all mathematical modeling a balance must be found between excessive 

complexity and oversimplification. The rationale for the choices made here will partly be based on 

experimental findings of important effects wrought by certain cells and molecules. Priority will also be 

given to molecules and cell types that are direct targets of intervention in commonly-used 

immunotherapies, either through their supplementation or their depletion. 

Numerous studies suggest that cytolytic (CD8+ effector) T cell response to tumors is one of the 

most important anti-tumor immune effects (Hellstrom & Hellstrom, 1991; Steven A Rosenberg, Spiess, & 

Lafreniere, 1986). One such study shows that CD8+ T cells are capable of fully eradicating large tumor 

masses in vivo (Greenberg, 1991; Steven A Rosenberg et al., 1986). The Ghiringhelli et al study (2009) 

mentioned previously gave reason to select these cells as a model species. Toes et al (1999) found that 

CD4+ Th (helper T) cells made substantial antitumor contributions in mouse tumor models, and Hung et 

al and other studies have found a central role for these helper T cells, motivating their inclusion in the 

model (Boyman & Sprent, 2012; Hung et al., 1998; Toes, Ossendorp, Offringa, & Melief, 1999). Regulatory 

T cells (Tregs) are also included, based on much evidence that their immunosuppressive effects are key 

factors in tumor evasion of the immune system. Moreover, Treg infiltration into the tumor site is highly 

correlated with poor prognosis (Beyer & Schultze, 2016; Facciabene, Motz, & Coukos, 2012; Ha, 2009; 

Shang, Liu, Jiang, & Liu, 2015), and Tregs also play essential roles in immune homeostasis (Chaudhary & 

Elkord, 2016). All of these T-cell subsets respond specifically to small sections of proteins presented on 
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the surface of all cells, called antigens. In this way, T cells that interact with tumor cells are antigen-specific 

to the tumor antigen. 

While several previous mathematical models (reviewed in Chapter 2) have lumped all T cells into 

a single tumor-killing compartment, in fact there are good reasons for dividing them into subsets. Antigen-

specific T cell expansion in response to a pathogen occurs with a feedback loop involving the cytokine 

Interleukin-2 (IL-2), and while CD8+ effector T cells are generally thought to be primarily responsible for 

tumor cell lysis, CD4+ T cells are thought to produce most of the IL-2 (Boyman & Sprent, 2012). T cell 

collection of non-host antigens is not very effective, and this is, instead, mostly performed by dendritic 

cells (DCs), which specialize in antigen presentation leading to activation of T cells. Correctly accounting 

for the interactive dynamics of T cell expansion and activation leads to considering not only terminally 

differentiated tumor-killing effector T cells, but also the central and effector memory cells that are their 

antecedents, as well as the maturation of the dendritic cells that lead to the development of the effector 

T cell types from both the central memory and naïve state. The dendritic cells, in their immature, mature 

unlicensed, and mature licensed forms are also considered as separate species to allow for realistic 

dynamics in which the size and state of the tumor, as well as the densities of other immune cells, affect 

the rates of maturation and licensing. 

The adaptive immune response is not the only important tumor-immune interaction; natural killer 

(NK) cells play a significant role in tumor-immune interactions (Jewett & Tseng, 2011; Pietra, Vitale, 

Moretta, & Mingari, 2012). Many tumors are heavily infiltrated by macrophages, which can account for 

as much as 50 to 80% of the tumor volume (Vinogradov, Warren, & Wei, 2014). Fricke et al found that the 

proportion of myeloid-derived suppressor cells (MDSCs) at the tumor site was a significant prognostic 

factor in human patients, and others have found these cells to be significant drivers of 

immunosuppression (Fricke et al., 2007; Murphy & Weaver, 2016).  
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A further benefit to including these various cell types as separate populations is that 

immunotherapies often involve administration of CD8+ T cells, dendritic cells, or NK cells; depletion of 

Tregs or MDSCs; or interventions that specifically target macrophages. Lumping such cell types together 

would make it much more difficult to realistically model these therapies.  

Several key molecules are necessary to accurately capture the interactions between these 

different immune cells and their interactions with the tumor. IL-2 is a critical molecule in T-cell expansion 

(Murphy & Weaver, 2016). Interferon-gamma (IFN-γ) plays many key roles in tumor-immune interactions. 

Experiments show that mice deficient in IFN-γ have significantly faster tumor expansion compared to their 

wildtype counterparts, and administration of IFN-γ leads to a slower cancer progression (Ksienzyk et al., 

2011; Street, Cretney, & Smyth, 2001). IL-2 and IFN-γ have often been administered in immunotherapies, 

giving further reason for their inclusion. The immunosuppressive cytokines interleukin-10 (IL-10) and 

transforming growth factor beta (TGF-β) have both been shown to play key roles in pro-tumor immune 

responses (Khazaie & Von Boehmer, 2006; Larmonier et al., 2007). Their involvement in macrophage 

phenotype changes and in cross-communication between several of the cell types considered in the 

model also led to their selection for inclusion in the model. Numerous other molecules such as tumor 

necrosis factor alpha (TNF-α), VEGF, Prostaglandin-E2 and MCP-1, to name just a few, are important 

factors in the immune response, but were excluded for reasons of parsimony. Some of their effects are 

folded into the values of certain parameters or are included implicitly in interaction terms in the model to 

be developed below. 

In summary, this model has the following cells: tumor cells (T); immature (L), unlicensed (U and 

UT) and licensed (D) dendritic cells; central memory (ME), effector memory (AE) and effector (E) CD8+ 

cytolytic T cells in the lymph nodes and in the tumor site (ET); central memory (MH), effector memory (AH) 

and effector (H) CD4+ helper T cells in the lymph nodes and in the tumor site (HT); central memory (MR),  

effector memory (AR) and effector (R) regulatory T cells in the lymph nodes and in the tumor site (RT); 
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bright NK cells (NB), dim NK cells in the tumor environment (N) and in the circulation (ND); MDSCs in the 

tumor (W) and in the circulation (WC); and macrophages (Φ). This model also accounts for the following 

molecules: IL-2 (C), TGF-β (S), IL-10 (I), and IFN-γ (G). There are also differential equations that track the 

polarization of M1 and M2 macrophages (𝜃𝜃Φ), the relative antigen expression of the tumor (𝜃𝜃A), and NK 

cell effectivity (𝜃𝜃𝑟𝑟1), all of which may vary greatly during tumor nodule development depending on the 

tumor environment. 

Each of the cells and molecules are modeled to be in a given location in the body. The following 

compartments are included in the model: the tumor, the lymph nodes, and the circulation. The tumor is 

further divided into two compartments. The accessible tumor mass is considered to be the well-

vascularized part of the tumor. On the other hand, the “inaccessible” tumor mass is assumed to not 

contain immune cells or produce cytokines that travel to the rest of the body. This binary division is a 

simplified approximation to the actual situation of very heterogeneous tumor vasculature, leading to 

gradations of accessibility between the tissue and vasculature. Lymph nodes are included in the present 

model because many cells and cell-cell interactions important in tumor-immune dynamics are located in 

the lymph nodes. The lymph nodes are the site of activation and maturation of T cells (Murphy & Weaver, 

2016). Dendritic cells are actively recruited to the lymph nodes via chemotactic factors after they uptake 

tumor antigen (da Silva et al., 2013; Dieu et al., 1998; Ridolfi et al., 2004). Natural killer cells in the lymph 

nodes produce cytokines such as IFN-γ that play a major role in the immune system (Caligiuri, 2008; 

Cooper et al., 2001; Lutz et al., 2011; Whiteside & Herberman, 1994). Inclusion of the circulation is 

important as this is the conduit by which cells and molecules are exchanged between the other 

compartments; moreover, experimental measurements of cell densities and molecular concentrations are 

far easier to obtain for blood than for tumor tissue or the lymphatics.  
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While there may be significant spatial variation of concentrations and densities of immune cells 

within the tumor mass and in lymph nodes, here, the simplifying assumption was made that all these 

compartments are well-mixed. The short residence time of the circulation implies that treating blood as 

a well-mixed compartment is generally a good approximation. On the other hand, tumors are known to 

be highly heterogeneous, with significant barriers to transport of both molecules and cells (Dagogo-Jack 

& Shaw, 2018). However, quantitative data on spatial distributions of immune cells and molecules in 

tumors are currently lacking, necessitating the averaged approach adopted here.  

The continual exchange between the lymph and blood compartments might tend to favor the 

well-mixed assumption for lymph nodes. However, many researchers distinguish between tumor draining 

(or sentinel) lymph nodes and distant nodes, even though most tumors are deficient in lymphatic vessels. 

The well-mixed assumption implies that anti-tumor immune responses are occurring in all lymph nodes 

rather than only tumor-draining lymph nodes. The literature is not consistent on this point. Some studies 

show that immune presence in tumor-draining lymph nodes is completely different from non-sentinel 

lymph nodes (Jeanbart et al., 2014) whereas other studies show that immune counts and concentrations 

are very similar across different lymph nodes (Boonman et al., 2004; Mohos et al., 2013). Some 

researchers believe that all tumor-specific immune interactions happen in the sentinel lymph nodes 

(Jeanbart et al., 2014) yet studies found that the percentages and counts of antigen-leukocytes in non-

draining lymph nodes was increased in tumor-bearing animals compared to tumor-free animals 

(Akhmetzyanova et al., 2013; Allen et al., 2017).  Vuylsteke et al observed higher tumor-specific T cell 

reactivity in draining lymph nodes than in blood, but the fact that reactivity in the blood was measurable 

is indicative of the existence of systemic responses (Vuylsteke et al., 2006).  

The fact that metastases form more readily in draining lymph nodes, while perhaps partly due to 

their physical proximity to the tumor, could also be due to increased immunosuppression in these nodes, 

and indeed the more immunosuppressed state of draining lymph nodes has been noted in several studies 
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(Kara et al., 2009; G.-H. Lin et al., 2017; Vuylsteke et al., 2006), while Jeanbart et al found in their mouse 

model that greater immunosuppression is outweighed by the greater amount of priming in draining lymph 

nodes (Jeanbart et al., 2014). It is clear that overall the question of whether the anti-tumor immune 

response is primarily local or systemic is not fully resolved. In view of this, and the paucity of data on cell 

and molecular concentrations in draining vs. non-draining lymph nodes, attempting to account for spatial 

variation in the lymphatic system is not practical at present, and the lymph node compartment is modeled 

as a homogeneous well-mixed system. 

All of the model variables, their symbols, and compartments where they are modeled are 

summarized in Table 4.1. All other model components are parameters in the model that are kept constant 

and described in section 4.2. 

While the model of Robertson-Tessi et al (2010) was used as a starting point for the present 

model, changes were made, and a number of species and interactions as well as an additional 

compartment (the circulation) were added.  In the present compartmental model, the following general 

assumptions were made. Additional model assumptions specific to particular equations are mentioned in 

the description of the development of each equation starting in Section 4.1.1. 

1. The tumor is poorly vascularized at large sizes and only a fraction of the tumor is accessible by immune 

cells, molecules, and chemotherapeutic drugs. This accessible tumor is 𝑇𝑇∗ is related to the total 

number of tumor cells (T) following Robertson-Tessi et al (Robertson-Tessi, 2010): 

𝑇𝑇∗ =
𝑇𝑇

�1 + �𝑇𝑇
1−𝑛𝑛

𝑘𝑘1
�
𝑝𝑝
�

1
𝑝𝑝

 4.1 
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Table 4.1 Variables included in the model 

Symbol Factor Compartment 
𝑇𝑇 Tumor cell Tumor 
𝑇𝑇∗ Tumor cell Accessible tumor 
𝐿𝐿 Immature Dendritic Cell Accessible tumor 
𝑈𝑈𝑇𝑇  Unlicensed Dendritic Cell Accessible tumor 
𝑈𝑈 Unlicensed Dendritic Cell Lymph nodes 
𝐷𝐷 Licensed Dendritic Cell Lymph nodes 
𝑀𝑀𝐸𝐸 Central memory CD8+ cytotoxic T cell Lymph nodes 
𝐴𝐴𝐸𝐸 Effector memory CD8+ cytotoxic T cell Lymph nodes 
𝐸𝐸 Effector CD8+ cytotoxic T cell Lymph nodes 
𝐸𝐸𝑇𝑇 Effector CD8+ cytotoxic T cell Accessible tumor 
𝑀𝑀𝐻𝐻 Central memory CD4+ helper T cell Lymph nodes 
𝐴𝐴𝐻𝐻 Effector memory CD4+ helper T cell Lymph nodes 
𝐻𝐻 Effector CD4+ helper T cell Lymph nodes 
𝐻𝐻𝑇𝑇 Effector CD4+ helper T cell Accessible tumor 
𝑀𝑀𝑅𝑅 Central memory regulatory T cell Lymph nodes 
𝐴𝐴𝑅𝑅 Effector memory regulatory T cell Lymph nodes 
𝑅𝑅 Effector regulatory T cell Lymph nodes 
𝑅𝑅𝑇𝑇 Effector regulatory T cell Accessible tumor 
𝑁𝑁𝐵𝐵 Bright NK cells Lymph nodes 
𝑁𝑁𝐷𝐷 Dim NK cells Circulation 
𝑁𝑁 Dim NK cells  Accessible tumor 
𝑊𝑊 MDSCs  Accessible tumor 
𝑊𝑊𝐶𝐶  MDSCs Circulation 
Φ Macrophages  Accessible tumor 
𝐶𝐶𝐿𝐿 IL-2 concentration  Lymph nodes 
𝐶𝐶𝑇𝑇 IL-2 concentration  Accessible tumor 
𝐶𝐶𝐶𝐶 IL-2 concentration  Circulation 
𝐺𝐺𝐿𝐿 IFN-γ concentration Lymph nodes 
𝐺𝐺𝑇𝑇 IFN-γ concentration Accessible tumor 
𝐺𝐺𝐶𝐶  IFN-γ concentration Circulation 
𝐼𝐼𝐿𝐿 IL-10 concentration Lymph nodes 
𝐼𝐼𝑇𝑇 IL-10 concentration Accessible tumor 
𝐼𝐼𝐶𝐶  IL-10 concentration Circulation 
𝑆𝑆𝐿𝐿 TGF-β concentration Lymph nodes 
𝑆𝑆𝑇𝑇 TGF-β concentration Accessible tumor 
𝑆𝑆𝐶𝐶  TGF-β concentration Circulation 
𝜃𝜃 M1/M2 polarization of Macrophages Accessible tumor 
𝐴𝐴𝑔𝑔 Tumor antigen expression Accessible tumor 
𝑟𝑟1 NK cell effectivity Accessible tumor 
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2. It is assumed that some of the immune cells have a very negligible presence in the tumor. CD8+ 

effector T cells, CD4+ effector helper T cells, effector Tregs, Macrophages, MDSCs, NK cells, and 

immature and unlicensed dendritic cells are tracked in the tumor environment.  All other cells are 

assumed to not be in the tumor at significant levels. Thus, the total number of non-tumor immune 

cells in the tumor mass is: 

𝑇𝑇𝑁𝑁∗ = 𝐸𝐸𝑇𝑇 +𝐻𝐻𝑇𝑇 + 𝑅𝑅𝑇𝑇 + 𝐿𝐿 + 𝑁𝑁 + 𝑊𝑊 +𝛷𝛷 4.2 

It is important to note that Negus et al showed that out of 109 total cells in the tumor, CD8+ T cells 

accounted for less than 2*104 cells,  the entire T cell population was around 4*104 cells, and NK cells 

were present at levels of approximately 103 cells (Negus, Stamp, Hadley, & Balkwill, 1997). Similarly, 

Figure 2D of Wu et al demonstrated that MDSCs in the tumors of clinical patients accounted for only 

1.5*103 out of 109 total cells (L. Wu et al., 2018). Macrophages can constitute as many as 50 - 80% of 

the cells in a tumor mass (Vinogradov et al., 2014). In contrast, Figure 11.25 (p 456) of Janeway’s 

Immunobiology supports the lymphatic system as the primary location of central and effector 

memory T cells (Murphy & Weaver, 2016). 

3. Following Robertson-Tessi et al, rates that require direct contact between two cells all have the same 

mathematical form, driven by the necessity of physically reasonable model behavior in the limits of 

very large or very small cell ratios (Robertson-Tessi, 2010). When considering frequencies of contact 

between two cells in the tumor mass, with A denoting the number of cells of type A (present only in 

the accessible tumor mass by assumption (1)), 𝑇𝑇∗/𝐴𝐴 is the ratio of the cell counts of the tumor cells 

relative to A cells in the accessible tumor mass.   

[𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶 𝑏𝑏𝑏𝑏𝐶𝐶𝑏𝑏𝑏𝑏𝑏𝑏𝐶𝐶 𝐴𝐴 𝐶𝐶𝐶𝐶𝑎𝑎 𝑇𝑇] =
𝑥𝑥𝑜𝑜 𝑇𝑇∗

�1 + 𝑇𝑇∗
𝐴𝐴 �

 
4.3 

The form of equation 4.3 ensures that in the limiting case where 𝐴𝐴 >>  𝑇𝑇∗, the rate of contact will 

be proportional to 𝑇𝑇∗,  (since each tumor cell will be surrounded completely by A cells) and when 
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𝑇𝑇∗ >>  𝐴𝐴, the rate will be proportional to 𝐴𝐴 since each A cell will be surrounded completely by tumor 

cells. This form is equivalent to the following form: 

[𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶 𝑏𝑏𝑏𝑏𝐶𝐶𝑏𝑏𝑏𝑏𝑏𝑏𝐶𝐶 𝐴𝐴 𝐶𝐶𝐶𝐶𝑎𝑎 𝑇𝑇] =
𝑥𝑥𝑜𝑜 𝐴𝐴𝑇𝑇∗

(𝑇𝑇∗ + 𝐴𝐴) 
4.4 

Implicit in this equation is the assumption that at any point in time, each tumor cell is bound to no 

more than one immune cell, and each immune cell is bound to no more than one tumor cell. If other 

cells are present in the tumor, they will reduce the frequency of formation of these complexes by 

diluting the densities of the two cell types forming them. This leads to a necessity of having a dilution 

correction. As before, 𝑇𝑇𝑁𝑁∗  is the total number of non-immune cells in the accessible tumor 

environment; then the rate at which A cells and tumor cells encounter each other is as follows: 

[𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶 𝑏𝑏𝑏𝑏𝐶𝐶𝑏𝑏𝑏𝑏𝑏𝑏𝐶𝐶 𝐴𝐴 𝐶𝐶𝐶𝐶𝑎𝑎 𝑇𝑇] =
𝑥𝑥𝑜𝑜 𝐴𝐴𝑇𝑇∗

(𝑇𝑇∗ + 𝐴𝐴 + 𝑇𝑇𝑁𝑁∗ − 𝐴𝐴) 
4.5 

Simplifying: 

[𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶 𝑏𝑏𝑏𝑏𝐶𝐶𝑏𝑏𝑏𝑏𝑏𝑏𝐶𝐶 𝐴𝐴 𝐶𝐶𝐶𝐶𝑎𝑎 𝑇𝑇] =
𝑥𝑥𝑜𝑜 𝐴𝐴𝑇𝑇∗

(𝑇𝑇∗ + 𝑇𝑇𝑁𝑁∗) 
4.6 

Here 𝑇𝑇𝑁𝑁∗  is assumed to include all non-tumor immune cells present in the tumor environment, as 

described in assumption (2).  

The above form can be derived by assuming that the rate of the contact-dependent process is 

governed by mass-action kinetics. The term mass-action kinetics originated in the context of chemical 

reactions and is always used to refer to reaction rates that depend on the product of concentrations 

rather than total counts of molecules. Assuming isotropic and spatially uniform random motion of 

molecules, the product of concentrations is a measure of the likelihood of contact over an interval of 

time.  By direct analogy, the probability of contact of two cell types, again assuming isotropic and 

spatially uniform random motion of cells, is the product of the cell densities of the two cell types. 

Because of tumor spatial heterogeneity and other factors, random, spatially uniform, isotropic motion 

of cells may not be a completely accurate assumption, but it is made here for simplicity. Let Q be the 
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total rate of a contact-dependent process taking place in a particular compartment by mass-action 

kinetics it is 

𝑄𝑄
𝑉𝑉

= 𝑥𝑥𝑜𝑜 [𝐴𝐴][𝑇𝑇∗] 4.7 

where [A] and [𝑇𝑇∗] are the concentrations of the two cell types A and T, and V is the volume of the 

compartment.  Since the variables used in the present model are not concentrations but rather total 

cell counts in the compartment, this equation needs to be rewritten in terms of those variables.  

Substituting the total cell counts divided by the compartment volume for the concentrations gives: 

𝑄𝑄
𝑉𝑉

= 𝑥𝑥𝑜𝑜
𝐴𝐴
𝑉𝑉
𝑇𝑇∗

𝑉𝑉
  4.8 

which easily reduces to  

𝑄𝑄 = 𝑥𝑥𝑜𝑜
𝐴𝐴 𝑇𝑇∗

𝑉𝑉
  4.9 

It is assumed that the total cell density in the compartment is constant over time, and that all cells 

occupy the same volume 𝑉𝑉𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐  which includes not only the actual volume of the cell, but also the fixed 

amount of extracellular space associated on average with each cell in the compartment.  The average 

volume of non-immune and non-tumor cells as well as the extracellular matrix are all assumed to 

increase as the number of cells in the tumor increases. Therefore, the compartment volume, if cells 

of type A and 𝑇𝑇∗are the only ones in the compartment, is 

𝑉𝑉 = 𝑉𝑉𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐(𝐴𝐴 + 𝑇𝑇∗) 4.10 

However, if A is one of a number of immune cell types in the compartment, the total count of which 

is 𝑇𝑇𝑁𝑁∗  as in equation 4.6 then the compartment volume is given by 

𝑉𝑉 = 𝑉𝑉𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐(𝑇𝑇𝑁𝑁∗ + 𝑇𝑇∗) 4.11 

 

Therefore, combining constants, 
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𝑄𝑄 = 𝑥𝑥𝑜𝑜�
𝐴𝐴 𝑇𝑇∗

(𝐴𝐴 + 𝑇𝑇∗)
  4.12 

Or 

𝑄𝑄 = 𝑥𝑥𝑜𝑜�
𝐴𝐴 𝑇𝑇∗

(𝑇𝑇𝑁𝑁∗ + 𝑇𝑇∗)
  4.13 

 

It is important to note that it is not accurate to substitute cell counts for cell densities and still use 

the term "mass action," even though the term is sometimes used loosely in the literature in this sense.  

This is because the same total counts of molecules, if spread out over a larger volume, would imply a 

lower probability of contact over each time interval. 

4. Similar dilution terms come into the recruitment of cells to the tumor. Specifically, consider cell A 

which is recruited to the accessible tumor from the circulation due to chemoattractants produced by 

cell B, also in the accessible tumor. If the chemoattractants are produced by B cells at a constant rate 

and cleared with first order kinetics and a constant rate, their amount in the accessible tumor is 𝑥𝑥𝑥𝑥, 

where B is the total number of B type cells in the tumor (“B” here is generic and not to be confused 

with actual immune B cells). The total volume of the accessible tumor can be modeled as the product 

of the per-cell volume and the total number of cells: 

  𝑉𝑉𝑡𝑡𝑡𝑡𝑡𝑡𝑜𝑜𝑟𝑟 = 𝑉𝑉𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐(𝑇𝑇∗ + 𝑇𝑇𝑁𝑁∗) 4.14 

This means that the concentration of cytokines produced by the “B” cells to attract A cells is: 

𝐶𝐶ℎ𝑏𝑏𝑒𝑒𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝑟𝑟𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶 𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶 = 𝑥𝑥𝑥𝑥/𝑉𝑉𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐(𝑇𝑇∗ + 𝑇𝑇𝑁𝑁∗)  4.15 

Then the total number of A cells attracted to the tumor is  

[𝑅𝑅𝑏𝑏𝐶𝐶𝑟𝑟𝑅𝑅𝑅𝑅𝐶𝐶𝑒𝑒𝑏𝑏𝐶𝐶𝐶𝐶 𝑟𝑟𝐶𝐶𝐶𝐶𝑏𝑏 𝐶𝐶𝑜𝑜 𝐴𝐴/𝑣𝑣𝐶𝐶𝑣𝑣𝑅𝑅𝑒𝑒𝑏𝑏] = {𝐶𝐶ℎ𝑏𝑏𝑒𝑒𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝑟𝑟𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶 𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶} ∗

{𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝑏𝑏𝐶𝐶𝑟𝑟𝐶𝐶𝐶𝐶𝑅𝑅𝐶𝐶𝐶𝐶 𝐶𝐶𝑜𝑜 𝐴𝐴 𝑅𝑅𝐶𝐶 𝐶𝐶ℎ𝑏𝑏 𝑏𝑏𝑣𝑣𝐶𝐶𝐶𝐶𝑎𝑎 𝑔𝑔𝐶𝐶𝑅𝑅𝐶𝐶𝑔𝑔 𝐶𝐶𝐶𝐶 𝐶𝐶ℎ𝑏𝑏 𝐶𝐶𝑅𝑅𝑒𝑒𝐶𝐶𝑟𝑟} ∗

 {𝑉𝑉𝐶𝐶𝑉𝑉𝐶𝐶𝑅𝑅𝑣𝑣𝐶𝐶𝑟𝑟 𝑎𝑎𝑏𝑏𝐶𝐶𝑉𝑉𝑅𝑅𝐶𝐶𝑑𝑑 𝐶𝐶𝑜𝑜 𝐶𝐶ℎ𝑏𝑏 𝐶𝐶𝑅𝑅𝑒𝑒𝐶𝐶𝑟𝑟}   

4.16 
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The density of available A cells in blood that can extravasate into tumor is diluted because it is 

assumed that the vascular density is equal to 𝜉𝜉𝑇𝑇∗/(𝑇𝑇∗ + 𝑇𝑇𝑁𝑁∗) . This stems from experimental evidence 

that tumor cells are the main producers of angiogenic factors in the tumor environment (Nishida, N., 

Yano, H., Nishida, T., Kamura, T. & Kojiro, 2006; Rmali, Puntis, & Jiang, 2007; Zuazo-Gaztelu & 

Casanovas, 2018). Therefore, the recruitment of A can be modeled as follows: 

[𝑅𝑅𝑏𝑏𝐶𝐶𝑟𝑟𝑅𝑅𝑅𝑅𝐶𝐶𝑒𝑒𝑏𝑏𝐶𝐶𝐶𝐶 𝑟𝑟𝐶𝐶𝐶𝐶𝑏𝑏 𝐶𝐶𝑜𝑜 𝐴𝐴/𝑣𝑣𝐶𝐶𝑣𝑣𝑅𝑅𝑒𝑒𝑏𝑏]

=
𝑥𝑥𝑥𝑥

𝑉𝑉𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐(𝑇𝑇∗ + 𝑇𝑇𝑁𝑁∗) 
𝜉𝜉𝑇𝑇∗

𝑇𝑇∗ + 𝑇𝑇𝑁𝑁∗
 𝐴𝐴𝑏𝑏𝑐𝑐𝑜𝑜𝑜𝑜𝑏𝑏/𝑉𝑉𝑏𝑏𝑐𝑐𝑜𝑜𝑜𝑜𝑏𝑏 

4.17 

Thus, the total recruitment of A to the tumor is the product of 4.17 and the total tumor volume: 

[𝑅𝑅𝑏𝑏𝐶𝐶𝑟𝑟𝑅𝑅𝑅𝑅𝐶𝐶𝑒𝑒𝑏𝑏𝐶𝐶𝐶𝐶 𝑟𝑟𝐶𝐶𝐶𝐶𝑏𝑏 𝐶𝐶𝑜𝑜 𝐴𝐴]

=
𝑥𝑥𝑥𝑥

𝑉𝑉𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐(𝑇𝑇∗ + 𝑇𝑇𝑁𝑁∗) 
𝜉𝜉𝑇𝑇∗

𝑇𝑇∗ + 𝑇𝑇𝑁𝑁∗
𝐴𝐴𝑏𝑏𝑐𝑐𝑜𝑜𝑜𝑜𝑏𝑏𝑉𝑉𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐(𝑇𝑇∗ + 𝑇𝑇𝑁𝑁∗)

𝑉𝑉𝑏𝑏𝑐𝑐𝑜𝑜𝑜𝑜𝑏𝑏
 

4.18 

Finally, combining all constants and simplifying yields the final version of recruitment of A cells to the 

tumor site from the blood by cytokine production by “B” cells in the tumor environment. 

[𝑅𝑅𝑏𝑏𝐶𝐶𝑟𝑟𝑅𝑅𝑅𝑅𝐶𝐶𝑒𝑒𝑏𝑏𝐶𝐶𝐶𝐶 𝑟𝑟𝐶𝐶𝐶𝐶𝑏𝑏 𝐶𝐶𝑜𝑜 𝐴𝐴] = 𝑥𝑥3
𝑇𝑇∗

(𝑇𝑇∗ + 𝑇𝑇𝑁𝑁∗)  𝑥𝑥 𝐴𝐴𝑏𝑏𝑐𝑐𝑜𝑜𝑜𝑜𝑏𝑏 
4.19 

5. Saturation is assumed for effects from molecule concentrations, as it is unrealistic to expect that rates 

would increase indefinitely at very high concentrations for any molecule. 

6. It is assumed that the increased production of any molecule that is elevated in tumor-bearing mice 

relative to healthy animals comes from only those cells that are tumor-specific, because this increase 

is attributed to the presence of a tumor. Exchange of molecules between the three compartments 

considered here is shown in Figure 4.2. It is assumed that there is no direct transport between the 

lymph node and the tumor, and that molecules are exchanged between those two compartments 

only via the blood. On the other hand, it is assumed that the lymph nodes and circulation are a semi-

permeable membrane; thus, it is possible that relative concentrations of different molecules might be 
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different between the two compartments. All other compartments are assumed to not have a 

significant effect on molecular levels in cancer-bearing mice. 

 

Figure 4.2 Transport of molecules between tumor, lymph nodes, and circulation 

All molecules are modeled in three compartments, the lymph nodes, circulation, and the accessible 

tumor, with the assumption that they equilibrate much faster than the time scale for tumor growth, 

so that a quasi-steady-state equilibrium at each tumor volume is reached. This is justified by the facts 

that transit time in the circulation is approximately 1 minute, lymph and blood are continually 

exchanging, and transport processes, in general, tend to be rapid compared to the time scale of tumor 

growth, as is cell death in response to treatment (~24-48 hours). In the quasi-steady-state equilibrium, 

the tumor is fixed in size with its growth rate set to zero. Since its growth rate drives temporal changes 

in all other model variables, their derivatives are set to zero as well. 

The rationale behind each equation will now be given. 

 

 Tumor absolute cell count in tumor environment  

The equation for the rate of change of total number of tumor cells reflects the tumor growth, kill 

by CD8+ T cells, kill by NK cells, direct kill by interferon-gamma, and kill by macrophages. 
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𝑇𝑇 
′ = [𝑇𝑇𝑅𝑅𝑒𝑒𝐶𝐶𝑟𝑟 𝑔𝑔𝑟𝑟𝐶𝐶𝑏𝑏𝐶𝐶ℎ 𝑟𝑟𝐶𝐶𝐶𝐶𝑏𝑏] − [𝐾𝐾𝑅𝑅𝑣𝑣𝑣𝑣 𝑏𝑏𝑑𝑑 𝐶𝐶𝐷𝐷8 + 𝑇𝑇 𝐶𝐶𝑏𝑏𝑣𝑣𝑣𝑣𝑉𝑉]− [𝐾𝐾𝑅𝑅𝑣𝑣𝑣𝑣 𝑏𝑏𝑑𝑑 𝑁𝑁𝐾𝐾 𝐶𝐶𝑏𝑏𝑣𝑣𝑣𝑣𝑉𝑉]

− [𝐾𝐾𝑅𝑅𝑣𝑣𝑣𝑣 𝑏𝑏𝑑𝑑 𝐼𝐼𝐼𝐼𝑁𝑁 − 𝛾𝛾] − [𝐾𝐾𝑅𝑅𝑣𝑣𝑣𝑣 𝑏𝑏𝑑𝑑 𝑀𝑀𝐶𝐶𝐶𝐶𝑟𝑟𝐶𝐶𝑀𝑀ℎ𝐶𝐶𝑔𝑔𝑏𝑏𝑉𝑉] 

4.20 

The tumor growth rate represents the net effects of reproduction of tumor cells and natural death 

rates. The form is taken from Robertson-Tessi et al (2010) and is structured to give a smooth transition 

between the initial exponential growth seen at small tumor cell counts, and a power law at large volumes 

(Robertson-Tessi, 2010). The form is in equation 4.21: 

[𝑇𝑇𝑅𝑅𝑒𝑒𝐶𝐶𝑟𝑟 𝑔𝑔𝑟𝑟𝐶𝐶𝑏𝑏𝐶𝐶ℎ 𝑟𝑟𝐶𝐶𝐶𝐶𝑏𝑏] =
𝑇𝑇

�� 1
𝛾𝛾1
�
𝑝𝑝

+ �𝑇𝑇
1−𝑡𝑡

𝛾𝛾 �
𝑝𝑝
�

1
𝑝𝑝

 4.21 

CD8+ effector cells, which can lyse tumor cells, have one of the most important roles in immune 

antitumor responses (Steven A Rosenberg et al., 1986). These cells have two main mechanisms of direct 

cell kill, the first being the release of perforin which perforates the target cell membrane, triggering 

apoptosis. The second mechanism involves the death ligand/receptor system. After binding, there is 

fusion of the multivesicular bodies which allows the immune cells to inject Fas ligand and TRAIL directly 

into the target cell, with lethal effects (Martinez-Lostao, Anel, & Pardo, 2015). Thus, this kill mechanism 

requires close contact or binding between an effector cell and a tumor cell (Martinez-Lostao et al., 2015; 

Nijkamp & Parnham, 2006; Topham & Hewitt, 2009). The rate of tumor cell kill by CD8+ cytolytic T cells is 

therefore modeled by the equation form from assumption (4) with CD8+ cytolytic T cells only interacting 

with the accessible tumor cells by assumption (1). While some studies have shown that more than one 

effector cell can attach to a cancer cell at the same time, there has been no quantification of a faster rate 

of cell kill in such a case. Thus, a one-to-one interaction between CD8+ T cells and tumor cells was modeled 

as depicted in equation 4.22: 



103 
 

[𝐾𝐾𝑅𝑅𝑣𝑣𝑣𝑣 𝑏𝑏𝑑𝑑 𝐶𝐶𝐷𝐷8 + 𝑇𝑇 𝐶𝐶𝑏𝑏𝑣𝑣𝑣𝑣𝑉𝑉] =
𝑟𝑟𝑜𝑜 𝑇𝑇∗𝐸𝐸𝑇𝑇

(𝑇𝑇∗ + 𝑇𝑇𝑁𝑁∗) 
4.22 

Modifications to the kill rate given in equation 4.22 account for modulating effects by regulatory 

T cells and TGF-β.  Robertson-Tessi et al included a damping term to the kill rate (of the form of equation 

4.23) that accounted for the inhibitory effects of TGF-β secreted by Tregs on CD8+ effector T cell killing of 

tumor cells (Robertson-Tessi, 2010). Numerous studies have shown that this regulatory T cell suppression 

of CD8+ T cell cytolytic activity is heavily dependent on TGF-β, and that when TGF-β effects on T cells are 

blocked, Tregs are no longer capable of this suppression (Budhu et al., 2017; M.-L. Chen et al., 2005; 

Donkor et al., 2011; Mempel et al., 2006; Strober, Oida, Xu, Weiner, & Kitani, 2017; Yang, Pang, & Moses, 

2010).  One experiment shows that Tregs are not mandatory at all, and that secreted TGF-β alone can 

cause this suppression (Thomas & Massagué, 2005).  Thus, this effect is modeled exclusively through 

secreted TGF-β levels. Khazaie et al asserts that this CD8+ T cell deactivation occurs in the lymph nodes, 

thus the suppression term depends on TGF-β levels in the lymph nodes rather than the tumor (Khazaie & 

Von Boehmer, 2006): 

[𝐾𝐾𝑅𝑅𝑣𝑣𝑣𝑣 𝑏𝑏𝑑𝑑 𝐶𝐶𝐷𝐷8 + 𝑇𝑇 𝐶𝐶𝑏𝑏𝑣𝑣𝑣𝑣𝑉𝑉] =
𝑟𝑟𝑜𝑜 𝑇𝑇∗𝐸𝐸𝑇𝑇

(𝑇𝑇∗ + 𝑇𝑇𝑁𝑁∗) �1 + 𝑆𝑆𝐿𝐿
𝑆𝑆1
�

 
4.23 

Many sources show that NK cells play an important role in anti-tumor immunity (Jewett & Tseng, 

2011; Pietra et al., 2012). NK cells directly kill tumor cells, stimulated by the tumor cells’ lack of MHC-I 

expression and their “stress” signals (Poggi, Massaro, Negrini, Contini, & Zocchi, 2005; J. Wu & Lanier, 

2003). The mechanisms by which NK cells kill tumor cells are similar to those used by T cells, involving 

perforin induced apoptosis or death ligand/receptor system (Martinez-Lostao et al., 2015; Nijkamp & 

Parnham, 2006; Topham & Hewitt, 2009). NK cell kill through perforin-induced apoptosis requires very 

close proximity to target cells, and the death ligand/receptor system requires direct cell-to-cell binding 

(Martinez-Lostao et al., 2015; Nijkamp & Parnham, 2006; Topham & Hewitt, 2009). Therefore, the basic 
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form for the rate of tumor kill by NK follows equation 4.6 by assumption (4). Because both T* and N are 

cell counts at the accessible tumor site itself, this kill rate by NK cells is represented by: 

[𝐾𝐾𝑅𝑅𝑣𝑣𝑣𝑣 𝑏𝑏𝑑𝑑 𝑁𝑁𝐾𝐾 𝐶𝐶𝑏𝑏𝑣𝑣𝑣𝑣𝑉𝑉] =
𝑟𝑟1 𝜃𝜃𝑟𝑟1𝑇𝑇

∗𝑁𝑁
(𝑇𝑇∗ + 𝑇𝑇𝑁𝑁∗) 

4.24 

The parameter 𝑟𝑟1 represents the NK cell cytotoxicity against tumor cells. Because NK cytotoxicity varies 

depending on the tumor environment and level of NK cell activation, 𝜃𝜃𝑟𝑟1  was introduced to modulate the 

level of NK activation relative to the baseline 𝑟𝑟1 value. The way that 𝜃𝜃𝑟𝑟1  varies over tumor development is 

described in Section 4.1.23.  

Multiple studies report that IFN-γ has significant effects on NK cell kill of tumor cells (Radice, 

Miranda, & Bellone, 2014; R. Wang, Jaw, Stutzman, Zou, & Sun, 2012a). However, the study of Aquino-

López et al found that this was heavily dependent on the cancer line. For six different cancer cell lines IFN-

γ resulted in increased resistance to NK cells, while for three of them it resulted in increased sensitivity 

(Aquino-López, Senyukov, Vlasic, Kleinerman, & Lee, 2017). Rocca et al (Rocca et al., 2016) found a positive 

correlation between NK cell lysis of colorectal cancer cells and IFN-γ production, and it was assumed that 

colorectal carcinoma was one of the cancer types that that show increased sensitivity to NK cells with IFN-

γ. Thus equation 4.24 was modified as: 

[𝐾𝐾𝑅𝑅𝑣𝑣𝑣𝑣 𝑏𝑏𝑑𝑑 𝑁𝑁𝐾𝐾 𝐶𝐶𝑏𝑏𝑣𝑣𝑣𝑣𝑉𝑉] =
𝑟𝑟1 𝜃𝜃𝑟𝑟1𝑇𝑇

∗𝑁𝑁
(𝑇𝑇∗ + 𝑇𝑇𝑁𝑁∗) �1 +

𝑘𝑘17𝐺𝐺𝑇𝑇
𝐺𝐺6 + 𝐺𝐺𝑇𝑇

� 
4.25 

Experiments have found that TGF-β is a major inhibitor of NK cell cytolytic activity (Ghiringhelli et 

al., 2005; Zimmer, Andrès, & Hentges, 2008) . These studies showed that regulatory T cells suppress NK 

cells via TGF-β, most likely in its membrane bound form. However, this suppression is not effective for all 

NK cells, such as NK cells stimulated by IL-2 (Ghiringhelli et al., 2005; Pedroza-Pacheco, Madrigal, & 

Saudemont, 2013; Roy et al., 2008; Smyth et al., 2006; Zimmer et al., 2008). Specifically, in their 
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experiment, Ghiringhelli et al found that adding IL-2 to NK cell coculture prevented the inhibition of NK 

cells by TGF-β (Ghiringhelli et al., 2005). This is depicted in equation 4.26 which shows inhibition of the 

rate of NK cell kill of tumor cells by TGF-β, with this inhibition is in turn suppressed by of IL-2: 

[𝐾𝐾𝑅𝑅𝑣𝑣𝑣𝑣 𝑏𝑏𝑑𝑑 𝑁𝑁𝐾𝐾 𝐶𝐶𝑏𝑏𝑣𝑣𝑣𝑣𝑉𝑉] =
𝑟𝑟1 𝜃𝜃𝑟𝑟1𝑇𝑇

∗𝑁𝑁
(𝑇𝑇∗ + 𝑇𝑇𝑁𝑁∗)

�1 + 𝑘𝑘17𝐺𝐺𝑇𝑇
𝐺𝐺6 + 𝐺𝐺𝑇𝑇

�

�1 +

𝑆𝑆𝑇𝑇
𝑆𝑆5

1 + 𝐶𝐶𝑇𝑇
𝐶𝐶2

�

  
4.26 

It is important to note that the homogeneity assumption of tumor cells assumes an average 

expression of MHC on the surface of all tumor cells, when in reality this measure is heterogeneous. A 

tumor cell either has normal/high expression of MHC I, or it has low/absent expression of MHC I. If it has 

low/absent MHC Class I expression, it is vulnerable to NK cell attack, but not T cell attack. If it has 

normal/high MHC Class I expression, it is vulnerable to T cell attack, but not NK cell attack (Hyat, 2011). 

Instead of dividing the tumor cells into high and low MHC Class I expressors, parameter values will account 

for effectiveness of both NK cells and T cells at recognizing and killing tumor cells by their respective 

mechanisms, based on the average response of the entire tumor cell population.  The parameter values 

estimated in Section 4.3.3 measure the averaged response of immune cells to tumor cells because the 

tumor cells in in vitro cultures were not selected based on their MHC I expression, but rather, were a 

representative sample of the entire population. In this way, the fact that some tumor cells in the 

population can respond to T or NK cells and others cannot is included because the cell kill rate parameter 

reflects the kill rate of all tumor cells, including the ones not susceptible to their respective immune cells. 

IFN-γ causes the death of tumor cells directly by inducing apoptosis as has been shown in vitro 

and in vivo for human cancer cells (Wall, Burke, Barton, Smyth, & Balkwill, 2003). Multiple cultures with 

different tumor cells treated with IFN-γ have shown increased lysis and decreased tumor cell survival as 

IFN-γ dose increases (Detjen, Farwig, Welzel, Wiedenmann, & Rosewicz, 2001; Gao et al., 2016; Wall et 
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al., 2003; Winter, Hu, McClain, Urba, & Fox, 2001). Equation 4.27. The rate of direct tumor cell kill by IFN- 

γ, which saturates by assumption (5): 

[𝐾𝐾𝑅𝑅𝑣𝑣𝑣𝑣 𝑏𝑏𝑑𝑑 𝐼𝐼𝐼𝐼𝑁𝑁 − 𝛾𝛾] = 𝑟𝑟3𝑇𝑇∗
𝐺𝐺𝑇𝑇

𝐺𝐺5 + 𝐺𝐺𝑇𝑇
 4.27 

Several studies have shown that M1 and M2 macrophages are capable of phagocytosis of living 

and viable tumor cells in both humans and in mice (Wagner et al., 2011; M. Zhang et al., 2016). Since this 

macrophage-induced death requires direct cell-to-cell contact, its rate has the same form as the direct kill 

of tumor cells by other immune cells, following assumption (4): 

[𝐾𝐾𝑅𝑅𝑣𝑣𝑣𝑣 𝑏𝑏𝑑𝑑 𝑀𝑀𝐶𝐶𝐶𝐶𝑟𝑟𝐶𝐶𝑀𝑀ℎ𝐶𝐶𝑔𝑔𝑏𝑏𝑉𝑉] =
𝑟𝑟2 𝑇𝑇∗Φ

(𝑇𝑇∗ + 𝑇𝑇𝑁𝑁∗) 4.28 

The enhancement of macrophage kill of tumor cells by IFN-γ was observed in multiple 

experiments (Blanchard, McMillen, & Djeu, 1991; Campbell, Canono, & Cook, 1988; Dileepan, Page, Li, & 

Stechsulte, 1995; Esparza, Mannel, Ruppel, Falk, & Krammer, 1987; Klimp, De Vries, Scherphof, & Daemen, 

2002; Ni & Lu, 2018; Terme et al., 2008). Similar to equation 4.26, an enhancement factor with saturation 

accounting for IFN- γ in the tumor multiplies the tumor kill by macrophages: 

[𝐾𝐾𝑅𝑅𝑣𝑣𝑣𝑣 𝑏𝑏𝑑𝑑 𝑀𝑀𝐶𝐶𝐶𝐶𝑟𝑟𝐶𝐶𝑀𝑀ℎ𝐶𝐶𝑔𝑔𝑏𝑏𝑉𝑉] =
𝑟𝑟2 𝑇𝑇∗Φ

(𝑇𝑇∗ + 𝑇𝑇𝑁𝑁∗) �1 +
𝑘𝑘18𝐺𝐺𝑇𝑇
𝐺𝐺7 + 𝐺𝐺𝑇𝑇

� 4.29 

The final equation for the rate of change of the total tumor cell count is then equation 4.30: 

𝑇𝑇 
′ =

𝑇𝑇

�� 1
𝛾𝛾1
�
𝑝𝑝

+ �𝑇𝑇
1−𝑡𝑡

𝛾𝛾 �
𝑝𝑝
�

1
𝑝𝑝
−

𝑟𝑟𝑜𝑜 𝑇𝑇∗𝐸𝐸𝑇𝑇
(𝑇𝑇∗ + 𝑇𝑇𝑁𝑁∗) �1 + 𝑆𝑆𝐿𝐿

𝑆𝑆1
�
−
𝑟𝑟1 𝜃𝜃𝑟𝑟1𝑇𝑇

∗𝑁𝑁
(𝑇𝑇∗ + 𝑇𝑇𝑁𝑁∗)

�1 + 𝑘𝑘17𝐺𝐺𝑇𝑇
𝐺𝐺6 + 𝐺𝐺𝑇𝑇

�

�1 +

𝑆𝑆𝑇𝑇
𝑆𝑆5

1 + 𝐶𝐶𝑇𝑇
𝐶𝐶2

�

 

−
𝑟𝑟2 𝑇𝑇∗Φ

(𝑇𝑇∗ + 𝑇𝑇𝑁𝑁∗) �1 +
𝑘𝑘18𝐺𝐺𝑇𝑇
𝐺𝐺7 + 𝐺𝐺𝑇𝑇

� − 𝑟𝑟3𝑇𝑇∗
𝐺𝐺𝑇𝑇

𝐺𝐺5 + 𝐺𝐺𝑇𝑇
 

4.30 
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 Total immature dendritic cell absolute counts in the tumor 

The initial step for an adaptive anti-tumor immune response to take place is that immature 

dendritic cells must take up tumor antigen. Several studies note that being in the presence of dead, dying 

or even living tumor cells is the primary way in which immature dendritic cells acquire antigen (Chan & 

Housseau, 2008; Dembic, Røttingen, Dellacasagrande, Schenck, & Bogen, 2001; Gardner & Ruffell, 2016; 

Matheoud et al., 2011, 2010; Nouri-Shirazi et al., 2000; Sánchez-Paulete et al., 2017) as opposed to their 

encountering it systemically, distant from tumor cells. It is assumed here that DC encounters with such 

cells occur primarily at the tumor site, based on Figure 1 of Sánchez-Paulete (Sánchez-Paulete et al., 2017). 

However, it cannot be ruled out that DCs may also acquire tumor antigen at sites distant from the tumor. 

For example, Zitvogel et al discuss antigen acquisition via exosomes which may potentially be found in 

circulation (Zitvogel et al., 2004), but such mechanisms are neglected here.  Moreover, experiments have 

found that a significant proportion of DCs in the lymph nodes may be immature (Chang et al., 2013; Di 

Girolamo, Coronato, Portiansky, & Laguens, 2008; Orsini et al., 2013; Poindexter, Sahin, Hunt, & Grimm, 

2004; N. S. Wilson et al., 2003). It is assumed that the cells not in the tumor environment have less access 

to tumor cells, and therefore can be neglected for modeling DC maturation. 

Immature dendritic cells (iDCs) are thought to enter the tumor via the vasculature (Klarquist & 

Janssen, 2012). It is unclear whether this is predominantly a passive process, as these cells are broadly 

distributed in peripheral tissues, and continuously sample antigens throughout the body, hunting for 

foreign signals (Chan & Housseau, 2008). There is evidence that certain tumors may selectively recruit 

certain subsets of DCs, and Carlos et al found that a tumor epithelial antigen MUC1 causes preferential 

recruitment of immature DCs into tumors (Carlos et al., 2005). In either case, it is reasonable to assume 

that total iDCs counts in the tumor will tend to increase as the accessible (well-vascularized) tumor volume 

increases. It is further assumed that the total pool of immature dendritic cells in the body is significantly 

larger than the number infiltrating the tumor, so that there is no decrease in recruitment from depletion 
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of the overall pool as the tumor grows. This would ensure that patients with tumors are still capable of 

having immature dendritic cells respond to the many pathogens they encounter on a daily basis, as their 

counts are not depleted significantly by the tumor’s presence. The number of immature dendritic cells in 

the tumor is therefore assumed to be proportional to the accessible tumor volume: 

𝐿𝐿 = 𝜌𝜌4𝑇𝑇∗ 4.31 

 

 Total tumor-specific maturing dendritic cells  

It is unclear whether dendritic cells mature at the site of contact with antigen and then migrate 

to the lymph nodes, or first migrate to lymph nodes and then mature. The variable 𝑈𝑈𝑇𝑇  is therefore 

regarded as “maturing” dendritic cells at the tumor site, leaving open the question of whether they are 

fully mature in that compartment or will complete the maturation process once they reach the lymph 

nodes. The equation for the rate of change of the total number of maturing DCs reflects the maturation 

of immature DCs resulting from antigen uptake, the migration to the lymph nodes, and natural clearance: 

𝑈𝑈𝑇𝑇  
′ = [𝑀𝑀𝐶𝐶𝐶𝐶𝑅𝑅𝑟𝑟𝐶𝐶𝐶𝐶𝑅𝑅𝐶𝐶𝐶𝐶 𝑜𝑜𝑟𝑟𝐶𝐶𝑒𝑒 𝐶𝐶𝐶𝐶𝐶𝐶𝑅𝑅𝑔𝑔𝑏𝑏𝐶𝐶 𝑅𝑅𝑀𝑀𝐶𝐶𝐶𝐶𝑘𝑘𝑏𝑏]− [𝑀𝑀𝑅𝑅𝑔𝑔𝑟𝑟𝐶𝐶𝐶𝐶𝑅𝑅𝐶𝐶𝐶𝐶] − [𝐶𝐶𝑣𝑣𝑏𝑏𝐶𝐶𝑟𝑟𝐶𝐶𝐶𝐶𝐶𝐶𝑏𝑏] 4.32 

Immature dendritic cells mature by encounter with tumor antigen. If a tumor cell expresses, on 

average, a concentration of antigen 𝐴𝐴, then the overall concentration of tumor antigen in the tumor 

environment can be found by the total expression of antigen by all tumor cells, divided by the total volume 

of the tumor:  

𝑇𝑇𝑅𝑅𝑒𝑒𝐶𝐶𝑟𝑟 𝐶𝐶𝐶𝐶𝐶𝐶𝑅𝑅𝑔𝑔𝑏𝑏𝐶𝐶 𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝑏𝑏𝐶𝐶𝐶𝐶𝑟𝑟𝐶𝐶𝐶𝐶𝑅𝑅𝐶𝐶𝐶𝐶 =
𝐴𝐴 𝑇𝑇∗

(𝑇𝑇∗ + 𝑇𝑇𝑁𝑁∗) 
4.33 
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Because the antigen presentation of the tumor varies depending on the tumor environment, 𝜃𝜃𝐴𝐴 was 

introduced to depict the level of antigen expression on the tumor relative to the baseline 𝐴𝐴 value. The 

way that 𝜃𝜃𝐴𝐴 varies over tumor development is described in Section 4.1.23.  

The maturation of immature dendritic cells takes place upon contact with the tumor antigen. This 

term captures the maturation rate of immature dendritic cells by contact with tumor antigen, which is 

affected by the concentration of tumor antigen in the tumor site and the sensitivity of the iDCs mature in 

response to that antigen, 𝑘𝑘10: 

[𝑀𝑀𝐶𝐶𝐶𝐶𝑅𝑅𝑟𝑟𝐶𝐶𝐶𝐶𝑅𝑅𝐶𝐶𝐶𝐶 𝑜𝑜𝑟𝑟𝐶𝐶𝑒𝑒 𝐶𝐶𝐶𝐶𝐶𝐶𝑅𝑅𝑔𝑔𝑏𝑏𝐶𝐶 𝑅𝑅𝑀𝑀𝐶𝐶𝐶𝐶𝑘𝑘𝑏𝑏] =
𝐴𝐴 𝑇𝑇∗

(𝑇𝑇∗ + 𝑇𝑇𝑁𝑁∗)𝑘𝑘10𝐿𝐿 
4.34 

The maturation of dendritic cells is inhibited by IL-10 and regulatory T cells, but the fully mature 

DCs are no longer susceptible to such downregulation (Larmonier et al., 2007). Thus, as in Robertson-Tessi 

et al, equation 4.34 is modified to yield 4.35 (Robertson-Tessi, 2010): 

[𝑀𝑀𝐶𝐶𝐶𝐶𝑅𝑅𝑟𝑟𝐶𝐶𝐶𝐶𝑅𝑅𝐶𝐶𝐶𝐶 𝑜𝑜𝑟𝑟𝐶𝐶𝑒𝑒 𝐶𝐶𝐶𝐶𝐶𝐶𝑅𝑅𝑔𝑔𝑏𝑏𝐶𝐶 𝑅𝑅𝑀𝑀𝐶𝐶𝐶𝐶𝑘𝑘𝑏𝑏] =
𝐴𝐴 𝑇𝑇∗

(𝑇𝑇∗ + 𝑇𝑇𝑁𝑁∗)
1

�1 + 𝐼𝐼𝑇𝑇
𝐼𝐼1
� �1 + 𝑅𝑅𝑇𝑇

𝑅𝑅1
�
𝑘𝑘10𝐿𝐿 

4.35 

Experimental studies have found that when DCs were incubated with various concentrations of 

IFN-γ and examined for different measures of maturation, expression of mature DC markers were 

increased with IFN-γ concentration. This suggests that IFN-γ causes an increase in the DC maturation (He, 

Tang, Xu, Moyana, & Xiang, 2007; Mito et al., 2010). Zheng et al 2012 found that without any IFN-γ, there 

was still maturation  of DCs, which establishes IFN-γ is not mandatory (Zheng et al., 2012). Thus equation 

4.35 was modified to include effects of IFN-γ, with saturation by assumption (5). 

[𝑀𝑀𝐶𝐶𝐶𝐶𝑅𝑅𝑟𝑟𝐶𝐶𝐶𝐶𝑅𝑅𝐶𝐶𝐶𝐶 𝑜𝑜𝑟𝑟𝐶𝐶𝑒𝑒 𝐶𝐶𝐶𝐶𝐶𝐶𝑅𝑅𝑔𝑔𝑏𝑏𝐶𝐶 𝑅𝑅𝑀𝑀𝐶𝐶𝐶𝐶𝑘𝑘𝑏𝑏] =
𝐴𝐴 𝑇𝑇∗

(𝑇𝑇∗ + 𝑇𝑇𝑁𝑁∗)

�1 + 𝑘𝑘12𝐺𝐺𝑇𝑇
𝐺𝐺3 + 𝐺𝐺𝑇𝑇

�

�1 + 𝐼𝐼𝑇𝑇
𝐼𝐼1
� �1 + 𝑅𝑅𝑇𝑇

𝑅𝑅1
�
𝑘𝑘10𝐿𝐿 4.36 

NK cells also directly interact with dendritic cells. In the presence of antigen, in large NK to 

immature DC ratios, NK cells initiate DC maturation in a contact dependent manner, however in small NK 
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to immature DC ratios, NK cells NK cells bind to and kill the immature DC’s (Piccioli, Sbrana, Melandri, & 

Valiante, 2002; Walzer, Dalod, Robbins, Zitvogel, & Vivier, 2005). Because NK cell infiltration into the 

tumor is low (Negus et al., 1997), however, it would be unlikely that contact between iDCs and NK cells 

would be significant in the tumor site. If it was, like following immunotherapy, the following terms would 

represent the rate of maturation of DCs caused by NK cells. It was assumed that this increase in maturation 

by NK cells is affected by IFN-γ, IL-10, and regulatory T cells in the same way as non-NK-contact dependent 

maturation, and contact between NK cells and iDCs was modeled as per assumption (4): 

[𝑀𝑀𝐶𝐶𝐶𝐶𝑅𝑅𝑟𝑟𝐶𝐶𝐶𝐶𝑅𝑅𝐶𝐶𝐶𝐶 𝑜𝑜𝑟𝑟𝐶𝐶𝑒𝑒 𝐶𝐶𝐶𝐶𝐶𝐶𝑅𝑅𝑔𝑔𝑏𝑏𝐶𝐶 𝑅𝑅𝑀𝑀𝐶𝐶𝐶𝐶𝑘𝑘𝑏𝑏]

=
𝑘𝑘10𝐴𝐴𝜃𝜃𝐴𝐴 𝑇𝑇∗

(𝑇𝑇∗ + 𝑇𝑇𝑁𝑁∗)

�1 + 𝑘𝑘12𝐺𝐺𝑇𝑇
𝐺𝐺3 + 𝐺𝐺𝑇𝑇

�

�1 + 𝐼𝐼𝑇𝑇
𝐼𝐼1
� �1 + 𝑅𝑅𝑇𝑇

𝑅𝑅1
�
�1 + 𝑘𝑘11

𝑁𝑁
(𝑇𝑇∗ + 𝑇𝑇𝑁𝑁∗) 𝑏𝑏−𝑘𝑘𝑙𝑙

𝑁𝑁
𝐿𝐿�𝐿𝐿 

4.37 

However, without immunotherapy, NK interactions with iDCs are assumed to be negligible in the 

tumor site. Because adjuvant NK cell therapy is considered as one of the modeled therapies, the 

maturation of iDCs by contact with NK cells will be included in the model, but the direct kill of iDCs by NK 

cells is assumed to have a negligible effect on immature DC levels in the tumor environment and is 

therefore omitted in this model.  

Many authors believe that the maturation of dendritic cells is followed by the migration to the 

lymph nodes (Murphy & Weaver, 2016). Despite this fact, experiments show that a significant proportion 

of the DCs in the lymph nodes of cancer patients have an immature phenotype (Chang et al., 2013; Di 

Girolamo et al., 2008; Orsini et al., 2013; Poindexter et al., 2004; N. S. Wilson et al., 2003) and even though 

a majority of dendritic cells in the tumor are immature, a small portion is mature (Bergeron, El Hage, 

Kambouchner, Lecossier, & Tazi, 2006; Dudek A. M., 2013; Janco J. M. T., 2015). Taken together, this 

suggests that it may not be true that cells first mature in the tumor, and then migrate as the time-scales 

of these two processes are very similar. There are several potential reasons for this disparity. Some 
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authors suggest that dendritic cells mature en route to the lymph nodes rather than maturing first and 

then migrating (Cornelissen et al., 2012). Other authors suggest a suppressive effect of tumor cells on DC 

maturation, keeping immature cells in the tumor site and in the immature state even after antigen uptake 

(Dudek A. M., 2013; Dyduch et al., 2017; Tabarkiewicz, Rybojad, Jablonka, & Rolinski, 2008). This would 

account for a high proportion of immature cells, even as mature DCs increase in the tumor site. It is 

possible that as iDC levels increase systemically due to the tumor’s immunosuppressive effects, there is 

also an increase in the random appearance of immature DCs in all tissues, including the lymph nodes (Ma, 

Shurin, Peiyuan, & Shurin, 2013; Pinzon-Charry et al., 2006). Finally, because the same markers are used 

to track DCs and MDSCs, these increased levels of iDCs could actually be increased systemic MDSC counts 

(Obermajer, Muthuswamy, Odunsi, Edwards, & Kalinski, 2011; Roland et al., 2009; Schlecker et al., 2012; 

Wei et al., 2016).  

Multiple studies have shown that the maturation of the dendritic cells leads to a targeted 

migration to the lymph nodes that is 6-8 fold higher than for immature dendritic cells (da Silva et al., 2013; 

Dieu et al., 1998; Ridolfi et al., 2004). When dendritic cells mature, they undergo several changes. They 

upregulate MHC II expression, increase surface expression of CD80 and CD86, and begin induction of the 

chemokine receptor CCR7. This receptor is responsible for DC migration to the lymph nodes because 

endothelial cells of terminal lymphatic vessels establish a chemotactic CCR7 ligand gradient by which DCs 

are lead into the lymphatic vessels (Murphy & Weaver, 2016; Saban, 2014). This migration rate is modeled 

as a first-order term: 

[𝑀𝑀𝑅𝑅𝑔𝑔𝑟𝑟𝐶𝐶𝐶𝐶𝑅𝑅𝐶𝐶𝐶𝐶] = 𝑘𝑘13𝑈𝑈𝑇𝑇 4.38 

The natural clearance or deactivation rate of DCs was assumed to be proportional to the number 

of dendritic cells: 

[𝑁𝑁𝐶𝐶𝐶𝐶𝑅𝑅𝑟𝑟𝐶𝐶𝑣𝑣 𝐷𝐷𝑏𝑏𝐶𝐶𝐶𝐶ℎ] = 𝛿𝛿𝑈𝑈𝑇𝑇𝑈𝑈𝑇𝑇  
4.39 
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Finally, the rate of maturation comes from equation 4.37. Thus, the rate of change of tumor=-

specific maturing DCs is: 

𝑈𝑈𝑇𝑇  
′ =

𝑘𝑘10𝐴𝐴𝜃𝜃𝐴𝐴 𝑇𝑇∗

(𝑇𝑇∗ + 𝑇𝑇𝑁𝑁∗)

�1 + 𝑘𝑘12𝐺𝐺𝑇𝑇
𝐺𝐺3 + 𝐺𝐺𝑇𝑇

�

�1 + 𝐼𝐼𝑇𝑇
𝐼𝐼1
� �1 + 𝑅𝑅𝑇𝑇

𝑅𝑅1
�
�1 + 𝑘𝑘11

𝑁𝑁
(𝑇𝑇∗ + 𝑇𝑇𝑁𝑁∗) 𝑏𝑏−𝑘𝑘𝑙𝑙

𝑁𝑁
𝐿𝐿�𝐿𝐿 − 𝑘𝑘13𝑈𝑈𝑇𝑇 − 𝛿𝛿𝑈𝑈𝑇𝑇  𝑈𝑈𝑇𝑇 

4.40 

 

 Total tumor-specific dendritic cell absolute counts in all the lymph nodes 

Mature dendritic cells are not yet fully capable of all DC function, and are not able to stimulate 

cytotoxic T cell response or effectively produce cytokines, until they are licensed (Flinsenberg et al., 2015; 

Hernandez, Shen, & Rock, 2007; Hoyer et al., 2014; Kratky, e Sousa, Oxenius, & Spörri, 2011). Thus, the 

equations for the mature dendritic cells features two different cell types: tumor specific unlicensed 

dendritic cells and tumor specific licensed dendritic cells. The equation for the rate of change of the total 

number of tumor-specific unlicensed dendritic cells in all the lymph nodes reflects the migration of DCs 

from the tumor, their licensing with the assistance of helper T cells and finally natural death. The equation 

for the rate of change of the total number of tumor-specific licensed dendritic cells in all the lymph nodes 

reflects the conversion from unlicensed dendritic cells with the help of helper T cells and natural death. 

𝑈𝑈 
′ = [𝑀𝑀𝑅𝑅𝑔𝑔𝑟𝑟𝐶𝐶𝐶𝐶𝑅𝑅𝐶𝐶𝐶𝐶] − [𝐿𝐿𝑅𝑅𝐶𝐶𝐶𝐶𝑏𝑏𝐶𝐶𝑉𝑉𝑅𝑅𝐶𝐶𝑔𝑔 ] − [𝑁𝑁𝐶𝐶𝐶𝐶𝑅𝑅𝑟𝑟𝐶𝐶𝑣𝑣 𝐷𝐷𝑏𝑏𝐶𝐶𝐶𝐶ℎ] 4.41 

𝐷𝐷 
′ = [𝐿𝐿𝑅𝑅𝐶𝐶𝐶𝐶𝑏𝑏𝐶𝐶𝑉𝑉𝑅𝑅𝐶𝐶𝑔𝑔] − [𝑁𝑁𝐶𝐶𝐶𝐶𝑅𝑅𝑟𝑟𝐶𝐶𝑣𝑣 𝐷𝐷𝑏𝑏𝐶𝐶𝐶𝐶ℎ] 4.42 

 
Although experimentalists do not agree which specific cells are involved in this licensing, 

mathematical models of different mechanisms of DC licensing have shown to lead to quantitatively and 

qualitatively very similar results, as shown in Chapter 5. Thus, it was assumed that DC licensing happens 

via a 2-step model: before DCs can present antigens to CD8+ T cells, they must first be licensed by direct 

contact with CD4+ T cells (Flinsenberg et al., 2015; Hernandez et al., 2007; Mailliard et al., 2002; 
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Robertson-Tessi, 2010; B. Wang et al., 2001). The form of the licensing term comes from Robertson-Tessi 

et al 2010: 

[𝐿𝐿𝑅𝑅𝐶𝐶𝑏𝑏𝐶𝐶𝑉𝑉𝑅𝑅𝐶𝐶𝑔𝑔] =
𝜆𝜆 𝑈𝑈𝑀𝑀𝐻𝐻

𝑀𝑀𝐻𝐻 + 𝑈𝑈
 

4.43 

The natural death or deactivation rate of DCs was assumed to be proportional to the number of 

unlicensed dendritic cells and licensed dendritic cells, in each of the two equations respectively. For 

example, the natural death rate of unlicensed DCs is: 

[𝑁𝑁𝐶𝐶𝐶𝐶𝑅𝑅𝑟𝑟𝐶𝐶𝑣𝑣 𝐷𝐷𝑏𝑏𝐶𝐶𝐶𝐶ℎ] = 𝛿𝛿𝑈𝑈 𝑈𝑈 
4.44 

The final equation for the rate of change of the tumor-specific unlicensed dendritic cell absolute 

counts in all the lymph nodes is then: 

𝑈𝑈′ = 𝑘𝑘13𝑈𝑈𝑇𝑇 −
𝜆𝜆 𝑈𝑈𝑀𝑀𝐻𝐻

𝑀𝑀𝐻𝐻 + 𝑈𝑈
− 𝛿𝛿𝑈𝑈  𝑈𝑈 4.45 

And the final equation for the rate of change of the tumor-specific licensed dendritic cell absolute 

counts in all the lymph nodes is then: 

𝐷𝐷′ =
𝜆𝜆 𝑈𝑈𝑀𝑀𝐻𝐻

𝑀𝑀𝐻𝐻 + 𝑈𝑈
− 𝛿𝛿𝐷𝐷 𝐷𝐷 4.46 

 

 Total tumor-specific central memory T cells 

It has been shown that T cell response is one of the most critical of all immune interactions when 

it comes to suppressing tumor growth (S. A. Rosenberg, 1988). T cells are a group of immune cells that 

specifically target pathogens. There are three distinct types of T cells that express different surface 

markers. CD8+ cytotoxic T cells kill target cells. CD4+ helper T cells play many supporting roles, including 

assisting with T cell activation and cytokine production. Finally, CD4+ CD25+ FoxP3+ regulatory T cells 
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(Tregs) suppress the function of other T cell types and prevent autoimmunity, playing a very critical role 

in tumor progression (Beyer & Schultze, 2016; Ha, 2009; Shang et al., 2015).  

These three T cell types target only cells that express specific markers. It is possible to have as 

many as 1018 different specific T cells, all capable of detecting and targeting their own pathogen (Slansky, 

2003). This is based off the expression of antigens on the surface of these cells that help identify it as 

foreign.  Because there could be so many different specific T cells, and only around 1014 total cells and 

1011 T cells in a human body (with even fewer in mice), there must be in vivo mechanisms to keep these 

levels reasonable (Slansky, 2003). To be able to prepare for a disease, the body has a relatively constant 

pool of T cells that have been exposed to antigens previously and are specific, central memory T cells, 

which are antigen-specific T-cell precursors, primarily found in the lymph nodes. T cells that have not yet 

been exposed to antigens and are ready for new infections are naïve T cells.  

Obviously, upon initial contact with a tumor antigen, there should be no tumor-specific central 

memory T cells yet formed. Initially, mature T cells that have not yet encountered their specific antigens, 

circulate the body in a naïve state. There are a multitude of different naïve T cells within the body, each 

capable of reacting to a specific antigen, with one naïve cell in 104-106 capable of reacting to any given 

antigen. These cells circulating throughout the body, coming into contact with dendritic cells, and 

sampling the antigens expressed on their surface, until the specific antigen is recognized. Then, a primary 

T cell response is initiated. During this response, naïve T cells differentiate into an effector T cell state and 

central memory T cells during several days of clonal expansion. These naïve T cells are already displaying 

different surface markers (CD8+, CD4+, etc) that determine what kind of T cell they develop into (Murphy 

& Weaver, 2016).  

These three types of T cells follow the same general mechanism of maturation, from central 

memory to effector state. Once central memory T cells are activated by dendritic cells, they become 
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rapidly dividing effector memory T cells which in turn terminally differentiate  to form effector T cells 

(Sallusto, Geginat, & Lanzavecchia, 2004). Although there are several frameworks for naming of these 

cells, the underlying cell characteristics appear to be consistent. The  nomenclature and lineage model of 

Sallusto et al (Sallusto et al., 2004) (i.e., central memory and effector memory cells) was  adopted here 

instead of Robertson-Tessi et al’s terminology of activated and unactivated cells.  

Although the maturation of T cells from the central memory state is well understood, the 

mechanism behind the formation of central memory T cells from a naïve state in cancer is not well 

understood. There are two distinct mechanisms portrayed in literature for this process, depicted in Figure 

4.3. One of these mechanisms suggests that upon resolution of an inflammatory response, most of the 

effector T cells die and a select few go on to become central memory T cells (Kaech, Wherry, & Ahmed, 

2002; Murphy & Weaver, 2016). A different theory suggests that naïve T cells directly create both central 

memory and effector T cells (Kaech et al., 2002). 

 

Figure 4.3 Two models of central memory T cell production 

 
With a chronic inflammation like cancer, however, model 1 from Figure 4.3 does not appear to be 

reasonable. Experimental studies show that cancer patients have central memory T cells during the course 

of their illness at the tumor site (Torcellan et al., 2017) Figure 3B and (Egelston et al., 2018) Figure 1b. 

Although these studies do not specify if these cells are tumor-specific, and it is possible that these T cells 

are non-tumor-specific “bystander cells,” in-vitro cultures show the development of tumor-specific 
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central memory and effector memory T cells concurrently, suggesting that there are significant tumor-

specific central memory T cells in vivo as well (Kuznetsova et al., 2019). This suggests that the process of 

tumor-specific central memory T cell formation in cancer does not happen upon resolution, but instead 

during the course of the development of the illness. A population of tumor-specific memory T cells would 

allow for rapid replication of T cells capable of interacting with tumor cells, whereas as few as one in a 

billion naïve T cells will respond to the tumor cells specifically. Thus, the central memory T cell population 

is the primary source of effector T cells in patients after several days post tumor inception. Experimental 

studies have shown that through disease progression, central memory T cell levels do not expand 

significantly (Janeway, Travers, Walport, & Shlomchik, 2005). This would mean that a model of central 

memory T cell expansion upon exposure to tumor antigen would be to initially increase and then plateau 

to a constant value, as depicted in Figure 4.4: 

 
Figure 4.4 Central memory T cell expansion after initial antigen presentation with time 

 
However, a simplifying assumption was made to model the central memory T cells as constant 

from tumor inception, as depicted in Figure 4.4, because on the time scale of tumor growth, those initial 

several days of central memory T cell creation are negligible. For modeling residual or recurrent disease, 

however, when there is an established pool of central memory T cells, this assumption is also rooted in 

biological evidence. Although significant surgical resection is possible in 70–80% of patients at diagnosis, 

almost half of them develop recurrence and die of the disease (Emmanouilides et al., 2007). 
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In their central memory state, T cells are already differentiated into CD8+, CD4+, and regulatory 

T cell phenotypes (Murphy & Weaver, 2016). Thus, the total number of tumor-specific central memory T 

cells is assumed to be constant, and the sum of the tumor-specific CD8+ T cells, CD4+ T helper cells and 

regulatory T cells, as shown in equation 4.47: 

𝑀𝑀 = 𝑀𝑀𝐸𝐸 + 𝑀𝑀𝐻𝐻 + 𝑀𝑀𝑅𝑅 
4.47 

 

 Total tumor-specific CD8+ cytolytic effector memory T cell absolute count in all the lymph 

nodes 

The equation for the rate of change of the total number of effector memory tumor-specific CD8+ 

cytolytic T cells in all the lymph nodes includes the activation of effector memory cells from the memory 

T cell state and clearance of these cells. These terms both stem from Robertson-Tessi et al: 

𝐴𝐴𝐸𝐸′ = [𝐴𝐴𝐶𝐶𝐶𝐶𝑅𝑅𝑣𝑣𝐶𝐶𝐶𝐶𝑅𝑅𝐶𝐶𝐶𝐶] − [𝐶𝐶𝑣𝑣𝑏𝑏𝐶𝐶𝑟𝑟𝐶𝐶𝐶𝐶𝐶𝐶𝑏𝑏] 
4.48 

For the rate of activation of these cells, the process is ratio dependent. As dendritic cell numbers 

increase, the term saturates to 𝛼𝛼1𝑀𝑀𝐸𝐸, 4.49 (Robertson-Tessi, 2010): 

[𝐴𝐴𝐶𝐶𝐶𝐶𝑅𝑅𝑣𝑣𝐶𝐶𝐶𝐶𝑅𝑅𝐶𝐶𝐶𝐶] =
𝛼𝛼1 𝑀𝑀𝐸𝐸

𝐷𝐷 + 𝑘𝑘4𝑀𝑀
 4.49 

The clearance term represents the expiration of the activated phase of these cells (Robertson-

Tessi, 2010): 

[𝐶𝐶𝑣𝑣𝑏𝑏𝐶𝐶𝑟𝑟𝐶𝐶𝐶𝐶𝐶𝐶𝑏𝑏] = 𝛿𝛿𝐴𝐴𝐴𝐴𝐸𝐸 
4.50 

The final equation for the rate of change of the tumor-specific effector memory CD8+ T cell 

absolute counts in all the lymph nodes is then: 
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𝐴𝐴𝐸𝐸′ =
𝛼𝛼1 𝑀𝑀𝐸𝐸𝐷𝐷
𝐷𝐷 + 𝑘𝑘4𝑀𝑀

− 𝛿𝛿𝐴𝐴𝐴𝐴𝐸𝐸 4.51 

 
 

 Total tumor-specific CD8+ effector T cell absolute count in all the lymph nodes 

The equation for the rate of change of the total number of tumor-specific CD8+ effector T cells in 

all the lymph nodes includes the proliferation of effector memory cells to their terminally differentiated 

state, their migration to the tumor site, and the clearance of these cells. 

𝐸𝐸′ = [𝑃𝑃𝑟𝑟𝐶𝐶𝑣𝑣𝑅𝑅𝑜𝑜𝑏𝑏𝑟𝑟𝐶𝐶𝐶𝐶𝑅𝑅𝐶𝐶𝐶𝐶]− [𝑀𝑀𝑅𝑅𝑔𝑔𝑟𝑟𝐶𝐶𝐶𝐶𝑅𝑅𝐶𝐶𝐶𝐶] − [𝐶𝐶𝑣𝑣𝑏𝑏𝐶𝐶𝑟𝑟𝐶𝐶𝐶𝐶𝐶𝐶𝑏𝑏] 
4.52 

The proliferation of these cells depends on the proliferative cytokine IL-2  (Robertson-Tessi, 2010): 

[𝑃𝑃𝑟𝑟𝐶𝐶𝑣𝑣𝑅𝑅𝑜𝑜𝑏𝑏𝑟𝑟𝐶𝐶𝐶𝐶𝑅𝑅𝐶𝐶𝐶𝐶] =
𝛼𝛼2𝐴𝐴𝐸𝐸𝐶𝐶𝐿𝐿

(𝐶𝐶1 + 𝐶𝐶𝐿𝐿) 4.53 

MDSCs suppress maturation of T cells by releasing or uptake of various cytokines that all play a 

role of arresting T cell growth cycle or killing them in later stages of activation (Mazzoni et al., 2002). 

Experimentalists do not agree whether this is true for only CD8+ T cells (Serafini, Mgebroff, Noonan, & 

Borrello, 2008) or on all IFN-γ producing cells (including CD4+ T helper cells) (Kusmartsev, Nagaraj, & 

Gabrilovich, 2005). The mechanisms by which MDSCs do this are varied including: through induction of 

shortage of molecules necessary for T cell proliferation (Katoh & Watanabe, 2015; Lindau, Gielen, 

Kroesen, Wesseling, & Gosse, 2012; Marigo, Dolcetti, Serafini, Zanovello, & Bronte, 2008; Najjar & Finke, 

2013; Ostrand-Rosenberg, Sinha, Beury, & Clements, 2012), production of reactive oxygen species (Lindau 

et al., 2012), and arresting the cell cycle leading to apoptosis (Marigo et al., 2008; Sica & Bronte, 2007). 

Thus, effects of lymph-node MDSCs on T cell proliferation were incorporated into equation 4.53 to get 

equation 4.54: 
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[𝑃𝑃𝑟𝑟𝐶𝐶𝑣𝑣𝑅𝑅𝑜𝑜𝑏𝑏𝑟𝑟𝐶𝐶𝐶𝐶𝑅𝑅𝐶𝐶𝐶𝐶] =
𝛼𝛼2𝐴𝐴𝐸𝐸𝐶𝐶𝐿𝐿

(𝐶𝐶1 + 𝐶𝐶𝐿𝐿) �1 +
𝑘𝑘6𝑊𝑊𝑐𝑐𝑙𝑙𝑡𝑡𝑝𝑝ℎ

𝑊𝑊𝑐𝑐𝑙𝑙𝑡𝑡𝑝𝑝ℎ + 𝐴𝐴𝐸𝐸
�

 4.54 

The limiting behaviors of this term ensure that when there are significantly more MDSCs than T 

cells, 
𝑊𝑊𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙ℎ

𝐴𝐴𝐸𝐸
> 1, the limit of the rate is lower than without MDSCs but saturates  to 𝛼𝛼2𝐴𝐴𝐸𝐸𝐶𝐶𝐿𝐿

(𝐶𝐶1+𝐶𝐶𝐿𝐿)(1+𝑘𝑘6) . 

Similarly, when 
𝑊𝑊𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙ℎ

𝐴𝐴𝐸𝐸
< 1, the limit of the rate plateaus 𝛼𝛼2𝐴𝐴𝐸𝐸𝐶𝐶𝐿𝐿(𝐶𝐶1+𝐶𝐶𝐿𝐿) . 

Experiments have found that regulatory T cells also suppress T cell mediated by TGF-β (M. Alvarez 

et al., 2014; Cottrez & Groux, 2001; Maeda et al., 2011; McKarns & Schwartz, 2005; Nakamura, Kitani, & 

Strober, 2002; Piccirillo & Shevach, 2014; Sojka, Huang, & Fowell, 2008).  Thus the proliferation is modified 

as in Robertson-Tessi et al (Robertson-Tessi, 2010): 

[𝑃𝑃𝑟𝑟𝐶𝐶𝑣𝑣𝑅𝑅𝑜𝑜𝑏𝑏𝑟𝑟𝐶𝐶𝐶𝐶𝑅𝑅𝐶𝐶𝐶𝐶] =
𝛼𝛼2𝐴𝐴𝐸𝐸𝐶𝐶𝐿𝐿

(𝐶𝐶1 + 𝐶𝐶𝐿𝐿) �1 +
𝑘𝑘6𝑊𝑊𝑐𝑐𝑙𝑙𝑡𝑡𝑝𝑝ℎ

𝑊𝑊𝑐𝑐𝑙𝑙𝑡𝑡𝑝𝑝ℎ + 𝐴𝐴𝐸𝐸
��1 + 𝑆𝑆𝐿𝐿

𝑆𝑆2
�

 4.55 

 
Immunologists are not certain what the mechanism behind T cell recruitment to the tumor site 

(Lanitis, Dangaj, Irving, & Coukos, 2017; Weninger, Manjunath, & Von Andrian, 2002). Experiments have 

shown that the frequency of subsets of CD8+ T cells in the tumor correlates positively with the frequency 

of those T cells in the draining lymph nodes (Weninger et al., 2002). However, how they get to the tumor 

is not obvious. Some scientists postulate that T cells get imprinted with tissue-specific homing molecules 

when they are primed by antigen-presenting cells that send them directly to the tumor (Weninger et al., 

2002). Others suggest that T cells randomly make their way to the tumor site (Weninger et al., 2002). Yet 

others show that tumor cells themselves produce chemokines attracting cytolytic T cells, especially in 

colorectal cancer (Mukaida, Sasaki, & Baba, 2014). Thus, T cell recruitment were modeled by assumption 

(5)—migration of T cells to the tumor caused by chemokines produced by tumor cells was modeled as 

follows: 
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[𝑀𝑀𝑅𝑅𝑔𝑔𝑟𝑟𝐶𝐶𝐶𝐶𝑅𝑅𝐶𝐶𝐶𝐶] = 𝑥𝑥
𝑇𝑇∗

(𝑇𝑇∗ + 𝑇𝑇𝑁𝑁∗)𝑇𝑇
∗ 𝐸𝐸𝑏𝑏𝑐𝑐𝑜𝑜𝑜𝑜𝑏𝑏 

4.56 

where CD8+ effector T cells in the blood are assumed to equilibrate instantly with their levels in the lymph 

nodes: 

𝐸𝐸 = 𝜋𝜋𝐸𝐸𝐸𝐸𝑏𝑏𝑐𝑐𝑜𝑜𝑜𝑜𝑏𝑏   4.57 

Thus, by combining constants and the two terms, the final term of the rate of effector CD8+ T cell 

recruitment to the tumor is: 

[𝑀𝑀𝑅𝑅𝑔𝑔𝑟𝑟𝐶𝐶𝐶𝐶𝑅𝑅𝐶𝐶𝐶𝐶] =
𝑇𝑇∗

(𝑇𝑇∗ + 𝑇𝑇𝑁𝑁∗) 𝜌𝜌5𝐸𝐸𝑏𝑏𝑐𝑐𝑜𝑜𝑜𝑜𝑏𝑏𝑇𝑇∗ 
4.58 

Experimentalists found that IFN-γ promotes leukocyte migration leading to increased T-cell 

recruitment to tumor site (Nakajima et al., 2001; Peng et al., 2012; Phan-Lai et al., 2014) thus the 

recruitment term in equation 4.58 was modified as follows: 

[𝑀𝑀𝑅𝑅𝑔𝑔𝑟𝑟𝐶𝐶𝐶𝐶𝑅𝑅𝐶𝐶𝐶𝐶] = �1 +
𝑘𝑘8𝐺𝐺𝑇𝑇
𝐺𝐺9 + 𝐺𝐺𝑇𝑇

�
𝑇𝑇∗

(𝑇𝑇∗ + 𝑇𝑇𝑁𝑁∗) 𝜌𝜌5𝐸𝐸𝑏𝑏𝑐𝑐𝑜𝑜𝑜𝑜𝑏𝑏𝑇𝑇∗ 
4.59 

The final equation for the rate of change of the tumor-specific effector CD8+ T cell absolute counts 

in all the lymph nodes is then: 

𝐸𝐸′ =
𝛼𝛼2𝐴𝐴𝐸𝐸𝐶𝐶𝐿𝐿

(𝐶𝐶1 + 𝐶𝐶𝐿𝐿) �1 +
𝑘𝑘6𝑊𝑊𝑐𝑐𝑙𝑙𝑡𝑡𝑝𝑝ℎ

𝑊𝑊𝑐𝑐𝑙𝑙𝑡𝑡𝑝𝑝ℎ + 𝐴𝐴𝐸𝐸
��1 + 𝑆𝑆𝐿𝐿

𝑆𝑆2
�
− �1 +

𝑘𝑘8𝐺𝐺𝑇𝑇
𝐺𝐺9 + 𝐺𝐺𝑇𝑇

�
𝑇𝑇∗ 𝜌𝜌5𝐸𝐸𝑏𝑏𝑐𝑐𝑜𝑜𝑜𝑜𝑏𝑏𝑇𝑇∗

(𝑇𝑇∗ + 𝑇𝑇𝑁𝑁∗) − 𝛿𝛿𝐸𝐸𝐸𝐸 4.60 

 

 Total tumor-specific CD8+ effector T cell absolute count in the tumor 

The equation for the rate of change of the total number of tumor-specific CD8+ effector T cells in 

all the lymph nodes includes the migration of terminally differentiated CD8+ T cells from the lymph nodes 

and the clearance of these cells. 
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𝐸𝐸𝑇𝑇′ = [𝑀𝑀𝑅𝑅𝑔𝑔𝑟𝑟𝐶𝐶𝐶𝐶𝑅𝑅𝐶𝐶𝐶𝐶]− [𝐶𝐶𝑣𝑣𝑏𝑏𝐶𝐶𝑟𝑟𝐶𝐶𝐶𝐶𝐶𝐶𝑏𝑏] 
4.61 

The final equation for the rate of change of the tumor-specific effector CD8+ T cell absolute counts 

in all the tumor is then obtained from previously developed model components: 

𝐸𝐸𝑇𝑇′ = �1 +
𝑘𝑘8𝐺𝐺𝑇𝑇
𝐺𝐺9 + 𝐺𝐺𝑇𝑇

�
𝑇𝑇∗ 𝜌𝜌5𝐸𝐸𝑏𝑏𝑐𝑐𝑜𝑜𝑜𝑜𝑏𝑏
(𝑇𝑇∗ + 𝑇𝑇𝑁𝑁∗) 𝑇𝑇∗ − 𝛿𝛿𝐸𝐸𝑇𝑇𝐸𝐸𝑇𝑇 4.62 

 

 Total tumor-specific CD4+ helper T cell absolute counts 

The ODE for the total effector memory tumor-specific CD4+ helper T cells is exactly like for CD8+ 

T cells except for one small difference: the activation of memory helper cells can be prompted by both 

licensed and unlicensed dendritic cells (Smith et al., 2004). Otherwise, the term is exactly the same as 

equation 4.51, and is depicted in equation 4.63: 

𝐴𝐴𝐻𝐻′ =
𝛼𝛼3𝑀𝑀𝐻𝐻(𝑈𝑈 + 𝐷𝐷)
𝑈𝑈 + 𝐷𝐷 + 𝑘𝑘4𝑀𝑀

− 𝐴𝐴𝐻𝐻 4.63 

The total tumor-specific effector CD4+ helper T cell absolute count in all the lymph nodes, is also 

very similar to its CD8+ T cell counterpart, except that helper T cells can be converted into regulatory T 

cells when TGF-β is present (Kobie & Akporiaye, 2003). The conversion rate is as in Robertson-Tessi et al 

(2010): 

[𝐶𝐶𝐶𝐶𝐶𝐶𝑣𝑣𝑏𝑏𝑟𝑟𝑉𝑉𝑅𝑅𝐶𝐶𝐶𝐶 𝐶𝐶𝐶𝐶 𝑇𝑇𝑟𝑟𝑏𝑏𝑔𝑔𝑉𝑉] =
𝛼𝛼7𝐻𝐻 𝑆𝑆𝐿𝐿
𝑆𝑆3 + 𝑆𝑆𝐿𝐿

 4.64 

As for the CD8+ T cells, migration of CD4+ effector T cells to the tumor is not well understood. 

However, experiments have shown that the frequency of CD4+ T cells in the tumor correlates positively 

with the frequency of CD4+ effector memory T cells in the draining lymph nodes (Lanitis et al., 2017). 

Experiments show that tumor cells directly produce chemokines that attract T cells to the tumor site 

(Mukaida et al., 2014). Therefore, the migration of CD4+ effector T cells to the tumor is: 
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[𝑀𝑀𝑅𝑅𝑔𝑔𝑟𝑟𝐶𝐶𝐶𝐶𝑅𝑅𝐶𝐶𝐶𝐶] =
𝑥𝑥 𝑇𝑇∗

(𝑇𝑇∗ + 𝑇𝑇𝑁𝑁∗)𝐻𝐻𝑏𝑏𝑐𝑐𝑜𝑜𝑜𝑜𝑏𝑏𝑇𝑇
∗   4.65 

The helper T cells in the blood are assumed to equilibrate instantly with their levels in the lymph nodes, 

analogous to the CD8+ cytolytic cells: 

𝐻𝐻 = 𝜋𝜋𝐻𝐻𝐻𝐻𝑏𝑏𝑐𝑐𝑜𝑜𝑜𝑜𝑏𝑏   4.66 

Thus the final term of helper T cell recruitment to the tumor is: 

[𝑀𝑀𝑅𝑅𝑔𝑔𝑟𝑟𝐶𝐶𝐶𝐶𝑅𝑅𝐶𝐶𝐶𝐶] =
𝜌𝜌6 𝑇𝑇∗

(𝑇𝑇∗ + 𝑇𝑇𝑁𝑁∗)𝐻𝐻𝑏𝑏𝑐𝑐𝑜𝑜𝑜𝑜𝑏𝑏𝑇𝑇
∗   4.67 

As with CD8+ T cells, migration of CD4+ T cells is enhanced by IFN-γ (Nakajima et al., 2001; Peng 

et al., 2012; Phan-Lai et al., 2014). Thus, the final equation for the rate of change of the tumor-specific 

effector CD4+ helper T cell absolute counts in all the lymph nodes is then: 

𝐻𝐻′ =
𝛼𝛼4𝐴𝐴𝐻𝐻𝐶𝐶𝐿𝐿

�1 + 𝑆𝑆𝐿𝐿
𝑆𝑆2
� (𝐶𝐶1 + 𝐶𝐶𝑇𝑇) �1 +

𝑘𝑘6𝑊𝑊𝑐𝑐𝑙𝑙𝑡𝑡𝑝𝑝ℎ
𝑊𝑊𝑐𝑐𝑙𝑙𝑡𝑡𝑝𝑝ℎ + 𝐴𝐴𝐻𝐻

�

− �1 +
𝑘𝑘8𝐺𝐺𝑇𝑇
𝐺𝐺9 + 𝐺𝐺𝑇𝑇

�
𝜌𝜌6 𝑇𝑇∗

(𝑇𝑇∗ + 𝑇𝑇𝑁𝑁∗)𝐻𝐻𝑏𝑏𝑐𝑐𝑜𝑜𝑜𝑜𝑏𝑏𝑇𝑇
∗   −

𝛼𝛼7𝐻𝐻 𝑆𝑆𝐿𝐿
𝑆𝑆3 + 𝑆𝑆𝐿𝐿

− 𝛿𝛿𝐻𝐻𝐻𝐻 

4.68 

The final equation for the rate of change of the tumor-specific effector CD4+ helper T cell absolute counts 

in the tumor is: 

𝐻𝐻𝑇𝑇′ = �1 +
𝑘𝑘8𝐺𝐺𝑇𝑇
𝐺𝐺9 + 𝐺𝐺𝑇𝑇

�
𝜌𝜌6 𝑇𝑇∗

(𝑇𝑇∗ + 𝑇𝑇𝑁𝑁∗)𝐻𝐻𝑏𝑏𝑐𝑐𝑜𝑜𝑜𝑜𝑏𝑏𝑇𝑇
∗ − 𝛿𝛿𝐻𝐻𝑇𝑇𝐻𝐻𝑇𝑇 4.69 

 

 Total tumor-specific CD25+FoxP3 Regulatory T cell absolute counts 

The activation of effector memory tumor-specific regulatory T cells is analogous to that of CD8+ 

T and CD4 + helper T cells; therefore, the term for the rate of change of effector memory regulatory T cells 
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has exactly the same as form as in equation 4.63, as both T cell types are CD4+ and it is given in equation 

4.70: 

𝐴𝐴𝑅𝑅′ =
𝛼𝛼5𝑀𝑀𝑅𝑅(𝑈𝑈 + 𝐷𝐷)
𝑈𝑈 + 𝐷𝐷 + 𝑘𝑘4𝑀𝑀

− 𝑎𝑎𝐴𝐴𝐴𝐴𝑅𝑅 4.70 

The equation for the rate of change of the total number of tumor-specific regulatory effector T 

cells in all the lymph nodes includes the proliferation of effector memory cells to their terminally 

differentiated state, their migration to the tumor site, and the clearance of these cells, just as for the CD8+ 

T cells. 

Experiments have found that regulatory T cell recruitment to the tumor is caused by chemokine 

production by tumor cells themselves that actively leads to Treg infiltration in the tumor (Curiel et al., 

2004; Oelkrug & Ramage, 2014). Thus, the migration of regulatory T cells to the tumor is based off of 

assumption (5): 

[𝑀𝑀𝑅𝑅𝑔𝑔𝑟𝑟𝐶𝐶𝐶𝐶𝑅𝑅𝐶𝐶𝐶𝐶] = 𝑥𝑥
𝑇𝑇∗

(𝑇𝑇∗ + 𝑇𝑇𝑁𝑁∗) 𝑇𝑇∗ 𝑅𝑅𝑏𝑏𝑐𝑐𝑜𝑜𝑜𝑜𝑏𝑏 
4.71 

However, experiments show MDSCs mediate Treg recruitment to the tumor site (Hoechst et al., 

2009; Najjar & Finke, 2013; Serafini et al., 2008). In fact, Schlecker et al shows that this process occurs via 

chemokines produced by MDSCs (Schlecker et al., 2012). Thus, the true relationship between Tregs in the 

tumor and the lymph node can be captured by equation 4.72 as in assumption (5): 

[𝑀𝑀𝑅𝑅𝑔𝑔𝑟𝑟𝐶𝐶𝐶𝐶𝑅𝑅𝐶𝐶𝐶𝐶] = �𝑥𝑥
𝑇𝑇∗

(𝑇𝑇∗ + 𝑇𝑇𝑁𝑁∗) 𝑇𝑇∗ 𝑅𝑅𝑏𝑏𝑐𝑐𝑜𝑜𝑜𝑜𝑏𝑏 +
𝑥𝑥 𝑇𝑇∗

(𝑇𝑇∗ + 𝑇𝑇𝑁𝑁∗)𝑊𝑊𝑅𝑅𝑏𝑏𝑐𝑐𝑜𝑜𝑜𝑜𝑏𝑏�   
4.72 

The Tregs in the blood are assumed to equilibrate instantly with their levels in the lymph nodes: 

𝑅𝑅 = 𝜋𝜋𝑅𝑅𝑅𝑅𝑏𝑏𝑐𝑐𝑜𝑜𝑜𝑜𝑏𝑏   4.73 

Thus by combining constants, the final term of regulatory T cell recruitment to the tumor is: 
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[𝑀𝑀𝑅𝑅𝑔𝑔𝑟𝑟𝐶𝐶𝐶𝐶𝑅𝑅𝐶𝐶𝐶𝐶] = (𝑘𝑘7𝑇𝑇∗ + 𝑊𝑊)𝜌𝜌7
𝑇𝑇∗

(𝑇𝑇∗ + 𝑇𝑇𝑁𝑁∗)𝑅𝑅𝑏𝑏𝑐𝑐𝑜𝑜𝑜𝑜𝑏𝑏 
4.74 

The total effector tumor-specific CD25+FoxP3 Regulatory T cell absolute count in all the lymph 

nodes is again similar to the other T cells, including the conversion of CD4+ T helper cells from equation 

4.64 and also not including the negative effects of regulatory T cell surface bound TGF-β on T cell 

proliferation (Robertson-Tessi, 2010): 

 𝑅𝑅′ =
𝛼𝛼6𝐴𝐴𝑅𝑅𝐶𝐶𝐿𝐿
𝐶𝐶1 + 𝐶𝐶𝐿𝐿

+
𝛼𝛼7𝐻𝐻𝑆𝑆𝐿𝐿

(𝑆𝑆3 + 𝑆𝑆𝐿𝐿)−
(𝑘𝑘7𝑇𝑇∗ + 𝑊𝑊)𝜌𝜌7

𝑇𝑇∗

(𝑇𝑇∗ + 𝑇𝑇𝑁𝑁∗)𝑅𝑅𝑏𝑏𝑐𝑐𝑜𝑜𝑜𝑜𝑏𝑏 − 𝛿𝛿𝑅𝑅𝑅𝑅 4.75 

Finally, the rate of change of the tumor-specific effector regulatory T cell absolute counts in the 

tumor is: 

𝑅𝑅𝑇𝑇′ = (𝑘𝑘7𝑇𝑇∗ + 𝑊𝑊)𝜌𝜌7
𝑇𝑇∗

(𝑇𝑇∗ + 𝑇𝑇𝑁𝑁∗)𝑅𝑅𝑏𝑏𝑐𝑐𝑜𝑜𝑜𝑜𝑏𝑏 − 𝛿𝛿𝑅𝑅𝑇𝑇𝑅𝑅𝑇𝑇 4.76 

 

 Total bright natural killer cells in all the lymph nodes 

NK cells are one of the most important cells in the innate immune response to tumors (Jewett & 

Tseng, 2011; Pietra et al., 2012). Because of their non-specific targeting, they respond early to the 

presence of tumor cells, reacting to their lack of MHC I expression (Poggi et al., 2005; J. Wu & Lanier, 

2003). NK cells exist in a mature migratory and immature stationary state. Nearly all NK cells found in the 

lymph tissue are “bright”, meaning that they have a high protein surface density of CD56 (Caligiuri, 2008; 

Lutz et al., 2011; Whiteside & Herberman, 1994). On the other hand, most NK cells in the blood are “dim”, 

and have low protein surface density of CD56 (Caligiuri, 2008; Cooper et al., 2001; Whiteside & 

Herberman, 1994). Studies have shown that these bright NK cells mature and start to migrate throughout 

the blood where they gain the ability to spontaneously kill pathogens, including tumor cells. Before that 

point, their role is primarily in cytokine production, and they have little to no ability to spontaneously kill 

(Caligiuri, 2008; Cooper et al., 2001; Lutz et al., 2011; Whiteside & Herberman, 1994). The equation for 
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the rate of change of the total number of bright natural killer cells in all the lymph nodes includes the 

production of NK cells from their precursors, NK cell proliferation, killing of NK cells by Tregs, conversion 

to dim natural killer cells, and natural clearance: 

𝑁𝑁𝐵𝐵′ = [𝑃𝑃𝑟𝑟𝐶𝐶𝑎𝑎𝑅𝑅𝐶𝐶𝐶𝐶𝑅𝑅𝐶𝐶𝐶𝐶] + [𝑃𝑃𝑟𝑟𝐶𝐶𝑣𝑣𝑅𝑅𝑜𝑜𝑏𝑏𝑟𝑟𝐶𝐶𝐶𝐶𝑅𝑅𝐶𝐶𝐶𝐶]− [𝐾𝐾𝑅𝑅𝑣𝑣𝑣𝑣 𝑏𝑏𝑑𝑑 𝑇𝑇𝑟𝑟𝑏𝑏𝑔𝑔𝑉𝑉]

− [𝐶𝐶𝐶𝐶𝐶𝐶𝑣𝑣𝑏𝑏𝑟𝑟𝑉𝑉𝑅𝑅𝐶𝐶𝐶𝐶 𝐶𝐶𝐶𝐶 𝑎𝑎𝑅𝑅𝑒𝑒 𝑁𝑁𝐾𝐾 𝐶𝐶𝑏𝑏𝑣𝑣𝑣𝑣𝑉𝑉] − [𝑁𝑁𝐶𝐶𝐶𝐶𝑅𝑅𝑟𝑟𝐶𝐶𝑣𝑣 𝐶𝐶𝑣𝑣𝑏𝑏𝐶𝐶𝑟𝑟𝐶𝐶𝐶𝐶𝐶𝐶𝑏𝑏] 
4.77 

The NK cells are produced from precursors even without any tumor cells present (Whiteside & 

Herberman, 1994; Y. Zhang et al., 2007). To account for constant levels of NK cells in healthy patients, the 

natural rate of NK cell production is assumed to be constant: 

[𝑃𝑃𝑟𝑟𝐶𝐶𝑎𝑎𝑅𝑅𝐶𝐶𝐶𝐶𝑅𝑅𝐶𝐶𝐶𝐶] = 𝑃𝑃𝑁𝑁 4.78 

Studies have shown that a majority of circulating NK cells do not proliferate, and that proliferating 

NK cells tend to have a bright phenotype (Carson et al., 1994; Whiteside & Herberman, 1994). Thus, only 

bright natural killer cells in the lymph nodes are assumed to proliferate in this model. The proliferation 

rate of NK cells is a typical first order proliferation term: 

[𝑃𝑃𝑟𝑟𝐶𝐶𝑣𝑣𝑅𝑅𝑜𝑜𝑏𝑏𝑟𝑟𝐶𝐶𝐶𝐶𝑅𝑅𝐶𝐶𝐶𝐶] = 𝑘𝑘5𝑁𝑁𝐵𝐵 
4.79 

Studies have shown that bright NK cell proliferation requires direct contact with dendritic cells 

(Amakata, Fujiyama, Andoh, Hodohara, & Bamba, 2001; Borg et al., 2004; Caligiuri et al., 1990; Guido 

Ferlazzo et al., 2002; Gerosa et al., 2002; Walzer et al., 2005). Most studies state that this is true only for 

mature dendritic cells (Borg et al., 2004; Gerosa et al., 2002; Walzer et al., 2005), although Ferlazzo et al 

asserts that both immature and mature DCs lead to NK proliferation. It was assumed in this model that 

only mature DCs in the lymph nodes—both in their licensed and unlicensed form—lead to NK cell 

maturation (Guido Ferlazzo et al., 2002). This contact-dependent process is modeled as in assumption (4):  

[𝑃𝑃𝑟𝑟𝐶𝐶𝑣𝑣𝑅𝑅𝑜𝑜𝑏𝑏𝑟𝑟𝐶𝐶𝐶𝐶𝑅𝑅𝐶𝐶𝐶𝐶] =
𝑘𝑘5𝑁𝑁𝐵𝐵(𝑈𝑈 + 𝐷𝐷)

𝑁𝑁𝐵𝐵 + 𝑈𝑈 + 𝐷𝐷
𝐷𝐷𝑜𝑜

 4.80 
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Proliferation of NK cells is heavily influenced by IL-2, playing a critical role in the expansion of 

bright NK cell counts and affecting only a small subset of circulating NK cells (M. Alvarez et al., 2014; 

Caligiuri et al., 1990; Cho & Campana, 2009; Sanchez-Correa et al., 2017; Whiteside & Herberman, 1994). 

Experiments have established that IL-2 is not vital in NK cell proliferation, but significantly increases the 

proliferation of bright NK cells. Thus equation 4.80 is modified as follows to include IL-2 effects on NK cell 

proliferation. As before, by assumption (5), this effect saturates for large IL-2 concentrations: 

[𝑃𝑃𝑟𝑟𝐶𝐶𝑣𝑣𝑅𝑅𝑜𝑜𝑏𝑏𝑟𝑟𝐶𝐶𝐶𝐶𝑅𝑅𝐶𝐶𝐶𝐶] =
𝑘𝑘5𝑁𝑁𝐵𝐵(𝑈𝑈 + 𝐷𝐷)

𝑁𝑁𝐵𝐵 + 𝑈𝑈 + 𝐷𝐷
𝐷𝐷𝑜𝑜

�1 +
𝑘𝑘21𝐶𝐶𝐿𝐿
𝐶𝐶𝐿𝐿 + 𝐶𝐶5

� 4.81 

NK cells are also killed by Tregs directly. Zimmer et al show that there is a direct killing of NK cells 

by Tregs via a contact dependent perforin-Granzyme B pathway (Zimmer et al., 2008). This is modeled by 

assumption (4):  

[𝐾𝐾𝑅𝑅𝑣𝑣𝑣𝑣 𝑏𝑏𝑑𝑑 𝑇𝑇𝑟𝑟𝑏𝑏𝑔𝑔𝑉𝑉] = 𝛼𝛼8
𝑅𝑅𝑁𝑁𝐵𝐵
𝑅𝑅 + 𝑁𝑁𝐵𝐵

 4.82 

Bright NK cells mature and become dim NK cells that enter circulation. It has been shown that 

10% of the NK cells circulating in the blood and nearly 100% in lymph tissue are bright. On the other hand, 

about 90% of NK cells in the blood are dim (Caligiuri, 2008; Cooper et al., 2001; Lutz et al., 2011). Thus, in 

this model, it was justified to assume that the conversion of bright to dim NK cells leads to an 

instantaneous migration to the blood compartment from the lymph. This migration is modeled as first 

order: 

[𝐶𝐶𝐶𝐶𝐶𝐶𝑣𝑣𝑏𝑏𝑟𝑟𝑉𝑉𝑅𝑅𝐶𝐶𝐶𝐶 𝐶𝐶𝐶𝐶 𝑎𝑎𝑅𝑅𝑒𝑒 𝑁𝑁𝐾𝐾 𝐶𝐶𝑏𝑏𝑣𝑣𝑣𝑣𝑉𝑉] = 𝑘𝑘16𝑁𝑁𝐵𝐵 
4.83 

The clearance of the NK cells from the blood or natural death matches that of the Dendritic Cells 

in equation 4.44. The final equation for the rate of change of the bright natural killer cells in the lymph 

nodes is then, 4.84: 
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𝑁𝑁𝐵𝐵′ = 𝑃𝑃𝑁𝑁 +
𝑘𝑘5𝑁𝑁𝐵𝐵(𝑈𝑈 + 𝐷𝐷)

𝑁𝑁𝐵𝐵 + 𝑈𝑈 + 𝐷𝐷
𝐷𝐷𝑜𝑜

− 𝛼𝛼8
𝑅𝑅𝑁𝑁𝐵𝐵
𝑅𝑅 + 𝑁𝑁𝐵𝐵

− 𝑘𝑘16𝑁𝑁𝐵𝐵 − 𝛿𝛿𝑁𝑁𝐵𝐵𝑁𝑁𝐵𝐵 
4.84 

 

 Total dim natural killer absolute cell count circulating in blood 

The equation for the rate of change of the total number of dim natural killer cells in circulation 

includes the conversion from bright natural killer cells, recruitment to the tumor and natural clearance: 

𝑁𝑁𝐷𝐷′ = [𝐶𝐶𝐶𝐶𝐶𝐶𝑣𝑣𝑏𝑏𝑟𝑟𝑉𝑉𝑅𝑅𝐶𝐶𝐶𝐶 𝑜𝑜𝑟𝑟𝐶𝐶𝑒𝑒 𝑥𝑥𝑟𝑟𝑅𝑅𝑔𝑔ℎ𝐶𝐶 𝑁𝑁𝐾𝐾 𝐶𝐶𝑏𝑏𝑣𝑣𝑣𝑣𝑉𝑉]− [𝑅𝑅𝑏𝑏𝐶𝐶𝑟𝑟𝑅𝑅𝐶𝐶𝑅𝑅𝑒𝑒𝑏𝑏𝐶𝐶𝐶𝐶 𝐶𝐶𝐶𝐶 𝑇𝑇𝑅𝑅𝑒𝑒𝐶𝐶𝑟𝑟]

− [𝐶𝐶𝑣𝑣𝑏𝑏𝐶𝐶𝑟𝑟𝐶𝐶𝐶𝐶𝐶𝐶𝑏𝑏] 
4.85 

Bright NK cells mature and become dim NK cells that enter circulation, per equation 4.83. These 

NK cells enter the tumor environment from circulation greatly depending on the vasculature in the tumor 

types (Nannmark et al., 2000), thus the recruitment of NK cells to the tumor is assumed to be affected by 

the accessible tumor volume 𝑇𝑇∗ as in assumption (1). Many sources show that NK cells accumulate in the 

tumor stimulated by their lack of MHC I expression and stress signals. (Cheng, Chen, Xiao, Sun, & Tian, 

2013; Glas et al., 2000). Since NK cells are attracted to the tumor by a high concentration of such signals 

(Maghazachi, 2010), the rate of NK cell recruitment to the tumor stems from assumption (5) by equation 

4.19 to be: 

[𝑅𝑅𝑏𝑏𝐶𝐶𝑟𝑟𝑅𝑅𝐶𝐶𝑅𝑅𝑒𝑒𝑏𝑏𝐶𝐶𝐶𝐶 𝐶𝐶𝐶𝐶 𝑇𝑇𝑅𝑅𝑒𝑒𝐶𝐶𝑟𝑟] =
𝜌𝜌1𝑇𝑇∗

(𝑇𝑇∗ + 𝑇𝑇𝑁𝑁∗)𝑁𝑁𝐷𝐷𝑇𝑇
∗ 4.86 

Experimentalists have found that fewer NK cells infiltrated the tumors in IFN-γ knockout mice 

compared with wildtype mice (Fogler et al., 1998; Wendel, Galani, Suri-Payer, & Cerwenka, 2008), thus it 

was assumed that IFN-γ in the tumor site causes an increase in recruitment of NK cells to the tumor. This 

was accounted for by modifying equation 4.86, having saturation by assumption (5) to get the term in 

equation 4.87: 
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[𝑅𝑅𝑏𝑏𝐶𝐶𝑟𝑟𝑅𝑅𝐶𝐶𝑅𝑅𝑒𝑒𝑏𝑏𝐶𝐶𝐶𝐶 𝐶𝐶𝐶𝐶 𝑇𝑇𝑅𝑅𝑒𝑒𝐶𝐶𝑟𝑟] =
𝜌𝜌1𝑇𝑇∗

(𝑇𝑇∗ + 𝑇𝑇𝑁𝑁∗)𝑁𝑁𝐷𝐷𝑇𝑇
∗ �1 +

𝑘𝑘19𝐺𝐺𝑇𝑇
𝐺𝐺8 + 𝐺𝐺𝑇𝑇

� 4.87 

The clearance of the NK cells from the blood or natural death matches that of the bright NK cells. 

The final equation for the rate of change of the dim natural killer cells in the blood is then: 

𝑁𝑁𝐷𝐷′ = 𝑘𝑘16𝑁𝑁𝐵𝐵 −
𝜌𝜌1𝑇𝑇∗

(𝑇𝑇∗ + 𝑇𝑇𝑁𝑁∗)𝑁𝑁𝐷𝐷𝑇𝑇
∗ �1 +

𝑘𝑘19𝐺𝐺𝑇𝑇
𝐺𝐺8 + 𝐺𝐺𝑇𝑇

� − 𝛿𝛿𝑁𝑁𝐷𝐷𝑁𝑁𝐷𝐷 4.88 

 

 Total dim natural killer cell absolute count in tumor environment 

The equation for the rate of change of the total number of dim natural killer cells in the tumor 

includes the recruitment from the blood, exhaustion from tumor kill, and natural clearance: 

𝑁𝑁′ = [𝑅𝑅𝑏𝑏𝐶𝐶𝑟𝑟𝑅𝑅𝐶𝐶𝑅𝑅𝑒𝑒𝑏𝑏𝐶𝐶𝐶𝐶 𝐶𝐶𝐶𝐶 𝐶𝐶𝑅𝑅𝑒𝑒𝐶𝐶𝑟𝑟] − [𝐸𝐸𝑥𝑥ℎ𝐶𝐶𝑅𝑅𝑉𝑉𝐶𝐶𝑅𝑅𝐶𝐶𝐶𝐶 𝑜𝑜𝑟𝑟𝐶𝐶𝑒𝑒 𝑘𝑘𝑅𝑅𝑣𝑣𝑣𝑣𝑅𝑅𝐶𝐶𝑔𝑔 𝐶𝐶𝑅𝑅𝑒𝑒𝐶𝐶𝑟𝑟 𝐶𝐶𝑏𝑏𝑣𝑣𝑣𝑣𝑉𝑉]

− [𝑁𝑁𝐶𝐶𝐶𝐶𝑅𝑅𝑟𝑟𝐶𝐶𝑣𝑣 𝐶𝐶𝑣𝑣𝑏𝑏𝐶𝐶𝑟𝑟𝐶𝐶𝐶𝐶𝐶𝐶𝑏𝑏] 
4.89 

NK cells enter the tumor environment from circulation per equation 4.87. Their rate of killing 

tumor cells is by equations 4.24, 4.25, and 4.26. Different studies have different theories on how many 

times an NK cell can kill before it is depleted of granzyme B. Some studies found that NK cells can only kill 

a certain number of tumor cells before they run out of granzyme B and must be reactivated by IL-2 

whereas others suggest an indefinite killing of tumor cells by NK cells (Bhat Rauf & Watzl, 2007; de Pillis, 

Radunskaya, & Wiseman, 2005; Poggi et al., 2005; Topham & Hewitt, 2009). This is reflected in the 

following modification to the tumor kill term in equation 4.26, where 𝛽𝛽 represents the average number 

of tumor cells an NK cell can kill before exhaustion, resulting in depleting of its granzyme B stock: 

[𝐸𝐸𝑥𝑥ℎ𝐶𝐶𝑅𝑅𝑉𝑉𝐶𝐶𝑅𝑅𝐶𝐶𝐶𝐶] =
𝑟𝑟1 𝜃𝜃𝑟𝑟1𝑇𝑇

∗𝑁𝑁
(𝑇𝑇∗ + 𝑇𝑇𝑁𝑁∗)

�1 + 𝑘𝑘17𝐺𝐺𝑇𝑇
𝐺𝐺6 + 𝐺𝐺𝑇𝑇

�

�1 +

𝑆𝑆𝑇𝑇
𝑆𝑆5

1 + 𝐶𝐶𝑇𝑇
𝐶𝐶2

�

 𝛽𝛽 4.90 
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The clearance of the NK cells from the tumor or natural death matches that of the NK cells in other 

compartments. The final equation for the rate of change of the dim natural killer cells in the tumor is then: 

𝑁𝑁′ =
𝜌𝜌1𝑇𝑇∗

(𝑇𝑇∗ + 𝑇𝑇𝑁𝑁∗)𝑁𝑁𝐷𝐷𝑇𝑇
∗ �1 +

𝑘𝑘19𝐺𝐺𝑇𝑇
𝐺𝐺8 + 𝐺𝐺𝑇𝑇

� −
𝑟𝑟1 𝜃𝜃𝑟𝑟1𝑇𝑇

∗𝑁𝑁
(𝑇𝑇∗ + 𝑇𝑇𝑁𝑁∗)

�1 + 𝑘𝑘17𝐺𝐺𝑇𝑇
𝐺𝐺6 + 𝐺𝐺𝑇𝑇

�

�1 +

𝑆𝑆𝑇𝑇
𝑆𝑆5

1 + 𝐶𝐶𝑇𝑇
𝐶𝐶2

�

 𝛽𝛽 − 𝛿𝛿𝑁𝑁𝑁𝑁 4.91 

 

 Total MDSC absolute cell count in the tumor environment 

In tumor-bearing mice two main MDSC subtypes have been reported, granulocytic (G-MDSC) and 

monocytic (M-MDSC) (Katoh & Watanabe, 2015; Kumar, Patel, Tcyganov, & Gabrilovich, 2016; Lindau et 

al., 2012). The former is morphologically and phenotypically similar to monocytes, whereas the latter is 

similar to neutrophils (Kumar et al., 2016). Authors do not agree which of the two types of MDSCs is more 

prevalent in different compartments in mice or humans (Katoh & Watanabe, 2015; Kumar et al., 2016; 

Lindau et al., 2012; Matson, 2015; Ramachandran et al., 2013; Schlecker et al., 2012). However, there is 

evidence that both of these subsets of MDSCs actively suppress host immunity (Goedegebuure et al., 

2011), therefore, in this model, a distinction was not made between these two different types of MDSCs. 

Schlecker et al  found that MDSCs proliferation for both of these types is significant in the bone marrow 

and not in circulation or the tumor site (Schlecker et al., 2012). Therefore, the equation for the rate of 

change of the total number of MDSC in the tumor includes the recruitment from the bone marrow through 

the blood and natural clearance.  

𝑊𝑊′ = [𝑅𝑅𝑏𝑏𝐶𝐶𝑟𝑟𝑅𝑅𝑅𝑅𝐶𝐶𝑒𝑒𝑏𝑏𝐶𝐶𝐶𝐶 𝐶𝐶𝐶𝐶 𝐶𝐶𝑅𝑅𝑒𝑒𝐶𝐶𝑟𝑟] − [𝐶𝐶𝑣𝑣𝑏𝑏𝐶𝐶𝑟𝑟𝐶𝐶𝐶𝐶𝐶𝐶𝑏𝑏] 
4.92 

Just as with the natural killer cells, the recruitment of MDSCs to the tumor depends on the 

presentation of local signals in the accessible tumor environment. MDSCs are attracted to the tumor by 
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the presence of chemokines (Ding et al., 2015; Kumar et al., 2016; Obermajer et al., 2011), thus by 

assumption (5), the recruitment of MDSCs to the tumor is: 

[𝑅𝑅𝑏𝑏𝐶𝐶𝑟𝑟𝑅𝑅𝑅𝑅𝐶𝐶𝑒𝑒𝑏𝑏𝐶𝐶𝐶𝐶 𝐶𝐶𝐶𝐶 𝑇𝑇𝑅𝑅𝑒𝑒𝐶𝐶𝑟𝑟] =
𝜌𝜌2𝑇𝑇∗

(𝑇𝑇∗ + 𝑇𝑇𝑁𝑁∗)𝑊𝑊𝐶𝐶𝑇𝑇∗ 
4.93 

Holmgaard et al found that MDSC migration to the tumor site was strongly influenced by Tregs, 

showing that mice that were deficient in T and B cells, the migration of MDSCs toward tumors was 

significantly decreased and could be restored by addition of regulatory T cells, but not CD8+ effector T 

cells (Holmgaard et al., 2015). Thus, an enhancement factor is added to equation 4.93 to account for the 

effects of regulatory T cells in recruiting MDSCS to the tumor, with saturation assumed:  

[𝑅𝑅𝑏𝑏𝐶𝐶𝑟𝑟𝑅𝑅𝑅𝑅𝐶𝐶𝑒𝑒𝑏𝑏𝐶𝐶𝐶𝐶 𝐶𝐶𝐶𝐶 𝑇𝑇𝑅𝑅𝑒𝑒𝐶𝐶𝑟𝑟] =
𝜌𝜌2𝑇𝑇∗

(𝑇𝑇∗ + 𝑇𝑇𝑁𝑁∗)𝑊𝑊𝐶𝐶𝑇𝑇∗ �1 +
𝑘𝑘15𝑅𝑅
𝑅𝑅2 + 𝑅𝑅

� 4.94 

The rate of clearance of the MDSCs from the tumor or natural death matches that of all other 

immune cells. The final equation for the rate of change of the MDSCs in the tumor is then: 

𝑊𝑊′ =
𝜌𝜌2𝑇𝑇∗

(𝑇𝑇∗ + 𝑇𝑇𝑁𝑁∗)𝑊𝑊𝐶𝐶𝑇𝑇∗ �1 +
𝑘𝑘15𝑅𝑅
𝑅𝑅2 + 𝑅𝑅

� − 𝛿𝛿𝑊𝑊𝑊𝑊 4.95 

 
 Total MDSC absolute cell count in circulation 

MDSCs are produced in the bone marrow and get distributed throughout the body, including into 

the tumor site, via the blood (Hawila et al., 2017; Kumar et al., 2016; Schlecker et al., 2012; Ueha, Shand, 

& Matsushima, 2011; Umansky, Blattner, Gebhardt, & Utikal, 2016). The equation for the rate of change 

of the total number of MDSC in circulation includes the natural production, recruitment to the tumor and 

natural clearance: 

𝑊𝑊𝐶𝐶
′ = [𝑁𝑁𝐶𝐶𝐶𝐶𝑅𝑅𝑟𝑟𝐶𝐶𝑣𝑣 𝑀𝑀𝑟𝑟𝐶𝐶𝑎𝑎𝑅𝑅𝐶𝐶𝐶𝐶𝑅𝑅𝐶𝐶𝐶𝐶] + [𝑃𝑃𝑟𝑟𝐶𝐶𝑎𝑎𝑅𝑅𝐶𝐶𝐶𝐶𝑅𝑅𝐶𝐶𝐶𝐶 𝑏𝑏𝑑𝑑 𝐶𝐶𝑅𝑅𝑒𝑒𝐶𝐶𝑟𝑟]

− [𝑅𝑅𝑏𝑏𝐶𝐶𝑟𝑟𝑅𝑅𝑅𝑅𝐶𝐶𝑒𝑒𝑏𝑏𝐶𝐶𝐶𝐶 𝐶𝐶𝐶𝐶 𝐶𝐶ℎ𝑏𝑏 𝐶𝐶𝑅𝑅𝑒𝑒𝐶𝐶𝑟𝑟]− [𝐶𝐶𝑣𝑣𝑏𝑏𝐶𝐶𝑟𝑟𝐶𝐶𝐶𝐶𝐶𝐶𝑏𝑏] 
4.96 
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Just like for the NK cells, the natural production is assumed to be constant to ensure that a healthy 

patient has stable MDSC levels in the blood: 

[𝑁𝑁𝐶𝐶𝐶𝐶𝑅𝑅𝑟𝑟𝐶𝐶𝑣𝑣 𝑀𝑀𝑟𝑟𝐶𝐶𝑎𝑎𝑅𝑅𝐶𝐶𝐶𝐶𝑅𝑅𝐶𝐶𝐶𝐶] = 𝑃𝑃𝑊𝑊 4.97 
 

Factors in the tumor environment can increase MDSC levels both by skewing production of 

macrophages, dendritic cells, or granulocytes from precursors toward MDSCs and promoting their 

expansion (Talmadge, 2007; Umansky et al., 2016; Yamauchi et al., 2018; Yang et al., 2004). These 

increased MDSC levels are systemic in both humans and mice (Sawanobori et al., 2008; Schlecker et al., 

2012; L. Wang et al., 2013). Assuming that the total number of these precursors is so great that they can 

serve as a source for both MDSCs and the mature tumor specific DCs and macrophages without 

competition, equation 4.97 was modified as follows to account for the fact that the presence of signals 

from the tumor increases the production of MDSCs. It was assumed that only tumor cells that have access 

to vasculature are producing these signals in a way that would be affecting the splenic MDSC levels by 

assumption (1): 

[𝑃𝑃𝑟𝑟𝐶𝐶𝑎𝑎𝑅𝑅𝐶𝐶𝐶𝐶𝑅𝑅𝐶𝐶𝐶𝐶 𝑏𝑏𝑑𝑑 𝐶𝐶𝑅𝑅𝑒𝑒𝐶𝐶𝑟𝑟] = 𝑘𝑘14𝑇𝑇∗ 4.98 

 
The recruitment of MDSCs to the tumor comes from equation 4.94. The clearance of the MDSCs 

from the circulation or natural death matches that of the MDSCs in the tumor. The final equation for the 

rate of change of the MDSCs in the tumor is then: 

𝑊𝑊𝐶𝐶
′ =  𝑃𝑃𝑊𝑊 + 𝑘𝑘14𝑇𝑇∗ −

𝜌𝜌2𝑇𝑇∗

(𝑇𝑇∗ + 𝑇𝑇𝑁𝑁∗)𝑊𝑊𝐶𝐶𝑇𝑇∗ �1 +
𝑘𝑘15𝑅𝑅
𝑅𝑅2 + 𝑅𝑅

� − 𝛿𝛿𝑊𝑊𝐶𝐶𝑊𝑊𝐶𝐶  4.99 

 

 Total MDSCs in the lymph nodes 

The MDSCs in the blood and the lymph nodes are assumed to equilibrate instantly:  

𝑊𝑊𝑐𝑐𝑙𝑙𝑡𝑡𝑝𝑝ℎ = 𝜋𝜋𝑊𝑊𝑊𝑊𝐶𝐶    4.100 
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 Total macrophage cell count in the tumor environment 

Inflammation always has a substantial macrophage involvement (Brown et al., 2008; Grivennikov, 

Greten, & Karin, 2010); thus it is vital to track macrophages in the tumor environment. Macrophages are 

very prevalent in tumors, with as many as 50% of cells being macrophages (Vinogradov et al., 2014). The 

equation for the rate of change of the total number of macrophages in the tumor includes the recruitment 

to the tumor and natural clearance: 

𝛷𝛷′ = [𝑅𝑅𝑏𝑏𝐶𝐶𝑟𝑟𝑅𝑅𝑅𝑅𝐶𝐶𝑒𝑒𝑏𝑏𝐶𝐶𝐶𝐶 𝐶𝐶𝐶𝐶 𝐶𝐶ℎ𝑏𝑏 𝑇𝑇𝑅𝑅𝑒𝑒𝐶𝐶𝑟𝑟] − [𝐶𝐶𝑣𝑣𝑏𝑏𝐶𝐶𝑟𝑟𝐶𝐶𝐶𝐶𝐶𝐶𝑏𝑏] 4.101 
 

Macrophages are recruited to the tumor through the presence of chemoattractants. 

Experimentalists are not yet certain of the origins of tumor-residing macrophages, and one study found 

that they could be derived from either classical or non-classical monocytes, which here are represented 

by a single pool 𝛷𝛷𝑏𝑏𝑐𝑐𝑜𝑜𝑜𝑜𝑏𝑏 (Lee, Choi, Ha, Lee, & Kwon, 2013). Equation 4.102 gives their recruitment rate to 

the tumor site due to chemoattractants secreted by tumor cells, in accordance with the model developed 

in assumption (5).  

[𝑅𝑅𝑏𝑏𝐶𝐶𝑟𝑟𝑅𝑅𝑅𝑅𝐶𝐶𝑒𝑒𝑏𝑏𝐶𝐶𝐶𝐶] =
𝜌𝜌�3𝑇𝑇∗

(𝑇𝑇∗ + 𝑇𝑇𝑁𝑁∗)𝛷𝛷𝑏𝑏𝑐𝑐𝑜𝑜𝑜𝑜𝑏𝑏𝑇𝑇
∗ 4.102 

The macrophages in the blood are assumed to be present there at constant levels, based on the 

assumption that the number of macrophages in the body is significantly greater than the levels that are 

recruited to the tumor, so their level in the blood can be modeled as an infinite source. Since 𝛷𝛷𝑏𝑏𝑐𝑐𝑜𝑜𝑜𝑜𝑏𝑏 is a 

constant, the two constants are combined into a single parameter: 

[𝑅𝑅𝑏𝑏𝐶𝐶𝑟𝑟𝑅𝑅𝑅𝑅𝐶𝐶𝑒𝑒𝑏𝑏𝐶𝐶𝐶𝐶] =
𝜌𝜌3𝑇𝑇∗

(𝑇𝑇∗ + 𝑇𝑇𝑁𝑁∗)𝑇𝑇
∗ 4.103 

Macrophages do not die when they kill a tumor cell through phagocytosis, so the only depletion 

term clearance of the macrophages from the tumor or natural death matches the form of the other 

immune cells. The final equation for the rate of change of the macrophages in the tumor is then: 
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𝛷𝛷′ =
𝜌𝜌3𝑇𝑇∗

(𝑇𝑇∗ + 𝑇𝑇𝑁𝑁∗)𝑇𝑇
∗ − 𝛿𝛿𝛷𝛷𝛷𝛷 4.104 

 
 Polarization of macrophages to the type 1 or type 2 form 

Several different mechanisms were initially proposed to describe the polarization between type 

1 and type 2 macrophages. Experiments show that macrophages involved in cancer-initiating 

inflammatory responses are immune activated (Balkwill & Mantovani, 2012). Once tumors are established 

the tumor microenvironment leads to a polarization of macrophages by a number of factors produced by 

immune cells and tumor cells themselves and as tumor growth progresses, the frequency of type 2 

macrophages becomes more prevalent (Noy & Pollard, 2014; Pollard, 2004; Qian & Pollard, 2010). 

Mechanism 1: Type 1 macrophages get recruited to the tumor site from precursor molecules. 

Immunosuppressive molecules produced by the tumor converts the type 1 macrophages to Type 2 TAMs.  

Mechanism 2: The relative presence of immunosuppressive and immunostimulatory molecules 

drives the conversion of precursors to either a type 1 or type 2 macrophage. These macrophages get 

recruited to the tumor site and activated simultaneously, based off the cytokines/molecules present in 

the tumor environment.  

Mechanism 3: Type 1 macrophages get recruited to the tumor site from precursor molecules. 

Immunosuppressive molecules produced by the tumor converts the type 1 macrophages to type 2 TAMs. 

Immunostimulatory molecules convert type 2 back to type 1.  

Mechanism 4: Inactivated macrophages get recruited to the tumor site. Depending on the 

presence of cytokines, these either turn into Type 1 or Type 2 activated macrophages. These mechanisms 

are summarized in Figure 4.5. Since experiments did not provide evidence for any specific one of these 

mechanisms, as opposed to the others, in this model, mechanism 2 was chosen. 
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Mechanism 1 

 

 
Mechanism 2 

 

 
Mechanism 3 

 

 
Mechanism 4 

 
Figure 4.5 Mechanisms of macrophage polarization 
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The equation for the rate of change of the ratio between type 1 and type 2 macrophages,  𝜃𝜃Φ, is 

comprised of the effects of TGF-β, IFN-γ and IL-10, as well as a “clearance term”: 

𝜃𝜃Φ′ = [𝑇𝑇𝐺𝐺𝐼𝐼 − 𝛽𝛽  𝐸𝐸𝑜𝑜𝑜𝑜𝑏𝑏𝐶𝐶𝐶𝐶𝑉𝑉] + [𝐼𝐼𝐼𝐼𝑁𝑁 − 𝛾𝛾  𝐸𝐸𝑜𝑜𝑜𝑜𝑏𝑏𝐶𝐶𝐶𝐶𝑉𝑉] + [𝐼𝐼𝐿𝐿 − 10  𝐸𝐸𝑜𝑜𝑜𝑜𝑏𝑏𝐶𝐶𝐶𝐶𝑉𝑉]

− [𝐶𝐶𝑣𝑣𝑏𝑏𝐶𝐶𝑟𝑟𝐶𝐶𝐶𝐶𝐶𝐶𝑏𝑏] 
4.105 

Generally, IFN-γ and lipopolysaccharide (LPS) are considered the classical stimuli with which to 

establish M1 polarization (Xie et al., 2016). M1 polarization has been established with LPS, IFN-γ, TNF-𝛼𝛼, 

TLR ligands, IL-6, whereas IL-4, IL-10, TGF-β, CCL18 or IL-13 have all been shown to skew macrophages to 

the M2 type (Benoit, Desnues, & Mege, 2008; Brown et al., 2008; Grivennikov et al., 2010; Mantovani et 

al., 2004; Sodhi, Singh, & Singh, 1992a; Spear, Barber, Rynda-Apple, & Sentman, 2012; N. Wang, Liang, & 

Zen, 2014). Thus, the effects of molecules that are already included in the model were used to estimate 

skewing to one or the other macrophage type. Specifically, TGF-β effects were modeled so that if the total 

amount of TGF-β in the system grew indefinitely, 𝜃𝜃𝜙𝜙 would approach + ∞: 

[𝑇𝑇𝐺𝐺𝐼𝐼 − 𝛽𝛽  𝐸𝐸𝑜𝑜𝑜𝑜𝑏𝑏𝐶𝐶𝐶𝐶𝑉𝑉] = 𝑘𝑘20𝑆𝑆𝑇𝑇 
4.106 

The effects of IL-10 are exactly the same: 

[𝐼𝐼𝐿𝐿 − 10  𝐸𝐸𝑜𝑜𝑜𝑜𝑏𝑏𝐶𝐶𝐶𝐶𝑉𝑉] = 𝑘𝑘22𝐼𝐼𝑇𝑇 
4.107 

And the effects of IFN-γ differ only in that they skew polarization the opposite way, to M1 type 

and are therefore negative. In the limit, if the total amount of IFN-γ in the system grew indefinitely, 𝜃𝜃Φ 

would approach − ∞: 

[𝐼𝐼𝐼𝐼𝑁𝑁 − 𝛾𝛾  𝐸𝐸𝑜𝑜𝑜𝑜𝑏𝑏𝐶𝐶𝐶𝐶𝑉𝑉] = −𝑘𝑘21𝐺𝐺𝑇𝑇 
4.108 

A clearance term is necessary to ensure that at steady state, the relative concentration of M1 and 

M2 macrophages just depends on the cytokines present, whereas initially, the initial condition determines 

the relative ratios of the two types of macrophages. 
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[𝐶𝐶𝑣𝑣𝑏𝑏𝐶𝐶𝑟𝑟𝐶𝐶𝐶𝐶𝐶𝐶𝑏𝑏] = 𝛿𝛿𝜃𝜃Φ𝜃𝜃Φ 
4.109 

The final equation for the rate of change of the relationship between type 1 and type 2 

macrophages in the tumor is then: 

𝜃𝜃𝜙𝜙′ =  (𝑘𝑘20𝑆𝑆𝑇𝑇 − 𝑘𝑘21𝐺𝐺𝑇𝑇 + 𝑘𝑘22𝐼𝐼𝑇𝑇) − 𝛿𝛿𝜃𝜃Φ  𝜃𝜃Φ 
4.110 

The number of M1 and M2 macrophages in the tumor can be found from the polarization as 

follows: 

𝑀𝑀1 = �1 −
1

1 + 𝑏𝑏−𝜃𝜃Φ
�Φ 4.111 

𝑀𝑀2 = �
1

1 + 𝑏𝑏−𝜃𝜃Φ
�Φ 4.112 

 

 IL-2 concentrations  

Circulating IL-2 levels in cancer patients are elevated as compared to healthy controls (Orditura 

et al., 2000). IL-2 is primarily produced by activated CD4+ helper T cells (Nelson, 2004).  Because levels are 

so much greater for cancer patients than healthy ones, it is assumed that the main production of IL-2 is 

due to tumor-specific T cells, which are found in the lymph nodes. Thus, in the lymph nodes, IL-2 is 

produced by helper T cells and enters circulation as depicted in equation 4.113: 

𝐶𝐶𝐿𝐿′ = [𝑃𝑃𝑟𝑟𝐶𝐶𝑎𝑎𝑅𝑅𝐶𝐶𝐶𝐶𝑅𝑅𝐶𝐶𝐶𝐶 𝑏𝑏𝑑𝑑 𝐶𝐶𝐷𝐷4 + 𝐻𝐻𝑏𝑏𝑣𝑣𝑀𝑀𝑏𝑏𝑟𝑟 𝑇𝑇 𝐶𝐶𝑏𝑏𝑣𝑣𝑣𝑣𝑉𝑉] + [𝑇𝑇𝑟𝑟𝐶𝐶𝐶𝐶𝑉𝑉𝑀𝑀𝐶𝐶𝑟𝑟𝐶𝐶 𝐶𝐶𝐶𝐶 𝑣𝑣𝑑𝑑𝑒𝑒𝑀𝑀ℎ 𝑜𝑜𝑟𝑟𝐶𝐶𝑒𝑒 𝐶𝐶𝑅𝑅𝑟𝑟𝐶𝐶]

+ [𝑥𝑥𝐶𝐶𝑉𝑉𝑏𝑏𝑣𝑣𝑅𝑅𝐶𝐶𝑏𝑏 𝑃𝑃𝑟𝑟𝐶𝐶𝑎𝑎𝑅𝑅𝐶𝐶𝐶𝐶𝑅𝑅𝐶𝐶𝐶𝐶] 

4.113 

The production of IL-2 by CD4+ T helper cells takes place in their effector memory state 

(Robertson-Tessi, 2010). Estimates for this mechanism come from in vitro experiments. Specifically, 

effector memory CD4+ T cells were cultured and the IL-2 levels were measured after 24 hours (McKarns 

& Schwartz, 2005). It was assumed that the production of IL-2 by these cells is simple linear rate that does 

not saturate during the time of the experiment and that the number of cells in the culture does not change 
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significantly during the culture time. From the experiments, it is possible to obtain the per cell production 

rate of IL-2 in 𝐶𝐶𝑔𝑔/(𝐶𝐶𝐷𝐷4 +  𝑇𝑇 ℎ𝑏𝑏𝑣𝑣𝑀𝑀𝑏𝑏𝑟𝑟 𝐶𝐶𝑏𝑏𝑣𝑣𝑣𝑣 𝑎𝑎𝐶𝐶𝑑𝑑), 𝑥𝑥𝐶𝐶,𝐴𝐴𝐻𝐻 . It is assumed that this production rate is the same 

regardless of environment, thus it is the same in vitro culture, and anywhere where tumor-specific CD4+ 

T helper cells can be found. From that, it is possible to find the rate of change of the concentration of IL-

2 in the lymph nodes as the product of the per cell production rate of IL-2, the total number of cells, all 

divided by the total lymphatic volume, 𝑉𝑉𝑐𝑐𝑙𝑙𝑡𝑡𝑝𝑝ℎ: 

[𝑃𝑃𝑟𝑟𝐶𝐶𝑎𝑎𝑅𝑅𝐶𝐶𝐶𝐶𝑅𝑅𝐶𝐶𝐶𝐶 𝑏𝑏𝑑𝑑 𝐶𝐶𝐷𝐷4 + ℎ𝑏𝑏𝑣𝑣𝑀𝑀𝑏𝑏𝑟𝑟 𝑇𝑇 𝐶𝐶𝑏𝑏𝑣𝑣𝑣𝑣𝑉𝑉] =
𝑥𝑥𝐶𝐶,𝐴𝐴𝐻𝐻𝐴𝐴𝐻𝐻
𝑉𝑉𝑐𝑐𝑙𝑙𝑡𝑡𝑝𝑝ℎ

 
4.114 

Combining the parameters into one yields: 

[𝑃𝑃𝑟𝑟𝐶𝐶𝑎𝑎𝑅𝑅𝐶𝐶𝐶𝐶𝑅𝑅𝐶𝐶𝐶𝐶 𝑏𝑏𝑑𝑑 𝐶𝐶𝐷𝐷4 + ℎ𝑏𝑏𝑣𝑣𝑀𝑀𝑏𝑏𝑟𝑟 𝑇𝑇 𝐶𝐶𝑏𝑏𝑣𝑣𝑣𝑣𝑉𝑉] = 𝑀𝑀𝑐𝑐𝐴𝐴𝐻𝐻 
4.115 

However, this production is inhibited by immunosuppressive IL-10 and TGF-β. Thus, this term has 

a modification taken from Robertson-Tessi et al: 

[𝑃𝑃𝑟𝑟𝐶𝐶𝑎𝑎𝑅𝑅𝐶𝐶𝐶𝐶𝑅𝑅𝐶𝐶𝐶𝐶 𝑏𝑏𝑑𝑑 𝐶𝐶𝐷𝐷4 + ℎ𝑏𝑏𝑣𝑣𝑀𝑀𝑏𝑏𝑟𝑟 𝑇𝑇 𝐶𝐶𝑏𝑏𝑣𝑣𝑣𝑣𝑉𝑉] =
𝑀𝑀𝑐𝑐𝐴𝐴𝐻𝐻

�1 + 𝑆𝑆𝐿𝐿
𝑆𝑆4
� �1 + 𝐼𝐼𝐿𝐿

𝐼𝐼2
�

 4.116 

Next, baseline levels of IL-2 can be included, to ensure IL-2 levels for a healthy patient match the 

levels seen experimentally (Dehqanzada et al., 2007; Kimura, Mizuno, Satake, Tahara, & Tsukuda, 2003; 

Tomova et al., 2006). Because a majority of IL-2 producing cells normally reside in the lymph nodes, this 

production is modeled in the lymph node, but this assumption does not affect results, as for a healthy 

non-tumor-bearing patient, the three compartments will equilibrate instantly: 

[𝑥𝑥𝐶𝐶𝑉𝑉𝑏𝑏𝑣𝑣𝑅𝑅𝐶𝐶𝑏𝑏 𝑃𝑃𝑟𝑟𝐶𝐶𝑎𝑎𝑅𝑅𝐶𝐶𝐶𝐶𝑅𝑅𝐶𝐶𝐶𝐶] = 𝑃𝑃𝐶𝐶 4.117 

In the tumor, IL-2 enters and leaves through circulation and there are no tumor-specific CD4+ 

effector memory T cells, thus there is no IL-2 production: 

𝐶𝐶𝑇𝑇′ = [𝑇𝑇𝑟𝑟𝐶𝐶𝐶𝐶𝑉𝑉𝑀𝑀𝐶𝐶𝑟𝑟𝐶𝐶 𝐶𝐶𝐶𝐶 𝐶𝐶𝑅𝑅𝑒𝑒𝐶𝐶𝑟𝑟 𝑜𝑜𝑟𝑟𝐶𝐶𝑒𝑒 𝐶𝐶𝑅𝑅𝑟𝑟𝐶𝐶𝑅𝑅𝑣𝑣𝐶𝐶𝐶𝐶𝑅𝑅𝐶𝐶𝐶𝐶] 4.118 
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Finally, in the blood, IL-2 is exchanged with the lymph and the tumor and is cleared from the body 

with a clearance depicted in equation 4.119. 

𝐶𝐶𝐶𝐶′ = [𝑇𝑇𝑟𝑟𝐶𝐶𝐶𝐶𝑉𝑉𝑀𝑀𝐶𝐶𝑟𝑟𝐶𝐶 𝑜𝑜𝑟𝑟𝐶𝐶𝑒𝑒 𝐶𝐶𝑅𝑅𝑒𝑒𝐶𝐶𝑟𝑟 𝐶𝐶𝐶𝐶 𝐶𝐶𝑅𝑅𝑟𝑟𝐶𝐶𝑅𝑅𝑣𝑣𝐶𝐶𝐶𝐶𝑅𝑅𝐶𝐶𝐶𝐶]

+ [𝑇𝑇𝑟𝑟𝐶𝐶𝐶𝐶𝑉𝑉𝑀𝑀𝐶𝐶𝑟𝑟𝐶𝐶 𝑜𝑜𝑟𝑟𝐶𝐶𝑒𝑒 𝐶𝐶𝑅𝑅𝑟𝑟𝐶𝐶𝑅𝑅𝑣𝑣𝐶𝐶𝐶𝐶𝑅𝑅𝐶𝐶𝐶𝐶 𝐶𝐶𝐶𝐶 𝑣𝑣𝑑𝑑𝑒𝑒𝑀𝑀ℎ] − [𝐶𝐶𝑣𝑣𝑏𝑏𝐶𝐶𝑟𝑟𝐶𝐶𝐶𝐶𝐶𝐶𝑏𝑏] 

4.119 

The transport of IL-2 from the blood to the tumor is a function of the vasculature in the tumor 

and the profusion of IL-2 through those vessels. It was assumed that cytokines leave the tumor primarily 

though the blood vessels. Baxter and Jain support this claim, estimating the loss of molecules from the 

tumor via convection to be significantly lower than through circulatory exchange (Baxter & Jain, 1989, 

1990, 1991a, 1991b). The rate of change of IL-2 entering or leaving the tumor depends on vascular density 

of the tumor, 𝜉𝜉, and the permeability of those blood vessels to IL-2, ΛC, depicted as follows: 

[𝑇𝑇𝑟𝑟𝐶𝐶𝐶𝐶𝑉𝑉𝑀𝑀𝐶𝐶𝑟𝑟𝐶𝐶 𝐶𝐶𝐶𝐶 𝐶𝐶𝑅𝑅𝑟𝑟𝐶𝐶𝑅𝑅𝑣𝑣𝐶𝐶𝐶𝐶𝑅𝑅𝐶𝐶𝐶𝐶 𝑜𝑜𝑟𝑟𝐶𝐶𝑒𝑒 𝐶𝐶𝑅𝑅𝑒𝑒𝐶𝐶𝑟𝑟] = (𝜋𝜋𝐶𝐶𝑇𝑇→𝐵𝐵)𝐶𝐶𝑇𝑇 − (𝜋𝜋𝐶𝐶𝐵𝐵→𝑇𝑇)𝐶𝐶𝐶𝐶 
4.120 

where ΛC𝜉𝜉 = 𝜋𝜋𝐶𝐶𝑇𝑇→𝐵𝐵. The transport from the tumor to circulation is exactly the same, however if the total 

mass of IL-2 entering the circulation from the tumor is 𝐶𝐶𝑉𝑉𝑡𝑡𝑡𝑡𝑡𝑡𝑜𝑜𝑟𝑟, the concentration in the circulation would 

be 𝐶𝐶𝑉𝑉𝑡𝑡𝑡𝑡𝑡𝑡𝑜𝑜𝑟𝑟/𝑉𝑉𝑏𝑏𝑐𝑐𝑜𝑜𝑜𝑜𝑏𝑏. Thus 

[𝑇𝑇𝑟𝑟𝐶𝐶𝐶𝐶𝑉𝑉𝑀𝑀𝐶𝐶𝑟𝑟𝐶𝐶 𝐶𝐶𝐶𝐶 𝐶𝐶𝑅𝑅𝑟𝑟𝐶𝐶𝑅𝑅𝑣𝑣𝐶𝐶𝐶𝐶𝑅𝑅𝐶𝐶𝐶𝐶 𝑜𝑜𝑟𝑟𝐶𝐶𝑒𝑒 𝐶𝐶𝑅𝑅𝑒𝑒𝐶𝐶𝑟𝑟] = −
𝑉𝑉𝑡𝑡𝑡𝑡𝑡𝑡𝑜𝑜𝑟𝑟
𝑉𝑉𝑏𝑏𝑐𝑐𝑜𝑜𝑜𝑜𝑏𝑏

((𝜋𝜋𝐶𝐶𝑇𝑇→𝐵𝐵)𝐶𝐶𝑇𝑇 − (𝜋𝜋𝐶𝐶𝐵𝐵→𝑇𝑇)𝐶𝐶𝐶𝐶)  4.121 

where the volume is defined as before, in equation 4.14, to yield: 

[𝑇𝑇𝑟𝑟𝐶𝐶𝐶𝐶𝑉𝑉𝑀𝑀𝐶𝐶𝑟𝑟𝐶𝐶 𝐶𝐶𝐶𝐶 𝐶𝐶𝑅𝑅𝑟𝑟𝐶𝐶𝑅𝑅𝑣𝑣𝐶𝐶𝐶𝐶𝑅𝑅𝐶𝐶𝐶𝐶 𝑜𝑜𝑟𝑟𝐶𝐶𝑒𝑒 𝐶𝐶𝑅𝑅𝑒𝑒𝐶𝐶𝑟𝑟]

=  −
𝑉𝑉𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐(𝑇𝑇∗ + 𝑇𝑇𝑁𝑁∗)

𝑉𝑉𝑏𝑏𝑐𝑐𝑜𝑜𝑜𝑜𝑏𝑏
((𝜋𝜋𝐶𝐶𝑇𝑇→𝐵𝐵)𝐶𝐶𝑇𝑇 − (𝜋𝜋𝐶𝐶𝐵𝐵→𝑇𝑇)𝐶𝐶𝐶𝐶) 

4.122 

Just like the tumor and vasculature, the transport between the lymph node and circulation is not 

symmetric. The rate of the process can be described as follows: 
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[𝑇𝑇𝑟𝑟𝐶𝐶𝐶𝐶𝑉𝑉𝑀𝑀𝐶𝐶𝑟𝑟𝐶𝐶 𝐶𝐶𝐶𝐶 𝐶𝐶𝑅𝑅𝑟𝑟𝐶𝐶𝑅𝑅𝑣𝑣𝐶𝐶𝐶𝐶𝑅𝑅𝐶𝐶𝐶𝐶 𝑜𝑜𝑟𝑟𝐶𝐶𝑒𝑒 𝑣𝑣𝑑𝑑𝑒𝑒𝑀𝑀ℎ] = (𝜋𝜋𝐶𝐶𝐿𝐿→𝐵𝐵)𝐶𝐶𝐿𝐿 − (𝜋𝜋𝐶𝐶𝐵𝐵→𝐿𝐿)𝐶𝐶𝐶𝐶 
4.123 

And just as for the transition from blood to lymph, the rate of transport is the same as, except for the 

adjustment of the relative volumes as for the tumor: 

[𝑇𝑇𝑟𝑟𝐶𝐶𝐶𝐶𝑉𝑉𝑀𝑀𝐶𝐶𝑟𝑟𝐶𝐶 𝐶𝐶𝐶𝐶 𝑣𝑣𝑑𝑑𝑒𝑒𝑀𝑀ℎ 𝑜𝑜𝑟𝑟𝐶𝐶𝑒𝑒 𝐶𝐶𝑅𝑅𝑟𝑟𝐶𝐶𝑅𝑅𝑣𝑣𝐶𝐶𝐶𝐶𝑅𝑅𝐶𝐶𝐶𝐶] = −�(𝜋𝜋𝐶𝐶𝐿𝐿→𝐵𝐵)𝐶𝐶𝐿𝐿 − (𝜋𝜋𝐶𝐶𝐵𝐵→𝐿𝐿)𝐶𝐶𝐶𝐶�
𝑉𝑉𝑐𝑐𝑙𝑙𝑡𝑡𝑝𝑝ℎ
𝑉𝑉𝑏𝑏𝑐𝑐𝑜𝑜𝑜𝑜𝑏𝑏

 4.124 

Finally, as in Robertson-Tessi et al, IL-2 is assumed to be cleared from the body with a 

characteristic clearance time, 𝜏𝜏𝐶𝐶  

[𝐶𝐶𝑣𝑣𝑏𝑏𝐶𝐶𝑟𝑟𝐶𝐶𝐶𝐶𝐶𝐶𝑏𝑏] =
𝐶𝐶𝐶𝐶
𝜏𝜏𝐶𝐶

 4.125 

The final equations for the rate of change of the concertation of IL-2 in the lymph nodes, the 

accessible tumor and the circulation are then: 

𝐶𝐶𝐿𝐿′ = 𝑃𝑃𝐶𝐶 +
𝑀𝑀𝑐𝑐𝐴𝐴𝐻𝐻

�1 + 𝑆𝑆𝐿𝐿
𝑆𝑆4
� �1 + 𝐼𝐼𝐿𝐿

𝐼𝐼2
�
− �(𝜋𝜋𝐶𝐶𝐿𝐿→𝐵𝐵)𝐶𝐶𝐿𝐿 − (𝜋𝜋𝐶𝐶𝐵𝐵→𝐿𝐿)𝐶𝐶𝐶𝐶� 4.126 

𝐶𝐶𝑇𝑇′ = ((𝜋𝜋𝐶𝐶𝑇𝑇→𝐵𝐵)𝐶𝐶𝑇𝑇 − (𝜋𝜋𝐶𝐶𝐵𝐵→𝑇𝑇)𝐶𝐶𝐶𝐶) 
4.127 

𝐶𝐶𝐶𝐶′ = �(𝜋𝜋𝐶𝐶𝐿𝐿→𝐵𝐵)𝐶𝐶𝐿𝐿 − (𝜋𝜋𝐶𝐶𝐵𝐵→𝐿𝐿)𝐶𝐶𝐶𝐶�
𝑉𝑉𝑐𝑐𝑙𝑙𝑡𝑡𝑝𝑝ℎ
𝑉𝑉𝑏𝑏𝑐𝑐𝑜𝑜𝑜𝑜𝑏𝑏

−
𝑉𝑉𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐(𝑇𝑇∗ + 𝑇𝑇𝑁𝑁∗)

𝑉𝑉𝑏𝑏𝑐𝑐𝑜𝑜𝑜𝑜𝑏𝑏
((𝜋𝜋𝐶𝐶𝑇𝑇→𝐵𝐵)𝐶𝐶𝑇𝑇 − (𝜋𝜋𝐶𝐶𝐵𝐵→𝑇𝑇)𝐶𝐶𝐶𝐶)

−
𝐶𝐶𝐶𝐶
𝜏𝜏𝐶𝐶

 

4.128 

By assumption (6) the following holds: 

0 = 𝑃𝑃𝐶𝐶 +
𝑀𝑀𝑐𝑐𝐴𝐴𝐻𝐻

�1 + 𝑆𝑆𝐿𝐿
𝑆𝑆4
� �1 + 𝐼𝐼𝐿𝐿

𝐼𝐼2
�
− �(𝜋𝜋𝐶𝐶𝐿𝐿→𝐵𝐵)𝐶𝐶𝐿𝐿 − (𝜋𝜋𝐶𝐶𝐵𝐵→𝐿𝐿)𝐶𝐶𝐶𝐶� 4.129 

0 = ((𝜋𝜋𝐶𝐶𝑇𝑇→𝐵𝐵)𝐶𝐶𝑇𝑇 − (𝜋𝜋𝐶𝐶𝐵𝐵→𝑇𝑇)𝐶𝐶𝐶𝐶) 
4.130 
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0 = �(𝜋𝜋𝐶𝐶𝐿𝐿→𝐵𝐵)𝐶𝐶𝐿𝐿 − (𝜋𝜋𝐶𝐶𝐵𝐵→𝐿𝐿)𝐶𝐶𝐶𝐶�
𝑉𝑉𝑐𝑐𝑙𝑙𝑡𝑡𝑝𝑝ℎ

𝑉𝑉𝑏𝑏𝑐𝑐𝑜𝑜𝑜𝑜𝑏𝑏
−
𝑉𝑉𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐(𝑇𝑇∗ + 𝑇𝑇𝑁𝑁∗)

𝑉𝑉𝑏𝑏𝑐𝑐𝑜𝑜𝑜𝑜𝑏𝑏
((𝜋𝜋𝐶𝐶𝑇𝑇→𝐵𝐵)𝐶𝐶𝑇𝑇 − (𝜋𝜋𝐶𝐶𝐵𝐵→𝑇𝑇)𝐶𝐶𝐶𝐶)

−
𝐶𝐶𝐶𝐶
𝜏𝜏𝐶𝐶

 

4.131 

Thus, the IL-2 levels can be represented by the following algebraic equations: 

𝐶𝐶𝐿𝐿 =

⎝

⎜
⎛

(𝜋𝜋𝐶𝐶𝐵𝐵→𝐿𝐿)𝐶𝐶𝐶𝐶 + 𝑃𝑃𝐶𝐶 +
𝑀𝑀𝑐𝑐𝐴𝐴𝐻𝐻

�1 + 𝑆𝑆𝐿𝐿
𝑆𝑆4
� �1 + 𝐼𝐼𝐿𝐿

𝐼𝐼2
�
⎠

⎟
⎞

/(𝜋𝜋𝐶𝐶𝐿𝐿→𝐵𝐵) 
4.132 

𝐶𝐶𝑇𝑇 = (𝜋𝜋𝐶𝐶𝐵𝐵→𝑇𝑇)𝐶𝐶𝐶𝐶/(𝜋𝜋𝐶𝐶𝑇𝑇→𝐵𝐵) 
4.133 

𝐶𝐶𝐶𝐶 =
𝑉𝑉𝑐𝑐𝑙𝑙𝑡𝑡𝑝𝑝ℎ
𝑉𝑉𝑏𝑏𝑐𝑐𝑜𝑜𝑜𝑜𝑏𝑏

�𝑃𝑃𝐶𝐶 +
𝑀𝑀𝑐𝑐𝐴𝐴𝐻𝐻

�1 + 𝑆𝑆𝐿𝐿
𝑆𝑆4
� �1 + 𝐼𝐼𝐿𝐿

𝐼𝐼2
�
� 𝜏𝜏𝐶𝐶  4.134 

 

Finally, IL-2 concentrations in the lymph nodes, tumor and circulation are as follows: 

𝐶𝐶𝐿𝐿 =

⎝

⎜
⎛

(𝜋𝜋𝐶𝐶𝐵𝐵→𝐿𝐿)
𝑉𝑉𝑐𝑐𝑙𝑙𝑡𝑡𝑝𝑝ℎ
𝑉𝑉𝑏𝑏𝑐𝑐𝑜𝑜𝑜𝑜𝑏𝑏

�𝑃𝑃𝐶𝐶 +
𝑀𝑀𝑐𝑐𝐴𝐴𝐻𝐻

�1 + 𝑆𝑆𝐿𝐿
𝑆𝑆4
� �1 + 𝐼𝐼𝐿𝐿

𝐼𝐼2
�
�𝜏𝜏𝐶𝐶 + 𝑃𝑃𝐶𝐶 +

𝑀𝑀𝑐𝑐𝐴𝐴𝐻𝐻

�1 + 𝑆𝑆𝐿𝐿
𝑆𝑆4
� �1 + 𝐼𝐼𝐿𝐿

𝐼𝐼2
�
⎠

⎟
⎞

/(𝜋𝜋𝐶𝐶𝐿𝐿→𝐵𝐵) 

4.135 

𝐶𝐶𝑇𝑇 =
(𝜋𝜋𝐶𝐶𝐵𝐵→𝑇𝑇)
(𝜋𝜋𝐶𝐶𝑇𝑇→𝐵𝐵)

𝑉𝑉𝑐𝑐𝑙𝑙𝑡𝑡𝑝𝑝ℎ
𝑉𝑉𝑏𝑏𝑐𝑐𝑜𝑜𝑜𝑜𝑏𝑏

�𝑃𝑃𝐶𝐶 +
𝑀𝑀𝑐𝑐𝐴𝐴𝐻𝐻

�1 + 𝑆𝑆𝐿𝐿
𝑆𝑆4
� �1 + 𝐼𝐼𝐿𝐿

𝐼𝐼2
�
�𝜏𝜏𝐶𝐶  4.136 

𝐶𝐶𝐶𝐶 =
𝑉𝑉𝑐𝑐𝑙𝑙𝑡𝑡𝑝𝑝ℎ
𝑉𝑉𝑏𝑏𝑐𝑐𝑜𝑜𝑜𝑜𝑏𝑏

�𝑃𝑃𝐶𝐶 +
𝑀𝑀𝑐𝑐𝐴𝐴𝐻𝐻

�1 + 𝑆𝑆𝐿𝐿
𝑆𝑆4
� �1 + 𝐼𝐼𝐿𝐿

𝐼𝐼2
�
� 𝜏𝜏𝐶𝐶  4.137 
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 TGF-β concentrations  

TGF-β levels are significantly elevated in cancer patients, with some cancer patients having TGF-

β levels 4.5 times that of healthy controls (Gorelik & Flavell, 2001; Kobie & Akporiaye, 2003; V. C. Liu et 

al., 2007; Moo-Young et al., 2009; Wojtowicz-Praga, 2003). TGF-β is produced significantly by Tregs, tumor 

cells, MDSCs, and macrophages. Because it is not clear which of these cells are responsible for this 

astronomical increase in TGF-β as compared to healthy controls, the effects of all of them are modeled. 

Baseline TGF-β levels are high in both humans and mice, and these TGF-β levels are not normally causing 

rampant systemic immune suppression. Therefore, TGF-β levels are modeled as increased TGF-β levels as 

compared to healthy controls. In the lymph nodes, TGF-β is produced by Tregs and is transported to 

circulation: 

𝑆𝑆𝐿𝐿′ = [𝑃𝑃𝑟𝑟𝐶𝐶𝑎𝑎𝑅𝑅𝐶𝐶𝐶𝐶𝑅𝑅𝐶𝐶𝐶𝐶 𝑏𝑏𝑑𝑑 𝑇𝑇𝑟𝑟𝑏𝑏𝑔𝑔𝑉𝑉]− [𝑇𝑇𝑟𝑟𝐶𝐶𝐶𝐶𝑉𝑉𝑀𝑀𝐶𝐶𝑟𝑟𝐶𝐶 𝐶𝐶𝐶𝐶 𝐶𝐶𝑅𝑅𝑟𝑟𝐶𝐶𝑅𝑅𝑣𝑣𝐶𝐶𝐶𝐶𝑅𝑅𝐶𝐶𝐶𝐶 𝑜𝑜𝑟𝑟𝐶𝐶𝑒𝑒 𝑣𝑣𝑑𝑑𝑒𝑒𝑀𝑀ℎ] 
4.138 

In the tumor, TGF-β enters and leaves through circulation and is produced by Tregs, tumor cells, 

MDSCs, and macrophages: 

𝑆𝑆𝑇𝑇′ = [𝑃𝑃𝑟𝑟𝐶𝐶𝑎𝑎𝑅𝑅𝐶𝐶𝐶𝐶𝑅𝑅𝐶𝐶𝐶𝐶 𝑏𝑏𝑑𝑑 𝑇𝑇𝑟𝑟𝑏𝑏𝑔𝑔𝑉𝑉] + [𝑃𝑃𝑟𝑟𝐶𝐶𝑎𝑎𝑅𝑅𝐶𝐶𝐶𝐶𝑅𝑅𝐶𝐶𝐶𝐶 𝑏𝑏𝑑𝑑 𝑇𝑇𝑅𝑅𝑒𝑒𝐶𝐶𝑟𝑟]

+ [𝑃𝑃𝑟𝑟𝐶𝐶𝑎𝑎𝑅𝑅𝐶𝐶𝐶𝐶𝑅𝑅𝐶𝐶𝐶𝐶 𝑏𝑏𝑑𝑑 𝑀𝑀𝐷𝐷𝑆𝑆𝐶𝐶𝑉𝑉] + [𝑃𝑃𝑟𝑟𝐶𝐶𝑎𝑎𝑅𝑅𝐶𝐶𝐶𝐶𝑅𝑅𝐶𝐶𝐶𝐶 𝑏𝑏𝑑𝑑 𝑀𝑀𝐶𝐶𝐶𝐶𝑟𝑟𝐶𝐶𝑀𝑀ℎ𝐶𝐶𝑔𝑔𝑏𝑏𝑉𝑉]

− [𝑇𝑇𝑟𝑟𝐶𝐶𝐶𝐶𝑉𝑉𝑀𝑀𝐶𝐶𝑟𝑟𝐶𝐶 𝑜𝑜𝑟𝑟𝐶𝐶𝑒𝑒 𝐶𝐶𝑅𝑅𝑒𝑒𝐶𝐶𝑟𝑟 𝐶𝐶𝐶𝐶 𝐶𝐶𝑅𝑅𝑟𝑟𝐶𝐶𝑅𝑅𝑣𝑣𝐶𝐶𝐶𝐶𝑅𝑅𝐶𝐶𝐶𝐶] 

4.139 

Finally, in the blood, TGF-β is exchanged with the lymph and the tumor, and is cleared from the 

body: 

𝑆𝑆𝐶𝐶′ = [𝑇𝑇𝑟𝑟𝐶𝐶𝐶𝐶𝑉𝑉𝑀𝑀𝐶𝐶𝑟𝑟𝐶𝐶 𝑜𝑜𝑟𝑟𝐶𝐶𝑒𝑒 𝐶𝐶𝑅𝑅𝑒𝑒𝐶𝐶𝑟𝑟 𝐶𝐶𝐶𝐶 𝐶𝐶𝑅𝑅𝑟𝑟𝐶𝐶𝑅𝑅𝑣𝑣𝐶𝐶𝐶𝐶𝑅𝑅𝐶𝐶𝐶𝐶]

+ [𝑇𝑇𝑟𝑟𝐶𝐶𝐶𝐶𝑉𝑉𝑀𝑀𝐶𝐶𝑟𝑟𝐶𝐶 𝑜𝑜𝑟𝑟𝐶𝐶𝑒𝑒 𝐶𝐶𝑅𝑅𝑟𝑟𝐶𝐶𝑅𝑅𝑣𝑣𝐶𝐶𝐶𝐶𝑅𝑅𝐶𝐶𝐶𝐶 𝐶𝐶𝐶𝐶 𝑣𝑣𝑑𝑑𝑒𝑒𝑀𝑀ℎ] − [𝐶𝐶𝑣𝑣𝑏𝑏𝐶𝐶𝑟𝑟𝐶𝐶𝐶𝐶𝐶𝐶𝑏𝑏] 

4.140 

TGF-β is produced by activated regulatory T cells (Liyanage et al., 2002). Just as for other molecular 

production by immune cells, the production is linear with Treg levels in the lymph nodes: 
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[𝑃𝑃𝑟𝑟𝐶𝐶𝑎𝑎𝑅𝑅𝐶𝐶𝐶𝐶𝑅𝑅𝐶𝐶𝐶𝐶 𝑏𝑏𝑑𝑑 𝑇𝑇𝑟𝑟𝑏𝑏𝑔𝑔𝑉𝑉] = 𝑀𝑀1𝑅𝑅 
4.141 

In the tumor, the production terms differ a bit from their lymph node counterpart. Just as before, 

it was assumed that the production is simple linear rate that does not saturate during the time of the 

experiment and that the number of cells in the culture does not change significantly during the culture 

time. From the experiments, it is possible to obtain the per cell production rate of TGF-β in 

𝐶𝐶𝑔𝑔/(𝑇𝑇𝑟𝑟𝑏𝑏𝑔𝑔 𝐶𝐶𝑏𝑏𝑣𝑣𝑣𝑣 𝑎𝑎𝐶𝐶𝑑𝑑), 𝑀𝑀7. It is assumed that this production rate is the same regardless of environment, 

thus it is the same in vitro culture, and anywhere where the relevant cells can be found. From that it is 

possible to find the rate of change of the concentration of TGF-β in the tumor as the product of the per 

cell production rate of TGF-β, the total number of cells, all divided by the total tumor volume, 𝑉𝑉𝑡𝑡𝑡𝑡𝑡𝑡𝑜𝑜𝑟𝑟 =

𝑉𝑉𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐(𝑇𝑇∗ + 𝑇𝑇𝑁𝑁∗): 

[𝑃𝑃𝑟𝑟𝐶𝐶𝑎𝑎𝑅𝑅𝐶𝐶𝐶𝐶𝑅𝑅𝐶𝐶𝐶𝐶 𝑏𝑏𝑑𝑑 𝑇𝑇𝑟𝑟𝑏𝑏𝑔𝑔𝑉𝑉] = 𝑀𝑀7𝑅𝑅𝑇𝑇/𝑉𝑉𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐(𝑇𝑇∗ + 𝑇𝑇𝑁𝑁∗) 
4.142 

Tumor cells are also prolific producers of TGF-β (Gorelik & Flavell, 2001; Kobie & Akporiaye, 2003; 

V. C. Liu et al., 2007; Moo-Young et al., 2009; Wojtowicz-Praga, 2003):  

[𝑃𝑃𝑟𝑟𝐶𝐶𝑎𝑎𝑅𝑅𝐶𝐶𝐶𝐶𝑅𝑅𝐶𝐶𝐶𝐶 𝑏𝑏𝑑𝑑 𝑇𝑇𝑅𝑅𝑒𝑒𝐶𝐶𝑟𝑟] = 𝑀𝑀2𝑇𝑇∗/𝑉𝑉𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐(𝑇𝑇∗ + 𝑇𝑇𝑁𝑁∗) 
4.143 

Shvedova et al show that MDSCs are important in the release TGF-β (Shvedova et al., 2015): 

[𝑃𝑃𝑟𝑟𝐶𝐶𝑎𝑎𝑅𝑅𝐶𝐶𝐶𝐶𝑅𝑅𝐶𝐶𝐶𝐶 𝑏𝑏𝑑𝑑 𝑀𝑀𝐷𝐷𝑆𝑆𝐶𝐶𝑉𝑉] = 𝑀𝑀5𝑊𝑊/𝑉𝑉𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐(𝑇𝑇∗ + 𝑇𝑇𝑁𝑁∗) 
4.144 

Raggi et al found that TGF-β is produced by M1 and M2 macrophages and there is increased 

production of TGF-β by M1 macrophages in hypoxic conditions, like those of most tumors (Raggi et al., 

2017): 

[𝑃𝑃𝑟𝑟𝐶𝐶𝑎𝑎𝑅𝑅𝐶𝐶𝐶𝐶𝑅𝑅𝐶𝐶𝐶𝐶 𝑏𝑏𝑑𝑑 𝑀𝑀1  𝑀𝑀𝐶𝐶𝐶𝐶𝑟𝑟𝐶𝐶𝑀𝑀ℎ𝐶𝐶𝑔𝑔𝑏𝑏𝑉𝑉] = 𝑀𝑀14𝑀𝑀1/𝑉𝑉𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐(𝑇𝑇∗ + 𝑇𝑇𝑁𝑁∗) 
4.145 

and production of TGF-β by M2 macrophages: 
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[𝑃𝑃𝑟𝑟𝐶𝐶𝑎𝑎𝑅𝑅𝐶𝐶𝐶𝐶𝑅𝑅𝐶𝐶𝐶𝐶 𝑏𝑏𝑑𝑑 𝑀𝑀2  𝑀𝑀𝐶𝐶𝐶𝐶𝑟𝑟𝐶𝐶𝑀𝑀ℎ𝐶𝐶𝑔𝑔𝑏𝑏𝑉𝑉] = 𝑀𝑀13𝑀𝑀2/𝑉𝑉𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐(𝑇𝑇∗ + 𝑇𝑇𝑁𝑁∗) 
4.146 

The rest of the terms exactly match their IL-2 counterparts. The final equations for the rate of 

change of the concertation of TGF-β in the lymph nodes, the accessible tumor and the circulation are then: 

𝑆𝑆𝐿𝐿′ = 𝑃𝑃𝑆𝑆 + 𝑀𝑀1𝑅𝑅 − �(𝜋𝜋𝑆𝑆𝐿𝐿→𝐵𝐵)𝑆𝑆𝐿𝐿 − (𝜋𝜋𝑆𝑆𝐵𝐵→𝐿𝐿)𝑆𝑆𝐶𝐶� 
4.147 

𝑆𝑆𝑇𝑇′ =
𝑀𝑀2𝑇𝑇∗ + 𝑀𝑀5𝑊𝑊 + 𝑀𝑀7𝑅𝑅𝑇𝑇 + 𝑀𝑀13𝑀𝑀2 + 𝑀𝑀14𝑀𝑀1

𝑉𝑉𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐(𝑇𝑇∗ + 𝑇𝑇𝑁𝑁∗) − �(𝜋𝜋𝑆𝑆𝑇𝑇→𝐵𝐵)𝑆𝑆𝑇𝑇 − (𝜋𝜋𝑆𝑆𝐵𝐵→𝑇𝑇)𝑆𝑆𝐶𝐶� 4.148 

𝑆𝑆𝐶𝐶′ = −�(𝜋𝜋𝑆𝑆𝐿𝐿→𝐵𝐵)𝑆𝑆𝐿𝐿 − (𝜋𝜋𝑆𝑆𝐵𝐵→𝐿𝐿)𝑆𝑆𝐶𝐶�
𝑉𝑉𝑐𝑐𝑙𝑙𝑡𝑡𝑝𝑝ℎ

𝑉𝑉𝑏𝑏𝑐𝑐𝑜𝑜𝑜𝑜𝑏𝑏
+
𝑉𝑉𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐(𝑇𝑇∗ + 𝑇𝑇𝑁𝑁∗)

𝑉𝑉𝑏𝑏𝑐𝑐𝑜𝑜𝑜𝑜𝑏𝑏
�(𝜋𝜋𝑆𝑆𝑇𝑇→𝐵𝐵)𝑆𝑆𝑇𝑇 − (𝜋𝜋𝑆𝑆𝐵𝐵→𝑇𝑇)𝑆𝑆𝐶𝐶�

−
𝑆𝑆𝐶𝐶
𝜏𝜏𝑆𝑆

 

4.149 

By assumption (6), the following holds: 

0 = 𝑃𝑃𝑆𝑆 + 𝑀𝑀1𝑅𝑅 − �(𝜋𝜋𝑆𝑆𝐿𝐿→𝐵𝐵)𝑆𝑆𝐿𝐿 − (𝜋𝜋𝑆𝑆𝐵𝐵→𝐿𝐿)𝑆𝑆𝐶𝐶� 
4.150 

0 =
𝑀𝑀2𝑇𝑇∗ + 𝑀𝑀5𝑊𝑊 + 𝑀𝑀7𝑅𝑅𝑇𝑇 + 𝑀𝑀13𝑀𝑀2 + 𝑀𝑀14𝑀𝑀1

𝑉𝑉𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐(𝑇𝑇∗ + 𝑇𝑇𝑁𝑁∗) − �(𝜋𝜋𝑆𝑆𝑇𝑇→𝐵𝐵)𝑆𝑆𝑇𝑇 − (𝜋𝜋𝑆𝑆𝐵𝐵→𝑇𝑇)𝑆𝑆𝐶𝐶� 4.151 

0 = �(𝜋𝜋𝑆𝑆𝐿𝐿→𝐵𝐵)𝑆𝑆𝐿𝐿 − (𝜋𝜋𝑆𝑆𝐵𝐵→𝐿𝐿)𝑆𝑆𝐶𝐶�
𝑉𝑉𝑐𝑐𝑙𝑙𝑡𝑡𝑝𝑝ℎ

𝑉𝑉𝑏𝑏𝑐𝑐𝑜𝑜𝑜𝑜𝑏𝑏
+
𝑉𝑉𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐(𝑇𝑇∗ + 𝑇𝑇𝑁𝑁∗)

𝑉𝑉𝑏𝑏𝑐𝑐𝑜𝑜𝑜𝑜𝑏𝑏
�(𝜋𝜋𝑆𝑆𝑇𝑇→𝐵𝐵)𝑆𝑆𝑇𝑇 − (𝜋𝜋𝑆𝑆𝐵𝐵→𝑇𝑇)𝑆𝑆𝐶𝐶�

−
𝑆𝑆𝐶𝐶
𝜏𝜏𝑆𝑆

 

4.152 

Thus, the TGF-β levels can be represented by the following algebraic equations: 

𝑆𝑆𝐿𝐿 = �(𝜋𝜋𝑆𝑆𝐵𝐵→𝐿𝐿)𝑆𝑆𝐶𝐶 + 𝑃𝑃𝑆𝑆 + 𝑀𝑀1𝑅𝑅� /(𝜋𝜋𝑆𝑆𝐿𝐿→𝐵𝐵) 
4.153 

𝑆𝑆𝑇𝑇 = ((𝜋𝜋𝑆𝑆𝐵𝐵→𝑇𝑇)𝑆𝑆𝐶𝐶 +
𝑀𝑀2𝑇𝑇∗ + 𝑀𝑀5𝑊𝑊 + 𝑀𝑀7𝑅𝑅𝑇𝑇 + 𝑀𝑀13𝑀𝑀2 + 𝑀𝑀14𝑀𝑀1

𝑉𝑉𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐(𝑇𝑇∗ + 𝑇𝑇𝑁𝑁∗) )/(𝜋𝜋𝑆𝑆𝑇𝑇→𝐵𝐵) 4.154 

𝑆𝑆𝐶𝐶 = �
𝑉𝑉𝑐𝑐𝑙𝑙𝑡𝑡𝑝𝑝ℎ

𝑉𝑉𝑏𝑏𝑐𝑐𝑜𝑜𝑜𝑜𝑏𝑏
(𝑃𝑃𝑆𝑆 + 𝑀𝑀1𝑅𝑅) +

𝑀𝑀2𝑇𝑇∗ + 𝑀𝑀5𝑊𝑊 + 𝑀𝑀7𝑅𝑅𝑇𝑇 + 𝑀𝑀13𝑀𝑀2 + 𝑀𝑀14𝑀𝑀1

𝑉𝑉𝑏𝑏𝑐𝑐𝑜𝑜𝑜𝑜𝑏𝑏
� 𝜏𝜏𝑆𝑆 4.155 

Or fully written out: 
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𝑆𝑆𝐿𝐿 = �(𝜋𝜋𝑆𝑆𝐵𝐵→𝐿𝐿) �
𝑉𝑉𝑐𝑐𝑙𝑙𝑡𝑡𝑝𝑝ℎ

𝑉𝑉𝑏𝑏𝑐𝑐𝑜𝑜𝑜𝑜𝑏𝑏
(𝑃𝑃𝑆𝑆 + 𝑀𝑀1𝑅𝑅) +

𝑀𝑀2𝑇𝑇∗ + 𝑀𝑀5𝑊𝑊 + 𝑀𝑀7𝑅𝑅𝑇𝑇 + 𝑀𝑀13𝑀𝑀2 + 𝑀𝑀14𝑀𝑀1

𝑉𝑉𝑏𝑏𝑐𝑐𝑜𝑜𝑜𝑜𝑏𝑏
� 𝜏𝜏𝑆𝑆

+ (𝑃𝑃𝑆𝑆 + 𝑀𝑀1𝑅𝑅)� /(𝜋𝜋𝑆𝑆𝐿𝐿→𝐵𝐵) 

4.156 

𝑆𝑆𝑇𝑇 = �(𝜋𝜋𝑆𝑆𝐵𝐵→𝑇𝑇) �
𝑉𝑉𝑐𝑐𝑙𝑙𝑡𝑡𝑝𝑝ℎ

𝑉𝑉𝑏𝑏𝑐𝑐𝑜𝑜𝑜𝑜𝑏𝑏
(𝑃𝑃𝑆𝑆 + 𝑀𝑀1𝑅𝑅) +

𝑀𝑀2𝑇𝑇∗ + 𝑀𝑀5𝑊𝑊 + 𝑀𝑀7𝑅𝑅𝑇𝑇 + 𝑀𝑀13𝑀𝑀2 + 𝑀𝑀14𝑀𝑀1

𝑉𝑉𝑏𝑏𝑐𝑐𝑜𝑜𝑜𝑜𝑏𝑏
� 𝜏𝜏𝑆𝑆

+
𝑀𝑀2𝑇𝑇∗ + 𝑀𝑀5𝑊𝑊 + 𝑀𝑀7𝑅𝑅𝑇𝑇 + 𝑀𝑀13𝑀𝑀2 + 𝑀𝑀14𝑀𝑀1

𝑉𝑉𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐(𝑇𝑇∗ + 𝑇𝑇𝑁𝑁∗) � /(𝜋𝜋𝑆𝑆𝑇𝑇→𝐵𝐵)  

4.157 

𝑆𝑆𝐶𝐶 = �
𝑉𝑉𝑐𝑐𝑙𝑙𝑡𝑡𝑝𝑝ℎ

𝑉𝑉𝑏𝑏𝑐𝑐𝑜𝑜𝑜𝑜𝑏𝑏
(𝑃𝑃𝑆𝑆 + 𝑀𝑀1𝑅𝑅) +

𝑀𝑀2𝑇𝑇∗ + 𝑀𝑀5𝑊𝑊 + 𝑀𝑀7𝑅𝑅𝑇𝑇 + 𝑀𝑀13𝑀𝑀2 + 𝑀𝑀14𝑀𝑀1

𝑉𝑉𝑏𝑏𝑐𝑐𝑜𝑜𝑜𝑜𝑏𝑏
� 𝜏𝜏𝑆𝑆 4.158 

 

 IL-10 concentrations  

IL-10 levels are significantly elevated in cancer patients, as compared to healthy controls (Gupta 

et al., 2012; Sarris et al., 1999; H. Wang et al., 2016; Zhao et al., 2015). IL-10 is produced significantly by 

Tregs, tumor cells, and macrophages, the effects of all of them are modeled. In the lymph nodes, IL-10 is 

produced by Tregs and is transported to circulation: 

𝐼𝐼𝐿𝐿′ = [𝑃𝑃𝑟𝑟𝐶𝐶𝑎𝑎𝑅𝑅𝐶𝐶𝐶𝐶𝑅𝑅𝐶𝐶𝐶𝐶 𝑏𝑏𝑑𝑑 𝑇𝑇𝑟𝑟𝑏𝑏𝑔𝑔𝑉𝑉] + [𝑥𝑥𝐶𝐶𝑉𝑉𝑏𝑏𝑣𝑣𝑅𝑅𝐶𝐶𝑏𝑏 𝑃𝑃𝑟𝑟𝐶𝐶𝑎𝑎𝑅𝑅𝐶𝐶𝐶𝐶𝑅𝑅𝐶𝐶𝐶𝐶]

− [𝑇𝑇𝑟𝑟𝐶𝐶𝐶𝐶𝑉𝑉𝑀𝑀𝐶𝐶𝑟𝑟𝐶𝐶 𝐶𝐶𝐶𝐶 𝐶𝐶𝑅𝑅𝑟𝑟𝐶𝐶𝑅𝑅𝑣𝑣𝐶𝐶𝐶𝐶𝑅𝑅𝐶𝐶𝐶𝐶 𝑜𝑜𝑟𝑟𝐶𝐶𝑒𝑒 𝑣𝑣𝑑𝑑𝑒𝑒𝑀𝑀ℎ] 
4.159 

In the tumor, IL-10 enters and leaves through circulation and is produced by Tregs, tumor cells, 

and macrophages: 

𝐼𝐼𝑇𝑇′ = [𝑃𝑃𝑟𝑟𝐶𝐶𝑎𝑎𝑅𝑅𝐶𝐶𝐶𝐶𝑅𝑅𝐶𝐶𝐶𝐶 𝑏𝑏𝑑𝑑 𝑇𝑇𝑟𝑟𝑏𝑏𝑔𝑔𝑉𝑉] + [𝑃𝑃𝑟𝑟𝐶𝐶𝑎𝑎𝑅𝑅𝐶𝐶𝐶𝐶𝑅𝑅𝐶𝐶𝐶𝐶 𝑏𝑏𝑑𝑑 𝑇𝑇𝑅𝑅𝑒𝑒𝐶𝐶𝑟𝑟]

+ [𝑃𝑃𝑟𝑟𝐶𝐶𝑎𝑎𝑅𝑅𝐶𝐶𝐶𝐶𝑅𝑅𝐶𝐶𝐶𝐶 𝑏𝑏𝑑𝑑 𝑀𝑀𝐶𝐶𝐶𝐶𝑟𝑟𝐶𝐶𝑀𝑀ℎ𝐶𝐶𝑔𝑔𝑏𝑏𝑉𝑉]

− [𝑇𝑇𝑟𝑟𝐶𝐶𝐶𝐶𝑉𝑉𝑀𝑀𝐶𝐶𝑟𝑟𝐶𝐶 𝑜𝑜𝑟𝑟𝐶𝐶𝑒𝑒 𝐶𝐶𝑅𝑅𝑒𝑒𝐶𝐶𝑟𝑟 𝐶𝐶𝐶𝐶 𝐶𝐶𝑅𝑅𝑟𝑟𝐶𝐶𝑅𝑅𝑣𝑣𝐶𝐶𝐶𝐶𝑅𝑅𝐶𝐶𝐶𝐶] 

4.160 

Finally, in the blood, IL-10 is exchanged with the lymphatics and the tumor, and is cleared from 

the body: 
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𝐼𝐼𝐶𝐶′ = [𝑇𝑇𝑟𝑟𝐶𝐶𝐶𝐶𝑉𝑉𝑀𝑀𝐶𝐶𝑟𝑟𝐶𝐶 𝑜𝑜𝑟𝑟𝐶𝐶𝑒𝑒 𝐶𝐶𝑅𝑅𝑒𝑒𝐶𝐶𝑟𝑟 𝐶𝐶𝐶𝐶 𝐶𝐶𝑅𝑅𝑟𝑟𝐶𝐶𝑅𝑅𝑣𝑣𝐶𝐶𝐶𝐶𝑅𝑅𝐶𝐶𝐶𝐶]

+ [𝑇𝑇𝑟𝑟𝐶𝐶𝐶𝐶𝑉𝑉𝑀𝑀𝐶𝐶𝑟𝑟𝐶𝐶 𝑜𝑜𝑟𝑟𝐶𝐶𝑒𝑒 𝐶𝐶𝑅𝑅𝑟𝑟𝐶𝐶𝑅𝑅𝑣𝑣𝐶𝐶𝐶𝐶𝑅𝑅𝐶𝐶𝐶𝐶 𝐶𝐶𝐶𝐶 𝑣𝑣𝑑𝑑𝑒𝑒𝑀𝑀ℎ] − [𝐶𝐶𝑣𝑣𝑏𝑏𝐶𝐶𝑟𝑟𝐶𝐶𝐶𝐶𝐶𝐶𝑏𝑏] 

4.161 

These terms are very similar to those for TGF-β production. IL-10 is produced by regulatory T cells 

(Liyanage et al., 2002). Just as in equation 4.115, the production is linear with Treg levels in the lymph 

nodes: 

[𝑃𝑃𝑟𝑟𝐶𝐶𝑎𝑎𝑅𝑅𝐶𝐶𝐶𝐶𝑅𝑅𝐶𝐶𝐶𝐶 𝑏𝑏𝑑𝑑 𝑇𝑇𝑟𝑟𝑏𝑏𝑔𝑔𝑉𝑉] = 𝑀𝑀3𝑅𝑅 
4.162 

and in the tumor: 

[𝑃𝑃𝑟𝑟𝐶𝐶𝑎𝑎𝑅𝑅𝐶𝐶𝐶𝐶𝑅𝑅𝐶𝐶𝐶𝐶 𝑏𝑏𝑑𝑑 𝑇𝑇𝑟𝑟𝑏𝑏𝑔𝑔𝑉𝑉] = 𝑀𝑀17𝑅𝑅𝑇𝑇/𝑉𝑉𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐(𝑇𝑇∗ + 𝑇𝑇𝑁𝑁∗) 
4.163 

And produced in the tumor by tumor cells (Gastl et al., 1993): 

[𝑃𝑃𝑟𝑟𝐶𝐶𝑎𝑎𝑅𝑅𝐶𝐶𝐶𝐶𝑅𝑅𝐶𝐶𝐶𝐶 𝑏𝑏𝑑𝑑 𝑇𝑇𝑅𝑅𝑒𝑒𝐶𝐶𝑟𝑟 𝐶𝐶𝑏𝑏𝑣𝑣𝑣𝑣𝑉𝑉] = 𝑀𝑀4 𝑇𝑇∗/𝑉𝑉𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐(𝑇𝑇∗ + 𝑇𝑇𝑁𝑁∗) 
4.164 

Finally, IL-10 is made by M2 macrophages (Qi et al., 2016): 

[𝑃𝑃𝑟𝑟𝐶𝐶𝑎𝑎𝑅𝑅𝐶𝐶𝐶𝐶𝑅𝑅𝐶𝐶𝐶𝐶 𝑏𝑏𝑑𝑑 𝑀𝑀2 𝑀𝑀𝐶𝐶𝐶𝐶𝑟𝑟𝐶𝐶𝑀𝑀ℎ𝐶𝐶𝑔𝑔𝑏𝑏𝑉𝑉] = 𝑀𝑀11 𝑀𝑀2/𝑉𝑉𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐(𝑇𝑇∗ + 𝑇𝑇𝑁𝑁∗) 
4.165 

The remaining terms exactly match their IL-2 counterparts by assumption (6). The final equations 

for the rate of change of the concertation of IL-10 in the lymph nodes, the accessible tumor and the 

circulation are then: 

𝐼𝐼𝐿𝐿′ = 𝑃𝑃𝐼𝐼 + 𝑀𝑀3𝑅𝑅 − �(𝜋𝜋𝐼𝐼𝐿𝐿→𝐵𝐵)𝐼𝐼𝐿𝐿 − (𝜋𝜋𝐼𝐼𝐵𝐵→𝐿𝐿)𝐼𝐼𝐶𝐶� 
4.166 

𝐼𝐼𝑇𝑇′ = (𝑀𝑀4 𝑇𝑇∗ + 𝑀𝑀11𝑀𝑀2 + 𝑀𝑀17𝑅𝑅𝑇𝑇)/𝑉𝑉𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐(𝑇𝑇∗ + 𝑇𝑇𝑁𝑁∗) − �(𝜋𝜋𝐼𝐼𝑇𝑇→𝐵𝐵)𝐼𝐼𝑇𝑇 − (𝜋𝜋𝐼𝐼𝐵𝐵→𝑇𝑇)𝐼𝐼𝐶𝐶� 
4.167 

𝐼𝐼𝐶𝐶′ = −�(𝜋𝜋𝐼𝐼𝐿𝐿→𝐵𝐵)𝐼𝐼𝐿𝐿 − (𝜋𝜋𝐼𝐼𝐵𝐵→𝐿𝐿)𝐼𝐼𝐶𝐶�
𝑉𝑉𝑐𝑐𝑙𝑙𝑡𝑡𝑝𝑝ℎ
𝑉𝑉𝑏𝑏𝑐𝑐𝑜𝑜𝑜𝑜𝑏𝑏

−
𝑉𝑉𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐(𝑇𝑇∗ + 𝑇𝑇𝑁𝑁∗)

𝑉𝑉𝑏𝑏𝑐𝑐𝑜𝑜𝑜𝑜𝑏𝑏
�(𝜋𝜋𝐼𝐼𝑇𝑇→𝐵𝐵)𝐼𝐼𝑇𝑇 − (𝜋𝜋𝐼𝐼𝐵𝐵→𝑇𝑇)𝐼𝐼𝐶𝐶�

−
𝐼𝐼𝐶𝐶
𝜏𝜏𝐼𝐼

 

4.168 
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As with all molecules in the model, a qausi-steady state assumption was made (6). Therefore, the 

following holds: 

0 = 𝑃𝑃𝐼𝐼 + 𝑀𝑀3𝑅𝑅 − �(𝜋𝜋𝐼𝐼𝐿𝐿→𝐵𝐵)𝐼𝐼𝐿𝐿 − (𝜋𝜋𝐼𝐼𝐵𝐵→𝐿𝐿)𝐼𝐼𝐶𝐶� 
4.169 

0 = (𝑀𝑀4 𝑇𝑇∗ + 𝑀𝑀11𝑀𝑀2 + 𝑀𝑀17𝑅𝑅𝑇𝑇)/𝑉𝑉𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐(𝑇𝑇∗ + 𝑇𝑇𝑁𝑁∗) − �(𝜋𝜋𝐼𝐼𝑇𝑇→𝐵𝐵)𝐼𝐼𝑇𝑇 − (𝜋𝜋𝐼𝐼𝐵𝐵→𝑇𝑇)𝐼𝐼𝐶𝐶� 
4.170 

0 = −�(𝜋𝜋𝐼𝐼𝐿𝐿→𝐵𝐵)𝐼𝐼𝐿𝐿 − (𝜋𝜋𝐼𝐼𝐵𝐵→𝐿𝐿)𝐼𝐼𝐶𝐶�
𝑉𝑉𝑐𝑐𝑙𝑙𝑡𝑡𝑝𝑝ℎ
𝑉𝑉𝑏𝑏𝑐𝑐𝑜𝑜𝑜𝑜𝑏𝑏

+
𝑉𝑉𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐(𝑇𝑇∗ + 𝑇𝑇𝑁𝑁∗)

𝑉𝑉𝑏𝑏𝑐𝑐𝑜𝑜𝑜𝑜𝑏𝑏
�(𝜋𝜋𝐼𝐼𝑇𝑇→𝐵𝐵)𝐼𝐼𝑇𝑇 − (𝜋𝜋𝐼𝐼𝐵𝐵→𝑇𝑇)𝐼𝐼𝐶𝐶�

−
𝐼𝐼𝐶𝐶
𝜏𝜏𝐼𝐼

 

4.171 

Thus, the IL-10 levels can be represented by the following algebraic equations: 

𝐼𝐼𝐿𝐿 = �(𝜋𝜋𝐼𝐼𝐵𝐵→𝐿𝐿)𝐼𝐼𝐶𝐶 + 𝑃𝑃𝐼𝐼 + 𝑀𝑀3𝑅𝑅� /(𝜋𝜋𝐼𝐼𝐿𝐿→𝐵𝐵) 
4.172 

𝐼𝐼𝑇𝑇 = �(𝜋𝜋𝐼𝐼𝐵𝐵→𝑇𝑇)𝐼𝐼𝐶𝐶 + (𝑀𝑀4 𝑇𝑇∗ + 𝑀𝑀11𝑀𝑀2 + 𝑀𝑀17𝑅𝑅𝑇𝑇)/𝑉𝑉𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐(𝑇𝑇∗ + 𝑇𝑇𝑁𝑁∗)� /(𝜋𝜋𝐼𝐼𝑇𝑇→𝐵𝐵) 
4.173 

𝐼𝐼𝐶𝐶 = �
𝑉𝑉𝑐𝑐𝑙𝑙𝑡𝑡𝑝𝑝ℎ

𝑉𝑉𝑏𝑏𝑐𝑐𝑜𝑜𝑜𝑜𝑏𝑏
(𝑃𝑃𝐼𝐼 + 𝑀𝑀3𝑅𝑅) +

(𝑀𝑀4 𝑇𝑇∗ + 𝑀𝑀11𝑀𝑀2 + 𝑀𝑀17𝑅𝑅𝑇𝑇)
𝑉𝑉𝑏𝑏𝑐𝑐𝑜𝑜𝑜𝑜𝑏𝑏

� 𝜏𝜏𝐼𝐼 4.174 

Finally, the IL-10 levels in the lymph nodes, tumor, and circulation are as follows: 

𝐼𝐼𝐿𝐿 = �(𝜋𝜋𝐼𝐼𝐵𝐵→𝐿𝐿)�
𝑉𝑉𝑐𝑐𝑙𝑙𝑡𝑡𝑝𝑝ℎ
𝑉𝑉𝑏𝑏𝑐𝑐𝑜𝑜𝑜𝑜𝑏𝑏

(𝑃𝑃𝐼𝐼 + 𝑀𝑀3𝑅𝑅) +
(𝑀𝑀4 𝑇𝑇∗ + 𝑀𝑀11𝑀𝑀2 + 𝑀𝑀17𝑅𝑅𝑇𝑇)

𝑉𝑉𝑏𝑏𝑐𝑐𝑜𝑜𝑜𝑜𝑏𝑏
� 𝜏𝜏𝐼𝐼 + 𝑃𝑃𝐼𝐼 + 𝑀𝑀3𝑅𝑅�

/(𝜋𝜋𝐼𝐼𝐿𝐿→𝐵𝐵) 

4.175 

𝐼𝐼𝑇𝑇 = �(𝜋𝜋𝐼𝐼𝐵𝐵→𝑇𝑇)�
𝑉𝑉𝑐𝑐𝑙𝑙𝑡𝑡𝑝𝑝ℎ

𝑉𝑉𝑏𝑏𝑐𝑐𝑜𝑜𝑜𝑜𝑏𝑏
(𝑃𝑃𝐼𝐼 + 𝑀𝑀3𝑅𝑅) +

(𝑀𝑀4 𝑇𝑇∗ + 𝑀𝑀11𝑀𝑀2 + 𝑀𝑀17𝑅𝑅𝑇𝑇)
𝑉𝑉𝑏𝑏𝑐𝑐𝑜𝑜𝑜𝑜𝑏𝑏

� 𝜏𝜏𝐼𝐼

+
𝑀𝑀4 𝑇𝑇∗ + 𝑀𝑀11𝑀𝑀2 + 𝑀𝑀17𝑅𝑅𝑇𝑇

𝑉𝑉𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐(𝑇𝑇∗ + 𝑇𝑇𝑁𝑁∗) � /(𝜋𝜋𝐼𝐼𝑇𝑇→𝐵𝐵) 

4.176 

𝐼𝐼𝐶𝐶 = �
𝑉𝑉𝑐𝑐𝑙𝑙𝑡𝑡𝑝𝑝ℎ

𝑉𝑉𝑏𝑏𝑐𝑐𝑜𝑜𝑜𝑜𝑏𝑏
(𝑃𝑃𝐼𝐼 + 𝑀𝑀3𝑅𝑅) +

(𝑀𝑀4 𝑇𝑇∗ + 𝑀𝑀11𝑀𝑀2 + 𝑀𝑀17𝑅𝑅𝑇𝑇)
𝑉𝑉𝑏𝑏𝑐𝑐𝑜𝑜𝑜𝑜𝑏𝑏

� 𝜏𝜏𝐼𝐼 4.177 
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 IFN-γ concentrations  

It is not clear how the presence of the tumor effects IFN-γ levels, with some sources showing an 

increase in IFN-γ serum levels for people with tumors and some showing the contrary (Dehqanzada et al., 

2007; Kimura et al., 2003; Tomova et al., 2006). Thus, the model accounts for this possibility. IFN-γ is 

produced by NK cells, tumor cells, and macrophages, all of which are modeled here. In the lymph nodes, 

IFN-γ is produced by NK cells, T cells, and DCs and is transported to circulation. Additionally, it is assumed 

that the baseline healthy levels of IFN–γ also stem from the lymph nodes:  

𝐺𝐺𝐿𝐿′ = [𝑃𝑃𝑟𝑟𝐶𝐶𝑎𝑎𝑅𝑅𝐶𝐶𝐶𝐶𝑅𝑅𝐶𝐶𝐶𝐶 𝑏𝑏𝑑𝑑 𝑁𝑁𝐾𝐾 𝐶𝐶𝑏𝑏𝑣𝑣𝑣𝑣𝑉𝑉] + [𝑃𝑃𝑟𝑟𝐶𝐶𝑎𝑎𝑅𝑅𝐶𝐶𝐶𝐶𝑅𝑅𝐶𝐶𝐶𝐶 𝑏𝑏𝑑𝑑 𝑇𝑇 𝐶𝐶𝑏𝑏𝑣𝑣𝑣𝑣𝑉𝑉]

+ [𝑥𝑥𝐶𝐶𝑉𝑉𝑏𝑏𝑣𝑣𝑅𝑅𝐶𝐶𝑏𝑏 𝑀𝑀𝑟𝑟𝐶𝐶𝑎𝑎𝑅𝑅𝐶𝐶𝐶𝐶𝑅𝑅𝐶𝐶𝐶𝐶] + [𝑃𝑃𝑟𝑟𝐶𝐶𝑎𝑎𝑅𝑅𝐶𝐶𝐶𝐶𝑅𝑅𝐶𝐶𝐶𝐶 𝑏𝑏𝑑𝑑 𝐷𝐷𝐶𝐶𝑉𝑉]

− [𝑇𝑇𝑟𝑟𝐶𝐶𝐶𝐶𝑉𝑉𝑀𝑀𝐶𝐶𝑟𝑟𝐶𝐶 𝐶𝐶𝐶𝐶 𝐶𝐶𝑅𝑅𝑟𝑟𝐶𝐶𝑅𝑅𝑣𝑣𝐶𝐶𝐶𝐶𝑅𝑅𝐶𝐶𝐶𝐶 𝑜𝑜𝑟𝑟𝐶𝐶𝑒𝑒 𝑣𝑣𝑑𝑑𝑒𝑒𝑀𝑀ℎ] 

4.178 

In the tumor, IFN-γ enters and leaves through circulation and is produced by macrophages: 

𝐺𝐺𝑇𝑇′ = [𝑃𝑃𝑟𝑟𝐶𝐶𝑎𝑎𝑅𝑅𝐶𝐶𝐶𝐶𝑅𝑅𝐶𝐶𝐶𝐶 𝑏𝑏𝑑𝑑 𝑀𝑀𝐶𝐶𝐶𝐶𝑟𝑟𝐶𝐶𝑀𝑀ℎ𝐶𝐶𝑔𝑔𝑏𝑏𝑉𝑉] − [𝑇𝑇𝑟𝑟𝐶𝐶𝐶𝐶𝑉𝑉𝑀𝑀𝐶𝐶𝑟𝑟𝐶𝐶 𝑜𝑜𝑟𝑟𝐶𝐶𝑒𝑒 𝐶𝐶𝑅𝑅𝑒𝑒𝐶𝐶𝑟𝑟 𝐶𝐶𝐶𝐶 𝐶𝐶𝑅𝑅𝑟𝑟𝐶𝐶𝑅𝑅𝑣𝑣𝐶𝐶𝐶𝐶𝑅𝑅𝐶𝐶𝐶𝐶] 4.179 

Finally, in the blood, IFN-γ is exchanged with the lymphatics and the tumor, and is cleared from 

the body: 

𝐺𝐺𝐶𝐶′ = [𝑇𝑇𝑟𝑟𝐶𝐶𝐶𝐶𝑉𝑉𝑀𝑀𝐶𝐶𝑟𝑟𝐶𝐶 𝑜𝑜𝑟𝑟𝐶𝐶𝑒𝑒 𝐶𝐶𝑅𝑅𝑒𝑒𝐶𝐶𝑟𝑟 𝐶𝐶𝐶𝐶 𝐶𝐶𝑅𝑅𝑟𝑟𝐶𝐶𝑅𝑅𝑣𝑣𝐶𝐶𝐶𝐶𝑅𝑅𝐶𝐶𝐶𝐶]

+ [𝑇𝑇𝑟𝑟𝐶𝐶𝐶𝐶𝑉𝑉𝑀𝑀𝐶𝐶𝑟𝑟𝐶𝐶 𝑜𝑜𝑟𝑟𝐶𝐶𝑒𝑒 𝐶𝐶𝑅𝑅𝑟𝑟𝐶𝐶𝑅𝑅𝑣𝑣𝐶𝐶𝐶𝐶𝑅𝑅𝐶𝐶𝐶𝐶 𝐶𝐶𝐶𝐶 𝑣𝑣𝑑𝑑𝑒𝑒𝑀𝑀ℎ] − [𝐶𝐶𝑣𝑣𝑏𝑏𝐶𝐶𝑟𝑟𝐶𝐶𝐶𝐶𝐶𝐶𝑏𝑏] 

4.180 

First, healthy patients have IFN-γ levels similar orders of magnitude to those of cancer patients 

(Dehqanzada et al., 2007; Kimura et al., 2003; Tomova et al., 2006), therefore, baseline levels of IFN-γ are 

included, to ensure IFN-γ levels for a healthy patient match the non-zero levels seen by Chodorowska et 

al (Chodorowska, 1998; Fearnley, Whyte, Carnoutsos, Cook, & Hart, 1999). Because a majority of IFN-γ-

producing cells normally reside in the lymph nodes, this production is modeled in the lymph node, but 

this assumption does not affect results, as for a healthy non-tumor-bearing patient, the three 

compartments will equilibrate instantly: 
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[𝑥𝑥𝐶𝐶𝑉𝑉𝑏𝑏𝑣𝑣𝑅𝑅𝐶𝐶𝑏𝑏 𝑃𝑃𝑟𝑟𝐶𝐶𝑎𝑎𝑅𝑅𝐶𝐶𝐶𝐶𝑅𝑅𝐶𝐶𝐶𝐶] = 𝑃𝑃𝐺𝐺 4.181 

Many studies have shown that NK cells are an important source of IFN-γ (Keppel, Saucier, Mah, 

Vogel, & Cooper, 2015; Tato et al., 2004; Thornton, Kuhn, Finkelman, & Hirsch, 2001) and that the 

production of IFN-γ by NK cells is critical in stimulating adaptive immunity (Cheng et al., 2013). Since the 

main type of NK cells responsible for cytokine production are bright natural killer cells, they are assumed 

to be the only subset of NK cells to produce IFN-γ (Caligiuri, 2008; Cooper et al., 2001; Lutz et al., 2011; 

Whiteside & Herberman, 1994). These terms are very similar to those for TGF-β production. Just as in 

equation 4.115, the production is linear with NK cell levels: 

[𝑃𝑃𝑟𝑟𝐶𝐶𝑎𝑎𝑅𝑅𝐶𝐶𝐶𝐶𝑅𝑅𝐶𝐶𝐶𝐶 𝑏𝑏𝑑𝑑 𝑁𝑁𝐾𝐾 𝐶𝐶𝑏𝑏𝑣𝑣𝑣𝑣𝑉𝑉] = �̂�𝑀 𝑁𝑁𝐵𝐵 4.182 

IFN-γ is produced by NK cells only in the presence of  mature and not immature dendritic cells 

(Borg et al., 2004; Ing & Stevenson, 2009). In fact, Ing et al found that when NK cells were cocultured with 

DCs in the presence of factors that prevented DC maturation, the levels of IFN-γ production were 

significantly lower (Ing & Stevenson, 2009). Therefore, a modification is made to term 4.182. An 

enhancement in the production of IFN-γ by increased tumor specific DCs: 

[𝑃𝑃𝑟𝑟𝐶𝐶𝑎𝑎𝑅𝑅𝐶𝐶𝐶𝐶𝑅𝑅𝐶𝐶𝐶𝐶 𝑏𝑏𝑑𝑑 𝑁𝑁𝐾𝐾 𝐶𝐶𝑏𝑏𝑣𝑣𝑣𝑣𝑉𝑉] = 𝑁𝑁𝐵𝐵(𝑀𝑀8(𝐷𝐷 + 𝑈𝑈)) 4.183 

Finally, NK cells stimulated by IL-2 generate so-called ‘‘hyperactivated’’ NK cells that in vitro 

abundantly produce IFN-γ (Zimmer et al., 2008). Other studies have shown that IL-2 stimulates NK-cell 

IFN-γ production even without dendritic cells present (Fehniger et al., 2003; Kim et al., 2004). Thus 

equation 4.182 is further modified to include an increase in IFN-γ production stimulated by IL-2. This term 

is chosen that so that it saturates as IL-2 levels increase. Combining all terms yields: 

[𝑃𝑃𝑟𝑟𝐶𝐶𝑎𝑎𝑅𝑅𝐶𝐶𝐶𝐶𝑅𝑅𝐶𝐶𝐶𝐶 𝑏𝑏𝑑𝑑 𝑁𝑁𝐾𝐾 𝐶𝐶𝑏𝑏𝑣𝑣𝑣𝑣𝑉𝑉] = 𝑁𝑁𝐵𝐵 �𝑀𝑀8(𝐷𝐷 + 𝑈𝑈) +
 𝑀𝑀6𝐶𝐶𝐿𝐿
𝐶𝐶3 + 𝐶𝐶𝐿𝐿

� 4.184 
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Evidence for T cell production of IFN-γ is abundant (Halminen, Klemetti, Vaarala, Hurme, & Ilonen, 

1997; Kasahara, Hooks, Dougherty, & Oppenheim, 1983; J. Liu, Zhang, Jia, & Sun, 2015). This effect is seen 

in both CD4+ and CD8+ T cells, though greater in CD8+ T cells (Kambayashi, Assarsson, Lukacher, 

Ljunggren, & Jensen, 2003; Kasahara et al., 1983). Studies have shown that in culture, in-vivo production 

of IFN-γ by T cells activated from a memory or naïve state is transient, with effects initially increasing but 

declining by 24 hours; and this in combination with other evidence suggests that this IFN-γ production 

takes place in their effector memory state (Curtsinger, Agarwal, Lins, & Mescher, 2012; Kambayashi et al., 

2003; Sattler et al., 2009). This is supported by the classification of Mahnke et al (Mahnke, Brodie, Sallusto, 

Roederer, & Lugli, 2013). Just as before, this production rate is modeled as a simple linear rate with 

number of T cells: 

[𝑃𝑃𝑟𝑟𝐶𝐶𝑎𝑎𝑅𝑅𝐶𝐶𝐶𝐶𝑅𝑅𝐶𝐶𝐶𝐶 𝑏𝑏𝑑𝑑 𝑇𝑇 𝐶𝐶𝑏𝑏𝑣𝑣𝑣𝑣𝑉𝑉] = (𝑀𝑀9𝐴𝐴𝐸𝐸 + 𝑀𝑀10𝐴𝐴𝐻𝐻) 4.185 

Experiments found that IFN-γ has a feedback loop by which it increases IFN-γ production by T cells 

(Kasahara et al., 1983; Winter et al., 2001; Wolchok et al., 2001). Thus, equation 4.185 is modified as 

follows: 

[𝑃𝑃𝑟𝑟𝐶𝐶𝑎𝑎𝑅𝑅𝐶𝐶𝐶𝐶𝑅𝑅𝐶𝐶𝐶𝐶 𝑏𝑏𝑑𝑑 𝑇𝑇 𝐶𝐶𝑏𝑏𝑣𝑣𝑣𝑣𝑉𝑉] = (𝑀𝑀9𝐴𝐴𝐸𝐸 + 𝑀𝑀10𝐴𝐴𝐻𝐻) �1 +
𝑀𝑀16𝐺𝐺𝐿𝐿
𝐺𝐺4 + 𝐺𝐺𝐿𝐿

� 4.186 

As before, this effect is assumed to saturate by assumption (6). 

[𝑃𝑃𝑟𝑟𝐶𝐶𝑎𝑎𝑅𝑅𝐶𝐶𝐶𝐶𝑅𝑅𝐶𝐶𝐶𝐶 𝑏𝑏𝑑𝑑 𝑇𝑇 𝐶𝐶𝑏𝑏𝑣𝑣𝑣𝑣𝑉𝑉 ] = (𝑀𝑀9𝐴𝐴𝐸𝐸 + 𝑀𝑀10𝐴𝐴𝐻𝐻) �1 +
𝑀𝑀16𝐺𝐺𝐿𝐿
𝐺𝐺4 + 𝐺𝐺𝐿𝐿

� 4.187 

IFN-γ is also secreted by macrophages in the tumor: 

[𝑃𝑃𝑟𝑟𝐶𝐶𝑎𝑎𝑅𝑅𝐶𝐶𝐶𝐶𝑅𝑅𝐶𝐶𝐶𝐶 𝑏𝑏𝑑𝑑 𝑀𝑀𝐶𝐶𝐶𝐶𝑟𝑟𝐶𝐶𝑀𝑀ℎ𝐶𝐶𝑔𝑔𝑏𝑏𝑉𝑉 ] = 𝑀𝑀12𝑀𝑀1/𝑉𝑉𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐(𝑇𝑇∗ + 𝑇𝑇𝑁𝑁∗) 4.188 

Mature dendritic cells also produce IFN-γ (Niu et al., 2018; Pan et al., 2004), whereas immature 

dendritic cells produce negligible amounts of IFN-γ (Niu et al., 2018). The rate of production of IFN-γ by 

DCs in the lymph nodes is modeled as other production terms:  
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[𝑃𝑃𝑟𝑟𝐶𝐶𝑎𝑎𝑅𝑅𝐶𝐶𝐶𝐶𝑅𝑅𝐶𝐶𝐶𝐶 𝑏𝑏𝑑𝑑 𝐷𝐷𝐶𝐶𝑉𝑉 ] = 𝑀𝑀15(𝐷𝐷 + 𝑈𝑈) 4.189 

It has been shown that TGF-β suppresses IFN-γ production by NK cells and T cells (Bright & Sriram, 

1998; J. T. Lin, Martin, Xia, & Gorham, 2014; Meadows, Eriksson, Barber, & Sentman, 2006; Piccirillo & 

Shevach, 2014; Yingling et al., 2018) although evidence for similar inhibition was not found for DCs and 

macrophages. Therefore equations 4.184 and 4.187 are modified as follows to account for TGF-β 

inhibition of IFN-γ production by T cells and NK cells respectively: 

[𝑃𝑃𝑟𝑟𝐶𝐶𝑎𝑎𝑅𝑅𝐶𝐶𝐶𝐶𝑅𝑅𝐶𝐶𝐶𝐶 𝑏𝑏𝑑𝑑 𝑇𝑇 𝐶𝐶𝑏𝑏𝑣𝑣𝑣𝑣𝑉𝑉 ] = (𝑀𝑀9𝐴𝐴𝐸𝐸 + 𝑀𝑀10𝐴𝐴𝐻𝐻) �1 +
𝑀𝑀16𝐺𝐺𝐿𝐿
𝐺𝐺4 + 𝐺𝐺𝐿𝐿

�  
1

1 + 𝑆𝑆𝐿𝐿
𝑆𝑆6

  
4.190 

and 

[𝑃𝑃𝑟𝑟𝐶𝐶𝑎𝑎𝑅𝑅𝐶𝐶𝐶𝐶𝑅𝑅𝐶𝐶𝐶𝐶 𝑏𝑏𝑑𝑑 𝑁𝑁𝐾𝐾 𝐶𝐶𝑏𝑏𝑣𝑣𝑣𝑣𝑉𝑉] = 𝑁𝑁𝐵𝐵 �𝑀𝑀8(𝐷𝐷 + 𝑈𝑈) +
 𝑀𝑀6𝐶𝐶𝐿𝐿
𝐶𝐶3 + 𝐶𝐶𝐿𝐿

�
1

1 + 𝑆𝑆𝐿𝐿
𝑆𝑆7

 
4.191 

The rest of the terms exactly match the other molecules. The final equations for the rate of change 

of the concertation of IFN-γ in the lymph nodes, the accessible tumor and the circulation are then: 

𝐺𝐺𝐿𝐿′ = 𝑃𝑃𝐺𝐺 + 𝑁𝑁𝐵𝐵 �𝑀𝑀8(𝐷𝐷 + 𝑈𝑈) +
 𝑀𝑀6𝐶𝐶𝐿𝐿
𝐶𝐶3 + 𝐶𝐶𝐿𝐿

�
1

1 + 𝑆𝑆𝐿𝐿
𝑆𝑆7

+ (𝑀𝑀9𝐴𝐴𝐸𝐸 + 𝑀𝑀10𝐴𝐴𝐻𝐻) �1 +
𝑀𝑀16𝐺𝐺𝐿𝐿
𝐺𝐺4 + 𝐺𝐺𝐿𝐿

�
1

1 + 𝑆𝑆𝐿𝐿
𝑆𝑆6

+ 𝑀𝑀15(𝐷𝐷 + 𝑈𝑈)

− �(𝜋𝜋𝐺𝐺𝐿𝐿→𝐵𝐵)𝐺𝐺𝐿𝐿 − (𝜋𝜋𝐺𝐺𝐵𝐵→𝐿𝐿)𝐺𝐺𝐶𝐶� 

4.192 

𝐺𝐺𝑇𝑇′ = 𝑀𝑀12𝑀𝑀1/𝑉𝑉𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐(𝑇𝑇∗ + 𝑇𝑇𝑁𝑁∗)− �(𝜋𝜋𝐺𝐺𝑇𝑇→𝐵𝐵)𝐺𝐺𝑇𝑇 − (𝜋𝜋𝐺𝐺𝐵𝐵→𝑇𝑇)𝐺𝐺𝐶𝐶� 
4.193 

𝐺𝐺𝐶𝐶′ = �(𝜋𝜋𝐺𝐺𝐿𝐿→𝐵𝐵)𝐺𝐺𝐿𝐿 − (𝜋𝜋𝐺𝐺𝐵𝐵→𝐿𝐿)𝐺𝐺𝐶𝐶�
𝑉𝑉𝑐𝑐𝑙𝑙𝑡𝑡𝑝𝑝ℎ
𝑉𝑉𝑏𝑏𝑐𝑐𝑜𝑜𝑜𝑜𝑏𝑏

+
𝑉𝑉𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐(𝑇𝑇∗ + 𝑇𝑇𝑁𝑁∗)

𝑉𝑉𝑏𝑏𝑐𝑐𝑜𝑜𝑜𝑜𝑏𝑏
�(𝜋𝜋𝐺𝐺𝑇𝑇→𝐵𝐵)𝐺𝐺𝑇𝑇 − (𝜋𝜋𝐺𝐺𝐵𝐵→𝑇𝑇)𝐺𝐺𝐶𝐶�

−
𝐺𝐺𝐶𝐶
𝜏𝜏𝐺𝐺

 

4.194 

By the qausi-steady state assumption (6), the following holds: 
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0 = 𝑃𝑃𝐺𝐺 + 𝑁𝑁𝐵𝐵 �𝑀𝑀8(𝐷𝐷 + 𝑈𝑈) +
 𝑀𝑀6𝐶𝐶𝐿𝐿
𝐶𝐶3 + 𝐶𝐶𝐿𝐿

�
1

1 + 𝑆𝑆
𝑆𝑆7

+ (𝑀𝑀9𝐴𝐴𝐸𝐸 + 𝑀𝑀10𝐴𝐴𝐻𝐻)
(1 + 𝑀𝑀16𝐺𝐺𝐿𝐿)
𝐺𝐺4 + 𝐺𝐺𝐿𝐿

1

1 + 𝑆𝑆𝐿𝐿
𝑆𝑆6

+ 𝑀𝑀15(𝐷𝐷 + 𝑈𝑈) − �(𝜋𝜋𝐺𝐺𝐿𝐿→𝐵𝐵)𝐺𝐺𝐿𝐿 − (𝜋𝜋𝐺𝐺𝐵𝐵→𝐿𝐿)𝐺𝐺𝐶𝐶� 

4.195 

0 = 𝑀𝑀12𝑀𝑀1/𝑉𝑉𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐(𝑇𝑇∗ + 𝑇𝑇𝑁𝑁∗) + �(𝜋𝜋𝐺𝐺𝑇𝑇→𝐵𝐵)𝐺𝐺𝑇𝑇 − (𝜋𝜋𝐺𝐺𝐵𝐵→𝑇𝑇)𝐺𝐺𝐶𝐶� 
4.196 

0 = −�(𝜋𝜋𝐺𝐺𝐿𝐿→𝐵𝐵)𝐺𝐺𝐿𝐿 − (𝜋𝜋𝐺𝐺𝐵𝐵→𝐿𝐿)𝐺𝐺𝐶𝐶�
𝑉𝑉𝑐𝑐𝑙𝑙𝑡𝑡𝑝𝑝ℎ

𝑉𝑉𝑏𝑏𝑐𝑐𝑜𝑜𝑜𝑜𝑏𝑏
−
𝑉𝑉𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐(𝑇𝑇∗ + 𝑇𝑇𝑁𝑁∗)

𝑉𝑉𝑏𝑏𝑐𝑐𝑜𝑜𝑜𝑜𝑏𝑏
�(𝜋𝜋𝐺𝐺𝑇𝑇→𝐵𝐵)𝐺𝐺𝑇𝑇 − (𝜋𝜋𝐺𝐺𝐵𝐵→𝑇𝑇)𝐺𝐺𝐶𝐶�

−
𝐺𝐺𝐶𝐶
𝜏𝜏𝐺𝐺

 

4.197 

Thus, the IFN-γ levels can be represented by the following algebraic equations: 

𝐺𝐺𝐿𝐿 =

⎝

⎜
⎜
⎜
⎛

(𝜋𝜋𝐺𝐺𝐵𝐵→𝐿𝐿)𝐺𝐺𝐶𝐶 +

⎝

⎜
⎜
⎛

𝑃𝑃𝐺𝐺 + 𝑁𝑁𝐵𝐵 �𝑀𝑀8(𝐷𝐷 + 𝑈𝑈) +
 𝑀𝑀6𝐶𝐶𝐿𝐿
𝐶𝐶3 + 𝐶𝐶𝐿𝐿

�
1

1 + 𝑆𝑆
𝑆𝑆7

+(𝑀𝑀9𝐴𝐴𝐸𝐸 + 𝑀𝑀10𝐴𝐴𝐻𝐻) �1 +
𝑀𝑀16𝐺𝐺𝐿𝐿
𝐺𝐺4 + 𝐺𝐺𝐿𝐿

�
1

1 + 𝑆𝑆𝐿𝐿
𝑆𝑆6

+ 𝑀𝑀15(𝐷𝐷 + 𝑈𝑈)

⎠

⎟
⎟
⎞

⎠

⎟
⎟
⎟
⎞

/(𝜋𝜋𝐺𝐺𝐿𝐿→𝐵𝐵) 

4.198 

𝐺𝐺𝑇𝑇 = �(𝜋𝜋𝐺𝐺𝐵𝐵→𝑇𝑇)𝐺𝐺𝐶𝐶 + 𝑀𝑀12𝑀𝑀1/𝑉𝑉𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐(𝑇𝑇∗ + 𝑇𝑇𝑁𝑁∗)� /(𝜋𝜋𝐺𝐺𝑇𝑇→𝐵𝐵) 
4.2004.199 

𝐺𝐺𝐶𝐶 =

⎝

⎜
⎛𝑉𝑉𝑐𝑐𝑙𝑙𝑡𝑡𝑝𝑝ℎ
𝑉𝑉𝑏𝑏𝑐𝑐𝑜𝑜𝑜𝑜𝑏𝑏

⎝

⎜
⎛
𝑃𝑃𝐺𝐺 +𝑁𝑁𝐵𝐵 �𝑀𝑀8(𝐷𝐷 + 𝑈𝑈) +

 𝑀𝑀6𝐶𝐶𝐿𝐿
𝐶𝐶3 + 𝐶𝐶𝐿𝐿

�
1

1 + 𝑆𝑆𝐿𝐿
𝑆𝑆7

+ (𝑀𝑀9𝐴𝐴𝐸𝐸 + 𝑀𝑀10𝐴𝐴𝐻𝐻) �1 +
𝑀𝑀16𝐺𝐺
𝐺𝐺4 + 𝐺𝐺

�
1

1 + 𝑆𝑆𝐿𝐿
𝑆𝑆6

+ 𝑀𝑀15(𝐷𝐷 + 𝑈𝑈)

⎠

⎟
⎞

+
𝑀𝑀12𝑀𝑀1

𝑉𝑉𝑏𝑏𝑐𝑐𝑜𝑜𝑜𝑜𝑏𝑏
⎠

⎟
⎞
𝜏𝜏𝐺𝐺  

Which, when substituting, yields: 

4.200 
4.199 
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𝐺𝐺𝐿𝐿 =

⎝

⎜
⎜
⎜
⎛

(𝜋𝜋𝐺𝐺𝐵𝐵→𝐿𝐿)

⎝

⎜
⎛𝑉𝑉𝑐𝑐𝑙𝑙𝑡𝑡𝑝𝑝ℎ
𝑉𝑉𝑏𝑏𝑐𝑐𝑜𝑜𝑜𝑜𝑏𝑏

⎝

⎜
⎛
𝑃𝑃𝐺𝐺 + 𝑁𝑁𝐵𝐵 �𝑀𝑀8(𝐷𝐷 + 𝑈𝑈) +

 𝑀𝑀6𝐶𝐶𝐿𝐿
𝐶𝐶3 + 𝐶𝐶𝐿𝐿

�
1

1 + 𝑆𝑆𝐿𝐿
𝑆𝑆7

+ (𝑀𝑀9𝐴𝐴𝐸𝐸 + 𝑀𝑀10𝐴𝐴𝐻𝐻) �1 +
𝑀𝑀16𝐺𝐺𝐿𝐿
𝐺𝐺4 + 𝐺𝐺𝐿𝐿

�
1

1 + 𝑆𝑆𝐿𝐿
𝑆𝑆6

+ 𝑀𝑀15(𝐷𝐷 + 𝑈𝑈)

⎠

⎟
⎞

+
𝑀𝑀12𝑀𝑀1

𝑉𝑉𝑏𝑏𝑐𝑐𝑜𝑜𝑜𝑜𝑏𝑏
⎠

⎟
⎞
𝜏𝜏𝐺𝐺

+

⎝

⎜
⎜
⎛

𝑃𝑃𝐺𝐺 + 𝑁𝑁𝐵𝐵 �𝑀𝑀8(𝐷𝐷 + 𝑈𝑈) +
 𝑀𝑀6𝐶𝐶𝐿𝐿
𝐶𝐶3 + 𝐶𝐶𝐿𝐿

�
1

1 + 𝑆𝑆𝐿𝐿
𝑆𝑆7

+(𝑀𝑀9𝐴𝐴𝐸𝐸 + 𝑀𝑀10𝐴𝐴𝐻𝐻) �1 +
𝑀𝑀16𝐺𝐺𝐿𝐿
𝐺𝐺4 + 𝐺𝐺𝐿𝐿

�
1

1 + 𝑆𝑆𝐿𝐿
𝑆𝑆6

+ 𝑀𝑀15(𝐷𝐷 + 𝑈𝑈)

⎠

⎟
⎟
⎞

⎠

⎟
⎟
⎟
⎞

/(𝜋𝜋𝐺𝐺𝐿𝐿→𝐵𝐵) 

4.201 

𝐺𝐺𝑇𝑇 =

⎝

⎜⎜
⎛

(𝜋𝜋𝐺𝐺𝐵𝐵→𝑇𝑇)

⎝

⎜
⎛𝑉𝑉𝑐𝑐𝑙𝑙𝑡𝑡𝑝𝑝ℎ
𝑉𝑉𝑏𝑏𝑐𝑐𝑜𝑜𝑜𝑜𝑏𝑏

⎝

⎜
⎛
𝑃𝑃𝐺𝐺 +𝑁𝑁𝐵𝐵 �𝑀𝑀8(𝐷𝐷 + 𝑈𝑈) +

 𝑀𝑀6𝐶𝐶𝐿𝐿
𝐶𝐶3 + 𝐶𝐶𝐿𝐿

�
1

1 + 𝑆𝑆𝐿𝐿
𝑆𝑆7

+ (𝑀𝑀9𝐴𝐴𝐸𝐸 + 𝑀𝑀10𝐴𝐴𝐻𝐻) �1 +
𝑀𝑀16𝐺𝐺𝐿𝐿
𝐺𝐺4 + 𝐺𝐺𝐿𝐿

�
1

1 + 𝑆𝑆𝐿𝐿
𝑆𝑆6

+ 𝑀𝑀15(𝐷𝐷 + 𝑈𝑈)

⎠

⎟
⎞

+
𝑀𝑀12𝑀𝑀1

𝑉𝑉𝑏𝑏𝑐𝑐𝑜𝑜𝑜𝑜𝑏𝑏
⎠

⎟
⎞
𝜏𝜏𝐺𝐺 +

𝑀𝑀12𝑀𝑀1

𝑉𝑉𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐(𝑇𝑇∗ + 𝑇𝑇𝑁𝑁∗)

⎠

⎟⎟
⎞

/(𝜋𝜋𝐺𝐺𝑇𝑇→𝐵𝐵) 

4.202 
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𝐺𝐺𝐶𝐶 =

⎝

⎜
⎛𝑉𝑉𝑐𝑐𝑙𝑙𝑡𝑡𝑝𝑝ℎ
𝑉𝑉𝑏𝑏𝑐𝑐𝑜𝑜𝑜𝑜𝑏𝑏

⎝

⎜
⎛
𝑃𝑃𝐺𝐺 + 𝑁𝑁𝐵𝐵 �𝑀𝑀8(𝐷𝐷 + 𝑈𝑈) +

 𝑀𝑀6𝐶𝐶𝐿𝐿
𝐶𝐶3 + 𝐶𝐶𝐿𝐿

�
1

1 + 𝑆𝑆𝐿𝐿
𝑆𝑆7

+ (𝑀𝑀9𝐴𝐴𝐸𝐸 + 𝑀𝑀10𝐴𝐴𝐻𝐻) �1 +
𝑀𝑀16𝐺𝐺𝐿𝐿
𝐺𝐺4 + 𝐺𝐺𝐿𝐿

�
1

1 + 𝑆𝑆𝐿𝐿
𝑆𝑆6

+ 𝑀𝑀15(𝐷𝐷 + 𝑈𝑈)

⎠

⎟
⎞

+
𝑀𝑀12𝑀𝑀1

𝑉𝑉𝑏𝑏𝑐𝑐𝑜𝑜𝑜𝑜𝑏𝑏
⎠

⎟
⎞
𝜏𝜏𝐺𝐺 

4.203 

 

 Tumor antigen expression and NK cell cytotoxicity  

The antigen expression on the tumor surface varies greatly between different patients and 

changes depending on the tumor environment (L. Chen et al., 1994; Kripke, 1974). Specifically, studies 

show that antigen expression on the tumor surface is stimulated by IFN-γ (Böhm et al., 1998; Dutta, 

Spence, & Lampson, 2003; Rakshit et al., 2014). The increase in antigen expression on the tumor surface 

upon exposure to antigen is represented in equation 4.204: 

[𝐼𝐼𝐼𝐼𝑁𝑁 − 𝛾𝛾 𝑏𝑏𝑜𝑜𝑜𝑜𝑏𝑏𝐶𝐶𝐶𝐶 𝐶𝐶𝐶𝐶 𝐶𝐶𝑅𝑅𝑒𝑒𝐶𝐶𝑟𝑟 𝐶𝐶𝐶𝐶𝐶𝐶𝑅𝑅𝑔𝑔𝑏𝑏𝐶𝐶 𝑏𝑏𝑥𝑥𝑀𝑀𝑟𝑟𝑏𝑏𝑉𝑉𝑉𝑉𝑅𝑅𝐶𝐶𝐶𝐶] =
𝑘𝑘2𝐺𝐺𝑇𝑇
𝐺𝐺1 + 𝐺𝐺𝑇𝑇

 4.204 

The form of this is necessitated, first, by a saturation term by assumption (6).  Finally, to ensure 

that the effects of IFN-γ are not eternal, one final modification is made. Specifically, if a patient were to 

suddenly be devoid of IFN-γ, it would be reasonable that antigen expression would return to its original 

value, thus there is a natural decay term in the final equation for the rate of change of tumor antigen 

expression: 

𝜃𝜃𝐴𝐴′ =
𝑘𝑘2𝐺𝐺𝑇𝑇
𝐺𝐺1 + 𝐺𝐺𝑇𝑇

− 𝛿𝛿𝜃𝜃𝐴𝐴(𝜃𝜃𝐴𝐴 − 1) 4.205 
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The direct cytotoxicity of NK cells against tumor cells has the same form. Studies have shown that 

NK cells have different levels of “activation” depending on their environment. These studies relate 

activation directly to the ability of NK cells to kill pathogens. Specifically, a plethora of studies have found 

that elevated IL-2 levels lead to an increased direct cytotoxicity against tumor cells (H. M. Alvarez et al., 

2012; Hong et al., 2016; Lehmann, Zeis, & Uharek, 2001; Miranda et al., 2016; Phillips & Lanier, 1986; 

Tomescu, Chehimi, Maino, & Montaner, 2009; Trinchieri et al., 1984; K. S. Wang, Frank, & Ritz, 2000; K. S. 

Wang, Ritz, & Frank, 1999). This cytotoxicity additionally comprises two different mechanisms: the ability 

of NK cells to bind to tumor cells that are nearby and the ability to kill those cells once binding. It is difficult 

to separate the two mechanisms experimentally and mathematically and since both are necessary in 

killing tumor cells, they are represented in one parameter.  

The form of modeling this phenomenon is taken directly from equations 4.204 and 4.205. Just as 

with the antigen expression, increased levels of IL-2 in the tumor environment lead to an increase in NK 

cell cytotoxicity against tumor cells, until a maximal cytotoxicity is reached. Finally, as for antigen 

expression, a decay term ensures that once IL-2 levels return to healthy controls, so does the NK cell 

cytotoxicity: 

𝜃𝜃𝑟𝑟1′ = �
𝑘𝑘3𝐶𝐶𝑇𝑇
𝐶𝐶𝑇𝑇 + 𝐶𝐶4

� − 𝛿𝛿𝜃𝜃𝑟𝑟1(𝜃𝜃𝑟𝑟1 − 1) 4.206 

 

 Full system of equations 

 
The full system of equations can be summarized below: 
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𝑇𝑇 
′ =

𝑇𝑇

�� 1
𝛾𝛾1
�
𝑝𝑝

+ �𝑇𝑇
1−𝑡𝑡

𝛾𝛾 �
𝑝𝑝
�

1
𝑝𝑝
−

𝑟𝑟𝑜𝑜 𝑇𝑇∗𝐸𝐸𝑇𝑇
(𝑇𝑇∗ + 𝑇𝑇𝑁𝑁∗) �1 + 𝑆𝑆𝐿𝐿

𝑆𝑆1
�
−
𝑟𝑟1 𝜃𝜃𝑟𝑟1𝑇𝑇

∗𝑁𝑁
(𝑇𝑇∗ + 𝑇𝑇𝑁𝑁∗)

�1 + 𝑘𝑘17𝐺𝐺𝑇𝑇
𝐺𝐺6 + 𝐺𝐺𝑇𝑇

�

�1 +

𝑆𝑆𝑇𝑇
𝑆𝑆5

1 + 𝐶𝐶𝑇𝑇
𝐶𝐶2

�

 

−
𝑟𝑟2 𝑇𝑇∗Φ

(𝑇𝑇∗ + 𝑇𝑇𝑁𝑁∗) �1 +
𝑘𝑘18𝐺𝐺𝑇𝑇
𝐺𝐺7 + 𝐺𝐺𝑇𝑇

� − 𝑟𝑟3𝑇𝑇∗
𝐺𝐺𝑇𝑇

𝐺𝐺5 + 𝐺𝐺𝑇𝑇
 

4.207 A  

𝑇𝑇∗ =
𝑇𝑇

�1 + �𝑇𝑇
1−𝑛𝑛

𝑘𝑘1
�
𝑝𝑝
�

1
𝑝𝑝

 4.207 B  

𝑇𝑇𝑁𝑁∗ = 𝐸𝐸𝑇𝑇 +𝐻𝐻𝑇𝑇 + 𝑅𝑅𝑇𝑇 + 𝐿𝐿 + 𝑁𝑁 + 𝑊𝑊 +𝛷𝛷 4.207 C  

𝐿𝐿 = 𝜌𝜌4𝑇𝑇∗ 4.207 D  

𝑈𝑈𝑇𝑇  
′ =

𝑘𝑘10𝐴𝐴𝜃𝜃𝐴𝐴 𝑇𝑇∗

(𝑇𝑇∗ + 𝑇𝑇𝑁𝑁∗)

�1 + 𝑘𝑘12𝐺𝐺𝑇𝑇
𝐺𝐺3 + 𝐺𝐺𝑇𝑇

�

�1 + 𝐼𝐼𝑇𝑇
𝐼𝐼1
� �1 + 𝑅𝑅𝑇𝑇

𝑅𝑅1
�
�1 + 𝑘𝑘11

𝑁𝑁
(𝑇𝑇∗ + 𝑇𝑇𝑁𝑁∗) 𝑏𝑏−𝑘𝑘𝑙𝑙

𝑁𝑁
𝐿𝐿�𝐿𝐿 − 𝑘𝑘13𝑈𝑈𝑇𝑇 − 𝛿𝛿𝑈𝑈𝑇𝑇  𝑈𝑈𝑇𝑇 

4.207 E  

𝑈𝑈′ = 𝑘𝑘13𝑈𝑈𝑇𝑇 −
𝜆𝜆 𝑈𝑈𝑀𝑀𝐻𝐻

𝑀𝑀𝐻𝐻 + 𝑈𝑈
− 𝛿𝛿𝑈𝑈  𝑈𝑈 4.207 F  

𝐷𝐷′ =
𝜆𝜆 𝑈𝑈𝑀𝑀𝐻𝐻

𝑀𝑀𝐻𝐻 + 𝑈𝑈
− 𝛿𝛿𝐷𝐷 𝐷𝐷 4.207 G  

𝐴𝐴𝐸𝐸′ =
𝛼𝛼1 𝑀𝑀𝐸𝐸𝐷𝐷
𝐷𝐷 + 𝑘𝑘4𝑀𝑀

− 𝛿𝛿𝐴𝐴𝐴𝐴𝐸𝐸 4.207 H  

𝐸𝐸′ =
𝛼𝛼2𝐴𝐴𝐸𝐸𝐶𝐶𝐿𝐿

(𝐶𝐶1 + 𝐶𝐶𝐿𝐿) �1 +
𝑘𝑘6𝑊𝑊𝑐𝑐𝑙𝑙𝑡𝑡𝑝𝑝ℎ

𝑊𝑊𝑐𝑐𝑙𝑙𝑡𝑡𝑝𝑝ℎ + 𝐴𝐴𝐸𝐸
��1 + 𝑆𝑆𝐿𝐿

𝑆𝑆2
�
− �1 +

𝑘𝑘8𝐺𝐺𝑇𝑇
𝐺𝐺9 + 𝐺𝐺𝑇𝑇

�
𝑇𝑇∗ 𝜌𝜌5𝐸𝐸𝑏𝑏𝑐𝑐𝑜𝑜𝑜𝑜𝑏𝑏𝑇𝑇∗

(𝑇𝑇∗ + 𝑇𝑇𝑁𝑁∗) − 𝛿𝛿𝐸𝐸𝐸𝐸 4.207 I  

𝐸𝐸𝑇𝑇′ = �1 +
𝑘𝑘8𝐺𝐺𝑇𝑇
𝐺𝐺9 + 𝐺𝐺𝑇𝑇

�
𝑇𝑇∗ 𝜌𝜌5𝐸𝐸𝑏𝑏𝑐𝑐𝑜𝑜𝑜𝑜𝑏𝑏
(𝑇𝑇∗ + 𝑇𝑇𝑁𝑁∗) 𝑇𝑇∗ − 𝛿𝛿𝐸𝐸𝑇𝑇𝐸𝐸𝑇𝑇 4.207 J  

𝐴𝐴𝐻𝐻′ =
𝛼𝛼3𝑀𝑀𝐻𝐻(𝑈𝑈 + 𝐷𝐷)
𝑈𝑈 + 𝐷𝐷 + 𝑘𝑘4𝑀𝑀

− 𝛿𝛿𝐴𝐴𝐴𝐴𝐻𝐻 4.207 K  
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𝐻𝐻′ =
𝛼𝛼4𝐴𝐴𝐻𝐻𝐶𝐶𝐿𝐿

�1 + 𝑆𝑆𝐿𝐿
𝑆𝑆2
� (𝐶𝐶1 + 𝐶𝐶𝑇𝑇) �1 +

𝑘𝑘6𝑊𝑊𝑐𝑐𝑙𝑙𝑡𝑡𝑝𝑝ℎ
𝑊𝑊𝑐𝑐𝑙𝑙𝑡𝑡𝑝𝑝ℎ + 𝐴𝐴𝐻𝐻

�
− �1 +

𝑘𝑘8𝐺𝐺𝑇𝑇
𝐺𝐺9 + 𝐺𝐺𝑇𝑇

�
𝜌𝜌6 𝑇𝑇∗

(𝑇𝑇∗ + 𝑇𝑇𝑁𝑁∗)𝐻𝐻𝑏𝑏𝑐𝑐𝑜𝑜𝑜𝑜𝑏𝑏𝑇𝑇
∗   

−
𝛼𝛼7𝐻𝐻 𝑆𝑆𝐿𝐿
𝑆𝑆3 + 𝑆𝑆𝐿𝐿

− 𝛿𝛿𝐻𝐻𝐻𝐻 

4.207 L  

𝐻𝐻𝑇𝑇′ = �1 +
𝑘𝑘8𝐺𝐺𝑇𝑇
𝐺𝐺9 + 𝐺𝐺𝑇𝑇

�
𝜌𝜌6 𝑇𝑇∗

(𝑇𝑇∗ + 𝑇𝑇𝑁𝑁∗)𝐻𝐻𝑏𝑏𝑐𝑐𝑜𝑜𝑜𝑜𝑏𝑏𝑇𝑇
∗ − 𝛿𝛿𝐻𝐻𝑇𝑇𝐻𝐻𝑇𝑇 

 

4.207 M  

𝐴𝐴𝑅𝑅′ =
𝛼𝛼5𝑀𝑀𝑅𝑅(𝑈𝑈 + 𝐷𝐷)
𝑈𝑈 + 𝐷𝐷 + 𝑘𝑘4𝑀𝑀

− 𝛿𝛿𝐴𝐴𝐴𝐴𝑅𝑅 4.207 N  

𝑅𝑅′ =
𝛼𝛼6𝐴𝐴𝑅𝑅𝐶𝐶𝐿𝐿
𝐶𝐶1 + 𝐶𝐶𝐿𝐿

+
𝛼𝛼7𝐻𝐻𝑆𝑆𝐿𝐿

(𝑆𝑆3 + 𝑆𝑆𝐿𝐿) − 𝜌𝜌7(𝑘𝑘7𝑇𝑇∗ + 𝑊𝑊)
𝑇𝑇∗

(𝑇𝑇∗ + 𝑇𝑇𝑁𝑁∗)𝑅𝑅𝑏𝑏𝑐𝑐𝑜𝑜𝑜𝑜𝑏𝑏 − 𝛿𝛿𝑅𝑅𝑅𝑅 4.207 O  

𝑅𝑅𝑇𝑇′ = 𝜌𝜌7(𝑘𝑘7𝑇𝑇∗ + 𝑊𝑊)
𝑇𝑇∗

(𝑇𝑇∗ + 𝑇𝑇𝑁𝑁∗)𝑅𝑅𝑏𝑏𝑐𝑐𝑜𝑜𝑜𝑜𝑏𝑏 − 𝛿𝛿𝑅𝑅𝑇𝑇𝑅𝑅𝑇𝑇 4.207 P  

𝑁𝑁𝐵𝐵′ = 𝑃𝑃𝑁𝑁 +
𝑘𝑘5𝑁𝑁𝐵𝐵(𝑈𝑈 + 𝐷𝐷)

𝑁𝑁𝐵𝐵 + 𝑈𝑈 + 𝐷𝐷
𝐷𝐷𝑜𝑜

− 𝛼𝛼8
𝑅𝑅𝑁𝑁𝐵𝐵
𝑅𝑅 + 𝑁𝑁𝐵𝐵

− 𝑘𝑘16𝑁𝑁𝐵𝐵 − 𝛿𝛿𝑁𝑁𝐵𝐵𝑁𝑁𝐵𝐵 
4.207 Q  

𝑁𝑁𝐷𝐷′ = 𝑘𝑘16𝑁𝑁𝐵𝐵 −
𝜌𝜌1𝑇𝑇∗

(𝑇𝑇∗ + 𝑇𝑇𝑁𝑁∗)𝑁𝑁𝐷𝐷𝑇𝑇
∗ �1 +

𝑘𝑘19𝐺𝐺𝑇𝑇
𝐺𝐺8 + 𝐺𝐺𝑇𝑇

� − 𝛿𝛿𝑁𝑁𝐷𝐷𝑁𝑁𝐷𝐷 4.207 R  

𝑁𝑁′ =
𝜌𝜌1𝑇𝑇∗

(𝑇𝑇∗ + 𝑇𝑇𝑁𝑁∗)𝑁𝑁𝐷𝐷𝑇𝑇
∗ �1 +

𝑘𝑘19𝐺𝐺𝑇𝑇
𝐺𝐺8 + 𝐺𝐺𝑇𝑇

� −
𝑟𝑟1 𝜃𝜃𝑟𝑟1𝑇𝑇

∗𝑁𝑁
(𝑇𝑇∗ + 𝑇𝑇𝑁𝑁∗)

�1 + 𝑘𝑘17𝐺𝐺𝑇𝑇
𝐺𝐺6 + 𝐺𝐺𝑇𝑇

�

�1 +

𝑆𝑆𝑇𝑇
𝑆𝑆5

1 + 𝐶𝐶𝑇𝑇
𝐶𝐶2

�

 𝛽𝛽 − 𝛿𝛿𝑁𝑁𝑁𝑁 

 

4.207 S  

𝑊𝑊′ =
𝜌𝜌2𝑇𝑇∗

(𝑇𝑇∗ + 𝑇𝑇𝑁𝑁∗)𝑊𝑊𝐶𝐶𝑇𝑇∗ �1 +
𝑘𝑘15𝑅𝑅
𝑅𝑅2 + 𝑅𝑅

� − 𝛿𝛿𝑊𝑊𝑊𝑊 4.207 T  

𝑊𝑊𝐶𝐶
′ =  𝑃𝑃𝑊𝑊 + 𝑘𝑘14𝑇𝑇∗ −

𝜌𝜌2𝑇𝑇∗

(𝑇𝑇∗ + 𝑇𝑇𝑁𝑁∗)𝑊𝑊𝐶𝐶𝑇𝑇∗ �1 +
𝑘𝑘15𝑅𝑅
𝑅𝑅2 + 𝑅𝑅

� − 𝛿𝛿𝑊𝑊𝐶𝐶𝑊𝑊𝐶𝐶  4.207 U  

𝛷𝛷′ =
𝜌𝜌3𝑇𝑇∗

(𝑇𝑇∗ + 𝑇𝑇𝑁𝑁∗)𝑇𝑇
∗ − 𝛿𝛿𝛷𝛷𝛷𝛷 4.207 V  

𝜃𝜃′ =  (𝑘𝑘20𝑆𝑆𝑇𝑇 − 𝑘𝑘21𝐺𝐺𝑇𝑇 + 𝑘𝑘22𝐼𝐼𝑇𝑇) − 𝛿𝛿𝜃𝜃Φ  𝜃𝜃Φ 
4.207 W  
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𝑀𝑀1 = �1 −
1

1 + 𝑏𝑏−𝜃𝜃Φ
�Φ 4.207 X  

𝑀𝑀2 = �
1

1 + 𝑏𝑏−𝜃𝜃Φ
�Φ 4.207 Y  

𝐶𝐶𝐿𝐿 =

⎝

⎜
⎛

(𝜋𝜋𝐶𝐶𝐵𝐵→𝐿𝐿)𝐶𝐶𝐶𝐶 + 𝑃𝑃𝐶𝐶 +
𝑀𝑀𝑐𝑐𝐴𝐴𝐻𝐻

�1 + 𝑆𝑆𝐿𝐿
𝑆𝑆4
� �1 + 𝐼𝐼𝐿𝐿

𝐼𝐼2
�
⎠

⎟
⎞

/(𝜋𝜋𝐶𝐶𝐿𝐿→𝐵𝐵) 
4.207 Z  

𝐶𝐶𝑇𝑇 = (𝜋𝜋𝐶𝐶𝐵𝐵→𝑇𝑇)𝐶𝐶𝐶𝐶/(𝜋𝜋𝐶𝐶𝑇𝑇→𝐵𝐵) 
4.207 AA  

𝐶𝐶𝐶𝐶 =
𝑉𝑉𝑐𝑐𝑙𝑙𝑡𝑡𝑝𝑝ℎ
𝑉𝑉𝑏𝑏𝑐𝑐𝑜𝑜𝑜𝑜𝑏𝑏

�𝑃𝑃𝐶𝐶 +
𝑀𝑀𝑐𝑐𝐴𝐴𝐻𝐻

�1 + 𝑆𝑆𝐿𝐿
𝑆𝑆4
� �1 + 𝐼𝐼𝐿𝐿

𝐼𝐼2
�
� 𝜏𝜏𝐶𝐶  4.207 BB  

𝑆𝑆𝐿𝐿 = �(𝜋𝜋𝑆𝑆𝐵𝐵→𝐿𝐿)𝑆𝑆𝐶𝐶 + 𝑃𝑃𝑆𝑆 + 𝑀𝑀1𝑅𝑅� /(𝜋𝜋𝑆𝑆𝐿𝐿→𝐵𝐵) 
4.207 CC  

𝑆𝑆𝑇𝑇 = ((𝜋𝜋𝑆𝑆𝐵𝐵→𝑇𝑇)𝑆𝑆𝐶𝐶 +
𝑀𝑀2𝑇𝑇∗ + 𝑀𝑀5𝑊𝑊 + 𝑀𝑀7𝑅𝑅𝑇𝑇 + 𝑀𝑀13𝑀𝑀2 + 𝑀𝑀14𝑀𝑀1

𝑉𝑉𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐(𝑇𝑇∗ + 𝑇𝑇𝑁𝑁∗) )/(𝜋𝜋𝑆𝑆𝑇𝑇→𝐵𝐵) 4.207 DD  

𝑆𝑆𝐶𝐶 = �
𝑉𝑉𝑐𝑐𝑙𝑙𝑡𝑡𝑝𝑝ℎ

𝑉𝑉𝑏𝑏𝑐𝑐𝑜𝑜𝑜𝑜𝑏𝑏
(𝑃𝑃𝑆𝑆 + 𝑀𝑀1𝑅𝑅) +

𝑀𝑀2𝑇𝑇∗ + 𝑀𝑀5𝑊𝑊 + 𝑀𝑀7𝑅𝑅𝑇𝑇 + 𝑀𝑀13𝑀𝑀2 + 𝑀𝑀14𝑀𝑀1

𝑉𝑉𝑏𝑏𝑐𝑐𝑜𝑜𝑜𝑜𝑏𝑏
� 𝜏𝜏𝑆𝑆 4.207 EE  

𝐼𝐼𝐿𝐿 = �(𝜋𝜋𝐼𝐼𝐵𝐵→𝐿𝐿)𝐼𝐼𝐶𝐶 + 𝑃𝑃𝐼𝐼 + 𝑀𝑀3𝑅𝑅� /(𝜋𝜋𝐼𝐼𝐿𝐿→𝐵𝐵) 
4.207 FF  

𝐼𝐼𝑇𝑇 = �(𝜋𝜋𝐼𝐼𝐵𝐵→𝑇𝑇)𝐼𝐼𝐶𝐶 + (𝑀𝑀4 𝑇𝑇∗ + 𝑀𝑀11𝑀𝑀2 + 𝑀𝑀17𝑅𝑅𝑇𝑇)/𝑉𝑉𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐(𝑇𝑇∗ + 𝑇𝑇𝑁𝑁∗)� /(𝜋𝜋𝐼𝐼𝑇𝑇→𝐵𝐵) 
4.207 GG  

𝐼𝐼𝐶𝐶 = �
𝑉𝑉𝑐𝑐𝑙𝑙𝑡𝑡𝑝𝑝ℎ

𝑉𝑉𝑏𝑏𝑐𝑐𝑜𝑜𝑜𝑜𝑏𝑏
(𝑃𝑃𝐼𝐼 + 𝑀𝑀3𝑅𝑅) +

(𝑀𝑀4 𝑇𝑇∗ + 𝑀𝑀11𝑀𝑀2 + 𝑀𝑀17𝑅𝑅𝑇𝑇)
𝑉𝑉𝑏𝑏𝑐𝑐𝑜𝑜𝑜𝑜𝑏𝑏

� 𝜏𝜏𝐼𝐼 4.207 HH  

𝐺𝐺𝐿𝐿 =

⎝

⎜
⎜
⎜
⎛

(𝜋𝜋𝐺𝐺𝐵𝐵→𝐿𝐿)𝐺𝐺𝐶𝐶 +

⎝

⎜
⎜
⎛

𝑃𝑃𝐺𝐺 + 𝑁𝑁𝐵𝐵 �𝑀𝑀8(𝐷𝐷 + 𝑈𝑈) +
 𝑀𝑀6𝐶𝐶𝐿𝐿
𝐶𝐶3 + 𝐶𝐶𝐿𝐿

�
1

1 + 𝑆𝑆
𝑆𝑆7

+(𝑀𝑀9𝐴𝐴𝐸𝐸 + 𝑀𝑀10𝐴𝐴𝐻𝐻) �1 +
𝑀𝑀16𝐺𝐺𝐿𝐿
𝐺𝐺4 + 𝐺𝐺𝐿𝐿

�
1

1 + 𝑆𝑆𝐿𝐿
𝑆𝑆6

+ 𝑀𝑀15(𝐷𝐷 + 𝑈𝑈)

⎠

⎟
⎟
⎞

⎠

⎟
⎟
⎟
⎞

/(𝜋𝜋𝐺𝐺𝐿𝐿→𝐵𝐵) 

4.207 II  

𝐺𝐺𝑇𝑇 = �(𝜋𝜋𝐺𝐺𝐵𝐵→𝑇𝑇)𝐺𝐺𝐶𝐶 + 𝑀𝑀12𝑀𝑀1/𝑉𝑉𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐(𝑇𝑇∗ + 𝑇𝑇𝑁𝑁∗)� /(𝜋𝜋𝐺𝐺𝑇𝑇→𝐵𝐵) 
4.207 JJ  
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𝐺𝐺𝐶𝐶 =

⎝

⎜
⎛𝑉𝑉𝑐𝑐𝑙𝑙𝑡𝑡𝑝𝑝ℎ
𝑉𝑉𝑏𝑏𝑐𝑐𝑜𝑜𝑜𝑜𝑏𝑏

⎝

⎜
⎛
𝑃𝑃𝐺𝐺 + 𝑁𝑁𝐵𝐵 �𝑀𝑀8(𝐷𝐷 + 𝑈𝑈) +

 𝑀𝑀6𝐶𝐶𝐿𝐿
𝐶𝐶3 + 𝐶𝐶𝐿𝐿

�
1

1 + 𝑆𝑆𝐿𝐿
𝑆𝑆7

+ (𝑀𝑀9𝐴𝐴𝐸𝐸 + 𝑀𝑀10𝐴𝐴𝐻𝐻) �1 +
𝑀𝑀16𝐺𝐺
𝐺𝐺4 + 𝐺𝐺

�
1

1 + 𝑆𝑆𝐿𝐿
𝑆𝑆6

+ 𝑀𝑀15(𝐷𝐷 + 𝑈𝑈)

⎠

⎟
⎞

+
𝑀𝑀12𝑀𝑀1

𝑉𝑉𝑏𝑏𝑐𝑐𝑜𝑜𝑜𝑜𝑏𝑏
⎠

⎟
⎞
𝜏𝜏𝐺𝐺 

4.207 KK  

𝜃𝜃𝐴𝐴′ =
𝑘𝑘2𝐺𝐺𝑇𝑇
𝐺𝐺1 + 𝐺𝐺𝑇𝑇

− 𝛿𝛿𝜃𝜃𝐴𝐴(𝜃𝜃𝐴𝐴 − 1) 4.207 LL  

𝜃𝜃𝑟𝑟1′ = �
𝑘𝑘3𝐶𝐶𝑇𝑇
𝐶𝐶𝑇𝑇 + 𝐶𝐶4

� − 𝛿𝛿𝜃𝜃𝑟𝑟1(𝜃𝜃𝑟𝑟1 − 1) 4.207 MM  

  

4.2 Numerical methods 

Because of the nonlinearity of these equations, and the multitude of time scales for the different 

interactions, estimation for parameter values and solutions to the ordinary differential equations were 

estimated numerically using MATLAB. 

To estimate parameters, first, experiments that quantify given mechanisms were found. Many 

such experiments were in vitro, which allowed for a simplified model to be solved, where all mechanisms 

and species not in the culture were set to 0. Some such experiments have only two data points, and 

parameters are estimated simply by substituting the given variables into the equation for the rate of 

change and assuming that the experimental range is representative. When this assumption is made, 

multiple studies were found where possible to gain a range of possible parameter values. For in vitro 

experiments with multiple data points, MATLAB’s nonlinear least squares curve fitting was be used to fit 

the parameter values to the reduced model. Initial conditions were varied to ensure that the minima 

found are global and not local minima. In some cases, a global minimum cannot be found, and varying the 

initial condition leads to very minimal changes in error and significant changes in the results. If that is the 
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case, assumptions had to be made from the experimental design about the value of a parameter. Finally, 

a few parameters were estimated using the entire model and fit to multiple in vivo data sets. At least one 

independent in vivo data set was chosen for each parameter that is particularly suited to identifying that 

parameter. This fit was done iteratively, where the effects of each mechanism on parameter estimation 

of a subsequent mechanism was mitigated by re-fitting the model to experimental data with the new 

parameter values until convergence.  

MATLAB’s ode15s solver was used to model tumor growth and corresponding immune 

development over time. To model immune knockouts, corresponding immune components were set to 0. 

Then, the relative effects on tumor size at a given time point or on survival were tracked. Survival was 

assumed to be a length of time from tumor inception to a lethal tumor burden of 5*109 cells.  

The initial conditions were zero for all molecules and immune cells except those that are present 

in healthy mice. Those were set to their healthy steady-state values, summarized in Table 4.2. 𝜃𝜃𝐴𝐴, 𝜃𝜃Φ, and 

𝜃𝜃𝑟𝑟1  represent activation relative to baseline, therefore initial conditions for these variables were all set to 

1. These initial conditions were used for all results generated unless stated otherwise.  

Table 4.2 Healthy-mouse initial conditions 

Parameter Value  

𝑁𝑁𝐵𝐵 
𝑃𝑃𝑁𝑁

𝑘𝑘16 + 𝛿𝛿𝑁𝑁𝐵𝐵
 4.208 

𝑁𝑁𝐷𝐷 𝑘𝑘16 𝑃𝑃𝑁𝑁
𝛿𝛿𝑁𝑁𝐷𝐷 (𝑘𝑘16 + 𝛿𝛿𝑁𝑁𝐵𝐵)

 
4.209 

𝑊𝑊𝐶𝐶  𝑃𝑃𝑊𝑊
𝛿𝛿𝑊𝑊𝐶𝐶

 4.210 
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4.3 Parameter estimation  

Since the primary interest of this model is to examine behaviors within a biologically reasonable 

regime, the search for realistic parameters is a significant part of the modeling process. The estimation of 

the parameters for the tumor-immune model presented in Chapter 4 is as follows. In the parameter 

estimation, the following assumptions were made: 

1. A significant subset of T cells in the tumor, blood, and lymph nodes seen experimentally are not tumor 

specific (Duhen et al., 2018; Gough et al., 2008; Klein et al., 2003; Mortarini et al., 2003; Peng et al., 

2010; Riddell & Greenberg, 1990). Studies have shown that T cells infiltrate the tumor even in the 

absence of antigen and that when mice that have two tumors, one that is specific to an antigen and 

one that is not, are injected with antigen-specific T cells, the cells end up in both the tumor that was 

specifically targeted and the tumor that is not specific to that antigen (Peng et al., 2010). Similarly, 

tumor-specific T cells also traffic indiscriminately to multiple organs (Slaney, Kershaw, & Darcy, 2014). 

Despite this knowledge, there are significant difficulties in estimating the percent of T cells in the 

tumor that are antigen-specific. Tumors express more than one antigen that can be targeted by T 

cells, making it difficult to find all T cells that are tumor specific (Lanitis et al., 2017). Also, some T cells 

found in the tumor are naïve and only later mature into tumor-specific cells (Peng et al., 2010). The 

only real way to detect all T cells that are tumor-specific, is to measure the percent of cells in the 

tumor that are reactive to the tumor cells, however even that proves difficult as this may tend to 

decrease over time due to T cell exhaustion.  

Therefore, the percent of tumor-specific T cells was estimated from different experiments that 

take only some of these factors into account. A lower bound came from Gough et al Figure 2 D, which 

gave data on antigen-specific CD8+ T-cell accumulation at the tumor site, for one specific type of 

tumor antigen. They found that the percentage is not high; rather 3% of tumor infiltrating CD8+ cells 
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(Gough et al., 2008). On the other hand, Duhen et al showed that the percent of so-called DP T cells 

was 15-50% of the tumor infiltrating T cells depending on cancer type (Duhen et al., 2018). These DP 

CD8+ T cells express CD39 and CD103 and are highly clonal and share little overlap with other CD8+ 

TILs or peripheral CD8+ T cells, suggesting that they are a distinct subpopulation of T cells. The authors 

suggest that CD103+ is a subpopulation that either has a higher percentage of tumor-antigen-specific 

T cells or is nearly entirely tumor-antigen-specific. These cells were found in both the primary tumor 

and metastatic lymph nodes; however, were absent or present at very low frequencies in the 

peripheral blood and in uninvolved lymph nodes. Absence of these cells systemically can most likely 

be explained by preferential recruitment to the tumor, which some researchers (Cole et al., 2005; 

Peng et al., 2010) believe in already, and the simplest explanation for preferential recruitment would 

be that they are tumor-antigen-specific. Finally, these cells were found to be more reactive to tumor 

cells than other T cells, and were reactive to autologous tumor cells in an MHC I-dependent manner, 

with little or no reactivity to allogenic tumor cells or viruses (Duhen et al., 2018). Thus, at most 50% 

of the TILs may be tumor-specific. Because this data is only for CD8+ T cells, it was assumed that the 

same holds true for both CD4+ helper and regulatory T cells. 

Mortarini et al Figure 1 gave data on antigen-specific T cells in the peripheral blood and lymph 

nodes of human patients over time and with increasing tumor stage. Across all patients, it appears as 

though the maximum tumor-specificity was 0.3% of all CD8+ T cells in the peripheral blood and 25% 

of all CD8+ T cells in the lymph nodes (Mortarini et al., 2003). The average tumor-specificity for 

Mortarini et al was 0.66% (Mortarini et al., 2003). Figure 1 of Rosenberg et al showed that pre-

treatment patients had less than 10 antigen-specific T cells/104 CD8+ T cells in the peripheral blood, 

whereas after immunization 44% of patients 1–10% tumors-specific T cells of CD8+ cells in the blood 

and 17% of patients achieved tumor-specific levels greater than 10% of all circulating CD8+ cells 

(Steven A Rosenberg et al., 2005). For the untreated patients, Rosenberg et al would suggest a 
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maximal tumor specificity of 0.10%. When researchers look at all antigens that could be tumor specific 

in the peripheral blood, as opposed to just one antigen, they see higher levels. Figure 2 of Yu et al 

showed that in humans, 0.08%-0.50% of all PBMCs were tumor-antigen specific (J. S. Yu et al., 2004). 

Accounting for the fact that T cells are 70-85% of all PBMCs, that means that the frequency of antigen-

specific T cells of all circulating T cells is 0.11%-0.59% (Kleiveland, 2015). Taking all this data together 

appears to lead to a tumor-specificity of CD8+ T cells in the blood at 0.10%-0.59%. A value was chosen 

from this range at 0.3%. 

This data was all taken together to create three parameters that relate to what percent of T cells 

are tumor-specific in the tumor (𝜅𝜅𝑇𝑇), in circulation (𝜅𝜅𝐶𝐶), and in the lymph nodes (𝜅𝜅𝐿𝐿). These values are 

summarized Table 4.4 and are assumed to be the same across all T cell types: helper, cytolytic, and 

regulatory. Because of this method of estimating, it was assumed that the recruitment of non-tumor-

antigen specific T cells was assumed to be identical to the tumor-specific cells. Thus, these parameters 

are constant as the tumor progresses. 

2. It was assumed that all cells occupy the same volume, whether cancer cells or immune. This volume 

was assumed to be the space occupied by the cell itself and the extracellular matrix around it. 

Therefore, the size of a single cell, 𝑉𝑉𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 was estimated. One source estimated that there are 107 

cells/mm3=1010 cell/cm3 (Milo & Phillips, 2015). A different source suggested that the size of a cell was 

actually was 108 cells/cm3 (Baserga, 1985). This led to an estimate of 109 cells/cm3.   

3. The total blood volume was assumed to be constant and in mice, 𝑉𝑉𝑏𝑏𝑐𝑐𝑜𝑜𝑜𝑜𝑏𝑏 =1.5 mL (The National Centre 

for the Replacement Refinement and Reduction of Animals in Research, n.d.).  Similarly, the volume 

of a typical mouse lymph node is 4*10-3 mL (Z. Zhang et al., 2013). The estimated total number of 

lymph nodes in a mouse are significantly lower than in human, with estimates according to Kawashima 

et al of 31.33 lymph nodes (Kawashima, Sugimura, Hwang, & Kudo, 1964). This leaves a total lymph 

volume of 0.13 mL in a mouse.  
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4. Frequently, molecular concentrations are experimentally measured in international units as opposed 

to standard concentrations, to account for potential differences in their effectivity. It was assumed 

that the effectivity was the same across all experiments and in vivo, and since most studies did not 

have a value for this parameter, it was necessary to obtain a conversion from standard units to mass. 

Unfortunately, different sources provided different estimates. Thus it was assumed that 40 𝐼𝐼𝑈𝑈 𝐼𝐼𝐼𝐼𝑁𝑁 −

𝛾𝛾 = 1 𝐶𝐶𝑔𝑔 (Aabye, Ravn, Johansen, Eugen-Olsen, & Ruhwald, 2011; Kellar et al., 2011; Y. Wang, 

Mazurek, & Alocilja, 2016). 

5. To get 𝜋𝜋 
𝑇𝑇→𝐵𝐵, it is important to note that the rate of change of molecules entering or leaving the tumor 

depends on vascular density of the tumor, 𝜉𝜉, and the permeability of those blood vessels to the 

molecule, Λ , depicted as follows: 

𝜋𝜋 
𝑇𝑇→𝐵𝐵 = Λ 𝜉𝜉 4.211 

The tumor vascular density was taken directly from Baxter and Jain to get 𝜉𝜉 = 200 𝐶𝐶𝑒𝑒−1 (Baxter 

& Jain, 1989). Baxter and Jain reported the vascular permeability of albumin was 1.0*10-8cm/sec, 

however the mass of albumin is significantly greater than that of the molecules in this model, at 150 

kDa as compared to the mass of each of the molecules: 

Table 4.3 Approximate mass of molecules 

Molecule Mass kDa 
IFN-γ 17 
TGF-β 12.8 
IL-10 18 
IL-2 13 

 
On the other hand, the mass of F(ab) is much closer to that of the molecules in this model, 

estimated around 10-20 kDA. Therefore, its levels from Baxter and Jain were used to estimate Λ =

1.49 ∗ 10−7𝐶𝐶𝑒𝑒/𝑉𝑉 = 0.0129  𝐶𝐶𝑒𝑒/𝑎𝑎𝐶𝐶𝑑𝑑 (Baxter & Jain, 1991b). Because of the similarity in size of all of 

the molecules, this permeability was used for all of them. This means that 𝜋𝜋 
𝐵𝐵→𝑇𝑇 = 2.57 day-1. 
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Similarly, to get 𝜋𝜋 
𝐿𝐿→𝐵𝐵 and 𝜋𝜋 

𝐵𝐵→𝐿𝐿 in mice, the thoracic duct flow was used because it corresponds 

to the majority of the body’s lymph flow which is 1.44 mL/day (Shrewsbury, 2013). By conservation 

of mass, the same flow rate must be entering and exiting the lymphatic system. The only difference 

between flow into and out of the lymphatics is the reflection coefficient of the molecules. Specifically, 

{𝑟𝑟𝐶𝐶𝐶𝐶𝑏𝑏 𝐶𝐶𝑜𝑜 𝑏𝑏𝑣𝑣𝐶𝐶𝐶𝐶𝑎𝑎  𝐶𝐶𝐶𝐶 𝑣𝑣𝑑𝑑𝑒𝑒𝑀𝑀ℎ 𝐶𝐶𝑟𝑟𝐶𝐶𝐶𝐶𝑉𝑉𝑀𝑀𝐶𝐶𝑟𝑟𝐶𝐶 𝑀𝑀𝑏𝑏𝑟𝑟 𝑣𝑣𝑑𝑑𝑒𝑒𝑀𝑀ℎ 𝑣𝑣𝐶𝐶𝑣𝑣𝑅𝑅𝑒𝑒𝑏𝑏}  =    𝑟𝑟𝑏𝑏𝑜𝑜𝑣𝑣𝑏𝑏𝐶𝐶𝐶𝐶𝑅𝑅𝐶𝐶𝐶𝐶 𝐶𝐶𝐶𝐶𝑏𝑏𝑜𝑜𝑜𝑜𝑅𝑅𝐶𝐶𝑅𝑅𝑏𝑏𝐶𝐶𝐶𝐶 ∗

 { 𝑟𝑟𝐶𝐶𝐶𝐶𝑏𝑏 𝐶𝐶𝑜𝑜 𝑜𝑜𝑣𝑣𝑅𝑅𝑅𝑅𝑎𝑎 𝑣𝑣𝑏𝑏𝐶𝐶𝑘𝑘𝐶𝐶𝑔𝑔𝑏𝑏 𝐶𝐶𝑅𝑅𝐶𝐶 𝐶𝐶𝑜𝑜 𝑏𝑏𝑣𝑣𝐶𝐶𝐶𝐶𝑎𝑎 𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝑣𝑣 𝑏𝑏ℎ𝐶𝐶𝑣𝑣𝑏𝑏 𝑏𝑏𝐶𝐶𝑎𝑎𝑑𝑑}  ∗

 {𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶 𝑅𝑅𝐶𝐶 𝑏𝑏𝑣𝑣𝐶𝐶𝐶𝐶𝑎𝑎 𝐶𝐶𝐶𝐶 𝐶𝐶ℎ𝐶𝐶𝐶𝐶 𝑀𝑀𝐶𝐶𝑅𝑅𝐶𝐶𝐶𝐶 𝑅𝑅𝐶𝐶 𝐶𝐶𝑅𝑅𝑒𝑒𝑏𝑏} / {𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝑣𝑣 𝑣𝑣𝑑𝑑𝑒𝑒𝑀𝑀ℎ 𝑣𝑣𝐶𝐶𝑣𝑣𝑅𝑅𝑒𝑒𝑏𝑏 }  For molecules that are the same 

order of mass as those in this model, a good estimate for the reflection coefficient is 𝜎𝜎 =0.49 

(Maughan & Godt, 2001). In mice that leads to 𝜋𝜋 
𝐵𝐵→𝐿𝐿 = 3.8 𝑎𝑎𝐶𝐶𝑑𝑑−1 and in humans that leads to 

𝜋𝜋 
𝐵𝐵→𝐿𝐿 = 2.1 𝑎𝑎𝐶𝐶𝑑𝑑−1. Similarly, {𝑟𝑟𝐶𝐶𝐶𝐶𝑏𝑏 𝐶𝐶𝑜𝑜 𝑣𝑣𝑑𝑑𝑒𝑒𝑀𝑀ℎ  𝐶𝐶𝐶𝐶 𝑏𝑏𝑣𝑣𝐶𝐶𝐶𝐶𝑎𝑎 𝐶𝐶𝑟𝑟𝐶𝐶𝐶𝐶𝑉𝑉𝑀𝑀𝐶𝐶𝑟𝑟𝐶𝐶 𝑀𝑀𝑏𝑏𝑟𝑟 𝑏𝑏𝑣𝑣𝐶𝐶𝐶𝐶𝑎𝑎 𝑣𝑣𝐶𝐶𝑣𝑣𝑅𝑅𝑒𝑒𝑏𝑏}  =

    { 𝑟𝑟𝐶𝐶𝐶𝐶𝑏𝑏 𝐶𝐶𝑜𝑜 𝑜𝑜𝑣𝑣𝑅𝑅𝑅𝑅𝑎𝑎 𝑣𝑣𝑏𝑏𝐶𝐶𝑘𝑘𝐶𝐶𝑔𝑔𝑏𝑏 𝐶𝐶𝑅𝑅𝐶𝐶 𝐶𝐶𝑜𝑜 𝑏𝑏𝑣𝑣𝐶𝐶𝐶𝐶𝑎𝑎 𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝑣𝑣 𝑏𝑏ℎ𝐶𝐶𝑣𝑣𝑏𝑏 𝑏𝑏𝐶𝐶𝑎𝑎𝑑𝑑}  ∗

 {𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶 𝑅𝑅𝐶𝐶 𝑣𝑣𝑑𝑑𝑒𝑒𝑀𝑀ℎ 𝐶𝐶𝐶𝐶 𝐶𝐶ℎ𝐶𝐶𝐶𝐶 𝑀𝑀𝐶𝐶𝑅𝑅𝐶𝐶𝐶𝐶 𝑅𝑅𝐶𝐶 𝐶𝐶𝑅𝑅𝑒𝑒𝑏𝑏} / {𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝑣𝑣 𝑏𝑏𝑣𝑣𝐶𝐶𝐶𝐶𝑎𝑎 𝑣𝑣𝐶𝐶𝑣𝑣𝑅𝑅𝑒𝑒𝑏𝑏 }.  In mice that leads to 𝜋𝜋 
𝐿𝐿→𝐵𝐵 =

0.99 𝑎𝑎𝐶𝐶𝑑𝑑−1. 

6. To estimate mouse parameters, a lot of similar studies were used as to the human model. Because 

cellular-level processes are the same in mice and humans, certain parameters were assumed to be 

the same across species. Local processes and cellular-level processes are assumed to be the same in 

mice, humans, and in vitro and parameters associated were estimated to be consistent across species. 

These parameters include concentration at which lytic capability is cut by half, nutrient access from 

blood vessels, and local cytokine concentration effects on cellular processes. On the other hand, 

clearance rates and systemic values are much different between species. For example, the heartrate 

of a mouse is about 600 beats per minute, compared with 80 per minute for a human, resulting in 

faster physiological processes. Small animals can frequently tolerate larger drug doses relative to their 

body weight of a pharmaceutical because of the higher clearance rates (De Jong & Maina, 2010). Such 
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parameters including clearance rates, egress, and rates for trafficking of cells and molecules to 

different compartments were estimated independently across species. 

7. The total “clearance” of an immune cell from a given compartment 𝛿𝛿, is actually the sum of three 

processes. Specifically, cells are lost from a given compartment because of egress, depicted as 𝛿𝛿, 

because of natural death 𝛿𝛿, or because of deactivation �̈�𝛿. Thus, the total clearance of an immune cell 

is actually: 

𝛿𝛿 = 𝛿𝛿 + 𝛿𝛿 + �̈�𝛿 4.212 

Frequently, data on all three processes separately is not available and the relative rates of these three 

processes are significantly different. However, in this model, the sum of all of these processes are the 

true clearance. 

8. For mouse subcutaneous tumors, the tumor stroma fraction 𝑇𝑇∗

𝑇𝑇∗+𝑇𝑇𝑁𝑁
∗ , was assumed to be 1. For mouse 

tumors that are not subcutaneous, it is not realistic to assume that the tumor is mainly comprised of 

tumor cells and the immune cell infiltration is negligible. Therefore, if the study did not make it 

possible to obtain a different estimate of the tumor composition, an estimate had to come from 

colorectal tumor composition. Eriksen et al found that in patients with colorectal cancer, the areas 

with the highest stroma fraction, 70.5% had a tumor stroma fraction greater than 50% (Eriksen et al., 

2018).  

Baseline parameter values discussed in the assumptions are summarized in Table 4.4 for mice.  
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Table 4.4 Baseline parameters in mice 

Parameter Value Meaning Units Source 
𝑉𝑉𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 109 Volume of a cell in the tumor cell/mL (Baserga, 1985; Milo & 

Phillips, 2015) 
𝑉𝑉𝑏𝑏𝑐𝑐𝑜𝑜𝑜𝑜𝑏𝑏 1.5 Total blood volume  mL (The National Centre for 

the Replacement 
Refinement and 
Reduction of Animals in 
Research, n.d.) 

𝑉𝑉𝑐𝑐𝑙𝑙𝑡𝑡𝑝𝑝ℎ 0.13 Total lymph volume mL (Z. Zhang et al., 2013) 
𝜅𝜅𝑇𝑇 3-50 Percent of T cells in tumor that are 

tumor specific 
% (Duhen et al., 2018; 

Lanitis et al., 2017) 
𝜅𝜅𝐶𝐶  0.30 Percent of T cells in circulation that 

are tumor specific 
% (Mortarini et al., 2003; 

Steven A Rosenberg et al., 
2005; J. S. Yu et al., 2004) 

𝜅𝜅𝐿𝐿 0.66 Percent of T cells in lymph nodes 
that are tumor specific 

% (Mortarini et al., 2003) 

 
Figure 6 of Nabizadeh et al shows molecular concentration levels in the tumor and the plasma in 

mice, summarized in Table 4.5  (Nabizadeh et al., 2016).  

Table 4.5 Plasma and tumor levels for molecular concentrations in mice 

Molecule Level in plasma (ng/mL) Level in tumor (ng/mL) 
IFN-γ 0.001 0.001 
TGF-β 2.0 0.22 
IL-10 0.0015 0.0003 
IL-12 0.01 0.001 

 
The process for parameter estimation for all parameters will be described as follows.  

 Accessible tumor 

The parameters for tumor access were taken directly from Robertson-Tessi et al (Robertson-Tessi, 

2010). Although that model is in humans, these are cellular level processes that were assumed to be 

identical in humans and in mice by assumption (6). These parameters summarized in Table 4.6.  
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Table 4.6 Accessible tumor parameters in mice 

Parameter Value Meaning Units Source 
𝑘𝑘1 100 Accessible tumor growth 

coefficient 
cell 1−𝑛𝑛 (Robertson-Tessi, 2010) 

𝑀𝑀 3 Shape of transition from 
exponential to power law growth 

 
(Robertson-Tessi, 2010) 

𝐶𝐶 2/3 Power for accessible tumor 
growth 

 (Robertson-Tessi, 2010) 

 

 Tumor growth 

The parameters for tumor growth in humans were taken directly from Robertson-Tessi et al, 

(Robertson-Tessi, 2010). In that model, 𝛾𝛾1   = 𝛾𝛾 𝑇𝑇1𝑡𝑡−1, and the growth rates were chosen such that the 

doubling time of tumors matched what is seen experimentally. Experiments show that the doubling time 

differs significantly between species. Specifically for colorectal cancer, human patients have been shown 

to have doubling times of 53-1570 days with a median of 130 days, as compared to 1.5-20.5 days in mice, 

with predictions for typical values around 3-3.7 days (Bolin, Nilsson, & Sjodahl, 1983; Steel, 1977; J. Zhou 

et al., 2017).  In vitro, cultured colorectal cancer lines had a significantly faster doubling time, between 20 

and 70 hours (Bazzocco et al., 2015). This suggest that tumor growth rates are 35-43 times faster in mice 

than in humans, which was used to estimate 𝛾𝛾 and 𝛾𝛾1 from human data. The other parameters were 

assumed to be the same between species.  

Table 4.7 Tumor growth rate parameters in mice 

Parameter Value Meaning Units Source 
𝛾𝛾 3500-

43000 
Tumor growth coefficient cell 1−𝑡𝑡day-1 (Bolin et al., 1983; Steel, 

1977; J. Zhou et al., 2017) 
𝛾𝛾1 3.5-43 Tumor doubling time day-1 (Robertson-Tessi, 2010) 
𝑒𝑒 0.5 Power for power law  (Robertson-Tessi, 2010) 
𝑇𝑇1 106 Tumor volume at which switch 

from exponential to power law 
occurs 

cell (Robertson-Tessi, 2010) 
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Because the switch from exponential to power law growth mainly stems from problems with access to 

nutrients, competition for space, and the need for formation of vasculature, it is assumed that these same 

issues will arise for a similar-sized tumor in mice, therefore the transition will happen at the same tumor 

size. All mouse tumor growth parameters are in Table 4.7. 

 Tumor lysis by immune system 

For each immune component capable of killing tumor cells, the parameters for tumor kill were 

estimated independently. As mentioned previously, tumor lysis by T cells and NK cells is highly 

heterogeneous, and here, an average value of responsiveness of the immune cells to the tumor was used, 

assuming that tumor cells used in the in-vitro culture were not selected based on their MHC I expression 

but were a representative sample of the entire population.  The parameters corresponding to tumor kill 

by the immune system, in this way, account for the fact that some tumor cells in the population can 

respond to only T cells (because they have high MHC Class I expression) and others only to NK cells 

(because they have low MHC Class I expression).   

For the kill by CD8+ T cells, the necessary parameters are described in equation 4.23. Experiments 

show that killing of a single tumor cell by one cytotoxic T cell in vivo takes anywhere from 2 hours and 20 

minutes (Waterhouse et al., 2006) to 6 hours (Breart, Lemaître, Celli, & Bousso, 2008). However, this does 

not take into account the ratio of tumor cells to T cells or the effects of the presence of other immune 

cells and immunosuppressive molecules. Assuming most of the tumor is not immune cells, 𝑟𝑟𝑜𝑜
�1+ 𝑆𝑆

𝑆𝑆1�
 falls 

anywhere from 4.0 day-1 to 10.3 day-1. When plated in vitro, at different ratios, it is possible to determine 

𝑟𝑟𝑜𝑜 without any confounding effects. Figure 3 of Waterhouse et al shows the percent chromium release 

when tumor and T cells were plated at a ratio of 1:25 and 1:5 for 4 hours (Waterhouse et al., 2006). For a 

short time, the following was assumed to hold: 
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% 𝐶𝐶𝑅𝑅𝑒𝑒𝐶𝐶𝑟𝑟 𝐶𝐶𝑏𝑏𝑣𝑣𝑣𝑣𝑉𝑉 𝑘𝑘𝑅𝑅𝑣𝑣𝑣𝑣𝑏𝑏𝑎𝑎 𝑏𝑏𝑑𝑑 𝑇𝑇 𝐶𝐶𝑏𝑏𝑣𝑣𝑣𝑣𝑉𝑉 =
𝑟𝑟𝑜𝑜

𝑇𝑇
𝐸𝐸 + 1

 𝐶𝐶 4.213 

for 𝐶𝐶 the time in culture. It was assumed that the % Cr release corresponded directly to % tumor cells killed 

by T cells. A least-squares best fit for the two ratios revealed that 𝑟𝑟𝑜𝑜 = 14.5 day-1. Comparing to the in-

vivo data, this shows a significant effect of TGF-β.  

 It is important to note that this parameter was estimated assuming that because of chemotaxis, 

no matter how much the total volume of the culture is, in vitro, the immune cells will be able to find the 

tumor cells and kill them. Therefore, this estimate does not take into account the fact that the cells are 

diluted to a density of 2 ∗ 105  cells
mL

. Transwell experiments show that chemokine expression on the tumor 

surface actively leads to migration of CD8+ effector T cells in vitro (Harlin et al., 2009). This suggests that 

it is possible that in-vitro dilution of these cells with culture medium would not lead to significant 

reduction in T-cell-tumor-cell complex formation as T cells migrate toward tumor cells. However, it is 

possible that that mass action kinetics lead to the contact between immune cells and tumor cells in 

culture.  In fact it has been shown that the initial binding of an effector T cell to its target is an antigen-

nonspecific interaction (Janeway et al., 2005). If these interactions were entirely driven by mass-action 

kinetics and tumor cells were not attracting T cells in any way, the kill rate in vitro of tumor cells by T cells 

would be estimated by adjusting for a cell density of 2 ∗ 105  cells
mL

 in culture as compared to a cell density 

of 10^9 cell/mL in vivo from assumption (2) to get 𝑟𝑟𝑜𝑜 = 7 ∗ 104 day-1. Although the effects of this 

parameter change will be studied in the results section, it was assumed that chemotaxis allows for tumor-

immune complexes to form just as rapidly in a diluted culture medium.  

The suppression of tumor cell killing by TGF-β was taken directly from Robertson-Tessi et al, who 

calculated 𝑆𝑆1 to match concentration at which tumor lysis in the presence and absence of TGF-β is cut by 

half. All these parameters are summarized in Table 4.8. 
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Table 4.8 Parameters for CD8+ T cell kill of tumor cells in mice 

Parameter Value Meaning Units Source 
𝑟𝑟𝑜𝑜 14.5 Average kill rate of tumor cells by 

CTLs 
day-1 (Waterhouse et al., 2006) 

𝑆𝑆1 3.5 Concentration of TGF-β that 
halves the lysis of tumor cells by 
CTLs 

ng mL-1 (Robertson-Tessi, 2010) 

 

For the kill of tumor cells by NK cells, 𝑟𝑟1 was fit to data from Park et al Figure 1a. In this experiment, 

tumor cells were seeded with or without 5*104 NK cells in a 0.475 mL dish for two days. The following 

model was used, which was simplified from the full model to account for the fact that the only two species 

in the culture were tumor cells and NK cells and that tumor growth in a plate can be modeled by an 

exponential growth model. 

𝑇𝑇′ = 𝑏𝑏𝑇𝑇 − 𝑟𝑟1
𝑇𝑇 𝑁𝑁
𝑁𝑁 + 𝑇𝑇

 4.214 

𝑁𝑁′ = −𝑟𝑟1
𝑇𝑇 𝑁𝑁
𝑁𝑁 + 𝑇𝑇

𝛽𝛽 4.215 

For the growth rate 𝑏𝑏, Bazzocco et al was used, that suggested that for the specific colorectal 

cancer line in Park et al, the doubling time was 32 hours (Bazzocco et al., 2015), which corresponds to an 

exponential growth rate constant of 0.52 day-1. This led to an optimal fit for 𝑟𝑟1 to get a kill rate without IL-

2 and TGF-β of 0.41 day-1. Just as for T cell kill of tumor cells, this kill rate assumes that NK cells are able 

to find tumor cells without being affected by dilution of the interaction by culture medium. If that 

assumption does not hold, the kill rate could be as high as 1.1*102 day-1, accounting for cell density of 

5.05 ∗ 106 cells
mL

 in culture as compared to a cell density of 109 cell/mL in vivo from assumption (2). 

Figure 3D of Wilson et al provided data on the inhibition of activated NK killing of different types 

of tumor cells, K562 leukemia, OVCA433 ovarian cancer, and SKOV3 ovarian cancer (E. B. Wilson et al., 
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2011). This experiment showed that when cultured for 48 hours with 5ng/mL TGF-β at a ratio of 3 NK cells 

to 1 tumor cell, there was significant decrease in the percent tumor cell killing as compared to without 

TGF-β (E. B. Wilson et al., 2011).  Over a short time, the following was assumed to hold: 

% 𝑘𝑘𝑅𝑅𝑣𝑣𝑣𝑣𝑏𝑏𝑎𝑎 =
𝑟𝑟1 𝜃𝜃𝑟𝑟1𝑁𝑁

�1 + 𝑆𝑆𝑡𝑡𝑡𝑡𝑡𝑡𝑜𝑜𝑟𝑟
𝑆𝑆5

� (𝑇𝑇∗ + 𝑇𝑇𝑁𝑁∗)
𝐶𝐶 4.216 

Thus, for each cancer type, the following could be solved for 𝑆𝑆5: 

% 𝑘𝑘𝑅𝑅𝑣𝑣𝑣𝑣𝑏𝑏𝑎𝑎 𝑏𝑏𝑅𝑅𝐶𝐶ℎ 𝑇𝑇𝐺𝐺𝐼𝐼 − 𝑏𝑏𝑏𝑏𝐶𝐶𝐶𝐶 =
𝑟𝑟1 𝜃𝜃𝑟𝑟1

�1 +
5𝐶𝐶𝑔𝑔
𝑒𝑒𝐿𝐿
𝑆𝑆5

�

3
4

(2 𝑎𝑎𝐶𝐶𝑑𝑑𝑉𝑉) 4.217 

This led to an estimate 𝑆𝑆5 of 0.8-7.0 ng/mL depending on the tumor type. An average value of 𝑆𝑆5 =

3.9 𝐶𝐶𝑔𝑔/𝑒𝑒𝐿𝐿 was chosen. 

Data from Ghiringhelli et al, Figure 2 E were used to estimate the role of IL-2 on the suppressive 

effects of TGF-β on NK cells. 2*104 NK cells were plated in a 0.2 mL plate with different concentrations of 

IL-2 for 18 hours after inhibition with TGF-β in coculture with Tregs (Ghiringhelli et al., 2005). The rate of 

inhibition of NK cell inhibition was fit to Michaelis Menten kinetics to get 𝐶𝐶2. Notably, fitting Ghiringhelli 

et al yields an estimate for 𝑆𝑆5 = 4.7 𝐶𝐶𝑔𝑔/𝑒𝑒𝐿𝐿. Despite the fact that the data was obtained not via direct 

coculture with TGF-β but rather with Tregs secreting TGF-β, the two parameter estimates are still very 

similar, lending credibility to both estimates. 

Experiments show that the enhancement of NK cell kill by IFN-γ greatly depends on the type of 

tumor cell, where for some tumor cell lines including brain cancers, neuroblastomas, and some leukemias 

the effects of IFN-γ were positive and for others, including leukemia, Ewing’s Family cancers, lymphoma, 

fibrosarcoma, mammary carcinoma, melanoma and rhabdomyosarcoma, IFN-γ made NK cells less 

effective (Aquino-López et al., 2017; R. Wang, Jaw, Stutzman, Zou, & Sun, 2012b; Wennerberg, Kremer, 
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Childs, & Lundqvist, 2014; Yeoman & Robins, 1988). It was assumed that colorectal cancer was one that 

corresponded favorably to IFN-γ effects. Data on NK incubation with tumor cells at different ratios 

overnight from Figure 1A of Wang et al was to fit Michaelis Menten kinetics for each NK to tumor cell ratio 

simultaneously to estimate 𝑘𝑘17 and 𝐺𝐺6 (R. Wang et al., 2012a). It was assumed that overnight 

corresponded to 24 hours.  All these parameters are summarized in Table 4.9. 

Table 4.9 Parameters for NK cell kill of tumor cells in mice 

Parameter Value Meaning Units Source 
𝑟𝑟1 0.41 Average kill rate of tumor cells by NK 

cells 
day-1 (M. H. Park et al., 2012) 

𝑆𝑆5 3.9 Concentration of TGF-β that halves 
the lysis of tumor cells by NK cells 
enhanced by IL-2 

ng mL-1 (E. B. Wilson et al., 2011) 

𝐶𝐶2 4.0 Concentration of IL-2 that 
corresponds to half the enhancement 
of the NK cell lysis of tumor cells 

ng mL-1 (Ghiringhelli et al., 2005) 

𝑘𝑘17 644 Maximum enhancement of the NK 
cell lysis of tumor cells by IFN-γ 

ng mL-1 (R. Wang et al., 2012b) 

𝐺𝐺6 4.94*103 Concentration of IFN-γ that 
corresponds to half the enhancement 
of the NK cell lysis of tumor cells 

ng mL-1 (R. Wang et al., 2012b) 

 
For the kill by IFN-γ, to estimate 𝑟𝑟3 and 𝐺𝐺5, Figure 1 of Rakshit et al was fit to Michaelis Menten 

kinetics. For CT26 colon cancer line, researchers found that increasing IFN-γ concentration from 0 U/mL 

to 100 U/mL decreased cell viability in a 2 day culture (Rakshit et al., 2014). This was adjusted to 

concentration using assumption (4) and obtained values are in Table 4.10. 

Table 4.10 Parameters for IFN-γ kill of tumor cells in mice 

Parameter Value Meaning Units Source 
𝑟𝑟3 4.31*10-3 Average kill rate of tumor cells by 

IFN-γ 
day-1 (Rakshit et al., 2014) 

𝐺𝐺5 0.06 Saturation of IFN-γ kill of tumor 
cells 

ng mL-1 (Rakshit et al., 2014) 

 
For tumor kill by macrophages, an experiment by Zhang et al showed that both M1 and M2 

macrophages are capable of killing tumor cells in coculture, and do so at statistically indistinguishable 
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rates (M. Zhang et al., 2016). In this experiment, tumor cells were cocultured with mouse M1 and M2 

macrophages separately at a T:Φ ratio of 2:1 for two hours. For a short time, the following holds: 

% 𝐶𝐶𝑅𝑅𝑒𝑒𝐶𝐶𝑟𝑟 𝐶𝐶𝑏𝑏𝑣𝑣𝑣𝑣𝑉𝑉 𝑘𝑘𝑅𝑅𝑣𝑣𝑣𝑣𝑏𝑏𝑎𝑎 𝑏𝑏𝑑𝑑 𝑀𝑀𝐶𝐶𝐶𝐶𝑟𝑟𝐶𝐶𝑀𝑀ℎ𝐶𝐶𝑔𝑔𝑏𝑏𝑉𝑉 =
𝑟𝑟2

𝑇𝑇
Φ + 1

 𝐶𝐶 4.218 

where 𝐶𝐶 is the length of time the cells were cocultured. Thus, it is possible to fit for 𝑟𝑟2 for both type 1 and 

type 2 macrophages, to get an average 𝑟𝑟2 = 3.24 𝑎𝑎𝐶𝐶𝑑𝑑−1. As for the other cell lysis, when adjusting for a 

total cell density of 3 ∗ 106 cells
mL

 in culture as compared to a cell density of 109 cell/mL in vivo from 

assumption (2), 𝑟𝑟2 = 1.1 ∗ 103 𝑎𝑎𝐶𝐶𝑑𝑑−1. 

Sodhi et al Table 1 was used to estimate effects of IFN-γ on macrophage cytotoxicity. In this 

experiment, murine macrophages were incubated with DL or YAC-1 lymphoma cells in the presence of 10 

U/mL IFN-γ or without IFN-γ. They found that the cytotoxicity increased from 4.5% and 3.9% to 6.8% and 

7.5% for DL and YAC-1 cell lines respectively in 1 day (Sodhi et al., 1992a). For both experiments, the tumor 

to macrophage ratio was 20 macrophages to 1 tumor cell. 𝑘𝑘18 and 𝐺𝐺7 were fit to this experimental data 

to get 𝑘𝑘18 = 1.42 and 𝐺𝐺7 = 0.71 ng/mL for the DL cells and 𝑘𝑘18 = 1.82 and 𝐺𝐺7 = 0.39 ng/mL for the YAC-

1  cells. Since both of these are lymphomas, the average values were used to get the parameters 

summarized in Table 4.11. 

Table 4.11 Parameters for macrophage kill of tumor cells in mice 

Parameter Value Meaning Units Source 
𝑟𝑟2 3.24 Average kill rate of tumor cells by 

macrophages 
day-1 (M. Zhang et al., 2016) 

𝑘𝑘18 1.62 Maximum enhancement of 
macrophage kill of tumor cells by 
IFN-γ 

 (Sodhi et al., 1992a) 

𝐺𝐺7 0.55 Saturation of IFN-γ enhancement 
of macrophage kill of tumor cells 

ng mL-1 (Sodhi et al., 1992a) 
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 DC maturation  

NK effects on DC maturation were estimated from Piccioli et al. The authors reported that in small 

NK to immature DC ratios (1:5), NK cells initiate DC maturation, while in higher NK to immature DC ratios 

(5:1), NK cells bind to and kill the immature DC’s (Piccioli et al., 2002; Walzer et al., 2005; J. L. Wilson et 

al., 1999). (Banh, Miah, Kerr, & Brossay, 2012). Thus 𝑘𝑘𝑣𝑣 = .2. Figure 3 A of Piccioli was used to estimate 

𝑘𝑘11. This figure gave % specific lysis of DCs for three different NK:DC ratios for two time points, the 

difference between the two measurements divided by the elapsed time gave a rate of NK-activated DC 

maturation for low NK to DC ratios and for NK killing of DCs for high NK:DC ratios. Using a total plating 

density of 2*105 cells/well, the percent of DC’s killed/NK cells was adjusted to yield 𝑘𝑘11. 

IFN-γ enhancement of DC maturation was estimated from Mito et al Figure 1 (Mito et al., 2010). 

In this experiment, DCs were incubated with different concentrations of IFN-γ for 5 days and the relative 

expression of different markers was tracked. Assuming steady state was reached by the end of the 5 days, 

and that CD86 expression is a good metric of maturation, the rate of maturation was fit to Michaelis 

Menten kinetics to get 𝑘𝑘12 and 𝐺𝐺3. 

Despite the fact that 𝑘𝑘10 and 𝐴𝐴 are parameters that represent two distinct biological processes, 

the antigen concentration in the tumor, and the maturation rate of iDCs in response to that antigen; in 

practice, tumor antigen concentration is not measured separately and it’s difficult to define to which 

antigens the DCs are actually reacting. Therefore, the product 𝑘𝑘10𝐴𝐴 was estimated from Zheng et al Figure 

2. Just as before, CD86 expression was used as a surrogate measure of DC maturation. DCs were tracked 

in coculture with breast cancer tumor cells for 24 hours at a ratio of 2 tumor cells to 1 iDC (Zheng et al., 

2012). The baseline level of CD86 MFI without stimulation was subtracted from all cultures and the 

relative maturation as compared to a culture with LPS was used. Thus, the percent of iDCs that matured 

from culture with tumor cells alone as compared to the maximum that could have matured was used to 
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estimate iDC maturation from tumor cells. This and all other DC maturation parameters are summarized 

in Table 4.12.  

Table 4.12 DC maturation parameters in mice 

Parameter Value Meaning Units Source 

𝑘𝑘12 2.7 Maximum enhancement of DC 
maturation by IFN-γ mL/ng (Mito et al., 2010) 

𝐺𝐺3 0.0295 

Concentration of IFN-γ that 
corresponds to half the 
enhancement of the DC 
maturation 

ng/mL (Mito et al., 2010) 

𝐼𝐼1 0.4 Concentration at which capability 
is cut by half ng/mL (Robertson-Tessi, 2010) 

𝑅𝑅1 2.00*107 Concentration at which capability 
is cut by half cell (Robertson-Tessi, 2010) 

𝑘𝑘11 3.51*10-5 Average enhancement of DC 
maturation by NK cells  (Piccioli et al., 2002) 

𝑘𝑘𝑐𝑐 0.20 Ratio at which NK cell enhance DC 
maturation  (Piccioli et al., 2002) 

𝐴𝐴𝑘𝑘10 0.279 Maturation of DCs from contact 
with tumor antigen day-1 (Zheng et al., 2012) 

 

 DCs in lymph nodes 

The rate of migration of DCs to the lymph nodes from the tumor is not clear. Bajénoff et al injected 

with mice with labeled DCs, and Figure S2 does not show labeled DCs in the lymph nodes 6 hours after 

injection but shows them 24 hours after injection.  At 48 hours, the presence of labeled DCs in the lymph 

nodes was back to pre-injected levels (Bajénoff, Granjeaud, & Guerder, 2003). Other mouse studies 

showed that 24 hours after injection, there was significant infiltration of labeled DCs in the lymph nodes 

(Bouma, Burns, & Thrasher, 2007; Del Prete et al., 2007; Pham, Xie, & Gore, 2007; Q. Zhou et al., 2016). 

These studies also agree that this increased infiltration decreases after 48-72 hours post injection (Bouma 

et al., 2007; Del Prete et al., 2007; Pham et al., 2007; Q. Zhou et al., 2016). Thus, a migration rate of 1     

day -1 was used. 
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Unfortunately, data on egress of DCs or their deactivation from the tumor is not available. 

However Torcellan et al found that a majority of the egressing cells from the tumor of mice were 

lymphocytes, despite the fact that majority of the cells in the tumor were neutrophils, macrophages and 

dendritic cells (Torcellan et al., 2017). This would suggest that the egress of DCs from the tumor is not the 

dominant mechanism, and instead it is natural death that is the main reason for loss of DCs from the 

tumor compartment in mice. The natural death of both mature and immature DCs in culture came from 

Figure 2C of Dubois et al. Briefly, the percent of apoptosis after 4 days of culture of either unactivated or 

mature DCs was tracked (Dubois, Waldmann, & Muller, 2005). Assuming the death rate remained 

constant, the death rate of activated unlicensed DCs is 0.06 day-1 and immature DCs is 0.01 day-1. 

The natural clearance rates of dendritic cells from the lymph nodes was estimated from Liu et al, 

who tracked turnover of DCs in the lymphatic periphery of mice (K. Liu et al., 2007). Specifically, the 

following data provided a range of rates of clearance of DCs in the lymphatic periphery: 

Table 4.13 Parameters for clearance of DCs 

day 0 2 5 

max fraction of DCs cleared 0 0.537 0.917 

min fraction of DCs cleared 0 0.454 0.716 

 
The slope of the linear regression DC levels over time yields an average clearance rate between 0.14 and 

0.18. An average clearance was chosen at 𝛿𝛿𝑈𝑈 = 0.16. A different experiment showed DC clearance from 

the spleen of mice to be 𝛿𝛿𝑈𝑈 = 0.11 by fitting the data in Figure 1 in the same way (M. Chen, Huang, 

Shabier, & Wang, 2007). Mempel et al showed that antigen-pulsed DCs stopped presenting to T cells 2 

days after being injected into mice, thus the dominant mechanism of licensed DC loss appears to be 

deactivation rather than egress or death, which leads to 𝛿𝛿𝐷𝐷 = 0.5 (Mempel, Henrickson, & Von Andrian, 

2004). These parameters are summarized in Table 4.14. 

https://www.nature.com/articles/nature02238#Sec2
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Table 4.14 Parameters for mature DCs in mice 

Parameter Value Meaning Units Source 
𝑘𝑘13 1 Migration rate from tumor 

day-1 

(Bajénoff et al., 2003; 
Bouma et al., 2007; Del 
Prete et al., 2007; Pham 
et al., 2007; Q. Zhou et 
al., 2016) 

𝜆𝜆 0.5 Rate of licensing of DCs by CD4+ 
helper T cells day-1 

(Robertson-Tessi, 2010) 

𝛿𝛿𝑈𝑈 0.16 Clearance rate of unlicensed DCs day-1 (K. Liu et al., 2007) 
𝛿𝛿𝐷𝐷 0.50 Clearance rate of licensed DCs day-1 (Mempel et al., 2004) 
𝛿𝛿𝑈𝑈𝑇𝑇 0.06 Clearance rate of unlicensed DCs 

from tumor 
day-1 (Dubois et al., 2005) 

 

 Memory T cells 

To get the total number of tumor-specific memory cells in mice, Sckisel et al Figures 1 and 5 were 

used. First, figure 1B gave the total count of CD8+ and CD4+ T cell in the lymph nodes to be 5.0*106 and 

5.7*106 respectively. Then, Figure 5E gave showed that of the CD8+ T cells in the lymph nodes, 18.8% are 

memory cells. Of the CD4+, only 4.9% are memory cells. This leads to a total memory cell count of 1.2*106 

cells, with 77% CD8+ and 23% CD4+ (Sckisel et al., 2017). Han et al Figure 4A shows that of the CD4+ 

memory cells, for old mice, 48.4% are regulatory T cell and for young mice, 44.6% are regulatory T cell. 

Thus an average value of 46.5% was used (Han, Zhao, Jeyaseelan, & Feng, 2009). This got a total memory 

T cell count in the mouse lymph nodes of 1.2*106 memory T cells. Since these memory T cell populations 

are not tumor-specific, the ratio of total memory T cells to tumor-specific memory T cells was assumed 

to be the same in mice and humans. This leaves 𝑀𝑀 = 1.2 ∗ 102. This, however is an underestimate of the 

total memory T cell count in the body and can significantly limit the immune expansion in response to 

antigen. There is evidence that significant levels of memory T cells remain in the spleen and bone marrow 

after pathogen clearance. In fact, one study found 106 antigen-specific CD8+ T cells remained in the 

spleen for the lifetime of the mice, after viral infection (Murali-Krishna et al., 1998).  This would suggest 
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that 𝑀𝑀 > 1.3 ∗ 106 cells. Other studies show that in fact, the splenic memory T cells are only a small 

proportion, and a majority of the memory cells are in the bone marrow (Tokoyoda et al., 2009). Together, 

these studies suggest that there may be even more tumor-specific memory T cells in mice than these 

estimates suggest. Because of this disparity and a lack of an accurate estimate, the value of 𝑀𝑀 was be 

varied. However, a central value of 8 ∗ 104 cells was used for an initial analysis. 

These mouse parameters are summarized in Table 4.15. 

Table 4.15 Parameters for memory T cells in mice 

Parameter Value Meaning Units Source 
𝑀𝑀 8*104 Total tumor-specific memory T 

cells 
cell (Murali-Krishna et al., 

1998; Sckisel et al., 2017) 
𝑒𝑒𝐸𝐸 0.77 Proportion of memory T cells that 

are CD8+ 
 (Sckisel et al., 2017) 

𝑒𝑒𝐻𝐻 0.11 Proportion of memory T cells that 
are CD4+ helper  

 (Sckisel et al., 2017) 

𝑒𝑒𝑅𝑅 0.12 Proportion of memory T cells that 
are regulatory 

 (Sckisel et al., 2017) 

 

 T cells 

Mazzoni et al Figure 1A was used to estimate the effects of MDSCs on the production of terminally 

differentiated T cells. Proliferation of T cells was measured by Thymidine incorporation, in cpm, in a 2 day 

coculture of a 96 well plate with 4*105  splenocytes per well with different percent of added MDSCs taken 

from tumor bearing mice (Mazzoni et al., 2002). First, a lack of Thymidine incorporation upon the addition 

of a negative control showed that there was negligible amounts of T cell maturation/replication and death 

in the culture without MDSCs, assuming all Thymidine incorporation is coming from division of T cells and 

not other splenocytes. Thus, the percent activation relative to the control was found. The % change in 

terminally differentiated cells was estimated as 𝐸𝐸′ = 𝑎𝑎𝑐𝑐𝑡𝑡𝑎𝑎𝑎𝑎𝑎𝑎𝑡𝑡𝑎𝑎𝑜𝑜𝑛𝑛
𝑡𝑡𝑎𝑎𝑡𝑡𝑐𝑐

 and  
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%𝐸𝐸′ =
𝐶𝐶𝐶𝐶𝐶𝐶𝑅𝑅𝑣𝑣𝐶𝐶𝐶𝐶𝑅𝑅𝐶𝐶𝐶𝐶 𝑏𝑏𝑅𝑅𝐶𝐶ℎ 𝑀𝑀𝐷𝐷𝑆𝑆𝐶𝐶𝑉𝑉 𝐶𝐶𝑎𝑎𝑎𝑎𝑏𝑏𝑎𝑎

𝐶𝐶𝑅𝑅𝑒𝑒𝑏𝑏
𝐶𝐶𝐶𝐶𝐶𝐶𝑅𝑅𝑣𝑣𝐶𝐶𝐶𝐶𝑅𝑅𝐶𝐶𝐶𝐶 𝐶𝐶𝑜𝑜 𝐶𝐶𝑏𝑏𝑔𝑔𝐶𝐶𝐶𝐶𝑅𝑅𝑣𝑣𝑏𝑏 𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝑟𝑟𝐶𝐶𝑣𝑣

𝐶𝐶𝑅𝑅𝑒𝑒𝑏𝑏

=
1

�1 +
𝑘𝑘6𝑊𝑊𝑐𝑐𝑙𝑙𝑡𝑡𝑝𝑝ℎ

𝑊𝑊𝑐𝑐𝑙𝑙𝑡𝑡𝑝𝑝ℎ +  𝐴𝐴𝐸𝐸
�

 
4.219 

because all other values are the same between the two cultures. Assuming that the effects of MDSCs 

saturated for the 
𝑊𝑊𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙ℎ

𝑊𝑊𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙ℎ+𝐴𝐴𝐸𝐸
 ratios in the experiment, 𝑘𝑘6 was found to be 154. Their experiment showed 

that as few as 3% MDSCs lead to an almost entire suppression of T cell proliferation. Binsfeld et al also 

found nearly 100% suppression at 1:1 ratio for PMN MDSCs and about 60% for MO MDSCs (Binsfeld et al., 

2016).  

On the other hand, Figure 2 of Li et al showed that MDSC effects on T cell proliferation were much 

less than what was seen was much less prominent. Specifically, without MDSCs, the percent labeled CD4+ 

T cells was 69% and CD8+ T cells was 79% (Li et al., 2015). Increasing the ratio of MDSCs to T cells lead to 

a decrease in T cell counts that plateaued at 32% for CD4+ T cells and 45% for CD8+ T cells. This leads to 

an estimate of 𝑘𝑘6 of 1.4 in CD4+ T cells and 0.76 for CD8+ T cells. Figure 2 of El Daker would lead to an 

estimate of 𝑘𝑘6 of 1.7 (Daker et al., 2015). Figure 3 of Mao et al would lead to an estimate of 𝑘𝑘6 of 0.25 

(Mao et al., 2013). Figure 4 of Movahedi et al shows a maximal suppression of T cells by MDSCs that yields 

to k6=1.0 for PMN-MDCs and k6=4.67 for MO-MDSCs (Movahedi et al., 2008). Suk Lee et al Figure 2 led 

to estimates for k6 between 4 and 7 for CD4+ T cells (Suk Lee et al., 2019). Liu et al Figure 3B led to 

estimates of 𝑘𝑘6 = 0.4 for CD4+ T cells and 𝑘𝑘6 = 0.6 for CD8+ T cells (Y. Liu et al., 2018). Siegmund’s Figure 

2 leads to estimates for 𝑘𝑘6 from 1 to 1.3 for CD4+ and CD8+ T cells (Siegmund, 2018). Together, these 

studies suggest that the effects of MDSCs on T cell proliferation may vary significantly, thus 𝑘𝑘6 was be 

varied for generation of results, but a value of 𝑘𝑘6 = 1 was chosen for a baseline. 

Genestier et al Figure 4A gave the percent of apoptotic activated T cells in culture over the course 

of 48 hours (Genestier et al., 1998). The number of, for example, tumor CD8+ effector cells in culture 

would satisfy the following ODE if 𝛿𝛿 represents the death of these cells: 𝐸𝐸′ = −𝛿𝛿𝐸𝐸𝐸𝐸, which yields the 
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percent of viable T cells in culture: % 𝑉𝑉𝑅𝑅𝐶𝐶𝑏𝑏𝑣𝑣𝑏𝑏 𝑇𝑇 𝐶𝐶𝑏𝑏𝑣𝑣𝑣𝑣𝑉𝑉 = 𝑏𝑏−𝛿𝛿�𝐸𝐸𝑡𝑡. A least-squares fit of the data to the 

exponential model yielded 𝛿𝛿𝐸𝐸 = 0.083 day-1. Because this is an overall rate for all T cells, an analysis of 

CD4+ and CD8+ T cells independently would lead to a more reliable estimate. Figure 1B of Grayson et al 

gave the percent apoptosis of activated CD4+ T cells in culture for 3 weeks to be 45% (Grayson, Harrington, 

Lanier, Wherry, & Ahmed, 2002). This led to a predicted death rate of activated CD4+ T cells to be  𝛿𝛿𝑅𝑅 =

𝛿𝛿𝐻𝐻 = 0.021 day-1. Niehues et al studied the apoptosis of activated CD4+ and CD8+ T cells in culture. Figure 

3 gave the mean % apoptotic cells prior to activation overnight, which was subtracted from the % 

apoptotic cells after overnight activation culture (Niehues et al., 2002). Assuming that “overnight” 

corresponded to a day in culture, the death rate of activated CD4+ T cells was 𝛿𝛿𝑅𝑅 = 𝛿𝛿𝐻𝐻 = 0.075 day-1 and 

𝛿𝛿𝐸𝐸 = 0.078 day-1. These estimates were chosen over the estimate from Grayson et al due to their 

proximity to the combined rate from Genestier et al. T cell egress rates from the tumor in mice came from 

Figure S5 B of Torcellan et al that gave a rate of egress of labeled T cells from the tumor of mice over time 

(Torcellan et al., 2017). Since they had data only on CD3+ T cells and did not differentiate between helper, 

cytolytic and regulatory, it was assumed all three cell types had the same rate of egress from the tumor. 

From their data, an egress rate of 𝛿𝛿 = 0.32 day-1. Thus, the total clearance is 𝛿𝛿𝐸𝐸𝑇𝑇 = 𝛿𝛿𝐸𝐸 + 𝛿𝛿 = 0.40 day-1 

and 𝛿𝛿𝐻𝐻𝑇𝑇 = 𝛿𝛿𝑅𝑅𝑇𝑇 = 0.39 day-1. 

Half-lives of CD4+ and CD8+ T cells was obtained from deBoer et al, who tracked the time that T 

cells spent in both the expansion stage (𝐴𝐴) and the effector stage, (𝐸𝐸,𝐻𝐻,𝑅𝑅). They got a half-life of 41 

hours for activated CD8+ T cells and a half-life of 3 days for activated CD4+ T cells (De Boer et al., 2003). 

Just like Robertson-Tessi et al, kinetics were assumed to be the same for regulatory T cells and CD4+ T 

cells because data was not sufficient to split them up.  Mempel et al was used to determine the clearance 

of effector memory T cells in mice (Mempel et al., 2004). Figure 3G gave dynamics of T cell activation in 

the lymph nodes after mice were injected with 5*105 DCs and 5*106 T cells. They saw that all the activation 



181 
 

markers (CD25, CD44, and CD69) peaked at 20 hours after transfer of T cells to the mouse. They found 

that it took T cells 2 hours to actually get to the lymph nodes, before activation by contact with DCs started 

taking place. By fitting the expansion rates of cytolytic, helper, and regulatory effector memory cells to 

the data in Figure 3G, it was possible to estimate the clearance rate to be 0.96 day -1. All other T cell 

parameters seen in Table 4.16 were taken from Robertson-Tessi et al and were assumed to be the same 

for mice and humans by assumption (6). 

Table 4.16 Parameters for activated T cells in mice 

Parameter Value Meaning Units Source 
𝛼𝛼1 23 T cell expansion rate day-1 (Robertson-Tessi, 2010) 
𝛼𝛼2 16 T cell expansion rate day-1 (Robertson-Tessi, 2010) 
𝛼𝛼3 9.9 T cell expansion rate day-1 (Robertson-Tessi, 2010) 
𝛼𝛼4 1.9 T cell expansion rate day-1 (Robertson-Tessi, 2010) 
𝛼𝛼5 5.1 T cell expansion rate day-1 (Robertson-Tessi, 2010) 
𝛼𝛼6 2.1 T cell expansion rate day-1 (Robertson-Tessi, 2010) 
𝛼𝛼7 0.022 T cell expansion rate day-1 (Robertson-Tessi, 2010) 

𝛿𝛿𝐴𝐴   0.96 Clearance rate day-1 (Mempel et al., 2004) 

𝛿𝛿𝐸𝐸  0.4 Clearance rate day-1 (De Boer, Homann, & Perelson, 2003) 

𝛿𝛿𝐻𝐻 0.2 Clearance rate day-1 (De Boer et al., 2003) 

𝛿𝛿𝑅𝑅 0.2 Clearance rate day-1 (De Boer et al., 2003) 

𝛿𝛿𝐸𝐸𝑇𝑇 0.40 
Clearance rate day-1 (Niehues et al., 2002; Torcellan et al., 

2017) 

𝛿𝛿𝐻𝐻𝑇𝑇 0.39 
Clearance rate day-1 (Niehues et al., 2002; Torcellan et al., 

2017) 

𝛿𝛿𝑅𝑅𝑇𝑇  0.39 
Clearance rate day-1 (Niehues et al., 2002; Torcellan et al., 

2017) 
𝑘𝑘4 0.33 Memory T cell activation of T cells cell-1 (Robertson-Tessi, 2010) 
𝐶𝐶1 

0.3 
Concentration at which capability 
is cut by half ng/mL 

(Robertson-Tessi, 2010) 

𝑆𝑆3 
1.7 

Concentration at which capability 
is cut by half ng/mL 

(Robertson-Tessi, 2010) 

𝑘𝑘6 1 MDSC maximal suppression of T 
cell activation 

cell -1 (Binsfeld et al., 2016; Daker et al., 
2015; Li et al., 2015; Y. Liu et al., 
2018; Mao et al., 2013; Mazzoni et 
al., 2002; Movahedi et al., 2008; 
Siegmund, 2018; Suk Lee et al., 2019) 

𝑆𝑆2 
2.9 

Concentration at which capability 
is cut by half ng/mL 

(Robertson-Tessi, 2010) 
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 NK cells  

Figure 1B of Banh et al gave NK cell counts in healthy mice in the blood to be 2*104 cells (Banh, 

Miah, Kerr, & Brossay, 2012). Solving for steady state production rate without tumor that would lead to 

this NK level in mice yields 𝑁𝑁𝐵𝐵 = 𝑃𝑃𝑁𝑁
𝑘𝑘16+𝛿𝛿𝑁𝑁𝐵𝐵

 and  𝑁𝑁𝐷𝐷 = 𝑘𝑘16 𝑃𝑃𝑁𝑁
𝑏𝑏𝑁𝑁𝐷𝐷 (𝑘𝑘16+𝛿𝛿𝑁𝑁𝐵𝐵)

. Thus, at steady state, 𝑃𝑃𝑁𝑁 can be found 

to be 2.68*103 cell/day.  In mice, the circulating half-life of mature NK cells are found to be 7-10 days (Y. 

Zhang et al., 2007). This leaves an average clearance of 𝛿𝛿𝑁𝑁𝐷𝐷 = 0.084 day-1. As for humans, it was assumed 

that clearance from the circulation was the same as for the lymphatic system because of the constant 

fluid exchange between the two compartments. 

𝑘𝑘16 was estimated to match the proportion of NK cells in the blood to NK cells in lymph nodes in 

at steady state without a tumor present. NK cells represent as much as 7% of the total mononuclear cells 

isolated from uninflamed lymph nodes of healthy patients (G. Ferlazzo et al., 2004), whereas in the blood, 

NK cells make up to 20% of the mononuclear cells (Mempel et al., 2004).  Similarly, lymph nodes contain 

40% of all lymphocytes in the body whereas the peripheral blood contains only 2% (G. Ferlazzo et al., 

2004). This leads to an estimate of 𝑘𝑘16 = 0.143. Although these estimates are for humans, due to a lack 

of such data in mice, this was assumed to be the same across species. 

Cao et al was used to estimate kill of NK cells by regulatory T cells (Cao et al., 2007). In their 

experiment, a total of 2*106 Tregs were incubated with NK cells for 3 hours and a percent of NK death by 

Tregs was measured in Figure 6c. They compared this to a culture that was treated with PC61 CD25 

antibody which depleted Tregs by 72%, yielding 𝛼𝛼8 = 9.28 ∗ 10−5. 

The proliferation of NK cells was estimated using Ferlazzo et al Figure 1 A.  Varying concentrations 

of unlicensed and licensed DCs were cultured with NK cells for 5 days, and thymidine incorporation was 

measured in cpm. When NK cells were plated with a negative control, the thymidine incorporation levels 

stayed constant, ensuring that all expansion came from the DCs, and according to the authors, the 
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numbers of DCs in the cultures also remained steady, suggesting all thymidine incorporation came from 

expansion of NK cells (Guido Ferlazzo et al., 2002). The relative percent increase in NK cell proliferation 

compared to the negative control was found and fit to Michaelis-Menten kinetics to get 𝑘𝑘5=2.7*10-3 day-

1 and 𝐷𝐷0=5.3*10-2 cell.   

Finally, NK cell exhaustion from killing tumor cells varied greatly. Studies range from a 1-1 kill to 

NK cells being able to kill multiple targets serially, to even an indefinite killing (Bhat Rauf & Watzl, 2007; 

Choi & Mitchison, 2013; de Pillis et al., 2005; Poggi et al., 2005; Srpan et al., 2018; Topham & Hewitt, 

2009). Whereas some studies assert that  “after lysis of one target cell, NK cells can dissociate and move 

on to discern the state of health of another cell [and] most target cells die as a result of serial killing,” 

(Srpan et al., 2018), Poggi et al show that “NK cells undergo apoptosis upon interaction with tumor cells,” 

(Poggi et al., 2005). In fact, Figure 2b of Poggi et al shows that while almost all NK cells undergo apoptosis 

when they are cultured at high tumor to NK cell ratios (5:1 or 1:1), as the tumor to NK cell ratio decreases, 

so does the NK cell apoptosis.  At a ratio of 10 NK cells to each tumor cell, only about 10% more NK cells 

undergo apoptosis than the baseline of NK cells alone. This suggests that a 1:1 kill might be accurate (Poggi 

et al., 2005). Finally, by culturing NK cells with tumor cells at different E:T ratios, Bhat et al found that NK 

cells kill an average of 4 cells before getting exhausted. de Pillis et al independently got that NK cells can 

kill 3.23 tumor cells before exhaustion by fitting to experimental data, (Bhat Rauf & Watzl, 2007; de Pillis 

et al., 2005; Diefenbach, Jensen, Jamieson, & Raulet, 2001). Other studies show that a single NK cell can 

kill up to seven targets in 12 hours or even 10 targets in 6 hours (Choi & Mitchison, 2013; Srpan et al., 

2018). 𝛽𝛽 was chosen from this range to be ¼ as baseline, although it was allowed to vary. All of these 

parameters are summarized in Table 4.17. 
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Table 4.17 Parameters for NK cells in mice 

Parameter Value Meaning Units Source 
𝑃𝑃𝑁𝑁 2.68*103 Production of NK bright cells cell  day-1 (Banh et al., 2012) 
𝑘𝑘5 

2.7*10-3 
Maximal enhancement of NK 
proliferation by DCs day-1 

(Guido Ferlazzo et al., 
2002) 

𝐷𝐷0 

5.3*10-2 

DC levels that correspond to half 
the enhancement of the NK 
proliferation by DCs cell 

(Guido Ferlazzo et al., 
2002) 

𝛼𝛼8 9.28*10-5 Average Treg kill of NK cells day-1 cell-1 (Cao et al., 2007) 
𝑘𝑘16 0.143 Formation of Dims from Brights day-1 (G. Ferlazzo et al., 2004) 
𝛽𝛽 

1/4 
Number of NK cells that die from 
killing a single tumor cell  

(Bhat Rauf & Watzl, 2007; 
Choi & Mitchison, 2013; de 
Pillis et al., 2005; Poggi et 
al., 2005; Srpan et al., 
2018; Topham & Hewitt, 
2009) 

𝛿𝛿𝑁𝑁𝐷𝐷  0.084 Clearance of NK cells from blood day-1 (Y. Zhang et al., 2007) 
𝛿𝛿𝑁𝑁𝐵𝐵  0.084 Clearance of NK cells from lymph 

nodes day-1 
(Y. Zhang et al., 2007) 

𝛿𝛿𝑁𝑁 0.068 Clearance of NK cells from tumor day-1 (Cao et al., 2007) 
 

 MDSCs 

Foks et al found that upon injection of non-tumor-bearing mice with adoptively transferred 

MDSCs, the circulating MDSC levels went from 30.4% on day 3 to 25.5% on day 9, whereas the control 

mice went from 10.6% on day 3 to 12.7% on day 9 (Foks et al., 2016). Thus, the baseline level of control 

mice—those not adoptively transferred with MDSCs were subtracted from the MDSC mice to see the rate 

of depletion of adoptively transferred MDSCs from the blood of non-tumor-bearing mice. Assuming these 

cells were not proliferating—as MDSCs are mostly found to proliferate in the bone marrow and not in 

circulation per Schlecker et al—the change in these cells would come directly from natural clearance 

(Schlecker et al., 2012). Therefore, the ratio between the amount of adoptively transferred MDSCs in 

circulation on day 3 and day 9 led to an estimate of the clearance rate. Assuming that the increase in 
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percent of MDSCs corresponded to a proportional increase in the count of MDSCs, the following was 

assumed to hold:  

𝑊𝑊𝑐𝑐(3)
𝑊𝑊𝑐𝑐(9) =

𝑏𝑏−3𝛿𝛿𝑊𝑊𝑐𝑐

𝑏𝑏−9𝛿𝛿𝑊𝑊𝑐𝑐
= 𝑏𝑏(6)𝛿𝛿𝑊𝑊𝑐𝑐  4.220 

Thus, if these non-tumor-bearing LDLr-/-
 mice have similar MDSC clearance rates as healthy mice, the 

murine MDSC clearance rate was estimated 𝛿𝛿𝑊𝑊𝐶𝐶 = 0.074 𝑎𝑎𝐶𝐶𝑑𝑑−1. 

The estimate for mouse 𝑃𝑃𝑊𝑊 came from Forghani et al Figure 1B. In control mice, the blood levels 

of MDSCs were for CD11b+Ly6G+ a total of 5*105  cells, for CD11b+Ly6C+ a total of 2*105  cells, leading to 

a total count of 7*105  cells (Forghani, Petersen, & Waller, 2017). At steady state without any tumor, 𝑃𝑃𝑊𝑊 =

𝛿𝛿𝑊𝑊𝐶𝐶𝑊𝑊𝐶𝐶, which got 𝑃𝑃𝑊𝑊 = 5.2 ∗ 104  in mice.   

The rate of clearance of MDSCs from the tumor comes from Movahedi et al Figure 2C. In their 

experiment, the BRDU incorporation by MDSCs in the tumor was tracked over time for both CD11b+Gr-

1hi and CD11b+Gr-1int labeled immune cells (Movahedi et al., 2010). Although the authors called these 

cells macrophages, these markers are consistent with markers used to track MDSCs (Katoh & Watanabe, 

2015). This got 𝛿𝛿𝑊𝑊 = 0.44 day-1 for M-MDSCs and 𝛿𝛿𝑊𝑊 = 0.04 day-1 for G-MDSCs. Torcellan et al found that 

a majority of the egressing cells from the tumor of mice were lymphocytes, despite the fact that majority 

of the cells in the tumor were myeloid lineage—which includes MDSCs (Torcellan et al., 2017). This would 

suggest that it is likely that if the clearance rate is mostly egress, 𝛿𝛿𝑊𝑊 = 0.04 day-1 is closer to the clearance 

of all MDSCs in the tumor. Note that this could also suggest that MDSCs are leaving the tumor due to 

death and not egress to the lymph nodes, then the maximal rate of death of MDSCs in the tumor is 𝛿𝛿𝑊𝑊 =

0.44 day-1.   All the mouse MDSC parameters are summarized in Table 4.18. 
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Table 4.18 Parameters for MDSCs in mice 

Parameter Value Meaning Units Source 
𝑃𝑃𝑊𝑊 5.2*104 Baseline MDSC production cell/day (Forghani et al., 2017) 
𝛿𝛿𝑊𝑊 0.04 Clearance of MDSCs day-1 (Movahedi et al., 2010) 
𝛿𝛿𝑊𝑊𝐶𝐶  0.074 Clearance of MDSCs day-1 (Foks et al., 2016)  

 

 Macrophages 

An estimate of 𝜏𝜏𝜃𝜃 came from the time that macrophages are normally primed for in experiments. 

Since priming is meant to select for either type 1 or 2 macrophages, the transition from one type to the 

other was assumed to be the same as the priming time. These estimates ranged from 8 hours, 24 hours 

to 72 hours (Darwich et al., 2009; Sodhi, Singh, & Singh, 1992b; Xie et al., 2016). Thus a rate of 1 day-1 was 

chosen from that range. Norton et al supports that the polarization happens on a time scale of 24 hours 

(Norton, Dunn, McCall, Munro, & Kemp, 2016). Thus 𝛿𝛿𝜃𝜃Φ = 1 𝑎𝑎𝐶𝐶𝑑𝑑−1. 

𝑘𝑘20 and 𝑘𝑘22 were estimated from the conversion from M1 to M2 macrophages upon the addition 

of TGF-β and IL-10, respectively. For 𝑘𝑘22, differing concentrations of TGF-β were cultured with 

macrophages for 3 days and the relative M1 activity was measured. Solving the ODE of the polarization 

rate yielded: 

𝜃𝜃Φ =
𝑘𝑘20𝑆𝑆𝑇𝑇
𝛿𝛿𝜃𝜃Φ

+ �̌�𝐶𝑏𝑏−𝛿𝛿𝜃𝜃Φ𝑡𝑡 4.221 

with the percent M1 macrophages given by equation 4.111. Thus fitting for 𝐶𝐶 and 𝑘𝑘20 simultaneously 

yielded 𝑘𝑘20 = 1.03𝐸𝐸 − 2 mL/ng to get the proportion of M1 macrophages seen experimentally 

(Tsunawaki, Sporn, Ding, & Nathan, 1988).  

𝑘𝑘20 was fit similarly, but with the polarization rate given by equation 4.223 and data on 

polarization stemming from Jiang et al. 
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𝜃𝜃Φ =
𝑘𝑘22𝐼𝐼𝑇𝑇
𝛿𝛿𝜃𝜃Φ

+ �̌�𝐶𝑏𝑏−𝛿𝛿𝜃𝜃Φ𝑡𝑡 4.222 

In their experiment, CD80 was used as a marker for M1 macrophages, and the percent M1 macrophages 

was estimated for addition of 0 or 20 ng of IL-10 into a 12 well plate for 5 days (Jiang et al., 2016). Thus 

the experimental data was fit to the model to get 𝑘𝑘22=1.97 mL/ng day-1. 

To estimate 𝑘𝑘21, data from Qin et al Figure 1A were used. The effects of 10ng/mL IFN-γ on 

macrophage M1 markers were measured after 48 hours (Qin et al., 2016). The induction of M1 

macrophage markers from IFN-γ depended greatly on the marker, ranging between %𝑀𝑀1(𝐺𝐺 =

10 𝐶𝐶𝑔𝑔/𝑒𝑒𝐿𝐿)/%𝑀𝑀1(𝐺𝐺 = 0 𝐶𝐶𝑔𝑔/𝑒𝑒𝐿𝐿) = 1.2 to %𝑀𝑀1(𝐺𝐺 = 10 𝐶𝐶𝑔𝑔/𝑒𝑒𝐿𝐿)/%𝑀𝑀1(𝐺𝐺 = 0 𝐶𝐶𝑔𝑔/𝑒𝑒𝐿𝐿) = 70.4 

although most values fell between 1 and 10. Because of the maximum is so much greater than most of 

the data, outliers were filtered out. After that, the average increase in 𝑀𝑀1 polarization from IFN-γ was 3.88 

times. It was assumed that an increase in surface markers corresponded to a similar increase in M1 

macrophages. Just as before,  

𝜃𝜃Φ = −
𝑘𝑘21𝐺𝐺𝑡𝑡𝑡𝑡𝑡𝑡𝑜𝑜𝑟𝑟

𝛿𝛿𝜃𝜃Φ
+ �̌�𝐶𝑏𝑏−𝛿𝛿𝜃𝜃Φ𝑡𝑡 4.223 

Doing a least-squares fit for both 𝑘𝑘21 and 𝐶𝐶 �yields 𝑘𝑘21=0.14 mL/ng day-1.  

Torcellan et al found that a majority of the egressing cells from the tumor of mice were 

lymphocytes, despite the fact that majority of the cells in the tumor were neutrophils, macrophages and 

dendritic cells (Torcellan et al., 2017). This would suggest that the egress of macrophages from the tumor 

is not the dominant mechanism, and instead it is natural death that is the main reason for loss of 

macrophages from the tumor compartment in mice. Macrophages in the intestines have a low turnover 

in situ (Bain et al., 2014). Estimates for macrophage half-life in inflamed colorectal tissues are 3-6 weeks 

(Bain et al., 2014; Ginhoux & Jung, 2014; Grainger, Konkel, Zangerle-Murray, & Shaw, 2017; Italiani & 

Boraschi, 2014; Jaensson et al., 2008; Shaw et al., 2018).  From that range, a half-life of 30 days was chosen 
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which yields a death rate of macrophages of  𝛿𝛿Φ = 0.023 𝑎𝑎𝐶𝐶𝑑𝑑−1. All macrophage parameters are 

summarized in Table 4.19: 

Table 4.19 Parameters for macrophages in mice 

Parameter Value Meaning Units Source 
𝛿𝛿𝜃𝜃Φ  1 Rate of Macrophage polarization day-1 (Norton et al., 2016) 
𝑘𝑘20 0.010 M1 to M2 conversion mL/ng day (Tsunawaki et al., 1988) 
𝑘𝑘21 0.14 M2 to M1 conversion mL/ng day (Qin et al., 2016) 
𝑘𝑘22 1.97 M1 to M2 conversion mL/ng day (Jiang et al., 2016) 
𝛿𝛿Φ 

0.023 death of macrophages day-1 

(Bain et al., 2014; Ginhoux 
& Jung, 2014; Grainger et 
al., 2017; Italiani & 
Boraschi, 2014; Jaensson 
et al., 2008; Shaw et al., 
2018) 

 

 Relating cell counts in lymph nodes and blood 

It was assumed that there is equilibration of cell densities between the lymph and blood 

compartments on a fast-enough time scale as to be approximately instantaneous. The ratios of cell 

densities between the two compartments were therefore taken as constant parameters, dependent only 

on the cell type (here denoted by “𝑋𝑋”): 

𝜋𝜋𝑋𝑋 =
𝑋𝑋𝑐𝑐𝑙𝑙𝑡𝑡𝑝𝑝ℎ

𝑋𝑋𝑏𝑏𝑐𝑐𝑜𝑜𝑜𝑜𝑏𝑏
 4.224 

The total number of T cells in all the lymph nodes of mice sans tumors came from Sckisel et al, Figure 1B, 

5.0*106 for CD8+ and 5.7*106 for CD4+ T cells (Sckisel et al., 2017). Han et al Figure 1D shows that of the 

CD4+ T cells in the lymph nodes, regulatory T cells constitute 7-15% depending on the age of the mouse. 

Thus an average value of 12% was used (Han et al., 2009). In the blood of non-tumor-bearing mice, 3.6% 

of PBMCs are CD4+ T cells and 8.3% of PBMCs are CD8+ T cells per Figure 1 of Kakugawa et al (Kakugawa 

et al., 2009). From Table 1 of Nemzek et al, the total PBMCs in a mouse are 11.2*103 cells/μL. This leads 

to a total PBMC cell count of 1.64*107 cells in the entire mouse (Nemzek, Bolgos, Williams, & Remick, 



189 
 

2001). Of the blood CD4+ T cells, 8% are regulatory T cells according to Figure 1 of Churlaud et al (Churlaud 

et al., 2015). Finally, in the blood of mice that don’t have tumors, there are 11.9*105  PMN-MDSCs/mL 

blood and 3.8*105  M-MDSCs/mL blood. This means the total MDSC count in the entire circulation of 

healthy mice is 2.29*106 MDSCs (Schlecker et al., 2012). In non-tumor-bearing mice, the percent of all 

lymph node cells that are MDSCs is 0.25%.  This means that the total number of MDSCs in healthy mouse 

lymph nodes is 1.18*107 cells (Cuenca et al., 2011).  These values are summarized in Table 4.20.  

Table 4.20 Blood and lymph cell counts in mice  

Cell Blood counts Lymph counts 

CD8+ T cell 1.4*106 5.0*106 
CD4+ helper T cell 5.4*105 5.0*106 
Regulatory T cell 4.7*104 6.8*105 
MDSCs 2.3*106 1.2*107 

 
Finally, T cells in the lymph nodes and blood were adjusted by the percent that are tumor specific 

from Table 4.1 per assumption (1). From that data, it was possible to find the ratio of these cells between 

the lymph nodes and the circulation. These mouse parameters are summarized in Table 4.21. 

Table 4.21 Parameters for relating blood and lymph cell counts in mice  

Parameter Value Meaning Source 
𝜋𝜋𝐸𝐸 8 Ratio of CD8+ T cells in blood and 

lymph 
(Kakugawa et al., 2009; Nemzek et al., 
2001; Sckisel et al., 2017) 

𝜋𝜋𝐻𝐻 20 
Ratio of CD4+ helper T cells in 
blood and lymph 

(Churlaud et al., 2015; Han et al., 2009; 
Kakugawa et al., 2009; Nemzek et al., 
2001; Sckisel et al., 2017) 

𝜋𝜋𝑅𝑅 32 
Ratio of regulatory T cells in blood 
and lymph 

(Churlaud et al., 2015; Han et al., 2009; 
Kakugawa et al., 2009; Nemzek et al., 
2001; Sckisel et al., 2017) 

𝜋𝜋𝑊𝑊 5 
Ratio of MDSCs in blood and lymph 

(Cuenca et al., 2011; Schlecker et al., 
2012) 
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 IL-2 production 

The parameters for IL-2 production by T cells were taken directly from Robertson-Tessi et al. 

However, that model accounted for cytokine production by cells in a single lymph node, whereas the 

present model considers production by cells in all lymph nodes. Robertson-Tessi et al estimated the per-

cell production rate of IL-2 by tumor specific CD4+ T cells to be 1.02*10-5 ng/cell day (Robertson-Tessi, 

2010). This was adjusted by the total volume of all lymph nodes in mice per assumption (3) to obtain the 

whole-body production rate, which was then used to estimate 𝑀𝑀𝑐𝑐. 

The half-life of circulating IL-2 in mice was found to be 3.7 minutes, leading to an estimate for the 

clearance rate for IL-2 to be 0.0037 (Donohue & Rosenberg, 1983). The value of 𝜋𝜋𝐶𝐶𝑇𝑇→𝐵𝐵 comes from 

assumption (5) and the value of 𝜋𝜋𝐶𝐶𝐵𝐵→𝑇𝑇 comes from fitting to Table 4.5. Because of a lack of data for IL-2, 

IL-12 data was used as an estimate for this parameter. Transport to and from the lymph nodes came 

directly from assumption (5). Other parameters are assumed to be the same as that found in humans from 

Robertson-Tessi et al. 

Table 4.22 Parameters for IL-2 production in mice 

Parameter Value Meaning Units Source 
𝑃𝑃𝐶𝐶  0 Baseline production of IL-2 ng/ mL day  
𝑀𝑀𝐶𝐶  

8.14*10-5 
Cellular production of IL-2 ng/ mL cell 

day 
(Robertson-Tessi, 2010) 

𝐼𝐼2 0.75 Concentration of IL-10 where half 
the suppression of IL-2 production 
occurs ng/mL 

(Robertson-Tessi, 2010) 

𝑆𝑆4 0.9 Concentration of TGF-β where half 
the suppression of IL-2 production 
occurs ng/mL 

(Robertson-Tessi, 2010) 

𝜋𝜋𝐶𝐶𝐵𝐵→𝐿𝐿 3.8 Transport from blood to lymph day-1 (Shrewsbury, 2013) 

𝜋𝜋𝐶𝐶𝐿𝐿→𝐵𝐵 0.99 Transport from lymph to blood day-1 (Shrewsbury, 2013) 
𝜋𝜋𝐶𝐶𝐵𝐵→𝑇𝑇 25.7 Transport from blood to tumor day-1 (Nabizadeh et al., 2016) 
𝜋𝜋𝐶𝐶𝑇𝑇→𝐵𝐵 

2.57 
Transport from tumor to blood 

day-1 
(Baxter & Jain, 1989, 
1991b) 

𝜏𝜏𝐶𝐶  
0.0037 

Clearance rate from blood 
day 

(Donohue & Rosenberg, 
1983) 
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 TGF-β production  

TGF-β production by regulatory T cells was taken from Robertson-Tessi et al to get a production 

rate of TGF-β of 1.08*10-8 ng/cell per day (Robertson-Tessi, 2010). To get a rate of change of the 

concentration, the production was divided by the total volume of all the lymph nodes from assumption 

(3). This yields 𝑀𝑀1 = 2.39 ∗ 10−9ng/ mL cell-1 day-1. Similarly, 𝑀𝑀7 = 1.08 ∗ 10−8 ng cell-1 day-1. Finally, 

Robertson-Tessi et al estimated a TGF-β production rate by tumor cells at 6.60*10-8 ng/cell per day, giving 

𝑀𝑀2 = 6.60 ∗ 10−8 ng cell-1 day-1 (Robertson-Tessi, 2010).  

TGF-β production by M1 and M2 macrophages was estimated from Raggi et al, Figure 1 C. In this 

experiment, 8*105  M1 and M2 macrophages were separately plated in a 1 mL for 24 hours (Raggi et al., 

2017). Assuming that the production did not saturate in 24 hours and the macrophage count was 

constant, the production rate of TGF-β was 6.16*10-7 ng/cell per day for M2 macrophages and 3.93*10-6 

ng/cell per day for M1 macrophages. This was adjusted by the total lymph volume by assumption (3) to 

obtain 𝑀𝑀13 and 𝑀𝑀14. 

Production of TGF-β by MDSCs was estimated from Shvedova et al Figure 6. In their experiments, 

10^7 MDSCs/plate were cultured in a 6-well plate for 24 hours and produced 198.2 ng/mL of TGF-β 

(Shvedova et al., 2015). Assuming that the production did not saturate during the experiment and the 

number of MDSCs in culture did not change significantly during the experiment, this yielded 𝑀𝑀5 = 7.6 ∗

10−5 ng cell-1 day-1.  

TGF-β was found to have a half-life of 2-3 minutes in mice, leading to a clearance of 𝜏𝜏𝑆𝑆 = 0.0025 

day (Wakefield et al., 1990).  

The value of 𝜋𝜋𝑆𝑆𝑇𝑇→𝐵𝐵 came from assumption (3) and the value of 𝜋𝜋𝑆𝑆𝐵𝐵→𝑇𝑇 comes from fitting to Table 

4.5. Transport to and from the lymph nodes came directly from assumption (5). These parameters are 

summarized in Table 4.23. 
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Table 4.23 Parameters for TGF-β production in mice 

Parameter Value Meaning Units Source 

𝑃𝑃𝑆𝑆 0 Baseline production of TGF-β ng/ mL day-1  

𝑀𝑀1 2.31*10-9 Cellular production of TGF-β ng/ mL cell-1 

day-1 (Robertson-Tessi, 2010) 

𝑀𝑀2 6.60*10-8 Cellular production of TGF-β ng cell-1 day-1 (Robertson-Tessi, 2010) 
𝑀𝑀5 7.6*10-5 Cellular production of TGF-β ng cell-1 day-1 (Shvedova et al., 2015) 

𝑀𝑀7 1.08*10-8 Cellular production of TGF-β ng cell-1 day-1 (Robertson-Tessi, 2010) 

𝑀𝑀13 8.8*10-10 Cellular production of TGF-β ng cell-1 day-1 (Raggi et al., 2017) 
𝑀𝑀14 5.6*10-10 Cellular production of TGF-β ng cell-1 day-1 (Raggi et al., 2017) 

𝜋𝜋𝑆𝑆𝐵𝐵→𝐿𝐿 3.8 Transport from blood to lymph day-1 (Shrewsbury, 2013) 

𝜋𝜋𝑆𝑆𝐿𝐿→𝐵𝐵 0.99 Transport from lymph to blood day-1 (Shrewsbury, 2013) 
𝜋𝜋𝑆𝑆𝐵𝐵→𝑇𝑇 23.4 Transport from blood to tumor day-1 (Nabizadeh et al., 2016) 

𝜋𝜋𝑆𝑆𝑇𝑇→𝐵𝐵 2.57 
Transport from tumor to blood 

day-1 
(Baxter & Jain, 1989, 
1991b) 

𝜏𝜏𝑆𝑆 0.0025 Clearance rate from blood day (Wakefield et al., 1990) 
 

 IL-10 production 

For IL-10 secretion by regulatory T cells and tumor cells, Robertson-Tessi et al parameters were 

used. Their study estimated the per cell production rate of IL-10 by Tregs to be 8.40*10-9 ng/cell day. From 

this estimate by adjusting for the volume of each compartment per assumption (3),  𝑀𝑀3 = 1.80 ∗ 10−9 

ng/mL cell day and 𝑀𝑀17 = 8.40 ∗ 10−9 ng/cell day. Similarly, Robertson-Tessi et al estimated the per cell 

production rate of IL-10 by tumor cells to be 7.80*10-11 ng/ cell day.  

For IL-10 secretion by macrophages, Qi et al Figure 2E was used. 6*105  macrophages were plated 

on a 5mL 6-well plate. Of these, more than 95% were M2 macrophages after induction. Assuming only M2 

macrophages secrete the IL-10 and when subtracting out baseline IL-10 levels without any macrophages, 

600pg/L concentration was obtained given a 24 hour culture (Qi et al., 2016). Assuming that the 

production did not saturate in 24 hours and the number of macrophages in culture did not change 

significantly during the experiment, the production rate of IL-10 was between 5*10-9 ng/cell per day and 

5.3*10-9 ng/cell per day, depending on where in the range of 95% M2 macrophages-100% M2 
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macrophages the induction occurred. The production rate was found by averaging across the minimum 

and maximum and adjusting by the total lymph volume.  

Murine IL-10 was found to have a half-life of 0.098 day in mice, leading to 𝜏𝜏𝐼𝐼 = 0.14 day (H. M. 

Alvarez et al., 2012). Transport of IL-10 was estimated from assumption (5) and Table 4.5, to get 𝜋𝜋𝐼𝐼𝐿𝐿→𝐵𝐵, 

𝜋𝜋𝐼𝐼𝐵𝐵→𝐿𝐿, 𝜋𝜋𝐼𝐼𝐵𝐵→𝑇𝑇, and 𝜋𝜋𝐼𝐼𝑇𝑇→𝐵𝐵. All the IL-10 parameters are summarized in Table 4.24. 

Table 4.24 Parameters for IL-10 production in mice 

Parameter Value Meaning Units Source 

𝑃𝑃𝐼𝐼 0.0016 Baseline production of TGF-β ng/ mL day-1  
𝑀𝑀3 

1.80*10-9 Cellular production of IL-10 ng/ mL cell-1 

day-1 (Robertson-Tessi, 2010) 

𝑀𝑀4 7.8*10-11 Cellular production of IL-10 ng cell-1 day-1 (Robertson-Tessi, 2010) 
𝑀𝑀11 5.13*10-9 Cellular production of IL-10 ng cell-1 day-1 (Qi et al., 2016) 
𝑀𝑀17 8.40*10-9 Cellular production of IL-10 ng cell-1 day-1 (Robertson-Tessi, 2010) 

𝜋𝜋𝐼𝐼𝐵𝐵→𝐿𝐿 3.8 Transport from blood to lymph day-1 (Shrewsbury, 2013) 

𝜋𝜋𝐼𝐼𝐿𝐿→𝐵𝐵 0.99 Transport from lymph to blood day-1 (Shrewsbury, 2013) 
𝜋𝜋𝐼𝐼𝐵𝐵→𝑇𝑇 12.9 Transport from blood to tumor day-1 (Nabizadeh et al., 2016) 
𝜋𝜋𝐼𝐼𝑇𝑇→𝐵𝐵 

2.57 
Transport from tumor to blood 

day-1 
(Baxter & Jain, 1989, 
1991b) 

𝜏𝜏𝐼𝐼 0.14 Clearance day (H. M. Alvarez et al., 2012) 
 

 IFN-γ production 

T cell production of IFN-γ was estimated from Pandiyan et al Figure 3A. 1*107 CD8+ T cells/mL 

were stimulated and cultured for 7 days; the IFN-γ levels were tracked over time (Pandiyan, Hegel, 

Krueger, Quandt, & Brunner-Weinzierl, 2014). However, the IFN-γ levels affect the T cell production of 

IFN-γ. Thus, these experimental had to satisfy the following differential equation, assuming that CD8+ T 

cell levels remained constant throughout the experiment: 

𝐺𝐺′ = (𝑀𝑀9𝐶𝐶𝑈𝑈𝐿𝐿𝑇𝑇𝑈𝑈𝑅𝑅𝐸𝐸𝐴𝐴𝐸𝐸)
(1 + 𝑀𝑀16𝐺𝐺)
𝐺𝐺4 + 𝐺𝐺

 
4.225 

A least squares best fit was performed for the three variables. It is assumed that the IFN-γ effects are the 

same in culture and in vivo, however, the total production of IFN-γ per T cell needed to be translated to 
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the total concentration of IFN-γ in the lymph nodes per assumption (3) to get  𝑀𝑀9 = 1.48 * 10-7 ng/mL  

day-1 cell-1. 

Kasahara et al found that on average, CD4+ helper T cells made 52.5% of the IFN-γ that CD8+ T 

cells did (Kasahara et al., 1983). Thus 𝑀𝑀10 = 0.525 𝑀𝑀9. It was assumed that IFN-γ effects on increase in 

production of IFN-γ were the same for both T cell subtypes. 

To estimate IFN-γ production by NK cells, Figure 2 of Ing et al was used. They showed that NK cells 

did not produce nearly any IFN-γ without the presence of DCs and that direct contact between DCs and 

NK cells was required to get the full IFN-γ production from the coculture. In 24 hours, with cultures with 

106  NK cells and 106 DCs per well in a 96 well plate, 0.6ng/mL of IFN-γ were produced (Ing & Stevenson, 

2009). Adjusting for the size of a well, 360uM, yielded a production of IFN-γ by NK cells upon binding with 

DCs of 2.16*10-13 ng/day cell-2. Adjusting for the total lymph volume yields 𝑀𝑀8 =1.7*10-12 ng/mL day-1 cell-

2.  

To estimate the effects of IL-2 on this production, Fehninger et al Figure 2B was used. In a 200μL 

culture with 2*104 NK cells, and varying concentrations of IL-2, IFN-γ production was tracked after 72 

hours (Fehniger et al., 2003). This was fit to Michaelis Menten kinetics to get 𝑀𝑀6 =3.7*10-9 ng/mL cell day 

and 𝐶𝐶3 =0.10 ng/mL. A different source led to an estimate of 𝑀𝑀6 =1.9*10-9 ng/mL cell day (Kim et al., 

2004). 𝑀𝑀6 =2.1*10-9 ng/mL cell day was chosen from that range. 

Production of IFN-γ by macrophages was estimated from Darwich et al Figure 3. 1*104 

macrophages were incubated for 3 days in a 96 well-plate and the production of IFN-γ with no stimulation 

was 0.01ng/mL (Darwich et al., 2009). Thus, a production rate/cell/day could be found assuming the 

production rate did not saturate and the number of macrophages in culture did not change significantly 

during the experiment to yield 𝑀𝑀12 = 6.7 ∗ 10−7 ng/cell day.  
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Production of IFN-γ by DCs was found from Pan et al. They cultured 106 DCs/mL for 24 hours and 

saw that the production of IFN-γ was 0.09 ng/mL (Pan et al., 2004). Assuming the production did not 

saturate and that the DCs in culture stayed constant, this led to a production rate of IFN-γ of 9*10-8 ng/cell 

day. It was adjusted by the total lymph volume from assumption (3) to get 𝑀𝑀15 =4.8*10-8 ng/mL cell day. 

The effects of TGF-β on T cell production of IFN-γ came from Bright et al Figure 7 (Bright & Sriram, 

1998). Since this data is for all T cells, it was assumed that CD4+ and CD8+ T cells are affected by TGF-β in 

the same way. In this experiment, IFN-γ production by T cells after 24 hours was tracked for various TGF-

β concentrations. From equation 4.190, the production of IFN-γ by T cells relative to the no TGF-β 

production can be found as follows. 

[𝑃𝑃𝑟𝑟𝐶𝐶𝑎𝑎𝑅𝑅𝐶𝐶𝐶𝐶𝑅𝑅𝐶𝐶𝐶𝐶 𝑏𝑏𝑑𝑑 𝑇𝑇 𝐶𝐶𝑏𝑏𝑣𝑣𝑣𝑣𝑉𝑉 ]
[𝑃𝑃𝑟𝑟𝐶𝐶𝑎𝑎𝑅𝑅𝐶𝐶𝐶𝐶𝑅𝑅𝐶𝐶𝐶𝐶 𝑏𝑏𝑑𝑑 𝑇𝑇 𝐶𝐶𝑏𝑏𝑣𝑣𝑣𝑣𝑉𝑉 𝑜𝑜𝐶𝐶𝑟𝑟 𝑆𝑆𝐿𝐿 = 0 ]

=  
1

1 + 𝑆𝑆
𝑆𝑆6

  
4.226 

Thus the relative production of IFN-γ, as defined by the amount produced divided by the time in culture 

over the rate of production in the no TGF-β case was least squares fit to equation 4.226 to get 𝑆𝑆6 = 1.84 

ng/mL. 

The effects of TGF-β on NK cell production of IFN-γ came from Otegbeye Figure 4B. In their 

experiment, 4*104 activated NK cells were cocultured with 104 colorectal cancer cells per well for 4 hours 

and the production of IFN-γ was obtained from the supernatant in the presence or absence of 5ng/mL of 

TGF-β (Otegbeye et al., 2018). Just as before the ratio of NK cell production of IFN-γ in the presence of 

TGF-β compared to in the absence of TGF-β made it possible to estimate 𝑆𝑆7 = 21.6𝐶𝐶𝑔𝑔/𝑒𝑒𝐿𝐿: 

𝑆𝑆7 = 𝑆𝑆/�
�𝑃𝑃𝑟𝑟𝐶𝐶𝑎𝑎𝑅𝑅𝐶𝐶𝐶𝐶𝑅𝑅𝐶𝐶𝐶𝐶 𝑜𝑜𝐶𝐶𝑟𝑟 𝑆𝑆 = 0 𝐶𝐶𝑔𝑔𝑒𝑒𝐿𝐿�

�𝑃𝑃𝑟𝑟𝐶𝐶𝑎𝑎𝑅𝑅𝐶𝐶𝐶𝐶𝑅𝑅𝐶𝐶𝐶𝐶 𝑜𝑜𝐶𝐶𝑟𝑟 𝑆𝑆 = 5 𝐶𝐶𝑔𝑔𝑒𝑒𝐿𝐿�
− 1�  4.227 

 
Lortat-Jacob et al found that in mice, IFN-γ is eliminated from the bloodstream with a half-life of 

1.1 min (Lortat-Jacob et al., 1996). This was used to estimate 𝜏𝜏𝐺𝐺 = 0.0011 day. Serum IFN-γ levels in 
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healthy mice are 32 pg/mL which is 0.032 ng/mL (Kimura et al., 2003). In a healthy mouse, the following 

holds, which was used to estimate 𝑃𝑃𝐺𝐺: 

𝐺𝐺𝐶𝐶 = �
𝑉𝑉𝑐𝑐𝑙𝑙𝑡𝑡𝑝𝑝ℎ
𝑉𝑉𝑏𝑏𝑐𝑐𝑜𝑜𝑜𝑜𝑏𝑏

𝑃𝑃𝐺𝐺� 𝜏𝜏𝐺𝐺  4.228 

Transport of IFN-γ was estimated from assumption (5) and Table 4.5. These parameters are 

summarized in Table 4.25. 

Table 4.25 Parameters for IFN-γ production in mice 

Parameter Value Meaning Units Source 
𝑃𝑃𝐺𝐺 93.5 Baseline production of IFN-γ ng/mL day (Kimura et al., 2003) 
𝑀𝑀6 2.1*10-9 Cellular production of IFN-γ ng/mL cell 

day 
(Fehniger et al., 2003) 

𝑀𝑀8 
1.7*10-12 Cellular production of IFN-γ ng/ mL cell2 

day (Ing & Stevenson, 2009) 

𝑀𝑀9 
5.5*10-6 

Cellular production of IFN-γ ng/mL cell 
day 

(Pandiyan et al., 2014). 

𝑀𝑀10 
2.9*10-6 

Cellular production of IFN-γ ng/mL cell 
day 

(Kasahara et al., 1983) 

𝑀𝑀12 6.67*10-7 Cellular production of IFN-γ ng cell-1 day-1 (Darwich et al., 2009) 
𝑀𝑀15 

4.8*10-8 
Cellular production of IFN-γ ng/mL cell 

day 
(Pan et al., 2004) 

𝑀𝑀16 
0.61 

Maximal increase in T cell 
production of IFN-γ by IFN-γ 

ng/mL cell 
day 

(Pandiyan et al., 2014) 

𝐶𝐶3 

0.10 

Concentration that corresponds to 
half the enhancement of IFN-γ 
production 

ng/mL (Fehniger et al., 2003) 

𝐺𝐺4 

9.23 

Concentration that corresponds to 
half the enhancement of IFN-γ 
production 

ng/mL (Pandiyan et al., 2014) 

𝑆𝑆6 
1.84 

Concentration of TGF-β that halves 
T cell IFN-γ production 

ng/mL (Bright & Sriram, 1998) 

𝑆𝑆7 
21.6 

Concentration of TGF-β that halves 
NK cell IFN-γ production 

ng/mL (Otegbeye et al., 2018) 

𝜋𝜋𝐺𝐺𝐵𝐵→𝐿𝐿 0.15 Transport from blood to lymph day-1 (Shrewsbury, 2013) 

𝜋𝜋𝐺𝐺𝐿𝐿→𝐵𝐵 0.99 Transport from lymph to blood day-1 (Shrewsbury, 2013) 
𝜋𝜋𝐺𝐺𝐵𝐵→𝑇𝑇 2.57 Transport from blood to tumor day-1 (Nabizadeh et al., 2016) 
𝜋𝜋𝐺𝐺𝑇𝑇→𝐵𝐵 

2.57 
Transport from tumor to blood 

day-1 
(Baxter & Jain, 1989, 
1991b) 

𝜏𝜏𝐺𝐺 
0.0011 

Clearance 
day 

(Lortat-Jacob, Baltzer, & 
Grimaud, 1996) 
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 Tumor antigen expression and NK cell effectivity 

To estimate increase in tumor antigen expression from IFN-γ, it was assumed that an increase in 

MHC I expression directly related to a proportional increase in the antigen expression of the tumor. Thus, 

Figure 2 of Rakshit et al was used to see how a 50 U/mL dose could increase MHC-I expression in CT26 

colorectal cancer cells (Rakshit et al., 2014).  

𝜃𝜃𝐴𝐴 =
𝑘𝑘2𝐺𝐺𝑡𝑡𝑡𝑡𝑡𝑡𝑜𝑜𝑟𝑟

𝐺𝐺1 + 𝐺𝐺𝑡𝑡𝑡𝑡𝑡𝑡𝑜𝑜𝑟𝑟
1
𝛿𝛿𝜃𝜃𝐴𝐴

�1 − 𝑏𝑏−𝛿𝛿𝜃𝜃𝐴𝐴𝑡𝑡� + 1 4.229 

 

The dosage of IFN-γ that was given was adjusted to yield 1.25 ng/mL by assumption (4). However, 

since from this data there is no way to estimate the three parameters independently, an assumption 

would have to be made about the saturation. It is assumed that the dose given by the experimentalists is 

not at the saturation point. In fact, Figures 1 A and B show that the other IFN-γ effects do not saturate 

even at 100 U/mL of IFN-γ for colorectal cancer. Thus, it is assumed that the dose of IFN-γ that relates to 

half the maximal increase in antigen expression is at least 100 U/mL. Without dose dependent data that 

shows saturation, an exact value is not obtainable so it is assumed that 𝐺𝐺1 = 100 𝑈𝑈/𝑒𝑒𝐿𝐿 = 2.5 𝐶𝐶𝑔𝑔/𝑒𝑒𝐿𝐿 

per assumption (4). Finally, it was assumed that the data seen in Rakshit et al was the maximal effects 

that could be seen from IFN-γ, thus 𝑘𝑘2 = 2 day-1 and 𝛿𝛿𝜃𝜃𝐴𝐴 = 0.5 day-1 (Rakshit et al., 2014). These 

parameters are summarized in Table 4.26. 

 
Table 4.26 Parameters for antigen expression in mice 

Parameter Value Meaning Units Source 
𝑘𝑘2 2 Maximal rate of increase in 

antigen expression from IFN-γ 
day-1 (Rakshit et al., 2014) 

𝐺𝐺1 2.5 Concentration that corresponds to 
half the effectiveness of IFN-γ in 
increasing antigen expression  

ng/mL (Rakshit et al., 2014) 

𝛿𝛿𝜃𝜃𝐴𝐴  0.5 Decay of antigen expression day-1 (Rakshit et al., 2014) 
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IL-2 effects on NK cell activation come from Figure 1A of Yu et al. Briefly, NK cells were stimulated 

with different doses of IL-2 for 5, 15 or 30 minutes (T.-K. Yu, Caudell, Smid, & Grimm, 2000). It was 

assumed that 14 IU=1 ng of IL-2. From there, the only incubation time where the trend in time shows an 

increase in NK effectivity is 5 minutes. Both 15 and 30 minute incubation times show an initial increase in 

NK activation, followed by a plateau and then decrease. Therefore, first the 5 minutes of data were fit to 

Michaelis-Menten kinetics to obtain 𝑘𝑘3 = 2.5 ∗ 104 day-1 and 𝐶𝐶4 = 5 ng/mL. Then the solution to the 

differential equation 

 𝜃𝜃𝑟𝑟1 = 𝑘𝑘3𝐶𝐶𝑡𝑡𝑡𝑡𝑙𝑙𝑜𝑜𝑟𝑟
𝐶𝐶4+𝐶𝐶𝑡𝑡𝑡𝑡𝑙𝑙𝑜𝑜𝑟𝑟

1
𝛿𝛿𝜃𝜃𝑟𝑟1

− 𝐶𝐶𝑏𝑏−𝛿𝛿𝜃𝜃𝑟𝑟1𝑡𝑡 + 1 
4.230 

 

was fit to each dose of IL-2 simultaneously to get a decay of NK cell activation.  These parameters are 

summarized in Table 4.27. 

Table 4.27 Parameters for NK cell activation in mice 

Parameter Value Meaning Units Source 
𝑘𝑘3 

2.5*104 
Maximal rate of increase in NK 
activation from IL-2 

day-1 (T.-K. Yu et al., 2000). 

𝐶𝐶4 

5 

Concentration that corresponds to 
half the effectiveness of IL-2 in 
increasing NK activation  

ng/mL (T.-K. Yu et al., 2000). 

𝛿𝛿𝜃𝜃𝑟𝑟1  750 Decay of NK activation day-1 (T.-K. Yu et al., 2000). 
 

 Recruitment of immune cells to tumor 

The parameters associated with recruitment of immune cells to the tumor, namely 𝜌𝜌1, 𝜌𝜌2, 𝑘𝑘8, 𝑘𝑘14, 

𝑘𝑘15, 𝑘𝑘19, 𝐺𝐺8and 𝑅𝑅2 were estimated from in vivo data and require the entire model; their estimation, 

therefore, could not be completely decoupled. Thus, an iterative approach was adopted.  First,  𝜌𝜌1 was 

estimated assuming IFN-γ does not affect NK recruitment to the tumor; then that estimate of 𝜌𝜌1 was used 

to fit for 𝑘𝑘19 and 𝐺𝐺8. The resulting estimates were then used to get a more accurate measure of 𝜌𝜌1, which 
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was used to get a more accurate fit for 𝑘𝑘19 and 𝐺𝐺8. In all cases, least-square fitting was done to find the 

parameter values best representing the experimental data. 

Nannmark et al’s (2000) work was used to estimate the value of the parameter 𝜌𝜌1. They injected 

mice with 2*107 NK cells into the blood for a subcutaneous B16 melanoma and found that the number of 

NK cells that remained in circulation at steady state was only 0.25% of the injected amount, with the 

transient data on NK levels in the blood in Figure 2A. They found that NK cell accumulation per gram tumor 

was 2*105 cells, with transient data available in Figure 3 (Nannmark et al., 2000). The growth rate of the 

tumors could be found from the initial injected numbers of cells and the final mass of the tumor at day 10 

given in Table 1. To adjust for the number of tumor cells, it was assumed that the mass of a tumor cells is 

10-9 g/cell by assumption (2). Using least squares fitting to the data on NK cells in the blood, in the two 

types of tumors, and the tumor growth rate, 𝜌𝜌1 was estimated.   

Wendel et al (2008), in their Figures 1A and 2C, show the accumulation of NK cells in wild-type 

mice, IFN-γ deficient (or anti-IFN-γ treated) mice, or wild-type mice supplemented with 10,000 IU IFN-γ 

(Wendel et al., 2008). Both IFN-γ knockout and depletion did not significantly alter NK cell accumulation 

in the tumor. The initial tumor size was 106 cells, and NK cell levels in the tumor were measured on day 5 

after tumor implantation. This data was fit to the full model to get 𝑘𝑘19 and 𝐺𝐺8. 

By analogy with the iterative process used to estimate 𝜌𝜌1, 𝜌𝜌2, the parameter for MDSC 

recruitment to the tumor, was first estimated neglecting the effect of Tregs,  and the resulting estimate 

of 𝜌𝜌2 was then used to estimate 𝑘𝑘15 and 𝑅𝑅2. The latter estimates were then used to refine the estimate 

of 𝜌𝜌2, and this process was iterated until convergence. Schlecker et al’s data for MDSC counts in the blood 

and tumors of mice (their Figure 1C) and wild-type growth curve for the corresponding tumor (their Figure 

5) were used to estimate recruitment of MDSCs (Schlecker et al., 2012). The mice were injected with either 

5 x 105 or 106  tumor cells; which of these values applied was unfortunately not specified. The total number 

of MDSCs was taken as the sum of M-MDSCs and G-MDSCs, the two subtypes measured by Schlecker et 
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al. The entire mouse model was solved and simultaneously fit to the three curves to get an estimate for 

𝑘𝑘14 and 𝜌𝜌2.  

Holmgaard et al’s Figure 7F was used to estimate 𝑘𝑘15 and 𝑅𝑅2. In this experiment, mice were 

injected with diphtheria toxin which leads to 90%–95% depletion of Tregs within 3 days. It was assumed 

that this toxin has no effects on other cells, and that this depletion was systemic, thus affecting Tregs in 

the lymph nodes. Holmgaard et al gave % MDSCs in the tumor, spleen and lymph node for these Treg 

depleted mice, as follows (Holmgaard et al., 2015): 

Table 4.28 Tregs and MDSCs from Holmgaard et al 

Percent Tregs Tumor MDSC % of CD45+ 

100 34 

10 17 

 
These data (with the tumor growth curve for the treated and untreated case from figure 7J) were fit to 

the entire system of ODEs in the mouse model to get 𝑅𝑅2 and 𝑘𝑘15 using nonlinear least-squares fitting. 

Because this study only specified that the Treg effects of DT were seen after three days post treatment, 

the parameter was estimated twice using two different assumptions. Once assuming that the Treg effects 

happened instantaneously and that during the beginning of treatment, the Treg levels dropped to 90% 

immediately and once assuming that it took the full three days to reach those levels and before that point, 

Tregs were at 100%. Because the results for 𝑘𝑘15 and 𝑅𝑅2 were not significantly different for the two cases, 

it was clear that the exact kinetics of Treg depletion was not significant for parameter estimation in this 

case. 

Despite the abundance of data on density of macrophages in humans, in mice this data is sparse. 

Afik et al Figure 1B shows that F4/80hi tumor associated macrophages are a significant proportion of all 

hematopoietic cells by day 20 of tumor growth. Figure 7B shows that the density of F4/80hi TAMs have a 

density of 6.6*106 cells/g tumor (Afik et al., 2016). Assuming that there are 109 total cells/g, at quasi steady 
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state, 𝜌𝜌3 = 𝛿𝛿𝛷𝛷
𝛷𝛷

�𝑇𝑇∗+𝑇𝑇𝑁𝑁
∗ �

� 𝑇𝑇∗

�𝑇𝑇∗+𝑇𝑇𝑁𝑁
∗ ��

2  and 𝛷𝛷
�𝑇𝑇∗+𝑇𝑇𝑁𝑁

∗ �
= 6.6𝐸𝐸6 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐

1𝑐𝑐9 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐
. From Figure 1B, at day 18 about 40% of the immune 

cells in the tumor are these measured macrophages therefore. Making this assumption yields 𝜌𝜌3=1.6*10-

4 day-1 cell-1. 

𝜌𝜌4 was estimated from a combination of two studies. Klarquist and Janssen Figure 1D gives the 

proportion of CD40+, CD80+ and CD86+ DCs in the tumor environment. As before, CD86 was used as a 

metric for DC maturation. Therefore of the intratumoral dendritic cells, 21.5% were assumed to be 

mature, as they expressed high levels of CD86 (Klarquist & Janssen, 2012). Thus 78.5% of the DCs in the 

tumor were immature. Figure 5C of Kawano et al showed DC density in mouse tumors was 3 cells/mm2 

before treatment. Combined, this data would suggest that the density of iDCs in a mouse tumor is 2.4 

cells/mm2, assuming this density is for the accessible tumor only (Kawano et al., 2016). This leads to an 

estimate of the total number of iDCs per mm3 of tumor at 68 cells, with the model for reverting from 

cross-sectional counts to total volume counts in Section 4.3.18. Using the volume of a cell from 

assumption (1), the ratio of iDCs to total tumor cells in the accessible tumor part is 𝜌𝜌4 = 6.8*10-5. 

Although there are several studies that look at IFN-γ effects on T cell migration to the tumor, they 

only compare IFN-γ knockout and wildtype mice, making it impossible to accurately estimate both 𝑘𝑘8 and 

𝐺𝐺9. Therefore, a cell culture experiment that looked at the effect of IFN-γ on inducing CCR5 on monocytes. 

This would not be a good estimate for the rate of induction of migration of T cells, but since T cells use 

the same receptor for tumor migration, it is likely that the dose-dependence of IFN-γ to induce this might 

be similar across different immune types. Hariharan Figure 1 has the CCR5 expression after 24 hours in 

culture with different doses of IFN-γ (Hariharan et al., 1999). Fitting their data to Michaelis Menten 

kinetics yields a saturation concentration of 𝐺𝐺9 = 3.5ng/mL. It was assumed that this saturation holds for 

T cells as well. The total number of migrated T cells, over a short period of time by the approximation from 

equation 4.59: 
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𝑀𝑀𝑅𝑅𝑔𝑔𝑟𝑟𝐶𝐶𝐶𝐶𝑏𝑏𝑎𝑎 𝑇𝑇 𝐶𝐶𝑏𝑏𝑣𝑣𝑣𝑣𝑉𝑉 = �1 +
𝑘𝑘8𝐺𝐺𝑡𝑡𝑡𝑡𝑡𝑡𝑜𝑜𝑟𝑟
𝐺𝐺9 + 𝐺𝐺𝑡𝑡𝑡𝑡𝑡𝑡𝑜𝑜𝑟𝑟

�
𝑇𝑇∗ 𝜌𝜌5𝐸𝐸𝑏𝑏𝑐𝑐𝑜𝑜𝑜𝑜𝑏𝑏
(𝑇𝑇∗ + 𝑇𝑇𝑁𝑁∗) 𝑇𝑇∗𝐶𝐶 4.231 

It is assumed that IFN-γ knockout mice do not produce IFN-γ at all, but wildtype mice have splenic 

IFN-γ concentrations of 8 ng/mL, estimated from Yacoub et al Figure 2A (Yacoub et al., 2018). Therefore, 

the ratio of migrated T cells coming from the spleen to those in knockout mice, assuming all other 

parameters are not affected by the IFN-γ deficiency would be: 

�1 +
𝑘𝑘8𝐺𝐺𝑡𝑡𝑡𝑡𝑡𝑡𝑜𝑜𝑟𝑟
𝐺𝐺9 + 𝐺𝐺𝑡𝑡𝑡𝑡𝑡𝑡𝑜𝑜𝑟𝑟

� 4.232 

Hollenbaugh and Dutton injected regular and IFN-γ KO mice with 106 or 3*105 splenic CD8+ T cells 

and tracked their accumulation in the tumor after 4 days. Estimating 𝑘𝑘8 for the two cases yields a range 

for 𝑘𝑘8 between 5 and 39. On the other hand, Nakajima et al used both CD4+ and CD8+ T cells. They injected 

mice with T cells and looked at the accumulation of T cells in the tumor after 24 hours. First, T cells from 

the spleens of both healthy and tumor bearing mice in wildtype and IFN-γ deficient mice had the same 

number of migrating T cells, pointing to a baseline non-specific T cell recruitment to the tumor that is 

independent of IFN-γ. This baseline was subtracted from the data in Figure 9B on injecting tumor-primed 

T cells. In that case, there were significantly more T cells recruited to the tumor than just injecting T cells 

from healthy mice and there was a significant decrease in T cell migration in IFN-γ KO mice (Nakajima et 

al., 2001). Using that data to estimate 𝑘𝑘8 yields 𝑘𝑘8 = 8, which is in the range. Because there was no 

quantitative data on CD4+ only T cell recruitment effected by IFN-γ, but Nakajima et al did show in Figure 

6 that accumulation in wildtype mice of CD4+ and CD8+ T cells seems very similar, and significantly greater 

than the IFN-γ knockout mice, this value was chosen for both CD4+ and CD8+ T cells. 

The relative balance between tumor cell and MDSC recruitment of Tregs came from Makinoshima 

and Dezawa Figure 2A. Briefly, Schlecker et al showed that regulatory T cells are recruited to the tumor 

by MDSCs in a CCR5 dependent manner and that CCR5 Knockout mice have less than half the regulatory 

T cell infiltration as wildtype mice (Schlecker et al., 2012). Because data on regulatory T cell infiltration in 



203 
 

MDSC knockout mice could not be found, instead data on relative production of the CCR5 receptor, CCL5 

by tumor cells and MDSCs was used. Makinoshima and Dezawa showed that a 24 hour culture of MDSCs 

secreted 65 pg/mL of CCL5 whereas a 24 hour culture of tumor cells secreted 26 pg/mL (Makinoshima & 

Dezawa, 2009). Importantly, a combined culture of both MDSCs and cancer cells secreted around 20% 

more than the sum of the two separately, showing a combined effect from the two; however, at the 

current moment, this secondary effect is not included in the model. It was assumed that the relative effect 

of tumor cells and MDSCs on Treg recruitment is proportional to the CCL5 secretion by these cells, which 

means 𝑘𝑘7 = 26𝑀𝑀𝑔𝑔/𝑒𝑒𝐿𝐿/65𝑀𝑀𝑔𝑔/𝑒𝑒𝐿𝐿.  

𝜌𝜌5, 𝜌𝜌6, and 𝜌𝜌7 were estimated from Chaput et al. Briefly, untreated mice were injected with 104 

to 105 tumor cells and the tumor growth was tracked over time (Figure 7 A) and the proportion of CD4+ T 

cells and CD8+ T cells among total tumor-infiltrating mononuclear cells was assessed (Figure 5C), as well 

as the fraction of CD4+ T cells that were regulatory T cells (Figure 5A). For one time point, the density of 

CD4+ and CD8+ T cells in the tumor was found by counting the total number of these types of T cells in 

the entire tumor and then adjusting by the size of the tumor measured in mm2 (Chaput et al., 2014). The 

density of CD4+ and CD8+ T cells in tumor bearing mice on day 17 was obtained from Figure 5D. Then, on 

day 17, 29.5% of the CD4+ T cells were found to be Tregs, thus the total counts of Tregs and CD4+ helper 

T cells in the tumor were obtained by assuming that all non-regulatory CD4+ T cells were helper cells. 

Finally, all three T cell counts were multiplied by the crossectional area found for healthy tumors on day 

17, 50 mm2 and were adjusted to be only tumor-specific T cells by assumption (1). Because there is a 

range, the minimum and maximum infiltration were found for each T cell. 

To get 𝜌𝜌5, 𝜌𝜌6, and 𝜌𝜌7, quasi-steady state was assumed and each of the parameters were solved 

for as follows: 
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𝜌𝜌5 =
(𝑇𝑇∗ + 𝑇𝑇𝑁𝑁∗)𝛿𝛿𝐸𝐸𝑇𝑇𝐸𝐸𝑇𝑇

𝑇𝑇∗ 𝐸𝐸𝑏𝑏𝑐𝑐𝑜𝑜𝑜𝑜𝑏𝑏𝑇𝑇∗ �1 + 𝑘𝑘8𝐺𝐺𝑇𝑇
𝐺𝐺9 + 𝐺𝐺𝑇𝑇

�
 

4.233 

𝜌𝜌6 =
(𝑇𝑇∗ + 𝑇𝑇𝑁𝑁∗)𝛿𝛿𝐻𝐻𝑇𝑇𝐻𝐻𝑇𝑇

𝑇𝑇∗ 𝐻𝐻𝑏𝑏𝑐𝑐𝑜𝑜𝑜𝑜𝑏𝑏𝑇𝑇∗ �1 + 𝑘𝑘8𝐺𝐺𝑇𝑇
𝐺𝐺9 + 𝐺𝐺𝑇𝑇

�
  

 

4.234 

𝜌𝜌7 =
(𝑇𝑇∗ + 𝑇𝑇𝑁𝑁∗)𝛿𝛿𝑅𝑅𝑇𝑇𝑅𝑅𝑇𝑇

𝑅𝑅𝑏𝑏𝑐𝑐𝑜𝑜𝑜𝑜𝑏𝑏𝑇𝑇∗ (𝑘𝑘7𝑇𝑇∗ + 𝑊𝑊) 4.235 

There were several other values necessary to accurately capture these parameters. First, the total count 

of T cells in the blood of tumor-bearing mice were found from Beck et al Figure 2a. They found that mice 

with glioma had a CD3+ density in the blood of 2.8*103 cells/μL of blood as opposed to healthy mice had 

a density of 2.2*103 cells/μL blood (Beck et al., 2015). It was assumed that the increase happened in all T 

cell subtypes similarly, thus the values from Table 4.20 were used to estimate the total number of effector 

T cells in the blood of mice. Finally, these were adjusted by assumption (1) to get the total number of 

tumor specific T cells in the blood: 

Table 4.29 Counts of tumor-specific effector T cells in the blood 

 

 
Next, estimations the following agents were necessary to solve for the parameters, 𝑈𝑈𝑇𝑇, 𝐺𝐺𝑇𝑇, and 

W.  Figure 6 of Nabizadeh et al was used to get 𝐺𝐺𝑇𝑇 = 0.001ng/mL (Nabizadeh et al., 2016). Using Schlecker 

et al, the MDSC density in a tumor is 3.3*102 cells/mm3 of tumor (Schlecker et al., 2012). This means that 

for Chaput et al, the MDSC count is 𝑊𝑊 = 8.8 ∗ 104. Dendritic cell infiltration into the tumor came from 

Bottcher et al, Figure 2F. MHC II expressing DCs were found at a density of 2.5*104 cells/g tumor in wild 

type mice (Böttcher et al., 2018). For Chaput et al, that would mean that 𝑈𝑈𝑇𝑇 = 6.6 ∗ 103 cells. Finally, 

according to the authors, of all cells in the tumor, the immune infiltrate was 1.25% of the cells. Since they 

estimated this for the entire tumor, 𝑇𝑇𝑁𝑁
∗

𝑇𝑇𝑁𝑁
∗+𝑇𝑇

= 0.0125. This was adjusted to assume that all these cells were 

Agent Count 
𝐸𝐸𝑏𝑏𝑐𝑐𝑜𝑜𝑜𝑜𝑏𝑏 5.5*103 
𝐻𝐻𝑏𝑏𝑐𝑐𝑜𝑜𝑜𝑜𝑏𝑏 2.1 *10 3 
𝑅𝑅𝑏𝑏𝑐𝑐𝑜𝑜𝑜𝑜𝑏𝑏 1.8*102 
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in the accessible tumor before the tumor digestion 𝑇𝑇𝑁𝑁
∗

𝑇𝑇𝑁𝑁
∗+𝑇𝑇∗

= 0.080. Estimating 𝜌𝜌5, 𝜌𝜌6, and 𝜌𝜌7, the values 

that were obtained were: 

Table 4.30 T cell recruitment to tumor  

 

 

Table 4.31 Recruitment of immune cells to the tumor in mice 

Parameter Value Meaning Units Source 
𝜌𝜌1 3.5*10-8 NK cell accumulation in tumor day-1 cell-1 (Nannmark et al., 2000) 
𝜌𝜌2 2*10-9 MDSC accumulation in tumor day-1 cell-1 (Schlecker et al., 2012) 
𝜌𝜌3 1.6*10-4 Macrophage accumulation in 

tumor 
day-1 cell-1 (Afik et al., 2016) 

𝜌𝜌4 6.81*10-5 Immature DC accumulation in 
tumor 

 (Kawano et al., 2016; 
Klarquist & Janssen, 
2012) 

𝜌𝜌5 
5.78*10-8 

CD8+ effector T cell accumulation 
in the tumor 

day-1 cell-1 (Chaput et al., 2014) 

𝜌𝜌6 
1.25*10-7 

CD4+ effector helper T cell 
accumulation in the tumor 

day-1 cell-1 (Chaput et al., 2014) 

𝜌𝜌7 
1.47*10-6 

Effector regulatory T cell 
accumulation in the tumor 

day-1 cell-1 (Chaput et al., 2014) 

𝑘𝑘7 0.40 Ratio of tumor to MDSC 
recruitment of Tregs to tumor 

 (Makinoshima & Dezawa, 
2009) 

𝑘𝑘14 10-8 Average increase in MDSC counts 
in blood per tumor cell 

day-1 (Schlecker et al., 2012) 

𝑘𝑘8 8 Maximal increased T cell 
recruitment to tumor from IFN-γ 

 (Nakajima et al., 2001) 

𝐺𝐺9 3.5 Saturation for increased T cell 
recruitment to tumor from IFN-γ 

ng/mL (Hariharan et al., 1999) 

𝑘𝑘19 2.4 Maximal increased NK recruitment 
to tumor from IFN-γ 

 (Wendel et al., 2008) 

𝐺𝐺8 19 Saturation for increased NK 
recruitment to tumor from IFN-γ 

ng/mL (Wendel et al., 2008) 

𝑘𝑘15 2 Maximal increased MDSC 
recruitment to tumor from Tregs 

 (Holmgaard et al., 2015) 

𝑅𝑅2 105 Saturation for increased MDSC 
recruitment to tumor from Tregs 

cell (Holmgaard et al., 2015) 

 

Parameter Value minimum Value maximum 
𝜌𝜌5 3.47*10-9 5.78*10-8 
𝜌𝜌6 7.47*10-9 1.25*10-7 
𝜌𝜌7 8.85*10-8 1.47*10-6 



206 
 

A value was chosen from this range, and for initial results, and was varied for some model results. These 

parameters are summarized in Table 4.31, with parameter values obtained after iterative estimation 

process presented. 

 
 Conversion of cross-sectional cell counts to cells per volume 

Measurements of cell densities in tumor tissue are used both in parameter estimation and 

calibration (Section 4.4.2). Typically, these are measured as cell counts per cross-sectional area of a 

microscope field for a thin tissue section, but for the model and calibration, they are needed on a per-

tissue-volume basis. Determining the total number of cells from the cross-sectional observed number of 

cells can be done as in Backues et al with parameters summarized in Table 4.32: 

Table 4.32 Parameters used for translation of cells per cross-sectional area to cells per volume 

Parameter Value Meaning Units Source 
𝑅𝑅 500 Half the length of the square 

viewing window 
μm  

𝑇𝑇 3.5 Thickness of the sample μm  
𝜇𝜇 13.38 Mean radius of cells μm (S. Park et al., 2014) 
𝜎𝜎 10.16 Standard deviation of cell radius μm (S. Park et al., 2014) 

 

Given the number of bodies spotted in a square cross section, 𝐶𝐶, the total number of bodies in a 

cube of that size, 𝑁𝑁, are related as follows: 

𝐶𝐶
𝑁𝑁

=
1
𝑅𝑅 �

𝑇𝑇� 𝑟𝑟(𝑥𝑥)𝐶𝐶(𝑥𝑥)
∞

0
𝑎𝑎𝑥𝑥 + � 𝑥𝑥𝑟𝑟(𝑥𝑥)�

𝐶𝐶(𝑑𝑑)𝑑𝑑
𝑥𝑥�𝑥𝑥2 − 𝑑𝑑2

𝑎𝑎𝑑𝑑
𝑥𝑥

0

∞

0
𝑎𝑎𝑥𝑥� 

4.236 

With the probability of being detected, 𝐶𝐶, as follows: 

𝐶𝐶(𝑑𝑑) = 1 4.237 

And the probability distribution of the radii a log normal distribution: 
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𝑟𝑟(𝑥𝑥) =
1

𝑥𝑥 𝜎𝜎√2 𝜋𝜋 
𝑏𝑏−(𝑐𝑐𝑛𝑛(𝑥𝑥)−𝜇𝜇)2/2𝜎𝜎2   4.238 

This leads to the following simplified approximation to their equations, which also appears in Negus et al., 

1997: 

𝐶𝐶
𝑁𝑁

=
𝑇𝑇 + 𝜇𝜇
𝑅𝑅

 4.239 

This conversion was used to determine the cell count per unit volume given a count in the cross-sectional 

stain. 

 Summary of all mouse parameters 

All mouse parameters from Chapter 4 are summarized in Table 4.33: 

Table 4.33 Summary of all parameters in mice 

Parameter Value Meaning Units Source 
𝑉𝑉𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 1*109 Volume of a cell in the tumor cell/mL (Baserga, 1985; Milo & 

Phillips, 2015) 
𝑉𝑉𝑏𝑏𝑐𝑐𝑜𝑜𝑜𝑜𝑏𝑏 1.5 Total blood volume  mL (The National Centre for 

the Replacement 
Refinement and 
Reduction of Animals in 
Research, n.d.) 

𝑉𝑉𝑐𝑐𝑙𝑙𝑡𝑡𝑝𝑝ℎ 0.13 Total lymph volume mL (Z. Zhang et al., 2013) 
     

𝑀𝑀 3 Shape of transition from 
exponential to power law growth 

 
(Robertson-Tessi, 2010) 

𝐶𝐶 2/3 Power for accessible tumor 
growth 

 (Robertson-Tessi, 2010) 

𝛾𝛾 3500-
43000 

Tumor growth coefficient cell 1−𝑡𝑡day-1 (Bolin et al., 1983; Steel, 
1977; J. Zhou et al., 2017) 

𝛾𝛾1 3.5-43 Tumor doubling time day-1 (Robertson-Tessi, 2010) 
𝑒𝑒 0.5 Power for power law  (Robertson-Tessi, 2010) 
𝜆𝜆 0.5 Rate of licensing of DCs by CD4+ 

helper T cells 
day-1 (Robertson-Tessi, 2010) 

𝑘𝑘𝑐𝑐 0.20 Ratio at which NK cell enhance DC 
maturation  (Piccioli et al., 2002) 
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𝛽𝛽 

1/4 
Number of NK cells that die from 
killing a single tumor cell  

(Bhat Rauf & Watzl, 2007; 
Choi & Mitchison, 2013; 
de Pillis et al., 2005; Poggi 
et al., 2005; Srpan et al., 
2018; Topham & Hewitt, 
2009) 

𝑀𝑀 8*104 Total tumor-specific memory T 
cells 

cell (Murali-Krishna et al., 
1998; Sckisel et al., 2017) 

𝑒𝑒𝐸𝐸 0.77 Proportion of memory T cells that 
are CD8+ 

 (Sckisel et al., 2017) 

𝑒𝑒𝐻𝐻 0.11 Proportion of memory T cells that 
are CD4+ helper  

 (Sckisel et al., 2017) 

𝑒𝑒𝑅𝑅 0.12 Proportion of memory T cells that 
are regulatory 

 (Sckisel et al., 2017) 

     
𝑟𝑟𝑜𝑜 14.5 Average kill rate of tumor cells by 

CTLs 
day-1 (Waterhouse et al., 2006) 

𝑟𝑟1 0.41 Average kill rate of tumor cells by 
NK cells 

day-1 (M. H. Park et al., 2012) 

𝑟𝑟2 3.24 Average kill rate of tumor cells by 
macrophages 

day-1 (M. Zhang et al., 2016) 

𝑟𝑟3 4.31*10-3 Average kill rate of tumor cells by 
IFN-γ 

day-1 (Rakshit et al., 2014) 

     
𝛼𝛼1 23 T cell expansion rate day-1 (Robertson-Tessi, 2010) 
𝛼𝛼2 16 T cell expansion rate day-1 (Robertson-Tessi, 2010) 
𝛼𝛼3 9.9 T cell expansion rate day-1 (Robertson-Tessi, 2010) 
𝛼𝛼4 1.9 T cell expansion rate day-1 (Robertson-Tessi, 2010) 
𝛼𝛼5 5.1 T cell expansion rate day-1 (Robertson-Tessi, 2010) 
𝛼𝛼6 2.1 T cell expansion rate day-1 (Robertson-Tessi, 2010) 
𝛼𝛼7 0.022 T cell expansion rate day-1 (Robertson-Tessi, 2010) 
𝛼𝛼8 9.28*10-5 Average Treg kill of NK cells day-1 cell-1 (Cao et al., 2007) 

     
𝛿𝛿𝜃𝜃𝑟𝑟1  750 Decay of NK activation day-1 (T.-K. Yu et al., 2000) 
𝛿𝛿𝜃𝜃𝐴𝐴  0.5 Decay of antigen expression day-1 (Rakshit et al., 2014) 

𝛿𝛿𝐴𝐴   0.96 Clearance rate day-1 (Mempel et al., 2004) 

𝛿𝛿𝐸𝐸  0.4 Clearance rate day-1 (De Boer et al., 2003) 

𝛿𝛿𝐻𝐻 0.2 Clearance rate day-1 (De Boer et al., 2003) 

𝛿𝛿𝑅𝑅 0.2 Clearance rate day-1 (De Boer et al., 2003) 

𝛿𝛿𝐸𝐸𝑇𝑇 0.40 
Clearance rate 

day-1 
(Niehues et al., 2002; 
Torcellan et al., 2017) 

𝛿𝛿𝐻𝐻𝑇𝑇 0.39 
Clearance rate 

day-1 
(Niehues et al., 2002; 
Torcellan et al., 2017) 
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𝛿𝛿𝑅𝑅𝑇𝑇  0.39 
Clearance rate 

day-1 
(Niehues et al., 2002; 
Torcellan et al., 2017) 

𝛿𝛿𝑈𝑈 0.16 Clearance rate  day-1 (K. Liu et al., 2007) 
𝛿𝛿𝐷𝐷 0.50 Clearance rate  day-1 (Mempel et al., 2004) 
𝛿𝛿𝑈𝑈𝑇𝑇 0.06 Clearance rate  day-1 (Dubois et al., 2005) 
𝛿𝛿𝑁𝑁𝐷𝐷  0.084 Clearance rate day-1 (Y. Zhang et al., 2007) 
𝛿𝛿𝑁𝑁𝐵𝐵  0.084 Clearance rate day-1 (Y. Zhang et al., 2007) 
𝛿𝛿𝑁𝑁 0.068 Clearance rate day-1 (Cao et al., 2007) 
𝛿𝛿Φ 0.023 Death of macrophages 

day-1 

(Bain et al., 2014; Ginhoux 
& Jung, 2014; Grainger et 
al., 2017; Italiani & 
Boraschi, 2014; Jaensson 
et al., 2008; Shaw et al., 
2018) 

𝛿𝛿𝑊𝑊 0.04 Clearance rate day-1 (Movahedi et al., 2010) 
𝛿𝛿𝑊𝑊𝐶𝐶  0.074 Clearance rate day-1 (Foks et al., 2016)  
𝛿𝛿𝜃𝜃Φ  1 Rate of macrophage polarization day-1 (Norton et al., 2016) 

     
𝑘𝑘1 100 Accessible tumor  growth 

coefficient 
cell 1−𝑛𝑛 (Robertson-Tessi, 2010) 

𝑘𝑘2 9.88 Maximal rate of increase in 
antigen expression from IFN-γ 

day-1 (Rakshit et al., 2014) 

𝑘𝑘3 
2.5*104 

Maximal rate of increase in NK 
activation from IL-2 

day-1 (T.-K. Yu et al., 2000) 

𝑘𝑘4 0.33 Memory T cell activation of T cells cell -1 (Robertson-Tessi, 2010) 
𝑘𝑘5 

2.7*10-3 
Maximal enhancement of NK 
proliferation by DCs day-1 

(Guido Ferlazzo et al., 
2002) 

𝑘𝑘6 1 MDSC maximal suppression of T 
cell activation 

cell -1 (Binsfeld et al., 2016; 
Daker et al., 2015; Li et al., 
2015; Y. Liu et al., 2018; 
Mao et al., 2013; Mazzoni 
et al., 2002; Movahedi et 
al., 2008; Siegmund, 
2018; Suk Lee et al., 2019) 

𝑘𝑘7 0.40 Ratio of tumor to MDSC 
recruitment of Tregs to tumor 

 (Makinoshima & Dezawa, 
2009) 

𝑘𝑘8 8 Maximal increased T cell 
recruitment to tumor from IFN-γ 

 (Nakajima et al., 2001) 

𝐴𝐴𝑘𝑘10 0.279 Maturation of DCs from contact 
with tumor antigen day-1 (Zheng et al., 2012) 

𝑘𝑘11 3.51*10-5 Average enhancement of DC 
maturation by NK cells  (Piccioli et al., 2002) 

𝑘𝑘12 2.7 Maximum enhancement of DC 
maturation by IFN-γ mL/ng (Mito et al., 2010) 
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𝑘𝑘13 1 Migration rate from tumor day-1 (Bajénoff et al., 2003; 
Bouma et al., 2007; Del 
Prete et al., 2007; Pham 
et al., 2007; Q. Zhou et 
al., 2016) 

𝑘𝑘14 10-8 Average increase in MDSC counts 
in blood per tumor cell 

day-1 (Schlecker et al., 2012) 

𝑘𝑘15 2 Maximal increased MDSC 
recruitment to tumor from Tregs 

 (Holmgaard et al., 2015) 

𝑘𝑘16 0.143 Formation of Dims from Brights day-1 (G. Ferlazzo et al., 2004) 
𝑘𝑘17 644 Maximum enhancement of the NK 

cell lysis of tumor cells by IFN-γ 
ng mL-1 (R. Wang et al., 2012b) 

𝑘𝑘18 1.62 Maximum enhancement of 
macrophage kill of tumor cells by 
IFN-γ 

 (Sodhi et al., 1992a) 

𝑘𝑘19 2.4 Maximal increased NK recruitment 
to tumor from IFN-γ 

 (Wendel et al., 2008) 

𝑘𝑘20 0.010 M1 to M2 conversion mL/ng day-1 (Tsunawaki et al., 1988) 
𝑘𝑘21 0.14 M2 to M1 conversion mL/ng day-1 (Qin et al., 2016) 
𝑘𝑘22 1.97 M1 to M2 conversion mL/ng day-1 (Jiang et al., 2016) 

     
𝑃𝑃𝐼𝐼 0.0016 Baseline production of TGF-β ng/ mL day-1  
𝑃𝑃𝐺𝐺 93.5 Baseline production of IFN-γ ng/mL day -1 (Kimura et al., 2003) 
𝑃𝑃𝑆𝑆 4.5*104 Baseline production of TGF-β ng/mL day-1  
𝑃𝑃𝐶𝐶  1.8 Baseline production of IL-2 ng/mL day-1  
𝑃𝑃𝑊𝑊 5.2*104 Baseline MDSC production cell/day (Forghani et al., 2017) 
𝑃𝑃𝑁𝑁 2.68*103 Production of NK bright cells cell  day-1 (Banh et al., 2012). 

     
𝜏𝜏𝐶𝐶  

0.0037 
Clearance rate from blood 

day 
(Donohue & Rosenberg, 
1983) 

𝜏𝜏𝐼𝐼 0.14 Clearance day (H. M. Alvarez et al., 2012) 
𝜏𝜏𝑆𝑆 0.0025 Clearance rate from blood day (Wakefield et al., 1990) 
𝜏𝜏𝐺𝐺 0.0011 Clearance day (Lortat-Jacob et al., 1996) 

     
𝑀𝑀𝐶𝐶  

8.1*10-5 
Cellular production of IL-2 ng/ mL cell-1 

day-1 
(Robertson-Tessi, 2010) 

𝑀𝑀1 2.31*10-9 Cellular production of TGF-β ng/ mL cell-1 

day-1 (Robertson-Tessi, 2010) 

𝑀𝑀2 6.60*10-8 Cellular production of TGF-β ng cell-1 day-1 (Robertson-Tessi, 2010) 
𝑀𝑀3 

1.80*10-9 
Cellular production of IL-10 ng/ mL cell-1 

day-1 
(Robertson-Tessi, 2010) 

𝑀𝑀4 7.8*10-11 Cellular production of IL-10 ng cell-1 day-1 (Robertson-Tessi, 2010) 
𝑀𝑀5 7.6*10-5 Cellular production of TGF-β ng cell-1 day-1 (Shvedova et al., 2015) 
𝑀𝑀6 

2.1*10-9 
Cellular production of IFN-γ ng/mL cell 

day 
(Fehniger et al., 2003) 

𝑀𝑀7 1.08*10-8 Cellular production of TGF-β ng cell-1 day-1 (Robertson-Tessi, 2010) 
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𝑀𝑀8 
1.7*10-12 Cellular production of IFN-γ ng/ mL cell2 

day (Ing & Stevenson, 2009) 

𝑀𝑀9 
5.5*10-6 

Cellular production of IFN-γ ng/mL cell 
day 

(Pandiyan et al., 2014). 

𝑀𝑀10 
2.9*10-6 

Cellular production of IFN-γ ng/mL cell 
day 

(Kasahara et al., 1983) 

𝑀𝑀11 5.1*10-9 Cellular production of IL-10 ng cell-1 day-1 (Qi et al., 2016) 
𝑀𝑀12 6.7*10-7 Cellular production of IFN-γ ng cell-1 day-1 (Darwich et al., 2009) 
𝑀𝑀13 8.8*10-10 Cellular production of TGF-β ng cell-1 day-1 (Raggi et al., 2017) 
𝑀𝑀14 5.6*10-10 Cellular production of TGF-β ng cell-1 day-1 (Raggi et al., 2017) 
𝑀𝑀15 

4.8*10-8 
Cellular production of IFN-γ ng/mL cell 

day 
(Pan et al., 2004) 

𝑀𝑀16 
0.61 

Maximal increase in T cell 
production of IFN-γ by IFN-γ 

ng/mL cell 
day 

(Pandiyan et al., 2014) 

𝑀𝑀17 8.4*10-9 Cellular production of IL-10 ng cell-1 day-1 (Robertson-Tessi, 2010) 
     
𝜋𝜋𝑆𝑆𝐵𝐵→𝐿𝐿 0.15 Transport from blood to lymph day-1 (Shrewsbury, 2013) 
𝜋𝜋𝑆𝑆𝐿𝐿→𝐵𝐵 0.99 Transport from lymph to blood day-1 (Shrewsbury, 2013) 
𝜋𝜋𝑆𝑆𝐵𝐵→𝑇𝑇 23.4 Transport from blood to tumor day-1 (Nabizadeh et al., 2016) 

𝜋𝜋𝑆𝑆𝑇𝑇→𝐵𝐵 2.57 
Transport from tumor to blood 

day-1 
(Baxter & Jain, 1989, 
1991b) 

𝜋𝜋𝐼𝐼𝐵𝐵→𝐿𝐿 0.15 Transport from blood to lymph day-1 (Shrewsbury, 2013) 
𝜋𝜋𝐼𝐼𝐿𝐿→𝐵𝐵 0.99 Transport from lymph to blood day-1 (Shrewsbury, 2013) 
𝜋𝜋𝐼𝐼𝐵𝐵→𝑇𝑇 12.9 Transport from blood to tumor day-1 (Nabizadeh et al., 2016) 
𝜋𝜋𝐼𝐼𝑇𝑇→𝐵𝐵 2.57 Transport from tumor to blood 

day-1 
(Baxter & Jain, 1989, 
1991b) 

𝜋𝜋𝐺𝐺𝐵𝐵→𝐿𝐿 0.15 Transport from blood to lymph day-1 (Shrewsbury, 2013) 
𝜋𝜋𝐺𝐺𝐿𝐿→𝐵𝐵 0.99 Transport from lymph to blood day-1 (Shrewsbury, 2013) 
𝜋𝜋𝐺𝐺𝐵𝐵→𝑇𝑇 2.57 Transport from blood to tumor day-1 (Nabizadeh et al., 2016) 
𝜋𝜋𝐺𝐺𝑇𝑇→𝐵𝐵 

2.57 
Transport from tumor to blood 

day-1 
(Baxter & Jain, 1989, 
1991b) 

𝜋𝜋𝐶𝐶𝐵𝐵→𝐿𝐿 0.15 Transport from blood to lymph day-1 (Shrewsbury, 2013) 
𝜋𝜋𝐶𝐶𝐿𝐿→𝐵𝐵 0.99 Transport from lymph to blood day-1 (Shrewsbury, 2013) 
𝜋𝜋𝐶𝐶𝐵𝐵→𝑇𝑇 25.7 Transport from blood to tumor day-1 (Nabizadeh et al., 2016) 
𝜋𝜋𝐶𝐶𝑇𝑇→𝐵𝐵 

2.57 
Transport from tumor to blood 

day-1 
(Baxter & Jain, 1989, 
1991b) 

𝜋𝜋𝐸𝐸 8 Ratio of CD8+ T cells in blood and 
lymph 

 (Kakugawa et al., 2009; 
Nemzek et al., 2001; 
Sckisel et al., 2017) 

𝜋𝜋𝐻𝐻 20 

Ratio of CD4+ helper T cells in 
blood and lymph 

 (Churlaud et al., 2015; 
Han et al., 2009; 
Kakugawa et al., 2009; 
Nemzek et al., 2001; 
Sckisel et al., 2017) 
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𝜋𝜋𝑅𝑅 32 

Ratio of regulatory T cells in blood 
and lymph 

 (Churlaud et al., 2015; 
Han et al., 2009; 
Kakugawa et al., 2009; 
Nemzek et al., 2001; 
Sckisel et al., 2017) 

𝜋𝜋𝑊𝑊 5 
Ratio of MDSCs in blood and lymph 

 (Cuenca et al., 2011; 
Schlecker et al., 2012) 

     
𝐷𝐷0 5.3*10-2 DC levels that correspond to half 

the enhancement of the NK 
proliferation by DCs 

cell (Guido Ferlazzo et al., 
2002) 

𝑇𝑇1 106 Tumor volume at which switch 
from exponential to power law 
occurs 

cell (Robertson-Tessi, 2010) 

𝑆𝑆1 3.5 Concentration of TGF-β that 
halves the lysis of tumor cells by 
CTLs 

ng mL-1 (Robertson-Tessi, 2010) 

𝑆𝑆2 2.9 Concentration at which capability 
is cut by half 

ng/mL (Robertson-Tessi, 2010) 

𝑆𝑆3 1.7 Concentration at which capability 
is cut by half 

ng/mL (Robertson-Tessi, 2010) 

𝑆𝑆4 0.9  ng/mL (Robertson-Tessi, 2010) 
𝑆𝑆5 3.9 Concentration of TGF-β that 

halves the lysis of tumor cells by 
NK cells enhanced by IL-2 

ng mL-1 (E. B. Wilson et al., 2011) 

𝑆𝑆6 
1.84 

Concentration of TGF-β that halves 
T cell IFN-γ production 

ng/mL (Bright & Sriram, 1998) 

𝑆𝑆7 
21.6 

Concentration of TGF-β that halves 
NK cell IFN-γ production 

ng/mL (Otegbeye et al., 2018) 

𝐺𝐺1 2.5 Concentration that corresponds to 
half the effectiveness of IFN-γ in 
increasing antigen expression  

ng/mL (Rakshit et al., 2014) 

𝐺𝐺3 0.0295 Concentration of IFN-γ that 
corresponds to half the 
enhancement of the DC 
maturation 

ng/mL (Mito et al., 2010) 

𝐺𝐺4 9.23 Concentration that corresponds to 
half the enhancement of IFN-γ 
production 

ng/mL (Pandiyan et al., 2014) 

𝐺𝐺5 0.60 Saturation of IFN-γ kill of tumor 
cells 

ng mL-1 (Rakshit et al., 2014) 

𝐺𝐺6 4.94*103 Concentration of IFN-γ that 
corresponds to half the 
enhancement of the NK cell lysis 
of tumor cells 

ng mL-1 (R. Wang et al., 2012b) 

𝐺𝐺7 0.55 Saturation of IFN-γ enhancement 
of macrophage kill of tumor cells 

ng mL-1 (Sodhi et al., 1992a) 
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𝐺𝐺8 19 Saturation for increased NK 
recruitment to tumor from IFN-γ 

ng/mL (Wendel et al., 2008) 

𝐺𝐺9 3.5 Saturation for increased T cell 
recruitment to tumor from IFN-γ 

ng/mL (Hariharan et al., 1999) 

𝐼𝐼1 0.4 Concentration at which capability 
is cut by half 

ng/mL (Robertson-Tessi, 2010) 

𝐼𝐼2 0.75  ng/mL (Robertson-Tessi, 2010) 
𝑅𝑅1 2*107 Concentration at which capability 

is cut by half 
cell (Robertson-Tessi, 2010) 

𝑅𝑅2 1*105 Saturation for increased MDSC 
recruitment to tumor from Tregs 

 (Holmgaard et al., 2015) 

𝐶𝐶1 0.3 Concentration at which capability 
is cut by half 

ng/mL (Robertson-Tessi, 2010) 

𝐶𝐶2 4.0 Concentration of IL-2 that 
corresponds to half the 
enhancement of the NK cell lysis 
of tumor cells 

ng mL-1 (Ghiringhelli et al., 2005) 

𝐶𝐶3 

0.10 

Concentration that corresponds to 
half the enhancement of IFN-γ 
production 

ng/mL (Fehniger et al., 2003) 

𝐶𝐶4 

5 

Concentration that corresponds to 
half the effectiveness of IL-2 in 
increasing NK activation  

ng/mL (T.-K. Yu et al., 2000) 

     
𝜌𝜌1 3.45*10-8 NK cell accumulation in tumor  (Nannmark et al., 2000) 
𝜌𝜌2 2*10-9 MDSC accumulation in tumor day-1 cell-1 (Schlecker et al., 2012) 
𝜌𝜌3 1.6*10-4 Macrophage accumulation in 

tumor 
day-1 cell-1 (Afik et al., 2016) 

𝜌𝜌4 6.8*10-5 Immature DC accumulation in 
tumor 

 (Kawano et al., 2016; 
Klarquist & Janssen, 
2012) 

𝜌𝜌5 
5.78*10-8 

CD8+ effector T cell accumulation 
in the tumor 

 (Dong et al., 2013) 

𝜌𝜌6 
1.25*10-7 

CD4+ effector helper T cell 
accumulation in the tumor 

 (Dong et al., 2013) 

𝜌𝜌7 
1.47*10-6 

Effector regulatory T cell 
accumulation in the tumor 

 (Dong et al., 2013) 

     
𝜅𝜅𝑇𝑇 3-50 Percent of T cells in tumor that are 

tumor specific 
% (Duhen et al., 2018; 

Lanitis et al., 2017) 
𝜅𝜅𝐶𝐶  0.30 Percent of T cells in circulation that 

are tumor specific 
% (Mortarini et al., 2003; 

Steven A Rosenberg et al., 
2005; J. S. Yu et al., 2004) 

𝜅𝜅𝐿𝐿 0.66 Percent of T cells in lymph nodes 
that are tumor specific 

% (Mortarini et al., 2003) 
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The parameter values described previously will be referred to Parameter Set A and held constant 

throughout the modeling. However, a number of parameters estimated across different sources or 

making different assumptions had a wide range of potential values. These parameters are: 𝛾𝛾, 𝑀𝑀, 𝛽𝛽, 𝑘𝑘6, 

𝜅𝜅𝑇𝑇, 𝑟𝑟0, 𝑟𝑟1, and 𝑟𝑟2. The final quantity of great interest that was assumed to vary significantly is the 

antigenicity 𝐶𝐶, an aggregate of three measurable quantities. It is found as the product of three parameters 

and the variable 𝜃𝜃𝐴𝐴: 

𝐶𝐶 = 𝜃𝜃𝑎𝑎𝐴𝐴 𝜌𝜌4𝑘𝑘10 4.240 
 

where 𝜃𝜃𝐴𝐴𝐴𝐴 is antigen expression on the tumor surface and 𝜃𝜃𝐴𝐴
 
is the enhancement of the antigen 

expression on the tumor from IFN-γ. 𝜌𝜌4  is the rate constant for the recruitment of immature DCs to the 

tumor. Finally, 𝑘𝑘10
 
measures how quickly antigen on the tumor surface causes DC maturation. A 

parameter termed initial antigenicity is defined as 𝐶𝐶0 = 𝐴𝐴 𝜌𝜌4𝑘𝑘10, using the assumption that 𝜃𝜃𝐴𝐴 = 1 

initially. This composite parameter was varied here. These parameter ranges are summarized in Table 

4.34. 

Table 4.34 Parameters that were found to vary significantly across estimates 

Parameter Range Units 
𝛾𝛾 3500-43000 cell 1−𝑡𝑡day-1 
𝐶𝐶𝑜𝑜 10−6 − 10−8 day-1 
𝑀𝑀 1.2 ∗ 102-1.3 ∗ 106 cell 
𝛽𝛽 0-1  
𝑘𝑘6 . 25-154  
𝑟𝑟0 14.5-7 ∗ 104 day-1 
𝑟𝑟1 0.41-1.1 ∗ 102 day-1 
𝑟𝑟2 3.24-1.1 ∗ 103 day-1 
𝜅𝜅𝑇𝑇 3-50 % 

 
These parameters were kept at their values as depicted in Table 4.33 unless otherwise stated. 
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4.4 Results and discussion 

The growth of a tumor from 1 tumor cell within a mouse is shown in Figure 4.6. The only 

parameter that was varied was the tumor growth rate. All other parameter values were as summarized in 

Section 4.2. Some representative curves show the general trend in tumor size as the growth rate increases 

from the lower end of the possible observable values at 𝛾𝛾 = 4000 to the higher end at 𝛾𝛾 = 40000 

cell 1−𝑡𝑡day-1. 

 
Figure 4.6 Tumor growth for different growth rates 

Although the tumor doubling time increased, the general trend in the tumor growth did not 

change significantly. In all cases, the tumor grew out of control to a lethal volume, though more rapidly 

for the faster-growing tumors.  

The other quantity of interest, the antigenicity was found to change significantly as the tumor 

grows. Specifically, the initial antigenicity of the tumor prior to activation by IFN-γ for Parameter Set A is 

𝐶𝐶𝑜𝑜 =1.8*10-5 day-1. As the tumor grows, this changes for the high growth rate of 𝛾𝛾 = 40000 cell 1−𝑡𝑡day-

1as follows: 
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Figure 4.7 Changes in antigenicity over tumor progression for 𝛾𝛾 = 40000 cell 1−𝑡𝑡day-1 

Over the 50 days of tumor growth, the value of the antigenicity increases to 2.6*10-5 day-1 with an almost 

linear trend with time. This increase is directly related to increased IFN-γ levels in the tumor environment. 

 Biological criteria 

Before further analysis, it is important to ensure that this model allows for modeling of crucial 

tumor-immune interactions in a biologically-realistic way. In Chapter 2, criteria for biological behavior for 

a model of tumor immune interactions were established. Table 4.33 summarizes that the biological model 

presented in this chapter meets all of these criteria.  

There are two qualities that significantly vary between tumors: the tumor growth rate and the 

antigenicity, which can even change over the course of a tumor lifespan (L. Chen et al., 1994; Kripke, 1974). 

Depending on the growth rate and initial antigenicity, different steady-state behaviors can be seen: 

uncontrolled growth, control, and eradication. Uncontrolled growth for mice was defined as growth to a 

size greater than 5*109 tumor cells in 2 years, the assumed normal lifespan. The tumor could coexist at a 

non-lethal size, which was assumed to occur if within the w-year lifespan of a mouse, the tumor remained 

between 1 cell and 5*109 cells. Finally, the tumor could be fully eradicated by the immune system. This 

was assumed to occur if the tumor remained at a size of less than 1 cell. These definitions ensure that 

realistic behaviors are noted despite the numerical nature of the calculations.  
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Table 4.35 Assessment of model mathematical behaviors 

1.  Tumor can grow without bound √ 

2.  (Tumor=0,CD8+ T =0) is a fixed point √ 

3.  Tumor=0 is a stable fixed point for some parameter values √ 

4.  Tumor=0 is not a stable fixed point for all parameter values √ 

5.  There is a “coexistence” fixed point for some parameter values √ 

6.  The “coexistence” fixed point does not hold for all parameter values √ 

7.  Bifurcation from different long-term behaviors coincides with a less 
immune-tolerant/ faster growing tumor 

√ 

8.  Immune response is bounded √ 

9.  Tumor kill rate by the immune system is reasonable in the severe 
immune infiltration limit 

√ 

10.  Tumor kill rate by the immune system is reasonable in the minimal 
immune infiltration limit 

√ 

11.  Cytokine-dependent events saturate √ 

 
For the mice, the steady-state behavior is presented in Figure 4.8 as the initial condition for 

antigenicity and the growth rate are varied: 

 
Figure 4.8 Steady-state behavior for tumor growth in a mouse 

For initial antigenicity less than 104 day-1 and high growth rate, the tumor grows uncontrollably, 

killing the mouse. For a medium initial antigenicity for slow growth rates, there is a region of tumor control 

where the immune system is able to keep the tumor contained at a non-lethal size. Finally, as the 
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antigenicity before IFN-γ stimulation is further increased, there is a region where the immune system is 

fully capable of tumor eradication. Of interest is the contrast of this result in mice to what was found by 

Robertson-Tessi et al (2010). In their model of tumor growth in humans, there was a clear optimal 

antigenicity, for some growth rates, where increasing the antigenicity beyond that point no longer led to 

better anti-tumor response. However, this model does not suggest the same conclusions in mice. 

Increasing antigenicity across all growth rates leads to a better anti-tumor response and the maximum 

growth rate for which a tumor can go from uncontrolled growth to cure continues to increase as 

antigenicity is increased.  

The phase plane in Figure 4.8 show that unlimited growth, coexistence and eradication are all 

possible with this model. Without tumor, T cells decay to a steady state of 0 tumor-specific immune cells. 

Therefore, criteria 1-7 are met by this model. Three representative tumor-growth curves are displayed in 

Figure 4.9 that depict all of the different steady-state tumor behaviors. For all of these models, the growth 

rate is 𝛾𝛾 = 4000 cell 1−𝑡𝑡day-1, and the initial antigenicity is varied from low, to medium to high. These 

curves correspond to a tumor that grows indefinitely, one that coexists at a non-lethal size for the mouse 

lifespan, and one that is fully eradicated by the immune response, respectively. 

   

𝐶𝐶𝑜𝑜 = 3 ∗ 102 day-1 𝐶𝐶𝑜𝑜 = 3 ∗ 104 day-1 𝐶𝐶𝑜𝑜 = 3 ∗ 107 day-1 

Figure 4.9 Steady-state behavior for tumor growth in a mouse for different initial antigenicities 
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When it comes to the rest of the criteria established in Chapter 2, assumptions 9, 10, and 11 were 

used in determining the form of the equations, so they are necessarily satisfied by the model. Finally, 

CD8+ T cell counts at steady state will be equal to the following: 

𝐴𝐴𝐸𝐸 =
𝛼𝛼1 𝑀𝑀𝐸𝐸𝐷𝐷
𝐷𝐷 + 𝑘𝑘4𝑀𝑀

1
𝛿𝛿𝐴𝐴

  4.241 

Thus, their levels are bounded between 0 and  𝛼𝛼1 𝑀𝑀𝐸𝐸
𝛿𝛿𝐴𝐴

. Even if dendritic cell counts expand indefinitely, 

effector memory T cells will not. The number of effector CD8+ T cells in the tumor, blood, and lymph are 

all dependent on these levels and are therefore also bounded. Finally, helper and regulatory T cells also 

have a similar form. Therefore, criterion 8 is satisfied by this model. Knowing that this model is capable of 

biologically realistic behavior is important but, it is also critical that this model can replicate experimental 

results. 

 Calibration 

 To ensure that the model created by individually estimating parameter values from different in 

vitro, mouse, and clinical experiments led to realistic behavior, the model was calibrated by comparing to 

experimentally observed values in mice. Cell counts for immune cells and concentrations of molecules for 

different tumors at different sizes were collected across publicly available literature and used to compare 

to levels seen in the model. A summary of the values collected in mice can be seen in Chapter 3.  

To compare, growth rate and antigenicity were varied, and the tumor was modeled to grow to a 

detectable nonlethal size, between 109 and 5*109 cells. Initial conditions were set to a single tumor cell 

and healthy mouse conditions as described previously. Across the different final tumor sizes, growth rates 

and initial antigenicity values, the minimum and the maximum of each model species was found. This was 

used to determine a range of possible model-predicted values that were generated for comparison. 
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Available data on cell densities in the tumor for mice (S. Chen et al., 2015; Grundy, Zhang, & Sentman, 

2007; Kawano et al., 2016; Klarquist & Janssen, 2012; Schlecker et al., 2012; van Hooren, Georganaki, 

Huang, Mangsbo, & Dimberg, 2016; Vincent et al., 2010) were compared to the outputs of the 

mathematical model in Figure 4.10.  

 
Figure 4.10 Calibration results in mice in the tumor with experimental results in blue and model 

predictions in black 

Although CD8+ T cell counts seen with the model are over a wider range than those seen experimentally, 

the other ranges are fairly similar. MDSC levels predicted by the model align very well with experimentally 

observed values. Immature DCs, NK cells, and macrophages are seen in the ranges predicted by the model 

and are also observed at higher levels. However, the alignment of these ranges suggests that model 

predictions of cell counts in the tumor are fairly reliable. 

Data on immune cell counts in the blood in mice (Beck et al., 2015; Forghani et al., 2017; Schlecker 

et al., 2012) were compared to levels predicted by the model in Figure 4.11, for those cell types accounted 

for in the blood compartment in the present model. The range of experimental T cell values was found by 

multiplying the experimental T cell count range by the range of percent of tumor-antigen-specific T cell 

fractions relative to the total T cell count.  
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Figure 4.11 Calibration results in mice in the blood with experimental results in blue and model 

predictions in black 

 
Again, although the ranges overlap significantly, T cell counts reported experimentally have a narrower 

range compared to the range of model predictions across all initial conditions for antigenicity. MDSC levels 

in the blood appear to be slightly elevated in the model compared to levels reported experimentally; 

however, the two values overlap significantly. This is in contrast to the MDSC densities in the tumor. It is 

possible that although total MDSC counts predicted by the model match experimentally observed values, 

the parameter for the rate of recruitment from the blood to the tumor may be leading to an 

underestimate of this recruitment rate. 

Next, molecular concentrations were compared to those seen experimentally. Figure 4.12 

compares circulating molecular concentrations for model predicted and experimentally observed values 

in tumor-bearing mice for IFN-γ  (Cosper & Leinwand, 2011; Hu et al., 2011; J. C. Park et al., 2014; Yeap et 

al., 2013), IL-2 (Cosper & Leinwand, 2011), IL-10 (Obál et al., 2016; Richner et al., 2015; Roggero et al., 

2002; Sato et al., 2011), and TGF-β (Flanders et al., 2016; Kao, Gong, Chen, Zheng, & Chen, 2003; 

Nabizadeh et al., 2016; Reginato et al., 2013; Roggero et al., 2002; D. Wu et al., 2015).  
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Figure 4.12 Calibration results in mice in the blood with experimental results in tumor mice in blue and 
model predictions in black 

IL-2 levels in the blood in mice appear to align well with those predicted for tumor-bearing mice 

by the model. IFN-γ levels estimates are, in some cases, elevated compared to those seen experimentally, 

although the ranges overlap significantly. IL-10 levels seen experimentally are a little higher than those 

predicted by the model, although there is significant overlap between the ranges. TGF-β levels appear to 

be higher experimentally than those that are predicted by the model. One possible reason for the disparity 

is that most of the TGF-β molecules in the blood are in a latent form (Khan, Joyce, & Tsuda, 2012). In fact, 

according to Khan et al, only about 5.8% of the TGF-β in serum of healthy mice were in an active form. 

Other studies confirm that active TGF-β levels are only a small proportion of observed TGF-β levels 

(Shibahara et al., 2013). It is assumed here that the active form is the relevant one for 

immunosuppression, and the TGF-β concentrations in the model are therefore interpreted as pertaining 

to the active rather than latent form. This consideration allows a reasonable reconciliation between 

experimental and model-predicted TGF-β levels: 
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Figure 4.13 Circulating TGF-β levels seen experimentally compared to predicted values for active and 

total TGF-β  

Thus, overall, experimentally observed values and model outputs are mostly in similar ranges and 

it is reasonable to use this model to analyze tumor-immune interactions in mice. 

 

 Comparison to experimental data 

The final step in ensuring the reliability of the model is comparison to experimental data. 

Ghiringhelli et al showed that IFN-γ is an important source of suppression of tumor growth (Ghiringhelli 

et al., 2009). First, just the growth rate was fit to the Ghiringhelli et al wildtype data and all other 

parameters were as in in Section 4.3.19 (Parameter Set A). It was assumed that the experimentally 

observed tumor growth in mm2 represented the area of a circular maximal cross-sectional of the tumor. 

This was adjusted to a spherical volume and that was used to determine the cell count by assumption (2). 

The growth rate parameter that was used to match the wildtype growth rate was 𝛾𝛾 = 6420 cell 1−𝛾𝛾day-1. 

The comparison between model output and the experimental data is for this growth rate value depicted 

in Figure 4.14.  
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Figure 4.14 Comparison of model results to the results of Ghiringhelli et al fitting the growth rate  

 
Adjusting growth rate alone does not allow for IFN-γ effects such as are seen from Ghiringhelli et 

al. Although IFN-γ effects predicted by the model with Parameter Set A do give rise to a small reduction 

in tumor growth, these effects are not as significant as seen experimentally. However, several parameters 

were found to vary significantly between different estimates including the total number of memory cells 

𝑀𝑀, the antigenicity at t=0, and MDSC inhibition of T cell proliferation 𝑘𝑘6. These parameters could be varied 

within their estimated ranges to maximize the effects of IFN-γ in the model to see if the kinds of behaviors 

seen by Ghiringhelli et al were even possible model results across biologically reasonable parameter 

values. It was found that the three parameters M, a0 and γ did not affect the results independently, and 

that therefore the data could be fit as well by only varying the initial antigenicity a0 and growth rate γ 

while M was fixed at the value of Parameter Set A. Keeping all other parameters as in Section 4.3.19, and 

maximizing IFN-γ effects while matching wild-type tumor growth led to the parameter values Parameter 

Set B summarized in Table 4.36.  
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Table 4.36 Parameter Set B: the value of these three parameters that maximize IFN-γ effects in mice while 
matching wildtype tumor growth of Ghiringhelli et al Figure 1S b (All other parameter values as in 
Parameter Set A) 

Parameter Value Units 

𝛾𝛾 8800 cell 1−𝛾𝛾day-1 

𝑘𝑘6 0.25 cell -1 

𝐶𝐶 at t=0 3.4*108  
 

Using these parameters, the maximal effects of IFN-γ, while matching the wildtype tumor growth, 

possible with the model are depicted in Figure 4.15.  

 
Figure 4.15 Maximal effects of IFN-γ as predicted by the mathematical model compared to the results of 

Ghiringhelli et al for Parameters Set B (Table 4.36) 

Just like the experimental results, the model allows for significantly faster tumor growth in a 

mouse without IFN-γ compared to a wild type. A number of other studies also show quite significant 

effects of IFN-γ in suppressing tumor growth (duPre, Redelman, & Hunter, 2008; Hollenbaugh & Dutton, 

2006; Nastala et al., 1994; Winter et al., 2001; Wolchok et al., 2001). Hollenbaugh and Dutton’s Figure 1E 

shows significantly faster growing tumors in the untreated case for IFN-γ knockout mice as compared to 

wild type (Hollenbaugh & Dutton, 2006).  Nastala et al’s Figure 8 depicts significantly faster growing 

tumors in mice treated with an anti-IFN- γ antibody (Nastala et al., 1994). Figure 1 of duPre et al shows 

that IFN- γ knockout mice have faster tumor growth and significantly higher metastatic potential than wild 

type mice. Consistent with all these experimental results, the model predicts a significant effect from IFN-
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γ, however, even at its best, using parameter values estimated from literature, the maximal effect of IFN-

γ does not match the magnitude of Ghiringhelli et al (2009). 

One of the greatest advantages of the Ghiringhelli et al study is the presence of data on several 

different deficiencies: not just IFN-γ knockout, but depletion of CD8+ T cells and general T-cell deficiency. 

Fitting all these data allows the comparison of different mechanisms of IFN-γ between the model and the 

experimental data. Ghiringhelli et al Figures 1S a and b, which have data for these different immune 

deficiencies, had different wild-type tumor growth rates in the control case of no immunodeficiencies or 

knockouts. Thus, to compare to the model with Ghiringhelli et al, antigenicity and growth rate were 

simultaneously fit to the data on T cell deficient mice, CD8+ deficient mice, IFN-γ deficient mice and wild-

type mice across all untreated curves in Ghiringhelli et al—a total of 5 data sets. The parameter values 

that differ from Parameter Set A (Section 4.3.19) are summarized in Table 4.37 and the subsequent 

simultaneous fit to all of the curves is in Figure 4.14. 

 
Table 4.37 Parameter Set C: adjusting two parameters to best match all data fit to Ghiringhelli et al Figures 
1S a and b 

Parameter Value Units 

𝛾𝛾 5550 cell 1−𝑡𝑡day-1 
𝐶𝐶𝑜𝑜 1 ∗ 106 day-1 

 

 
 

Figure 4.16 Comparison of model results to the results of Ghiringhelli et al with Parameter Set C (Table 
4.37) 
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With these results, it is clear that the model cannot capture all of the experimentally observed 

behaviors by adjusting only growth rate and initial antigenicity (the parameters expected to vary most 

across tumors) and using the baseline estimates of Parameter Set A for all other parameters. Ghiringhelli 

et al found that tumor growth in T-cell deficient mice did not differ significantly from growth in wild type 

mice (Ghiringhelli et al., 2009). This would suggest that the mechanism behind the effects of IFN-γ is 

independent of T cells. The present model does not include any such mechanism that could explain 

Ghiringhelli et al’s findings. IFN-γ knockout predicted by the model is always a smaller effect than T cell 

effects, with growth of the tumor in IFN-γ knockout mice being more rapid than in wildtype mice, but 

slower than both the CD8+ and the T cell deficient mice. This suggests that the model predicts that 

significant IFN-γ effects are via T cell suppression and that IFN-γ-dependent-mechanisms are only a 

fraction of the T cell mechanisms responsible for tumor control.  

It is possible to match all of the data of Ghiringhelli et al by adjusting a single parameter in addition 

to growth rate from those estimated in Section 4.3.19. If IFN-γ is actually more lethal to tumor cells than 

what was estimated experimentally, the mathematical model can capture all of the results of Ghiringhelli 

et al. The corresponding Parameter Set D is in Table 4.38 and fit is in Figure 4.17. 

 
 

Figure 4.17 Best fit to all data from Ghiringhelli et al with parameters in Table 4.38 
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Table 4.38 Parameter Set D: parameter values that allow for best fit to Ghiringhelli et al Figure 1S a and b 
(All other parameter values as in Parameter Set A) 

Parameter Value Units 

𝛾𝛾 9200 cell 1−𝑡𝑡day-1 
𝑟𝑟3 2.31 day-1 
 

This suggests that IFN-γ kill rate is more important for model fit than antigenicity. Although no 

experimental evidence would suggest that the tumor kill rate by IFN-γ would actually be that high, it does 

suggest that it is important to investigate the role of IFN-γ and the different mechanisms by which it affects 

tumor growth to learn what is currently predicted to be the most important mechanism of IFN-γ action. 

This could shed light on the disparity between the experimental results and the model predictions. 

 

 Role of IFN-γ 

With this model, it is possible to quantitatively rank the relative importance of the different 

mechanisms of Interferon-γ as predicted by the model. For comparison, the increase in tumor size on day 

15 due to each mechanism separately in the IFN-γ deficient mice as compared to wildtype mice was 

analyzed. The relative importance is not sensitive to the exact metric chosen. Table 4.39 captures the 

quantitative analysis of the different roles of IFN-γ in the case where IFN-γ effects on tumor growth are 

maximized, with Parameter Set B (Table 4.36). The percent increase in tumor size was defined as: 

�𝑇𝑇𝐼𝐼𝐼𝐼𝑁𝑁−𝛾𝛾 𝐾𝐾𝐾𝐾 (𝐶𝐶 = 15) − 𝑇𝑇𝑊𝑊𝑇𝑇(𝐶𝐶 = 15)�
𝑇𝑇𝑊𝑊𝑇𝑇(𝐶𝐶 = 15)

 4.242 

 
The greatest effect of IFN-γ is T cell recruitment to the tumor site, which caused the tumor size at 

day 15 to be more than 53% greater in IFN-γ knockout mice as compared to the wildtype. The next greatest 

effect of IFN-γ comes from direct cell kill of tumor cells by IFN-γ and increased kill of tumor cells by 
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macrophages. Surprisingly, two mechanisms actually appear to lead to a more rapid growing tumor. For 

the parameters that maximize IFN-γ effects, increased NK cell activity led to a greater sized tumor in 

wildtype mice than IFN-γ deficient mice. Increasing DC maturation seen through MHC II upregulation, 

shifting macrophages from the Type II to the Type I phenotype, and increased antigen expression on the 

tumor surface did not play a significant role in the mechanisms behind the importance of IFN-γ. 

Table 4.39 Increase in tumor size on day 15 due to each mechanism in IFN-γ deficient mice as compared 
to the wildtype mice 

Mechanism Percent increase 
All mechanisms 55.08 
T-cell recruitment to tumor site 53.29 
Direct killing of tumor cells 0.36 
Increase cytotoxic activity of macrophages 0.22 
Upregulate MHC II on antigen-presenting cells  0.00 
Upregulate MHC I on non-antigen-presenting cells 0.00 
Shifting macrophages to type I phenotype 0.00 
Increase in IFN-γ production by T cells  0.00 
No mechanisms 0.00 
Promote NK cell activity -0.01 
NK cell recruitment to tumor site -0.01 

 
 
Robertson-Tessi et al found that at a high initial antigenicity, such as that used to determine the maximal 

effects of IFN-γ, increasing the initial antigenicity further caused an increase in immunosuppression that 

helped the tumor grow more effectively (Robertson-Tessi, 2010). Thus, the effects of upregulating MHC 

expression on the tumor and DCs are highly dependent on antigenicity. This was seen for IFN-γ effects in 

this model as well, depicted in Figure 4.18. For low initial antigenicity, increasing antigen expression led 

to a greater increase in IFN-γ effects on tumor growth both for MHC expression on the tumor and on the 

DCs, with DC effects generally making a bigger difference. However, for higher initial antigenicity, the 

effects start to decay. If the initial antigenicity is high, increasing antigenicity no longer predicts IFN-γ 

effect on MHC expression leading to decreased tumor size. 
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Figure 4.18 Percent increase in tumor size on day 15 in IFN-γ deficient as compared to wildtype mice 

from IFN-γ effects on MHC expression on the tumor cells and on DCs with changes in the initial condition 
for antigenicity  

 
But why does increasing NK cell kill lead to a faster growing tumor? NK contribution to tumor kill 

is not the primary mechanism by which NK cells help with anti-tumor response. In fact, the percent of 

tumor cells killed by NK cells starts at a maximum around 0.006% and then continues to decay as the 

tumor grows and is infiltrated by tumor-specific cells: 

 
Figure 4.19 Percent of tumor cells killed by NK cells over time  

 
A single NK cell is assumed to kill 4 tumor cells before it dies, therefore this tumor killing actually decreases 

the number of NK cells in the tumor capable of non-cytolytic effects on other immune cells. There are a 

couple mechanisms by which NK cells interact with the rest of the immune system. NK cells affect DC 
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maturation, produce IFN-γ, and play a role in diluting immune interactions in the tumor. The importance 

of these mechanisms in NK effects of IFN-γ knockout are summarized in Table 4.40. 

Table 4.40 Increase in tumor size on day 15 due to each NK mechanism in the IFN-γ deficient mice as 
compared to wildtype mice 

Mechanism Percent increase 
All NK cell roles -0.013% 
IFN-γ production 0.001% 
Dilution -0.007% 
Effect on DC maturation -0.005% 
None of these NK cell roles 0.001% 

 

This makes it clear that NK effects on DC maturation are negligible, and a majority of the effects 

come from NK cells diluting the tumor environment and NK cell death leading to a decreased IFN-γ 

production. The model shows that the main role of NK cells is in production of IFN-γ to stimulate the 

immune response of other cells and that the effects of NK cells killing tumor cells is actually a significantly 

less effective mechanism of NK-tumor control. The increased tumor growth makes it clear that it is more 

efficient for an NK cell to produce IFN-γ in the lymph nodes as opposed to traveling to the tumor site to 

kill tumor cells. Additionally, this NK cell kill of tumor cells depleting NK cell levels actually has a greater 

negative effect than positive. If it was assumed that the deactivation rate of NK cells from tumor kill 𝛽𝛽, 

was zero, then increasing NK cytotoxicity would have a positive effect, though small, of a 0.001% increase 

in tumor size at day 15.  It should be noted that all the above results were for a single value of the tumor 

growth rate coefficient γ.  The relative importance of some mechanisms might change at other growth 

rates. 

 

 T-cell independent mechanisms of IFN-γ 

One of the greatest differences between the Ghiringhelli et al results and the results of the model 

is the importance of T cell-independent IFN-γ effects. These effects are minimal in the mathematical 
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model, but significant in the data of Ghiringhelli et al, which also show virtually no effect from T cell 

ablation. It is important to note that not all studies show this experimental result. Kowalczyk et al (2009) 

in a study involving vaccine-induced CD8+ cells, found that the combination of (perforin-mediated) 

cytolytic T cell killing and IFN-γ was necessary to eliminate tumors, as knockout of either one caused 

tumors to grow uncontrolled. Conversely, Figure 1d of Koebel et al (Koebel et al., 2007) shows that in 

primary MCA-induced sarcomas, using an anti-IFN-γ antibody increased tumor growth substantially, but 

when anti-CD8+/CD4+ antibodies  were used in addition to the IFN-γ depletion, no significant additional 

growth was seen, which is consistent with Ghiringhelli et al’s findings. However, since Koebel et al did not 

perform an additional experiment of depleting T cells without IFN-γ depletion, it cannot be said that the 

results confirm Ghiringhelli et al’s observations of an important T-cell-independent mechanism of IFN-γ. 

To estimate the T-cell independent mechanisms of IFN-γ, all T cell counts were set to 0. These 

results were compared to results of modeling IFN-γ deficient mice that also do not have any T cells. Thus, 

all of these mechanisms are independent of T cell effects in every way, even indirect effects. First, there 

was a 0.48% increase in tumor size at day 15 from IFN-γ in T-cell deficient mice without IFN-γ compared 

to just T-cell deficient mice. The relative importance of each of the mechanisms is highlighted in Figure 

4.20.  

 
Figure 4.20 Percent increase in tumor size on day 15 from including each T-cell-independent IFN-γ 

mechanism 

0.000%

0.190%

0.300%

0.000%
0.000%

0.000% 0.005% Promote NK cell activity

Increase cytotoxic activity of macrophages

Direct killing of tumor cells

Upregulate MHC II on antigen-presenting cells

Upregulate MHC I on non-antigen-presenting
cells
Increased NK cell recruitment to tumor site

Shifting macrophages to type I phenotype



233 
 

The main T-cell-independent mechanisms of IFN-γ in mice were direct killing of tumor cells, 

increasing macrophage cytotoxicity, and shifting macrophages to the M1 phenotype. NK and DC 

mechanisms play a negligible role. When compared to the results of Table 4.39, it becomes clear that IFN-

γ effects on antigen presentation affect only T cells, and not other immune cells. These effects are the 

increased MHC expression both on the tumor surface and on the surface of DCs. This was expected. 

Whereas T cells are antigen-specific, NK cells and macrophages are not modeled to depend on tumor 

antigen expression to kill tumor cells. Therefore, their kill should be independent of antigen expression, 

especially without indirect effects of T cells on these immune cells. From these results, NK cells appear to 

play a minimal role in the effects of IFN-γ on tumor growth.  As before, all the above results were for a 

single value of the tumor growth rate coefficient γ.  The relative importance of some mechanisms might 

change at other growth rates. 

 
 Relative importance of different immune components 

 
Figure 4.21 Relative magnitude of importance for different immune cells and molecules 

 
It is also possible to use this model to measure the relative importance of NK cells in tumor 

growth, not just in effects on IFN-γ-mediated tumor control. Figure 4.21 depicts the importance of NK, 
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and for comparison, other cells on mouse survival. Briefly, the time to reach a critical tumor burden of 

5*109 cells was estimated, from an initial assumed injected tumor burden of 106 cells for a mouse with a 

fully intact immune system, and one with various “knockouts.” Knockouts were modeled by setting 

different immune components to 0. One representative growth rate (𝛾𝛾 = 8000 cell 1−𝑒𝑒day−1) and 

antigenicity (𝐶𝐶𝑜𝑜 = 3 ∗ 106 𝑎𝑎𝐶𝐶𝑑𝑑−1) was chosen. 

Without macrophages, NK cells, and IL-10, the survival of mice is not significantly different from 

the full-model case. Therefore, immune effects of IL-10, macrophages, and NK cells are negligible. On the 

other hand, without T cells—both CD8+ and CD4+, IL-2, and DCs, the survival is significantly decreased. 

Because the survival is the same for all these cases, the effects of IL-2, CD4+ T cells, and DCs have the most 

vital effect on the tumor growth via their effects on CD8+ T cells. Finally, MDSCs have the most significant 

immunosuppressive effects, followed by the effects of TGF-β. As before, some of these results are 

sensitive to changes in the antigenicity at t=0, as depicted in Figure 4.22: 

 
Figure 4.22 Effects of antigenicity at t=0 on relative survival from different immune components  

 
Whereas removing some cells, such as T cells, significantly alters the survival time of mice, the 

effects of removing cell types do not change significantly even as antigenicity is shifted. At low 

antigenicities, T cells do not lead to substantial tumor cell kill; however, as antigenicity is increased, their 
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role increases until a plateau. NK cells always have a negligible role in tumor control. This trend was found 

across all growth rates as well (not pictured here). The main reason NK cells are not as apt at tumor 

suppression as CD8+ effector T cells was due to a lack of NK cell infiltration into the tumor, a prediction 

confirmed by a number of experimentalists (Albertsson et al., 2003; Nayyar, Chu, & Cairo, 2019; Negus et 

al., 1997). Figure 4.2.3 shows the ratio of tumor levels of CD8+ T cells to NK cells. At higher antigenicity, 

NK cells are relatively rare in the tumor compared to T cells, but NK cells surpass T cells at low antigenicity, 

where effects of both cell types on tumor growth are negligible. 

 
Figure 4.23 Ratio of tumor infiltration of tumor-specific CD8+ T cells to NK cells relative for different 

initial antigenicities  

 
For low initial antigenicity, there are more NK cells than CD8+ T cells and as antigenicity at 𝐶𝐶 = 0 

is further increased, the T cell infiltration far surpasses that of NK cells. In comparison, experimentalists 

found that the ratio of T cell infiltration to NK cells is just 4 times in lung squamous cell carcinoma 

(Peranzoni et al., 2018), suggesting that that tumor line had an antigenicity somewhere in the middle of 

that range.  

Initial tumor antigenicity appears to significantly change NK cell infiltration and T cell infiltration 

into the tumor, but leaves MDSCs and macrophages relatively unaltered, as clear from Figure 4.24.  
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𝐶𝐶𝑜𝑜 = 108 𝑎𝑎𝐶𝐶𝑑𝑑−1  𝐶𝐶𝑜𝑜 = 10−4 𝑎𝑎𝐶𝐶𝑑𝑑−1 

Figure 4.24 Effects of initial antigenicity on tumor immune infiltration 

Despite the fact that the dynamics are different in the two cases, with T cell infiltration happening 

more rapidly for higher initial antigenicity, the plateau of tumor associated macrophages and MDSCs does 

not seem to be significantly affected by the antigenicity and T cell levels at steady state are only marginally 

less on the low end of the antigenicity spectrum as compared to the high end. 

  
𝐶𝐶𝑜𝑜 = 108 𝑎𝑎𝐶𝐶𝑑𝑑−1 𝐶𝐶𝑜𝑜 = 10−4 𝑎𝑎𝐶𝐶𝑑𝑑−1 

Figure 4.25 Effects of initial antigenicity on tumor immune infiltration without T cells in dilution term 

Different mechanisms of NK cell recruitment to the tumor site and removal from the tumor were 

investigated for their effect on NK cell levels within the tumor. Some did not have a significant effect on 

the antigenicity effect on NK counts in the tumor. For example, without T cell dilution of NK-recruiting 
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factors by the tumor, the NK counts for low and high antigenicity remained highly disparate, as shown in 

Figure 4.25. However, removing one term did remove all antigenicity effects on NK cell counts in the 

tumor. By setting 𝛽𝛽 to 0, effectively removing NK cells exhaustion from tumor cell kill, it is possible to 

significantly reduce NK cell count dependence on antigenicity, as depicted in Figure 4.26.   

  
𝐶𝐶 = 108at 𝐶𝐶 = 0 𝐶𝐶 = 10−4 at 𝐶𝐶 = 0 

Figure 4.26 Effects of initial antigenicity on tumor immune infiltration without NK exhaustion 
 

This decrease in NK cells actually stems from the increased IFN-γ levels that accompany the higher 

antigenicity, which leads to more NK cell kill of tumor cells, in turn, depleting the NK cell counts in the 

tumor: 

 
Figure 4.27 Effects of initial antigenicity on NK cell activation by IFN-γ  
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Therefore, NK cell infiltration into the tumor is minimal, even across different antigenicities. 

Differences in NK levels in the tumor varying antigenicity come not from differences in recruitment and T 

cell effects on recruitment, or in differences in systemic levels due to increased DC counts (not pictured), 

but instead from the fact that at higher antigenicity, increased IFN-γ levels lead to increased tumor lysis 

by NK cells. This means that more NK cells are depleted from the tumor due to exhaustion from tumor 

cell kill. 

Finally, to ensure that the difference between T cell and NK cell effects is truly due to immune cell 

levels in the tumor and not from different capabilities of the two immune cell types, the per-cell kill rates 

were determined. Figure 4.28, depicts a representative plot of per-cell kill rate of tumor cells by CD8+ T 

cells and NK cells, for 𝐶𝐶𝑜𝑜 = 3 ∗ 106 day-1. The value does not affect these results however, and similar 

outcomes persist across the different antigenicities. 

 
Figure 4.28 Per-immune-cell kill rate of tumor cells by NK cells and CD8+ T cells 

 
In Figure 4.28, it is clear that at CD8+ T cell kill doesn’t vary significantly as the tumor grows, but 

NK cell kill of tumor cells increases as the tumor grows. The kill rates are very similar in magnitude, and in 

fact, 48 days post tumor inoculation, the rates of tumor kill by these cells are the same. Whereas the initial 

condition of the antigenicity can change the relative importance of NK cells as compared to T cells in tumor 

suppression, across all of these parameter values, NK cells had minimal effects on direct kill of tumor cells 

in the tumor due to their limited infiltration into the tumor. 
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 Sensitivity of results to parameter values 

Although many parameters were estimated from a single source or estimates across different 

sources did not lead to a wide range of possible parameter values, some parameters were seen to vary 

significantly across different estimates from different sources. As opposed to a traditional parameter 

sensitivity, changes in steady-state dynamics with changes in parameters across experimentally observed 

ranges were studied to see whether the model predictions are sensitive to different parameters. It has 

been established that the model is sensitive to observed tumor growth rates and initial antigenicities. 

Other parameters were studied in the same way: 𝑀𝑀, 𝛽𝛽, 𝑘𝑘6, 𝜅𝜅𝑇𝑇, 𝑟𝑟0, 𝑟𝑟1, and 𝑟𝑟2 all of which proved to vary 

significantly from different sources or based on the assumptions used in estimating them. 

  
Baseline 𝐶𝐶𝑜𝑜 𝐶𝐶𝑜𝑜 = 104 day-1 

 
Figure 4.29 Steady-state behavior for tumor growth in a mouse varying the number of tumor-specific 

central memory T cells 

First, the total tumor specific central memory T cell count was varied, and the long-term dynamics 

were captured for varying the corresponding parameter 𝑀𝑀 within its estimated parameter range from 

Section 4.3.6, also varying the tumor growth rate. Just as before, the uncontrolled growth was defined as 

a tumor reaching lethal size within a mouse lifespan, assumed to be 2 years, tumor control was a tumor 
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that remained non-lethal, but greater than 1 cell for a mouse lifetime, and cure was assumed to be a 

tumor that was less than 1 cell. Lethal tumor burden was assumed to be 5*109 cells, as before. 

Additionally, these long-term dynamics are affected by the initial antigenicity chosen. Two representative 

antigenicities were chosen to show the effects of varying  𝐶𝐶𝑜𝑜. Phase planes in Figure 4.29 depict effects of 

the parameter 𝑀𝑀 on model outcomes. Clearly, the results are sensitive to the tumor-specific memory T 

cell count. Varying that within experimentally-estimated ranges effects steady-state tumor behavior, 

enabling the tumor to shift from uncontrolled growth to tumor control, to even full eradication by the 

immune system. Additionally, the sensitivity of this parameter depends on 𝐶𝐶𝑜𝑜.  

Figure 4.30 depicts long-term changes for varying 𝛽𝛽, the parameter that relates to NK cell 

exhaustion from tumor cell kill. This parameter was not found to have the capacity to significantly alter 

the survival of the tumor, suggesting long-term tumor dynamics are not sensitive to it.  Again, two 

representative antigenicities are displayed. 

  
Baseline 𝐶𝐶𝑜𝑜  𝐶𝐶𝑜𝑜 = 108 day-1 

 
Figure 4.30 Steady-state behavior for tumor growth in a mouse varying NK cell exhaustion 

 
The model showed no difference in steady-state dynamics for experimentally observed values of 

𝛽𝛽. Unlike the other parameter, with changes in the NK cell exhaustion, there is no bifurcation in steady-

state dynamics and for all values of 𝛽𝛽. At baseline antigenicity, there is uncontrolled tumor growth for all 
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NK exhaustion levels. This lack of sensitivity to 𝛽𝛽 remains across the entire range of antigenicity values, 

although long-term dynamics change as initial antigenicity is increased, with a region of full tumor 

eradication apparent when antigenicity is increased to 𝐶𝐶𝑜𝑜 = 108 day-1. The lack of model sensitivity to 𝛽𝛽 

is consistent over all antigenicities. 

Figure 4.31 shows changes in tumor long-term dynamics for changes in MDSC effects on T cell 

proliferation, 𝑘𝑘6 for two representative values of initial antigenicity. 

  
𝐶𝐶𝑜𝑜 = 104day-1 𝐶𝐶𝑜𝑜 = 108 day-1 

 
Figure 4.31 Steady-state behavior for tumor growth in a mouse varying MDSC effects on T cell 

proliferation  

The model is sensitive to 𝑘𝑘6 as changes in that parameter had the capability to shift the tumor 

from controlled tumor growth that coexists with the immune system at a non-lethal size or cure to 

uncontrolled tumor growth. For low values of 𝑘𝑘6, the tumor can be kept non-lethal by the immune system 

if its growth rate is sufficiently low. However increasing the value of 𝑘𝑘6 from the other estimates, which 

aggregated around 1, to the one obtained by Mazzoni et al, led to steady-state behavior of uncontrolled 

growth across the entire antigenicity range (Mazzoni et al., 2002).  The antigenicity did have the capacity 

to change the steady-state behavior for low 𝑘𝑘6 estimates. Higher antigenicity shifted dynamics from a 

state of control to full eradication. Across the antigenicity values, the results are sensitive to 𝑘𝑘6. 
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The different assumptions in estimating tumor lysis by immune cells led to different results at 

steady state. Briefly, there was a significant difference—around 2 order in magnitude—in 𝑟𝑟0, 𝑟𝑟1, and 𝑟𝑟2 

depending on whether it was assumed that the immune cells in culture were able to detect tumor cells 

and migrate toward them via chemotaxis, or immune cells had to depend on random motion to come into 

contact with tumor cells in culture. Because there were three parameters effected by this decision, 

changes to each one individually was performed. The effects of changing the method of estimation on 

steady-state behavior for 𝑟𝑟0 and 𝑟𝑟2 are in Figure 4.32. The outcomes for all three lysis terms were not 

dependent on the antigenicity, so the results are for a single representative antigenicity a=104.  

 
 

Figure 4.32 Steady-state behavior for tumor growth in a mouse varying T cell and macrophage rate of 
lysis of tumor cells 

 
It is clear that model results are sensitive to both 𝑟𝑟0 and 𝑟𝑟2. The low end for the parameter value 

in each of these cases represents parameter estimation assuming chemotaxis. The high end of the 

parameter value represents parameter estimation assuming only random motion leads to tumor-immune 

contact. When the kill rate of tumor cells by T cells (𝑟𝑟0) and macrophages (𝑟𝑟2) is low, depending on the 

growth rate, tumor control, cure, and uncontrolled growth are all possible. However, when the 
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parameters are increased to their high values, tumor cure is possible for all growth rates. This would 

suggest that it is not likely that the obtained estimate from a mass-action assumption would allow for all 

possible outcomes of cure, coexistence, and unbounded tumor growth in in mice.  

On the other hand, changing NK cell kill of tumor cells within the estimated range did not 

significantly change steady-state outcome, as shown in Figure 4.33. For all values of 𝑟𝑟1, cure, coexistence 

and uncontrolled growth is possible. Therefore, the model is not sensitive to 𝑟𝑟1. These results are 

consistent with the other model findings that showed a lack of NK cell kill of tumor cells because of 

insufficient NK cell infiltration into the tumor.  Varying 𝑟𝑟1 from the calculated value of 0.41 assuming 

chemotaxis to the mass-action kinetics assumption of 𝑟𝑟1 = 1.1 ∗ 102 does not shift the tumor dynamics 

at steady state.  

 
Figure 4.33 Steady-state behavior for tumor growth in a mouse varying method of estimating NK cell 

lysis from experimental data 

 
Finally, Figure 4.34 depicts changes in steady-state dynamics for varying T cell specificity to tumor 

antigen 𝜅𝜅𝑇𝑇, for two representative initial antigenicities. The model is somewhat sensitive to 𝜅𝜅𝑇𝑇, depending 

on antigenicity at t=0. Within the ranges seen experimentally, between 0.03 and 0.5, for lower antigenicity 

the tumor is always in a state of uncontrolled growth; however, if the proportion of T cell infiltration in 
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the tumor that is tumor specific is slightly higher, a region of tumor control appears. Increasing initial 

antigenicity, leads to a region where uncontrolled growth, tumor control and cure are all possible. 

Therefore, the sensitivity of model outcomes to 𝜅𝜅𝑇𝑇 depends greatly on antigenicity. 

  
𝐶𝐶𝑜𝑜 = 104 day-1 𝐶𝐶𝑜𝑜 = 106 day-1 

Figure 4.34 Steady-state behavior for tumor growth in a mouse varying T cell specificity to tumor antigen 

 
 

 Dendritic cells 

One of the aspects of this model that is not realistic is the accumulation of unlicensed and 

maturing DCs in response to the tumor. Specifically, across initial antigenicities and growth rates, the 

immature dendritic cell levels were comparable to that seen experimentally, as shown in Figure 4.10. 

Similarly, mature licensed dendritic cells that are responsible for T cell activation are also reasonable 

across different initial values of antigenicity. However, for high initial antigenicities, the number of 

unlicensed DC, both those maturing and those residing in the lymph nodes, escalates to unreasonable 

values, even surpassing the tumor cell count. Figure 4.35 depicts the numbers of these cells for various 

initial values of antigenicity pre-IFN-γ stimulation for tumors that grow from 1 cell to a lethal volume of 

5*109 cells. 
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𝐶𝐶𝑜𝑜 = 10−3  day-1 𝐶𝐶𝑜𝑜 = 1day-1 

  
𝐶𝐶𝑜𝑜 = 103 day-1 𝐶𝐶𝑜𝑜 = 106day-1 

 
Figure 4.35 Dendritic cell counts for different initial values of antigenicity 

 
In all these cases, the tumor size does not vary significantly; neither do the immature DC and 

licensed DC levels. Yet, the model predicts that for a high initial antigenicity, such as one where tumor 

control was possible in Figure 4.8, the number of unlicensed dendritic cells estimated in the mouse is 

more than 1014 cells. For comparison, the total cell count in a human is estimated to be around 4*1013 

cells (Bianconi et al., 2013). This would mean that the DC counts in these mice surpass the size of a human. 

Obviously, some aspect of modeling of DC maturation or licensing leads to unreasonable values, however, 

the model’s many control processes allow for mature DC levels and consequently, T cell counts, to be 

reasonable. Modeling these intermediate cell types confers the advantage of showing which cell counts 

are within experimental ranges and which ones, in this case unlicensed DCs, are not. 
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 There are three potential reasons for the unreasonable DC counts estimated for some parameters 

by this model: 

1) The mechanism of DC licensing and activation of T cells assumed in this model may not be an 

accurate depiction of what is physiologically happening in vivo. Biologists do not agree on the 

mechanism behind DC licensing and activation, and across experimental literature at least five 

distinct mechanisms of DC licensing are apparent, many of which contradict each other (Ahmed, 

Wang, & Xiang, 2012; Barinov et al., 2017; Bedoui, Heath, & Mueller, 2016; Dresch et al., 2011; 

Flinsenberg et al., 2015; Hernandez et al., 2007; Hor et al., 2015; Hoyer et al., 2014; Kronin et al., 

2001; Lemoine et al., 2010; Mailliard et al., 2002; Min et al., 2010; Robertson-Tessi, 2010; B. Wang 

et al., 2001). If these mechanisms lead to varying DC counts, choosing the wrong biological 

mechanism as the basis for the model could account for elevated unlicensed dendritic cell counts.  

2) Although the two parameters, tumor growth rate and tumor initial antigenicity before IFN-γ 

stimulation are treated as independent in parameter estimation, it is possible that these two 

variables are actually related. This would suggest that not all two-parameter combinations of 

(𝛾𝛾,𝐶𝐶𝑜𝑜) are possible from the parameter space of all possible growth rates and antigenicities 

without IFN-γ stimulation of antigen expression. The unreasonable unlicensed DC levels may 

suggest a need to restrict the parameters to only those levels where unlicensed DC counts are 

reasonable.  

3) The role of immunosuppression may be underestimated for this model. Suppressive factors in the 

tumor microenvironment are responsible for keeping anti-tumor cell counts reasonable. Studies 

show that the majority of dendritic cells in the tumor are immature and the tumor environment 

keeps DCs in the immature state even after antigen uptake (Bergeron et al., 2006; Dudek A. M., 

2013; Dyduch et al., 2017; Janco J. M. T., 2015; Tabarkiewicz et al., 2008). Therefore, if this model 

underestimates these effects, that could be responsible for the unrealistic DC levels. 
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All three of these explanations will be analyzed in Chapter 5. Fortunately, these elevated DC counts 

do not lead to unreasonable counts of other immune cells and molecules, as verified via calibration, 

making it reasonable to assume that model conclusions are not invalid because of this elevated cell 

count value. 

4.5 Conclusions 

A nonlinear deterministic compartmental ordinary differential equations model was developed 

that tracks tumor cells (T), immature (L), unlicensed (U and UT) and licensed (D) Dendritic cells; central 

memory (ME), effector memory (AE) and effector (E) CD8+ cytolytic T cells in the lymph nodes and in the 

tumor site (ET); central memory (MH), effector memory (AH) and effector (H) CD4+ helper T cells in the 

lymph nodes and in the tumor site (HT); central memory (MR),  effector memory (AR) and effector (R) 

regulatory T cells in the lymph nodes and in the tumor site (RT); bright NK cells (NB), dim NK cells in the 

tumor environment (N) and in the circulation (ND), MDSCs in the tumor (W) and in the circulation (WC), 

and macrophages (Φ). This model also accounts for immune molecules IL-2 (C), TGF-β (S), IL-10 (I), and 

IFN-γ (G). This model was used to predict immune response to tumors in mice. 

This model had 148 parameters which were estimated independently from experimental results 

from in vivo experiments and in vitro cultures. Many of these parameters were estimated across multiple 

sources, and these estimates lead to a narrow range of possible parameter values, but several were found 

to vary significantly across different estimates: 𝛾𝛾, 𝐶𝐶, 𝑀𝑀, 𝛽𝛽, 𝑘𝑘6 and 𝜅𝜅𝑇𝑇, which correspond to the tumor 

growth rate, the antigenicity, tumor-specific memory T cell counts, NK exhaustion from tumor kill, MDSC 

effects on T cell proliferation, and proportion of T cells in the tumor that are tumor specific. Antigenicity 

is a measure of the ability of the immune system to recognize and be activated by the tumor. It is an 

aggregate of three measurable quantities: antigen expression on the tumor surface, recruitment of 

immature DCs to the tumor, and the rate at which tumor antigens lead to DC maturation. Three 
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parameters relating to immune lysis of tumor cells (𝑟𝑟0, 𝑟𝑟1, and 𝑟𝑟2) also varied significantly depending on 

whether an assumption of mass-action kinetics was made in parameter estimation. The results of the 

model predictions were most sensitive to growth rate, antigenicity, and memory T cell counts. 

Depending on the values of these parameters, the steady-state tumor dynamics were varied. At 

low antigenicities and low memory T cell counts, tumors grew uncontrollably. However, as the antigenicity 

or memory T cell counts increased, slow growing tumors could be controlled by the immune system, 

maintained at a non-lethal size for the duration of the mouse lives. Finally, further increasing antigenicity 

led to a region where slow-growing tumors could be fully eradicated by the immune response. These 

results were confirmed with a calibration, where cell counts and molecular concentrations were 

compared to values reported experimentally. Most ranges overlapped significantly, although TGF-β levels 

predicted by the model were much lower than those seen in vivo. This could be explained by the fact that 

more than 90% of those TGF-β molecules are actually in a latent form. If TGF-β levels modeled are only in 

their active form, levels are much more in-line with model predictions. 

The final step in model verification was testing the ability to match and explain experimental 

results. Experimental data from Ghiringhelli et al (2009) on tumor growth in wildtype, IFN-γ knockout, and 

T cell knockout mice were fit simultaneously to the math model, although the fits were unsatisfactory. 

This is because the model predicted that the main mechanisms of IFN-γ in mice were due to increasing T 

cell recruitment to the tumor site. In contrast, Ghiringhelli et al found that T-cell deficient mice had only 

slightly faster growing tumors than wildtype mice, whereas IFN-γ deficient mice had significantly faster 

tumor growth. This suggest that the main mechanism of action of IFN-γ they observed was T cell–

independent. Either this T-cell-independent effect is missing from the present model, or the parameter 

estimates made are not in the ranges needed to reproduce it. 
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The model predicted that T cells have a primary role in tumor growth in this mouse model, and 

that effects of NK cells and macrophages are minimal. This could explain why T-cell-independent 

mechanisms of IFN-γ did not play a significant role, as without macrophages or NK cells, mice were 

expected to live just as long as if they had these cells. Apart from T cells, other important immune 

components were MDSCs and TGF-β, which played a key pro-tumor role. Eradicating or ablating them 

significantly increased survival. 

Finally, although all other cell counts were reasonable, unlicensed DC counts surpassed 

reasonable levels for some initial conditions of antigenicity. This could be due to an inaccurate 

physiological mechanism of DC licensing, a need to restrict the parameter space to ensure that only 

reasonable levels are possible, or an underestimated immunosuppressive effect of the tumor 

microenvironment on DC maturation in situ. These different reasons will be investigated in Chapter 5.  
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5 Mathematical models for dendritic cell licensing and T cell 
activation 

One of the greatest limitations of the model developed in Chapter 4 is that although the counts 

of other immune cell types appear to be reasonable, tumor-specific mature (licensed and unlicensed) 

dendritic cell (DC) counts exceed realistic levels. This raises the question of whether the current model 

gives an accurate representation of DC licensing. One of the biggest problems with modeling DC licensing 

is that experimentalists have not agreed on a single process by which this occurs. 

Foreign cells present antigens on their surface that are sampled by immature dendritic cells. Once 

these cells take up the antigen, they mature and actively migrate to the lymph nodes where they are able 

to interact with T cells. However, these cells are not yet able to activate T cells, and are referred to as 

unlicensed dendritic cells. Once they get licensed, these DCs train naïve or memory T cells to become 

activated T cells. These T cells develop into three types of terminally differentiated T cells (Murphy & 

Weaver, 2016). The details of the process behind DC licensing and T cell activation are not agreed upon 

by experimentalists or modelers.  This has led to mathematical models based on quite different 

mechanisms of this process. 

The simplest model with dendritic cells in cancer developed by Nakada et al features DC licensing 

via simultaneous contact with both tumor cells and activated T cells (Nakada, Nagata, Takeuchi, & 

Nakaoka, 2016). In this model, T cells are not split up into CD4+ and CD8+ subsets, and are all assumed to 

be activated, tumor specific, and cytotoxic to tumor cells. T cells are activated by contact with DCs, and 

conversely, direct contact with T cells and tumor cells are required for DC licensing. In this model, the 

same single population of cells that are licensing DCs are the ones killing the tumor. Since tumor kill by 

CD8+ T cells is generally believed to be much greater than kill by CD4+ cells, this single T cell pool in the 

model must be assumed to include CD8+ cells. Two possible interpretations are, then, that both CD8+ and 
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CD4+ T cells are included in the T cell compartment, or that dendritic cell licensing is assumed to occur 

mainly by CD8+ T cells.  

Leon et al (García-Martínez & León, 2010; León, Garcia-Martinez, & Carmenate, 2013) modeled 

CD4+ T cell activation with direct binding to dendritic cells and the formation of a CD4+ T cell-DC complex.  

This model does not directly include effector CD8+ cytolytic T cells, although it does include “the dynamics 

of a generic population of non-CD4+ T cells, which binds weakly to the existent APCs, but proliferates in 

response to IL-2 signal, with similar sensitivity than the activated helper CD4+ T cells.” These T cells are 

modeled to proliferate in response to IL-2 without any requirements of activation by dendritic cells. Leon 

et al’s licensed DC levels are assumed to be constant  (García-Martínez & León, 2010; León, Garcia-

Martinez, & Carmenate, 2013).   

Finally, Robertson-Tessi et al (Robertson-Tessi, 2010) model separate pools of CD8+ and CD4+ T 

cells, which are further divided into helper CD4+ cells and Treg CD4+ cells.  In their model, dendritic cell 

licensing occurs only by contact with CD4+ helper T cells. Then, activation of CD8+ T cells requires direct 

contact between CD8+ T cells and licensed dendritic cells. 

Just as the modeling methods of DC activation of T cells are not consistent, biologists cannot agree 

on the exact mechanism by which CD8+ T cells are activated from the memory or naïve states. In the 

present model, it is only the activation of memory cells that is of concern. There are multiple distinct 

proposed biological mechanisms by which the adaptive response is reactivated from memory T cells in 

recurrent disease. Here, several mathematical models will be developed that correspond to these 

different proposed mechanisms, and analyzed for their differing abilities to match experimental data. In 

all of the proposed models, immature DCs engulf antigen-expressing foreign cells or just the antigens, 

causing them to mature and present antigens to T cells. What happens afterwards, however, varies 

according to which proposed biological mechanism is assumed. The five distinct models are here termed 
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the two-step model with exclusive CD4+ T cell licensing, two-step model with CD4+ T/CD8+ T cell licensing, 

the three-cell cluster model, the factor model, and the combination model. 

5.1 Methods 

First, the biological literature was extensively searched for proposed mechanisms for dendritic 

cell licensing and T cell activation that were substantiated by experimental evidence. Many experiments 

only studied a specific aspect of the process, but overall, the review of the literature led to distinct 

biological models that contradicted each other.   

From there, each biological model was translated into mathematical form using several of the 

same assumptions made in Chapter 4. Specifically, following assumption (3) of Chapter 4, direct contact 

between two cells 𝐴𝐴 and 𝐵𝐵 is modeled in a form that stems from mass-action kinetics: 

[𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶 𝑏𝑏𝑏𝑏𝐶𝐶𝑏𝑏𝑏𝑏𝑏𝑏𝐶𝐶 𝐴𝐴 𝐶𝐶𝐶𝐶𝑎𝑎 𝐵𝐵] =
𝑥𝑥𝑜𝑜 𝐴𝐴𝐵𝐵

(𝐵𝐵 + 𝐴𝐴) 5.1 

All other assumptions about saturation and recruitment of immune cells are exactly as in Chapter 4. The 

basic system of equations for each of these models is a modified version of the equations presented in 

Chapter 4. The three components that differ between the different models are labeled [TERM 1], 

[TERM 2], and [ TERM 3]. These equations with the position of these differences are summarized as 

follows: 

𝑈𝑈′ = 𝑘𝑘13𝑈𝑈𝑇𝑇 − [TERM 1] − 𝛿𝛿𝑈𝑈 𝑈𝑈 
5.2 A  

𝐷𝐷′ = [TERM 1]− 𝛿𝛿𝐷𝐷 𝐷𝐷 
5.2 B  

𝐴𝐴𝐸𝐸′ = [TERM 2]− 𝛿𝛿𝐴𝐴𝐴𝐴𝐸𝐸 
5.2 C  

𝐴𝐴𝐻𝐻′ = [TERM 3]− 𝛿𝛿𝐴𝐴𝐴𝐴𝐻𝐻 
5.2 D  
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The other terms in all of these models are identical and exactly match the equations in Chapter 4. The 

different models are now developed, and their differences are discussed. 

 

 Two–step model with exclusive CD4+ T cell licensing  

In the two-step model, before mature DCs can present antigens to CD8+ T cells, they must first be 

licensed by direct contact with CD4+ T cells. Only then can the DCs activate CD8+ T cells (Flinsenberg et 

al., 2015; Hernandez, Shen, & Rock, 2007; Mailliard et al., 2002; Robertson-Tessi, 2010; Wang et al., 2001). 

The order of the sequential contact is vital in this model, based on findings by Flinsenerg et al that show 

cognate antigen-specific CD4+ T cells must license DCs to initiate an effective CD8+ T cell response. They 

also showed that antigen-specific helper T cell expansion precedes the expansion of CD8+ T cells, showing 

that their activation occurs before that of CD8+ T cells (Flinsenberg et al., 2015). Experiments confirming 

this model show that CD8+ T cell immunity is not developed in CD4+ deficient mice (Smith et al., 2004) 

and increasing the number of CD4+ T cells added to DCs leads to increased CD8+ immunity (Flinsenberg 

et al., 2015). Transwell experiments where CD4+ T cells are separated from the DCs and CD8+ cells show 

a significant reduction in CD8+ activation as opposed to a direct coculture (Mailliard et al., 2002).  This 

confirms the importance of direct contact. The two-step model was adopted by Robertson-Tessi et al and 

was also used in the model of Chapter 4. The two-step model mechanism is shown in Figure 5.1. 

 

Figure 5.1 Two-step with exclusive CD4+ T cell licensing model 
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Mathematically, this model depicts licensing as a process that necessitates direct contact between 

memory CD4+ T cells and unlicensed dendritic cells. This contact is modeled per equation 5.1 as in Chapter 

4, presented in equation 5.3.   

[TERM 1] =
𝜆𝜆 𝑈𝑈𝑀𝑀𝐻𝐻

𝑀𝑀𝐻𝐻 + 𝑈𝑈
 

5.3 

Although experiments make it clear that only tumor-specific CD4+ T cells are responsible for DC 

licensing, they do not specify if these cells are in their central memory, effector memory or effector state. 

Therefore, the form of this equation is driven by possible model behaviors. Initially, a mouse with either 

one tumor cell (to model minimal residual disease that recurs) or an inoculation of tumor cells at time 

zero, will have no tumor-specific licensed DCs or tumor specific effector memory or effector T cells. 

Therefore, DC licensing, and subsequent T cell activation cannot take place unless the memory T cells, 

which are present for recurrent disease always, are the cells that are licensing DCs. Any other state of T 

cell would never allow for tumor-specific immune development against the tumor from zero tumor-

specific effector memory and effector T cells. This assumption was made for all the models considered 

here.  

CD8+ T cell activation requires direct contact between memory CD8+ T cells and licensed dendritic 

cells, represented in equation 5.4: 

[TERM 2] =
𝛼𝛼1 𝑀𝑀𝐸𝐸𝐷𝐷
𝐷𝐷 + 𝑘𝑘4𝑀𝑀

 5.4 

Finally, CD4+ helper T cell activation does not require DC licensing, so could include contact with 

either licensed or unlicensed DCs per equation 5.1: 

[TERM 3] =
𝛼𝛼3𝑀𝑀𝐻𝐻(𝑈𝑈 + 𝐷𝐷)
𝑈𝑈 + 𝐷𝐷 + 𝑘𝑘4𝑀𝑀

 5.5 
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 Two–step model with CD4+/CD8+ T cell licensing  

Many experiments suggest that CD8+ T cells are also capable of licensing DCs, especially in the 

absence of CD4+ T cells (Hernandez et al., 2007; Mailliard et al., 2002; Wang et al., 2001). Specifically, it is 

the CD40 surface protein that is responsible for this licensing and “CD40-deficient and CD40L-deficient 

mice fail to develop endogenous CTL responses after immunization. Surprisingly, the role for CD40 and 

CD40L are observed even in the absence of CD4+ T cells; in this situation, the CD8+ T cell itself provides 

CD40L,”  (Hernandez et al., 2007). Other researchers state that absence of CD4+ T helper cells is not 

necessary for CD8+ T cells to license DCs, but instead “CD8+ T cells can provide self-help if they are present 

at a sufficiently high precursor frequency,” (Wang et al., 2001). This would suggest the mechanism in 

Figure 5.2: 

 

Figure 5.2 Two-step model with CD4+/CD8+ T cell licensing 

Mathematically, this model depicts licensing as a process that necessitates direct contact between 

unactivated DCs and either CD4+ helper or CD8+ T cells per equation 5.6: 

[TERM 1] =
𝜆𝜆 𝑈𝑈(𝑀𝑀𝐻𝐻 + 𝑀𝑀𝐸𝐸)
𝑀𝑀𝐻𝐻 + 𝑀𝑀𝐸𝐸 + 𝑈𝑈

 5.6 

Terms 2 and 3 are the same as for the two-step model with exclusive CD4+ T cell licensing. 
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 Three-cell cluster model 

In this model, direct contact is required between all three cells (DCs, CD4+ and CD8+ T cells) at 

the same time. DCs are licensed simultaneously as T cells are activated by direct contact with CD8+ and 

CD4+ T cells (Barinov et al., 2017; Hoyer et al., 2014). Experimental studies show that there is a formation 

of complexes in which “CD8+ T cells bind directly to CD4+ cells; and that the vast majority of T/DC 

complexes are ternary, harboring both T/DC and CD4+/CD8+ direct interactions,” (Barinov et al., 2017). 

These studies contradict the two-step model in that “a sequential interaction of licensed DCs with CD8+ T 

cells barely improved CTL expansion. In sharp contrast, simultaneous encounter of Th cells and CTLs with 

the same DC during the first in vitro encounter is a prerequisite for optimal subsequent CTL expansion in 

our in-vitro system,” (Hoyer et al., 2014).  

 

Figure 5.3 Three-cell cluster model 

 
Equation 5.7 gives the rate of DC licensing according to this clustering model, with this rate 

depending on the frequency of direct contact between all three cells: 

[TERM 1] =
𝜆𝜆𝑈𝑈𝑀𝑀𝐸𝐸𝑀𝑀𝐻𝐻

𝑘𝑘24𝑀𝑀 + 𝑈𝑈
 

5.7 

 

Similarly, the rates of CD8+ T cell activation and CD4+ helper T cell activation require the same 

contact between the three cells as in equation 5.7 and these rates are given by equations 5.8 and 5.9, 

respectively. 
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[TERM 2] =
𝛼𝛼1𝑈𝑈𝑀𝑀𝐸𝐸𝑀𝑀𝐻𝐻

𝑘𝑘4𝑀𝑀 + 𝑈𝑈
 5.8 

[TERM 3] =
𝛼𝛼3𝑈𝑈𝑀𝑀𝐸𝐸𝑀𝑀𝐻𝐻

𝑘𝑘4𝑀𝑀 + 𝑈𝑈
 5.9 

The different parameter values allow for the licensing and activation to all occur at different rates, even 

though direct contact is necessary for all these processes. 

 Factor model 

In this model, direct contact between T cells and DCs is not required. DCs are licensed by the 

presence of a licensing factor before they can activate CD8+ T cells (Dresch et al., 2011; Lemoine et al., 

2010; Min et al., 2010).  This licensing process is independent of CD40 and T-helper cells (Lemoine et al., 

2010; Min et al., 2010). Studies have found that DCs that were incapable of inducing T cell proliferation 

fully regained that capacity when treated with licensing factors (Dresch et al., 2011). Further studies show 

that T cell supernatant is sufficient for DC licensing, and that direct contact is not required (Min et al., 

2010).  

Although several molecules have been proposed as licensing factors, including GM-CSF, a number 

of researchers found that IFN-γ can induce DC ability to activate CD8+ T cells (Flinsenberg et al., 2015; 

Frasca et al., 2008; Lemoine et al., 2010). Even though T cells are major producers of IFN-γ (Halminen, 

Klemetti, Vaarala, Hurme, & Ilonen, 1997; Kasahara, Hooks, Dougherty, & Oppenheim, 1983; Liu, Zhang, 

Jia, & Sun, 2015), the presence of IFN-γ alone, without T cells, suffices to induce DC licensing. IFN-γ 

production is seen by both CD4+ and CD8+ T cells (Kambayashi, Assarsson, Lukacher, Ljunggren, & Jensen, 

2003; Kasahara et al., 1983), although other cells can also be a source of IFN-γ leading to licensing.   
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Figure 5.4 Factor model 

Equation 5.10 gives the rate of DC licensing according to the factor model. It was assumed that 

this rate saturates in IFN-γ, bounded by 𝑘𝑘23. 

[TERM 1] =
𝜆𝜆𝑈𝑈

1 + 𝑈𝑈�
𝑘𝑘23𝐺𝐺

1 + 𝐺𝐺
𝐺𝐺2

� 5.10 

The rate of CD8+ T cell activation is given in Equation 5.11, with the assumption that it depends 

on direct contact with licensed DCs: 

[TERM 2] =
𝛼𝛼1 𝑀𝑀𝐸𝐸

𝐷𝐷 + 𝑘𝑘4𝑀𝑀
 5.11 

Finally, the rate of CD4+ helper T cell activation is again modeled to necessitate contact with DCs, 

although not necessarily the licensed ones: 

[TERM 3] =
𝛼𝛼3𝑀𝑀𝐻𝐻(𝑈𝑈 + 𝐷𝐷)
𝑈𝑈 + 𝐷𝐷 + 𝑘𝑘4𝑀𝑀

 5.12 

 

 Combination model 

The combination model requires an initial step of DC licensing by direct contact of DCs with CD4+ 

T cells. Subsequently, direct contact between CD4+ T cells, CD8+ T cells, and DCs is necessary for CD8+ T 
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cell activation (Ahmed, Wang, & Xiang, 2012; Bedoui, Heath, & Mueller, 2016; Hor et al., 2015; Kronin et 

al., 2001). Some studies show that antigen is transferred between migratory immature dendritic cells to 

resident dendritic cells, the latter being the DCs that get licensed: “We found that early priming of CD4+ 

T cells involved clustering with migratory skin DCs. CD8+ T cells did not interact with migratory DCs and 

their activation was delayed, requiring later clustering interactions with [lymph-node resident] DCs. CD4+ 

T cells interacted with these late CD8+ T cell clusters on resident XCR1+ DCs,” (Hor et al., 2015). Other 

researchers do not explicitly state that antigen transfer occurs, but also do not directly contradict that this 

is an important step in the mechanism behind T cell activation after DC licensing. The combination model 

with antigen transfer is represented in Figure 5.5. 

 
Figure 5.5 Combination model with antigen transfer 

 
The combination model without antigen transfer is represented in Figure 5.6. 

 

Figure 5.6 Combination model without antigen transfer 
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Because the studies supporting the combination model do not give evidence that antigen transfer does 

not take place, and because the mathematical form of both of these models is identical, only the 

combination model with antigen transfer was considered here. 

Based on findings by Bedoui et al (2016), it was assumed that CD8+ cells are the only cells 

activated in the 3-cell interaction, and that CD4+ T cells are activated when the initial DC licensing step 

occurs. Their research showed that CD4+ T cells were activated 12–24 h prior to CD8+ T cells (Bedoui et 

al., 2016). Equation 1.15 gives the rate of DC licensing, on the assumption that it depends on direct contact 

between CD4+ T cells and unlicensed DCs, following equation 5.1: 

[TERM 1] =
𝜆𝜆 𝑈𝑈𝑀𝑀𝐻𝐻

𝑀𝑀𝐻𝐻 + 𝑈𝑈
 

5.13 

The rate of CD8+ T cell activation, given in Eq. 1.16, depends on three-way direct contact with 

licensed DCs, unactivated CD4+ T cells and unactivated CD8+ T cells; this form is as in 5.8: 

[TERM 2] =
𝛼𝛼1𝑈𝑈𝑀𝑀𝐸𝐸𝑀𝑀𝐻𝐻

𝑘𝑘4𝑀𝑀 + 𝑈𝑈
 5.14 

The rate of CD4+ helper T cell activation depends on the frequency of contact with either 

unlicensed or licensed DCs, leading to equation 5.15: 

[TERM 3] =
𝛼𝛼3𝑀𝑀𝐻𝐻(𝑈𝑈 + 𝐷𝐷)
𝑈𝑈 + 𝐷𝐷 + 𝑘𝑘4𝑀𝑀

 5.15 

 

 

 Summary of all models 

The three terms that differ between the studied models are summarized in Table 5.1: 
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Table 5.1 Equations for different biological models 

Model [TERM 1] 
Rate of DC licensing 

[TERM 2] 
Rate of CD8+ cell 

activation 

[TERM 3] 
Rate of CD4+ cell 

activation 
Two-step with exclusive 
CD4+ licensing 

𝜆𝜆 𝑈𝑈𝑀𝑀𝐻𝐻

𝑀𝑀𝐻𝐻 + 𝑈𝑈
 

𝛼𝛼1 𝑀𝑀𝐸𝐸𝐷𝐷
𝐷𝐷 + 𝑘𝑘4𝑀𝑀

 
𝛼𝛼3𝑀𝑀𝐻𝐻(𝑈𝑈 + 𝐷𝐷)
𝑈𝑈 + 𝐷𝐷 + 𝑘𝑘4𝑀𝑀

 

Two-step with CD4+/ 
CD8+ licensing 

𝜆𝜆 𝑈𝑈(𝑀𝑀𝐻𝐻 + 𝑀𝑀𝐸𝐸)
𝑀𝑀𝐻𝐻 + 𝑀𝑀𝐸𝐸 + 𝑈𝑈

 
𝛼𝛼1 𝑀𝑀𝐸𝐸𝐷𝐷
𝐷𝐷 + 𝑘𝑘4𝑀𝑀

 
𝛼𝛼3𝑀𝑀𝐻𝐻(𝑈𝑈 + 𝐷𝐷)
𝑈𝑈 + 𝐷𝐷 + 𝑘𝑘4𝑀𝑀

 

Cluster 𝜆𝜆𝑈𝑈𝑀𝑀𝐸𝐸𝑀𝑀𝐻𝐻

𝑘𝑘24𝑀𝑀 + 𝑈𝑈
 

𝛼𝛼1𝑈𝑈𝑀𝑀𝐸𝐸𝑀𝑀𝐻𝐻

𝑘𝑘4𝑀𝑀 + 𝑈𝑈
 

𝛼𝛼3𝑈𝑈𝑀𝑀𝐸𝐸𝑀𝑀𝐻𝐻

𝑘𝑘4𝑀𝑀 + 𝑈𝑈
 

Factor 
𝑈𝑈

𝑈𝑈𝑜𝑜 + 𝑈𝑈�
𝑘𝑘23𝐺𝐺𝐿𝐿

1 + 𝐺𝐺𝐿𝐿
𝐺𝐺2

� 

𝛼𝛼1 𝑀𝑀𝐸𝐸

𝐷𝐷 + 𝑘𝑘4𝑀𝑀
 

𝛼𝛼3𝑀𝑀𝐻𝐻(𝑈𝑈 + 𝐷𝐷)
𝑈𝑈 + 𝐷𝐷 + 𝑘𝑘4𝑀𝑀

 

Combination 𝜆𝜆 𝑈𝑈𝑀𝑀𝐻𝐻

𝑀𝑀𝐻𝐻 + 𝑈𝑈
 

𝛼𝛼1𝑈𝑈𝑀𝑀𝐸𝐸𝑀𝑀𝐻𝐻

𝑘𝑘4𝑀𝑀 + 𝑈𝑈
 

𝛼𝛼3𝑀𝑀𝐻𝐻(𝑈𝑈 + 𝐷𝐷)
𝑈𝑈 + 𝐷𝐷 + 𝑘𝑘4𝑀𝑀

 

 

5.2 Parameter estimation 

The model parameter values depend on the exact forms of the equations, and because the 

different mechanisms considered above led to different equations, some parameter values given in 

Chapter 4 had to be re-estimated. The parameter values from the Chapter 4 model that are different for 

the different models are shown in Table 5.2. The parameters 𝛼𝛼1, 𝛼𝛼3, and 𝑘𝑘4 were originally estimated in 

Robertson-Tessi et al by fitting  in vivo data of Mempel et al. In their experiment, mice were injected with 

5*105 DCs and 5*106 T cells, and the dynamics of formation of T-cell and DC complexes corresponding to 

T cell activation by DCs were tracked (Mempel, Henrickson, & Von Andrian, 2004; Robertson-Tessi, 2010). 

These data were fit to each of the different models to get corresponding parameters.  

The parameter 𝜆𝜆 was estimated by fitting the in-vivo models to mouse data from Smith et al for 

CD4+ knockout and wildtype mice infected with HSV-1 (Smith et al., 2004). The parameter 𝑘𝑘24 was 

estimated by fitting that same data to the cluster model. The factor model includes effects of IFN-γ on DC 

licensing that were not present in the Chapter 4 model, so new parameters were needed for that. These 

were estimated by fitting to the data of Smith et al (Smith et al., 2004). Table 1.3 gives the parameter 
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values for new parameters present in the models considered here that did not appear in the model of 

Chapter 4. 

Table 5.2 Parameter values that are different for the models 

Parameter 2-step CD4+ 
only model 

2-step CD4+ 
/CD8+ model 

Cluster 
model  

Factor 
model 

Combination 
model 

Reference 

𝜆𝜆 0.5 day-1 0.06 day-1 8*10-6   
cell-1 day-1 

N/A 0.5 day-1 (Smith et al., 
2004) 

𝛼𝛼1 23 day-1 23 day-1 0.0026 
cell-1 day-1 

23 day-1 0.0026 cell-1 
day-1 

(Mempel et al., 
2004) 

𝛼𝛼3 9.9 day-1 9.9 day-1 0.0011 
cell-1 day-1 

9.9 day-1 9.9 day-1 (Mempel et al., 
2004) 

𝑘𝑘4 0.33 cell -1 0.33 cell -1 98 cell-1 0.33 cell -1 98 cell-1 (Mempel et al., 
2004) 

 

Table 5.3 Parameters not included in Chapter 4 

𝑘𝑘24 0.11 Saturation of clusters for DC 
licensing 

 (Smith et al., 2004) 

𝑘𝑘23 41.3 Maximal effects of IFN- γ on DC 
licensing 

mL/ng day-1 (Smith et al., 2004) 

𝑈𝑈𝑜𝑜 8.8*103 Saturation of unlicensed DCs cell (Smith et al., 2004) 
𝐺𝐺2 3E4 Concentration that corresponds to 

half the effectiveness of IFN- γ 
ng/mL (Smith et al., 2004) 

 

 
5.3 Results 

The growth rate was set to 𝛾𝛾 = 7000 cell 1−𝑚𝑚day-1 and all other parameters were set to baseline 

levels from Parameter Set A in Chapter 4. The initial conditions for all models were set to zero for all 

molecules and immune cells except those that are present in healthy individuals: NK cells and MDSCs. 

Those were set to their healthy steady-state values as in Chapter 4. The initial condition for 𝜃𝜃𝐴𝐴, 𝜃𝜃Φ, and 

𝜃𝜃𝑟𝑟1were all set to 1, as that is baseline percent activation. The initial tumor size was 1 cell. Although growth 

rate was shown to affect the model outcome, as shown in Chapter 4, this growth rate of 𝛾𝛾 = 7000 

cell 1−𝑚𝑚day-1  provided a representative outcome for uncontrolled tumor growth in mice. 
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Two-step model with exclusive CD4+ T cell 

licensing (Chapter 4 model) 

  
Two-step model with  

CD4+/CD8+ T cell licensing 
Three-cell cluster model 

  
Factor model Combination model 

Figure 5.7 Tumor and dendritic cell counts for the different models 

 
Simulation results for dendritic cell counts and tumor size for all the models are shown in Figure 

5.7. All of the models have nearly indistinguishable results. The levels of immune cells, molecules, and 

tumor cells have slight transient variability, but the steady state behavior is very similar. For dendritic cell 

counts, the immature DCs (𝐿𝐿), maturing DCs (𝑈𝑈𝑇𝑇), unlicensed DCs (𝑈𝑈), and licensed DCs (𝐷𝐷), all have very 

similar growth patterns. All five models show a nearly indistinguishable tumor size over time.  
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Two-step model with exclusive CD4+ T cell 

licensing (Chapter 4 model) 
 

  
Two-step model with  

CD4+/CD8+ T cell licensing 
Three-cell cluster model 

  
Factor model Combination model 

 
Figure 5.8 Tumor and lymph node T cell counts for the different models 
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factor model, the T cell expansion is more rapid than in models that require three-cell contact for T cell 

activation. There is a noticeable peak in T cell counts followed by a slight decay. The three-cell cluster 

model and combination model predict a more gradual increase that does not lead to this decay. 

Nevertheless, steady-state T cell levels do not appear to have differences significant enough to be 
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detectable experimentally. This was also the case for the other immune cells and molecules not shown in 

these figures. 

 
 Distinguishing between the models 

One way to potentially distinguish between the models is by modeling immunotherapies. To 

model immunotherapy, the tumor was first modeled to grow from the same initial conditions described 

before to a tumor size of 109 cells. At that time, immunotherapy was modeled by a single bolus injection 

of immune cells or molecules. For dendritic cell therapy, as the number of DCs injected increases, the 

results change from nearly indistinguishable, to more clearly distinguishing between different models, 

highlighted in Figure 5.9.  

Licensed DCs (𝐷𝐷) added 
 

0 (no treatment) 105 106 107 

    

Time post treatment (days) 

 
Figure 5.9 Using dendritic cell immunotherapy to differentiate between different models  

 
Initially, there is nearly no difference between the different models; however, with higher doses 

of added dendritic cells, some of the models predict a favorable mouse response to therapy, whereas 

others predict no difference from the untreated case. The two-step models and factor model show a 
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decrease in tumor size from DC therapy whereas the three-cell cluster and combination models do not 

predict that kind of response. Therefore, this therapy allows to differentiate between the two groups of 

models. 

On the other hand, if instead of licensed dendritic cells, mice were treated with unlicensed DC 

therapy, it would lead to a slower tumor progression in the case of the three cluster and combination 

models as opposed to the two-step models and the factor model: 

Unlicensed DCs (𝑈𝑈) added 
 

0 (no treatment)  106 107 

   
Time post treatment (days) 

 
Figure 5.10 Using dendritic cell immunotherapy to differentiate between different models 

 
With IFN-γ therapy it is possible to distinguish between the factor model and the two-step models, 

as the latter are significantly less responsive to IFN-gamma therapy than the factor model, which allows 

for DC licensing in the absence of T cells from IFN-γ alone. As clear from Figure 5.11, in the two-step 

models, IFN-γ therapy did not significantly slow tumor growth as compared to the untreated case. The 

models that require contact between three cells, the combination model and three-cell cluster model, see 

significant response to IFN-γ. Finally, the factor model predicts a tumor size decrease in response to the 

immunotherapy. 
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Figure 5.11 Using IFN-γ therapy to differentiate between different models  

Other therapies do not distinguish between the different models because they have the same 

effect for all the mechanisms. One such immunotherapy is depicted here, adoptive CD8+ T cell therapy. 

For all of the biological models, the mice do significantly better from high levels of tumor-specific CD8+ T 

cell treatment. The results for treatment with CD8+ T cell therapy are in Figure 5.12. 
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Figure 5.12 Adoptive CD8+ T cell therapy cannot differentiate between different models  
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Therefore, some immunotherapies allow for sufficient differences in tumor growth between 

these different models to make it feasible to distinguish between them using experimental response to 

treatment, whereas other therapies show no significant difference in outcome across all of the different 

models. 

 Dendritic cell counts at high antigenicity 

The greatest limitation of the two-step model with exclusive CD4+ T cell licensing that was 

presented in Chapter 4 was the fact that dendritic cell counts for an antigenicity where tumor eradication 

was possible were too high despite the fact that T cell counts and immature DC counts were reasonable 

when calibrated with experimental data. There are three potential reasons for the unreasonable DC 

counts predicted by this model for some parameter values: 

1) The mechanism of DC licensing and activation of T cells that was assumed in the Chapter 4 model 

was not an accurate depiction of what is physiologically happening in vivo, and the three-cell 

cluster model, factor model, or combination model do not lead to elevated unlicensed dendritic 

cell counts in the same way that the two-step contact model with exclusive CD4+ T cell licensing 

would.  

2) Not all two-parameter combinations of growth rate and initial antigenicity (𝛾𝛾,𝐶𝐶𝑜𝑜) are possible 

from the parameter space of all possible growth rates and antigenicities. The unreasonable 

unlicensed DC levels may suggest a need to restrict the parameter values to a subset of the full 

rectangular region considered in Chapter 4. These parameters may not be independent, as was 

assumed for result generation. 

3) The role of immunosuppression may be underestimated. Suppressive factors in the tumor 

microenvironment are responsible for keeping anti-tumor immune cell counts reasonable. 

Studies show that the majority of dendritic cells in the tumor are immature and the tumor 
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environment keeps DCs in the immature state even after antigen uptake (Bergeron, El Hage, 

Kambouchner, Lecossier, & Tazi, 2006; Dudek A. M., 2013; Dyduch et al., 2017; Janco J. M. T., 

2015; Tabarkiewicz, Rybojad, Jablonka, & Rolinski, 2008). Therefore, if immunosuppression were 

greater or the parameters associated with the saturation of these suppressive mechanisms were 

lower than what was estimated in Chapter 4, that could ensure realistic unlicensed DC levels. 

 
Two-step model with exclusive  

CD4+ T cell licensing 
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Factor model Combination model 

Figure 5.13 Comparison of DC counts across different models for a highly antigen-expressing tumor 
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To determine whether the elevated unlicensed DC counts were caused by the model of DC 

licensing and T cell activation, an initial condition of 𝐶𝐶𝑜𝑜 = 106 day-1 was modeled for the different 

biological mechanisms. This was the value where unreasonable DC counts were seen in Chapter 4. This 

parameter was also in the region where for slow growing tumors, tumor eradication by the immune 

system was possible. The results of DC counts for the five models are presented in Figure 5.13.  

In all of the models, the unlicensed dendritic cell counts are orders of magnitude higher than both 

the tumor size and biologically realistic values. That being said, all five of the licensing models predict 

comparable levels of immature DCs. All of the licensing models except the factor model have comparable 

licensed DC counts. The factor model has saturation of licensed DCs occurring at higher counts than 

saturation for the other cells, likely stemming from the fact that DC licensing can occur with stimulation 

from other IFN-γ-producing cells such as DCs, NK cells, and macrophages. This allows for a potentially 

higher rate of licensing than if the licensing factor were produced only by T cells. That would cause the DC 

counts to be similar for licensing models requiring direct T-cell contact and those requiring only licensing 

factors. The fact that unlicensed DC counts are unreasonably high in all of the licensing models suggest 

that the reason for the elevated DC levels is not related to the mechanism of DC licensing and T cell 

activation, but rather is caused by an overly broad range of parameter values considered or by the 

omission of some mechanism suppressing DC activation in the tumor as tumor growth progresses.  

Because excessive unlicensed DC levels occur in all five licensing models, and because the results 

for all the models are so similar without treatment, the further analysis into the reasons for elevated DCs 

will be done only with the two-step model with exclusive CD4+ T cell licensing of DCs. For a tumor that 

reaches a lethal volume, assumed for a mouse to be 5*109 tumor cells, the DC count at the time of death 

was calculated across the range of possible initial antigenicities and growth rates. For an initial antigenicity 

𝐶𝐶𝑜𝑜 < 103 day-1, the unlicensed DC counts do not surpass the tumor cell count, but for higher antigenicity 

initial conditions, unlicensed DC counts surpass reasonable levels across all growth rates where the tumor 
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grows to a lethal size. For an initial antigenicity 𝐶𝐶𝑜𝑜 < 103 day-1, the unlicensed DC counts do not surpass 

the tumor cell count, but for higher antigenicity initial conditions, unlicensed DC counts surpass 

reasonable levels across all growth rates where the tumor grows to a lethal size. These results are depicted 

in Figure 5.14. 

 
Figure 5.14 Unlicensed DC counts in the lymph node at the time when T=5*109 cells 

 
It is possible that the combination of rapidly growing, highly antigen-expressing tumors are not 

observable in nature despite the fact that such growth rate values and such antigenicity values do occur 

by themselves (in other words, the naturally occurring parameter values of growth rate and 

initialantigenicity may not be independent). These results suggest that perhaps the parameter space 

should be limited to only a subset of possible combinations of 𝛾𝛾 and 𝐶𝐶𝑜𝑜 that give rise to reasonable 

observable behavior for unlicensed dendritic cell counts (𝑈𝑈 and 𝑈𝑈𝑇𝑇). 

It is also possible that unreasonable unlicensed DC values arise because the model has insufficient 

tumor-induced immunosuppression, limiting DC expansion. Immunosuppression  from IL-10 and 

regulatory T cells might be underestimated, and this could be corrected by decreasing the parameters 𝐼𝐼1 
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and 𝑅𝑅1 which could bring the unlicensed DC counts in the lymph nodes back down to physiologically 

observable values. This is shown for the two-step model with exclusive CD4+ T cell licensing in Figure 5.15. 

As before, a representative unreasonable unlicensed DC case of 𝛾𝛾 = 7000 cell1-m day-1 and 𝐶𝐶𝑜𝑜 = 106 day-

1 was used.  

Original model Decrease 𝑅𝑅1 Decrease 𝐼𝐼1 

   
Time post treatment (days) 

 

Figure 5.15 Immunosuppression has the capability to ensure dendritic cells remain reasonable even with 
high antigenicity 

These results show that either increased immunosuppression or a more narrow range of 

antigenicites and growth rates could ensure that unlicensed DC levels are within reasonable ranges. 

However,  alternative models for DC licensing and T cell activation do no appear to have the capability to 

limit DC counts to reasonable levels. 

5.4 Conclusions 

Chapter 4 showed that unlicensed dendritic cell counts were elevated outside of reasonable levels 

in mice for some antigenicities and growth rates. Here, the possible reasons for these unreasonable levels 

were investigated. Three potential reasons for this behavior were determined: unreasonable biological 

model for DC licensing and activation, an overly broad range of combinations of growth rate and 
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antigenicity (𝛾𝛾,𝐶𝐶𝑜𝑜), and not enough immunosuppression of dendritic cells in the tumor by the pro-tumor 

factors in the tumor microenvironment. 

First, literature was searched extensively for experiments that suggested mechanisms for 

dendritic cell licensing and T cell activation. From these experimental results and their biological 

interpretations, five distinct biological models of T cell activation and DC licensing were identified. In the 

two-step model with exclusive CD4+ T cell licensing, dendritic cells must be licensed by direct contact with 

CD4+ T cells, and after that, they sequentially bind to and activate CD8+ T cells. In the two-step model 

with CD4+/CD8+ T cell licensing, DC licensing may happen by direct contact with either CD4+ or CD8+ T 

cells, and after licensing, DCs activate CD8+ T cells. The three-cell cluster model has CD4+ T cell, CD8+ T 

cell, and DC contact happen simultaneously forming a cluster in which DC licensing and T cell activation 

all happen simultaneously. The factor model does not require direct contact for DC licensing; instead, T 

cells are capable of producing a soluble molecular licensing factor, such as IFN-γ, that can license DCs 

allowing them to activate CD8+ T cells via direct contact. Finally, the combination model first requires 

CD4+ T cells to license DCs, and then requires cluster formation between DCs, CD4+, and CD8+ T cells to 

see CD8+ T cell activation.  

Mathematical models were developed for all of these biological models, and corresponding 

parameters were estimated. The results showed that all five of the biological licensing models are 

indistinguishable without treatment with immunotherapies and that all five lead to elevated unlicensed 

dendritic cell counts for some parameter values. This suggested that the choice of biological mechanism 

behind DC licensing is not the reason for elevated unlicensed DC counts and does not alter the model 

outcomes significantly. However, restricting the combination of growth rate and antigenicity can ensure 

that unlicensed DC counts remain reasonable, and decreasing the saturation of IL-10 effects and 

regulatory T cell effects on DC licensing to increase immunosuppression can ensure that unlicensed DC 

counts remain biologically realistic. Across all of these conditions, T cell levels, licensed DC counts, and 
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immature DC counts are all realistic for all of the models, suggesting that despite these unreasonably high 

unlicensed DC counts in some cases, overall, the predictions of the mouse model for tumor-immune 

effects are reasonable. 
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grows to a lethal size. For an initial antigenicity 𝑎𝑎𝑜𝑜 < 103 day-1, the unlicensed DC counts do not surpass 

the tumor cell count, but for higher antigenicity initial conditions, unlicensed DC counts surpass 

reasonable levels across all growth rates where the tumor grows to a lethal size. These results are depicted 

in Figure 5.14. 
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It is possible that the combination of rapidly growing, highly antigen-expressing tumors are not 

observable in nature despite the fact that such growth rate values and such antigenicity values do occur 

by themselves (in other words, the naturally occurring parameter values of growth rate and 

initialantigenicity may not be independent). These results suggest that perhaps the parameter space 

should be limited to only a subset of possible combinations of 𝛾𝛾 and 𝑎𝑎𝑜𝑜 that give rise to reasonable 

observable behavior for unlicensed dendritic cell counts (𝑈𝑈 and 𝑈𝑈𝑇𝑇). 

It is also possible that unreasonable unlicensed DC values arise because the model has insufficient 

tumor-induced immunosuppression, limiting DC expansion. Immunosuppression  from IL-10 and 

regulatory T cells might be underestimated, and this could be corrected by decreasing the parameters 𝐼𝐼1 
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6 Mathematical model of treatment of a single tumor nodule with 
FOLFOX  

In cancer chemotherapy, drugs are administered with the aim of preferentially targeting tumor 

cells while minimizing damage to normal tissues. Chemotherapeutic drugs were long believed to act 

primarily by targeting rapidly-dividing cells, with preferential tumor cell killing arising because these cells 

were believed to proliferate faster than normal cells. However, since chemotherapy is systemic, these 

medications affect all cells and it is only expected that these drugs will have a greater effect on the 

cancerous tissues than healthy ones. Rapidly proliferating healthy cells such as hair follicle cells and 

immune cells are also often killed by chemotherapy. For this reason, the goal of chemotherapy is to 

minimize the death of normal cells and maximize tumor killing. 

For multiple reasons, chemotherapy is most often administered as a combination of two or more 

drugs. This is partly because drugs with non-overlapping toxicities are advantageous in combination, as 

they can, in principle, give more tumor cell killing without raising host toxicity beyond the tolerance limit, 

and causing less damage to normal tissues. Additionally, tumors are heterogeneous, so that different cell 

subpopulations may be more or less sensitive to different drugs; giving multiple drugs maximizes the 

chances of successfully targeting all tumor cells. Some drugs in combination are more effective than would 

be expected from the response to each drug alone.  Finally, tumor cells are less likely to become resistant 

to treatment if they are being targeted with multiple different mechanisms of kill. 

FOLFOX is such a chemotherapeutic combination of 3 drugs: folinic acid (also called Leucovorin), 

5-fluorouracil (5-FU) and oxaliplatin. The combination of 5-FU and folinic acid has been the pre-eminent 

treatment for patients with colorectal adenocarcinoma for more than 60 years (de Gramont et al., 2000; 

Duffy & Greten, 2014). There are several other drugs used in combination with 5-FU and folinic acid, 

including irinotecan and oxaliplatin, although the choice of a particular drug to combine with 5-FU does 

isn’t as important for overall survival (Saltz et al., 2008). 
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Recently, it has become evident that many relatively successful chemotherapeutic regimens also 

have immune effects in addition to their direct cytotoxicity. Initially created as a chemotherapy, FOLFOX 

was found more recently to have immune effects. Experiments have shown that whereas treatment with 

oxaliplatin in wild-type mice can significantly decrease tumor size, bringing the tumor from a state of 

unbounded growth to near elimination, mice with knockouts or depletion treatments causing them to be 

deficient in some immune cells or receptors did not show the same effects.  

One intriguing example is the study of Ghiringhelli et al (2009) where EL4 thymomas were 

implanted as subcutaneous flank tumors in mice. This study showed that oxaliplatin very effectively 

reduced tumor growth, but that this effect was in large-part mitigated when the wild-type mice were 

replaced by mice lacking T cells, or by mice depleted of CD8+ cells with an antibody specifically targeting 

them, or by mice deficient in interferon-gamma (IFN-γ) receptor 1.  Moreover, without the oxaliplatin 

treatment, the tumors grew significantly faster in mice deficient in the IFN-γ-r1 than in the wild-type mice.  

These data strongly suggest that immune effects can be a significant factor in the success of some anti-

cancer treatments, and that even when tumors grow untreated and uncontrolled, immune effects are 

significantly slowing their growth (François Ghiringhelli et al., 2009). Many other studies also report 

evidence that the immune system is partly responsible for anti-tumor effects of chemotherapy treatment, 

including a number of standard chemotherapy drugs in addition to oxaliplatin.  In particular, 5-FU has 

been found to have immunologic effects. As with oxaliplatin, wild-type mice treated with 5-FU had 

significantly slower tumor growth. In one specific experiment, nude mice devoid of T cells completely lost 

their response to treatment with 5-FU as compared to wild-type mice with normal T cells (Vincent et al., 

2010). These experiments show that importance of the immune system in the success of FOLFOX 

chemotherapy. 

For this reason, an accurate model of FOLFOX chemotherapy will include both direct cytotoxic 

effects on tumor cells as well as interaction of the therapy with the immune system. 
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Figure 6.1 gives an overview of the interactions between the model species. This model is a direct 

extension of the tumor-immune interactions modeled in Chapter 4. In the next section, the processes by 

which FOLFOX affects the immune system activation, recruitment, proliferation, and cytotoxicity against 

tumor cells will be described in detail, and the mathematical model of Chapter 4 will be extended to model 

FOLFOX treatment by including these effects in addition to direct cytotoxicity. 

 
 

Figure 6.1 Overview of FOLFOX effects on the immune system 

 

6.1 Mathematical model 

A mathematical model was developed that captures the interactions between immune cells, 

immune molecules, tumor cells, and FOLFOX chemotherapy. This model is a direct extension of the model 

developed in Chapter 4, accounting for the interactions between the chemotherapy and the immune 

system. In this compartmental model, the following assumptions were made: 

1. Folinic acid is not a chemotherapy drug itself; however, it is used in combination with 5-FU to enhance 

5-FU’s anti-cancer effects. Folinic acid’s role in cancer treatment is to enhance 5-FU binding in cancer 
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cells, increasing the time available for the drug to act against tumor cells (Evans, Laskin, & Hakala, 

1981). Therefore, the only effect of folinic acid in the model is to enhance direct cytotoxicity from 5-

FU, and no immune effects of folinic acid were modeled, as no evidence was found in the literature 

that such effects are significant. 

2. All treatment effects of each successive cycle of chemotherapy are assumed the same as those from 

the first cycle. That is, acquired resistance of tumor cells from repeated exposure is neglected. 

Similarly, immune effects are assumed to be the same across multiple cycles of treatment. 

3. If the tumor cell count is less than 1 cell numerically, it is assumed to be a fully eradicated tumor with 

a tumor size of 0 cells.  

The overall description of each equation modeled is as follows. 

 

 Direct cytotoxicity 

The most obvious effect of chemotherapy is its direct cytotoxicity to tumor cells. The mechanisms 

of direct kill are different for the different components of FOLFOX. 5-FU is a thymidylate synthase 

inhibitor, interrupting the synthase of the pyrimidine thymidine, required for the replication of DNA, 

thereby preventing cell division of rapidly-replicating cancer cells (Longley, Harkin, & Johnston, 2003; 

Noordhuis et al., 2004). Oxaliplatin also acts to inhibit cell division by forming extra intra-strand and inter-

strand platinum-DNA crosslinks that inhibit DNA replication (Graham, Muhsin, & Kirkpatrick, 2004). 

The direct cytotoxic effects of these drugs were estimated in combination, to account for 

interaction effects of the two drugs on direct cytotoxicity of cancer cells. A fraction 𝑓𝑇 of tumor cells was 

assumed to die over a period of time 𝜏𝑇 from direct drug cytotoxicity as in Robertson-Tessi et al 

(Robertson-Tessi, El-Kareh, & Goriely, 2015). Importantly, because as cells are killed, the access of the 

drug to the tumor cells changes, it was assumed that the drug can act on all cells in the tumor and not just 

the accessible ones 𝑇∗. Evidence for this is clear when comparing the size of the accessible tumor 𝑇∗ to 
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the number of tumor cells killed in vivo. Ghiringhelli et al treated a tumor when the total diameter was 

0.5 cm, and saw a decrease from 6.38*108 tumor cells to 2.7*107 (François Ghiringhelli et al., 2009). To 

compare, if all the accessible tumor cells were killed, that would leave 5.6*108 cells. Therefore, there must 

be changes in access due to treatment. There is increased transport of drug as tumor cells die, from 

mechanisms such as disruption of the extracellular matrix, seen for example in treatment with paclitaxel 

(J. Wang et al., 2015). Equation 6.1 gives the rate of direct cytotoxicity from FOLFOX: 

[𝐹𝑂𝐿𝐹𝑂𝑋 𝑑𝑖𝑟𝑒𝑐𝑡 𝑐𝑦𝑡𝑜𝑡𝑜𝑥𝑖𝑐𝑖𝑡𝑦] =
𝑙𝑜𝑔 (

1
1 − 𝑓𝑇

)

𝜏𝑇
𝑇 

6.1 

There is no evidence that FOLFOX has significant cytostatic effects; therefore, the growth rate 

term of the tumor was assumed to not change during treatment, and the rate of change of 𝑇 comes 

directly from the equation for tumor cell counts in Chapter 4 with one modification. The modifier (1 −

𝑓𝑇) in all kill terms from the immune system accounts for the fact that the immune system is only acting 

on the fraction of the tumor cells that escapes the chemotherapy cytotoxicity, as in Robertson-Tessi et al 

(Robertson-Tessi et al., 2015): 

𝑇 
′ =

𝑇

((
1
𝛾1
)
𝑝

+ (
𝑇1−𝑚

𝛾 )
𝑝

)

1
𝑝

−
𝑙𝑜𝑔 (

1
1 − 𝑓𝑇

)

𝜏𝑇
𝑇 −

𝑟𝑜 (1 − 𝑓𝑇)𝑇
∗𝐸𝑇

(𝑇∗ + 𝑇𝑁
∗) (1 +

𝑆𝐿
𝑆1
)

−
𝑟1 𝜃𝑟1(1 − 𝑓𝑇)𝑇

∗𝑁

(1 +

𝑆𝑇
𝑆5

1 +
𝐶𝑇
𝐶2

)(𝑇∗ + 𝑇𝑁
∗)

(1 +
𝑘17𝐺𝑇
𝐺6 + 𝐺𝑇

)

−
𝑟2 (1 − 𝑓𝑇)𝑇

∗Φ

(𝑇∗ + 𝑇𝑁
∗)

(1 +
𝑘18𝐺𝑇
𝐺7 + 𝐺𝑇

) − 𝑟3(1 − 𝑓𝑇)𝑇
∗

𝐺𝑇
𝐺5 + 𝐺𝑇

 

6.2 

 
 

 Immunogenic cell death 

In addition to direct cytotoxicity, FOLFOX also has effects on immune cell killing of tumor cells, 

considered immunogenic cell death. Traditionally, this refers to apoptosis of tumor cells in such a way that 
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they activate DCs and in-turn, effector T cells (Garg et al., 2010).  An array of studies have shown that 

cancer cells undergoing in vitro apoptosis induced by certain agents are capable of mediating an 

“anticancer vaccine effect” in absence of any immunostimulation, once implanted into 

immunocompetent mice (Garg et al., 2010).  This happens through secretion by dying tumor cells of 

damage-associated molecular patterns (DAMPS) such as calrecticulin. Specifically, immunogenic 

treatment induces the endoplasmic reticulum-resident calreticulin to move to the tumor-cell surface, 

presenting an “eat-me” signal for phagocytosis by dendritic cells (Ding & Zhou, 2012). When these cells 

are implanted into immunocompetent mice, they are “able to convert the ‘classical’ silent nature of 

apoptosis into an ‘immunogenically active’ form” (Garg et al., 2010). Thus, tumor cell apoptosis caused by 

specific agents can lead to an increased release of antigen signals that stimulate immune response. 

Studies show that 5-FU does not cause immunogenic cell death, but oxaliplatin does (Ghiringhelli 

et al, 2013). Studies with T cell deficient mice show that oxaliplatin may affect T cells. Ghiringhelli et al 

found that oxaliplatin is efficient in controlling tumor growth in immunocompetent mice but loses this 

capability in mice that are deficient in all T cells, and/or in which CD8+ T cells have specifically been ablated 

(François Ghiringhelli et al., 2009). Other studies have similar results (Shimizu et al., 2017; Tesniere et al., 

2010). In contrast, one study showed similar tumor growth upon treatment with oxaliplatin in wildtype 

and immunodeficient mice (Coriat et al., 2011). Overall, these experiments show that T cells are important 

for the immunogenic cell death but do not clarify the mechanism behind this effect. 

Experimentalists agree that the immunogenic effect of oxaliplatin acts on antigen presenting cells 

rather than T cells directly  (Duffy & Greten, 2014). Experiments found that culturing DCs in the 

supernatant from tumor cells treated with oxaliplatin affected DC maturation. These DCs significantly 

increased their capacity to induce CD4+ and CD8+ T cell maturation in vitro  (Duffy & Greten, 2014; Liu, 

Fowler, Smith, & Dalgleish, 2010). Treatment of mice with oxaliplatin led to increased mature DCs in the 

spleen, tumor, and lymph nodes, with the counts of these mature DCs measured by several different 
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markers (Niu et al., 2018; Song et al., 2018). In vivo, treatment of tumor cells with oxaliplatin led to tumor 

cells emitting immunogenic signals on their surface before undergoing apoptosis, triggering the 

production of IFN-γ by T cells, upregulating calreticulin, and activating CD8+ T cells (Alcindor & Beauger, 

2011; Duffy & Greten, 2014; Francois Ghiringhelli, Bruchard, & Apetoh, 2013; Tesniere et al., 2010). Unlike 

5-FU, treatment with oxaliplatin acted as a vaccine, inoculating mice against subsequent tumor challenge 

(Duffy & Greten, 2014). Apart from affecting calreticulin, there are other mechanisms by which oxaliplatin 

leads to immunogenic death. Proteins released by dying tumor cells after treatment with oxaliplatin 

initiate efficient antigen processing and presentation by DCs. Oxaliplatin can also induce release of ATP 

by tumor cells, which triggers receptors on DCs to lead to adaptive immunity (Ding & Zhou, 2012).  

Although it is unclear which mechanism is dominant, nearly all these mechanisms involve antigen 

presenting cells. Thus, it was assumed that oxaliplatin induces immunogenic cell death via dendritic cells, 

rather than affecting T cells directly. This was modeled as an increase in DC-activating antigen 

presentation in the tumor environment according to the number of oxaliplatin-induced apoptotic tumor 

cells, via a modification to the activation of antigen expression on the tumor surface in Chapter 4, 𝜃𝐴.  The 

modification term, 𝑟𝜃𝐴 , is a function of the number of tumor cells killed by a specific dose of oxaliplatin 

given over a specific period of time. It was assumed that only cells killed by oxaliplatin directly and not 

those that are killed from a combination of 5-FU and oxaliplatin result in this immunogenic cell death. The 

rate of change of antigen concentration in the tumor environment is then: 

𝜃𝐴′ =
𝑘2𝐺𝑇
𝐺1 + 𝐺𝑇

(1 + 𝑟𝜃𝐴) − 𝛿𝜃𝐴(𝜃𝐴 − (1 + 𝑟𝜃𝐴)) 6.3 

These effects play a role not only in DC-mediated immune response, but also for natural killer cell 

response to tumor cells (Garg et al., 2010). Siew et al found that NK cell-mediated cytotoxicity was induced 

by oxaliplatin in human ovarian cancer cells. Their results show that treatment of tumor cells ex vivo with 

the chemotherapeutic drug induced the production of type I interferons and chemokines that enhanced 



282 
 

the MHC I susceptibility of these cancer cells to NK cells. They found that the death of these tumor cells 

in combinations of NK cells and oxaliplatin was significantly greater than either effect on its own, however 

this may not necessarily provide evidence of immunogenic effects on NK cells. In their experiment, they 

seeded 2*106 OVCAR-5 tumor cells in a 96-well plate with different combinations of various doses of 

oxaliplatin and in the presence or absence of activated NK cells at an E:T ratio of 1:4 (Siew et al., 2015). 

Because the model is in vivo, and these data were ex vivo, a new model had to be developed to 

capture the behavior in coculture. In a plate, tumors grow exponentially, and in this experimental set-up, 

there are no cytokines or immune cells other than NK cells present. This leads to the following system of 

equations modeling the experiments of Siew et al in the absence of oxaliplatin: 

𝑇′ = 𝛾𝑇 −
𝜃𝑟1𝑟1𝑇𝑁

(𝑇 + 𝑁)
 

𝑁 
′ = −𝛽

𝜃𝑟1𝑟1𝑇𝑁

(𝑇∗ +𝑁)
 

6.4 

𝜃𝑟1′ = 0 
 

 

 
First, the data on treatment of tumor cells were fit to get the growth rate 𝛾 = 0.2258 for their 

cell line in culture: 

 
Figure 6.2 Fit of experimental growth rate to Siew et al (2015) tumor-only culture 

 
Since the experimental data did not actually show that an immunogenic effect was necessarily 

taking place, it was necessary to show that there is, in fact, a synergy between the death of tumor cells by 
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oxaliplatin and their death by NK cells. To do that, the experimental data were compared to an 

independent cell kill model. In the absence of immunogenic effects, oxaliplatin and NK cells would be 

killing the tumor cells independently. Thus, the survival of tumor cells could be found simply: 

𝑆𝑢𝑟𝑣𝑖𝑣𝑎𝑙𝑇𝑜𝑡𝑎𝑙 = 𝑆𝑢𝑟𝑣𝑖𝑣𝑎𝑙𝑂𝑥𝑎𝑙𝑖𝑝𝑙𝑎𝑡𝑖𝑛𝑆𝑢𝑟𝑣𝑖𝑣𝑎𝑙𝑁𝐾 
6.5 

Equation 6.5 is based on some simplifying assumptions, such as no cross-resistance, and 

completely independent probabilities of cell kill for the two agents. When immunogenic effects of 

oxaliplatin are present, this model will underestimate the actual, experimentally found, number of tumor 

cells killed. The difference between the experimental data and independent cell kill model would point to 

the magnitude of the enhancement of NK cell effectiveness that is coming from immunogenic effects of 

oxaliplatin. Figure 6.3 depicts Siew et al's data for treatment of 10uM of oxaliplatin in combination with 

NK cells compared to the independent cell kill model. 

 
Figure 6.3 Independent cell kill assumption fit to data from Siew et al 

 
It is clear that the independent cell death model does not overestimate the tumor size, and there are no 

immunogenic effects of oxaliplatin on NK cell kill. If there were immunogenic effects, they would be 

included with the following modification, where 𝑟𝜃𝑟1  is a function of the number of tumor cells killed by a 

specific dose of oxaliplatin given over a specific period of time: 
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𝜃𝑟1′ = (
𝑘3𝐶𝑇
𝐶𝑇 + 𝐶4

) (1 + 𝑟𝜃𝑟1
) − 𝛿𝜃𝑟1

(𝜃𝑟1 − (1 + 𝑟𝜃𝑟1
)) 6.6 

However, no such modification is necessary, and the NK effectivity remains: 

𝜃𝑟1′ = (
𝑘3𝐶𝑇
𝐶𝑇 + 𝐶4

) − 𝛿𝜃𝑟1
(𝜃𝑟1 − 1) 6.7 

 

 Oxaliplatin effects on IFN-γ 

In addition to leading to immunogenic cell death, there is also significant evidence that oxaliplatin 

affects IFN-γ production by immune cells (Alcindor & Beauger, 2011; Aymeric et al., 2010; Tesniere et al., 

2010). Tesniere et al found that mice injected with tumor cells treated with oxaliplatin had more than 27 

times higher IFN-γ production by lymphocytes from the draining lymph node than mice injected with 

untreated tumor cells. They also found that the IFN-γ production was significantly higher for mice treated 

with oxaliplatin than those treated with the related chemotherapeutic drug cisplatin (Tesniere et al., 

2010). In vivo mouse experiments also show increased levels of IFN-γ in ascites upon treatment with 

oxaliplatin (Hu et al., 2018).  Niu et al found that when mice were treated with oxaliplatin, tumor-

infiltrating leukocytes, splenocytes, and lymphocytes from the lymph node all expressed increased IFN-γ 

levels compared to corresponding cells in untreated mice (Niu et al., 2018). While these studies point to 

increased production by lymphocytes or leukocytes, they do not clarify which specific cells in these pools 

are responsible for the increase. 

Other studies have looked specifically at T cells. One experiment found that FOLFOX increased the 

proportion of IFN-γ-producing CD4+ T cells in the peripheral blood of patients (L. Wang, Zhou, Ren, & 

Chen, 2018). On the other hand, Aymeric et al state that “after ex vivo restimulation with tumor antigens, 

oxaliplatin-induced CD4+ T cells mainly produced interleukin-2 (IL-2), whereas chemotherapy-induced 

CD8+ T cells produced high levels of IFN-γ. These chemotherapy-induced T-cell responses apparently 
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resulted from local cancer cell death because they were detectable in draining LN (but not distant LN) and 

because dying (but not living) tumor cells inoculated in the footpad could mimic these immune effects,” 

(Aymeric et al., 2010). Ghiringhelli et al concluded that oxaliplatin primes draining lymph node T cells for 

IFN-γ production in mice implanted with cancer cells, based on an observed increased proportion of CD8+ 

T cells intracellularly stained for IFN- γ when cultured with cancer cells treated with oxaliplatin as opposed 

to untreated cancer cells (François Ghiringhelli et al., 2009). A different study showed a similar increase 

in IFN-γ-producing CD8+ T cells in the tumors of mice treated with oxaliplatin (Shalapour et al., 2015). 

Finally, Niu et al established that neither 5-FU nor oxaliplatin affects DC production of IFN- γ (Niu et al., 

2018). This still leaves the question of whether enhanced IFN-γ production is mainly from CD8+ cells or 

CD4+ cells and about similar effects in other immune cells. 

The above-mentioned experiments establish that IFN-γ levels are elevated in mice and humans 

treated with FOLFOX and suggest that T cells are at least partly responsible for this. It cannot be ruled out 

that other lymphocytes are also contributing to the increased production However, since IFN- γ-producing 

CD4+ and CD8+ T cells are more prevalent after treatment with oxaliplatin, and since data on oxaliplatin 

effects on IFN-γ production by NK cells and macrophages could not be found, in the present model the 

increased production is attributed entirely to T cells. Thus, the equations for IFN-γ production are based 

on Chapter 4, which show increased production due to increased numbers of T cells, but one modification 

was made. The modifier 𝑝𝑜𝑥  accounts for the fact that the IFN-γ production by T cells is increased by 

oxaliplatin: 

𝐺𝐿 =

(

 
 
 
 

(𝜋𝐺
𝐵→𝐿)𝐺𝐶 +

(

 
 
 
𝑃𝐺 + 𝑁𝐵 (𝑝8(𝐷 + 𝑈) +

 𝑝6𝐶𝐿
𝐶3 + 𝐶𝐿

)
1

1 +
𝑆
𝑆7

+ 𝑝15(𝐷 + 𝑈)

+(1 + 𝑝𝑜𝑥)(𝑝9 𝐴𝐸 + 𝑝10𝐴𝐻) (1 +
𝑝16𝐺𝐿
𝐺4 + 𝐺𝐿

)
1

1 +
𝑆𝐿
𝑆6 )

 
 
 

)

 
 
 
 

/(𝜋𝐺
𝐿→𝐵) 

6.8 
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𝐺𝑇 = ((𝜋𝐺
𝐵→𝑇)𝐺𝐶 + 𝑝12𝑀1/𝑉𝑐𝑒𝑙𝑙(𝑇

∗ + 𝑇𝑁
∗)) /(𝜋𝐺

𝑇→𝐵) 
6.9 

𝐺𝐶 = (
𝑉𝑙𝑦𝑚𝑝ℎ

𝑉𝑏𝑙𝑜𝑜𝑑
(𝑃𝐺 +𝑁𝐵 (𝑝8(𝐷 + 𝑈) +

 𝑝6𝐶𝐿
𝐶3 + 𝐶𝐿

)
1

1 +
𝑆𝐿
𝑆7

+ 𝑝15(𝐷 + 𝑈)

+ (1 + 𝑝𝑜𝑥)(𝑝9 𝐴𝐸 + 𝑝10𝐴𝐻) (1 +
𝑝16𝐺

𝐺4 + 𝐺
)

1

1 +
𝑆𝐿
𝑆6

)+
𝑝12𝑀1
𝑉𝑏𝑙𝑜𝑜𝑑

)𝜏𝐺  

6.10 

 

 5-FU immune effects 

5-FU has immune effects in addition to its direct cytotoxicity.  Studies have shown that 5-FU leads 

to a reduction in splenic and tumor MDSCs in mice (Francois Ghiringhelli & Apetoh, 2015; Francois 

Ghiringhelli et al., 2013; Vincent et al., 2010; Wesolowski, Markowitz, & Carson, 2013). It is believed that 

5-FU selectively induces MDSC apoptotic cell death in vitro and in vivo (Apetoh, Vegran, Ladoire, & 

Ghiringhelli, 2011). Vincent et al. showed that treatment with 5-FU significantly reduces tumor size in mice 

as compared to untreated controls and concluded that this difference can be attributed to the depleting 

effects of 5-FU on MDSCs. When mice were given 5-FU in combination with MDSCs, their tumor growth 

was not significantly different from the untreated case, even though mice treated with 5-FU alone had 

significantly slower tumor growth. Vincent found that MDSCs levels were significantly decreased by 

treatments with 5-FU (Vincent et al., 2010).  

Studies also looked at 5-FU effects on other immune cells. Vincent et al  found that 5-FU does not 

deplete Tregs or DCs significantly in vivo (Vincent et al., 2010). Duffy and Greten found there was no 

change in the relative proportion of CD4+, CD8+ or NK cells from treatment with FOLFOX or a different 

combination treatment including 5-FU, FOLFIRI (Duffy & Greten, 2014).  Wesolowski et al (2013) 

concluded that 5-FU does not have significant effects on other immune cells including T cells, DCs, NK 

cells, or Natural Killer T cells (Wesolowski et al., 2013). Studies found that one cycle or multiple cycles of 
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5-FU had no effect on the total number of splenocytes, CD4+ or CD8+ T cells in the spleen, NK cells in the 

spleen, or Tregs in the spleen of mice (Abedi-Valugerdi et al., 2016; Kanterman et al., 2014; Wu et al., 

2016) and T cells in the blood of human patients (Maeda et al., 2011). Although numerous studies show 

no difference in Tregs from treatment with FOLFOX, there are studies to the contrary, (Abedi-Valugerdi 

et al., 2016). However, in humans, blood Treg counts were significantly reduced only in those patients 

who had high baseline levels (Duffy & Greten, 2014; Maeda et al., 2011). Because MDSCs are important 

in Treg expansion, it was assumed that this effect could be happing not directly through 5-FU, but rather 

indirectly via MDSC effects of 5-FU. Based on this aggregate of studies, it was assumed that of the cell 

types included in the present model, that only MDSCs were affected by 5-FU. 

Experiments have shown that 5-FU leads to a decrease in MDSC densities in the spleens, bone 

marrow, and tumor sites of mice (Abedi-Valugerdi et al., 2016; Bosiljcic, 2010; Kanterman et al., 2014; 

Veirman et al., 2015; Vincent et al., 2010) and FOLFOX treatment leads to a decrease in circulating levels 

of MDSCs in colorectal cancer patients (Kanterman et al., 2014). This provided evidence that the 5-FU 

effects on MDSCs are systemic. Therefore, the rate of change of MDSCs in the tumor site from Chapter 4 

was modified as follows. This change ensures that during treatment over time 𝜏𝑊, a proportion 𝑓𝑊 of 

MDSCs is killed by the direct effects of FOLFOX. 

𝑊′ =
𝜌2𝑇

∗

(𝑇∗ + 𝑇𝑁
∗)
𝑊𝐶𝑇

∗ (1 +
𝑘15𝑅

𝑅2 + 𝑅
) −

𝑙𝑜𝑔 (
1

1 − 𝑓𝑊
)

𝜏𝑊
𝑊 − 𝛿𝑊𝑊 

6.11 

A similar modification was made for the rate of change of circulating MDSCs equation: 

𝑊𝐶
′ = 𝑃𝑊 + 𝑘14𝑇

∗ −
𝜌2𝑇

∗

(𝑇∗ + 𝑇𝑁
∗)
𝑊𝐶𝑇

∗ (1 +
𝑘15𝑅

𝑅2 + 𝑅
) −

𝑙𝑜𝑔 (
1

1 − 𝑓𝑊𝐶

)

𝜏𝑊 
𝑊𝑐 − 𝛿𝑊𝐶

𝑊𝐶 

6.12 
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 Treatment dynamics 

After injection of chemotherapy, not all effects happen instantaneously, as the drugs need time 

to get to the necessary compartment and to take effect. Because the time it takes for FOLFOX to get to 

the tumor is on the order of minutes, the direct cytotoxicity effects were assumed to begin 

instantaneously and last for a time 𝜏𝑇 (Chang et al., 2018; Ooi et al., 2001). Immune effects, however, 

could potentially require a longer time to take hold. To account for this, in the model, immune effects of 

5-FU do not begin until time Δ𝜏𝐹𝑈 after injection of the chemotherapy, and the effects of oxaliplatin do 

not begin until Δ𝜏𝑂𝑋. These effects were assumed to last for a duration 𝜏𝑊 for 5-FU and 𝜏𝑂𝑋 for oxaliplatin.  

Together, these effects combined determine the duration of treatment effects, summarized in Figure 6.4. 

It was assumed that all the immune effects of oxaliplatin have the same duration because of a lack of 

experimental evidence to the contrary. 

 
Figure 6.4 Duration of treatment effects 

 

 Full system of equations 

The changes made to the full system of equations are summarized below. Prior to treatment, the 

tumor and immune system are governed by the equations in Chapter 4. If treatment is administered at 

time 𝑡𝑡𝑟𝑒𝑎𝑡 , the following equations hold during the treatment time. Heaviside functions, ℋ(𝑡) distinguish 

the duration of each effect. 
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𝑇
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1
𝛾1
)
𝑝

+ (
𝑇1−𝑚

𝛾 )
𝑝

)

1
𝑝

−
𝑙𝑜𝑔 (

1
1 − 𝑓𝑇

)

𝜏𝑇
𝑇ℋ(𝜏𝑇 − 𝑡) −

𝑟𝑜 (1 − 𝑓𝑇)𝑇
∗𝐸𝑇

(𝑇∗ + 𝑇𝑁
∗) (1 +

𝑆𝐿
𝑆1
)

−
𝑟1 𝜃𝑟1(1 − 𝑓𝑇)𝑇

∗𝑁

(1 +

𝑆𝑇
𝑆5

1 +
𝐶𝑇
𝐶2

)(𝑇∗ + 𝑇𝑁
∗)

(1 +
𝑘17𝐺𝑇
𝐺6 + 𝐺𝑇

) −
𝑟2 (1 − 𝑓𝑇)𝑇

∗Φ

(𝑇∗ + 𝑇𝑁
∗)

(1 +
𝑘18𝐺𝑇
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𝐺𝑇
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6.13 A  
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6.13 B  

𝑊′ =
𝜌2𝑇
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𝑊𝐶𝑇
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6.13 C  
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6.13 D  
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+(1 + 𝑝𝑜𝑥ℋ(𝑡 − Δ𝜏𝑂𝑋)ℋ(𝜏𝑂𝑋 − 𝑡) )(𝑝9 𝐴𝐸 + 𝑝10𝐴𝐻) (1 +
𝑝16𝐺𝐿
𝐺4 + 𝐺𝐿

)

1

1 +
𝑆𝐿
𝑆6 )

 
 
 
 
 
 

)

 
 
 
 
 
 

/(𝜋𝐺
𝐿→𝐵) 

6.13 E  
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𝐺𝐶 = (
𝑉𝑙𝑦𝑚𝑝ℎ

𝑉𝑏𝑙𝑜𝑜𝑑
(𝑃𝐺 +𝑁𝐵 (𝑝8(𝐷 + 𝑈) +

 𝑝6𝐶𝐿
𝐶3 + 𝐶𝐿

)
1

1 +
𝑆𝐿
𝑆7

+ 𝑝15(𝐷 + 𝑈) + (1 + 𝑝𝑜𝑥ℋ(𝑡

− Δ𝜏𝑂𝑋)  ℋ(𝜏𝑂𝑋 − 𝑡) )(𝑝9 𝐴𝐸 + 𝑝10𝐴𝐻) (1 +
𝑝16𝐺

𝐺4 + 𝐺
)

1

1 +
𝑆𝐿
𝑆6

)+
𝑝12𝑀1
𝑉𝑏𝑙𝑜𝑜𝑑

)𝜏𝐺 

6.13 F  

𝜃𝐴′ =
𝑘2𝐺𝑇
𝐺1 + 𝐺𝑇

(1 + 𝑟𝜃𝐴  ℋ(𝜏𝑂𝑋 − 𝑡) ℋ(𝑡 − Δ𝜏𝑂𝑋) )

− 𝛿𝜃𝐴(𝜃𝐴 − (1 + 𝑟𝜃𝐴  ℋ(𝜏𝑂𝑋 − 𝑡) ℋ(𝑡 − Δ𝜏𝑂𝑋) )) 

6.13 G  

 
All other equations are the same as in the untreated cased in Chapter 4. 

 

6.2 Parameter estimation 

Since the primary interest in this model is to examine the effects of treatment, the search for 

realistic parameters is a significant part of the modeling process. The estimation of the parameters for the 

above treatment model is now discussed. 

One of the greatest problems with estimating parameters across different sources is that drug 

effects can be highly dose-dependent in some ranges. Regarding direct cytotoxicity, doubling the dose of 

oxaliplatin in culture from 10 μM to 20 μM lead to a 3-day delay in tumor growth (Siew et al., 2015). 

However, intravenous drug administration makes it difficult to predict the dose of oxaliplatin and FOLFOX 

in the relevant compartments. In vitro experimental data were found for concentrations of oxaliplatin 

from 5𝜇M to 15 𝜇M. Doses of 5-FU given to mice intravenously ranged from a single 50mg/kg dose to 

multiple 30mg/kg doses. Because of a lack of dose data on all mechanisms considered, it was assumed 

that across these different in vivo and in vitro doses, dose effect differences are minimal within the range 

of doses studied.    
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Direct cytotoxicity of FOLFOX in vivo is difficult to estimate. In culture, 45-80% of colorectal cancer 

exposed to 50 µM 5-FU plus 1.25 µM oxaliplatin for 72 hours were killed (Zhang, Wang, Lu, Zhang, & 

Zheng, 2019). Tesniere et al found that depending on dose, between 20% and 80% of cancer cells exposed 

to oxaliplatin for 24 hours died (Tesniere et al., 2010). The difficulty with translating in-vitro kill to in vivo 

effects is due to several factors. First, drug pharmacokinetics and access issues ensure that a dose injected 

intravenously into a mouse would not be present at the same concentration in the tumor and would 

therefore not have the same effects as it does in culture Additionally, the pharmacokinetics of oxaliplatin 

and 5-FU are different, so they may not even be present at the tumor in the same relative proportions as 

in the injected solution, and the time it takes to reach critical levels in the tumor for the two drugs is 

different. Additionally, potential drug interaction effects of oxaliplatin and 5-FU do not allow 

straightforward translation of the effects of the two drugs independently along with their respective 

pharmacokinetics to predictions of what will happen in-vivo (El-Kareh, Labes, & Secomb, 2008; Williams, 

Secomb, & El-Kareh, 2018). On the other hand, in vivo experiments of FOLFOX effects on tumor size 

include drug immune effects in addition to the direct cytotoxicity of the treatment. In vivo, 2 days post 

treatment with FOLFOX, mice had tumors that were 75% of their untreated counterpart size, suggesting 

that within 2 days, 25% of the total tumor cells were killed for mice given 30mg/kg 5-FU and 10 mg/kg 

leucovorin, for 5 consecutive days and 1 mg/kg oxaliplatin on the first day (Chang et al., 2018). On day 2, 

the tumor measurement would take into account the effects of two doses of 5-FU and a single dose of 

oxaliplatin. Solving that for the kill by a single dose, assuming that each dose direct cytotoxicity is 

independent of the previous dose by assumption (2), 𝑓𝑇 = 0.14. This was used as the estimate for direct 

kill of tumor cells by FOLFOX in vivo, although this parameter was allowed to vary. The visible difference 

between mice treated with FOLFOX and untreated mice and the in vitro time for tumor cell death given 

FOLFOX both suggest that 𝜏𝑇 = 2 days. 
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Pharmacokinetics of 5-FU in mice predict minimal levels in the tumor, increasing from baseline 

levels starting at 30 minutes post treatment to a maximum around 1-2 hours after chemotherapy is given 

according to Ooi et al (2001) Figures 2 and 3, which are summarized in Figure 6.5 (Ooi et al., 2001). 

Oxaliplatin also shows peak levels in the tumor after the first hour post injection with levels significantly 

decreasing within six hours, although a secondary decay period is seen after the first six hours for at least 

2 days (Rice, Gerberich, Nowotnik, & Howell, 2006). 

 
Figure 6.5 Pharmacokinetics of 5-FU in mice 

Liu et al’s (2010) Figure 1 gave data on increase in antigen expression from treatment of colorectal 

cancer cells with IC-50 concentration of oxaliplatin both in culture and in vivo. In culture, MFI (mean 

fluorescence intensity – a measure of concentration) of antigen on the tumor surface increased from 32.0 

to 42.3 from oxaliplatin effects. In vivo, the increase was from 21.1 to 27.9 (Liu et al., 2010). In both cases, 

this constituted a 32% increase, therefore 𝑟𝜃𝐴 = 0.32. Several sources gave an idea of how long these 

effects last. Aymeric et al suggested that T cell effects of oxaliplatin were apparent for 7 to 10 days after 

the systemic drug administration (Aymeric et al., 2010). This means that 𝜏𝑂𝑋 = 7. It was assumed that 

Δ𝜏𝑂𝑋 = 0 because direct evidence that T cell elevation did not happen immediately was not available and 

pharmacokinetics of the drug show very rapid systemic effects. Marianai et al estimate the IC-50 dose for 

the cancer line used by Liu et al to be approximately 15 μM (Mariani et al., 2012). 
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Tesniere et al’s Figure 3F was used to estimate oxaliplatin effects on IFN-γ production by T cells. 

In their experiment, EG7 ovalbumin-expressing thymoma cells with or without pretreatment by 5 𝜇𝑀 

oxaliplatin were injected into mice, and the IFN-γ production by T cells from the draining lymph nodes of 

these mice was tracked after 5 days. The authors found that the IFN-γ production increased from 13ng/mL 

to 342 ng/mL, indicating that this dose of oxaliplatin in the tumor environment would give a production 

rate of IFN-gamma 27.3 times what it was without treatment, leading to 𝑝𝑜𝑥 = 26.3 (Tesniere et al., 

2010). It was assumed that this effect is identical for both CD4+ and CD8+ T cells. 

Table 6.1 Summary of all parameters 

Parameter Value Meaning Units Source 

𝑓𝑇 0.14 Fraction of tumor cells killed by direct 
cytotoxicity 

  (Chang et al., 2018) 

𝑓𝑊 0.91 Fraction of MDSCs killed by 5-FU  (Bosiljcic, 2010) 

𝑓𝑊𝐶
 0.93 Fraction of MDSCs killed by 5-FU  (Bosiljcic, 2010) 

𝜏𝑇 2 Duration of direct cytotoxicity effects day (Chang et al., 2018) 

𝜏𝑊 3 Duration of 5-FU immune effects day (Bosiljcic, 2010) 

𝜏𝑂𝑋 7 Duration of oxaliplatin immune effects day (Aymeric et al., 2010) 

Δ𝜏𝐹𝑈 0 Time for 5FU immune effects to take effect day (Bosiljcic, 2010) 

Δ𝜏𝑂𝑋 0 Time for oxaliplatin immune effects to take 
effect 

day (Aymeric et al., 2010) 

𝑟𝜃𝐴  0.32 Magnitude of oxaliplatin immunogenic 
effects  

 (Liu et al., 2010) 

𝑝𝑜𝑥  26.2 Oxaliplatin effects on T cell IFN-gamma 
production 

 (Tesniere et al., 2010) 

 

Bosiljcic’s data were used to estimate the percent decrease of MDSCs from treatment with a 

single dose of 50mg/kg 5-FU. The author tracked tumor and spleen MDSC levels in mice after treatment 

with different chemotherapeutic agents (Bosiljcic, 2010). Because only two time-points were used, it had 

to be assumed that effects of treatment only last for 3 days and that the final value was a plateau. Note 

that Bosiljcic et al’s Figure 4.6 displays three data points for the other two drugs studied, and gemcitabine 

effects saturated at day 1, whereas tirapazamine had huge variability the first several days, so it is difficult 
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to discern the time scale for saturation. Their data show a decrease of MDSCs in the spleen from 5.6*107 

cells on day 0 to 2.58*106 cells on day 3, a 95% decrease in 3 days. In the tumor, MDSC counts decreased 

from 1.1*107 MDSC cells to 1.0*106 cells, a 91% decrease in 3 days. Because these levels are so similar, it 

is reasonable to assume a systemic decrease in MDSC counts between 91% and 95%; an average value 

was chosen to represent 5-FU effects on MDSCs in circulation. The decrease appeared to begin 

immediately, with significantly lower MDSC counts at the second time-point compared to immediately 

prior to treatment, and therefore the estimate Δ𝜏𝐹𝑈 = 0 was made. 

All the estimated treatment parameters are summarized in Table 6.1. The combination of these 

treatment parameters with Parameter Set A of Chapter 4 will be referred to as Parameter Set E. 

 

6.3 Results  

For treatment, all tumors were initially allowed to grow to a typical mouse treatment size, which 

was assumed to be 109 tumor cells unless stated otherwise. First, the growth of an untreated tumor 

starting from 1 tumor cell was simulated with the mouse model of Chapter 4. The initial conditions were 

zero for all molecules and immune cells except those that are nonzero in healthy mice, which were set to 

their healthy steady-state values, as summarized in Chapter 4. The initial conditions for 𝜃𝐴, 𝜃Φ, and 

𝜃𝑟1were all set to 1. Once the tumor reached the treatment size, one cycle of FOLFOX was administered 

using the full system of equations outlined in Section 6.1.6 and the treatment parameters from Section 

6.2. All other parameters remained the same as Chapter 4. Figure 6.6 shows the effects of one cycle of 

FOLFOX on the tumor size in mice using representative growth rate of 𝛾 = 7000 cell 1−𝑚day-1. 
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Figure 6.6 Treatment with one cycle of FOLFOX in mice with growth rate growth rate 7000 cell 1−𝑚day-1 

and all other parameters from Parameter Set E. 

The tumor reached assumed treatment size on day 11, which is when the single cycle of FOLFOX 

was modeled to begin. There was a decrease in the tumor size at the time of treatment and an observable 

delay in the tumor growth from treatment. The difference was visible at the initiation of the treatment. 

The untreated mouse reached the critical tumor burden of 5*109 cells (assumed here to be the lethal 

threshold) on day 23, whereas the treated mouse did not reach that until day 24, leading to a 1 day 

increase in survival from treatment. Although these results are compelling, Chapter 4 showed that model-

predicted results are extremely sensitive to the initial antigenicity 𝑎𝑜. Thus, this parameter was modified 

from the baseline value in Parameter Set E to 106 day-1, maintaining all other parameters as in Figure 6.6. 

These results are depicted in Figure 6.7. 

 
Figure 6.7 Treatment with one cycle of FOLFOX in mice with initial antigenicity ao=106 day-1 and growth 

rate 7000 cell 1−𝑚day-1 
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There is minimal change from varying the antigenicity parameter. The tumor reached treatment 

size on day 14. The lifespan was slightly extended by increasing the antigenicity, with the untreated mouse 

reaching the critical on day 29, compared to the treated mouse reaching on day 31, leading to a 2 day 

increase in survival from treatment, but the overall shape of the growth curve after treatment or predicted 

outcome from one cycle of FOLFOX was not significantly different. To account for all possible 

combinations of growth rate and initial antigenicity, the extension in survival from one cycle of FOLFOX 

was found across the different parameter values, as depicted in Figure 6.8. 

 
Figure 6.8 Extension in survival from treatment with one cycle of FOLFOX in mice with different 

antigenicities and growth rates, with all other parameters from Parameter Set E  

 
Figure 6.8 shows that for slow growing tumors, there is substantial opportunity for significant 

extension in patient survival from treatment. As antigenicity is increased or growth rate is decreased, 

extension in survival from one cycle of FOLFOX increases. These results, however, are highly dependent 

on T cells, in fact in T-cell knockout mice, FOLFOX effects are significantly diminished across the entire 

antigenicity-growth rate parameter space, as shown in Figure 6.9.  
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Figure 6.9 Extension in survival from treatment with one cycle of FOLFOX in mice with different 
antigenicities and growth rates in T cell deficient mice, with all other parameters from Parameter Set E 

Although slower growing tumors still have a longer extension in survival post treatment, the 

effects of antigenicity become negligible. The results of these immune knockout simulations point to a 

very important role of the immune system in FOLFOX therapy. Therefore, the role of each of the immune 

mechanisms of action of FOLFOX was studied individually, in addition to the direct cytotoxicity. 

 

 Importance of different mechanisms of FOLFOX on tumor kill 

There are a number of mechanisms that contribute to the effects of FOLFOX. Those considered in 

this model were direct cytotoxicity from the FOLFOX drugs, immunogenic cell death, oxaliplatin-induced 

increase of IFN-γ production by T cells, and 5-FU killing of MDSCs. For the representative growth rate 𝛾 =

7000 cell 1−𝑚day-1 and initial antigenicity 𝑎𝑜 = 10
6 day-1, each of these mechanisms was modeled 

separately and the extension of mouse survival as compared to the untreated mouse for that mechanism 

alone was measured. These results are summarized in Figure 6.10. 



298 
 

 
Figure 6.10 Increase in survival of mice from different mechanisms of FOLFOX for growth rate 𝛾 = 7000 

cell 1−𝑚day-1 and initial antigenicity 𝑎0 = 10
6 days-1 and all other parameters from Parameter Set E 

 
Direct cytotoxicity accounts for the greatest effect of FOLFOX, leading to a 1.184-day increase in 

survival from the total 1.824-day increase in survival as compared to the untreated case. MDSC kill by 

FOLFOX also leads to a significant effect. However, oxaliplatin immune effects actually led to a decrease 

in survival. Both increasing IFN-γ production and immunogenic cell death, where kill by oxaliplatin 

increases antigen expression, thereby activating more T cells against the tumor, led to a negative effect.  

Whereas some of these behaviors do not depend significantly on antigenicity, the effects of 

immunogenic cell death are highly dependent on antigenicity at 𝑡 = 0. For the high antigenicity 𝑎𝑜 = 10
6 

day-1, this mechanism actually leads to decrease in survival, however, this is not true for all parameter 

values.  Figure 6.11 shows the effect of antigenicity on the increase in survival due to the two immune 

effects of oxaliplatin: immunogenic cell death and increased IFN-γ production. 
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Immunogenic cell death Increased IFN-γ production 

 
Figure 6.11 Effect of initial antigenicity a0 on the expected increase in survival (days) due to immunogenic 

cell death and increased IFN-γ production, for growth rate 𝛾 = 7000 cell 1−𝑚day-1 and all other 
parameters from Parameter Set E 

 
Robertson-Tessi et al found that at a high initial antigenicity, increasing the antigenicity further 

caused an increase in immunosuppression that helped the tumor grow faster in humans (Robertson-Tessi, 

2010). Similar effects are seen for the success of FOLFOX. The effects of immunogenic cell death on 

survival start off slightly negative, but increase as the initial antigenicity increases, to a maximum effect 

at around 𝑎𝑜 = 2 day-1. This optimal initial antigenicity is very close to the one obtained by Robertson-

Tessi et al (2010) in humans. After that value, the increase in survival from FOLFOX decreases again, 

returning to a negative effect for higher antigenicities. Although this role is always small, it is positive 

across a broad range of antigenicities at tumor inception, where there is a significant increase in survival 

from oxaliplatin immunogenic cell death. As initial antigenicity increases, the survival time change 

resulting from increased IFN-γ production becomes negative. Therefore, depending on the antigenicity at 

𝑡 = 0, the relative effects of the different mechanisms vary. For example, an initial antigenicity where 

log(𝑎𝑜) = 1.5 was chosen as a representative antigenicity where all effects are positive, with results 

presented in Figure 6.12: 
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Figure 6.12 Increase in survival of mice from different mechanisms of FOLFOX for 𝑙𝑜𝑔(𝑎𝑜) = 1.5 growth 

rate 𝛾 = 7000 cell 1−𝑚day-1 and all other parameters from Parameter Set E 

 
Although all the mechanisms have a positive effect on survival at this lower antigenicity value, the 

relative order of importance of the various mechanisms remains the same as antigenicity is varied and 

effects of the direct cytotoxicity caused by the entire treatment and MDSC death by 5-FU do not change 

too much. Across all parameter values, the greatest effect of FOLFOX is its direct cytotoxicity, followed by 

5-FU kill of MDSCs, and the immune effects of oxaliplatin on T cells play a minimal role on the success of 

this chemotherapy.  

Some of these conclusions also depend on the growth rate 𝛾. The extension in survival for low 

growth rate and a high growth rate are depicted in Figure 6.13. This figure shows that across all growth 

rates, direct cytotoxicity plays the most important role in overall survival. IFN-𝛾 production consistently 

has the smallest role. However, the relative importance of immunogenic cell death and MDSCs depends 

on the growth rate. Higher growth rates show a greater role of immunogenic cell death and a lesser role 

of MDSCS. The extension in survival decreases with growth rate, as seen before. Therefore, the growth 

rate 𝛾 = 7000 cell 1−𝑚day-1 is in many ways representative of the relative importance of different 

mechanisms, but increasing the growth rate does lead to a greater role of oxaliplatin immune effects and 

a lesser role of 5-FU immune effects. 
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Figure 6.13 Increase in survival of mice from different mechanisms of FOLFOX for 𝑙𝑜𝑔(𝑎𝑜) = 1.5 growth 

rate 𝛾 = 4000 cell 1−𝑚day-1 (left) and 𝛾 = 20000 cell 1−𝑚day-1 (right) all other parameters from 
Parameter Set E 

 

 Multiple cycles of FOLFOX 

Chemotherapy is rarely given in just one cycle. With humans, a commonly given schedule of 

FOLFOX administration consists of a 2-hour infusion of folinic acid and oxaliplatin, followed by a bolus or 

continuous injection 5-FU, repeated for 2 consecutive days and repeated every 2 weeks for a maximum 

of 6 or 12 cycles (Bertolini et al., 2011; Jeon, Woo, Lee, Park, & Choi, 2011; Park et al., 2005; Petrioli et al., 

2008). Although such a specific schedule is not adhered to in mice, many experimentalists administer the 

treatment weekly, which was modeled here (S. M. Robinson, Mann, Manas, et al., 2013; S. M. Robinson, 

Mann, Vasilaki, et al., 2013; S. Robinson, Manas, Mann, White, & Mann, 2011).  

Figure 6.14 depicts the tumor cell count after treatment with 4 cycles of FOLFOX, scheduled to be 

7 days apart. A growth rate of 𝛾 = 5130 cell 1−𝑚day−1 was chosen and initial antigenicity was set to 𝑎𝑜 =

106day−1. The initial tumor size was assumed to be 106 cells, a size commonly implanted in mice, 

including in the experiment of Ghiringhelli et al (2009) and the treatment was administered once the 

tumor cell count reached 109 cells. The treatment times are highlighted in Figure 6.14 with blue lines. 
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Figure 6.14 Effect of 4 cycles of FOLFOX on tumor cells, with  growth rate of 𝛾 = 5130 𝑐𝑒𝑙𝑙 1−𝑚𝑑𝑎𝑦−1, 

initial antigenicity 𝑎0 = 10
6 𝑑𝑎𝑦−1, and all other parameters as in Parameter Set E 

 
The 4 cycles of FOLFOX lead to a significant delay in the progression of tumor growth. There are initial 

drops in tumor size that are followed by a slower progression of growth during the time between cycles. 

After treatment is over, the tumor growth regains its original rapid growth rate. Treatment has a 

significant effect on the immune cells, with two specific cells having the most dramatic results, the CD8+ 

effector T cells in the tumor and the MDSCs in the tumor. Although all cells are affected by the therapy at 

least indirectly, the effects of FOLFOX on these two cells are depicted in Figure 6.15: 

  
MDSCs in the tumor CD8+ effector T cells in the tumor 

Figure 6.15 Effect of 4 cycles of FOLFOX on immune cells, with  growth rate of 𝛾 = 5130 𝑐𝑒𝑙𝑙 1−𝑚𝑑𝑎𝑦−1, 
initial antigenicity 𝑎0 = 10

6 𝑑𝑎𝑦−1, and all other parameters as in Parameter Set E 

 
The MDSC levels significantly drop during the time of treatment, re-growing slightly between 

cycles. After the treatment is over, they regain their pre-treatment levels. CD8+ T cell counts in the tumor 
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are elevated during the time of treatment, and drop after the treatment is over. During each cycle, their 

values grow to a maximum size and decay. As before, the effects of varying growth rate and initial 

antigenicity were studied for mice given 5 cycles of FOLFOX, administered every 7 days after an initial 

treatment at 109 tumor cells. Figure 6.16 shows the extensions in survival from this treatment in both 

wildtype and T-cell deficient mice. 

 
 

Figure 6.16 Extension in survival from 5 cycles of FOLFOX in wildtype (left) and T-cell deficient (right) 
mice, with  growth rate of 𝛾 = 5130 𝑐𝑒𝑙𝑙 1−𝑚𝑑𝑎𝑦−1, initial antigenicity 𝑎0 = 10

6 𝑑𝑎𝑦−1, and all other 
parameters as in Parameter Set E  

 

As with a single cycle of FOLFOX, the effects of treatment are maximized for lower growth rates 

and higher antigenicities. In T-cell deficient mice, the growth rate has significant effects on extension of 

life-span post treatment with 5 cycles of FOLFOX, but antigenicity does not, as with the single dose case. 

Across all growth rates and antigenicities, for the tumor size at treatment initiation selected here, the 

model predicts that the tumor growth that is unbounded prior to treatment will remain unbounded, and 

full eradication of the tumor is not possible. However, this result is sensitive to the time when treatment 

starts, or, equivalently, tumor size at initiation of treatment. If the treatment is started early enough, full 

eradication is possible for some subjects. Both have the same initial antigenicity 𝑎𝑜 = 10
6 day-1, but they 

have slightly different growth rates. For the slower growing tumor, there are significant effects of 
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treatment, allowing for tumor growth to decay to zero, however for the faster growing tumor, treatment 

at 4*108 cells does not allow for tumor eradication. This suggests that there is a bifurcation in long-term 

tumor dynamics with changes in 𝛾 for treatments administered early enough. 

  

𝛾 = 5120  cell 1−𝑚day−1 𝛾 = 5150  cell 1−𝑚day−1 
 

Figure 6.17 Bifurcation in treatment outcome with varying tumor growth rates 

 
These results, as was evident from Figure 6.16, are not possible for treatments that are 

administered at 109 tumor cells. For the same two subjects, with exactly the same parameter values, when 

treatment is given later, the tumor growth remains unbounded and death from the cancer is unavoidable: 

  

𝛾 = 5120 cell 1−𝑚day−1 𝛾 = 5150 cell 1−𝑚day−1 
 

Figure 6.18 Bifurcation is only present if tumor is treated early enough 
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Therefore, initial time of treatment is very critical to the ability to control tumor growth. Treating earlier 

ensures that tumors could be fully eradicated before they grow to sizes that are no longer curable by 

chemotherapy.   

Other than varying the time of treatment, other variations could be made on treatment that could 

have significant effects on outcome. Namely, the schedule could be adjusted by changing the time 

between cycles and the order in which oxaliplatin and 5-FU are administered. Some representative cases 

of changes in those aspects of treatment are shown in Figure 6.19 and Figure 6.20. Although there are 

endless possibilities of different schedules, two specific cases were modeled here. First, the time between 

cycles was varied for a total of 4 cycles: 

 
Figure 6.19 Varying time between cycles 

Decreasing time between cycles was found to lead to a better prognosis. Here, a representative 

growth rate of 𝛾 = 5130 cell 1−𝑚day−1 was chosen and antigenicity at t=0 was set to 𝑎𝑜 = 10
6 day-1, 

although these relative results are consistent across all growth rates and antigenicities. Subjects whose 

cycles were scheduled just 2 days apart lived for 104 days with treatment, whereas those with longer time 

between cycles lived significantly shorter. Scheduling treatment 21 days apart led to mouse survival of 

just 95 days, with the entire 4-cycle of FOLFOX not being administrable before a lethal tumor burden was 

reached. These results point to increased benefit from shorter times between cycles. However, in a clinical 

setting, this is not always possible due to drug toxicity against normal cells. Therefore, time between 
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treatments is often not decreased to lower than around 2 weeks, to ensure that the chemotherapy toxicity 

burden on the healthy cells is kept at tolerable levels. 

Finally, three different administration schedules of FOLFOX itself were modeled. Treatment was 

given in 4 cycles, scheduled 9 days apart, with one of three regimens. In the first regimen,  5-FU was given 

first, and after a delay, oxaliplatin was administered. In the second regimen, oxaliplatin was given first, 

followed by 5-FU. In the third regimen, the two drugs were given simultaneously, as was modeled before. 

Because the direct cytotoxicity of the drugs was difficult to separate it was assumed both 5-FU and 

oxaliplatin had the same contribution to the effects of treatment, and results were modeled so that the 

total direct cytotoxicity from all three treatment combinations was the same, resulting in the same total 

fraction of tumor death after each cycle. The only differences between the treatments, then, stem from 

staggering immune effects of the drugs. 

 
Figure 6.20 Varying order of 5-FU and oxaliplatin 

It is interesting that there is not much of a difference predicted by the model between 

simultaneous kill and giving 5-FU first. Although simultaneous kill allows tumor cells to be killed more 

rapidly in treatment because the direct cytotoxicity effects occur all at once, once oxaliplatin is given, the 

tumor kill from FOLFOX catches up and differences between the two treatments are nearly 

indistinguishable after the chemotherapy is completed. However, giving oxaliplatin first leads to more 

rapid tumor growth. These results make it clear that the treatment schedule is important and has the 

capacity to significantly affect predicted survival. 
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 Combination of FOLFOX and immunotherapy 

Finally, a mathematical model allows for prediction of the effects of a combination of 

chemotherapy and immunotherapy. Although the total combinations of dose, schedule, and type of 

combination therapy are limitless, a few of the more interesting cases are presented here. For all of these 

cases, immunotherapy was administered concurrently with the first dose of FOLFOX when the tumor 

reached the critical tumor burden of 109 cells. A representative growth rate of 𝛾 =

6500 cell 1−𝑚day−1 was used. Although results do vary for growth rate, the general types of results 

depicted are seen across a wide range of growth rates. In these models, subjects were implanted with 106 

tumor cells and treated with either 4 cycles of FOLFOX chemotherapy alone, a bolus injection of 

immunotherapy alone, or the combination of a single bolus injection of chemotherapy and 4 cycles of 

FOLFOX. 

The therapies presented here are dendritic cell therapy (107
 licensed dendritic cells), anti-CD4+ 

therapy (systemically wiping out 90% of tumor-specific CD4+ non-memory T cells) and IFN-γ therapy 

(injected with 1000ng/mL IFN-γ into circulation). Other therapies modeled, such as adjuvant CD8+ T cell 

therapy and IL-2 therapy, had similar results to those presented here, so they are not pictured.  

The success of each therapy was highly dependent on the initial antigenicity of the tumor. 

Therefore, several antigenicity values are presented here: a high antigenicity of 105, a lower antigenicity 

of 102, that Robertson-Tessi et al (2010) found to be optimal in immune response to tumors, and a low 

antigenicity of ao=10-4 day-1. Figure 6.21 depicts the tumor size over time for the different treatments and 

different initial antigenicities.  
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Dendritic cell therapy 

   

Anti-CD4+ therapy 

   

IFN-γ therapy 
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Figure 6.21 Results of chemotherapy, immunotherapy, and combination of chemotherapy and 
immunotherapy in mice with different initial antigenicities  

 
For some therapies, antigenicity had a significant effect on the success of the combination of 

chemotherapy and immunotherapy. For dendritic cell therapy, increasing antigenicity allowed for tumors 
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the immunotherapy alone and in combination with chemotherapy to be capable of full tumor eradication. 

On the other hand, across the entire range of antigenicities, anti-CD4+ therapy in combination with 

chemotherapy did not significantly slow tumor progression as compared to just treating with FOLFOX 

chemotherapy alone. Finally, IFN-γ therapy in combination with chemotherapy did not have a significant 

effect on treatment of highly antigenic tumors as compared to just chemotherapy alone, but if the 

antigenicity of the tumor was increased, the effects of the therapy were increased and became more 

evident. The combination of FOLFOX and IFN-γ therapy had the greatest combined effect when compared 

to just chemotherapy alone when given to patients with an antigenicity in the middle, near 𝑎𝑜 =

102𝑑𝑎𝑦−1. 

Across these different cases, it is clear that depending on patient characteristics, different 

therapies lead to different long-term outcomes. DC therapy appeared to have the greatest anti-tumor 

effect of the three therapies modeled here, but in the limitless field of potential doses, schedules, and 

types of therapies, it is likely that optimal therapies could be patient-specific, depending on factors such 

as antigenicity, included in this model, but also factors such as side-effects and non-cancer toxicity, which 

are not modeled here.  

 

 Sensitivity of results to parameter values 

As in Chapter 4, some parameters could have potential to vary greatly. Again, instead of 

traditional parameter sensitivity analysis, changes in steady-state dynamics with changes in parameters 

across experimentally observed ranges were studied to see whether the model predictions are sensitive 

to these parameters. It has been established that the treatment model is sensitive to tumor growth rates 

and initial antigenicities. The one other treatment parameter that had significant potential to vary 

significantly, based on in vitro studies is direct cytotoxicity of FOLFOX. Specifically, the fraction of tumor 
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cells to die from direct kill by the chemotherapy, 𝑓𝑇, was varied to determine the steady-state dynamics 

after treatment of an uncontrolled tumor with 4 cycles of FOLFOX. 

 

 
Figure 6.22 Sensitivity of tumor survival post treatment with 4 cycles of FOLFOX with changes in fraction 

of tumor cells killed from direct cytotoxicity  

The model is sensitive to 𝑓𝑇 as changes in that parameter had the capability to shift the tumor 

from uncontrolled tumor growth to full tumor eradication with treatment. For high values of 𝑓𝑇, the tumor 

can be eradicated by the treatment if its growth rate is sufficiently low. However, decreasing the value of 

𝑓𝑇 led to uncontrolled growth across all growth rates.  

 

 Comparison to experimental data 

Although all these predictions of potential outcomes are very interesting, a significant question is 

how well this model is able to replicate experimental data. In Chapter 4, it was shown that the 

mathematical model of tumor-immune interactions without treatment had difficulty in capturing the 

dynamics of the data on tumor growth in wildtype and immunodeficient mice that was published by 

Ghiringhelli et al (2009). Three sets of parameter values were used: one that estimated the maximal 

effects of IFN-γ that could be predicted by the mathematical model while varying parameters that were 

 
𝑓𝑇 
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found to fall over a wide range in parameter estimation to fit the wildtype growth curve, one that 

simultaneously fit those same parameters to all the tumor growth curves presented in Ghiringhelli et al, 

and finally one where the growth rate was fit to Ghiringhelli et al in addition to a single critical parameter 

that could lead to fairly accurate predictions of the model, although with no other biological justification 

for the parameter value prediction. Now, treatment is modeled for these three cases and compared to 

the experimental data of Ghiringhelli et al of treatment with oxaliplatin in wildtype and immunodeficient 

mice. 

To generate these results, parameter values from Chapter 4 were used; for reference, the 

untreated model fits are included in addition to the treated. Because Ghiringhelli et al only treated their 

mice with oxaliplatin, the 5-FU effects were set to zero. All oxaliplatin treatment effects were taken from 

Table 6.1. The direct cytotoxicity of the drug was fit by ensuring that all effects combined matched the 

oxaliplatin treated experimental predictions. Therefore, treatment parameters were the same across all 

curves. The direct cytotoxicity was estimated to be 𝑓𝑇 = 0.56. Ghiringhelli et al administered treatment 

when the mice had a tumor size of around 6*108 cells, so this treatment size was used in the simulations. 

This led to 3 additional parameter sets being considered: Parameter Sets F, G and H, which combine 

Parameter Sets B, C and D from Chapter 4 with the treatment parameters of Table 6.1, except for the 

value 𝑓𝑇 = 0.56. Figure 6.23 gives a comparison of model predictions and the experimental data from 

Ghiringhelli et al’s Figure 1 for Parameter Sets F, G and H. For reference, the untreated model results from 

Chapter 4 are also included. Because of the negligible differences between the treatment results for mice 

deficient in all T cells versus mice where only the CD8+ T cell subset was ablated, only the T cell deficient 

results are presented here. 

Not surprisingly, considering the untreated results were not able to match Ghiringhelli et al, the 

same remained true for modeling mice treated with oxaliplatin. When the effects of IFN-γ were maximized 

(Parameter Sets B and F), the model of treatment with oxaliplatin underestimated treatment effects. The 
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wildtype and T-cell deficient curves with treatment with oxaliplatin were significantly higher than the 

experimental data. On the other hand, treatment in IFN-γ deficient mice was under-estimated, with the 

growth curve totally over-estimating the success of the oxaliplatin treatment. For the data that were 

simultaneously fit to all curves (Parameter Sets Cs and G), the predictions were more accurate.  

A 

  
B 

 
 

C 

 
 

 Untreated Treated with oxaliplatin 
 

 
 

Figure 6.23 Fitting treatment model to Ghiringhelli et al data on tumor size in wildtype and 
immunodeficient mice (In Panels A, B and C, Parameter Sets F, G and H were used, respectively) 
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The math model was able to accurately predict both treatment of T-cell deficient and wildtype mice, 

though both the treated and untreated IFN-γ mice had significantly faster growing tumors than those that 

were predicted by the model. Finally, if the lysis of tumor cells by IFN-γ was allowed to vary, after adjusting 

the tumor growth rate to match the wildtype data adjusting this single parameter could allow all 

untreated results to be captured fairly well in Chapter 4 (Parameter Sets D and H). However, these results 

do not hold when treatment is implemented.  For Parameter Set H, there is almost no difference in the 

tumor growth curves between T-cell deficient and wild-type mice, although this difference was significant 

in Ghiringhelli et al (2009). However, the IFN-γ deficient mice matched the experimental data fairly well. 

B 

 
 

C 

  

 Untreated Treated with oxaliplatin 
 

 
Figure 6.24 Model ability to predict specific curves from Figure 6.23 (In Panels B and C, Parameter Sets G 

and H were used, respectively) 

With the difficulties in matching the untreated data to Ghiringhelli et al (highlighted in the left 
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parameter sets could simultaneously fit four curves at once, although other data were not fit well. As 

shown in Chapter 4, Ghiringhelli et al (2009) had significant effects from T-cell independent IFN-γ 

mechanisms, that could not be explained by the model. Parameter Set G fits T-cell deficient and wildtype 

mice fairly well in the untreated case, while not capturing IFN-γ effects. On the other hand, Parameter Set 

H captures the effects of IFN-γ, although not accounting for treatment effects on T cells. These results are 

highlighted in Figure 6.24 by removing all other growth curves and experimental data from Figure 6.23. 

These curves are identical to those presented in Figure 6.23, but show the ability of the mathematical 

model to capture some specific aspects of the data. 

However, as before, varying more parameters allows to fit all of the data at once, a total of 9 

tumor growth curves: wildtype treated and untreated, IFN-γ treated and untreated, T cell deficient treated 

and untreated, and CD8+ deficient treated and untreated. Because of the negligible differences between 

T cell and CD8+ T cell knockout results, only the cell deficient results will be presented. The parameters 

that were allowed to vary were growth rate, antigenicity, and the IFN-γ lysis of tumor cells (as in Chapter 

4) as well as the effectivity of oxaliplatin in treatment. Parameter values that allowed for the best fit to 

the data, are in Table 6.2 and the corresponding fit to all experimental data is shown in Figure 6.25. 

 
Table 6.2 Parameters that allow for best fit to Ghiringhelli et al Figure 1S a and b 

Parameter Value Units 

𝛾 10400 cell 1−𝑚day-1 

𝑎𝑜 10 day-1 

𝑟3 2.7 day-1 

𝑓𝑇 0.26  

𝑟𝜃𝐴  10.3  

𝑝𝑜𝑥  1053  
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Untreated Treated with oxaliplatin 

 
 

Figure 6.25 Fitting treatment model to Ghiringhelli et al data on tumor growth in wildtype and 
immunodeficient mice using parameter values in Table 6.2 with all other parameters as in Parameter Set E 

 
The difference between other parameter estimates and those needed to obtain results that 

match the data of Ghiringhelli et al highlight the key mechanisms behind the results that those 

experimentalists were able to see very well. Although many possible changes to parameter estimates 

could have led to an ability to predict the results of Ghiringhelli et al, the minimum number of parameters 

that had to be varied to obtain such a fit to all their experimental data was 6 parameters. Of those, the 

parameters that had to be different than those estimated from other sources to be able to accurately 

predict the results of Ghiringhelli et al were the lysis by IFN-γ, 𝑟3, the enhancement of IFN-γ production 

by oxaliplatin, 𝑝𝑜𝑥, and the immunogenic cell death effects, 𝑟𝜃𝐴 . This suggests several potential 

mechanisms that could explain the data seen in Ghiringhelli et al that were not predicted by the model. 

First, IFN-γ has a stronger direct effect on tumor cells than what is predicted by in-vitro direct cytotoxicity 

studies. The exact nature of this mechanism could not be predicted by the mathematical model, however, 

if IFN-γ was able to do more damage to tumor cells than what was predicted in cultures that would allow 

both treated and untreated IFN-γ effects to be predicted by the math model. Additionally, the fits in Figure 

6.23, as well as those in Section 6.3.1 suggest that most of the effects of oxaliplatin and FOLFOX come 
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from direct cytotoxicity. However, the best fit to all the data in Ghiringhelli et al skew the total percent of 

tumor cells killed by oxaliplatin from 56% needed to fit the data in Figure 6.23, to just 26%. On the other 

hand, both immunogenic effects and IFN-γ effects must be much higher than other estimates to match 

the experimental data of Ghiringhelli et al (2009). 

As before, the increase in survival in mice from each mechanism of oxaliplatin was determined 

for the parameters fit to Ghiringhelli et al to give a clear picture of the balance that matches their 

experimental data as compared to the results estimated from other sources. However, with these 

parameters, the tumor is never expected to assume the critical tumor burden of 5*109
 tumor cells both 

with and without treatment: 

 
Figure 6.26 Tumor growth over time for treated (left) and untreated (right) mice with the model 

parameters in Table 6.2 with all other parameters as in Parameter Set E 

 

Clearly, the tumor and immune system are in a state of coexistence for these parameter values, 

and the tumor size is never lethal. Therefore, for the comparison, instead of time to reach a critical lethal 

tumor burden, time to reach a tumor size of 3*109 cells was used to get the relative importance of 

different mechanisms of FOLFOX. These results are in Figure 6.27. 
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Figure 6.27 Increase in survival of mice from different mechanisms of oxaliplatin using best fit parameter 
values from Ghiringhelli et al (2009) with the model parameters in Table 6.2 with all other parameters as 

in Parameter Set E 

 
Clearly, these results are different from those of other models. First, it is obvious that these 

mechanisms do not act independently, as the sum of the three effects of oxaliplatin do not match the 

total effect of the entire treatment. In fact, the combination of both immune effects of oxaliplatin extend 

survival to 3*109 cells by only 28.9 days compared to the untreated mouse. The result that more directly 

contradicts the predictions from the rest of this treatment chapter is the fact that whereas the immune 

effects lead to a 28.9-day delay in tumor growth, direct cytotoxicity only accounts for 2.1 extension in 

time to critical tumor burden. This value is in line with other effects of treatment and direct cytotoxicity, 

but the relative magnitude of the immune and cytotoxic effects is completely different. 

Although current parameter best estimates do not allow for Ghiringhelli et al’s (2009) data to be 

replicated, this model is capable of reproducing the data with changes to only several parameters. With 

this, it is possible to show that the immune effects of oxaliplatin seen in their experimental data are 13.6 

times greater than those of direct cytotoxicity of the drug. 
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to account for effects that FOLFOX exhibits on both tumor and immune cells, including direct cytotoxicity 

of tumor cells, immunogenic cell death, increased IFN-γ production, and kill of MDSCs.  First, 10 

parameters were estimated to account for the duration and magnitude of each effect. Siew et al 

concluded that oxaliplatin has immunogenic effects on NK cells, based on increased tumor death when 

treated with a combination of NK cells and oxaliplatin as compared to either treatment alone. However, 

by quantitatively modeling these data, it was found that they show no synergy between NK cell and 

oxaliplatin kill of tumor cells. Assuming that the kill by both mechanisms was independent, it could be 

shown that of the surviving cells after chemotherapy, the same fraction was killed by NK cells as of total 

tumor cells when treated with NK cells alone. This established that the only immunogenic cell death 

effects of oxaliplatin are, in fact, on T cells. 

However, quantifying these effects showed that this mechanism of was one of the least important 

mechanisms of the success of FOLFOX. A majority of the tumor kill by FOLFOX came from direct 

cytotoxicity and the effects of killing MDSCS. For slower growth rates, immunogenic cell death played a 

minimal role in increased survival, but for higher growth rates, its importance was greater and the effects 

of killing MDSCs were relatively smaller. Increased production of IFN-γ led to a very small increase in 

mouse survival with treatment, and for some parameters even lead to a small decrease in survival. 

Treatment with FOLFOX causes significant decreases of MDSCs in the tumor and increased CD8+ effector 

T cell counts in the tumor, both of which lead to the success of the therapy in mice that are not 

immunocompromised.  

Next, treatment schedules used experimentally were modeled. Treatment was modeled to be 

administered weekly in 4 or 5 cycles and the effects of chemotherapy on survival were tracked. It was 

determined that FOLFOX can significantly delay mouse death. For some parameter values, it could even 

lead to tumor cure; however, treatment was only curative if FOLFOX was administered early enough. If it 
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were administered at a larger tumor size, cure by therapy would not be possible for the same treatment 

regimen, and this was the case across all growth rates and tumor antigenicities. 

Combination of chemotherapy and immunotherapy could in some cases, significantly extend 

survival. Subjects with minimally antigenic tumors treated with a bolus injection of dendritic cell therapy 

in combination with FOLFOX saw significant enhancement in life expectancy, and subjects with highly 

antigenic tumors could see cure from the combination treatment, when each treatment separately did 

not lead to tumor eradication. On the other hand, anti-CD4+ therapy did not improve treatment outcomes 

significantly over a broad range of parameter values, and IFN-γ therapy was maximally effective in 

combination with FOLFOX at an intermediate optimal initial antigenicity of a0 = 102 day-1, as compared to 

either high or low levels. 

Finally, the model was compared to experimental results of Ghiringhelli et al (2009), who showed 

that wildtype mice subcutaneously injected with thymoma and treated with oxaliplatin had significant 

reductions in tumor size, which were diminished in mice deficient of T cells or IFN-γ receptors. Although 

the mathematical model was not able to reproduce tumor growth sans treatment of Ghiringhelli et al with 

parameters estimated from literature, the curves that resembled experimental data without treatment 

also led to predictions matching experimental data with treatment. When fitting all Ghiringhelli et al 

experimental data for both treated and untreated tumor growth in wildtype and immunodeficient mice, 

IFN-γ effects and immune effects of oxaliplatin were predicted to be significantly higher than estimates 

from other sources, suggesting either a broader parameter range than what was estimated from other 

literature sources or potential mechanisms that were not accounted for by the model. 
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7 Limitations  

Although careful efforts were taken to ensure that the predictions of the models developed in 

this work were realistic and rooted in experiments, certain model assumptions were made that could 

affect model predictions and results. Some of the key model limitations are outlined below. 

Although experimental results for colorectal cancer cell lines, patients with colorectal cancer, and 

mice injected with colorectal cancer lines were used whenever available, not all mechanisms and 

parameters were estimated from colorectal cancer data, and the calibration values used were from a wide 

range of cancer types. Many experimental results used were from B16 melanoma or different strains of 

breast and ovarian cancer. Moreover, even within colorectal cancer, there are multiple different strains 

that can cause significant differences in tumor growth and the vary significantly in success of treatment. 

The parameters 𝛾𝛾 and 𝑎𝑎 were varied to capture some of the differences between these different tumors, 

but other parameters that were estimated from a specific colorectal—or other—tumor type could also 

significantly vary across tumors. 

Many experiments were based on comparisons between wild-type and immunodeficient mice. It 

was assumed that the only differences between these different mice strains were the obvious immune 

differences; however other non-immune differences between these mice may possibly exist and could 

not be accounted for. Additionally, nude mice can have elevated NK cell and macrophage counts 

(Budzynski & Radzikowski, 1994; Kariya et al., 2014; Sharp & Colston, 1984). Finally, it was assumed that 

T-cell depleted mice have zero T cells, however, these depletions are not always 100% effective and these 

mice may still have T cells. Therefore, a comparison of these mice to wildtype can include confounding 

factors and incorrectly estimate the magnitude of different mechanisms.  

The dilution term allows for a more accurate estimate of immune cell-to-tumor cell contact in the 

tumor; this term accounted for the volume in the tumor occupied by tumor and all immune cells included 
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in the model. However, this term does not directly include some other cells that may also be present in 

the tumor microenvironment, such as endothelial cells, B cells, fibroblasts, and non-tumor-antigen-

specific T cells, and it neglects the volume occupied by blood vessel lumens. There is evidence that 

neutrophils or B cells can account for a significant proportion of immune cells in the tumor (Yuen, 

Demissie, & Pillai, 2016).  There is also evidence for the presence of naïve T cells and other non-tumor-

antigen specific T cells in the tumor (Duhen et al., 2018; Gough et al., 2008; Klein et al., 2003; Mortarini 

et al., 2003; Peng et al., 2010; Riddell & Greenberg, 1990). Therapy can also alter the volume fraction 

occupied by different cell types, possibly causing more error in the dilution term approximation.   

Other model limitations stem from compartment choices, model agent choices, model 

formulation and parameter estimation and calibration. These will be described as follows.  

7.1 Compartment choices 

The spleen and bone marrow are important compartments for immune interactions with the 

tumor and are not included in the models. These compartments are the sources of many immune cell 

precursors and house a significant proportion of immune cells (Gabrilovich & Nagaraj, 2009; Levy et al., 

2015; Murali-Krishna et al., 1998; Tokoyoda et al., 2009). For example, Levy et al (2015) found that 

splenectomy inhibited non-small cell lung cancer growth via immune modulation, pointing to the 

importance of this non-modeled immune compartment (Levy et al., 2015). Cells that in reality are in these 

compartments may have been indirectly attributed to other compartments in this model. Exclusion of 

these compartments might also have caused migration from the lymph nodes to the blood to be 

overestimated, to compensate for the omission of the spleen or bone marrow as sources of migration. 

Calibration results suggest that it is not likely that omitting these compartments underestimated total 

immune cell counts in the tumor or lymph nodes.  
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It was assumed that the tumor could be divided into accessible and inaccessible parts that are 

both well mixed compartments. It was also assumed that all immune cells and molecules were only 

present in the accessible tumor mass. Lee et al (2017) found that immune infiltration into the tumor highly 

depends on the distance from the tumor outline to the tumor center, nearly halving from 0 𝜇𝜇m to 1 𝜇𝜇m 

(Lee, Bindokas, & Kron, 2017). This clearly shows spatial variation in accessibility, although it was not a 

step function drop-off as assumed in the present model. Their data directly contradicts the homogeneity 

in composition assumed in the accessible and non-accessible tumor portions. Other studies have found 

that immune cell infiltration in the stroma and tumoral regions of the tumor are not correlated, suggesting 

that spatial variation in tumor masses is much more complex than accounted for here (Djenidi et al., 2015).  

Due to the accessible tumor compartment assumption, it was difficult to compare experimental results 

and those predicted by the models, as it is unclear how to determine where the accessible tumor is in 

vivo. It seems reasonable to assume it is related to vascularization and distance from the tumor margin, 

but it is difficult to quantify this. 

This accessible tumor compartment may also not be an accurate portrayal of decreased immune 

access as the tumor grows. It was assumed the accessible fraction of the tumor volume is proportional to 

the proliferating fraction once the tumor has grown past the exponential growth phase, and the 

proliferating fraction came from the assumed power-law growth rate. While it seems reasonable to 

assume that the proliferating fraction of the tumor is also the well-vascularized part and therefore 

accessible to immune cells and molecules, there are not presently data to firmly support this. Immune 

cells are capable of active transport and therefore may be able to reach even poorly vascularized areas.  

It was assumed that cell levels in blood and lymph nodes are proportional. For some T cell 

subsets, frequency in the tumor and the tumor draining lymph node were remarkably well correlated (E 

et al., 2018; Okita et al., 2015), but similar data about lymph and blood levels were not available for all 

cell types modeled and for distant lymph nodes.  
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In the model, all lymph nodes, whether tumor-draining or tumor-non-draining, were lumped 

together in a single compartment. In parameter estimation and model formulation, no distinction was 

made between draining and non-draining lymph nodes.  Some experiments suggest that there are 

significant differences between draining and non-draining lymph nodes. It was assumed that immune 

populations and cytokines are in the total lymphatic system. However, studies have shown that there are 

significant differences in cell levels and cytokine concentrations in draining and non-draining lymph nodes 

(Aymeric et al., 2010; Boonman et al., 2004; Gu et al., 2019; Laffont, Seillet, Ortaldo, Coudert, & Guéry, 

2008; van Rijt et al., 2003). Neglecting spatial variations in the lymph node compartment may therefore 

have led to errors. Some studies show a significantly higher variability among different draining lymph 

nodes or among different non-draining lymph nodes than is seen across these two categories, suggesting 

that simply dividing the lymph nodes into draining and non-draining compartments would not account 

well for spatial variability. Some studies also found minimal differences in different cell counts across 

many lymph nodes both with and without treatment (Azadniv, Dugger, Bowers, Weaver, & Crispe, 2007; 

Mohos et al., 2013), suggesting that the lumped assumption made here may not be unreasonable. More 

data would be necessary to decide the best way to account for heterogeneity between different lymph 

nodes in cancer. 

 
7.2 Model agent choices 

The immune system is very complex and has numerous components that play a role in tumor-

immune interactions. To keep the models as simple as possible, while still allowing for predictions that 

can distinguish the role of the immune system in treatment with FOLFOX chemotherapy, many cells and 

molecules were not included. B cells and neutrophils both have important roles when it comes to cancer 

immunity (L. Wu, Saxena, Awaji, & Singh, 2019; Yuen et al., 2016). In some breast cancers, B cells can 

account for as much as 40% of the tumor-infiltrating lymphocytes (Yuen et al., 2016). Similarly, there are 
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numerous immune molecules that are important in tumor-immune interactions that were not modeled 

here, among which are interleukin-12 (IL-12), tumor necrosis factor-α (TNF-α), granulocyte-macrophage 

colony stimulating factor (GM-CSF),  and vascular endothelial growth factor (VEGF) (Carmeliet, 2005; 

Whiteside, 2006). Finally, expression of surface ligands and receptors on immune and tumor cells changes 

significantly as the tumor develops, and addition of these surface components could provide important 

insight into changes in tumor-immune interactions. These molecules include CXC motif chemokines and 

receptors, programmed cell death protein and ligand 1 (PD-1 and PDL-1), Fas and many others. This work 

specifically focused on modeling the expression of MHC molecules, but not any of these other important 

agents. Including them could change model predictions and outcomes. 

Even for the agents modeled however, there is heterogeneity within each of these classes of cells 

and molecules. CD4+ T cells come in various forms, with the most commonly seen subclasses being Th1, 

Th2, Th17, and regulatory T cells (Gagliani & Huber, 2017), and some of these subsets may be difficult to 

distinguish in vivo using markers. In the present model, CD4+ cells were divided only into Tregs and CD4+ 

helper T cells; it was assumed that the CD4+ helper T cells are only the Th1 cells, whose main role is in IL-

2 production, and immunosuppressive effects of Th2 and Th17 cells were not modeled. Similarly, 

emerging research has identified CD8+ T cell subsets, such as the CD8+ regulatory T cells (Taylor et al., 

2016; Yu et al., 2018) which were not included in the model. Zhang et al showed that less than 10% of the 

CD8+ T cells in the tumor were regulatory T cells (S. Zhang et al., 2015); therefore, not including this subset 

may not affect results much. 

A great source of uncertainty regarding MDSCs concerns the prevalence of granulocytic (G-MDSC) 

and monocytic (M-MDSC) MDSCs in different compartments, as well as the role of these two subsets 

(Katoh & Watanabe, 2015; Kumar, Patel, Tcyganov, & Gabrilovich, 2016; Lindau, Gielen, Kroesen, 

Wesseling, & Gosse, 2012; Matson, 2015; Ramachandran et al., 2013; Schlecker et al., 2012). These two 

MDSC types have different immune effects, different clearance and recruitment dynamics, and potentially 
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different suppressive mechanisms, but were lumped into one compartment because of a lack of 

consistency between different experimental findings. Ideally, for future work, enough data could be 

collected to model these two subsets separately. 

Immune molecules are pleotropic, and can exist in different forms and binding states, but were 

approximated as single compartments here. TGF-β can have different functions, and different forms, as 

was clear from the comparison of model-predicted and experimentally observed differences in TGF-β 

levels. TGF-β comes in three isoforms (1, 2 and 3) and all of them can be latent or active, and bounded or 

unbounded (Horiguchi, Ota, & Rifkin, 2012). It was assumed that all TGF-β produced by immune cells and 

tumor cells was TGF-β1 (the most commonly measured isoform) in its active form, as this led to better 

agreement between model-predicted and experimentally observed circulating TGF-β levels, although it is 

suggested that it is in fact secreted in a latent state and must afterwards be activated (Horiguchi et al., 

2012). Quite possibly, the presence of the tumor leads to activation more rapidly than in healthy mice. 

However, the presence of these different forms makes comparisons to experiments much more difficult, 

if the activation state and isoform are not explicitly assessed and reported along with concentrations. 

Moreover, immune molecules that are given a single name, such as IFN-γ or TGF-β, actually 

represent classes of molecules that can be significantly different. For example, recombinant molecules 

can vary significantly from the naturally occurring forms. It was assumed that human and mouse immune 

molecules of the same name (such as IFN-γ or IL-2) behave the same way; however, this is not true in all 

cases. For example, when mice are injected with human recombinant IL-2, the half-life is 20 minutes 

whereas the half-life of mouse IL-2 is estimated to be closer to 3-5 minutes (Courtney, Phelps, & 

Karavodin, 1994; Donohue & Rosenberg, 1983; Ohnishi, Lin, & Chu, 1990). Assumptions like these could 

lead to parameter estimates that are orders of magnitude off from clinically observed values. 
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7.3 Model formulation of tumor-immune interactions 

Many assumptions were made in the model formulations that could lead to sources of error in 

model predictions. Immune cell precursors, including MDSCs, T cells, DCs, NK cells, and macrophages were 

assumed to be constant and not affected by tumor growth or treatment. Other assumptions regarding 

the equation forms that may lead to error are now discussed. 

 
 Tumor 

The tumor mass is a key component of the model and is a much more complex system than simply 

an aggregation of cancer cells. One of the assumptions made in modeling that is most likely to lead to 

error is tumor homogeneity. Spatial uniformity was assumed across the accessible tumor compartment 

for tumor antigen expression, iDC (immature dendritic cell) recruitment and activation, molecular 

concentrations, and immune cell recruitment. There is significant experimental evidence that tumor cells 

are highly heterogeneous both spatially and temporally (Dagogo-Jack & Shaw, 2018; Dexter et al., 1978; 

Fidler, 1978) and that spatial gradients across tumor masses are significant (Lee et al., 2017).  

A number of effects on immune cells were assumed to be due to molecules produced by tumor 

cells; however, in many cases these molecules are also produced by stroma cells, and this is neglected 

here. In some cases, the production rate parameters were estimated from in vitro studies with only tumor 

cells cultured, so that stromal cell production could not be estimated. One example is recruitment of CD8+ 

T cells to the tumor, which in the model is entirely attributed to factors produced by tumor cells. However, 

studies show that intratumoral DCs also produce chemokines that promote T cell recruitment to the 

tumor site (Oelkrug & Ramage, 2014; Pfirschke, Siwicki, Liao, & Pittet, 2017). Other authors suggest that 

T cell recruitment to the tumor is caused by CXCL9 and CXCL10 expression at the tumor. High levels of 

CXCL9 and CXCL10 are produced by stromal cells, mainly macrophages, suggesting their role in T cell 

recruitment to the tumor (Mukaida, Sasaki, & Baba, 2014). There is evidence that recruitment of T cells 
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to the tumor could also be caused by NK cells and CD4+ helper T cells (Bos & Sherman, 2010; Rosenberg 

& Huang, 2018). All these effects are presently attributed to tumor cell recruitment of T cells in the 

models. 

One concrete example is the role of DCs in recruiting CD8+ T cells to the tumor. Spranger et al 

directly quantifies that without Batf3 dendritic cells in the tumor environment, the levels of cytolytic T 

cells in the tumor are greatly reduced (Spranger, Dai, Horton, & Gajewski, 2017). The rate of migration of 

CD8+ T cells to the tumor caused by chemokines produced by tumor-present DCs would be modeled as 

follows if it were included: 

[𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑎𝑎𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀] = 𝑥𝑥
𝑇𝑇∗

(𝑇𝑇∗ + 𝑇𝑇𝑁𝑁∗)𝑈𝑈𝑇𝑇  𝐸𝐸𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏 
7.1 

The parameter relating to the magnitude of this effect could be estimated using Spranger et al, 

Figure 2g. Briefly, intra-tumoral injection of Flt3 ligand-derived dendritic cells showed increased levels of 

CD3+ T cells/g tumor for both BrafV600E/ Pten–/ and BrafV600E/ Pten–/ CAT-TSA tumors (Spranger et al., 

2017). 106 activated mature dendritic cells were injected directly into the tumor twice a week after the 

first signs of tumor lesions were identified, which was 2–3 weeks after tumor induction. Supplementary 

Figure 5c has the tumor weight during the time of sampling and Figure 4 has the corresponding tumor 

growth curves, for the CAT-TSA tumors only. Both the tumor growth curve with and without the additional 

DCs and the T cell infiltration could be fit simultaneously to the entire mouse model to get tumor DC 

effects on T cell recruitment, if it is assumed that the data on these tumors provides a good estimate for 

DC role in all tumors.  Effects like these will be addressed in future work. 

 
 Dendritic cells 

When modeling DC activation, there were several assumptions that affected the form of the 

equations. Spatial variations in antigen concentration in the tumor environment were neglected, and 
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instead, an average antigen concentration for the tumor was used. There is evidence that antigen effects 

on DC activation may not be linear (Amirghofran, Hashemzadeh, Javidnia, Golmoghaddam, & Esmaeilbeig, 

2011; Bax et al., 2011; Gardner et al., 2015; Töröcsik et al., 2010; Tynan, McNaughton, Jarnicki, Tsuji, & 

Lavelle, 2012; Wolk, Döcke, von Baehr, Volk, & Sabat, 2000; W. Zhang et al., 2019) but a linear relationship 

was used here. Experiments have found that DC activation is caused not only by contact with antigen, but 

also by direct contact with tumor cells. Pathack et al (2012) compared DC activation in cultures with direct 

contact with tumor cells but no supernatant, cultures with only tumor supernatant, and cultures with 

both tumor cell contact and supernatant, and found that the combination lead to the highest rate of 

maturation (Kumar Pathak et al., 2012). In the present model, tumor cell contact-dependent maturation 

of DCs is not included. The rate of DC activation from antigen uptake was modeled as the product of 

several different terms, representing the effects of antigen uptake, IFN-γ effects on DC maturation, 

suppressive effects of regulatory T cells and IL-10, and NK cells leading to increased DC activation at large 

iDC:NK ratios. This product form is based on the assumption that each of these individual effects 

corresponding to each factor operates independently of the other effects, and this may not be true. 

Most authors emphasize an immunosuppressive tumor influence on DCs function. Immature 

dendritic cells accumulate in the lymph nodes of cancer patients. Numerous studies have shown that the 

proportion of DCs that are immature in the lymph nodes of healthy control patients is low, with healthy 

patient mature DCs accounting for about 90% of the lymph node DC population (Chang et al., 2013; Orsini 

et al., 2013).  However, patients with tumors see a higher proportion of immature DCs that correlates 

positively with stage (Chang et al., 2013; Di Girolamo, Coronato, Portiansky, & Laguens, 2008; Orsini et al., 

2013; Poindexter, Sahin, Hunt, & Grimm, 2004; Wilson et al., 2003). The tumor infiltrating DCs are mainly 

immature and remain in this state, leading to a lack of effective antigen presentation. Thus, the tumor 

attracts and absorbs DCs, and a significant proportion of tumor-infiltrating DCs do not end up migrating 

to lymphatic nodes after engulfing antigens, but remain in tumor tissue  (Tabarkiewicz, Rybojad, Jablonka, 



329 
 

& Rolinski, 2008). Some experimentalists even believe that DCs that take up antigen in the tumor become 

apoptotic instead of activating T cells (Lenahan & Avigan, 2006; Tabarkiewicz et al., 2008). On the other 

hand, other researchers believe that the tumor is not the most significant site of antigen uptake. Some 

studies suggest that the primary antigen uptake of iDCs may be in the lymph nodes (Veglia & Gabrilovich, 

2017). All these subtleties were not included in the present model and could explain the elevated 

unlicensed DC counts predicted by the model for some parameter values. 

Contrary to what was assumed in the model, the immunostimulatory capacity of DCs does not 

appear to remain constant as the tumor develops (Nakahara, Oba, Shimomura, Kido-Nakahara, & Furue, 

2016). Nakahara et al found that early mature tumor infiltrating DCs were less immunostimulatory than 

their later counterparts, in contrast to the increased suppression with tumor growth seen for activation 

of these cells. 

A major experimentally unresolved question regarding DCs is whether these cells, after contact 

with tumor antigen at the tumor site, mature in situ, or whether they first migrate to the lymph nodes 

and then mature, as many immune textbooks suggest (Murphy & Weaver, 2016). In the present model 

they are assumed to mature first and then migrate, but this cannot account for the observed large number 

of immature DCs in lymph nodes of tumor-bearing patients. 

 

 T cells 

The present model is for T cell response to tumors in the case of recurrent disease, where tumor-

specific memory cells already are present. This could be realistic for a tumor mostly removed by surgery, 

where a very small number of metastatic or residual cells remain and regrow. The initial reaction of the 

adaptive immune system, where T cells differentiate from naïve state in response to tumor antigen, was 

not modeled. The tumor was modeled as regrowing from a single tumor cell with the immune initial 
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conditions corresponding to steady state for a healthy mouse, without any tumor-specific effector T cells 

or DCs present. The development of a tumor-specific memory population was not modeled and was 

assumed to be constant, whereas, in fact, there may be temporal changes in its size, especially during 

initial development of this memory population. This could lead to initial overestimation of T cell effects, 

potentially explaining the importance of T cell effects predicted by the model that was not seen 

experimentally by Ghiringhelli et al (2009). 

There was great difficulty in estimating the fraction of T cells that were tumor-antigen specific, 𝜅𝜅. 

Different studies gave significantly different estimates for the size of this fraction, and this could partly be 

due to large inter-tumor variability. Mutated proteins in tumor cells could potentially be only in the 

cytoplasm, making the cells not recognizable to immune cells as foreign , and tumor antigens may also be 

produced by normal cells (Parkhurst et al., 2011). This makes it difficult to design experiments that 

accurately capture the proportion of T cells in any compartment that are specific to the tumor. 

T cell recruitment to the tumor was also simplified. Only effector T cells were modeled in the 

tumor although experiments suggest that naïve and memory T cells are also present in the tumor, 

although less prevalent (Egelston et al., 2018; Ligtenberg, Çinar, Holmdahl, Mougiakakos, & Kiessling, 

2015). Some mouse studies show that effector T cells are only a small fraction of tumor-infiltrating T cells, 

and naïve and central memory T cells are much more abundant (Khan & Umansky, 2016). Therefore, it is 

possible that non-effector T cells could be a significant fraction of T cell counts seen experimentally and 

play an important role in the dilution correction term. However, the lack of experimental consensus made 

it difficult to accurately predict the distribution of T cell subsets in the tumor.  

Some additional mechanisms and modulating factors for T cell recruitment to tumors may be 

missing in the present model. Although tumors are believed to evolve towards increasing  immune 

evasion, with one mechanism being the evasion of T cell recruitment by not expressing chemokines that 
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recruit CD8+ T cells to the tumor site, it was assumed that the per-cell recruitment of T cells by tumor cells 

was constant (Gao et al., 2019; Oelkrug & Ramage, 2014; Slaney, Kershaw, & Darcy, 2014). The 

recruitment of Tregs caused by MDSCs and cancer cells was estimated to be affected by the two cell types 

independently. However, Makinoshima and Dezawa (Makinoshima & Dezawa, 2009) showed that a 

combined culture of both MDSCs and cancer cells secreted around 20% more of the chemoattractant CCL5 

than the sum of the two cell types secreted separately, showing a combined effect from the two; this 

secondary effect is not included in the model. 

These present models do not include the effects of T cell anergy or “exhaustion.” This is outside 

of the scope of this work, and also is a concept that is often difficult to quantify because there are many 

suppressive mechanisms that could be leading to decreased cytolytic T cell kill of tumor cells. Exhaustion 

is not necessarily the cause of the decrease in tumor cell kill over time. Schoof et al (1989) found that T 

cell kill of tumor cells decreased over time. However rather than exhaustion, this could be explained by 

the decreased proportion of CD8+ t cells and the increased levels of CD4+ (and likely Treg) T cells that they 

saw in their experiments (Schoof, Jung, & Eberlein, 1989).  These suppressive effects included in the 

models show the same decrease in CD8+ T cell kill of tumor cells over time that is attributed to exhaustion, 

however immunosuppression may be overestimated because these exhaustion effects are not modeled. 

The success of immune checkpoint blockade therapy suggests that it is possible that the tumor 

environment does decrease CD8+ T cell cytolytic effectiveness, and neglect of this could be a source of 

error in the model. 

There is evidence that CD8+ T cells are not the only ones that kill tumor cells in vivo. CD4+ T cells 

can also directly kill of tumor cells (Fauskanger, Haabeth, Skjeldal, Bogen, & Tveita, 2018; Zanetti, 2015). 

Presently, this mechanism was not included in the models, but could lead to slight increases in anti-tumor 

immune effects. 
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Finally, a question that is very significant in modeling cytokine production and DC licensing is 

whether the total number of all T cells in the body changes as a tumor grows, even though the immune 

system tends to maintain homeostasis. It is not clear if increases in the number of tumor-antigen-specific 

T cells leads to increasing total numbers of T cells, or if homeostasis keeps the total count nearly constant. 

The former was assumed and therefore the model-predicted increasing cytokine levels as the tumor 

grows. Whereas some clinical and in vivo data do suggest that (Dehqanzada et al., 2007; Gorelik & Flavell, 

2001; Gupta et al., 2012; Kimura, Mizuno, Satake, Tahara, & Tsukuda, 2003; Kobie & Akporiaye, 2003; Liu 

et al., 2007; Moo-Young et al., 2009; Orditura et al., 2000; Sarris et al., 1999; Tomova et al., 2006; Wang 

et al., 2016; Wojtowicz-Praga, 2003; Zhao et al., 2015), it is also possible that other T cell counts are 

lowered because of expansion of tumor-specific cells. This would suggest that tumor-specific cytokine 

increases are not as dramatic as what was modeled because as tumor-specific T cells produce more 

cytokines, less are produced by non-tumor-specific cells, providing a balance that was not accounted for. 

 
 NK cells 

There are several mechanisms of NK cell interaction with tumor and other immune cells that are 

currently not included in the present model. First, bystander effects of NK cell killing were not included. 

With this effect, tumor cell death by NK cells provides conditioned medium that decreases the viability of 

surrounding tumor cells, resulting in enhanced NK cell cytotoxicity (Xu, Zhou, Lam, & Pang, 2017). Here, 

cytotoxicity was instead assumed to be constant, except for activation with IL-2 and IFN-γ. 

While IL-2 was modeled as increasing NK-induced tumor cell lysis, the exact effects of IL-2 on NK 

cells are not entirely clear. Some studies suggest that NK cells undergo exhaustion and are reactivated by 

IL-2. These studies suggest that these exhausted NK cells have diminished perforin and granzyme B levels, 

and that IL-2 and IL-15 are equally effective in enhancing the killing frequency of resting NK cells (Bhat 
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Rauf & Watzl, 2007; Topham & Hewitt, 2009). Currently, this mechanism is only modeled via increased 

cytotoxicity, although potentially it could also influence the limit of NK exhaustion represented by 𝛽𝛽. 

 
 IL-10 

Although the present model has only suppressive effects of IL-10, based on several experimental 

findings, there are some proposed pro-inflammatory characteristics of IL-10 (Mühl, 2013). IL-10 has the 

potential to enhance LPS-induced systemic IFN-γ release, leading to an inflammatory response. IL-10 also 

caused increased markers of both macrophage and T cell activation. Because of these effects, IL-10 

therapy has been given to patients to treat certain diseases by increasing inflammatory effects (Mühl, 

2013). Since pro-inflammatory effects of IL-10 are not included in the model, IL-10 therapy will always 

lead to a pro-tumor response in contrast to its more complex role in these experimental observations. 

 
 TGF-β 

TGF-β affects tumor growth directly (Arteaga et al., 1993). For a specific breast cancer line, the 

addition of TGF-β led to a decrease in proliferation with tumor cell counts plateauing at 20% of their 

unsuppressed levels. Currently any such anti-growth effects of TGF-β are included implicitly in the fact 

that the growth law used ensures that the per-cell growth rate of the tumor decreases with increasing 

size; however, if TGF-β therapies were to be modeled with this system of equations, the suppressive 

effects of TGF-β on the tumor would not be accounted for. This could lead to increased tumor growth 

from an anti-TGF-β therapy that would currently not be predicted by the model, especially since the TGF-

β levels at which suppression plateaus are physiologically reasonable concentrations for a tumor. 
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7.4 Model of treatment with FOLFOX 

In modeling treatment with FOLFOX, certain effects were not included. There is evidence that 

oxaliplatin might decrease maturation of DCs even without the presence of cancer cells, which was not 

modeled (Tel et al., 2012). One study found that cytotoxic T lymphocyte counts were significantly 

decreased in patients treated with 5-FU as compared to control patients (Adachi et al., 1992). Similarly, 

treatment with 5-FU decreased the total number of white blood cells and specifically circulating 

neutrophils, but since these cells were not modeled, these effects were not included  (Abedi-Valugerdi et 

al., 2016). Niu et al (2018) found that 5-FU also led to increased levels of IFN-γ production by immune cells 

(Niu et al., 2018). Although in the present model, increased IFN-γ production with FOLFOX was attributed 

to oxaliplatin alone, as there is no significant increase in IFN-γ concentration from the combination of 5-

FU and oxaliplatin as opposed to oxaliplatin alone (Niu et al., 2018), this modeling decision is unlikely to 

affect conclusions. 

Because of a lack of dose data on all mechanisms considered, it was assumed that across these 

different in vivo and in vitro doses, dose effect differences are minimal within the range of doses studied. 

This assumption could have grave effects because several mechanisms could be greatly dose-dependent. 

Different experiments had slightly different doses, so by estimating parameters across them, it is possible 

that mechanisms are not balanced in comparison to actual results, since they are skewed by the 

availability of data. Finally, not having dose-relationships for the FOLFOX treatment parameters made it 

impossible to accurately model the effects of dose on treatment, and analysis of treatment optimization 

had to focus on schedule and combination treatments, even though dose is a significant treatment factor 

that could easily be adjusted in patients. 

FOLFOX therapy could also affect the immune response indirectly. For example, there is evidence 

that FOLFOX has an effect on gut microbiota. Oxaliplatin treatment caused significant reduction 
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in Parabacteroides and Prevotella1, but increase in Prevotella2 and Odoribacter bacteria at the genus level 

(Stojanovska et al., 2018). It is unclear whether this could be expected to affect the model predictions 

significantly. 

Finally, a significant simplifying assumption made in the present model was that when multiple 

cycles of therapy were administered, each cycle was assumed to have the same effect on the immune 

system and the same effect on tumor kill as all other cycles. Neglect of the development of drug resistance 

with repeated exposure may lead to error, as mathematical models show that this is an important factor 

in chemotherapy outcomes (Birkhead, Rankin, Gallivan, Dones, & Rubens, 1987; Jackson & Byrne, 2000). 

Experiments also provide evidence of diminishing returns after multiple cycles. In fact, Wu et al found that 

a single cycle of 5-FU treatment promoted an anti-tumor immune response, whereas repeated 

chemotherapy cycles damaged immune cells’ anti-tumor functions (Y. Wu et al., 2016).  

 
7.5 Parameter estimation and calibration 

All cells in the tumor were assumed to occupy the same volume; in fact, some immune cells may 

be much smaller than tumor cells, and immune cells themselves may vary in size. This will affect both 

calibration predictions about the total number or density of cells present in a tissue based on cross-

sectional counts, and the predictions of total tumor volume from cell counts. In in-vitro settings, 

especially, the assumption of a cell density of 109 cells/mL is not reasonable as typical densities are much 

lower, and this may lead to an underestimation of parameters that depend on the frequency of contact 

between cells.  

Baseline IL-2, IL-10, and TGF-β levels were modeled to be zero as in Robertson-Tessi et al 

(Robertson-Tessi, 2010) and a number of parameter estimates taken from Robertson-Tessi et al are 

dependent on this assumption. However, healthy mouse levels of these molecules are non-zero. The 
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baseline level of circulating IL-2 in healthy mice had a median of 2.8 ng/mL (Cho et al., 2007; Ferreira et 

al., 2018; Richner et al., 2015; Sharma et al., 2007). TGF-β in the blood of mice was found to be 35.3 ng/mL 

(Ferreira et al., 2018). These values could be used to adjust the baseline production rates estimated in this 

work to be more accurate for healthy mice. Since healthy mice have non-detectable IL-10 levels in the 

blood (Obál et al., 2016; Roggero et al., 2002), the assumption of a negligible concentration of IL-10 in 

healthy mice appears reasonable. 

Some parameters were estimates based on a single experimental value found for MDSC levels in 

the tumor and circulation. The model predictions would be more reliable if more measurements of these 

levels could be found, so that parameter variability would be better understood. As a second measure, 

Figure 1B of Srivastava et al could be used to obtain MDSC levels in the tumor and blood, assuming all the 

increase in percent MDSCs came with a proportional increase in their counts (Srivastava et al., 2012). The 

two MDSC curves and tumor growth from Figure 2A could be fit simultaneously to the entire mouse model 

to estimate 𝑘𝑘14 and 𝜌𝜌2. This is left for future work. 

Molecular half-life estimation also has significant limitations. Half-lives are measured by injecting 

mice with molecules and then tracking clearance rates from circulation. However, it is possible that this 

overestimates clearance rates under normal conditions, because clearance is typically not a single 

exponential decay, but rather a bi-exponential with a secondary slower half-life and long tail. For example, 

the first clearance half-life in for IL-2 is 3.7 minutes (Donohue & Rosenberg, 1983), but Zhu et al (Zhu et 

al., 2015) predicted a secondary half-life as slow as 4.8 hours. 

In summary, while the present model contains many species and a large number of interactions 

between these species, many simplifying approximations nevertheless had to be made. The limitations 

described in this chapter provide avenues for future improvements to the model and thereby improved 

understandings of tumor-immune interactions and FOLFOX therapy. 
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8 Conclusions 

The overall goal of this project was to develop mathematical models to better understand and 

quantify the role of the immune system in tumor growth and therapy, specifically FOLFOX, a widely used 

chemotherapy regimen consisting of three drugs 5-Fluoroucracil (5-FU), oxaliplatin, and folinic acid that 

has been standard-of-care for colorectal cancer. The model was specialized to the mouse, motivated by 

the large amount of experimental data available in mouse models.   

As a first step, simple two-and-three compartment models of immune system response to tumors 

were analyzed for potential usefulness, by assessing their ability to exhibit biologically-realistic model 

behaviors. A number of limitations were noted. These models did not exhibit realistic limiting behavior 

for processes that require direct contact between cell types. Some of them could not produce all three 

types of behaviors believed to occur naturally for some parameter values, namely, uncontrolled tumor 

growth, controlled tumor growth, or full eradication by the immune system. All the models with immune 

populations representing T cells had only a single pool, with all T cell subsets lumped together, even 

though memory and effector T cells, and regulatory, cytolytic, and helper T cells all have distinct functions. 

Moreover, because these models were quite simplified, they were found to be unsuitable for modeling 

the immune effects of FOLFOX therapy, as the individual chemotherapeutic drugs in this combination 

therapy have specific effects on certain immune cell populations that could not be described if these 

populations were lumped together with other components. 

A more extensive mathematical model was then developed, with the aim of including immune 

subpopulations affected by FOLFOX therapy, and addressing the limitations found in simpler models. The 

immune system is very complex, with numerous cross-reactions and regulatory mechanisms, which were 

incorporated into the model according to the current understanding of which ones are most likely to be 

quantitatively important for tumor response, and which ones were most likely to be affected by FOLFOX 
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therapy. This new model was then applied to study tumor growth with and without FOLFOX treatment in 

mice. This nonlinear, deterministic, compartmental ordinary differential equations model includes tumor 

cells (T), immature (L), unlicensed (U and UT) and licensed (D) dendritic cells; central memory (ME), effector 

memory (AE) and effector (E) CD8+ cytolytic T cells in the lymph nodes and in the tumor site (ET); central 

memory (MH), effector memory (AH) and effector (H) CD4+ helper T cells in the lymph nodes and in the 

tumor site (HT); central memory (MR),  effector memory (AR) and effector (R) regulatory T cells in the lymph 

nodes and in the tumor site (RT); bright NK cells (NB), dim NK cells in the tumor environment (N) and in the 

circulation (ND), MDSCs in the tumor (W) and in the circulation (WC), and macrophages (Φ). This model 

also accounts for immune molecules IL-2 (C), TGF-β (S), IL-10 (I), and IFN-γ (G).  

A significant effort of the model development lay in estimating the 148 parameters. These were 

estimated from individual experimental studies pertaining to each parameter separately; it should be 

emphasized that parameter estimation was not performed by global fitting to a single data set.  It is 

believed that this laborious parameter estimation process resulted in a model far more likely to make 

realistic predictions. The model was also calibrated by comparing ranges of predicted cell counts and 

molecule concentrations with experimental values. With the exception of some dendritic cell 

subpopulations, all molecule concentrations and cell counts predicted by the model had ranges 

reasonably in line with experimental data.  

To explore the possible effect on model predictions (in particular, unlicensed dendritic cell counts) 

of the assumed mechanism for DC licensing and T cell activation, four alternative mathematical models of 

DC licensing and T cell activation, in addition to the one already used in the main tumor-immune model, 

were developed and explored. This was motivated by the fact that five distinct mechanisms have been 

proposed in the biological literature. These models were nearly indistinguishable in predicting dynamics 

of tumor growth and immune cell counts, and all of them had elevated unlicensed DC counts for some 

parameter values, but this did not affect the predictions of other immune components. 
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The comprehensive model of tumor-immune interactions was then used to predict immune 

effects on tumor growth in untreated mice, accounting for subject-to-subject variability. The two primary 

factors that were varied between different subjects were the tumor growth rate and the antigenicity, an 

aggregate measure that corresponds to the tumor’s ability to stimulate a specific adaptive immune 

response. The model predicted that T cells are the main immune components influencing tumor growth 

in this mouse model, with the effects of NK cells and macrophages being minimal, a result that was robust 

across changes in growth rate and antigenicity. NK cell effects were minimal because of their low counts 

in the tumor, both due to obstacles to recruitment to the tumor site and significant depletion from NK 

cell exhaustion resulting from their tumor cell kill. The model also showed that depleting MDSCs (myeloid 

derived suppressor cells) could significantly increase mouse lifespan.  

The FOLFOX component, 5-fluorouracil specifically targets and kills these MDSCs, and this kill rate 

was found to have a significant contribution to its success as a therapy, following only drug direct cytotoxic 

effects, across all growth rates and antigenicities. On the other hand, immune effects of oxaliplatin had a 

much smaller role in the success of FOLFOX treatment, especially for a lower growth rate. Increasing the 

growth rate lead to a significant effect of immunogenic cell death and a reduced, but still important, effect 

of MDSC killing. The success of FOLFOX was also found to depend on a multitude of other factors, including 

tumor antigenicity and growth rate, the schedule of treatment, and the tumor size at the time of 

treatment. It was found that slower growing tumors that had a higher initial antigenicity had a greater 

extension in survival from treatment with multiple cycles of FOLFOX. For sufficiently low tumor growth 

rate, in fact, treatment with FOLFOX could even lead to tumor eradication. However when treatment was 

initiated at a tumor size of 109 cells, full eradication from chemotherapy alone was not possible across all 

possible growth rates and antigenicities. Finally, it was found that a combination of chemotherapy and 

immunotherapy, specifically a bolus injection of licensed dendritic cells, could lead to full tumor 

eradication even if treatment was initiated at a larger tumor size. 
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Using these models, it was possible to gain a deeper understanding of tumor-immune interactions 

both with and without treatment in mice. Some knowledge of immune effects came from knockout or 

depletion experiments, where tumor growth without intervention (other than treatment) is compared to 

growth when different components of the immune system (cells or molecules) are removed or depleted, 

by techniques such as genetic engineering or antibody targeting. One test of a mathematical model is its 

ability to predict the results of such knockout experiments, without changes in parameter values or 

equation forms. The present model was tested on data of Ghiringhelli et al (2009) that examined the 

effects of T cell ablation and IFN-γ knockout on tumor growth and response to oxaliplatin.  It was not 

possible to reproduce the experimental data of Ghiringhelli et al with the original estimates of parameters 

based on other literature studies. While a number of effects of IFN-γ that could be quantified with data 

were included in the model, no T-cell-independent mechanism by which IFN-γ could contribute to tumor 

control was found to be quantitatively large enough to account for Ghiringhelli et al’s IFN-γ knockout data 

both with and without treatment, at least for the original non-fitted parameter set. It is believed that the 

mathematical model has thus highlighted a gap in the understanding of IFN-γ anti-tumor mechanisms, 

and further research is warranted. While it was not possible to reproduce experimental data by keeping 

all original parameter estimates, the model fit to the Ghiringhelli et al (2009) data was sensitive to several 

parameters, including IFN-γ lysis of tumor cells and immune effects of oxaliplatin with treatment. By 

adjusting those parameters, it was possible to replicate their experimental results, and to establish that 

to reproduce their results, the immune effects of oxaliplatin must be 13.6 times greater than those of 

direct cytotoxicity of the drug. Whether the difficulties in describing the Ghiringhelli et al data were due 

to inaccuracies in parameter estimates, or to an additional mechanism of IFN-γ that is currently missing 

in the model, remains an interesting research question for the future. 

The present model can readily be extended to humans, as there is reason to believe that all 

interactions and mechanisms are conserved from the mouse to humans, so that only parameter values 
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should change. It is clear that more observations that motivate research questions and more data about 

tumor-immune interactions come from mouse experiments. However, studies have found that the 

success of anti-tumor therapies vary significantly between humans and mice. In fact, “it was reported that 

out of 23 Phase II/III clinical trials testing 17 distinct therapeutic anticancer vaccines, 18 of these studies 

had failed,” (Mak, Evaniew, & Ghert, 2014). By estimating all the model parameters in humans, these 

results could be extended to predict the outcome of therapy in humans from mouse results more 

effectively and to determine why a therapy that was successful in mice did not lead to the same 

predictions in humans. This could be utilized to help with future drug development therapeutic design 

and would therefore have application beyond modeling FOLFOX therapy. 

Additionally, although it is insightful to determine the role of FOLFOX in the treatment of a single 

tumor nodule, most patients do not die from the growth of a single nodule, but instead from metastatic 

disease. It is estimated that metastases account for nearly 90% of cancer deaths  (Chaffer & Weinberg, 

2011). Multiple studies have shown that immune effects on a primary tumor nodule may completely differ 

from those on new metastases or circulating tumor cells that could potentially seed to form new 

metastases. In vivo experiments show that for single tumor masses arising from implantation with colon 

cancer cells, mice depleted of natural killer (NK) cells develop tumors that are of a similar size compared 

to wild-type mice (Eckelhart et al., 2011). However, mouse models for metastatic disease indicate a much 

greater importance of NK cells. Mice depleted of NK cells and injected with tumor cell types that result in 

metastasis have significantly more metastatic nodules in both their lungs and liver as compared to the 

wildtype mice (Ballas, Buchta, Rosean, Heusel, & Shey, 2013). The model developed here can be extended 

to metastatic tumor growth to more accurately predict clinical outcomes, as clinically most cancers are 

treated post-surgery for ongoing disseminated metastatic disease rather than for the presence of a single 

tumor nodule.   



342 
 

Finally, it is noted that as the present model has extensive experimental justification behind the 

equation forms and the parameter values, and has proven to be fairly well calibrated, it has promise for 

application to modeling numerous immunotherapies or chemoimmunotherapies.  Since T cells, dendritic 

cells, NK cells, MDSCs and macrophages as well as several molecules (IL-2, IFN-gamma, TGF-beta and IL-

10) were included as specific model components, therapies or combinations of therapies that either 

target, ablate or augment these cell populations or molecule levels could all potentially be modeled. Many 

such therapies are already in clinical trials or clinical use. Although several such combinations and 

immunotherapies were considered in this work, much more insight could be gained by studying more 

doses, schedules, and types of therapies than what were considered in this work. 

In summary, mathematical models of tumor-immune interactions can be used to gain a better 

understanding of the reasons behind the success and failure of different anti-cancer treatments. The 

immune system plays a complex and critical role in the development of a cancer and in its treatment, and 

there is evidence supporting the idea that quite different clinical outcomes may arise depending on the 

state of a patient’s immune system. As new therapies are developed, mathematical modeling of immune 

effects may lead to a better prediction of the variability of the success of the outcomes across different 

species and different individuals. The author has plans to continue working in mathematical modeling of 

drug development and to potentially utilize the ideas presented in this work in the creation of new anti-

cancer treatments. 
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