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ABSTRACT

There are countless types of o�-axis mirror systems. A plane-symmetric system,

a classic o�-axis system, is relatively low complexity, due to its plane-symmetric

property. Although a 3D system is more complicated, it gives us more degrees of

freedom to �t in di�erent volumes.

In this thesis, we provide a method to design a 3D mirror system. We will start

with the introduction of the plane-symmetric wave function and the 3D system as

well as their aberration coe�cients. Then we will dive into the method of calculating

the aberration coe�cients to understand the system and the method of designing a

3D system.

Because a 3D system aberrations contain both axially and plane-symmetric aber-

rations, we have our own macro programs written in two di�erent methods to cal-

culate the aberration coe�cients of a 3D system. One is adding the aberration

coe�cients contributed from each surface. The other one is extracting the aberra-

tion from the OPD real ray tracing. With those two algorithms and their macros, we

are able to pay close attention to the dominant aberrations and release the proper

variables for optimization. In this way, we can understand the system and its limi-

tations better and also the trade-o� between di�erent aberrations and other system

parameters.
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CHAPTER 1

Introduction

1.1 Introduction

Non-axially symmetric systems have attracted more and more attention. Although

aberration correction, mechanical design, and tolerance are very challenging in non-

axially symmetric systems, these features cannot obscure the virtues. For example,

an o�-axis mirror telescope is unobscured and achromatic. The work mainly focuses

on a plane-symmetric system and a 3-dimensional(3D) confocal system. The plane-

symmetric system is known as a system with one or more symmetric planes. And

its wave function, unlike axially symmetric system being a function of (
*
H ,

*
� ), is a

function of (
*
H ,

*
� ,

*
i ). Where

*
H is the �eld vector,

*
� is the aperture vector and

*
i represents the orientation of symmetric plane. As for the 3D confocal system,

it is created by rotating the optical axis ray(OAR) of a confocal plane-symmetric

system. In this way, confocal properties can be preserved, and the system can get

more degrees of freedom. We will provide more details in Chapter 3.

There are a lot of methods to set up a 3D confocal system in a ray-tracing

software. The method we chose is creating an o�-axis conic user-de�ned surface

with two coordinate breaks sandwiched. In this way, we can easily control the

OAR angle, and the aspheric surface cap can be added at the center of the surface

aperture rather than the center of the conic surface. We also generate an algorithm

and macro program calculating o�-axis conic parameters to quickly set up the �rst-

order confocal system design without optimizing the system. The method will be

introduced thoroughly in Chapter 3.

Plane-symmetric aberration coe�cients can be expressed as functions of �rst-

order system parameters. A 3D confocal system can be considered as a combination

of several plane-symmetric systems. The wave function of each unit has its own
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plane-symmetric direction(
*
i ). Therefore, the total 3D confocal system aberration

wave function can be written as an addition wave function of each unit like adding

vectors. We will introduce the aberrations addition method in Chapter 4.

Besides adding aberration coe�cients of each surface to get the aberrations of

the system, we can also obtain aberrations in a 3D system through optical path

di�erence(OPD) and ray aberrations. In Chapter 6, we will extract each aberration

from the plane-symmetric system and from a 3D system. The aberration extracting

method is not limited to spherical surfaces or a confocal system. It applies to all

the systems whose wave function can be expressed as a function of (
*
H ,

*
� ,

*
i ), like

Equation 2.2. Thus, it can be applied to more situations.
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CHAPTER 2

Aberrations of plane-symmetric systems and their coe�cients

2.1 Plane-symmetric aberrations

The wave aberration function of an axially symmetric system is well known as the

combination of
*
H and

*
� .

W(
*
H;

*
� ) =

1X

k;m;n

W2k+ n;2m+ n;n (
*
H �

*
H )k(

*
� �

*
� )m (

*
H �

*
� )n (2.1)

In a plane-symmetric system, the wave aberration function is expanded to include

the normalized symmetric vector (
*
i ). This vector indicates the direction of the

symmetric plane, it normally lies within the xy-plane, shown in Figure 2.1. Figure

2.2 shows a yz-plane-symmetric system. By constraining the system to be symmetric

about the yz-plane, we have bound
*
i to the y-axis. The wave aberration function

for a plane-symmetric system is expressed as,

W(
*
H;

*
� ;

*
i ) =

1X

k;m;n;p;q

W2k+ n+ p;2m+ n+ q;n;p;q(
*
H �

*
H )k(

*
� �

*
� )m (

*
H �

*
� )n (

*
i �

*
� )p(

*
H �

*
i )q

(2.2)

Figure 2.1 shows the convention of the �eld(
*
H ), aperture(

*
� ), and plane

symmetry(
*
i ) vectors. Expanding this wave aberrations function gives all of the

plane-symmetric aberrations, Table 2.1 lists all of these up to the 4th order.
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Figure 2.1: Conventions of �eld, aperture and plane symmetry vectors.

Figure 2.2: A yz-plane-symmetric system with a gray surface as its symmetric plane.

The system's
*
i is in y-direction laying on the symmetric plane.
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Zero order
Uniform piston
W00000

2nd order
Defocus Field displacement

W02000(
*
� �

*
� ) W01001(

*
i �

*
� )

Magni�cation Linear piston

W11100(
*
H �

*
� ) W10010(

*
i �

*
H )

Quadratic piston

W20000(
*
H �

*
H )

4th order
Spherical aberration Uniform coma Uniform astigmatism

W04000(
*
� �

*
� )2 W03001(

*
i �

*
� )(

*
� �

*
� ) W02002(

*
i �

*
� )2

Linear coma Linear astigmatism Anamorphism

W13100(
*
H �

*
� )(

*
� �

*
� ) W12101(

*
i �

*
� )(

*
H �

*
� ) W11011(

*
i �

*
H )(

*
i �

*
� )

Quadratic astigmatism Field tilt Quadratic piston

W22200(
*
H �

*
� )2 W12010(

*
i �

*
H )(

*
� �

*
� ) W20020(

*
i �

*
H )2

Field curvature Quadratic distortion I

W22000(
*
H �

*
H )(

*
� �

*
� ) W21001(

*
i �

*
� )(

*
H �

*
H )

Cubic distortion Quadratic distortion II

W31100(
*
H �

*
H )(

*
H �

*
� ) W21110(

*
i �

*
H )(

*
H �

*
� )

Quartic piston Cubic piston

W40000(
*
H �

*
H )2 W30010(

*
i �

*
H )(

*
H �

*
H )

Table 2.1: Plane-symmetric aberrations up to 4th order

The plane-symmetric aberrations in 2.1 have been classi�ed with respect to

the power of
*
i . The three columns correspond to the zero, second, and fourth-

order terms respectively. Note the zeroth-order plane-symmetric aberrations are

also known as axially symmetric aberrations, recall Equations 2.1 and 2.2. Because

the function which gives the plane-symmetric aberrations is the axially symmetric

polynomial with higher-order terms, some operations may be applied to both.

Here, the concept of superposition for axially symmetric aberration coe�cients

can be applied to plane-symmetric aberrations coe�cients. (Di�erent aberration
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terms for a single element may be added, and aberrations generated by each surface

may also be added together to represent the system aberration.) Therefore, the

classi�cation of coe�cients is essential when it comes to combining di�erent plane-

symmetric systems into a 3D system, especially for the method in this thesis, as the

addition method depends on the power of
*
i . We will discuss these methods in more

detail in Section 4.1 after they are derived.

2.2 Plane-symmetric aberration coe�cients of spherical surface system

Equations 2.3 to 2.17 show the 4th order plane-symmetric aberration coe�cients

as a function of system parameters, such as R(Radius of curvature), n(Index of

material), x(Ray height), u(Ray slope),Æ (Lagrange invariant), I and A(Refraction

invariant). Although those equations are for a system with spherical surfaces only,

we will introduce the contribution from aspheric surfaces later in Section 2.3.

Spherical aberration W04000 =
j = NX

j =1

f S1gj (2.3)

Linear coma W13100 =
j = NX

j =1

(

4

 
A
A

!

S1

)

j

(2.4)

Quadratic astigmatism W 22200 =
j = NX

j =1

(

4

 
A
A

! 2

S1

)

j

(2.5)

F ield curvature W22000 =
j = NX

j =1

(

2

 
A
A

! 2

S1 + S2

)

j

(2.6)

Cubic distortion W31100 =
j = NX

j =1

(

4

 
A
A

! 3

S1 + 2

 
A
A

!

S2

)

j

(2.7)

Quartic piston W 40000 =
j = NX

j =1

( 
A
A

! 4

S1 +

 
A
A

! 2

S2

)

j

(2.8)
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Uniform coma W 03001 =
j = NX

j =1

f J2gj (2.9)

Linear astigmaism W 12101 =
j = NX

j =1

(

2

 
x
x

!

J2 + J3

)

j

(2.10)

F ield tilt W 12010 =
j = NX

j =1

( 
x
x

!

J2 + J4

)

j

(2.11)

Quadratic distortion I W 21001 =
j = NX

j =1

( 
x
x

! 2

J2 +

 
x
x

!

J3 + J5

)

j

(2.12)

Quadratic distortion II W 21110 =
j = NX

j =1

(

2

 
x
x

! 2

J2 +

 
x
x

!

(J3 + 2J4)

)

j

(2.13)

Cubic piston W30010 =
j = NX

j =1

( 
x
x

! 3

J2 +

 
x
x

! 2

(J3 + J4) +

 
x
x

!

J5

)

j

(2.14)

Uniform astigmatism W 02002 =
j = NX

j =1

f J1gj (2.15)

Anamorphism W 11011 =
j = NX

j =1

(

2

 
x
x

!

J1

)

j

(2.16)

Quadratic piston W20020 =
j = NX

j =1

( 
x
x

! 2

J1

)

j

(2.17)

Where S1, S2 and J1 to J5 are
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S1 = �
1
8

A2�

 
u
n

!

x (2.18)

S2 = �
1

4R
Æ 2�

 
cos(I )

n

!

(2.19)

J1 = �
1
2

n2sin2(I )�

 
u
n

!

x (2.20)

J2 = �
1
2

n sin (I )A�

 
u
n

!

x (2.21)

J3 = � n sin (I )Æ �

 
u
n

!

(2.22)

J4 = �
1

2R
n sin (I )Æ �

 
1
n

!

x (2.23)

J5 = �
1
2

n sin (I )Æ 2�

 
1
n2

!
1
x

(2.24)

Figure 2.3: Illustration of the OAR and I .
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Figure 2.4: Illustrations of marginal and chief ray height and slope.

Where

� R is Radius of curvature

� n is Index of material

� x is Marginal ray height

� �x is Chief ray height

� u is Marginal ray slope

� Æ is Lagrange invariant,Æ = n�ux � nu�x

� I is Angle between OAR and the surface vertex normal

� A is Refraction invariant, A = n
*
i = n(u + (

xCos(I )
R

))

� OAR (optical axis ray) : OAR is the ray de�ned as (
*
H;

*
� ) = (0 ; 0; 0; 0), can

be considered as the optical axis in an o�-axis system.

�() is the abbe di�erence operator. For example,�( u=n) = ( u0=n0) � (u=n)

where u0 and u are the marginal ray slope before and after the surface. Same

concept applies for,n0 and I 0.
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For a plane-symmetric system, its tangential plane is the plane containing both
*
i and OAR. Its sagittal plane is the plane perpendicular to the tangential plane

containing the OAR. The sagittal plane is not always a single plane since its orienta-

tion is a function of the OAR, see Figure 2.5. The reason why we use x-direction to

calculate the plane-symmetric aberration coe�cients is that the x-direction, in our

system, is the sagittal plane. The sagittal plane preserves some �rst-order proper-

ties of the axially symmetric system. When we tilt a mirror in an axially symmetric

system about the x-axis. The ray height in the y-direction is changed but the ray

height in the x-direction is staying the same before and after tilting the mirrors.

And the axially symmetric system before tilting the mirrors is also known as an

axially shared system.

Figure 2.5: Illustration of Sagittal planes (left) and Tangential plane (right).

2.3 Contribution from an aspheric surface

In the previous section, we introduced the plane-symmetric aberration coe�cients

for spherical surfaces without considering aspheric contributions. The sag (Z ) can

be separated into a sphere sag (Zsphere) and an aspheric cap (Zasphere). Aspheric cap

can be any kind of aspheric surface. Here we use three aspheric surfaces as a basis,

a cylindrical paraboloid, a comatic surface, and a fourth-order axially symmetric

surface.

Zasphere = � (
*
i �

*
� )2 + � (

*
i �

*
� )(

*
� �

*
� ) + 
 (

*
� �

*
� )2 (2.25)
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When the stop is located at the surface, the aspheric contribution can be simply

written as

� W = �[ ncos(I )]Zasphere (2.26)

For a distant stop situation, we need another three quantities.�; � and 
 show

as the aspheric coe�cients of di�erent basis.

Z � = � �[ ncos(I )]x2 (2.27)

Z � = � �[ ncos(I )]x3 (2.28)

Z 
 = 
 �[ ncos(I )]x4 (2.29)

With these three quantities, apherical contribution (� W) of each aberration can be

written as

Spherical aberration � W04000 = Z 
 (2.30)

Linear coma � W13100 = 4

 
x
x

!

Z 
 (2.31)

Quadratic astigmatism � W22200 = 4

 
x
x

! 2

Z 
 (2.32)

F ield curvature � W22000 = 2

 
x
x

! 2

Z 
 (2.33)

Cubic distortion � W31100 = 4

 
x
x

! 3

Z 
 (2.34)

Quartic piston � W40000 =

 
x
x

! 4

Z 
 (2.35)
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Uniform coma � W03001 = Z � (2.36)

Linear astigmaism � W12101 = 2

 
x
x

!

Z � (2.37)

F ield tilt � W12010 =

 
x
x

!

Z � (2.38)

Quadratic distortion I � W21001 =

 
x
x

! 2

Z � (2.39)

Quadratic distortion II � W21110 = 2

 
x
x

! 2

Z � (2.40)

Cubic piston � W30010 =

 
x
x

! 3

Z � (2.41)

Uniform astigmatism � W02002 = Z � (2.42)

Anamorphism � W11011 = 2

 
x
x

!

Z � (2.43)

Quadratic piston � W20020 =

 
x
x

! 2

Z � (2.44)
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CHAPTER 3

Setting up a 2D and 3D confocal system

3.1 Properties of 3D confocal system

My work mainly focuses on the confocal mirror system which uses a conic surface

to create a perfect image point along the optical axis or optical axis ray(OAR).

The main purpose of choosing confocal systems as a starting point to build up 3D

systems are the properties of the confocal system. With the aspheric cap coe�cients

of the plane-symmetric system introduced in Section 2.3, we can easily understand a

part of the confocal properties. The plane-symmetric aberration coe�cients can be

written as Equation 3.1 to 3.15 by adding the aspheric cap into the plane-symmetric

aberration coe�cients function.

Spherical aberration W04000 =
j = NX

j =1

f S1 + Z 
 gj (3.1)

Linear coma W13100 =
j = NX

j =1

(
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A

!

S1 + 4

 
x
x

!
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)

j

(3.2)

Quadratic astigmatism W 22200 =
j = NX

j =1
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)

j

(3.3)

F ield curvature W22000 =
j = NX

j =1

(
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)

j

(3.4)

Cubic distortion W31100 =
j = NX

j =1
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A
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(3.5)

Quartic piston W 40000 =
j = NX

j =1
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A

! 4
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S2 +

 
x
x
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)

j

(3.6)
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Uniform coma W 03001 =
j = NX

j =1

f J2 + Z � gj (3.7)

Linear astigmaism W 12101 =
j = NX

j =1

(
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x
x

!

J2 + J3 + 2

 
x
x

!

Z �

)

j

(3.8)

F ield tilt W 12010 =
j = NX

j =1

( 
x
x
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J2 + J4 +
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x

!

Z �

)

j

(3.9)

Quadratic distortion I W 21001 =
j = NX

j =1
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x

! 2

J2 +

 
x
x

!
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Z �

)

j

(3.10)

Quadratic distortion II W 21110 =
j = NX

j =1

(
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! 2

Z �
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(3.11)

Cubic piston W30010 =
j = NX

j =1
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x
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(J3 + J4)

+

 
x
x

!

J5 +

 
x
x

! 3

Z �

)

j

(3.12)

Uniform astigmatism W 02002 =
j = NX

j =1

f J1 + Z � gj (3.13)

Anamorphism W 11011 =
j = NX

j =1

(
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x

!

J1 + 2

 
x
x

!

Z �

)

j

(3.14)

Quadratic piston W20020 =
j = NX

j =1

( 
x
x

! 2

J1 +

 
x
x

! 2

Z �

)

j

(3.15)

As we know one of the confocal properties is that it is free from on-axis aberra-

tions, since a confocal system has perfect object and image points. In other words,

a confocal system is free from spherical aberration, uniform coma and

uniform astigmatism . We can now sayZ 
j = � S1j , Z �j = � J2j and Z �j = � J1j .



24

Spherical aberration W04000 =
j = NX

j =1

f S1 + Z 
 gj = 0 ) Z 
j = � S1j (3.16)

Uniform coma W 03001 =
j = NX

j =1

f J2 + Z � gj = 0 ) Z �j = � J2j (3.17)

Uniform astigmatism W 02002 =
j = NX

j =1

f J1 + Z � gj = 0 ) Z �j = � J1j (3.18)

Additionally, in a mirror system, �

 
1
n2

!

= 0. SoJ5 = 0.

Thus, plane-symmetric aberration coe�cients can be simpli�ed as

Spherical aberration W04000 = 0 (3.19)

Linear coma W13100 =
j = NX

j =1

(
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x
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)

j

(3.20)

Quadratic astigmatism W 22200 =
j = NX

j =1

(
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S1 + 4

 
x
x
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)

j

(3.21)

F ield curvature W22000 =
j = NX

j =1

(
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)

j

(3.22)

Cubic distortion W31100 =
j = NX

j =1
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(3.23)

Quartic piston W 40000 =
j = NX

j =1
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! 4

S1 +

 
A
A
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! 4
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)

j

(3.24)
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Uniform coma W 03001 = 0 (3.25)

Linear astigmaism W 12101 =
j = NX

j =1

f J3gj (3.26)

F ield tilt W 12010 =
j = NX

j =1

f J4gj (3.27)

Quadratic distortion I W 21001 =
j = NX

j =1

( 
x
x

!

J3

)

j

(3.28)

Quadratic distortion II W 21110 =
j = NX

j =1

( 
x
x

!

(J3 + 2J4)

)

j

(3.29)

Cubic piston W30010 =
j = NX

j =1

( 
x
x

! 2

(J3 + J4)

)

j

(3.30)

Uniform astigmatism W 02002 = 0 (3.31)

Anamorphism W 11011 = 0 (3.32)

Quadratic piston W20020 = 0 (3.33)

These plane-symmetric aberration coe�cient functions can be applied to confo-

cal systems only. Most of the plane-symmetric aberrations are zeros. Besides the

linear astigmatism and plane-symmetric �eld aberrations, all the plane-symmertic

aberrations are �xed. We will discuss how to �x linear astigmatism and plane sym-

metry �eld aberrations in Chapter 5.

Freeing from several aberrations is a huge bene�t. Thus, building up a 3D

system without breaking the confocal properties is important.When we build a

3D system, we start with a plane-symmetric confocal system like Figure

3.1. Then rotate the system about the OAR like Figure 3.2 and Figure

3.3 to maintain the confocal properties.

From the center image of Figure 3.2, the orientation of the second mir-

ror(highlighted mirror) is rotated. The third mirror and image plane are moved

away from the yz-plane.
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In this way, we can maintain the confocal property in the 3D system.

Figure 3.1: Three di�erent view angles of the same plane-symmetric system example.
Three view angles are, respectively, yz-plane, xy-plane, and oblique view. This is a
three-mirror system. The left �rst image shows the ray comes from the top left to
the right and focus at the bottom left.

Figure 3.2: Three di�erent view angles of Figure 3.1 after rotated the OAR between
the �rst mirror and second mirrors. Three view angles are, respectively, yz-plane,
xy-plane, and oblique view.

Figure 3.3: Three di�erent view angles of the Figure 3.2 after rotated the OAR
between the second mirror and third mirrors. Three view angles are, respectively,
yz-plane, xy-plane, and oblique view.
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3.2 O�-axis conic user-de�ned surface

A confocal system can be an axially symmetric system, a plane-symmetric system,

or a three dimensional(3D) system. Before we talk about confocal plane-symmetric

systems and confocal 3D systems, I have to introduce a user-de�ned surface(UDS).

This UDS allows the user to set up an o�-axis confocal system with K(conic

constant) andy0(o�-axis distance). y0 is a parameter de�ned as the height from the

conic surface axis to the surface vertex as shown in Figure 3.4. What's more, this

UDS also allows users to add even asphere coe�cients on top of the surface. The

even asphere can be expressed as� sag = A2r 2+ A4r 4+ A6r 6:::, where r is
p

x2 + y2.

This UDS is using Newton-Raphson iteration to �nd the intersection point between

the incoming ray and the surface.

Figure 3.4: De�nition of y0 of parabola, ellipse, and hyperbola. Gray solid line
indicates the optical axis ray and the intersection of OAR and conic surface is the
vertex of the o�-axis mirror. Black and red lines illustrate the sign ofy0. And the
direction of positive y0 is de�ned asy direction. In other words, this UDS can only
create yz-plane-symmetric o�-axis conic surface.

To setup an o�-axis system, we need to add coordinate break to sandwich this

UDS as shown in Figure 3.5. So we can control the angle of OAR by simply tilting

about x-axis at the �rst coordinate break.

There are two bene�ts using this user-de�ned surface instead of using a standard

surface with coordinate breaks. First, as I said,the user can de�ne the tilted
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Figure 3.5: Illustrating sandwich of coordinate break in lens data editor to tilt OAR
by 26� .

surface angle(I) easily by typing the angle into the coordinate break. And the

angle of the OAR(I) is one of the most important parameters when calculating

the plane-symmetric aberration coe�cients since they are the function of I. The

second bene�t isaspheric cap can be added at the center of the mirror

instead of the center of the conic surface . If using the build-in asphere surface

or polynomial surface with coordinate breaks to make the conic surface o�, the

aspheric cap is added at the center of the surface before the coordinated break like

Figure 3.6.

Figure 3.6: The orange aspheric caps are added on di�erent position, align with the
center of mirror(left) and align with center of the parabola(right)

There are several ways to create a 3D confocal system, this is the way we use.

First, tilt the mirrors about the x-axis, to create a system symmetric about the

yz-plane. Then, rotate the mirror about the OAR. In Zemax, this is achieved

by adding another coordinate break in-between the two-mirrors("sandwich") like
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Figure 3.7 and tilting the system about z-axis or OAR. For example, Figure 3.1 is a

plane-symmetric system using a sandwiched user-de�ned surface. Figure 3.2 is the

same system after rotating about OAR between the �rst and second mirrors. After

de�ning the angle of the OAR, we need to set conic parameters to make the system

confocal. With the radius of the surface and the tilt angle of OAR, we can de�ne the

conic constant andy0 for each surface to create an o�-axis confocal system. Section

3.3 will explain how to determine the conic constant,y0, and image distance in an

o�-axis confocal system.

Figure 3.7: A "sandwiched" mirror with another coordinate break(surface5) to tilt
the system after surface 5 about OAR by41� to create 3D system.

3.3 Algorithm of determining o�-axis conic parameters in an o�-axis

confocal system

To create an o�-axis confocal system, we can use Zemax optimization to optimize

the on-axis image spot to a perfect image point. However, when the number of

surface increases, the perfect image point may not be at the absolute minimum but

a local one. In that case, we have to optimize each surface one by one. Additionally,

whenever we change the radius or object distance, this procedure needs to be done

again. Therefore, in this section we are going to introduce the algorithm and macro

program to determine conic constant,y0 and image distance in an o�-axis confocal

system.
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Figure 3.8: Illustration of t1 of the second surface.

The �rst step is to determine the object position from the incoming beam. The

"object" does not mean the object of the system but the perfect focused point of

the incoming beam, see Figure 3.8. We de�ned the distance from the focus point of

the incoming beam to the vertex of the surface along the OAR as �t1�. By tracing

the paraxial rays, we can eliminate the aberrations and get an ideal object point

position from calculating the ray height divided by the ray slope of the incoming

beam. With t1, we can apply the following relations between the conic surface's

parameters.

R =
b2

a
(3.34)

K = � � 2 (3.35)

� =
f
a

(3.36)

a2 = b2 + f 2 (3.37)

t2
1 + t2

2 � 2t1t2cos(� ) = (2 f )2 (3.38)

Where R is the radii of surface,a is the semi-major axis,b is the semi-minor axis,f

is the linear eccentricity (The distance between its center and either of its two foci),

K is the conic constant,� is the eccentricity, t1 is the object distance,t2 is the image
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distance and� is the angle between incoming OAR and out coming OAR. Figures

3.10 and 3.11 show graphic explanation of these parameters.

Figures 3.9, 3.10 and 3.11 shows three surface types for a o�-axis conic surface,

parabola, ellipse and hyperbola. They have di�erent relation betweent1 and t2

� Parabola: t2 = 2a � t1. As we know, t1 = inf inity for a parabola solution.

But we can consider parabola is a ellipse witht1 = 10000000000just like the

default of in�nity in Zemax.

� Ellipse: t2 = 2a � t1

� hyperbola: t2 = t1 � 2a or t2 = t1+2a depend on convex or concave hyperbola.

Figure 3.9: Illustration of parabola parameters. Where� = � .

Figure 3.10: Illustration of ellipse parameters
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Figure 3.11: Illustration of hyperbola parameters

There are few features helping us distinguish which type of the conic surface �ts

those known radius andt1 see Figure 3.12. The appendix will explain in coding

point of view.

Figure 3.12: Logic diagram of o�-axis conic parameters macro.

By rearranging Equation 3.37 and 3.38, we can get Equation 3.39 and 3.40. Some

sign in one of the functions of the concave hyperbola needs to be negative since the

object or image point is virtual; therefore,� is a supplementary angle. We can use

the sign of the product of t1 and R to distinguish whether a concave or convex

mirror. And check the conic constant to determine if the surface is an ellipse or

hyperbola for the di�erent t1 and t2 relation. With f and a in hand we can apply

Equation 3.36 to get the conic constant.

f =
p

a2 � b2 (3.39)
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Convex Hyperbola: a(4R + 4t1 + 4t1cos(� )) + 2 t2
1 + 2t2

1cos(� ) = 0

Others : a(4R � 4t1 � 4t1cos(� )) + 2 t2
1 + 2t2

1cos(� ) = 0
(3.40)

Now, we de�ned an angle between incoming OAR(t1) and the line passing

through two focus of the conic surface(2f) as� shown in Figures 3.10 and 3.11.

According to the law of cosine. With all the given formulas above, we can deter-

mine the conic constant,y0 and t2 for ellipse and hyperbola.

As for parabola,� can be simplify as� = � , see Figure 3.9.

� = arccos
�

t2
1 + (2 f )2 � t2

2

4t1f

�
(3.41)

Finally, from the geometry in Figure 3.9,y0 of a parabola solution can be written

as

y0 = t2sin(� ) (3.42)
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CHAPTER 4

Aberration �elds and coe�cients in a 3D system

4.1 Method of combining plane-symmetric systems and the system

aberration coe�cients

A 3D system, in this thesis, can be considered as a combination of several plane-

symmetric systems. To calculate the aberrations of a 3D system, we need to know

the aberrations contributed from each surface (or each plane-symmetric system).

Previous chapters provide the formula to calculate the plane-symmetric aberra-

tion coe�cients formula. The plane-symmetric aberrations are now the function of

(
*
H;

*
� ;

*
i ), like Equation 2.2 where

*
i is the plane symmetry-direction. Therefore,

plane-symmetric aberrations can be treated as a vector with direction and magni-

tude. When we rotate one of the OAR of the plane-symmetric system, we change

the plane symmetry-direction after meaning the groups before and after that rotated

point have their own
*
i vector (orientation). Hence, the sum of the 3D system can

be determined by adding the vectors or adding the square of the vectors. Here is

the general equation

W(
*
H;

*
� ;

*
i j ) =

j = NX

j =1

1X

k;m;n;p;q

W2k+ n+ p;2m+ n+ q;n;p;q;j (
*
H �

*
H )k(

*
� �

*
� )m (

*
H �

*
� )n (

*
i j �

*
� )p(

*
H �

*
i j )q

(4.1)

Where k, m, n, p, and q are the same de�nition as Equation 2.2. j is the surface

number or mirror number.

The Equation 4.1 is a general function including all the aberrations terms. If we

only focus on the aberrations up to the 4th order, the sum of the aberrations will

give Equation 4.2
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W(
*
H;

*
� ;

*
i j ) =

j = NX

j =1

n
W00000j + W01001j (

*
i j �

*
� ) + W10010j (

*
i j �

*
H ) + W02000j (

*
� �

*
� )

+ W11100j (
*
H �

*
� ) + W20000j (

*
H �

*
H ) + W02002j (

*
i j �

*
� )2

+ W11011j (
*
i j �

*
H )(

*
i j �

*
� ) + W20020j (

*
i j �

*
H )2

+ W03001j (
*
i j �

*
� )(

*
� �

*
� ) + W12101j (

*
i j �

*
� )(

*
H �

*
� )

+ W12010j (
*
i j �

*
H )(

*
� �

*
� ) + W21001j (

*
i j �

*
� )(

*
H �

*
H )

+ W21110j (
*
i j �

*
H )(

*
H �

*
� ) + W30010j (

*
i j �

*
H )(

*
H �

*
H )

+ W04000j (
*
� �

*
� )2 + W13100j (

*
H �

*
� )(

*
� �

*
� )

+ W22200j (
*
H �

*
� )2 + W22000j (

*
H �

*
H )(

*
� �

*
� )

+ W31100j (
*
H �

*
H )(

*
H �

*
� ) + W40000j (

*
H �

*
H )2

o

(4.2)

Now, each surface has its own aberrations and each aberration has its own ori-

entation. As we mentioned in Section 2.1, 4th order aberrations coe�cients can be

separated into three groups based on the power of
*
i .

�
*
i

0
term :

These aberrations are well known as axial symmetric aberrations. To sum this

group, all we need to do isscalar addition since their values are independent

of
*
i . This means no matter how the surface is rotated (how the

*
i orientation

is changed), the sum of the aberrations in this group won't change. Take

spherical aberration as an example.

Spherical aberration =
j = NX

j =1

n
W04000j (

*
� �

*
� )2

o
=

j = NX

j =1

n
W04000j

o
(

*
� �

*
� )2 (4.3)

Wsa =
j = NX

j =1

n
W04000j

o
(4.4)
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�
*
i term :

This group contains single-plane-symmetric aberrations. In this group,the

aberration coe�cients as the vector magnitudes and the unit vectors
*
i give directions . Thus, we can simply apply thevector addition . Let's

take the uniform coma as an example. The sum of the system's uniform coma

is

Uniform coma =
j = NX

j =1

n
W03001j (

*
i j �

*
� )(

*
� �

*
� )

o
(4.5)

=
j = NX

j =1

n
W03001j

*
i j

o
�

*
� (

*
� �

*
� ) (4.6)

= Wuc

*
i uc �

*
� (

*
� �

*
� ) (4.7)

We can name the system's uniform coma asWuc to indicate its the sum of all

the surfaces instead of an individual surface uniform coma (W03001j ).

Wuc

*
i uc =

j = NX

j =1

n
W03001j

*
i j

o
(4.8)

The addition of vectors can be represented as the system aberrations in this

group.

�
*
i

2
term :

This group is double plane-symmetric aberrations. In this group, the aberra-

tion is related to the square of
*
i . Take anamorphism as an example. We can

reorganize the wave function as
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Anamorphism =
j = NX

j =1

n
W11011j (

*
i j �

*
H )(

*
i j �

*
� )

o
(4.9)

=
j = NX

j =1

n
W11011j

1
2

[(
*
i j �

*
i j )(

*
H �

*
� ) + (

*
i

2

j �
*
H

*
� )]

o
(4.10)

=
j = NX

j =1

n 1
2

W11011j

o
(

*
H �

*
� ) +

j = NX

j =1

n 1
2

W11011j

*
i

2

j

o
�

*
H

*
� (4.11)

=
j = NX

j =1

n 1
2

W11011j

o
(

*
H �

*
� ) +

j = NX

j =1

n 1
2

W11011j

*
i

2

j

*
H

� o
�

*
� (4.12)

= Wma (
*
H �

*
� ) + Wa

*
i

2

a

*
H

�

�
*
� (4.13)

Where Wma is magni�cation from anamorphism andWa is anamorphism

Wma =
1
2

j = NX

j =1

W11011j (4.14)

Wa

*
i

2

a =
1
2

j = NX

j =1

n
W11011j

*
i

2

j

o
(4.15)

We can apply the same concept to uniform astigmatism and quadratic piston

Uniform astigmatism = Wdua(
*
� �

*
� ) + Wua

*
i

2

ua �
*
�

2
(4.16)

quadratic piston = WqpIIa (
*
H �

*
H ) + WqpIIb

*
i

2

ua �
*
H

2

(4.17)

Where Wdua is defocus from uniform astigmatism andWua is uniform astig-

matism. WqpIIa is quadratic piston IIa andWqpIIb is quadratic piston IIb. The

terms independent to
*
i can be added as scalars. As for the terms related to

*
i

2
, we can use both polar or cardinal coordinate to do the vector addition,

like Equation 4.18

*
A = aei� a = a

�
sin(� a)x̂ + cos(� a)ŷ

�
(4.18)

*
A

2

= a2ei 2� a = a2
�

sin(2� a)x̂ + cos(2� a)ŷ
�

(4.19)
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Figure 4.1: Convention of polar coordinate system.

Where � is the angle between the y-axis and the vector.

Take anamorphism as an example.The addition method, in this group,

can be considered as vector addition but with twice of the � .

Wa

*
i

2

a =
1
2

j = NX

j =1

n
W11011j

*
i

2

j

o
(4.20)

=
1
2

j = NX

j =1

n
W11011j

�
sin(2� 11011j )x̂ + cos(2� 11011j )ŷ

�o
(4.21)

With the algorithm of adding coe�cients with di�erent plane symmetry orien-

tations, the next step is writing a macro program to calculate the coe�cients in a

3D system see appendix for source code.

4.2 Aberration coe�cients map (infographic)

Base on the formula derived in the previous section, we wrote a macro program to

add all the plane-symmetric aberration coe�cients see appendix for code source. In

Section 3.1, we de�nedZ 
j = � S1j , Z �j = � J2j and Z �j = � J1j since the system

is a confocal system. Here, we use an all sphere surface 3D system generating more

aberrations to having a better view of our macro result. Thus,Z 
j = 0, Z �j = 0

and Z �j = 0.
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Figure 4.2 is the macro result for a three-mirror 3D confocal system as an ex-

ample. The result shows the plane-symmetric aberrations from each surface and

the sum of every surface. We can see the �rst nine aberrations are plane-symmetric

aberrations, aberration vectors with orientations. Aberration x and y indicate the x

and y portion of the aberration vectors. And the last six terms are axial symmetric

aberrations.

Figure 4.2: This is a 3D system example macro result with all sphere surface.

To view the plane-symmetric aberrations in a more straight forward way, Figure

4.3 provides the aberrations map to indicate the orientations and the magnitudes

for each aberration coe�cients. In this example, there are three dominating aber-

rations, respectively, uniform coma(Blue), linear astigmatism(Pink) and anamor-

phism(Green). If we zoom in to the center part of the map, we can see some other

minor aberrations in the same direction of the pink line. The length of each line

represents the amount of the aberration coe�cients and the pointing of each line

indicates their direction in global coordinate. The global coordinate is de�ned as

the global in Zemax. We build up the �rst surface as a dummy surface and use that

surface as the global coordinate reference. From the aberration map, we can clearly

distinguish the dominating aberrations and their orientations.
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Figure 4.3: Aberrations map shows each aberration in a vector form on pupil plane.
Color order is same as the Zemax color order correspond with the aberrations order
(See Figure 4.4).

Figure 4.4: Color order of aberration map.
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CHAPTER 5

Freedom from linear astigmatism

5.1 3 mirror confocal system

As mentioned in Section 3.1. A confocal system is free from some of the plane-

symmetric aberrations with linear astigmatism, the dominant aberration in those

that remain. After we �nish our plane symmetry confocal system design, the only

degree of freedom is the rotation angle about OAR.

As we know, a 3D system can be decomposed into several plane-symmetric sys-

tems with di�erent orientations. For a three confocal mirror system (n=1 and

n'=-1), linear astigmatism can be written as Equation 5.1 by combining Equation

2.22, 3.26. In this equation,
*
i 1 (

*
i of the �rst mirror) is in ŷ direction. � 12 means

the angle rotated about ORA between mirror 1 and mirror 2.

Wla

*
i la =

1
2

Æ
�

sin(I 1)(u0
1 + u1)ŷ + sin(I 2)(u0

2 + u2)cos(� 12)ŷ + sin(I 3)(u0
3 + u3)cos(� 23)ŷ

+ sin(I 2)(u0
2 + u2)sin(� 12)x̂ + sin(I 3)(u0

3 + u3)sin(� 23)x̂
�

(5.1)

Because we are looking for zero astigmatism, we can solve the� 12 and � 23.

sin(I 1)(u0
1 + u1) + sin(I 2)(u0

2 + u2)cos(� 12) + sin(I 3)(u0
3 + u3)cos(� 23) = 0 (5.2)

sin(I 2)(u0
2 + u2)sin(� 12) + sin(I 3)(u0

3 + u3)sin(� 23) = 0 (5.3)

If we plot the linear astigmatism of each mirror on the aberration maps, we

easily �nd that each mirror contributes a vector of linear aberration. In Figure 5.1,

three linear aberration vectors cancel out with each other. We can also use the law

of cosine to solve� 12 and � 23.
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Figure 5.1: Aberration map of linear astigmatism of 3 mirror confocal system. Each
line shows the linear astigmatism generated by each mirror.

In the same concept, we are able to �x any kind of plane-symmetric aberration

with three confocal mirrors. And we can go even further. If we have a �ve mirror

confocal system, an additional plane-symmetric aberration can be �xed. Therefore,

as long as the amount of mirror is not limited, all the plane-symmetric aberrations

can be �xed and only the axially symmetric aberrations will be left.
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CHAPTER 6

Aberration coe�cients through real rays

The method disucssed in this chapter is not limited to sphere surfaces

or confocal systems. It is suit for any plane-symmetric systems or 3D

systems whose wave function can be written as Equation 2.2.

Aberrations extracted from real ray optical path di�erence(OPD) is not neces-

sarily equal to aberration coe�cients. This method is more accurate since the OPD

is from real rays tracing. Here, we will only introduce the main aberrations in a

3D system, spherical, comas and astigmatisms. Before introducing the method of

aberrations extraction in a 3D system, we'll simplify the discussion to extract the

aberrations from the plane-symmetric system �rst. The following discussion will

not include the piston terms since they contribute uniform phase di�erence which

is not a problem for image quality.

6.1 Aberrations extraction in yz-plane-symmetric system

While using the ray-tracing software, the method of calculating the optical path

di�erence(OPD) is accumulating the optical path from the object to image and

from the image back to the exit pupil. And compare to the reference which is the

optical path of OAR. The terminal of the ray-tracing is not exactly at the exit pupil

�plane� but perfect the wavefront of the exit pupil. Therefore, distortions will not

show in the OPD diagram since the image point still perfect under the in�uence of

distortions and no optical path di�erence between the reference ray and other rays.

Distortion extraction will be discussed in Section 6.4.

The way to measure defocus is by tracing the paraxial ray in the x-direction.

Because the system is rotated about x-axis, the x-direction still holds its symmetry

property. Therefore, the paraxial image in the x-direction is the ideal image plane.
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The defocus would be the distance from the ideal image plane to the real image plane.

And we can eliminate defocus from OPD diagram by set the paraxial marginal ray

height = 0 in the x-direction.

The following table is the normalized OPD fan of each plane-symmetric aberra-

tions with di�erent directions of FOV.

Figure 6.1: OPD of normalized uniform coma and linear coma.

Figure 6.2: OPD of normalized spherical aberration and uniform astigmatism.
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Figure 6.3: OPD of normalized �eld curvature and quadratic astigmatism.

Figure 6.4: OPD of normalized �eld tilt and linear astigmatism.

In the �gures above, there are some clues for us to extract the aberrations from

each other. First, some aberrations only appear while tracing certain rays since

the dot product between
*
H;

*
� or

*
i may be zero, see Table 2.1 (

*
i =(0,1) for a

yz-plane-symmetric system). Second, we can distinguish di�erent aberrations from

odd or even aberrations depend on the power of
*
� . Figure 6.5 shows how the odd

and even aberrations are added and how to separate themselves from each other.

Here we have uniform coma and linear coma as two odd aberrations.



46

Figure 6.5: OPD diagram of odd aberration, even aberration and their combination.
The amount of the OPD of the rays passing two ends of the pupil are "a" and "b".
The amount of odd and even aberrations can be written as "(a-b)/2" and "(a+b)/2".
In this case, we have negative odd aberration and positive even aberration.

To extracting the aberrations, we need to trace several rays in di�erent �elds

and pupil angles.OPD0001 represents the OPD of the ray(
*
H;

*
� ) = (0 ; 0; 0; 1), and

OPD000n1 represents the OPD of the ray(
*
H;

*
� ) = (0 ; 0; 0; � 1).

� Uniform coma Wuc = (OP D 0001 � OP D 000 n 1 )
2

The OPDs of the rays(
*
H;

*
� ) = (0 ; 0; 0; 1) and (0; 0; 0; � 1) are include not

only the uniform coma but spherical aberration and uniform astigmatism.

However, the uniform coma is an odd aberration. Thus, the uniform coma

can be extracted by subtracting the OPD of the rays passing through top and

bottom of the pupil to get rid of even aberrations.

� Linear comaWlc = (OP D 1010 � OP D 10n 10 )
2

Apply the same concept before to eliminate spherical aberration, �eld tilt, and

quadratic astigmatism.

� Spherical aberrationWsa = OPD0010

When we trace the ray(
*
H;

*
� ) = (0 ; 0; 1; 0), all the aberration vanished and

only the spherical aberration is left.
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� Uniform astigmatism Wua = (OP D 0001 + OP D 000 n 1 )
2 � Wsa

Same concept as uniform coma but in the opposite way. Here we use addition

instead of subtracting to eliminate odd aberrations from even aberrations.

Then subtract known spherical aberration since it is even aberration the same

as uniform astigmatism.

By applying all the concepts above, we can get the following aberrations.

� Field curvature Wfc = (OP D 1001 + OP D 100 n 1 )
2 � Wsa � Wua

� Quadratic astigmatismWqa = (OP D 1010 + OP D 10n 10 )
2 � Wsa � Wfc

� Field tilt Wf t = (OP D 0110 + OP D 01n 10 )
2 � Wsa � Wqa

� Linear astigmatismWla = (OP D 0101 + OP D 010 n 1 )
2 � (OP D 0110 + OP D 01n 10 )

2 � Wua � Wqa

6.2 Aberrations extraction in 3D system

Because the 3D system we discuss is the system combining several plane-symmetric

system, the wave function is the same which mean there is no new aberration term.

The di�erence between the 3D system and the plane-symmetric system is their

aberrations' orientation. In the previous section, all the aberrations are pointing to

y-direction since the system is under the assumption of yz-plane-symmetric system.

Thus, apart from the axially symmetric aberrations, we need to extract each aber-

ration in both x and y-direction. Here we de�ned a new parameter "even OPD"

(EOPD0001 = OP D 0001 + OP D 000 n 1
2 ) to eliminate the e�ect from odd aberration.

� Uniform coma

Wucx = (OP D 0010 � OP D 00n 10 )
2

Wucy = (OP D 0001 � OP D 000 n 1 )
2

Uniform coma is the only on-axis odd aberration, so this can be extracted by

tracing the on-axis ray.
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� Linear coma

Wlc = (OP D 1010 � OP D 10n 10 )
2 � Wucx

Use the same concept to extract odd aberration from even aberration. The

reason why subtractingWucx is tracing the rays in the x-direction and the

uniform coma is uniform across all FOV.

If tracing on-axis ray and record the even OPD, wave function can be simpli�ed

as, W(
*
H = 0;

*
� ;

*
i ) = W04000(

*
� �

*
� )2 + W02002(

*
i �

*
� )2

From Equation 4.16, the wave function can be written asW(
*
H = 0;

*
� ;

*
i ) =

Wsa(
*
� �

*
� )2 + Wdua(

*
� �

*
� ) + Wua

*
i

2

ua �
*
�

2

For convenience, we de�neWua

*
i

2

ua = Wua

*
i 2ca = ( Wua2x ; Wua2y)

Thus, when we tracing rays(
*
H;

*
� ) = (0 ; 0; 1; 0); (0; 0; 0; 1); (0; 0; 1p

2
; 1p

2
), we will

get W(
*
H = 0;

*
� ;

*
i = ( Wua2x ; Wua2y)) = , respectively,Wsa + Wdua � Wua2y, Wsa +

Wdua + Wua2y and Wsa + Wdua + Wua2x . By solving the equations, we can get uniform

astigmatism and spherical aberration.

� Uniform astigmatism

Wua2x = EOPD0011 � EOP D 0010 + EOP D 0001
2

Wua2y = � EOP D 0010 + EOP D 0001
2

Wua =
q

W 2
ua2x + W 2

ua2y = W02002
2 = Wdua

2� ua = arctan( Wua 2x
Wua 2y

)

Wuax = Wua sin� ua

Wuay = Wua cos�ua

� Spherical aberration

Wsa = EOPD0010 + Wua2y � Wdua

The rest of aberrations we have areWfc , Wqa, Wf tx , Wf ty , Wlax , and Wlay . Six

unknown algebra need six equations to solve. Thus, we tracing the following six rays,
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rayA to rayF. (
*
H;

*
� ) = (0 ; 1; 1; 0); (0; 1; 0; 1); (1; 0; 1; 0); (1; 0; 0; 1); (0; 1; 1p

2
; 1p

2
); and

( 1p
2
; 1p

2
; 1; 0).

Uniform astigmatism and spherical aberration are uniform across all FOV. We

have to subtract their wave function from the OPD of these six rays. Therefore,

by applying
*
H ,

*
� , and

*
i into the wave function, even OPD of rayA to rayF can

written as

OPDA = EOPD0110 � (Wsa + Wdua � Wua2y) = EOPD0110 � EOPD0010

= Wfc + Wf ty

(6.1)

OPDB = EOPD0101 � (Wsa + Wdua + Wua2y) = EOPD0101 � EOPD0001

= Wfc + 2Wqa + Wf ty + 2Wlay

(6.2)

OPDC = EOPD1010 � (Wsa + Wdua � Wua2y) = EOPD1010 � EOPD0010

= Wfc + 2Wqa + Wf tx + 2Wlax

(6.3)

OPDD = EOPD1001 � (Wsa + Wdua + Wua2y) = EOPD1001 � EOPD0001

= Wfc + Wf tx

(6.4)

OPDE = EOPD0111 � (Wsa + Wdua + Wua2x ) = EOPD0111 � EOPD0011

= Wfc +
2Wqa

2
+ Wf tx +

2Wlax + 2Wlay

2

(6.5)

OPDF = EOPD1110 � (Wsa + Wdua � Wua2y) = EOPD1110 � EOPD0010

= Wfc +
2Wqa

2
+

Wf tx + Wf typ
2

+
2Wlaxp

2

(6.6)

Where 2Wqa = W22200 and 2Wla = W12101

The rest of aberrations can be solved and written as
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� Field curvature

Wfc = 1
2(1 +

p
2)(

p
2OPDA + OPDC + ( � 1 +

p
2)OPDD � 2OPDF )

� Quadratic astigmatism

Wqa = ( OPDA + OPDB + OPDC � OPDD � 2OPDE )=2

� Field tilt

Wf tx = � 1
2(1 +

p
2)(

p
2OPDA + OPDC + (1 �

p
2)OPDD � 2OPDF )

Wf ty = 1
2(1 +

p
2)((� 2 +

p
2)OPDA � OPDC + (1 �

p
2)OPDD + 2OPDF )

� Linear astigmatism

Wlax = ( � OPDA � OPDB + 2OPDE )=2

Wlay = ( � 2OPDA � OPDC + OPDD + 2OPDE )=2

For simplicity and convenience, The number of rays we traced above is 18. To

speed up the optimization time using this macro program, we can trace much fewer

rays and substitute known aberrations with some rays. Also, linear and uniform

coma are solved at the very beginning. We can substitute even OPD with OPD

subtract coma. Thus, we don't need the rays passing the opposite side of the pupil

to get even OPD.

Wsa calculated above is not the trueWsa but spherical aberration plus defocus

since we haven't set the paraxial marginal ray height = 0. In the previous section, we

set the paraxial marginal ray height in x-direction equal to zero to �nd the paraxial

focal plane. However, in a 3D system, x-direction cannot be treated as the axially

shared system.

To determine the paraxial focal plane, we can trace the rays from the center of

the FOV. The wave function can be written as

W(
*
H = 0;

*
� ;

*
i ) = Wua(

*
� �

*
i ua)(

*
� �

*
i ua) + Wuc(

*
� �

*
i uc)(

*
� �

*
� )

+ Wsa(
*
� �

*
� )(

*
� �

*
� ) + O[

*
� ]5

(6.7)



51

Where W are the net aberration.O[
*
� ]5 is the higher-order on-axis aberrations.

Due to the di�erent exponential coe�cients of
*
� , if we close the stop of those

rays (tracing paraxial marginal ray), the aberrations will decrease at di�erent rates.

The uniform astigmatism will eventually dominate the aberration. Therefore, there

are two foci in two orthogonal directions. We de�ned the sagittal foci(the direction

perpendicular to
*
i ua) as the system paraxial focal plane. Those two directions are

not necessary for x and y. They depend on the orientation of uniform astigmatism
*
i ua . Thus, by tracing the rays in

*
i ua direction calculated above, we can de�ne our

back focal distance to zero the defocus and get the spherical aberration.

6.3 Comparison between aberration coe�cients addition and extraction

Aberration coe�cients addition method introduced in Chapter 4 is paraxial ray-

tracing result. And aberration extraction method introduced in Chapter 6 is a

real ray-tracing result. Even though they are not exactly the same, they should

relate to each other. Here we create a two-mirror system with sphere surfaces

and intentionally generate lots of aberrations to compare the result of two di�erent

methods. Here is the two-mirror system. It is an f/5.6 system with 0.5 degree FOV

and the operating wavelength is 0.55um.

R Thickness K I Tilt OAR
M1 -300 -100 0 10 15
M2 -300 74.44 0 -15

Table 6.1: Lens data of the 2 mirror example for comparison.
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Figure 6.6: Layout of the 2 mirror example for comparison.

Figure 6.7: The upper text result is calculated from the aberration coe�cients
addition method. The lower text result is calculated from the aberration extraction
method.

The upper text result is generated from the macro program introduced in Chap-

ter 4. It includes all the 4th order aberration coe�cients. And the lower text result

shows the aberrations in a di�erent way. We list all the spherical, coma and astigma-

tism. The �rst row is plane-symmetric aberrations. Therefore, they are presented

as a vector, (Wx, Wy), to show to aberrations in x portion and y portion. The

Figure 6.7 shows those two methods are correlated.
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6.4 Distortion aberrations

In the previous section, the pistons and the distortion aberrations are not included.

But the aberration extraction method can be improved.

Ray aberrations are the key to extract distortions in a 3D system. The following

equations are known as the relation between the wave function and the ray function.

W(
*
H;

*
� ;

*
i ) = P istons + Wm (

*
H �

*
� ) + Wfd (

*
i �

*
� )

+ Wa(
*
i a �

*
� )(

*
i a �

*
H ) + WqdI (

*
H �

*
H )(

*
i qdI �

*
� )

+ WqdII (
*
H �

*
� )(

*
i qdII �

*
H ) + Wcd(

*
H �

*
H )(

*
H �

*
� ) + O[

*
� ]2

(6.8)

�
*
H =

� 1
Æ

*
r � W(

*
H �

*
� ) (6.9)

*
� = �yimage �

*
H (6.10)

If the traced rays are limited as chief rays (
*
� = 0), we can rewrite the ray

function (ray displacement) as,

*
� (

*
� = 0) =

� �yimage

Æ

�
Wm (

*
H ) + Wfd (

*
i fd ) + Wa(

*
i a)(

*
i a �

*
H ) + WqdI (

*
H �

*
H )(

*
i qdI )

+ WqdII (
*
H )(

*
i qdII �

*
H ) + Wcd(

*
H �

*
H )(

*
H ) + � � �O[� ]1

�

(6.11)

Where �yimage is our reference, the aberration-free chief ray height on the image

plane of its axially shared system. However, the system is not aberration-free. Thus,

we use the F-tan(theta) de�nition to de�ne �yimage . From the programming point of

view, we can trace the paraxial chief ray and scale its ray height to full-�eld to get

the "aberration-free" chief ray height.

According to Equation 6.11, when we tracing the rays passing the center of the

pupil, the distortions are the only in�uence on the ray displacement(
*
� ) on the image

plane. Hence, the distortions can be extracted from other image aberrations.
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Quadratic distortion I (Smile)

Figure 6.8: Illustration of smile distortion. Where red dots represent the ideal
image and black dots represent image su�er from the smile distortion. Blue line is
the amount of smile distortion.

We can de�ne the smile distortion as the displacement in y-direction of the

ray, (
*
H;

*
� ) = (1,0,0,0), since keystone and anamorphism won't in�uence the ray

displacement of this ray and cubic distortion will move the image spot radially, in

this case, x-direction only.

Cubic distortion

Figure 6.9: Illustration of cubic distortion. Where red dots represent the ideal
image and black dots represent image su�er from the cubic distortion. Blue line is
the amount of cubic distortion.
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The same concept applied. Because keystone and anamorphism won't in�uence

the ray, (
*
H;

*
� ) = (1,0,0,0), we can de�ned the cubic aberrations as the displacement

in x-direction of the ray, (
*
H;

*
� ) = (1,0,0,0).

Quadratic distortion II (Keystone)

Figure 6.10: Illustration of keystone distortion. Where red dots represent the ideal
image and black dots represent image su�er from the keystone distortion. Blue line
is the amount of keystone distortion.

We can use the property of odd aberrations to extract keystone distortion. The

keystone aberration can be extracted by subtracting the displacement in x-direction

of the top corner and the bottom corner since keystone aberration shrink in one side

and extend on the other side, which causes the signs of displacement is opposite.
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Anamorphism

Figure 6.11: Illustration of anamorphism distortion. Where red dots represent the
ideal image and black dots represent image su�er from the anamorphism distortion.
Blue line is the amount of anamorphism distortion.

However, when it comes to a 3D system, it got much more complicated. Of

course, we can trace some rays and apply Equation 6.11 to get simultaneous equa-

tions. And solve those simultaneous equations to get each aberration and their

direction. For example, if we trace the chief ray(
*
H;

*
� ) = (1 ; 0; 0; 0), the ray aber-

ration can written as

x-direction displacement

*
� x =

� �yimage

Æ

�
Wm+ Wfd Sin(� fd )+ WaSin(2� a+ �= 2)+ WqdI Sin(� qdI )+ WqdII Sin(� qdII )+ Wcd

�

(6.12)

y-direction displacement

*
� y =

� �yimage

Æ

�
0+ Wfd Cos(� fd )+ WaCos(2� a+ �= 2)+ WqdI Cos(� qdI )+0+0

�
(6.13)

To get enough of simultaneous equations, we need to trace di�erent directions

to solve each distortion and their directions and trace di�erent amounts of FOV to

extract Wm from Wcd and Wfd from WqdI .

However, we still need a reference height of�yimage . In a plane-symmetric system,

it can be solved by tracing the paraxial ray in x-direction or using the oblique
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power to calculate the image height. In a 3D system, we have to delete all the

rotation angles and trace the paraxial ray in the axially shared system to �nd out

the reference height. Therefore, our next step would be de�ned as the oblique power

in the 3D system and extract the distortions in the 3D system.
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CHAPTER 7

3 mirror design example

7.1 Starting point - 3 mirror plane-symmetric confocal system

Here is one of the example system before the linear astigmatism(Wla ) is �xed. This

is a f/6.3, f=600, 0.5degree FOV, 0.55um wavelength system. We can tell that

there are seriousWla in the yz-plane-symmetric system shows below from the OPD

diagram.

Figure 7.1: Layout of the plane-symmetric system example.
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Figure 7.2: OPD of the plane-symmetric system example.

Figure 7.3: Aberration coe�cients of the plane-symmetric system example.

As a plane-symmetric confocal system, in OPD diagram on-axis aberrations are

all �xed. In this system, we have about 10 waves ofWla . Each mirror contributes,

respectively, -17.8, 12.3 and -11.9 waves ofWla . Before diving into a 3D system

solution, we would like to investigate some possibilities of plane-symmetric system.
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7.2 Plane-symmetric confocal system - zero linear astigmatism

In a plane-symmetric system, tilting mirror is one of the degrees of freedom to �x

Wla . Here is an example to �xWla by tilting the third mirror and keeping the system

as a plane-symmetric confocal system.

We variable the third mirror tilt angle about x and also the conic constant and

y0 of the third mirror because tilt the mirror angle will break the current confocal

status. As for the merit function setting, we optimize the system through the real

ray aberration extraction macro program to minimize the linear astigmatism and the

on-axis aberrations, spherical aberration, uniform coma, and uniform astigmatism.

Linear astigmatism will be �xed by the tilt of the mirror. And on-axis aberration

will be �xed by the conic constant and y0 and the system will hold its confocal

properties at the same time.

Figure 7.4: Layout of the plane-symmetric system example-free fromWla .
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Figure 7.5: OPD of the plane-symmetric system example-free fromWla .

Figure 7.6: Aberration coe�cients of the plane-symmetric system example-free from
Wla .

Now Wla is �xed. And the residual dominating aberration becomes linear

coma(Wlc). However, in this case, the image plane is not reachable since the system

is still a plane-symmetric system.

7.3 3D confocal system - zero linear astigmatism

To �x Wla in a 3D system, we are not minimizingWla of each mirror, instead,

we are balancingWla generated from each mirror.Wla of each mirror is the side
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length of the triangle on the aberration map(Figure 5.1). The direction of each

vector is the orientation of each mirror sinceWla is linear to
*
i . Thus, by controlling

the amount of Wla in plane-symmetric system, the layout of the 3D system can

be controlled(Figure 7.7 and 7.8). We can think in the other way. We have two

degrees of freedom, tilting the Second mirror and third mirror. One minimizes the

linear astigmatism. The other one controls the image plane position of the 3D

system. Here is the example of �xingWla in the 3D system by using the algorithm

introduced in Chapter 5 to calculate the rotation angle about OAR. The following

�gures show the comparison of two examples with di�erent image positions. Both

systemsWla are �xed. There are about the same amount of residual linear coma,

and we are able to control the image plane location.

Figure 7.7: Layout comparison of the 3D system example-free fromWla .
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Figure 7.8: Wla map comparison of the 3D system example-free fromWla .

Figure 7.9: OPD comparison of the 3D system example-free fromWla .

7.4 3D confocal system - �xing linear coma

Now, beside distortion and axially symmetric aberrations, all the plane-symmetric

aberrations are �xed. The residual aberration would be linear coma(Wlc) or

quadratic astigmatism(Wqa) since a confocal system free from spherical aberration.

Because bothWlc and Wqa are an axially symmetric aberration, they are not able

to �xed by tilting the mirror or conic constant or any plane-symmetric degree of

freedom(O�-axis conic constants are plane-symmetric degree of freedom). Thus, we

add the even asphere coe�cients to �x the axially symmetric aberrations. In this
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example, we have the linear coma dominating. We release 2nd and 4th order terms

and optimize OPD to �x the higher-order aberrations and the linear coma. 2nd

order term is not the same as conic constant here, see Section 3.2 and Figure 3.6.

Here is the �nal design.

R Thickness K y0 I Tilt OAR A2 A4
M1 -1000 -200 -1 230.868 -13 41.815 -7.650E-7 1.799E-10
M2 -1000 200 -4.922 120.774 15 94.713 -1.391E-6 1.034E-9
M3 -1000 -299.679 -6.936 138.199 -20 1.094E-6 -4.828E-10

Table 7.1: Lens data of the 3D system example.

Figure 7.10: Layout of the 3D system example.
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